Integration

It the reverse of differentiation.

During integration the following concepts should

be considered.

(a) Polynomial functions;

[x™dx = ——x"*1 + 1 wheren # —1
n+1

i.e. increase the power by 1 and divide the
term by the new power, e.g.
(i) fldx=[(xDdx=x+c
(i) [xdx = [x'dx
1

=1 ,1+1
il il
_1,
2
4, 1 a1 _1.5
(iii) [ x*dx =X X
; 3 7. — 3. — 4 _ .4
(iv) [4x3dx =4 [x dx—(3+1)x =F:
-3 _ _1 -3+1_ _1 -2 _ ~1
V) [x7%= 31t =% 2x2
(b) Trigonometric functions, e.g.
Nod )
(i) a(cosx) = —sinx + ¢
- [sinx dx = —cosx + ¢

od o, _
(ii) E(sznx) = cOSX

- [cosx dx = sinx + ¢
Lood o,
(iii) ™ (tanx) = sec® + ¢

- [sec?dx =tanx +c
) & _ _ 2
(iv) ™ (cotx) = —cosec*x

- [ cosec’x = —cotx + ¢
Methods of integration

The choice of the method depends on
judgement. Below are some of the methods:

Integration by change of variable where a
derivative exist/integration by recognition or
inspection

Example 1

(i) [ xy/(x2=2)dx
Solution
Letu =x>-2
- du =2ui.e.xdx =%du
[x/(x2 =3)dx = [ /(x% = 3) xdx
= f\/ﬂédu

1,0 1
= - [uzdu

3
uz+c

N =
W | N

1 3
=-(x*=3)2+c
:g(x2—3) (x?2-3)+c

Orletu=y(x2—-32)=>u?=x%2-3

2du = 2xdx i.e. xdx = udu
[x/(x2 = 3)dx = [[(x% = 3) xdx
fu.udu = [u?du
= §u3 +c
=2(x2-3)J(xZ-3) +¢c
(ii) [ xcosec?(x?)dx
Solution

Let u = x* => du =2xdx i.e. xdx = %du
[ xcosec?(x?)dx = [ cosec?(x?)xdx
= %f cosec’udu

= —cotu + ¢
= —cotx®* + ¢

o 1 x%2-1
(III) fO mdx
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Solution
letu=x3—3x + 5=>du = (3x? - 3)dx
i.e. (3x2 - 3)dx =Lldu

3

1 x?%-1 1,11
& fo _(x3——3x+5) dx = §f0 \/—de

i 1
= §u2(2) +c
= gw/(x3 —3x+5)

x2-1 1
—————dx == (x®—3x+5)
(x3-3x+5) 3 0

=2(VI=3+5-5)
=2(V3-V5) =0336

: fol

(iv) [#sec’xvtanxdx

Solution

Let u = tanx => du = sec’xdx
= To1
J§ sec?xJtanxdx = [} uzdu
T
[2 E]Z
= [Zuz
3 0
w
2 S
= [5 (tanx)Z]4
0

B
(v) [ cosxV1—2sinxdx

Solution

Let u = 1-2sinx => du = -2cosx

. 1
i.e. cosxdx =— > du

1
~ [ cosxV1 — 23inxdx=—%fu5dx

N| W

uz2 +c

N =
wIl N

1 3
= 5(1 — 2sinx)2 + ¢

1
= 5(1 — 2sinx)+/ (1 — 2sinx) + ¢

Integration by change of variable where a
derivative is given

Example 2

(a) Using the substation x =cos20 or otherwise,

prove that

M C
f (1+x)dx___1

Solution
Given x= cos20 => dx = -2sin26d8
Changing limits

X )

0 %ﬂ

1 0

1-cos20\ .
f (1+x) — =2 f ( 1+cos6 )st@ 46

=2 |(E) sin26 do
=27 (jZ;Z) 2sinfcosf d
=4 [#sin*6d6

= %foz(l — co0s26)d6

(double angle form
=2[6 - 3sin26]*
0

-2(2-3)=2-1

(b) Use the substitution x = sin6 to evaluate

f

1 2(1 xz)

Solution
Given x = sinB => dx =cos6d6
Changing limits

X 0
1 1
= -
2
1 o
5 4
i
. f 2 d _ f4 cos0d6
. % x2(1-x2) %sinze(l—sinze)
= [ = [ cosec?6d6
= SlTl =
6 6
& 4
= [—cotO]% = [cotO]s
6 4

= cot=—cot==+3—-1
6 4
Revision exercise 1

Integrate the following using the suggested
substitution in each case.
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=

o

b

e = e o

10.

11.

12.

13.

14.

15.

16.

17.

18.

[x(x+4)3dx,u=x+4
Fa-D@+*+
[(x—4)(x—13dx,u=x-1
[ (4x = 19)(x — * + ]
[x(2x — 3)%dx,u=2x-3

—(x +1)(2x = 3)* + |

f(Bx + 1) (2x — 5)%dx, u=2x-5

[ (18x + 23)(2x - 5)% + ]

fidx u=x+3  [x—3In(x +3) + c]

f(x+1)2 dx, u= x+1 [— +In(x+1) + c]
x+1 4x+1
f (2x—-3)3 sy U= 25 [_ 8(2x—3)2

f (x+1)dx,u=x+1
ZGBx -2+ D2+ |

[x(x—1dx,u=+(x—1)
ZGBx+2)/G- D2+ |

f(x—4){/(x+5),u=x+5

'Z(x —10)J/(x + 1)3 + c]

f(3x—2) (1 —2x)dx,u = /(1 - 2x)

= (7 - 90T -202 + c]

f\/L_dx u= x+1

—(x—2)W+c
f—dxu Vi=3
—(x+6)\/xT+c
f dxu x—4
—(x+2)\/xT+c

fx+3 dx,u=v5 —x
[—§(x+19)\/5—x+c]

Use the substitution x = %to

2 dx T
evaluate J; e [E]
Use the substitution u = vx — 2 to evaluate
4 3x
Jy = ax [16V2 —
Evaluate

(a) f:x(x —3)2%dx

]

19.

C
o 1 &
(© [PGx+1)@2-x)*dx 24|

By using the substitution u =+v1 + x2, show

thatffxz,/(l Fx2)dx =3 E

Integration by change of variable where a
derivative not exist

Here a term is solved by changing it to another
variable

Example 3

Find

(a)

f56x (x —5)dx

Solution

Letu=+/(x —5) henceu? = x — 5=>x=u’+5

dx = 2udu
Changing limits
X 0
6 1
5 0
f56 xy/(x —5)dx = fol(u2 + 5)u. 2udu
=2 fol(u4 + 5u?) du
_ o[t 5,5 3]
=2 [Su tiu ]0
_2 _ 56
—15(3+25)_15
Solution

Letu=vVx+ lieu?=x+1

x=u’—1 and dx = 2udu

2_
=f%.2udu
=2 [(u?-4)du
_ (1 3 _
—2(3u 4u)+c
=§u(u2 —-12)+c¢c

= JG+DE+1-12) +c
=§(x—11) x+1D)+c

i
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(c) f2x—1)(x+2)3dx

Solution

Letu=x+2=>x=u-2and dx=du
s f2x—=1)(x+2)3dx
= [[2(u — 2) — 1u3du]
= f(Zu4 —5u®) du
5

= u
5

= %u4(8u —25) +¢
= (x+2)*(B(x + 2+ -25) +¢

=~ (Bx—Nx+2)* +c
sinvx
(d) f=dx

5
—-ut+c
4

Solution

Let u = vx => x = u? and dx= 2u
fsmu 2udx = 2 [ sinudu

= —2cosu+c
= —2cosVx +¢c

Revision exercise 2

1. Integrate each of the following with respect
to x using suitable substitution
(a) x(x+3)*

[2—10 (4x —3x +3%) + c]

(b) xV5—x

[—12—5(3x +10/(5 = 3)% + c)]
(c) (;;23)2 [% +In(x +2) + c]
(@) == E (x—1VZx + 1+ c]

(x —3)(5 —2x)*

[ﬁ (31 —10x)(5 — 2x)° + c]

2(x+2)
(") \/(x+1)3 [\/x+ i ]

(8) (;;3)2 [% +In(3—x) + c]
(h) x*(x — 1)*
[175 (15x%2 +5x + D(x — 1)° + c]

(i) xy/(@A—x)3
|- % Gx + 2@ =07

M C

Integrations involving trigonometric
functions

A. The double formulae, i.e.

- Cos2x = 2cos’x — 1= 1 — 2sin’x
- 1+ cos2x = 2c0s’x

- 1-cos2x = 2sin’x

- Sin2x =2sinxcos2

Example 4

Find the following integrals

tan6

(a) V1+cos26

Solution
tané _f tan6 _ f sinf
V1+cos28 ) V2cos? 9 V2(cos20)
Let u = cosB => du = -sin6dB
du
: do = —sin@
if sinf fsme du
V2 (cosze) \/— " —sin@
__Ygau_ 1 2
= \/Ef = ﬁfu du
__ Y
= ﬁ( uH+c
1
" VZcoso e
(b) [V1 —cos46do
Solution
[V1—cos46 d6 = [V2sin2260d0
=2 [ sin20d8

= _Tﬁcosze +c
(c) [ sin36cos36d6 = %f 2sin36cos30d0
— %fsin69
= —icos69 +c
12
B. The factor formulae, i.e.

2cos (a;ﬁ) cos (azﬁ)
—2sin ( ZB) sin (%)
= 2sin (a;rﬁ) cos (a B)
—2cos ( ;B) sin (%)

- cosa + cosf

- cosa — cosf3
- sina + sinf
- sina —sinff =
Example 5

Find the following integrals
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(a) [ cos26cos6d6
Solution

[ cos26cos0do = %f 2c0s26cosHdo
= %f(cosBH + cos@)do
= %GsinSQ + sinG) +c
= %sin39 + %sin@ +c
(b) [ sin46sin30d0
Solution
[ sin4sin30d6 = - [ 2sin4sin36d6
= %f(cos78 — cos6)deo
= %Gsirﬁe = sin@) +c
= 2 sin70 +=sind + ¢
14 2

(c) [ cos36sinfd6
Solution

[ cos30sin0do = %f 2c0s30sinfdo
= % [(sin46 — sin20)d6

= l(— lcos49 + l00529) +c
2 4 2

= l00529 — lcos4t9 +c
4 8

(d) J sin>6cos6de
Solution
[ sin20cos=0d0 =2 [ 2sin@cos > 6do
2 2 2 2 2
= %f(sinZB + sin6)do

2
= —%(00529 + cosB) + ¢

(e) [sin26cosHdo
Solution
[ sin26cosHdo =%f 25in26cosOdo

= %f(sin39 + sin6)do
1
2

= —i(cosZ@ + 3cos8) + ¢

Note

(i) The integral fsin29c0529d9, where the
angles are the same can be solved in two
ways.

Method I: double angle formula

= l(—%COSZH = cos@) +c

= —(—§COS39 = cosB) +c

M C
[ sin26cos20df = - [ sin40do

1

= —§c0549 +c

Method II: the factor formula

[ sin26co0s26d0 = %f(sinﬁw + sin0)do

= —%00549 +c

(ii) The integral of f sin460cos260 where the
angles are different, use method | because
method Il is inapplicable.

Revision exercise 3

1. Evaluate
T 2
(a) [ sin2xcosxdx [5]
(b) ffsiansinxdx [0.1083]

2. Integrate the following using appropriate
substitution.
(a) [ 6xsin(x? —4)dx
[—3cos(x? — 4) + c]
(b) [ 5xcos(5 —x?)dx

[—gsin(S —x%)+ c]
(c) [3xV1+x2dx
[(1+x2)V1+x% + ]
(d) [3x(x?+ 6)°dx E (x2+6)°+ c]

(e) f\/ﬁdx Ew/(ZxZ - 5)] +c

Integrations of odd and even powers of
trigonometric functions

(sinx, cosx, tanx, cotx, secx and cosecx)

Integration of trigonometric functions rose to
odd powers

The Pythagoras theorem in trigonometry is
handy namely

- cos’x +sin’x=1
- 1+tan’x = sec’x
- 1+ cot’ = cosec’

Example 6
Integrate the following

(a) [ cos®xdx
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(b)

(c)

(e)

Solution

[ cosSxdx=[ cos*xcosxdx

= [(1 — sin®x)?cosxdx

= [(cosx — 2sin®xcosx + sin*xcosx)dx

= sinx — %sin3x + %sin5x +c

[ cos32xdx

Solution

[ cos32xdx = [ sin?2xsin2xdx
= [(1 — cos? 2x)sin2xdx
= [ sin2x — cos?2csin2xdx
= —%cost + %G) cos32x + ¢
— 260532x - %cost +c

s
Jgz cos®6xdx
Solution
AL L
Jiz cos®6xdx = [12(1 — sin*6x)cos6xdx
s
= [{2(cosbx — sin®6xcos6x) dx
Vs
1 . 11\ . 12
= [—sm6x -= (—) sin3 6x]
6 6\3 .
1 . 1(. w3 _1
==-sin-——|(sin=) =-
6> "2 18 2 9
[ sin3xdx

Solution

[ sin3xdx = [ sinx(1 — cos?x)dx
= [(sinx — sixcos?x)dx
= —cosx — (—écos3x) +c
1 3
= S cos’x — cosx
[ tan3xdx
Solution
[ tan®xdx = [ tanxtan?®x dx
= [ tanx(sec?x — 1)dx
= [ tanxsec?xdx — [ tanx dx
By inspection

d
a(ln(cosx) = —tanx

=> [ —tanxdx = In(cosx)
Also

d
E(tanzx) = 2tanxsec®x
1
=> [ tanxsec?xdx = - tan’x
1
o [ tan3xdx = 5 tan?x + In(cosx) + ¢
Or
d
—In(secx) = tanx
dx
=> [ tanxdx = In(secx)

M C

d
Also — (sec?x) = 2tanxsec?x
1
=> [ tanxsec?xdx = - sec?x
1
o [ tan3xdx = Eseczx + In(secx) + ¢

() [ tan52xdx
Solution
[ tan®2xdx = [ tan2xtan*2xdx

= [ tan2x(sec?2x — 1)%dx

= [ tan2x(sec*2x — 2sec?2x) — 1)dx
= f t(an2xsec*2x — 2tan2xsec?2x — tan2x)dx

= %sec“Zx - %SGCZZX + %In(sech) +c
Or

[ tan®2xdx = [ tan32xtan?2xdx

= [ tan32x(sec?2x — 1)dx

= [ tan32xsec?2xdx — [ tan32xdx

= %tanA‘Zx — [ tan2x(sec?2x — 1)dx

= %tan‘*Zx — [ tan2xsec?2xdx + [ tan2x dx

1 1 1
= gtan42x - ZtanZZx + EIn(sech) +c

(8) [ cot3xdx
Solution

[ cot3xdx = [ cotxcot?xdx
= [ cotx(cosec?x — 1)dx
= [ cotxcosec?xdx — [ cotxdx

= %coth — In(sinx) + ¢

Note: the integration of odd powers of secx and
cosec x are done using integration by parts.

Integration of trigonometric functions rose to
even powers

These are worked out using double angle
formulae.

Example 7
Find the integrals of the following

(a) [ cos?xdx
Solution

[ cos?xdx = f%(l + cos2x)dx
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=[ G + %cost) dx
X

=—+lsin2x+c
2 4

(b) [ cos*xdx

(c)

(e)

(f)

Solution
[ cos*xdx = [(cos?x)?dx
= f%((l +F cost))de
= f%(l + 2c0s2x + cos?2x)dx
1 1 1,1

= (Z -+ Ecost) dx + ng (1 + cos4x)dx
=1 + 2 sin2x aF Ix aF L sindx +c

PR 8 32
[ sin?3xdx

Solution

[ sin?3xdx = %f(l — cos6x)dx
= Zx — —sinbx +c

27 12
[ tan*xdx

Solution

[ tan*xdx = [ tan?x. tan?xdx
= [tan’x(sec?x — 1)dx
= [ tan®xsec?xdx — [ tan®x dx
= %tan3x — [(sec? — 1) dx
= étan3x —tanx +x +c¢

[ sec*xdx
Solution
[ sec*xdx = [ sec?x.sec?xdx
= [ sec?x(tan’x + 1)dx
= [(sec*tan®x + sec?x)dx

S §tan3x + tanx + ¢
1
[ cosec? (E x) dx
Solution
[ cosec? (%x) dx = —ZCot%x +c
[ cot*xdx
Solution
[ cot*xdx = [ cot?x.cot?xdx
= [ cot?x(cosec?x — 1)dx
= [ cot?xcosec?x — [ cot?x dx
1

S §c0t3x — [(cosec?x — 1)dx

= %cot3x +cotx +x+c

7

M C
Exercise 4
1. Integrate each of the following

. 1
(@) sinxcos’x —=cos®x + C]
[ 6
1. 1,
(b) cos*4x Zsm4x = Esm34x + c]
. 1 1
(c) sin*xcos’x —gcos3x + Ecossx + c]
. 1. 1,
(d) cos’xsin’x gsmsx — ;sm7x + c]

. (1, 1,
cos>2xsin%2x gsm32x — Esm52x + c]

(e)
(f) sin2xsinx %sin4 + c]

(g) cos’xsin’x

L sin*x — ZsinSx + c]
L4 6
Integrate each of the following
(a) cot’2x %x F %sin4x F c]
(b) cos’3x %x 1F %sin6x + c]
(c) sin’xcos’x %x F 1—165in8x aF c]

(d) cos’6x %x + isianx + c]

(1 11,
(e) sin? (Ex) S X — > sinx + c]

(f) cos’x [Ex + Lsin2x + — sindx + c]
8 4 32
(g) sin*2x [Ex — L sindx + isian aF c]
8 4 64

Integrate each of the following

(a) cot [—cotx —x + c]

(b) tan®2x % tan2x + c]

(c) sec’xtan®x % tan*x + c]

(d) cosec’2xcot*2x :—1—10cot52x]

(e) tan®x % tan®x + In(cosx)]

(f) cot*3x [—écot33x + §00t3x + c]

(8)
(h)

tan®5x [ﬁ tan35x — % tan5x + x + c]

tan’2x
[E tan*2x — S tan 2x + EIn(sech) + c]

(i) cosecxcot®x [cosecx = %cosec3x + c]
(i) tan’xsecx
[secx = ésec3x ar isec5c + c]
Find the Integral of each of the following
(a) cosec’x [—cotx + c]

(b) sec’3x E tan3x + c]
(c) cosecz(é x) [—3cot G x) + c]
(d) sec’x E tan3x + tanx + c]
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1 1
— cot35x — =cot5x + c]
15 5

E tan33x + %tan3x + c]

(e) cosec’sx [—
(f) sec*3x
1 2
(8) sec’ [E tan®x + 3 tan3x + tanx + c]
Integration involving inverse trigonometric
functions

1

1—x2

A. From % (sin1x) =

1 .
f\/ﬁzsm Ix+c
—X

This result enables the integration of the form

1 .
fﬁdx to be workout, i.e.

\[?

bx . a
Let — = siny; dx = ;cosudu

| i &

=f—
)

1
: f\/az—bz faVl sin?u’ b cosudu
= Zcosudu
acosu b
= ;f du=+u+c
= Lsin1 (b—x) +c
b a
Example 8

Integrate the following

1
@) [ s
Solution

[——dx = [ ———dx
Va—09x2 2
4-9x 5 (1_(32) )
Let sinu :—3x dx :E cosudu

[——=dx = [ ——— .2 cosudu
V4—9x2 2,/ (1— smzu)

=f2COSu
= fdu=1u+c
3 3

1. _q(3x
= 2sin 1(—)+c

2
1
(b) fx/1—16x2) =

3 cosudu

Solution
f;dx — f;dx

V1-16x2 J(@—(4x)2)
Let sinu =4x, dx :l cosudu

1
fx/(l—(z}x)z) f (1 smzu 4cosudu
= [—— .2 cosudu
cosu 4
8

M C
= fdu=-u+c
4 4

= %sin‘1(4x) +c

f 4X2

J1-x6
Solutlon
4x2 4x?
I ¥ =l mem®

. 1
Let sinu =x3, dx = cosudu

4x?

N [ (1_(x3)2 = [ —— ﬁl —= 3x2 — cosudu

= [— — —cosudu
4

= gf du=-u+c
= gsin‘l(x3) +c

(d) [ =—=dx

V36—4x2
Solution

1
f\/36—4x2 dx = |

;zdx
6J(1-(%))

Let sinu =2?x = 1x dx =3cosudu
1
= it e m Scosudu
= | .3cosudu
6cosu
= %f du = lu +c
1. -1
= 3sm ( ) +c
1
() [ =
Solution
1 1
|t = i

5)(1-(2))
Let sinu =3—x dx =5 cosudu

5
f = cosudu
5 (1— smzu) 3

1
f V25-9x2
= cosudu

_ISCOS
=§fdu=§u+c
=lsin1(%
—3sm (5)+c
(A [——dx

V3-2x—x2

Solution

3—2x—x?2=—-(x*+2x-3)

By completing squares
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—(x?2+2x-3)=—-[(x+1)?2-3-1]
=4 —(x+1)°
[——dt=[——
m m
f\/4 (x+1)2 Al (x;d)z

. 1
Let sinu =% dx =2cosudu

[—— f .2cosudu
‘/4—(x+1)2 ‘/(1 sin?u)
=fdu=u+c

. _q (x+1
= sin 1(T)+c

B. From—- (tan‘lx)—

1+x2

“
- [—Sdx=tan"lx+c
1+x

This result enables the integration of the form

dx to be workout, i.e

7 B2 2\
a2(1+b )zc )
a

Sy S

f 12 b2 J,’Z

fa2+b2x2

bx a
Let —=tanu, dx= Eseczudu

1

1
=~ faz(l_l_(ﬂ)z) - fa2(1+tan2u) b

1 1
== .sec’udu
ab” sec?u

1 1
=—|du=—u+c
abf ab

= tan? (b—x) +c
ab a
Example 9

Find

1
@ Jogemdx
Solution
Comparing [ —— with [ a2+22x2 dx
a=3andb 5
1 _1(5
f9+25x2 - 3x5 [tan (3 )] e
_ 1(5
= E tan— (§ )] +c
1
(b) [5omdx
Solution

M C
Comparmgf5 5z With[ 2+b2x2 dx
=v5and b =3

v = o |ton ™ ()] +

= % [tan‘1 (%x)] +c
1

—sec’udu

.fl
“Jo 3x2t6x+4

(C) f1+2x+4x2
Solution
14+2x+4x?> =4x>+2x+1
4 (x2 + lx + )
1
4 [(x + ) + T
1\2 3
=4(x+3) +3
1 1 1
14+2x+4x2dx = f4(x+l)2+_ dx = 3+4(x+1)2dx
4 4 4
Comparingfmwnhf - b2 ————dx
a=§ and b =2
1 _ 1 -1 2(’“’%) >]
— =t = |
ErEae = v
- S (520) o

1
) fO 3x2+6x+4
Solution

3x2+6x+4=3(x2+2x+i)
[(x+1)2+——1]
[(x+1)2 5]
—3(x+1)2+1

dx

=3

1 1
fsx e f1+3(x+1)2

. 1
Comparing fm with [ ————dx

a=1and b=V3

Sty = lean™ (F52)] +

= \/% [tan ! (V3(x + 1))] + ¢

dx = [ [tan™ 2 (V3(x + 1))]]
= % [tan=1(2V3) — tan™1(V3)]

= 0.44
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Revision exercise 5

Find

o i B ()
(b) [2,——dx [0.7854]

(© g [1.833]

(d) f4_1x2 dx [sin™x + ]

(e) fﬁdx :sin‘1 G) + c]

(f) f\/ﬁdx [sin—1 (g) + c]

@ [ = 35in™ (3x) + ¢

0 ia ()

(i) f25+x2 %tan‘l <_) i C]

(Q) f100+9x2 Etan‘l (%x) - C]
(k) f3 2x+x2 d ﬁtan_l (x_\/_fl) i C]
()} fﬁdx :—%cotsin_l (g) + c]

Integration of exponential and logarithmic
functions.

d
A. From—e* = e*
dx

- [e*dx=€e*+c¢c
Example 10
Find

(a) [xe* dx
Solution
Let u = 3x? => du = 6xdx i.e. xdx =£ du
[xe**dx = %fe“du = %e“ +c
fxexzdx = %exz +c

(b) [ secxtanxeS¢*dx
Solution
Let u = secx => du=secxtanxdx

[ secxtanxes¢*dx = [ e*du = e* + ¢
~ [ secxtanxe®¢*dx = e5¢* + ¢

e
(C) f sin?x
Solution

Let u = cotx

cotx

2
- Du=-cosec’x=——
Sincx

10

M C
Ie

sin2x

o f

(d) J < dx

dx = — [etdu=—e"+¢

ecotx t
dx = —e %™ + ¢

sin2x

Solution
Letu=—l=>du=izdx
X X
=
fex—zxdx=fe”du:—e“+c

1
1

f%dx =ex+c
X
d 1
B. From E(Inx) ==

- f%dlenx+CEInAx

This result shows that

f;'((;)) dx = In[f(x)] + ci.e.

cos2x
sin2x
1 .
= EIn(stx) +c

- = dx:%In(b+cx)+k

b+cx

- [cot2xdx = |

Example 11
Find

(@ [ L dx

3x+4
Solution

Let u = 3x+4 => du 3dx i.e. dx=§ du

o f L dx=lfdu=11nu+c
3x+4 3 3

= %In(Bx +4)+c
dx

X

(b) f1—5x2

Solution
Lletu=1— 5x?

=> du -10xdx i.e. dx=— idu
10x

x 1 01 1
o f dx == [=du==Inu+c
1-5x2 107 u 10
1

=-In(1- 5x%) +c¢
(c) [tan3xdx
Solution
[ tan3xdx = [ tan®xtanxdx (an odd
power)
= [(sec?x — 1)tanxdx
= [ sec?xtanxdx — [ tanxdx
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For [ sec®xtanxdx

Let u = tanx, => du = sec’xdx

1
» [ sec?xtanxdx = [udu = Stan’x +c

sinx

For[ tanxdx = [

CoSsx

Let u =cosx, => du = -sinxdx

~ [ tanxdx = —f%du =—Inu+c

= -In(cosx)+c =In(secx)+c

% ftan3xdx = %tanzx + In(secx) + ¢

(d) fl x+1

0 3+4x 2
Solution

1 x+1 1 1 1 1
dx = dx + dx
fO 3+4x2 0 3+4x2 fO 3+4x2

1 1 2\1*
= [gln(3 +4x? + ——tan™?! (—)]

2V3 V3/l,
1 2
=)+ 55t (B)
2
( ) f ax":—a“
Solution

3
[2* X dx = i[ln(x‘L + a*]3@

a x*+a*
=1 ~(In17a* — In2a*)

=2n ( ) -0.535
C. Fromiax:axlna
dx
X — 1 X
= [a*dx=.—a"+c

ZX
X —
It follows that f 2*dx = n2 + c

Example 12

Integrate

(a) [x223%"dx
Solution

Letu=3x3 =>du=9x%ie. x2dx = édu
[ x223% dx = = [ 2%du = 124
9 9n2
1 23%%
o 9 In2
(b) [ cosx.55"*dx

Solution

Let u = sinx, => du = cosxdx

[ cosx.55Mdx = [ Stdu = >—+ ¢
In5

11

M C
Ssinx
= +c
In5
3cotx
(C) fsinzx
Solution
Let u = cotx, => du=-cosec’x
3cotx t 2
fsinzx dx = — [ 3% cosec?xdx
= [3%du = e
In3
3cotx
= +c

In3

Revision exercise 6
1. Find the following integrals

(a) feX(3+e9)2dx  [3(3+e)P +]
(b) [2e*(e* —4)3dx E (e* —4)* + c]

4e2%
(©) [ oz 4 [t ]
—-X Z
(d) f(ee—:ndx [——(e‘x +7)3+ c]

(e) [e*V4+eXdx E (4 + eX)3 +c]

() JeVes +2dx [Z/(e +2)° + (]
f—_ EVe =1+
) [ o= [Vi—e™+(]
() [5%dx %+c]
- x 32%
() f32 =+ ]
eVx [
W [= 2¢¥% + |
() [x2e*’ _le 3]
x 4x
(m) [ 4%dx m]x x
(n) [x10%dx ﬁfo - (1220)2 U ]

2. Evaluate

(a) [ e*dx [e(ez - 1)]
(b) J7e*dx [1 L
(c) f1223(2x+1) [e3(e _1)]
(@) JZ, 2¢0720 e -3

(e) fol(ébce"2 +1)dx [2e — 1]
Integration involving partial fractions

There are three established types of partial
fractions depending on the nature of the
denominator.
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A. Denominators with linear factors e.g. 3x —
1, x+2and 3x-4.
Each linear factor (ax + b) in the

denominator has a corresponding partial
(4

(ax+b)

fraction of the form " where a, b and c

are constants.
Example 13

(a) Express each of the following in partial
fraction. Hence find the integral of each with
respect to x.

x—1
(x+1)(x-2)
Solution

x-1 A B
(x+1)(x-2)  (x+1) = (x-2)

Multiplying by (x+1)(x-2)

= x—1=A(x—2)+B(x+1)

Let

then we find the values of A and B
Puttingx=2:1=3B,=>B =%

Putting x = -1: -2 = -3A, => A = §

x5 5
Tt (e-2)  (x+1) @ (x-2)
2 1
= +
3(x+1) 3(x—2)

Hence,

x—1 2 1 1 1
f(x+1)(x—2) x _Ef(x+1) dx +§f(x—z) dx

= gln(x +1) +§In(x —2)+c

= gln(x +1?(x—-2)+c

1

(ii)

x3—9x
Solution
11 1
x3-9x  x(x2-9)  x(x—3)(x+3)

1 A B C

x3-9x - x (x-3)  (x+3)

Multiplying through with x(x — 3)(x + 3)
1= A(x? = 9) + B(x? + 3x) + C(x? — 3x)

Puttingx=0; 1=-9A=>A4 = _%

12

M C
Puttingx=3;1=18B=>B = 1i8

Puttingx=-3;1=18C=>C = %

11 1 1
x3-9x  9x  18(x—3) 18(x+3)
Hence,
1
[ 5—dx
X°—9x

1,01 1 1 1 1
- _EIde+Ef(x—3)dx+ﬁf(x+3)dx

1 1 1
=—5Inx + Eln(x +3) + o In(x —3)+c

:1—18 (In(x+3) + In(x — 3) — 2Inx) + ¢
_1 (x+3)(x=3)
“18 [In b2 ] 6
(iii) 2x+1
(x—1)(3x2+7x+2)

Solution

2x+1 _ 2x+1
(x—1)(3x2+7x+2)  (x—1)(x+2)(3x+1)

2x+1 A B 1
(x—1)(Bx2+7x+2)  (x=1) = (x+2) (3x+1)

Multiplying by (x — 1)(x + 2)(3x + 1)

2x + 1= A(x+2)(3x+1)+B(x-1)(3x+1)+C(x-1)(x+2)

Puttingx=1;3=12A=>A =%

Putting x =-2; -3=15B=>B = _é

; 11 20 3
Puttingx=-—-=——0C=>(C = ——
3’3 9 20

2x+1 1 1 3

(—1)(3x?+7x+2) _ 4(x—1) 5(x+2)  20(3x+1)

Hence,

f 2x+1 "
(x—1)(3x2+7x+2)

1 1 1 1 3 1
- Zf (x-1) dx _Ef(x+z) dx — %f (3x+1) dx

- _1n-1 _3
—4In(x 1) 5In(x+2) 201n(3x+1)

1 (x—1)°

T 200 (x+2)4(3x+1)3

2x%—x+1
(x2-1)(x+2)

(iv)

Solution
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2x2—x+1 2x%—x+1
(x2-1)(x+2)  (x+1)(x—1)(x+2)

2x2-x+1 A B €
(x2-1)(x+2)  (x+1) (x-1) (x+2)

Multiplying through by (x+1)(x-1)(x+2)
2x% — x+1= A(x-1)(x+2)+B(x+1) (x+2)+C(x+1)(x-1)

Puttingx=-1;4=-2A=>A = —2

Puttingx=1;2=6B=>B =§

Puttingx=-2;11=3C=>C = %

2x%-x+1 1 2 11
T (2-1)(x+2) | 3(x—1) (x+1) 3(x+2)
Hence,

2x%—x+1
| dx

(x2-1)(x+2)

1 1 1 11 1
=3J e —2 J e X +5J i O

= é]n(x —1)-2In(x+1) +%In(x +2)+c

3 x%+41
b) Evaluate | —————
(b) fl x34+4x243x
Solution
x%+1 _ x2+1
x3+4x243x  x(x+1)(x+3)
x2+1 A B c
let—————=—+

x3+4x2%+3x = x  (x-3) (x+3)
Multiplying with x(x — 3)(x + 3)
x*+ 1 = A(x — 3)(x+3)+ B(x)(x+3)+C(x)(x-3)

Puttingx=0;1=3A=>4 zg

Puttingx=-1;2=-2B=>B = —1

Puttingx=-3;10=6C=>C = ;

. o x*+1 1 1 5

T x3+4x243x  3x  (x+1)  3(x+3)

Hence

f3 x2+1

1 x3+4x2+3x

1,31 f3 1 503 1
371 x 1 (x+1) 371 (x+3)

13

M C

= [llnx —In(x+1) + EIn(x + 3)]3
3 3 1

= {31n3 —In4 + E1n6)} = {l Inl—In2 + 51n4)}
3 3 3 3

= 0.3488

B. Denominators with linear factors
Quadratic factors

Each quadratic factors (ax’+bx +c) has a
corresponding partial fraction of the form

Ax+B
——— where a, b, cand A and B are
(ax2+bx +c)
constants.
Example 14
7x%2+2x—28 . . .
(a) Express ———————in partial fraction.
(x—6)(x2+3x+5)
Solution
Let 7x%+2x-28 A Bx+c
(x—6)(x2+3x+5) x—6  x2+3x+5

Multiplying through by (x — 6)(x*+3x+5)
7x%+2x-28= A(X*+3x+5)+ (Bx +C)(x — 6)
Putting x =6; 236=59A, =>A=4
Equating coefficients of x°

7=A+B

7=4+B;=>B=3

Equating constants

-28 =5A-6C
-28=20-6C
C=8
. 7x*+2x-28 4 3x+8
(x—6)(x%2+3x+5) x—6  x2+43x+5
2x—1

(b) Find the integral of f(x) = DD

Solution
Let 2x-1 A Bx+C
€ (x—=1)(x2+1)  (x-1) (x2+1)

Multiplying through by (x — 1)(x? + 1)
2x — 1 = A(x*+1)+ (Bx + C)(x-1)
Puttingx=1; 1=2A=>A =§
Puttingx=0;-1=A—-C=>C= 2
Putting x= -1; 2A + 2B—2C => B = —%

2x—1 1 —%x%
U (=1)(x2+1) | 2(x—1) = (x2+1)
2x-1 1 3—x
(-1 (x2+1)  2(x-1) 2(x2+1)

Note the values of x =0 and x = -1 are
conveniently chosen, but the constants B and C
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by expansion of the expression and equating

constants, i.e.

1=A-C=>C=2>
2

f 2x—1
G—D2+n) X
1, 1 3 1, «x
- Ef (x—-1) dx + Ef (x2+1) dx _Ef (x2+1)
= %In(x -1+ ;tan‘lx - iln(x2 +1)+c

(c) Evaluate

(i) [72=

1
Solution

dx

X

Note memorize the identities
B—-1=Cx-DE*+x+1)
B+1=x-DE*—x+1)

Then

3+3x 3+3x
x3-1 (x—1)(x2+x+1)

343x A Bx+C
x3-1  (x=1) (x2+x+1)

Let

Multiplying through by (x — 1)(x*+x+1)
3+3x = A(X*+x+1) + (Bx+C)(x — 1)
Puttingx=1,6=3A,=>A=2

By expanding and equating coefficients
x:A+B=0,=>B=0-2=-2

xX:A-C=3,=>C=2-3=-1

o 3+3x 2 2x+1
Tx3-1 7 (x=1) (x24x+1)

f3 3+3x dx =2 f3 1 dx _ f3 2x+1

2 x3-1 2 (x—1) 2 (x24x+1)

=[2In(x —1) = In(x*> + x + 1)]3

=2In(2) + In (%)
= 0.7673
2

(i) J; ——dx

14

C

Solution

x? x2

1 -+ x2+1)

x? A B Cx+D

e e G e G

By multiplying through by (x — 1)(x+1)(x*+1)
x2= A(x+1)(x*+1)+ B(x -1)(x*+1) + (Cx+D)(x*-1)

By equating coefficients

XrA+B+C=0 e (i)
XiA=B4+D=1 e (ii)
XTA+B=C=0 oo, (iii)
X A=B=D=0 oo, (iv)

Eqgn. (i) — Eqn. (iv)

2D=2=>D=2
2

Eqn.(i)+ (iii)
2A+ 2B =0 ccveveeeeereerrerreenens (V)

Eqgn. (i) + Egn. (iv)

Eqgn. (v)+ Eqgn. (vi)

AA=1=>A=1

4
Eqn. (v)
B=—-
4
Eqgn. (i)
C=0
Loxr 11 1
Txt—1 4(x-1) 4(x+1)  2(x2+1)
x2
fx4_1 dx
1, 1 1, 1 1
=l E=T =2l % +5f(x2+1) dx
1 1 1,
= Zln(x —-1) —Zln(x +1) +otan" x + ¢
3 x2
S5 —— dx
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T 570 (x2+4)

K

= [F G- 1) —3in(x + 1) + 3 tan~?! ]3
—4nx 4nx Zan x2

_ 3
— L [Inu + Ztan‘lx]
4 x+1 2

= i{[ln% + 2tan‘13] — [Iné + 2tan‘12]}
= i[ln% - Iné + 2(tan™13 — tan‘IZ)]
= 2(0.405 + 0.1m)

=0.18

! x246
(i) J 2+4)(x2+9) ¥

Solution
Let x%+6 _ Ax+B Cx+D
(x2+4)(x2+9)  (x2+4) = (x2+9)

Multiplying by (x*+4)(x*+9)
x*+6 = (Ax+B)(x*+9) +(Cx+D)(x*+4)
x’+6 =(A+C)x>+(B+D)x*+(9A+4C)x+9B+4D

Equating coefficients

X rA+C=0 e, (i)

X2 B+D = L (ii)
X 9A+4C=0.........[jii)
x%9B+4D =6 ... (iv)

Solving simultaneously
A= C=0; B==and D ==
5 5

. x%+6 2 3
T (x2+4)(x2+9)  5(x2+4) = 5(x2+9)

x%+6 »
(x2+4)(x%249)

1 1 3 rl 1
570 (x2+9)

dx

1
1 1 11
=—[tan 12x + tan 1—x]
5 2 3 0

2'3

1 1
tan™?! < 2+131> = 0.1571

C. Repeated factors

15

M C

Each repeated factor (ax’+ b)" in the

denominator has corresponding partial fraction

Aq Ay An
ax+b + (ax+b)? Tt (ax+b)"’
where a, b, A; are constants (i=1, 2, ....n)

of the form:

Example 15

Express each of the follow in partial fraction and

hence find their integrals.

4x—9
(a) )2
Solution
4x—-9 A B
et o o3 T o)z

Multiplying through by (x-3)?
4x—9=A(x-3)+B=Ax—-3A+B
Equating coefficients

X x=4
x:-3A+B=4;B=3

. 4x-9 4 3

T x—3)2 x-3 ' (x-3)2
Hence

== dx:4fﬁdx+3f(x—3)‘2dx

(x—3)2
3
=4In(x—-3)——+c
x—3
3x—14
x2-8x+16
Solution
3x-14 _ 3x-14

x2-8x+16  (x—4)2
3x—14 A B
Let =

(42 x—4 ' (x—4)?
Multiplying through by (x-4)
3x—14 =A(x-4) + B=Ax—4A +B
Equating coefficients

(b)

x'ix=3

x’:-4A +B=-14;B=-2
. 3x-14 _ 3 2

T (x=3)2 x-3 (x-4)2
Hence

[212 ax =3fﬁdx— 2 [(x—4)"2dx

(x—4)2
= 3In(x — 4) +2+c
x—4

() 2x%—5x+7
(x—2)(x—1)2
Solution
Let 2x2-5x+7 __A B c
(x-2)(x-1)2 x-2 x-1 (x-1)2

Multiplying through by (x = 2)(x — 1)°
2x%-5x+7 = A(X -1)*+B(x — 2)(x-1)+C(x — 2)

Puttingx=1:4=-C,=>C=-4
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Puttingx=2: A=5
Puttingx=0,7=A—-2B—-2C;B=-2

2x2—5x+7 5 2 4

T x-2)(x-1)2  x-2  x-1
Hence

f 2x2-5x+7
(x=2)(x—1)?

=5fx%2dx—2fx%1dx—4f(x—1)‘2dx

=51n(x—2)—21n(x—1)—ﬁ+c

7x+2
3x3+x2

(d)

Solution

7x+2
3x3+x2

7x+2
x2(3x+1)

7x+2 A B Cc
2 = t-+=
x?%(3x+1) (Bx+1) x x

Multiplying through by x*(3x+1)
7x+ 2 = Ax? +Bx(3x+1)+C(3x+1)

Puttingx=0;c=2

W
O |

Putting x = - =2—§=>A=—3

Putting x=-1; -5=A+2B-2C,=>B=1

7x+2 -3
= = +-+—
x%(3x+1) (Bx+1) x x

Hence

f 7x+2
x2(3x+1)

—f(3x3+1) dx + f%dx +2 [x %dx

—In(3x + 1) + Inx —§+ c

=In —E+cln
X

3x+3

Integration of improper fractions

Improper fractions are those whose index of the
numerator is equal to or greater than that of the
denominators.

They are first changed to proper fraction by long
division or otherwise, before being integrated.

16
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Example 16

5x2—
(x+5)(x—4)

5x2-71
(x+5)(x=5)

(a) Express in partial fractions.

Hence find [

Solution

5x2-71 _ 5x2-71
(x+5)(x—4)  x2+x—20
Using long division

5
x*4+x-20)5x*+0x-71
- 5x’+5x-100
-5+29
. 5x%-71 —5x+29
7 (x+5)(x—4) x24+x—20
—5x+29 A B

S0 x+5 | x4
Multiplying through by (x+5)(x-4)
-5x +29 = A(x—4)+ B(x + 5)
Puttingx=4,B=1
Putting x=-5; A=-6

-5x+29 -6 1
o (x+5)(x—4) T x+5  x—4
Hence
5x2-71
[————dx
(x+5)(x—4)

1 1
= SJ‘dX-—6_r;:EdX'+_f;jzdx
=5x—6In(x+5)+In(x—4)+c

3-2x
1+x

(b) Evaluate f01 dx

Solution

3-2x _ —2x+3

1+x x+1

Using long division
-2
x+1 ;-2x+3
-2x -2
5

. 3—2x= _2+i

T 1+x x+1

Hence

13-2x 1 11
fo — dx = —Zfo dx+5f0 mdx

= [-2x + 5In(x + 1]}

= -2+ 5In2
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= 1.4657

Revision exercise 7

1. Express the following into partial fraction

8x 6 2
@) 2 e T m]
x*—x34x%41
(b) x3+x [x -1 + t x2+1]
5x—-1 1
(c) 20%4x 10 [2x+5 L
2x%-7x+1
(d) x+1)(2x-1)(x—-2)
[ 1 2 _
2x+1  3(2x-1) 3(x-2)
( ) 6x+7 [x+3 _L]
€ (x2+42)(x+3) x2+2  x+3
5x+7 3 2 3
() (x+1)2(x+2) 1 e E]
2x34+3x%—x—4 3 4 2
® o [2riteom
2. Find

a)f41dx [In( )+tan x+c]

(b) f(x+1)2(x 5)

—In(x + 1) - 2(x+1) _In(x - 5)]
3x24x+1
© J e
1
[ In(x —2) — —In(x +1) - 3(x+1) + 2(x+1)2]

d) fx —x3+x +1dx

+x

[— —x + Inx + tan"1x — %In(l +x?) + c]
5x-1
(e) J oo

2x24+x— 10
[Eln(Zx +5)+In(x—2)+ c]
x2-9x+2
) f (x11)(x—1)(x—2)

[2In(x +1) + 3In(x — 1) — 4In(x — 2)] + ¢

9x+7
(8) f(Zx a0

i 2 B =1 ’Z _
[zln(Zx +3)+mtan ( 3x> 1n(x+2)+c]

(h)f 7+5x—6x2 do

(2x+1)2(x+2)
3 1
[Eln(Zx + 1) — m — 3[7’1(9(' + 2) Ar C]

x2+7x 14
) f(x+5)(x 3)
[x + 3In(x + 5) + 2In(x — 3) + c]
3. Evaluate
() fz 3x*+7x34+8x24+53-186
(x+4)(x2%+9)

dx [-4.5489]

17
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[0.18]
(c) ffﬁ:ﬁ X [0.3489]
(d) fy2—dx [0.1535]
(0) J} g dx [0.4689]
0 f 2o d [0.3165]
@ Jy oy dx [1.05]

Integration by parts

This stems from differentiating the product of a
function, y = uv,

du dv

d—(uv) v—tu—
dv d u
E = a(uv) — Ud—

dv d du
uadx—fa(uv)dx— v_—dx
dv du
Ju——dx =uv - [v—dx
Or simply [ udv = uv — [ vdu

The function chosen as u should be easily
differentiated whereas the other function
chosen as v should be easily integrated.

The above expression of the integration by parts
can be summarized by using a technique of
integration by parts

This is summarized in the table below

Sign Differentiate Integrates
+ u; dv
\ a
- op) = Vi
+ Us Vs
S Uy T~ v

NB: the signs change as +, -, + etc.

The u function is differentiated until a zero value
is obtained otherwise we continue with
differentiation.

The integral of the function is equal to the sum
of result shown in the table above.

Integration by parts is applied in the following
areas:
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A. Integration products of polynomials by
parts

Example 17
(a) Find
(i) [x(x+2)3dx

Solution
Letu=xand & = (x + 2)3
dx

au__ . ., _1 4
dx—l, v—4(x+2)

From [udv = uv — [vdu
Jx(x +2)3dx

:ix(x +2)*— 1.%(x + 2)*dx
:ix(x +2)* — if(x + 2)*dx
=1 4_ 1 5
—4x(x+2) 20(x+2) +c
=%(x+2)4(5x—x—2)+c
=% (x+2)*(4x—2) +¢
—(x+2)* -1 +c

Or by using basic techniques

M C
=—(x — 4)°(6x +25) + ¢
Sign Differentiate Integrates
+ x+3_ (x — 4)°
- 1 S (x +2)°
+ 0 > 1 7
" (x+2)

[(x+3)(x —4)%dx
=(x+3)(x — 4)5—éx(x +2) +¢
o (e +3)(x — 4)°dx

=—(x — 4)°(6x +25) + ¢

(iii) [ =2 g

(x+2)%

Solution

X

[ 222 dx = [(3x — 4)(x + 2)~*dx

(x+2)%

Let u =(3x —4) and % =(x+2)*

du
dx

3x—4
| Gy dx

=3;,v=—

S +2)7

Sign Differentiate Integrates
+ X (x +2)3
- 1 S (x +2)t
< 0 S (x+2)°

[ x(x +2)3dx :%x(x + 2)* — %(x +2)°+c

== @+ 2*x -1 +c

o x(e + 2)3dx=% x+2)*x—1D+c

(i) J(x+3)(x—4)°dx

Solution

_ Yo (x — 4)5
Letu—(x+3)anddx—(x 4)

du
dx

=1;v=

=(x —4)°

[(x+3)(x —4)%dx

= (x+3)(x — 4)° — = [ 1. (x — 4)°dx
=§ (x+3)(x—4)° - %f(x —4)8dx
=%(x +3)(x — 4)° —é(x—4)7 +c
— (=D (T +3)—x+4) +c

18

= —2(Bx- )@+ - [3. -3 (x +2)Pdx
= —2(B3x- 9)(x + 273 + [(x +2)3dx

= —§(3x— 4)(x+2)73 —%(x+2)_2 +c

_ 4-3x 1
T 3(x+2)3  2(x+2)2

+c

_ 2(4-3x)—3(x+2) 2—9x

. 6(x+2)3 T 6(x+2)3

. f 3x—4 dx = 2(4-3x)—3(x+2) _ 2-9%

T 2t T T 6(x+2)3 T 6(x+2)3

Sign Differentiate Integrates

+ 3x-4 (x—4)™*
- 3 ~ % (x — 4)73
* 0 (- 4)7?

3x—4
f(x+2)4 dx
= B - -H TP - @-D T+

. 2-9%
T 6(x+2)3

+c
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(b) Evaluate
(i) fozx(x —3)2%dx

Solution
Sign Differentiate Integrates
+ X (x — 3)?
- 1 S (x - 3)3
+ 0 =S L 34
> (x—3)

[x(x —3)%dx = éx(x -3)3 —%(x —3)*+c
== (@ -3P@r—x+3)+c
=—(x-3°Gx+3)+c

=§(x—3)3(x+1)+c

> [PxCc- 3 dxfte- 3G+ 1)

=D3_ D27 _2_ ¢
4 4 4
N (6
0 f \/L_de
Solution
Sign Differentiate Integrates
+ X _1
(x—2)2
- 1 1
2(x —2)2
3
+ 0 S g(x _2)z
x 1 4 3
f\/ﬁ 2)z -3 (x — 2)2+c
1
=Z(x—2)[3x — 2(x - )] +¢c
1
=2(x-2)2(x+4) +c
6 x 1 6
= \/_dx [ (x—2)2(x+4)]3

- [— (6-2)2(6 + 4)] - 23 - 2023 + 4]

=220-7)=%=382

Revision exercise 8

1. Integrate

(@) J(x—1)(x + 2)%dx
fa-2@+2)°+

(b) [(3x — 1)(2x + 3)%dx
[ (18x — 17)(2x +3)* + |

(c) J(2—=5%)(4 —x)*dx

19

M C
% (25x + 8)(4 — x)5]

x—2
(d) f(Zx 3)2dx

—In(2x —-3)+

el
x+4

(e) fmdx
1(3x +40)V3x — 2 + c]

3x+1

() f el

In (5 x) +— + c
2. Evaluate

(a)f x%(x + 3)3dx

x? 586
b Fame 5
B. Integration products of polynomials and

circular/trigonometric functions by parts

[108

Example 18

(a) Find
(i) [ xsin xdx

Solution
dv .
Let u =x and — = sinx
dx

du
— =1, v =-cosx
dx

[ xcos xdx =—xcos x — [ 1.—cosx
=—xcos x + sinx + ¢

Or: by using basic technique

Sign Differentiate Integrates
+ X sinx
- 1 ~N\ —COSX
+ 0 N —Ssinx
fxcos xdx = —xcos x + sinx + ¢

(ii) [ x2cosxdx

Solution

dv
Let u = x? and — = cosx

_ 2X, V = sinx
dx !

[ x?cosxdx = x?sinx — 2 [ xsinxdx+c
dv q

Letu=x and — = sinx
dx

du
— =1, v =-cosx
dx
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[ x?cosxdx
= x2sinx — 2[—xcosx — [ —cosxdx] + ¢
= x%sinx — 2[—xcosx + [ cosxdx] + ¢
= x?%sinx — 2[—xcosx + sinx] + ¢
= x%sinx + 2xcosx — 2sinx + c
Or using basic technique

Sign Differentiate Integrates
" x? coSx
- 2x > sinx
+ 2 = —cosx
- 0 > —sinx

[ x?cosxdx =x’sins+ 2xcosx — 2sinx + ¢

(iii) [ x?sin®xdx

Solution
d ) 1

Let u=x?and = = sinx = = (1 — cos2x)
dx 2

du 1 1 .
— =2x,V =—(x - —stx)
dx 2 2

[ x2sin?xdx
:lxz (x - Estx)
)-

_1
2

[ 2x.= (x — lsian) dx

x? (x — %stx [ x2dx += fxstxdx

=lx2 (x - lstx) - —x +- fxstxdx
Letu-xand—= sin2x

du
= landv= ——cost
dx

[ xsin2xdx =—Exc052x+zsin2x+c

Substituting for [ xsin2xdx
[ x2sin?xdx
i 5 ( 1, 1.5 1] 1 1.
=x°|x— —sm2x) == qp = [— =XC0S2X + - stx]
2 2 3 2 2 4

3

1 1 . 1 1 1 .
=5x2 (x — Estx) -3 - Zxcost -+ gsm2x +c

1 1

= —x3 D74 — T = e
—6X 4x Sinzx 4_JCCOS X 8sm X Cc

Or by using basic technique

Sign | Differentiate Integrates
2 ] 1
+ x sin’x = - (1 — cos2x)
- 2x 4. L
~_ 2 X — - sins2x
1 1
+ 2 ~x? + 5 c0s2x
AN
i 1 .
- 0 —x3 + —sin2x
12 16

[ x2sin?xdx

20

M C

= %xz (x —lsian) —2x ze + %cost) +

2 (112 x3 + —sm2x )
1 1

=—x3 2sin2 ! 2+1'2+
= g X% =7 x%sin2x — 2 xcos2x + gsin2x + ¢

(iv) [ xcos?xdx
Solution

[ xcos?xdx

dv 1 1
Letu =x and e coszx: >+ cos2x

Zz =1,v= (x T = sm2x)

[ xcos?xdx

= %x (x + %sian) - 1.%(x + %sian) dx
1

=x (x + %sian) - %fxdx —%fsiandx
=1x2 + Lsin2x —2x2 +Lcos2x + ¢

2 4 4 8
=1x2 + Lsin2x + 2 cos2x + ¢

4 4 8
(b) Evaluate

T

N (e
(i) J2x*cosxdx

Solution

T
JE x*cosxdx

T

=[x?sinx + 2xcosx — 2sinx]?
2

=[%sin%+ 2.§COS§ - ZSing] -0
2

:(”— - 2) = 0.4674
4

T
(i) [#xtan®xdx
Solution

dv
Letu=xand — = tan’x = sec’x — 1

du
— =1;v=tanx -x
dx

[ xtan®xdx=xtanx - x2- [ (tanx — x)dx

1
=xtanx - xz+lncosx+5x2 +c

1
=xtanx +Incosx— Exz +c
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Or by using basic technique

K

Sign | Differentiate Integrates
+ X tan’x = sec’x — 1
- 1 tanx — x
1
+ 0 —Incosx—;x2 +

1
[ xtan?xdx=xtanx - x?+Incosx+-x? + ¢

1
=xtanx +Incosx— Exz +c

Hence;

T

T =
= 1 2

Jg xtan®xdx = [Xtanx + Incosx — Exz]
0

3

2
= [Etanz IF Incosz—l(—) ] -0
4 4 4

2 \4
= 0.1304

Revision Exercise 9

1. Integrate each of the following
(@) [xsin2xdx
[—%cost aF isian ap c]
(b) [ x2sinxdx
[—x2cosx + 2xsinx + 2cosx + c]
(c) [(x+ 1)%sinxdx

[(1=2x —x?)cosx = 2(x + 1)sinx + c]

(d) [x2sinxcosxdx

(e) fx3 cos x? dx

2 x2sinx? + = cos x2 + c]
2 2

() [(xcosx)?dx

2. Evaluate
(a) f;rxzsinxdx [5.8696]
(b) f:xZCOSZxdx [0.0584]

(c) fozxtanzxdx [0.1304]

C. Integration products of polynomials and

exponential functions by parts
Examples 19

(a) Find
(i) [xe*dx

Solution

dv
Letu=xand — = e*
dx

21

ﬁcost(l —2x%) + %xsian + c]

13 +102x% = 1) + Sxsin2x + c]
6 8 4

M C
au _ 4. _x
dx—l,v—e

[ xe*dx = xe* — [1.e*dx
=xe*—e*+c

Or by using basic technique

Sign | Differentiate Integrates
+ X —| e*
_ 1— ] > e
+ 0 > X
[xe*dx = xe* —e* + ¢
(i) [xe *dx
Solution

dv —
Letu=xand—=¢e¢~*
dx

du
—=1,v=—e
dx

[xe*dx = —xe™ — [1.—e *dx
= —xe ¥+ [e¥dx

= —xe*—e*+c

Or by using basic technique

Sign | Differentiate Integrates
+ X — e_x
= 1 — \—e_x
+ 0 > X
[xe*dx = —xe* —e* + ¢
(iii) [ xe3*dx
Solution

dv
Letu=xand — = e3%
dx

du 1
—=1;v=—e3*
dx 3

1 1
Jxe¥dx = Zxe’ —ce¥ +c

Or by using basic technique

Sign | Differentiate Integrates
+ X — e3*
R 1 \ \%e%
+ 0 \ 1e3x
9

1 1
Jxe¥dx = sxe3* —ce¥ +c
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(b) Find
(i) [ x.2%dx

Solution
d
letu=xand < = 2%
dx

du 2%

=1;,v=
dx In2

X2t _ 1 (o
J x.2%dx="— — — [ 2¥dx

x.2% 1 [2%
) e
In2 In2 \In2

2x
—E(x—1)+c

(i) [3VEx—Dgy

Solution
Letp:m,p2=2x—l
2pdp = 2dx

pdp = dx

= [ 3V@*Ddx=[ 3P pdp
dv
= & _3p
Let u=p and v 3

du _ 3P

=1,v=—
dp In3

f3p.pdp:3p_-p_Lf3pdp

In3 In3
14 p
:—3 p—i(3—) +cC
In3 In3 \In3
f31/(2x—1)dx

myl(zx—l) 1 (3\/(2x—1)> +
= - c

In3 In3 In3

N[cr=) I —
=31n3 ( (zx_l)_%)-i_c

(c) Evaluate

(i) fol xe *dx

Solution

fol xe ¥*dx = [-xe™* — e *]}
=(-e'—e)-(0-¢

=-2e1+1

22

M C

—1-2
e

= 0.2642
(ii) fol xe3¥dx
Solution

1
1 1 1

[ xe3*dx = [—xe3x ——e3x]
0 3 9 0

1 1 1
— =3 _—.3| _|p_=,0
[3e 96] [0 96]
2,3 ,1_
—ge +9 4.5746
Revision exercise 10

1. Integrate each of the following with respect

to x

(a) xe3* < @x -1+

(b) x2%e* [e*(x? — 2x + 2) + ]
(c) x3e*’ ? x*-1)+ c]

d) x%e™%¥ —Q(sz +2x+1)+c
( 4
x? [ 1 _,3
(e) g :— € + c]
() e*G+e™)? [Z3+eM)’+(
2. Evaluate each of the following
(a) fol x? e*dx [1.5973]
(b) [, (x — De¥dx [2]
D. Integration products of polynomials and
inverse trigonometric functions by parts

Example 20

(a) Find
(i) [sin"txdx

Solution
[ sinlxdx = [ 1.sin"xdx
P | dv
Letu=sin” " xand—=1
dx

du 1

dx  Vi-x2’

V=X

.1 .1 X
sin”*xdx =xsin”"x — | ——dx
f f Vi—x2

x
Forfﬁdx
letu=1-x
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Du= -2x

L du = dx
2x

X X 1
fmdx = fg-;du
1
= —1fuzdu
2
1 0 1
= —E[Zuz +c] =—uz+c

By substitution

1
[ sin™lxdx =xsin"lx + uz + ¢

o [sinTlxdx =xsin"lx + V1 —x% + ¢

(ii) [cos™?t (E) dx

Solution

— X — X
[ cos™t (Z) dx=[1.cos™?! (Z) dx
Letu=cos™t (f) and 2 =1

a dx

L
dx ~ VJaZ—x?

_ _ 1
[ cos 1(§)dx = xcos 1(§)+fm dx

X

Forf\/_m dx

Let u = a? — x*
Du= -2x

= du = dx
2x

x x 1
f—mdx = fg—zdu

1
= —%fu_Edu
1

= —%[Zu%+c] =—uz+c

By substitution

1
[ cos™t (g) dx =xcos lx +uz + ¢

o [cos™t (z) dx =xcos 'x +Va? —x?+¢

(iii) [ xtan™1x dx

Solution

23

_ dv

Letu=tan x and — = x
dx
L (Y
dx  1+x?’ 2
-1 1 2 -1 1 xz
[ xtan™'x dx = >x%*tan™'x — = [ —;
2 29 1+x

For[ X dxzf(l— 1 )dx

1+x2 1+x2

1
=[dx— [ dx
=x—tan " 'x+¢

By substitution

[ xtan™tx dx
1 1
S Exztan‘lx -3 [x —tan™1x] + ¢
1 1 1
— Exztan‘lx —Sx+ Etan‘lx +c
1
=3 [(x? + Dtan ™ 'x —x] + ¢
1 o =gl
(b) Evaluate [ xsin~'xdx
Solution
.. d
Letu=sinxand = = x
dx

du _ 1 . y= 1x2
dx  V1—x?’ 2

2
o =il 1 2 . 1 1 X
xsin~ xdx = =x°sin”'x — = | ——dx
f 2 2f\/1—x2

2
Forf\/%dx

Let x = sinB => dx = cosBdB

x2 sin?6
fﬁdx = fm.COS@dQ
sin?%6
= [ —— - cos0do
= [ sin?6 d6

= %f(l — c0s26) do
=19 —Lsin2e +c
2 4
1 1, .
= 59 — (2sinBcosh) + ¢
1 1, .
= 59 -3 (sinfcosB) + ¢
= %sin‘lx — %xx/l —x2+c

o [ xsin™lxdx
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1 5 . _ 1, _ 1
=Exzsm 1x—zsm 1x+1x\/1—x2

1
Jo xsin™ xdx

1
. 1. _ 1
x?sin 1x—zsm 1x+zx\/1—x2]
0

I
— —
N |-

N |-

.l.sin™11 — isin‘i(l)] —(0)

NS
® |3

8
Revision exercise 11

1. Find the following integrals
(a) [tan™13xdx

[xtan‘lx - %In(l + 9x?) + c]
xsin~1x
(b) [0 dx
[xsin™1x + V1 — x2*¢]
(c) [sec lxdx
[xsec™lx — In(x + Vx2 — 1) + (]
(d) [ cot™lxdx

[xcot‘lx + %In(l +x?) + c]

2. Evaluate
1 . -1 A
(@) [, sin~'xdx [5_1]
(b) folcos‘lxdx [1]

E. Integration products of polynomials and
logarithmic functions by parts

Example 21

(a) Integrate
(i) [Inx?dx

Solution

[ Inx?dx =/ 1. Inx?dx
Letu= Inxz,H =1
dx
du 2x 2
oo e
[ Inx?dx = xInx? — fo.idx
= xInx? —2x +c
=2xInx —2x + ¢
« [ Inx?dx = 2xInx —2x + ¢
(i) [xIn(x?—1)dx

Solution

24

K

M C
Letu=In(x?—1)and & = x

dx
d_u_ 2Xx ;v:lxz

dx  x2-1

[ xIn(x? — 1)dx

= %len(x2 -1) - %xz.xifl dx
=1x2Imx?-1) - i L
2 x2-1

X'3

For[ —— dx

By using long division

x3

x2-1 x2-1

o [ dx=[xdx+ [—2d
2 dx = | xdx = dx

= %xz +%In(x2 -D+c
o [ xIn(x? — 1)dx
= %len(x2 -1 -

(iii) [ x"3Inxdx

12_1 2 _
SX 2In(x 1)+c

Solution

dv _
Letu=Inxand — = x~3
dx

du 1 1 _
— =-andv=—-x"2
dx X 2
_ 1 101 _
Jx 3 nxdx = —Zx72Inx + 2 [ —.x 7% dx

= —%x‘zlnx + %fx_3 dx
=—1x2mx—1x2+4¢
2 4
= —%x‘z(lnx +1)+c¢
(b) Evaluate flloxlogw xdx

Solution

Changing from base 10 to base e

Ine

logigx = —
810 n10

10 1 (10
xlo xdx = — xInxdx
fl glO n10 fl

dv
Letu=Inx;,—=x
dx

du
dx

1 1
=—v :-—xz
x 2

i pat 1 1 1 1%
1 =—[— sy — = 2]
Inlofl MO = o 27 ™ T

1 1
= [(501n10 —25) - Z]

- L[somw _¥ —50-2
In10 4 4In10
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K

1. Integrate each of the following

() xInx
(b) x%Inx

(c) VxInx
(d) (Inx)?

Inx

(e) =

x2

(f) 3*x

[x(2

2
& (2Inx — 1) + c]

2

5 BInx —1) + c]
%\/F(Slnx —-2)+ c]
— 2Inx + (Inx)?) + ]

[ 1
_—;(Inx +1)+ c]
= o

Ty (xIn3 —1) + c]

M

2] = —e¥cosx —e *sinx — [ + A

I = —%e‘x(cosx + sinx) + ¢

o [ e *sinxdx = —%e‘x(cosx + sinx) + ¢

Or by using basic technique

(8) x(Inx)?
Exz(l — 2Inx + 2(Inx)?) + c]
2. Evaluate the following
(@) [} xInxdx  [70.9503]
(b) [ (x — Din(2x)dx [1.0794]
© f/™dx  [0.4034]

F. Integration of products of exponential and

trigonometric functions by parts
Example 22

(a) Find
(i) [e *sinxdx

Solution

Taking | =[ e *sinxdx

_y adv .
Letu=e™*, — = sinx
dx

du —
— = —e~%; v=-cosx
dx
=>] = —e ¥cosx — [ —e™*.—cosxdx

I =—e*cosx — [ e™™.cosxdx ...(*)

For[ e™*.cosxdx
_y dv
Letu=e™*,— = cosx
dx

du
dx

= —e™*; v=sinx

[ e™*.cosxdx = e *sinx — [ —e *sinx
=e *sinx+1 ... (**)

Substituting for (**) in equation (*)

I = —e*cosx —e *sinx — 1

25

sign Differentiate integrate
+ e ™ sinx
- —e™* -COSX
+ e™* <—{-sinx
I = —e *cosx — e *sinx — [ e *sinx
I =—e*cosx — e *sinx — I
2] = —e *cosx — e *sinx + A
1 .

I = —e (cosx + sinx) + ¢

x 1 _ .
o [ e *sinxdx = —5e *(cosx + sinx) + ¢

(i) [ e**cos3xdx
Solution

Taking | = e?*cos3xdx

dv
Let u = e?*, — = cos3x
dx

du

i
= 2e?¥; v = =sin3x
dx 3

= %ezxsin?)x —fZezx.ésiandx
i B 2 2 *

=ze sm3x—§fe sin3xdx ... (*)
For [ e%*sin3xdx

dv .
= P —
Letu = e?* sin3x
dx

[ 2 sin3xdx
1 1
= — 2 e?*cos3x— [ 2e%*. — —cos3xdx
1 2
= —Eezxcos3x+§f e?*cos3xdx
1 2
= —Eezxc053x+51 ...................... (**)

Substituting (**) into (*)

1 . 2/ 1 2
I = —e2x5|n3x——(——ezxcos3x + —I)
3 3\ 3 3
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1 ) 2 4
= ~e?*sin3x+=e?*cos3x+ -1 +c
3 9 9
13 1 ) 2
— ] ==e**sin3x +=e%*cos3x + A
9 3 9
3 2xe: 2 ox
I = —e**sin3x+—e**cos3x + ¢
13 13

I = %ez"(3sin3x + 2cos3x) + ¢

~ [ e**cos3xdx = %ezx(Bsin3x + 2cos3x) + ¢

(iii) [ e3*sin2xdx
Solution
Taking | =[ e3¥sin2xdx

dv .
Let u = 3%, — = sin2x
dx

du 1
— = 3e3%:; v = — =cos2x
dx 2
1 3x 3x 1
I = —-e%*cos2x — [ 3e%*. — - cos2xdx
1 3x 3 ,3x *
I=—e c052x+5fe cos2xdx ... (*)

For [ e3*cos2xdx
dv

Let u = 3%, — = cos2x
dx

du
dx

[ e3* cos2xdx

1.
=3e3*;v= Ssin2x

1 . 1,
= = e3*sin2x— [ 3e3*.=sin2xdx
2 2
1 : 3 )
= —e*sin2x— = [ e%*sin2xxdx
1 ) 3
= =e3%siN2X— =1 wovereereerees (**)
2 2
Substituting (**) into (*)
1 3 /1 . 3
I = —=e3*cos2x + —(—e3xsm2x = —I)
2 2 2 2
1 3 . 9
= —-e3*cos2x + =e3*sin2x — =1 +c¢
2 4 4
13 1 3 :
=] =—=e3%%cos2x + =e3*sin2x + A
4 2 4
2 3x 3 3x:
I = ——e°*cos2x+—e>*sin2x + ¢
13 13

1= %e3x(35in2x — 2c0s2x) + ¢

26

M C

~ [ e3*sin2xdx = 1—13e2x(35in2x —2c0s3x) + ¢

Or using basic technique

sign Differentiate integrate
+ e3% sin2x
3 1
- 3e°* \\ -ECOSZX
3 1.
+ 9e>% <__\ ~sinx
1 3 . 9
I = —=e3%cos2x +=e3*sin2x — =1 + ¢
2 4 4
13 1 3 .
=] =—=e3%%cos2x + =e3*sin2x + A
4 2 4
— 2 3x 3 3x.;
I = ——e®*cos2x+ —e>*sin2x + ¢
13 13

1= 1—13e3"(35in2x — 2c0s2x) + ¢

~ [ e¥*sin2xdx = %ezx(3sin2x — 2c0s3x) + ¢
(b) Evaluate foooe‘zxsinSxdx

Solution

Taking | =e ~?*sin3xdx

— dv .
Letu=e %*, — = sin3x
dx

du _ 1
— = —2e~%%; y = — =cos3x
dx 3
1 —ox 2x 1
I = —Ze **cos3x-[ 2e?*._sin3xdx
1 3x: 2 —2x *
I=ze sm3x—§fe cos3xdx ...... (*)

For [ e ?*cos3xdx

2x

— dv
Lletu=e ,— = COSX
dx

du

1,
= —2e?*: vy ==sin3x
dx 3

[ e=?*cos3xdx

—%e‘zxsin3x+§f e%*sins3xdx
= — e 2in3x+ 2] ... (**)
3 3
Substituting (**) into (*)
1= —le‘zxcos3x—z(le‘2xc053x + ZI)
3 3\3 3

—2x

1 _ 2 . 4
=—_e 2"cos?:x—;e sin3x — 21 +c

13 1 _ 2 _ .
SI=—ze 2xscos3x-ge 2Xsin3x + ¢
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I = —1—13e‘2x(30053x + 2sin3x) + ¢
o [ e **sin3xdx
= —1—13e_2x(3cos3x + 2sin3x) + ¢

= fooo e ?*sin3xdx

=[- L e 2*(3cos3x + 25in3x)]
13 0

3 .
=—sincee® =0
13

Revision exercise 13

Integrate each of the following with respect to x

(a) e*cosx éex(sinx + cosx) + c]

(b) e*sinxx %ex(sinx — cosx) + c]

(c) e*™cosbx -bizz (acosbx + bsinbx) + c]
(d) e3*sin2x 1—13 e3*(3sin2x — 2cos2x) + ¢

G. Integration of products of trigonometric
functions by parts

A student should take note of the following

(i) [tanxdx = In(secx)+c

Proof
iIn(sex)dx = SCCXLANE _ ¢ omx
dx secx
Hence [ tanxdx = In(secx)+c
(ii) [ cosecxdx = —In(cosecx + cotx) + ¢
Proof

2

—cosecxcotx—cosec“x

d
— In(cosecx + cotx)dx =
dx cosecx+cotx

__ —cosecx(cotx—cosecx)

cosecx+cotx
= —cosecx

f cosecxdx = —In(cosecx + cotx) + ¢

(iii) [ secxdx = In(secx + tanx) + ¢

Proof
d secxtanx+sec?x
—In(secx + tanx)dx = ————
dx secx+tanx
__ secx(In(secx+tanx))
secx+tanx
=secx

=~ [ secxdx = In(secx + tanx) + ¢

(iv) [ cotxdx = In(sinx) + ¢

27
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Proof

Ccosx

d .
—In(sinx) = — = cotx
dx sinx

~ [ cotxdx = In(sinx) + ¢

Example 22

(a)

Taki

Find
(i) [sec3xdx

Solution

ngl = [sec3xdx = [ secxsec?xdx

dv
Letu=secxand — = sec?x

I =

2l =

=

o f

1
2
(ii)

Taki

du
= = secxtanx; v = tanx

secxtanx- [ (secxtanx)tanxdx
secxtanx- [ secxtan®xdx
secxtanx-[ secx(sec?x — 1)dx
secxtanx—[ sec3xdx + [ secx dx
secxtanx- | + In(secx+tanx)+c

secxtanx + In(secx+tanx)+c

[secxtanx + In(secx + tanx)] + ¢

N | =

sec3xdx
[secxtanx + In(secx + tanx)] + ¢

[ cosec3xdx

ngl = [ cosec3xdx = [ cosecxcosec?xdx

dv
Let u = cosecx and E = COS€C2x

~
I

21 =

I =

du
E = cosecxcotx; v = -cotx

—cotxcosecx- [ (secxcotx)cotxdx
—cosecxcotx- [ secxcot?xdx
—cosecxcotx-[ cosecx(cosec?x — 1)dx
—cosecxtanx-[ cosec3xdx + [ cosecx dx
—cotxcosecx-1 + [ cosecx dx+A

—cotxcosex) — In(cosecx + cotx)+c

- % [cotxcosecx + In(cosecx + cotx)] + ¢
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~ [ cosec3xdx sinf@ =
— 1 1-t2
= [cotxcosecx + In(cosecx + cotx)]| + ¢ ;psf = -
u 8 Generall
(b) Show that [ sec3xtanx = - (9 —+3) ¥
6
Ift= tan%k@, then
Solution
: 2t
[ sec3xtanxdx = [ sec?xsecxtanx sl = 77 e
—cpp2 av _ _ 1-t2
Let u =sec®x and — = secxtanx coskl = —
B — 9sec?x; v = secx Example 23
dx !
Find

[ sec3xtanxdx = sec3x — 2 [ sec3xtanxdx

I —sec®x—2]+c (a) [ cosecxdx

Solution
3] = sec3x

1
1 Lett=tan-x
I=§sec3x+c 2

L L s dt = sec? %xdx
[ sec3xtanx = [Esec3x]3n
6 6 2dt = (1 + t?)dx
_ 1 3(m\ _ 3(_F 2
= 3|5¢¢ (3) Sec ( 6)] dx = T2 dt
_1[q_ 8] _1[q_8V3 1 1+t2 2
=38 e i [8 5 ] [ cosecxdx = fsinx dx = [——.— %
=§_1_ﬁ] =f%dt=1nt+c
° K ~ [ cosecxdx = In (tan%x) +c

= % [9 - V3] (b) [secxdx

Revision exercise 14 Solution

Integrate each of the following with respect to x Lett= tan%x

1. sec3x 1
dt = sec? Exdx

E [secxtanx + In(secx + tanx)] + c]

2 cosecdx 2dt = (1 + t¥)dx
1
[— > [cotxcosecx + In(cosecx + cotx)] + c] dx = 1+2t2
3. sec3xtanx A
[ secxdx = =[—.—d
[lsec3x] 1-t= 1+t
3 - f1—t2 - f(1+t)(1—t) i
Integration using t- substitution 2 A B
let———— ="~ + —

A+t)(1-t) 1+t 11—t
Case 1l

2=A(1-t)+B(1+1)

We know that if t = tanle, then
z Puttingt=1,B=1
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Puttingt=-1; A=1

2 1 1

:>(1+t)(1—t) T 1+t + 1-t

1 1
f1 tzdt‘fmdﬂ'fadt

—In(1+t)—1n(1—t)+c—In(1+t)+c

1+tansx
~ [ secxdx = In it

—tan-x
2

(c) [sec3xdx

Solution
1 3
lett = tan (3x) = tanx

2dt = 3(1 + t?)dx

2

dx = 3(14)

dt

dt

1+t2 2
sec3xdx = = .
f fcos3x fl—tz 3(1+t2)

%o il ip @
- §f1—t2 dt = Efl—tz dt

2 _ A B

Et(1+t)(1—t) BT

2=A(1-t)+B(1+t1)
Puttingt=1,B=1

Puttingt=-1; A=1

2 1 1

=>(1+t)(1—t) gL

1 1
f1 tzdt_fmdﬂ'fadf

—In(1+t)—1n(1—t)+c—In(1+t)+c

1 1+tanix
~ [ sec3xdx = sn —|+c

1
1—tan5x

(d) [

Solution

3— ZCOSX

1
Llett= tanzx

1
dt = sec? Exdx

2dt = (1 + t?)dx

29

M C

2
dx = —
1+t

dt

edt=2 f 1+5t2
1+t2

f3 2cosx _f (1 tz) 1+152

= %tan'l(\/gt) +c= %tan'l(\/gt) +c

o f——dx = %tan‘1 (@tan%x) +c

3—2cosx

e) f35in2x+4 x

Solution
Lett = tanx
dt = sec®xdx

dt = (1 +t?)dx

1
1+t2

f'z dx:f; 1
+t

dx =

3sin2x+4

1 1
=J= dt = [ dt

+3t+2 g+2(t+3)2
VZ(t+3

= i.@mn‘1 ( D) +c

Ve ©)

8
_ 2 _q1 (4t+3)
= \/_ta 7 +c
f 2 dx = 2_x/7tan_1 (4tanx+3) te
3sin2x+4 7 7

( ) f3+5cos =X
Solution

lett= tan%x

dt = Lsec? L xdx

4 4
dt = %(1 + t2)dx
dx = ——dt

1+t

2 4
(&) f3+SCos—x f +5(1+i2) 1+t2 i
2
- f4——t2 - f(2+t)(2—t) dt
2 _ A B

¢ 2+t)(2-t) _ (2+b) ot
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2=A(2-t)+B(2+1)

Putting t = 2; B=%
. 1
Puttingt =-2; A= 3

2
f 3+ScosEx _fadt t3 f_dt

= %m(z +t) —%m(z —t)+c

= —I (ZH) €
2+tanx
= )+c
2—tanzx

When integrating fractional trigonometric

f;ldx = %In

3 +5c055x

Case Il

functions containing the square of sinx, cosx,
etc.

We use the

t-substitution, t = tanx

For sin’kx or cos’kx, we use t = tanx
Example 24

Find the integrals of the following

@ [

Solution

4sm2x 9cos2x

Dividing numerator and denominator by cos’x

f 1 f sec?x
45sin2x—9cos? x 4tan?x— 9
f 1+tan?x
4tan?x— 9
Let t = tanx

dt = sec’xdx = (1 + t?)dx

dt
dx =5
(1+t2)
f 1+tan’x _ f 1+t2 dt
atan2x-9 7 4t2-9  (1+¢2)

=/ (2t+3)(2t-3) dt

ot 1 _ A B
(2t+3)(2t-3)  (2t+3) = (2t—3)

30

M C
1=A(2t—3) +B(2t +3)

3 1
Putting t —E =5

Puttingt:—E;A:—l
2 6

1
f(2t+3)(2t 3)
B
- Ef(2t—3) dt +3 f(2t+3)
= l.lln(Zt —3)— E.Eln(Zt +3)+c

=5in(Gm) ¢

1 1 2tanx-3
4sin“x—9cos*x 12 2tanx+3
1

(b) fﬁdx

in25x

dt

Solution

Dividing by the numerator and denominator
cos?5x

1 sec?5x
[ -
3+4sin“5x 3sec“5x—4
_f 1+tan?5x

3+7tan?5x

Let t = tan5x

dt = sec?5xdx = 5(1 + t?)dx

dt
dx = ——
5(1+t2)
1 1+t2 dt
[ drf () s
3+4sin25x 3+7t2/ " 5(1+t2)
1 1
= dt
5f3+7t2
1 1 7

=15 g (F)
573tn ﬁt+c

=——tan! (ﬁ tanSx) +c

sv_ V3
1 21 _ 21
o f———dx = Etan s (EtanSx) +c
3+4sin<5x 105 3
sin?3x
(c) f1+c0523x
Solution

Dividing numerator and denominator by cos?3x

f sin?3x _f tan?3x _f tan?3x
1+cos?3x - sec23x+1 2+tan23x
Let t = tan3x

dt = 3sec?3xdx = 3(1 + t?)dx
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T 3(1+t2)
f tan?3x _f dt
2+tan23x 2+t2 7 3(1+t2)
1 i
R R S—
37 (2+t2)(1+t2)
t2 __ Ax+B | Cx+D

et D)~ @ved) | wee?)

By equating coefficients and solving
simultaneously
A=2,C=-1,B=D=0

sin?3x 2 1
f1+c0523x X = f(2+t2) - f (1+t2) dt

= é[% tan~1 (%) - tan‘lt] +c

[\/_ (ta\;l;x) tan‘l(tan3x)] +c
= gtan‘1 (mj;x) — étan‘l(taan) +c

d) [ =

Solution

f 1
cos2x—3sin?x

Dividing the numerator and denominator by

COSHX

f 1

sec2—5tan?x

coSs2x— 3sm2

1
x = | ———dx
fl—Ssinzx

Let t = tanx

dt = sec’xdx = (1 + t?)dx
_at
T (1+t2)

1 dt
——dx=| —.—
fl—Ssian f1—4-t2 (1+t2)

- f1—4t2
. 1 _ A B
€ (1+20)(1-2t  1+2¢t 1-2t
1=A(1-2t)+B (1+2t)

Putting t = l; B= £
2 2

. 1
Putting t = _E; A=
f 1 1, dt 1, dt

N | =

(1+2t)(1-2t) t=3 1+2t 27 1-2¢t
1 [lln(1 +2¢) —2In(1 - 2t)] +c
2 12 2

=In (ﬂ) +c
4 " \1-2¢

f;_dx _ %In (1+2tanx) Iy

c0s2x—3sin%x 1-2tanx

Revision exercise 14

1. Integrate the following

31

1
‘= Tna-an &

M C

[3tanix+1
(a) f3+5$lnx
tan—x+3
[ 1
1 1 3+tan=x
(b) [ dx —In( 2 >+C]
44+5cosx 3 3—tan5x
1 [ 1 ]
(C) f1+551n2x dx __ 1+tanx
[ _ 1 1
(d) [———dx |tan™? (— tan—x) + c]
5+3coszx ! 2 4

e) f 2+sm x

1 2tan—x+1
\/5 +c

2. Integrate each of the following

(a) f;dx

1+2sin?x

? tan~t(V3tanx) + c]
(b) f—

’ 1-10sin?x

iln(l + 3tanx) — iln(l — 3tanx)] +c
6"

(C) f sSin“x dX

1+cos?2x

[ _1 (V2

_\/Etan L (7 tanx) —x+ c]
4

(d) J

cos2x+9sin?x

[4 —

Stan 1(3tanx) + c]
i 1+sinx

cos?x
[tanx + secx + c]

1
(f) f1+tanx
Ex + %In(cosx + sinx) + c]

3. Evaluate

(a) foz

(b) f03 5+4cosx dx [; ]

@ [—2 [2In2]

——4+Scosx
(d) foz

Integration of special cases involving
splitting the numerator

(3]

1+smx

—-TT

[In6]

3sinx+4cosx

Casel

When a fractional integrand with quadratic

denominator expressed in the form of& is

g9(x)
such that g(x) cannot be factorized or written in

simple partial fractions, it is normally very useful
to express it as a fraction by splitting the
numerator.
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i.e. Numerator = A(derivative of denominator +
B

Example 25

Find the integral of each of the following

)fle

2+3

Solution

Numerator=A [% (4x% + 3)] +B
2x — 1 =A(8x)+B

Putting x =0, B=-1

Putting x = 1, A :i

2x—1 1
f4x2+3 4f4x2+3 f4x2+3 =
= lIn(4x +3) — 8 (?x) +c
2x+3
) fx +2x+10
Solution

Numerator=A [:—x (x? + 2x + 10)] +B

2x +3 =A(2x+2)+B
Puttingx=-1,B=1

Puttingx=0,A=1

f 2x+3
x2+2x+10

=—f 2x+2 +f;dx

x2+2x+10 x2+42x+10

—In(x +2x+10)+fmdx

— 2 Lion-1 (X2
= In(x +2x+10)+3tan (3)+c

X
(C) fx2+3x+5 dx
Solution
a . 2
Numerator=4 [— (x*+3x+ 5)] +B
dx
x =A(2x+3)+B
3

Putting x = —E, B=—-
2 2

Puttingx =0, A = —%

32
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x
fx2+3x+5

I 2x+3
2+3x+5

- Efx2+3x+5
1 3 1

=-In(x>+3x+5)—>[——
: e

_l 2 _i =il 2x+3
—Zln(x +3x+5) mtan ( )+c

(d) [

9— (x+2)2

Solution

f 1-2x dx
V99— (x+2)2
1 2x
- f\/9 (x+2)2 dx = f\/9 (x+2)?2 dx
— Sl (X+2) f
3 NCES (x+2)2
2x
9—(x+2)2 it

. x+2
Let sinu = =

For |

3sinu= x +2
3cosudu=dx
2x __ r2(3sinu-2)
f—mdx —fm 3cosudu
=[St 3cosudu
3,/ (1-sin?u)

= [(6sinu — 4)du

= —6cosu —4u+c

Substituting forf\/%dx

I 1-2x dx
V99— (x+2)2

= sin™? (x+2) + -6 /1 - (’%2)2 — 4sin™! (ngZ) +c
= 5sin”? (x+2) +6 /1 — (x%z)z +c

Case Il

When finding the integral of fractional

trigonometric function expressed in the form
acosx+bsinx
f—,, a, b, c and d are constants, we
c cosx+dsinx

split the numerator as:
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Numerator = A(derivative of denominator)+
(denominator)

Example 26

1. Find
) f 2cosx+9sinx
3cosx+sinx

Solution
Let 2cosx+ 9sinx :A;—x(3c05x+sinx)+B(3cosx+sinx)

2cosx+ 9sinx =A(-3sinx+cosx)+B(3cosx+sinx)
2cosx+ 9sinx =(A+3B)cosx +(-3A+B)sinx
Equating coefficients:

For cosx: A+3B=2 ......ccecoeueunees (i)

For sinx: -3A+B =9......ccoeeuvuen. (ii)

Solving Eqn. (i) and Egn. (ii) simultaneously

A=—2andB=2
2 2

2cosx+9sinx
o [/

3cosx+sinx
5 —3sinx+cosx f 3cosx+sinx

2 3605x+sinx 3cosx+sinx

5 .
== —In(3cosx+smx)+ Ex +c

) f 3sinx

4cosx— stnx

Solution
Let 3sinx = A%(4cosx—sinx) + B(4cosx—sinx)

3sinx = A(-4sinx—cosx) + B (4cosx — sinx)

3sinx = (-A+B)cosx +(-4A-B)sinx

Equating coefficients
Forcosx:-A+4B =0 ......cceueuu.... (i)
Forsinx: -4A-B=3 .....ccooevvreuene. (ii)

Solving Eqn. (i) and Eqn. (ii) simultaneously

12 3
A= ——andB=——
17 17

f 3sinx

4cosx—sinx
12f—4smx Ccosx

f 4cosx—sinx

4cosx—sinx 4cosx—sinx

= — —In(4cosx — sinx) — 2 x+c
17 17

25!

cosx—sinx
2. Evaluatefz —_—
3cosx+2sinx
Solution

Let 3sinx = Ad%(3c05x+25inx) + B(3cosx+2sinx)

cosx-sinx = A(-3sinx+2cosx) + B (3cosx +2sinx)

cosx- sinx = (2A+3B)cosx +(-3A+2B)sinx

Equating coefficients
Forcosx:2A+3B=1 ....cccceveunnee. (i)
Forsin x: -3A+2B =-1 ...ccceevvvennee. (ii)

Solving Eqn. (i) and Egn. (ii) simultaneously

A-—and B= -1
13

f cosx—sinx
3cosx+2sinx

f 2cosx—3sinx f 3cosx+2sinx

3cosx+2sinx 3cosx+2sinx

== In(3cosx + 2sinx) + Zx+c
13 13

TE .

5 cosx—sinx
ys -

= 3cosx+2sinx

1

5 . 1 2"
=[— In(3cosx + 2sinx) + —x + c]1
13 13 i

=[%In (3COS§ + 2sin :) 1F = —] =

[% In (3COS% + 2sin Z) +1; ZE]
Zmz+ X - [EmEELE

5 4 T
T (2+3\/§) *3
Revision exercise 15
1. Integrate each of the following

(a) f xX+2

x2+2x+4

[ In(x? +2x+4)+—ta
(b) fxz x+3

E In(x? —x+3) + \/%tan‘1 (2\9/%1) + c]

'(5F)+e

2(x+1)
(c) fx2+4x+8
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[In(x2 +4x +8) —tan™?! (szz) + c]

d) f 5x+7

x2+4x+8
Eln(x2 + 4x + 8) —%tan‘1 (xTJrZ) + c]

2. Integrate the following
) f cosx—2sinx
3cosx+4sinx

[— In(4sinx + 3cox) — %x + c]
) f COoSX

2cosx— smx

[—Eln(Zcosx — sinx) + %x + c]

) f CcoSsx

cosx— Zsmx
2 . 1
[—Eln(cosx — 2sinx) — cx+ c]

2cosx+sinx
( ) f4cosx+35inx

14 . 11
[—Eln(élcosx + 3sinx) — —x+ c]

Revision exercise 16: general topical
revision questions

1. Find
(a) [ sinxdx [xsin™tx + V1 —x% + ]
(b) [ xsec?xdx [xtanx + Incosx + c]
x2 = (—2—x*
(c) f—_l_xzdx [\/1 —x ( - ) + c]
(d) [In(x?—4)dx

[xln(x2 —4)—2x+2 (In%) + c]

(e) [ [% tan~! (\/gtan %) + c]

3—2cosx
(f) [3V2*~1ldx
Neras1
B (- )
In3

(g) [ sin?xdx
(h) [ tan3xdx

5 (x = 3sin2x) + c

E tan®x — Incosx + c]
Fsin‘l(x3) + c]

(j) fledx [lln(x 1)+ tan™ x+c]

4 x+1
(k) f\/T [2VxZ + 4 + ]
x2 x?
() [ xInxdx [7Inx -5+ C]

34

M C

(m) [ x3e*"dx

(n) f1+sm2
(0) [Inxdx
(p) [ x%sin2xdx

Eex4 + c]
[g tan~t(V2tanx) + c]
[x(Inx — 1) + c]

[— %XZCOSZX + %xsian + %cost + c]

[2x(Inx — 1) + c]
[In(1—e™) + c]

dx E (1+ xz)%(x2 -2)+ c]

(q) [ Inx?dx

(s) J -
(1+x2)2

= [reEed

x —-X +x +1
(W) [ —dx

XZ — 1 2
[?—x+lnx+tan 1x—51n(1+x )+c]
sin~12x sin~12x\2
W [ () +]
3
(w) [ x(1- xZ)de E (1- x®)z+ c]

(x) f”f [Vx+ 2+
(y) fxzexdx [x%eX

dx 1 (525—x2
Uy e L [_E< Iz )+ C]

— 2xe* + 2e* + (]

2. Evaluate

(a) fogxcoszxdx [0.3669]
(b) ff(x+tanx)dx [1.0003]
c) fog sin2xcosxdx E]

d) [Pt —dx [0.3489]
(e) fol A=dx [0.3905]
(f) foz ——d [0.7854]
(g) fﬁsmxsm3xdx [0.1083]
(h) fy 2—d [0.15345]
(i) f[Zxcosx dx [1]

() foxzjﬁdx [1.05]
(k) foz e [

(1 fOZ sin2xcosxdx E]

(m) f; 5— [0.1905]
(n) fogxsinZZxdx [711—:)]

0777 023 444



7.

(o) f e xz [2]
3 3x2 +4x+1
(p) f 3+2xz+x [[an]

(q) fozx sinxdx
(r) fol xe**dx

(s) fzn xsinxdx
3

(u) fof sin5xcos3xdx

[
[
[
) fi10x/(1 = x2) dx [2.165]

ﬁ dx
(v) foz dx

9+4x2
Show that
x246 T
(a) fo (x2+4)(x2+9) _ 20

(b) JZxtan?xdx = %(87‘[ —m?—16log, 2)
(c) f; xInxdx = 14In2 — 3
(d)

Given that
3x3+2x2-6x-2 1 B Cx+D
(x2+x-2)(x%2-2) x+2 x-1 x2-2

Determine the values of A, B, C, D
4 3x342x%2—-6x-2
Hence evaluatef mdx

[A=B=C=1,D=0;24770]
Use the substitution of x =% to evaluate

Pt

(x=2)(x2+1)
x3-3 1 x+1
[(x—Z)(x2+1) =l+= x2+1]

Express as partial fractions

x3-3

Hence find fm dx

[x +In(x —2) + lIn(x2 +1) + tan"x + c]

—x+14 . .

Express f(x) = W in partial fraction
2x2-x+14 -3 2 L]

(4x2-1)(x+3)  2x+1  2x—1 x+3

Hence evaluatefff(x)dx [0.7440]

Using the substitution 2x+1 = u, find
1 xdx 1

fo (2x+1)2 [1_8]

Express

(a) f(x)=

6x . . .
sz " partial fraction

6x _ 11 4 ]
(x=2)(x+4)2 ~ 3(x—2) 3(x+4) (x+4)2
Hence evaluate [ f(x)dx

35

M C
[11 (x—Z) 4 N
3" x+4/) (x+4) ¢
3x24+x+1 . .
(b) f(x)= G- xiD)? in partial fraction
3x24+x+1
(x—2)(x+1)2
_ 5 s 4 1
T 9x—2) 9(x+2) 3(x+1)2 (x+1)3
Hence evaluate
2
f4 sel4xtl [0.317]

3 (x—2)(x+1)2
(c)

10. Using the substitution x = 3sinB, evaluate

f (3+x)

(b) fO 3+5cosx
(e)

11. Use t= tanlx to evaluate

@) J3
(b)

[7.7125]
[0.2747]

[0.6755]

3—cosx

12. Given that foa(x2 + 2x — 6) dx = 0, find the

value of a [a=-6]
13. Use the substitution x? = 6 to find

f X dx 1-3x
1+cos x2 g 2

3(x+1)3 (x—1)5
x34+5x%2-6x+6

14. Resolvey = GoDi2) into partial
fraction
x3+5x2-6x+6 _ L+ 2
(x—1)2(x2+2) ~ x-1 (x—1)2 (x2+42)

Hence find [ ydx

— L =il ([ 22
[In(x 1)+ — e 1) \/_tan (ﬁ) ar c]
15. Express f(x) = 2(1_1) in partial fraction

[ 11 1 1]
x2(x-1) x x2  x—-1

Hence evaluatef23f(x)dx [0.12102 ]
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Application of integration

Like differentiation, integration has a wide
spectrum of application, some of which are
discussed below

Acceleration, velocity, displacement

Given the acceleration, a, of a particle, its
velocity, v and displacement, s can be computed
as long as the initial values are known.

: d
Acceleration, a = d—: =>v = [adt
c ds
Also, velocity v =—=>s = [ vdt

Example 27

The acceleration of a particle after t seconds is
givenbya=>5 +t.

If initially, the particle is moving at 1ms™, find
the velocity after 2s and the distance it would
have covered by then

Givenﬂ =5+t
dt

= dv=(5+t)dt
= 5t + St2+c

Whett=0,v=1,=>c=1

= 5t+%t2+1
When t =2s

= 5(2) + ;(2)? +1=13ms™.
And L =5¢ + 1¢2 +1

dt 2

_ 1.2
ds= (5t + 2> +1)dt
s=262 4 Zt3 4t 4o

2 6
whent=0,s=0=>c=0
_5.2 1.3
-S—2t +6t +t
Att =2s

_5,972 4 1.933 _q121
s-2(2) +6(2) + 2 13;m

Example 28

36

M C

A particle with a velocity (2i+3j)ms™ is
accelerated uniformly at the rate of (3ti — 2j)ms
from the origin. Find

(i) The speed reached by the particle at t = 4s.
Solution
Given a= 3ti — 2j
v=[adt=[(3ti- 2j)dt
=% —2tj +c
At t=0, 2i+3]j
c =2i+3]j
By substitution
= (3¢ +2)i+ (-2t +3))

Att=4s
= (% (4)? + 2) i+ (—2(4) + 3)j
= (26i — 5j)ms™
Speed = |v| = /262 + (=5)2 =26.5ms™"

(ii) The distance travelled by the particle after
2s.

Solution

r=[vdt

r= (( 92 +2)i + (= 2(4)+3)])

( t3+2t) (

Att=0,r=0;=>c=0

NlN

3t)j+c

=(Ge3+2e)i+(Ze2+3t))
Att=2

=(C+4)i+(-4+6)
|r| = V82 + 22 =8.25m
Hence the distance = 8.25m

Example 29

A particle has initial position of (7i+5j)m. the
particle moves with constant velocity of
(ai+bi)ms-1 and 3s later its position is (10i — j)m.
fins the values of a and b.

Solution
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Given v = ai +bj Att=0,r=0=>c=0

r=[vdt = [(ai + bi)dt + ¢ /3
.-.r—(—z+ =Jt+3 - k)
= ati + btj +c

Att=3
o o 3 3
att=0;r=c=(7i+5))m r=(Zi+Zj+3.3%) = Ci+2j+9%)
a1 = (at+ 7)i + (bt +5)j = J(g)z N (2)2 0% 11090
- .
After 3s

10i —j=@Ba+7)i+ (3b+5)j
Area under a curve
Equating corresponding vectors

If the area under the curve y = f(x) for a< x <B is

Fori:10=3a+7=>a=1 required, a small strip can be used for analysis

Forj:-1=3b+5=>b=-2 Y /
~a=1landb = -2
Example 30

A particle of mass 2kg, initially at rest at (0, 0, 0)

2t
is acted on by a force <2t> N. Find

4t |
@) A Ox B X
(i) its acceleration at time t
from F = Ma Suppose the shaded region is 8A, the area of the
2t t shaded strip lies between areas of the rectangles
2t|=2a=>a=\t ABCF and AVDE.
4t 2t
(ii) its velocity after 3s i.e. Area of ABCF < 6A < ABDE.
t
velocity v =/ adt = [ < t ) dt yéx < §A < (y + 6y)dx
2t
/ \ Dividing by 6x
5A
\ /+C yso s +8y)
t2 . sA  dA
att=0,v=0=>c=0 iR = g A 87 =
tZ
dA
Hence e
\ / Integrating both sides with respect to x
Att=3s fZ—idx=fydx
v=2i+2j+9%k
2 2 Now for the interval @ < x < 8
(iii) the distance of the particle travelled after A= ff ydx Or A = fff(x)dx
3s.
r= [vdt =[ (ii n ﬁj n tzk) dt Note: when finding the area under the curve, it
/3 3 1 2 is advisable that you sketch the curve first in
= (zl t5Jt §t3k) +c order to establish the required region.
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Area between the curve and the x-axis
Example 31

(i) Find the area enclosed by y = x(x — 4) and x-
axis

Solution

By sketching the graph y = x(x — 4) with the x-
axis we have

Y,

y= x(x - 4)

).

Area required = f:x(x — 4)dx

=f04x2 — 4xdx
4

)

64 -32
S _32=22
3 3

. 32 ,
Hence the area under the curve is < Sq-units (-
sign indicates that the area is below the x-axis).

(ii) Find the area enclosed by the curve
y = x> — 4x* + 3x and the x-axis from x = 0 and
x=3

Solution

By sketching the graph y = x> — 4x* + 3x with the
x-axis we have

1

AN /y:x3—4x2:3x
' /;ﬁ_i = N

Required area = A+ B

Area A :fol(x3 —4x? + 3x) dx

38

M C

4 3 211
-2
(-t+)-o=3

Area B =f13(x3 —4x?% + 3x) dx

(264 (=149 -1

5 8 37 .
Area=— 4+ - = —sq.units
12 + 3 12 q

(iii) Find the area between y=x’ — 4, the x-axis
and line x = 3.

Solution

By sketching the graph of y=x* — 4 with the x-
axis, we have

YN
y=x2- 44

Required = f23(x2 —4)dx
= 2 [x® — 4x]3
7 .
= 7 sq. units

Area between the curve and the y-axis

This involves finding the area under the curve
with respect to y or by subtracting the area
under the curve with the x-axis from the
rectangle (s) formed.

Example 32

Find the area enclosed by the curve y = x*- 4 and
the y = x2 -4 and y-axis between

(i) y=-4andy=0
Solution
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Integrating with respect to x
Required area = f_zz(x2 — 4)dx

[x3 — 4x]2_2

W=

—-32

3

: . 32 .
Hence the required area is ~ $q-units

2" approach
y= X' —4

4
x=(y+4)

Required area = 2 f_ol xdy
0 =
=2 [ (y +4)2dy
2 310
=2fo+ 4]

=22[(8) — (0)]

32 .
=3 sg. units

(i) y=0andy=5

YN\
y=x2-4

)= (249

16 .
5 16)sq. units

-4 —2\?/'6\ '33 zi X

K

M C

1** approach

Required area= 2 x shaded region
Required area = 2f05 xdy
5 1
=2 [ (v + 4)zdy
2 315
=2 [E v+ 4)2]O
2
=22[@) - (8]
= ? SQ. units
2" approach

Required area = 2 x shaded area

=2[Area of OBCD — area of ABC]
=2[3x5) - [, (x? — 4)dx]
7. 76 .
=2[15- 5]—?sq.un|ts
Area between two curves

Suppose we want to find the area between two
intersecting functions f(x) and g(x), required it to

(i) find the point of intersection of the
functions
(ii) sketch the functions f(x) and g(x)

Note if f(x) is above g(x), then the required area
= [ f(x)dx — [ g(x)dx

Example 33

Find the area enclosed between the curves

(@) y=xX*—4andy=4-x

Solution

Finding the points of intersection
X —4=4-x

2x°=8

X=2o0rx=2

whenx=2,y=0
whenx=-2,y=0
The sketch of the functions:
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Required area
= [2[(4 - x?) - (- 9)]dx
= f_22(8 — 2x?¥)dx

I
—
[oe]
=
|

|
w

[ E—

|

N

- (16-2) (-1642)

64 .
= 5. units

(b) y =2x*+7x+3 and y=9+4x-x’
Solution

Finding the points of intersection
2x2+7x+3 = 9+ 4x —x?
3x24+3x—6=0
x+2)(x—1)=0
x=-20ofx=1

Whenx=-2,y=-3
Whenx=1,y=12

y

Required area

40

M C
= f_lz[(9 +4x — x%) — (2x% + 7x + 3)] dx
= f_12(6 —3x —3x%)dx

1
3x2
= [6x -=- x3]
2 -2

3
=(6-2-1)-(-12-6+8)
= 13.5s5q.units
Example 34

Find the area enclosed between the curve
y=x>—x—3 and the line 2x +1

Solution
Finding the points of intersection
X’ —x—3 =2x+1

xX*—3x—4 =0

(x+1)(x-4) =0

X=-lorx=4

Whenx=-1,y=-1
Whenx=4,y=9
I
12+

x\

S O~

Area required
= f_41[(2x +1)— (x?—x—3)]dx

=f_41(4 + 3x — x?)dx

4
:[4x +3x2 - lx3]
2 3 -1
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(16 +24-2) - (-4 +3+))
=20.83 sq.units
Example 35

Find the area enclosed by the curve y = sinx and
the x-axis between x = 0 and x = 27.

Solution

VA\

Required area = A +B
=f: sinxdx + f;n sinxdx
=[—cosx]¥ + [—cosx]3"
=—(—cosm — c0s0) — (—cos2m — cosT)
=(-1-1)-(-1-1)
=2 +2 =4sq. units
Volume of a solid of revolution

A solid of revolution is formed when a given area
rotates about a fixed axix. Due to the way in
which it is formed, it is referred to as solid of
revolution.

These bodies have always got axes of symmetry.

The solids formed is subdivided into small
cylindrical disks of thickness 6x and height y.

Volume of each disk = my?dx

Thereforethe colume of the whole solid of
revolution is obtained by rotating through one
revolution about the x-axis, the region bounded
by the curve y = f(x) and the linex x = a and x =b

is given by v = f(f my?dx

If the rotation is about the y-axis, the volume is

given by v =ff mx?dy

41

M C
Example 36

(a) Find the volume of revolution when the
portion of the curve y = cos2x for OSXS% is

rotated through four right angles about the

X-axis.

Solution

I

‘I]

0547\

ok /

-0.57

-1

V=m[2y*dx =m [?cos®2xdx

=7 [2(1 + cos4x)dx

= %[x + %sin4x];
= %7‘[2 cubic units
(b) Find the volume of the area bounded by the
curvey = x> + 1, the x-axis and limits x = 0
and x = 3 when rotated through four right
angles about the x-axis.

y/\

¢7L?’)(\
S
T~

V= nf03 y2dx = nfOS(x3 + 1)?%dx

= nf03(x6 + 2x3 + 1)%dx

3

7 4
ﬂ[x—+x—+x]
7 2 0

n(Z+2+3)-©

1118.25 cubic units.

Rotation the area enclosed between two
curves

If we have two curves y; and y, that enclose
some area between a and b as shown below

0777 023 444



K M C
N Example 37

Find the volume of revolution when the portion
of the area between the curves y = x* and x = y*
is rotated through 360° about the x-axis.

.'r Y
i s
AL G

Solution
N . . .
3 b > Points of intersection
2 2 4
Now if we rotate this area about the x-axis the Xt =x2=>x" =X
volume of the solid formed is given by ¥t x =0
b
v=mn[ [(y2)> = ()] dx x(x3-1)=0
Example 36 Eitherx=0orx=1
(a)A cup is madeby rotating the area between y/|
y= x> and y = x+1 with x > 0 about the x-axis. Find
the volume of the material needed to make the =x?
cup. 7
Solution £
Finding the points of intersection 0 1 s
2 =x+1
2X2_X+1=O X=y2
(2x+1)(x—1)=0
The volumeof revolution
x =1 since we only need to consider x= 0.
1 2
yA\ =7 f; [(\/97) — (xz)z] dx
y=2x2
o (Y _ 4
=r [, (x — x*)dx
x2 %57t
5%,
1 1
N =n|(;-2)-0]
>
X 3
==
10
1
V= [ [y + 1? = (2x*)*]dx Example 38
=T fol(xz +2x +1—4x*)dx Find the volume generated when the area
1 enclosed by the curve y = 4 — x* and the line
3 5
7 ["_ g e i] y =4 — 2x is rotated through 2m.
3 5 1pg
Solution
=r(3+1+1-3)-0

Finding the points of intersection

23
=— 1T units cubed
15 4-2x=4-%
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x*=2x=0
X(x—=2)=0
Eitherx=0o0rx=2
Whenx=0,y=4
Whenx=2,y=0

y
4

y=4-x3

_2/

(@)

2\y:4~2>< X

Required volume
= [2[(4 — x2)? — (4 — 22)2]dx
=7 [2[(16 — 8x% + x*) — (16 — 8x — 4x?)]dx

=1 foz(x4 — 4x% + 8x) dx

2

5 3
=1 [x——41+ 4x2]
5 3 0

=%n = 36.86cubic units

Example 39
(a) Sketch the curve y = x> — 8 (08marks)

y=x>-8
Intercepts
Whenx=0,y=-8
Wheny=0,x=2
(x,y)=(2,0)

i i Yo 2
Turning point: v 3x
3x2=0
x=0
a2y _

Tz 6x
2
&Y —0,x=0
dx
Point of reflection= (0, 8)

|x<2 X>2

-1

43

_8 /
(b) The area enclosed by the curve in (a), the y-
axis and x-axis is rotate about the liney =0

through 360°. Determine the volume of the
solid generated. (04 marks)

V=m fOZ y2dx
=T[f02(x3 — 8)2dx

= nfoz(x6 —16x3 + 64)dx
2

=1 [x—; — 4x* + 64x]

=n(£78—64+1283

- @ =250.5082 units

The mean value theorem for integrals

If f(x) is a continuous function on the closed
interval [a, b], then there exist a number c in the
closed interval such that

Area of the rectangle = f(c).(b-a)

But area under the curve between a and b
=, fGo)dx

Equating the two

[F fdx = f(c). (b — )

Dividing both sides by (b — a)

1 (b
f(©) = 5= [, f()dx
Where f(c) is the height of the rectangle

This height is the average value of the function
over the interval in the question.

Hence the mean value of f(x) over a closed
interval (a, b) is given by
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M.V :ﬁ f; f(x)dx

Example 40

Find the mean value of y= x* + 2 for x = 1 and
x=4.

Solution

M.V =— f(x + 2)dx

== [, (% + 2)dx
S5 +2d,

(& +8)-(+2) -5
Example 41

Find the mean value of

T

for0<B<—

y= 1+sm29

.I;

Solution

1 E
——0 0 1+sin260

M.V =z

T 2
4 2 sec“6

-0 sec20+tan?6

f_ 1+tan?
0 1+2tan26

Let t = tan @ => dt = sec’0d6= (1+t*)d6

dt
1+t2

do =
Changing limits

When 6 =0, t =0 and when 9=%,t= 1

w1 14+t%  dt
“MV==] :
470 1+2t2 1+t2
_ 1 1
T 470 142¢2

[— tan_lx/Z_t]:)

= %tan‘lef
=0.86

Example 42

44

M C

Find the mean value of y = x(4 — x)in the interval
wherey 2 0.

Solution
Given y > 0 => x(4 —x)=0 (positive)

The solutionis0<x<4

N — Lt ay — 52
M.V =— Jo x(4 —x)dx = 4[0 (4x — x?)dx

_1[,.2_%]*8

T4 [2x 3]0_3

Revision exercise 17

1. Find the volume generate in each case
whenthe area enclosed by the curve
y = x> — 6x + 18 and the line y = 10 is rotated

about
(i) Y=10 [1541m units’]
(i)  x—axix, [256m units®]

2. Find the volume generated when the area
enclosed by the curvey = x4 fromy =3 andy
= 6 is rotated about the y-axis [6.331 units’]

3. The displacement x of a particle at time t is
given by x = sint. Find the mean value of its
velocity over the interval 0 < t < g
(i) withrespecttot [0.637ms™]

(ii) with respect to displacement x
[0.785ms™]

4. (a) Determine the equation of the normal to

the curvey = % and the point x = 2. Find the

coordinates of the other point where the
normal meets the curve again.

1
[2y — 8x+15 =0; (— : —8)
(b) Find the area of the region bounded by

the curvey = the x-axis and the lines

1
x(2x+1)’

x=1andx=2, (In(g))

5. Ashellis formed by rotating the portion of
the parabola y2= 4x for which0<sx<1
through two right angles about its axis.
Find
(i) the volume of the solid formed [27]

(ii) the area of the base of the solid formed
[4m units?]
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6. Show that the tangents at (-1,3) and (1,5)on

the curve y = 2x* + x + 2 passes through the
origin. Find the area enclosed between the

4
curve and these two tangents [5]

Sketch the curvey = x — % forx >0,

showing any a symptotes. Find the area
enclosed by the x-axis, the line x = 4 and the

curve x — %. [10 sq. units]

If this area is now rotated about the x-axis
through 3600, determine the volume of the
solid generated, correct to 3 significant
figures. [42.1 cubic units]

Show that the tangents to the curve

4 —2x — 2% at points 9-1, 4) and

(%, 2 %)respectively passes through the

point (— i, 5 %) Calculate the area of the

curve enclosed between the curve and the
x-axis. [9sq.units]
(i) find the Cartesian equation of the curve

given parametrically by
1+t 2t2 [
X = —, S—
1-t 1-t
(ii) sketch the curve
(iii) find the area enclosed between the

curve and the line y = 1 [1.955sq.units]

_ 7]

x+1

45
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10.

11.

12.

C

Given the curve y = sin3x, find the
. dy . T
(a)(i) the value ofa at the point (E’ 0)

(ii) equation of the tangent to the curve at
this point [y= 3x+m)

(b) (i) sketch the curve y = sin3x

(ii) Calculate the area bounded by the
tangent in (a)(i) above, the curve and y-axis

[0.9783s(q. units]

A hemisphericalbowl of internal radius r is
fixed with its rim horizontal and contains a
liquid to the depth h. show by integration
that the volume of the liquid in the bowl is
Smh?(3r — h)

Find the volume of the solid of revolution
formed by rotating the area enclosed by the
curve y = x(1+x), the x-axis, the lines x = 2
and x = 3 through four right anglesabout the
x-axis. [31.033m cubic units]
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