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Introduction

This book is aimed at anyone who wishes to prepare for the geometry part of
the mathematics competitions and Olympiads around the world. No previous
knowledge of geometry is needed. Even though I am a fan of non-linear sto-
rytelling, this book progresses in a linear way, so everything that you need to
know at a certain point will have been already visited before. We will start our
journey with the most basic topics and gradually progress towards the more
advanced ones. The level ranges from junior competitions in your local area,
through senior national Olympiads around the world, to the most prestigious
International Mathematical Olympiad.

The word ”Beautiful” in the book’s title means that we will explore only
synthetic approaches and proofs, which I find elegant and beautiful. We will
not see any analytic approaches, such as Cartesian or barycentric coordinates,
nor we will do complex number or trigonometry bashing.

Structure

This book is structured in two parts. The first one provides an introduction
to concepts and theorems. For the purpose of applying these concepts and
theorems to geometry problems, a number of useful properties and examples
with solutions are offered. At the end of each chapter, a selection of unsolved
problems is provided as an exercise and a challenge for the reader to test their
skills in relation to the chapter topics. The second part contains mixed problems,
mostly from competitions and Olympiads from all around the world.
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Tell me what you think about the book and help me make this Journey even
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like to see covered in a future version or report a mistake at the same web site.
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the latest news and updates. Please leave you honest review there.

The Author

vi


www.olympiadgeometry.com
http://www.facebook.com/olympiadgeometry

A Beautiful Journey Through Olympiad Geometry

Notations

Since the math notations slightly differ in various regions of the world, here is

a quick summary of the ones we are going to use throughout our journey.

Notation Explanation
/ZABC angle ABC'; or measurement of said angle
AB length of the line segment AB
E vector AB
AB arc AB
(ABCD) circumcircle of the cyclic polygon ABCD
= coincide
Example: if A — B — C are collinear, then AB = AC.
N intersection
perpendicular
I parallel
PraBe area of the triangle ABC
Pagcp area of the polygon ABC'D

d(P, AB)  distance from the point P to the line AB
Z(p,q) angle between the lines p and ¢

a, By, ... unless otherwise noted, the angles at the vertices A, B,C, ... in a
polygon ABC'...; or measurements of said angles
a,b,c unless otherwise noted, the sides opposite the vertices A, B, C in

a triangle ABC or lengths of said sides

= if and only if (shortened iff)
Example: p <= ¢ means ”if p then ¢ AND if ¢ then p”.

therefore
because
LHS \ RHS The left-hand side \ the right-hand side of an equation
WLOG Without loss of generality

| Q.E.D. (initialism of the Latin phrase "quod erat demonstran-
dum”, meaning ”which is what had to be proved”.)

vii
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Chapter 1

Congruence of Triangles

Two triangles AABC and AA;B;C are said to be congruent when their cor-
responding sides and corresponding angles are equal.

C

Figure 1.1: Congruent triangles.

AABCQAAlBch < azal,bzbl,czcl,azm,ﬁ251,7:%

However, in most of the problems, the equality of all these six pairs of elements
will not be given, so we will need to use some criteria for congruence. With
these criteria, we will prove the congruence of two triangles only by using the
equality of three pairs of corresponding elements.

Criterion SSS (side-side-side) If three pairs of corresponding sides are equal,
then the triangles are congruent.

Criterion SAS (side-angle-side) If two pairs of corresponding sides and the
angles between them are equal, then the triangles are congruent.

Criterion ASA (angle-side-angle) If two pairs of corresponding angles and
the sides formed by the common rays of these angles are equal, then the
triangles are congruent.

These criteria are part of our axioms, so we will not prove them. However, in
Figure 1.2, you can see that we can construct exactly one triangle given the
corresponding set of elements for each criteria. We can also see why there can
not exist an ASS congruence criterion.
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Figure 1.2: Criteria for congruence of triangles.



Chapter 2

Angles of a Transversal

When two lines p and g are intersected by a third line ¢, we get eight angles. The
line ¢ is called a transversal. The pairs of angles, depending on their position
relative to the transversal and the two given lines are called:

corresponding angles if they lie on the same side of the transversal and one
of them is in the interior of the lines p and ¢, while the other one is in the
exterior (e.g. a1 and «ay);

alternate angles if they lie on different side of the transversal and both of
them are either in the interior or in the exterior of the lines p and ¢ (e.g.

B1 and fBs); or

opposite'angles if they lie on the same side of the transversal and both of
them are either in the interior or in the exterior of the lines p and ¢ (e.g.

1 and ).
p gh

Y2/ a,
q W

Figure 2.1: Angles of a transversal.

In some resources, the interior opposite angles are called consecutive interior angles, but
there is no name for the exterior opposite angles, which have the same property. Since in
some languages these angles are called opposite, in this book we’ll call them that in English,
too, even though I haven’t seen this terminology used in other resources in English.
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Property 2.1. If the lines p and ¢ are parallel, then the corresponding angles
are equal, the alternate angles are equal and the opposite angles are supplemen-
tary. The converse is also true.

pllg <= a1 =as, f1 =P 71+ 7 =180°

Proof. Let the transversal ¢ intersect p and ¢ at A and B, respectively and let
O be the midpoint of the line segment AB, i.e. AO = BO. Let r be a line

r
D B

through O that is perpendicular to p. Let rNp = C and rNg = D. Then
ZOCA =90°. Let’s prove one of the directions, i.e. let ZOAC = ZOBD. The
angles ZAOC and ZBOD are vertical angles and therefore equal. So, by the
criterion ASA, AAOC = ABOD. Therefore, their corresponding elements are
equal, i.e. ZODB =/Z0CA =90°. So, r L q. Therefore, p || ¢. O

Now, let’s prove the other direction. Let p || ¢. Let ¢ be a transversal, such

that tNp=Aand tNg= B. Let C € pand D € g, such that C and D are
on different sides of . We want to prove that /BAC = ZABD. Let D’ be a
point such that ZBAC = ZABD'. By the direction we just proved, AC' || BD'.
Since B lies on both BD and BD' and BD' || AC' || BD, then BD = BD’ and
consequently, ZABD = Z/ABD'. Therefore, /BAC = ZABD.

Remark. The other angles with vertices at A and B are either vertical to (and

therefore equal) or form a linear pair (and therefore supplementary) with the
angles /BAC and ZABD, so it is easy to prove the rest. [ ]
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Example 2.1 (Sum of angles in a triangle). Prove that the sum of the interior
angles in a triangle is 180 degrees.

Proof. Let ABC be a triangle. Let’s draw a line B; A; which passes through C
and is parallel to AB. Then, by Property 2.1, we have:

/4B1CA =/CAB = «a (alternate interior angles; transversal AC')
LACB = /ZCBA = [ (alternate interior angles; transversal BC)

LACB =~

LB1CA+ /A CB+ /ZACB=a+ [+~

LB1CA  =a+ B+~

180° =a+ B+ |

Example 2.2. Prove that an exterior angle equals the sum of the two non-
adjacent interior angles.

C

< BN o—
A B A,

Proof. Let ABC be a triangle and let A; be a point on the extension of AB.

LA1BC + ZABC = 180° (linear pair)
/ZABC + Z/BCA+ ZCAB =180° (Sum of angles in a triangle)
/ZA1BC =180° — ZABC = /BCA+ ZCAB |

Example 2.3. Find the sum of the interior angles in an n-gon.

Proof. Let A1AsAs ... A, be a polygon with n A
sides. If we draw the diagonals from A; to all
the other (n—3) vertices, we get (n—2) distinct
triangles. By Example 2.1, the sum of all the
interior angles in these triangles is (n —2)-180°.
Note that these angles actually form all the in-
terior angles in the n-gon. So, the sum of the
interior angles in an n-gon is (n — 2) - 180°. W

n-1
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Example 2.4. Find the sum of the exterior angles in an n-gon.

Proof. Let A1 A3As ... A, be apolygon with n sides. Let o; and ¢; (i = 1,2,...,n)
be the interior and exterior angles in the polygon, respectively.

Since each exterior and its corresponding interior angle form a linear pair, we
have o; + 8; = 180°, ¢ =1,2,...,n. If we sum these equations, we get

zn:al' +zn:g01‘ =n- 1800.
i=1 i=1

From Example 2.3, we know that
> ai=(n—2)-180°.
i=1

In order to find the sum of the exterior angles, we need to subtract the two
previous equations.

> pi=(n—(n—2)) 180° =2-180° = 360°.
i=1

So, the sum of the exterior angles in any polygon does not depend on the number
of sides n and is always 360°. ]

Example 2.5 (Isosceles Triangle). In AABC, two of the sides are equal, i.e.
CA = CB. Prove that ZCAB = ZCBA.

Proof. Let the angle bisector of ZBC A intersect the side

AB at M. Then, ZACM = /BCM. Combining with

CA = CB and CM-common side, by SAS, we get that

NACM =2 ABCM. Therefore, their corresponding angles ¢
are equal, i.e.

/CAB=/ZCAM = Z/CBM = ZCBA.

Additionally, as a consequence of the congruence, we can

also get two other things: AM = MB and ZAMC =

/BMC, which means that CM 1 AB. Therefore, as a A M B
conclusion, the angle bisector, the median and the altitude

from the vertex C' in an isosceles triangle coincide with the

side bisector of AB. |

Remark. The converse is also true (if ZCAB = ZCBA, then CA = CB). Can
you prove it by yourself?

8
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Example 2.6 (Equilateral triangle). In AABC, all three sides are equal. Prove
that all the angles are equal to 60°.

Proof. Combining Example 2.1 and Example 2.5, we directly get the desired
result. |

Example 2.7. In any triangle, a greater side subtends a greater angle.

A

D

B C

Proof. In AABC, let AC > AB. Then we can choose a point D on the side
AC, such that AD = AB. Since AABD is isosceles, we have ZABD = /ADB.

/ABC > /ABD = /ADB % /DBC + /DCB > /DCB = ZACB W
Example 2.8. In any triangle, a greater angle is subtended by a greater side.

A

B C

Proof. In AABC, let ZABC > ZACB. We want to prove that AC > AB.
Let’s assume the opposite, i.e. AC < AB.

i) If AC = AB, then by Example 2.5, ZABC = ZACB, which is not true.
ii) If AC < AB, then by Example 2.7, ZABC < /AC B, which is not true.

Therefore, our assumption is wrong, so AC > AB. |

Example 2.9 (Triangle Inequality). In any triangle, the sum of the lengths of
any two sides is greater than the length of the third side.

B C D

Proof. In AABC, let D be a point on the extension of the side BC beyond C,
such that CD = CA. Then, ACAD is isosceles, so ZCAD = ZCDA. Now, in
ABAD we have

/BAD = /BAC + LCAD > LCAD = ZCDA = /BDA,
which by Example 2.8 means that BD > AB. Therefore,
BC+CA=BC+CD=BD > AB [ ]
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Example 2.10. Let ABCD be a parallelogram. Prove that its opposite sides
are equal.

D Cc

A B

Proof. Let’s draw the diagonal AC. Since AB || CD, by Property 2.1, ZCAB =
ZACD. Similarly, since BC || AD, ZACB = ZCAD. Therefore, since AC' is
a common side for the triangles AABC and ACDA, by the ASA criterion,

ANABC =2 ACDA. Therefore, their corresponding elements, are equal, i.e.
AB = CD and BC = DA. |

Example 2.11. In the quadrilateral ABC D, the intersection point of the di-
agonals bisects them. Prove that ABCD is a parallelogram.

D C

A B

Proof. Let the intersection of the diagonals AC and BD be S. Then, from
the condition, we have that AS = SC and BS = SD. Let’s take a look at
AABS and ACDS. We have AS = CS, ZASB = ZCSD as vertical angles
and BS = DS. So, by the SAS criterion, AABS = ACDS. Therefore, the
corresponding elements are equal, i.e. ZABS = ZCDS. Since these angles
are alternate angles of the transversal BD and the lines AB and C'D, we have
that AB || CD. Similarly, ABCS =2 ADAS and ZBCS = ZDAS. Therefore,
BC || DA. [ |

Example 2.12. In the quadrilateral ABCD, AB = CD and AB | CD. Prove
that ABCD is a parallelogram.

A B

Proof. Let the intersection of the diagonals AC' and BD be S. Since AB || CD,
the alternate angles of the transversal BD are equal, i.e. LZABS = ZCDS.
Similarly, /BAS = /DCS. Combining with the fact that AB = CD, by the
ASA criterion, we get that AABS = ACDS. Therefore, as the corresponding
elements are equal, AS = CS and BS = DS. Combining with the fact that
/ASD = ZCSB as vertical angles, by the SAS criterion we get that AASD =
ACSB. Therefore, ZDAS = ZBCS, so DA || BC. |

10
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Example 2.13 (Midsegment Theorem). In a triangle, the segment joining the
midpoints of any two sides is parallel to the third side and half its length.

Proof. In ANABC, let M and N be the midpoints of the sides AB and AC,
respectively. Let P be a point on the ray M N beyond N, such that MN = NP.
Since ZMNA = ZPNC as vertical angles, by SAS we have that AAMN =
ACPN. Therefore, AM = CP and ZMAN = /PCN which means that
AM || CP. Now, we have BM = AM = CP and BM = AM | CP. By
Example 2.12, since the opposite sides in the quadrilateral M BC' P are of equal
length and parallel, it must be a parallelogram. Therefore,

MN = MP || BC

and because of Example 2.10,

N = Larp = Lo n
2 2

Related problems: 1, 2 and 6.

11



Chapter 3

Area of Plane Figures

Rectangle
D C
dl ]
b
)1 »
A a B

_ The area of a rectangle ABCD is defined as the product of the length a =
AB = CD and the width b = BC = AD of the rectangle.

Pspcp=a-b

Using this fact, we will derive the formulae for the area of other plane figures.

Parallelogram

h

a

A D@ B C,

Let ABCD be a parallelogram. WLOG, let ZABC > 90°. Let C; and D;
be the feet of the perpendiculars from C' and D, respectively, to the line AB.
Since AD || BC, by Property 2.1, v = 180° — 4.

/BCC, = 90° — v =6 — 90° = ZADD;

Additionally, CCy = d(AB,CD) = DD; and £ZCC1B = 90° = ZDD,A.
Therefore, by the ASA criterion, ABCC, =2 AADD;. So Papcc, = Paapp, -

Papep = Paapp, + Pop,sc = Papce, + Pop,Bc = Ppp,c,c

Since DD;C1C is a rectangle with length CD = AB = a and width CC; = h,,
we get

Papcp = a-hg

12
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Triangle

A D2 B
Let ABCD be a parallelogram. The diagonal BD divides the parallelogram
in two triangles AABD and ABCD. By Example 2.10, the opposite sides of
the parallelogram are equal, i.e. AB = CD and BC = DA. Therefore, since
/BAD = 180° — ZADC = /ZDCB, by the SAS criterion, ABAD = ADCB.
Since congruent triangles have equal areas, then the area of each of the triangles
is half the area of the parallelogram, i.e.

a-h
Paapp = “
2
Right Triangle
A
b
(o} a B

In right triangle, the altitude opposite of the side a is in fact the side b, so

a-b
PaaBe = —
2
Trapezoid
A/D p C
M |
A a c B

Let ABCD be a trapezoid, such that AB || CD. Let A; and C; be the feet
of the altitudes from A and C' to the lines CD and AB, respectively.

AB-CC; CD-AA
Papcp = Paape + Pacpa = 5 -+ 5 -
Let h = d(AB, CD), a = AB and b= CD. Then AA; = CC; = h. Therefore,

a+b
2

h

Pypcp =

Since the midsegment in ABC D, m, is the sum of the midsegments in AABC
and ACDA, the area of the trapezoid is sometimes expressed as

Papcp=m-h

13
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Quadrilateral with perpendicular diagonals

D

e T

N

B
Let ABCD be a quadrilateral with perpendicular diagonals. Let ACNBD = O.
Then the triangles AABO, ABCO, ACDO and ADAO are right triangles.
Therefore,

Papep = Paapo + Papco + Pacpo + Papao =
= + + + =
2 2 2 2
(A0 + CO) - (BO+ DO) AC-BD
2 2
Let the diagonals AC' and BD be d; and da, respectively. Then,

dy - doy
2

Papep =

3.1 Area of Triangles

We will now show some properties that are often used in geometry problems.
Property 3.1.

(a) Two triangles that have base sides of equal length and a common altitude,
have equal areas.

(b) Two triangles that have a common base side and altitudes of equal length,
have equal areas.

ZN

) Common altitude (b) Common base

Figure 3.1: Triangles with equal area

a- h,
5

Proof. Follows directly by the formula for area of triangle Pa apc = |

14
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Property 3.2. Let A— P — B be collinear points in that order and let Q be a
point that is not collinear with them. Then

Paapq _ @
Pappqg PB’

Q

A PQ B

Proof. Let Q1 be the foot of the perpendicular from ) to AB. Then,

AP-QQ1
Prarg _ 9 _ AP -
Prgpg PB-QQ, PB’
2

We will use the proof of the following well-known theorem to present how
these properties can be used.

Example 3.1 (Thales’ Proportionality Theorem). Let OAB be a triangle and
let C'D be a line that intersects its sides OA and OB at C' and D, respectively.
Prove that L
oCc 0D

AB || CD = — ==—
CA DB

Proof. Let A; and B; be the feet of the perpendiculars from A and B, respec-
tively, to the line C'D. Then,
AB || CD

<— AA, = BB,

Property 3.1
<= Pacpa = Prcps

Procp  Procp
Prcpa  Pacps

Proge_ﬁg 3.2 @ o @
CA DB

Related problems: 3, 4, 5, 7 and 8.

15



Chapter 4
Similarity of Triangles

Two triangles AABC and AA;B,C; are said to be similar when their corre-
sponding angles are equal and their corresponding sides are proportional.

Figure 4.1: Similar triangles.

b
AABC ~ AALB,Cy a:al,ﬂ:ﬂl,ﬂy:%,%:é:%:k

The positive real number k is called the ratio of similarity. If it is greater than
1, then AA;B;C; is proportionally greater than AABC. If it is less than 1,
then AA;B;C1 is proportionally smaller than AABC. If it is equal to 1, then
ANABC and AA;B;Cy are congruent.

This ratio doesn’t apply only for the lengths of the sides, but also for the
lengths of other corresponding elements (for example, the length of an altitude,
a median, etc). So, for the ratio of the areas of two similar triangles, we get:

al-hal
P 9 a1 he o s
?_W_;ha_kk_k or :ZC— ?
2

There are also criteria for similarity of triangles.

Criterion AA (angle-angle) If two pairs of corresponding angles are equal,
then the triangles are similar.

Criterion SSS (side-side-side) If three pairs of corresponding sides are pro-
portional, then the triangles are similar.

Criterion SAS (side-angle-side) If two pairs of corresponding sides are pro-
portional and the angles between them are equal, then the triangles are
similar.

16
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We will now present the proofs of these criteria, for the sake of completeness.
Although they use only the things that we learned until now, if you are a
beginner, you may want to skip them (page 20) since the main point is to know
how to use them. But if you are skeptical and don’t believe that the criteria for
similarity are really true, here are the proofs :)

Proof (AA). Let AABC and AA;B;C; be two trianges with @ = a; and
B = p1. By Example 2.1, v = 7, too. WLOG, let A;B; < AB. Then, we
A

B C
can construct a point B’ € AB, such that AB’ = A;B,. The parallel line to
BC through B’ intersects AC at C’. Then, by Property 2.1, ZAB'C' = ZABC.
So, by the ASA criterion for congruent triangles, we have AAB'C' =2 ANA;B,C1.
Since BC' || B'C’, by Thales’ Proportionality Theorem, we have

AR AC
BB COC
B'B _C'C
AR ACT
BB _CC
AB AC
B'B+AB  C'C+ AC

AB  AC

AB AC

AB’  AC

AR AC

AB AC

Now, by substituting the correpsonding sides from the congruence we just
proved, we get

AB  AG

AB  AC
Similarly, by constructing a point A” € BA and then a line A”C" that is parallel
to AC, we can get that

A1B1  BiGy

AB  BC
Therefore, all the three corresponding angles are equal and the three corre-
sponding pairs of sides are proportional, so AABC ~ AA;B;Ch. |

17
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Proof (SAS). Let AABC and AA;B;C; be two triangles with @« = «; and
ABy  ACp i
AB  AC

B Cc
WLOG, let k < 1. Then, we can construct points B’ € AB and C' € AC,
such that AB’ = A1B; and AC’” = A;C;. By substituting the line segments
with equal lengths, we get

._AB _ACT
~ AB  AC’

Similarly as in the previous proof, by algebraic transformations (taking the
reciprocal value, subtracting 1 on both sides, and taking the reciprocal value
once again), we get

A5 AT

BB CC
which by Thales’ Proportionality Theorem means that B'C’ || BC. Therefore,
by Property 2.1, we get that ZAB'C' = ZABC and ZAC'B' = ZACB.

By the SAS criterion for congruence, we get AAB'C’ = AA1B1C;. There-
fore, ZAB'C' = ZA1B,C; and LZAC'B’ = Z/A,C1B;. By combining this with
the previous result, we get that § = 8 and v = ;.

In conclusion, all the angles in the triangles AABC and AA;BiC; are
equal, so by the criterion AA that we previously proved, we get that AABC ~
ANA1BCy. |
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AB A
Proof (SSS). Let AABC and AA; By C be two triangles with 231 = %1

B,
BC

=k.

B (]
WLOG, let k < 1. Then, we can construct points B’ € AB and C’ € AC, such
that AB’ = A1 By and AC" = A,C. Therefore, we have

._AB _ACT
~ AB  AC’

which, as in the previous proof, by algebraic transformations (taking the recip-
rocal value, subtracting 1 on both sides, and taking the reciprocal value once
again), becomes

AB"  ACY

BB CC

Therefore, by Thales’ Proportionality Theorem, B’C’ | BC, so by Prop-

erty 2.1, ZAB'C' = ZABC and ZAC'B’ = ZACB. By the AA criterion that
we earlier proved, we get that AAB'C’ ~ AABC and therefore

AB’ AC" BT
AB AC  BC

By substituting the line segments with equal length that we constructed, we get

AB AC  BC
Combining this with the condition, we can conclude that
BT By

— = s ie. B'C' = BlCl.
BC BC

Now, by the SSS criterion for congruence, we get that AAB'C' =2 ANA;B;C}
and therefore Z/B’AC" = Z/B1A,C1. But £LB’AC’' = ZBAC, so £B1A,C; =
/BAC. Combining this with the condition, by the SAS criterion for similarity
that we earlier proved, we get that AA; B1C1 ~ AABC. |
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Example 4.1 (Euclid’s laws). In a right triangle ABC, with the right angle at
C, let D be the foot of the perpendicular from C to AB. Prove that:

CD" =AD-DB

A D B

Proof. Let ZCAB = a and ZCBA = 3. Since ZACB = 90° and we know that
all the angles in a triangle add up to 180°, then o+ 8 = 90°. Now looking at the
triangles AC'D and BC D, and remembering again the sum of angles in a trian-
gle, we get that ZACD = 180° — 90° — a = fand ZBCD = 180° — 90° — 8 = a.

AADC ~ ACDB (by the criterion AA)

AD C’D .
"DC DB’
ANACD ~ AABC (by the criterion AA)
'AC AB ie. AC =AD-AB
AD AC’
ABCD ~ ABAC (by the criterion AA)
BC BA .
"BD BC’

Example 4.2 (Pythagorean Theorem). Prove that the square of the hypothenuse
in a right triangle is equal to the sum of the squares of the legs.

C

A D B

Proof. Let ABC' be a right triangle with right angle at C' and let CD be an
altitude in that triangle. From Example 4.1, we know that E2 = AD - AB and
BC’ =BD - BA. By adding these equations, we get

AC° + BC° =AB-(AD + BD) = AB n
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Example 4.3 (Angle Bisector Theorem). The angle bisector in a triangle di-
vides the opposite side in segments proportional to the other two sides of the
triangle.

Proof. Here is an idea how to prove this theorem. Let ABC be a triangle and
let S be a point on BC, such that AS is an angle bisector in AABC. We need

BS AB
to prove that — = —. If we rearrange this equality, we B,
SC AC -
cs CA
get that we need to prove that — = —. This resembles A
SB AB

the Thales’ Proportionality Theorem, with the exception

that the points C, A and B are not collinear. So if we take

a point B on the extension of C A, such that AB; = AB,

then we will only need to prove that SA is parallel to BB;. B S C
Let B; € CA, such that AB; = AB. The triangle AABB; is isosceles, so

LABBy = ZAB1B = . The angle ZBAC is exterior angle of AABBj, so

/BAC = /ABBy + ZAB1B = 2p. Since AS is an angle bisector, /BAS =

1/BAC = ¢. So, ZBAS = ZABB;, which means that SA || BB;. By the

cs CA
Thales’ Proportionality Theorem, we get that =— = =—=. By substituting AB
SB AR
— cs CA
for AB;, we get — = —. |
SB AB

Example 4.4 (External Angle Bisector Theorem). Let the bisector of the ex-
terior angle at vertex A in AABC intersect the line BC at A;. Prove that

P
w
@]

Proof. WLOG, let AB < AC, i.e. A;B < A,C. Let D be a point on the line
AA;, such that AB || CD. Then, by Property 2.1, LZAjAB = LA DC, so
ANA1AB ~ AA,DC and therefore

== *)

Let o' be the external angle at the vertex A in AABC. Then, as vertical angles,

O/

/DAC = 5 = /A1AB = /A, DC = LZADC,
so AADC is isosceles, i.e. AC' = DC. By substituting in (*), we get the desired

ratio. |

Related problem: 9.
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Chapter 5

Circles

A circle is a set of point equidistant from one previously chosen point, called
the center. The distance from the center to the circle is called the radius of the
circle. We will usually notate a circle with center O and radius r as w(O, r).

w

Figure 5.1: Circle w with center O and radius 7.

5.1 Symmetry in a Circle

Let AB be a chord in a circle. If we connect the points
A and B with the center O, we get an isosceles trian-
gle ABO. If M is the midpoint of AB, then AAMO =
ABMO (by SSS) and therefore ZAMO = ZBMO, i.e.
OM 1 AB. Also, ZAOM = ZBOM, so if we denote
by P and @ the intersections of OM with the circle,
we get that AOAP = AOBP (by SAS) which yields

AP = BP and consequently AP = BP. Similarly,
AAOQ = ABOQ (by SAS) and AQ = BQ. Looking
from a different perspective, this all means that the cen-
ter of the circle O and the midpoints of the minor and

major arc ZE, P and @, all lie on the perpendicular bi-
sector of the chord AB. Hence, the center of any circle can be found as the
intersection of the perpendicular bisectors of any two chords.

Moreover, let T' be the intersection of the tangents at A and B. By the
Pythagorean Theorem, TA> =TO' —~0A° =TO" — OB = ﬁ27 ie. TA =
TB. So the tangent segments from a point to the circle are equal. Now,
ANOAT = AOBT (by SSS), so LZTOA = ZTOB, which combined with the
previous findings, means that T also lies on the perpendicular bisector of the
chord AB.
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5.2 Angles in a Circle

An inscribed angle is an angle whose vertex lies on a circle and its rays in-
tersect that circle.

A central angle is an angle whose vertex is the center of the circle and its
rays intersect that circle.

(a) Inscribed angle (b) Central angle
Now, let’s take a look at the relation between an inscribed angle and a central
angle that subtend the same arc. Let ZM AN and ZMON be an inscribed and
the central angle that subtend the arc M N, respectively. The center O can be

in three positions relative to ZM AN.
A

MN AN A

A

i) O lies on one of the rays of ZM AN, WLOG let O lie on the ray AN.

OA=r=0M
. AOAM is isosceles.
o LOAM = Z0OMA
. LMON = ZOAM + ZOMA=2-ZOAM =2 - /MAN

ii) O is in the interior of ZM AN.
Let A7 be the second intersection of AO with the circle.

ZMOA; =2 LZMAA; (from case i)

ZA1ON =2 /LA; AN (from case i)
S LMON = ZLMOAy+ £LAON =2-LMAA{+2-LA1AN =2-LMAN

iii) O is in the exterior of ZM AN, WLOG O is closer to the ray AN.
Let A; be the second intersection of AO with the circle.

ZMOA; =2 ZMAA; (from case i)
/ZNOA; =2-/ZNAA; (from case i)

S LMON = ZMOA, —4NOA, =2-LMAA, —2-LNAA, =2-LMAN
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Therefore, any inscribed angle is half the central angle that subtends the
same arc. It also implies that all the inscribed angles that subtend the same arc
are equal.

The converse is also true. The proof is "less attractive”, but it will be
presented for the sake of completeness :) We will prove that if two angles ZM AN
and ZM BN are equal (and their vertices A and B lie on the same side of the
line M N), then their vertices, A and B, and the intersection points of their
corresponding rays, M and NN, are concyclic.

Let w1 (01, 1) be the circumcircle of AMAN.
Let ¢ = ZMAN = /MBN. Therefore,
/MON = 2- ZMAN = 2p. Since AMO;N
is isosceles (because O1M = 1 = O1N),
ZO1MN = ZO3NM = 90° — ¢. Similiarly, if
wa2(02, r9) is the circumcirle of AMBN, then
ZO3MN = ZO3NM = 90° — . Therefore, by
the ASA criterion, AMO1N = AMO>N. Since
A and B, and consequently O; and Os lie on the
same side of M N, we get that O; = Oy. There-
fore, 1 = O1M = OsM = 19, 80 w1 = wo, i.e.
the points M, A, B and N lie on a single circle.

In conclusion, we get two important properties of the angles in a circle:

Property 5.1. Inscribed angles that subtend the same arc are equal. The
converse is also true, i.e. if two angles are equal, then their vertices and the
intersection points of their corresponding rays are concyclic.

M,A,B,N € w (in that order) <— ZMAN = /ZMBN (5.1)
A
B
M N

Property 5.2. The central angle is twice an inscribed angle that subtends the
same arc.

M,A,N € w(O, r) => /MON =2-/MAN (5.2)
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Finally, let’s investigate the angle between a tangent and a chord through
the tangent point.

Let AB be a chord in w(O, r) and let T A be a
tangent to w at A. Let ZBAT = «. Since T'A is
a tangent, then it must be perpendicular to OA,
ie. ZOAT =90°.

. ZLOAB = ZOAT — /BAT =90° — a
OA=r=0B
. AOAB is isosceles
. ZOAB = ZOBA =90° — «
ZAOB = 180°—2(90°—«) = 180°—180°+2a = 2«

Let ZAPB be any inscribed angle over the arc
AB. Then,

,4PB %2 2. s40B = % 20 = a.

DN |

In conclusion, we get the following property:

Property 5.3. The angle between a tangent and a chord is equal to any in-
scribed angle that subtends that chord.

/TAB = /APB (5.3)

The converse is also true, i.e. if an angle between a chord and a line through
one of the endpoints of the chord is equal to an inscribed angle that subtends
that chord, then that line must be tangent to the circle.

P

25



Stefan Lozanovski

We will now see a few useful consequences of the relation between an in-
scribed and a central angle.

Example 5.1 (Thales’ Theorem). Every inscribed angle that subtends a diam-
eter is a right angle.

A B

Proof. Let AB be a diameter in a circle with center O, and let C' be another
point on the circle.

sa0B %2 % . JAOB = % - 180° = 90° m

Remark. Moreover, we can see that inscribed angles that subtend an arc greater
than half the circumference are obtuse and inscribed angles that subtend an arc
smaller than half the circumference are acute.

Example 5.2. The opposite angles of a cyclic quadrialateral are supplementary.

C
D
T

(&)
A
A B
Proof. Let ABCD be a cyclic quadrilateral and let its circumcircle be centered

at O. Let @1 and o be the central angles that subtend the arcs ADC and
ABC, respectively.

2) 1 —
/ABC ' 2% (over the arc ADC)

2) 1 _—
ZADC "= 3%z (over the arc ABC)

1
. LABC + ZADC = o - (g1 + ¢2) = 5 - 360° = 180° |

| =
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Example 5.3 (Intersecting Chords Theorem). Let AB and CD be two line
segments that intersect at X. Then the quadrilateral ACBD is cyclic if and
only if AX - XB=CX-XD.

Proof. Let’s notice that
LAXD = /ZCXB. *)

Then,
ACBD is cyclic
YN JADC = /ABC and /DAB = /DCB
e JADX = /XBC and /DAX = /XCB
+— NADX ~ ANCBX

= AX CX
= ————
XD XB

<— AX - XB=CX-XD |

Example 5.4 (Intersecting Secants Theorem). Let AB and C'D be two lines
that intersect at X, such that X —A— B and X —C'—D. Then the quadrilateral
ABDC is cyclic if and only if XA- XB = XC - XD.

D
c
X A B
Proof. Let’s notice that
/CXB=/AXD. ()

Then,
ABDC is cyclic

©N JABC = /ADC
= /XBC = /ADX

& AXBC ~ AXDA

(x XB XD
———— ———
XC A

— XA -XB=XC-XD |
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Example 5.5 (Secant-Tangent Theorem). Let ABT be a triangle and let X be
a point on AB, such that X — A — B. Then XT is tangent to the circumcircle

of AABT if and only if XT° = XA - X B.

T

Proof. Let’s notice that
LTXA=/BXT. *)

Then,
XT is tangent to (ABT)

83 JATX = /TBA
+— LATX = /TBX
& AXTA~ AXBT
+ XT XB
e
XA XT
e XT'=XA-XB m

Related problems: 11, 12, 14, 15, 16, 17, 21, 23, 27 and 30.
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Chapter 6

A Few Important Centers
in a Triangle

Property 6.1 (Circumcenter). The three side bisectors of a triangle are con-
current. The point of concurrence is the center of a circle that passes through
all three vertices of the triangle.

The point of concurrence is called the circumcenter of the triangle. The
circle that is circumscribed around the triangle is called the circumcircle of the
triangle.

Proof. Let M, N and P be the midpoints of the sides BC, CA and AB, re-
spectively. Let O be the intersection of the side bisectors of BC and C' A. Then
OM 1 BC and ON 1 CA.

Let’s take a look at the triangles AOM B and AOMC'. They have a common
side OM, ZOMB = 90° = ZOMC and MB = MC, so by SAS, they are
congruent. Therefore, their corresponding sides are equal, i.e. OB = OC.
Similarly, AONC = AONA, so OC = OA.

Therefore, OA = OB, so AOAB is isosceles. Therefore, since P is the
midpoint of AB, by Example 2.5, we get that OP is the side bisector of AB.

Since OA = OB = OC, then O is the center of a circle that passes through
the vertices of AABC. |
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Property 6.2 (Incenter). The three angle bisectors of a triangle are concurrent.
The point of concurrence is the center of a circle that is tangent to all three
sides of the triangle.

The point of concurrence is called the incenter of the triangle. The circle
that is inscribed inside the triangle is called the incircle of the triangle.

Proof. Let I be the intersection of the angle bisectors of Z/CAB and ZABC.
Let D, E and F be the feet of the perpendiculars from I to the sides BC, CA
and AB, respectively.

Let’s take a look at the triangles AAIE and AAIF. They are right triangles
and /IAE = § = ZIAF, so they are similar. But they have a common
corresponding side AI, so their ratio of similarity is 1, i.e. they are congruent.
Therefore, IE = IF. Similarly, ABIF = ABID, so IF = ID.

Therefore, IE = ID. The triangles ACIE and ACID are right triangles,

so by the Pythagorean Theorem, we get

CE =1C°-TE°=1C" -TD> =CD", ie. CE = CD.

So, by SSS, ACIE = ACID and therefore ZICE = ZICD, i.e. CI is the
angle bisector of /ZECD = LACB.

Since ID = IE =IF, ID 1 BC,IE L CA and IF 1 AB, then I is the
center of a circle that is tangent to the sides of AABC. |

Property 6.3 (Orthocenter). The three altitudes of a triangle are concurrent.
The point of concurrence is called the orthocenter of the triangle.

Proof. Let the altitudes AA; and BB; intersect at H.

Since AA; L BC and BBy, L AC, then LZAAB = 90° = LAB1B. There-
fore, ABA;B; is a cyclic quadrilateral. Let (ABA;B1) be wy. Also,

LCB1H+ ZCA1H = ZCByB + ZCA1 A =90° 4+ 90° = 180°,

so CB1H A is a cyclic quadrilateral. Let (CByHA; ) bews. Let CHNAB = C".
Then,

ZACC' = /B,CH2 /BiA\H = /By AjA% /B, BA 2% 90° — o
Finally, from Sum of angles in a triangle AACC’, we get that ZAC'C = 90°,
ie. CH 1L AB. |
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Property 6.4 (Centroid). The three medians of a triangle are concurrent. The

point of concurrence divides the medians in ratio 2 : 1.
The point of concurrence is called the centroid of the triangle.

Proof. Let M, N and P be the midpoints of the sides BC', CA and AB, respec-
tively. Then, M N is a midsegment in AABC, so MN || AB and AB =2-MN.

Let the B-median intersect the A-median at a point Tg. Then, by Prop-
erty 2.1, /T AB = Z/TgMN and L/ TgBA = Z/TgNM,so NTgAB ~ ATg M N

and therefore L o
Az _AB _,
TsM MN
Similarly, if the C-median intersect the A-median at T¢, we can get
AT
ToM

SoTg =Tc =T, ie. the B-median and the C-median intersect the A-median

at the same point 7. Additionally,
T _BT_TT

(a) Circumcenter (b) Incenter
A
A

Cc

: A .
(c) Orthocenter (d) Centroid

Figure 6.1: The four most important centers of a triangle ABC'.
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Property 6.5. Let s and r be the semiperimeter and the radius of the incircle,
respectively, in a triangle AABC. Then,

Paapc =1 s.

A

B D C

Proof. Let D, E and F be the tangent points of the incircle with the sides BC,
CA and AB, respectively. Let I be the incenter of AABC. Then ID | BC,
IE 1 CAand IF 1 AB.

Parac = Paper + Pacar + Paapr =
_?C-ﬁ+m~ﬁ AB-IF

2 2 + 2
_a-r b-r cor
22 2
_ atb+c
—r. 5 =
=r-s |

Property 6.6. Let AA;, BB, and C'C; be the altitudes in a AABC and let
H be its orthocenter. Then,

e ABA By, BCB;C7 and CAC1 A, are cyclic quadrilaterals
e AB1HC,, BC1HA; and CA;HB; are cyclic quadrilaterals

Proof. Since AA; 1 BC and BB; 1 AC, then ZAA1B = 90° = ZAB:B.
Therefore, ABA; B is a cyclic quadrilateral. Similarly, BCB;C; and CACy Ay
are cyclic quadrilaterals. O

On the other hand,
/CBH + Z/CAH = /ZCBB+ ZC A1 A =90° + 90° = 180°,
so CA1HB; is a cyclic quadrilateral. Similarly, AB;HC, and BC1HA; are

cyclic quadrilaterals. |
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Property 6.7. Let AA;, BB; and C'C; be the altitudes in a AABC and let
H be its orthocenter. Then,

Proof. From Property 6.6, we know that ABA; By is a cyclic quadrilateral. Since
the altitudes AA; and BBj intersect at the orthocenter H, by the Intersecting
Chords Theorem, we get

AH-HA, = BH - HB;.
Similarly, from the cyclic quadrilateral BC'B;C1, we get
BH-HB, =CH - HC,. [ |

Property 6.8. The reflections of the orthocenter with respect to the sides of
a triangle lie on the circumcircle of the triangle.

Proof. Let By and Cy be the feet of the altitudes from B and C, respectively, in
AABC. Let H be its orthocenter. From Property 6.6, we know that AByHC}
is a cyclic quadrilateral and therefore /By HC; = 180° — . As vertical angles,
/BHC = ZB1HC,. Let H4 be the reflection of H with respect to the side BC.
By symmetry, ZBH,C = ZBHC. Therefore, /ZBH oC = 180° — «. Finally,

LCAB+ £/BHAC = a+ 180° — o = 180°,

so Hy € (ABC). Similarly, Hg, Hc € (ABC). |
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Property 6.9. The orthocenter and the circumcenter in a triangle are isogonal
conjugates’.

Proof. WLOG, AB < AC. Let O and H be the circumcenter and the ortho-
center, respectively, in AABC. We need to prove that ZHAB = ZOAC.
Let A; be the foot of the altitude from A to BC. Then, from AABA;, we
get
/HAB = /A1AB =90° — ZABA; = 90° — 3. (1)

Since ZABC and ZAOC are inscibed and central angle, respectively, over AC
in (ABC), we have
ZAOC =2-LZABC = 24.

Since OA = R = OC, from sum of the angles in the isosceles AAOC, we have
180° — ZAOC  180° — 203

ZOAC = 5 5 =90° — 5. (2)
From (1) and (2), we get that ZHAB = ZOAC. Similarly, ZHBC = ZOBA
and ZHCA = ZOCB, so H and O are isogonal conjugates in AABC. ]

Property 6.10. The circumcenter of a triangle is the orthocenter of its medial
triangle?.

A

Proof. Let Ay, By and C7 be the midpoints of the
sides BC, C'A and AB in AABC, respectively. Let
O be the circumcenter of AABC. Since A; is the
midpoint of the chord BC in (ABC), OA; 1 BC.
Since B;C1 is the midsegment in AABC, B1Cy ||
BC. Therefore, OA; L B1Cq, i.e. A0 is an al-
titude in AA;B1Cy. Similarly, B1O and C;0 are
also altitudes in AA;B1C4, so O is the orthocenter
of AAlBlC'l. |

ITwo points P and P* are called isogonal conjugates if X P* is the reflection of X P across
the angle bisector of the angle at the vertex X in a triangle AABC, where X is any of the
vertices A, B or C. In other words, the lines X P and X P* make equal angles with the sides
of the triangle that contain X, e.g. ZPAB = /P*AC.

2The medial triangle is the triangle with vertices the midpoints of a triangle.
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Property 6.11. The orthocenter of a triangle is the incenter of its orthic tri-
angle?.

Proof. Let AA;, BB, and C'C; be the altitudes in a AABC. Let H be the
orthocenter of AABC. We want to prove that A;H is the angle bisector
of /C1A1By, ie. LC1A1H = ZHABy. From Property 6.6, we know that
BC1HA,, CA{HB, and BCB,C] are cyclic quadrilaterals. Let’s call them wp,
we and w, respectively. Then,

/C1AH2 /0/BH = /C1BB, £ /C,CB, = /ZHCB, “¢ /HA,B;.

Similarly, B H and Cy1H are angle bisectors of ZA1B,C; and ZB1C1 Ay, so H
is the incenter of AAB1C1. |

Property 6.12. Let [ be any line through the orthocenter of AABC. Prove
that the reflections of the line [ with respect to the lines AB, BC and C'A are
concurrent at the circumcircle of AABC.

Proof. Let the line [ intersect the lines BC, CA and AB at P, ) and R, re-
spectively. We will examine the case when H is inside AABC (the other cases
should be similar). Since one of these points will be on the extension of a side
and two of these points will be on the sides of the triangle, WLOG, let R be on
the extension of the side AB.

Let Ay, By and C7 be the reflec-
tions of the orthocenter with respect
to the sides BC, CA and AB, respec-
tively. From Property 6.8, we know that
A1,B1,C1 € (ABC). Therefore, Ipc,
the reflection of the line [ with respect to
the line BC, will contain A; (and simi-
larly for the other lines). Let D be the
intersection of the lines Igc and lac.
We want to prove that D € (ABC).

/DALC + /CBD = /PA,C + /CByQ = /PHC + /CHQ = 180°

Similarly, we can prove that the intersection of the lines [4p and lp¢ lies on

(ABC). n

Related problems: 19 and 20.

3The orthic triangle is the triangle with vertices the feet of the altitudes of a triangle.
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Excircles

Property 7.1 (Excenter). The external bisectors of two of the angles and the
internal angle bisector of the third angle in a triangle are concurrent. The point
of concurrence is the center of a circle that is externally tangent to one of the
sides and the extensions of the other two sides of a triangle.

The point of concurrence is called an excenter of the triangle. The circle
that is exscribed outside the triangle is called an ezcircle of the triangle. There
are three excircles for each triangle.

Proof. Let I, be the intersection of the external angle bisectors at B and C, in
a triangle AABC. Let D, E, and F be the feet of the perpendiculars from 4
to the lines AB, BC and AC), respectively. The triangles ABDI, and ABEI 4

are similar because they have two equal angles. Moreover, they have a common
corresponding side, so they are congruent. Therefore, I4D = I4F. Similarly,
IAF = I4E. The triangles AI4DA and AI4FA are right triangles with two
equal corresponding sides, so by the Pythagorean Theorem, the third sides are
also equal. By the criterion SSS, these triangles are congruent. Therefore, their
corresponding angles /Iy AD and /14 AF are equal, so Al is angle bisector of
/BAC.

Since gD = [oFE = IoF, I4D 1 AB, I4E 1 BC and I[4F 1 CA, then I
is the center of a circle that is tangent to the lines AB, BC and C A. |
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Figure 7.1: The three excircles of a triangle ABC.
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Example 7.1. Let I be the incenter of AABC. Let A; be the second inter-
section of the angle bisector of ZBAC" with the circumcircle of AABC. Prove
that

A1B=AI =A,C.

A
Proof.
_ _ B_a P
/A1BI = /A,BC+ ZCBI = /A1 AC + 573 + 3
a B
LAIB =/IAB + ZIBA = 3 + 5
. ANA; BI is isosceles, i.e. A1B = A1 B C
Similarly, A;C = A;1. |

Ay

Example 7.2. Let I and 14 be the incenter and A-excenter in AABC, respec-
tively. Prove that the quadrilateral IBI4C' is cyclic.

Proof. Since I and I4 are incenter and excenter, BI and BI4 are internal and
external angle bisectors.

180° —
S LIBIy = /ZIBC + ZCBIs = g + Tﬁ =90°
Similarly, ZICI4 = 90°.
Therefore, ZIBI4 + ZICI4 = 180°, so IBI4C is cyclic. |

With these two examples, we actually proved that the circle with diameter
114 passes through B and C and its center is the intersection of AI with the
circumcircle of AABC.
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Example 7.3. Let [4, Ip and I¢ be the excenters opposite of A, B, and C in
ANABC, respectively. Prove that the incenter of AABC is the orthocenter of
ANIlaIglc.
Proof. Let I be the incenter of AABC. Since [
and Ip are incenter and excenter, Al and Alp are
internal and external angle bisectors.
180° —

 LIAIg = ZIAC+/CAIp = %+¥ = 90°

Similarly, ZIAIc = 90°. Therefore, since
LIAIg + ZTAIc = 180°, A € Iglc and I A =
IA 1 Igls,sol4Ais an altitudein Al4Igls. Sim-
ilarly, Ig B and IoC are altitudes, too, so I is the |
orthocenter of AT Iglc. [ |

Example 7.4. Let [ and I4 be the incenter and the A-excenter in AABC.
Prove that

Al -Al, = AB- AC.
Proof 1. Let’s look at the triangles AAIC and AABI 4.
LCAI = % = /I4AB 1)

LAIC =180° — (LIAC + ZICA) = 180° — (

LABIy = ZABI 4+ ZIBI4 = g +90°

< ZAIC = ZABI, 2)
From (1) and (2), we can conclude that AAIC ~ AABI 4.
VAL _AB . A1 AL = AB-AC n
AC Aly

2

A B A B

Proof 2. Recall from Example 7.2 that IBI4C is a cyclic quadrilateral and that
the center of this circle lies on AI. Notice that the line AC is a reflection of
the line AB with respect to the angle bisector of /BAC, AI. Let the second
intersection of (IBI4C) with AC be B’. By symmetry, AB = AB’. Now, by
the Intersecting Secants Theorem for the point A, we have

Al -Al,=AB - AC = AB- AC [ |

Related problem: 36.
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A Few Useful Lemmas

8.1 Butterfly Theorem

Example 8.1 (Butterfly Theorem). Let M be the midpoint of a chord PQ
of a circle w, through which two other chords AB and CD are drawn. Let
ADNPQ =X and BC N PQ =Y. Prove that M is also the midpoint of XY".

Proof. Let O be the center of w. Since M is the midpoint of PQ, OM 1 PQ.
Therefore, in order to show that XM = MY, we need to prove that ZMOX =
/MOY.

Let R and S be the feet of the perpendiculars from O to AD and BC,
respectively. Therefore, AR = RD and BS = SC.

/DAM = /DAB £ /DCB = /MCB and /AMD = /CMB,
S AAMD ~ ACMB

~AD CB
. E:@ (..@:2:@)
"AM CM ' AR cS
S ANAMR~NCMS (- ZRAM = /DAB £ /DCB = /MCS)
S ZMRA=/MSC (*)

Since OM | PQ and OR 1 AD,
ZORX + ZOMX = ZORA + ZOMP = 90° + 90° = 180°.
Therefore, OM X R is cyclic. Similarly, OMY'S is cyclic. Therefore,

/MOX = /MRX = /MRAY /MSC = /MSY = /MOY m
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8.2 Miquel’s Theorem

Example 8.2. Let ABC be a triangle, with arbitrary points A’, B’ and C’ on
sides BC, C'A and AB, respectively (or their extensions). The circumcircles of
ANAB'C’, NA'BC’ and AA’B’C intersect in a single point, called the Miquel
point.

Proof. Let’s assume that the points A’, B’ and C’ are on the sides (not on the
extensioins). In the other cases, the proof follows a similar structure.

Let M = (AB'C') N (A’BC"). We will prove that M lies on (A’B’'C), too.
Since AB'MC" and BC'M A’ are cyclic, we have

/B'MC’' =180° —a and ZC'MA =180° — 8.
S LAMB =360° - (4B'MC'+ /C'MA' ) =a+f
LA CB '+ ZAMB' =~ + a+ = 180°
M e (A'B'C) |
Example 8.3. Let ABC be a triangle, with arbitrary points A’, B’ and C' on
sides BC, CA and AB, respectively (or their extensions). The Miquel point

lies on the circumcircle of AABC' if and only if the points A’, B’ and C’ are
collinear.

Proof. We will see the configuration when one of the points is on the extension
of the sides, WLOG let it be C’. The other case, where all three points are on
the extensions of the sides follows a similar structure.

Let M be the Miquel point of AABC. Then MA’BC’ and MCB'A’ are

cyclic quadrilaterals.

/MA'C' = /ZMBC' = 180° — ZMBA
/MA'B' = 180° — /ZMCB' = 180° — ZMCA
L IMA'C' + /MA'B' = 360° — (/MBA + /MCA)

The points C’ — A’ — B’ are collinear iff the left-hand side is 180°. The right-hand
side is 180° iff ABMC is a cyclic quadrilateral, i.e. M € (ABC). |

Related problems: 25 and 55.
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8.3 Tangent Segments

From section 5.1, we know that the tangent segments from a point to the circle
are of equal length. We will now present some useful properties based on this
fact.

Example 8.4. Let w be the incircle in AABC. Let D be the tangent point of
w with the side BC. Prove that AB+ CD = AC + BD.

Proof. Let E and F' be the tangent points of w with the sides A
CA and AB, respectively. Then, as tangent segments from A,
B and C to w, we get F

AF =AE, BF=BD and CD=CE.
B D c
.. AB+CD = AF+FB+CD = AE+EC+BD = AC+BD R
Example 8.5. Let w and w4 be the incircle and the A-excircle in AABC. Let
Ay, B; and C; be the tangent points of w with the sides BC, CA and AB,

respectively. Let As, Bs and Cs be the tangent points of ws with the lines BC,
CA and AB. Prove that:

[ ] E“FBAQ :E‘i’oAg,
e BA; = CAy, ie. A\M = MAs, where M is the midpoint of BC;

Proof. As tangent segments from the points A, B and C to w4, we get
AB2 = ACQ , BA2 = BOQ and CAQ = CBQ
E+BA2 :E+BC2 = ACy = AB>y :TC‘i’CBQ :E+CA2 O

Since the sum of both sides equals the whole perimeter of AABC, then each
side is equal to its semiperimeter s.

.'.BAQZS—E

From Example 8.4, we have
AC + BA, = AB+ CA,.

Again, the sum of both sides equals the whole perimeter of AABC), so each side
is equal to its semiperimeter s.

CAl :Sfﬁ

Thus, we can conclude that BA; = C'A;. Since BM = C'M, then we also have
A1M = MAs. (]

42



A Beautiful Journey Through Olympiad Geometry

Example 8.6 (Tangential quadrilateral). Let ABC'D be a quadrilateral such
that there exists an incircle that is tangent to its sides. Prove that the sums of
the opposite sides are equal, i.e.

AB+CD = BC + AD.

A P B

Proof. Let P, @, R and S be the tangent points of the incircle with the sides
AB, BC, CD and DA, respectively. Then, as tangent segments,

AP=AS, BP=BQ, CQ=CR and DR=DS.

.. AB+CD =AP+PB+CR+RD=AS+BQ+CQ+DS=BC+AD 1

Example 8.7 (Ex-tangential quadrilateral). Let ABCD be a quadrilateral such
that there exists an excircle w4 that is tangent to the rays AB (beyond B) and
AD (beyond D) and is also tangent to the lines BC and C'D. Prove that

AB+ BC = AD + DC.

Proof. Let P, @, R and S be the tangent points of the excircle with the lines
AB, BC, CD and DA, respectively. Then, as tangent segments,

AP=AS, BP=BQ, CQ=CR and DR=DS.

AB+BC=AP-BP+BQ-CQ =
=AP-CQ =
— A5 —-CR =
=AS-DS+DR-CR=
=AD+ DC [ ]
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Example 8.8. Let ABC be a triangle, and let D be the point where the incircle
touches the side BC. Let wg and we be the incircles of AABD and AACD,
respectively. Prove that wp and we are tangent to each other.

Proof. Let B’ and C’ be the tangent points of wp and w¢, respectively, to the
side AD. We need to prove that B’ = C".
Using Example 8.4 on AABD and AACD, we get

AB+ DB’ ' =BD+ AB’ and CD+ AC' = AC + DC'

By adding these two equations side by side, we get

AB+CD+ AC"+ DB’ = AC + BD + AB’ + DC'

From, Example 8.4, we know that AB + CD = AC + BD, so

AC"+ DB' = AB' 4+ DC".

By adding AB’ + AC’ on both sides, we get:
2.AC"+AD =2-AB’' + AD

. AC' = AP ie. B =’ [ |

Related problem: 43.
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8.4 Simson Line Theorem

Example 8.9 (Simson Line Theorem). Let P be a point on the circumcircle w
of a triangle ABC. If D, E and F are the feet of the perpendiculars from P to
the lines AB, BC and C A, prove that the points D, E and F are collinear.

Proof. WLOG let P be on the arc BC that doesn’t contain A.
/PDB=90°=/PEB

. PEDB is cyclic (1)
ZCEP+ ZCFP =180°
.. CEPF is cyclic (2)

We will prove that Z/CEF = /BED.

sCEFY scPF 2L 900 — sFCP

/BED Y /BPD “EPT 90° — /DBP

/FCP =180°-ZACP £ /ABP = /DBP R

Example 8.10. Let P be a point on the circumcircle w of AABC and let H
be its orthocenter. Prove that the reflections of P with respect to the sides of
ANABC are collinear with H.

Proof. From Example 8.9, we know that the feet of perpendiculars from P
to the sides of AABC' lie on the P-Simson line of AABC. Then, by Thales’
Proportionality Theorem, the reflections of P with respect to the sides of AABC
will also be collinear. We just need to prove that \ ;
H lies on that line. Since the distance from a point Pe v
to the foot of the perpendicular to a line is half the
distance from the point to its reflection with respect
to the line, we need to prove that the P-Simson line
bisects the line segment PH.

WLOG let P be on the arc BC that doesn’t contain
A. Let D and E be the feet of the perpendiculars
from P to AB and BC, respectively. Let Ho be
the reflection of H with respect to the side AB. By
Property 6.8, we know that Heo € w.

DP | HcH (.DP 1 ABANHcH 1 AB) (1)

Let PHoNAB = Q. Then, ,EDP "2 /EBP
— /CBP < /CHoP = /ZHHcQ = ZHoHQ. (2)
Because of (1), we get that ED || HQ. (3)
Let EDNPH: = R.

Then, /RPD Y /RH-C = /PH-C 2 /EDP = /RDP. Since APDQ is
right triangle, we can also get ZRQD = ZRD(Q. Therefore, RP = RD = RQ,
i.e. ED bisects PQ. Combining with (3), we get that the P-Simson line ED
bisects the line segment PH. |
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8.5 FEuler Line

Example 8.11. Let M be the midpoint of the side BC in AABC. Let A’ be
the antipode of A on the circumcircle, i.e. the point on the circumcircle such
that AA’ is a diameter. Finally, let H be the orthocenter of AABC. Prove that
the points H — M — A’ are collinear.

Proof. Let D be the feet of the altitude from A to BC. Let AM NAD = X.
We want to prove that X = H.

The lines OM and AX are parallel because they are both perpendicular to
BC. Since O is the midpoint of AA’, OM is midsegment in AAX A’. Therefore,
XM =MA.

Let AD intersect the circumcircle of AABC again at E. Then, ZAEA’ = 90°
as an inscribed angle over the diameter, which means that AE 1 FA’. Since
AE = AD | BC, we have EA" || BC, i.e. EA" || DM.

Since XM = MA’ and DM || EA’, DM is midsegment in AXEA’, so
XD = DE. We know (from Property 6.8) that the reflections of the orthocenter
lie on the circumcircle, so X = H. |

~  — n
E Al

Example 8.12. Let M be the midpoint of the side BC in AABC. Let H
and O be the orthocenter and circumcenter of AABC, respectively. Prove that
AH =2-0M.

Proof. Using the same notations as in Example 8.11 and continuing from there,
we got that OM is midsegment in AAHA'. So AH =2-0OM. ]

Example 8.13 (Euler Line). Let H, T and O be the orthocenter, centroid and
circumcenter in AABC, respectively. Prove that the points H — T — O are
collinear and HT =2-TO.
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Proof. Let M be the midpoint of BC. Let T = AM N HO. We will prove that
T' =T. The lines AH and OM are parallel because they are both perpendicular
to BC. Therefore, NANAHT' ~ AMOT' and

AH AT HT
MO MT  OT

Combining with AH = 2 - OM (from Example 8.12), we get that the ratio of
similarity is 2.
AT
"T'M
which means that T” is the centroid of the triangle, i.e. T = T. So the points
H —T — O are collinear. This line is known as the Fuler line of AABC.
From the same similarity, we also get that HT =2 -TO. ]

=2:1

)
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8.6 Nine Point Circle

Example 8.14. Let A;, B; and C; be the midpoints of the sides BC', CA and
AB in AABC, respectively. Let D be the foot of the altitude from A to BC.
Prove that D lies on the circumcircle of AA;B{C,.

Proof. ANABD is a right triangle and C is the midpoint of the hypotenuse, so
C1D = C1B. Therefore, Z/C1DB = ZC1BD = . B1(C} is a midsegment in
AABC, so B1Cy || BC. Similarly, A;B; || AB. Therefore, Z/C1B1A; = .

LC1B1A1 + ZC1DA1 =8+ (1800 — 5) = 180°

D S (AlBlCl) .

Example 8.15. Let Ay, B; and Cy be the midpoints of the sides BC, CA and
AB in AABC, respectively. Let H be the orthocenter in AABC. Let X be the
midpoint of AH. Prove that X lies on the circumcircle of AA;BC;.

Proof.
C1X || BH (. C1X is midsegment in AABH)

BH L CA
CA | C1A; (. C1A; is midsegment in AABC)
SO X L ClAl, ie. LXC1A1 = 90°

Similarly, /X B1A; = 90°. Therefore, /XC1A; + Z/XB1A; = 180°, so X lies
on the circumcircle of A1B1C;. [ |
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With these two examples, we proved that the midpoints of the sides, the feet
of the altitudes and the midpoints of the line segments from each vertex to the
orthocenter (totally nine points) all lie on one circle. This circle is called the
nine point circle of the triangle.

Now, let’s try to find the center and the radius of this circle.

Let M be the midpoint of the side BC in AABC. Let H and O be the
orthocenter and circumcenter of AABC| respectively. Let X be the midpoint of
AH and let D be the foot of the altitude from A. As we know from Example 8.12,
AH =2-0M, so

7XH:%~E:70M.

Also, XH || OM because they are both perpendicular to BC. So XHMO is
a parallelogram, which means that the intersection point of its diagonals, let it
be S, is their midpoint, i.e. HS = SO and XS = SM.

o)

B D M C

Since D, M and X lie on the nine point circle of AABC and since /X DM =
90°, the center of the nine point circle must be on the midpoint of XM, i.e.
the point S and SX is a radius in that circle. Also, since SX is midsegment in
AHOA, SX = % -0A = % - R. In conclusion,

Property 8.1. The center of the nine point circle lies on the Euler line, more
specifically it is the midpoint of OH. The radius of the nine point circle is one
half of the radius of the circumcircle of AABC.
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8.7 Eight Point Circle

Example 8.16. Let ABCD be a convex quadrilateral. Let M, N, P and Q
be the midpoints of the sides AB, BC, CD and DA, respectively. Prove that
MN PQ is a parallelogram.

A M B

Proof. M N is midsegment in AABC. Therefore, MN | AC. Similarly, PQ
is midsegment in ADAC, so PQ || AC. Therefore, MN | PQ. Similarly,
MQ@ | NP. Therefore, M N PQ is a parallelogram. |

Example 8.17 (Eight Point Circle). Let ABCD be a convex quadrilateral with
perpendicular diagonals. Let M, N, P and @ be the midpoints of the sides AB,
BC, CD and DA, respectively. Let M;, N1, P, and @); be the feet of the
perpendiculars from M, N, P and @, respectively, to the opposite sides in the
quadrilateral. Prove that the points M, N, P, @, My, N1, P; and @ all lie on
a single circle.

Proof. Combining the proof of Example 8.16 with AC 1 BD, we get that
MNPQ is a rectangle, i.e. a quadrilateral inscribed in a circle where the di-
agonals M P and N(@ are diameters. From the definition of My, MM; 1 CD,
ie. ZMMP = 90° so My € (MNPQ). Similarly, Ny, P; and @, also lie on
(MNPQ). |

Example 8.18 (Brahmagupta Theorem). Let ABCD be a cyclic quadrilateral
with perpendicular diagonals that intersect at S. Let M be the midpoint of the
side AB. Prove that MS 1. CD.
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Proof. Let MSNCD = E. M is the midpoint of the hypotenuse in the right
ANABS,so MB=MS,ie. LMBS=/MSB.

/SCE = /ACD = /ABD = /MBS = /MSB
/ESC + /SCE = /MSA + /MSB = /ASB = 90°
/SEC = 180° — (LESC + ZSCE) = 90°, i.e. MS L CD |

Example 8.19. Let ABCD be a cyclic quadrilateral with perpendicular diag-
onals that intersect at S. Let O be the center of (ABCD). Prove that the eight
point circle of ABCD is centered at the midpoint of OS.

Proof. Let M, N, P and @ be the midpoints of the sides AB, BC, CD and
DA, respectively. Let My, Ny, P; and @} be the feet of the perpendiculars
from M, N, P and Q, respectively, to the opposite sides in the quadrilateral.
From Example 8.17, we know that M P is a diameter of the eight point circle,
so its center is the midpoint of M P. We need to prove that the midpoint
of M P coincides with the midpoint of OS. We will prove that MOPS is a
parallelogram.

Since M is a midpoint of the chord AB and O is the center of (ABCD), we
get that OM | AB. From Example 8.18, we know that the lines M M7, N Ny,
PP; and Q@4 pass through S, so PS = PP, L AB. Therefore, OM | PS.
Similarly, OP || M S. Therefore, MOPS is a parallelogram. |

Related problems: 32 and 35.
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Chapter 9

Basic Trigonometry

Trigonometric Functions in Right Triangle

B Let ABC be a right triangle (v = 90°). Then, we
define the sine and cosine functions as follows:
c . opposite a
a sima = ————— = —
hypotenuse ¢
A b c adjacent b
cosq = —— = —

hypotenuse ¢

Although they may sound scary, they are nothing more than ratios of sides :)

The Unit Circle

We defined the basic trigonometric functions for angles 0° < ¢ < 90°. Let’s try
to extend them for all values of .

Let’s take a look at the unit circle.
That is a circle which is centered at the
origin O (0, 0) of the coordinate plane P
and has a radius of length 1. Let’s rep- YT
resent any angle ¢ with a point P on
the unit circle, such that the angle start-
ing from the positive z-axis and going in
the counter-clockwise direction to the line =
OP is equal to .

Let 0° < ¢ < 90°. Let P be a point
on the unit circle that represents the an-
gle . Let X and Y be the feet of the per-
pendicular from P to the z- and y-axis, ]
respectively. Then the triangle AOPX is
a right triangle with hypotenuse OP = 1, so by the definitions above, we get
that cosp = OX and sing = PX = OY. That’s right, the cosine and sine
values are in fact the z- and y-component of the point P in the coordinate
system.
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So why not extend this defintion for all possible values of ¢p? Those are, in
fact, the actual definitions for the cosine and sine functions. The cosine is the
z-component and the sine is the y-component of the point P representing the
angle ¢. For example, cos(120°) = —1 and sin(90°) = 1. As we can see, the
ranges of both the cosine and sine functions are [—1, 1].

Using the unit circle and the definition above, very simply, using congruence

of triangles, or the Pythagorean Theorem, we can prove various properties, like:
sin(180° — o) = sin « cos(180° — a) = —cos
sin(90° + a) = cos cos(90° + a) = —sina
cos?a +sina =1
Property 9.1 (Law of Sines). In a triangle AABC with circumradius R,

a b c

=2R.

sina  sinf - sin vy
Proof. Let w be the circumcirle of AABC and let O be
its center. Let A; be the second intersection of BO and
w. Then Z/BA,C = ZBAC = «. On the other hand,

ZA1CB = 90° as an inscribed angle over the diameter,
so AA1BC is a right triangle. By definition,

BC a . a
— = — e
A B 2R’ sin av

=2R |

sino =

Property 9.2 (Law of Cosines). In a triangle AABC, for any side

2 =a® 4+ b* — 2abcos .

c

A c, B

Proof. Let Cy be the feet of the altitude from C' to AB. Let’s investigate the
case when (1 is between A and B. From the two right triangles AACC; and
ABCC: we get AC; = bcosa and BC; = acos . Since AB = AC, + BCy, we
get

c=acosf + bcosa.

We get exactly the same result even when C; is not between A and B because
of the property cos(180° — /) = — cos . Multiplying the last equation by ¢ on
both sides, we get

c? = accos B+ becos a.

Similarly, we can get

abcosy + accos f = a®

abcosy + becos a = b2

By adding the last three equations side by side, we get the desired result. W
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Property 9.3. The area of a triangle AABC can be expressed as
.
Paape = iab sin+y.

A

B A, C

Proof. Let Ay be the feet of the altitude from A to BC. Then ACAA; is a
right triangle, so we have

siny =

AA, . —— .
C’l’ ie. AA; = bsinn.
Then, the area of AABC' is

1 — 1
Paape = 3 -BC - AA, = iabsiny. ]

Property 9.4. Let AB and CD be two intersecting lines. Then,

ABLCD «— CA —-CB =DA  -DB".

Proof. Let ABNCD = O. We will firstly prove the first direction, so let
AB 1 CD. Then, the triangles AACO, ABCO, ANADO and ABDO are right
triangles, so by the Pythagorean Theorem, we get

CA’-CB ’=04°-0B*=DA’-DB° O
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Now, let’s prove the other direction. Let CA’ - CB  =DA" —DB’. We
will discuss the case where O is between A and B and between C' and D. Let
LAOC = p. By using the Law of Cosines for the triangles AACO, ABCO,

AADO and ABDO, and using the property cos(180° — ¢) = — cos ¢, we get:
CA" - CB°=04" +0C" ~20A0C cosp — OB° — OC" ~20B OC cos p =
—0A°-0B - 2 ABOC cos ¢
Similarly,
DA _-DB* =04 +0D" +2@07Dcosg0707B2 ~-op’ +20BODcos p =
—0A_ 0B + 2ABOD cos ¢
Substituting in the condition, we get
OA° - 0B - 2ABOC cosp = 04"~ 0B + 2 ABOD cos ¢
0=2ABCDcos

Since AB and CD are positive lengths, then cos ¢ = 0. Therefore, ¢ = 90°, i.e.
AB 1 CD.

In the cases where O is not between A and B or C' and D, the proof follows
exactly the same steps. There might be a different operation when dealing with
the line segments (addition or subtraction) or different angle (¢ or 180° — ()
depending on the configuration, but the result will always be the same because
of the property cos(180° — ¢) = — cos . |

Related problems: 10 and 50.
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Power of a Point

Let AB and C'D be two intersecting chords in a circle and c B
let their intersection be X. By the Intersecting Chords
Theorem, AX - XB = CX - XD. This means that for
a fixed point X in the fixed circle w(O, r), the product B,
AX - XB will be constant and will not depend on the A
choice of the chord A;B; which passes through X, i.e.

HXB :AlXXBl = AQXXB2 = const.

So, this product must depend on the position of X (relative to w) and on w
itself.

N B Well, let’s try to express this product as a function of the

' known elements, i.e. the radius of the circle and the distance

from the center of the circle to the point X. Let’s draw a

diameter through X (in order to include the center in all of

this) and let M and N be its endpoints. Then, as previously

A proved,

M AX - XB=MX-XN = (MO +OX)(ON - 0X) =
= (r+0X)(r—0X)=r*—0X".

This is, in fact, the absolute value (since X is inside the circle) of what we will
call the power of X with respect to w.

We will define the power of the point X with respect to the circle w(O, r) as
a real number which reflects the relative distance of the point X to the circle w:

pow(X, w) = 0X> — 12,
Consequently, we can conclude the following property:

Property 10.1. Points that are on equal distances from the center have equal
powers with respect to the circle.

By the definition, it also means that the points inside the circle (for which
0 < OX < r) will have negative power, the points on the circle (for which

OX = r) will have zero power and the points outside the circle (for which
OX > r) will have positive power with respect to the circle.
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Property 10.2. If a point X is outside the circle w(O, r), then the power of
the point equals the square of the length of the tangent segment from X to the
tangent point 7.

Proof. By the definition of power of a point and using
the Pythagorean Theorem: ‘
pow(X,w)=0X —12=0X -0 =XT ® X

Example 10.1 (Euler’s Theorem in Geometry). Let O and I be the circum-
center and incenter of AABC, respectively. Let R and r be the circumradius
and inradius, respectively. Prove that

OI" = R(R - 2r)

Proof. Let D be the second intersection of Al with the circumcircle w of AABC.
We need to prove that 2Rr = R? — OI° = [pow(I, w)| = AT - ID. By Ex-

ample 7.1, we know that DI = DB. So, we need to find similar triangles
that contain the sides AI, BD, r and 2R. Let E be the diametrically oppo-
site point of D on w; Thus ED = 2R and ZEBD = 90°. Let F be tangent
point of the incircle with the side AB; Thus IF = r and ZIFA = 90°. Since
LFAI = Z/BAD = ZBED, the right triangles AAIF and AEDB are similar.

Therefore,

AI _ED *)
TF DB
AT-TD=AT-DBEY ED-TF = 2Rr m

Remark. From this theorem, we can derive the Fuler inequality. Since WQ is
non-negative and R is always positive, we can conclude that R — 27 is non-
negative, i.e. R > 2r. Equality holds iff O = I, i.e. when AABC' is equilateral.

o7



Stefan Lozanovski

Example 10.2 (IMO 2009/2). Let ABC be a triangle with circumcenter O.
The points P and @) are interior points of the sides C A and AB, respectively. Let
K, L and M be the midpoints of the segments BP, CQ and PQ), respectively,
and let I" be the circle passing through K, L and M. Suppose that the line PQ
is tangent to the circle I. Prove that OP = OQ.

C

Proof. We need to prove that P and ) are on the same distance from the
circumcenter O, so by Property 10.1, we need to prove that their power with
respect to the circumcircle (ABC) are equal, i.e. we need to prove that

AP -PC = AQ - QB.
Since M K and M L are midsegments in AQBP and APCQ, we have

MK | QB and ML| PC (1)

W:%-@ and WZ%-TC 2)
Since T is tangent to PQ at M, and using (1), we get
JKLM = /KMQ = /MQA = /PQA
/LKM = /LMP =/MPA=/QPA
Therefore, AAPQ ~ AMKL.

AP _ME o @B 5. po - A0. 0B -
AQ ML PC

Before continuing, let’s mention that sometimes it’s useful to consider a point
as a degenerate circle, i.e. a circle with radius zero. Then, the power of a point
P with respect to the degenerate circle w(A4, 0) is

pow(P, w) = AP’ 2 = AP

If it is unclear to you what this means, wait just a bit; We will use this in
Example 10.3.
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10.1 Radical axis

We learned about the power of a point with respect to a circle. Now, let’s find
the locus of the points that have equal power with respect to two given circles
w1(01, m1) and w2(Oa2, r2). Let P be a point that satisfies this condition. Then,

by the definition of power of a point,

PO12—T%:P022—7€.

Let @ be another point that satisfies the condition. Similarly, we have
—2 —2
QO; — 17 =Q05 —13.
From the two equations above, we get:
—2 =2 —2 2
PO, — POy =72 —-r2=Q0, — Q05 ,

which, by Property 9.4 means that PQ 1 O10,. But this will also be true for all
other points QQ1, @2, ... that have same power with repsect to both circles, i.e.
PQ1 L 0105, PQ> 1L O10,, ..., which means that the set of all such points is
a straight line perpendicular to O10s.

The radical axis of two circles is a line that is the locus of all points that have
equal powers with respect to both circles.

Property 10.3. The radical axis of two circles is perpendicular to the line
connecting the centers of the circles.

As a consequence, the radical axis of two intersecting circles will be the line
that passes through their intersection points, because those points have zero
power with respect to both circles. The radical axis of two tangent circles will be
their common tangent through their tangent point, because it is perpendicular
to the line connecting the centers and because the tangent point has zero power
with respect to both circles.

Let’s recall that if a point is outside the
circle, the power of the point with respect to
the circle equals the square of the length of the
tangent segment from the point to the circle.
Hence, the tangent segments from such point @;
to both circles are of equal length, which means
that each point on the radical axis is a center
of a circle that intersects both given circles or-
thogonally.
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Example 10.3 (BMO 2015). Let AABC be a scalene triangle with incentre
I and circumcircle w. Lines AI, BI and CT intersect w for the second time at
points D, E and F, respectively. The parallel lines from I to the sides BC, AC'
and AB intersect EF, DF and DFE at points K, L and M, respectively. Prove
that the points K, L and M are collinear.

A

D
Proof. Because of the parallel lines K and BC,
/KIF = /BCI = /BCF £ /BEF = /IEK

In addition to this, ZIKFE = ZIKF is a common angle for the triangles AKIF
and AKFEI, so the triangles are similar and therefore

Kl _ KPS KI°-KF-KE

KF KI
The left hand side is the power of the point K with respect to the degenerate
circle I and the right hand side is the power of the point K with respect to
the circle (EFD). Therefore, K lies on the radical axis r of I and (EFD).
Similarly, L and M also lie on r, so they are collinear. ]

Example 10.4 (IMO 2008/1). Let H be the orthocenter of an acute-angled
triangle ABC. The circle T'4 centered at the midpoint of BC and passing
through H intersects the sideline BC' at points A; and As. Similarly, define the
points By, By, C; and Cy. Prove that the six points Ay, As, By, B, C7 and
Cs are concyclic.

Proof. A precise drawing may give us a hint about this problem. If we draw
the figure correctly, we will see that the second intersection of the circles I' 4
and I'p lies on the altitude C'H. So, we firstly need to prove that this is indeed
true, i.e. we need to prove that C'H is the radical axis of I'y and I'p and then
use this fact to solve the problem.
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Let O4 and Op be the centers of I'y and I'g (i.e. the midpoints of BC
and C'A), respectively. Since O4Op is a midsegment in AABC, O40p || AB.
Since C'H is altitude in AABC, AB 1 CH. Therefore, O4Op 1. CH. By
Property 10.3 and recalling that H € I'y and H € I'g, we can conclude that
C'H is the radical axis of I'4 and I'g.

Now, using the fact that any point on the radical axis has equal power with
respect to both circles, we get that

CA,-CAy =CB; - CBs.

Therefore, A; A2 By Bs is a cyclic quadrilateral. The center of (A; A2B1Bs) can
be found as the intersection of the side bisectors of A;As and By B>. But, since
the midpoint of BC' coincides with the midpoint of A; As and the midpoint of
CA coincides with the midpoint of By B>, then the side bisectors of A;As and
B B; intersect at the circumcenter O of AABC. Similarly, (B1B2C1C3) is a
circle centered at O. Therefore, the six points A;, As, By, By, C7 and Cs are
concyclic. |

10.2 Radical center

Let’s find the locus of the points that have equal power
with respect to three circles wy, we and ws, whose cen-

ters are not collinear. By definition, the set of points that
satisfy pow(X, wy) = pow(X, wy) is the radical axis of wy
and wy and the set of points that satisfy pow(X, wy) = -
pow(X, ws) is the radical axis of we and ws. These axes
are not parallel (because the centers of the circles are not 0,
collinear), so let their intersection be S. By transitiv-
ity, we get that for this point S, the following is true
pow (S, w1) = pow(S, wz), which means that the radical
axis of wy and ws also passes through S. So, S is the only point that has equal
power to all three circles and it is called the radical center of the three circles.

Note that if the radical center lies outside of all three circles, then the tangent
segments from it to all three circles will be of equal length. So, the radical center
is the center of the unique circle (called the radical circle) that intersects the
three given circles orthogonally.
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Geometric construction of radical axis

Now, let’s see how we can geometrically construct the radical axis of two non-
concentric circles.

i)

ii)

iii)
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w1 Nwg = {A, B}

The points A and B lie on both circles, so they both have zero power to
both circles. Since we know that the radical axis is a line, we can construct
it by drawing the line through the points A and B.

w1 N Wy = {T}

As discussed in the previous case, the point T lies on the radical axis.
Since we proved that the radical axis is a line perpendicular to the line
joining the centers, we can construct it easily as the common tangent of
the circles through 7'

w1 N Wo = (Z)

Let’s draw another circle ws that intersects both wy and wy. Let’s construct
the radical axes of w; and ws, 71 3, and wy and w3, r2 3. The intersection
of r1 3 and rg 3, S, is the radical center of the three circles, so it must lie on
the radical axis rq 2 that we are trying to construct. Now, we can continue
in two different ways: we can either do the same thing with another circle
that intersect w; and ws, thus finding another point that lies on 71 2; or
we can use the fact the radical axis ry 2 is perpendicular to the line joining
the centers, O10,.

Figure 10.1: Radical axis of two circles



Chapter 11

Collinearity

I

Three points are collinear if they lie on a single line. We will now present
a few approaches that will help us prove that three points are collinear when
solving geometry problems.

11.1 Manual Approach

There are three most common angle chasing ways to prove that three points A,
B and C are collinear.

Figure 11.1: Three collinearity configurations

In the first configuration, we will need two extra points that are already
collinear with our ”middle” point B. Let those points be X and Y. If /XBA =
/Y BC, then the points A, B and C' are collinear.

In the second configuration, we will need one extra point X that doesn’t lie
on the supposed line A — B —C. If ZABX + ZXBC = 180°, then the points
A, B and C are collinear.

In the third configuration, we will also need one extra point X that doesn’t
lie on the supposed line A — B — C. If /ZXAB = /X AC, then the points A, B
and C' are collinear.

In the proof of the following theorem, that we already saw as Example 8.9,
we will demonstrate all three approaches.

Example 11.1 (Simson Line Theorem). Let P be a point on the circumcircle
w of a triangle ABC. If D, E and F are the feet of the perpendiculars from P
to the lines AB, BC and C' A, prove that the points D, E and F are collinear.
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Proof. WLOG let P be on the arc BC that doesn’t contain A.

/PDB=90°=/ZPEB

. PEDB is cyclic (1)
/CEP+ ZCFP = 180°

. CEPF is cyclic (2)
LADP + ZAFP = 180°

. ADPF is cyclic (3)

We will now finish the proof in three different ways, demonstrating all of the

approaches mentioned before.
I way: We will prove that ZCEF = Z/BED.

/C0EF 2 sopF 2L 900 — sFCP

/BEDY /BPD “EZPT 90° — /DBP

/FCP =180° — ZACP £ /ZABP = /DBP
1T way: We will prove that ZFEP + ZPED = 180°.

/FEPZ /FCP = 180° — /PCA

/PED Y 180 — /PBD = 180° — /PBA

/FEP + /PED = 360° — (/PCA+ Z/PBA) = 360° — 180° = 180°
1T way: We will prove that /PFE = /PFD.

/PFE2 /PCE = /PCB

/PFD Y /PAD = /PAB

/PCB =< /PAB [ ]
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11.2 Radical Axis

In some problems, we can prove that the three points lie on a radical axis of
some two circles.

Example 11.2 (Orthic axis). Let AA;, BB; and CC; be the altitudes in
AABC. Let A’ be the intersection of the lines BC' and B;C; and similarly
define the points B’ and C’. Prove that A’, B’ and C’ lie on a line.

Proof. Since Z/ZBB1C = 90° = ZBC,C, the quadrilateral BCB;C} is cyclic.
Therefore, by the intersecting secant theorem, we have

A'B-AC=AC,-AB;.

c.
The left-hand side is in fact the power of the point A’ to the circle (ABC)
and the right-hand side is the power of the point A’ to the circle (4;B1Ch).
Since it has same power with respect to both circles, then it must lie on the

radical axis of those circle. Similarly, B’ and C’ also lie on the radical axis of
(ABC) and (A1 B1C4), so A’; B' and C’ are collinear. [ |

11.3 Menelaus’ Theorem

Example 11.3 (Menelaus’ Theorem). Let ABC be a triangle. Let D, E and
F be points on the lines BC, CA and AB, respectively, such that odd number
of them (one or three) are on the extensions of the sides. The points D, E and
F are collinear if and only if

AF BD TE _,
FB DC EA
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Proof. Let D, E and F be collinear and let the line defined by them be p. Let
Aj, By and C; be the feet of the perpendiculars from A, B and C| respectively,
to the line p.

AAAlF ~ ABBlF ( ZAAlF = 900 = ZBBlF, ZAFAl = ABFBl)

AF  AA
""FB BB
BD BB CFE
Similarly, — = L and C: o

DC  CC, EA  AA,
“AF BD CE AA, BB, CC

L2222 ) ) -1 0O
FB DC FEA BB, CC, AA;

Now, let’s prove the other direction. Let
AF BD CF _
FB DC EA

A B
We will discuss the case when two of the points are on the sides of the
triangle and one on the extension of the other side. The other case, when all
three points are on the extensions of the sides is analogous. WLOG, let D and
E be on the sides BC' and C'A, respectively and F' be on the extension of the
side AB. We should prove that the points D, E and F' are collinear. Let the
line DFE intersect the line AB at F’ (note that F’ cannot lie between A and B).
Because the points D, E and F’ are collinear, we can use the direction of the

Menelaus’ Theorem that we just proved. So,

AF" BD CFE
F'B DC EA
Combining with the given condition, we get
AF AF
FB FB
Since AF — FB = AB = AF' — F'B, by subtracting 1 from both sides in the
above equation, we get

AL AD
FB FB

We conclude that FB = F’B. Because both F and F’ are on the extension of

the side AB, we get that F' = F’, i.e. the points D, E and F are collinear. W
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We will see how this theorem can be used in both directions, while proving
the next theorem.

11.4 Pascal’s Theorem

Example 11.4 (Pascal’s theorem). Let A, B, C, D, E and F be points on a
circle (not necessarily in cyclic order). Let M = ABNDE, N = BCNEF and
P=CDnNFA. Then M, N and P are collinear.

Proof. Let X = BCNDE,Y =DENFAand Z=FAnNBC.
If we use Menelaus’ Theorem on AXY Z and the collinear points A — B — M,

we get:

XM YA ZB

MY AZ BX
If we use Menelaus’ Theorem on AXY Z and the collinear points P — C' — D,
we get:

XD YP 70 _

DY PZ CX
If we use Menelaus’ Theorem on AXY Z and the collinear points F' — N — FE,
we get:

XE YF 7N _,
EY FZ NX
By multiplying these 3 equations and reordering the members, we get:
XM YP ZN (VA-YF)-(ZB-ZC)-(XD-XE) _
WY PZ NX (AZ-FZ)-(BX-OX)- (DY -BY)

From the Intersecting Secants Theorem for the point X, we get:

D-XE=XC -XB.

67



Stefan Lozanovski

From the Intersecting Secants Theorem for the point Y, we get:
YF-YA=YE-YD.

From the Intersecting Secants Theorem for the point Z, we get:
ZB-ZC =ZA-ZF.

From the previous four equations, we get:
XM YP ZN

el |
MY PZ NX

)

which by Menelaus’ Theorem means that the points M, N and P are collinear.
|

Here is an example to show how the Pascal’s Theorem can be used in a
problem.

Example 11.5. Let D and E be the midpoints of the minor arcs AB and AC
on the circumcircle of AABC, respectively. Let P be on the minor arc EE’,
Q@ =PDNAB and R= PEN AC. Prove that the line QR passes through the
incenter I of AABC.

Proof. Since D is the midpoint of the arc @, CD is the angle bisector of
/BCA. Similarly, BE is the angle bisector of ZABC. Therefore, CD "BE = 1.
Now, we apply Pascal’s Theorem to the points C, D, P, E, B and A and we
get that the points CDNEB = I, DPNBA = @Q and PEN AC = R are
collinear. |

We remark that there are limiting cases of Pascal’s Theorem. For example,
we may move A to approach B. In the limit, A and B will coincide and the line
AB will become the tangent line at B. Here is an example to show how this
works.

Example 11.6. Let w be the circumcircle of AABC. Let the tangent lines to
w at A, B and C intersect the lines BC, CA and AB at points D, E and F,
respectively. Prove that the points D, E and F' are collinear.

Proof. Let’s apply the Pascal’s Theorem to the points A, A, B, B, C and C.
We get that the points AAN BC = D, ABNCC = F and BBNCA = FE are
collinear. ]
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11.5 Desargues’ Theorem

Two triangles AABC and AXY Z are perspective from a line if the points
ABNXY, BCNYZ and CAN ZX are collinear.

Two triangles AABC and AXY Z are perspective from a point if the lines AX,
BY and CZ are concurrent.

A
A
X
B Y
(a) Perspective from a line. (b) Perspective from a point.

Example 11.7 (Desargues’ Theorem). Two triangles are perspective from a
line if and only if they are perspective from a point.

A

Proof. Let AABC and AXY Z be perspective from a point, i.e. AX, BY and
CZ are concurrent, and let the point of concurrence be O. Let ABN XY = M,
BCNYZ=Nand CANZX =P.

We firstly apply the Menelaus’ Theorem to AOAB and the points M —Y — X:

OX AM BY
XA MB YO
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Then, we apply the Menelaus’ Theorem to AOBC and the points N — Z — Y
oY BN 77 _,
YB NC ZO

Finally, we apply the Menelaus’ Theorem to AOC' A and the points P — X — Z:
07 TP A% _|
ZC PA XO

By multiplying these three equations, we get:
AW BN TP _,
MB NC PA 7

which by the Menelaus’ Theorem for AABC, means that the points M, N and

P are collienear, i.e. the triangles AABC and AXY Z are perspective from a
line. OJ

Now, let’s prove the other direction.

Let AABC and AXYZ be perspective from a line, i.e. the points M =
ABNXY, N=BCNYZ and P=CANZX are collinear. Let O = BY " CZ.
We should prove that AX also passes through O.

Let’s take a look at APCZ and AMBY . The lines PM, CB and ZY are
concurent at N, so the triangles are perspective from a point. By the direction
of the Desargues’ Theorem that we just proved, it follows that the triangles
must be perspective from a line, i.e. the points PCNMB = A, CZNBY =0
and ZPNY M = X are collinear. With this, we proved that AX passes through
O, so AABC and AXY Z are perspective from a point. |
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Let’s see it in action. We will give an alternate proof to Example 11.2:

Example 11.8 (Orthic axis). Let AA;, BB; and CC; be the altitudes in
AABC. Let A’ be the intersection of the lines BC' and B;C; and similarly
define the points B’ and C’. Prove that A’, B’ and C’ lie on a line.

Proof. Since AA;, BB; and C'C} are concurrent at the orthocenter of AABC,
the triangles AABC and AA;B1C; are perspective from a point. Then, by
the Deargues’ Theorem, they are also perspective from a line, i.e. the points
ABNA By =C'",BCNBC; =A" and CANC1A; = B’ are collinear. |

Remark. This proof can be used for more generalized problem, where AA;, BB
and CC1 are any cevians in AABC that are concurrent.

We will end this chapter here, but we must mention that collinearity plays
an important role in the chapter Homothety, so we will continue this theme
later in our journey.
Related problems: (Menelaus’ Theorem) 37, 38 and 51.
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Concurrence

Three lines are concurrent if they pass through a common point. We will
firstly present a few approaches to proving concurrence by using things we have
already visited during our journey. Then, we will learn a new theorem related
to concurrence.

12.1 Manual Approach

The most basic way to prove that three lines are concurrent is to take the
intersection of two of them and then somehow prove that the third line passes
through this intersection.

Example 12.1. Let C be a point on the diameter AA; in a circle w. Let B be
a point on w, such that AB = C'A;. Prove that in AABC, the internal angle
bisector at the vertex A, the median from the vertex B and the altitude from
the vertex C are concurrent.

Proof. We will take the intersection of the median and the altitude and we will
prove that the angle bisector passes through this point. Let P be the midpoint
of AC and let @ be the foot of the altitude from the vertex C' in AABC. Let
S = BPNCQ. We need to prove that AS bisects the angle ZCAB.

CQ L AB (. CQ is altitude in AABC)

A1B 1L AB (. AA; is diameter)
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. CQ| AiB ,ie. CS| AB

PC PS5
3 70 = :S (by Thales’ Proportionality Theorem)
CA, SB
Substituting PC' = AP and CA; = AB, we get
AP _P5
AB SB’
which by the Angle Bisector Theorem means that AS is the angle bisector of
/ZPAB. Since ZPAB = ZCAB, we get that AS bisects ZCAB. ]

Remark. This approach can, in fact, be used not only for proving concurrent
lines, but also for proving that any three objects (lines or circles or any combi-
nation of those) pass through a common point. For example, if we need to prove
that three circles pass through a point, we will take the intersection of two of the
circles and then prove that this intersection lies on the third circle. Otherwise,
if we need to prove that two lines intersect on a circle, we can either take the
intersection of the lines and prove that this intersection lies on the circle, or we
can take the intersection of one of the lines and the circle and prove that this
intersection lies on the other line.

12.2 Special Lines

Another way to prove that three lines are concurrent is by proving that they
are ”"special lines” (such as side bisectors, angle bisectors, altitudes, ...) in a
triangle in the figure. This is because we already know that these special lines
concur at one of the important centers that we mentioned in chapter 6.

Example 12.2. Let P be an arbitratry point inside the triangle ABC. Let
Aj, B; and Cj be the feet of the perpendiculars from P to BC, CA and AB,
respectively. Prove that the lines that pass through the midpoints of PA and
B1C4, PB and C1Aq, and PC and A;B; are concurrent.

Proof. We will prove that these lines are in fact side bisectors in AA;B;C1,
so they will concur at the circumcircle of AA;B1Cy. Let M and N be the
midpoints of PA and B;C1, respectively.

/PCiA+ /PBA=180° (.- PCy L AB, PB, L AC)

Therefore, AC1PB; is cyclic. Since ZAC1P = 90°, AP is a diameter in
(AC1PBy), so M is its center. Since N is the midpoint of the chord B;C}
and M is the center, M N is the side bisector of B;C;. Similarly, the other two
lines are also side bisectors in AAy B1CY, so they are concurrent. |
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12.3 Special Point

If the lines in question are not ”special lines”, there is another way that the
important centers can help us—by proving somehow that the lines pass through
a "special point”, i.e. an important center in a triangle in the figure.

Example 12.3 (MMO 2015). Let AH 4, BHp and CH¢ be altitudes in AABC.
Let pa, pp and pc be the perpendicular lines from vertices A, B and C to
HpHgc, HoH 4 and H 4 Hp, respectively. Prove that pa, pp and pc are concur-
rent.

Proof. We will prove that the lines pass through the circumcenter of AABC.
Let Ay =paNHpHe.

BCHpHc¢ is cyclic (.- ZBHpC = 90° = ZBH~C)

S LAHBA, = ZAHBHC = ZHcBC = /LABC = ﬂ
ZCAAl = ZHBAAl =90° — ZAHBAl =90° — B ( AA1 1 HBHc)
/BAHA = 90° — ZABH, = 90° — j3

In conclusion, /CAA; = /ZBAH,, so AH, and AA; = p4 are symmetric with
respect to the angle bisector of ZBAC'. Since the orthocenter lies on the altitude
AH 4, its isogonal conjugate, the circumcenter (Property 6.9), must lie on p4.
Similarly, the circumcenter of AABC' lies on pg and p¢, so the lines pa, pp
and pc are concurrent. |

12.4 Radical Center

Recall section 10.2, where we saw that the pairwise radical axes of three circles
concur at the radical center. This is another approach of proving concurrence
in geometry problems.

Example 12.4 (IMO 1995/1). Let A, B, C and D be four distinct points on a
line, in that order. The circles with diameters AC' and BD intersect at X and
Y. The line XY meets BC at Z. Let P be a point on the line XY other than
Z. The line C'P intersects the circle with diameter AC' at C and M, and the
line BP intersects the circle with diameter BD at B and N. Prove that the
lines AM, DN and XY are concurrent.

Proof. We will prove that these three lines are radical axis of three circles. Let
the circle with diameter AC be w; and the circle with diameter BD be ws.
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PM-PC 2 PX.-PY 2PB-PN
.. BCNM is cyclic (*)
Since AC and BD are diameters of w;

and ws, then ZAMC =90° = ZBND.

/MND = /MNB+ /BND %
— /MCB +90° =

— /MCA + 90° “ ¢

=90° — ZMAC +90° =
=180° - ZMAD
. MADN is cyclic

Now, we have three circles: (MAYCX), (MADN) and (NXBY D). Their
pairwise radical axes are M A, DN and XY, so they are concurrent at the
radical center of these three circles. |

12.5 Ceva’s Theorem

Example 12.5 (Ceva’s Theorem). Let ABC be a triangle. Let D, E and F
be points on the lines BC, C A and AB, respectively, such that even number of
them (zero or two) are on the extensions of the sides. The lines AD, BE and
CF are concurrent or parallel if and only if

Proof. Let the lines AD, BE and CF be concurrent at P. Assume that the
point P is inside the triangle ABC. (When P is outside, the proof is similar)

A
Ppcar _ AF E
Precre  FB F

Prprp  FB B D c
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. Pacar — Papar _ @
"Pacre — Papre  FB
.o, Pacar _ AF
" Papcp FB'

Prapp  BD Prpcp CE

Pacap  DC Ppapp  EA

_AF BD CE 1

""FB DC EA

Let the lines AD, BE and CF be parallel. Exactly one of the points must be

on the side of the triangle, WLOG let that point be D (the other two points are
on the extensions of the sides). By Thales’ Proportionality Theorem, we get

Similarly,

AF DO

AL _ DO paycr)

FB CB

CE _CB (.. pa|BE)

FA BD
_AF BD CE _DC BD CB _,
"FB DC BA _CB DC BD

Now, let’s prove the other direction. Let
AF BD OB _
FB DC EA
and let even number of the points be on the extensions of the sides. Let the inter-

section of the lines AD and BE be P. In the case when there is no intersection,
i.e. when AD || BE, it can be easily proven that AD, BE and C'F are parallel.

Let C'P intersect AB at F’. Similarly as in the A
proof of Menelaus’ Theorem, we are using the . (\
direction of Ceva’s Theorem that we just proved

E
(for AD, BE and C'F’ which do concur) and we h\

get: B D c

AF BD CE
FB DC EA

Combining with the condition, we get:
AF  AF’
FB FB

Keeping in mind that AF + FB = AB = AF' + F'B, by adding 1 to both sides,
we get: L

AB AB
FB TF'B’

N

76



A Beautiful Journey Through Olympiad Geometry

which means FB = F'B, i.e. F = F’. We should note that in the last part, we
assumed that F” is between A and B. That is a safe assumption because there
are either zero or two points on the extensions of the sides; If there are zero,
then D and E are on the sides BC and CA, so F/ must also lie on the side AB;
If there are two points on the extensions, then WLOG let them be D and F
and F’ will again lie on the side AB. |

In the next few examples, we will show how we can use Ceva’s Theorem in
both directions.

Example 12.6. In AABC, let M be the midpoint of the side BC. Let P be
an arbitrary point on the segment CM (P # C, P # M). Let APNBC =D
and BP N AC = E. Prove that ED || AB.

Proof. The lines AD, BE and CM are concurrent, so we can use Ceva’s Theo-
rem: _

AM BD CE 1

MB DC EA
Since M is the midpoint of AB, AM = M B, so by canceling and then rear-
ranging, we get:

cr_cp
EA DB’
which by Thales’ Proportionality Theorem means that ED || AB. |

Example 12.7 (Gergonne Point). Let D, E and F' be the tangent points of
the incircle of AABC with the sides BC, C'A and AB, respectively. Prove that
AD, BE and CF are concurrent.

C

A F B

Proof. ﬁjﬁj x as tangent segments from the point A to the incircle.
Similarly, BFF = BD =y and CD = CFE = z.

AF BD TR vy - _
FB DC EA y z w
so by Ceva’s Theorem, AD, BE and CF are concurrent. |

Remark. This point of concurrence is known as the Gergonne Point of the
triangle ABC.
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Example 12.8 (Nagel Point). Let A’, B’ and C’ be the tangent points of the
A-excircle, B-excircle and C-excircle with the sides BC, CA and AB in the
ANABC, respectively. Prove that AA’, BB’ and CC’ are concurrent.

Proof. From Example 8.5, we know that AB + BA’ = AC + C A’. We see that
LHS and RHS add up to the perimeter of AABC, so each of them is equal
to the semiperimeter s. Therefore, BA’ = s — ¢ and C'A’ = s — b. Similarly,
CB'=s—a,AB' =s—c¢, AC' =s—band BC' =5 —a.

AC' BA’ CB" s—b s—c s—a _

CB AC BA s—a s—b s—c
so by Ceva’s Theorem, AA’, BB’ and CC’ are concurrent. |

)

Remark. This point of concurrence is known as the Nagel Point of the triangle
ABC.

Example 12.9 (Trigonometric Ceva’s Theorem). Given a triangle ABC' and
points D, E and F that lie on the lines BC', CA and AB, respectively; the lines
AD, BE and CF are concurrent or parallel if and only if

sin /BAD sinZCBE sin ZACF

SmZCAD smZABE smZBCF -

Proof. By using the Law of Sines in AABD, we get

BD AB . . BD -sin/BDA
Sn/BAD — sm/BDA’ ¢ SwLBAD = ——.
Similarly, for AACD, we get

CD -sin ZCDA
AC '
Since D € BC, then the angles /ZBDA and ZCDA are always equal or sup-

plementary. Therefore, sin /BDA = sin Z/CDA. By dividing the previous
equations, we get

sin ZCAD =

sin Z/ZBAD B @ @
sin/ZCAD CD AB’
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Analogously, we can get similar equations for the cevians BE and CF. By
multiplying these three equations, we get

sin/BAD sin/CBE sin/ACF AF BD CE

sin /CAD sin /ABE sin/BCF FB DC EA

so by Ceva’s Theorem we are done. |

12.6 Desargues’ Theorem

Here is an example that shows how we can use Desargues’ Theorem when we
need to prove concurrence.

Example 12.10 (RMM 2016). Let ABC be a triangle and let D be a point on
the segment BC, D # B and D # C. The circle (ABD) meets the segment AC
again at an interior point E. The circle (ACD) meets the segment AB again
at an interior point F. Let A’ be the reflection of A in the line BC. The lines
A’C and DFE meet at P, and the lines A’B and DF meet at Q. Prove that the
lines AD, BP and CQ are concurrent (or all parallel).

Proof. Let o denote reflection in the line
BC. Since /BDF = /BAC = ZCDE
(because of the cyclic quadrilaterals ABDE
and ACDF), the lines DE and DF are im-
ages of one another under o, so the lines
AC and DF meet at P’ = o(P), and the
lines AB and DE meet at Q' = 0(Q). Con-
sequently, the lines PQ and P'Q’ = o(PQ)
meet at some point R on the line BC. Since
the points Q) = ABN DP, R = BC N PQ
and P' = CAN QD are collinear, the tri-
angles AABC and ADPQ are perspective
from a a line. Therefore, by Desargues’ The-
orem, they are also perspective from a point,
i.e. the lines AD, BP and CQ are concur-
rent. ]

Related problems: 44, 47 and 54. Ceva’s Theorem: 39.
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Chapter 13

Symmedian

Symmedian is the reflection of the median across the corresponding angle
bisector.

B s\ .M c
We will now see and prove a few properties of the symmedians.

Property 13.1. The symmedian AS divides the opposite side in the ratio of
the square of the sides, i.e.

- ——\ 2

55 _ (4B

cs \4Cc)

Proof. Since the symmedian is the reflection of the median with respect to the
angle bisector, we have ZBAS = ZCAM and LBAM = ZCAS.

BS  Papas  BA-AS
MC  Pamac AM-AC

BM o PrBma _ BA-AM

SC  Pacsa AS - AC

By multiplying these equalities, we are done. |

Property 13.2 (Lemoine Point). The three symmedians in a triangle are con-
current.

Proof. Using Property 13.1, by Ceva’s The- A
orem, it immediately follows that the three

symmedians in a triangle are concurrent. o
This point of concurrence is called the / / * 7

Lemoine Point of the triangle. mn g ]

O
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Property 13.3. A symmedian drawn from a vertex of a triangle bisects the
antiparallels to the opposite side (with respect to the adjacent sides).

Proof. Let AS and AM be the symmedian and the median from the vertex A in
NABC, respectively. Let B; € AC and C; € AB, such that B, is antiparallel
to BC with respect to the lines AB and AC, i.e. ZABC; = ZABC'. Therefore,
ANABC ~ NAB,C;. Let ASN B1C; = D. By the definition of symmedian,
/BAS /CAM, which means that the similarity "maps” AM in AABC
to AS = AD in AAB;C;. Therefore, AD is median in AAB;C, i.e. the
symmedian AS bisects ByC; which is antiparallel to the opposite side BC. R

Property 13.4. Given a triangle ABC and its circumcircle, let the intersection
of the tangents at the points B and C intersect at 7. Then, AT is a symmedian
in AABC.

Proof. Since the angle between a tangent and a
chord is equal to any inscribed angle that sub-
tends the same chord, ZCBT = ZCAB = «
and /BCT = /BAC = «a, so ABCT is isosce-
les and therefore TB = TC. Let B; € AC
and C; € AB, such that B;C; is an an-
tiparallel line to BC' (with respect to the lines
AB and AC) that passes through T. Then,
AABlC'l = JABC = B 1\IOW7 ZTC’Bl =
180°—(LACB+4BCT) = 180—(y+a) = S and
LTBC = LC1B1A = 3, so ATCB; is isosce-
les, i.e. TC = TB;. Similarly, TB = TC.

In conclusion, TC, = TB = TC = TBy, so
T is the midpoint of B1C,. By Property 13.3,
it follows that AT is the symmedian from the
vertex A in AABC.

Remark. The previous example shows that the Lemoine point of a triangle is
the Gergonne point of the tangential triangle.

Property 13.5. The A-symmedian is the locus of the points P such that
d(P, AB) AB

d(P, AC) ~ AC"

Proof. We will firstly prove that the median is the locus of the points M such

that L
d(M, AB) AC

d(M, AC) ~— AB’
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A

Let M be a point in the interior of ZBAC. Let AM meet BC at M;. By
similarity of triangles, we get that
d(M, AB) AM _ d(M, AC)
d(My, AB)  AM; d(M, AC)’

By rearranging, we get

d(M,, AB) d(M, AB) AC

d(My, AC) ~ d(M, AC) ~ AB
<= Paapm, = Pracm,
<~— BM, =M, C O
A

P
B \ C
Since the symmedian is the reflection of the median with respect to the angle
bisector, by symmetry we have that it is the locus of the points P such that

d(P, AB) _ d(M, AC) AB .
d(P, AC) ~ d(M, AB) ~ AC

Related problems: 26, 29, 31 and 41.
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Chapter 14

Homothety

Definition and properties

A homothety with center O and ratio k is a function that sends every point on
the plane P to a point P’ such that

OP - k.OP,

Figure 14.1: A homothety with center O and ratio k = 2.5
From this definition, we can directly conclude the following properties:

Property 14.1. The image point, the original point and the center of the
homothety are collinear.

Property 14.2. A homothety always sends a figure to a similar figure, such
that the corresponding sides are parallel.

If £ > 0, then the image and the original will be on the same side of the
center; If k < 0, the image and the original will be on different sides of the
center, i.e. the center will be between them. If |k| > 1, then the homothety is
a magnification; If |k| < 1, then it is a reduction.

We will use the notation X, : P — P’ to denote that P’ is the image of P
under the homothety centered at O with ratio k.

Getting started

As an exercise, let’s try to construct a square that is ”inscribed” in a AABC,
such that one vertex lies on the side AB, one on the side AC' and two adjacent
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vertices of the square lie on the side BC. Firstly try by yourself and then see
the solution presented below.

Construct any square M N PQ such that M € AB
and @ € AC and MQ | NP || BC. We will now define A
a homothety centered at A that will send M NPQ to

the desired square. Let AN N BC = N’. We define the M 2
AN’ ' Q
ratio of the homothety k = i sothat X : N — N/. M
Since NP || BC and N’ € BC, the image of P will be a NP
point P’ on BC. Also the center of the homothety (4), @ ®
B N P C

the original (P) and the image (P’) must be collinear,
so P = AP N BC.

Now, let’s find M’. M’N’ should be parallel to M N, but also A — M — M’
should be collinear, so M’ is the intersection of the perpendicular to BC through
N’ and the line AM = AB. We can find Q' similarly to M’. The result-
ing quadrilateral M’'N’P’Q’ is similar to its original M N PQ, so it must be a
square. It is also ”inscribed” in AABC per the given conditions, so we are done.

As another exercise, we will give an alternate proof of Example 8.13, where

we proved that in any triangle ABC, the orthocenter H, the centroid T" and the
circumcenter O are collinear and that HT = 2 - TO.
Let M, N and P be the midpoints of the sides BC),
CA and AB, respectively. Remember that the medians
AM, BN and CP intersect at the centroid 7" and more-
over, it divides them in ratio 2:1. Therefore, Xp _;/5 :
- NABC — AMNP. AISO, X HABC — HMNP,
so the points Hapc — Tapc — Hynp are collinear.
From Property 6.10, we know that Oagc = Hynp, SO
Hapc — Tape — Oape are collinear. Because |k| = %,
we can also conclude that HT = 2-TO.

14.1 Homothetic center of circles

Homothetic centers may be external (k > 0) or internal (k < 0). If the center
is internal, the two geometric figures are scaled, 180°-rotated and translated
images of one another. Otherwise, if the center is external, the two figures
are scaled and translated similar to one another. Sometimes, the external and
internal homothetic centers (centers of similitude) are called exsimilicenter and
insimilicenter, respectively.

Circles are geometrically similar to one another and ”rotation invariant”.
Hence, a pair of circles has both types of homothetic centers, internal and ex-
ternal (unless the centers coincide or the radii are equal; we will discuss these
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special cases later). These two homothetic centers lie on the line joining the
centers of the two given circles.

How can we find those homothetic centers? Let’s draw two parallel diameters
A1 By and A Bs, one for each circle. These make the same angle with the line
connecting the centers. The lines A1 Ao, and By Bo, intersect each other and the
line connecting the centers at the external homothetic center. Conversely, the
lines A1 By and Bj A, intersects each other and the line connecting the centers
at the internal homothetic center. As a limiting case of this construction, a line
tangent to both circles passes through one of the homothetic centers, as it forms
right angles with both the corresponding diameters, which are thus parallel. The
common external tangents pass through the external homothetic center, while
the common internal tangents pass through the internal homothetic center. If
the circles have the same radius (but different centers), they have no external
homothetic center. If the circles have the same center, they have only one
homothetic center and that is the common center of the circles.

Figure 14.2: Internal and external homothetic center of two circles.

A line through a homothetic center that intersects the circles, will intersect
each circle at two places. Of these four points, any two are said to be homologous
if radii drawn to them make the same angle with the line connecting the centers
(eg. A and A’). Out of these four, any two that lie on different circles and are
not homologous are said to be antihomologous (eg. A and B’).

We will now prove that any two pairs of antihomologous points (defined by
lines through the same homothetic center) are concyclic. Let O be a homothetic
center of wy and ws. Let a line through O intersect wy at A and B and ws at
A" and B’ (such that A and A’ are closer to O than B and B’, respectively).
Then,

OA-OB —OA-(k-OB) = k-OA-OB.

If we similarly define points C', D, C’ and D’ for a different line through O, we
have

0C.0D' =0C - (k-0D) = k-0C - OD.

From the intersecting secants theorem for wy, we have OA - OB = OC - OD, so
combining the previous equations, we get OA - OB’ = OC - OD’ which means
that the points A, B/, C and D’ (which are two pairs of antihomologous points)
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are concyclic. Just as a trivia for our more curious readers, we will mention
that because of this concyclicity, the intersection of the lines AC' and B’'D’ lies
on the radical axis of the circles w; and wy. Can you see why?

14.2 Composition of homotheties

Composition of two homotheties, X} with center O, and ratio ki, and X5 with
center Oy and ratio ko is a homothety X5 (unless k; - ko = 1).

Property 14.3. Let X35 be the composition of homotheties X5 o X;. Then, the
center of X3 lies on the line 0105 and the ratio of X3 is k1 - k».

Proof. Let A be a point. Let A; and As be points such that X7 : A — A; and
Xs: Ay — As. In other words, X5 : A — Ay because X3(A4) = Xy 0 X1(4) =
Xo(X1(A)) = Xo(A1) = As.

Let’s prove that the center of X3, Oz, lies on O10s. Let Xy : O1 — P. The
point P doesn’t have a special meaning, but it will help us prove our claim. We
will also use the fact that the center of homothety is fixed under a homothety,
ie. X1 : 01— 0.

Xg(ol) = XQ(Xl(Ol)) = XQ(Ol) =P

From this equation, we have X3 : Oy — P and X5 : Oy — P. Using Prop-
erty 14.1, which says that the center of homothety, the original, and the image
are collinear, we have O3 — O; — P and Oy — O1 — P, i.e. all four points are
collinear, so the center of X3, which is Oz, lies on O10s.

We will now find the ratio of X3. Let’s get back to the points A, A; and
Ao that we defined earlier. By definition of Ay, we get O1A; = ki - O{A.
By definition of Ay, we get OsAs = ko - O3 A1. Because X3 : A — Ao, we have
O3A5 = k3-O3A. Keep in mind the fact that we just proved, that O3 is collinear
with O; and Os. Because of this collinearity, we can apply Menelaus’ Theorem
to AAA1As and the points Oy — O3 — Oy

AO; A105 AO3

=1
0141 O34y 034
L1 ks g
ki ko 1
Finally, kg = kl . /{2. [ |
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14.3 Useful Lemmas

Example 14.1. Prove that the nine point circle bisects any line segment from
the orthocenter to the circumcircle.

Proof. Let ABC be a triangle with orthocenter H. Let
X, Y and Z be the midpoints of AH, BH and CH,
respectively. Then, there is a homothety centered at H,
with ratio 2, that sends AXY Z to AABC. Since the
circumcirle of AXY Z is the nine point circle of AABC),
this homothety sends the nine point circle of AABC to
its circumcirle. Let P be any point on the circumcircle
of AABC'. Let the nine point circle intersect HP at M.
Then, Xy o : M — P. Therefore, HP =2-HM, ie.
HM = MP. [ |

Example 14.2 (Diameter of the incircle). Let the incircle of AABC touch the
side BC' at D and let DE be a diameter of the incircle. Let AEN BC = F.
Prove that BD = FC.

Proof. Consider the homothety with center A that sends
the incircle to the A-excircle. The diameter DE of the
incircle must be mapped to the diameter of the excircle
that is perpendicular to BC'. It follows that F must get
mapped to the point of tangency between the excircle
and BC. Since the image of E must lie on the line AF,
it must be F. That is, the excircle is tangent to BC at
F. In Example 8.5, we already proved that the tangent
points of the incircle and the excircle to the side BC are
equidistant from the midpoint, so BD = FC. [ |

Remark. Notice that, as a consequence to this collinear-
ity, the line joining the incenter and the midpoint of BC
is parallel to the line AF.

Example 14.3. Let ABC be a triangle. A circle w is internally tangent to
the circumcircle of AABC and also to the sides AB and AC at P and @,
respectively. Prove that the midpoint of PQ is the incenter of AABC.

Proof. Let the tangent point of (ABC) and w be T.
Let X be a homothety that sends w to (ABC), i.e. Xr :
w — (ABC). Let TP N (ABC) = M. Since AB is
tangent to w at P, the parallel line to AB through M
should be tangent to (ABC') at M. This means that
M must be the midpoint of the arc AB in (ABC). So
CM is an angle bisector in AABC, ie. C—1—-M
are collinear, where I is the incenter in AABC. Let
TQ N (ABC) = N. Similarly, B — I — N are collinear.
By applying Pascal’s Theorem to the points T', M, C,
A, B and N, we get that the points P — I — @Q are
collinear. Also, AP = AQ as tangent segment, and AJ
is the angle bisector of /ZBAC = ZPAQ), so I must be
the midpoint of PQ. |
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Example 14.4 (Monge’s Theorem). The exsimilicenters of three circles are
collinear.

Proof. Let w1, wo and ws be three circles. Let A, B and C' be the intersections
of the external tangents of w; and wo; wo and ws; and wy and ws, respectively.
One of the two homotheties that sends w; to ws is centered at A and has a
coefficient k1 > 0, i.e. X4 5, : w1 — wo. Similarly, Xp 1, : wa — w3, where
ko > 0. Therefore, the composition homothety X.omp = X 0 X4 sends w; to
ws. By the properties of composition of homotheties, we know that the center
of Xeomp lies on the line AB and the coefficient is positive (as it is equal to
k1 - k2). But the center of the homothety that sends w; to ws with positive
coefficient is found as the intersection of the common external tangents, so it is
C. In conclusion, C' € AB, i.e. the points A, B and C are collinear. |

Remark. Can you prove this using Menelaus’ Theorem? What about using
Desargues’ Theorem?

W3
Wy

(a) Monge’s Theorem (b) Monge-d’Alembert Theorem

Example 14.5 (Monge-d’Alembert Theorem). Given three circles, the insim-
ilicenters of any two pairs of circles and the exsimilicenter of the third one are
collinear.

Proof. The proof is analogous to the proof of Monge’s Theorem. |

Example 14.6. Let w be a circle that is tangent to wy; and wo at T and 75,
respectively. Prove that the line 777, passes through one of the homothetic
centers of wy and ws.

Proof 1. We will discuss the case where w is externally tangent to both w; and
wo. The other cases should be analogous. Let O, O; and Oy be the centers of
w, w1 and wsg, respectively.

ZOTlTQ = ZOTQTl ( OT1 = OTQ)

Let X = T7T5 N O105. Because of the tangency of w and wi, we know that
T, € 004, so
0T Ty = L0411 X.
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Let T} € T1T> Nws. From the tangency of w and ws, we know that Tb € OO0,

SO
AOTQTl = ZOQTQT{ == 402T11T2 = ZOQT{X

Combining the three equations, we get Z01T1 X = Z0-T{ X, so X is a homo-
thetic center of w; and ws. | |

Proof 2. Using the same case and the same notations as in the previous proof,
the tangent point 7} is the insimilicenter of the tangent circles w and w;. Sim-
ilarly, T5 is the insimilicenter of w and wy. Therefore, by Monge-d’Alembert
Theorem, T1T> passes through the exsimilicenter of w; and wo. |

Remark. The line T1T5 passes through the external homothetic center of wy and
wo when w is either internally or externally tangent to both w; and wy. Other-
wise, when w is internally tangent to one of wy and wy and externally tangent to
the other one, then the line 7175 passes through the internal homothetic center
of w1 and ws.

Related problems: 40, 46, 53 and 56.
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Chapter 15

Inversion

Inversion, like homothety, is a function that sends a point to another point.
However, before continuing, let’s firstly introduce the term ”extended plane”,
because inversion is defined there.

The extended plane is a set of all the points in a plane together with one
special point that we will call the point at infinity (Ps). We also imagine
that all the lines pass through this point. To
make this a little bit clearer, let’s imagine a
sphere sitting on a horizontal plane. Let the
top-most point of the sphere be T'. Then, for
every point X on the plane, the line TX will
intersect the sphere at a unique point X’. If
we move a point X on a line, the image points
X’ on the sphere will make a circle. However,
as we go towards infinity on any line on the
plane, the image circle will pass through the same image, i.e. the point T'. Thus,
in our scenario, it is OK to imagine that all the lines pass through the same
point at infinity.

Now, back to the formal definition of inversion. Inversion with center O and
radius r is a function on the extended plane that sends a point X to a point
X’ on the ray OX, such that OX - OX’ = r2. If X is the center of inversion,
then it is sent to the point at infinity and vice versa. The circle with center O
and radius r is called the circle of inversion. From the definition, we can easily
check that (X') = X.

X' €0X,0X-0X' =12 O+#X # Py
Jo,r: X & ¢ Py X=0
0] X =P,

A point
It is easy to see that if a point lies on the circle of inversion, since OX = r, the
image will be the same point, i.e. X’ = X. If a point is inside the circle of inver-

sion, then its image will be outside and vice versa. How can we construct those
images?
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Well, if the point X is outside the circle of inversion,
we draw the tangents from X to the circle of inversion.
The image X’ is found as the intersection of the line
connecting the tangent points and the line OX. It can
be easily checked, by similarity of triangles, that the
equation in the definition is satisfied. Since (X')" =
X, it can be easily figured out what the image is if X is inside the circle of
inversion.

Two points

Let A’ and B’ be the images of the points A and B under inversion with center
O and radius 7.

Then, OA-OA’ =r?> = 0B -0OB'.
OA OB

0B OA

Keeping in mind that O — A — A" and O — B — B’ are collinear, i.e. ZAOB =
ZA'OB’, we get that AOAB ~ AOB’A’. From this similarity, we conclude two
important properties that will be further used when solving problems:

Property 15.1. Let A’ and B’ be the images of the points A and B under
inversion with center O and radius r. Then,

ZOB'A' = ZOAB (15.1)

Property 15.2. Let A’ and B’ be the images of the points A and B under
inversion with center O and radius r. Then,

2

AB =48 — (15.2)
OA-OB
Proof. From the similarity AOAB ~ AOB’'A’, we get
A OAX OA-OA 12 .

AB OB OB-0OA A-OB
A line

A line that passes through the center is sent to -
itself. (Each point is not sent to itself, obviously, ’ A
but the line as a figure is sent to itself.) /

Let’s see what happens when a line doesn’t '
pass through the center. Let P be the foot of the C=¢ .
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perpendicular from the center O to the line, with inverse P’, and let X be
any point on the line, with inverse X’. Then, by Property 15.1, ZOX'P’ =
ZOPX = 90°. Therefore, X’ lies on a circle with diameter OP’. In conclusion,
a line that doesn’t pass through the center is sent to a circle through the center.
Moreover, this circle is tangent to the line through O parallel to the original
line.

A circle

From the previous case, it’s obvious that a circle that passes through the center
is sent to a line.

Let’s see what happens when a circle doesn’t pass through the center. Let
A and B be the points on the original circle that are closest and furthest,
respectively, to the center of inversion. Then AB is diameter of the original
circle. Let A’ and B’ be the images of A and B, respectively.

Let X be another point on the original circle. Then ZOXB — ZOXA =
/AX B = 90°. By Property 15.1, we get

ZOB'X' — ZOA'X" =90° [£ZOB'X' is an exterior angle for AA’'B’'X']
LBAX + ZAX'B — LOA'X' =90° [ZB'A'X' = LOA'X)
LA X'B =90°

So, X’ lies on a circle with diameter A’B’. In conclusion, a circle that doesn’t
pass through the center of inversion is sent to a circle. Moreover, the center of
the original circle and the center of the image circle are collinear with the center
of inversion. However, the center of the original cicle is not sent to the center
of the image circle.

In the case when the original circle is outside the circle of inversion, the
image circle is inside and vice versa. When the original circle intersects the
circle of inversion, it shares two common points with the image circle (the ones
that are on the circle of inversion). So, is it possible, under any conditions, that
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a circle is sent to itself? Let’s assume it is and see if we can understand the
conditions when that happens. Let w be a circle that intersects the circle of
inversion at A and B. Let X be any other point on w and let Y be the second
intersection of OX and w. Since we assumed that
w is sent to itself under the inversion, Y must
be the image of X. Therefore, OX - OY = r2.
But A lies on the circle of inversion, so OA = r. :’
Therefore, OX - OY = OA’, so by the Secant-
Tangent Theorem, we get that OA is tangent to
w, i.e. the circle of inversion and w are orthogonal.
In conclusion, a circle orthogonal to the circle of inversion is sent to itself.

Property 15.3. Let f; and f2 be two figures (line or circle). Let J : f1 < f
and J : fa <> f5. Then, inversion preserves angles between figures!, i.e.

L(f1, f2) = £(f1, £2)
As a consequence, fi is tangent to fs if and only if f{ is tangent to f5.

Proof. This can be proven using Property 15.1 in the intersection point. |

Summary
1. A point on the circle of inversion is sent to itself.
2. A line passing through the center is sent to itself.
3. A line not passing through the center is sent to a circle through the center.
4. A circle passing through the center is sent to a line.
5. A circle not passing through the center is sent to a circle.

5.1. A circle orthogonal to the circle of inversion is sent to itself.

1The angle between two circles is defined as the angle between the tangents to the circles
at a point of intersection. Analogously, the angle between a circle and a line is defined as the
angle between the line and the tangent to the circle at a point of intersection with the line.
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Example 15.1 @)leﬂ’s T@remi). Let ABCD be a quadrilateral. Prove
that AB - CD + BC - AD > AC - BD and that equality holds iff ABCD is a
cyclic quadrilateral.

Proof. Let’s invert with center D and any radius r. Let the images of A, B and
C be A’, B’ and (', respectively. By the Triangle Inequality for AA’B'C’, we
have A’B’ + B’C' > A’C’. By Property 15.2, this is equivalent to

L -2 L 2 L 2
B _——— + BC — Z AC ————aa————
DA-DB DB-DC DA-DC
Multiplying by DA - DB - DC' and dividing by 72 on both sides, we get:
AB-CD+ BC-AD > AC - BD.

Equality holds iff the points A’, B’ and C’ are collinear, i.e. iff the points A, B
and C' are concyclic with the center of inversion D. |

Example 15.2 (IMO 1996/2). Let P be a point inside triangle ABC' such that
/APB — ZACB = Z/APC — ZABC. Let D and F be the incenters of AAPB
and AAPC, respectively. Show that AP, BD and C'E are concurrent.

Proof. Here, we see that there are many angles in the condition that are in the
form ZAXY with fixed A. That’s why we will try to invert through A.

By Property 15.1, the condition now becomes

LAB'P'— ZAB'C' = LAC'P' — LAC'B’

/P'B'C'=/P'C'B’ '
P B =PC * ]

If we want to prove that the angle bisectors BD and C'E intersect the line
segment AP at the same point, then by the Angle Bisector Theorem, we need
to prove that

i _ac
BP CP
From the similarity of the triangles AAPB ~ AAB’'P’ and AACP ~ NAP'C’
we get

AB AP () AP AC

BP PB PO CP

—
Z
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Example 15.3. Two circles w; and ws touch each other externally at T'. They
also touch a circle w internally at A; and As, respectively. Let P be one point
of intersection of w with the common tangent to w; and wo at T. The line PA;
meets wy again at By and the line PAy meets wy again at By. Prove that By By
is a common tangent to wy and ws.

Proof. In many problems, we tend to invert through a

"busy” point, i.e. a point through which many lines or

circles pass. Consider the inversion J (P, PT). In this

way, since PT is tangent to wq, i.e. wy is orthogonal to

the circle of inversion, J : w; <+ wy. Let’s see what is A, 1%
A sent to. The image of A; must be on PA;. Also, A
since A; lies on wy, then the image of A; must lie on 9
the image of wy. Therefore, J : A; +» B;. Similarly,
J i we <> wy and J : Ay < By. Now, the circle w
passes through the center of inversion P, so it will be _ ¥
sent to a line. The points A; and As lie on this circle,
so their images will lie on the image line. Therefore,
J :w ¢ B1Bs. Finally, since w is tangent to w; and
wg, then by Property 15.3, its image will be tangent to
their images, i.e. By By will be tangent to w; and w,. W

N

w

Example 15.4. A semicircle with diameter AB is centered at O. A line inter-
sects the semicircle at C and D and the line AB at M, such that MB < MA
and MD < MC. Let K be the second point of intersection of the circumcircles
of ANAOC and ABOD. Prove that ZM KO = 90°.

Proof. The point O is one of the busy points in this diagram and also the angle
/M KO which is of interest for us is in the form ZOXY, so it is wise to try
to invert through O. Consider the inversion J(O, OA). By Property 15.1,
we need to prove that Z/OM’'K’ = 90°. The points A, B, C and D are sent
to themselves since they lie on the circle of inversion. The circles (OAC) and
(OBD) pass through the center of inversion, so they are sent to the lines AC

and BD, respectively. Since K lies on these circles, then K’ must lie on their
images, i.e. ACNBD = K'. The line AB passes

K through the center of inversion, so it is sent to
' itself. The line CD doesn’t pass through the

/ ‘ M lies on the lines AB and CD, its image M’
\ D will lie on their images, i.e. M’ = ABN(OCD).

center, so it is sent to the circle (OCD). Since

‘ /li’t\\ Now, since AB is the diameter of (ABCD), C

/ » “‘ and D are feet of the altitudes in AABK’ and O
N~

O’ B M is a midpoint in the same triangle. So, (OCD)

\\ / is the nine point circle of AABK’. Since M’ lies
. ot on AB and the nine point circle, then it must
ST be the feet of the altitude from K’ to AB and
therefore Z/OM'K’' = 90°. [ |

Related problems: 18, 22 and 49. Ptolemy’s Theorem: 17 and 42.
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Pole & Polar

Let the image of the point P under inversion with respect to the circle with
center O and radius r be P’. The polar of P is the line p perpendicular to the
line OP at P’. In this case, the point P is called the pole of p.

P

We will now present some properties that will be useful when solving problems.

Property 16.1. If P is outside the circle w, and X and Y are points on w,
such that PX and PY are tangents, then the polar p of P is the line XY

Proof. Recall that the image point P’ can be found as the intersection of XY
and OP, i.e. P’ € XY. By symmetry, XY L OP. Therefore, by the definition
of polar, p = XY. [ |

Property 16.2 (La Hire’s Theorem). Let x and y be the polars of X and Y,
respectively. Then, X € y <— Y € z.

Proof. Let X "and Y’ be the images of X and Y under the inversion. Then
OX -OX' =r? = OY - OY’, which means that the points X, Y, X’ and Y’ are
concyclic. Therefore,

Xey <& XYY =90° <= XXV =90° < Y ez [ |

96



A Beautiful Journey Through Olympiad Geometry

Property 16.3 (Brocard’s Theorem). Let ABCD be a cyclic quadrilateral
centered at O. Let ABNCD = P, BCNAD =@ and ACN BD = R. Then,
the polar of P is QR. Moreover, the triangle APQR is autopolar and O is the
orthocenter of APQR.

Proof. Let the intersection of the tangents at A and B be M. Then, AB = m.
Let the intersection of the tangent at C' and D be N. Then, CD = n. By La
Hire’s Theorem, since P € m and P € n, then M € pand N € p, i.e. MN = p.
By applying Pascal’s Theorem on the points AACBBD, we get that M — R—Q
are collinear. By applying Pascal’s Theorem on the points CCADDB, we get
that the points N — R — @ are collinear. Therefore QR = M N = p.

: I

Similarly, we can get that PR = ¢q. Also, since R lies on the polars of P and
@, then the polar of R, r = PQ. Therefore, the triangle APQR is autopolar,
i.e. the polar of each of the vertices is the opposite side. So, by the definition
of polar, it also follows that O is the orthocenter of APQR. ]

We will now solve a few examples to see how these properties of polars can
be used in problems. In these examples, we will use lowercase letters to denote
the polars of the points in uppercase (e.g. p is the polar of P).

Example 16.1. The quadrilateral ABC D has an inscribed circle w which is
tangent to the sides AB, BC, CD and DA at E, F, G and H, respectively. Let
ABNCD =P, ADNBC =Q and EGNFH = R. If O is the center of w, then

prove that OR | PQ.

Proof. By Property 16.1, we get p =
EG and ¢ = FH. Since R € p and
R € q, by La Hire’s Theorem, we get
Perand Q € r,ie. 7 = PQ. By
the definition of polar, OR L r, i.e.

OR 1 PQ. mr A E B
Example 16.2. Let AB be a diameter of a semicircle. C' and D are two points
on the semicircle such that AC' < AD. The tangents to the semicircle at C' and
D meet at T. If S = AC N BD, prove that ST 1 AB.

Proof. Let E = CD N AB. By Property 16.1,
t = CD. Since E € t, by La Hire’s Theorem,
T € e. On the other hand, by Property 16.3,
S € e. Therefore, ST = e, so by the definition
of polar OF 1 ST, ie. AB 1 ST. |

Related problems: 28 and 34.
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Chapter 17

Complete quadrilateral

A complete quadrilateral is a system of four lines (no three of which pass
through the same point) and the six points of intersection of these lines.

Among the six points of a complete quadrilateral there are three pairs of
points that are not already connected by lines. The line segments connecting
these pairs are called diagonals of the complete quadrilateral.

In all of the following properties, let ABC'D be a quadrilateral such that the
rays AB and DC' intersect at P and the rays BC and AD intersect at Q.

By taking any three of the four lines of a complete quadrilateral, we can get
four triangles. For the complete quadrilateral ABC'DPQ, those triangles are
NABQ, ABCP, ACDQ and ADAP.

Property 17.1 (Miquel Point). The circumcircles of the four triangles men-
tioned above pass through a common point, called the Miquel point of the
quadrilateral.

Proof 1. Observe that this is a different wording of Example 8.3 in the direction
when it is given that the points are collinear, which we already proved. |

Proof 2. Let M be the second intersection of
(BCP) and (CDQ). Then,

LZAPM = /BPM = 180° — ZBCM =
— /QCM = /QDM —
=180° - ZADM
Therefore, ADMP is cyclic, i.e. M € (DAP).

In exactly the same manner, we can prove that
M € (ABQ). [ |
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Property 17.2. The circumcenters of the four triangles mentioned above, and
the Miquel point are concyclic.

Proof. Let M be the Miquel point of ABCDPQ. Let the circles (DAPM),
(BCMP), (CDQM) and (ABMQ) be w1, wa, ws and wy, respectively and let
O; be the center of w;. We will firstly prove that 010, M O3 is cyclic.

MD is the radical axis of w; and ws, so 0103 is the bisector of M D and
therefore the angle bisector of ZMO1D. Similarly, O2O3 is the bisector of MC
and the angle bisector of ZMO-C.

/MO.D o1 ws LM
/MO105 = % 4 /MAD 2 /MPD = /MPC £ % = /MO504

Therefore, the quadrilateral O10O2M Og is cyclic. Similarly, Oo M O30y is cyclic.
[ ]

Figure 17.1: The circumcircles of AABQ, ABCP, ACDQ@ and ADAP pass
through the Miquel point M. Their circumcenters and M are concyclic.
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Property 17.3 (Simson’s Line). The feet of the perpendiculars from the Miquel
point to the sides of the complete quadrilateral lie on a line, called the Simson’s
line of the complete quadrilateral.

Proof. Let the feet of the perpendiculars from M to AB, BC, CD and DA
be My, My, M3 and My. Using the Simson Line Theorem for APBC and the
point M which lies on its circumcircle, we get that My, My and M3 are collinear.
Similarly, by using the Simson Line Theorem for ACQD and the point M, we
get that the points Ms, M3 and My are collinear. |

Property 17.4 (Aubert’s Line). The orthocenters of the four triangles men-
tioned above lie on a line, called the Aubert’s line, which is parallel to the
Simson’s line of the complete quadrilateral.

\ v Q
\ Simson \
\
\
Aubert \
D
\‘ .M
Hepa
/i
HDAP\ \
»
Haga >
A \|/B \ P
Hecp @ N

Proof. By Example 8.10, we know that the Simson line from M bisects the line
segment M H, where H is the orthocenter of the triangle. Therefore, the homo-
thety Xz 2 sends the Simson line of a triangle, to a line through its orthocenter
which is parallel to the Simson line. Since in Property 17.3, we proved that the
Simson lines of all four triangles coincide, we get that the orthocenters of all
four triangles lie on a line parallel to Simson’s line. |
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Property 17.5. The three circles with diameters the diagonals of the complete
quadrilateral have a common chord.

Proof. We will prove that the common chord lies on Aubert’s line. Let wy, wa,
and ws be the circles with diameters the diagonals AC', BD and PQ, respec-
tively. Let wyNBQ = A’, woNAQ = B’ and w3NAB = Q'. Since the inscribed
angles over the diameter are right angles, we get that AA’ 1 BQ, BB’ 1 AQ
and QQ’ L AB. Therefore, AA’, BB’ and QQ' pass through the orthocenter of
AABQ, Hapg. From Property 6.7, we know that

AHapg - HapgA' = BHapg - HapoB' = QHapg - Hapo@',
which is equivalent to
pow(Hspg, wi) = pow(Hapg, w2) = pow(Hapq, ws).

Therefore, Hapg has equal powers to all three circles. Similarly, we can get
that the other three orthocenters also have equal powers to the three circles.
Therefore, there isn’t a single radical center of the three circles, but all the points
on the line containing the orthocenters have equal powers to all three circles.
Therefore, Aubert’s line is the common chord of the circles with diameters the
diagonals of the complete quadrilateral. |

Property 17.6 (Gauss’ Line). The midpoints of the diagonals of the complete
quadrilateral lie on a line, called the Gauss’ line, which is perpendicular to
Simson’s and Aubert’s line.

Proof. Since the circles wy, ws, and ws defined in Property 17.5 have a common
chord and their centers are the midpoints of the diagonals of the complete
quadrilateral, we can conclude that the midpoints of the diagonals are collinear.
We also know that the line joining the centers of two circles is perpendicular
to their common chord (Property 10.3), thus Gauss’s Line is perpendicular to
Aubert’s Line. |
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17.1 Cyclic Quadrilateral

Property 17.7. The Miquel point of ABCD lies on the line PQ if and only if

ABCD is cyclic.

Proof. Let M be the Miquel point of the quadri-
lateral ABCD. Then MCBP and MQDC' are
cyclic quadrilaterals.

/ZPMC =180° — LPBC = ZABC

ZQMC =180° — LQDC = LADC
S LPMC 4+ £QMC = LABC + LADC

The Miquel point M lies on PQ iff the left-
hand side is 180°. The right-hand side is 180°
iff ABC'D is a cyclic quadrilateral. ]

Property 17.8. Let ABCD be a cyclic quadrilateral, inscribed in a circle w
centered at O. Let the intersection of the diagonals AC and BD be R. Let M

be the Miquel point of ABC'D. Then,

e The point M lies on the circumcircles of AAOC and ABOD

to w

The point M lies on the line OR

The line O — R — M bisects ZAMC and

PQ is the polar of R

The point M is the image of the point R under the inversion with respect

ZBMD

The line O — R — M is perpendicular to PQ

Proof.
JBMC (MCBP)

/BPC = /APD "

scMp ML 00D = /BOA
. /BMD = /BMC + /CMD = 360° —

P180° —a -5

A0 _ -8

(B+0) —2a =180° — 2«

. /BOD+ /BMD = 2a + 180° — 2a = 180°
So, M € (BOD). In a similar way, we can prove that M € (AOC).
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Now, let’s consider the inversion with respect to w. The points A, B, C and
D are sent to themselves. Therefore, the line AC' is sent to the circle (OAC)
and the line BD is sent to the circle (OBD). The lines AC and BD intersect
at R, so their images will intersect at the image of R. Since we proved that
M lies on (OAC) and (OBD), we can conclude that M is the image of R, i.e.
R’ = M. Since the center of inversion, the original and the image are collinear,
we can also conclude that the point M lies on the line OR.

From the cyclic quadrilateral OBM D, since OB = OD, we get that
/ZOMB = Z0OMD.

Therefore, OM bisects ZBM D. Similarly, we get that OM bisects ZAMC. On
the other hand,

/BMP = /BCP =/DCQ = ZDMQ.
Adding these last two equations side by side, we get that
/OMP=/0MB+ /BMP =/0MD + /DM@ = ZOMQ.

Since ABCD is cyclic, by Property 17.7, we know that M € PQ. Therefore,
OM 1 PQ. By the definition of polar, since R = M and OM | PQ, we get
that PQ is the polar of R. |

103



Stefan Lozanovski

Property 17.9. Let ABCD be a cyclic quadrilateral that is inscribed in a
circle w centered at O. Let the intersection of the diagonals AC' and BD be R.
Let M be the Miquel point of ABCD. Let P’ and Q" be the images of P and
@, respectively, under inversion with respect to w. Then,

e The points P — R — @' and Q — R — P’ are collinear.

e The quadrilaterals ABRQ', BCRP', CDQ'R and DAP’'R are cyclic.
e The quadrilaterals ABP'O, BCQ'O, CDOP’ and DAOQ' are cyclic.
e The quadrilaterals AP'CQ, BP'DQ, AQ'CP and BQ'DP are cyclic.

Proof. Let’s recall Brocard’s Theorem, where we proved that the triangle APQR
is autopolar and that O is its orthocenter.

The point P’, by definition, must lie on the line OP. On the other hand, it
must lie on the polar of P, which is QR. Therefore, P’ = OP N QR. Similarly,
Q' =0QnN PR.

We know, from Property 17.8, that J, : R < M. We also know, from
Property 17.1, that the circumcircle of AABQ passes through M. Therefore,
the image of the circle (ABM Q) under inversion with respect to w is the circle
(ABRQ'), i.e. the quadrilateral ABRQ)' is cyclic. Similarly, the quadrilaterals
BCRP', CDQ'R and DAP’'R are cyclic, too.

Since AB is a line that doesn’t pass through O and A, B € w, we get
Ju : AB < (ABO). Since P € AB, we get that P’ € (ABO), i.e. ABP'O is
cyclic. Similarly, BCQ'O, CDOP’ and DAOQ' are cyclic, too.

Earlier, in Property 17.8, we proved that M lies on the circumcircle of
AAOC and also, that O — R — M are collinear. Therefore, by the Intersecting
Chords Theorem we get

AR-RC = OR - RAL. (1)

O is the orthocenter of PQR, so R is the orthocenter of OPQ. Therefore, by
Property 6.7, we get L L
OR-RM =QR- RP'. (2)

By combining (1) and (2), by the converse of the Intersecting Chords Theorem,
we get that AP'CQ is cyclic. Similarly, BP'DQ, AQ'CP and BQ'DP are
cyclic, too. [ ]
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It is very important to learn to recognize these configurations because they
show up in many olympiad problems. However, the configuration is not always
complete, so sometimes you have to draw additional points, lines or circles in
order to come to these ”well-known” configurations.

Example 17.1 (IMO 1985/5). A circle with center O passes through the ver-
tices A and C of the triangle ABC and intersects the segments AB and BC
again at distinct points K and N, respectively. Let M be the point of inter-
section of the circumcircles of triangles ABC and K BN (apart from B). Prove
that ZOM B = 90°.

Proof. Let ACN KN = D. Let’s take a look at the complete quadrilateral
ACNKBD. The triangles AACB and AKNB are two of the four triangles
formed by the lines of the complete quadrilateral, so their circumcircles intersect
at the Miquel Point of the complete quadrilateral, i.e. M is the Miquel point
of ACNKBD. Since ACNK is cyclic, by Property 17.7, M € BD. Finally, by
Property 17.8, we get that OM 1 BD, i.e. ZOMB = 90°. |

Related problems: 45 and 48.
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Chapter 18

Harmonic Ratio

If A, B, C and D are collinear points, then their cross-ratio is defined as:

(A,B:C,p)= <4, P4
CB DB
c B b

A

If (A, B; C,D) = 1 and the order of the points on the line is such that the
line segments AB and CD partially overlap (e.g. A — C — B — D), then the
ratio is called harmonic ratio and the four-tuple (ACBD) is called a harmonic
division, or simply harmonic. The points C' and D are harmonic conjugates
with respect to the points A and B and vice versa.

Notice, by the definition, that if (ACBD) is a harmonic, then (DBCA) is
also harmonic.

Property 18.1. Let X be a point on the extension of the side AB in AABC.
A line which passes through X meets the sides BC and C'A at points D and
E, respectively. Let P be the intersection of AD and BE. The line C' P meets
AB at Y. Then, X and Y are harmonic conjugates with respect to the points
A and B.

Proof. We need to prove that B% = ——. By using Menelaus Theorem for
AABC and the collinear points D — E — X and Ceva’s Theorem for AABC
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and the concurrent cevians AD, BE and CY, we get:

AX BD CE_,_AV BD CE
XB DC EA =~ YB DC EA
By canceling, we get the needed ratio. |

Property 18.2. Given two points A and B, find the locus of the points P such
that L
AP

PB

- ——

Proof. If A =1, then the locus of the points P is the side bisector of AB. Let’s
investigate the case when A # 1. WLOG, let A > 1. Obviously, there is a point
Py between A and B (in this case, closer to B) that satisfies the condition. Also,
there is another point, P, on the extension of the line (in this case, beyond B),
that also satisfies the condition. Note that we know how to construct the latter
using Property 18.1. Now let P be a point that doesn’t lie on the line AB, but
satisfies the condition. Then,

AP _ AP _ AR
PB ~ PB PB’

so by the Angle Bisector Theorem, we get that PP; is the internal angle bisector
of ZAPB. By the External Angle Bisector Theorem, we get that PP is the
external angle bisector of ZAPB. Therefore PP, 1. PP;, because /P PPy = %
180° = 90°, so by Thales’ Theorem P lies on the circle with diameter P, P,. W

Property 18.3. Let A, C, B and D be four collinear points lying on a line [
in this order. Let P be a point not lying on [. Then, if any two of the following
propositions are true, then the third is also true:

P
1. The division (ACBD) is harmonic.

2. PC is the angle bisector of ZAPB.

3. PC 1L PD. A cC B D

Proof. This is a direct consequence of the result of Property 18.2. See its proof
for details. |
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Property 18.4. Let A, C, B and D be four collinear points lying on a line
in this order. Then, the division (ACBD) is harmonic if and only if C' is the
image of D under inversion with respect to the circle with diameter AB.

Proof. Let O be the midpoint of AB and r = 1 AB.

1
2

(ACBD) is harmonic

ca_Da
CB DB

T+W_D70+T‘
r—0C DO-—r

< (r+0C)- (DO —-1r)= (DO +r)-(r—0C)
< r-OD-r*+0C-OD~7r-OC=7r-OD—-0C-0OD+7r*—r-0C
< OC 0D =r?

<~ Jo,»:C+ D [ |

Property 18.5. Let A, C, B and D be four collinear points lying on a line
in this order. Let O be the midpoint of AB. Then, the division (ACBD) is
harmonic if and only if DA- DB = DC - DO.

Proof. Let r = +AB.

1
2

DA-DB=DC-DO
< (OD+7)-(OD—-7)=(0D-0C)-0D
& 0D —*=0D - 0C-0D
< r*=0C-0D
= Jo,r:C+ D
Pmﬂ& 184 (ACBD) is harmonic [ |
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18.1 Harmonic Pencil

Four points A, B, C and D, are given on a line [ in this order. If X is a point
not lying on I, then the pencil X(ABCD), which consists of the four lines X A,
XB, XC and XD, is harmonic if (ABCD) is harmonic.

X

A B\ C D

Property 18.6. If any pencil X(ABCD) is intersected with another line at
points P, Q, R and S, then (A,B; C,D) = (P,Q; R,S). As a consequence,
if a harmonic pencil is intersected with a line, the intersection points form a
harmonic division.

Proof. WLOG let A, C, B and D (and P, R, @ and S) be collinear in this
order. Let /ZXAC = «a and ZXBC = . By using the Law of Sines in the
triangles ACXA, ACXB, ADXA and ADX B, we get:

CA X
sin(Z/CXA)  sin(a)
CB X
sin(ZCXB)  sin(B)
DA DX
sin(/DXA)  sin(a)
DB DX

sin(/DXB)  sin(180° — B)°
By rearranging and using that sin(8) = sin(180° — ), we get

sin(/CXA) sin(ZDXA)

A, B; C,D) = :
(4, B; €, D) sin(ZCXB) " sin(/DXB)

(18.1)

Since /CXA = /RXP, /CXB = /RXQ, /DXA = /SXP and /DXB =
£5XQ, it follows that (A, B; C,D) = (P,Q; R, S). |

Remark. Since the cross ratio is not dependend on the line intersecting the
pencil, we can define the cross ratio of a pencil X(ABCD) to be

(XA, XB; XC,XD) = (A, B; C, D).
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Property 18.7. Given a pencil X(ABCD) and a line parallel to XD that
intersect X A, X B and X C' at points P, @ and R, respectively, then X (ABCD)
is a harmonic pencil if and only if PR = RQ.

Proof 1. We will firstly give a not so Euclidean proof :)
Since XD || PQ, XD N PQ = Py. Then, by Property 18.6

_ RP PPy

Since P is the point at infinity, then we can take PP = QPw, giving us
PR = RQ. |

Proof 2. For the more skeptical readers, here is a valid Euclidean proof. Let A,

C, B and D be collinear in this order. From Equation 18.1, we know that

sin(ZCXA) sin(£DXA) .
sin(ZCXB) " sin(£DXB) (1)

(A,B; C,D) =

By using the Law of Sines in the triangles APRX and AQRX, we get

PR XR QR XR

Sn(ZRXP) ~ sn(ZXPR) ™ Sn(/RXQ) ~ sm(ZXQR)’

. PR sin(ZRXP) sin(/XPR)
LB 1 Sn(ZRXQ)  sm(ZXQR) - @)

We have Z/CXA = ZRXP and ZCXB = ZRX(Q. Since XD || PQ, we also
have /DXA = ZDXP = 180° — ZXPR and ZDXB = /DXQ = ZXQR.
Combining with (1) and (2), we get that

PR=QR < (A,B;C,D)=1 [ ]
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18.2 Harmonic Quadrilateral

Let ABCD be a cyclic quadrilateral and P be a point on the circle. Then,
ABCD is called harmonic quadrilateral if the pencil P(ABCD) is harmonic,
i.e. if (PA,PB; PC,PD) =1 and AB and CD intersect inside the circle (the
order of the points on the circle is A — C — B — D — A, in any direction).

P

c B

Property 18.8. Let A, C, B and D be points on a circle in this order. Let P
be any point on that circle. Then the cross ratio (PA, PB; PC, PD) does not
depend on P.

Proof. Let the radius of the circle be R. By the Sine Law for ACPA, we get
CA
sin(ZLCPA)

We can get similar equations for the triangles ACPB, ADPA and ADPB.
Therefore, by the defintion of a cross ratio of a pencil and by Equation 18.1, we
get

=2R.

_ _ sin(ZCPA) sin(/DPA) CA DA
(PA, PB; PC, PD) = sin(/CPB) "sin(/4DPB) CB DB

which doesn’t depend on the point P.

Remark. As a consequence, for a harmonic quadrilateral ACBD, the products
of the opposite sides are equal, i.e. AC-BD = BC'- AD. |

Property 18.9. Let A be a point outside of a circle w. A line [ which passes
through A, meets w at points B and D. C' is a point on the line segment BD.
Prove that the division (ABCD) is harmonic if and only if C lies on the polar
of A.

Proof 1. Let P and @ be points on w such that AP and AQ are tangents. Then,
PQ is the polar of A. Let’s prove the first direction. Let C = BD N PQ. We
need to prove that (ABCD) is harmonic. Let the secant through A that passes
through the center of w intersect w at B; and S

D, and the line PQ at (', such that the points
A — By — C1 — Dq are collinear in that or-
der. Then C; is the image of A under in-
version with respect to w. By Property 18.4,
we know that (AB;C1D;) is harmonic. Let
BiBN DD = S. By Property 16.3, S € a = o=
PQ. Therefore, B1B, C1C and D1 D concur at A
S. Since (AB1C1Dy) is harmonic, then the pen-

cil S(AB;C1Dy) is harmonic. When it is inter- Q
sected by another line, by Property 18.6, the intersection points form a harmonic
division, i.e. (ABCD) is harmonic. O
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P

/"
A

Q

For proving the other direction, let C’ be a point on the segment BC' such
that (ABC'D) is harmonic. We need to prove that C' € PQ. From above,
we know that (ABCD) is harmonic, where C = BD N PQ. Since three of the
points in the cross ratio coincide and the cross ratio is equal, then the fourth
point must also coincide. We will prove this property once here, but remember
it because it is often used in problems.

BA DA _ _BA DA
BC" DC’ ~  BC DC
DC’ _ DC
BC'" BC

By adding 1 on both sides, we get

DG _ DB
BC" BC
BC' = BC

Since we know that both C' and C’ are between B and D, we get that C' = C,
ie. C' € PQ. |

Proof 2. Again, let P and @ be points on w such that AP and AQ are tangents
and let C = BD N PQ. We will give an alternate proof of the first direction,
i.e. that (ABCD) is harmonic.

It’s obvious that AABP ~ AAPD and AABQ ~ AAQD. Since AP = AQ:

BP _AB_AB _7Q
PD AP A4AQ QD

So, BP - QD = PD - BQ, which by Property 18.8, means that QBPD is a
harmonic quadrilateral. Then, the pencil Q(QBPD) is a harmonic pencil. By
Property 18.6, we know that if we intersect it by the line AB, then the intersec-
tion points QQNAB = A, QBNAB=B,QPNAB=C and QDNAB =D
will form a harmonic division, i.e. (ABCD) is a harmonic.

The other direction is the same as in the previous proof. |
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Property 18.10. Given a cyclic quadrilateral ABC' D, let S be the intersection
of the diagonals AC and BD. Then, ABCD is a harmonic quadrilateral if and
only if AS is a symmedian in AABD.

Proof. Firstly, let’s investigate something that is true in any cyclic quadrilateral.
Let By and D; be the feet of the perpendiculars from B and D, respectively, to
AC. Then, ABB1S ~ ADD1S. Also, sin 8 = sin(180° — §) = sin .

3
Q

BB, BB, BS

W?Csinﬂ B PAABC o

— — *
DADCsiné Paapc ®)

ACDD, DD, SD

NN =
NI NI

BS (4B\° (. BA-BC (4B)’ BC 4B
= = —_— ¥ — = —_— = = = —
SD AD DA-DC AD cD AD
By Property 13.1, the left-hand side is true iff AS is a symmedian in AABD. By

Property 18.8, the right-hand side is true iff ABCD is a harmonic quadrilateral.
|
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18.3 Useful Lemmas

Example 18.1. In AABC, the incircle w centered at I touches the sides BC,
CA and AB at D, F and F, respectively. Let DINEF = P and let APNBC =
M. Prove that BM = MC.

Proof. We need to prove that BM = MC, so our main idea, by Property 18.7, is
to prove that the pencil A(BMCQ) is harmonic, where AQ is some line parallel
to BC. Let @ be a point such that AQ || BC A Q
and (@ lies on the line EF. We will use polars, so R o
let & denote the polar of a point X with respect
to w. AF and AFE are tangents to w, so by
Property 16.1, EF = a. P € a, so by La Hire’s
Theorem, A € p. Also, since I[P 1 AQ (because
ID 1 BC and BC || AQ), AQ = p. Since Q € a
and @ € p, then by La Hire’s Theorem, AP = q.
Since P € ¢, by Property 18.9, the division (QEPF) is harmonic. Then,
the pencil A(QEPF) is harmonic. By Property 18.7, by intersecting the har-
monic pencil A(QEPF) with the line BC which is parallel to AQ, we get that
(P CM B) is harmonic, i.e. CM = MB. [ |

Example 18.2. Given a cyclic quadrilateral ABC D, let the diagonals AC' and
BD meet at E and the lines AD and BC meet at F'. The midpoints of AB and
CD are G and H, respectively. The line EF intersects AB and CD at X and
Y, respectively. Prove that GXY H is a cyclic quadrilateral.

Proof. Let ABNCD = P. In AABF, the cevians AC, BD and FX are
concurrent, so by Property 18.1, we get that (AXBP) is a harmonic. Since
GA = GB, by Property 18.5, we get that

PA.PB - PX - PG. (1)
Since (AX BP) is harmonic, then F(AX BP) is a harmonic pencil. If we inter-
sect it with the line C'D, by Property 18.6 , the intersection points (DY CP)
form a harmonic division. Again, since DH = HC, by Property 18.5, we get

that
PC.PD - PY . PH. 2)

Since ABCD is cyclic, by the Intersecting Secants Theorem, we have

PX.PCYPA.PB=PC.-PD 2 PY.PH.

Therefore, by the converse of the Intersecting Secants Theorem, GXY H is a
cyclic quadrilateral. |
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Now, let’s solve some problems.

Example 18.3 (IMO Shortlist 1995/G3). The incircle of AABC touches the
sides BC, CA and AB at D, FE and F, respectively. X is a point inside AABC
such that the incircle of AX BC touches BC at D and touches CX and X B at
Y and Z, respectively. Show that E, ', Z and Y are concyclic.

A

T B D C

Proof. Let E'F intersect BC at Ty. Since AD, BE and CF are concurrent
at the Gergonne Point of AABC, by Property 18.1, we get that (T3 BDC) is a
harmonic. Similarly, if Y ZNBC = Ty, then (T2 BDC') is a harmonic. Since three
of the points are fixed, then the fourth one must also be fixed, i.e. T} =T, =T.

Now, by the Secant-Tangent Theorem for the circle (DEF') and then for the
circle (DY Z), we get TF -TE = TD =TZ. TY , which by the converse of the
Intersecting Secants Theorem means that E, F', Z and Y are concyclic. |

Example 18.4 (China TST 2002). Let E and F' be the intersections of opposite
sides of a convex quadrilateral ABC'D. The two diagonals meet at P. Let O be
the foot of the perpendicular from P to EF. Show that /BOC = ZAOD.

S

E A B

Proof. Let E = BANCD and F = BCNAD. Also, let ACNEF = S and
BDNEF =T. Since the cevians EC, FA and BT in AEF B are concurrent (at
D), by Property 18.1, we get that the division (ETFS) is harmonic. Therefore,
the pencil B(ETF'S) is a harmonic pencil. If we intersect it with the line AC),
by Property 18.6, the intersection points also form a harmonic division, i.e.
(APCS) is harmonic. Since OP 1 OS, by Property 18.3, ZAOP = ZPOC.

On the other hand, since (APCS) is harmonic, the pencil E(APCS) is har-
monic, so by intersecting it with the line BD, we get that (BPDT) is harmonic.
Again, since OP 1 OT, we get ZBOP = ZPOD.

Finally, /BOC = /POC — /POB = LZAOP — /POD = ZAOD. |
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Example 18.5 (IMO Shortlist 2009/G4). Given a cyclic quadrilateral ABCD,
let the diagonals AC' and BD meet at E and the lines AD and BC meet at
F. The midpoints of AB and C'D are G and H, respectively. Show that E'F' is
tangent at E to the circle through the points F, G and H.

Proof 1. Let the line E'F intersect the lines AB, CD and GH at X, Y and
I, respectively. By Property 17.6, the midpoints of the diagonals of the com-
plete quadrilateral FDECAB are collinear, so [ is the midpoint of EF. Let
ABNCD = P and PENAD = P'. In AADP, the cevians AC, DB and
PP’ are concurrent, so by Property 18.1, (FDP’'A) is a harmonic. Therefore,
P(FDP’A) is a harmonic pencil. If we intersect it with the line F'E, by Prop-
erty 18.6, the intersection points will form a harmonic division, i.e. (FYEX) is
a harmonic. By Property 18.4, jj,ﬁ X <Y, e

TE° =TX - TV. (1)
From Example 18.2, we know that GXY H is a cyclic quadrilateral, so
IX.TV = TH - TG )

By combining (1) and (2), by the converse of the Secant-Tangent Theorem,
we get that IE = FE is tangent to (EHG). |

Proof 2. Let ABNCD =P and GHNFE =1. Let w = (ABCD) and let O be
its center. Let the tangents to w at A and B intersects at . Let the tangents
to w at C' and D intersect at R.

Since G is the midpoint of the AB, G € OQ and OG 1. AB. By the Euclid’s
laws for AOAQ, we get 04° = 0G - OQ. Similarly, 0C” = OH - OR. Since
OA = OC as radii in w, we have OG -OQ = OH - OR, so by the converse of the
Intersecting Secants Theorem GQRH is a cyclic quadrilateral. Therefore, for
the secants through the point I, by the Intersecting Secants Theorem, we get

G- TH=1Q-1R (1)

By Property 16.1, AB is the polar of @, i.e. AB = g. Since P € ¢, then
by La Hire’s Theorem, @ € p. On the other hand, from Brocard’s Theorem we
know that FF'E = p. Therefore, Q € FE. Similarly, R € FE.

Since QA and @B are tangents to (ABC'), then by Property 13.4, CQ is a
symmedian in AABC. If Q' = CQ N (ABC), then by Property 18.10, AQ'BC
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is a harmonic quadrilateral. Therefore,
C(A, B; Q',C) is a harmonic pencil. By inter-
secting it with the line F'E, by Property 18.6,
we get that the intersection points form a har-
monic division, i.e. (E,F; @, R) is harmonic.
By Property 17.6, the midpoints of the diag-
onals of the complete quadrilateral FDECAB
are collinear, so I is the midpoint of FF. There-
fore, by Property 18.4, T 15" Q< R, ie.

TE°=1Q -TR. (2)
By combining (1) and (2), by the converse of the

Secant-Tangent Theorem, we get that [E = F'E
is tangent to (FHQ). [ |

Example 18.6 (BMO Shortlist 2007, Cosmin Pohoata). Let w be a circle
centered at O and A be a point outside it. Denote by B and C' the points where
the tangents from A with respect to w meet the circle. Let D be the point on w,
for which O lies on the line segment AD. Let X be the foot of the perpendicular
from B to CD, Y be the midpoint of the line segment BX and Z be the second
intersection of DY with w. Prove that ZA L ZC.

Proof. Let CO Nw = H. Then, by Thales’ Theorem,
DH 1 DC. Since XB 1 DC, we get DH || XB. Since
XY = YB, by Property 18.7, we get that the pencil
(DX, DY, DB, DH) harmonic. Therefore, by definition, the
cyclic quadrilateral formed by the intersections of the pen-
cil with w, CZBH, is a harmonic quadrilateral. By Prop-
erty 18.10, HZ is symmedian in AHBC.

Since BA and C' A are tangents to w, then by Property 13.4,
HA is a symmedian in AHBC.

Finallyy, HA= HZ,i.e. H— Z — A are collinear. Therefore,

LAZC =180° — LZCZH = 180° — 90° = 90°,

ie. ZA 1 ZC ]
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Chapter 19

Feuerbach’s Theorem

Example 19.1 (Feuerbach’s Theorem). The nine point circle of a triangle is
internally tangent to its incircle and externally tangent to its three excircles.

BN

7 \\

Proof. Let Ay, By and Cy be the midpoints of BC', CA and AB, respectively.
Let w be the incircle of the triangle, centered at I. Let w4 be the A-excircle,
centered at I4. Let P and @ be the tangent points of w and w 4, respectively to
BC. From Example 8.5, we know that A, P =
A1Q. Let J be the inversion with center A4;
and radius A;P. Since AP is tangent to w,
J w4 w. Similarly J : wa <> wa. Since the
nine point circle, Cy, passes through the center
of inversion Ai, it will be sent to a line, i.e.
J : Cy + lg. Because we want to prove that
the nine point circle is tangent to the incircle
and A-excircle, we will prove that its image, lg,
is tangent to their images, w and wy4.

Let AT N BC = X. Since BI is the in-
ternal angle bisector of ZABC and BI 1 Bly,
by Property 18.3, the division (AIXI4) is har-
monic. Let D be the foot of the altitude from
A to BC. Then AD || IP || I4Q (because they
are all perpendicular to BC). So, by Thales’
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Proportionality Theorem, the division (DPX@Q) is also harmonic. By Prop-
erty 18.4, since PQ is the diameter of the circle of inversion, J : D + X.
Since D € Cy, then X € lyg. Let J : By < B’ and J : C; + C’. Then by
Property 15.1

LAC'B = ZAB,C, = LABC. (1)

Also, since By, C; € Cy, then B',C’ € Iy.

Since X is the intersection of the line connecting the centers of w and w4,
114, and one of the common internal tangents, BC, then the other common
internal tangent, ¢, must also pass through X. We want to prove that lg = ¢.
Let t N AB = Cy and t N AC = B;. By symmetry with respect to the line AT,

/AB,C, = /ABC. (2)

From (1), we know that Z(A;C4, ly) = LABC. From (2), we know that
L(AC, t) = LABC. Since A1Cy || AC, it means that lg || t. But we already
know that X € lg and X € ¢, solg =t.

Therefore, the nine point circle is tangent to the incircle and the A-excircle.
Similarly, it is tangent to the other two excircles. |

Remark. The tangent point of the incircle and the nine point circle is called the
Feuerbach point of the triangle.

119



Chapter 20

Apollonius’ Problem

This topic is not directly related to Olympiad geometry problems, but it is a
nice collection of properties that we already visited during our journey combined
in a beautiful result.

Example 20.1 (Apollonius’ problem). Construct circles that are tangent to
three given circles in a plane, wy, wo and ws.

We will examine the case where the three circles are in general position, i.e.
none of them intersect and all of them have different radii.

Firstly, let’s find the number of solution circles that are tangent to all three
circles. The solution circles can be tangent either internally or externally to any
of the three circles. So the number of solution circles is 2% = 8.

We will explain Gergonne’s approach to solving this problem. It considers
the solution circles in pairs such that if one of the solution circles is internally
tangent to a given circle, then the other solution circle is externally tangent to
that circle and vice versa. For example, if a solution circle is internally tangent
to w1 and ws, but externally tangent to ws, then the paired solution circle is
externally tangent to w; and ws, but internally tangent to wo.

Let Q4 and Qp be a pair of solution circles. Let 24 be tangent to wy, wo
and w3 at Ay, Ay and Az. Let Qp be tangent to wy, wy and w3 at By, By and
Bs.

So, we somehow need to find these 6 tangent points. Then, the circumcircles
of AA1As A3z and A By BsBs would be the solution circles. Gergonne’s approach
was to construct a line [; such that A; and B; must always lie on it. Then, A;
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and B; could be obtained as the intersection points of /1 and w;. Similarly, by
finding lines Il and I3 that contained As and Bs, and Az and Bj, respectively,
we would find all 6 tangent points.

Let’s recall, from section 10.2, that the radical center of three circles is the
center of the unique circle (called the radical circle) that intersects the three
given circles orthogonally. Let R be the radical center of wq, we and ws. Now,
consider the inversion J with the radical circle as the circle of inversion. Since
the radical circle is orthogonal to the three given circles, each of them will be
sent to itself. Since the solution circles are tangent to the three given circles,
their images need to be tangent to the images of the given circles (which happen
to be the three circles themselves), so the solution circles will be sent one into
the other, i.e.

J:iweow JT:iwow J:iwsws

J: QA <~ QB
Therefore, the tangent point A; = w; N4 will be sent to a point
llzwllﬂQfA :wlﬂQB :Bl, i.e. j:Al — B.

Since the center of inversion, the original point and the image point are collinear,
we get that the radical center lies on the line A; By, i.e. R € ;. Thus, we found
one point on the line ;. Now we need to find another one in order to be able
to construct it.

(a) Rels (b) Rap €y

Let the tangents to w; at A; and Bj intersect at T7. Then, TA; = T1B;
and also, by Property 16.1, A1 B; is the polar of T} with respect to wy, i.e.
A1 By = t1. Notice that 77 A; and T} By are also tangents to the circles Q4 and
Qp. By Property 10.2 and since 77 A; = 11 B1, the power of the point 77 with
respect to 24 and Qp is equal, which means that T lies on their radical axis
rap. By La Hire’s Theorem, the pole of r4p with respect to w; lies on 1. So,
here is our second point on the line t; = A1 B1 = [;.

But in order to construct the pole of r 4 with respect to wy, we firstly need
to construct r4p. How do we constuct the radical axis of two circles Q4 and
Qp if we don’t have them yet? Well, we will find points that should lie on the
radical axis and then we will construct the radical axis as the line through those
points.
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Let’s recall, from Example 14.6 that if a circle is tangent to two other circles,
then the line through the tangent points passes through one of the homothetic
centers of the two circles. Let X3 be a homothetic center of w; and ws, which can
be constructed as the intersection of their common tangents. Then X3 € A1 A,
and X3 € By Bs.

Recall also, from section 14.1, the definition and the properties of antiho-
mologous points. This means that in our case, since (24 is tangent to w; and
wy, A1 and As are a pair of antihomologous points. Similarly, By and By are
antihomologous points. Because, we know that two pairs of antihomologous
points are concyclic, then:

X3A1 . X3A2 = XgBl . X3B2

But since Ay, Ay € Q4 and By, By € g, this means that the power of the point
X3 with respect to 24 and Q2 is the same, i.e. X3 lies on their radical axis r 4 5.
Similarly, the homothetic centers X; and X5 (which can be constructed as the
intersection of the common tangents of wy and ws, and wy and ws, respectively)
also lie 7 4 g. Thus, we know how to construct the radical axis r 4 g of the solution
circles 24 and Qp.
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In summary, the desired line [y is defined by two points: the radical center R
of the three given circles and the pole with respect to w; of the line connecting
the homothetic centers. Depending on whether we choose all three external
homothetic centers (1 possibility), or we choose one external and the other two
internal homothetic centers (3 possibilities), we have 4 ways of defining ”the line
connecting the homothetic centers”!. Each of these 4 lines generates a different
pair of solution circles, so that’s how we can get all 8 solution circles.

1Recall Monge-d’Alembert Theorem, page 88
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Part 11

Mixed Problems
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Problem 1. Let BD be a median in AABC. The points E and F' divide the
median BD in three equal parts, such that BE = EF = FD. If AB =1 and
AF = AD, find the length of the line segment C'E.

Problem 2. Let I be the incenter of AABC. Let | be a line parallel to AB,
that intersects the sides CA and CB at M and N, respectively. Prove that

AM + BN = MN.

Problem 3. Let ABCD be a convex quadrilateral with area 1. Let A; be a
point on the ray AB beyond B, such that AB = BA;. Similarly define the
points By, C7 and Dq. Prove that the area of A1 B,C1D1 is 5.

Problem 4. Let ABCD be a convex quadrilateral with area 3. The points M
and N divide the line segment AB in three equal parts, such that AM = MN =
NB. The points P and Q divide the line segment C'D in three equal parts, such
that CP = PQ = QD. Prove that the area of MNPQ is 1.

Problem 5. Let ABCD be a trapezoid (AB || CD). Let its diagonals AC and
BD intersect at P. Let the areas of the triangle AABP and ACDP be m and
n, respectively. Prove that Pagcp = (v/m + /n)%.

Problem 6. Let ABCD be a parallelogram. Let M and N be the midpoints
of the sides BC' and DA, respectively. Prove that the lines AM and C'N divide
the diagonal BD in three equal parts.

Problem 7. Let ABCD be a parallelogram with area 1. Let M be the midpoint
of the side AD. Let BM N AC = P. Find the area of M PCD.

Problem 8. Let P be a point on the side AB in AABC, such that AP = 3-PB.
Let @Q € AC, such that AQ =4 - QC. Prove that BQ bisects the line segment
CP.

Problem 9. Let AABC be a right triangle (v = 90°). The angle bisector of
ZABC intersect AC at D. If AD =5 and CD = 3, find AB.

Problem 10 (Stefan Lozanovski). In the triangle ABC, v = 60°. Let O be the
circumcenter of AABC. AQO intersects BC at M and BO intersects AC at N.
Prove that AN = BM.

Problem 11. Let ABC be an isosceles triangle, such that AC = BC. Let P
be a point on the side AC. The tangent to (ABP) at the point P intersects
(BCP) at D. Prove that CD || AB.

Problem 12. Two circles intersect at A and B. One of their common tangents
touches the circles at P and ). Let A’ be the reflection of A across the line PQ.
Prove that A’PBQ is a cyclic quadrilateral.

Problem 13 (Bosnia and Herzegovina TST 2013). Triangle ABC is right an-
gled at C. Lines AM and BN are internal angle bisectors. AM and BN
intersect the altitude C'D at points P and @, respectively. Prove that the line
which passes through the midpoints of the segments QN and PM is parallel to
AB.
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Problem 14. Let P be a point outside a circle w. Let A and B be points on w,
such that PA and PB are tangents to w. On the minor arc AB lies an arbitrary
point C. Let D, E and F be the feet of the perpendiculars from C to AB, PA
and PB, respectively. Prove that CD* =CE-CF.

Problem 15. Two circles intersect at A and B. One of their common tangents
touches the circles at P and Q). Prove that the line AB bisects the line segment

PQ.

Problem 16. Let C be a point on a semicircle with diameter AB and let D be
the midpoint of arc AC. Let E be the projection of D onto the line BC' and F
the intersection of line AE with the semicircle. Prove that BF' bisects the line
segment DF.

Problem 17. Let ABC be an equilateral triangle. Let S be a point on the arc
AB of (ABC) that doesn’t contain C. Prove that SA + SB = SC.

Problem 18. Let k; and ks be two circles intersecting at A and B. Let ¢
and ty be the tangents to k; and ks at point A and let t; Nk = {A,C},
toNk; = {A, D}. If E is a point on the ray AB, such that AE = 2- AB, prove
that ACED is concyclic.

Problem 19. Let A;, B; and C; be the second intersections of the angle
bisectors of AABC with its circumcircle. Prove that the incenter of AABC is
the orthocenter of AA{B1C1.

Problem 20. Let A;, By and C; be the second intersections of the altitudes
of ANABC with its circumcircle. Prove that the orthocenter of AABC is the
incenter of ANA;B;C;.

Problem 21 (St. Petersburg City MO 1996). Let BD be the angle bisector
of angle ABC in AABC with D on the side AC. The circumcircle of ABDC
meets AB at E, while the circumcircle of AABD meets BC' at F. Prove that
AE =CF.

Problem 22 (Serbia State Competition 2016). In AABC, the angle bisector
of ZBAC intersects BC' at D. Let M be the midpoint of BD. Let k be a circle
through A that is tangent to BC at D and let the second intersections of k with
the lines AM and AC be P and @, respectively. Prove that the points B, P
and @ are collinear.

Problem 23 (USAMO 1990). An acute-angled triangle ABC' is given in the
plane. The circle with diameter AB intersects altitude CE and its extension at
points M and N, and the circle with diameter AC' intersects altitude BD and
its extension at points P and Q. Prove that the points M, N, P and Q@ lie on
a common circle.

Problem 24 (India MO 2010). Let ABC be a triangle with circumcircle I'. Let
M be a point in the interior of AABC which is also on the bisector of ZBAC.
Let AM, BM and CM meet T" in Ay, B; and Cy, respectively. Let P be the
point of intersection of A;Cy with AB and @ be the point of intersection of
Ay By with AC. Prove that PQ || BC.
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Problem 25 (IMO 2013/4). Let ABC be an acute triangle with orthocenter
H, and let W be a point on the side BC, lying strictly between B and C.
The points M and N are the feet of the altitudes from B and C, respectively.
Denote by w; the circumcircle of ABW N, and let X be the point on w; such
that WX is a diameter of wy. Analogously, denote by ws the circumcircle of
triangle ACW M, and let Y be the point such that WY is a diameter of ws.
Prove that X, Y and H are collinear.

Problem 26 (Poland MO 2000). Let a triangle ABC satisfy AC = BC. Let
P be a point inside the triangle ABC such that Z/PAB = ZPBC'. Denote by
M the midpoint of the segment AB. Show that ZAPM + /BPC = 180°.

Problem 27 (Macedonia MO 2015). Let ky and k3 be two circles that intersect
at points A and B. A line through B intersects k1 and ks at C and D, respec-
tively, such that C doesn’t lie inside of k3 and D doesn’t lie inside of k1. Let M
be the intersection point of the tangent lines to k1 and k5 that pass through C
and D, respectively. Let P be the intersection of the lines AM and C'D. The
tangent line to ki passing through B intersects AD in point L. The tangent
line to ko passing through B intersects AC in point K. Let K P intersect M D
at N and LP intersect MC at Q). Prove that M N PQ is a parallelogram.

Problem 28 (China MO 1997). Let ABCD be a cyclic quadrilateral. Let
ABNCD = P and ADNBC = Q. Let the tangents from () meet the circumcircle
of ABCD at E and F. Prove that P, E and F' are collinear.

Problem 29 (Serbia State Competition 2016). Let AABC be an acute-angled
triangle with AB < AC. Let D be the midpoint of BC and let p be the reflection
of the line AD with respect to the angle bisector of ZBAC. If P is the foot of
the perpendicular from C' to the line p, prove that ZAPD = ZBAC.

Problem 30 (IMO 2014/4). Let P and @ be on segment BC of an acute
triangle ABC such that /PAB = /BCA and ZCAQ = ZABC'. Let M and N
be the points on AP and AQ), respectively, such that P is the midpoint of AM
and @ is the midpoint of AN. Prove that the intersection of BM and CN is
on the circumcircle of AABC.

Problem 31 (Vietnam TST 2001). Two circles intersect at A and B and a
common tangent intersects the circles at P and ). Let the tangents at P and
Q@ to the circumcircle of AAPQ intersect at S and let H be the reflection of B
across the line PQ. Prove that the points A, S and H are collinear.

Problem 32 (JBMO 2013, Stefan Lozanovski). Let ABC be an acute-angled
triangle and let O be the centre of its circumcircle w. Let D be a point on the
line segment BC' such that ZBAD = ZCAO. Let E be the second point of
intersection of w and the line AD. If M, N and P are the midpoints of the line
segments BE, OD and AC, respectively, show that the points M, N and P are
collinear.

Problem 33 (JBMO 2014). Consider an acute triangle ABC' of area S. Let
CD 1 AB (D € AB), DM 1 AC (M € AC) and DN 1 BC (N € BQC).
Denote by H; and Hs, the orthocentres of the triangles MNC and MND,
respectively. Find the area of the quadrilateral AH; BHs in terms of S.
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Problem 34 (EMC 2012, Senior). Let ABC be an acute triangle with ortho-
center H. AH and CH intersect BC and AB in points A; and C7, respectively.
BH and A;C; meet at point D. Let P be the midpoint of the segment BH.
Let D’ be the reflection of the point D with respect to AC. Prove that the
quadrilateral APCD’ is cyclic.

Problem 35 (BMO 2010). Let ABC be an acute triangle with orthocentre H,
and let M be the midpoint of AC. The point C; on AB is such that CC; is
an altitude of the triangle ABC. Let H; be the reflection of H in AB. The
orthogonal projections of Cy onto the lines AH;, AC and BC are P, ) and R,
respectively. Let M7 be the point such that the circumcentre of triangle PQR
is the midpoint of the segment M M;. Prove that M lies on the segment BH;.

Problem 36 (Macedonia MO 2009, corrected). Let I be the incenter of AABC.
Points K and L are the intersection points of the circumcircles of ABIC and
AAIC with the bisectors of ZBAC and ZABC, respectively (K, L # I). Let P
be the midpoint of the segment K L. Let M be the reflection of I with respect
to P and N be the reflection of I with respect to C. Prove that the points K,
L, M and N lie on the same circle.

Problem 37 (Hong Kong TST 2003). In the triangle ABC, the point M is
the midpoint of AC' and D is a point on AB. BM and CD meet at O, with
AB = CO. Prove that AB is perpendicular to BC if and only if ADOM is a
cyclic quadrilateral.

Problem 38 (Stefan Lozanovski). Let D be a point on the side AB in AABC.
Let F be a point on CD such that AB = CF. The circumcircle of ABDF
intersects BC' again at E. Assume that A, F' and E are collinear. If ZACB = ~,
find the measurement of ZADC.

Problem 39 (Stefan Lozanovski). Let AA’ be a median in the triangle ABC.
Let D be a point on AA’ and let the intersection of BD and AC be E. The
circumcircle of ABCFE intersects AB again at F. If C, D and F are collinear,
prove that AABC is isosceles.

Problem 40 (Russia 2003). Let ABC be a triangle with AB # AC. Point F
is such that AE = BE and BE 1 BC. Point F is such that AF = CF and
CF 1 BC. Let D be the point on line BC such that AD is tangent to the
circumcircle of AABC. Prove that D, E and F are collinear.

Problem 41 (BMO 2009). Let M N be a line parallel to the side BC of a
triangle ABC', with M on the side AB and N on the side AC. The lines BN
and CM meet at point P. The circumcircles of ABM P and ACN P meet at
two distinct points P and Q. Prove that ZBAQ = ZCAP.

Problem 42 (JBMO 2002). ABC is an isosceles triangle (CA = CB). Let P

be a point on the arc AB on (ABC) that doesn’t contain C. Let D be the foot
of the perpendicular from C' to PB. Show that PA+ PB =2-PD.

Problem 43 (RMM 2015/4). Let ABC be a triangle, and let D be the point
where the incircle touches the side BC. Let Ig and I be the incentres of
the triangles AABD and AACD, respectively. Prove that the circumcentre of
AAlglc lies on the angle bisector of ZBAC.
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Problem 44 (Stefan Lozanovski). Let S be a point on AC, such that BS is
an angle bisector in the triangle ABC. Let O; and Oy be the circumcenters of
AABS and ABSC, respectively. The median AM in AABC intersects BS at
X. Prove that the lines AB, O105 and CX are concurrent.

Problem 45 (China MO 1992). A convex quadrilateral ABCD is inscribed in a
circle with center O. The diagonals AC, BD of ABCD meet at P. Circumcircles
of AABP and ACDP meet at P and @ (O, P and @ are pairwise distinct).
Show that ZOQP = 90°.

Problem 46 (IMO 1983/2). Let A be one of the two points of intersection of
the circles w; and we with centers O1 and Os, respectively. One of the common
tangents to the circles touches wy at P; and ws at Ps, while the other touches wy
at Q1 and wy at (J2. Let M7 be the midpoint of P;(); and M be the midpoint
of PQQQ. Prove that 4011402 = LMlAMQ

Problem 47 (Macedonia MO 2008). ABC is an acute-angled triangle (AB #
B(C). Let AV and AD be the angle bisector and the altitude from vertex A,
respectively. The circumcircle of AAV D intersects CA and AB in points E and
F, respectively. Prove that AD, BE and C'F are concurrent.

Problem 48 (Russia MO 1999). A circle through vertices A and B of triangle
ABC meets the side BC' again at D. A circle through B and C meets the side
AB at F and the first circle again at F'. Prove that if the points A, E, D and
C lie on a circle with center O then ZBFO = 90°.

Problem 49 (Israel MO 1995). Let w be a semicircle with diameter PQ. A
circle k is tangent internally to w and to the segment PQ at C. Let AB be
the tangent to k perpendicular to PQ, with A on w and B on the segment C'Q.
Show that AC' bisects ZPAB.

Problem 50 (IMO 2007/4). In triangle ABC, the bisector of ZBC'A intersects
the circumcircle of AABC again at R, the perpendicular bisector of BC' at P
and the perpendicular bisector of AC' at (). The midpoint of BC is K and the
midpoint of AC is L. Prove that the triangles ARPK and ARQL have the
same area.

Problem 51 (IMO 2003/4). Let ABCD be a cyclic quadrilateral. Let P, Q
and R be the feet of the perpendiculars from D to the lines BC, CA and AB,
respectively. Show that PQ = QR if and only if the bisectors of ZABC and
ZADC are concurrent with AC.

Problem 52 (IMO Shortlist 2012/G2). Let ABCD be a cyclic quadrilateral
whose diagonals AC and BD meet at E. The extensions of the sides AD and
BC beyond A and B meet at F. Let G be the point such that EFCGD is a
parallelogram, and let H be the image of E under reflection in AD. Prove that
D, H, F and G are concyclic.

Problem 53 (IMO Shortlist 2007/G3). The diagonals of a trapezoid ABCD
intersect at point P. Point @ lies between the parallel lines BC' and AD such
that the line C'D separates the points P and @ and ZAQD = ZCQB. Prove
that Z/ZBQP = /DAQ.
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Problem 54 (Serbia MO 2016). Let ABC be a triangle and I its incenter.
Let M be the midpoint of BC' and D the tangent point of the incircle and
BC. Prove that the perpendiculars from M, D and A to AI, IM and BC,
respectively are concurrent.

Problem 55 (Serbia MO 2016). Let ABC be a triangle and O be its circum-
centre. A line tangent to the circumcircle of the triangle BOC intersects sides
AB at D and AC at E. Let A’ be the image of A with respect to the line DE.
Prove that the circumcircle of AA’DE is tangent to the circumcircle of AABC.

Problem 56 (IMO 2008/6). Let ABCD be a convex quadrilateral (BA # BC).
Denote the incircles of triangles AABC and AADC by w; and wo, respectively.
Suppose that there exists a circle w tangent to ray BA beyond A and to the ray
BC beyond C, which is also tangent to the lines AD and CD. Prove that the
common external tangents to w; and ws intersect on w.
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