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Solutions of First Round

1.  Consider the subtraction problem with answer 1111 below. Each letter represents a
different digit from O to 9, where the letter O represents the digit zero, and G>U >N >C.
Find the value of the four-digit number BRAG.

GOUNC
—BEARS
1111
Answer: 7358
Solution:
Eis8or9.

If Eis8, Amust be 9 and U must be 1. Then Rmust be 9 and N must be 1. It contradicts.
So E=9:

GOUNC
—B9ARS

1111
Thenwemusthave C=S+1, N=R+1,andU =A+1,and G=B+1.
With G>U > N > C we obtain the only possiblefilling:

80642
—79531

1111
Therefore, BRAG = 7358.

2. 100 frogs and 100 toads are sitting on along line of 200 lily pads in alternating order: frog,
toad, frog, toad, ---, frog, toad. Each minute, one frog and one toad on neighboring lily
pads switch places. What is the shortest amount of time (in minutes) before all the frogs
could be end up on lily padsto theright of all the toads?

Answer: 5050
Solution:

We use the numbers from 1 to 200 inclusive to number the lily pad positions from the rightmost
to the leftmost.

At the beginning the frogs have positions 2, 4, 6, ---, 200.
The sum of the position numbers for al frogsis 2+ 4+6+---+200=2-(1+ 2+ 3+---+100) .

At the end the frogs have positions 1, 2, 3, ---, 100.
The sum of the position numbers for al frogsis 1+ 2+ 3+---+100.
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In one minute, the sum of the position numbers is decreased by at most one.
Therefore, the number of minutesis at | east

100-101 5050

2-(1+2+3+---+100) - (1+2+3+---+100) =1+ 2+3+--- +100 =

It can be achieved by moving the frogs only right one by one from the rightmost frog.

The answer is 5050.

3.  Determinethe sum of the prime divisorsof 2'° —1.
Answer: 282
Solution:

20 1= (28 —1)(28 +1) = (2“ —1)(24 +1)(28 +1) - (22 —1)(22 +1)(24 +1)(28 +1) -3.5.17-257.
All 3,5, 17, and 257 are primes.
Their sumis 3+5+17+ 257 =282.

4.  The rectangular stained-glass window shown below is missing a rhombus and an isosceles
triangle of glass. The areas of the four remaining glass pieces are given. What is the total
combined area of the two missing regions?

12 12
19 19
Answer: 62
Solution:
12 12
19N P 19.

We see the total area of the two missing regions equal to
12+12+19+19=62.

5. Let m and n be positive integers. Suppose ged(m,n)=18 and lcm(m, n)=4050 .
Determine thevalue of m+n.

Answer: 4068 or 612
Solution:
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Let m=18a and n=18b where gcd(a, b)=1.
Then
4050=18ab.
We have
ab=225=3?.5%.
Since a and b are relatively primes, we have two pairs: {a, b} ={1, 225} or {a,b}={9, 25}.
We obtain
m+n=18(a+b)=18-(1+225) = 4068 or m+n=18(a+b)=18-(9+ 25)=612.

6.  Your teacher has left the digits 1 through 9 in order on the board. With nothing better to do,
you decide to erase each number and replace it with one more than its double (so n
becomes 2n+1). Then, if any number is more than a single digit, you replace it with the
sum of its digits (possibly doing this twice). Y ou repeat this some number of times before
you are shocked to see that you once again have the digits 1 through 9 in order. What is the
smallest number of times you could have repeated the process?

Answer: 6
Solution 1:
After k operations n becomes
2n+ 2 —1.
It can by proved by induction:
2(2'n+21 -1)+1=2n+ 2" -1.

We need

2n+2-1=n mod 9.

(2°-1)(n+1)=0 mod 9.

If n+120 mod3, 2“—1=0 mod 9. The smallest value of k is 6.

If n+1=0 mod 3, (2 —1)‘%”=0 mod 3. The smallest value of kis 1 (n+1=0 mod 9) or 2

(n+1+0 mod 9).
The least common multiple of 6, 2, and 1is®6.
The smallest number of processesis 6.
Solution 2:
If wewrite nin base 2, the operation isto concatenate 1 to the right of n.
For 1 we have
1 -»> 1 » 111 —» 1111-1001=110 — 1101-1001=100 — 1001-1001=0 — 1
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Taking two red digits away we get the remainder upon division by 1001, =9.

The cycle includes 1, 3(11,), 7(111,), 6(110,), 4(100,), and 9(0). This confirms 6 processes for
each of these 6 numbers.

For 2 we see
10 —» 101 — 1011-1001=10

The cycle includes 2 and 5(101,). Two processes are needed for each of these 2 numbers.
For 8 we have
1000 — 10001-1001=1000

One process is needed for 8.

The least common multiple of 6, 2, and 1is®6.
The smallest number of processesis 6.
Solution 3:

For 1 we see
1 > 3 > 7 > 156) —» 13(4) - 9 - 19(1)

Thecycleincludes 1, 3, 7, 6, 4, and 9. This confirms 6 processes for each of these 6 numbers.

For 2 we have

2 > 5 -5 11(2)

The cycle includes 2 and 5. Two processes are needed for each of these 2 numbers.

For 8 we see

8 — 17(8)
One process is needed for 8.
The least common multiple of 6, 2, and 1is®6.

The smallest number of processesis 6.

7. The diagram below shows three concentric circles (not necessarily drawn to scale).
Rectangle ACFD is tangent to the two inner circles at E and B. The area of the innermost
circleis 3, while the area of the middle circleis 5. Find the shaded area between the middie
and outermost circle
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Answer: 2
Solution:
Lemma:

Two concentric circles have the common center O. AC is a chord of the larger circle and is
tangent to the smaller circle at B. Then the area of the shaded ring depends on the length of chord
AC only.

Cal B A

Proof of the lemma:
Let Rand r bethe radii of thelarger circle and the smaller circle respectively.
Let Sbethe area of the shaded ring. Then

S=R’z—-r1’x =7Z'(R2 —rz).

Draw OA and OB. Then ~OBA=90° and AB= A_2C .

Inright triangle OBA, AB” = R? —r?. Thatis, R? —r? :%ACZ.

We obtain S:%ACZ.

That is, the area of the shaded ring depends on the length of chord AC only.
The two rings have an equal areabecause AC = DF intheorigina diagram.
The shaded areaiin the origina diagramis 5-3=2.

8.  Inwhat number baseis 217 equal to 574 in base 9?

Hint: In base 10, 342 means 3-10° +4-10+2 and in base 8, 342=3-82+4-8+ 2, which is
the same as 226 in base 10.

Answer: 15
Solution:
Let b bethe base. Then

2°+b+7=5-9+7-9+4.
We have the quadratic equation in b:
2b® +b—-465=0.
That is,
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(b-15)(2b+31)=0.
Weobtain b =15 since bis apositive integer.

The answer is 15.

9.  The numbers on 3 doors leading away from a circular room are being replaced by a new
numbering system, and an unhelpful bellhop has posted signs on the doors describing what
the new numbers should be based on the original numbers. All the numbers, origina and
new, are positive single digits, and all distinct. The signs read:

A.  The average of this door’s original number and the new number on the door that originally
had the smallest number.

B.  Thesum of the three original numbers.

This door is the only one whose number has decreased. In fact, this number will be less than
any origina number.

What is the sum of the three digits that were never used (as original or new numbers)?
Answer: 20
Solution:
From C:
The smallest number must be at least 2.
From B:
Three original numbers must be 2, 3, 4 in some order.
The new number forBis 2+3+4=9.
The new number for C is 1.

a+9 a+1

Let a bethe origina number for A. We need or > to be an integer.

Soaisodd. Thenais3.

Since 3%1 =2, it contradicts.

The new number for A is 3L29: 6.

We have three numbers for A, B, C respectively:

324 —> 6,91
Three digits 5, 7, and 8 are not used.
Their sumis 5+7+8=20.

10. What is the smallest integer n such that the product 88n is made up of just the two digits 6
and 7?

Answer: 77
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Solution:

Let N=88n.

N must be divisible by 8 and 11.

Nisdivisibleby 2. Then the ones digit is 6.

N isdivisible by 4. Then thelast two digits are 76.

N isdivisibleby 8. Then thelast three digits are 776.

Now 776 is not divisible by 11. The smallest value of N has at least 4 digits.
Let the thousands digit be 6. 6776 isdivisible by 11.

The smallest value of N is 6776.

The smallest va ue of nis%:??.
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