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PREFACE

In this new edition, errors (mostly minor) that have come to my attention
have been corrected and new material, amounting to about one-third of the
contents of the first edition, has been added. The new material has been

inserted in its appropriate setting in the form of text or exercises (about 80 in
number). In addition, a new chapter introducing some elementary algebraic
and number theoretic properties of the Chebyshev polynomials has been
appended.

Let me next outline the more substantial additions in this new edition. In
Chapter 1, results about the minimal Lebesgue constants for polynomial
interpolation and an estimate of the size of the Lebesgue constants for
interpolation in equally spaced points are given. The connections between the
Fibonacci and Lucas numbers and the Chebyshev polynomials are exhibited,

thus providing easy access to many properties of these numbers. The first
chapter ends with an exposition of Erdos’ result (and related material),
extending to the complex plane the property of the Chebyshev polynomial as
the polynomial of most “rapid growth” on the real line.

In Chapter 2 the notion of strong uniqueness of polynomials of best
approximation is introduced and the best strong uniqueness constant for the
best approximation of the Chebyshev polynomial is obtained explicitly. An
extensive discussion of generalizations of the Bernstein and Markov ineq-
ualities for polynomials is given, and some recent results about extremal
properties of polynomials with “curved majorants” are presented. The Remez
inequality for polynomials is mentioned, as is the recent proof of Erdos’
conjecture that the Chebyshev polynomial is the “longest polynomial” on
[—1,1]. The chapter ends with an extensive description of the role of the
Chebyshev polynomials in an iterative method of solving a system of linear
equations.

Chapter 3 contains the analog (due to Szego) of the Enestrom—Kakeya
theorem for polynomials represented in the Chebyshev basis. In Chapter 4

the phenomenon of the “white curves,” visible when graphs of the first thirty

Chebyshev polynomials are superimposed in the square —1 <x<1,

—1<y<1, is discussed. The major result of the new Chapter 5 is a detailed
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and complete description of the factorization of the Chebyshev polynomials
into irreducible polynomials over the rational numbers.

I have endeavored to maintain the “reader-friendly” tone of the exposition
in the new material in the continuing hope of introducing the student, and
other readers, to various interesting areas of mathematics by means of the
example of the Chebyshev polynomials, as well as adding to the repository of
information about these useful and ubiquitous mathematical objects.

Chappaqua, NY. THEODORE J. RIVLIN
January 1990



PREFACE TO THE FIRST
EDITION

This book has two main aims: (l) to give a survey of the most important
properties of the Chebyshev polynomials and (2) to introduce some inter-
esting areas of mathematical analysis: interpolation theory, orthogonal
polynomials, approximation theory, numerical integration, numerical ana-
lysis, ergodic theory, by the example of the Chebyshev polynomials. The
Chebyshev polynomial is like a fine jewel that reveals different characteristics

under illumination from varying positions, and I feel that apart from its great
intrinsic interest it is an ideal vehicle for giving the student a taste of these
various areas.

A brief outline of the book follows. In the first chapter, after definitions

and notation are presented, polynomial interpolation at the zeros and
extrema of the Chebyshev polynomial is thoroughly examined. The rest of the

chapter is devoted to the Chebyshev polynomials as orthogonal polynomials.
The point of departure of the second chapter is the minimax property of the
Chebyshev polynomial on an interval. This is seen as approximating a
monomial best by lower powers or alternatively maximizing the leading
coefficient of a polynomial of fixed degree and size. The former point of view
leads to a brief course in the theory of best uniform approximation and the
latter to an essay on maximizing linear functionals on a space of polynomials.
This chapter is a much amplified version of Rivlin and Shapiro [1] ([n] refers

to item n after the associated name in the references). Related material may be

found in Shapiro [2]. The second part of this chapter is a prelude to the

systematic and much more detailed study of similar problems in Voronov—

skaja [1]. One highlight of the chapter is Duffin and Schaefier’s gen-

eralization of V. A. Markov’s bound on the derivative of a polynomial, which

appears in a book in English for the first time here.
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The Chebyshev polynomials have found extensive application in numer-
ical analysis. One important technique in applications is the expansion of a
function in a series of Chebyshev polynomials. The main theme of the third
chapter is the effectiveness of the partial sums of a Chebyshev expansion of a
function as approximations to the function. One of the most striking
porperties of the set of Chebyshev polynomials is that it is closed under
functional composition. The fourth, and last, chapter focuses on this facet of
the polynomials and concludes with a study of their ergodic properties.

An attempt has been made to maintain a moderate pace in the exposition
and to spell out many details with the hope that the book might serve as well
as “leisure reading” for a broader mathematical community. More than two
hundred exercises of varying degrees of difficulty have been provided. Some
substantial results are broken up into chains of exercises and hints have been
given for the more difficult ones.

I make no encyclopedic claims for the book’s coverage of facts about
Chebyshev polynomials. Among the omissions of which I am aware I

particularly regret that ignorance prevented me from discussing two topics,
the number theoretic aspects of the Chebyshev polynomials and applications
of Chebyshev polynomials in kinematics.

It is my pleasant duty to thank many friends for helpful discussions of
material in the book. In particular, I want to thank my colleagues Charles
Micchelli and Roy Adler. Dr. Micchelli read a preliminary version of the
manuscript and made many helpful recommendations, Dr. Adler suggested
several improvements in the last chapter.

THEODORE J. RIVLIN

Chappaqua, New York
March 1974
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1
DEFINITIONS AND

SOME ELEMENTARY
PROPERTIES

1.1. Definition of the Chebyshev Polynomials

This book is about polynomials. Let us recall that a polynomial is a function
p(x) which can be written in the form

p(x) = a0 + alx + + a,,x". (1.1)

We shall suppose that, unless otherwise indicated, a0, . . . , a” are real numbers
and x is a real variable. If a,l aé 0, then we say that p is a polynomial of degree
n.1' We shall often be interested in the set of polynomials whose degree does
not exceed n. This set is denoted by 9,; Le, if p(x) = a0 + alx + ' " + akx"
and k < n, then

p69".

Polynomials have many agreeable properties. They can be differentiated
as often as desired for any value of x, and can be integrated over any interval.
Moreover, they are “simple” in the sense that p(x) is completely specified by
the n + 1 numbers a0, ..., a,. It is this finiteness that makes polynomials

particularly suitable as approximations to more complicated functions.
Consider the function

’I;,(x) = cos n0, (1.2)

TThus nonzero constants are polynomials of degree zero. Zero is in the anomalous position of
being a polynomial without a degree. We remedy this situation by assigning the degree — 1 to the
polynomial p = 0.
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where n is a nonnegative integer, x = cos 0, and 0 g 0 S 1:. As 0 increases

from 0 to 1:, x decreases from 1 to — 1. The function '1;(x) is defined by (1.2) on
the interval ——1 S x < 1, which we also denote by I ; i.e., given x e I, we find

the unique value of 6-= arc cosx which satisfies 0 < 0 < 1: and T,,(x) has the
value cos n0. Thus T,(x) is a single-valued function defined on I, which may be
written

30:) = cos n (are cos x), (1.3)

where 0 s are cosx < 1:.

We recall that

e" = c050 + isinH

and

e"" (=cos0 + isin 0)"-— cos n0 + isin n0. (1.4)

By the binomial expansion

(cos 0 + isin 0)" = cos” 0 + (’1') cos" ‘ 1(9(1' sin 0)

n _ , n- .
+(2) cos" 2 19(1'2 sm2 0) + - ° ' + (n) (i sm 0)".

Equating the real parts of the last equation of (1.4), we obtain

n _ . n _ .
cosn0 .= cos'B — (2)00s” 2Osmza + (4)008” ‘051n40 +

WW cosu—zwzl QSiDZWZI 0-T (1.5)" )2[n/2]

Note that only even powers of sin0 occur in (1.5). We therefore make the
substitution sin2 0 = 1 — cos2 0 in (1.5) and obtain

_[n 2] _ n ‘ ._ q q _ q 21:

cosnO—q:o( l)‘(zq)cos 2 0(k;o( 1)"(k)cos 0). (1.6)

The right-hand side of (1.6) is a polynomial in x =cos 0, and so our function
’12,(x), defined in (1.3), is a polynomial. We proceed to determine its

1'[y] means the greatest integer not exceeding y; e.g., if n is even [n/2] = n/2, whereas if n is odd

[n/2] = (n — 1)/2.
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coelficients. The right-hand side of (1.6) is a “triangular” sum; namely, if we

write

= _ n "'2‘! = 2Ag ( 1)‘l (zq)cos 9, q 0, -- - , [2]

and

Bk.q=(—l)k(z)c032k09 k=0,1,..-,¢1,

then

cos "0 = AoBo'o

+A1Bo.1 + A1314

+[42130.2 + 14231.2 + A2323

+

+Aln/ZIBOJII/21 + + Ala/ZIBDIIZLDI/Zl' (17)

Let us add up the right-hand side of(1.7) by stripping ofi‘ successive diagonals.
We then obtain

008119 = (AoBo.o + A1314 + + AInlllu/ZMIIZI)

+(AIBO.1 + A231,: + + Ala/ZlBln/zl-IJII/Zl)
+

+ (A[n/21— iBo,[u/2] — 1 + All/213Lin/2])

+Aln/21B0Jn/Zl;

or, by replacing the A, and BM with what they stand for

_ [n 2] [u 2] n j '—

cos n9 — k=0 ((—1)“ 1:; (2j>(k)) cos 2" 0. (1.8)

Equation (1.8) reveals that '1},(x) is a polynomial of degree/m." m.
If we write

7:,(x) = t3" + t‘f’x + ' ' ' + tf."x("’, (1-9)
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we deduce from (1.8) that

n—l
tgul(2k+1)=09 k=09”'9[ 2 :l;

:91... = (— w :t‘ (3].)(0, k = o, [g]

Thus 1:,(x), which was defined in (1.2) by its values in 1, turns out to be a

polynomial of degree n, hence is defined for all x (indeed for all complex

numbers x). '12,(x) is called the Chebyshev polynomial of degree n. For each

nonnegative integer n the Chebyshev polynomial of degree n is given

explicitly by formulas (1.9) and (1.10). Let us list the first few Chebyshev

polynomials obtained from (1.9) and (1.10):

(1.10)

To(x) = 1; 1106) = x; 7300 = 2x2 - 1;

T3(x) = 4x3 - 3x; T4(x) = 8x4 — 8x2 + l; (1.11)

T5(x) = 16x5 — 20x3 + 5x.

'12,, T1, . . . , T5 are graphed in Figure 1.1.

A T°(.\')

T1 (x)

F‘ T2 6")

— T: (x)

1| ~T‘(X)

T5(x)

Figure 1.1.
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The sequence of polynomials {72,(x)},‘:°=o is named after the Russian

mathematician P. L. Chebyshev (1821—1894) who first studied them. The

collected works of this eminent savant are available in Russian and French

(Tchebychef [1].) This book is devoted to the study of various properties of

these polynomials. In using the notation 7:,(x) for the Chebyshev polynomial

of degree n we are following traditional usage derived from another

transliteration of the name Chebyshev in the form Tchebycheff or related

forms.

Exmcrsrs I1.1.1-1.l.6

1.1.1. Show that

7:,(x) = %[(x + . /x2 — 1)- + (x — . /x2 —1)~]. (1.12)

Hint. Suppose that xel and recall that cos n0 = (e"" + e""')/2.

1.1.2. If x 2 1, prove that '

'1;(x) = cosh nt,

where x = cosh t, t 2 0.
As a consequence of (1.2) any trigonometric identities involving cos n0 can be

carried over immediately to identities involving the Chebyshev polynomials. The
following exercises illustrate this theme. In the absence ofother instructions the reader
should attempt to verify an exercise.

1.1.3. If m, n are nonnegative integers, then

T.(x)72(x) = %(T..+.(x) + Tl..—.|(x))-

n+1“) __ 72—100

n +1 n —l
1.1.4. I7;(x)dx=%( )+C, i122. '

115- (T..+..(X) - 1XT|..-.|(X) - l) = (T..(X) - 72.06))”.

1.1.6. T,(T,',(x)) = Tm(x) for all nonnegative integers m and n.

1.2. Some Simple Properties

Now that we have defined the Chebyshev polynomials and written down an
explicit formula for them we proceed to investigate some of their simpler
properties.

Formula (1.10) reveals that for even n only even powers of x occur in 7:,(x),
whereas for odd n only odd powers of x occur. Thus for all nonnegative
integers n

7L(-x) = (- l)"77.(x); (1-13)

i.e., 1:,(x) is an even function for even n and an odd function for odd n.
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We also observe from (1.10) that the nonzero coefficients of 7:,(x) are

integers that alternate in sign, the leading coefficient, t5.” = tm'l' being positive.
Indeed, if n > 0, t5." has a particularly simple form for

[n 21

‘n = : (n)=%{(1+1)" +(1-l)”}= 2""‘. (1.14)
i=0 2] -

For some purposes the polynomial with leading coefficient 1,

... u-l

7:,(x) = 21 "'11:,(x) = x" + 21'” Z tJ-x’, n > 0,

-

"° (1.15)
(7606) = l),

is useful.
We turn next to the significant points of 7:,(x). These are the zeros and

extreme of ’12,. The zeros are, of course, simply the values of x for which

7:,(x) = 0. Since 1;,(x)= cos n0 and cos n0} = 0 for

(21' - 1) 1r .= I) =___ = . . _ _
0] 03 n 2 9 J 19 a n3 (1 16)

we see that the points

:1: §§')=cos0§"’=cos(2j—;ll ;, j=l,...,n (1.17)

are all distinct, lie in I, and satisfy

72(61)=0, j= 1, ...,n.

(Once again we omit superscripts when n is fixed.) Since 7:,(x) is of degree n, it
has exactly n zeros and so the numbers 6}”), j = l, . . . , n, defined in (1.17), are
all the zeros of 7;,(x).

It is clear from (1.2) that if x e I

—1<T,.(x)<1.

The points ofI at which |’1:,(x)| = 1 we call the extrema of 1:.(x). We know that

cos k1: = (— 1)" for any integer k; hence if

k
¢k=¢;~)=7", k=0,1,...,n, (1.1s)

TWe have written the coefiicient of xlk in ’I,'.(x), ti", with the superscript (n), to exhibit the fact that
the Chebyshev polynomials ofdill'erent degree have independent sets of coefficients, but when the

degree of the polynomial is fixed in a discussion and no confusion results we simply drop the
superscript.
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the points

kn
m=n§"’=cos¢£"’=cos 71—, k=0, 1, ..., n, (1.19)

are all distinct, lie in I, and satisfy

T.(m.) = (—1)". k = 0. n. (1.20)

The points I'lo: . . . , 11,, are the extrema of '1},(x). It is clear that, since |'1:,(x)| S 1
for x61, the points r11, . . ., n”, which lie in the interior of I are relative
extrema of 7;,(x) so that

T;(r]k)=0, k=l,...,n-—1. (1.21)

Since T; is a polynomial of degree n — 1, all its zeros are 111, . . . , 11,- 1 and so
the points no = 1 and 11,, = —1 are not relative extrema of 7:,(x).

On differentiating 7:,(x) = cos n0 with respect to x we obtain

, d d0 — n sin n0 sin n0
TAX) — ('d—o' COS n0) 5 -m— nm, x — COS 0. (1.22)

The polynomial of degree n — 1

sin n01
[In—10‘) = H Tux) = m, x = cos 0, (1.23)

is called the Chebyshev polynomial ofthe second kind. Its zeros are m, . . . , r1"- 1

and its explicit form is easily obtained by difi'erentiating (1.9) and dividing
by n.

Because we refer frequently to zeros and extrema of ’1},(x), the reader
should note that both 61, . . . , 6,, and no, ... , 1],, move from right to left in I
with increasing index.

EXERCISES 1.2.1-1.2.23

1.2.1. Show that if n = 2m

71.06) = 1.062).

and if n = 2m + l

72.06) = H.062),

where

z,(t)= i (—1)J' (:1) Wu —t)1.
i=0
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1.2.2. Find all the solutions of x = ’I},(x), n = 2, 3, . ..

1.2.3. Verify that

nI = _ j—1______— .=
T461) ( 1) sin(2j—l)(n/2n)’ ‘ J 1,...,n,

n=(_11-1 ,) 1%}

1.2.4. Show that

lTi.(x)I<n‘. ml. (1.24)

with equality holding only if x = :1 (n 2 2).

Hint. Use the representation (1.22) and mathematical inducation on n.

1.2.5. Showthatifn=2rk+m;k,r>0,

73.059") = (- 1Y7]..|(€§"’)-

1.2.6. Show that any polynomial p(x) = a0 + alx + + 0.x" can be written
p(x) = be + b1T1(x) + + b.7,'.(x) and b,I = 2""'”a,,, n 2 1.

1.2.7. Show that

71.05” "l = (-1)"‘\/l - (53" l’)’.

n=0,1,2,...;j=1,2,...,n+1,

and

T..+1(6§")=(—1)’./1-(:§", n=1,2,..., j=1,2,...,n.

1.2.8. Showthat

_ :T:(:,)=(-1)J MW-

1.2.9. Sho'w that

i=1

1.2.10. Show that

7".(x)= 2 m")
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1.2.11. Show that for n 2 2 the only solution of 71.00 = T;(x) that satisfies x > 1 lies
in (n, n + 1/2n).

1.2.12. Suppose p(x) = ('1:,(x))"‘+1 in Exercise 1.2.6 and that

(30‘) ”+1 = Bo + 317105) + + BM2k+1)Tn(2k+1)(x)'

Show that Bo = Bl = "' = B._1 = 0.

Hint. Use the fact that Exercise 1.1.3 implies that T3“ = ((1 + Tad/2)". and then
use Exercise 1.1.3 repeatedly.

1.2.13. Show that

(a) U,,(x)=2[:2: n_,j(x)—#, k=0,1,..

(b) w=%+ T1(x)+"-+'11(x).

Hint. sinA cosB = §[sin (A — B) + sin (A + 3)].

1.2.14. If U.(x) = 14° + ulx + + 14.x”, then u, = 2".

13-15- (8) [71.00 — (1..-20‘) = 2720‘)-
(b)’12,(x) = U..(x) — xU,_,(x).
(0) 71—106) — 71+1(x) = 2(1— x2)U,‘_1(x), k =1, 2:
(d) (1+ x)U,,(x) = 1 + 2T,(x) + + 21;(x) + 1;.”(x), k = o, 1, ....
(e) 0..-.(x) = U...(T.(x»v._.(x).
(r) U.(x) = E}=ox"12._,(x).
(g) (n + mm = go (27}(x) — x’)T._.(x).

(h) 2 1:0 7}(X)71—,-(X) = U.(x) + (n + 1)T.(x)-

(i) T306) - (x1 — 1)U2-1(x) = 1-

1.2.16. Let sf," = t8" + t3" + + tfi", k = 0,1, ..., n. Ifq(x) = so + slx + + sux',
show that p(x) = (1 — x)q(x) = 1:,(x) — x'“.

1.2.17. Show that p(x) = 7:,(x) — x"+ 1 has at least [n/2] distinct zeros in (0,1].

1.2.18. Show that p(x) = 1;,(x) — x“+1 has [rt/2] positive zeros other than x = l.

Hint. According to Descartes’ rule of signs, if p(x) = a0 + alx + + a,+1x"“

has N positive zeros and there are W changes of sign in the sequence a0, a1, . . . , a,,+ 1,

then W— N is either zero or a positive even number; but, in view of (1.10),

W: [n/2] + 1.

1.2.19. Show that the numbers s22”, j = 0, ..., [n/2], defined in Exercise 1.2.16,
alternate in sign.
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Hint. Use Descartes’ rule of signs again, this time starting with information about
the number of zeros of q(x).

1.2.20. Show that

(x +./x‘I —1 +1 —(x:—./x2 — l)"+1
U.(x)= -

2\/x2—1

Let R_(x) = x"7,',(l/x), n = 0, 1, . . . . We call R, the reversal of 1;, since its coeflicients
are the coefficients of 1:, in reverse order; e.g., Ro(x) = 1, R1(x) = l, Rz(x) = 2 — x2,
R3(x) = 4 — 3x2, . . . . Notice that R, e 9,, but while R2,, is ofdegree 2k, R1“ 1 is also of
degree 2k.

1.2.21. Show that

III/2] n
R.(x) = Z (2}) (1 — x2)’.

1=0

Hint. Use Exercise 1.2.1.

1.2.22. For n =0, 1,

(a) R,,(x) is an even function of x.
(b) l< R,(x) < 2"”, xe].
(c) R,(x) is monotone increasing from 1 to 2"‘ in —1 g x < 0. (Hence monotone

decreasing from 2" 1 to l in 0 < x s 1).

(d) Rn(x) S Rn+1a x61-

1.2.23. The polynomial 7;(z) — R,(z) has all its zeros on the unit circle, |z| = 1.

Hint. Ifz is a zero of '1; — R. then

71(2)

z‘T-(l)2

Now use the factorization 1:,(2) = 2"‘(z — £1) (z — 6,).

=1.

1.3. Polynomial Interpolation at the Zeros and Extrema

The zeros and extrema of the Chebyshev polynomials play an important role

in the theory of polynomial interpolation. The setting is the following.
Suppose f(x) is a continuous function defined on I, which we wish to

approximate by a polynomial of degree at most k. As a measure of how good
an approximation off(x) is provided by a given p69,; we adopt the uniform
norm

Ilf— pll = _max 1 If(x) — p(x)|;
l<x<
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i.e., the measure of approximation is the greatest distance betweenf(x) and
p(x) as x runs through I. A rather natural way to seek polynomial
approximations tof(x) is to samplef(x) at distinct points of 1, x1, . . . , x,,, and
try to find a polynomial that takes on the same values asf(x) at x1, ... , x”.
Such a polynomial is said to interpolate f(x) at the nodes x1, ..., x". As a
matter of fact, we shall now show that, given distinct points of I, x1, . . . , x", it
is easy to construct a unique p69...1 that interpolatesf(x) at x1, ..., x".

We wish to construct a polynomial that passes through the points

(x1;f(x1)),' (x2,f(x2)). - . - , (x., 00.))-
Let us put

_ _ (x-x1)(x-xz)“'(x-x;—1)(x-xj+1)°"(x-xn)
lj,,.(x) — 11.06) _ (x,- — x1)(x1 — x2)° ‘ '(xj " xj— 1X35} - xj+ 1) ' ' ' (x1 " xn) ,

j=l,...,n, n21. (1.25)

l1-(x) is a polynomial of degree n — 1 that satisfies

0, ’¢' ..11(x.)={1 1:? z,J=1,...,n, (1.26)

as is readily evident from (1.25); 11,1 is identically l and Mac), ..., l,(x) are
called the fundamental polynomials for interpolation at x1, ... , x".

Ln- 1(x) =f(xl)11(X) +f(X2)lz(x) + ”' +f(X.)l..(X) (1-27)

is a polynomial of degree at most It — 1 that passes through the points in
question. Moreover, if pear1 and p interpolates f at x,, ..., x," then
p = Lu-“ for if p(xj) =f(x,-), j = 1, ..., n then

Ila—10%) — P(xj) = 0, j = l, . . . , n,

and the polynomial L,_ 1 — p69,- 1 has n zeros which means that L,,_ 1 = p.
Thus L,,_1(x), as defined in (1.27), is the unique member of 9‘”- 1 that

interpolates f(x) at x,, . . . , x,,. This unique interpolating polynomial, when
written in the form (1.27), is called the Lagrange interpolating polynomial (to
f(x) at x1, . . . ,x,).

If we start with an infinite triangular array of nodes,

x9)
x9), x?)

X: : (1.28)
x8”), n), ' ' ' 9 xgn)
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where for n =1, 2, each x}"’el,j = 1, ..., n, the rows of X determine a
sequence of interpolating polynomials

{Lu}?=o, (1.29)

the polynomial L,_1 69,_1 being the unique interpolating polynomial
determined by the nth row. The notation L,, for a member of the sequence
(1.29) is shorthand for L,‘(f, X; x), in which the subscript indicates an element
of fi,‘ obtained by interpolating the first argument f(x) at the entries in the
(k + l)st row of the second argument X.

Given X, the sequence (1.29) provides us with approximating polynomials
to f(x) on I. How good an approximation these polynomials are is, as we
assumed, measured by the numbers

Mk=l|f_Lk"= max |f(x)—Lk(x)|. k=0,1,2,....
—l<x<l

We wish to compare Mk with the best approximation possible by means of
peg,“ It is known (cf. Rivlin [1]) that there is a p“ 69* that gives this best
approximation; i.e., given f(x),

IIf— p*ll < Ilf— pll for all p69..-

We put

Ext!) = llf- 1""-

We can now prove a result comparing Mk with Ek.

Theorem 1.1.

k+l
M, S E, (I + max 2 |1j(x)|>, k = 0, l, . (1.30)

-I<x<l j=1

Proofi After subtracting and adding p* to f— L,“ we obtain

If(X) - Lk(fl X; x)| S If(x) - P*(x)| + |P*(X) - Lu(f, X; x)l- (131)

Now, if p6?”

LAP. X; x) = p(x),

since L,‘(p, X; x) is the unique interpolating polynomial to p(x) in the (k + l)st
row of X and p surely interpolates itself. Hence, in particular,

p*(x) = Lt(p*, X; x),
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and in view of (1.27)

p*(x) - tf. X; x) = Mp". X; x) — Lr(f, X; x)

= Lk(p* —f. X; x).

From (1.31) we obtain

If(x) - tf, X; X)! S E; + lLu(p* -f, X; x)|, (1-32)

but, in general, if g(x) is continuous on I,

lLk(g’ X; ’0' < |9(x(1k+l))l1,k+1(X; 30' + ' " + lg(x£"I1")lxl+ 1,k+ 1(X; x)|

(where 1M+ l(X; x) is a full notation for (1.25) with the (k + 1)st row ofX as the

nodes), and so

k+1 '

ILk(99 X; x)| < max |g(x)l max 2 ll;(x)|- (1-33)
— flxfil ~1<x<11=1

If we apply (1.33) with g = p“ —fand note that

Eh: max lp*(x)-f(x)l,
—l<x<1

we obtain from (1.32)

k+1

If(X) ~ L103 X; x) < Ex (1 + max 2 "106»). (1-34)
-l£x<l j=1

The theorem now follows by choosing x on the left-hand side of (1.34) so that

lf(x) - Lk(f, X;x)l = Ilf- Lull- I

The function

k+1

111+ 105 x) = .21 "J.k+1(X; x)|, (L35)
. I:

which appears in (1.30), is called the Lebesgue function of order k + l of X.
Note that it does not depend onf(x). The quantity

Ak+1(X)= max 1k+1(X;x)
—l<x<l

is called the Lebesgue constant of order k + 1 ofX; (1.30) may now be written



I4 DEFINITIONS AND SOME ELEMENTARY PROPERTIES

concisely as

Mk S E,(1+ Am): k = 0, 1, . . ., (1.36)

the various dependencies onfand X being tacitly understood as usual.
Since Ek depends onfand k, but not on X, the effect on Mk ofX, insofar as

(1.36) is informative, comes from the Lebesgue constant A” 1. Formula tells
us that the smaller Ak(X), the better the sequence of Lagrange imterpolating
polynomials at the nodes ofX as uniform approximations off. It is a fact that
there is an array of nodes X* such that

Ak(X*)<Ak(X)s k=13293auu

for any array of nodes X (see Rivlin [1; p. 100]). The point of this digression
on the topic of polynomial interpolation is that the zeros of the Chebyshev

polynomials provide an array of nodes with “small” Lebesgue constants. We
proceed now toward making this assertion more precise.

We shall observe at the end of this section that there exists a positive
constant, c, such that

A,‘(X)>%logk+c, k=l,2,..., (1.37)

for any X. A consequence of (1.37) is that Ak(X) -» 00 as k —> 00, a fact with
the startling consequence (Faber [1]) that, given X, there exists a function,

f(x), continuous on I, such that {Lk(f, X; x)} does not converge uniformly to
f(x). (A proof of this result may be found in Rivlin [1].) Thus our original
hope of approximating all continuous functions, using a fixed X, turns out to
be illusory. We shall show next, however, that

Ak(T)<%logk+l, k=1,2,..., (1.38)

where T is the array whose kth row is 6‘1", , f", i.e., the zeros of 7;,(x). In
view of (1.37) and (1.36), although T may not be the best array of nodes for
interpolation, it is a good choice.

Let us see what L.._1(f, T; x) looks like. We remark first that if we put

a)(x)=(x-xi)(x-xz)'"(x-m,

then I1(x), as defined in (1.25), can be written as

006)m, j = 1, ..., n, (139)1,00 =
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so that (1.27) becomes

f(’51)
Ln—1(x)= 600‘) 21W (1-40)

When T is the array of nodes, m(x) = 72,00 and so

_ _ " f(63")
LII—1(f; T, x) - 71.06)};W

73.06) 1),-_1 f(6,) Sin [(21 - 1)1t]/2n
= " j;1(— (x-Cj)

_72.xx) " ,-_1f(€;)(l- ,2)"2
- n “—g( 1) (x—E) , (1.41)

where we have used Exercise 1.2.3.

If we use the trigonometric form, (1.41) becomes

cos n6 _ f(cos 0 ) ,
L _ , T; 1 —J— . .,. 1(f cos 0): Z! (— cos 0 _ cos 0i sm 0,, (142)

and the Lebesgue function may be written

|cos n0| " sin 0j
A T; = n _— _
"( x) A (cos 0)= 11; lcos0 — cos0j'l (143)

To establish (1.38) we show first, following Ehlich and Zeller [2], that
A,(T) = 1,,(T; l) for n 2 2 (that 11(7: 1) = A,(T) = 1 is a trivial observation).
To this end we need some information about trigonometric polynomials. A
trigonometric polynomial of degree k is a function

k

t(0) = Z (aj cosj0 + b,- sinj0),
i=0

with afi + bf > 0. We suppose that, unless otherwise stated, the coefficients
a0, ... , ah; b0, ..., bk are real numbers. The set of trigonometric polynomials
of degree at most n is denoted by 9'”. (The zero polynomial is arbitrarily

assigned the degree — 1.) A nonzero trigonometric polynomial of degree k has

at most 2k zeros in the interval [0, 21:), where multiple zeros are counted as
distinct; i.e., a zero of multiplicity m is counted as m zeros. We leave this fact

as an exercise (Exercise 1.3.13).

Let us put [cf. (1.16)]

1E

oj=(2j_1)'2—na j=03 i1, iza-O-a
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and

1 sin n(0 — 91;)

“(9) =fl tan%(0 — 01)’
k=0, :1, i2,...; (1.44)

then dk(6)e.9',,. To verify this we observe that

_ i sin 211(0 — 0,.)/2 o — 0,.
“9) ‘ 2n sin (a — 0,.)/2 °°S 2 ’ “'45)

which implies, in view of the trigonometric form of Exercises 1.2.15d and
1.2.13, that

4,,(0) = 51"— [1 + 2 1:: cos j(0 — 0,.) + cos n(0 — 0.)]. (1.46)

Furthermore, forj= l,...,2n;k= l,...,2n

0, . ¢ k,4.10)) = {1 j: k. (1.47)

Thus the functions d,‘(0), k = 1, ..., 2» are fundamental polynomials for
interpolation by trigonometric polynomials ofdegree at most n at 01, . . . , 02,;
i.e.,

21!

M) = u; ykdtw) (1.48)

satisfies

40,.) = y), j = 1, ..., 2n. (1.49)

The trigonometric Lebesgue function

21:

51(9) = X |d1(0)|
k=1

has the property that

1!
6,, (0 + ;) = 6,,(9). (1.50)

This follows from the observations that d,‘(0 +(1t/n)) = d,‘_1(0), and
(10(0) = d2,,(0). As a consequence of (1.50)
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A. = max I5.(9)| = max I6n(0)|'
0<0<21t —n/2n<9<u/2n

Now for each k = l, . . . , 2n, d,‘(0,) = OJ 9* k,j = 1, . . . , 2n, and, in addition,
“0“") = d;(0k-,,) = 0. Note that either 1 S k + n S 2n or 1 g k — n s 2n,

so that for each 4(0) we have accounted for Zn — 2 simple zeros and one
double zero, i.e., for all 2n of its zeros in [0, 2n). Hence, for k = l, , 2n,

dk(0) ¢ 0 in (—1:/2n, 1t/2n) and 6,,(0) coincides with a trigonometric
polynomial _

2n

“0) = 2 3141110)
i=1

in the interval [—1z/2n, n/2n], where 8" = i— 1, the sign being chosen so that
akdk(0) > 0 for —1r/2n < 0 < n/2n. Therefore 8,, has the same sign as

d(0)—i sin n0,, _(—1)"'1 1

" ' 2n tan (ch/2) ‘ 2n tan<2*-1)(n/4n)’

i.e.,

8k=(—l)k—1, k=1,...,n,

ek=(—1)", k=n+1,...,2n,

and so,

n 2»

t(0) = Z (—1)“‘1d,‘(0)— Z (—1)"‘1d,,(0). (1.51)
k=1 k=n+1

A simple computation next reveals that (1.1—0) = d2..-“ 1(1‘)) and con-
sequently t(0) = t(—0), so that t is an even function.

Let

A,I = max t(0) = t(t‘7).
—1t/2n<9<n/2n

We claim that 0— = 9. _ _
First note that 0 ye in/(Zn), for if 0 = 11/07:) then t(0) = 1 in view of

(1.51) and (1.47) and A, = l, but

do) = i we)

satisfies s(0,-) = 1,j = 1, . . . , 2n, hence I — s(0) = 14(0), where uefi',l either has

simple zeros at 01, .. ., 02,, or is identically zero. In the former case 14(0)
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changes sign at the 01-. In particular, then, there exists 0* close to 01 so that
u(0*) < 0 and s(0*) = l — u(0*) > 1 and

l = 5..>(9*) |S(0“)l > 1

gives a contradiction. If u = 0, then s = 1 and 6,,(0) a l, which implies that
t(0) s 1. However, since n 2 2, we have 13(02) = —1 in view of (1.51) and
(1.47), again giving a contradiction.

Suppose that 0 < lgl < 1r/2n; then, because of the evenness of t,

t(6—) = t(—(7), and by Rolle’s theorem t’ has a zero between —5 and (7, in
addition to {(5) = t’(—(7) = 0, for a total of at least three distinct zeros
in (—1r/(2n), n/(2n)). Also, from our previous observation that dk(0 +
(at/n» = (1*. 1(6?) it follows that dk(0 + 1:) = d,‘_,,(0) = dk+,,(0); hence
t(0 + 1r) = (—1)n+ 1t((9). Therefore {(0) also has at least three distinct zeros in
(0,,0,,+1). Since t(0,,) = (—l)"'1, k = l, ..., n, t has at least n — 1 distinct
zeros in (01, 0,.) and by Rolle’s theorem t' has at least n — 2 zeros in (01, 6,).
Similarly, t(0,,) = (—1)", k = n + 1, . . . , 2n and t’ has at least n — 2 zeros in
(0,,+1,62,,). Thus t’efi',l has at least 2n— 4 + 6 = 2n + 2 zeros, hence is
identically zero, and t is a constant, but £091) = 1 and t(92) = -— l(n 2 2), a
contradiction. We have proved that A,' = 6,.(0). Since

t(2k- l)1t(— 1)* 1d..(0)=—co“T’

we obtain

t(Zk- 01!
A, =r-lkzlcotT. (1.52)

Observe that

1t 1t " (2k—l)1r 4n " l

A~=—Z (WT—(2171):)”.ézk—J 0-53)

hence

1
2A,,k—logn=a,,+221—_l-logn.

The a,l form a sequence of Riemann sums of the integral

xl2 l

I (cot x — —) dx = log a;
o x 1:
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henee

. 2
:31; an — log ;,

whereas

:1 1 2" l n l
— — = — — — — — l 1 4.2 k; 2k _ 1 log n 2 (k; k log 2n) (1:21 k 03 n) + 08

Since we know that

y: lim f; %—logm)=0.5772....
”*1” '=1

(3) is called Euler’s constant), we have

. 2 2 8
11m (A, — Z log n) — ; (log Z + y) — 0.9625 . . . . (1.54)
n-‘ao

Theorem 1.2. For n = 1, 2, . . . , A,(T) = 1,,(T; 1) and

2 2 8 2
_ _ _ <_ _ .n logn+1t (logn +y)<A,,(T) 1r logn+1 (155)

2
Moreover, tn= A,(T)—; log n, n= 1, 2, ..., is a strictly monotOne

decreasing sequence with 11 = l and

2 8
lim =—l — .,, not”)
I'M!)

Proof We show first that A,(T) = 1,,(711) = A.. If n = 1, this is trivial.
Suppose n 2 2. As we have seen (p. 17), (1,,(0) + (12,-“ 1(9) is an even function,
hence a cosine polynomial. Thus, if x = cos 0, we have for k = 1, ..., n.

Pk(x) = 1140) + d2n-k+1(0)69n-

Now for i = 1, ..., n,

P1159”) = dk(91) + d2n-k+1(ai) = dkwi) = {(1), Z: : 2

and (1.46) reveals that the leading coefficient of pk(x) is zero. Hence

pk(x) = [hut-T; X), k = 1’ ' - s a n:
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and

w; x)= i Ip.(x>l.
k= 1

Thus

MT; x) s 6,,(0) s A

and it is easy to see from (1.43) that l,(T; 1) = A,. Hence A,(T) = A".

The rest of the theorem is proved by showing that the sequence

1,, = A,I — (2/1t)logn is monotone decreasing as n increases. To this end we
need some information about the monotone convergence of Riemann sums
to the integral, and so we digress from the proof to obtain the following
lemma due to D. J. Newman and the author, which is not without interest in

itself.

Lemma 1.2.1. Iff”(x) andf”’(x) are both nonnegative in [0, 1], the Riemann
sums

.=3"2 f(2a 1) (1.56)

are monotone increasing as n increases.

Proof. Integrating three times by parts yields

”0_;f(2k71=) If...“g;
n k 1

_J'o 4(nt— [nt + £1)3 + [nt + 2]

24n3
————-f”'(1 — t)dt, (1.57)

(the [ ] here is the integer part notation; cf. foonote p. 2). Sincef”(0) 2 0, the
sequence —f”(0)/(24n2) is monotone increasing; hence, since t3f’”(l — t) 2 0,
it suffices to show that the function

4(nt —- [nt + fl)3 + [nt + 4}]
24n3t3

decreases as n increases. Thus it is enough to show that

4(x- [x+%])-" + [x +-%]
x3
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is a decreasing function for x > 0. This function is continuously dilferentiable
even at the points k — 6), k an integer; hence it suffices to verify that its
derivative is negative for k — (4}) < x < k + 6). In this interval, however, the
function is

4(x — k)3 + k
x3

whose derivative is

12k
764— ((x — k)2 —%

which is indeed negative throughout the interval. I

Returning now to the theorem, we apply the lemma with

1 1t
t—x.fl") = (1t/2)x _ °° 2

Since

E—cotz = clz+ c323 + +c2,,_lzz"'1 + W,

with c2,,_1 > 0, k = l, 2, . . . (the expansion is valid in |z| < 1:. See Knopp [1]).

It is evident thatf" andf”’ are nonnegative in [0, 1]. The b,l defined in (1.56)

satisfy a,l = —(1z/2)b,,, where a, is defined in (1.53). Since the b,' are monotone

increasing, the a,l are monotone decreasing. Also, if we put

1

“2.2mm“,
then

l 2
u,—u,,+1=log 1+; —2n+l

is positive for n = 1 and tends to zero as n tends to infinity.
Since the derivative of

10 1+1 2
g x 2x+1
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is

1
_x(x+1)(2x+1)2<°’ ”0’

u,I > u,,+ 1, n = 1, 2, . . . . Thus the u, are strictly monotone decreasing, and so
is the sequence (n/2)r,, = a. + an. I

Finally, we wish to provide some further information about the minimal
Lebesgue constants, Ak(X*), whose existence was previously affirmed. We
observe first that if X is any array of nodes (as defined in (1.28)) and
x1 < x2 < - -- < x,‘ is the arrangement of its kth row, k 2 2, then numbers a(k)
and b(k) are defined by

ax1+b=—l, axk+b=l.

Ifweput

x}=ax,-+b, j=1,2,...,k,

then the points x’l, x’z, .. . , x; satisfying —1 = x’l < x’z < < x; = 1 form
the kth row of array, X', which is the expansion of X.

It is easy to see that for k 2 2

Aa(X')= max MK; X)<A1(X)-
x, (xsx.

Thus if

min AAX) = Ak(X*),
x

we conclude that there exists a best array of nodes, call it X *, whose every
row—after the first—includes :1 as nodes. Let us, therefore, restrict our

attention to fully expanded arrays, i.e., all X such that X = X’.
Fix k 2 3. Let

Mj=Mj(X)= max A,(X;x), j=1,...,k—l.
x1<x<xh 1

Bernstein [4] conjectured (quite plausibly) that if M1(X) = M2(X) =
= M,‘_ 1(X) then X is a best array of nodes. Erd6s [1] amplified Bemstein’s

conjecture as follows: there is a unique (expanded) array, X*, for which
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M1 = = Mb, holds, and for any array, X,

min M,(X) < A,(X*).
lQSk—l

The conjectures of Bernstein and Erdos were proved by Kilgore [l] and
de Boor and Pinkus [1]. However, the nodes of the best array are not known

explicitly.
For the array T’ (the expanded Chebyshev array obtained by multiplying

each entry in the kth row of T by sec(1t/2k)), Brutrnan [1] showed that

. 2 1
min MJ-(T’) > — log k + —,

l<j<k—l 1r 2

and

, 2 3
A,(T) < ; log k + 4—1'

Thus, in view of the validity of the Erdos conjecture we obtain, for k 2 3

2 l
A,‘(T’) > A,(X*) > E log k + 5,

and conclude that: (i) 1/2 < c < 3/4 in (1.37), and (ii) the readily available
expanded Chebyshev array, T’ is, for all practical purposes, as useful as the
optimal nodes.

EXERCISES l.3.l-1.3.24

1.3.1. ForanyXandn=1,2,...,

M
:

Ij._(X; x) = 1, (1.58)
i 1

and so

1,,(X;x)> 1, n=1,2,...,e. (1.59)

Hint. leP," n= 1, 2, .

T.(x) _ 1 -+11—.(c§"+“)=1.3.2. (a) r,,+,(x) _ n +1 H x _ 5m, .

(b) U,_1(x) _ l I 1 _ ("331+ 1))2

U,(x) _n+11=1 x—n§'+“ I
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n J— l (I) 2© =%;(n Ji —@ '
..(x) x - 6}"

l 1 " (— I)" 1(1 - (fl§”+")z)
(d) U,,(x)= n + 1 .1; x — W“) '

1.3.3. Show that

lax-1U}. T, X) = (-1)'7]..|(X).

where

n=2kr+m; |m|<k, k,r20.

Hint. See Exercise 1.2.5.

1.3.4. If U denotes the array of nodes whose n + 1st row is '10, ..., 11., the extrema of
7:,(x), show that

. _ _ 2 f0) f(—1)
L"(f’ “’0‘" x)1"..(x) {(l—x)2n2+(1+x)(—1)~+12n=

'_ 1 f('11) }

fi§u—mm—@nmr

1.3.5. For any X and n 2 2 show that

(1.60)

m”(xj)

2w’(xj) '
606:) =

1.3.6. If x1 > x2 > > x," show that w(x) = (x — x1) - - ~(x — x,,) satisfies

Sgn wl(xj)=(—l)j—l! j= 19”.)":

where

1, t > 0,

sgn t = —l, t < 0,

0, t = 0.

If x,, x2, ..., x, are distinct real points andf(x) is a function defined for x = xi,
i = 1, .. . , n, the coefficient of x"' l in the polynomial of degree at most n — 1, which

interpolatesfat the x‘, is denoted by f(x,, . . . , x,,) and called the divided duference off
with respect to x1, ..., x,.. Note that there is no notational ambiguity when n = 1.

1.3.7. Show that

f(x,,...,x_)=_fi
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1.3.8. Show that if x1 36 xk

f(x1’ - - w xk-il) —f(x2a - - - a xk)

xl—xk
=f(xl. xi)

(hence the name divided difference).

1.3.9. Show that

P05) =f(x1) + (x — x1)f(x1, x2) + (x — x1Xx — x2)f(x1, x2, x3)

+W+(x—x1)---(x—x,,_1)f(xl,...,x,) (1.61)

satisfies p(xi) =f(xi), i= 1, ..., n. Equation (1.61) is called Newton’s form of the
interpolating polynomial.

Hint. Write the unique interpolating polynomial in the form a1 + az(x —— x1) +
+ a,(x — x1) - - -(x — x.-.) and recall the definition of divided difi'erenees.

1.3.10. Show that

f“) _ LII-1m t) = (t — x1)...“ — xn)f(x1a - - -a x!" 0

holds for all t. (The right-hand side is defined as zero when t = x,, i = 1, ..., n.)

Hint. Use Exercise 1.3.7.

1.3.1]. If x1, ..., x,' and t are points of [a, b] andfe C'[a, b], show that

f""(f)
f(t)-L..—1U; t) =(t-x1)"'(t-X.)

for some 60:) in [a, b].

Hint- Let h(t)/g(t) = (Kt) - Ln- 10"; t))/(t - x1) ' ' '(t - x.)- Then h(t)9(X) - 9(t)h(x),
as a function of x has n + 1 zeros x1 . . . , x", t. Now apply Rolle’s theorem.

1.3.12. If x1, ..., x, are distinct points of [a, b] andfe C“1[a, b], then

were
(k — 1)!f(x1, .-..xu)=

for some point 6 of [a, b].

1.3.13. If ta .7, (the trigonometric polynomials of degree at most n) and t ¢ 0, show
that t has at most 2n zeros in the interval [0, 21:).

Hint. t(0) = e""°q(e"), where q is a polynomial of degree at most 2n with complex
coefficients.

1.3.14. Is the t satisfying (1.49) unique?
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1.3.15. Show that Lemma 1.2.1 is also valid iff”(x) 2 0 andf’"(x) S 0.

1.3.16. Show that A,(T) is strictly monotone increasing with n.

1.3.17. If tag}, 0 S a < B < 1:, and t(a)t(fl) > 0 show that t has an even number
(counting multiplicities) of zeros in (a, B). If t(a)t(fl) < 0 show that t has an odd number

of zeros in (a, H).

1.3.18. Ifteg'," 0 s (po < in < < (p, < 21:, and t((pi)t(¢,+1) <0, i = 0, ..., k — 1,

show that t has at least k zeros in [(00, {pk}

Hint. Use Exercise 1.3.17.

1.3.19. Suppose that “55',' satisfies

max |t(0)l = 1
0<9<2n

and t(0) = 1. Show that t(0) 36 0 for |0| < 1r/2n, and Kin/(2w) = 0, if and only if

t(0) = cos n9.

Hint. Consider r(0) = cos n0 — t(0) and suppose that the result we seek is false.
Note that rUn/n)r((j + l)1r/n) < 0, j = l, . . . , 2n — 2 and r(1r/n) < 0, whereas r(90) > 0,
where 00 is a zero of t in (0, n/(Zn)), say. Apply Exercise 1.3.18 and also observe that
r(0) = r’(0) = 0.

1.3.20. (M. Riesz [1]) Suppose that teJ’,I and

max |t(0)| = M > 0.
0<9<2n

If |t((p)| = M, then t(0) has no zero in IQ — (pl < n/(Zn) and t(¢ i u/(2n)) = 0 if and only
if t(0) = ~_|-Mcos n(0 — ¢).

1.3.21. Ehlich and Zeller [2] showed that for even n

A..(U) = A.— 10")-

Show that A2,,(U) — (2/1r) log (2k) is a strictly monotone-increasing function of k with
limit (2/1r)(log(8/1r) + y).

Hint. Use (1.57) withf(x) = [(n/2)x]' 1 — cos(1r/2)x to obtain an upper bound on
b”; — b,,, in the notation of (1.56).

We have emphasized the elfectiveness of the Chebyshev nodes for polynomial
interpolation. Interpolation in equally spaced points is an attractive alternative
because of the simple structure of the nodes. Let us investigate the size of the Lebesgue
constants for them. If E denotes the array ofequally spaced points (including -l_-1) of I

and n = 2k +1, k =1, 2,... then the elements ofthe nth row ofE are

x,= i=—k,-k+1,...,k—1,k,
1

k1
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and

ME; x)= 2 fix
J=-k w xi‘xi

1.3.22. Show that

(a) 13.- Ix -WW

(1. g.-..233,
and hence

(c) A..(E;x)<%2', m.

13.23. Put t = 1 — (1/2k). Show that

1.1_3 ”_2J(j+l)—1_2j—3_2(j—l)—3m4k—3
w 2k 2k 2k 2k 2k 2k 2k

1 2
2k

4k— 4_ 1 (2k — 2)!
2k 2k 2k —4 k"

Now show that, in view of Exercise 1.3.2221,

l
An(E;t)>8—(n_——IYn-—2)2.

1.3.24. From n(>3) odd

_< 1,
8(n—1)(n—2) 2" 2

hence

lim [Au+1(E)]"‘z*+" = 2-
k-‘ao

These results should be compared to (1.55). The case ofeven n leads to the same result.

The methods suggested in Exercises 1.3.22 and 1.3.23 are due to Jia Rong—Qing,

privately communicated by C. de Boor.
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1.4. Hermite Interpolation

We have just seen the sense in which the zeros of the Chebyshev polynomials
are “good” nodes for polynomial interpolation. Our discussion was intended
mainly as an introduction to the notion of polynomial interpolation, and the
conclusion that there was no universal array of _ nodes at which the
interpolating polynomials converged to every continuous function was
disappointingly negative. To obtain positive results we must amplify the idea
of interpolation. We do this by requiring the polynomial not only to take on
given values at the nodes but by also fixing the value of its first derivative at
the given nodes.

Given nodes x1, . . . , x,, all contained in I, real numbers y’l, . . . , yfin and a
function f(x) defined on I, we wish to construct a p692“- 1 having the
properties that

p(xj) =f(x,) = yj, j = 1, ..., n (1.62)

and

p’(xj) = y}, j= 1, ..., n. (1.63)

Note that y} is not necessarily related to f’(x,), even if the latter exists. We put

01x)=(x-x1)(x-x2)"‘(x-x..)

and construct two sets of fundamental polynomials,

h,(x) = (1 — :33 (x — x9) I}(x), j = 1, n,

bj(x) = (x — xj)l}(x), j = 1, .. . , n, (1.64)

where lj(x) is defined in (1.25). h, ..., h,,e.?2,,_1 are called fundamental

polynomials of the first kind for Hermite interpolation (which is the name

given to polynomial interpolation that satisfies (1.62) and (1.63)), and b1, . . . ,

hue?2,,_1 are fundamental polynomials of the second kind for Hermite

interpolation. It is not hard to verify that

0, iaéj . .= = 1.65hj(x:) {1, i=1. 1,1 1, n, ( )

306;) = o, i, j = 1, n, (1.66)

1110:.) = 0, i,j = 1, n, (1.67)

0, ~¢ ' . .bxx.) = {1 2:1. 1,1 = 1, n, (1.68)

and the reader is urged to do so. Exercise 1.3.5 is useful in calculating h}(xj).
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The polynomial

W2,_1(x) = 1; MAX) + 1; WM") (1-59)

is a member of 92,,_1 and satisfies

Wan—1051) = Y), Wan—1&1) = Y},

in view of (1.65)-(1.68). The process of obtaining W2,,-1 is called Hermite
interpolation. Moreover, W2,_ 1 is the only member of .9’2,,_ 1 with these
properties, for if pew”.1 satisfies (1.62) and (1.63), then q = p —
W2,,_1 69’2“” q(xj) = 0,j =1, . . ., n and q’(x,) = 0,j = 1, . . . , n. Thus q has
zeros of multiplicity at least 2 at x1, . . . , x,,, hence has, at least, 2n zeros and

therefore q = 0. A consequence of the uniqueness of W2"- 1 is that ifp e 92,- 1
then

pm = 1:1 p(x,)hj(x) + j; p'(x,)b,(x). (1.70)

Let us suppose now that x1, . . . , x, are chosen to be 61, . . . , 6,, the zeros of

T,(x). Then, in view of Exercise 1.2.3 and 1.2.8, we obtain

2

h,(x)= h,,;.(T x)= 5" (1,,(7 x»2= ‘nf” (T5121) (1.71)

and

bj(x)=b,-,.(n x)=(x—c,-x1,-.(7:x»1=—x——_c’Tax) (1.72)

EXERCISES l.4.1-1.4.10

1.4.]. Show that for any choice of nodes

211-;(x)- 1 (1.73)

and

i (x — x,)h,(x) = i w).
i= 1 J = 1

1.4.2. If we put

w"(x,-)
com)

v,(x) = l — (x — x1)
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so that h,(x) = v,(x)l}(x), j = 1, ..., n, show that

Z vj(x) = 11’.
j= l

Hint. Recall Exercise 1.3.7.

1.4.3. Show that

h;,n(T;X)>0, XEI,j=l,...,n.

1.4.4. Show that

|b,-,.(T; x» s h.(x), m, j = 1, n,

hence that

Z |b,-,.(T; x)| < 1
1= 1

1.4.5. Show that

I 1
2 b},n(T; x)__ _nn-1(x)T (X)

1:1

1.4.6. If pe9zrl and

|p(§;)| < A. Ip'(€;)l < 3. i= 1, n.

then

|p(x)|<A+B, e.

If n = l, the bound A + B in (1.77) cannot be improved.

Hint. Apply (1.70), (1.73), (1.74), and (1.76).

1.4.7. Equation (1.38) shows that (1.76) can be improved to

II) .;..(T x)|
jg; ———(1j—<{2)1’2 \ fig log n + I).

(1.74)

(1.75)

(1.76)

(1.77)

(1.78)

1.4.8. Prove that under the hypotheses of Exercise 1.4.6 the conclusion (1.77) can be
strengthened to read

|p(x)l s A + (4.3. x61.

1 2
p,=—<—logn+1).

n 1;

where

(1.79)
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Indeed, show that (1.79) remains true if the hypothesis on p’ in Exercise 1.4.6 is

weakened to read

Ip'(é,)l s B(1 — 6})‘1”, j= 1, n.

1.4.9. Show that

Z [1,..(T; x)? < 2 cos” —" < 2, all xel.
j= 1 4n

Hint. Use (1.73) and (1.71). (Compare this result with (1.37), taking X = T.)

1.4.10. Show that for j = 1, . . . , n

max |1,._,(T; x)| < fl.
1—1<x<

We show next that Hermite interpolation in the Chebyshev nodes succeeds
where Lagrange interpolation failed; i.e., given a continuous function it
provides us with a sequence of polynomials that converges to the function.

This result is due to L. Fejér [1].

Theorem 1.3. Let f(x) be continuous on I. Let W2,_1(x) be the Hermite
interpolating polynomial defined by the conditions

”In—1(6) = Y} =f(§j): j =1,---:": (L80)

'z.—1(€j) = 0, J'= 1. n; (131)

then

3i}: W2.—1(X) =f(X) (1-82)

uniformly in I.

Proofl In view of (1.69) (y;- = 0), we have

Wz.-.(x) = .; f(:,)h,-..(T; x)

and, recalling (1.73),

f(x) = 1; f(x)h,-,..(T; x).
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Hence for x e I

IN) — W2..-1(Xll s 1; mx) —f(c,)lh,,.(r; x), (1.83)

since hj,,,(T; x) 2 0, j = 1, . . . , n (cf. Exercise 1.4.3). .
Given a > 0, let us choose 6 > 0 and so small that

Ifm —f(x”)| < 3

whenever |x’ — x”| < 6, x’, x”eI. This can be done, for f is uniformly

continuous on 1. Fix x61 and let at be the set ofj for which Ii, — x| < 6; )3

denotes the set of the remainingj among 1, . . . , n. Then, in view of (1.74) and
(1.73),

2 |f(x) —.;f(€;)lhj.(T x)<§ 2 15413041; h...(T;x)=§.

(1.84)

Moreover, 1f16/}, then léj — x|> 6, and so

-€;x 73.05) 2 2
hjn(T; x): ”2 (x_ 61) < "262,

since 1 — {ix < 2 and T§(x) S 1. If

M = max If(X)l,
—l<x<l

then lf(x) -f(€,-)I s m; = 1, n, and

4M
2 |f(x) -,f(€j)lhj..(T; x) <—"62, (135)

since the number of indices in B does not exceed n.
From (1.83), (1.84) and (1.85) we conclude that for each e

4M
|f(x)- W2..—1(x)|<: +752,

and so there exists N such that for n > N

If(X) - W2..—1(X)l < 8;
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i.e.,

El: W2..—1(X) =f(x)

uniformly in I. I

An immediate consequence of Theorem 1.3 is the Weierstrass approxi-
mation theorem.

Theorem 1.4. Given f(x) continuous on I and a > 0, there exists a poly-
nomial, p(x), such that

If(x) - p(x)| < 6

for all e.

The Weierstrass theorem is the theoretical basis for the great utility of
polynomials, since, roughly speaking, it enables us to replace any continuous
function with a polynomial in the course of a mathematical argument.

Theorem 1.3 was proved by Fejér in 1916. In 1930 (Fejér [2]) he returned
to the same topic and was able to improve the result by weakening the
requirement in (1.81) that the derivative of the interpolating polynomial
vanish at the Chebyshev nodes. More precisely he provided the following
theorem.

Theorem 1.5. Let f(x) be continuous on I. Let W2,_,(x) be a Hermite

interpolating polynomial defined by the conditions

pV2!I—l(cj) =f(€j)l j = 1: ' ' -9 n,

’Zn-1(§j)=y}a j=19"'sns

where

W s a,fi (1 — 59-1/2, j = 1, n, (1.86)

with

fin; a, = 0. (137)

Then lim W2"- 1(x) =f(x) uniformly in I.
ll—N!)
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Proof

W2n-1(x) = Z mam) + )2 Vibfix),
but by Theorem 1.3 we know that

lim ;11(c,-)hj(x))=f(x)
II‘ND

uniformly in 1, whereas in View of (1.78) and (1.86)

S a, — +
1: logn

(2 ‘ )a, —+ —>0
1: logn

as n -> 00, by (1.87), thus proving the theorem. l

j; rim-(x)

and

EXERCISES 1.4.ll-l.4.12

1.4.11. Prove that if f'(x) is bounded on I and W2".1 satisfies

W2n-l(¢j) =f(cj)a i=1, - - ., n,

’2u-l(€j) #1161), j= 1: - - - a n:

Then lim W2” l(x) =f(x) unifomly in I.

1.4.12. Prove that iff’(x) is continuous on I, the Weierstrass approximation theorem
(Theorem 1.4) can be strengthened by adding the conclusion that If’(x) — p’(x)| < a for
all x e I.

Hint. Apply Theorem 1.4 to f'(x) and consider the indefinite integral of the
polynomial thus obtained.

1.5. Orthogonality

Further interesting properties of the Chebyshev polynomials follow directly
from the definition (1.2). It is easy to verify that for all nonnegative integers
m, k

I1' cos k0 cos m0 d0 = o, m ¢ k, (1.88a)
0
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1:
g _s k 0,

I cos2 k0 d0 = 2 ¢ (1.88b)
0

m k=Q

If we make the change of variables x = cost) in (18.8a,b), we obtain the
orthogonality relationship

1 dxr T," —= o, 1.89L 1(x) (x) rag my”, ( a)

1 3 k 0-
Tflx) -—dx = 2’ 9e ’ (1.8%)

2

_1 1 _ x 1: k = 0

that is to say, the Chebyshev polynomials {7;(x)},‘:°=o form a sequence of
orthogonal polynomials on I with respect to the weight function (1 — x2)" 1’2.
As such they are members of several large, important, and much studied
families of sequences of orthogonal polynomials:

1. Sequences of polynomials {p,,(x)},';°=o that satisfy

J1 p1(x)p..(x)W(x)dx = 0, m aé k, (1.90)
- 1

with a weight function w(x) 2 0 on I.

2. The subset of (1) consisting of sequences of polynomials {pf,“"”(x)},‘:°=o

that satisfy (1.90) with

w(x)=(l —x)“(l +xy', a> —1,p> —1. (1.91)

These are called the Jacobi polynomials.

3. The subset of (2) consisting of sequences of polynomials {p§,’”(x)},‘:°=o
that satisfy (1.90) and (1.91) with a = fl and A = o: + %. These are called
the ultraspherical (or Gegenbauer) polynomials.

It is clear that the Chebyshev polynomials are ultraspherical polynomials
with A = 0. We shall examine some properties of the Chebyshev polynomials

that are characteristic of the larger classes of orthogonal polynomials
mentioned above. The reader who is interested in seeing the generalizations
of these results to the larger classes (and learning to which class a specific

result generalizes) of orthogonal polynomials should consult Szego [1].
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I. Second-Order Linear Homogeneous Difi'erential Equation
We saw in (1.23) that

sin n0
1 I
; TAX) — m, x — COS 0.

Therefore

,, d sin n0 1

T,,(x) - n 20— ( sin 0 )(_ sin 0)’

from which it is easy to verify that y = 7:,(x) satisfies the second-order linear

homogeneous differential equation

(1— x2)y” — xy’ + nzy = 0 (1.92)

for x61, hence for all x.

If we write (cf. (1.9))

’1},(x) = to + tlx + + tux"

and substitute in (1.92), we obtain

3| 3 .fl

(1— x2) 2 k(k — l)t,,x"'2 — x Z kt"‘1 + n2 2 m" = 0,
k=0 i=0 k=0

or

z k(k —— l)t,‘x"'2 + Z (n2 — k2)t,‘x" = 0.
k=0 k=0

Combining coefficients of like powers gives

0 = ”:2 (tk(n2 _ k2) + tk+2(k + 2Xk + 1))xk + (n2 _ (n _ 1):)“- lxu-l’

k=0

from which we conclude that

t,,_l = 0 (1.93)

and

t,,(n2 — k2) + two: + 2)(k + 1) = o, k = o, (n — 2). (1.94)
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Equations (1.93) and (1.94) immediately imply (what we already knew; cf.
(1.10)) that that-” = 0. Since, according to (1.14),

tn=2u-1

we see that

= _ raw: -2
‘H 2 (n— 1) 4 t"

and

_ n(n —1)(n — 2)(n — 3) 2.1-5.

"‘4 ‘ 2!(n — 1)(n — 2)

In general we have

n(n—1)'~(n—2m+1)

m2""""1, (1.95)tin-2m = (_ 1),”

as we may readily establish by mathematical induction. From (1.95) we easily
obtain, for n > 0,

15:22,, = (41)"- n f m (" :n'”) 2~-2--1, m = o, 1, [g], (1.96)

a more concise form for the nonzero coefficients than we had before.

EXERCISES l.5.l-l.5.l3

1.5.1. Show that if —1 < x <1and n #0

, __ 2I 71(1)) dt _ 1 x U,,_1(x)’

1 1 — t2 "

hence

720)
x dt

I—x ./1—t2

//\
S

ID
-

1.5.2. Show that for n 2 1

rim» d‘ =2
—1 ' ./1—t2
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1.5.3. Show that for n 2 2

1 2 n(a) I. = L1 I72.(x)|dx = n2 _ 1 [sin u/2n _ I].

(b) I1, Iz, 13, ..., is a monotone-increasing sequence with limit 4/n.

1.5.4. If the polynomial p (#0) satisfies the differential equation (1.92), then p = CT;
for some constant c.

Hint. Putting y = p in (1.92) yields a polynomial identity. Examine the leading
coefficient on the left and thereby determine the degree of p.

1.5.5. Show that for k 2 1

(1 - x2”?+1’(x) — (2k - 1)x'11."’(x) + (n2 - (k - 1)2)T$."‘ 1’(36) = 0

1.5.6. Verify that

nz(n2 — 1a — 22) - - - (n1 — (k — 1y)
T‘" l = .
”)0 l.3.5-~(2k—1) (197)

1.5.7. Show that (1.60) may be simplified and written

2 I
L.“ U; x)__ ( xn)Tn(x) io”(_l)j+l____f(’1}) (1.98)

=0 (x - 'Ij)

where 2” is a “trapezoidal” sum; _i.e.,

_Z”"J=%uo+u1+u2+---+u._1+%u.. (1.99)
J 0

1.5.8. (Dufiin and Schaefl'er [1]) Prove that if p69,, and

IKH)'))I<1, j=0,...,n,

then

IP15")! < "(1 - (53'5”)‘1” =|T1.(€}"’)l. J'= 1. ..., n- (1-100)

Equality in (1.100) occurs for any one j only if p(x) = i T,(x).

Hint. Note that p’(E,) =L1.(P, U; 5,); hence T;(C,-) = L;('1;, U; 6,) and recall
Exercise 1.2.3.

1.5.9. (Dufiin and Schaefl‘er [1]) Prove that if pea, and

Ip(n5"’)l<1, j=0,...,n,
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then

IPWTN < ITt"’(r)I. k = 1, ..., n,

where 1: is any zero of T5,"— l’(x). Equality occurs for any single 1: only if p = i- Tux).

Hint. Note that k = 1 is Exercise 1.5.8. Use mathematical induction on k and
express p‘” as its own interpolating polynomial in the zeros of TS," 1’.

1.5.10. H.116?" and

MW» < 1, j = 0,. 11,

show that

Ip""(x)l < 7*.”(x), x 2 u.

where u is the largest zero of T},""’(x),

1.5.11. (Rogosinski [1]) If p69,, and

Ip(n§")l < 1, j =0, n,

then

lp""(t)l < t"’(t)I. Itl 2 1, k = 0, n,

with equality only ifp= :7; for k 2 1 and k = 0, M > 1.

1.5.12. Show that for all nonnegative integers m, k

C

J. l Uk(x)U,,.(x) 1 — x2 dx =
—1 k=m.we

Thus the Chebyshev polynomials of the second kind are ultraspherical polynomials,
p5,"(x), with A. = 1.

1.5.13. Show that

v-(%)=:':‘:<—»*(";">x"-’*-
2. Three-Term Recurrence Formula
The three-term recurrence formula satisfied by the Chebyshev polynomials is

the translation of the elementary trigonometric identity

cos n0 + cos (n — 2)0 = 2 cos 0 cos (n — 1)0,
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which becomes

7:,(x) = 2x’1;_1(x) — ’12,_z(x), n = 2, 3, ..., (1.101)

with 'I},(x) = 1 and T1(x) = x.

EXERCISES 15.14-15.19

1.5.14. Show that (1.101) is valid for n = 0, i l, 12, ..., if we put

T—. = 72.

for positive integers n.

1.5.15. Show that no two consecutive Chebyshev polynomials, 7;,(x), 7.1+ 1(x), have a
zero in common.

1.5.16.

(1 - x’)TL(X) = "[T.— 106) - x7100]-

1.5.1'7. Show that

[w] (1.102)
36—}!

N
II

—

0' 7300730) =
,-

where 2320 a; means

éuo+u1+u2+'”+uu.

(1.102) is called the Christofi'el-Darboux formula.

1.5.18. Show that

2 Z’ T} = Tint - EMT!" (1-103)
i=0

hence that

Timfi- KHTLB 1. (1-104)

Also show that T§+1(x) — 7:,(x)7,',+z(x) = 1 — x’, n = 0, 1, 2, .

Hint. Apply the recurrence formula to obtain T§+l(x) — 7:,(x)’1;+2(x) =

T300 — 7;_1(x)72,+1(x).

1.5.19. Show that the Chebyshev polynomials of the second kind satisfy the three-
term recurrence formula U,(x) = 2xU,_1(x) — U,_2(x), n = 2, 3, ..., (identical to
(1.101)) with U0(x) = 1 and U1(x) = 2x.

(a) Also show that U3“ — U, U,” = 1, n = 0, 1, 2, . Note that the three-term
recurrence formula is valid for n = 0, ~_|-1, 1-2, . . . , if we put U_,.(x) = — ,,_z(x).
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(b) Show that the fundamental polynomials for Lagrange interpolation at the extrema

of 7:,(x) are

M
:

j ” 7}(n£"’)'1}(x), 0 < k < n,

II 0

lk,n+1(U; x) =

=
l—

-
=

IN

T}(ni"’)7}(x). k = 0, n-
j=0

Hint. Put y = 71)") in (1.102) and note Exercise 1.2.15c and (1.98).

3. Generating Function

Suppose that lul < 1, then

M . °° . l
ulna: l = ‘ .ue .20 (ue")'l ——l —ue"’

On equating the real parts of this equality, we obtain

. 1—,ucos000

ll _—

.20“ cos n0 l+u2—2u cos0

Ol‘

F(u,x)=1 l—ux

m= go 77.0014", e. (1.105)

The function F(u, x) is called a generating function for the Chebyshev
polynomials, since they appear as the coefficients in its expansion in powers
of u.

It is interesting to remark that we can recover (1.96) from (1.105). To do so

wenotethat

F 5 — 1—3 ———1—-—— (1106)
“’2 ‘ 2 1—u(x—u)' '

If we suppose that |u| < % and that e, then

—%<u(x—u)<i

and so

__= z (u(x — u))" = u"(x — 14)". (1.107)
0
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The coefficient of u"' in the right-most expression in (1.107) is

m m—l _ m—2 m_ _ m—j ”I.
x—(1)x’”2+(2)x 4+ +( l)j(j>x 2

_ ... W2] ...— ...+ +( 1)[ I21(" [m/2] )x 21/21,

as we can see by starting with the term k = m in the infinite series, extracting
from it the term in u"‘, then considering the term k = m — 1 in the infinite

series, extracting from it the term in u"', and so on. (As an aside, compare

Exercise 1.5.13. We have stumbled on the generating function of {U,,(x/2)}.)
Therefore the coefficient of u” in the expansion F(u, x/2) is, in view of (1.106)
and (1.107),

x “PD/21 n—k 1 n—l—k _ rm

“(5% 1; WK 1 )‘i( k )l” "H“?
(1.108)

and since this equality holds for x61, it holds for all x; but

n—k _1n—l—k _ln—k n—k

k 2 k _ 2 k k ’

and so replacing x with 2x in (1.108) enables us to recover (1.96).
Note that, if we put x = cos 0 and put Pu(0) = 2F(u, cos 0) — 1, then (1.105)

yields

l—u2

1— 2uc030 + u2
P,(0) = = 1 + 2 i u'cos n0.

n=1

The generating function, Pu(0), is called the Poisson kernel and plays an
important role in function theory (See Bak and Newman [1], for example).

4. Least Squares

We show next that if

p(x)=ao+a1x+"'+a,,_1x"'1+x", n>0

then

T§(x)—= 21-2»: (1.109)£1",20w— ’L ¢1d_—xz
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with equality only if p = '72,; that is to say, among all polynomials of degree n
having leading coefficient 1 the normalized Chebyshev polynomial has the
least integral of its square with respect to the weight function (1 — x2)‘”2.

To prove (1.109) we write p(x) = boTo(x) + + b,' T,(x), where (cf.
Exercise 1.2.6) b,l = 2“"‘1’, and consider

1" _ 2L=J1”2_d_x__rz_‘i’i_
La“ ”9‘” m -lm’m” -1p‘x’,/1—_?

dx

fi'

But the orthogonality relationship (1.89) implies that the‘last term on the
right-hand side of (1.110) is equal to

1 ~ dx
—2 Tfix —.J1 () 1 2

—x

—2 J-l (bo + b17100 + + b.77.(x))7.(X) (1-110)
-1

Moreover, the left-hand side of(1.1 10) is nonnegative (since it is the integral of

a nonnegative integrand) and zero if and only if p = '12,. Equation (1.109)
follows at once, the value of the minimal integral following from (1.8%).

5. Numerical Integration
Numerical integration is approximation of the definite integral by finite sums.
A typical numerical integration formula involves approximating

r mm (1.111)
—1

by

i A§"’f(x§"’) (1.112)
i=1

for all f continuous on 1. One criterion of the goodness of the approximation
(1.112) to (1.111) is to require that (1.112) be equal to (1.111) for feg‘k and k
as large as possible. A reason for adopting this criterion is that, according to
the Weierstrass approximation theorem (Theorem 1.4), every continuous
function on I can be unifom approximated, arbitrarily closely, by
polynomials.

In order to integrate every f 6%, exactly by means of (1.112) it suffices to
choose the A?” and x?” in (1.112) to satisfy

n 1

2 A§"’(x§"’)" = I xjdx, j = 0, 1, . . . , k. (1.113)
i=1 -1
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We have 2n unknowns in the system of k + 1 equations (1.113). Therefore the

largest k for which we can generally expect to solve this system is k = 2n — 1;
hence we can expect to integrate exactly all f 69'2"- 1, at most, by suitable
choice of nodes and coefficients in (1.112).

The choice of the zeros of the Chebyshev polynomials as nodes in (1.112)
leads to an optimal numerical integration formula, not, however, for (1.111)
but for

1 fix) dx

—1./1—x2 .

We proceed next to produce this formula. Suppose that pe?2,,_1; then the
Lagrange interpolating polynomial to p at the zeros of 7;,(x) is

(1.114)

_ = '- pas-moo
L,,_1(p, T, x) j; 7,“:i _ Ci). (1.115)

Since p(x) — L,,_1(x) = 0 for x = Cl, .. ., 5,, we can write

Pot) - L..—1(X) = 72(X)r(x), (1-116)

where r(x)e.?,,_1. In view of Exercise 1.2.6 and the orthogonality relation-
ships (1.8%)

I1 T(x)r(x)d—x = o_1 n /————1_x2 a

and so (1.116) implies

(1.117)1’ m—LJ L (pr-x)——d"_'
_1 1-x2 —l ”—1 , ’ l—xz’

but, if we evaluate the integral on the right-hand side of (1.117) in view of

(1.115), we obtain

‘ p(X)x dx—— 2 M115”), (1118)

where

7:,(x) dx1

71(6)”) l—r (x — 6?”) . /1 — x2-
1)” = (1.119)
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In other words, the numerical integration formula

1: 13')my”), (1.120)

where 13") is defined in (1.119), evaluates the integral (1.114) exactly if
f 692,,_ 1. Formula (1.120) is simply the integral with respect to the weight
function (1 — x2)‘1’2 of L,_,(f, T; x).

' The formula analogous to (1.120) for (1.111) is due to Gauss and called
Gauss’s quadrature formula (quadrature being a synonym of numerical
integration). It is derived by using the zeros of the set of polynomials
orthogonal on I with weight function w(x) = l, the Legendre polynomials, in

place of the zeros of the Chebyshev polynomials in (1.115). The reader is once
again referred to Szego [1] for details. Formula (1.120) is sometimes called
the Gauss-Chebyshev quadrature formula.

Formula (1.120) cannot evaluate (1.114) exactly for all f 6?”, for if
f(x) = T§(x)e.4’,, then (1.114) is positive and (1.120) is zero. Indeed, there is
no formula

"
M

a

c.f(x0. ci a6 0, i= 1, n, (1.121)

that evaluates (1.114) exactly for f 69,. with m> 2n — 1 other than (1.120),
for if there were put a)(x)= (x — x1)” -(x — x.) Say x, is not one of the 5}".
Consider

(00¢)T.(X)_
—xk

f(X)=

thenf 692,- 1, (1.120) is zero, and therefore (1.114) is also, but (1.121) yields
the value ckw’(xk)71,(xk) 95 0. Thus, possibly after renumbering, xj = 63-"), j = 1,

n. Finally, putting f(x) = 1:,(x)/(x - 5,) in (1.121) and (1.120) yields

1 1 T_(x) dx

=T—'(Cj) -1x—"§j‘/1 —x2'

We want to show next that (1.119) can be considerably simplified. Indeed

_(n)cj—A

1;») =3, j = 1, n, (“M

so that (1.120) has the particularly simple form

— Z f(ct") (1.123)n):
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To prove (1.122) we put y = 5: in (1.102), which then becomes

i’ mm.) = -%T...(:.-)£_"1.
i=0 x {i

If we now multiply both sides of this identity by (1— x2)'“2 and then
integrate over I, we obtain, in view of the orthogonality relationships,

§= —%7:...(:9T:.(¢.)As"’.

Equations (1.122) now follow from Exercises 1.2.3 and 1.2.7.

We observe, finally, that the approximation (1.123) to (1.114) converges to
(1.114) as n —> 00, for

j: f(cosaj —1)2—’;)3
|: 1 my”) = 3
|?

!

1

and since f(x) is continuous on I, the right-hand side of this equality
converges to

" _ 1 f(x)Lflcosmdo- um“

asn—mo.

EXERCISES 15.20-15.25

1.5.20. Equations (1.122) are equivalent to

_x2

1|: 1 dx
_ —_ . - _— 1.124n J: 1 1,..(7', x) 1 ( )

(the 11,,(T; x) are the fundamental polynomials of Lagrange interpolation at the zeros
of the Chebyshev polynomials). Show that

1 dx
I 1;..(T; x)lx..(T; x) = 0, j ¢ k;j, k = 1, n.

1 ./1—x’

1.5.21. Show that

E: J1 [1,..(T;x)]’ d" , j=1,...,n. (1.125)
n 1 l
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Hint. Substitute p(x) = [l13,,(T; :c)]2 692,- 1 in (1.118). Note the remarkable result
implied by (1.124) and (1.125). Also summing both sides of (1.125) onj from 1 to n gives

l1 i [1,...(T; xnz
- 1 ]= l

which should be compared to Exercise 1.4.9.

1.5.22. Generalization of Exercise 1.5.20. Prove that if k is even and n(1), . . . , n(k) are
distinct integers satisfying 1 < n(i) < n then

dx

—x

=0.
1

J—t ln(l).u(T; x)ln(2).n(T; x) ' ' ' In(k).n(T; x) 2

Hint. lu(1)(x) ' ' ' 11.0005) = C(T.(x))" ‘7;(X)/[(x —‘ 6...”) ' ‘ ' (x _ 4-00)] and recall
Exercise 1.2.12.

1.5.23. If n(1), . . ., n(m) are distinct integers that satisfy 1 < n(i) < n, show that

1 dx
' ' ' ll —= 0’

L ”W" b“ "x’H

where the 1),“) are defined in (1.72). However, also show that

dx

./1—x2
£1 h.(x)h.(x) #0,

where the h,- are defined in (1.71).

1.5.24. Suppose f(x) is continuous on I and W2"_1 is the Hermite interpolating
polynomial defined by

m»-1(€j)=f(§j)s i=1, - - '9 n,

[Zn-1(5j)=y}9 j=1,..., n,

where the y}, j = 1, . . . , n, are any given real numbers. Show that

mHm! W..- .(x)—L,_-x I {3"}: dx

1.5.25. IfF(0) =f(cos 1:0) =f(x) satisfies we) 2 o and F'”(0) 2 Ofor o s 0 s 1, show
that the Gauss-Chebyshev quadrature formulas increase monotonically to (1.114) as n

increases.

Any p69,, has a “Chebyshev expansion,” i.e., it can be written as

p(x) = % + A1T1(x) + + A_7;(x). (1.126)
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The coefficients A0, A1, . . . , A,| are easily determined. We multiply both sides
of (1.126) by Tm(x)(l — x2)'“2 and integrate the resulting equality to obtain

dx
£1 P(x)Tm(x)—\/———= :0 A1 J‘: 11(X)TM(X)\/T—x;

The orthogonality relationship (1.89) now yields

-T

k=0,...,n, (1.127)
2 1 dx

Ax = E [—1 P007105)W,

as the formula for the coefficients in (1.126). (It was to avoid singling out the
case k= 0 that we took the first term in (1. 126) to be Ao/2.) Let us, for
example, obtain the Chebyshev expansion (1.126) for L,_1(f x)e?,,_1.
Suppose that

LNG: T. x) = "21' «mm. (1.128)
m=0

then

2 1

an = ; J-l Lu-1(x)Tm(-x)fi;

but Ln- 1(x)T,,,(x)e.?2,,_1, hence (1.118) applies and we obtain

= g 2"; L.— lag-mic»
,= 1

01'

a... =-:- :1 f(g,)r,,.(§,), m o, n — 1. (1.129)

In particular, if f(g) = 1 and f(5.) = 0, i are k, then L,,_1(f, T; x) =

l,‘_,,(T, x), and we obtain

1,”,(11, x) = l,‘(x) =% 2:, Tm(§,‘)Tm(x). (1.130)

TThe notation 2’ is defined following (1.102).
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The expression (1.130) has some remarkable consequences. In the preceding
section we proved that

m 1 1 f(x)dx
"w _1L.—1(faT,X)-—,——1_x2— —1—’—l—x2

for f(x) continuous on I. The integral appearing on the left-hand side of
(1.131) is precisely (1.123) and so we had a particularly simple numerical
integration formula for (1.114). We wish to show next that

dx (1.131)

1 n l

I 1 L.—1(f, T, 304x = ~21 f(Ca) _1 li(x){lx (1-132)

is an efl'ective numerical integration formula for

1

I f(x) dx
-1

in the sense that

n-‘as —

1 1

lim L,_1(f, T, x)dx =J f(x)dx.
l - 1

Theorem 1.6. If

1

fl: = Ill") =f 1 li,ll(T: 30413" (1-133)

then, if f(x) is continuous on I,

n 1

lim k; ul"’f(€}"’) = I_1 f(x)dx. (1.134)

Proofl We first establish that u, > 0, i = 1, . . . , n.

p, = J 1,-(cos 0) sin ads
0

n-l it

=1 Z’ (2 I sin 0 cos m0 d0) cos moi,
n m=0 0
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where we have used the trigonometric form of (1.130). Now

2 J sin0cosm0d0 = J (sin(m +1)o — sin(m —1)0)d0
0 0

0, . m odd,

= —2(—l 1—), m even (m > 0),
— l— m + l

4, m = 0.

Therefore

fl1=%|:1—(1_%)°0520i_(%‘%)°0349i

l l l l.....(KT—m) cos "191—” _(m_k—+—l)cosk9i],

where k = n — 1 for odd n and k = n — 2 for even u; but cosmG, S 1, hence

u,>%[l—(l-%)- (1—11— ”(m—q -,,,—+1)-
1 1 ) >Z_> Ego‘fi‘m ’nk+1 n2 ’

and the positivity of pi, i = 1, .. . , n, is established.

Suppose now that p(x) is a polynomial, say [1695 then

L..(p. T. x) = p(x). n 2 k

and so

1 l

I L,(p, T;x)dx=J p(x)dx, n>k, k= 1,...
—1 —1

Thus the theorem is proved for polynomial f(x), without recourse to the
positivity of the 11,.

If f(x) is continuous on I, then, according to the Weierstrass approxi-
mation theorem (Theorem 1.4), given any a > 0, we can find a polynomial p(x)
such that

f(x) = p(x) + 6(x) (1.135)
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with

|6(x)| < e, e. (1.136)

Equation (1.135) implies that

l 1 1

J‘ LII-1(f; 1: x)dx =I LII—1(p, T; x)dx "TI Lil—1(6: Tix)dx'
._ 1 — 1 - 1

(1.137)

Now

1 u

L1 L..—1(6, T; x)dx = -=21 u:6(€.-);

hence

gmIll-W501 < a :1 m,
l

I L_,, 1(6, T; x) dx<
— 1

in view of (1.136) and the positivity of the at, but

”#1: =; £1 ls(x)dx = f:1(i:11i(x)>dx =

where we make use of Exercise 1.3.1. Therefore

1

—23 <I L,_1(6, T; x)dx < 23,
- 1

whereas integration of (1.135) implies that

1 1 1

J p(x)dx = I f(x) dx — I 6(x) dx,
- 1 - 1 - l

where

1

—23 <J 6(x)dx < 28.

If we now restrict n to be greater than N, the degree of p(x), (1.137) yields

1 1 1

I L.—1(fl T; X)dx =I p(x)dx +J L.—1(5. T; x)dx
-1 —1 '1

= J1 f(x)dx — [1 6(x)dx + fl L,,_1(6, T; x)dx.
-1 -1 —1
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Thus for n > N(e)

<4e.J1 -L,,_1(f, T; x)dx—J‘1 f(x)dx
—1 -1

The theorem is proved. I

Remark. Fejér [4] proves this theorem in the more general case that f is
Riemann integrable on I.

Although the sequence of interpolating polynomials in the zeros of the
Chebyshev polynomial does not converge uniformly to every continuous
function, we conclude this chapter on a positive note by showing that this
sequence does converge in the mean. As a by-product we thus obtain another
proof of Theorem 1.6.

Theorem 1.7. If f is continuous on I, then

lim [f(x) L..(f, T; x>JZL= 0.
"0° - l—x2

Proof As in the proof of Theorem 1.6, given a satisfying 0 < a < 1, let
p(x)e.?~ be a polynomial satisfying

|f(x) - p(x)| < 8, e;

then

1 _ 2 dx 2.111 [f(x) p(x)] H< 8 11:. (1.138)

If n > N, then L,(p, T; x) = p(x); hence

J: [L.(flT;X)- p(x)]z—\/— =J: [LuU_ P,T;X)]2—1d_x2

= L [:1 {f65”") — p(€$m’)}ls..+1(T; :0] d: x2

=::: n j: 1 {f(éi"“’) — p(~f$"“")}2 < 1:82, (1.139)

where we have used Exercises 1.5.20 and 1.5.21. The theorem now follows

from (1.138) and (1.139), in view of the inequality (A — B)2 S 2(A2 + 32),
which, in turn, is a consequence of the identity (A — B)2 + (A + B)2
= 2(A2 + B’). I
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Remark 1. Since (1 — 31:2)”2 < l on 1, Theorem 1.7 implies that

lim J1 [f(x) — L,,(f, T; x)]1 dx = 0, (1.140)
—13*0

and Theorem 1.6 follows by Schwarz’s inequality. An application of the same

inequality shows that (1.131) is also a consequence of Theorem 1.7.

Remark 2. Much more than Theorem 1.7 is known to be true. Erdos and

Feldheim (cf. Feldheim [1]) have shown that

lim 1 |f(X) — Lu, T; x»!L= o
1n-’00 - ./l—x2

for all p > 0. The theory of mean convergence with respect to other sets of

nodes and weight function is discussed in Askey [2].

EXERCISES 15.26-15.67

1.5.26. The Chebyshev polynomials also enjoy orthogonality properties on finite

point sets in I; for example, show that if 61, ..., 5,, are the zeros of I,(x) then

f k + m = 2pn

Wu, if and
. Ik - ml = 2%

n \ n k + m = Zn

1;: mama) = (- l)‘ 5, if and (1.141)
, i Ik — ml 95 2m

|k — ml = 2m

or and

k + m 9* 2m,

(0, otherwise.

1.5.27. Show that the coefficients in the Chebyshev expansion of p69,- 1,

Ao120:) = 7 + Arne) + + A.-.7;-.(x). (1.142)

can be obtained by the formula

2 I:

Am = g 2 “591",“), m = 0,1,...,n — 1. (1.143)
1= 1

Note that (1.130) implies that

2'“, — 0’ ”I"; .21, wow.) —{ 1, ,- = k.
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1.5.28. Show that

r0, k + m aé 21m

and

Ik - ml 9* 24",

n, k + m' = 2pn

and

_ Ik — ml = 2%

,2" 7;(n;)T..(nj) =( 5, k + m = 2;»: (1.144)
1:0 and

Ik — ml 9* 2‘1"

or

k + m 95 21m

and

( Ik-MI=24n.

where no, ..., 11,, are the extrema of 7:,(x).1'
Formula (1.144) is another “orthogonality” property of the Chebyshev

polynomials.

Hint. cos n0 = Re (6“).

1.5.29. Show that

J: [(3‘)—

Hint. Verify (1.145) for 71,, T1, ..., T2,,_l. The formula is variously named after

Lobatto and Markov.

=i m5"), fe?2.._1- (1.145)
i=0a

u
lfi

1.5.30. Show that there is no quadrature formula

L f(X) = Cof(-1)+:;1l cif(xi) + C.f(l) (1-146)

exact for f 6?,” with m 2 2n, and (1.145) is the only formula of this type exact for

f ea—r-

Hint. Show that (1.145) cannot hold forf 6%,, and then show that if (1.146) holds
it must coincide with (1.145).

1.5.31. If

x" = , "7}(x), (1.147)

TThe notation 2” is defined in (1.99).
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show that

n) = l-n n = 2BL“, 2 (k , k 0, ..., 2 , (1.148)

and that

B§"’=0, jaén—Zk.

15.32. If

2 ‘1t = ' AflKx).
k=0 i=0

then

k + 21'

l [on-km] ,- ““21‘

1.5.33. If

II- 1

T1.(x)= Z Afl}(x).
J=0

show that Aj 2 0. For which j is Aj = 0?

Hint. See Exercise 1.2.13.

1.5.34. If

1%) =::A,.7;-(x). k=0. 1, 2. n,
I

show that

For which j is A,,, = 0?

Hint. Use mathematical induction on k and Exercise 1.5.33.

1.5.35. Show that

I71*’(x)|<71.”(1). e, k=0.l.--..n.

with equality only for x = -|_-1, k 2 1, thus generalizing Exercise 1.2.4, in view of
Exercise 1.5.6.

Hint. This result follows immediately from Exercise 1.5.34.
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1.5.36. (Feldheim [1]) Show that

2 2n-2 1 zu-z
[1...(T; cos (3)]2 = ; 2’ cos m9, cos m0 +fi 2 c,” cos m0, (1.149)

m=0 m=2

where

_sinm0,,cos0,,—mcosm0,,sin0k k—l n
cank’ _'—sm0,‘ , — ,..., .

Hint. Use (1.130).

1.5.37. Show that

1 ' —
Ln—+Efl§rlfi, 0<9<m

'- 2 2n 2n sm 0
t; [1...(T; cos 9)] = 1

2";, 0==0,m

Hint. Sum (1.149) and recall Exercises 1.2.13 and 1.5.26.

1.5.38. Show that

. " _ _ l, -—1<x<1,
m E. [1...(T,x)]= —{2’ x = i1.

[Compare this result with Exercise 1.4.9. It is interesting to remark here, that although
the problem of finding an array of nodes X, such that

max I X; x
—l<x<1 1:21 “A )l

is minimum is unsolved, the analogous problem offinding an array of nodes such that

max “ZS! [1»..(1'i;x)]2 (1.150)
—1<x<l -

is minimum has been solved (Fejér [3]). The array of nodes that produces the
minimum of (1.150) consists of the zeros of

F.(x) = i1 P.-.(t)dt,
x

where {P,(x)} are the Legendre polynomials, i.e., the ultraspherical polynomials with
2. = %. Remarkably enough the value of the minimum of (1.150) is 1.]

1.5.39. Show that for each integer m 2 2 and x61

II III

(#21 MT; xx") sfl.
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Hint. First consider m = Zr and observe that, in notation suggested by Exercise
1.4.2,

1 = [ 2 0,1731%]? 2 vfilf'.
k= 1 l: = 1

Then use Schwarz’s inequality for the odd m. Compare with Exercise 1.4.9.

. 1.5.40. Show that

max 1 "1,u(T; x)l = "1.4T; l)l
—l<x<

and the sequence [11,,(T; 1)| is monotone increasing, with n, to 4/1:.

1.5.41. If n 2 3 and

max Ilj.n(T; x)| = llj,u(T; “j”, j = 2, - - - , n — l,

-1<x<l

then, if 14,- = cos at], we have [recalling the notation of (1.16)]

7‘
at —0"" <—.I] ll 2"

Hint. Apply the M. Riesz theorem (Exercise 1.3.20) to 11,,(T; cos (9)69"..- ,.

1.5.42. With the same hypothesis and notation as in Exercise 1.5.41 show that for

j=2,...,n—1,

l — {juj > E

1— g} ’ 18'

Hint. If 0}" = 3,4, then 0}!” — 1t/(2n) 2 2”; hence

_cos(0}"—1t/2n)—cos0§"<cos 2u—cos3u<_5_

_ 1—cos0§"’ \ l—cos3u \9’

sothat

cos0§"’ 5
<—.

1+cosH§"’ 18

1.5.43. Show that forj=2,...,n— 1, andn>3

(1.4T; up)’ < i—g < (1 2/5) = (1.20; 1))2.

Hint. Recall Exercise 1.4.1.
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1.5.44. (Erdfis and Gri'mwald [1]) Show that for n 2 l

sup max max 1 ll,,,,(T;x)| =
n j —1<x< 1t.

Hint. Put together the four preceding exercises. Compare with Exercise 1.4.10.

1.5.45. Prove that

2x —1 0 0 0

—1 2x —1 0 0

0 —1 2x —1 0 0
Tl(X)= . ,

0 0 0 —1 2x —1

0 0 0 0 —l x

where the determinant is n x n. Also show that the corner elements x and 2x can be

interchanged.

Hint. Expand in terms of elements of the first column and use (1.101).

1.5.46. (Korsak and Schubert [1]) Prove that

1 —2x 1 o o
o 1 —2x 1 o o
o o 1 —2x 1 o o

D= S S E E E E E E =2(l—T"(x)),
o o o 1 —2x 1
1 o o o 1 —2x
—2x 1 o o 1

where D is n x n.

Hint. Show that D is zero at x = m, k = 0, 2, 4, .. . , by establishing that

73011:)Cr + + 7:1—1('Ik)cn = 0,

where CJ- is the jth column vector of the matrix of D. Then show that ife and

l —1: 0 0

0 l —1.’ 0

0 0 l —2 0

E: . . . . . . . a

0 0 1 —1:

-1 o 1
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where r = x —m, then

D = EH 2 0,

where E is the complex conjugate of E.

1.5.47. If x, y 2 1 then

7200’) < 77.00720)-

Hint. Fix. y 2 1 and apply Exercise 1.5.11 to p(x) ‘= ’I;(xy)/T,‘.(x)'I,',(y).

1.5.48. If0<j,kandj+k<nthen

Manny) < 713,-(X)T$."’(y)
for x, y 2 l.

Hint. Fix y 2 1 and put p(x) = TS,”(xy)/'I‘§,”(y), so that pear]. Exercise 1.5.34
implies that |p(x)| S l for xe I and we can then invoke Exercise 1.5.11 again to show
that |p""(x)| s T91j(x). Exercise 1.5.47 is the case k = j = 0.

1.5.49. Upon putting x = y = l in Exercise 1.5.48 we obtain

n'+*’(1)< T:*1,(1m”(1),
a result which is not exactly obvious from (1.97).

1.5.50. Suppose that u> 0 and v-— log T,.(e") Show that

dzv
v<q “>0,

i.e., the curve in the u — 0 plane described by v = log Tue“) is concave for nonnega-

tive u.

Hint. The desired inequality is equivalent to

3677.05) ’ _ u x ,

[Tm] _(,;1x—_Tj) <0. x21,

(use Exercise 1.3.2c), which, in turn, is the same as

\V,>0, x
11% 515.02

Now utilize the symmetry of the Q.

1.5.51. Show that

73.097745) < 7:.(x)7:.(.V), 1 < r < x < y < 5, '5 = xy.
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Hint. Fix r and s. Observe that the curve 12 = 0(a) described in Exercise 1.5.50 is
concave and hence does not lie below the line segment joining the points (a, 0(a)) and
(b, v(b)) where a = logr and b = logs for a < u < b. In particular consider :4 = log x,

log y.

Note that the argument can be reversed so that the inequalities in this and the

preceding exercise are equivalent. Also if r = 1 we recover the result of Exercise 1.5.47.

Exercises 15.47—15.51 come from Askey, Gasper and Harris [1] where gen-

eralizations can also be found.

1.5.52. Verify that for any constant, c,

Q.(X) = 77.06) + (l - C)U.-z(X)

satisfies Qo(x) = c, Q1(x) = x and

Q.(X) = 2xQn-1(x)_ Q.-2(X). n = 2, 3. .

Hint. Exercise 1.5.19 and (1.101).

1.5.53. Show that

Urang‘wL ”0,12,-..
- l x - y 1 — x2

Another normalization of the Chebyshev polynomials is sometimes useful. We put

C,(x) = 21; (g), s_(x) = 0.6), n = 0, 1,2,... .

In view of (1.96) and Exercise 1.5.13 we have

['11 n n—k '_C-(x’=.:.“”‘a—k( k )x 2*.

and

S..(x) = :§:(_1y(n ; k)x.—2s_

Note that the renormalized Chebyshev polynomials are monic, i.e., have leading
coefficient 1, and have integer coefficients. They are useful in revealing algebraic and
number theoretic aspects of the Chebyshev polynomials, as we shall see.
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1.5.54. Show that

(a) C,(x) = xC,._1(x) — C,_2, n 2 2, with Co(x) = 2 and C,(x) = x.

(b) 5.05) = xsn—1(x) - S —2, n 2 2, with 5000 = 1 and 310‘) = X-

1.5.55. Verify that

0, m 36 k,
2 dx

(8) I C:(X)C..(X) -—2 = 41!. m = k =16 0,
. '2 1_"_ 81:, m=k=0.

4

2 x2
- 0, m 95 k,

(b) r [—2 Sk(x)S,.(x) 1 - 7 dx — {1" m = k.

Thus the renormalized Chebyshev polynomials are sequences of orthogonal poly-
nomials on the interval [—2, 2].

1.5.56. Show that the positive integers defined by

S.(i)
i"

n=0, 1,2,...,(i2= —1),Fu+1 =

F0 = 0, satisfy

17,,+1 =F.+F,._1, n=0, 1,2,

Therefore, {F.} is the sequence ofFibonacci numbers, 0, 1, 1, 2, 3, 5, . . . . There is a vast
literature and a journal, The Fibonacci Quarterly, devoted to this sequence. The
interested reader should consult Knuth [l] and the references given there.

1.5.57. Use the definition of the Fibonacci numbers given in Exercise 1.5.56 to show
that:

In n—k

(a) Fl+l=k=o( k )

(b) Fn+lFl—l ‘F: =(—1)"-

Hint. See Exercise 1.5.19.

F--=%[<#>'—<#>i
(cp' - (1 - «m. «p = (1 + fiyz.

(c) (Binet’s Formula)

El—

Hint. Exercise 1.2.20.
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(d) F2_= ,_,(3), n=0, 1, 2

Hint. Use Binet’s formula, the fact that (1 :1: J5): = 2(3 1 J5) and Exercise
1.2.20.

Note that we now have

Sz.- 10')
1 =(-1)""S.—1(3)-

Similarly, show that F2,- 1 = S,_l(3) — S._z(3).

1.5.58. Show that the positive integers defined by

L,I n=0,1,2,...,
C,.(i)

=T’

satisfy

Ln+l=Ln+Lu+b n=l,2,....

{L,,} is the sequence of Lucas numbers, 2, 1, 3, 4, 7, . . . .

1.5.59. Use the definition of Lucas numbers given in Exercise 1.5.58 to show that:

['11 n n—k

(a) L'=.:on—k( k )

(b) Ln+1Ln—1 ‘L: =(-1)'—15-

Hint. See Exercise 1.5.18.

$132,412).2

=¢"+(1-¢)"-

Hint. Exercise 1.1.1

(d) L,=F,.+1+F,,_l,n=1,2,....

Hint. Exercise 1.2.15a.

It is clear that we are now in a position to generate many identities satisfied by the
Fibonacci and Lucas numbers from identities involving the Chebyshev polynomials,
such as those given in Exercises 1.2.13 and 1.215. We leave this task to the interested
reader.
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We turn next to some properties of the Chebyshev polynomials of complex
arguments.

1.5.60. If 2 is a complex number satisfying |z| 2 1 then

I’IZ.(2)I 2 lT—1(Z)l, n 2 1.

Equality holds if, and only if, z = ii for n > 1, or |z| = 1 for n = 1.

Hint. Use the three-term recurrence formula.

1.5.61. If 0 < R then

max |T(Re"')|= |T(iR)l,
0<9<21t

and

max IU.(Re")l = IU.(iR)I-
0<0<21r

Hint. Use (1.96) and Exercise 1.5.13.

1.5.62. Show that

max lC.(e")|=
0<0<2z

and

max IUu(ew)l = Fl+1‘
0<9<21z

1.5.63. Show that

T._(i) =l((1+fly+(l-flr)=[Iggy) , n=0,l,....

The next group of exercises in this chapter presents a result of Erdés which
generalizes Exercise 1.5.11 to complex t in the case k = 0.

1.5.64. Suppose —1 < t. < 1, i = 1, . . . , k, 21, , z, are given complex numbers and

Gk(t1, . .., tk) = £121 + 'H + tkzk.

Show that

max 'l = l(31: - - - , 30'

if, and only if, 8;, i = l, , k are appropriately chosen elements of {— 1, 1}.
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Hint. Suppose the result were false and the maximum in question to be attained
when tk, say, satisfies —1 < t, < l (and 2,. ye 0). Then ifG...1 = tlz, + + t,_,z,,_1,
we have

IGk-l + tkzklz = lax—1'2 + tfilzklz + Zteik < l-l + ”kl:

for an se{—1,l}.

1.5.65. Suppose sie{——l,l}, i= l,...,k, z,=p,e"’,j= l,...,k, are given distinct

nonzero complex numbers having the property that

1!

l¢j—¢i|<5’ i,j=l,...,k

and

Hk(61, . . ., at) = 6121 + '” + skzk.

Show that

max |H,,| = Iz, + + zul. uniquely for k > 2.
3| .....8k

Hint. Let zj=xj+iy,,x,>0,y,>0,j= l,...,k.~Then

|H,,|’ = (j: “1":)2 + (I: 8W1):-

1.5.66. (Erdés [2]) If pea, (and the coefficients of p are real) and

mums 1, j=o,....n,

then for any complex number C satisfying |§| 2 1

|p(§)| é IT.(C)|-

Equality hold only for p = i 1;.

Hint.

P“) = 2 EMU; C)
J=0

where t, = p013") satisfies —1 < t, < 1, and (Exercise 1.5.7)

((2 - 1)Ti.(C) (- l)’
2MU; C) = n C _ n,- , j=1,...,n—1
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(and half that quantity forj = 0, n). In view of Exercise 1.5.64, I p(C)| will be maximal if
tj = i- 1. But then the hypotheses of Exercise 1.5.65 are in ell‘ect if we observe that the
angle subtended at C (ICI 2 1) exweds 1t/2. This leads to the conclusion that |p(§)| is
maximal if

' a

PC) = i j; (-1)’lj(0 = 1: 72(0-

l.5.67. If peg'n has real coeflicients and

Ip(n}")| < 1, i=0. n,

then

max |p(2)| S I7}.(i)l, n = 0, 1, 2.
IzI<1

with equality only if p = i- 1}. See also Exercise 1.5.63.

Hint. The maximum principle for analytic functions and Exercises 1.5.66 and
1.5.61.

There is an extension, due to Kemperman [1], of the Erdos inequality,
given in Exercise 1.5.66, to derivatives of polynomials. Namely, if p69,, is
real-valued and

|p("‘(’n))|<l, j=0,...,n,

then for any complex number C satisfying ICI 2 u,,_.,, where um is the largest

zero of TS,"‘”(x), we have

Ip""(£)l < ”WEN. k = 1, n. (1.151)

The proof uses the following generalization of the observation made in
Exercise 1.5.66.

Proposition. Let the zeros of real-valued qegm be y1 < y; < < y,,.. Let
p69,, satisfy

|p(xj)| < |q(xj)l, J' = 0, 1, m

where x0 <y1 <xl < <y,,,<x,,,. Then

|P(C)| S |q(C)| (1.152)
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holds for each complex number C outside the open disc with diameter
[x0, x,.]. The equality in (1.152) can hold only on the boundary of that disc
unless p = iq.

Proof. Let r(x) = (x — x0) ' - '(x —- x_), then

pa) = rm i “x”
i=0 r'(x,-)(C — x1).

Since p(xj) = tjq(x,) where —l S tj <1,j= 0, . . . , n we obtain

_ ' (1051)

”(0 ‘ ’(0 1;, ‘1 r'(x,-)(c — x,)'
Now q(xj)/r'(x,-) are nonzero and of the same sign, j = 0, ..., n, and if C is
outside the above-mentioned open disc then the complex numbers (C — j) ‘ 1

all lie in a sector whose angle does not exceed n/2. Hence |p(()| attains its
maximum when either t,- = 1 or ti = —l, j = 0, ..., n, thus establishing

(1.152). The statement about equality is now easily verified, and the
Proposition is established. I

According to Exercise 1.5.9, T},"'1’(z) = 0 implies

|p""(z)| < ”NZ”, k = 1, - - - , n.

But now ifwe invoke the Proposition with p, q and m replaced by 12"”, TE,” and
n — k, respectively, (the xj being the zeros of TS.“ 1) and the yj the zeros of T3,")
then (1.152) implies (1.151).
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One of the most remarkable properties of the Chebyshev polynomial, I.(x), is
that T(x) (the Chebyshev polynomial normalized so that its leading coeffi-
cient is 1) has the smallest maximum absolute value on I: [— 1,1] among all
p(x) = x" + a.._1x"'l + + a0 [t (1.109)] (This property is one basis for
the wide utility of the Chebyshev polynomials in numerical analysis, a topic
to which we turn in Chapter 3.) Let us begin by proving this fact. We recall
that if g(x) is continuous on I

"all = max lg(x)|.
—l<x<l

Theorem 2.1. If p(x) = x" + a.._1x"'1 + + a0, then

2“" n>0,
> ~ = ,up" / HT." {1, n = 0,

with equality only if p = 72..

Proof Suppose that n > 0 and ||p||< |<|fi || =21", then |p(x)| S 21‘”

throughout I and T(r],.) =(—1)"‘21 ", k= 0,. ., n [11,. are as defined in
(1.19)]. Suppose that p 5* 72., then q="1':.—p¢59’.._1 and is not identically

zero. Suppose that q(rjo) = = q(m,_1)= 0p¢1(11,.)s¢é 0, and q(n...) aé 0 but
q(11.,,+1) = = q(11..) = 0. Since q is not the zero polynomial, k < n and

m 2 0. Note now that if q(n.) aé 0, then sgn q(11.) = sgn 72.01.) = (—1)‘.

Suppose that (101:) 9e 0, 401:“) = " ' = ‘K’IHu—n) = 0, (1011+) 9‘ 0-
Then certainly q has at least j —l zeros in [11,,11Hj], but if j is even
sgn q(11.-) = sgn q(n.+j) and so q has an even number of zeros (counting
multiple zeros as many times as their multiplicity) in [7]., 11“,], hence at leastj
zeros. Ifj is odd, sgn q(m) = — sgn q(11.+j) and so q has an odd number ofzeros
(counting multiple zeros as many times as their multiplicity) in [1].,11H1],
hence at least j zeros. Thus q has at least j zeros in [1]., n.+.-], hence at least

m — k zeros in [1],” 11...]. But q also has k zeros in [1,0, fix] and n — m zeros in

67
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[mm 11,], making a total of (m— k) + k+(n—m)= n zeros in I. Since
qe?,,_1, q= 0. Thus either ||p|| > “T H orp= T. I

Corollary 2.1.1. If p(x) = a0 + alx + + akx", a,‘ 76 0, and p a6 akfi, then
there exist xoeI such that

a|p(xon > J—kf',

Theorem 2.1 has two interesting reinterpretations:

A. The polynomial in 9,,_, closest to the function f(x) = x", where
closeness is measured by Hf— 11", p69,- 1, is

p*=x"—'1~;.

B. Among all p69,, satisfying || pll = 1 the largest value of

pot)

IFp|= |pn_§m|

is 2"‘1 andthis value is assumed only for p = i 1;.

(A) is an example of a rich mathematical area, the uniform approximation
of functions by polynomials, and (B) is an example of the problem of

maximizing a linear functional on the space 2,. To see how theChebyshev
polynomials fit into these larger schemes we next explore both areas in some
detail.

A. UNIFORM APPROXIMATION OF CONTINUOUS FUNCTIONS

2.1. Convex Sets in n-Spaee

Our investigation of uniform approximation will be quite wide-ranging on its
circuitous route back to the Chebyshev polynomials. For this purpose we
need some preliminary material about convex sets .in real and complex n-
dimensional spaces, R" and C”, respectively.

Definition 2.1. A set, S, in R” or C” is convex if 3,, s,, as implies
Asl + (1 —- A)szeS for 0 < A < 1; that is, together with any two points S
contains the line segment joining them.
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Definition 2.2. If nonncgative numbers ’11, . . . , A," satisfy

1‘
43

11:].

1 1

and y1, ..., ymelR", C”,

2 li)’:
i= 1

is called a convex combination of y1, . . . , y,_.

Definition 2.3; Given a set S, form the set S, of all convex combinations of
points of S. S is called the convex hull of S.

Theorem 2.2 (Carathéodory). Let S be a subset of IR'I and y a point of S. Then
there exists a subset S1 of S, containing at most n + 1 points, such that ye S1.
Indeed, given any 26 IR", we may choose S, to consist of z and at most n
points of S.

Proof; Ifwe can prove this result for z = 0, namely, for any subset of R", B
and w e B,

I D‘

w = 21 who #12 0, 21 u: <
I: .=

where r < n and b- EB, then it is true for arbitrary z in n-spacc. For given S
and yeS let B= {xeR‘lx—— s—z, seS}. Then w= y—zeB; hence

y _ z = .l Fibi = 2:1 Iii“;- — z), SiES.

Thus

=(1— 2 fli)z + 2 ”is!"

i= 1 i: 1

Suppose then that z = 0. Alf y = 0, y = z and the theorem is proved.
Suppose that y aé 0. Since ye S, there exist s1, . . . , s,eS and positive 11, . . . , A,

which satisfy

M
”

3' /A .—
n (2.1)

— II n
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such that

y = i=zl list. (2‘2)

We show that if r is chosen to be the least integer such that (2.1) and (2.2)
hold, then r S n. Suppose that r > n; then the si are linearly dependent and we
can find real numbers e,- such that

2 C,- > 0
i= 1

(in particular, at least one c, is positive) and

z (El-S,- = 0.

i=1

If t is any real number, we have

y = i; (it — tci)sr~

The numbers t,-(t) = A; — tc‘ are all positive for t = 0, hence for positive and
sufficiently small t. Since at least one c,- is positive, there is a smallest positive
value of t, say t’, such that at least one of the ti(t) vanishes. [Note that none of

the tI-(t’) is negative and at least one of them is positive, since y aé 0.] Thus

3’ = :21 t.-(t')S.-

and at least one of t,(t’) = 0, but

M
~

ti(tl)= 2’: li—t’ : ciél,

1 i=1 i=1

which contradicts the assumed minimal property of r. l

Remark. Since C” is isomorphic to R2" Theorem 2.2 remains valid when S
is' a subset of C" with S1 containing at most 2n + 1 points, and similar
appropriate changes are made in the final sentence of the statement of
Theorem 2.2 as well.

Definition 2.4. If x: (x1, ..., x.) and y: (yl ..., y,,) are two points of C",

(x, y) = x1511 + + x,y,, is called the inner product of x and y;
d(x, y) = (x — y, x — y)“2 is the distance between x and y.
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Theorem 2.3 (Separating Hyperplane Theorem). Let C be a closed convex set
not containing the origin in IR". Then there exists a hyperplane, H, defined by
h(x) = (x, a) + b = 0 such that h(0) < 0 and h(x) > 0 for all xeC; that is, H
strictly separates C from 0.

Proof Since C is closed, there exists a point of C, x* which is closest to the

origin. Take

h(x) = (x — 2:, x*>.

Then h(0) = —-§(x*, x*) < 0 and h(x*) = fix“, x*) > 0. .
We claim that h(x) > 0 for all xeC. Suppose it is not, that x‘eC, and

h(x’) S 0. Then

(x’, x*) S flx“, x*). (2.3)

Since x’ and x*e C, every point lx’ + (l — J.)x*, 0 < A < 1, is in C, but if

f(l) = (Ax’ + (1 — A)x*, Ax’ + (1 — 19x“)

= 12(x’, x’) + 21(1 — l)(x’, x*) + (l — l)2(x*, x*),

we have f(0) = (x*, x*) and f’(0) = 2(x’,x*) — 2(x*, x*) < 0, in view of (2.3).
Thus there is a point of C closer to 0 than x“, contradicting the definition of

x*. l

Remark. Theorem 2.3 remains valid for C EC" if we put h(x) =
Re((x, a) + b).

EXERCISES 2.1.1-2.1.5

2.1.]. Show that C is convex if, and only if, every convex combination ofpoints of C is

contained in C.

2.1.2. If S <: IR"(C"), show that S is convex.

2.1.3. Show that S c S.

2.1.4. Show that S is the smallest convex set containing S.

2.1.5. Show that if S is compact then S is also.

2.2. Characterization of Best Approximations

We are now in a position to discuss a quite general problem of uniform

approximation. The setting is as follows. Let B be a compact set in m-space

and let C(B) be the set of (real or complex-valued) continuous functions on B,
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equipped with the uniform (or Chebyshev) norm; that is, if g e C(B),

llgll = max lg(y)|.
yeB

Associated with each geC(B) is its (nonempty) set of critical points,

E(g; B) = {yeB/Ig(y)l = "9"}-

Note that E(g; B) is closed, hence compact.
Given V, a k-dimensional subspace of C(B), our objective is to characterize

the elements of V that are closest to a given f e C(B), closeness being
measured by the uniform norm. The entire theoretical foundation of our
endeavors is contained in the following result.

Theorem 2.4. Suppose ge C(B) and (p1, . . . , x is any basis for V. Let K be the

set in k-space described by (g(y)¢1(y), ..., WWW» as y runs through
E(g; B). Then

Ila + vll 9 Hall, all 06 V (2-4)

if, and only if, the origin in k-space is in the convex hull of some subset of r
points of K, where r < k + 1 in the real case (i.e., when C(B) consists of real-
valued functions) and r < 2k + 1 points in the complex case.

Proof (i) Suppose that yl, . . . , y, are points of E(g; B) such that

o = .2 Ammo». mm»),

where A: 2 0 and 25:1 1,. = 1. Then

0 = 1:1 limq’jo’i)’ j= 1, - - u k;

hence, for any 06 V,

o = i; Ammo

and

o = Re 2 Aim—yam = .5 Amman»,
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so that for each as V there exists i(v) such that

Re 90900:) 2 0. (2.5)

Given any 0, fix 1’ so that (2.5) holds; then

He + vll’ > M») + v(.vi)l2 = [90%) + 00%)] ' [90%) + 00%)]

2 “all2 + |v(yx)|2 + 2R6 9(y:)v(y:) 2 Ilgllz,

thus establishing (2.4).
(ii) Suppose that (2.4) holds and Hg" = 1. (If ||g|| = 0, the theorem is trivial.

If 0 < ||g|| are 1, continue the proof with go = g/llgll, with no loss in

generality.) A A

If K is the convexliull of K, we show that 0 e K. Suppose that 0 at K. Since

K is compact, so is K and there exists a hyperplane that separates 0 from K

according to Theorem 2.3; that is, there exist complex numbers co, .. . , ck

(co 96 0) such that the half-space

Re(co + clz, + + ckzk) 2 0

contains K but —1: = Re co < 0; that is, for all yeE(g; B)

h _

Re (12.1 cjg(y)¢j(y)) 2 t > 0,

or, putting v0 = 2f=1 cJ-(pj,

Re @voo) 2 z > o, yeE<g;_B).

Let U1 be an open set of m-space such that E(g; B) c U1 n B = U,

Re five 2 1/2 on U, and |g(y)| < 1 — 6(6 > 0) on B\ U, which is closed. Now

choose a > 0 so that sllvoll < 6; then

max |g(y) - evo(y)| < 1,
yeB\U

but on U

|g(y) - evoonz = I9(y)|’ + canoe)? — 2ekemvoo)
< l + (szllvoll2 — 81:.

Since 62 "17o — £1: < 0 for a sufficiently small,

lg(y) — svo(y)l < 1. ye U,
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and putting v = —avo, ||g + v|| < 1 = Ilgll, contradicting (2.4). Thus 06K and

an application of Carathéodory’s theorem (Theorem 2.2) now proves our
result. I

Definition 2.5. Iff e C(B) is given and Hf- 0*“ S Mf— vll, all vs V, we call 0*
a best approximation tof (on B) out of V, and put

Ilf— 0*" = Ev(f)-

(In case V= a, we write E,,(f) for E91f).)

Theorem 2.5. v* is a best approximation tofe C(B) out of V, if, and only if,
there exist distinct points yl, . . . , y,eE(f — 0*; B), and positive numbers 11,

..., A, such that

:21 Ils[f(y:) - WW] 00:) = 0, all 06 K (2-6)

where r g k + 1 in the real case and r < 2k + l in the complex case.

Proof. Replace g by f— 0* in Theorem 2.4. l

Remark. Theorem 2.5 remains valid if v in (2.6) is replaced by (p, forj = 1,
.., k.

A useful variant of the characterization of best approximations given in
theorem 2.5 is based on the following considerations.

Definition 2.6. A signature in B, 2, is a continuous function whose domain is a

closed subset of B and whose range is in the unit circle in the complex plane.
We call the domain of 2 the base of the signature and denote it by a(2); 2’ is a
subsignature of 2 if 21’ is the restriction of 2‘. to a subset of 0(2).

Definition 2.7. A signature, 2[g], is said to be associated with geC(B) if
a E E(g; B) and E(y) = sgng(y).’r (Note that g = 0 can have no signature

associated with it.)

Definition 2.8. A signature, 2, is said to be extremal for V if there exist
(complex) numbers {1, .. . , C, and distinct points yl, .. . , y, of a such that

swam, i=1....,s (2.7)
and

:21 (‘00:) = 0, all v6 V; (2.8)

For a complex number 2 # 0, sgnz = z/Izl, and sgnO = 0 (cf. Exercise 1.3.6).
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C1, . . . , C, are called weights for 2. An extremal signature, 2, is called primitive

if it has no proper extremal subsignature.

We now obtain an immediate equivalent to Theorem 2.5 in terms of

extremal signatures.

TheOrem 2.6. A best approximation out of V tof ¢ V is 0* if, and only if, there
exists an extremal signature for V associated with f— 0* based on r points,
where r < k + 1 in the real case and r S 2k + l in the complex case.

Corollary 2.6.1 (Skeleton Theorem). If 0* is a best approximation tof ¢ V on
B, it is also a best approximation tof on the base of an extremal signature for
V consisting of r points, where r S k + 1 in the real case and r < 2k + 1 in the
complex case.

Proof. The base 0' of the extremal signature described in Theorem 2.6
works by applying Theorem 2.6, with B replaced by a. I

Corollary 2.6.2. Let yl, . . . , y, be the base of the extremal signature 2. Then, if
v“ is a best approximation tof out of B and as V,

n f— 12*" = Ev(f) 2 11:33, Refine.) - um].

Proofi Choose weights for 2, c1, ..., c,, to satisfy

.2 Icil = 1

(this can always be done). Then

EN) = Z In: Ilf— ml 2 Z |€.~| mm — v*(yi)l

2 I; hm») — v*(yo]| = L; hwy.) — vow

= l; 141mm») — zoo]

2 Re :1 ICIIWEfOs) - zoo]

= i; :4 Remove — nos]

2 min ReWUUQ-Wyifl- -
1<i<r
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EXERCISES 2.2.1—2.2.15

2.2.]. (Kolmogorov Criterion) Show that 0* is a best approximation to f if, and only

if.

min Re sgn [f(y) -— v‘(y)] 'v(y) < 0, . each 06 V. (2.9)
yeEtf— v‘;B)

[Thus (2.6) and (2.9) are equivalent]

Hint. Formula (2.6) implies (2.9). Then show that (2.9) implies that

Ilf- vll2 2 llf- v’llz-

2.2.2. Any signature with an extremal subsignature is itself extremal.

2.2.3. Every extremal signature has a finitely based extremal subsignature.

2.2.4. If E is an extremal signature for V, then for each 06 V

min WWW < 0. (2.10)
yew?)

2.2.5. If (2.10) holds, there is an extremal subsignature of 2 based on r points, where
r<k+lintherealcaseandr<2k+linthecomplexcase.

Hint. Formula (2.10) implies that 0 is a best approximation to 2 on 0 out of V.

2.2.6. Every extremal signature has an extremal subsignature based on r points, where
r < k + 1 in the real case and r < 2k + 1 in the complex case.

Exercises 2.2.7—2.2.10 deal with the real case.

2.2.7. Points yl, . . . , y, of B are the base ofa primitive extrema] signature for V if, and
only if, every set of r — 1 columns of the k x r matrix

(910.) My.)

0, = Z

My.) --- My.)

is linearly independent and the rank of (I), is r — l.

Hint. (i) If, say, the first r — 1 columns are linearly dependent, an argument similar
to that used in the proof of Theorem 2.2 contradicts the primitivity of the extremal
signature. (ii) If the rank is r — 1, the columns are linearly dependent.

2.2.8. No proper subset of the base of a primitive extremal signature is the base of an
extremal signature.
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2.2.9. If2 is a primitive extremal signature, the only extremal signatures based on 0(2)
are i 2. '

2.2.10. Ify,, . . . , y, are the base ofa primitive extremal signature for V and J is any set
of r — 1 distinct indices among 1, . . . , r, then, given arbitrary b,,j 6.], there exists 0 e V

such that

0(y1)= bj’ j€J~

2.2.11.- We have avoided the question of whether a best approximation out of V to a
given feC(B) exists. The answer is that it always does. Fill in the details in the
following sketch of a proof of this fact. Show that M f - 2L1 airpill, a continuous
function of a: (a1, ..., ak), assumes its minimum by noting that, since 0 is a possible
value of a, we need only consider a such that "2?: 1 aiq); H s 2" f I], and the set of such a

is compact.

2.2.12. Show that 201,.) = (—1)‘, i = 0, ..., n, is an extremal signature for V= ? _ 1
based on the extrema of 1;(x).

Hint. The weights needed to establish (2.7) and (2.8) can be deduced from (1.144)
with0<k<n—1andm=n.

2.2.13. Show that Theorem 2.6 implies, in view of Exercise 2.2.12, that a best

approximation on I to 2"— ‘2” by polynomials of degree at most n — l with complex
coefficients is 2" 1z" — ’I,‘,(z).

2.2.14. (Ehlich and Zeller [3]) Show that a best approximation on the square B:
—1<x<1, —1<y<1tox"y"‘outofthespaoe

V={p(x, y) = .2: :0 ai‘y’}

is W” — 72.(x)’1~‘..(y)-

Hint. (113'), W”) 2'» (—1)"“, k = 0, . . . , n, I = 0, .. ., m, is an extremal signature for V.

2.2.15. Let V be the set of linear polynomials in two variables; i.e.,

V= {ax + by + c} show that

(i) every primitive extremal signature for V in IR2 is based on at least 3 points and at
most 4 points;

(ii) if an extremal signature for Vis based on 3 points, they are collinear and the signs
alternate;

(iii) if an extremal signature for V is based on 4 points, then either

(a) they are the vertices of a triangle, all with one sign, and a point inside the
triangle with the opposite sign, or

(b) they are the vertices of a convex quadrilateral with opposite vertices of like
sign and adjacent vertices of opposite sign.
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2.3. Chebyshev Systems and Uniqueness

Since our ultimate concern is with polynomial approximation, we now
further restrict our k-dimensional space of approximators V by requiring that
it satisfy the Chebyshev condition.

Definition 2.9. Vsatisfies the Chebyshev condition with respect to B if, and only
if, each u e V has at most k — 1 distinct zeros in B, unless v = 0. Any basis of V

is said to be a Chebyshev system on B.

The simplest example of a Chebyshev system is 1, z, . . . , z“ 1, on any set of
the complex plane. A detailed study of the properties of Chebyshev systems is
to be found in Karlin and Studden [1].

It is clear that V satisfies the Chebyshev condition (with respect to B) if,

and only if, for each set of k distinct points of B, y., ..., yk, we have

My.) Mr.)

A: = #0. (2.11)

W01) -~- (01:01:)

Thus, given arbitrary b1, ..., bk, there exists a unique as Vthat satisfies

”(yi) = bi9i= 1, on, k.

Theorem 2.7. Every extremal signature for a V which satisfies the Chebyshev
condition is based on at least k + 1 points.

Proof Suppose 2 based on y,, . . . , y, is an extremal signature for V and
r S k. Then there exists veV such that v(y.) = 1, v(y,.) = 0, i= 2, ..., r.
Hence, if {1, . . . , C, are weights associated with 2, we have C1v(y1) = 0, which
is impossible. Thus r > k + 1. I

In view of Exercise 2.2.6, then, every primitive extremal signature for a V
that satisfies the Chebyshev condition is based on precisely k + 1 points in
the real case and r points in the complex case, where k + 1 S r < 2k + 1. The
Chebyshev condition is intimately connected with the uniqueness of best
approximations, as our next result shows.

Theorem 2.8 (Haar). Every f e C(B) has a unique best approximation out of V
if, and only if, V satisfies the Chebyshev condition with respect to B.

Proof. (i) Iff e V there is nothing to prove. Suppose that f ¢ V. Let 01 and
v2 be best approximations to f out of V. Let E[f— 01], based on y1,.. . , y,, be
an extremal signature for V whose existence is aflirmed by Theorem 2.6, with
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associated weights (1, .. . , C, satisfying

Then

Ilf- v1" = :1 cit/«yo — mo] 1; moi) — mo]

s .2 In my» — 122(o < Ilf— v2", (2.12)

and, since || f — ”2" = IIf- v1 II, the inequalities in (2.12) are both equalities,
which is possible only if |f(y,-)—vz(y;)l= llf— 02", i=1, ..., r and

sgn[f(yi)—vz(y.-)]=SgnZ;,i=1,...,r. But then

fly.) - v2(y:) =f(y.-) - v1(y.-), i= 1, r

orvz(y,) = vl(yi) = 0,i=1,...,r,andv2 — 01 has r 2 k + l zeros in B. Since
V satisfies the Chebyshev condition 02 — v1 = 0 or 122 = vl. The best
approximation is unique.

(ii) Suppose that V does not satisfy the Chebyshev condition; i.e., there
exists voe V, 120 7‘: 0, and distinct points yl, .. ., ykeB such that vo(y,) = 0;
'= 1, ..., k. Hence A = 0 [cf. (2.11)] and

x

Z a}¢!(yj)=0: i=1,...,k,
1:1

has a nontrivial solution. Suppose that, after renumbering ifnecessary, a,- aé 0,
j= 1, ...,r, where l <r<k; then

I

Z ajv(y,-) = 0, all 06 V. (2.13)
J=1

Suppose that geC(B), ||g|| = 1, and g(y,) = sgnaj, j = l, ..., r. Consider

f(y) = g(y)(1 — llvo(y)|) + 01(y), where 171 is any element of V and ”1.220" < 1.

Then fE C(B), llf- 01 II S 1, and indeed Ilf- ”I" = l and [f(y;) —
vl(yj)] = sgn&,,j = l, ..., r. Put 2(yj) = sgnaj,j=1,..., r. Then, in view
of (2.13), 2 is an extremal signature for V, hence by Theorem 2.6 1:1 is a best
approximation to f Put 1:; = 91 — Avo. Then v26 V and f— v2 = g(1 —
llvol) + Avo; hence If(y) — vz(y)| s 1 and Nf— 0l = 1. Thus 0; is another
best approximation to f Uniqueness fails. I

Remark. Note that although the f we constructed is continuous, it is not
differentiable. .
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Newman and Shapiro [1] introduced a quantitative strengthening of
uniqueness which has become known as strong uniqueness. Iffe C(B) and V is
a k-dimensional subspace of C(B) then 0* e V is called a strongly unique best
approximation out of V to f on B if, for all vs V

llf- vll 2 llf- 0*" + vllv -.v*|| (2-13-1)

for some y(f, B, V) > 0. y is then called a strong uniqueness constant. We
denote the supremum ofall positive y for which (2.13.1) holds by y*, and call it
the best strong uniqueness constant.

Let 0* be a best approximation out of V to f(¢ V) on B. Suppose that S is a
closed subset of E(f— v*; B). Put

80) = 8311 (f(.V) - v*(y)), yes-

Suppose that

min max Re (3.65“) = ys > 0. (2.13.2)
||v||=1 yes

If v aé 0* then w = (0* — v)/||v — 0*" e V satisfies ||w|| = 1. Hence in view of

(2.13.2) there exists yoeS such that Re (e(y0)w(yo)) 2 vs > 0. But

Ilf— vi 2 IWWO) — om»: 2 Rewwo) - am»

2 Remove) — m.» + Remove) — «yo».

or, recalling the definitions of 3(yo) and w we have (what is trivially true if
v = 12*)

llf- ”II 2 llf- 0*" + vsllv — 0*".

Thus we have shown that (2.13.2) implies (2.13.1) with y = ys.
There are two interesting choices for S. Suppose first that

S0 = {y1, . . . , y,} is the base of an extremal signature 2[f —- 0*] (Definitions
2.6—2.8), and strong uniqueness fails to hold. Then (2.13.2) must not be valid

and so there exists 006 V satisfying "120" = 1 and Re (a(yj)vo(yj)) < 0, j = 1,
..., r. But we know, (2.8), that there exist positive numbers, 3.1, ..., A, such
that

.21 11' Re (doUfl) = 0,
,=

which yields

Refinance.» =‘o, j = 1, r.
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Thus, in the real case, vo(yj) = 0,j = 1, . . . , r. But if V satisfies the Chebyshev
condition, then according to Theorem 2.7 we must have r 2 k + 1 and hence
v0 = 0, contradicting our assumption that llvo II = 1. We conclude then that in
a real best approximation problem, in which V satisfies the Chebyshev
condition, strong uniqueness holds (cf. Theorem 2.8).

If S“ = E(f— 12* B) it is obvious that vs < 373. for all S. We show next that
(2.13.1) implies

uni}: max Re (—e(y)v(y)) > y > 0. (2.13.3)
a yes’

If (2.13.3) were false then there would exist w e V, ||w|| = 1, and 1' > 0 such that

Re(a(y)w(y)) < ‘L' < y, for yeS*. Let llf— v*|l = M and

U = {yeB: Reflwo» < r and |f(y) — v*(y)| > M/2}.

Then S* c U, and if y is in the" closed set B\U we have |f(y) — v*(y)|
< M — 6 (for some 6 > 0), and for any 1. satisfying 0 < A S 6/2

max |f(y) - v*(y) + Aw| g M -13
yeB\U

2

M f — 9* + 11w“, = |f(yo) — v*(yo) + Aw(yo)| then yoe U and a simple cal-
culation yields

M2 + 21M: + A

Ilf- 17* + AWIIZ - 21(7 - T)||f— 0* + lWII

+ 12012 — 2)": + 1)

llf- 0* + lWllz

//\
/A

(the second inequality being a consequence of (2.13.1) with v = v* — Aw),
which is impossible under our assumption that T < y, for A sufficiently small.

We have now established the equivalence of (2.13.3) and (2.13.1). This

allows us to conclude that the best strong uniqueness constant is given by

0 < y“ = min max Re (e(y)v(y)). (2.13.4)
IIvII-l yeEU-v';B)

The best strong uniqueness constant is not known explicitly for many
concrete examples. Fortunately for us, it is known for the best approximation
of T(x) out of 9’"--1 on I, and our next task 15 to evaluate y*(7:,, 1, 9r 1) by
solving the extremal problem in (2. 13.4)'in this case.

We begin with the observation that in the problem under consideration
0* = 0,E('1:,; I)—— {n"",.. .,r]},"’} and s(n‘-'")-— (—1)j, j = 0, ..., n. Suppose,
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pe?,,_1. We claim that

min max (—1)’p(n,)> (2.13.5)
||P||=1 i=0....,n 271—1

For suppose otherwise, then there exists p69,...“ || pH = 1, and

1
m—(—l)jp(nj)>0, j=0,...,n.

Suppose p(x) = A0 + AlTl(x) + + A,_17:._1(x), then

2n-l

T.(x)p(x) = 21 8,-73-(x)
,=

where

3—8 —A""' '—1 1 B -Aj— 2n-j— 2 : J- ’°'°sn_ , ..— 0-

Consider the Chebyshev expansion of q(x) = (2n — 1)"l — 7:,(x)p(x). The
finite orthogonality formula, (1.144), yields

—nA°, k = n,

20' mmmm) = A
2A,..*, k=1,...,n—l,

and since q(nj) > 0,j = 0, . .., n, we obtain

n I

_ A _ g II = ’

01'

lAn—kl<fi'2_—l', k=l,...,n-l.

Also, since 71.01,) = (-1)j,

It II _ n
"ll < 1;) 4011) - —2n _ l ,

01'

|AOI<2n—1°
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Thus

n-l

|| pll < Z IA,-|<1,
j=0

contrary to our assumption that H pll = 1. Equation (2.13.5) must hold.
It is easy to see (Exercise 1.2.15d) that if

s(x) = —(1/2 + T1(x) + + 72,_l(x)) then

_(._;),
S('lj)= (_Di -_1

2 a ’ J_ su-an’

sothat

_ 2s(x)

poo-Zn—l

satisfies ||p|| = 1 and (—l)ip(n,) S (2n — 1)", j = 0, ..., n. We have thus
proved, in view of (2.13.5), that

1
* =—

7 (1;, 1! all—1) 2n _1

(see also Cline [1]).

EXERCISES 23.1-23.4

2.3.1. Show that

r=iMIU—Mt—WH
2.13.6#w Iw—wu ( ’

This suggests that the best strong uniqueness constant is worth examining in the error
analysis of computations of approximations to best approximations.

2.3.2. Suppose that V satisfies the Chebyshev condition. Let 9 be the operator which
transformsf(e C(B)) into 0*, the (unique) best approximation tof out of V. That is,
.?f = 9*. Show that for a givenfe C(B), there exists C > 0 such that

Il9f- 9g“ S Cllf- all, 960(3). (2-13-7)

Hint. Recall that v“ is strongly unique and put 0 = 9’9 in (2.13.1) to obtain

VIIW— 1!)" < Ilf- fl!“ - Ilf- 9f“. (2-13-8)
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Judicious consecutive application of the triangle inequality to Hf— 9g" in (2.13.8)
leads to y||?f— .é’gll < 2“f— 9", and the required result follows.

Thus under the conditions of this exercise the best approximation operator (which

is nonlinear) is continuous, and, indeed, satisfies a Lipschitz condition at eachf. This

result is due to Freud [1].

2.3.3. Show that the constant y in (2.13.1) must satisfy 7 S 1.

2.3.4. Show that if pa? -1

up".
T - >1 —.l| . pu. +2n_1

2.4. Approximation on an Interval

We now further restrict our attention to the real case in which V satisfies the
Chebyshev condition. In view of Theorem 2.7 and Exercises 2.2.7 and 2.2.9,

we see that any distinct points yl, .. . , y“, of B are the base of a unique

extremal signature up to multiplication by — 1. Moreover, if B = [a, b], an
interval of the real axis, the primitive extremal signatures are further
restricted.

Theorem 2.9. Suppose that a < x1 < x2 < < xg+1 < b; V satisfies the
Chebyshev condition with respect to [a, b] and consists of real-valued
functions. Then the values 2(x3), i = l, . . . , k + 1, of the “unique” extremal
signature based on x1, . . . , x,‘+1 alternate in sign.

Proof. It is enough to show that any weights C1, . . . , CH 1 associated with 2
alternate in sign.

First we dispose of the case k = 1. If k = 1, v aé 0 has no zero in [x1, x2]
and C 1u(x1) + {20(x2) = 0 then implies that C152 < 0. Suppose that k > 1 and
there existsj, 1 <j < k + 1, such that {1:141 > 0 and, say, (1, CH1 > 0. Then

there exists q, 1 < q < k + 1, such that either (a- 1 or C“ 1 is of the same sign

as (q, namely positive. (Ifj > 1, take q = j. Ifj = 1, take q = 2.) Now choose

two positive numbers, «4-1 and «4+1, such that aq_1€q_1 + civic,“ > 0,
and let 120 be the unique element of V that satisfies

v0(xq-l) = “4-1, 00(xq+1) = aq+1s

vo(x,)=0, i=l,...,k+l, i¢q—l,q,q+l.

Then by the definition of weights we have

aq-ICq-l + qo(xq) + aq+1€q+l = 0°

Thus vo(xq) < 0, while vo(xqi l) > 0; hence 120 has two zeros in (xv 1, xq+ 1) for
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a total of at least k zeros in [x1, xH 1]. This contradicts the assumption that V
satisfies the Chebyshev condition with respect to [a, b]. I

We next obtain, quite easily, the classical characterization theorem of best

approximation on a closed subset of a real interval in the presence of the
Chebyshev condition.

Theorem 2.10. Let B denote the interval [a, b] and suppose that V satisfies
the Chebyshev condition with respect to B. Let S be any closed subset of B
(e.g., B, finitely many points of B). Then no is the best approximation on S to
feC(S) (féV) if, and only if, there exist x,eE(f— vo; S), i= 1, ..., k +1,
such that x1 < x2 < < k, and

f(x,-)—vo(x,-), i=1,...,k+l,

alternate in sign.

Proof. Theorem 2.10 follows immediately from Theorems 2.6 and 2.9. I

Remark. Under the assumptions ofTheorem 2.10 and in view of Corollary
2.6.1, the best approximation 0., tof on S is also the best approximation tof
on some set of k + 1 points of S. Moreover, if Y: {y1, . . . , y,,+1} consists of
distinct points of S and v, is the best approximation to f on Y, then
Hf— v, lly < Mf— voll; that is to say, ifwe find the best approximation tof on
a subset of k + 1 points of S which has the largest error (in norm) among all
subsets of k + 1 points of S, that approximation is also best on all of S. This
observation is the foundation of some frequently used algorithms for finding
best approximations numerically. In the case that S is a finite set of points our
search is reduced to examining the best approximations on the finite number
of subsets of k + 1 points of S. This problem turns out to be tractable, as we

shall see next.

Let X denote the distinct points x1, ..., xk+1 of [a, b], numbered (for
future convenience) this time as follows: a <l < x,‘ < < x1 S b.
Suppose that V satisfies the Chebyshev condition with respect to [a, b].
Consider the matrix

we.) nos.)
(1): :

(P1(xk+ 1) - - - (pk(xk+l)

and the determinant A,- (i = l, . . . , k + l) of the square matrix obtained by
deleting the ith row of (I). No Ai is zero because of the Chebyshev condition
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and, indeed, they all have the same sign, for the determinant

(P108) - -- ¢k(x1)

;P1(xt— 1) --- ‘Pk(xi- 1)

6‘0) = (P10) - . - (Pita) '

that”) - - - $109+ 2)

;P1(xk+ 1) . - - (Mac); + 1)

is a continuous function of t which is not zero for xi” < t < xi_1; hence
Ai = 6,(xi+1) and A,-+1 = 6i(xi) must have the same sign, and this holds for
i = l, . . . , k + l (with trivial modification of the argument for i = 1, k + 1). If

we adjoin an arbitrary (k + 1)st column to (I), the cofactors of the elements of
this column are (— l)"“A,-, i = l, . . . , k + 1. Moreover, these cofactors are

orthogonal to each of the columns of (I) [because the dot product involved is
merely the value of the determinant, with the particular column repeated as
the (k + 1)st column, obtained by expanding by elements of the (k + 1)st
column]; i.e.,

k+1
‘21 (—1)‘A,(p,(xi) = 0, j = 1, . . . , k. (2.14)

Equations (2.14) imply that

_ (- ll‘A:
9‘ ‘ 2;: IAjI’

i=1,...,k+l, (2.15)

are weights associated with the extremal signature 2(a) = (—1)", which
satisfy

k+1

Z; Ioil = 1.

If 0* is the unique best approximation tof¢ V on X, then in view of Theorem
2.10

Ilf— v‘llx = A 1‘: 01m.) — mo] = A :::®if<xs),
where

k + l

A = $3115; 04m). (2.16)

Thus we have proved the following.
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Theorem 2.11. For any f defined on X we have

k+l

P(f; X) = P = llf- v"llx = i=2! @af(x:) (2-17)

and 0* is determined by any k of the equations

v*(x,-)=f(x,)—}.sgn Ai(—1)‘p, i=1,...,k+1.

We now further specialize by taking V to be 9'1;— 1, real polynomials of degree
at most k — l, and B to be the interval 1: [—1,1]. (There is no loss in
generality in restricting our attention to 1, since results obtained are easily
translated to any finite interval by means of a linear change of variables that
leaves 935,- 1 invariant.) It is 'not easy to find explicitly the polynomial of best
approximation to a given continuousf(x). Of particular interest to us is the
casef(x) = x", (k 2 1).

Let p(x)e.4’,,.1 be the best approximation to x" on I out of 9,,_1. Then
r(x) = x" — p(x) 69’,” and r(x) attains its maximum absolute value, M > 0, at
k + 1 points satisfying —1 S x,‘+1 < xk < < x1 S 1, with alternating

signs (though the latter fact is superfluous in determining p), according to
Theorem 2.10. We claim that x1 = 1 and 3c,,+ 1 = — 1, for otherwise r(x) has a
relative extremum at k interior points of I, which means that r’ has k zeros,

hence is identically zero, an impossibility [since the leading coefficient of r(x)
is 1]. Consider M2 — r1(x)e.9’2k. M2 — r2(x) 2 0 in 1, hence has x2, . . . , x,‘ as
zeros of order, at least 2, and 11 as simple zeros, thus accounting for all its

zeros; but (1 — x2)[r’(x)]2 6.?” has precisely the same zeros, hence is a

constant multiple of M2 — r2(x). The constant is determined by equating
leading coefficients and we obtain the (Chebyshev) differential equation

(1 — 3:2)(r'(x))2 = k2(M2 — r2(x)). (2.18)

We know that r(— 1) = iM. Suppose that r(— l) = — M. Then we know that
r’(x) > 0 in [— l, x,,) and the dilferential equation becomes

r’(x) _ k

,/M2 —r2(x) — l—xz,

which has the solution are cos (r/M) = karc cosx + c = k0 + c, where
0 s 9 < 1:, and cosB= x. Thus

r(x) = M cos (k0 + c).

Now r(— 1) = -M implies that c = [(2j — 1) — k]1z for some integer j, hence

r(x)=(—1)"“Mcosk0, 0<0< 0,,=arccosx,,,x=cos0;
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that is, r(x) = (— I)” 1M’I},(x) in [— 1, xk). This is possible only if k is odd and
M = 21 "‘, since the leading coefficient of r is 1. Also it must be that
x,‘ = 1,91 1, and it is clear that the solution

r<x> = Tux) (2.19)

can be continued in similar fashion to the whole interval I. An analogous
examination of the case r( — l) = M leads to the conclusion that k is even and
that (2.1) remains valid. Thus the unique best approximation to x" out of
9,,_1 on I is x" — Tux).

Note that we have arrived at another proof of Theorem 2.1. It has been a
long voyage with some interest of its own, bringing us back to our starting
point, but we observe that our second approach creates the Chebyshev

polynomials out of the void while they are pulled out of a hat in Theorem 2.1.
In the course of the discussion just concluded we have established the

following important characterization of the Chebyshev polynomials.

Theorem 2.12. If p69,, and |p| assumes its maximum in [—1,1], ||p||, at
n + 1 distinct points, then either p is a constant (-I_- ll pll) or p = i ll pll 72,, and
the points are 113."), j = 0, . . . , n.

Remark. If the interval [—1,1] is replaced by [a, b], then 7:,(x) must be
replaced by

7; (2x — (a + b))

b — a

in Theorem 2.12. In particular, when a = 0, b = l, we have the Chebyshev
polynomial for the interval [0, 1], 7:,(2x — 1), which arises frequently enough
in applications to warrant the special notation T:(x). Observe that in view of
Exercise 1.1.6, Tfixz) = T2,,(x).

EXERCISES 2.4.1-2.4.50

2.4.1. Iff(x) is an even (odd) function on [—a, a], it has a best approximation out of
a, that is also even (odd).

Hint. If p(x) and p(—x) are both best approximations, so is [p(x) + p(—x)]/2.

2.4.2. What is the best approximation to x"+2 on [-1, 1] out of 2.?

2.4.3. If 0* is a best approximation tofout of V, then v* — v is a best approximation to
f— u out of V. Hence Ey(f) = Ey(f— u), all 061’.

2.4.4. Iff”(x) > 0 on [a, b], the best approximation tofout of 9, is

f(a)(b -C) +f(b)(c - a) + f(c)(b —a) + f(b) -f(a)
2(b—a) b—a

(x - C)
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and

NM? - C) +f(b)(c - 0) -f(6)(b - 0)
131(1) = 2(1) _ a)

where c is the unique solution in [a, b] of

f0?) -f(a).f’(c)= b_a

5.4.5. (Turin [1]) If

[’06) = x. + an-lxl_l + + a0 = (x — zl)‘”(x —zn)9

then

Ilpll 2 2"“ H1 IZjl,
IZI>i

where an empty product is taken equal to l.

Hint. Apply Corollary 2.1.1 to

p(x) n (x — zj)'1(1 — 21x).
iI >

2.4.6. According to (2.18), the differential equation

(1 - XZXY’JZ = ”2(1 - J”) (220)

|| |+ r] (x) as solutions. Show that (2.20) has no other polynomial solution for

Hint. If polynomial p satisfies (2.20), it satisfies (1 —— x2)p” — xp’ + nzp = 0 and
p(l) = i— 1. Now recall Exercise 1.5.4.

Problems 2.4.7—2.4.17 are set in the complex plane.

2.4.7. For any p > 0

2 [pe2zij/(k+ 1)] = e-Zflj/(l+ I), j = 0, l, . . . ’ k

is a primitive extremal signature for ?,_ 1 (complex-valued polynomials).

Hint. Associated weights are emfl“ + 1’.

2.4.8. Let C, be the ellipse defined in the z-plane by

z = £(W + 5;), |w| = p, p 21. (2.21)
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It has its foci at (1 1,0) and the sum of its major and minor axes is 2p. Let w, = pe"""
and z, = (w, + wj“)/2, j = 0, ..., 2k — 1, be the corresponding points of CF. Then

2(zj)=(—l)’, i=0, 2k— 1,

is an extremal signature of 93—1-

Hint. Associated weights are (—1)’.

2.4.9. What happens when p = l in Exercise 2.4.8?

On each compact set B in the complex plane (consisting of k + 1 or more points)
there exists a unique fem, with leading coefficient one and minimum maximum

modulus. We put p" = ’I;(:; B) and call it the Chebyshev polynomial of degree k of B.

We know that 7;(x;1) = 711x).

2.4.10. If D denotes |z| < 1, ’1;(z; D) = z". (The best strong uniqueness constant (see
(2.13.1)) associated with the best approximation to z“ out ofa. 1 on D is known to be
l/n. The details are in Rivlin [2].)

2.4.11. 1;(z; C”) = 71(2), p 2 1.

Hint. Use Exercise 2.4.8 and, recalling Exercise 1.1.1, note that 71(2) = (w‘ +
w"‘)/2, where z is given by (2.21).

2.4.12.

1 —t
P +P

max lfmz; Cp)| = —k .
26C, 2

2.4.13. Show that all the zeros of T,,(z;B) lie in 1?, the convex hull of B.
If we put

max ”1(2; B)| = me.

then, if B contains infinitely many points,

6(3) = lim mt"
k<m

exists and is called the transfinite diameter of B. Generalizations of the Chebyshev
polynomial of B, based on the factorization |’1},(z; B)| = I: — z,| ' - ' lz — zkl, have been
made to other metric spaces (see Hille [1] and Friedman [1]).

2.4.14. 60) = 1; 6(0) = 1; 6(C,.) = 10/2

2.4.15. If 0 < t < 1, the function

z—t

l—tz
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maps the circle C: |z| = 1 onto |w| = 1 so that, if e" is the image of e", ¢p(0) increases
continuously and monotonically from 0 to 21: as 0 increases from 0 to 21:.

2.4.16. m f(z)= 1/(1 -tz), 0<t< 1, and p*(z)= 1 +tz+“‘+t"“z"" +
(1 — t1)'1t"z"; then r(z) =f(z) — p*(z)=(t"+1)(l —tz)"z"(z — t)/(l - tz) and
E(r; D) = c.

2.4.17. With the notation of Exercise 2.4.16, p* is the best approximation tofon D out
of a, and End) = t"“/(1 — t3).

Hint. Use the Kolmogorov criterion (Exercise 2.2.1). Note that n9 + (12(0) increases
from 0 to (2n + 2)1r as 0 increases from 0 to 21:; hence there exist 01-,j = 0, 1, . . . , 2n + 1

such that e“""1+"“”” = (—1)’. Consider only the points e"’ of E(r;D) in (2.9) and
observe that Re p(e '1’) is a trigonometric polynomial of order n.

2.4.18. If 0 < t < 1, the best approximation to

1—D:

“x)=1+t2—2tx

on I: [— 1, 1] out of 9,, is

l
p(x)=1+ mm + t’mx) + + t“"T..-.(x) + it, t"T.(x).

and E,(g; I) = t“+‘/(l — t2). The same result holds for —l < t < l.

Hint. In Exercise 2.4.17, Re r(e") = [t"+ l/(l — t’)] cos (n0 + (p), which assumes its
maximum absolute value with alternating signs at 0,, j = 0, . . . , n + 1.

2.4.19. Find the best approximation out of 9, on I to (x — l)’ 1, where J. > 1.

2.4.20. If q 69..., 1 and A > 1, find the best approximation to q(x)/(x — 1.) out ofa. on

[ - 1, 1]-

Hint. Recall Exercise 2.4.3.

2.4.21. If real V satisfies the Chebyshev condition with respect to [a, b], there exists

ve V satisfying v(x) > 0, a < x S b.

Hint. If such a 0 does not exist, consider the best approximation to 1 out of V.

2.4.22. Let X be the k + 1 points defined on p. 85 but suppose that V satisfies the
Chebyshev condition only with respect to X. By appropriate modification of the

discussion on p. 85 show that (2.17) still holds. How can 0" be determined now?

2.4.23. The linear system

#-

aUtJ=fi’ i=l,...,k+l

' 1J
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generally has no solution; it is overdetermined. However, we can ask for a best
approximate solution, t*, satisfying

k

2 “a"? -fl<
.i= 1

max
1<i<k+l

2 “at: -fi
l<i<akx+lj

for all t. If every k x k submatrix ofA = (a;,) is nonsingular,’show that this problem is a
special case of Exercise 2.4.22.

In problems 24.24—24.32 we are concerned with best approximation to givenfon
X = {x1,...,x,+1/x, > at; > > k} out of V= 9,-1.

24.24 If a)(x) = (x — x1)---(x — n“), then (2.17) holds with

_ {—1)‘/lw’(x.)|._—, i=l,...,k+1. 2.22
2:: l/lw’(x.)| ‘ ’

2.4.25. Let

= “xv ..., xh+1)

9(3‘1, ---, xh+l)

(recall the definition of divided differences in Exercise 1.3.7), where g is any function
satisfying g(x,.) = (—l)‘, i = 1, ..., k + 1. Show that g(x1, . .., x,,+1)< 0, p = III (p is
defined in (2.17)), and if |f(x1, . . . , x,,+,)| < h(x,, ..., x3“) then p(f; X) < p(h; X).

2.4.26. The best approximation tofon X out of91.— 1 is given in terms of interpolating
polynomials by

p“ = p - 14.

where p = L,“ X) and q = L,(g, X), with 1: and g as defined in Exercise 2.4.25.

2.4.27. The operator 1r:f-> p* is linear and satisfies 1? = 1:.

2.4.28. Let piefi-” i=1, ..., k+1 satisfy p,(xj)=f(x,-),j= 1, ..., k+ l,j;éi.

Then

2+ 1

I”. = Z leill’i,
i= 1

where 9,- is given by (2.22).

2.4.29.1fa= —1andb=1

p(x"; X)

Thus

2+ 1 1
> 2k-1

j§1 l(xj)i /

with equalityin bothcasesif,and onlyif,xj=n§'21,j= l,...,k+ l.
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2.4.30. Ifa= —1andb=l,

xk+1. X < 1
P( 9 ) \ F,

and

>|x1 + +xk+ll2&':::§wIw'ocm

Equality holds in both cases only ii = r1§“_+1”,j= l, . . . , k + 1, or x,- = n§“+”,j = l,
. , k + l.

Hint. Iff(x) = xk+l, thenf(x1, ..., n+1) = x1 + "' + My”.

2.4.31. Show that if

U = {will '19)}

and

T: {égk+1)’ .. £34110}

we have

1 k

pm I!) = Z 2" (-D’flni”) (2.23)
1'0

and

p(f' 7) = sin " “it (—ly' sin (2" ”16““)’ 2(k+1) i=1 2(k+1)

2.4.32. IfX c I: [—1, l] andfi heC'(I), then |f(x,,.. ”WI h(x1,.. ., l) for
every X if, and only if If""(x)| S h"‘)(x), all e.

Hint. Recall Exercise 1.3.12.

2.4.33. If If""(x)| < h‘”(x), all xel, Then

Ek- 1U) g Ek- 10')

on I.

Hint. Exercises 2.4.32 and 2.4.25 plus the remark following Theorem 2.10.

2.4.34. On [-1, 1]

-1
e e

W<E*'M<W‘
(Compare the best approximation to the partial sum of the Taylor series!)
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Another consequence of Exercise 2.4.33 is a generalization, due to E. B. Sail

(private communication), of the first inequality in Exercise 2.4.34. Namely, let

F1. = inf{||f||,: f“"(X) 2 1, x61}

(where Nf H , is the uniform norm on I), then

1 7?.
Fk=W=IWl; k=1,2,....

For if we put p(x) = 'I;‘(x)/k!2"'l and suppose thatf(x) satisfiesf""(x) 2 1, xel and
Mf [I , = Ft, then p") = l and Exercise 2.4.33 yields E,_1(p) < E,,_,(f). But it is not
difficult to see that 0 is the best approximation to f out of P,,_1 on I and so
Ex- 1(f) = ||f||,. Since Ek_1(p) = ||p||, we obtain the desired result.

2.4.35. A trigonometric polynomial of degree n,

t(0) = z (aj «.70s + b1 sinj9),
i=0

which assumes its maximum ||t|| at 2n distinct values of [0, 21:), is either a constant

(i III") or lltll cos (11(0 — 00)) for some 00.

Hint. Analog of Theorem 2.12.

Encouraged by our success in finding the polynomial with leading coefficient 1 that
deviates least from zero on I (Theorem 2.1), let us consider fixing the next highest
coefficient as well. Suppose s 2 0 and p" is the best approximation to x“ ‘ — sx" out
of .?,,_1 on I. The polynomial

Z..(x) = x“ — sx“ — pr

is called a Zolotarev polynomial of order k and is a generalization of the (monic)
Chebyshev polynomial (of order k + l) to which it reduces when s = 0.

2.4.36. Show that

[1+ s/(k +1) "+‘ [(k + l)x — s]
71+].2"“) = 2* (k + 1) + s

if

0<s<(k+1)tanz
1|:

2(k + 1).

2.4.37. Z_,,,.(x) = (— l)” lZ,,,.(—x).

2.4.38. Discuss 2,,l for all real s.

2.4.39. Discuss 2,3, for all real 5.
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Hint. Represent the parameter s in terms of a new parameter u by

3141

2 2u'

More information about the Zolotarev polynomials may be found in Achieser [1],
Carlson and Todd [1], and Voronovskaja [l]. The reader interested in numerical
approximation of the Zolotarev polynomials, for values of the parameter not covered
by Exercise 2.4.36, should consult Paszkowski [l] and Haussmann and Zeller [1].

Theorem 2.1 suggests the problem offinding polynomials with leading coefficient 1
which deviate least from zero on I, where the deviation is measured in norms other

than the uniform one. In the case of least squares, with respect to the weight
(1 — xz)‘ "2, we saw in (1.109) that T; was once again the minimum deviator. More
generally, as Szegii [1, p. 39] shows, for the least-squares norm with respect to a broad
class of weight functions the appropriate orthogonal polynomial is the minimum
deviator. The next set of exercises is concerned with the same problem in least first
powers. If |g| is integrable on I, we put

1

Ilglll =J lgldX-
1

2.4.40. If p69 -1 satisfies

1

I 1 8811 I106) - p(X)]q(x)dx = 0 (2-24)

for 1111469..- 1. then Ilf— pll. < Ilf— qlli for all (16?”-

2.4.41. Show that

J sgn[sin(n+ l)0]sink0d9=0, k=1,...,n.

2.4.42. Ifr(x) = x" + c,,_1x"'l + + co, then

2"" = Ill7..||1 < My (225)

Hint. L7,, is the Chebyshev polynomial of the second kind [sec (1.23)] normalized
so that its leading coefficient is 1. Use Exercises 2.4.40 and 2.4.41 and note that every
qe?,,-, can be written 4 = aoUo + + a..-,U,._,.

2.4.43. If peg”.1 satisfies (2.24) and is thus a least-first-power approximation to fl
then

llf— pH. = I:1 fsgnU— dx.

2.4.44. Equality holds in (2.25) only if r = [7,.
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Hint. If r = x" — p1 and equality holds in (2.25), then

it r(x)ssn U.(x)dx = [1 lr(x)|dx,
— I.

which implies that r(x) changes sign precisely as U,(x) does at "‘1'“ 1’, ..., n5,“ ”.

2.4.45. Iff— p changes sign only at "W“, ..., 112‘“) and p69,-“ then p is a least-

first-power approximation tofon I.

2.4.46. If w(x) is a weight function and t 2 1, then if p62,.1 satisfies

I sgn(f— p)|_f— pr-‘q(x)w(x)dx = o

for all qeyrl,

l l

I If- pl'w dx < I If- ql’w dx
-1 -1

for all qeflrl.

2.4.47. If q(x) = x" + a,,_1x"" + + a0, then

1 .-

|72.(x)l‘-——x2<L I—q(X)I'
J: 1 ./1— «Id-x2

for all t 2 1
Another generalization of Theorem 2.1 is to minimize

max s(x)|x" + a,._1x"'l + + aol, (2.26)
—l<x<l

where s(x) is a positive continuous function on 1. (Our general theory informs us that
s(x)x'l has a unique best approximation out of the space spanned by s(x), xs(x), ...,

x" ls(x) on 1.) Such problems have been solved for special choices of s. We put

k

vk(x) = z (I —:)9 k > 1, ”o = l,
j=1 C]

where the c] are any points of the complex plane such that v,,(x) is positive on I. Now
consider the case that s = v; 1.By means of the mapping (2.21)

l lc,=§(w,+;j), j=l,...,k, (2.27)

where ll < 1. Suppose that q,,(w) = (w — w1)- - -(w — w,).
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2.4.48. Ifw=e"°’,0<¢<1t,thenifx=(w+w“)/2

k

Qk(W)¢Iu(W_1)=[);l (1 + W3] 01.00 = Wq} (228)

Hint. Equation (2.27) implies w} — 2cjw, + 1 = 0 and the product on the left is
therefore a polynomial in x whose zeros are c1, . . . , ck.

2.4.49. irn>k,w=e",o<«p<nandx=(w+w“)/2.

. __I’Yg _ (110”) _..qu(W_1)

“M" 2- [W' WW” W] ”*0"
=x" + b,,_1x"“ + + b0.

Hint. Use Exercise 2.4.48 and 7}(x) = (wJ + w'j)/2.

2.4.50. When 5 = v; 1, the unique minimum of (2.26) is assumed for aj = b,- (defined in
Exercise 2.4.49), j = 0, . . . , n — 1; i.e., if p69 - . is the best approximation to x'I with
respect to weight [vk(x)]‘ ‘, then x" — p(x) = 7:,(x; 0,).

B. MAXIMIZING LINEAR FUNCTIONALS ON 9,,

2.5. An Interpolation Formula for Linear Functionals

We shall continue to use the notation of Section 2.2 throughout this section;
however, let B be a compact set in real m-spaoe and V a k-dimensional

subspace of the real-valued continuous functions on B, C(B).

Definition 2.9. A (real) linear functional on V is a function, F, with domain V

and range in the real numbers which satisfies F(au + bv) = aF(u) + bF(v) for

every u, 0, EV and any real numbers a, b.

Examples of linear functionals are Fv = v(yo), where y0 is a given point of

B (point evaluation functional) or

Fv=J v.
R

If (p1, . . . , (pk is a basis for V, then a linear functional F is completely

specified by its values at (121, ..., (pk, for, if Ftpj=cj,j= l, ..., k, and

v = alcpl + + ak<pk,then Fv = alcl + + akck. Furthermore, the set ofa

such that v = a1 (p1 + + akqonp satisfies ||v|| s 1 is compact; thus |Fv| is a

continuous function on III)" S 1 and assumes its maximum there.
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Definition 2.10. If F is a linear functional on V and

max vI = M,
Hvlsl

M is called the norm of F, written IIFII, and there exists v“ satisfying ||v*|| = 1
such that Fv“ = IIFII. Such v“ are called extremal elements, or extremal, for F.

When V is 9,, Theorem 2.1 says that if

Fv=
000(0)

n!

then [IF I] = 2'" 1 and 'I,‘' is the only extremal element for F. Our goal now is to

examine a large class of linear functionals on 9’” for which the Chebyshev
polynomials are extremal elements. Our main tool in this program is an
“interpolation formula” for linear functionals on V which is itself another
consequence of Theorem 2.4. Before stating the formula we need a little more
information about linear functionals.

The set of vs V such that Fv = 0 is called the null-space of F. The null-
space of F is a (k — 1)-dimensional subspace of V (see Exercise 2.5.2).

Theorem 2.13. Let F(;é0) be a real linear functional on V. Then there exist
points yl, ... , y, of B and nonzero real numbers (11, . . . , a,, with r < k, such
that for every 06 V

Fv = j; a,o(y,) (2.29a)

and

IIFII = ,2, ML (2.2%)

Proof. Let v* be an extremal element for F. If k = 1, then any vs V can be
written cv“; hence Fv = cFv* = cllFll. Let yl be a point of B such that
v*(y1) = a, where s = i 1; then v(yl) = cs and c = ev(y1). Thus Fv =
el|F||v(y1) and Theorem 2.13 is proved by choosing a1 = s||F||.

Suppose, then, that k > 1. Let V0 denote the null space of F, which
has dimension k — 1 and thus contains nonzero elements. If 1205 V0, then,

since |F(v* + vo)| < "17* + 00" IIFII and F(v* + 00) = IIFII, we have ||v* + van

2 l = "0*". Invoking Theorem 2.4, with Vo playing the role of Vand 9
replaced by 0*, we obtain the existence of r S k points yl, . . . , y, of E(v*; B)
and positive numbers 11, . . . , A, such that

z A.v*(y.)vo(y.) = o, (2.30)
all 00 6 VO.
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Suppose that v e V; then 00 = (Fv)v* — (Fv*)v 6 V0, and by substituting this

vo in (2.30) we obtain

(Fv) :1 arms? = W :1 2.v*(y.)v(y.)

or, since lv*(}’5)l = "0*" = 1 and Fv” = IIFII,

r '

(Fu) :1 A. = IIFII .21 [lisgnv*(y.-)]v(yl)-

The theorem is now proved by putting

_ 11;n m.)
dl- — '—

i=1 1i
IIFII- I

A representation of F of the form (2.29) we call canonical. An important
observation for us is the following:

Theorem 2.14. If 17* is extremal for F, then for any canonical representation

(2.29)

0*(y;) = sgn a], j = l, r. (2.31)

Proof.

Z l= "F" = Fv“ = Z ajv*(y,).
j=1 j=l

and the theorem follows, since ”0*" = 1. I

EXERCISES 2.5.1-2.5.12

2.5.1. Show that the set of linear functionals on V is itself a k-dimensional normed

linear space, the norm being that given in Definition 2.10.

2.5.2. IfFl, . . . , F'(s < k) are linearly independent linear functionals on Vand N,- is the
null space off}, i = l, ..., s, then

is a (k — s)-dimensional subspace of V.

2.5.3. IfF, 171,. .., F, are linear functionals on Vwith respective null spaces N, N1, . . . ,

Ns and

then F is a linear combination of F1, , F,
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2.5.4. Show that no yi in (2.2911) is a common zero of all elements of V.

2.5.5. If 16 V, then 1 is extremal for F if, and only if, F has a canonical representation

with a,>0,j= l,...,r.

2.5.6. If 1 e V, then 1 is extremal for F ifand only if F is a positive linear functional (i.e.,
ifv(y)>0, allyeB, then Fv20). .

2.5.7. Let x = (x1, ..., x...) denote a point in real m space and let V= P(m, n) be the
space of polynomials in x of degree at most n, i.e., all x{1 - - - x1: with nonnegative
integers jl, . . . ,j,,l satisfyingjl + - -- + j. g n form a basis for P(m, n). It is not hard to

+

see that the dimension ofP(m, n) is k = m n . (The dimension is the number ofways
m

of putting n balls in m + 1 bins. To obtain this number we need only calculate the
number of ways of choosing m “partitions” ( = interior bin walls) among n + m objects
arranged on a line). Show that if B is a compact set in in space there is a numerical
integration formula

I fdx = Z a. (xm). r < k, (2.32)
3 i=1

with x“’eB and ai > 0, i = 1, ..., r, valid forfeP(m, n).

Hint. Ff= If is a positive linear functional.

2.5.8. Let x denote a point in real m space, let B be a compact set in m space, and V a
k-dimensional subset of C(B) spanned by ¢,(x), .. . , (p,(x) with ¢1(x) > 0 throughout
B. Then, if F is a positive linear functional on V,

Fv = 2': @005“), r S ’6,
i=1

with x“’eB and ai > 0, i = 1, . . . , r, holds for all vs V. (This result, which implies the
result of Exercise 2.5.7, is due to Tchakalofl' [1].)

Hint. Gf= F((p,f) is a positive linear functional on the span of 1, (oz/<01, ...,

(Pk/(P1-

2.5.9. IfF is a strictly positive linear functional on .2, (i.e., ifp 2 0, p a6 0, then Fp > 0)
then

[n]<r<n+l2 \

in any canonical representation of F.

2.5.10. Put
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Let x1, . . .r,x,,, be the distinct zeros of the Legendre polynomial P,(x) (cf. p. 56) in

(—1,1). Show that there is a numerical integration formula (Gaussian quadrature
formula)

1 In

L max = 2 am.)
i=1

with ai>0,i= l,...,m,validforfe9,,.

Hint. The integral in question is a strictly positive linear functional on 9,. If p e Z.
is zero at each x,-, then [pdx = 0 in View of the orthogonality of the Legendre
polynomials. Now apply Exercise 2.5.3.

In the trigonometric case it is easy to see that if

II

:09) = Z (a, cosjo + bj sinj0)
j=0

then

.. 2k
—J: t(0)d0=— gott(n:l).

To verify this it suffices to show that equality holds for t(0) = e‘”, j = 0, i1, . . . , j: n.
Thus the trapezoidal rule is the analog of Gaussian quadrature for trigonometric
polynomials. General trigonometric quadrature formulae of highest degree of ac-
curacy are described by Mysovskikh [1].

2.5.11. Let V(F) = {126 V/Fv = 1}. Show that (i) if 0* is extremal for F then f; = v*/||F ||
satisfies

Pr(V)= min llvll = llfill- (233)
vs V(F)

(ii) If is V(F) satisfies (2.33), then fi/llfill is extremal for F. Thus ||F|| pp(V) = 1; 0* is
unique if, and only if, T; is unique.

2.5.12. Suppose that J = [(1,fl] and 0¢J. If V0 = {pe9,,/p(0) = 1} show that

min "PM: = IIPIIJ
pe Vo

h—w+m

T'< fi—a )

01-13

where
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uniquely. Thus

_ l
IIPIIJ=W-

' “—3

Hint. Use Exercise 2.5.11 with V=9,,, Fp=p(0), V(F)= V0 and recall the
Remark following Theorem 2.12.

2.6. Linear Functionals on 9.

Henceforth we take V= .2, and B = [—1,l]. We can now say something
about the uniqueness of a canonical representation of F.

Theorem 2.15. If :1 is not the unique extremal for F, then F has a unique

canonical representation.

Proof. Suppose that F has two canonical representations

Fp = I; a,p(x,) = 12 My», pea. (2.34)

with

i Iajl = i ml = "F"
1= 1 j= 1

and say r 2 s.
Let p* aé il be extremal for F; then, in view of Theorem 2.14,

|p*(xj)| = |p*(yi)| = 1,j= l, ..., r, i=1, ..., s. Hence the set {x1,...,x,,

y1,..., y,} contains k S n +1 distinct points, 21, .. ., 2*.
We claim that {x1, . . . , x,} = {y1, . . . , y,}. Suppose not, say, x, aé y.-, i = 1,

..., 3. Let 2,, =x,. Then

k-l

1106) = (x - 206?."
i=1

q(x,) a6 0, and q(y,) = 0, i = 1, ..., 5. Thus Fq = a,q(x.) = 0, according to
(2.34), a contradiction. Hence r = s and, after renumbering if necessary,

x] = y,,j = 1, ..., r. Now consider

'

pj(x)=il:£(x_xi)$ j=la--'ar,

if]

pj(x)e.?,,, and p,(x,-) aé 0; i = i-(xj) = Bin-(xi) implies that 41,- = fibj = 1,

, r. I
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Remark 1. The requirement that neither 1 nor —1 be a unique extre-

mal for F is essential for a canonical representation to be unique, as the fol-
lowing example shows. Consider ?z and the functional F(ao + alx +
azxz) = 3ao + 2a,. Then

Fp=p(—1)+p(0)+p(1)=§p(—é) 34%)

are both canonical representations, and clearly I is the unique extremal for F.

Remark 2. If 1 is an extremal for F, then F has a canonical representation
containing a preassigned point, t, of B, if, and only if,

min Fp = b > 0,
1161.

where 9,, = {pea/p0) = 1 and p(x) 2 0, x63}. To see this we apply
Tchakaloff’s theorem (Exercise 2.5.8) to the linear functional Fq — bq(t),
which is positive in view of the definition of b and the positivity of F (Exercise
2.5.6), and obtain

Fp=bq(t)+ z aiq(x,), r<n+ 1,
i=1

with a, > 0,i=1, ..., r. Ip" = b,p“e.9,,,

b=Fp*=b+ Z a,-p*(x,),
i=1

and therefore p*(xi) = 0, i = l, . . . , r, which implies that r S n (indeed, since
p* 2 0, 2r S n), and we have the required canonical representation.
Conversely, if b = 0 and

Fq = cq(t) + Z ciq(xi), r s n,
i=1

with c, c, positive and x‘ aé 1:, putting q = p* (where p* is defined above), yields
a contradiction.

Remark 3. Theorem 2.15 remains valid if B is a finite set of k < n + 1
points (as examination of the proof reveals). However, if the finite set B
consists of k > n + 1 points Theorem 2.15 may be false. For example, take
n = 2, B = {—1, —%;, %, 1} and Fp = p(O). Then "F" = 5/3, p*(x) =
(8x2 — 5)/3 is extremal for F and F has two canonical representations,

F? = -%p(- 1) + p(-%) + %p(%) = 1p(-%) + ()6) - %P(1)-
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A result of which we shall make major use provides sufficient conditions
for the Chebyshev polynomial to be an extremal of a linear functional.

Theorem 2.16. If r = n +1 in a canonical representation of F, then the
extremals for F are either i7}. or :1. In the former case we may take
y, = n§"ll,j=1,..., n +1, and a1, ..., an“ alternate in sign.

Proof Immediate consequence of Theorems 2.14 and 2.12. I

Remark. However, r = n + l is not a necessary condition for ’1}, to be an

extremal, for, consider

Fp = Z (-1)"p('1§-" ,
is]

where J is some subset of {0, l, . . . , n}. Clearly, if ||p|| = 1, then lI < IJIT,
whereas

F7:,=21=|J|.
jeJ

Hence 7:, can be an extremal of a linear functional with 1 g r < n + 1 in its

canonical representation.

Next, we turn to the question of the uniqueness of extremals for a given

linear functional. We define a function on I, e(x) by

2, -l<x<l,

4x)={1, x= :1.

Theorem 2.17. If

1: e(y,.) > n (2.35)

for some canonical representation of F, then F has a unique extremal.

Proof. If p, q are both extremals for F, then sgn a, = p(yj) = q(yj) so that

p(yj) - £109) = 0,1’ = 1, r and p’(y;) - q’(y;) = 0, if —1 < y; < 1. Thus
p — q has zeros of total multiplicity greater than in n, in view of (2.35), and

P=‘1- I

Results of a converse nature are not so neat. However, we have the
following.

TIf S is a finite set, [S] denotes its cardinality.
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Theorem 2.18. If 1 is extremal for F and

z em) < n

for some canonical representation, then 1 is not the unique extremal for F.

Proof Suppose that yl < y; < < y, < 1. If y, = 1, set

r-l

abs) = (1 - x) Hl (x - by”,J:

while if y, < 1 take

4(X)= Z (x - y-)“"”-

In either case qefl, and q(x) 2 0 in, I. Choose A > 0 and so small that
||Aq|| <1, then p = l -Aqe.¢,, and ||p|| =1, but p(yj)=1,j=1, ..., r;
hence

= Z ¢j= "F“-
i=1

Sinceq¢0,p;é1. l

Remark. The same result holds if —1 is extremal for F. If neither :1 is
extremal for F, then (2.35) is not necessary for uniqueness. Consider the
remark following Theorem 2.16 with n = 4 and J = {2,3}. Clearly, ’11 is
extremal and i1 is not. Suppose that p694 is also extremal so that H p|| = 1,

p012) = l, and 11013) = —1- Then 4 = p - T4 satisfies 401,-) = 0, q’(n,-) = 0,
j = 2, 3, hence

q = 006 — n2)2(x — n3)’,

but |p(l)|=|1——q|< 1 requires c> 0, whereas |p(n1)| = l—l —q|< 1 re-
quires c < 0. Hence c—- 0 and p= ’11.

To obtain a necessary condition for uniqueness we proceed as follows. If
peg’," let N(p) denote the total multiplicity with which the values 1 and —l
are assumed by p in I. (Thus N01,) = 2n.)

Theorem 2.19. If F has a unique extremal, p, then N(p) > n.

Proof. We show that if N(p) S n then F has an extremal other than p.

Suppose that N(p) < n.
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Let x1, ..., x, satisfying —1 <x1 < < x, <1 be all the points of] at
which p(x) = 1 and let m be the multiplicity of the zero of 1 - p(x) at xi. Let
zl, ..., z, satisfying —1 < 21 < < zI S 1 be all the points of I at which
p(x) = —1 and let n,- be the multiplicity of the zero of 1 + p(x) at 2;. (We need
only consider the case s 2 l, t 2 1, for if p(x) omits the value — 1, say, on I,
then either p = 1 and nonuniqueness follows from Theorem 2.18 or p aé l and
1 is another extremal for F. Similarly, if p omits the value 1.)

Put

aloe) = c1 11 (x — x9”

and

q.(x) = c. .H. (x — 2.)“.

where c1 and c2 are chosen so that there is some subinterval of I in which
q1(x) > 0 and another in which q2(x) > 0. Thus 1 — p(x) = q1(x)p1(x) where
p1(x) > 0 throughout I and 1 + p(x) = q2(x)p2(x) where p2(x) > 0 throughout
I. Note, also, that, since 0 <1—p(x) and 0 S l + p(x), q1(x) 2 O and
q2(x) > 0 for all xel, whereas q = qlqzea| in view of our assumption that
N(p) < n. Let

b = min P105);

xe! 420‘)

then b > 0, and if 0 < a < b we assert that p(x) + aq(x) = r(x) satisfies
||r|| = 1, for a < b implies that aq(x) < q1(x)p1(x), hence r(x) S 1 for all xel,

whereas a > 0 implies aq(x) 2 —-q2(x)p2(x) and r(x) 2 — 1. Since r(xi) = p(xi)
and r(zi) = p(zi), r is another extremal. I

EXERCISES 2.6.1-2.6.l3

2.6.1. The remark following Theorem 2.16 is not convincing unless we know that the
F defined there does not have another canonical representation involving n + 1
points. Show that this is the case.

2.6.2. If Fx‘ = 0 for all odd 1‘, 0 < i S n, show that F has an even extremal. If Fx‘ = 0
for all even i, 0 < i S n, show that F has an odd extremal.

2.6.3. If Fxi = 0, either for all odd 1' or for all even i, 0 < i < n, and neither of :1 is an

extremal for F, show that F has a canonical representation in which the points are
symmetric about zero. In the second case zero is not one of the points. Also, the
coefficients [the a} in (22921)] of symmetric points are equal.

Hint. Put x2 = t and consider either polynomials of degree at most [n/2] or linear
combinations of t1”, t3”, . . . , t“"“’m‘1/2 on [0,1].
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2.6.4. If the null space of F satisfies the Chebyshev condition, the only extremals of F
are either i 1;, or i1.

2.6.5. Consider the linear functional on 92, Fp = p(— 1) — p(0). Show that "F“ = 2
and T2 is the unique extremal for F.

2.6.6. Show that the null space Vo of the functional F defined in Exercise 2.6.5 does not
satisfy the Chebyshev condition.

2.6.7. Let V0 be as in Exercise 2.6.6. Show that there is a unique best approximation to
x2 out of V0 on~[—l, l].

The set of p69,, satisfying ll p|| S 1 (|| - II is the maximum norm on I) is a compact

convex set, B", the unit ball in 2.. A point p63,, is an extreme point of B,' if
p = (p1 + p2)/2 with p1, pzeB, implies p = p1 = p2. Let us denote the set of extreme
points of BH by E(B,,).

2.6.8. leE(B,.)forn=0,1,2,....

2.6.9. If [:63" and p(xo) = 1, where —1 < x0 < 1, then there exists a positive integer
m such that p(x) = 1 — (x — xo)2"'r(x), where r(x) 2 0 in I and r(x0) > 0.

2.6.10. If p = (p,‘+ pz)/2, where p1, pzeBn, p(xo) = e, and p‘*’(xo) = 0, k = 1, ...,
k0 — 1, p"‘°)(x°) ¢ 0, where xoel and e: :1. Then, for j = l, 2, pj(xo) = a and
p§*)(x°)=o,k= 1,2, ...,ko— 1.

2.6.11. If peB,I then peE(B,,) if, and only if, N(p) > n. (Notation as in Theorem 2.19.)

Hint. (i) The “if” part follows from Exercise 2.6.9, 10; (ii) “only if” by construction
following that given in the proof of Theorem 2.19.

2.6.12. '1;eE(Bk), n < k < 2n — 1 but 1;,¢E(B,,,).

2.6.13. Suppose I is an extremal for F (hence F is a positive linear functional); then the
following are equivalent:

(i) 25: 1 e(y,-) < n for some canonical representation of F.
(ii) 1 is not the unique extremal for F.
(iii) F is not strictly positive (see Exercise 2.5.9).

(iv) F has a unique canonical representation.

Hint. Remark 2 following Theorem 2.15 can be used to show that (iv) implies (iii).

2.7. Some Examp in which the Chebyshev Polynomials Arc Extremal

We want next to use Theorem 2.16 in order to conclude that the Chebyshev

polynomial is the extremal for certain specific functionals. Indeed, we shall

examine a series of functionals that exemplify the following general scheme.

Let C,, denote the (convex) subset of 9’, consisting of p satisfying

' max |p(r]§-"’)I S 1.
j=0,...,n
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Theorem 2.20. Let F be a linear functional on 9.. such that (i) neither :1 is

an extremal for F, (ii) p69,, p aé 0, having n distinct zeros in 1, implies
Fp 5e 0. Then

IFPI < IF72L P 6 CM (236)

with equality holding if, and only if, p = i 7;.

Proof. Let
f

FP = Z ajPU’j)
J=1

be a canonical representation of F. If r S n, there exists po 6?", p0 aé 0,
satisfying po(yJ-) = 0,j = l, . . . , r; hence Fpo = 0, contradicting the hypothesis
(if r < n, choose p0 to have zeros at any n — r points of I other than the yj).
Thus r = n + land, in view ofTheorem 2.16, yj = 1133'.) 1,j = 1,. .., n + l, and

”F“ = IIFTZJ, but if PEG.

n+1 n+1

IFPI < ~21 lajllp(rl§"—’1)l < 121 Iajl = IIFII = IFTil- I
J: =

Remark. The theorem remains true, of course, with the condition, pe C,
strengthened to p63, (i.e., || p|| S 1). It is in this weaker form that results of
the kind we are about to give occur most frequently in the literature. In some
of the examples we rely directly on Theorem 2.13 with V other than 9,, but

the line of argument is analogous to an application of Theorem 2.20.

1. Growth Outside the Interval. If peC,,, then

|P”’(t)| S I71.”(t)| (2-37)

for M 2 1 and j = 0, l, .. ., n. Equality is possible in (2.37) forj 2 l or M > 1
only if p = i '1}, (cf. Exercise 1.5.11).

To establish (2.37) we put Fp = p°7(t). Ifj = 0 and t = i l, (2.37) is trivially
true (with equality holding for all peC,I satisfying |p(t)| = 1). Suppose that
j 2 1 or M > 1; then neither of 11 is extremal for F, since IF1| < IF’1“. Also, if
p ¢ 0 has n distinct zeros in I, it has no zero in M > 1 and, by Rolle’s
Theorem, p03 has no zero in |t| 2 1; that is, Fp are 0. (i) and (ii) in the hypotheses
of Theorem 2.20 are thus in force and our result follows from Theorem 2.20.

Remark. In particular, taking j = n, we see that if peC, has leading
coefficient a,' then |a,,| S 2"”, with equality only for p = i 72,. One con-

sequence of this observation is the following generalization of Theorem 2.1
(n > 0). If

p(x)=x”+a,,_1x"-l +”' +00,
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then

..........

.....

then

2'l ’ 1p e C...

Another consequence of the same observation is an interesting
characterization of the Chebyshev polynomials due to DeVore [1].

If p(x) = c(x — xl)' ' -(x — x,,) has all its zeros in [— l, 1] and satisfies

IP01?” = 19 j=0,...,n,

then p = i ’12,. To see this note that

1 = |p(no)p’(n1)' - 'p1(n.— 1)p(m.)|

= |P(no)"'P(m.)l |p('11)"'p('l.—1)|
u n :- n-l

= loll“ H 2 ('1: — xi) ‘Iclrl Z n ("i-x1)
J=1 l=0 j=1 i=1

—Li (1 — x2)[T' (x )1”- [n222(u—1)]u 1:1 .i l J' '

But in view of the Chebyshev difi'erential equation (2.18)

(l - 3c})[7‘1.(x1)]2 = "2(1 - T309» S n2;

'6' 2n

1 < (27-?)

lcl 2 2"”.

hence

01'

Since peCn, we know that M S 2"”; hence lcl = 2"”1 and p = i ’12,.
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2. Size of Coeflicients.
p = a0 + + a,x" and peC,,,
then

[u 2] [u 2]

1:; an—zj : ‘2': 21< ' — 2, z- 0, 1,...., [2]. (2.38)

Let us put

[u 21 . n
FLIP: :- a"_21, l=0,..-,[§:l.

1:1

Our aim is to show that i I, is extremal for Fm. If i = 0 or [n/2], (2.38) holds
trivially with equality for any pe C,I satisfying p(1) = 1-1 or p(0) = :1,
respectively. This disposes of the cases n = 1, 2 and we need only establish
(2.38) if n 2 3 and 0 < i < [n/2].

Suppose that a,l = l, p e 9’, is even for even n or odd for odd n, and either (i)
p has n distinct zeros in I or (ii) p has a zero of order 2 at zero and n — 2 other

distinct zeros in I. Then Fo = p(l) 2 0, since a, = 1, and we claim that if
n 2 4 is even

(—l)""F:,.p > 0, i = 1. mg— 1. (2.39a)

and

(— l)"”F..,z,..p 2 0, (2.391»

with equality if, and only if, p(0) = 0, whereas if n 2 3 is odd

n—l
(—l)" l-,,,p<0, l=1,..., 2 (2.40)

We verify this claim by mathematical induction on n. Consider first even n.
Suppose that n = 4. Let c be the smallest nonnegative zero of p. Then
p = (x2 — cz)(x2 — a2), where 0 < |a| < 1, F2.4p = azc2 2 0, with equality if,
and only if, c = 0, and Fmp = azc2 — (a2 + cz) = c2(a2 — 1) — a2 < 0
verifying (2.39a, b). Suppose that (2.39a, b) hold for n 2 4 and suppose even
pea,” has a,” = l and satisfies (i) or (ii) above. Let c be the smallest
nonnegative zero of p. Then p = (x2 -— c2)r, where r69, is even, has leading
coefficient 1, satisfies (i), and

(- Dun—Wan”? = (— l)""F:...r + Cz(—1)'-u-1)Fi—1,ur

so that (2.39a, b) hold and (2.39a, b) are therefore valid for all even n. In the
case that n(2 3) is odd a similar argument establishes (2.40).
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Now let a canonical representation of F”(n 2 3, i = 1, . . . , [(n — l)/2])

with points symmetric about the origin be

FM = 21 «1401), 116?." (2-41)F

the existence of such a canonical representation being assured by Exercise
2.6.3, provided that :1 is not an extremal of FM; but they are clearly not
extremals for odd n, and for even n

Fi,n1=1<IFI-JIT;I_2('.+1)I= 2u-2i+3 _1_

If r < n, there exists p e 9,, even for even n or odd for odd n, satisfying (i) or (ii)
and taking the value zero at yl, . . . , y, such that, according to (2.39) or (2.40),
Pimp ¢ 0. Thus r = n + 1 and either -l_- 7], or $1 is extremal for F”; but we
have just seen that :1 is not an extremal for FM, hence yj = 11?.) 1, j = l, . . . ,
n + l and (2.38) is established, with equality only for p = i '12,, if n 2 3 and
0 < i < [n/2].

Remark 1. p = a0 + alx + + aux“, p63,, and we put

[a 21 .
Ai(x)= t au—zjx"_2’

j= 1

for each i = 0, .. . , [n/2]. Then, if, for some i,

malx iAi(x)i = IAi(x0)I,

the polynomial q = p(xox)e C. and so, in view of (2.38) applied to q,

[ugzl
(n)
n -2]

J=i

W2] 2_,_
Z a.._2,-xo ’
i=i

||A,(x)|| = < , i = o, [n/2]. (2.42)

In particular, we have, taking an-” = tffl 21"

ltg" + + t3"’| = ":3" + + tsmxiu, i= 0, n.

In a similar vein, if we know that

la: + + a..| < lb: + + b..l

for all p = a0 + ' ° ' + a,x"eB,,, which are even for even n or odd for odd n,
then ||aix‘ + + a,x"|| S lb, + + b,,|. Moreover, we note that

ai+'” +au=K1)—(ao+”' +ai—1)’
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so that la,- + + a..| < l + It}? + + £92 1|; but we observed in Exercise
1.2.19 that the numbers t3" + + #512}, j = 0, . . . , [n/2] alternate in sign.
Therefore, since £8" + ° " + 4'21 = l — (4" + + t2”) is negative for [n/2] of
the indices i= 1, .. ., n + l, and when that is the case 1 + lt‘é" +
+ t5") 1| = It?” + .. - + tf,"’|, we conclude that at least “half” the time

Ia. + + a.I s It?” + + raw. (2.43)

hence ||a,-xi + + anx"|| < It?” + + tf,"’|. Indeed, Reimer [1] describes the
relatively few cases in which (2.43) fails to hold.

Note that (2.42) is no longer true if we require only peC,,. Consider, for
example, n an even integer greater than 2 and

(II/2 - 1)

p(x) = 1 — 11:10 ([1190? - x2);

peC," but since p01,.) = 1 and p’(r]j) ¢ 0 for somej aé 0, ||p|| > 1 and p¢B,,.

Also llpll = "An/206)" > It‘ll" + + t5."|-

Remark 2. Suppose p = a0 + alx + ' - ' + aux". If n —j is even (or zero)
and pe C", then

lajl < It}"’|. (2.44)

If n —j is odd and peC,,_1, then

lajl < It}""|- (2-45)

Equality in (2.44) occurs only if p = :7; for j > 0 and equality in (2.45)
occurs only ifp = i'ILl forj > 0 and n > 2.

Proof. Ifj = 0, (2.44) and (2.45) are trivially true, with equality for any p
satisfying p(0) = i 1. Suppose j > 0. Let Fjp = aj. We treat several cases.

(a) n — j even (or zero).

(1) n even.

H II

aj=Fjp=Fi,np—Fi+1,np, . 2 ,

hence

(-1)""F1P = (-1)"'1F«..P +(-1)"'“”’F:+1.nP- (246)

Since i" = 0 for all odd k, FJ- has an even extremal according to
Exercise 2.6.2. With FJ restricted to even polynomials (2.39a, b) together
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with (2.46) imply that

(—l)("”’/2F,p > 0, j = 2, 4, . . . , n,

provided that a,l = l and either (i) or (ii) (p. 110) holds. Thus we conclude,

as before, that -_l- ’12, is a unique extremal, as :1 cannot be extremals, and
(2.44) is established.

(2) n odd. _An analogous treatment based on (2.40) establishes (2.44).

(b) n — j odd. F,- has an even extremal, ifj is even, an odd extremal ifj is
odd. In either case it has an extremal in 9’”- 1, but F,- restricted to 9’,_ 1 takes
us back to (a), since n — 1 — j is even (or zero), and i 7L1 are the only
possible extremals of Fj in 9” 1. Moreover, in view of Exercise 2.6.3, F1 has a
symmetric canonical representation, namely,

F.p=
l

atwolf-":1“ , (2.47)1‘
43

1J

and it is unique for pea- 1. Equation (2.47) is also canonical for p 6?“, for,

since x" is odd for odd n and even for even n, the right-hand side of (2.47) is
zero when p = x". In view of Theorems 2.17 and 2.19, i '12,- 1 is the unique
extremal if n > 2, whereas for n = 2 one of i '12,- 1 is an extremal but there are

others. I

3. The Tau Method.

Let Q” = { pea/pm) = 1}. We wish to consider the problem of minimizing

II P — P’ II (248}

for all peQ,. If we put p—p’= q, with q(x) =bo + +b,.x'l and
p(x) = a0 + + a,x", then

aj= 11' L in)“ j = o, n, (2.49)
. 1:]

and the condition p(0) = 1, i.e., a0 = 1, is equivalent to

Gq = ilb, = 1. (2.50)gm
-

Thus our problem is to minimize ||q|| among all qegi’,I that satisfy (2.50). In
view of Exercise 2.5.11 it suffices to find an extremal for the linear functional
G, defined in (2.50). Suppose that n > 1. (If n = 0, the original problem is

trivial. If n = l, p(x) = l + Ax, hence q(x) = 1 + Ax — 1. so that q(l) = 1 and

||q|| 21, but, if0 S A < l, ||q|| = 1. Thus any p(x) = 1 + 1.x,0 s 3. <1, solves
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our problem.) We wish to apply Theorem 2.20 to G. Neither of i 1 is extremal
for G, since Gx" = n! > 1. We claim that (ii) in Theorem 2.20 also holds.
Indeed, we show more. If (for n 2 Ops?" has leading coefficient 1, n real
zeros x1 < x; S < xn< l, and p #(x — 1)", then, if p(x) = co + clx +
. . . + cnxll,

Gjp=ii!c,>0, j=0,...,n—1. (2.51)
i=j

We establish (2.51) by mathematical induction on n. If n = l, p = co + x and
—co < 1, so that Go p = co + l > 0, and (2.51) is proved. Suppose that (2.51)
holds for n and r,,+1 6?,“ satisfies

ru+ 10‘) = (x - a)ru(x)9

where a g 1 and r, satisfies the inductive hypothesis. Let B,- = rf,"(0) and

35 = r5310); then

B;=—aB;+iBi_1, i=0,...,n+l,

andif0<j<n

n+1 n

Gjrn+1 = 2 Bi = 2 S! + (1 — a)Sj +i-la
=1 t=j+1-.

where

Sk = 'Zh Bi, Sn+l = 0-

By the inductive hypothesis 8,, > 0, k = 0, . . . , n — 1, and B" > 0, since the
leading coefficient of r,, is 1; hence GJ-p”+1 > 0 and all is shown.

According to Theorem 2.20, therefore, the unique extremal for G is i ’12,. If
we put

l = 67; = 2 79(0), (2.52)
1,, i=0

then, since ’12, has a positive leading coefficient, G’Ij, = 607}, > 0, and the
unique extremal for G is '12,. Now Exercise 2.5.11 reveals that the unique
solution of our minimum problem is

$100 = 111,505):

or the unique p,,eQ,l that minimizes (2.48) is obtained from

p.06) - 111.06) = 1.1.06)- (2-53)
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Also

min llp — (”H = llp. — p1.||= t..-
’50"

Note that in view of(2.51) and (2.49) all the coefficients ofp” are positive. Ifwe

put

1; xi
s x = —,.( ) j; j!

i.e., sh is the kth partial sum of e", then sk(x) — s;(x) = xk/k! and therefore

2;= o T$."’(0)sk(x) _ 2: = o k!t§"’sk(x)

”"0": 2-013%) ’ i=ok!‘i') (2'54)
To see this, observe that the polynomial defined in (2.54) is in Q,l and satisfies
(2.53). Thus the solution of our problem turns out to be an “average” of the
partial sums of e".

y = e" is the unique solution of y — y’ = 0, y(0) = 1, hence minimizing
(2.48) seems a reasonable way of obtaining a polynomial approximation to e"
on I. Indeed, the idea of choosing p to satisfy (2.53) and then choosing 1,, so
that p(0) = l exemplifies the tau method of Lanczos [1].

Let us go a little further and see how good pn(x) is as an approximation of
e". Consider pi,“ = ueg’". We shall show that u is “nearly” a best
approximation out of .2, to e", not only on I but in the closed elliptical

domain DP consisting of the points of the ellipse C, (see Exercise 2.4.8) and

the points inside Cp, p 2 1. The reason we approximate by u = p,’,+1 rather

than 1:,' is that 1);.“ is close to pl“, and so we get the advantage of a
polynomial of degree n + l with a polynomial of degree n.

If 26 C”, we solve the linear diflerential equation (2.53) subject to
pn+1(0) = 1 and obtain

e' — p.+1(z)= r... e' f (mama, (2.55)
0

the path of integration being the line segment joining 0 and z. Differentiating
(2.55) yields

32 — “(2) = n+1(TI'I+1(z) + e‘ I e_‘7;+1(t)dt). (256)
0

Now if ze Cp, then

-1

IzI s —-p + p = A (2.57)
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and (cf. Exercise 2.4.11)

pu+1 + p-(n+1)

<I72.+ 1(z)| 2

Also, since p' + p" is a concave increasing function of t for t > 0, it is not
hard to see that, recalling Exercise 1.1.4,

”1(2): J: ,H(t)dt-._ -:[;+_2(z) _ T_'fz)] + cos '12—“ 73.112)

satisfies

2pn+l + p-(n+1)

<—IVVH 1(z)| 2

Integrating by parts now yields

u+ 1 -(n+ 1)

[a fie" ...(t)dt<<5 ” +2”—, (2.58)

where

I? = 2(1 + 1e“),

and A is defined in (2.57). Thus for every zeD,

n+ 1 —(n+ 1)

Iez - u(Z)| < Tn+1 (1 + g) £—+2'L——-, (259)

according to the maximum modulus principle.

In Exercise 2.4.8, with k = n + 1, an extremal signature based on points of

CP, 20, ..., Zz..+ 1, is described. Putting z = zi in (2.56) yields

. u+1+ -(n+1) z: _

—u(z.)=e.+. [(—1)'%+en L e ' ...(e)de].

and therefore

pn+1+p-(n+1) 8:

Re (e“ — u(z,-))(-1)‘ _—_ z,+1[——2—- + (— 1)i Re e“ L e"7},+1(t)dt],

but for each i=0,...,2n+ 1,

n n+l+ —(n+1)

I e"...(t)dt<£”——2”—,
0

Ree" I i e" ”+l(t)dt < e"
0
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in view of (2.58), hence

n+1 -(u+1)

min Re (e" — u(zi))(— 1y 2 1,,“ (1-923;.

Corollary 2.6.2 now implies that

n+1 -(n+ 1)

E..<e*; 1),) = Em C.) 2 rm (1 — g) ”—+—2”— (2.60)

Formulae (2.59) and (2.60) reveal that u(z) is arbitrarily close to a best
approximation for n sufliciently large.

Since

i = ":21 (n — 21')! ram,-
In i=0

and the explicit formula for the tn-” [see (1.96)] yields

>0, j=0,2,4,...,
(n — 2])!tn-Zj + (n " 20 +1))!tn—2u+1){<0, j = 1, 3, 5, . . . ’

we obtain

i > n!t + (n — 2)!t = n!2"'3 4 — l1" n n-2 n _1

and

—l— < nlt, = n!2"‘1.
Tll

Thus

1
(n + 1)!2n < n+1 <m. (2.61)

If the inequality (2.61) is used in (2.59) and (2.60) and We consider the interval
1, Le, p = 1, we obtain

1 2(1 + e2) . 1
2"(n +1)![1_ n ]< Ede" 1’ < 2"(n +1)!

2(1 + e2) 1

x [1 + Til—47;),
which, for n large enough, is significantly better than Exercise 2.4.34.
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4. Size of the Derivative.
Suppose that

t(0) = Z (a, cos j9 + bJ- sin j0),
J=0

a trigonometric polynomial of degree n, satisfies

”(a)” g 19 j = 1: - - . a 2": (2'62)

where 0,- : (2j — l)1r/2n, j = 1, .. . , 2n, then

It’(0)| S n, (2-63)

with equality only if t = isin n0.
To see this we apply Theorem 2.13 with V: .7", the (2n + 1)-dimensional

space consisting of all trigonometric polynomials of degree, at most, n and
Ft = t’(0). Let a canonical representation of F be

"(0) = 1: «1.439), (2.64)

0 S yj < 21:, r < 2n + 1. If r < 2n, then, since there exists (nonzero) toe!"
vanishing at 2n distinct points of [0, 21:), including zero, we have t5(0) = 0 and
to has a total of 2n + l zeros in [0, 21:], a contradiction. Therefore r 2 2n.

Thus (see Exercise 2.4.35), the only possible extremals of F are $1,

cos n(0 — 00). But i 1 are not extremals, since their derivative is zero (hence,
incidentally, r = 2n, for, if r = 2n + 1, _-l;l are the only possible extremals
since for no nonconstant re .9”, does |t| assume its maximum at 2n + 1

distinct points of [0, 2a).). If t = cos n(0 — 00), then t’(0) = n sin n00; hence the
only possible extremals are t = cos n(0 — [(21' — 1)1r/2n]) = isin n0. Thus in

(2.64), r = 2n, y, = (2] — 1)1r/2n = 0], and (2.63) follows at once.

Next, suppose we fix (p, 0 S (p s 21: and put

eo=w+m

Clearly, tgefn, and if we assume that

me, + ¢)l < 1, j = 1, 2n, (2.65)

then, according to (2.63), we have |tj,(0)| S n, i.e.,

It’(¢)l S in (2-66)

with equality only if t(0) = isin n(0 - (p). Thus we have shown in particular
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that iftefi', and

lltll = max |t(0)| S 1 (2-67)
0<9<2n

then

"13'" S n. (268)

with equality only for polynomials of the form t(0) = sin n(0 — go). [The
hypothesis (2.67) cannot be replaced by the less stringent (2.62), as the
example t(0) = sin n0 + Zoos n0 shows.] This result is known as Bernstein’s
inequality.

Remark 1. If we consider the linear functional on 9'”,

1
Glt=t(0)cos).+;t’(0)sinl, 0<l<21t,

and we replace F by G,1 in the preceding discussion, mindful of the elementary
fact that

max (a cos]. + bsin A) = (a2 + b2)“,

2.

we obtain the following generalization of the Bernstein inequality: if ||t|| < 1
then n2t2(0) + [t’(0)]2 S n2, 0 S 0 < 2a. This result was established in van
der Corput and Schaake [l], but, as the authors remark in a subsequent
correction (see the reference just given), it is a simple consequence of an even
more general result of Szegc") [2].

peB, then p(cos 0) = t(0)e.9',,, ||t|| S 1, it is easy to see that the van der
Corput-Schaake result yields

"21906) + (1 - xz)(l"(x))2 S "2-

In view of (2.18) equality holds only for p = i ’12,.

Remark 2. Bernstein’s inequality remains valid if the trigonometric poly-
nomial, t, has complex coefficients. For if "t" < 1 then lle“t|| S l and if

Re e"t = to, then "to" S 1 and toefl',I has real coefficients. Given any 00,
0 S 00 < 21:, 1' may be chosen so that e"t’(00) is real, and hence |t’(00)|

= It’o(00)l S n, i.e-, Ilt’ll S n.
It now follows that if p69,, (with complex coefficients) satisfies, for

complex 2,

|P(Z)l S 1, III S 1,
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then

lp’(2)| < n, IZI S 1

To verify this we need only note that p(e‘°) is a trigonometric polynomial of
degree at most n, and invoke the maximum modulus principle for the analytic
functions p and p’. Indeed, it suffices to assume only that |Re p(2)| < 1 in
|zl s 1, to conclude that |p’(z)l S n, 12! S l, as we shall see later.

Remark 3. Still another generalization of Bemstein’s inequality, due to
Zygmund [2], yields

21:

0

with equality only for t(0) = A cos n0 + Bsin n0. When p becomes infinite we

obtain Bernstein’s inequality. Zygmund’s inequality has recently been

extended to p satisfying 0 S p < 1. Details may be found in v. Golitschek and

Lorentz [1].

This extension of the range of p was used by Kroo and Saff [l] to extend

the result of Exercise 2.4.7. They showed that (using the present notation) for

0<p<L

t_(_’9)’ 21:

d9<J |t(0)|"d0, "=27." p91,
0

1

L |T(x)|" <:J~ |¢1(J¢)l"2 ,¢+:—5 W
for every q(x) = x” + a,._1x"'l + + a0, with equality only for q = 7],.

Proof Suppose q #T~,,and p > 0. Then

1 dx 2:

P—= 2(1-"W-1 co 0 + t,_ 0 ”d0,J11 |q(x)|fl I0 I S" l( )I

where t,,_1(0) = b0 + b1 cos0 + + b,._1 cos(n — 1)0 i 0. Repeated appli-
cation of the extended Zygmund inequality now implies that if

21:

ck = 2“""""1 I ICOS n9 + n'“t,$4_"{(9)l"d0, k = 0,1,...,
0

then co > c1 and Cr 2 c“, for k> 1. But it is easy to see that n‘4"t“_’" (0)
tends to zero uniformly on [0, 21:] as k —» 00. Thus the C, decrease monotoni-
cally to

Zn 1

2‘1"'””1 cosn0’d0=J 7:, P——,L ' ' -1' 0‘" m
and our proof is complete. I
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Remark 4. If p(x) = a0 + + aux", then t(0) = p(cos0)e.7',,. Thus, if
peBn, then ||t|| < 1 and

It’(0)|=|P’(X)Sin0|= |P’(-X)(1x2)“2|<n

01'

n
Ipl(X)l <W, —l < x < 1. (2.69)(1

Iftefl', and

$1, i=0,...,2n—1,re")
t(0 + 0,.) satisfies (2.62) and we conclude that

It,(0k)l < n: k =1: ”'3 2n:

with equality for any k only if t = icos n0. Thus, if peC,,,

IP'(€§"’)| <W= |T1.(€$"’)I, i=1,---,n, (2-70)

and equality is possible for any i only for p = i 1;. Hence, we have obtained
another proof of Exercise 1.5.8.

Also

lP"’(u:)| < |T$."’(ua)l, (2-71)

for l < k < n, where 14,, . . ., u,_(,,_1) are the zeros of T},"'”, with equality
possible for any i only ifp = j; 1,}. (This is Exercise 1.5.9.) We establish this by
mathematical induction on k. The case k = 1 is just (2.70). Suppose that (2.71)
holds. The Lagrange interpolation formula gives

n- k-l) (k) Tac-l) x0., = p (u) .. 0,
p (x) {:1 Tf,”(u,) x — u, ’

hence, if v is any zero of T1,”,

n-(k—l) pay” 1
P<k+1)(v)=-T$k_n(v) i=1 T‘—"’(u-—)(—” “)2,

(2.72)
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and

lp‘” 1’(v)| < ITS.“ 1’(v)| viii)“, _u,)2 , {2-73)

in view of (2.71). Putting p = ’1',', in (2.72) yields

n-(k-l) 117‘?a = IT$""(”)' E (v - “92'
The induction is now completed by substituting (2.74) in (2.73). The
possibility of equality is established by the induction, as well, since the
inequality (2.73) is strict unless p = 72,.

It is not difficult to obtain a best uniform bound on |p’(x)| from (2.69).
Suppose that n > 1. If

(2.74)

|x|< cos— =51”,

then

2 1t 2 l1_ 2>1_ 21: 21 =_x cos 2n sin 2n > 2—" n2

and p e B,I implies

lp’(x)l < n’, (2.75)

in view of (2.69). Next, suppose that lxl > 6‘1". If we recall (1.41), we see that

" ' (3') _ (3021/2

P'(x)=L..—1(p', T;x)=——£00 ,1; (—1)i-IM_
(x — 6?")

In the interval 51") < x< l, 7;,(x) is positive as is (x — 6"") for j—— 1,. ., n;
hence, since |p’(§‘-"’)(l— (§(-"’)2)1/2|\< n [by (2.69) or, better still, (2.70)], we
obtain

Ip'(x)l< T(x) 21x—(€,., =T§.(X). (2-76)

Since Tfi,(x) is monotone increasing in 63") < x < l,

lP'(x)| < T;(l) = n2.

The case —1 < x< —€"‘)—— 6,?" 1s treated in the same way, and putting the
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pieces together yields the theorem of A. A. Markov:

If p63,, then II p’ll < n’, with equality only for p = i '12..

[The condition for equality stems from (2.70).] We shall have more to say
about this theorem shortly.

Remark 5. 136.7,, and ||t|| <1 imply ||t('"|| < n" by mathematical in-
duction on the order of the derivative k.

Remark 6. Repeated application of A. A. Markov’s theorem gives

Ilp""|| < [1101- 1) ' ' ' ("-06- 1))12, k= 1. n.

a bound that is much too large. To obtain a better bound we observe that if
peB,l then for 0 < x0 <1

q(x)=p[(1 H.913” -1]eB..

and, since

|[_<1 70M...)
in view of (2.37), Ip(“’(xo)l < 2"T§,"’(l). If —-1 < x0 < 0, the same result is
obtained by putting

=l¢1""(l)l < Ti"’(l).

q(x)=p[(1—xo)";1 +1].

Thus, recalling (1.97), we obtain

(n2—1)-~(n2-(k-1)2)
1-3-5'-'(2k-— 1)

2

||p""|l < 2* n (2.77)

The truth of the matter is that (2.77) remains true with the factor 2" deleted.
We establish this next, but it is no easy task.

5. V. A. Markov’s Theorem.
The direct generalization of A. A. Markov’s theorem was provided by his
brother, V. A. Markov [1] (see also Bernstein [3], Mohr [l], Voronovskaja
[1], and Boas [1]), who showed that if peB,l then [I pmll S T200), 0 < k S n.
We follow Duffin and Schaeffer [1] in proving the stronger result that pe C,l
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implies || p""|| S T590), 1 < k < n. First let us see how far we can get with our

representation formula for linear functionals. If —1 S r: S 1, let

Mk(€) = max |P(*’(5)l, 1 < k < n.
Pecn

We saw, (2.37), that Mk0) = T300). Hence M46) £ Mu(1) = Tf,"(1) = 2"“.

Note also that

MAI—'5) = Mu“): (2-78)

for if p‘g‘lc) = we and q(x) = 14-30 then qec.. M.(—c) 2 lq""(—é)| =
pg"(€) = Mk(€), and, reversing the roles of 6 and —€, establishes (2.78).

Suppose then that 0 <§< 1,1 < k S n — 1, and let B = {719), . . ., 112"} in
Theorem 2.13. Let

Fp=p<*’(c)=j=il my.) (2.79)

be a canonical representation of p("’({), where, of course, the y, come from B.
Since :1 is clearly no extremal for F, (2.79) is its unique canonical
representation according to Remark 3 following Theorem 2.15. We claim that
r 2 n. Ifr < n —1 and w(x) =(x —y1)--°(x— y,_1), where y,+1, ..., y”.1
are “new” distinct points of B, then (0W6) = 0, but q(x) = xw(x)69’, and
0 = q‘*’({) = €w""(§) + kw‘k‘l’G), hence (ca—“(5) = 0. Rolle’s theorem im-
plies that w"“ 1’ has only simple zeros which contradicts the existence of a
zero of order at least 2 at 6.

Now the Lagrange interpolation formula yields

Fp = p""(€) = i; p(m)15"’(€), (2.80)

which is a canonical representation of F, since

in mm = Mm. (2.81)

Thus (2.80) and (2.79) must be identical, and we have r = n + I expect for the

finite number of points 6 which are zeros of some l§*’(x) (keep in mind that

here B aé I). Note that, since r 2 n, no two 12-”)(x) are zero simultaneously for
any x. The fundamental polynomials l?"(x) are given explicitly by

(-1)i+1(1 — x2)T;(x)

n’(x — m)

(-1)i+ 1(1 — x2)T;,(x)
2n2(x — m) ’

, i=l,...,n—1

M") =

i = 0, n.
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Therefore, if we put

81(6) = 8811196)

so that (2.81) reads

:0 2mm) = Mm, (2.82)
we see that

ei(1)=(—1)i i=0,...,n,
and since p§(rl,-) = 344‘) we recover the fact that p1(x) = 1:,(x). But, if 1: denotes
the largest zero of any of lg"’(x), i = 0, . . . , n (hence —I < 1: < 1), then

8,.(5) = (—1)", i=0, n,

for 1: < c < 1 and we know that

p;(x) = 72.00

and

M45) = ’I‘SI‘Kfi), for 1: s 1. (2.83)

We claim next that r is the largest zero of lg‘Kx). To establish this we need the
following preliminary result.

Lemma 2.7.1. If p(x) = (x — a1)" (x — an) and q(x)= (x — b1)" (x — b,),

where bl > a1 > b2 > a2 >- > b,, > a”, then iftb. t,,,_ 1 are the zeros of

p’ and z1, . . . , z"- 1 are the zeros of q’ (each set arranged'in decreasing order),

we have 21 > t1 > 22 > t2 > > z,,,_1 > t,"_l.

Proof Since p(x) — q(x)e.?,,,_ 1, the Lagrange interpolation formula gives

_ "'-11(b;) q(x) "'p(b,-) q(x)
p(x) q(x)= M1311“) 3‘ - b1: j= 1 4Tb) 9‘ - b}. (2.84)

Suppose q’(z) = 0, then (2.84) implies that

p’(Z)_ "p(_b1) 1
9(2) j= 1‘1(b—)j(Z——b—j)2

We observe that for j= l, ..., m, sgnq’(b,)=(—1)"’1 and sgnp(b,- =
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(—1)’"‘. Thus for i = l, ..., m — l,

M11(20 <0.

Now sgn q(zi) = (— 1)‘ and so sgn p’(z.) = (— l)"1. Hence p’ has exactly one
zero in each interval (zi+l,z,-), i = l, , m — 2 (for if it has more than one
zero in one such interval it has at least three there), and since p’ is positive at
both 21 and al its remaining zero is not in (21, a1). Thus p’ has its remaining
zero in (am, z,,,_1). This establishes the lemma. I

Remark. It is easy to see, using mathematical induction, that the hypo-
thesis of the lemma implies that the zeros ofp“) and q“) for k = 2, . . . , m — 1
interlace in exactly the same way as those of p’ and q’.

Let us consider II-(x) and lj(x) fundamental polynomials for any set of

nodes x0 > x1 > > x", where i> j. There exists a nonzero constant, c,
such that lj — die?" 1. Applying the Lagrange interpolation formula, as in
the proof of Lemma 2.7.1, yields

13(2) 1 1

where z is any zero of 11-. The leading coefficient of 1,-(x) has the sign of ( — l)‘ as
Exercise 1.3.6 reveals; hence

sgnlz-(xo = (— If”
and

[3(2) _ i+j+
sgn m — (-1) 1-

Now we can conclude, exactly as we did in the proof of Lemma 2.7.1, that the
zeros of l;- and l} interlace strictly. This fact, together with the lemma, applied
to l:- and 1} leads us to the following conclusion.

Theorem 2.21. Given any nodes x0 > x1 > - - - > x, and l,(x), i = 0, . . . , n, the
fundamental polynomials for the nodes; if z,-_1 > zi,2 > > zi,,,_,, are the
zeros of l§*’(x), 1 S k S n — 1, then

2m > Zn—m > > 20.1 > 2",: > zn-1.2 > > 20.2 >

>zn,n—k > zn-l,n-k > ... > 20.n-k'
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In particular, then, the r in (2.83) is the largest zero of l},"’(x) or, equivalently,

0f [(1 — 3077.001“) = (1 — X)T5."+1)(x)— knfix) = ([(k — l)x - k] T900 —
[nz — (k — 1)2] T),"'“(x))/(1 + x), in view of Exercise 1.5.5. Note that if u is
the largest zero of Tgk'Wx) then certainly 1: < u (cf. Exercise 1.5.10).

The choice of xi = 11, in Theorem 2.21 enables us to describe MAC) more
fully. In each interval (z,,_,-',-, z,,_,-+1,j), i = 1, . . ., n;j = 1, .. ., n — k or (2”,
zo,j_1),j = 2, . . . , n — k, none ofsi(§), i = 0, . . . , n, changes sign and M,(€) is
given by the polynomial (2.82).

As we have just seen for z“ < .5 < l

6i(€)=(—1)i, i=0,...,n.

If 2: now passes into the interval (z,_ U, z“) the sign configuration becomes

8i(€) =(—1)‘, i=0, n— 1

5,,(6) = (- l)""-

As 6 continues to move to the left, an alternation of sign percolates through

the sequence 6,, an- 1, . . . , so, until é passes through the point 20.1 into (2m:

zoJ) in which

s‘(€)=(—l)"'1, i=0,...,n.

Thus in (a2, 20,1), p¢(x) = — 7:,(x) and Mk(§) = — '1‘},”(§). Now, when 5 moves
past z”, the percolation process is repeated, starting with

8&6) = (—l)“‘, i= 0, n — 1,

6.15) = (- l)",

for c in (Zn—1,2: 2'3) Thus’ ifpg = q in (Zn-1.19 2:51): then P; = —q in (Zn—1,2,

z“), and so on.

In the case k = n — 1 analysis of (2.81) leads to an easy proofof the Duffin-
Schaefi'er-Markov result.

Theorem 2.22. If peCn, then for —1 < x < 1

lp‘""’(x)|< 11""(1) = zflni.

with equality possible only if p = i '1}, and x = :1.
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Proof. As an easy consequence of (2.82) we see that

(-1)‘2"-1(n— 1)!(x #1:), i= 1, n — 1,
I:"‘“(x)=

(—1)*2~ 2(n — 1)! (x + "—n‘), -i = o, n.

Therefore

M...(:) = :0 Ill-”“’(C)l = 2H<n — 1)! E:

"i

n

attains its maximum on [0, l] at t = 1. f(6) is a polygonal line with possible
changes in direction at —m/n, i= 0, ..., n, and its slope in

—n,/n<x<-n,+1/n,j=0,...,n—l,is

"1
+—.c |

We claim that

fit) = i"
I=0

1

21—2 l—f=2j+l—n.
i=0 _i=j+1

Since only breaks corresponding to j> [n/2] fall'in 0< I: < 1, the slopes of

consecutive segments off(C) as 6 moves from——11[,,,2]/n to l are nonnegative

and increasing so that f(f) is monotone increasing in [—11[,,,2]/n, 1]; but
—r][,,,2]/n s 0, hence If(§)| S | f(l)|, 0 g 6 S l, with equality only at C = 1.
Thus, if0 S 6 < l,

Mn—1(C) < M..—1(1)= 71“”(1)

The conditions for equality follow from Example 1, p. 108. l

Note that M,,_ 1(6) is a convex function of 6 on [- 1, 1]. For k other than
n - 1 this need not be the case; indeed, it may happen that Mx05) is not even
monotone increasing on [0, 1]. Let us look at some examples.

1. Suppose that n = 2. Clearly

26+1, 0<€<£
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Let us compare this with the case in which we seek to maximize || 17’" subject
to p63; (rather than C2). If —1 < C < 1, put

N145) = max IPW‘N. 1 S k S n.
Penn

Of course, since B,l c C", we have Nk(§) < Mk6). Suppose that n = 2. Let us
find N1(§). The remark immediately following Theorem 2.21, with k = l and
n = 2, shows that

N1(€)= ’2(€)=4€. i<€< 1.

Suppose, then, that 0 < 6 < 4%, and

(12(6) = N105)-

Then for all qz we have

‘1'“) = “14031) + “24(3‘2) (2-85)

and q’;(€) = |d1| + lazl. Both x, and x2 cannot be interior points of [— 1, 1],
for in that case q’g(x1) = q§(x2) = 0. Putting q(x) = (x — x1)(x — x2) reveals
that C = (x1 + x2)/2, hence neither of x1 and x2 is — 1. Suppose that x1 = 1,
then x2=2§— 1, q=l and q=x imply that a1+a2=0, and 011+

«2(26 — 1) = 1; hence

_ 1 _ 1

“l—— “z-‘m2(1 — 6)’

and q2(€) = (1 — 6‘1 > 46 = T'2(§). The polynomial

1
(1:06) =W(x2 - 2(25 - 1)x + (262 - 1))

is in 82 for 0 < 6 gli. Hence

1

NKO= L—f 0<5<£ 030

%, i<é<L

Note that Mk(§) for any n is, in view of (2.81), a piecewise polynomial
function, whereas (2.86) shows that Nl(f) for n = 2 is not.
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2. Suppose that n = 3. An easy calculation yields

r _
—12€2+3, osésfl,

—§(3§’—§—1), fl; 2 ask.

M1(:)=4%§¢, \/—3_‘<“g <~/1_3_+1

{128—3. fi+2<5<r

By contrast Boas [1] gives

(—12¢2+3, oscs‘figz.

7 7+10, fi—ZgESZfi—l,
9(1+;=) 6 9

16:3 7—1 2 7+1N.(:)={(9€,_1Xl_€,), N; <5< 9 .
7 7—10, 2\/'+1<€<./7+2,
9(1-5) 6

rue-3, figzscsl.

The graph of M1(§) is shown in Figure 2.1. Observe that M1(C) in this case is
neither convex nor monotone increasing.

A detailed characterization of N,,(§) is found in Voronovskaja [1], where
implicitly, much information about Mk(€) can also be found. We next present
Duffin and Schaefl‘er’s improved version of V. A. Markov’s theorem, which,

surprisingly, requires an excursion into the complex plane and the elementary
theory of analytic functions. The following lemmas are needed.

Lemma 2.7.2 (Rouché’s Theorem). Iff(z) and g(z) are analytic inside and on
a simple closed Jordan curve, C, and |g(z)| < |f(z)| for all z on C then
g(z) +f(z) and f(z) have the same number of zeros inside C.
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M! (E)

J:I II I

0 5—2 JE—I 1
6 3 J73” J7,’

5 a

mum

Proof. See any text on complex function theory; e.g., Titchmarsh [1].

Lemma 2.7.3. If all the zeros of p(z)e.?,, are in the half-plane x < a, then all
the zeros of p’(z) are in x < a.

Proof Suppose that Re w 2 a; then p(w) aé 0. Let 2,, . . . , 2" be the zeros of
p, each zero appearing in the sequence according to its multiplicity. Each of
the complex numbers 2; — w satisfies

31:
E<ar (z —w)<—2 gl' 2,
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and the same is true of the complex numbers (2,- — W)‘ 1 = |z,- — WI ”(2, - w),
but then

_&= 1
[ P(W)] r=lz,—w%0’

since the sum of complex numbers, all ofwhich lie in Re 2 < 0, must also lie in

Rez < 0. Thus p’(w) # 0, and the lemma is proved. (This is a special case of
the Gauss-Lucas theorem: the zeros of p’ lie in the convex hull of the zeros of

12-) I

M
:

Lemma 2.7.4. Let a1, . .., a2, be nonnegative numbers and a’l, ..., a3”, a
rearrangement of these according to size so that (1’1 2 dz 2 2 a’zu 2 0.

Then for t 2 0

(“102 + ”(03% + t)"‘(a2u-iazn + ‘)

<(a’1a’2 + t)(a’3a’4 + t)-~(a’2,,_1a’z,. + t). (2.88)

Proof. The lemma is certainly true if n = 1. Suppose that it is true for
n — 1. Let

a’1 = ai, dz = aj.

Case I. If i is odd andj= i +1 or i is even andj = i — 1, then either
a’la'2 + t = a,-a,-+ 1 + tor a’la’z + t = ai_1a,- + t. Either equality together with
the inductive hypothesis applied to the set at, k =1, ..., 2n, k 76 i, j,
establishes (2.88).

Case 2. i and j are not as in Case 1. Therefore, if we put

i’ _ i— l, i even _, j — l, j even,

‘ i+1, iodd’ ’ _ '+1, jodd,

no two of the indices i, i’, j, and j ' coincide and (aiail + t) and (ajar + t) both
appear among the factors on the left-hand side of (2.88). However,

(allalz + txayajl + t) — (agar + tXaja}: + t) = «a; — (1})(0'2 — a") 9 0.

Thus, if (aiai. +I tXajaJ, + t) is replaced by (a’la’z + t)(a,,a1' + t), the product on
the left-hand side of (2.88) does not decrease. By the inductive hypothesis the
lemma holds for the set of a," k = 1, . . . , 2n, k aé i, j; hence the modified left-

hand side does not exceed the right-hand side and (2.88) is established. l
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Lemma 2.7.5. For each n 2 0

|7;(x+iJ’)|<l’12.(l+iy)l, —l<x<1,—oo<y<oo.

Proof. Putting x = cos 0, we have

|’I},(x + iy)|2 = 4"‘1 Z Ix + iy - cos Oil2
j=1

= 4"‘1 H [(cosO — cos 0,-)2 + yz]
j=1

=4"‘1fi 4sin2fl8i21120—-'-0"'3’2
1:1 2 2

= 4n-1 1!] [(1_ cos(0 —- 01.))(1— COS(0 + 0]» + y2]
j=1

=fi [Ie‘o _ ewi|2 leis _ e-io,|2 + 4W2],

AI
M

-

where the last step follows from the law of cosines. Let a2,.1 = le" — e“’1|2
and an = |e‘°— e“°’|2,j= 1, ..., n, so that the sequence a1, a2, ..., a2,
consists of the squares of the distance from a point of the unit circle, e", to the

vertices of a regular 2n-gon inscribed in the unit circle. If 0 is increased or
decreased by 1r/n, the resulting sequence of squares of distances is a

rearrangement of a1, . . . , a2,,. Therefore, if (p = 0 -_|- (ku)/n satisfies

< _
I‘PI \ 2n

and b2j_1 = lei” — ewilz, s = lei” — e“"1|2,j = 1, . .., n, b1, b2, . . . , b2", is a
rearrangement of a1, . . . , a2"; moreover, if (p 2 0, 0 < b1 S b2 < S b2”,
whereas, if (p S 0, 0 s b2 < bl < b4 S b3 S <b2. S b2,_1. In either case
Lemma 2.7.4 yields

me + iy)|‘ st 1] new — emu” 1e" — e'"”|‘ + 4y’]
i=1

= IT..(a'c + iy)’l, (2.89)

where it = cos (p. Since 5c + iy lies in the strip 51 < x S 1,

Ii+iy-€j|<|1+iy_€jla j=l"“’n
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(see Figure 2.2); hence

”20" + iy)! <|73.(1 + MI.

and, in view of (2.89), the lemma is proved. I

The key to the proof of the Duffin—Schaefi'er—Markov theorem is the
following interesting result.

Theorem 2.23. Let x1 < x2 < --- < x", < 1 be the zeros of v e 9... and suppose
that

|v(x + MI S lv(l + iy)|, —l < x S 1, —00 < y < oo. (2.90)

If qefl, satisfies

|q’(xi)l < |v’(x,)|, i = l, . . . , m, (2.91)

then

|q’(x + iy)! < W + iy)l, -1< x <1, —oo < y < oo. (2.92)

Proof Let 6 + in be a fixed point such that —1 S 6 <1. If v(x) =
c(x — x1) (x — xm), let r(x) = c(x — u1)- - - (x — u,,,), where the zeros ofr are
obtained from those of v by reflecting about 6 those zeros of 0 that lie to the
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right of E; i.e.,

“i = xi, xi < 1:,
u,=2<f—xi, x,>§.

Clearly, every point z = 6 + iy is equidistant from ui and xi, i = 1, . . . , m, i.e.,

|z — u,| = |z — xil; hence

lr(€ + iy)! = W: + iy)|- (293)

We claim next that |r’(§ + ifl)l 2 |q’(§ + in)|. Put C = 6 + in. The Lagrange
interpolation formula with nodes at the xi gives

- flag) 1
i=1—xi.

In view of (2.91), q’(x,)/v'(xi) = 6,-, with |6i| g l, i = l, . . . , m. Thus, if n 9‘: 0,

, 5:"1‘0 .- m
_ arc—x.) _. ,. 6m
-|D(C)l Li; (6 — x,-)2 + '12 112:1 (5 — 3602 + '12

= lv(€)| IA - iBI,

where

_ m 6,6 — x.) _ ... 5."
A_.=1(§—x92+n2’ B—I=Zl(€_xu)2+"2

By construction I: — xi| = g — 14:; hence (g _ x92 = (g _ “92, I‘M-f _ xi”

S E — u,-, and therefore

"' "' lnl _

"K Zr—m—F % 'B'iém'“i=1

and |A— iB|=(A2+Bz)1/2 < (0:2 + [32)“2 = let i ifll. By choosing the plus
sign if n < 0 and the minus sign if n > 0 we obtain

(€- u:)—m _
i; (6— 1492+"2 _lq’(C)< MOI

lr’(0|
=|v(C)| ( (0| =lr’(€)|,
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the last equality because of (2.93), thus establishing our claim for r] 96 0. The
case of r] = 0 now follows by continuity.

Let w be any complex number satisfying

|w| < 1. (2.94)

Put s(z) = 0(2) — wr(z + C — 1). Let FR be the simple closed curve consisting
of the semicircle CR: |z -— l| = R, Rez 2 1, and the line segment DR joining
1 + iR and 1 — iR. If zeDR, (2.94), (2.93), and (2.90) imply that

Iwr(z + E — 1)| < |r(€ + iy)| = M6 + iy)l < M1 + iy)| = |v(2)l-

Also on CR, for R sufficiently large,

Iwr(z + 6 - 1)| < lv(2)|,

since r and 12 have the same leading coefficient and |w| < 1. Thus by Rouché’s
theorem (Lemma 2.7.2), s(z) has the same number of zeros as v(z) inside FR,

i.e., none. Since R is arbitrary, we see that s(z) has no zero in x 2 1; hence by

Lemma 2.7.3 neither has s’(z). In particular, s’(z) 9% 0 at z = 1 + in, i.e.,

v’(l + in) — wr’(§ + in) aé 0 (2.95)

for all |w| < 1. If |v’(1 + in)| < |r’(§ + in)|, then (2.95) is violated for
w = v’(1 + in)/r’(.f + in). Hence

Iv’(l + in)! > M: + in)! 2 Iq'(§ + in)|- I

Corollary 2.23.1. For k = 1, 2, . . . , n

|TS,"’(x + iy)| S |T§,")(l + iy)|, —1 < x S 1, —-00 < y < oo. (2.96)

Proof When k = 1, (2.96) follows from Lemma 2.7.5 and the theorem with
v = q = '11,. If (2.96) holds for k — 1, then it holds for k by the theorem with
v = q = TEE—1’.

Theorem 2.24 (Duflin and Schaefl'er [1]). If p69,, and

lp(fla)l < l, i = 0, n. (237)

thenfor —1<x<1andl<k<n

20:2 — 12a — 22)---(n2 — (k — 1V) 2
1.3.5---(2k—1) ’lp""(X)l s m1) = " (2.9s)
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with equality holding only if p = i '1}, and x = :1.

Proof. Suppose p e C,, and p ¢ i 1;. Then, in view of (2.71), there exists a
constant c > 1 such that

|cp""(ui)| < |Tf,"’(u,)|, i = l, ..., n — (k — l), (2.99)

where the ui, i = 1, ..., n - (k — 1), are the zeros of Tgk‘”. We now apply

Theorem 2.23 with m = n — (k — 1), u,- = xi, v = Tgk‘l’ and q = cp‘k‘l’.
Observe that (2.91) holds because of (2.99) and (2.90) is simply (2.96). Thus

c|p""(x + iy)| < |TS,”(1 + iy)|, —1 S x <1, —00 < y < 00.

Since c > 1, we have, finally,

|p""(x + iy)| < |TS,"’(1 + iy)l. —1 < x s 1, —00 < y < 00. (2.100)

Choosing y = 0 yields

lP“’(x)l < |T$*’(l)| = T5."’(l)-

The observations about equality and the evaluation of T$,"’(1) are con-
sequences of Exercises 1.5.35 and 1.5.6. I

Remark 1. Note that we have really proved (2.100) which is more general
than (2.98).

Remark 2. If p is a polynomial of degree at most n with complex
coeflicients, which satisfies (2.97), the conclusion of Theorem 2.24 still holds.
To show this we note that the 1.0:) with respect to the points '10, . . . , 11,, are real
valued.

lp""(€)l = :0 mettle) s :0 mm» = _z mum.

If

Pg“) = 12:0 340“"),

then pgeC," since 346) = :1. Thus

lp""(€)l < p2*’(é‘).

and the result follows from the theorem applied to p;.
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Remark 3. Duffin and Schaefl‘er [1] also show that if E is any closed subset
of [— 1, 1] that does not contain one of the points m, i = 0, . . . , n, there exists
p e 9', satisfying

|P(x)| é 1, x 6 E,

and

IP‘“’(1)| > T590), k= 1,2,” ,n

There is an interesting application of Theorem 2.24 to the theory of
numerical difierentiation. Suppose that we wish to approximate the de-
rivative f(”’(x) for x e] by L:"’(f, X;x) (cf. p. 12), k = 1, 2, . . . , n. How shall we
choose X? The norm of the operator

f-> L£*’(f)

is

AS,“11(X)= max max |L‘*’(f,X; x)| = max Z: |l(*’+1(x)| (2.101)
I=f||l 1-1<x<1 —lg $11

It therefore seems desirable to choose X so that AS,*11(X) is as small as
possible.

In the case that k = 0 (2.101) is what we called the Lebesgue constant of
order n + 1 of X. A set of nodes that minimizes An+1(X) is not known. For

k = 1, . . . , n, however,

7W1) = A5.*11(U) < A531“), (2102)

where U 1s the array of nodes whose (n + 1)st row is 110')”. , 112". This result is
due to Berman [1]. To prove (2.102) we first observe that on the one hand

2 nears-"(X 1)‘<_'zuswx 1)l< :3 1m,T590) =

whereas on the other Theorem 2.24 implies that

2 new; x)! s Tana), —1 s x < 1.
i =0

EXERCISES 2.7.1-2.7.l4

2.7.1. Let

V= {pea/Mica”) = 0}. (2.103)
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If pe Vand

|p(xi)l = max IP05”, i: 1, - - -: n '— 1:

‘61‘x‘él

where —51 S x, < x; < < x,._l < 61, then p(x) = 17;,(x).

2.7.2. If pe V [V is defined by (2103)],

jn
lp<cos—)‘<1, j=1,...,n—1,

n

and M 2 61'". then Ip‘*’(t)l s W0).

2.7.3. Give an example of p692 (P 7* £5) for which equality occurs in (2.45) for
j= 1.

2.7.4. Discuss the problem of minimizing ||xp’ — III for p69,, p(1) = 0, the norm
being taken on the interval [1, a].

2.7.5. (Lepson [1]) When p = 7;, (2.69) becomes

mom s —1 < x < 1. (2.104)
n

(I _ x2)1/2 ’

Show that (2.104) can be improved to

ITL(x)I< 0<x<§,n>l.
n

W’

Hint. Using the 3-term recurrence formula for S.(t) = U.(t/2) (of. Exercise 1.5.54),
show by mathematical inducation that

lsk(t)l < F”, 0 < t < 1.

For some other improvements on (2.104) see Askey [3].

2.7.6. Show that there exists pe C," p¢B,,, n > 1.

2.7.7. With the notation used in Theorem 2.21 and x, = in show that each interval

(s, zo'j_ l),j = 2, ..., n - k; (2“, 1) and (—1, zo',_,,) contains a zero of T§,"'1’(x).

2.7.8. Show that if peC,, then

lp'(x)l < T1.(x)

for x 2 fl, where 51 = cos (1r/2n) and

l-é‘i
B=5“c.+n=(1— 9'
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2.7.9. (Ehlich and Zeller [1]) Suppose that —l = x, < x; < < x... = l and

dill = maxi=1.....ln-l (xm " xr)- pe?. and IP09" < 1’ i= 1! mu m, then

"p" g 1 — (az,e,/24)n=(nz — 1)‘

Hint. If ||p|| = |p(t)|. -l < t < 1 and x, is the x, closest to t, then

p(x,)= p(t)+ (—x’ :2) p”(0).

where 9 is in I. Note that lxj — t| < (In/2 and apply Theorem 2.24.
Suppose a function, f(x), is sampled at points x,-, i = l, . .., n + l of I with error e,

at xi. An estimate for f(t), t> 1, can be obtained by evaluating the interpolating
polynomial p69," which satisfies p(xi) =f(xi) + si, at t. If

s=maxl6il. i=l,...,n+l,

then the error in the extrapolation, p(t), due to the s, does not exceed

n+1

e Z ll.(t)| =eln+1(X;t)-
i I 1

2.7.10. Show that 1.+,(X; t) 2 A,,+1(U; t), with equahty only for x = U

Hint. If —1 say,“ <x,, < <x1 <1, then

J'u+1([1; ‘) = I72.(t)| g 11.+1(X; 1)-

2.7.ll. If —1 S x,” <x. <"- <x1 <1,

V00 = {Pea/INC.» < 1, i = 1, n +1},

andfort;l,0<k<n

min max |P(*’(t)l = m,
1: ”van

then show that the minimal X is U and m = T200).

2.7.12. (Cavaretta [1], Matorin [1]) Let p,(x) = 7:,(x — l), the Chebyshev poly-
nomial relative to [0, 2]; p§"’(x) = n! 2" 1. Letf be an n times differentiable function on
[0, 00) that satisfies Mf H < l and ||f""|| < n! 2" 1, where, if g is defined on [0, 00), we
put

"all = sup |g(x)l
0<x<oo
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(this notation is used in this exercise only). Show that

Ilfmll < FWZ) = Tl.”(1), i= 1, n -1- (2-105)

Hint. If (2.105) does not hold for somej andf, there exists t, 0 s t < co, and a > 1
such that f”’(t) = apf,”(0).

Consider h(x) = p,(x) — a' 1f(x + t); h has n zeros in [0, 2], hence by Rolle’s theorem
h“) has n — i zeros in (0, 2).

2.7.13. Show that the bound in (2.105) is sharp for n = 2, 3.

Hint. Do some appropriate surgery on p2 and extend it periodically.

2.7.14. Show that if p69”.I satisfies (1 —x2)“2lp(x)l < 1, —1<x <1 then
|p(x)| S n for e.'

Hint. If |x| S 6‘," then (1 — x2)“2 2 l/n. If |x| > 6‘," repeat the discussion following
(2.75) with p in place of p’, and obvious appropriate changes.

2.8. Additional Extremal Problems

We wish to present next some additional examples of extremal properties of
the Chebyshev polynomials, and related material, without relying on the

methodology of Theorem 2.16.

I. More About the Bernstein and Markov Inequalities. In Remark 2 of
Section 2.7.4, we gave a complex analog of Bernstein’s inequality. An elegant

and simple method for obtaining this and other inequalities for polynomials
in the complex plane is due to de Bruijn [1].

1.1 . Polynomial Inequalities in the Complex Plane. We begin with a complex

analog ofRolle’s theorem, the Gauss-Lucas theorem, ofwhich Lemma 2.7.3 is

a special case.

Theorem 2.25. If

P0) = 0(2 — zl)~-(z — Zn)!

then the zeros of p’(z) are in the convex hull of {21, . . . , 2,}.

Proof Suppose that p'(() = 0 and C ¢ 2,, j = 1, . . . , n, then

pm =
MOI

l

1C-zj

M
:
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Thus

1:2": {—2,

4—2,. mic—m”

M
a

o=
J

and there exist nonnegative numbers,

1
_ .2

Aj=—n—|c‘+l>o, j=l,...,n

12:1 IC— jlz

satisfying

C is therefore in (the interior of) the convex hull of {21, ..., 2,}. (Recall
Definitions 2.2 and 2.3). If p’(z,)= 0 the conclusion of the theorem is
obviously true. I

We next obtain a generalization of the complex Bernstein inequality.

Theorem 2.26 (de Bruijn [1]). Let R be a convex region in the plane, and B
its boundary. Suppose p 69’", and q 69,, with m < n, and the zeros of q are all
in R o B. If | p(z)| < |q(z)|, zeB, then |p'(z)| s l4(z)|, z 63.

Proof. Let E be the complement of RUB in f: (the extended complex
plane, i.e., C with the “point at infinity” adjoined to it). Since q has no zeros in
E and the degree of p does not exceed the degree of q, p/q is analytic in E and

the maximum principle implies that |p(z)| g |q(z)|, z e B u E since | p(z)| <
|q(z)|, z e B. Thus, if [Cl > 1 the zeros of the polynomial p(z) — {q(z) are all in R.
But the same must be true of p'(z) — (q(z) in view of the convexity of R and

Theorem 2.25, and the proof is complete. I

In particular, if R is |z| < 1, so that B is |z| = l, m = n and q(z) = 2" then we
again obtain the complex analog of Bernstein’s inequality: Ifp5?” |p(z)| S l
for |z| S 1, then |p'(z)| < n for lzl S 1.

We need next a useful result of Szegé.

Definition 2.5. A set in C is called a “circular” domain if it is the image of
|z| < 1 or |z| < 1 under a linear fractional transformation,

az+b

cz+d'
Z—)
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For example, |z| < 1, |z| 2 l, Rez < a are “circular” domains.

Theorem 2.27 (Szegéi [3]). Let C be a “circular” domain in f). If p e a, has no
zeros in C (2 = no is a zero of p(z) if the coefficient of z" is zero) and if C, 2 are
points of C then

(C — z)p’(z) + np(z) ¢ 0. (2.106)

(If C = 00, (2.106) is to be replaced by p’(z) aé 0.)

Proof Since p(z) ¢ 0 it suffices to show that

n+(C—z)%(%¢0.

Letzl,...,z,,bethezerosofpthen

_ fl: ' (‘2: " (“1n+(C z)p(z) n+j;lz_zj 1:12-21.

Consider the linear fractional transformation

lg—w

z-w'
W(w) =

(If C = 00, we put W(w) = 1/(z — w).) K, the complement of C in C, is a
“circular” domain as is K’ = W(K). Since neither C nor z is in K we may
conclude that neither 0 nor 00 is in K’. Thus K’ is a disk which does not
contain the origin. But

_z_

C JEK’,

Z—Zj

1:12—21

andso

n {—2

Z jaéo I
1:12—21-

Corollary 2.27.1 (de Bruijn [1]). Let C be a “circular” domain in the z-plane

and S an arbitrary point set in the w-plane. If p59,, satisfies p(z) = we S for
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any 26 C, then for any z, C e C we have

—'(2) + p(2)— Tmz)eS (2.107)

Proof. Suppose the complex number A is not in S.‘Then p(z) ¢ A for z e C.
The polynomial p(z) — A satisfies the hypotheses of the theorem and so

(C - Z)P'(Z) + n9(2) 9* n1

for 2, C e C and any A not in S, thus proving (2.107). I

Equation (2.107) can be used to give strikingly simple proofs ofpolynomial
inequalities of the Bernstein variety. We give two examples.

Example 1 (Erdos-Lax; cf. Lax [1]). If p69,, |p(z)| S 1 for |z| S 1 and p(z)
has no zeros in [z] < 1, then |p’(z)| S n/2 for |z| g 1.

Proof Let C be .the open disk, |z| <1 and choose S to be the set
0 < M < 1 in Corollary 2.27.1. Equation (2.107) now holds for the poly-
nomial we are considering. If C = 0 we see that for ze C

p(z)—mes.

Thus as C ranges over C we may conclude from (2.107) that an open disk with
center at p(z) — zp’(z)/n and radius |p’(z)/n| is contained in S. But the
maximum radius of such a disk is 1/2, and the result follows. I

Example 2. If p6?" and |Rep(z)| g l for lzl < 1 then

IP’(Z)I < n, IZI s 1. (2-108)

Equality holds in (2.108) if, and only if, p(z) = e““z’l + it, a, it real.

Proof. Let C be the closed disk, |z| < 1, and S the strip —1 < Rew < 1.

Note that p(z) = weS, if, and only if, |Re p(z)| < 1. Thus (2.107) holds under
our assumptions. If C = 0 we see that p(z) — zp’(z)/n e S, and so when C ranges
over C, (2.107) informs us that a closed disk of radius |p’(z)/n|, centered at
p(z) — zp’(z)/n is contained in —1 < Rew S 1 for |z| < l. The maximum
radius of such a disk is l, and our result follows. I

The result in Example 2, which implies the usual complex Bernstein
inequality, is due to Szego [2] (our approach is given in Malik [1]). An easy
consequence is a generalization of the Bernstein inequality for real trig-
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onometric polynomials. Namely,

t(0) = Z (ajcos + bjsinj0)
j=o

has real coeflicients and satisfies ||t|| < 1 if, and only if,

p(z) = 2 (a, — ibj)zj
i=0

satisfies |Re p(z)| < 1 for |z| = 1. Thus,

|e“’p’(e“’)| = Z”: j(ajcosj0 + bj sinj0) — i 2 j(b,- cos j0 — a} sinj0).
j=0 j=0

(2.109)

Consider the trigonometric polynomial

H0) 5 Z (—bjcosj0 + aJ-sinj0),
j= 1

called the conjugate to t(0). Then (2.109) yields

IP’ e")? = (510))2 + (t’(0))2,

and from Example 2 we deduce that

(719))2 + ($09))2 < n2, (2110}

the desired generalization. The condition for equality to hold in (2.108)
implies that equality holds in (2.110) only if t(0) = cos n(0 — 00). l

The reader who is interested in learning more about the type of material

we have examined in this subsection is advised to consult the excellent survey
of Rahman and Schmeisser [l].

1.2. Polynomials with Curved Majorants. In studying extremal problems we
have frequently normalized the set of competing polynomials by stipulating
that p e B", i.e., p 59’, and |p(x)l < 1 for —1 < x < 1. We thus require that the
graph of y = p(x) be contained in the square square —1 S x < 1,

—l < y < 1. At a conference in Varna, Bulgaria in 1970, Turén raised the
problem of obtaining results of the Markov kind if the graph of y = p(x) was
required to be contained in the disk x2 + y2 < 1, i.e., if p59,, and
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|p(x)| < (l — x2)”, —1 < x s 1. Indeed, he suggested generalizing the nor-
malization of p59,, by requiring that |p(x)| < (p(x), —1 S x S l, for a given
(p(x), a curved majorant. We wish to investigate several examples of such
problems next.

We begin with Turan’s first problem. Let D, denote the set of pegf,I such
that |p(x)| S (1 — x2)“2 for x61. As usual || - II is the maximum norm on I.

Theorem 2.28 (Rahman [1]). If peD,(n 2 2) then

"1"" < 2(n — 1). (2.111)

Equality is attained in (2.111) for

11-200 — 111x).p(x)=(1— x2)U.-z(x) = 2 (2.112)

Proof. If peD, then p(x) = (l — x2)q(x), qegrz. Put f(x) =
(l — xz)1’2q(x) so that p(x) = (l — x2)1/2f(x). Then

|p5.(x)l < q(x)| + (1 — x2)1/2|f'(x)|, e. (2.113)

t(0) =f(cos 0) = sin 0q(cos 0)e.7,,_1 and ||t|| g l. Bernstein’s inequality
yields llt’ll S n — 1 which implies (1 — x2)“2|f'(X)l < n — 1, x61. Also
(1 — x2)“2|q(x)| g 1 and so ||q|| S n -— 1 according to Exercise 2.7.14. Equa-
tion (2.113) is now seen to yield (2.11).

Consider p as defined in (2.112). The right-hand equality is just Exercise
1.2.15c and |p'(i 1)| = 2(n — 1) follows. The bound in (2.111) cannot, there-
fore, be lowered. I

Remark 1. For p e D,I we can obtain a point-wise estimate of pfi,(x) analogous

to (2.69). If we retain the notation of the proof then the inequality of van der
Corput and Schaake (see Remark 1 following (2.68)) yields

(n —- 1)2f’(x) + (l — x2)(f'(x))2 S (n — l)‘, e.

Using this inequality in (2.113) we obtain, for —1 < x < 1,

lp’(X)l S lxl(1 - x2)"”|f(X)l + (n - 1X1 — IfGOP)“z

s max [|x|(1 — x2)'1/2y + (n — 1)(1 — y2)1/2]. (2.114)
0<y<l

The expression on the right-hand side of the second inequality in (2.114),
with x fixed, is [x2(1-—x2)‘l +(n— 1):]1/2, which is attained for y =
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|x|[(n 4 1)2(1 — x2) + x2]'1’2. We thus arrive at the conclusion that

lp’(x)| s %[1_(1_fl)9]”, _1< x < 1._ x _

Remark 2. If peB,I then the bounds on its coefficients given by (2.44) and

(2.45) may be expressed in the following succinct form. If

p(x) = Z akx", (2.115)
k=0

then lat], k = 0, . . . , n, is bounded from above by the absolute value of the
coefficients of x" in 7:,(x) + '12,- l(x). In Rahman [2], the author shows that if
pe D,I is given by (2.115) then lakl, k= 0, . . . , n, is bounded from above by the
absolute value of the coefficient of x" in fllux) + ’12._1(x) — I,_z(x)
— 'I;_3(x)). In both cases equality occurs in an obvious way, depending on

the parity of n - k.

EXERCISES 28.1-23.8

Let F,, here denote the set of p69. such that |p(x)| < lxl, xel.

2.8.]. Show that if peF, then "12’" < 1 + (n — 1):, and this upper bound cannot be
lowered.

Hint. If pe F, then p(z) = zg(z) where g 68,. Now apply A. A. Markov’s theorem
to g.

2.8.2. If per, and —1 < x < 1 then |p’(x)| < [1 + (n — 1)2x2(1 — x2)-1]1/=.

Hint. Apply the inequality of van der Corput and Schaake to
g(cos0) = p(cos 0)/cos 9 and proceed as in Remark 1 following Theorem 2.28.

Let G,I here denote the set of p6?" such that |p(x)| < (1 -— x’)“’2, -1 < x < 1.

2.8.3. If peGn and |x| < 11‘1"“) = cos(1t/(n + 1)) then

|p’(x)l s n(n + 1):. (2.116)

Hint. Apply Bernstein’s inequality to t(0) = sin 0p(cost9)e.?',,+1 to obtain |xp(x)
— (1 —- x’)p’(x)| < n + 1, xe]. If we now apply Exercise 2.7.14 to p(x) we obtain
[l p” < n + 1 and hence the inequality in the preceding sentence yields
|(l — x’)p’(x)| < 2(n + 1). The result now follows, in view of the restriction on x, by an
application of Exercise 2.7.14 to p’(x)/(n + 1):.

2.8.4. Put

7:” (x) .
qj(x)=x—_£(7+—1), )=1,...,n+ 1. (2.117)
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Show that

q}(x)>0, j=l,...,n+1, n‘f“’<x< 1. (2.118)

Hint. Verify by direct computation that q}(n§"+”) > 0 and q’,(l) > 0. Note that
q’,(x) has at least n — 2 zeros to the left of 11‘1" 1’.

2.8.5. Show that if peGn then

1 n+1

|P'(x)| s —— Z q}(x), 119'“) < x < 1. (2.119)
n + 1 i=1

Hint. If p69,, then

1 11+ l

#00 = L1.(p. T; x) =m 21 (— l)"‘(1 — (§§'+")’)“‘p(c§'+“)q;(x). (2.120)
,=

Now use the hypothesis and (2.118).

2.8.6. (Pierre and Rahman [1]) If peG, then

TZ+ 10) = n(n + 1X". + 2)
'<Ilpll ”+1 3

Equality holds for p ¥ 1- U,.

Hint. If we put p = TIMI/n + 1 in (2.120) and recall Exercise 1.2.3 we obtain

mm _ 1 N
n+1 n+1); (1300'

We may then conclude from (2.119) that if W“) < x S 1, |p’(x)| < T;+1(1)/(n + 1).
Indeed, it is not hard to see that the same result holds for — 1 S x < "2"” 1’, and so the
required result follows from (2.116).

Note that if p69,, and p’/ne G”.l then Exercise 2.8.6 implies that

In particular if peB,I then p’/neG,,_l, according to (2.69), and we recover V. A.
Markov’s theorem for the second derivative. A brief survey of the topic ofpolynomials
with curved majorants, as well as further references, may be found in Rahman and

Schmeisser [1].

2.8.7. Results having the same geometric flavor as provided by curved majorants Can
be obtained in the complex case by using Corollary 2.27.1. If p6?“ and p(z) = w e S,
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find the exact upper bound for |p’(z)|, |z| S 1 when S is defined by:

(i) IWI S 1,
(ii) 0<r<|w| <R,

(iii) |Re w| < a, |Im wl S b.

2.8.8. A. A. Markov’s theorem says that if peB, then ||p’|| < ||T,’,||. Bojanov [1]
showed that if p63,, then llp’ll' < |lT;||', 1 < q < 00, where

1 1/«

llfll.=(f lf(x)l"dx) -
—1

A. A. Markov’s theorem is the case q = 00. Prove the case q = 1, i.e., show that ifp e B,I
then

I. l

L Inx>ldx < I . mum = 2n,
with equality only if p = :t 7;.

Hint. Suppose p’(x) changes sign in (—1, 1) only at x,, ..., x. where
x°= —1<x1 <m<xk<l=xk+1 sothat

1 k . x,+1
I lP'(x)ldx = Z (-1)’ I P'(x)dxl

—1 j=o x,

2. Miscellaneous Extremal Properties. In this section we wish to mention
some results about extremal properties of Chebyshev polynomials, with most

proofs omitted because of length and/or difficulty. The reader is directed to
the original sources for the details.

2.1. The Remez Inequality for Polynomials. Suppose that pear Let M(p)
denote the set of all xel(=[—-1,1]) such that |p(x)| g 1. Then M(p) is the

union of mutually disjoint closed subintervals of I, 11, . . . , I11- If I, is the length
oi,j = 1, . . . , k, then we say that |M(p)|, the measure ofM(p) is 11 + - -- + 1*.

(If |p(x)| 2 1 for all x61 then |M(p)| = 0.) The Remez inequality states that

up“ < T. (W171 — 1). (2.121)

Note that equality holds in (2.121) if, and only if, I] p|| S 1, while if |M(p)| = 0

the inequality is trivial. A detailed proof of (2.121) can be found in Freud [2,

pp. 119-122].

2.2. The Longest Polynomial. Suppose (real) tag], satisfies iltll < 1. Erdos
[3] proved that if l(t) denotes the arc length of the graph of y = t(x),
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0 < x < 21;, then 10:) attains its maximum if, and only if, t(x) = cos (nx + a),
where a is any real constant. Here is a sketch of Erdos’ proof.

Suppose tefi', satisfies M < l and we put s(x) = cos nx. Let

—1 < t(x1)= s(xz) < 1 (2.122)

hold, then in view of the inequality of van der Corput and Schaake, we have

It’(x1)| < "(1 - 9%))“z = n(1 - 32062))“2 = IS’(x2)I, (2-123)

and if the sign of equality holds for one pair x1, x2, it holds for all pairs, i.e.,
t(x) = cos (nx + 0:).

Suppose t(x) aé cos (nx + a). Let r and a be monotone arcs of y = t(x) and
y = s(x), respectively, with the endpoints of each having the same ordinates,
y1 and y2. Let I11 and lrxl denote the arc length of r and the length of the
projection of 1: on the x-axis, respectively, and similarly for |a| and laxl. Then

III < IGI + 0t - laxl) (2-124)

follows from (2.123) by approximating r and a by means of a polygonal line
corresponding to a subdivision of (y,, y;).

Let 1:“), . . . , 1"") be the monotone ares which constitute the curve y = t(x)
over an interval of length 21:. It is obvious that we may choose disjoint
monotone arcs a“), .. . , am of y = s(x) so that the arcs r”) and a”) have
endpoints having the same ordinates, for j = 1, . . . , m. Thus, according to

(2.124),

ITU’I < lawl + (119“ - IOSJ’I)

and hence

i '10)] < f; WI + (21!: — i mm). (2.125)
j=l j=1 j=l

The left-hand side of (2.125) is the arc length of y = t(x), 0 < x < 21:, while the
expression in the parentheses on the right-hand side is the sum of the lengths
of the projections on the x-axis of the arcs that remain in the graph of
y = cos nx when the arcs a“), . . . , 0"") have been deleted. If this expression is
replaced by the sum of the lengths of these remaining arcs, the right-hand side
of (2.125) increases and becomes the arc length ofy = cos nx, 0 < x < 21:, and
the proof is complete.

Erdos [3] concludes as follows: “I conjecture that the following theorem
holds. Letf(x) be a polynomial of the n'll degree, If(x)| < 1 in (— 1, 1). Of the
graphs of all these polynomials that of the n''1 Chebisheff polynomial has the
maximum length of arc.”
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The Erdés conjecture was later proved by Kristiansen [1] and Bojanov
[2], independently. Both proofs are elaborate. I find Bojanov’s proof a bit
easier to follow.

2.3. An Iterative Solution ofa System ofLinear Equations. Let A be a non-
singular n x n matrix whose entries are complex numbers. Then if b = (b1,
. . . , b,)T is any given column vector ofcomplex numbers there exists a unique
solution, x = (x1, . . . , x,)T, of the system of linear equations

Ax = b. (2.126)

The invention of numerical procedures for “solving” (2.126) (i.e., calculating
good approximate solutions of (2.126)) on computers is an important aspect

of contemporary numerical analysis. We wish to describe an iterative
procedure, which is sometimes used, whose implementation depends on
solving an interesting polynomial extremal problem. For notions of com-

putational matrix theory mentioned in what follows we refer the reader to
Golub and Van Loan [1] and the references given there.

In the iterative scheme under consideration we start with an initial guess,
x“), of the solution and modify it successively so as to obtain a sequence of
approximations x“), x“), . . . , x”), . . . to x. If e”) = x — x”) is the discrepancy
of the j th iterate then we arrive at a “solution”, 26"”, when the size of e‘"",
measured in an appropriate norm in C", gets to whatever preassigned
tolerance is required. In the method we wish to examine, the iterates are
defined by

x0“) = x”) — aim”) — b), j = 1, 2, (2127)

that is, x” +1) is obtained from x”) by subtracting a strategically chosen
multiple of Ax”) — b. Such a method is called Richardson iteration (of.
Anderssen and Golub [1]) or Chebyshev iteration (cf. Marchuk [1]), with
iteration parameters dj, j = l, 2, . . . .

If I denotes the n x n identity matrix then, in view of (2.127), a straightfor-
ward computation yields

k

ea“) = 1'] (I — a,A)e<1). (2.128)
j=l

In order to choose the parameters :11, . . . , a,‘ we consider

k k

W)? H (1 - 05-2) = l — 2 16,21, (2.129)
j=1i=1

and note that p(0) = 1. Equation (2.128) can now be rewritten as

e0"r 1’ = p(A)e‘”. (2.130)
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Let H - || denote a vector norm in C” as well as the natural associated matrix

norm. That is, if B is an n x n matrix and II - II is a norm in C” we put

IIBII = sup IlAyll-
eC"

Iriu=1

Then (2.130) implies

Ile"‘“’ll < Ilp(A)ll lle‘1’ll, (2.131)

thus suggesting that we choose «I, . . . , a, so as to minimize || p(A)". If B is an
n x n square matrix whose eigenvalues are 1.1, . . . , 2,, (not necessarily distinct)
and pkeflk, then the eigenvalues of 1),,(B) are ”(1.1), . . . , p.11"). Hence if 0(A)
denotes the spectrum of A (i.e., the set of eigenvalues of A) and p(A) its
spectral radius (i.e., p(A) = max {M,|: [lie a(A)}) we obtain

p(p(A)) = max |p(2)|- (2-132)
sea“)

But it is known (cf. John [1]) that given a > 0, there exists a natural norm
such that

"p(A)" < P(P(A)) + 8. (2-133)

Thus, in view of (2.129), (2.131), (2.132), and (2.133), the numbers a1, .. . , at
may be chosen to make ||e"‘+ 1’ll small by solving the best uniform approxi-
mation problem

min max |l — ([312 + + fikz")|. (2.134)
I: ----- h: 85604)

However, the determination of a(A) is no easy task and generally involves

more computational effort than is needed to determine A'lb numerically.

For this reason we replace 0(A) in (2.134) by a compact set, S, in C which is

known to contain 0(A). Equation (2.134) is then replaced by

min max |v(z)|, (2.135)
MW) 228

where Vo = {0693: 0(0) = 1}.
Suppose 0 ¢ S. Then V0 satisfies the Chebyshev condition with respect to S

and (2.135) has a unique solution according to Theorem 2.8. We see that
v = 1 is a competitor in (2.135) and so, unless v = 1 is the solution to (2.135),
there is a unique solution to (2.135), 0*, satisfying ||v*||s < l, and the

reciprocals of the zeros of v* provide optimal parameters, a3", , at}. This
sequence of parameters can now be extended (cyclically) as follows: if s = 1, 2,
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..., put org” = (1?, j = 1, .. ., k. Equation (2.132) now implies that
p(p(A)) < 1. If we choose a to satisfy 0 < s < 1 — p(p(A)) and use the matrix
norm for which (2.133) holds (and the vector norm associated with it) then
(2.131) and (2.133) yield

awm+nu<umnmuéWL s=1,z-~. (230
Note that since vector norms on C" are equivalent inequality (2.136) holds for
any vector norm provided that a constant, C(21), which depends on the
norm, multiplies the right-hand side. Thus if "all; < 1 then (2.136) informs us
that the sequence of iterates in (2.127), with the starred parameters, converges
to a solution in any norm in C".

Having arrived at this positive conclusion we must add that in the world of
actual computation the situation is not as encouraging. The Richardson
iteration, as presented above, suffers from numerical instability due to round-
ofl‘ error. This unpleasantness can be mitigated by an appropriate reordering
of the optimal parameters. An excellent exposition of these issues is to be
found in Anderssen and Golub [1].

We now turn to the extremal problem, (2.135). When the nonsingular

matrix, A, is Hermitian its eigenvalues are real and nonzero. If A is also
positive definite then its eigenvalues are positive. Suppose that they are in the
interval S: [a, B], where 0 < a < [3. Then we obtain an exact solution of
(2.135) from Exercise 2.5.12, namely,

h—m+m

T(——)v*(x) =L.
«+13

“(a—fl)
1

||v*||s=——--
21+ B

n(fl—a)

and

The optimal parameters are now seen to be given by

2

W’ j=1,...,k.a}:

When (nonsingular) A is Hermitian but indefinite, its spectrum is a subset
of two closed intervals of R, [a, ,8] and [3), 6] where a: < )3 < 0 < y < 6. When

S is a pair of intervals of the type just described an exact solution of (2.135) is

not generally available. An interesting and readable discussion of this case,

which also contains an effective numerical method for the solution of (2.135)

can be found in de Boor and Rice [1].
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An explicit solution of(2.135) was given by Freund and Ruscheweyh [1] in

the case that A = I — N, where N is real and skew-symmetric, i.e., N = — NT.

In this case the eigenvalues of A are contained in a vertical segment of the
complex plane, S = [l — ir, l + ir] where r = p(N). Following Freund and
Ruscheweyh, we rewrite (2.135) by using a linear transformation to replace S
by the interval [— 1, 1]. Namely, we put

w = g (1 — 2), (2.137)

and obtain

Mk(r) = min max |v(w)|, V0 = {069; 0 (pi) = 1} (2.138)
]oeVo we[-l, 1

as the extremal problem equivalent to (2.135).
If we put r‘1 = (R — R‘1)/2, R > 1 (so that R = (1 + (1 + r2)1/2)/r) then

the solution to (2.138) is

v“(W) = % (R’TKW) + 2iR71—1(W) - 71—200), (2-139)

where

c = —%(iR)"‘2(R’ + 1)2

and

2

Mk") =W
To recover the solution of (2.135) we need only substitute (2.137) in (2.139).

This striking result has stimulated further work on generalizations of the
extremal problem given by (2.138). The interested reader should see Freund

[1], Fischer and Freund [1], as well as Freund and Ruscheweyh [1], of which
we have presented only a taste. Another useful survey of Richardson iteration
is Opfer and Schober [l].



3
EXPANSION OF
FUNCTIONS IN SERIES OF

CHEBYSHEV
POLYNOMIALS

The Chebyshev polynomial has extremal properties in both the uniform sense
(cf. Theorem 2.1) and the least squares sense [cf. (1.109)]. In Chapter 2 our
main theme was extremal properties of the Chebyshev polynomials in the
uniform norm. This chapter focuses on the expansion theory of Chebyshev

polynomials considered as orthogonal polynomials. Particular attention is
paid to the uniform approximating power of the partial sums of Chebyshev
expansions.

3.1. Polynomials in Chebyshev Form

The representation of a polynomial in. terms of Chebyshev polynomials (of.
Exercise 1.2.6), a particularly simple example of the expansion of a function in

a series of Chebyshev polynomials, has some interesting properties; for
example, let

p(x)=1+x+x2+x3+x‘+x5; (3.1)

then, according to Exercise 1.5.32,

p(x) = 13" + ¥T1(x) + T200 + 126730) + tux) + fine). (32)

It is clear from (3.2) that

p4(x) = is: + 1327100 + T206) + 1267306) + #7100 (3-3)

155
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satisfies

|p(x)- p4(x)l<-1%, —1 s x s l,

and

p3(x)=1§’-+1§2T1(x)+ T207) +1%T3(x) (3.4)
satisfies

|p(x) — p3(x)l s T36, —1 s x < 1.

Thus (3.2) provides us with handy approximations of (3.1). We can rewrite

I’3(x)=l+il—5x +2x2 + 9x3

and

tube) = 1 + fix + x2 + %x3 + x4,

which [like the remaining partial sums of (3.2)] are called economizations of
(3.1) (of. Lanczos [1]), but it is by no means necessary to rewrite (3.3) and (3.4)
as power polynomials, since they can be evaluated expeditiously in the
Chebyshev form (3.2). Let us determine how to do this in general.

3.2. Evaluating Polynomials in Chebyshev Form

Let

110‘) = A0 + A171(x) + + 11.73136), n 2 2~

’I;,(x) = 2x'I;_,(x)— _2(x) for n> 2; hence

40‘) = A0 + A1710?) + + (An-2 — AMI—20c) + (Au-1 + 235A.)

X Tia-10‘)

= A314 A‘PTAx) + + A9227". 2(x) + Aa‘llT, 10c);

where A“’=Aj, j=0, ..., n—3, A922 =A,,_z-A, and A“) =
A"- 1 + 2xA,,. We now continue to apply the three-term recurrence formula
to obtain the general form

q(x)= A‘” + A‘l")T1(x) +- + A}.lT_k(x)
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by means of

.45» = A""”, j= 0,. , n —(k + 2),

‘4:1-(k+1) = Ant—(Bfl)_ Aak:'_(k_1), (3'5)

1;
Ailk = Alf—k" + 2xAfi"—a—n,

as long as k < n — 1. If we put B, = .422), then we conclude from (3.5) that
for k'= n, n'- l, ..., 1,

B]: = 2k+1 — Bk+2 + Ab (3-6)

where

B.“ = B.+2 = 0- (3-7)

Whenk=n—l,wehave

406) = 118'") + A‘l'"”71(x)

= [Ax-2) — Aw] + [tr-“ac
= (A0 — 32) + la

which yields, after defining Bo by putting k = 0, in (3.6),

«100-— —° + ES—BE. (3.8)

Thus

p(x) = j; A,1}(x) = Bo ; 32, (3.9)

where Bo and B2 are determined by the backwards recurrence formula (3.6)
with starting conditions (3.7).

In an actual computation using (3.6) errors will necessarily be introduced
because of imprecisions in the A,‘ or rounding and the impossibility of doing
exact arithmetic. Such errors are propagated and compounded by the
recurrence. Let us attempt to estimate the resulting error in p(x) (cf. Fox and

Parker [1]). Suppose that e,‘ is the local error occurring in computing 3,, by
(3.6), i.e., the error in Bk, assuming that By“, B“; and A) are correct. Let
E..(k) denote the error in 3,, due to exactly one unit error in the kth step
(k 2 m). Thus the total error in B... is given by

Z a.E..(k); (3.10)
k-m
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but E,(k) satisfies

E...(k) = 236E...» 106) - Em+2(k) (311)

With Ek+1(k) = 0 and Ek(k) = 1.

The three-term recurrence (3.11) has as solution

E..(k) = AT..(X) + BU..(X),

and the boundary conditions then imply that

Uk+1(X)T...(X) - 71+1(x)Um(x)

Uk+ 10071103) - Uk(x)Tk+ 1(3‘) .
E...(k) =

This last expression can be considerably simplified by using the appropriate
trigonometric identities and we obtain

E,,,(k) = Uk—m(x)'

Thus, in view of (3.9) and (3.10), the error in p(x) is bounded by

£[l30E0(0)l + l61E0(1)l ‘F 3:22 |3k(Eo(k) — E2(k))l]:

and since Eo(k) - Ez(k) = Uk(x) — Uk_2(x) = 271(x), we obtain, finally, the
bound

I

2’ Iaxl-
k=0

Thus the proposed method is stable in the sense that the resulting error is no

larger than the sum of the absolute values of the local errors.
If p(x) in (3.9) is an even function,

p(x) = jio Auwxx (3.12)

then, since 731(x) = ’1}(T2(x))= ’1}(2x2 — 1), we need only put t = 2x2 — 1
and evaluate

p(x) = 1:; 0,1;(0 (3.13)

by (3.9), where D,- = Azj,j = 0, . . . , m.
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If p(x) is given by (3.12), then

"', T -_ x + T x ”'
xPO‘) = 2 A21 Lm—ZLU = Z C21+1T21+1(x):

1:0 1-0

where

A + A _
C21+1-=%, J=0,---,m, A2m+2=0'

If t = 21:2 — 1 and p(x), written in the form (3.13) is evaluated by

Bk = 2‘31:“ — Bk+2 + Dru Bm+1 = Bm+2 = 0, (3J4)

then

"' B — B
jZO C21+1T2j+1(x) = x 42—2- (3-15)

If, however, we consider the recurrence

Bk = 2tflm “ fik+2 + CZk+19 flm+1 = pm+1 = 0, (3J6)

which is obtained by putting [it = (B, + Bk+1)/2 in (3.14), then

(Bo — Bz)/2 = [i0 — #1. Thus the odd polynomial in (3.15) has the value

x030 — 51), which is calculable by the recurrence formula (3.16).

EXERCISES 3.2.1-3.2.5

3.2.1. Suppose the coeflicients of p(x) = a0 + alx + + 11.x“ satisfy 0 < a0
< al < < a,. Show that all zeros ofp(x) lie in |z| < 1.

Hint. Consider q(x) = x'p(1/x) = a,I + a._1x + + aox". It suflioes to show that
q(z) has no zero in |z| < 1. But when |z| < 1, (2 ye 1),

|(1- 2M2» = Ian-(a. -a.—1)z- -(a1 -ao)2" — aoz"“|

9 an — Kan — ant—1V + +(“1 - a0)?" + aoznfll

>an—«an_an-l)+ +(a1 ‘00) +00) =0,

the last inequality being a consequence of the positivity of a,I — an- 1, . . . , (al — a0), a0.
The result for q(x) is called the Enestrom-Kakeya theorem.

In the next few exercises we give an analog of Exercise 3.2.1 for a polynomial
represented in a basis of Chebyshev polynomials, rather than the conventional power

basis. The result is due to Szegé [4].
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3.2.2. Verify that if 0 < 0 < 21:

i sin(k+§)0=l_°°s("+n0 n=0,1,2,....
M Tm’

Hint. Multiply both sides by 2sin (0/2).

3.2.3. Suppose that 0 s A.) < A, < S 11..-! < A,”

t(0) = A0 + A1008!) + + Aucosn9

and

s(0) = Alsint) + + A,.sinn0.

Show that

t(0)sin(n + £0 — s(0)cos(n + £0 = Z A,sin(n — k + 4%)0, 0 < 9 < 21:.
k=0

Hint- t(0) sin(n + %)0 - 8(9)008(n + 59 = -Im(e“"“””(t(0) + i450)-

3.2.4.1f0 < A0 < A1 < < A,_1 < A, show that

2 Aksin(n—k+%)0>0, 0<0<2n.
k=0

Hint. The sum in question may be written as

‘20 A._.sin(k + so = 00(9XA. — A.-.) + + a._.(o)(A. — A.) + a.(0)A.,

where

a,(0)=kiosin(k+%)0, j=0,1,...,n.

gut (73:0) is positive for j = 0, 1, , n and 0 < 0 < 1|: in view oi Exercise 3.2.2 and

,, > ”-1.

3.2.5. Suppose the coefficients of p(x) = A0 + A1T1(x) + + A,I 7;(x) satisfy

0 < A0 < A1 < s A..- 1 < A... Show that all the zeros of p(x) are distinct and lie in

(—1,1). Moreover, if x1, . . . , xn are the zeros, arranged in increasing order, then

I
|

2 l '
"(221-1231) < x] < "gill—+1 ), J = l, 2, . . . , n.
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Him. In view of Exercises 3.2.3 and 3.2.4, if we put t(0) = p(cos 0),

p(cos0)sin(n+§)0—s(0)cos(n+%)9>0, 0<9<n.

Let 0, = ((2j— 1)/(2n+1))1t, j = l,...,n, then we obtain (—l)jp(n(2"}_1) >0, which
yields the desired results.

Note that a similar result follows, from the same inequality, for q(x) = Bo
+ B,U,(x) + + B,_,U,,_1(x) when 0 < Bo < B, < < B,,_2 < B,_1. Namely,
the zeros of q(x), yl, ..., y,_1, must satisfy

2+1 2+1 -
"(2j12)<}’j<'l(2j' )’ J=1,---,n—1-

These striking results follow from the positivity of the trigonometric sum in Exercise
3.2.2. Some later variations on this theme may be found in Askey and Steinig [1].

3.3. Chebyshev Series

We call an infinite series of the form

% + BlTl(x) + + 3,7;(x) + (3.17)

a Chebyshev series. If

M
8

' 13,) < oo, (3.18)
I: II C

then the series (3.12) is absolutely convergent for each x on I: [-1, l] and is
also uniformly convergent on I (by the Weierstrass M test), so that the series
(3.17) converges to a function continuous on I. If we denote the set of
absolutely convergent Chebyshev series, i.e., series (3.17) satisfying (3.18), by
AU) and denote the set of uniformly convergent Chebyshev series by U(I),
then A(I) c U(I). However, A(I) aé U(I). We show this by the following
example.

Let 2 be a complex variable and put

11(2) = 1 + z, 91(Z)=1- 2.

We define two sequences of polynomials f1, f2, . . . , and gl, 9,, . . . , by

L+1=fi+zz"g.. n=l,2,.,.,

gu+1 =fl. - 22%., n =1, 2,... . (3.19)

It is easy to establish, by mathematical induction that fl, and gn are

polynomials of degree 2" — l with coeflicients that are :1. Moreover, given
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f,,, the first 2'. coefficients of 1“,,+1 are precisely the coefficients of f,,, whereas
the next 2" are obtained by recopying the first 2" 1 coeflicients of 1;, followed
by the negatives of the next 2" 1 coefficients offl. Thus we have, for example,

f1(z)=l+z, fz(z)=1+z+zz-z’,

f3(z)=1+z+zz—z3+z4+zs—zs+z7,‘

f,,(z)=1+z+z’—z3+z“+zs—z“+z7+2"+zs'+z‘°-z11

_212 _ 213 + 214 __ 215.

In this fashion we obtain an infinite series

eo+elz+"'+e,,z*+"- (3.20)

with 6,, = i1 and

2"-1

fl,(z) = Z skz".
i=0

This series was first considered by Shapiro [1]. We denote the partial sums of
this series by

k

.9,(z)=ZsJ-z’, k=1,2,....
i=0

The Shapiro polynomials have the following remarkable property (cf. Rudin

[1])-

Lemma 3.3.1. Forn= l,2,...,and0<0<21c,

|.9’,,(e"’)l S Snl/z. (3.21)

Proof. We recall the identity for complex numbers

Ia + [3|2 + Ia - [3|2 = 2[latl2 + lfilz],

which yields, in view of (3.19), for |z| = 1, k = 1, 2, . . . ,

lf:.+1(Z)l2 + Ign.+1(2)|2 = lfi.(2) + 2"‘s1;.(2)l2 + lfk(2) - 22"£J;.(Z)I2

= 2[|f;.(2)l2 + Iax(2)|’]-

Since (for lzl = 1) |f1(z)|2 + Igl(z)|2 = II + zl2 + II — 22' = 2’, we obtain for
|z|=1 and k= 1,2, ...,

lf:.(z)|2 + lg..(2)|2 = 2"“.
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Thus, surely,

lfk(e“’)l s 21/22“, (3.22)

which, since

f1: = yrs—1,

establishes (3.21) for n = 2" — l, k = l, 2, . . . .
Let 92,,(z) be the partial sum of order n 2 l of gk(z), where n s 2" — 1. We

claimthatif1<n<2"—l

|9,(e“’)| < (2 + 2”")2'42, (3.23a)

|92,,(e”)| < (2 + 2“")2“. (3.23b)

To verify this we use mathematical induction on k. Formula (3.23) obviously
holds for k = 1. Suppose it holds for k and suppose I S n S 2"+1 — 1. If
n < 2" - 1, Wul = |.9?,,| < (2 + 2"")2"l2 < (2 + 21’") 2"“‘1”2 by the inductive
hypothesis, whereas if 2" S n S 2"“1 — 1

L92: < w + Ian-24 < 2M" + (2 + 21/2)?” < (2 + 21’2)2<"+“/=

and

lani g Ifkl + [9?q g (2 + 21/2)2(k+1)/2,

in view of (3.19), (3.22), and the inductive hypothesis (since u — 2" < 2" — 1).
Thus (3.23) is established, and if 2'”1 < n < 2" — 1

lyn(ei0)| S (2 + 21/2)2k/2 S 21/2(2 + 21/2)nl/2 < 5111/2. I

We have called this result remarkable, since any polynomial of degree n,
p(z) = a0 + + a,,z", with all coeflicients of absolute value 1, satisfies

1 2:
E J; |p(e‘°)|2d0 ___ laolz + + Iaulz ___ n +1,

hence

max |p(e“’)l 2 (n + 1)“2 > n1”.
0<9<21t

Thus the Shapiro polynomials exhibit extremely small norm on the unit
circle. With the 81- as defined above we can now give our example.
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Theorem 3.1

"M
s

H731 (x) (3.24)

is uniformly convergent on I, but not absolutely convergent.

Proof. Consider

n+n| l u+m1

X Eskike =2n—%(.§fk(e“’)— yk—1(ew»
k=u

= yn+m(ew) _ gnu-dew)

n + m n

1m-l

+ j; y"i(ew) (n +a +j + 1)‘

Then applying (3.21) and the triangle inequality yields

”’"l 10 "' l 10 °° l
_ "‘9 <_ _ _k; k 6,,e \ "1/2 1;! (n +j)3/2 \ "1/2 + 5 FE.“ k3 2’

but

no 1 a) _3 2

k=g+lw<ll x ndx=fia

so that

11+»: 1 20

12,. E eke“0<W.

Since |Re z| S |z| for complex numbers, we have

n+m

2 Eskcoskfl <
k=n

n1/2 ’

and putting x = cos0 we obtain the uniform convergence of (3.24). The
failure of absolute convergence is obvious, since |s,| = 1 for all j. I

To each function f(x), integrable on I, there is associated its Chebyshev
expansion, a relationship we denote by

NC) ~ .2; Ame), (3.25)
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where

1

At =% L f(x)’1;‘(x)%, k = o, 1, . (3.26)¢——x
If a Chebyshev series (3.17) converges uniformly on I and its sum is called
g(x), then g(x)e C(1) and the series is the Chebyshev expansion of g, for if

906) = 2’ mx)
k=0

then uniform convergence implies that

=B,,,, m=0,1,...,
21- dx
E J11 9001;00.V/f::;3

in view of the orthogonality of the Chebyshev polynomials. However, not
every Chebyshev series is a Chebyshev expansion, for by the Riemann-

Lebesgue lemma (cf. Zygmund [1, I, p. 45].) the coefficients in a Chebyshev
expansion must satisfy limkq,‘ = 0.

Givenf6 CU), we put

w; x) = .(x) = 211.7100;

sn(f; x) is the nth partial sum of the Chebyshev expansion offand certainly
s,,(x)e.9,.. s,,(f) is a linear operator which has an explicit expression. If x 51
put x = cos 0, 0 S 0 < 1:, thenf(x) =f(cos 0) = F(0) is defined on [0,1t] and

we extend its definition to [—1r,0] by F(—0) = F(0). Thus we may consider
F(0) to be defined for all 0 and have period 21:. Now

s,.(x) = .(f§ cos 0) =% i’ I“ F(¢) cos kq) cos k0 dtp
k=0 -x

= % J‘s F((p)[ i, cosk((p + 0) :- cosk((p — 0)]d¢

-z k=0

=H F(¢)[ i’ cosw + 0)]d¢,
-u k=0

where in the first and last steps we use the evenness of F. It is easy to verify
that

. u l .
2 s1n§ 2’ cos ku E s1n(n +%)u,

k=0
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and therefore

sl(x) =% I” F(¢)Wd¢.
_, 2 sin ((p + 0)/2 (327)

Since s,,(f) is obtainable in this relatively simple manner, we may ask how
well it serves as a polynomial approximation to f on I. A first observation is
that s,I(f; x) is the least squares approximation to f with respect to the weight
function (1 — x2)' 1/2.

Theorem 3.2. Givenf6 CH),

2 2L [f(X)- a;-x)] \/— <:J‘ [f(X)- P(X)] \/_—x2

for every p69,, with equality holding only for p = s,(f).

Proof- Let P00 = 30/2 + 31710:) + + B.T,.(x); then

1

L m” ' ”(”12 71d:=x2 = £1 ”’00 - 2mm) + Pz(x)] —_ld: x2

I—1f2(x)\/—d:T—nkzégA"Bk+k;oBz

If we use this formula for p = s,l as well as for arbitrary p, we obtain

I [f(x)— poor %—I rm) — .(x)]2——_ x,

=fionB —A.)2,N
u
lfi

which proves the theorem. I

3.4. The Relationship of S, to E,

We wish to investigate the relationship between s,,(f) and the best uniform
approximation tof

Iff6 C(1), we put

S.U)=llf-S.(Dll and E..(f)= Ilf- II.*II.

where p: is the best uniform approximation on I tofout of 9,, (|| - || denotes
the uniform norm).
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Theorem 3.3

Em s sm < (4 + £5 log n) Em. (3.2s)

PrOOfi lf- .(f)| = If- p: + p: - S..(f)|

= If— p: + S..(p:‘ —f)|

E11“) + lsn(p: _f)|’

but, according to (3.27),

" 2 1 2
W cost?) = i L [Gap + 9) + co — 0)]WM (3 29)

and applying (3.29) with g = p: —fyields

" Isifl((2n + 1)/2)¢|wan—marry; L sin((p/2) (up.

The numbers

1 " |sin((2n + l)/2)(p|= _ ———d
L" 1: 0 sin ((p/2) ‘°

are known as the Lebesgue constants (of Fourier series theory) and it can be

shown (cf. Rivlin [1]) that they satisfy the inequality

4
L,<3+?logn,

whereupon the theorem is proved. I

This theorem informs us that the loss in using s,,(f) as a best approxi-
mation rather than p: is small for an arbitrary continuousf on [— 1, 1]. It

also provides us with a convergence criterion for Chebyshev expansions ifwe
recall Jackson’s theorem (cf. Rivlin [1]); namely, iff(x) is defined on [a, b], we
put

W; [a, b];5)=w(5)= 811p ]|f(x1)-f(x2)l:
x1.X:6[a.
l—s<5

(0(6) is called the modulus ofcontinuity off and is defined for 6 > 0. It is clear
that f is continuous on [a, b] if, and only if, w(6) —»0 as 6 —»0. Jackson’s
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theorem asserts that iff 6 C(1) then E,(fl < 6w(n' 1); hence, in view of (3.28),
we obtain the following.

Theorem 3.4 (Dini-Lipschitz Test). Iff5 CU) satisfies

lim (log n)w(%)=0
run

then s,(f) converges uniformly to f in I.

In particular, 1ff satisfies a Lipschitz condition of order «(0 < a<1), its
Chebyshev expansion is unifom convergent in I.

EXERCISES 3.4.1-3.4.7

3.4.1. Verify the following Chebyshev expansions:

1 _ H2 2
(a) W_a‘/mj:o (a «112 JTzJOC), a >1.

_4 . T2; .(x)(b) ssnx—LEJ- 1111—_1

2 4 I, l(c) l=;+— 2 ‘.——4'1_’ T..(x)

2 4 w(d) (1—x211/2=;- ; “412—; Inc)

(e) e" = 10(1) + 2 1:1 it(—i)Tk(x).

(Jk(x) is the Bessel function of order k).
(f) If a, b are nonnegative integers and a > 0, then for ltl < l

KOO-t7}.—.(X) m
m‘Té. ”T

(s) L = (a’ — 11-1/2 — 2(a2 — 11-1/2 i (a — (a2 — nmmx); a > 1.
x - a 1—0

3.4.2. (Johnson and Riess [1]) Iff has an absolutely convergent Chebyshev expan-

sion, then L..(f, T; x) converges uniformly tofon I (cf. Theorem 1.7).

Hint. Use Exercise 1.3.3 to show that

|f(X)—L.(f. T;x)|<2 i lAsl-
i=n+l
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3.4.3. Let

, _ so(f; x) + + S..(f; x)
0.0", x) — n + 1 . (3.30)

Show that

1 3 F F —-
an“; c050) = _ IwK.(¢)d¢,

1! o 2

where

'2
sin n + 1 q:

l 2
K.(¢) = —— ,

n + 1 sin g

and F(t) =f(cos t). K,(¢) satisfies

1 x

-J K.(¢)d¢ = l-
1! 0

3.4.4. Show that

l I j

«w; x) = 1:20 (1 — ——n + 1) mm

Hence, iff6?", 0,0) 9!: f, unlessf is a constant.

3.4.5. If m <f(x) < M for x61, show that

m<a_(f;x)<M, xel,n=0,1,2,.... (3.31)

The Fejér means defined in (3.30) have the property of staying within the bounds of
the function, unlike the Fourier-Chebyshev partial sums s,(f), which may become
unbounded for a boundedf. They do not, however, reproduce polynomials, which the
sn(f) do. An average of the partial sums s,(f) which reproduces polynomials of
appropriate degree and which remains bounded for boundedf was discovered by de
La Vallée Poussin [1].

3.4.6. Let

S.(f; 96) + + 52..—1(f; x).
n

123-10: x) =

Show that iff69,, 1:2,,_1(f) =fi Moreover, for anyf e C(I),

Itzn—1U;x)l< 3||f||. -l S x <1.

Hint. Show that 12,4 = 201,,_1 — an-..
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3.4.7. Show that Ilf— tz..-1(f)|| < 4E.(f)-

There are functions for which S,I = E"; for example, iffe?” 1, then

u + l

f(X) = 20' Aj7}(x)
j:

and

f(X) - .(x) = A.+1'13.+1(x)-

Thus, if A..+1 9E 0, in view of Theorem 2.10, s, = p*, hence S,' = E". Another
class of functions for which S" = E, is described in the following theorem.

Theorem 3.5. Iff 6 C(1) has the convergent Chebyshev expansion

AkT...‘(x) (3.32)

IQ
IM

S

k

withA,‘ >0,k =0,l,2,...,thenS,,(f)=E,(f)forn=0,l,2,...,if,andonly
if,

n2“ =2m+L k=0,1,..., (3.33)
k

where m,‘ is a positive integer.

Proof. If n, < n < "n+1,

f(x) — .(x) = 2 mm
j=k+1

and then

a)

81:0): "f— n" = 2 AJ'
j=k+1

Suppose that (3.33) holds and

xl=flgnuos i=0, ”'3 nk+1'

Then

i1:
'13.“_(xi) = coa, n , s = 1, 2, . . . ,
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and since

nk+s __ nk+s .nk+s-1.._nk+2

"H1 nk+s-l nk+s-2 "H1

is an odd number by (3.33)

Tn,+,(x.-)=(—1)‘, i=0, ---, nk+1.

Thusf— s,I assumes the value S,| with alternating sign at m,“ + 1 2 n + 2
points of 1, hence s, = p: by Theorem 2.10.

For this part of the proof the requirement that (3.32) be convergent is
superfluous, for the gap condition (3.33) implies the convergence of (3.32) (cf.
Zygmund [1, I, VI, Theorem 6.1]).

If S,l = E”, then

0

Eu: 2 A]
j=h+l

and there exist points of 1, x0 < x1 < < x,,+1 such that for e = 1 or —1

77,1(x,)=e(—l)‘, i=0,...,n+l, j=k+1,....

Therefore each xi is among the nfi'w), m = 0, ..., n,,+1, and '12.“,(xi) =
Tnm(xi), so that, say,

fl
= cos mu,cos "H2

"H1

whichholds only if nHz/n,“ is an odd integer. I

If the Chebyshev expansion off is absolutely convergent, it is clear that

E.(f) < 3.0) < IA.+1| + IA.+2| + ..., (334)

Lower bounds for E,,(f) in terms of the Chebyshev coefficients can also be
obtained.

Theorem 3.6. Iff6 CU),

EM) >§ IA..+1I, (3.35)
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and if the Chebyshev expansion off is convergent

1|A.+172.+1(x)+2Au+2T.+z(x)+m
En(f)>4| n n

n.—
+ 1A2.-.73.-.(x)+ i Ame). . —1<x<1. (3.36)

=2n j a

Proof In view of (3.26)

2 1 dx
A.“ = '1; [-1 f(x)'1},+1(x)fig

—3 J1 [m— *(x)]T cod—"-—1l: _1 x pn n+1 W,

hence

2 1 dx 4
IA.+ 1| < ; Elm Jll l7;+1(x)| l— = ; u(f)9¢_—x2

where we have used Exercise 1.5.2.

Let

8,06) + . ' . + s2n-1(x)
12:1— 1(x) = n

be the de La Vallée Poussin mean off (cf. Exercise 3.4.6). Then

Thu-10‘) = .(x)+(1-%)A.+1’12.+1(X)+(l-§>A.+2fi+2(x)+

n—l
+(1— n )AZI—ITZn-loc);

hence

f(x) — 2..-.(x) = % A...T...(x) +3 A..2T...(x) +
n—l

+ Az.—1T2..—1(x)+ 1 AJ ’I}(x).

3M
8

Therefore, since If(x) — 1:2._1(x)| S IIf— t2,._1ll < 4E,,(f), in view of Exer-
cise 3.4.7, (3.36) is established. l
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Remark. The bound in (3.35) cannot, in general, be improved, for, given n,
consider the function sgn 7;,+l(x). Given a > 0, it can be “smoothed” to a
continuous functionf(x), having zero as a best approximation and satisfying

IA..+1| >(4/1IX1 - 8)E.(f)-

An abundant source of lower bounds for E,(f) in terms of the Chebyshev

coefficients off is the observation that if pn( f; X) is the error of the best

approximation on a set of n + 2 points X, contained in I, then
p,(f; X) S E),(f) (cf. the remark following Theorem 2.10).

Theorem 3.7. If the Chebyshev expansion off is uniformly convergent on I,
then

(u + 2) sin 1r/(2(n + 2))
EM) 2 2

X Z (_1)m—1(A(2m-l)(n+2)-1 — A(2m-l)(u+2)+1 (3.37)
m= 1

and

En(f) 9 IAu+1 + A3(n+l) + A5(n+1) + l- (338)

Proof. Let 6,, . . . , 6,,” be the zeros of 11:,”(x). Then

_ n+1 "+2 f(€')[(61, 6m) - 2 E1 mm
2"+1 n+2 H . (2i—1)1r
"HEN—1’ sm2(n+2) f(60- (339)

Thus, ifg(§,)=(—l)‘,i= 1, ...,n+2,

23+1 n+2 sin (2i— D1! — - 2n+l

n+2 i=1 2(n+2) - (n+2)sinn/(2(n+2))'

(3.40)

9(61: '- '9 6n+2) = _

Also, in view of (3.39), Exercises 1.2.3 and 1.2.7, and (1.141),

(—1)~-12-, j=(2m—1)(n+2)—1,m=1.1m
7.}(61, “.9 €n+2)= (_1)m2n’ j=(2m—1Xn+2)+ 1’ "1:1, 2’ H"

0’ all otherj;
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henoe

“51,-”, €u+2) = 2" 21 (*1r—1(A(2m—1)(n+2)—1 — A(2m-1)(n+2)+1)

(3.41)

and

, _ If(€1, €..+z)| _ (n + 2)Sitl1t/(2(n + 2))
Eu(f)>pn(f9T)_|g(€1,-H,€n+2)l" 2

X “:1 (- 1)n_1(A(2m—l)(n+2)-l _ A(2nl- 1)(n+2)+1)9

thus establishing (3.37).
As for (3.38), let "0, . . . , 1],,“ be the extrema of 'I:,+l(x). Then [cf. (1.98)]

2" n+1

f("09 .. ': "n+1) = n + l jg; (_1){f("j)

and, ifg(m) = (—l)‘“, i = 0, ..., n +1, 9010, ..., r1,+1)= —2", but

1' n+1

7-}("0’ - ' ' 9 "3+ 1) = n + 1 1:20 n+1(’,i)7}(fli)

_ 2", j=(2k—l)(n+l),k=l,2,...,

_ 0, otherwise;

hence

f("09 - - ' , "n+1) = 2- #21 A(2k-1)(I+l)

and

I , . . . , ,, )|
Eu(f)>PnU;U)= [010 ,1 +1 =|An+1+A3(n+1)+"'|- I

|9(’10, - - - , '1»+ 1”

Remark. When all of Au”, k = l, 2, ..., are nonnegative, (3.38) is an
improvement on (3.35), since it implies that

Eu(f) 9 Au+ 1- (3.42)

Also in this case (3.36) with x = 1 yields

1 An+1 Au+2 ”—1 °°>_ __ A'_ A .E..(f) 4( n +2 n + + n 2 1+a 1
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If the sequence of IA,| converges to zero rapidly, say so rapidly that

1;: IA..+,I s BIAMI, (3.43)

then, in view of (3.34) and (3.35),

Sm s (1 + 0)|A.+1| s :- (1 + 0)E..(f)

and

S..(f)
1‘ Em

<—:(1 + 0), (3.44)

so that the truncated Chebyshev expansion is “asymptotically” as good as the
best approximation. Of course, if A,” 2 0, j = 1, 2, . . . , 4/1: can be replaced

by 1 in (3.44). When the functionf(x) is the restriction of an analytic function
to I, we can estimate how fast its Chebyshev coefficients go to zero. To this
end we must make a brief excursion into the complex plane.

The function

W) = (35% (3.45)

maps the exterior as well as the interior of |z| = 1 in a 1-1 conformal fashion

on the whole (extended) w-plane with the interval [— l, I] deleted. Each pair

of circles |z| = p, l/p is mapped onto the same ellipse in the w-plane, CP, with
foci at (i 1, 0) and the sum ofmajor and minor axes equal to 2p. The mapping
extends to the boundary |z| = 1 whose image is the interval [1, 1] (traversed

twice). If F denotes the unit circle |z| = 1, then on putting x = cos 0,
0 S 0 < 1:, in (3.26) we obtain

A =—L f(cos0)cosj0d9=—J;fz-I-2(z >(z’+ z")d—z. (3.46)

Theorem 3.8. Iff is analytic inside and on the ellipse C, for some p( > 1), then

2M
lAjl <7, (3.47)

where M = max |f(z)|, zeCP.
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Proof

Ur f<z +22_1)(z"+z 7

WW H)l' 1'

By Cauchy’s theorem we can replace the path of integration 1" in the integrals

on the right-hand side of (3.48) by Fp—I: |z| = p' 1 and 1",: |z| = p, respectively,
thus obtaining (3.47) in view of (3.45). l

g (3.48)+

Corollary 3.8.1. Let p be the largest number such thatf is analytic inside Cp

(iff is entire, p = 00), then

E IAjlw s 1/p. (3.49)
14m

where the right-hand side of (3.49) is taken to be zero if p = 00.

Corollary 3.8.2. If infinitely many of the Chebyshev coefficients of f are
nonzero, then, given a > 0, s < p,

(p _ 8)n'HlAu+jl < [Ania j =1: 29 -- - 9

holds for infinitely many n.

Proof

_ l+i

(p—e)"+iIA.+,-I<2M (” a) ,

and if

_ n+j

2M(”p 8) 2w, j=1,2,...,

foralln>NthenA,,=0foralln>N. I

Corollary 3.8.1 suggests that ellipses C might play the role of circles in the
theory of Taylor series for Chebyshev expansions of analytic functions. That
is indeed the case as we shall see next.
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Lemma 3.4.1. If p69,, satisfies |p(x)| < M on —1 < x g 1, then |p(z)| s Mp’'

on C, for each p 2 1.

Proof. Suppose weCP; then p(w) = p((z + z'l)/2), where |z| = p, but

P[(2 + Z'l)/2]
z’I

is analytic in [2| 2 l, and so the maximum of its modulus on |z| = p cannot
exceed its maximum modulus on |z| = l (the boundary). I

Theorem 3.9. If, for some p > 1,

E [ac/)1” sfi.

thenf is analytic inside the ellipse CF.

Proof. Suppose that p0 < p so that E,(f) < p5" for n > N. Let p,' be the
best approximation tof out of 9’, on I, n = 0, l, 2, . . . . Thus

f=Po+(P1—Po)+”‘+(Pu+1‘Pn)+"' (3-50)

uniformly on I and on I (for n > N),

ipu-i-l _pu| = If_ pn + pu+l _f| < En(f) + En+1(f)

< 05" + 05"“) < 296'-

Lemma 3.4.1 now implies that

Ip.+1(2) - p.(2)l S 2pm,!“ = 2P1 (g) .
0

on the ellipse Cm. Choose pl < p0; then the series in (3.50) is uniformly
convergent inside and on Cm, hencef is analytic, and since p1 may be chosen
arbitrarily close to p the theorem is proved. I

Theorem 3.10. The following are equivalent:

(i) f is analytic inside the ellipse C, with p > 1, but not inside Cp. with

p’ > p,

(ii) E [1240]” = 1/p. p > 1,
Irina



1'78 EXPANSION 0F FUNCTIONS IN SERIB OF CI-IEBYSHEV POLYNOMIAIS

(iii) E IA..I"" = l/p. p > 1
run

(with the usual interpretations if p = 00).

Proof. We shall prove that (iii) => (ii) => (i) => (iii).
(iii) = (ii): In view of (3.35)

'—11m- E3," 2 E [(2)1]. (|A,.+ 1I1/..+ 1)(n+1)/n:|,

so that

limE:"'2-1-.
p

If 1 < p’ < p, then for n sufficiently large |A,,+1| + |An+2| + g

(p’)"'(p’ — 1)”; hence, in view of (3.34),

, l
limEfi" < 7, each p’ < p.

Thus (ii) is established.
(ii) => (i): According to Theorem 3.9, f is analytic inside CF. Iff is analytic

inside CPI, p’ > p, then by Corollary 3.8.1

E IA.I“'<1,<1.p p

which contradicts (ii), since we have shown that (iii) => (ii).
(i) => (iii): Again by Corollary 3.8.1

E |A,,|1/- < l.
p

If the inequality holds, then

.— .— 1
ME:" =llll1|An|1/'l = F, p' > p,

implies thatf is analytic inside Cy, contradicting (i). I

We shall call p, as defined in Theorem 3.10, the index of convergence off.
The index of convergence of an entire function is infinite. Iff is not a

polynomial, has the index of convergence p < 00, and 0 < e < p — 1, then in
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view of Corollary 3.8.2

1
IA..+1| SmlAn+ 1| (3-51)

h.
.. 3M

8

for infinitely many n, so that according to (3.44)

S_,,(f)< 4 p—s

1‘ .—E(f) <up-s-1’ (3'52)
for infinitely many n. Also, since

°° l
lAn+1 +A3(u+1)+”'| >‘IAu+1|_ZzlA>u+j| (1 ‘m) IAn+1|

and

“° 1
21 lAn+i| < (1 +m) IAn+1LJ:

we find, in view of (3.34) and (3.38), that

1 l
(I —m) IAn+l| S En(f) < Sn(f)<(1+m) IA"+1|

(3.53)

holds for infinitely many u.
Iff is an entire function, then as a consequence of (3.53) we have a result of

Bernstein [2],

EU) ~ IA..+1| (354)

as n goes to infinity through some sequence of integers. Whether (3.54) can

hold for a function that is not entire is not known.

EXERCISES 3.4.8—3.4.12

3.4.8. With

j=l.---,k,cos—n
m: k+1’

show that if 90],) = (—l)’,j = l, ..., k,

|f('l .. ,nl °°
fl: 20A2A(2j+1)(k+1)-2s

l!- 9

where 133A”I = A,” — 2A_+2 + An”.
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3.4.9. Show that

En“) > 1;!) A340.” mum-2 -

3.4.10. Show that

2
S, x =——.

(I I) 1r(2[n/2] + l)

Hint. Exercise 3.4.1c.

3.4.11. Show that for n > 1

E (I l) > 1" x ’ 21t(2n — 1)‘

Hint. Put x = 0 in (3.36) and use Exercise 3.4.10.

3.4.12. Show that

l 2
— < nE.(IXI) < --
41: 1:

S. N. Bernstein [1] showed that

lim 2nEz,(|x|) = c = 0.282 . . . .
"*0

In a footnote to this result Bernstein remarks: “It would be very interesting to
determine if c is a new transcendental or if it can be expressed in terms of known
transcendentals. I note, as a curious coincidence, that 1/(2n1/2) = 0.282 . . . .” However,
Varga and Carpenter [1] showed in 1983 that c at: 1/(21rm).

3.5. The Evaluation of Chebyshev Coeflicients

The usefulness of the partial sums s,,(f) of the Chebyshev expansion off has
been established in the preceding section and so it becomes important to
examine methods of obtaining these partial sums, i.e., methods of evaluating
the coefficients A,‘ = Ak(f) defined in (3.26). Since these coefficients are
defined by integrals, our approach is to examine various methods of
quadrature, or numerical integration, as applied to (3.26).

Our first approach is to apply the Gaussian quadrature formula given by
(1.123) to (3.26). If we use the formula based on 6‘1"), . . . , 62,"), we obtain as an
approximation to A,

at") =3 :1 f(€$"")7}.(6$"’). (3.55)
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and since the quadrature formula is exact forf11692,,_1 we have

at") = 1411/) (3.56)

forfe?,,,,_1_k.
Let us observe at once that if 0 S k < 2m (3.55) can be rewritten in the

form

m) = 3; i: f(§im))Ei—1(fli:2m))’ (3.57)

since

was") = 71(cos(2i- 1) i) = 7;.(13.-. 605%»

7: k1:
= TZi-l (71(COSE>) — TZi-1(cosfi)

in view of T,,,(72,(x)) = 1:,(T,,,(x)) (cf. Exercise 1.1.6).
The advantage of the form (3.57) is that a)!” can be evaluated by using the

recurrence formula (3.16).
If the Chebyshev expansion offconverges uniformly tof in [— l, 1] and

m > k,

at") = g j Z; [tin-(cm) mes”)
co 2 m

' _ . ('0 {-00A1(m 2 m. we ))
j:

A. + I: (— Dig/12...-.. + A2,...) (3.58)

in view of (1.141). Note that ifwe put m = k in (3.58) we obtain a)!” = 0, which
is, of course, obvious from (3.55). Formula (3.58) provides an estimate for the
error Ak — a)”.

Let us put

ut) = i’ came). (3.59)
k = 0

which is the approximate value of s,(x) obtained by using the approximation
(3.55) to the Ak. The polynomials ufi“’(x) are also related to interpolating
polynomials.
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Theorem 3.11. If n < m,

“S."(x) = .(L..— 103 T); x)- (160)

Proof Let

m- 1

L..-1(x) = 2' bin-(x)
1=o

so that

2 1 dx , _ _
bj=;_[—1 Lm_1(x)'1}(x)fi-, 1—0,...,m 1.

Thus, according to (3.56), we have

M
i

1’) Lm— 1(€S"’)7}(€5"’)

—. ll 1

S
IN

S
IN

[V
]:

f(C$"’)7}(€$"’) = 06”"
l' 1

forj = 0, ..., m— 1. Since m- 1 2 n,(3.60) follows. I

Remark. If m = n + 1, then uf,"+”(x) = L,,(f, T; x), i.e., 142'“) is the
polynomial that interpolates f at the zeros of '12,“.

Since,for —1<x<1andn<m,

Is.(x) — 14%): = I; (A; — atmnux)

i=2; (’i (_1)j—1(A2jnl-k + A2;..+k)71(x)
=1

M
:

S I (IAZJIn-kl + IA21m+kD

i+n

z IAiI:
j=1 i=2jm—n

I: ll O

M8
EM

S

S

we obtain

Theorem 3.12. If m > n,

lls,l — ufim’ll s _ Z |A,|. (3.61)
J=1 i=2jnl-u
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Our second approach is to use the integration formula of Lobatto-
Markov [cf. (1.145), Exercise 1.5.29],

1‘ ll

{:1 g(x)— =; a(9019'))’ g 6 92'_ 19 (3'62)

to evaluate A,‘(f).
Putting g =f’1; in (3.62) leads to an approximation to At,

2 "' m
=; Hf; 71M ’)f(n$'" , (3-63)

and since the quadrature formula is exact forf£692," 1 we have

(3.64)= A10)

forfe?2,,,_1 _,,.
We observe, once again, that if 0 S k s m (3.63) can be written in the form

flit") = :0" for "’)T(r1"'")S
IN

which allows [33") to be evaluated by means of the recurrence formula (3 6)
If the Chebyshev expansion off converges uniformly tof in [— 1, 1] and

we replacef by its expansion in (3.63), we obtain, recalling (1.144), for m 2 k

If?" = A); + '21 (Ai—k + A2jm+k)' (3-65)J:

Let us choose m 2 n and consider

12%) = j; Wm) (3.66)

as an approximation to s,.(x); 122" is an interpolating polynomial to f.

Theorem 3.13. If n > 0,

v§”’(x) = L..(f, U; x). (167)

Proof Let

L..(f, U; x) = =20 emu),
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sothat

C "x x , l— ,...,n .
j W —1 ()j() ’1-x2

According to (3.64), we have, for j = 0, . . . , n — 1,

=;"L.mums")
S

IN
3

"|
N

2mms")T-(n:")= BS”

Equation (3.65) implies that n”) = 2c, and so (3.67) is established. I

Comparing (3.65) with (3.58) suggests that

7") =M (3.68)

is a more useful approximation to A; than either (4" or film), since

0fl.) = A,‘ + A (A4".-. + A4,”). (3.69)

Put

WE."’(X) = “:0 vi"71(x);

we then have Theorem 3.14 as an immediate consequence of (3.69).

Theorem 3.14. If m 2 n,

co 2:- co

"3n — Winn)" < z z |A4ju|-n+i| < z |A4m-n+il'
1=1 i=0 i=0

Note that if we choose m = n, in which case «2" = 0, we obtain

00

"Su —W(")"< '0; |A3n+il'

When k = m a6 0 (3.63) takes on a particularly simple form,

N

B3." = — i" (—1)'f(n$"’)- (3.70)
' 0

a
:



.THE EVALUATION OF CHEBYSHEV COEFFICIENTS 185

However, ‘9 = Ak(f) only forf69*. 1, when both are zero. It turns out that
we can get equality for the largest possible class of polynomials by simply

using vi.” = (fin/2 (04,") = 0)-

Theorem 3.15. The quadrature formula

A.U)=E("—=vt*’=- Z" (— 1W”) (3.71)

is valid for fe?3,,_1, k =1, 2, . Moreover, when k >1, there is no
quadrature formula

Akm= 20 cm.) (3.72)

holding for all f 693,, and (3.71) is the only formula of type (3.72) valid for

fe «931p- 1~

Proof. The validity of (3.71) forf6?”- 1 follows from (3.69) by choosing
m = k.

Suppose (3.72) holds for fe?3k_1. Put (00:) = (x — x0) - - - (x — xk) and
consider f(x) = (l - x2)T;,(x)w(x)/(x — x.)e.%,,+1. Note that, since k > 2,
2k + 1 < 3k — 1. Equations (3.72) and (3.71) imply that 0= Ak(f)—-
c;f(x.)—— c,(1— x2)T;‘(x,-)ao’(x,-). Since cw’(x) 51$ 0, x, must be a zero of
(1 — x2)T’ (x) and this must be true for i—— ,.k Taking f(x)

co(x)/(x — x,) 1n (3.71) and (3.72), we obtain the uniqueness of (3.71). Finally
(3.71) does not hold forf(x) = (l — x2)[T;(x)]2’1;(x)693,‘. l

Remark 1. Equation (3.71) may be written as

1‘1:.(f)21 701"" - -, '19”)- (3-73)

Remark 2. When k = 1, we can improve on (3.71). There is a unique
formula of the form (3.72) valid for f6.?4 but none valid for f 6.?5. This

highest degree 2of precision formula 1s given by xo—— Jig/2, x1 = —\/—/2,
co—— £3 c1 = —%, as the reader may readily verify.

Consider the quadrature formula

Am = :0 cm). (3.74)

Let h(l) be the largest integer such that there exists a formula (3.74) valid for
f6?," We say such a formula is of the highest degree of precision. We have
just seen that, for k > 1, h(k) = 3k — 1. Let us examine the behavior of h(l) as l
varies.
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Theorem 3.16

l. h(l)=l—1,l=1,...,k—l.

2. Form=l,2,...,

(a) h((2m— 1)k)=(4m— 1)k— l,k> 1,

(b) h(2mk—l)=(4m+1)k—l.

3. (a) If(2mk—l)<l<(2m+l)k,m=l,2,...,h(l)<2mk+l.

(b) If(2m—l)k<l<2mk—l,m=l,2,...,h(l)<(2m—l)k+l+1.

Proof. 1. If h(l) 2 l and 1 S l S k — 1, then, in view of the orthogonality

property of the Chebyshev polynomials,

0 = Ak(f) = i; csf(xa)

for fem. Put w(x) = (x — xo)- - -(x — x.) and f= a)(x)/(x — x069); then
C. = 0, which is a contradiction. Thus h(l) < 1 — 1. Given any set of nodes, x0,
.. . , x,, the 1 linear homogeneous equations in l + 1 unknowns

l

Zcixl=0, j=0,...,l—1,
i=0

have a nontrivial solution and, indeed, one for which no c, = 0, for if, say,
c, = O, the system

I

2c,x{=0, j=0,...,l—l,

2;:
has only the trivial (zero) solution, since its matrix is of Vandermonde type.

Since A,‘(f) = 0 forfe?,_1, we have h(l) = l -— 1.
2(a). Replace m by 2mk and g byf’1; in (3.62). Since each zero of 7}, is found

among the 11?"), we obtain from (3.62)

(Zn-1M:
A10): go bjf().j) (3.75)

(where the A, are the n; that are not zeros of '11.) valid for f69“,"- m- 1. If
there is a formula (3.74) valid for fe?(4,,,_1,,,, then we put

9(x) = (x — 2.0)"'(x — lam—1») and ("(35) = (x — xo)"°(x _ x(2m-1)k)' Thus

6006)
x—x;

f(x) = not) Emma—ma,

since k > 1. Hence A,‘(f) = 0 by (3.75) and therefore

ciw’(xi)fl(xi) = 0,
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which implies that Q = a), but (3.75) cannot be exact forf69“,“ 1)!» as the
choice

f(x) = (1 — x2)[(x — 11.1)°"(x — lam—m-DJZ'Ikgwm—1):.

demonstrates.

2(b). h(2mk — l) < (4m + 1)k, since w’fie?(4m+m. By Gaussian quad-
rature [cf (1.108)]

I; a(x)— "—(z"im g(§‘-""‘“’"’) (376)
1d_x2=(—2m+l)k i=1 1 , .

is exact for £16920,“t Hence

A:(f)= 2;: d-f(llj), (3-77)

where the u,- are the zeros of T9,,I+ 1),, which are not also zeros of 7;, is exact

for feg’wnnuz—i-
3(a). Equation (3.74) holds for f69“,). Let (Xx) = (x — uo)- - - (x —

#2mk-1)59‘2m and (”(3‘) = (x — x0)“°(x — xl)egl+1’ then

f(x) = mx) ff" 6.? +X1 2mk l9

and in view of (3.77) we conclude in a now familiar fashion that
W) < 2mk +1.

3(b). The argument resembles 3(a) and we omit it. I

Remark. This theorem has the surprising implication that the addition of
nodes to a quadrature formula may result in reducing the highest degree of

precision. The last two theorems are more interesting when we seek
approximations of individual A,, rather than of 3,, since they require a
different set of nodes for each k.

EXERCISES 35.1-35.4

3.5.1. Show that

""(x)= Lia-1“ T; X)

3.5.2. Show that iff has an absolutely convergent Chebyshev expansion

in w

llf-uf."+1)ll S 2 2 Mil — Z |A(2i—1)(n+l)l-
i=1i=n+l
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3.5.3. Let

n- l

p..— 10:) = 2’ Bi"7l(x).
k = 0

Show that p..- 1 is the best approximation to f on {n82 . . . , "Sm.

Hint. p,,_ l = of," — (MP/2”}; recall Exercise 2.4.26.

3.5.4. Show that if f has an absolutely convergent Chebyshev expansion

no 3n-1

||f-W.‘."||<2 Z IAil_ 2 Mil-
i=u+l i=u+l

3.6. An Optimal Property of Chebyshev Expansions

As mentioned in Chapter 1, Section 1.5, the Chebyshev polynomials are
members of larger families of sets of orthogonal polynomials. Each integrable
function has an associated expansion in orthogonal polynomials of these
other sets as well. We want to show next that in certain cases the Chebyshev
expansion is best.

Let us recall that the ultraspherical polynomials {p5,"(x)},‘:°=o consist of
polynomials (pff’ being of degree n) orthogonal on I with respect to the
weight function w1(x) = (l — x2)“1/2, where 1. > -(%). Thus, ifwe normalize
the ultraspherical polynomials so that pf,"(l) = 1, then pf?) = ’12,, and the case
1 =4; gives the Legendre polynomials, whereas 1. = 1 corresponds to the
Chebyshev polynomials of the second kind. For our present purposes we add
the convention that p5,”’(x) = x", i.e., the expansion of a function in terms of
pg”), is its Taylor expansion about the origin. Szego [1, p. 93] shows that for
0 < A < 00

P9)(x) = 2' aS-fzmx) (3°78)
j=0

with

(13-220, j=0,...,n, n=0,l,2,..., afiL+afi>Q (3.79)

and (3.79) also holds when A = 00 according to Exercise 1.5.31. An obvious
consequence of (3.78) and (3.79) is that for 2. > 0

Ipf."(x)l < p5."(l) = 1, —1 s x < 1. (3.80)

Let

sum wk; 1.0»t n =0, 1, 2,
be the partial sums of the expansion off in terms of the pfi", and let us put

max lf(X)- .,z(f;X)l = llf- n.1(f)"= 530:1)-
—1<x<l
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Theorem 3.17 (Rivlin and Wilson [1]). If A > 0, 11(1) 2 0 for k > n, and

i W) (3.81)
k=0

converges, then

53.0"; 11) 2 8.0; 0) = S.(f)- (3-82)

Equality holds in (3.82) only if f6?".

Proof

S.(f; 1) =f(1)- “1(1) 1:“ 11(1)- (183)

Now,

2 1 dx
Aj(f) = ;; J_1 f(X)'1}(X)m

2 1 °° dx

co 1 dx

=H; M1) [ L panama)W]

m: mans-f2, (3.84)

where the a“) are defined in (3.78) and the term-by-term integration is
justified by the convergence of (3.81), bearing in mind our normalization of
the p),(’1’. Also, by (3.78) we have

'a§§z=1,
1=o

hence

i m>= °° 11(1): asa2= Z i Mat:
k=n+1k=n+1 j=0k=n+1

[ in new] +J__i [2 mm]
=C+ E (1,0), (3.85)

j=-n+1
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in view of (3.84), with C 2 0. Since AJ-(f) 2 0 forj ’= n + 1, . . . , by (3.84), we
have

i am=smm
j=n + l

and the first part of the theorem is proved.
Iff $9,, so that, say, fmU.) > 0 for m > n, then, since either a813,, of afif’m is

positive according to (3.79), either f,,,().)a3‘_},, or f,,,().)a‘l‘j,, is positive and the
quantity C in (3.85) is positive, which implies that the inequality holds in
(3.82). l

Remark 1. As a matter of fact (3.82) can be replaced by

SM; n) 2 S..(f; 0), o s u < .1. (3.86)

To see this we need the information (cf. Askey [1], but correct a misprint
by reversing the inequality on the fourth line from the bottom of p. 301, and
Rainville [l] for the case A = 00) that if —(§) < p < A and

II

p5."(x) = Z a5$:“’pf."’(x)
J=0

then

a§?;"’>0, i=0....,n, n=o,1,2,....

Thus mimicking (3.84) yields

flm=émmw. om

hence k.) 2 0 for k > n implies 13.01) 2 0 for k > n, and the theorem can be
applied with J. replaced by )4, provided that

f f,‘(u)< oo.
k=0

This follows from the analog of (3.85) (with a}? replaced by afifg“) and so on).

Remark 2. The theorem remains true if the coefficients f,‘(}.) alternate in
sign for k > n. To see this we observe that the pi” are even functions for even k
and odd functions for odd k; thus applying the theorem tof( —x) proves the
analogous result for alternating coefficients.
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Remark 3. If the coeflicients are neither positive nor alternate in sign,
(3.86) need not hold, as the example f(x) = x3 — (39x2 — x, A = 00, n = 0,
shows. We have for 0 S a: < oo

1
I (l _ x2)a-1/2dx

-1

r f(x)(l — x2)“'“2 dx

fo(°‘) = 1—

l

1+a'

l-4 My
1

_ 1
I (1 — x2)“1/2dx

—1

=—%

A small calculation gives

So(f; 0) = 0.89 ...,

S0(f; CD) = 1'5,

So(f; 0.1) = 0.82 .



4
ITERATIVE PROPERTIES
AND SOME REMARKS
ABOUT THE GRAPHS OF
THE Tn

One of the most remarkable properties of the Chebyshev polynomials is the
semi-group property (cf. Exercise 1.1.6)

T..(T.'.(X)) = TAX)-

An immediate consequence of the semigroup property is that the Chebyshev
polynomials commute under composition; i.e.,

TAT.) = MT...)-

The first section of this chapter is devoted to this property. In the second
section we shall study the ergodic and mixing properties of the Chebyshev
polynomials considered as transformations of I onto itself, a study in which
the semigroup property plays a role. In the third section the graphs of
y = 1;,(x), —l < x < 1, for n = 1, 2, ..., 30 are shown and some “white”

curves are evident. These curves are identified and an explanation of the
phenomenon is proposed.

4.1. Permutable Polynomials

Two polynomials, p and q, are called permutable ifp(q(x)) = q(p(x)) for all x. If
we adopt the notation p - q to indicate the composition p(q(x)), then p and q
are permutable if p - q = q - p. If p and q are permutable, we shall also say that

p commutes with q and, of course, q commutes with p. Composition satisfies

192
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the associative law

p-(q-r) = (p'q)°r.

We shall write p{"}for the n-fold composition p' p' ' - p. Since

T..(73.(x)) = 73.(T...(x)) = TMX),

we see that any two Chebyshev polynomials are permutable. Our first result

is that no polynomials other than Chebyshev polynomials can commute with

agiven fiifn22.

Theorem 4.1 (Bertram [1]). If n 2 2 and the polynomial p of degree k 2 1
commutes with 1;, then p = ’1; if n is even and p = i- 7; if n is odd.

Proof. We know (cf. Exercise 2.4.6) that i Tm(x) are the only polynomial
solutions of

(1 - XZXY’V = "12(1 - y’) (4-1)

for m > 0.

The theorem is proved by showing that, if p commutes with ’12,, y = p
satisfies (4.1) with m = k.

The polynomial

(106) = (1 - x2XP'(x))2 - k2(1 - P200)

is in ?2,,_ 1, since the coeflicient of x" is zero, but

"211' 7:. = "2(1 - TEXP' ' If - "21‘2“ — (P‘ 7:.)2)

= (1 — x2xT;)2(p'- 1:.)2 — k2(1 — p’XTl-p)’,

where we have used the permutability ofp and 1:, and the fact that ’1}, satisfies
(4.1) with m = n. Now,

(1?" 730T; = (11'l = (7210’ = (T;°P)p’,

hence

7124-7; = (1 - x2)(p’)2(T5.'p)2 — k’(l - 1J2)(T1.°p)2

= (TL'P)2((1 — JCZXP')2 - k2(1 - P2»

= (T1. ‘11)211- (4-2)
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Suppose that q #0 has degree s (<2k - 1), then (4.2) implies that
sn = 2(n — 1)k + s so that s = 2k > 2k — 1, a contradiction. Thus q is
identically zero and p= 1'11. If n is even, 'II.°(—'I;)= 'II,"I;= 71'7; 95
—’1',',"1',‘,, hence p = ’17,. If n is odd, 71,-(—Tk)= —'1:,'7;= —'1;-'1:,, hence

P = i7} I

A sequence of polynomials, each of positive degree, containing at least one
of each positive degree and such that every two polynomials in it are
permutable is called a chain. The Chebyshev polynomials T1(x), . . . , Tux), . . . ,
form a chain. So do the powers 1!j(x) E xi,j = l, 2, . . . , as is easily verified. We

shall see that these are essentially the only chains.
Suppose that

1(x) = ax + b, (1 ¢ 0, (4.3)

so that

l'l(x) = x Z b.

If p and q commute, it is clear that A" ‘p-fi. and A" '44. also commute.
Thus for any 1. of the form (4.3) the sequences 1" - '1}-}., j = l, 2, . . . , and
l‘l-nJ-A, j = l, 2, ..., are also chains, and this is the reason the word

“essentially” was needed above. We shall say that p and A‘ 1 'p - A are similar;
hence our goal is to show that the sequences {7}} and {15-} are the only
chains, up to similarities. A first step in this direction is a companion piece to
Theorem 4.1.

Theorem 4.2. If n 2 2 and the polynomial p of degree k 2 l commutes with
nn(x)(=x") then p = 1:, if n is even and p = in, if n is odd.

Proof. y = 1r,,(x) satisfies

xy’ = ny. (4.4)

The polynomial q(x) = xp’(x) — kp(x) is in 9*. 1, since the coefficient of x" is
zero. An argument analogous to that given in the proof of Theorem 4.1 yields
nq' 1:,I = (1r; - p)q, and ifq is of degree s 2 0 then sn = k(n —- 1) + s implies that
s = k, a contradiction; q must therefore be the zero polynomial. Hence y = p
satisfies (4.4) with n replaced by k, which means that p(x) = cx"(c aé 0). The
requirement that p commute with 1:, implies that cx"" = c”x"", i.e., c"' 1 = 1.
Since c must be real, c = 1 if n is even and c = :1 if n is odd. I

Theorem 4.3. There is at most one polynomial of degree k 2 1 permutable
with a given quadratic, s(x) = a0 + alx + azxz, a2 9E 0.
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Proof. If we put

x a1
Ax) = a_1 — Z, (4-5)

we obtain

(2.“'s~}.)(x) = x2 + c,

where c = aoaz + (a1/2) — (af/4). Thus to prove the theorem it suffices to
show that there cannot be two distinct polynomials of degree k commuting
with x2 + c, for, iff and g are distinct polynomials of degree k commuting
with s, there are distinct polynomials of degree k similar tof and g via (4.5)
that commute with x2 + c.

Suppose that p and q are distinct polynomials that satisfy

p(x2 + c) = p2(x) + c,

q(x2 + c) = q2(x) + c; (4.6)

then comparing leading coefficients on both sides ofeach equality reveals that
p and q both have leading coefficient 1. Thus r = p — (169%,. Also

me2 + e) = p’(x) - q’(x) = r(x)(p(x) + 4106)) (4.7)

If the degree of r is t 2 0, then according to (4.7), 2t = t + k or t = k, a
contradiction. Therefore r is the zero polynomial and p = q. This contra-
diction establishes the theorem. I

An immediate consequence of Theorem 4.3 is that a chain contains exactly
one polynomial of each positive degree; i.e., a chain is a sequence { pj}, j = 1,
2, ..., where p, is of degree j and each pair of polynomials commutes. Two
chains are called similar if there exists a Il(x) satisfying (4.3) such that each

polynomial in one is similar via 1. to the polynomial of the other of the same
degree. We can now prove our main result.

Theorem 4.4. Every chain is either similar to {x1},j = l, 2, . . . , or {1}},j = 1,
2, .

Proof. Let {pi},j = l, 2, . . . , beachain, with p2(x) = a0 + alx + azxz. Let
{qj}, j = 1, 2, . . . , be the chain similar to {pi} with A as defined in (4.5). Then
q2(x) = x2 + c; q3 commutes with qz, hence

q;.,(x2 + c) = q§(x) + c. (4.8)
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Thus q§(-—x) = q§(x), and since q3 is ofdegree 3 we see that q;( —x) = —q3(x);
i.e., q, is an odd polynomial, say,

q3(x) = blx + b3x3. (4.9)

If we substitute (4.9) into (4.8) and equate coefficients of like powers, we
Obtain b3 = 1, bl = (3)6,

c(c+2)=0 and c(2+c)(2c—-1)=0.

Therefore the only possible values of c are — 2 and 0. Ifc = 0, then q2(x) = x2
and, according to Theorem 4.2, q1-(x) = x3 forj = 1, 2, . . . , and { pj} is similar
to {x1}.

If c = —2 consider the chain {u‘l ~qj-u}, where u(x) = 2x. Since

(It—“4211) = T2.

Theorem 4.1 informs us that

p'l'q,°u=’1}, j~=1,2,....

Thus {p,} is similar to {7}} via the linear transformation 1.- u. I

This theorem is proved by Block and Thielman [1] and Jacobsthal [1],
and the proof given here is an amalgam of their work.

EXERCISES 4.1.1-4.1.9

4.1.1. If p commutes with q1 and q;, it commutes with q1 -q; and qz-ql.

4.1.2. If q1 and qz, each of positive degree, commute with the same polynomial of
degree 2, they are permutable.

A set ofpolynomials is called a P-set ifevery two polynomials are permutable. A P-
set is closed if together with p and q it contains p~q; it is called complete if no
polynomial of positive degree that is not in the set commutes with all members of the
set.

4.1.3. A complete P-set is closed.

4.1.4. A chain is a complete P-set.

4.1.5. p commutes with every polynomial if, and only if, p = x.

4.1.6. {x + a} where a runs over the reals is a complete P-set.

4.1.7. {t(x — a) + a} where a: is fixed and t runs over the reals is a complete P-set.

4.1.8. If p of degree 2 and q of degree 3 are permutable, then p and q are similar, via a
common linear transformation, to either x2 and x3 or T2 and T3.

4.1.9. If p of degree 2 and q of degree 4 are permutable, then q = p- p.
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A complete description can be given of permutable polynomials. Julia [1]
and Ritt [1] showed that if p and q commute, either both are iterates of the
same polynomial or both are similar, with respect to the same A, to either
Chebyshev polynomials or powers. Thus Theorem 4.4 is an immediate
consequence of this definitive result. Unfortunately the methods of Julia and
Ritt are formidably complicated and we cannot present them here. What we
shall do next is give a complete description of all polynomials that commute
with a given quadratic, a task that is amenable to elementary analysis.

In view of the proof of Theorem 4.3, it suffices to consider polynomials p
that commute with x2 — c. Theorem 4.3 tells us that there is at most one
polynomial of degree k 2 1 that commutes with x2 — c. If p, of degree k,
commutes with x2 — c, then

p(x2 — c) = p2(x) — c (4.10)

and the leading coefficient of p is 1. Also, if we replace x by —x in (4.10), we

obtain p(x2 — c) = p2(—x) — c, hence p2(x) = p2(—x) or p(x) = ip(—x).
Thus p is even if k is even and odd if k is odd. If k = 1, p = x, which, of course,

commutes with every polynomial. Putting this trivial case aside, we wish to

establish the Julia—Ritt result in the special case that (4.10) holds with k 2 2.

To this end some lemmas are useful.

Lemma 4.1.1. If c < 0 or c > 2, the sequence defined by

t,+1 =(t,,—c)z, n=1, 2, ..., (4.11)

with 1?1 = c2, is strictly monotone increasing.

Proofi We note first that (4.11) implies that

t2 = (c2 — c)2 = c2(c — l)2 > c2 = t1.

Next we claim that t,I > c2 for n > 2. As we have just seen, this is the case for
n = 2. Suppose that t, > c2.

tk+1 =(tk_c)2=tk(tk—2'c)+cz'

Since tk>c2, tk—2c>c2—2c=c(c—2)>0; hence itk+1>c2 and by
mathematical induction t, > c2 for n 2 2. Finally, t,,+1 > t,,, n = 1, 2, . .. .
The case of n = 1 has been established. Suppose t,, > 1th,.

tk+1 — ti: = (t1; — CV _(tk-1 — C)2 = (‘1; — tug-1X0; + “5—1 — 20),

but

(tk+t,,_1-26)>261-2€=26(c- 1)>0;

thus th+1 — t,‘ > 0 and the lemma is established. I



198 THE GRAPHS OF THE 1;

Lemma 4.1.2. If 0 < c < 2, the sequence defined by

t,,+1=\/t—,.+c, n=l,2,..., (4.12)

with t1 = c’, is strictly monotone increasing and t, > c2 for n 2 2.

Proof. We have '

t2 = 2c > c2 = 131.

We claim that t, 2 2c, n 2 2. This is true for n = 2. Suppose it is true for

n = k. Since 2c > cfiweseethat‘ /20 > cand 2c + c > 2c. Ift,‘ 2 2c, then

tk+l= tg+62‘/26+c>26,

establishing our claim by mathematical induction. Hence t,' > c”, n 2 2.
Suppose next that t,, > ti- 1. We have

t); = (tk+1 " 0):, tk-l = (tic - 0):,

and therefore

0 < ‘1: — tit-1 = (tk+1 — c)’ — (t1; - (3)2

= (tin — ttH-l + tk — 20)-

We have seen that t,‘ 2 2c; hence tk+1 + t,‘ > 2c and n+1 — t,‘ > 0. Since
t2 > t1, the strict monotone increase of {t,,} is established. I

Theorem 4.4. If p(x), a polynomial of degree k 2 2, commutes with x2 — c,
then either p = x" or p = 27;(x/2) or p is an iterate of (x2 — c).

Proof (i) Suppose that k = 2m — 1, m 2 2. Then p is odd and we can write

p(x) = xq(x’),

where q is of degree m — 1. Equation (4.10) implies that

(x2 — c)q«x2 — c)’) =. xzeflxzi — c.

and if we put x2 = t

(t — c)q((t - c)’) = tq2(t) — c. (4.13)

Suppose that c < 0 or c > 2 and {t,,} is defined by (4.11). We claim that

q(t,.)=l, n=l,2,.... (4.14)
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Putting t = 0 in (4.13) yields —cq(c2) = —c, and since c < 0

q(c2) = 1, (4.15)

establishing our claim for n = 1. Suppose that q(t,,) = 1. Putting t= t,, in
(4.13) yields

0.. - c)q((tt — c)’) = ttq’at) — c

o}

ti’fl (10m) = t.. — c = tt’ft.

Since, in view of Lemma 4.1.1, t,,+1 > 0, we obtain

4““ 1) = 1-

Thus (4.14) is proved by mathematical induction. Therefore q(t) takes on the
value 1 at least at m distinct (distinct, since monotone increasing by Lemma

4.1.1) points t1, . . . , t,,,, hence is identically l, contradicting the fact that it is of
degree m — l 2 1. Thus we must have 0 < c < 2.

Suppose then that 0 < c < 2. Now let {t,,} be defined by (4.12). We claim
that again q(t.) = 1, n = 1, . . . . In view of (4.15), this is true for n = 1. Suppose
(10,) = 1. Then

(tut — c)q((tk+1 — (3)2) = tk+1qz(tk+1) — c

or

ti" = (ti’2 + c)q’(tt+1) — c.

Since ti” + c = t“, > 0, we obtain

(1201:“) = 1-

If q(t,,+1) = —1, putting t“, = t in (4.13) yields

‘(tnz — C) = tk+2qz(tk+2) — c 9 ‘C

or 4431 S c and tk+1 < c2, contradicting Lemma 4.1.2. Thus q(t,,+ l) = 1, and
by mathematical induction we have shown that q(t,) = 1, n = 1, . . . , m, where

according to Lemma 4.1.2, t1 < - - - < t,,,. Therefore q = 1, contradicting the
fact that the degree of q is at least 1.

The only possible values of c are therefore seen to be 0, 2. If c = 0, then
p = x" according to Theorem 4.2, whereas, if c = 2; x2 — 2 = 2Tz(x/2) and so
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p = 27;,(x/2) certainly commutes with x2 - 2. This concludes our proof in the
case of odd k.

(ii) Suppose that k = 2m, m 2 1. If 2m = 2*, then p = (x2 — c){‘} (the sth
iterate of x2 - c). Suppose that

2m = 2'1,

where l 2 3 is odd. Since p is an even function,

p106) = [IR/x + c)

is a polynomial of degree 2‘“! which satisfies

p1062 - c) = pi(x) - 6;

i.e., it commutes with x2 — c. If s = 1, p1 is of odd degree I, and therefore
c = 0, 2 according to (i) above. If s > 1, p is of even degree, hence an even

function, and p2(x) = p1(. /x + c) commutes with x2 — c and is of degree
2" 11. Continuing in this fashion, we see that p,(x) is of degree land commutes
with x2 — c. Therefore c = 0, 2 and we conclude as in part (i). I

4.2. Ergodic and Mixing Properties

The Chebyshev polynomial 7;,(x) defines a mapping

x -' 72.06)

of I (the interval [—1,1]) onto I for each n = l, 2, .. . , which we denote by

’12,: I —+ I. (4.16)

Under this mapping each point of 1, except i 1, is the image of n distinct
points of 1, since the mapping

7:130”), "$91)_’(—l, 1), i=l,...,n

is one-to-one and onto. The mapping inverse to ’12, is written T; 1 and is an n-
valued mapping except at i l. The effect of the mapping (4.16) onto the sub-
interval [0, 4}] of I for n = 5 is shown schematically in Figure 4.1.

The questions we shall be answering concern “metric” and “mixing”

properties of the mapping T,— I, the sequence of mappings Tf 1, . . . , T,,‘1,...,
and the iterates T;" (meaning here and henceforth the k-fold composition of
T; 1). We shall try to make precise the vague notions that the image intervals
of A in Figure 4.1 under T; 1 combined have the same “length” as A and that
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15"(A)

T5 i A

-1 o 1 ‘ 15-1 —1 o 11- 1

Figure 4.1

the mappings T,,'1A, n = l, 2, ..., and T;"A, k = l, 2, ..., increasingly

homogenize or mix A throughout 1.
The vocabulary appropriate for making these notions precise is that of

measure theory (of. Halmos [1]). Let (X, Q, n) be a separable finite measure

space and let I be a mapping of X onto itself that is measurable, i.e., such that
36.9? implies 1—1369}. 1 is said to be measure preserving if

p(t'lB) = [1(3), 8693; (4.17)

and if r is measure preserving it is called strongly mixing if

. _ _I‘(A)l‘(3)
IE ‘4‘ ““3" 1101’) (4.18)

for all A, 36.93. Every strongly mixing transformation is ergodic; i.e., if

1‘1A = A (4.19)

for some A 63, then either ”(A) = 0 or ”(A) = u(X), for if (4.19) holds (4.18)
implies that

MAME)
u(AnB)= /,¢(X)

for all 353. Hence, ifB = A,

M- =
”(Mum 1) 0’

and either p(A) = 0 or ”(A) = u(X).
Finally, a sequence 1: 1, 1'2, . . . , 1,, . . . , of measurable transformations of X

onto itself, each of which preserves the measure It, is called strongly mixing if

lim (1,,— ‘A n B) =%l (4.20)
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for any A, 36.4. The condition (4.17), that t be measure preserving, has an
equivalent functional form.

Lemma 4.2.1. 1: is measure preserving if, and only if,

I f(IX)d# =J f(X)d# ‘ (421)
X X

for all f e L1(X, .9, u).

Proof (i) If (4.21) holds for all integrable f, then it holds when f is the
characteristic function of 36.93 (the characteristic function of a set has the
value 1 on the set and the value 0 off the set). But whenf is such

L f(IX)dlt = #(1'13)

and

L f(X) dl‘ = M3)-

(ii) Suppose that (4.17) holds. Then (4.21) holds whenf is the characteristic
function of any B e 9, as we have just seen in (i). Similarly, (4.21) holds whenf
is a simple function, i.e., a function that takes on only finitely many distinct

values and is therefore a finite linear combination of characteristic functions.
Iff is a nonnegative integrable function, then

L f(X) dlu = sup [L 9(X)du= a simple, 0 < 90:) <f(X)]

= sup UK g(1:x)du: 9 simple, 0 < g(x) <foo].

Now g(x) sf(x) for all xeX if, and only if, g(tx) s f(1:x) for all xeX; hence

Lf(x) du = SUP [L 9(tx)du= 9 simple, 0 < 9(a) Sf(136)]

= sup UK h(x)du; h simple, 0 < h(x) <f(zx)]

= J f(Tx)dIt,
X
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and (4.21) is established for nonnegative integrable functions. Equation (4.21)
is now seen to hold for any integrable function by writing it as a difference of
its positive and negative parts. I

We shall also need a functional form for strong mixing.

Lemma 4.2.2. The sequence 11, . . . , 1,, . . . , is strongly mixing with respect to
the measure u if, and only if,

131;" f0.3090011” = R1?) J; 100:1q 9004” (4-22)

for every f, geL2(X, a, u).

Proof. (i) If we takef to be the characteristic function of A and g to be the
characteristic function of B, then (4.22) implies (4.20).

(ii) If (4.20) holds, then (4.22) is valid when f and g are characteristic
functions of any A, 363, respectively. Hence (4.22) also holds whenf and g
are simple functions and we recall that the simple functions are dense in

L2(X, 93, u).
At this point we consider a more general situation. Let ho, hl, . . . , h," . . . ,

be functions in L2(X, B, n) such that, given any heL2(X, a, u) and e > 0, there
exists

such that

L (h(x) - W(x))2 dfl < 8-

We shall show next that if (4.22) holds when g = h,, f= h}, for every i = 0, 1,
. . ,j = 0, 1, . . . , then (4.22) holds for allf, g e L2(X, .43, u). Choosing the h,- to be

the appropriate characteristic functions [(X, gig) is separable] then proves
the lemma.

Suppose then that (4.22) holds when g = h,f= h, for every i = 0, l, ... ,
j = 0, 1, . . . ; then it clearly holds whenf and g are finite linear combinations,
say u and v, of the hi. Now suppose that f and g are any functions in
L2(X, Q, g) and, given a > 0, u and v are finite linear combinations of the h,-
such that

I (f(X) - u(36))2 4” < 62, J. (906) - I706))2 du < 52. (423)
X X
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We have

1
= L f(1.x)g(x) du -W L f(x) du L 9(x)du

= {L [f(r..x) - “(1.x)][g(x) — v(x)] dfl + L 12(f(1.x) — “(1.20) du

+ L “(Tuxxgm - ”WWI/t}

+ {L “(tuxMXMu -EL “(3011q WOW}

1

+ {m Ix “Odd” J; ”(x)“! _m Ix f(x)d# J; g(x)du}

= {D} + {E} + {F}.

We observe that (4.21) implies that

L [f(1.x) - 14(1.X)]’du = L [f(X) - “(JOY tin

and

L [141.90]2 dfl = L [14(JC)]2du.

Thus Schwarz’s inequality, together with (4.23), implies that |D| < cle for
some constant c1. Moreover, if n is sufficiently large |E| < 6, since we have
seen that the lemma is valid for u and 12. Finally,

F= M—X)Ux (f— WWI (g—v)du— L gdu LU— “Mu

-I fduj (ll—”Wfl]
X X

and Schwarz’s inequality and (4.23) yield |F| < cza for some constant c2. Thus

lCl < cas for some constant c3 and n sufliciently large, establishing the
lemma. I

Let us turn now to the Chebyshev transformations.
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Theorem 4.5. Let 3 denote the family of Borel subsets of I, and let A be
Lebesgue measure. If u is the measure defined by

2 d)

"‘3”; f1_———
then each ’12,, n = 1, 2, .. . , preserves the measure a.

B 6 Q, (4.24)

Proof. Consider the measure space (X’, 9’, 1'), where X’ is the interval
[0, 1r], 3’, the Borel subsets ofX’, and 1’ is Lebesgue measure on 51’. Let R be
the one-to-one measurable mapping of X onto X’ defined by

R:x->x’ = arccosx.

Put

V,,=m:,R'1

If

k:\x’<@’ k—0,l,. ,n-l,

we see that

nx’ — kn, k even

m” = {—nx’ + (k + 1)1r, k odd

[V5(x’) is depicted in Figure 4.2]. An open subinterval of [0, 1;] having length 1
is seen to be the image under V, of n intervals, each of length l/n (as Figure 4.2

illustrates in the case n = 5). Thus V, preserves Lebesgue measure. But if
—l<a<b<1then

J‘b dx J‘mb)

a ./l —x2 _ R0!)

hence for A 69?, ”(A) = (2/1:)).’(RA). Therefore ”(T; 1A) = (2/n)A’(RT,,‘ 1A) =
(2/1t)).’(RT,,— 1R'IRA) = (2/1t)).'(V,,'lRA) = (2/1t)l'(RA) = MA). I

dx’;

Theorem 4.6 (Adler and Rivlin [1]). The sequence T1, T2, ..., 1;, ..., is
strongly mixing with respect to the measure [1 defined in (4.24).
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Proof. Suppose that h e L2(X, 3, it). Let sk(h; x) be the partial sum of order

k of the Chebyshev expansion of h (cf. p. 165). Familiar facts about Fourier

series (cf. Zygmund [1, 1, Chapter IV]) imply that, given a > 0, there exists k
such that

I [h(x) - s,(h; x)]2 dy < e.
I

If we recall the argument in part (ii) of the proof of Lemma 4.2.2 and choose

h, = 7}(x), the theorem follows from Lemma 4.2.2 and the observation that,

given any i = 0,1, ...,j=0, l,’...,

I, 71(Tl.(x))’1}(x)d# =% J; maul, 73-00%

for all sufiiciently large n, in view of the semigroup and orthogonality

properties of the Chebyshev polynomials. I

Corollary 4.6.1. Each 1;, n > 1, is strongly mixing, hence ergodic.
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Proof. It is clear that the semigroup property implies that

T;* = m).

and so (4.18), with t = '12,, follows from the theorem. I

As an amusing application of Theorem 4.6 we shall determine the limiting
value as n —» 00 of the area under the graph of ’1},(x) in the square with center
at the origin and side 2 (see Figure 4.3). Let K,(y2) be the area under the
graph of y = 7:,(x) contained between the lines x = —1, x = l, y = —1,
y = yz, where -—1 < y, S 1. We shall establish the existence and determine
the value of

K02) = lim Ku(}’2)-
n-‘uo

Put g(x) = (l - x2)“2 and

x, _l<x<y29

f(x) — {ha 3’2 < x < 1-

Then

mm = J (1 + f('!2.(;c))dx

= 2 +§ L f(72.(x))g(x)d#~

K5")

Figure”
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Thus, according to Theorem 4.6 and Lemma 4.2.2,

. 1:
K02) = 1m K..(yz) = 2 + - fdu adu-

u-mo 2 1 I

Performing the integrations yields

2 1/2 '
K02) = 2 + .V2 - E ((1 " )6) + Y2 ”0511135)-

Thus K(l) = 2 and the limiting area under 7:,(x) as n -> 00 is half the area of
the square.

Moreover, by taking g(x) to be the product of the characteristic function of
[xhxz] and (1— x2)“2 we see that the limit as n —> 00 of the area under
y= T(x) contained in the box (— l<)xl <x< x2(<1), -1<y<y2 is
(xz— x1)K(y2)/2. Therefore the limit as n —> 00 of the area under y= T (x)

bounded by the vertical lines x = x1 and x = x2, and the continuous curves
y = y1(x) and y = y2(x), where —1 < xl < x2 S 1 and —1 S y1(x) <
y2(x) S l (for x1 < x S x2) is

a: ftK1y2(x))— K(y.(x»] dx.

4.3. The “White” Curves and Intersection Points of Pairs of Chebyshev
Polynomials

It is obvious that the graph of y= T(x), —1 < x<<1, n-— 1,2,. ,lies
entirely in the square A. —l < x< l, —1 < y<<1. In Figure 4.4 the graphs of
y= T(x), —l < x < 1, n—— 1, 2,.. ,30 are shown. Some‘‘white’ curves are
seen streaking through A. For example, what appear to be a parabola with

vertex at (— 1,0) and a straight line connecting (— l, l) to (l, —— l) are clearly

visible. Our purpose in this section is to identify the white curves and explain
the phenomenon by relating it to the locus of intersection points of pairs of
polynomials, Tm, 7;. Therefore, we begin by considering such intersection
points.

Suppose 1< m < n. The zeros of T(x)— Tm(x) are easily determined by
putting x—= cos 0 and solving cos n0 — cos m0 = 0. They are

2j1l: , n+m
aJ—cos7, ]—0,1,...,[ 2 ] (4.25)

and

2k1t _ n—m—l
bk—cosn m’ J— 1, ....,[—] (4.26)
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Thus all n zeros (counting multiplicities) are seen to lie in I. Moreover, it is
easy to verify that

mTj,(a,-) + nTL,(a,-) = 0, —1 < a,- < 1 (4.27)

and

mTj,(b,,) — nTQ,(b,,) = 0, —l < bk < 1. (4.28)

If (x, 7;,(x)) is an intersection point of T," and '1; which lies in the interior of
A then Tfi,(x)T;,,(x) aé 0. For if this were not the case then (4.27) and (4.28)
would imply that T;(x) = Tg,(x) = 0, and, therefore, 7;,(x) = Tm(x) = :1,

contradicting the assumption that (x, 7:,(x)) is inside A. Thus (4.27) and (4.28)
yield

x = aj,

T206)Ti..(x) = (4.29)

{I
8

SJ
=

x=bb

at intersection points inside A.
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For 1 < m < n, m, n S 30, intersection points of type a,- are more frequent

than those of type bk, in view of (4.25) and (4.26). Equation (4.29) informs us

that at each intersection point of type a,- of T,,l and ’1; which lies inside A the
slopes of T,,I and ’1}, are of opposite signs and, in magnitude, in the ratio m to n.
Our explanation of the white curves is based on this observation. The chain of
blank spaces resulting from the separation of slopes at these intersections is
what is seen as a white curve in Figure 4.4. This asserted connection between
the white curves and points of intersection of the graphs of pairs of
Chebyshev polynomials receives support from the following considerations.

Theorem 4.7. If 0 < m S n and T,,,(x) = 7:,(x) = y, then

(1 - fi—..(x})(T2(y) - 72—430) = 0- (430)

Proof. The result is an easy consequence of the following identity:

T3 — 2'1;_,,,7:,T,,, + T3, = 1— T3“, 0 s m < n. (4.31)

(The special case, m = l of (4.31) can be found in Schur [1].) To establish
(4.31) we recall (Exercise 1.1.3) that for p a q

27:7; = I)”. + Tm-
Hence

(T. — Tm): =(1— 7;...)(1— 7;-..) (4.32)
and

2(l - TMTZ.) = (1 - 71H...) + (1 - T.-—...)- (433)

Equation (4.31) follows upon multiplying (4.33) by l — '12,-“ and subtracting

the result from (4.32). If we then put Tm(x) = 7:,(x) = y in (4.31) the result is

(4.30). l

Remark. An identity analogous to (4.31) holds for the Chebyshev poly-
nomials of the second kind. Namely,

U3 — 2’1:,_,,,U,,,U,I + U3, = U§_,,,_1, 0 < m < n.

The theorem informs us that the intersection points of the graphs of T,,,(x)

and ’12,(x) lie on an algebraic curve whose equation is (4.30). But ’1},_,,,(x) = 1
precisely for x = bk, k = 0, 1, . . . , (n — m)/2]. Thus the points of type a1 all lie
on the curve

T20) = 7L-..(x)- (4-34)
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A

Ficm4-5

This curve is symmetric with respect to the x-axis. Figure 4.5 shows the part
of the curve (4.34), contained in A, for n — m = q, q = 1, 2, 3, 4. When q = 2p

we have y = _-I; 7;,(x) while for odd q

_ 1+7;(x) 1/1
- i(—2—) -

In particular, T2(y) = T1(x) is a parabola and T2(y) = 73(x) is the folium of
Decartes given by x = T2(t), y = T3(t), —l S t < 1.

Observe that the curves in Figure 4.5 seem identical to the brightest white
curves in Figure 4.4. Lower values of n - m = q correspond to higher
numbers of intersection points of ’1}, and Tm. Hence for 1 g m < n S 30 we
cannot expect to see the curves corresponding to q > 4 very clearly in Figure
4.4. We next obtain another view of the white curves by applying a suitable
homeomorphism to the square A.

As we saw in the proof of Theorem 4.5, the mapping S :(x, y) —’
(x’, y’) = (arc cos x, arc cos y) is a homeomorphism of A onto the square B:
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0 g x’ S 1r, 0 < y’ g 1!: which maps (x, 7:,(x)) to (x’, V,,(x’)), where if

E’kxsmTl)", k=0,1,...,n—l,

then

V (x’) _ nx’ — kn, k even,

" _ —nx'+(k+l)1t, kodd

(see Figure 4.2 for the case n = 5). In short, y’ = V,,(x’) is a polygonal line
(contained in B) issuing from the origin with slope n, whose slope changes
sign—but maintains magnitude n—consecutively at the top and bottom of B
(i.e., at x’ =(j1z)/n,j = l, ..., n — l).

The orientation of y’ = V,,(x’) differs from that of its preimage y = 7:,(x), a
blemish which we correct by placing the polygonal lines on A and making
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their orientation agree with that of the Chebyshev polynomials. This is done

by a linear mapping of B onto A, T :(x’ y’) —>(x, y) defined by

2, 2,
x—l—;x, y—l—Ey,

which gives as an image of y’ = V,,(x’),

y=mm=1—%n(§u—m)

We call the resulting piecewise linear curve (contained in A), the stylized
Chebyshev polynomial of degree n. The mapping LS : (x, 7:,(x)) -> (x, v,,(x)) is a
homeomorphism of A onto itself. Figure 4.6 shows y = v,I(x), n = 1, 2,... , 5,
which should be compared to Figure 1.1. Figure 4.7 shows the same curves
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for n = 1, 2, . . . , 30. The white curves now appear to be piecewise linear. Let
us examine the intersection points of a pair of stylized Chebyshev
polynomials.

If v,,(x) = v,,,(x), 1 < m < n, then x is either

01'

Flam-1.8
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~ A

?

O,“

\,9,
Figure-t9

We claim that at each cj such that (cj, v,,(c1-)) is an interior point of A, the slope

of v,I (which is i n) and the slope of v," (which is im) have opposite signs. For,

if they had the same signs and we suppose

2jm
k< 2’" <k+1 and k’<—<k’+l,

n+m n+m

then k and k' must have the same parity and k + k’ is even. Since

k + k’ < 2j < k + k’ + 2, we have arrived at a contradiction. It is this

substantial separation of slope (from n to —m or m to — n) which, we believe,

causes the blank areas that are seen as white lines in Figure 4.7.

The curve T2(y) = ’1},_,,,(x) contains the intersection points (a,, 3(a)) of

y = 1:,(x) = Tm(x) which are inside A according to Theorem 4.7. Its image
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under the homeomorphism, LS, of A onto A is

020') = v._..(x), —l s x s 1 (4.35)

which, therefore, contains the intersection points (cj, 0,,(c1-)) of y = ,(x) which
are inside A. (4.35) is a piecewise linear curve which is. symmetric with respect
to the x-axis. For y 2 0 its equation is

= ——1 + ““0". (4.36)
2

The curves (4.36) are shown in Figure 4.8 for n — m = q = 1, 2, 3, 4, and a

depiction of (4.35) is given in Figure 4.9, the full symmetric version of (4.36).
Observe that the curves in Figure 4.9 agree with the brightest white curves in
Figure 4.7.

We have suggested that a natural phenomenon, the white curves in
Figures 4.4 and 4.7, are the loci of intersection points of pairs of Chebyshev
polynomials. Strong support is lent to this view by the observation that the
curves shown in Figures 4.5 and 4.9 seem to coincide with the white curves in
Figures 4.4 and 4.7 respectively. This section is based on Oritz and Rivlin [l].



5
SOME ALGEBRAIC AND
NUMBER THEORETIC
PROPERTIES OF
THE CHEBYSHEV
POLYNOMIALS

In this final chapter we examine some elementary algebraic and number
theoretic properties of the Chebyshev polynomials. The major result is the
explicit complete factorization of the Chebyshev polynomials into irreducible
factors with rational coefficients.

5.1. The Discriminant of the Chebyshev Polynomials

If 21, ..., 2,, are complex numbers then we call

d(zl, . . . , 2,.) = n (2} — 2,)2 (5.1)
1<i<j<n

the discriminant of (zl, . . . , 2,). This name derives from the obvious fact that
d(zl, . . . , 2,.) 9e 0 if, and only if, the points 21, . . . , 2,, are distinct. d(zl, . . . , 2,) is

a symmetric (polynomial) function of21, . . . , z,I and is, therefore, a polynomial
in a,,.1 = —01, a,_2 = 02, . .., a0 = (—1)"a,,, where <11, .. . , 0,, are the
elementary symmetric functions (cf. van der Waerden [1]). Then if
q(z) = z” + an- 12"“ + + a0, d(zl, . . . ,z,,) is also called the discriminant of
q, d(q). Of course, d(q) = 0 if, and only if q has a multiple zero. If p(z) is any
polynomial of degree n, i.e., p(z) = a0 + alz + " ' + anz", a,l a6 0, and its zeros
are 21, . . . , 2,, then we define the discriminant ofp, D(p), by

D0,) = aER—zd(zla ' - - a Zn). (5'2)

(The factor a?” makes D(p) a polynomial in ac, . . . , a...)

217
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A useful tool in calculating the discriminant ofa polynomial is provided by
the following result.

Theorem 5.1. If p(z) = ,(z — zl) ' ' ' (z — z"), a, aé 0, then

mp) = (—1)—"‘"§ 1’ a:" 11:11 p(z)). (5.3)

Proofi Forj=1, ..., n we have

P'(Zj) = an(zj — 21) ' ' ' (zj — zj—lxzj - zj+1) ' ' ' (7-: — Zn)

I: (‘1)u—j(zj “ 21) ' ' ' (21 — zj—lxzj+1 — zj) ' ° ' (Zn — 21')-

Hence

I]: P'(z,-) = (— l)"('"”/203491, -"’ 2,.) (5.4)

since every factor z,‘ - 2,, k > 1', appears exactly twice in the product, once
when j = k and once when j = i. Equation (5.3) now follows from (5.4) and
(5.2).

Let us next calculate some discriminants using (5.3).

Example 1. p(z) = a0 + alz + azz2 = a2(z — zl)(z — 22), a2 aé 0.

P'(zi)P'(zz) = (241221 + a1X20222 + a1)

= “£2122 + 2a1a2(zl + 22) + a}

_ 2
— 4aa — “1.

Thus (5.3) yields D(ao + a,z + azzz) = af — 4aoa2, the familiar discrimi-
nant of a quadratic polynomial.

Example 2- 12(2) = 2" — 1.

p(z) =11 (z _ N.)
and so

)1: P'(ezwl") = n" 11:11 e'z'w' = (_ 1)"_1n",

and

D(z" — 1) = (—1)<--1N--2>/1n-. (5.5)
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Example 3. p(2) = 7:,(2), n 2 2.

72(2) =72"_1(Z - 51) ' ' ' (Z - 5..) Where 45; = 008((21' - 1W2?!“ = 1, - .., n-
We know (Exercise 1.2.3) that

TL(€,-) = (-1)"‘n(l - firm, j = 1, ..., n.

Thus

1”] m.) =(—1)"("""2n' ['1 (1 43-1".
i=1 i=1

But as €n+1_j— —§j,j= 1, ..., n, and (l —§})=(1 - 6,)(1 + 51) we get

2-1—1 "—1n n ‘1
— 2 _l 2 = — . = =

:13. (1 6’) I (,1; (1 61)) 1:,(1) ’

and upon substituting in (5.3) obtain

DUI.) = 20"”?-

EXERCISES 5.1.1-5.l.4

5.1.1. p(z)=1+ z + + 2"" show that

00») = (- ”(M/2n"?

5.1.2. Show that

D(U,.) = 2"(n + 1)"?

Hint. Determine U;(n}'+”) from (1.92) and then use (5.3).
We define the Vandermonde determinant of 21, .. . , z, by

1 1 1

V.= V.(z......z.)= 2‘ 22 z"
I— I4—1 25—1 u. 2'

5.1.3. Show that

VI: = (2] _ zl)!
1<i<j<n

hence d(zl, ..., z.) = V:.

Hint. First show that V,,(z,, . . . , z.) = (z,I — zl) - - ' (z,I — z,,_1)V._1(zl, . . , z,_1).
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In the paragraph immediately after Exercise 2.4.13 we introduced the transfinite

diameter, 6(B), of an infinite compact set, B, in the plane. The transfinite diameter of

such a B can also be related to Vandermonde determinants (and hence discriminants)
of a sequence of finite subsets of B. Consider the maximum of the geometric mean of

the distances between pairs ofpoints of the set {21, . . . , 2,} c B over all choices of such
points, i.e.,

“(3) = max IVn(zl: - - ' 9 Z.)|2/'('- l)_ (5'6)
21,...,z_eB

It can be shown that it, decreases monotonically to 6(B) as n —> 00 (cf. Hille [1]). It is of

interest to determine the un(B) and the values of21, . . . , 2,, (known as Fekete points) for

which the maximum in (5.6) is attained.

5.1.4. Show that ifB is the closed unit disk D: |z| S 1, u,(B) = n“‘"' 1’, and the zeros of
z' — 1 maximize Ia.

Hint. It is clear that we need to examine only distinct points of M = 1. Suppose
lzjl = 1,j = 1,. . . , n. Recall Hadamard’s determinant inequality: IfA = (aij) is an n x n
determinant of complex numbers then

I I l

IAIz < 2 Iaulz z lazjlz ' ' ' 2 Ian”:-
1: 1 i=1 1-:

Thus if we choose A = V,,(z,, . . . , 2,.) then |V,,|2 < n“, and conclude by invoking (5.5)
and Exercise 5.1.3. Note that we have “reproved” that 6(D) = 1 (Exercise 2.4.14).

5.2. The Factorization of the Chebyshev Polynomials into Polynomials with

Rational Coefiicients '

This section is inspired by a remark of Schur [1, p. 423]. After observing that
the zeros of 1:,(x) satisfy

2:?!) = e(2j-1)1u'/2n + e-(Zj- 1)!‘/2l’ J- = l, . ‘ ‘ ’ n, (5.7)

Schur remarks: “We are dealing with (4n)th roots of unity. The manner of the

factorization of 1:,(x) over the field of rational numbers follows from this,
since for every primitive mth root of unity, p (m > 4) the sum p+p"1 is of
degree <p(m)/2.” We wish to provide the background and details that will
expand Schur’s remark into a complete description.

1. Preliminary Definitions and Results. We begin by reminding the reader of
some notation, definitions and elementary facts of number theory and
algebra. Let C and 0 denote the fields of the complex numbers and rational
numbers, respectively. 2 is the set (ring) of all integers and N the set of
positive integers. If a, b e N and c e N is the greatest common divisor of a and b
we write (a, b) = c. If (a, b) = l we say that a and b are relatively prime. If n e N
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then (p(n) is the number of integersj, 1 g j g n, which are relatively prime to n.
Thus (p(l) = 1, (p(2) = 1, (p(3) = 2, (p(4) = 2 and (p(5) = 4. If a,beZ the
notation a/b means that a divides b, that is, there exists c e 2 such that b = ac.

If a,beZ and k6 N, we say that a is congruent to b modulo k if k/(a — b) and
we write a E b(modk). Suppose a}, bjeZ, j = 0, ..., m, a(x)=ao+a1x+

+ amx’” and b(x) = be + blx + + bmx'". Then if ke N, a(x) E b(x)
(mod k) is defined to mean that aj E b,(mod k), j = 0, 1, . . . , m.

Let Q[x] denote the ring of polynomials with rational coefficients.
qe Q[x] is said 'to be reducible over 0, if there exist polynomials in Q[x] of

positive degree, r and s, such that q(x) = r(x)s(x). If q e Q[x] is not reducible
over 0 we call it irreducible over 0. The complete factorization of a
polynomial into its irreducible factors is what Schur is referring to above.

1160 is called an algebraic number if it is a zero of a polynomial with
rational coefficients. If a is an algebraic number then it is clear that there
exists a polynomial with rational coefficients of least degree of which a is a
zero, say p(x). We may assume, with no loss of generality, that p(x) is monic.
Such a p(x) is called a minimal polynomial for a. Obviously, p(x).is irreducible
over 0. If p(x) is of degree k we say that at is ofdegree k over 0. An algebraic
integer is an algebraic number which has a (monic) minimal polynomial with
integer coefficients. We wish also to record the fact (cf. Pollard and Diamond
[1]) that if a and )3 are algebraic integers then so are a + If, a — fl and ab, i.e.,
the algebraic integers form a ring.

EXERCISES ill-5.2.23

5.2.1. Show that if p is prime ¢(p) = p — 1.

5.2.2. Show that (p(n) is even for n > 2.

Hint. Ifk < n and (kn) = 1, then (n — k,n) = 1.

5.2.3. Show that modulo k we have: (1) a a a; (2) a a b a b E a; (3) a E b and
bEc=>a5c;(4)asbandcEd=aicsbid;(5)a5b=acsbc.A1s0verify
that rules (1)—(5) remain valid for polynomials modulo k.

5.2.4. pisaprimep/C),j=l,...,p—l.

Hint. Mathematical induction on j. Note that

p _ _ _ p
k(k)—(p (k 1))(k_1). k<p-

5.2.5.1faandpisaprime

a’ E a(mod p) (Fermat’s Theorem). (5.8)
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Hint. Suppose (5.8) holds for a = k 2 1. Let f(x) = x" — x. f(k + l) =
f(k) + (k + 1)’ — k_" — 1 implies that p/f(k + l) by Exercise 5.2.4. Thus (5.8) can be

verified for a 2 1 by mathematical induction. But the case a < 0 now follows since

a” - a = -«—ar — (—a).

5.2.6. Ifq(x)=ao +a1x+ +a,x"', a,eZ,j=0, ...,m,and pis aprime then

406’) E(«1(>C))"(modtl)- (5-9)

Hint. Put s,,(x) = a0 + + akx‘, k = 0, l, . . . , m. When q = so (5.9) follows from
(5.8). Suppose (5.9) holds for q = sh-” k — l < m. Then

P“ p _. .
(51.06))" = (Si—10¢) + aiX‘)’ = (Si—106))” + “EX” + Z (1)5.— 106))” ’aiX'”.

i=1

and conclude by mathematical induction and Exercises 5.2.3, 5.2.4 and 5.2.5.

It is worth mentioning here that if r,q[x] then r(x) E q(x)(mod k) implies that
r(a) a q(aXmod k) for all a e 2. However, the converse is false as the example r(x) = x’,
q(x) = x, k = p, a prime, shows.

5.2.7. Show that 131+ 1(x), j = 1, 2, . . . is reducible over 0.

5.2.8. Show that an algebraic number has a unique minimal polynomial.

Hint. Let a be an algebraic number, p(x) a minimal polynomial for it and q e Q[x]
also satisfy q(ai) = 0. Then q(x) = p(x)r(x) + s(x) where s(x) is of lower degree than p(x).
Thus s(ac) = 0 implies s = 0 and p/q (meaning p is a factor of q). Now suppose q were
also a minimal polynomial and repeat the argument.

5.2.9. If p is the minimal polynomial of a: and q(ai) = 0 for q[x], then p/q.

5.2.10. If the algebraic integer a is a rational number then it is an integer.

Hint. What is the minimal polynomial of the algebraic number at?

5.2.11. Show that if r,q[x] satisfy

«mm 5 0(mod p). p prime.

then either r(x) E 0(mod p) or q(x) E 0(mod p).

Hint. Suppose false. Delete all the terms in r and q which are divisible by p. Then
polynomials R and Q, with no coefficients divisible by p remain. But r(x) s

R(x)(mod p) and q(x) E Q(x)(mod p) imply R(x)Q(x) 5 0(mod p), a contradiction.
q[x] is called primitive if its coefficients have only :1 as a common factor.

5.2.12. (Gauss’ Theorem) If r,q[x] are primitive polynomials so is rq.

5.2.13. p(x)=x"+a,._,x"'l +'"+ao with a,eZ,j=0, ..., n— l, and p(oi)=0

then (1 is an algebraic integer.
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Hint. at is an algebraic number which is a zero of a primitive polynomial of
minimal degree, r(x) = bnx' + + be, with b,eZ,j = 0, ..., n and b,I > 0. Since r/p
(Exercise 5.2.9) p(x)/r(x) = (a/b)s(x) with a,beZ chosen so that seZ[x] is primitive.
Then bp(x) = as(x)r(x). But Exercise 5.2.12 implies that s(x)r(x) is primitive and so is
p(x), yielding a = b, b, = 1.

5.2.14. Suppose p(x) =x’I +p,,_1x"'l + + p0 and q(x) = x"+ q..._1x""l +
+ qo, m < n, have integer coeflicients. Show that if

q(x)=jl:lll (x—zj), p(z,)=o, j= 1, ...,m

then

P = ‘17

where reZ[x] and is monic.

Hint. p — x"""q = g1. gl eZ[x] is of degree kl < n with leading coefficient al and
g1(z,)=0,j=1, ..., m. Ifk1 <mthen gl =0and we take r=x""". Ifk1 2m put
g1 — alx"""q = g2. gzeZDc] is of degree k, < kl with leading coefficient a; and
gz(zj) = 0,j = 1, ..., m. If k, < m then g; = 0 and we take r(x) = x"'" + alx"“"'. If
k; 2 m put g1 — azx"""'q = g,, etc.

Suppose n e N. Consider (0,. = chm", k = 1,. . . , n, the n (distinct) nth roots ofunity,
i.e.,thezeros ofz" —1.Itisclearthatw‘{ =w,,,k =l,...,n.Ifa>j,j=1,...,nissuch

that for each k = 1, ..., n there exists an integer m(k) such that w, = to)" then a), is
called a primitive nth root ofunity. an1 is an example of a primitive nth root of unity.

5.2.15. Show that if w, is a primitive nth root of unity then m(k) can always be chosen
tosatisfy0<m<n—l.

Hint. Suppose not, then m(k) = nq + r, 0 < r < n — 1.

5.2.16. If a), is a primitive nth root of unity then (of, w}, . . . , (0‘1" ‘ are all the nth roots
of unity.

5.2.17. a), is a primitive nth root of unity, if and only if (j, n) = 1.

Hint. (i) If a), is a primitive nth root of unity and (j, n) = d > 1 thenj = kd, n = Id.
Butwj-=a2{'=w’i"=w’i"= l,contradicting0<l<n.

(ii) If (i, n) = 1 show that if (of, at}, . . . , a)?" 1 are not distinct, we get a
contradiction.

5.2.18. There are ¢(n) primitive nth units of unity.

5.2.19. (i) If m is a primitive nth root of unity it is not a kth root of unity for k < n.
(ii) If co is an nth root ofunity which is not primitive then it is a kth root ofunity for

k < n.

5.2.20. If a), is a primitive nth root of unity so is a); 1.



224 ALGEBRAIC AND NUNIBER THEORETIC PROPERTIES

5.2.21. If (I, ..., CW.) are the primitive nth roots of unity then {§,, . . . , 5,00} = {4}",
..., (3,}. Also, ifn > 2, C1...§,(,,, = 1.

Let C,(x) = 2’1;(x/2), n = 0, 1, . .. . It is an obvious consequence of Exercise 1.5.543
that C,,(x) is a monic polynomial with integer coefficients.

5.2.22. Show that

C,(x + x'1)= x' + x". (5.10)

Hint. See Exercise 2.4.11.

5.2.23. Suppose p(x) = xz" + auflxz" 1 + ' " + alx + a0, do # 0, has integer coeffi-
cients and satisfies

p(x) = x”); (l). (5.11)
x

Then

x"‘p(x) = q(x + x“) (5.12)

where q is a monic polynomial of degree k with integer coeflieients.

Hint. (5.11) implies that a,,., = a], j = 0, l, ..., k, a2, = 1. Thus x"‘p(x) =
C,(x + x‘1)+ a,C,,_1(x + x") + + a,_,C,(x + x") + a,‘ in view of (5.10).

2. The Irreducibility of the Cyclotomic Polynomials. For n 2 1 let {1, . . . , CW,

denote the primitive nth roots of unity. The polynomial

(1),,(X) = (x _ £1) ' ' ' (x _ C900)

is called the cyclotomic polynomial of index n. Observe that the degree of
(1),,(x) is (p(n). The subscript n is a reminder that its zeros are nth roots of unity.
Indeed we shall now show that x” — 1 may be factored into a product of
cyclotomic polynomials.

Theorem 5.2. If n 2 l

x" — l = n 0,,(x). (5.13)
d/n

Proof. If wk, k = 1, . . . , n, is an nth root of unity then it is a primitive dth

root of unity for

n

“W
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a divisor of n. This is a consequence of Exercise 5.2.17 since

--L
‘(k.n)

03:; = eZuij/d,

and (j,d) = 1. Since x” — 1 = (x — (01) - - - (x — (0,.) we see that each of its
linear factors is a factor of some (1),. Conversely, if C is a primitive dth root of
unity (x — C) is a factor of (Dd. But as d/n every such C is also a zero of x” — 1.
Furthermore, the linear factors appearing on the right-hand side of (5.13) are
distinct, since if d1 and d2 are distinct divisors of n no primitive dlth root of
unity can be a primitive dzth root of unity, in view of Exercise 5.2.19. I

As an aside we notice that (5.13) yields

2 (p(d) = n.
d/n

The coefficients of (I>,,(x) are certainly complex numbers. We show next
that, in fact, they are integers.

Theorem 5.3. (1),,(x) has integer coefficients.

Proofi We proceed by mathematical induction on n. ¢1(x) = x — 1.
Assume that <I>k(x) has integer coeflicients for k < n - 1. Theorem 5.2 implies
that

x” — l
(10‘) =W = g $405), 6-”)

and so q, as a product ofmonic polynomials with integer coeflicients, is monic
and has integer coefficients. We now apply Exercise 5.2.4 with p(x) = x” — 1

and q(x) as defined in (5.14). Then at" — 1 = q(x)r(x) and re Z[x]. But
<I>,,(x) = r(x). I

We show next that the cyclotomic polynomials are irreducible over 0.
Our approach is to show that (11,,(x) is equal to the minimal polynomial of C, a
primitive nth root of unity. Since 1; is a zero of x" —- 1, Exercise 5.2.13 informs

us that it is an algebraic integer. Let q(x) = x" + a,‘_ 1x"'1 + ' " + do be its
minimal polynomial. Since C is a zero of q as well as of (1),, q is a divisor of 0,,
according to Exercise 5.2.9. Thus all the zeros of q are primitive nth roots of
unity. We wish to show that all the primitive nth roots of unity are zeros of q.
To this end we follow Schur [2] in proving

Lemma 5.2.1. p is a prime and (p,n) = 1 then if; is a zero ofq so is C".
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Proof. Let q(x)=(x—C)(x—a1)--~(x-oz,,_1) and suppose that q(§’)¢0.
Then

4(6’)=(C"—CXC’-¢1)"'(C"-°¢x—1), (5-15)

a product ofdifi‘erences of nth roots of unity. Since the algebraic integers form
a right the right-hand side of (5.15) is an algebraic integer, a divisor of the
discriminant of x" — 1, which according to (5.5) is in". That is, there is an
algebraic integer, ,8, such that flq(£’) = in”.

But (5.9) tells us that

q(C’) E 01(0)" (mod 1?)-

Thus p divides q(§”). That is, there is an algebraic integer, y, such that

q(€") = w- Henoe (Mp = in", or

But then the algebraic integer 375 is a rational number and hence, according to
Exercise 5.2.10, an integer. Thus p/n", hence (p, n) > 1, a contradiction which
establishes the lemma. I

We are now in a position to establish

Theorem 5.4. The cyclotomic polynomial, @,(x), is irreducible over the
rational numbers.

Proof. Let q be as above, the minimal polynomial of C, a primitive nth root
of unity. We need only show that every primitive nth root of unity is a zero of
q. Since C is a primitive nth root of unity any other primitive nth root of unity
is a power of C, say 6'”, and (m, n) = 1. Suppose m = p1 . . . p, is the prime

decomposition of m, with primes repeated according to their multiplicity.
Clearly, (ppn) = 1,] = 1, ..., t. In view of Lemma 5.21, C" is a zero of q.

Hence upon replacing C by C 1" we observe that ("’1 is a zero of q. Repetition
of this procedure produces a proof, by mathematical induction, that
q(C"') = 0. Thus <I>,,(x) = q(x) and is, therefore, irreducible over 0. l

EXERCISES 52.24-52.25

5.2.24. Show that if n 2 2

«pm = we. (1).
x

Hint. Exercise 5.2.21.
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5.2.25.1fn>2and¢(n)=2kthen

x‘W,(x) = q.(x + x‘ ‘) (5.16)

where q, is a monic polynomial of degree It with integer coefficients, and irreducible
over 0.

Hint. (i) Exercises 5.2.23 and 5.2.24 (with p = (I), and q = q,,).

. (ii) If q, is reducible then q.=uv and 14 has degree u,1<u<k. Then

(1),,(x) = (x“u(x + x' l))(x""“v(n + x")), contradicting Theorem 5.4.

3. The Factorization of the Chebyshev Polynomials over 0. We are now in a
position to justify Schur’s remark quoted at the beginning of Section 5.2. First
we observe that 7:,(x) is irreducible over 0 if, and only if, the same is true of
C,,(x) = 27:,(x/2). Thus we restrict our attention to C,(x), n = 1, 2, . . . . Clearly
C1(x) = x and C2(x) = x2 — 2 are irreducible over 0. Henceforth we suppose
that n > 2. The zeros of C,,(x) are

x" = 26)" = e‘”"”"""‘ + e'm'lm’z", j = 1, ..., n, (5.17)

so that

0.00 = (x - x1)‘ ' '(x - x.) (5.18)

is the factorization of C,,(x) over IR. By judicious grouping of the factors in
(5.18) we shall, following Hsiao [1] (see also Kimberling [1]), determine when

C,,(x) is irreducible over Q and what its irreducible factors are when it is
reducible.

Let h denote an odd divisor of n. Put

F,,(t) = 1'] (t — x,). (5.19)
= 1

(2j-j1.2n)=ll

Keep in mind that the index n is tacit in F,,.

Lemma 5.2.2. F,.(t) is monic, has integer coefficients and is irreducible over 0.

Proof. (i) Suppose h = 1. Put m = 4n. (5.16) yields

x"'(""/2(I>,,,(x) = Q1(x + x") (5.20)

(where we write Q1 in place of q," since we wish the subscript to reflect that we
are putting h = 1), where Q 1 is monic, of degree (p(m)/2, has integer
coefficients and is irreducible over 0. But in view of (5.17), x,, j = l, .. . , n

with (2j — 1, 4n) = (2j — 1, 2n) = 1, are zeros of Q1(t) according to (5.20), since
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e2"“21‘1)/"' is a primitive (4n)th root of unity and thus a zero of (1),... Now

¢(4n) = 2(p(2n) (cf. Exercise 5.2.2) hence Ql is of degree (p(2n) and so the x1

such that (2j — 1, 2n) = 1 are all the zeros of Q1. Thus, Q10) = F10), and the

lemma is proved for h = 1.
(ii) Suppose h> l. If(2j- l, 2n)=h, l <j<n, then 2j— l =(2i— 1)h

where '

2n n
(21' - 1, T) = 1, 1s i < h’ (5.21)

and if (5.21) holds then 2j — 1 = (2i — 1)h satisfies (2] — 1, 2n) = h, 1 < j S n.

As (5.21) suggests we now repeat the argument in (i) with m = 4n/h. Equation

(5.16) now yields

x'tr’lzdw) = Q.(x + x“)
(where we write Q,l in place ofq," to indicate that (2j — 1, 2n) = h,j = 1, . . . , n),
where Q,, is monic of degree go(m)/2 = tp(2n/h), has integer coefficients and is
irreducible over 0.,We now conclude, as in (i), that Q,,(t) = F,,(t), and the
proof of the lemma is complete. I

We now have what Schur’s remark, quoted at the beginning of this section,
suggested: the complete factorization of the Chebyshev polynomials over 0.

Theorem 5.5. If n > 2 then

C,(t)= 1;! F,,(t). (5.22)

hodd

Proof Each xi, j = 1, . . . , n is a zero of F,,(t) exactly when (2j — 1, 2n) = h,

and for each h which is an odd divisor of n there exists at least onej, 1 S j S n
such that (2j — 1, 2n) = h, (e.g., j = (h + 1)/2). Thus Lemma 5.2.2 implies that
(5.22) is the factorization of C,(t) over 0. I

Remark 1. '1',',(x) is irreducible over 0 only if n = 2", k = 0, 1, 2, . .. .

Remark 2. Suppose n 2 3 is odd. Then '1',‘,(x)/x is irreducible over 0, if and
only if, n is a prime. For, F,,(t) = t. Hence if n is a prime C,(t) = tF1(t), while if

n is not a prime it has a prime factor, p, 1 < p < n, and the factors F,,(t) with
h = 1, p,n are present on the right-hand side of (5.22).

We turn next to the Chebyshev polynomials of the second kind. An
immediate remark is that U,,(x) is reducible over 0 for every n 2 2, as is
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obvious from the elementary identities

U2k+l = 2Tk+1Uh U21; = (Us — Uk-IXUJ; + Uk-l): k > 1-

Our experience with the Chebyshev polynomials of the first kind will make
the task of exhibiting the complete factorization of the Uk(x) over 0 fairly
easy. We begin with the observation that the factorization of Uk(x) over 0 is
equivalent to that of Sk(x)(= Uk(x/2)). Thus we restrict our attention to
S". 1(x), h = 2, 3, . . . . (The choice of n - 1 instead of n, makes the subsequent
notation simpler.) As is obvious from the expression preceding Exercise
1.5.54, S,_ 1(x), n = 2, 3, . . . , is monic and has integer coefficients. The zeros of
S..- 1(x) are

yj = 2n?) = cw" + e""”", j = 1, . . . , n — 1, (5.23)

so that

Su-1(x) = (x - Y1) ' ' ' (x - Mm), (524)

and, as Schur [1, p. 425] remarks, we are dealing with (2n)th roots of unity.
Suppose n 2 2. Let h be a divisor of Zn. Put

6.0) = 1:1: 0: —y,). (5.25)
(1.27am-

Keep in mind that the index n is tacit in G,,.
We claim that G,l (t) is monic, has integer coefficients and is irreducible over

0. For, suppose h = 1. Put m = 2n. Equation (5.16) yields

x""")’2<l>,,,(x) = V1(x + x“), (5.26)

where we write V1 in place of (1,,I as an indication that h = 1. If (j,2n) = l,

' = 1, . . . , n — 1 then e2""/2" is a primitive (2n)th root of unity, hence a zero of
(1),,(x), and so V1(y,-) = 0 by (5.23). But V, is of degree <p(m)/2 and the number

ofj, j = 1, . . . , n — l, which are relatively prime to m is exactly (p(m)/2. Hence

6,0) = V1(t), and since Vl(t) is monic, has integer coefficients and is

irreducible over 0 the same is true of G,(t).
Now, suppose h >1 and (j,2n) = h, j= l, ..., n —1 (so that

1<h<n—l).Thenj=ihwhere

.271 , n—l(1,7)4, 1<z< h , (5.27)
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and if (5.27) holds then j = ih satisfies (j, 2n) = h. Thus if we put m = 2n/h,
(5.16) gives

x'“"'”z¢,,,(x) = 1/},(x + x'l) (5.28)

(we write V,, in place of q"), where V, is monic, has integer coefficients, is
irreducible over 0 and of degree (p(m)/2, exactly the number of j,
1 < j S n — 1, such that (j, 2n) = h. Thus, as in the case h = l we obtain
6,,(t) = V,,(t) is monic, has integer coeflicients and is irreducible over 0.

Since for everyj,j=1, ..., n — 1 there exists an h, 1 < h < n — l which

divides 2n such that (j, 2n) = h and every h which divides 2n, 1 S h s n — 1
satisfies (j, 2n) = h for some j, j = l, . . . , n — 1 we obtain the desired
factorization.

S.-.(t) = 1] 6.0) (5.29)
l<hg:—l

EXERCISE 52.26-52.29

5.2.26. According to Remark 2 following Theorem 5.5, if n = p, an odd prime, then

C,,(x) = xF1(x). Show that

———C':") = no.) = (—1)‘""” "‘2‘?" (—1)’cu(x).
1=o

5.2.27. Ifp is an odd prime and n = 2"p then C,(x) = C2..(x)Fl(x). When k = 1, so that

n = 2p.

(p— I»:
C2p(x) = C205) 2' (_1)(p- 1)/2 _jC4j(x)-

01':

5.2.28. If p is an odd prime and S,_1(x) = Gl(x)Gz(x), show that

(i) 6%(x) = 9&3, and
x — 2

(ii) G.(x) =(—1)“"”/=G.(—x).

Hint. (i) Both sides have exactly the same zeros.
(ii) The zeros of G1 are the negatives of the zeros of 6,.

5.2.29. If p is an odd prime and S _1(x) = Gl(x)Gz(x) then

610‘) = Sw- 0/205) - Suva/20‘), 620‘) = S(p- mm“) + S(p-3)I2(x)'

Hint. Gz(x) = l + C106) + ' ' ' + C(p_1)/2(x) = S(p_1)/2(x) + Sw_3)/2(x). The first

equality is a consequence of Exercise 5.2.286) and the second follows from Exercise
1.2.l3b.
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With hindsight we now see that the explicit complete factorization of S,_1(x) is
easy. For,

Sp- 1(x) = (s(p- 1),,(x) — So-a)/z(x»(S(p- 1),2(x) + S(p- 3)/z(x))

and the zeros of the factors are exactly the zeros of GI and 62, respectively.

5.3. Some Number Theoretic Properties of the Chebyshev Polynomials

The paper of Schur [1] which motivated the preceding section contains a
wealth of material about number theoretic properties of the Chebyshev
polynomials (see also Bang [1] and Rankin [1]). We are going to conclude by
presenting only a few of the most elementary results to be found there, chosen
because they make minimal demands on previous knowledge of number
theory beyond material presented in Section 5.2. In this section we will adopt
Schur’s notation and put

44.005 Un-1(x)9 n=0a19 2: --- -

Thus Q1000 = 0, 011(x) = l, 6712(x) = 2x, .. . . Keep in mind that now

sin n0

q"(°°s a) = sinB ’ n=0, 1,2,...,

and 6YI,,(—x) = —%,(x).

1. Pell’s Equation. The Diophantine equation

x2 — Dy2 = 1 (5.30)

is called Pelrs equation. Given an integer D we seek integers x and y which

satisfy (5.30). We restrict our attention to x, y, D positive. Indeed, we shall also

assume that D is not a square, for ifD = a2 then x2 = (ay)2 + 1 is impossible.
Any (x, y) satisfying (5.30) is called a solution of (5.30).

It is a fact (cf. Hua [1]) that, under our assumption, there always exists a
solution to (5.30), and hence a solution for which x is least, say (x1, y,). Note

that x1 > 1. Consider the identity (Exercise 1.2.15(i))

T300 — (xz - 1W§(x)= 1-

Then

1 = T§(x1)-(xi - lflflxi)

x2 — 1
= T3(x1)— 1y, (maxi).

1



232 ALGEBRAIC AND NUMBER THEORETIC PROPERTIES

Since

xf—l_

y?
D,

by definition, we conclude that for each ne N

(73.061), MMM» (5-31)

is a solution of (5.30). Thus Pell’s equation has infinitely many solutions. It is
not difficult to show that all positive solutions of (5.30), for a nonsquare D, are
given by (5.31) (cf. Hua [1]).

2. Fermat’s Theorem for the Chebyshev Polynomials. We show that an
analog of (5.8) (Fermat’s Theorem) holds for the Chebyshev polynomials.
Namely, if xe N and p is an odd prime

71,06) E 7100 (m0d P), (532)
If we put 2m + l = p in Exercise 1.2.1, we obtain

7;,(x)= i (§j>xr-=1(x=— 1)}.
j =0

Since p/(f), j = 1, . . . , m (Exercise 5.2.4), we obtain

1;,(x) E x' (mod p),

and (5.32) follows from (5.8).

3. (’1', (x), W. (x)) = 41(.,_,(x). We Wish to establish the equality

(WAX): qlmb‘» = %(m.u)(x) (5'33)

for xeN amd n > m > 1. For example, 021,,(1) = m, 6%,(l) = n, and

“Wow-)0) = (m, n), so (5.33) holds for x = 1. The proof of the general case

requires some simple identities.
Since 071,,(cos 0) = (sin k0)/sin0 it is easy to see that

“7111.00 = “711(72(x))%(x), (5-34)

and if k > j > 1.

“wk—Xx) = q’kO‘Wj+ 1(3‘) — “77“ 1004005), (5.35)

a paraphrase of an easily established trigonometric identity.
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Let ”14,, denote 011,,(x) for a given xe N. Suppose (n, m) = d, n = nld,
m = mld, then in view of (5.34),

q!!! = and = wnl(n)(%d)

yields 6714/01!” and similarly, “Fla/41",. Thus 0%/D, where D = (011,, 011,”). Now it
suffices to show that 0/41,, to establish (5.33).

A simple consequence of the Euclidean algorithm applied to n and m is
d = s‘n + tm, s, teZ, st aé 0. (cf. Hua [1]), and with no loss of generality we

may assume that

d = an - bm, a, be N.

But (5.35) with k = an, j = bm yields

q‘d = nylon-bin = wanwbnfil _ q’mfilq’bma (5°36)

and in view of (5.34) we have

Wan = WAT-hm” @111»: = qlb(TmXQIm) (537)

Equation (5.37) implies that D/‘ilm, and D/“PIM, and hence we conclude from
(5.36) that D/%, the required result.

Remark 1. We have also proved (5.33) for the polynomials “Pl”, ”3!...

Remark 2. A result of a similar flavor for the Fibonacci numbers, due to

Lucas, is given in Knuth [l].
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