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Chapter 6: Algebra 2

Quadratic equation

These are equations expressed in the form
ax® + bx + ¢ = 0 where a,bandcare
constants and a+ 0

Example of quadratic equations
2y*+3y+5=0;a=2,b=3andc=5
x*+4x-10=0;a=1,b=4,c=-10
Roots of quadratic equation

The roots or solutions are the values of x
that make the quadratic equation true—
that is, they satisfy the equation. Each
guadratic equation has two roots. Usually,
denoted as a and B.

Forming quadratic equations

Suppose that the roots of a quadratic
equation are a and B,

thenx—a=0andx—-B=0
When forming a quadratic equation
(x-a)(x-B)=0

X*—(a+B)x+ap=0
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This means that if the roots of a quadratic
equation are given, its equation in terms
of x is x*~(sum of roots)x + product of
roots=0

Example 1

Form quadratic equation | terms of x with
roots

(a) (2,3)
Solution
Letx=2 orx=3
x—2=0 x—3=0
= (x-2)(x-3)=0
x*—5x—6=0
(b) (p, a)
Solution
Letx=p orx=q
x—p=0 x—q=0

= (x—-p)(x—q)=0
x*=(p+q)x—pg=0

(c) (-3,-2)
Solution
Letx=-3 orx=-2
Xx+3=0 Xx+2=0

= (x+3)(x+2)=0
X +5x+6=0
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Trail 1

Form quadratic equation with the
following roots

(a) (2,-2)
(b) (1, 3)
(c) (4,5)

Equivalent quadratic equations

Equivalent quadratic expressions are
different expressions of the equation that
produce the same values for all inputs of
X. i.e. they

- represent the same curve when
graphed

- vyield the same result for any value of
X.

- can be transformed into one another
using algebraic operations

Consider the area A of a rectangle of side
(x + 3) by x.

X+9

2X +1 A =(2x+1)(x+9)

X 9
Ix Ar=2xXxX | A2=9x2x
= 2x2 = 18x
As=1XX Ao=9x1
1 =X =9

A=A1+A2+A3+A4
=2x°+ 18X +Xx+9
=2x*+19x +9

= (2x+1)(x +9) and 2x* + 19x + 9 are
equivalent quadratic equation

Trial 2
Form equivalent quadratic equations for

rectangle with sides

@ digitalteachers.co.ug

Dr. Bbosa Science

(a) (x+6)and (x+2)
(b) (x=2)and (x+7)
(c) (x—4)and (x—38)
(d) (x+ 1)and (x + 3)

Factorization of quadratic equations
Consider a quadratic equation
ax’+bx+c=0

b=ac

To factorize the above equation, we find
numbers a and B such that

a+B=bandaf=c

Then, ax® + bx + ¢ = x> + ax + Bx + ap
=x(x+a) +B(x+a)
= (x + o) (x+B)

Hence, the factors of ax> + bx + c are
(x + a) and (x+PB)

Example 2
Factorise the following

(@) x* +13x + 22
We find two numbers such that their
sum is 13 and their product is (1x22) =
22. The numbers are 11 and 2
2 X2 +13x+22 = x>+ 11x + 2x + 22
=x(x +11) + 2(x + 11)
=(x+2)(x+11)

woxP+13x 4 22= (x + 2) (x + 11)

(b) x*—20x + 64
We find two numbers such that their
sum is -20 and their product is (1 x 64)
= 64. The numbers are -16 and -4
= x*—20x + 64 = x> — 16x — 4x + 64
=x(x—16) -4 (x— 16)
=(x—4)(x-16)

" X% —20x + 64 =(x — 4)(x — 16)
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(c) 2x* +5x -3
We find two numbers such that
their sum is 5 and their product is
(2 x-3)=-6. The numbers are 6 and
-1
2x° +5x -3 = 2x° +6x — X — 3
2X(x + 3) — 1(x+3)
(2x-1)(x + 3)

(d) 6x*—x - 12
We find two numbers such that
their sum is -1 and their product is
(6 x-12) =-72.
The numbers are -9 and 8
=2 6x°—x—12 = 6x*-9x + 8x — 12
= 3x(2x -3) + 4(2x -3)
=(3x +4)(2x—3)
(e) -35x* + 11x + 6
We find two numbers such that
their sumis 11 and their product is
(-35 x 6) = -210.
The numbers are 21 and -10
-35x> + 11x + 6 = -35x-10 -21x + 6
=-5x(7x — 2)-3(7x+6)
=-(5x +3)(7x -2)
= (5x + 3)(2 - 7x)

Trial 3

Factorise the following quadratic
equations

(a) x> +x-30

(b) x*—7x +6

(c) x*+19x-20
(d) x*-11x + 24
(e) X* +x—72

(f) 6x*—4x—2
(g) 15 — 4x — 4x°
(h) 15x% + 7x -2
(i) 40x*+38x-15

Solving quadratic equations
Quadratic equations may be solved by

(a) Factorization method
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(b) Completing square method
(c) Graphical method

Solving quadratic equation by
factorization method

Example 3
(@) 4*+7x+3=0
Solution side work
4x(x + 1)+ 3(x+ 1) =0| Product =4 x 3
=12
(x+1)(4x+3)=0 Sum=7
Eitherx + 1 =0; x =-1| Factor=(4, 3)

Or4x+3=0;x=—z

(b) 2x* +5x+3 =0

Solution side work
2x(x + 1)+ 3(x + 1) = 0| Product =3 x 2
=6

(x+1)(2x+3)=0 Sum=5
Factors 3, 2

Eitherx+1=0;x=-1

Or2x+3=0;x=—§

(c) x¥*+x-20=0
Solution ide work

X(x—4) +5(x—4)=0| Product=-20
(x—4)(x+5)=0 Sum=1
Either x—4 =0; x=4| Factors (5, - 4)
Orx+5=0;x=-5

(d) 10x°+x—-3=0
Solution Side work

5x(2x -1) + 3(2x—1) = 0| product 10 x — 3
=-30
(5x+3)(2x-1)=0 sum =1

Either 5x + 3=0; x = -% Factors (6, -5)

Or2x-1=0;x=>
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Trial 2

Find the roots of the following quadratic
equations using factorization methos

(i) x> +3x+2=0 [-1, -2]
(ii) 2x*—5x + 3 1,2
2 2 1
(iii) 6Xx —7x+3 _5,5]
. 2 [ 1
(iv) 2x"—5x-3 _3, - E]
2 [1 1
(v) 6x —x—1 5 _E]
(vi) X =3x+2 [1, 2]
(vii)  x*-11x+24 [8, 3]
(vii) x*+x-72 [-9, 8]
. 2 1 3
(ix) 6x° —4x—2 [5,—51
2 3 5
(x) 15— 4x —4x [E’_E]
(xi)  40x? +38x—15 [i, - 5]
10 4

Solving quadratic equations by
Completing squares approach

The idea is to create a perfect square on
one side of the equation:

Given the equation ax’+bx+c=0

- Dividing the equation by and
transposing the constant term to the
RHS

c

x24+2x==%
a a
- Marking the LHS a perfect square, add

a half the coefficient of x squared on
both sides

2 2
x2+2x + (3) =<4 (3)
a 2a a 2a
- Factorise the terms on the LHS

(+2) =) -5

__ b2%-4ac
T 4q2
Or
2 2
b b“—4ac
(x + —) =
2a 4q2
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- Taking square root on both sides of
the equation
b2-4ac
4a?
Vb2—4ac

2a

x+—=1
2a

=+

- Solving

b Vb2—4ac
x+—=4=
2a 2a

__ —btVb2%-4ac
- 2a

X

This is the general quadratic equation
formula for finding the square root of any
guadratic equation. This formula is locally
known as bull dozer formula

Example 3

Solve the following equations by
completing squares

(a)2x*-x —-3=0

Solution
2X*=x —=3=0
1 3
X2- =x ==

2 2

1 25 5
X — == —:i—
4 16 4
. 5,1_ 6 _ 3
Eitherx =-+-= —= -
4 4 4 2
1 -4
Orx=—-4+-=—= -1
4

3
Hence x =-1 and x=2

Or
__ —bt+Vb?%—-4ac

2a

X

_ 1+4/(-1)2-4(2 x-3)

2x 2
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Eitherx=—= —1
4

S

6
Orx=-=
4

(b) 18x*+7x —1=0
Solution

18x°+7x —1=0

5> 7 7\% 1 7\2
X+ —x+(—) =—+(——
18 36 18 36

2
(x+2) =L4to 12

36 18 1296 1296
7 121 11
xX+—= |[—=+4+ =
36 1296 36
. 11 7 4 1
Eitherx =———=—=-
36 36 36 9
11 7 18 1
Orx=—-—=—-==—=—= —=
36 36 36 2

1 1
Hencex=-orx=—-
9 2

Or
__ —btVb?—-4ac

2a

_ =7+ (=7)?-4(18 x—-1)

2x 18

1++49+72
36

X

_ -7+11
36

Eitherx=i =1
36 9

-18 -1
Orx=—=—
36 2

(c)3x*+7x +2=0
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3x°+7x +2=0

2
7 2 49 25
(x+—) =—+—==
6 3 36 36

7 25 5
X+-= |[===%=
6 36 6
. 5 7 2 1
Eitherx=-—-= —=-= —-
6 6 6 3
5 7 12
Orx=—=-—-= ——= =2
6 6 6

1
Hence x =-2 and x ==3

Or
__ —btvVb?%-4ac

2a

X

_ =71 (=7)%-4(2x3)
o 2x 3

Either x = %2 =-2

-2
Orx=—=—2
6

Trial 3

Solve the following equations by using the
method of completing squares and using
guadratic formula

2 - _2
(@ 7x=5x-2=0 [1, 7]
2 - _2
(b) 3x"=7x-6=0 [3, 3]
2 - 3 _2
(c) 6x"-5x—6=0 [2, 3]
(d x*-7x+10=0 [5, 2]
(e) x*+3x+2=0 [-1,-2]
(f) X —7x+12 (3, 4]
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(g) p’-5p+6=0 [2, 3] Solution

2 _ 1
(h)  2x7+3x-2=0 [_2' E] 2 +x—10=a(x+b)* +c
. 2 _ _ Z
(i) 2x“+9x+7=0 [ 1, 2] = a(x® + 2bx + b?) +¢
. 2 _ 3
() X Ax+6=0 [2' 2] = ax’ +2abx + ab” + ¢
Example 4 Equating coefficients
(a) Express x> + 6x + 5 in the form (x + a)? a=2
+ b. Hence solve the equation x> +6x + )
5=0 Zab=1=>b=z
X’ +6X+5 ab®+c=-10
—x24—6x+(%2—(%2+-5 2x () +c= 10
= > > X (Z) +c= —
6\ 36 -_8
=(x+3) - T+ s
=(x+3)?%—-4 Hence
= a=3 andb=-4 2(x+i)2—%=0
Alternatively (x + 1)2 _8
4 16
x>+6x+5=(x+a)2+b L
X+ Z = i 5
=x’+2ac+a’+b
Equating coefficients X=2o0rg
2a=6=>a=2 Trial 3
2 +b=5 1. Express x* + x -12 in the form
, (x+a)*+b.
(3)°+b=5 Hence solve x> +x—12 =03 -4]
b=-4 2. Express x> +10 x + 9 in the form
, (x+a)*+b.
Hence, (x +3)° =4 =0 Hence solve x* +10x +9 =0 [-9 -1]
X+3 =42 3. Express 3x> = 7x + 2 in the form
a(x+b)* +c.
Forx+3 =2 Hence solve 3x*> = 7x+2 =0
x=-1 4. Express 9%’ + 18x — 7 in the form
a(x+b)2 +c.
Forx+3=-2 Hence solve 9x* + 18x—7 =0 [% —%]
x=-5 5. Express 6x> —x — 12 in the form
2
(b) Express 2x* +x— 10 in the form alx+b)"+c. s 4
- Hence solve 6x*—x —12 =0 [5 — -]
a(x + b)? + c. Hence solve equation 3 3

2 +x-10=0
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Solving quadratic equations using
Graphical approach

Here, the roots of the equations are
established by plotting suitable graphs. It
may done by:-

(i) Single graph plot
(ii) Two graph plot

Single graph method

Given the function y = f(x), tabulate the
selected values of x closer to zero within a
given range which must be substituted in
the function given to obtain the
corresponding values of y. These values
are plotted on the same x and y axes and
joined by a curve. The roots of the
function f(x) = 0 are the values of x where
the function y = f(x) crosses the x-axis.

Two graphs method

Here the function y = f(x) is split into two
and the equations plotted separately on
the same axes. The points of intersection
of the two graphs are noted and the
corresponding values of x are read off on
the x — axis.

Example 5

Solve the following equation by using
graphical approach

(a) 2x*+3x—3=0

Solution

Using a single graphs
Lety=2x2+3x—3taking—3 <x<2

Table of values

From the graph, the roots of the equation
arex=-2.2and x=0.7

Using two graphs

By splitting the equation 2x* + 3x =3 =0
into two we have 2x* = -3x + 3

Lety; = 2x* and y, = 3 - 3x

Table of results

X |-3 -2 -1 0 1 2

y1 |18 |8 2 0 2 8

vi 112 |9 |6 [3 Jo [-3

X -3 -2 -1 0 1 2

vy |6 |1 |4 |3 [2 [1n
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From the graph, the roots of the equation
arex=-2.2andx=0.7

(b) x¥*+x-6=0
Solution
Using a single graphs

Lety=x2+x—6=0,taking—4SXS3
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Table of values

X (432 |-1]|0 |1 |2 |3

y |6 |0 |4 |6 |6 |40 |6

From the graph, the roots of the equation
arex=-3and x=2

Using two graphs

By splitting the equation x> +x—6=0
into two we have x* = 6 - x
Lety1=x2andy2=6-x

Table of results

X413 |-2|-1|0 |1 2 |3

yr |16 | 9 4 (1 |0 |1 |4 |9

vil1wo]9 [8 |7 [6 |5 [4 [3

N
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From the graph, the roots of the equation
arex=-3andx=2

Trial 4

1. Use graphical method to solve the
following quadratic equations.

(a) X’ +3x+2=0 [-1, -2]
(b) 2x*— 5x + 3 1%]
(c) 6x°—7x+3 g,%]
(d) 2x*-5x -3 —3,—§]
(e) 6x° —x—1 %, —é]
(f) xX*—=3x+2 [1, 2]

2. Arectangle of length (4x— 1) cm and
breadth 2x cm has an area of 10cm?2.
Find
(a) The value of x [1.25]

(b) It length and breadth [4cm, 2.5cm]
(c) Perimeter [13cm]

3. The sum of two numbers is 24. The
difference in their square is 144. Find
the numbers. [15, 9]

4. When thirty times a number is
increased by 32, the result is twice the
square of the number. Find the
number [16]
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