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PREFACE

In this new edition, errors (mostly minor) that have come to my attention
have been corrected and new material, amounting to about one-third of the
contents of the first edition, has been added. The new material has been
inserted in its appropriate setting in the form of text or exercises (about 80 in
number). In addition, a new chapter introducing some elementary algebraic
and number theoretic properties of the Chebyshev polynomials has been
appended.

Let me next outline the more substantial additions in this new edition. In
Chapter 1, results about the minimal Lebesgue constants for polynomial
interpolation and an estimate of the size of the Lebesgue constants for
interpolation in equally spaced points are given. The connections between the
Fibonacci and Lucas numbers and the Chebyshev polynomials are exhibited,
thus providing easy access to many properties of these numbers. The first
chapter ends with an exposition of Erdos’ result (and related material),
extending to the complex plane the property of the Chebyshev polynomial as
the polynomial of most “rapid growth” on the real line.

In Chapter 2 the notion of strong uniqueness of polynomials of best
approximation is introduced and the best strong uniqueness constant for the
best approximation of the Chebyshev polynomial is obtained explicitly. An
extensive discussion of generalizations of the Bernstein and Markov ineq-
ualities for polynomials is given, and some recent results about extremal
properties of polynomials with “curved majorants” are presented. The Remez
inequality for polynomials is mentioned, as is the recent proof of Erdos’
conjecture that the Chebyshev polynomial is the “longest polynomial” on
[—1,1]. The chapter ends with an extensive description of the role of the
Chebyshev polynomials in an iterative method of solving a system of linear
equations.

Chapter 3 contains the analog (due to Szegd) of the Enestrom—Kakeya
theorem for polynomials represented in the Chebyshev basis. In Chapter 4
the phenomenon of the “white curves,” visible when graphs of the first thirty
Chebyshev polynomials are superimposed in the square —1<x<l,
—1<y<\1,is discussed. The major result of the new Chapter 5 is a detailed
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and complete description of the factorization of the Chebyshev polynomials
into irreducible polynomials over the rational numbers.

I have endeavored to maintain the “reader-friendly” tone of the exposition
in the new material in the continuing hope of introducing the student, and
other readers, to various interesting areas of mathematics by means of the
example of the Chebyshev polynomials, as well as adding to the repository of
information about these useful and ubiquitous mathematical objects.

Chappaqua, N.Y. THEODORE J. RIVLIN
January 1990



PREFACE TO THE FIRST
EDITION

This book has two main aims: (1) to give a survey of the most important
properties of the Chebyshev polynomials and (2) to introduce some inter-
esting areas of mathematical analysis: interpolation theory, orthogonal
polynomials, approximation theory, numerical integration, numerical ana-
lysis, ergodic theory, by the example of the Chebyshev polynomials. The
Chebyshev polynomial is like a fine jewel that reveals different characteristics
under illumination from varying positions, and I feel that apart from its great
intrinsic interest it is an ideal vehicle for giving the student a taste of these
various areas.

A brief outline of the book follows. In the first chapter, after definitions
and notation are presented, polynomial interpolation at the zeros and
extrema of the Chebyshev polynomial is thoroughly examined. The rest of the
chapter is devoted to the Chebyshev polynomials as orthogonal polynomials.
The point of departure of the second chapter is the minimax property of the
Chebyshev polynomial on an interval. This is seen as approximating a
monomial best by lower powers or alternatively maximizing the leading
coefficient of a polynomial of fixed degree and size. The former point of view
leads to a brief course in the theory of best uniform approximation and the
latter to an essay on maximizing linear functionals on a space of polynomials.
This chapter is a much amplified version of Rivlin and Shapiro [1] ([n] refers
to item n after the associated name in the references). Related material may be
found in Shapiro [2]. The second part of this chapter is a prelude to the
systematic and much more detailed study of similar problems in Voronov-
skaja [1]. One highlight of the chapter is Duffin and Schaeffer’s gen-
eralization of V. A. Markov’s bound on the derivative of a polynomial, which
appears in a book in English for the first time here.
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The Chebyshev polynomials have found extensive application in numer-
ical analysis. One important technique in applications is the expansion of a
function in a series of Chebyshev polynomials. The main theme of the third
chapter is the effectiveness of the partial sums of a Chebyshev expansion of a
function as approximations to the function. One of the most striking
porperties of the set of Chebyshev polynomials is that it is closed under
functional composition. The fourth, and last, chapter focuses on this facet of
the polynomials and concludes with a study of their ergodic properties.

An attempt has been made to maintain a moderate pace in the exposition
and to spell out many details with the hope that the book might serve as well
as “leisure reading” for a broader mathematical community. More than two
hundred exercises of varying degrees of difficulty have been provided. Some
substantial results are broken up into chains of exercises and hints have been
given for the more difficult ones.

I make no encyclopedic claims for the book’s coverage of facts about
Chebyshev polynomials. Among the omissions of which I am aware I
particularly regret that ignorance prevented me from discussing two topics,
the number theoretic aspects of the Chebyshev polynomials and applications
of Chebyshev polynomials in kinematics.

It is my pleasant duty to thank many friends for helpful discussions of
material in the book. In particular, I want to thank my colleagues Charles
Micchelli and Roy Adler. Dr. Micchelli read a preliminary version of the
manuscript and made many helpful recommendations, Dr. Adler suggested
several improvements in the last chapter.

THEODORE J. RIVLIN

Chappaqua, New York
March 1974
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1

DEFINITIONS AND
SOME ELEMENTARY
PROPERTIES

1.1. Definition of the Chebyshev Polynomials

This book is about polynomials. Let us recall that a polynomial is a function
p(x) which can be written in the form

px)=ag + a;x + - + ax" (1.1)

We shall suppose that, unless otherwise indicated, ay, . . ., a, are real numbers
and x is a real variable. If a, # 0, then we say that p is a polynomial of degree
n.t We shall often be interested in the set of polynomials whose degree does
not exceed n. This set is denoted by 2,; ie., if p(x) = ag + a;x + -+ + a;x*
and k < n, then

PEZ,.

Polynomials have many agreeable properties. They can be differentiated
as often as desired for any value of x, and can be integrated over any interval.
Moreover, they are “simple” in the sense that p(x) is completely specified by
the n + 1 numbers a,, ..., a,. It is this finiteness that makes polynomials
particularly suitable as approximations to more complicated functions.

Consider the function

T, (x) = cos no, (1.2)

1Thus nonzero constants are polynomials of degree zero. Zero is in the anomalous position of
being a polynomial without a degree. We remedy this situation by assigning the degree — 1 to the
polynomial p = 0.
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where n is a nonnegative integer, x = cos 6, and 0 < 6 < 7. As 0 increases
from O to =, x decreases from 1 to — 1. The function T;(x) is defined by (1.2) on
the interval —1 < x < 1, which we also denote by I; i.e., given x €I, we find
the unique value of # = arccos x which satisfies 0 < 0 < = and T,(x) has the
value cos nf. Thus T,,(x) is a single-valued function defined on I, which may be
written :

T,(x) = cos n(arccos x), (1.3)

where 0 < arccosx < 7.
We recall that

e® =cosf +isinf
and
e™ = (cos 0 + isin 6)" = cosnf + isin nb. 1.4

By the binomial expansion
(cos @ + isin )" = cos" 6 + ('1') cos"~ 16(isin )
+ <;) cos™ 2 (12 sin?6) + -+ + (:) (isin )"
Equating the real parts of the last equation of (1.4), we obtain
cosnb = cos" 6§ — (;)cos"'zesinz(i + (Z)cos""@sin“@ + -
0 ()

Note that only even powers of sin# occur in (1.5). We therefore make the
substitution sin?f = 1 — cos2 0 in (1.5) and obtain

cosnf = :ﬁ: (—1)8 (2,:1)003"‘2" 9 (éo (-1 (i) cos?* 9). (16)

The right-hand side of (1.6) is a polynomial in x =cos 6, and so our function
T,(x), defined in (1.3), is a polynomial. We proceed to determine its

cos" ™ 2In/21 g 5in2Iv/21 g + (1.5

+[ y] means the greatest integer not exceeding y; e.g., if n is even [n/2} = n/2, whereas if n is odd
[n/2]1=(n — 1)/2.
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coefficients. The right-hand side of (1.6) is a “triangular” sum; namely, if we

write
=(—1) h n—2q = 2
A, =(-1) <2q>cos 0, q=0,..., [2]
and
B, ,= (-1 (z) cosZ* 0, k=0,1,...,q,
then

cosnf = AyB,
+A,Bo,; + 4B,
+A,By, + A3B; 5 + A3B,
+

+ Ap21Bo,mizy + 7 + Ap21Bwi21imi21- (1.7)

Let us add up the right-hand side of (1.7) by stripping off successive diagonals.
We then obtain

cosnb = (AgBoo + AB; 1 + *** + Ap21Baj21,m/21)
+(A1Bo,s + A;By 5+ + Ap21Bi21-1, 10120
+

+(Agn21-1Bo,m21-1 + A21B1,1/2)

+ Apw21Bo,imy215

or, by replacing the 4, and B, , with what they stand for

_ [n/2] _ M2l (p\/(j 2k
cosnf = k;o (( 1) j;‘ (2j)(k>) cos" kg, (1.8)

Equation (1.8) reveals that T,(x) is a polynomial of degree m. m.
If we write

T,(x) =t + tPx + -+ + t0x™, (19)
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we deduce from (1.8) that

-1
tPok+y=0, k=0,..., [n ],

- _ [n/2] n ] _ n
o (— 1) jg,, (Zj)(k)’ k=0, ... H

Thus T,(x), which was defined in (1.2) by its values in I, turns out to be a
polynomial of degree n, hence is defined for all x (indeed for all complex
numbers x). T,(x) is called the Chebyshev polynomial of degree n. For each
nonnegative integer n the Chebyshev polynomial of degree n is given
explicitly by formulas (1.9) and (1.10). Let us list the first few Chebyshev
polynomials obtained from (1.9) and (1.10):

(1.10)

Tx)=1 Tx=x TE=2x>-1
Ty(x) =4x3 —3x; Tyx)=8x*—8x2+1; (1.11)
Ts(x) = 16x° — 20x3 + 5x.

Ty, Ty, ..., Ts are graphed in Figure 1.1.

T,(x)
F~ — T, (x)

~T5(x)

ﬁ— T‘ (x}

Tg(x)

Figure L1.
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The sequence of polynomials {T,(x)}>o is named after the Russian
mathematician P. L. Chebyshev (1821-1894) who first studied them. The
collected works of this eminent savant are available in Russian and French
(Tchebychef [1].) This book is devoted to the study of various properties of
these polynomials. In using the notation T,(x) for the Chebyshev polynomial
of degree n we are following traditional usage derived from another
transliteration of the name Chebyshev in the form Tchebycheff or related
forms.

EXERCISES 1.1.1-1.1.6

1.1.1. Show that

To(x) = 4[0x + /%% — 1) + (x — /% — 1)"]. (1.12)

Hint. Suppose that xeI and recall that cosn@ = (¢ + e~ "%)/2.
1.1.2. If x > 1, prove that )

T, (x) = coshnt,

where x = cosht, t > 0.

As a consequence of (1.2) any trigonometric identities involving cosnf can be
carried over immediately to identities involving the Chebyshev polynomials. The
following exercises illustrate this theme. In the absence of other instructions the reader
should attempt to verify an exercise.

1.1.3. If m, n are nonnegative integers, then
T()T(X) = T n(*) + Tim—ni(x))-

T;,+1(x) _ T, 1(x)
n+1 n—1

114. [ T,(x)dx = %( ) +C, nz2

L15. (Tsn(®) = Tjm-n(x) — 1) = (Tn(x) — T,(x))*.

1.1.6. T,,(T,(x)) = T,..(x) for all nonnegative integers m and n.

1.2. Some Simple Properties

Now that we have defined the Chebyshev polynomials and written down an
explicit formula for them we proceed to investigate some of their simpler
properties.

Formula (1.10) reveals that for even n only even powers of x occur in T,,(x),
whereas for odd n only odd powers of x occur. Thus for all nonnegative
integers n

T(=%) = (= 1'T,(x); (1.13)

i.e.,, T,(x) is an even function for even n and an odd function for odd n.
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We also observe from (1.10) that the nonzero coefficients of T,(x) are
integers that alternate in sign, the leading coefficient, t™ = t,,} being positive.
Indeed, if n > 0, t™ has a particularly simple form for

(n/2]
b= t D)= Ha+ty+a-1p=2""1 (1.14)
j=0 2] .
For some purposes the polynomial with leading coefficient 1,

~ ”_l .
Tx)=2""T(x)=x"+2'"" Y t;x), n>0,
i=o

- 1.15
(To(x) = 1), (-1

is useful.

We turn next to the significant points of T,(x). These are the zeros and
extreme of T,. The zeros are, of course, simply the values of x for which
T,(x) = 0. Since T,(x) = cosnf and cosnf; = 0 for

i—1
e,.=og.">=(2’—nl§, j=1,...,n, (1.16)

we see that the points

j— 1
&= &P = cos " = cos % L

are all distinct, lie in I, and satisfy
T.¢&)=0, j=1,...,n

(Once again we omit superscripts when n is fixed.) Since T, (x) is of degree n, it
has exactly n zeros and so the numbers ¢, j = 1,..., n, defined in (1.17), are
all the zeros of T,(x).

It is clear from (1.2) that if xe I

-1<T(x)<L

The points of I at which | T,(x)| = 1 we call the extrema of T,(x). We know that
cos kn = (— 1)* for any integer k; hence if

o= o = an, k=0,1,...,n, (1.18)

+We have written the coefficient of x* in T, (x), t{, with the superscript (n), to exhibit the fact that
the Chebyshev polynomials of different degree have independent sets of coefficients, but when the
degree of the polynomial is fixed in a discussion and no confusion results we simply drop the
superscript.
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the points
(n) (n km
N = N = COS Py =cos—r;-, k=0,1,...,n (1.19)
are all distinct, lie in I, and satisfy
T, (1) = (— 1), k=0,...,n (1.20)

The points #,, ..., 1, are the extrema of T,,(x). It is clear that, since |T,(x)| < 1
for xel, the points #,, ..., n,-, which lie in the interior of I are relative
extrema of T,(x) so that

Th(n) =0, k=1,....,n—1 (1.21)

Since T, is a polynomial of degree n — 1, all its zeros are #,, ..., n,_; and so
the points 7o = 1 and 5, = —1 are not relative extrema of T,(x).
On differentiating T,,(x) = cos nf with respect to x we obtain

, d d0 —nsinnd sinnf
T,(x) = (d_O cos n0) - —snd - " ne x = cos 6. (1.22)

The polynomial of degree n — 1

1 sin nd
Up_1(x) = 5 T,(x) = <ind

0" x =cos#, (1.23)

is called the Chebyshev polynomial of the second kind. Its zeros are 4, ..., 7,—,
and its explicit form is easily obtained by differentiating (1.9) and dividing
by n.

Because we refer frequently to zeros and extrema of T,(x), the reader
should note that both &,, ..., &, and #,, ..., 1, move from right to left in I
with increasing index.

EXERCISES 1.2.1-1.2.23
1.2.1. Show that if n = 2m

T,(x) = tn(x?),
andif n=2m+ 1

T,(x) = xt(x?),

where

)= 3 (=1)) (2';) il — b)),

i=o
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1.2.2. Find all the solutions of x = T,(x), n=2,3,...
1.2.3. Verify that

EY = (— 1)1 n . _
T(&) =(-1) Py T e | j=1...,n,
; n
= —1 ’—l—.
(=1 —¢
1.2.4. Show that
ITyx) <n?  xel, (1.24)

with equality holding only if x = +1 (n = 2).
Hint. Use the representation (1.22) and mathematical inducation on n.

1.25. Show thatif n =2rk + m; k, r > 0,
T,(&) = (— 1) Tm (E).

1.2.6. Show that any polynomial p(x) =a, + a;x + - + a,x" can be written
p(x) =by + by Ty(x) + - + b,T,(x) and b, =2"""Vg, n>1.

1.2.7. Show that
LE D) = (=) /1— @y,
n=0,1,2...; j=1,2,...,n+1,
and
T8 = (=) /1T=E?2, n=12.., j=1,2,...,n
1.2.8. Show that

y i ¢
Ti(¢) = (—1) '"W'

1.29. Show that

&m=o.
l J

j

1.2.10. Show that

Tulx) = igl xn—(xé)i.
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1.2.11. Show that for n > 2 the only solution of T,(x) = T,(x) that satisfies x > 1 lies
in (n, n + 1/2n).

1.2.12. Suppose p(x) = (T,(x))**! in Exercise 1.2.6 and that
(T,()*™ ! = By + By Ty(X) + ** + Buas 1y Toak+ -
Show that B,=B, =---=B,_; = 0.

Hint. Use the fact that Exercise 1.1.3 implies that T2* = (1 + T;,)/2)*, and then
use Exercise 1.1.3 repeatedly.

1.2.13. Show that

@ Uw=2"% T - L ko
=0
(b) M)_=%+ Ty(x) + - + Tp(x).

2

Hint. sin Acos B = 4[sin(4 — B) + sin(4 + B)].
1.2.14. If U, (x) = uo + uyx + -- + u,x", then u, = 2",

1.2.15. (a) U, (x) — U,_,(x) = 2T,(x).
O)T,(x) = Uy(x) — xU,_4(x).
© T-1(¥) = Ty i) =21 = x)U,_y(x), k=1,2,....
@ 1+ )Up(x) = 1+ 2T(x) + -+ + 2T,() + Tpuq(x), k=0, 1,....
(©) Upm—1(%) = Up— ((T,(x))U,— 1(x)-
) U,(x) = Z}- o %77, ().

® (+ DT (x) = .=Zo QTj(x) — x)T,_ j(x).

(b) 2;:0 T()T,-j(x) = Un(x) + (n + DT, ().

() Tix)— (x>~ DYUs_y(x) = L.
1.216. Let s =t + P + -+ tM, k=0,1,...,n If g(x) = 59 + ;X + " + 5,x",
show that p(x) = (1 — x)q(x) = T,(x) — x"*1.
1.2.17. Show that p(x) = T,(x) — x"*! has at least [n/2] distinct zeros in (0,1].

1.2.18. Show that p(x) = T,(x) — x"*! has [n/2] positive zeros other than x = 1.

Hint. According to Descartes’ rule of signs, if p(x) = ao + a;x + *** + @4 1 x"*?
has N positive zeros and there are W changes of sign in the sequence ay, @, ..., @y+ 1,
then W— N is either zero or a positive even number; but, in view of (1.10),
W=[n/2] +1.

1.2.19. Show that the numbers s ,;, j =0, ..., [n/2], defined in Exercise 1.2.16,
alternate in sign.
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Hint. Use Descartes’ rule of signs again, this time starting with information about
the number of zeros of g(x).

1.2.20. Show that

(4 S I — (S TP
U,(x) = .
2/x2 -1

Let R,(x) = x"T,(1/x),n=0, 1,.... We call R, the reversal of T, since its coefficients
are the coefficients of T, in reverse order; e.g., Ro(x) = 1, Ry(x) = 1, Ry(x) =2 — x?,
R;(x) = 4 — 3x2%,... . Notice that R, € 2, but while R,, is of degree 2k, R,, , , is also of
degree 2k.

1.2.21. Show that

R,(x) —['f] (”) (1 = x?)
" A\ )

Hint. Use Exercise 1.2.1.
1.222. Forn=0,1,...:

(@) R,(x) is an even function of x.

b) 1 <R,(x)<2" !, xel

(¢) R,(x) is monotone increasing from 1 to 2" ! in —1 < x < 0. (Hence monotone
decreasing from 2" 1 to 1in 0 < x < 1).

(d) Ru(x) < Rn+ 1 xel.

1.2.23. The polynomial T,(z) — R,(z) has all its zeros on the unit circle, |z} = 1.
Hint. If z is a zero of T, — R, then
T,(9)
()
z

Now use the factorization T,(z) = 2"~z — &) -+ (z — &,).

=1

1.3. Polynomial Interpolation at the Zeros and Extrema

The zeros and extrema of the Chebyshev polynomials play an important role
in the theory of polynomial interpolation. The setting is the following.

Suppose f(x) is a continuous function defined on I, which we wish to
approximate by a polynomial of degree at most k. As a measure of how good
an approximation of f(x) is provided by a given pe 2, we adopt the uniform
norm

If—pl= max |f(x)— p(x)|;

—1<x<1
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i.e., the measure of approximation is the greatest distance between f(x) and
p(x) as x runs through I. A rather natural way to seek polynomial
approximations to f(x) is to sample f(x) at distinct points of I, x, ..., x,, and
try to find a polynomial that takes on the same values as f(x) at x,, ..., X,.
Such a polynomial is said to interpolate f(x) at the nodes x,, ..., x,. As a
matter of fact, we shall now show that, given distinct points of I, x,, ..., x,, it
is easy to construct a unique pe £, _, that interpolates f(x) at x,, ..., x,.

We wish to construct a polynomial that passes through the points
(xls.f(xl)); (stf(xz))’ [ERE] (xm f(xn))

Let us put

_ _ (¢ = 310 = %)+ (% = X HX — Xj44) " (x — X,)
lj’"(x) B ,-(x) B (xj - xlxxj —Xp) (xj — Xj— 1)(3‘,' — Xj4+ D (xj - X,) ’

j=1,...n n>1. (1.25)

I;(x) is a polynomial of degree n — 1 that satisfies
0’ j ., s .
, j’_é: Lj=1,...,n (1.26)

lj(xi) = {

as is readily evident from (1.25); l, , is identically 1 and I,(x), ..., l,(x) are
called the fundamental polynomials for interpolation at x,, ..., x,.

L,—1(x) = f(x)l(X) + f(x2)2(x) + =~ + [ (xa)la(x) (1.27)

is a polynomial of degree at most n — 1 that passes through the points in
question. Moreover, if pe#,_; and p interpolates f at x,, ..., Xx,, then
p=L,_y,forif p(x;) = f(x;), j=1, ..., n then

L,_(x;) — p(x;) = 0, j=1,...,n,

and the polynomial L,_, — pe £, _, has n zeros which means that L, _, = p.
Thus L,_,(x), as defined in (1.27), is the unique member of #,_, that
interpolates f(x) at x,, ..., x,. This unique interpolating polynomial, when
written in the form (1.27), is called the Lagrange interpolating polynomial (to

f(x) at x4,...,x,).
If we start with an infinite triangular array of nodes,

x{®
x(12), x(22)

X (1.28)
x{P, X, ., x®
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where for n =1, 2, ... each x{"el, j=1, ..., n, the rows of X determine a
sequence of interpolating polynomials

{Li}i=os (1.29)

the polynomial L,_,e#,_, being the unique interpolating polynomial
determined by the nth row. The notation L, for a member of the sequence
(1.29) is shorthand for L,(f, X; x), in which the subscript indicates an element
of 2, obtained by interpolating the first argument f(x) at the entries in the
(k + 1)st row of the second argument X.

Given X, the sequence (1.29) provides us with approximating polynomials
to f(x) on I. How good an approximation these polynomials are is, as we
assumed, measured by the numbers

Mk="f_Lk"= maxllf(x)_Lk(x)L k=0$ 1’2"”"

—Isx<

We wish to compare M, with the best approximation possible by means of
p€P,. It is known (cf. Rivlin [1]) that there is a p* € 2, that gives this best
approximation; i.e., given f(x),

If=p*I <If—pl forall pe,.
We put
E«(f)=If-p*I
We can now prove a result comparing M, with E,.

Theorem 1.1.

k+1
M, <E, <1 + max Y |1j(x)|), k=0,1,.... (1.30)

—1<x<1 j=1
Proof. After subtracting and adding p* to f — L,, we obtain
If(x) — L(f, X; )| < [f(x) — p*(X) + 1p*(x) — Li(f, X; %)l (1.31)
Now, if pe 2,
Li(p, X; x) = p(x),

since L,(p, X; x) is the unique interpolating polynomial to p(x) in the (k + 1)st
row of X and p surely interpolates itself. Hence, in particular,

p*(x) = Li(p*, X; x),
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and in view of (1.27)

p*(x) — Ly(f, X; x) = Li(p*, X; x) — Li(f, X; x)
= Li(p* — £, X; x).

From (1.31) we obtain
If(x) — Li(f, X; x)| < E, + |Li(p* — f, X; X)), (1.32)
but, in general, if g(x) is continuous on I,
ILe(g, X; 2| < 1gOeE* )y jes 1 (X ) + -+ + 10T 1104 1(X5 )]

(where I, (X;; x) is a full notation for (1.25) with the (k + 1)st row of X as the
nodes), and so

k+1 '
IL.(g, X; x)l < max |g(x)) max Y [l;(x) (1.33)
—-1<x<1 -1<x<1 j=1

If we apply (1.33) with g = p* — fand note that

E,= max [p*(x)—f(x),

—-1<x<1
we obtain from (1.32)
k+1
1f(x) — Ly (f, X; x) < E; (l + max ), |lj(x)|). (1.34)

—1<x<1 j=1

The theorem now follows by choosing x on the left-hand side of (1.34) so that
)= LX) =1f—Ll. =

The function
k+1
s 1(X; x) = ‘21 Ilj,k+ 1(X; X)), (1.35)
A j=

which appears in (1.30), is called the Lebesgue function of order k + 1 of X.
Note that it does not depend on f(x). The quantity

Aes1(X) = max A, 4(X; x)

—-1<x<1

is called the Lebesgue constant of order k + 1 of X; (1.30) may now be written
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concisely as
M, <E(1+Ay), k=01,..., (1.36)

the various dependencies on f and X being tacitly understood as usual.

Since E, depends on f and k, but not on X, the effect on M, of X, insofar as
(1.36) is informative, comes from the Lebesgue constant A, , ;. Formula tells
us that the smaller A,(X), the better the sequence of Lagrange imterpolating
polynomials at the nodes of X as uniform approximations of f. It is a fact that
there is an array of nodes X* such that

AX® S AX), k=1,23,...,

for any array of nodes X (see Rivlin [1; p. 100]). The point of this digression
on the topic of polynomial interpolation is that the zeros of the Chebyshev
polynomials provide an array of nodes with “small” Lebesgue constants. We
proceed now toward making this assertion more precise.

We shall observe at the end of this section that there exists a positive
constant, ¢, such that

A,,(X)>%logk+c, k=1,2,..., (137)

for any X. A consequence of (1.37) is that A, (X) — oo as k — o0, a fact with
the startling consequence (Faber [1]) that, given X, there exists a function,
f(x), continuous on I, such that {L,(f, X; x)} does not converge uniformly to
f(x). (A proof of this result may be found in Rivlin [1].) Thus our original
hope of approximating all continuous functions, using a fixed X, turns out to
be illusory. We shall show next, however, that

Ak(T)gglogk+l, k=1,2,..., (1.38)

where T is the array whose kth row is &P, ..., &¥), i.e., the zeros of T;(x). In
view of (1.37) and (1.36), although T may not be the best array of nodes for
interpolation, it is a good choice.

Let us see what L,_,(f, T; x) looks like. We remark first that if we put

@(X) = (X — X Jx — X3) (X — Xp),

then [;(x), as defined in (1.25), can be written as

()

m’ ] = 1’ ey (139)

lj (x) =
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so that (1.27) becomes
f(x;))
L,_(x) = o(x) z m (1.40)

When T is the array of nodes, w(x) = T,(x) and so

n SEM
L,_y(f, T; x) = T,(x) .;1 o= ENTLE

TZ.(x) Z": (— 1)1 S(&;)sin [ — D)m]/2n

j=1 (x - 6 ])
T.(x) & fE&) =&
= (=1~ 252 7 a0 141
A x—2%) (14D
where we have used Exercise 1.2.3.
If we use the trigonometric form, (1.41) becomes
cosnf & -1 flcos8;) .
L,_.,(f, T; jgor__ S ) . .
w10, T; cos6) = ; -1) 5058 —cos 0 sinf;, (1.42)
and the Lebesgue function may be written
|cos nf| » sin 6;
A(T; x) = 4, .
(T3 %) (cos 6) = ; |cos 8 — cos 6| (143)

To establish (1.38) we show first, following Ehlich and Zeller [2], that
AL (T) = A,(T; 1) for n = 2 (that A,(T; 1) = A(T) = 1 is a trivial observation).
To this end we need some information about trigonometric polynomials. A
trigonometric polynomial of degree k is a function

k
t6) = Y. (a; cos jO + b; sin j6),
=0

with a2 + b? > 0. We suppose that, unless otherwise stated, the coefficients
Qg, . - .5 ai; by, . . ., by are real numbers. The set of trigonometric polynomials
of degree at most n is denoted by J,. (The zero polynomial is arbitrarily
assigned the degree — 1.) A nonzero trigonometric polynomial of degree k has
at most 2k zeros in the interval [0, 2x), where multiple zeros are counted as
distinct; i.e., a zero of multiplicity m is counted as m zeros. We leave this fact
as an exercise (Exercise 1.3.13).
Let us put [cf. (1.16)]

n
=2j—1)— j=0, %1, £2,...,
Q-1 J=0%
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and

1 sinn(@ — 6,)

%0 =5, tani(0 — 6,)°

k=0, £1, £2,...; (1.44)

then d,(0)e 7,. To verify this we observe that

Lsin2n0—0)2 06,
2n sin(0 — 6,)2 2

d(6) = (1.45)

which implies, in view of the trigonometric form of Exercises 1.2.15d and
1.2.13, that

1

4(6) = -

[1 +2 ”i: cos j(0 — 6;) + cosn(f — 0,,):|. (1.46)

Furthermore, forj=1,...,2mk=1,...,2n

0, j#k

Thus the functions 4,(0), k =1, ..., 2n are fundamental polynomials for
interpolation by trigonometric polynomials of degree at mostnat 6,,...,0,,;
ie.,

(1.47)

2n
t(6) = k; Vedi(6) (1.48)
satisfies
0)=y, Jj=1...,2n (1.49)

The trigonometric Lebesgue function
2n
5,0) = ¥ ()
k=1
has the property that
T
Oy <0 + ;) = 4,(0). (1.50)

This follows from the observations that d,(0 + (z/n)) = d,_,(6), and
dy(0) = d,,(0). As a consequence of (1.50)
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A,= max [5,(0)) = max 16,(0)].

0<0<2n —n/2n<0<7n/2n

Now foreachk=1,...,2n,d,(0;) =0,j #k,j=1,..., 2n, and, in addition,

k(Oks+n) = di(0,-,) =0. Note that either ] <k +n<2norl<k—n<2n,
so that for each d,(6) we have accounted for 2n — 2 simple zeros and one
double zero, i.e., for all 2n of its zeros in [0, 2n). Hence, for k=1, ..., 2n,
d,(0) #0 in (—=n/2n, =/2n) and §,(0) coincides with a trigonometric
polynomial

(0= 3 eds®)

k=1

in the interval [ —n/2n, n/2n], where ¢, = +1, the sign being chosen so that
£,d,(0) > 0 for —7/2n < 0 < n/2n. Therefore ¢, has the same sign as

p (0)_i sin nf,  (—1)*! 1
Y T 2ntan (6,/2)°  2n tan®*D(n/4n)’
ie.,
g = (=11, k=1,...,n,
g = (—1), k=n+1,...,2n,
and so,
n 2n
t@ =Y (-1 1d0)— 3 (=114 (0. (1.51)
k=1 k=n+1

A simple computation next reveals that d,(—6) =d,,_;+,(6) and con-
sequently t(6) = t(—0), so that ¢ is an even function.
Let

A,= max t(0) =t(@).

—n/2n<0<n/2n

We claim that § = 0. _ ~
First note that 8 # +n/(2n), for if § = +n/(2n) then t(f) = 1 in view of
(1.51) and (1.47) and A, = 1, but

2n

s(0) = 3. du(6)

k=1

satisfies s(6;) = 1,j = 1,..., 2n, hence 1 — s(6) = u(0), where ue 7, either has
simple zeros at 6y, ..., 8,, or is identically zero. In the former case u(6)
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changes sign at the ;. In particular, then, there exists 6* close to 6, so that
w(0*) < 0 and s(0*) = 1 — u(6*) > 1 and

1=A,368,0% > s0%) > 1

gives a contradiction. If u = 0, then s = 1 and §,(6) = 1, which implies that
t(0) = 1. However, since n > 2, we have t(6,) = —1 in view of (1.51) and
(1.47), again giving a contradiction.

Suppose that 0 < |0] < n/2n; then, because of the evenness of ¢,
t(9) = t(—0), and by Rolle’s theorem t' has a zero between —@ and 8, in
addition to t'(8) = t'(—8) =0, for a total of at least three distinct zeros
in (—n/(2n), ©/(2n)). Also, from our previous observation that d,(0 +
(n/n)) = d,_,(0) it follows that d,(0+ n) = d,_,(0) = d;.,(0); hence
t(6 + m) = (—1)"*1¢(0). Therefore t'(6) also has at least three distinct zeros in
©,,0,. ). Since t(8) =(—1*"', k=1, ..., n, t has at least n — 1 distinct
zeros in (0,, 0,) and by Rolle’s theorem ¢’ has at least n — 2 zeros in (0, 6,,).
Similarly, #6,) = (—1), k=n+1, ..., 2n and ¢ has at least n — 2 zeros in
0,+1,05,). Thus t'eJ, has at least 2n — 4 + 6 = 2n + 2 zeros, hence is
identically zero, and ¢ is a constant, but #6,) =1 and #(0,) = —1(n = 2), a
contradiction. We have proved that A, = 4,(0). Since

@k —1n

1
— k—1 [ p——
(=11 4y(0) = - cot ==,

we obtain

@k — )n

l n
A, =-
" n kgl cot 4n

(1.52)

Observe that

n T 2k — n 4n n 1
TA == — 2y —
7M=L <°°t an k= 1)1:) 2 Y -1 9
"
—a,,+2kzl Tt

hence

s n 1
A — = —  _logn.
2A,, log n a,,+2k=212k_1 ogn

The a, form a sequence of Riemann sums of the integral

/2 1 2
J (cot x— —) dx = log —;
0 x .4
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hence
2
l' = —_
n—vlmoo O log n’

whereas

1 2n 1 1

——1 =2 ——1log2n)— ——1 log 4.
2';1 7 " logn <kZ’1k og n) (k;k Ogn>+ og
Since we know that

. n 1
y:l]m Z;—logm>=0.5772....
j=1
(y is called Euler’s constant), we have
] 2

,}T:, (A,, - log n) =

Theorem 1.2. Forn=1,2,..., A,(T) = 4,(T; 1) and

2 8
- (log —+ y) =09625.... (1.54)

_ —_ —_ A <_ . .
nlogn+n(logn+'y)< ”(1’ nlogn+l (155)

2 . .
Moreover, 1, = A,,(T)—; log n, n=1, 2, ..., is a strictly monotone

decreasing sequence with 7; = 1 and

lim 7, = 2 lo 8 +
o n = - g n )’ .

Proof. We show first that A,(T) = A,(T; 1) = A,. If n = 1, this is trivial.
Suppose n = 2. As we have seen (p. 17), d(6) + d,,—i+1(0) is an even function,
hence a cosine polynomial. Thus, if x = cos 0, we have for k=1, ..., n.

Pe(x) = d(0) + dyp 1 +1(0) € Z,.

Now fori=1,...,n,

0, i#k

Pu(&™) = di(0)) + dy_i41(0)) = di(0) = {l i—k

and (1.46) reveals that the leading coefficient of p,(x) is zero. Hence

pk(x) = lk,n(T; x)’ k = l, ooy 1
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and

WT:0 = 3 e

Thus
(T; %) < 6,(0) < A,

and it is easy to see from (1.43) that A,(T; 1) = A,. Hence A,(T) = A,.

The rest of the theorem is proved by showing that the sequence
1, = A, — (2/)logn is monotone decreasing as n increases. To this end we
need some information about the monotone convergence of Riemann sums
to the integral, and so we digress from the proof to obtain the following
lemma due to D. J. Newman and the author, which is not without interest in

itself.

Lemma 1.2.1. If f"(x) and f"(x) are both nonnegative in [0, 1], the Riemann

sums
) (1.56)

Proof. Integrating three times by parts yields

f(0)
- Z f( ) ff(t)dt Y

nk=1

-1 5 (20

nig=1

are monotone increasing as n increases.

4nt —[mt+ 5>+ [ +41 .,
_ J ) 1) (- dde,  (157)

(the [ ] here is the integer part notation; cf. foonote p. 2). Since f"(0) = 0, the
sequence —f"(0)/(24n?) is monotone increasing; hence, since t3f”(1 — t) > 0,
it suffices to show that the function

4nt — [nt +31)°* + [nt + 3]
24nt?

decreases as n increases. Thus it is enough to show that

4x — [x + 317 + [x + 4]
x3
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(0]

is a decreasing function for x > 0. This function is continuously differentiable
even at the points k — (3), k an integer; hence it suffices to verify that its
derivative is negative for k — (3) < x < k + (). In this interval, however, the
function is

4x — kP +k

x3
whose derivative is

12k
(= k7 =3,

which is indeed negative throughout the interval. m

Returning now to the theorem, we apply the lemma with

1 T
f(X) = W —cot E X.

Since
1 3 2k—1
—-—COtZ=clz+c3z +"’+C2k_lz +"',
V4

with¢,,_; > 0,k = 1,2,...(the expansion is valid in |z| < #. See Knopp [1]).
It is evident that f” and f" are nonnegative in [0, 1]. The b, defined in (1.56)
satisfy a, = —(n/2)b,, where a, is defined in (1.53). Since the b, are monotone
increasing, the a, are monotone decreasing. Also, if we put

L 1
= ——1
=2 Y sk—q 8"
then
1 2
u,,—u,,+1=log<1+;)—2n_|_l

is positive for n = 1 and tends to zero as n tends to infinity.

Since the derivative of
1 2
l°g(1 +§)’2x+1
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is

1
Tx(x + D2x + 1

)2<0, x>0,

u, > u,,,n=12,.... Thus the u, are strictly monotone decreasing, and so
is the sequence (n/2)t, =a, + u,. =

Finally, we wish to provide some further information about the minimal
Lebesgue constants, A, (X *), whose existence was previously affirmed. We
observe first that if X is any array of nodes (as defined in (1.28)) and
X; < X, < '+ < Xx, is the arrangement of its kth row, k > 2, then numbers a(k)
and b(k) are defined by

ax; +b=—1, ax, +b=1
If we put
x}=an+b, j=192""9k’

then the points xi, x5, ..., x; satisfying —1 = x| < x}, < < x; =1 form
the kth row of array, X', which is the expansion of X.
It is easy to see that for k > 2

AdX) = max A(X; %) < A(X).

X XX

Thus if
min A, (X) = Ap(X™),
x

we conclude that there exists a best array of nodes, call it X *, whose every
row—after the first—includes 41 as nodes. Let us, therefore, restrict our
attention to fully expanded arrays, i.e., all X such that X = X".

Fix k > 3. Let

MJ=MJ(X)= max j.k(X;x), j=l,...,k_l.

X; XK X4y

Bernstein [4] conjectured (quite plausibly) that if M (X)=M,(X)= ---
= M, _,(X) then X is a best array of nodes. Erdos [1] amplified Bernstein’s
conjecture as follows: there is a unique (expanded) array, X*, for which
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M, =---= M,_, holds, and for any array, X,

min  M;(X) < A(X*).

1<j<k—1

The conjectures of Bernstein and Erddés were proved by Kilgore [1] and
de Boor and Pinkus [1]. However, the nodes of the best array are not known
explicitly.

For the array T’ (the expanded Chebyshev array obtained by multiplying
each entry in the kth row of T by sec(n/2k)), Brutman [1] showed that

2 1
min M,(T)>-logk + =,
1<j<k—1 A(T) x BET)

and
2 3
A(T) <— log k +Z'
Thus, in view of the validity of the Erdds conjecture we obtain, for k > 3

AUT) > AX*) > % log k + %

and conclude that: (i) 1/2 < ¢ < 3/4 in (1.37), and (ii) the readily available
expanded Chebyshev array, T is, for all practical purposes, as useful as the
optimal nodes.

EXERCISES 1.3.1-1.3.24
13.1. Forany X andn=1,2,...,

™M=

LaX;x)=1, (1.58)

Jj=1
and so
X x) =1, n=12...,xel (1.59)
Hint. 1eP,,n=1,2,....

T() 1 nEi1— (g

13.2. (a) 7:.+1(x)_n+li=l x—{}’”’l) .
(b) Up-1(x) _ 1 n 1 (,,§n+ )2

U,(x) _n+1,~=1 x— gt
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1 _1s (—1p i — &7

T,(x) nj=1 X — C(")

©

1 1 n 1; 11_ (n+1))2
;( U i)

U,x) n+l @+

@
—

1.3.3. Show that
L (T, T, x) = (= 1) Ty (%),
where
n=2kr+m; |ml<k, k,r=0.

Hint. See Exercise 1.2.5.

1.34. If U denotes the array of nodes whose n + 1st row is 7, . . ., 1, the extrema of
T, (x), show that

. — Y . f(l) f(_ 1)
Laf, Ui 2 = (1 =X {(1 —x2n? T (1 + N1 2n?
n_l Sy

3 1.60
PATErye n})T;'(nj)} (160

1.35. For any X and n > 2 show that

w//(xj)

20/(x;)

Li(x;) =
1.36. If x; > x, > --- > x,, show that o(x) = (x — x,)* - (x — x,) satisfies

sgn w,(xj)=(_1)j_l, j= l’“" n,

where
1, t>0,
sgnt=<—1, t<0,
0, t=0.

If x,, x5, ..., x, are distinct real points and f(x) is a function defined for x = x;,
i=1,...,n, the coefficient of x"~! in the polynomial of degree at most n — 1, which
interpolates f at the x;, is denoted by f(x,,..., x,) and called the divided difference of f
with respect to x4, ..., x,. Note that there is no notational ambiguity when n = 1.

1.3.7. Show that

f(xl’“ axn) Z (x‘)

=1 0'(x)
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1.3.8. Show that if x, # x,

f(xla ) xk—‘l) _f(x21 ey xk)
Xy — X

=f(X1, .05 X)

(hence the name divided difference).

1.3.9. Show that
) = f(x1) + (x — x1) f(x1, X2) + (6 — XX — X2) f (%1, X2, X3)
Fr (= x) (= X )y el Xp) (1.61)

satisfies p(x;) =f(x;), i =1, ..., n. Equation (1.61) is called Newton’s form of the
interpolating polynomial.

Hint. Write the unique interpolating polynomial in the form a; + a,(x — x,) +
*+ 4+ a,(x — x4)***(x — x,_) and recall the definition of divided differences.

1.3.10. Show that
JO—-Los(fi)=( —x1) (t = x)f (X1, - .., X, 1)
holds for all ¢. (The right-hand side is defined as zero whent =x;,i=1,...,n)

Hint. Use Exercise 1.3.7.
13.11. If x,, ..., x, and t are points of [a, b] and fe C"[a, b], show that

f(ll)( é)

n!

JO—=L (i) =@ —x) -t — xy)

for some &(t) in [a, b].

Hint. Let h(t)/g(t) = (f(6) — Ln—1(f )t — x4) - (¢ — x,). Then h(t)g(x) — gt)h(x),

as a function of x has n + 1 zeros x, ..., x,, t. Now apply Rolle’s theorem.

1.3.12. If x,, ..., x; are distinct points of [a, b] and fe C*~[a, b], then

47
(k—1)!

SGy o) =

for some point £ of [a, b].
1.3.13. If te 7, (the trigonometric polynomials of degree at most n) and ¢ # 0, show
that ¢ has at most 2n zeros in the interval [0, 2x).

Hint. () = e~ "g(e”®), where q is a polynomial of degree at most 2n with complex

coefficients.

1.3.14. Is the ¢ satisfying (1.49) unique?
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1.3.15. Show that Lemma 1.2.1 is also valid if f“(x) = 0 and f"(x) < 0.
1.3.16. Show that A,(T) is strictly monotone increasing with n.

1317. If teJ,, 0< a< B <m, and #(a)t(f) > O show that ¢t has an even number
(counting multiplicities) of zeros in (a, ). If t(«)t(8) < 0 show that ¢ has an odd number
of zeros in (a, f).

13.18. Ifte J,,0 < 9o < @, <*** < @, < 2m, and H@)t(@;+) <0,i=0,..., k—1,
show that ¢ has at least k zeros in [@g, ¢, 1.

Hint. Use Exercise 1.3.17.
1.3.19. Suppose that te 7, satisfies

max [¢(6) =1
0<6<2rn
and #(0) = 1. Show that (@) # 0 for |0] < n/2n, and t(+n/(2n)) =0, if and only if
t(0) = cos nf.

Hint. Consider r(f) = cosnf — t(6) and suppose that the result we seek is false.
Note that r(jr/n)r((j + )n/n) <0,j = 1,...,2n — 2 and r(n/n) < 0, whereas r(0,) > 0,
where 0, is a zero of ¢ in (0, 7/(2n)), say. Apply Exercise 1.3.18 and also observe that
r(0) =r(0)=0.

1.3.20. (M. Riesz [1]) Suppose that te 7, and

max |(f) =M > 0.
0<6<2n

If |t(p)| = M, then t(6) has no zero in |0 — ¢| < n/(2n) and (¢ + =/(2n)) = 0 if and only
if t(0) = + M cosn(0 — ¢).

1.3.21. Ehlich and Zeller [2] showed that for even n

Au(U) = A, ((T).

Show that A,,(U) — (2/n)log(2k) is a strictly monotone-increasing function of k with
limit (2/n)log (8/x) + 7).

Hint. Use (1.57) with f(x) = [(n/2)x] ™! — cos(n/2)x to obtain an upper bound on
b,+2 — b,, in the notation of (1.56).

We have emphasized the effectiveness of the Chebyshev nodes for polynomial
interpolation. Interpolation in equally spaced points is an attractive alternative
because of the simple structure of the nodes. Let us investigate the size of the Lebesgue
constants for them. If E denotes the array of equally spaced points (including +1) of I
and n=2k+ 1,k =1,2,... then the elements of the nth row of E are

i=—k —k+1,....,k—1,k,
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and

k X — X;

MEx)=Y T1

J=-k i X5 T X

1.3.22. Show that

@ T ALy
(b) gjlx—xils(i’%, xel
and hence

©) M(E; x) <42, xel

1.3.23. Put t =1 — (1/2k). Show that
1 13 2+)—-12-32G-1)—3 4k-3
i) 2k 2k 2k 2k 2k 2k 2k

11 2 4k—4 1(2k-2)
2k 2k 2k 2%k 4 k*

Now show that, in view of Exercise 1.3.22a,

1
AME )2 — 2"
(E: 1) 8(n—1)Xn—2)
1.3.24. From n(>3) odd
1 AJE) 1
S < S
8(n—1)n—2) 2" 2

hence

Hm [Agy(E)]VE**D =2,

k=

These results should be compared to (1.55). The case of even n leads to the same result.
The methods suggested in Exercises 1.3.22 and 1.3.23 are due to Jia Rong-Qing,
privately communicated by C. de Boor.
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1.4. Hermite Interpolation

We have just seen the sense in which the zeros of the Chebyshev polynomials
are “good” nodes for polynomial interpolation. Our discussion was intended
mainly as an introduction to the notion of polynomial interpolation, and the
conclusion that there was no universal array of nodes at which the
interpolating polynomials converged to every continuous function was
disappointingly negative. To obtain positive results we must amplify the idea
of interpolation. We do this by requiring the polynomial not only to take on
given values at the nodes but by also fixing the value of its first derivative at
the given nodes.

Given nodes x;, ..., X,, all contained in I, real numbers y}, ..., y,, and a
function f(x) defined on I, we wish to construct a pe£,,_; having the
properties that

) =fx)=y;, Jj=1,...,n (1.62)

and
p'(x;)) =y} j=1...,n (1.63)
Note that y;is not necessarily related to f”(x;), even if the latter exists. We put
a(x) = (x — X)x — X3) (X — x,)

and construct two sets of fundamental polynomials,

mm=<r-zgga—%ogm, ji=1,...,m,
b)) =(x—x)B(),  j=1...,m, (1.64)

where I;(x) is defined in (1.25). hy, ..., h,eP,,_, are called fundamental
polynomials of the first kind for Hermite interpolation (which is the name
given to polynomial interpolation that satisfies (1.62) and (1.63)), and b,, ...,
h,€#,,_, are fundamental polynomials of the second kind for Hermite
interpolation. It is not hard to verify that

0, i#j ..
AX;) = = vees Ny 1.
hj(x) {1, izj o L...,n (1.65)
Ri(x)=0, Gj=1,...,n, (1.66)
bx)=0, ij=1,...,n, (1.67)
0, i#j ..
'(x.) = = R (R 1.
bi(x) {1, i=j L...,n (1.68)

and the reader is urged to do so. Exercise 1.3.5 is useful in calculating hj(x;).



HERMITE INTERPOLATION 29

The polynomial

mmm=gmm+;mm (1.69)
= =
is a member of #,,_, and satisfies

W2n—l(xj) = yj, W,Zn—l(xj) = }'},

in view of (1.65)—(1.68). The process of obtaining W,,_, is called Hermite
interpolation. Moreover, W,,_, is the only member of 2,,_, with these
properties, for if pe?,,_, satisfies (1.62) and (1.63) then g=p—
Won-1€Pop-1,4(x;)=0,j=1,...,nand ¢'(x;) = 0,j = 1, ..., n. Thus g has
zeros of mult1phc1ty at least 2 at x,, ..., X,,, hence has, at least, 2n zeros and
therefore g = 0. A consequence of the uniqueness of W,,_, is thatif pe 2,,_,
then

px) = ,Z PO ) + 3, P00 (1.70)

Let us suppose now that x,, ..., x, are chosen tobe ¢, . .., £,, the zeros of
T,(x). Then, in view of Exercise 1.2.3 and 1.2.8, we obtain

2
() = hyu(T % )—ﬁ(l,ﬂ WP =1 (T_"Z) (1.71)

and

B8) = Bya(T ) = = M0 = 2= TH, (172

EXERCISES 1.4.1-1.4.10
1.4.1. Show that for any choice of nodes

Y b =1, (1.73)

j=1
and

% (x— 9 = 3 5,00

1.4.2. If we put

w"(x))
@'(x;)

v(x)=1—

(x - xj)



30 DEFINITIONS AND SOME ELEMENTARY PROPERTIES

so that hj(x) = v;(x)l}(x),j =1, ..., n, show that

Hint. Recall Exercise 1.3.7.
1.4.3. Show that

hjn(T; x) 20, xel,j=1,...,n

1.44. Show that

ij,n(T; x)l < hj(x)’ XGI, ] = 19 e

hence that
Y Ibn(T; ¥ < 1.
j=1
1.4.5. Show that
< 1
% Bia(T3 0 =~ Ty (T ().
i=1 n

1.46. If pe #,,_, and

) <4,  IPEN<B, j=1,..

then
Ipx) < A+ B, xel
If n = 1, the bound A4 + B in (1.77) cannot be improved.

Hint. Apply (1.70), (1.73), (1.74), and (1.76).

1.4.7. Equation (1.38) shows that (1.76) can be improved to

i ——ij'"(T; l < 1 (E log n + 1).
9

S=r a

’n’

-5 1y

(1.74)

(1.75)

(1.76)

177

(1.78)

1.4.8. Prove that under the hypotheses of Exercise 1.4.6 the conclusion (1.77) can be

strengthened to read

[px)| < A+ u,B,  xel,

1/2
;4,,=—(—logn+1).
n\n

where

(1.79)
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Indeed, show that (1.79) remains true if the hypothesis on p’ in Exercise 1.4.6 is
weakened to read

IPEN<BA-EH7Y  j=1..,n

1.4.9. Show that

™M=

[1;.(T; x)1* < 2 cos? In- <2, allxel
n

j=1

Hint. Use (1.73) and (1.71). (Compare this result with (1.37), taking X = T.)
1.4.10. Show thatforj=1,...,n

max |l; (T, x)| < \/5

—1<x<1

We show next that Hermite interpolation in the Chebyshev nodes succeeds
where Lagrange interpolation failed; i.e., given a continuous function it
provides us with a sequence of polynomials that converges to the function.
This result is due to L. Fejér [1].

Theorem 1.3. Let f(x) be continuous on I. Let W,,_,(x) be the Hermite
interpolating polynomial defined by the conditions

Won-1€)=y;=f(&) Jj=1...,n (1.80)
wm-1&)=0, j=1...,m (1.81)

then
lim W,_y(x) =f(x) (1.82)

uniformly in I.

Proof. In view of (1.69) (y; = 0), we have
Wan-1(x) = 'Zl SEhu(T; x)
j=
and, recalling (1.73),

16 = 3 9 (T5 )
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Hence for xel

1) = Wans (91 < 3 1169 = F(ET: ), (1.83)

since h;,(T; x) 20,j =1, ..., n(cf Exercise 1.4.3). .
Given ¢ > 0, let us choose § > 0 and so small that

16— £ <

whenever |[x' — x"| <, x', x"e€l. This can be done, for f is uniformly
continuous on I. Fix xeI and let « be the set of j for which |£; — x| < J; B
denotes the set of the remaining j among 1, ..., n. Then, in view of (1.74) and
(1.73),

3 09— FEMAT: <5 T h(T5 9 <3 3 hulTin) =3

Jjea Jjea
(1.84)
Moreover, if je f, then |£; — x| > 6, and so
6, Tx) \* _ 2

hialT: )_ n? <x—£j <

since 1 — ¢;x <2and TXx)< 1. If
M= max |[f(x),
—1<x<1
then |f(x) — ()l <2M,j=1,...,n, and
aM
Z |f) = f € n(T; x) < —5 5% (1.85)

since the number of indices in # does not exceed n.
From (1.83), (1.84) and (1.85) we conclude that for each er

4M

lf(x) WIZn l(x)l <3 + 62 s

and so there exists N such that for n > N

|f(x) = Wau_1 ()] < &;
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ie.,

lim Wa,—4(x) =f(x)

uniformlyin I. =

An immediate consequence of Theorem 1.3 is the Weierstrass approxi-
.mation theorem.

Theorem 1.4. Given f(x) continuous on I and ¢ > 0, there exists a poly-
nomial, p(x), such that .

|f(x) = p(x)l <&
for all xel.

The Weierstrass theorem is the theoretical basis for the great utility of
polynomials, since, roughly speaking, it enables us to replace any continuous
function with a polynomial in the course of a mathematical argument.

Theorem 1.3 was proved by Fejér in 1916. In 1930 (Fejér [2]) he returned
to the same topic and was able to improve the result by weakening the
requirement in (1.81) that the derivative of the interpolating polynomial
vanish at the Chebyshev nodes. More precisely he provided the following
theorem.

Theorem 1.5. Let f(x) be continuous on I. Let W,,_,(x) be a Hermite
interpolating polynomial defined by the conditions

VVZn—l(éj) =f(€j)’ ] = ls ey
’2n—l(€j) = y}’ j= 19 cees

where
n — .
|y;| <s, @ (1 — 12) 1/2’ j= 1,...,n (1.86)
with

lim &, = 0. (1.87)

n— o

Then lim W,,_,(x) = f(x) uniformly in I.

n—w
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Proof.
Won-1(x) = -21 SFEhi(x) + -21 Vib;(x),
i= j=

but by Theorem 1.3 we know that

lim (/Z f (éj)hj(x)> =f(x)

n—oo

uniformly in I, whereas in view of (1.78) and (1.86)
2 1
log n
& (Z + ! >—> 0
n  logn

as n — oo, by (1.87), thus proving the theorem. m

‘ Z yibi)f <

and

EXERCISES 1.4.11-1.4.12
1.4.11. Prove that if f/(x) is bounded on I and W,,_, satisfies

IVZII—I(éj) =f(<;)’ .I = la RPN
,2n—l(€j) =f’(£j)’ j = 1’ ceey
Then lim W,,_,(x) =f(x) uniformly in I.

1.4.12. Prove that if f'(x) is continuous on I, the Weierstrass approximation theorem
(Theorem 1.4) can be strengthened by adding the conclusion that | f'(x) — p'(x)| < & for
all xel.

Hint. Apply Theorem 1.4 to f'(x) and consider the indefinite integral of the
polynomial thus obtained.
1.5. Orthogonality

Further interesting properties of the Chebyshev polynomials follow directly
from the definition (1.2). It is easy to verify that for all nonnegative integers
m,k

f “coskOcosmdo =0, m#k, (1.88a)
(1]
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b/
f cos? k9 do =12’ (1.88b)

o

If we make the change of variables x = cos @ in (18.8a,b), we obtain the
orthogonality relationship

1 dx
T.()T,,(x) —===0, k, 1.
I_ L k(x) (x) m m # ( 893)
Y/
1 d =, k#0, )
J T2(x) ———— —= 2 * (1.89b)
! 1—x n k=0

that is to say, the Chebyshev polynomials {T;(x)}>, form a sequence of
orthogonal polynomials on I with respect to the weight function (1 — x?)~1/2,
As such they are members of several large, important, and much studied
families of sequences of orthogonal polynomials:

1. Sequences of polynomials { p,(x)}:%, that satisfy

J 1 Pr()Pm(IW(x)dx =0, m#k, (1.90)
1

with a weight function w(x) > 0 on I.

2. The subset of (1) consisting of sequences of polynomials { p&*#(x)}%
that satisfy (1.90) with

w(x) = (1 — x){(1 + x)P, a>—1,8> -1 (1.91)

These are called the Jacobi polynomials.

3. The subset of (2) consisting of sequences of polynomials {p{¥(x)}2
that satisfy (1.90) and (1.91) with « = B and 4 = a + 4. These are called
the ultraspherical (or Gegenbauer) polynomials.

It is clear that the Chebyshev polynomials are ultraspherical polynomials
with 4 = 0. We shall examine some properties of the Chebyshev polynomials
that are characteristic of the larger classes of orthogonal polynomials
mentioned above. The reader who is interested in seeing the generalizations
of these results to the larger classes (and learning to which class a specific
result generalizes) of orthogonal polynomials should consult Szegé [1].
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1. Second-Order Linear Homogeneous Differential Equation
We saw in (1.23) that

sin nf

. , x = cos 6.
sin 0

LTy =

Therefore

wir . @ (sinnf 1
Ta()=n do <sin 0 )( sin 0)’

from which it is easy to verify that y = T,(x) satisfies the second-order linear
homogeneous differential equation

1=x3y" —xy +n2y=0 1.92)

for xel, hence for all x.
If we write (cf. (1.9))

T,(x)=to+t;x + -+ t,x"
and substitute in (1.92), we obtain
A=x) Y kk—Dex"2—x ¥ keex 1402 Y gxk=0,
k=0 k=0 k=0
or
Y ktk— D x*"2+ Y (0 — kA xk =0.
k=0 k=0
Combining coefficients of like powers gives

0= "iz (t(n® — k2) + tys ok + 2k + ))x* + (n® — (n — )P, x" 71,
k=0

from which we conclude that
t,_.1=0 (1.93)
and

te(n? — k) + tagk + Dk +1)=0, k=0,...,(n—2). (1.94)
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Equations (1.93) and (1.94) immediately imply (what we already knew; cf.
(1.10)) that ¢t,_ -4, = 0. Since, according to (1.14),

t,=2""1
we see that
— _—_9n-3 n(n l) __2
fhoa= =2 LTy T T
and

; _nn—=1)n—-2n-3)_
AT - 1n-2) :

In general we have

nn—1)---(n—-2m+1)

m(n— 1)n—2) - (n—m) A (1.95)

li—om = (=p~

as we may readily establish by mathematical induction. From (1.95) we easily
obtain, for n > 0,

: n n—m n

", =(—1)"— n-2m=1 =0,1,...,]=} 1.96
n—2m ( ) n—m ( m ) m [ ] ( )
a more concise form for the nonzero coefficients than we had before.

EXERCISES 1.5.1-1.5.13
1.5.1. Show thatif —1<x<landn#0

x 2
j .0 d__ J1-xU,- ,(x)’
1 1—1¢? n

hence

x dt
f 1 '1:'(£)«/1—t2

N
S |-

1.5.2. Show that forn > 1

f’l o2 =2

J1 =1t
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1.5.3. Show that for n > 2

1 2 n
@@ I,= J_l I T, (x)|dx = P I:M - 1]-

(b) Iy, 1, I, ..., is a monotone-increasing sequence with limit 4/x.

1.5.4. If the polynomial p (30) satisfies the differential equation (1.92), then p = ¢T,
for some constant c.

Hint. Putting y = p in (1.92) yields a polynomial identity. Examine the leading
coefficient on the left and thereby determine the degree of p.

1.5.5. Show that for k > 1
(1 = x)TE x) — 2k — DxTP(x) + (> — (k — DI)TE Yx) = 0
1.5.6. Verify that

n*n? —1)n*—-2%---m* —(k— 1)

TE(1) = .
) 1.3.5---(2k—1) (197
1.5.7. Show that (1.60) may be simplified and written
(1- z)T' (x) & f(n;)
L,(f, U; x) = —F—— S TR AL L 1.98
£ U; %) P e s (198)
where X" is a “trapezoidal” sum; i.e.,
Z” uj=%u0+u1 +u,+-+u,_, +%u,,. (1.99)
j=o
1.5.8. (Duffin and Schaeffer [1]) Prove that if pe %, and
P <1,  j=0,...,n,
then
[PEPN <l — (PP =T,  j=1,...,n (1.100)

Equality in (1.100) occurs for any one j only if p(x) = + T,(x).

Hint. Note that p'(;) = L,(p, U; &;); hence T,(¢;) = Li(T,, U; &;) and recall
Exercise 1.2.3.

1.5.9. (Duffin and Schaeffer [1]) Prove that if pe 2, and

|P('I§"))| < 1, } = O’ ceey By
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then

PP <ITPEL,  k=1,...,n,
where 7 is any zero of T®~!)(x). Equality occurs for any single 7 only if p = + T,(x).

Hint. Note that k =1 is Exercise 1.5.8. Use mathematical induction on k and
express p® as its own interpolating polynomial in the zeros of T®~ 1,

1.5.10. If pe 2, and

Ip(r’§n))| < 1’ j = 09' A n,
show that

PW0) < TERX), x=>u,

where u is the largest zero of T%*~1)(x),

1.5.11. (Rogosinski [1]) If pe £, and
P <1,  j=0,...,n
then

PP < ITPOL 11 =1, k=0,...,n,

with equality only if p= +T,fork > 1 and k=0, |¢| > 1.
1.5.12. Show that for all nonnegative integers m, k

(=]

,  k#m,

1
f U ()Up(x)/1 — x2dx =
-1 3 k=m.

TS

Thus the Chebyshev polynomials of the second kind are ultraspherical polynomials,
p(x), with 4 = 1.

1.5.13. Show that

o ()-Ber (1)

2. Three-Term Recurrence Formula
The three-term recurrence formula satisfied by the Chebyshev polynomials is
the translation of the elementary trigonometric identity

cos nf + cos (n — 2)6 = 2 cos 6 cos (n — 1)6,
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which becomes

T,(x) = 2xT, _ (x) — T, _ 5(x), n=23,..., (1.101)
with Ty(x) = 1 and Ty(x) = x.

EXERCISES 1.5.14-1.5.19
1.5.14. Show that (1.101) is valid forn =0, +1, +2, ..., if we put

T,=T,
for positive integers n.

1.5.15. Show that no two consecutive Chebyshev polynomials, T;(x), T; .+ ,(x), have a
Zero in common.

‘1.5.16.
(1 — x)Ty(x) = n[T,_4(x) — xT,(x)].
1.5.17. Show that

n 1T, T,(y) — T,(¥)T,
z, T, T;(y) = _[ a+1) () AT 1()’)] (1.102)
j=o 2 x—y
where XL, u; means
ug+uy +uy + 0+ u,.
(1.102) is called the Christoffel-Darboux formula.
1.5.18. Show that
2 Y T} = Thes T, — 41 Thy (1.103)
j=0
hence that
ToiiT,— T T2 1. (1.104)

Also show that T2, ,(x) — T,(x)T,.,(x) =1—x%,n=0,1,2,....

Hint. Apply the recurrence formula to obtain T2, ,(x) — T,(x)T,+(x) =
T3) — To- 1) T4 4(%).
1.5.19. Show that the Chebyshev polynomials of the second kind satisfy the three-

term recurrence formula U,(x) = 2xU,_,(x) — U,-,(x), n=2, 3, ..., (identical to
(1.101)) with Uy(x) = 1 and U,(x) = 2x.

(a) Also show that U2,, — U,U,,,=1,n=0, 1, 2,.... Note that the three-term
recurrence formula is valid forn =0, +1, +2,...,if weput U_,(x) = —U,_,(x).
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(b) Show that the fundamental polynomials for Lagrange interpolation at the extrema
of T,(x) are

-f; Y TUTe,  0<k<n,
j=0
b 1(Us X) = 1 ! R
LY T, k=0
n j=o

Hint. Put y = 7{® in (1.102) and note Exercise 1.2.15¢ and (1.98).

3. Generating Function
Suppose that |u| < 1, then

1
1 — ue®

n ing _ i ueiO)n -

I

On equating the real parts of this equality, we obtain

u* cos nf =~ 48 0
" 1+u*—2ucosf

i

or

1 —ux

) = e =2~

2 T,(x)u", xel (1.105)

The function F(u, x) is called a generating function for the Chebyshev
polynomials, since they appear as the coefficients in its expansion in powers
of u.

It is interesting to remark that we can recover (1.96) from (1.105). To do so

we note that
FluX)=(1-%) L (1.106)
2) 2 )1 —u(x—u :

If we suppose that |u| < } and that xe, then
—i<ux—u) <%

and so

I S - S
T atr )~ ) = B e — (1.107)
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The coefficient of 4™ in the right-most expression in (1.107) is

xm _ (ml_ l) xm—2 + (m ; 2) xm—4 4+ F (_1)] (mj_j> x"'_2j

.4 (2] [m/2]> m—2{m/2}
=D ( (/2] ’

as we can see by starting with the term k = m in the infinite series, extracting
from it the term in 4™, then considering the term k = m — 1 in the infinite
series, extracting from it the term in ¥™, and so on. (As an aside, compare
Exercise 1.5.13. We have stumbled on the generating function of {U,(x/2)}.)
Therefore the coefficient of 4" in the expansion F(u, x/2) is, in view of (1.106)
and (1.107),

X (n—1)/2] J/n—k 1/n—1-k n—2k nn
7;.<5>_ k;o (—1) [( k )—5( K )]x +cos -,

(1.108)

and since this equality holds for x eI, it holds for all x; but

n—k 1 n—1-—k _ln—k n—k
k 2 k 2k k )
and so replacing x with 2x in (1.108) enables us to recover (1.96).

Note that, if we put x = cos 6 and put P,(6) = 2F (u, cos 6) — 1, then (1.105)
yields

1—u?

P.(0) = 1 —2ucosf + u?

=1+2 Y u"cosnb.
n=1

The generating function, P,(6), is called the Poisson kernel and plays an
important role in function theory (See Bak and Newman [1], for example).

4. Least Squares
We show next that if

px)=a,+ax+-+a,_x"'+x", n>0

then

T2 (x) ———==21"2" (1.109)

e P s> > s
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with equality only if p = T,; that is to say, among all polynomials of degree n
having leading coefficient 1 the normalized Chebyshev polynomial has the
least integral of its square with respect to the weight function (1 — x2)~ /2,

To prove (1.109) we write p(x) = boTy(x) + - + b, T,(x), where (cf.
Exercise 1.2.6) b, = 2-"~Y_and consider

f (T(x)-p(x»zd—"=f Tz(x)—dl——+f P
- " J1—x2 -1 1= -1 J1—=x?
dx

J1=x%

But the orthogonality relationship (1.89) implies that the last term on the
right-hand side of (1.110) is equal to

2 f (bo + By Ty(x) + -+ + BT, o)) (1.110)
-1

L dx

-2 T(x) —.

.[ -1 &) 1—x2

Moreover, the left-hand side of (1.110) is nonnegative (since it is the integral of
a nonnegative integrand) and zero if and only if p = T,. Equation (1.109)
follows at once, the value of the minimal integral following from (1.89b).

5. Numerical Integration
Numerical integration is approximation of the definite integral by finite sums.
A typical numerical integration formula involves approximating

r Sf(x)dx (1.111)
-1
by
S AP f(dY) (1.112)
i=1

for all f continuous on I. One criterion of the goodness of the approximation
(1.112) to (1.111) is to require that (1.112) be equal to (1.111) for f €%, and k
as large as possible. A reason for adopting this criterion is that, according to
the Weierstrass approximation theorem (Theorem 1.4), every continuous
function on I can be uniformly approximated, arbitrarily closely, by
polynomials.

In order to integrate every f € %, exactly by means of (1.112) it suffices to
choose the A" and x{” in (1.112) to satisfy

n 1
Y, APy = f xldx, j=0,1,...,k (1.113)
i=1

-1
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We have 2n unknowns in the system of k + 1 equations (1.113). Therefore the
largest k for which we can generally expect to solve this system is k = 2n — 1;
hence we can expect to integrate exactly all f €#,,_,, at most, by suitable
choice of nodes and coefficients in (1.112).

The choice of the zeros of the Chebyshev polynomials as nodes in (1.112)
leads to an optimal numerical integration formula, not, however, for (1.111)
but for

v fx)
-1 /1 —x2

We proceed next to produce this formula. Suppose that pe 2,,_,; then the
Lagrange interpolating polynomial to p at the zeros of T;(x) is

dx. (1.114)

o v PEHT(X)
L,_ip,T;x)= j;l —T:,(éj)(x —&) (1.115)
Since p(x) — L,_,(x) =0 for x = ¢&,, ..., &,, we can write
P(x) — L, 1(x) = T,(x)r(x), (1.116)

where r(x)e#,_,. In view of Exercise 1.2.6 and the orthogonality relation-
ships (1.89a)

=0,

f T 00r(x) ——X
-1 " J1—=x?

and so (1.116) implies

(1.117)

fl p(x)__d"__J‘l L,_(p T'x)i—
-1 J1—x2 oy TR J1=x2’

but, if we evaluate the integral on the right-hand side of (1.117) in view of
(1.115), we obtain

Vo)

\/i——x 2 AP p(EM), (1.118)

where

o T) _ dx

J T'(é"”) J 1(x—E&") /1—x2

(1.119)
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In other words, the numerical integration formula

Y ASED) (1.120)
=1

where A" is defined in (1.119), evaluates the integral (1.114) exactly if
f€P,,— . Formula (1.120) is simply the integral with respect to the weight
function (1 — x2)" Y2 of L,_,(f, T; x).

* The formula analogous to (1.120) for (1.111) is due to Gauss and called
Gauss’s quadrature formula (quadrature being a synonym of numerical
integration). It is derived by using the zeros of the set of polynomials
orthogonal on I with weight function w(x) = 1, the Legendre polynomials, in
place of the zeros of the Chebyshev polynomials in (1.115). The reader is once
again referred to Szego [1] for details. Formula (1.120) is sometimes called
the Gauss-Chebyshev quadrature formula.

Formula (1.120) cannot evaluate (1.114) exactly for all fe2,,, for if
f(x) = TX(x)e 2, then (1.114) is positive and (1.120) is zero. Indeed, there is
no formula

Z afx), ¢ #0,i=1,...,n, (1.121)

i=1

that evaluates (1.114) exactly for f € #,, with m > 2n — 1 other than (1.120),
for if there were put w(x) = (x — x,) - - * (x — x,). Say x, is not one of the £.
Consider

w(X)T (X)

- X

fx) =

then f € 2,,_, (1.120) is zero, and therefore (1.114) is also, but (1.121) yields
the value ¢, '(x,) T, (x,) # 0. Thus, possibly after renumbering, x; = &%, j = 1,
.., n. Finally, putting f(x) = T,(x)/(x — £,) in (1.121) and (1.120) yields

oL " T dx

PUTWE) o x=& S1—x2

We want to show next that (1.119) can be considerably simplified. Indeed

=2 j=1,..,n (1.122)
so that (1.120) has the particularly simple form

% ; FE). (1.123)
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To prove (1.122) we put y = §; in (1.102), which then becomes

S TOTE) = —4T,04(&) 2
j=0 X éi

.

If we now multiply both sides of this identity by (14— x2)"12 and then
integrate over I, we obtain, in view of the orthogonality relationships,

= =47, ,(C) T (E)AP.

TR

Equations (1.122) now follow from Exercises 1.2.3 and 1.2.7.
We observe, finally, that the approximation (1.123) to (1.114) converges to

(1.114) as n — oo, for
Ty pem="% i
25 =2 % s(eos-nZ)
and since f(x) is continuous on I, the right-hand side of this equality

converges to
&,

n 1
J;) f(COS 0)d0= _lﬁ

as n — oo.

EXERCISES 1.5.20-1.5.25
1.5.20. Equations (1.122) are equivalent to

T 1 dx
r_ (T X) ————— 1.124
n I_l L;n(T; x) — ( )

(the I; ,(T;; x) are the fundamental polynomials of Lagrange interpolation at the zeros
of the Chebyshev polynomials). Show that

=0, j#kjk=1...,n

1
f (T Xl a(T; 2) —
1 1—x2?

1.5.21. Show that

dx (1.125)

T 1
P J_ ) [a(T; )12 e

i
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Hint. Substitute p(x) = [I; (T; x)]* € #,,-, in (1.118). Note the remarkable result
implied by (1.124) and (1.125). Also summing both sides of (1.125) on j from 1 to n gives

f S [1(T; 91— =,
-1 j=1 1—x2

which should be compared to Exercise 1.4.9.

1.5.22. Generalization of Exercise 1.5.20. Prove that if k is even and n(1), ..., n(k) are
distinct integers satisfying 1 < n(i) < n then

1 dx
I 2T XWaaynT5 %)+ by (T %) N 0.
—-X

Hint. l)(x)* lgo(x) = (TN T T(x)/[0x — &u)) -+~ (¢ — &ug)]  and  recall
Exercise 1.2.12.
1.5.23. If n(1), ..., n(m) are distinct integers that satisfy 1 < n(i) < n, show that

' d
J -1 Bict) ()~ Bagm(x) ﬁ =0,

where the b, are defined in (1.72). However, also show that

1 dx
J_ \ hi(x)hi (x) ﬁ #0,

where the h; are defined in (1.71).
1.5.24. Suppose f(x) is continuous on I and W,,_, is the Hermite interpolating
polynomial defined by
pVzn—l(éj) =f(€j)9 J = 1: ey By
'2;.—1(5,'):}’}, j=13"-’ny

where the yj,j =1, ..., n, are any given real numbers. Show that

lim J w2 | W
n—»o J-1 -t ,/l—xz —1~/1—x2
1.5.25. If F(6) = f(cos ) = f(x) satisfies F"(6) > 0 and F"(6) > 0for 0 < 8 < 1, show

that the Gauss-Chebyshev quadrature formulas increase monotonically to (1.114) as n
increases.

dx.

Any pe 2, has a “Chebyshev expansion,” i.e., it can be written as

px) = % + A T(x) + - + ATy (%) (1.126)
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The coefficients A,, 44, ..., A, are easily determined. We multiply both sides
of (1.126) by T,,(xX1 — x2)~ /2 and integrate the resulting equality to obtain

dx

./l—xz‘T

j POOT () — \/__ 3 j | WT,)

The orthogonality relationship (1.89) now yields

k=0,...,n, (1.127)

2 | d
A== j p(xm(x)ﬁ,

as the formula for the coefficients in (1.126). (It was to avoid singling out the
case k =0 that we took the first term in (1.126) to be A4,/2.) Let us, for
example, obtain the Chebyshev expansion (1.126) for L,_,(f, T; x)e®,_,.
Suppose that

Loyl T %)= Zl T (%), (1.128)

then

2 (1 dx
Oy = p j_l L, () T(x) ﬁ;

but L,_,(x)T,,(x)€ 2,,-1, hence (1.118) applies and we obtain

2 n
=; Z Ln_l(éj)Tm(cj)
j=1

or

=§_§l fETE) m=0,...,n—1 (1.129)

In particular, if f(¢)=1 and f(&)=0, i#k, then L, (f, T;x)=
L »(T; x), and we obtain

ka0 = 19 =2 " Tu(E)Tulo) (1.130)

+The notation X' is defined following (1.102).
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The expression (1.130) has some remarkable consequences. In the preceding
section we proved that

[t dx o fx)

lim L_(f, T x) —== —
n-’ooJ~—l l(f )«/l—xz —1~/1—x2
for f(x) continuous on I. The integral appearing on the left-hand side of

(1.131) is precisely (1.123) and so we had a particularly simple numerical
integration formula for (1.114). We wish to show next that

dx  (L131)

1 n 1
f L,(f, Tx)dx =} f() f li(x)dx (1.132)
-1 i=1 -1 .
is an effective numerical integration formula for
1
J f(x)dx
-1

in the sense that

n— o

1 1
lim j L,_(f, T, x)dx = f f(x)dx.
1 -1
Theorem 1.6. If

1
Hi= " = J ) lin(T} X) dx, (1.133)

then, if f(x) is continuous on I,

lim Y u"fE) = J Y fdx. (1.134)
-1

n—-o k=1
Proof. We first establish that ;> 0,i=1,...,n.

= f I,(cos 6) sin 0.d6
[1]

n—1 £
= 1 3 (2 f sin 6 cos mf d0> cos mb;,
N m=0 (1]
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where we have used the trigonometric form of (1.130). Now

2 J sin 6 cos m0 d6 = J " (sin(m + 1)8 — sin(m — 1)0)d0
[} (1]

0, . m odd,
= —2(; - —l—>, m even (m > 0),
m—1 m+1
4, m=0.

Therefore

W = % [1 — (1 —%cos26;, — & — L) cos 40,

1 1 1 1
) e )

where k = n — 1 for odd n and k = n — 2 for even n; but cosm#f; < 1, hence

2 1 1
t — _NnN_ N - )=
ﬂi>n|:1 1-9-G-3 (m—l m 1>

1 1 >E—1 >-2—§0
k=1 k+1)|Tnk+1" 02" "

and the positivity of y;, i =1, ..., n, is established.
Suppose now that p(x) is a polynomial, say pe %,; then

Ln(p, T, X) = p(x), nzk

and so

1 1
f L.(p, T; x)dx =J p(x)dx, n=zk k=1,....
1 -1

Thus the theorem is proved for polynomial f(x), without recourse to the
positivity of the ;.

If f(x) is continuous on I, then, according to the Weierstrass approxi-
mation theorem (Theorem 1.4), given any ¢ > 0, we can find a polynomial p(x)
such that

f(x) = p(x) + 6(x) (1.135)
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with
[6(x) < e, xel. (1.136)

Equation (1.135) implies that

f‘ Loy(f; T x)dx = f l

Ln— 1(6a T; x) dx.

1
Ln—l(p9 T; x)dx + j
— -1

(1.137)

Now

[ . momax= & wote
hence

< ¥ oI <e Y w
i=1 : i=1

1
f L, .0, T; x)dx
-1

in view of (1.136) and the positivity of the u;, but

r L(x)dx = f ' ( 3 l,-(x))dx=2,
1J-1 -1 %1

where we make use of Exercise 1.3.1. Therefore

s

Ui =

i

i i

1
—2e< f L, .0, T; x)dx < 2¢,
-1
whereas integration of (1.135) implies that
1 1 1
J p(x)dx = f f(x)dx — j o(x) dx,
-1 -1 -1
where
1
-2 < I d(x)dx < 2e.
-1

If we now restrict n to be greater than N, the degree of p(x), (1.137) yields

1 1
f L,(f, T; x)dx =I

1

p(x)dx + J L,_.0, T; x)dx
1

=Il f)dx — f ') dx + f L6, T x)dx.
-1 -1 -1
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Thus for n > N(g)

< 4.

f ' Ley(f T x)dx — f F()dx

-1

The theorem is proved. =

Remark. Fejér [4] proves this theorem in the more general case that f is
Riemann integrable on I.

Although the sequence of interpolating polynomials in the zeros of the
Chebyshev polynomial does not converge uniformly to every continuous
function, we conclude this chapter on a positive note by showing that this
sequence does converge in the mean. As a by-product we thus obtain another
proof of Theorem 1.6.

Theorem 1.7. If f is continuous on I, then

lim | [f0) = Li(fi T 0] —mm =0,
1

now ) - J1-x2

Proof. As in the proof of Theorem 1.6, given ¢ satisfying 0 < ¢ < 1, let
p(x)e Py be a polynomial satisfying

If(x) —p¥) <&  xel;
then

! _ ,  dx 2
J_l Lf(x) — p(x)] m < &m. (1.138)

If n > N, then L,(p, T; x) = p(x); hence

1 ) _ 2 dx =.[1 _ . 2 dx
[ 70 - oo T | U

1 n+1 2 dx
= f [Z {£E*D) — P& )y s o(T: x)] —
-1 Li=1 1—x
= : " _’: T UG —pEr )y < me?, (1.139)

where we have used Exercises 1.5.20 and 1.5.21. The theorem now follows
from (1.138) and (1.139), in view of the inequality (4 — B)?> < 2(4% + B?),
which, in turn, is a consequence of the identity (4 — B)? + (4 + B)?
=2A2+B?. m
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Remark 1. Since (1 — x2)'/2 < 1 on I, Theorem 1.7 implies that

lim Jl [f(x) = L,(f, T; x)]>dx =0, (1.140)
-1

n—> o

and Theorem 1.6 follows by Schwarz’s inequality. An application of the same
inequality shows that (1.131) is also a consequence of Theorem 1.7.

Remark 2. Much more than Theorem 1.7 is known to be true. Erdés and
Feldheim (cf. Feldheim [1]) have shown that

dx

lim f 769 = L T s =0

for all p > 0. The theory of mean convergence with respect to other sets of
nodes and weight function is discussed in Askey [2].

EXERCISES 1.5.26-1.5.67
1.5.26. The Chebyshev polynomials also enjoy orthogonality properties on finite

point sets in I; for example, show that if &,, ..., &, are the zeros of T,(x) then
k+m=2pn
rw n,  if {and
Uk —m| = 2qn,
. . n k+m=2sn
2 T =] (=15, if 4 and (1.141)
: lk — m| # 2rn
|k —m| = 2sn
ord and
k + m # 2rn,
\ 0, otherwise.

1.5.27. Show that the coefficients in the Chebyshev expansion of pe #,_,,
Ao
PO =32+ AT + o+ Ay T () (1.142)
can be obtained by the formula
2 »
A= - Y PET(E), m=01,..,n—1 (1.143)
j=1

Note that (1.130) implies that

221 _fo,  j#k
; m;o Tm(ék)Tm(ej) _{1’ ,I =k
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1.5.28. Show that

0, k +m#2pn
and
lk — m| # 2qn,
n, k+m=2pn
and
. |k — m| = 2qn,
3 R Tun) ={ 50 k+m=2pn (1.144)
i=o and
|k — m| # 2gn
or
k+m#2pn
and
(| k—mi=2qn,

where 7, ..., n, are the extrema of T,(x).t

Formula (1.144) is another “orthogonality” property of the Chebyshev
polynomials.

Hint. cosnf = Re(e™).
1.5.29. Show that

f f) ——— N ;;) o™, fePy_.. (1.145)

Hint. Verify (1.145) for Ty, Ty, ..., T,,— . The formula is variously named after
Lobatto and Markov.

1.5.30. Show that there is no quadrature formula
J f(X) =cof (-1 + Z aif(x) + e, f(1) (1.146)
exact for f €%, with m > 2n, and (1.145) is the only formula of this type exact for

f€Pu-1

Hint. Show that (1.145) cannot hold for f € 2,,, and then show that if (1.146) holds
it must coincide with (1.145).

1531 If

X" =

ing-

B{MTy(x), (1.147)

1The notation X” is defined in (1.99).
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show that
B® ,, = 217" (:) k=0,..., [g] (1.148)
and that
B"=0, j#n—2k
1532 If
Y axt= Y AT)
k=0 k=0
then
k + 2
1 w2\ ) H+2i
A = J
k —_2,‘_1 a + & T .
1.533. If

n—1
T.(x)= ), AT,
i=0

show that A; > 0. For which j is 4; = 0?

Hint. See Exercise 1.2.13.

15.34. If

n—k
T®(x) = 3 AT,  k=0,1,2,...,n,

J

show that

For which j is Ay = 0?

Hint. Use mathematical induction on k and Exercise 1.5.33.

1.5.35. Show that
ITVx) < T¥(1), xel, k=0,1,...,n

with equality only for x = +1, k > 1, thus generalizing Exercise 1.2.4, in view of
Exercise 1.5.6.

Hint. This result follows immediately from Exercise 1.5.34.
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1.5.36. (Feldheim [1]) Show that

22n-2 1 2n-2
[l (T, cos )] = . Y cosmf, cosmd + = Y Cmicosmo, (1.149)
m=0 m=2

where

sin m@, cos 6, — mcos mf, sin 6,
sin 6,

) k=1,...,n

Cmi =

Hint. Use (1.130).
1.5.37. Show that
1 sin(2n—1)0

l—— 22— 7
£ [T cos O = wt 2nsmg > 0<0<™
2, Dea(T; cos 6)F° = )

2—;, 0=0,1[.

Hint. Sum (1.149) and recall Exercises 1.2.13 and 1.5.26.
1.5.38. Show that

im ¥ TP =0, 4L

n—w k=1

n {1, —1<x<l,

[Compare this result with Exercise 1.4.9. It is interesting to remark here, that although
the problem of finding an array of nodes X, such that

max 3 [l (X; %)

—1<x<1 k=1

is minimum is unsolved, the analogous problem of finding an array of nodes such that

max 2, Lha(X; )12 (1.150)

—1<x<1 7

is minimum has been solved (Fejér [3]). The array of nodes that produces the
minimum of (1.150) consists of the zeros of

Fo(x) = '[ Y Pt

x

where {P,(x)} are the Legendre polynomials, i.e., the ultraspherical polynomials with
2 = 1. Remarkably enough the value of the minimum of (1.150) is 1.]

1.5.39. Show that for each integer m > 2 and xel

n 1/m
(kzl lealT; x)l"') <2



ORTHOGONALITY 57

Hint. First consider m = 2r and observe that, in notation suggested by Exercise
1.4.2,

1= [i vkmtf] >3l
k=1

Then use Schwarz’s inequality for the odd m. Compare with Exercise 1.4.9.

. 1.5.40. Show that

max Wi a(T; x)| = Il W(T; 1)

—1<x<

and the sequence |/, ,(T; 1)| is monotone increasing, with n, to 4/x.
1541. If n > 3 and

max | (T; x)| =1 (Tsu), j=2..,n—1,
—1<x<
then, if u; = cos a;, we have [recalling the notation of (1.16)]

— 0(”) < —
fot; | <35,

Hint. Apply the M. Riesz theorem (Exercise 1.3.20) to I; ,(T; cos)e 7, _,.

1.5.42. With the same hypothesis and notation as in Exercise 1.5.41 show that for
j=2,...,n—1,

1-¢w 13

1-¢

Hint. If 6 = 3p, then 6 — n/(2n) > 2u; hence

_cos (6" — m/2n) — cos 6" L 08 2p — cos3u < 5

1 — cos 6P S l-—cos3y 9

so that

cos 6

_costp s
1+ cosé ~ 18

1.543. Show thatforj=2,...,n—1,andn>3

(T ) < 35 < (l 2 ) = (1T DY

Hint. Recall Exercise 1.4.1.
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1.5.44. (Erd6s and Griinwald [1]) Show that for n > 1

4
sup max max |};,(T; x)| =—.
n <x<1 n

) TIxAR™

Hint. Put together the four preceding exercises. Compare with Exercise 1.4.10.

1.545. Prove that

2x -1 0 0o 0

-1 2x -1 .- 0

0 -1 2x -1 . 0 O
Lx=|. . . . N

o o0 O e =1 2 -1

0o 0 O e 0 -1 x

where the determinant is n x n. Also show that the corner elements x and 2x can be
interchanged.

Hint. Expand in terms of elements of the first column and use (1.101).

1.5.46. (Korsak and Schubert [1]) Prove that

—-2x 1 0 0
0 1 -2x 1 0 0
0 0 1 -2x 1 - 0 0
D=|: : : : S : =21 - T"(x)),
0 0 0 1 —-2x 1
1 0 0 0 1 —2x
-2x 1 0 0 1

where D is nx n.
Hint. Show that D is zero at x =1,, k=0, 2, 4, ..., by establishing that
Tom)Cy + -+ + T ((m)C, = 0,

where C; is the jth column vector of the matrix of D. Then show that if xel and

1 -7 0 0
0 1 —T e 0

o :
0 01 —1
-1 01
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where 1 = x — \/ﬁ, then
D=E-E>0,
where E is the complex conjugate of E.
1.547. If x, y > 1 then
T,(xy) < T,)T,()).

Hint. Fix y > 1 and apply Exercise 1.5.11 to p(x) = T,(xy)/T,(x)T,(»).

1.548. If 0 <j, k and j + k < n then
PTYHxy) < TR, (TY)
for x,y > 1.

Hint. Fix y > 1 and put p(x) = TY(xy)/TXy), so that pe #,_;. Exercise 1.5.34
implies that | p(x)| < 1 for xeI and we can then invoke Exercise 1.5.11 again to show
that | p®(x)| < T® ;(x). Exercise 1.5.47 is the case k =j = 0.

1.5.49. Upon putting x = y = 1 in Exercise 1.5.48 we obtain
TY*9(1) < TR ()T,

a result which is not exactly obvious from (1.97).
1.5.50. Suppose that u > 0 and v = log T,,(¢“). Show that

o

w2 <0 uz0,

i.e., the curve in the u — v plane described by v = log T,,(¢*) is concave for nonnega-
tive u.

Hint. The desired inequality is equivalent to

le’l(x) ’_ n L ’
[T,(x)] ‘(,;x_fj) <0, x>1,

(use Exercise 1.3.2c), which, in turn, is the same as

n éi
j;lm.i)T?o, x=1

Now utilize the symmetry of the ¢;.
1.5.51. Show that

TLOLE) <L), 1<r<x<y<s rs=xy.
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Hint. Fix r and s. Observe that the curve v = v(u) described in Exercise 1.5.50 is
concave and hence does not lie below the line segment joining the points (a, v(a)) and
(b, v(b)) where a = logr and b = logs for a < u < b. In particular consider u = log x,
logy.

Note that the argument can be reversed so that the inequalities in this and the
preceding exercise are equivalent. Also if r = 1 we recover the result of Exercise 1.5.47.
Exercises 1.547-1.5.51 come from Askey, Gasper and Harris [1] where gen-
eralizations can also be found.

1.5.52. Verify that for any constant, c,
2n(x) = T,(x) + (1 = c)U,_2(x)
satisfies Qq(x) = ¢, Q,(x) = x and
0,(x) = 2xQ,_1(x) — Q- 2(x)s n=23,....
Hint. Exercise 1.5.19 and (1.101).
1.5.53. Show that

1 —
U..-l(y)=%j 7;'(’2 ;:.(y) ldx _, n=012....
T = —

Another normalization of the Chebyshev polynomials is sometimes useful. We put

C,,(x)=2’1;,<;>, s,,(x)=U,,(§), n=012,....

In view of (1.96) and Exercise 1.5.13 we have

R S G

[
k=0 n—k

and

5,09 = vfl (— 1y (n ; k) -2k
k=0

Note that the renormalized Chebyshev polynomials are monic, i.e., have leading
coefficient 1, and have integer coefficients. They are useful in revealing algebraic and
number theoretic aspects of the Chebyshev polynomials, as we shall see.
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1.5.54. Show that

@) C,(x) =xC,_y(x) — C,_3, n =2, with Co(x) =2 and C,(x) = x.
(b) S,(x) = xS,_1(x) — S, n =2, with So(x) =1 and S,(x) = x.

1.5.55. Verify that

0, m#k
2 dx
® ,[ CGICn() == =941, m=k=#0,
-2
| 1= xT 8, m=k=0.
2 2
®) S (¥)Sp(x) [1-— X ax = 0, m#k,
. -2 4 . ek

Thus the renormalized Chebyshev polynomials are sequences of orthogonal poly-
nomials on the interval [ -2, 2].

1.5.56. Show that the positive integers defined by
Sa(i)

in

n=0,1,2,...,(% = —1),

Fpuy=
Fo =0, satisfy
Fooy=F,+F,_, n=0,12....
Therefore, {F,} is the sequence of Fibonacci numbers,0,1,1,2,3,5,.... Thereis a vast

literature and a journal, The Fibonacci Quarterly, devoted to this sequence. The
interested reader should consult Knuth [1] and the references given there.

1.5.57. Use the definition of the Fibonacci numbers given in Exercise 1.5.56 to show
that:

(@ Fpey= ['f] (n ; k)-
k=0

(b) FpisFpoy — Fi=(=1"

Hint. See Exercise 1.5.19.

re ) - (5]

1

(c) (Binet’s Formula)

S

Z 0 = —on), ¢ =(1+./5)2

Hint. Exercise 1.2.20.
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@ Fy=5,-.3), n=0,12,....
Hint. Use Binet’s formula, the fact that (1 + \/3)2 =23+ ﬁ) and Exercise

1.2.20.
Note that we now have

S2n— l(l)
i

=(=1)"7'S,-,03).

Similarly, show that F,,_, = S,_;(3) — S,-.(3).
1.5.58. Show that the positive integers defined by

C.()

L,= o n=012...,

satisfy
Ln+l=Ln+Ln+1’ n=1,2,....

{L,} is the sequence of Lucas numbers, 2, 1, 3,4,7, ....

1.5.59. Use the definition of Lucas numbers given in Exercise 1.5.58 to show that:
21 p n—k

a L,= X

( ) " kgo n—k < k )

(b) LysyLy-y — L3 =(=1y77S.

Hint. See Exercise 1.5.18.

© L= (l 2\/3).. + (1 — ‘/g)

2
=¢"+(1—o).

Hint. Exercise 1.1.1
d) L,=F,y+F,_,n=12,....

Hint. Exercise 1.2.15a.

It is clear that we are now in a position to generate many identities satisfied by the
Fibonacci and Lucas numbers from identities involving the Chebyshev polynomials,

such as those given in Exercises 1.2.13 and 1.2.15. We leave this task to the interested
reader.
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We turn next to some properties of the Chebyshev polynomials of complex
arguments.

1.5.60. If z is a complex number satisfying |z| > 1 then
L@ 2 IT-,c), n>1
Equality holds if, and only if, z= +1forn> 1, 0r |zl =1 for n = 1.
Hint. Use the three-term recurrence formula.
1.5.61. If 0 < R then
max |T,(Re”)| = |T,(R)|,

0<6<2n

and

max_ |U,(Re®)| = |U,GR).

0<0<2n

Hint. Use (1.96) and Exercise 1.5.13.

1.5.62. Show that
max |C,(e*) = L,,
0<0<2rn
and
max IUn(ew” = Fn+ 1
0<6<2zn

1.5.63. Show that
T.G) 1 [n/2] .
—'f.(.l)=-((1 +2r+0-21)=Y (") 2, n=0,1,....
l 2 ji=0 2]

The next group of exercises in this chapter presents a result of Erdés which
generalizes Exercise 1.5.11 to complex ¢ in the case k = 0.

1.5.64. Suppose —1 <t;<1,i=1,...,k, z,,..., z, are given complex numbers and
Gk(tb ceey t,‘) =12y 4+ + L2,

Show that
max |G| =|Gi(ey, -- -5 &

if, and only if, ¢, i =1, ..., k are appropriately chosen elements of {—1, 1}.
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Hint. Suppose the result were false and the maximum in question to be attained
when t,, say, satisfies —1 < t, < 1(and z, # 0). Thenif G,_, =tz + - + t,_ 12—y
we have

1Gk—1 + tizil® = |Gi— 1| + |zl + 2t ReZ, < |Gy + ez,]?

for an ee{—1, 1}.

1.5.65. Suppose g;e{—1,1}, i=1,...,k, z;=p;e’®, j=1,...,k, are given distinct
nonzero complex numbers having the property that

n ..
loj—gl<3,  bj=L...k
and
Hk(el, ey 8*) =812 + 4+ ExZy.
Show that

max |Hy|=|zy + -+ z], uniquely for k > 2.

Hint. Let z; = x; +iy;, x;20,y;20,j= 1, ..., k: Then

k 2 k 2
H,|* = (;l ij,) + (;1 81."1) :

1.5.66. (Erdos [2]) If pe 2, (and the coefficients of p are real) and
M <1, j=0,...,n
then for any complex number { satisfying || > 1

[P < | Tl
Equality hold only for p = +T,.

Hint.
p0 = 3, 4l(U: D

where t; = p(n{”) satisfies —1 < t; < 1, and (Exercise 1.5.7)

@ =T (=1
n? {— '1j,

Lu; )= j=1,...,n—1
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(and half that quantity for j = 0, n). In view of Exercise 1.5.64, | p({)| will be maximal if
t; = + 1. But then the hypotheses of Exercise 1.5.65 are in effect if we observe that the
angle subtended at { (|{| = 1) exceeds n/2. This leads to the conclusion that |p({)] is
maximal if

™M=

A=+ 3 (=10 = £T,Q)
J

1.5.67. If pe &, has real coefficients and
IP('If'"))l <1, j=0,...,n
then

max |p(z) <|T,()l, n=0,1,2...
lzl<1

with equality only if p = + T,. See also Exercise 1.5.63.

Hint. The maximum principle for analytic functions and Exercises 1.5.66 and
1.5.61.

There is an extension, due to Kemperman [1], of the Erdds inequality,

given in Exercise 1.5.66, to derivatives of polynomials. Namely, if pe 2, is
real-valued and

™I <1, j=0,...,n,

then for any complex number { satisfying |{| > u,,, where u,, is the largest
zero of T%~Y(x), we have

PPOI<ITPOL  k=1,..., (1.151)

s

The proof uses the following generalization of the observation made in
Exercise 1.5.66.

Proposition. Let the zeros of real-valued qe #,, be y;, <y, <'** < y,.. Let
pe 2, satisfy

Pl < lgixp),  j=0,1,...,m

where xg < y; <X; <*'** <y, < X,,. Then

[p(0)] < gl (1.152)
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holds for each complex number { outside the open disc with diameter
[xo, X..)- The equality in (1.152) can hold only on the boundary of that disc
unless p = +q.

Proof. Let r(x) = (x — x¢) "+ (x — x,,), then

_ < p(x;)
Q) =) j;o —r’(x,-)(C )

Since p(x;) = t;q(x;) where —1<t;<1,j=0,..., n we obtain

_ 2 q(x;)
PO=r0 3 4ty

Now g(x;)/r'(x;) are nonzero and of the same sign, j =0, ..., n, and if { is
outside the above-mentioned open disc then the complex numbers ({ — x;) !
all lie in a sector whose angle does not exceed =n/2. Hence |p({)| attains its
maximum when either t;=1 or t;= —1, j=0, ..., n, thus establishing
(1.152). The statement about equality is now easily verified, and the
Proposition is established. m

According to Exercise 1.5.9, T%~1)(z) = 0 implies
PP <TG,  k=1,...,n
But now if we invoke the Proposition with p, g and m replaced by p®, T%® and

n — k, respectively, (the x; being the zeros of T% ! and the y; the zeros of T¥)
then (1.152) implies (1.151).
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EXTREMAL PROPERTIES

One of the most remarkable properties of the Chebyshev polynomial, T,(x), is
that T,(x) (the Chebyshev polynomial normalized so that its leading coeffi-
cient is 1) has the smallest maximum absolute value on I: [—1, 1] among all
P(x) =x"+a,_;x" ' + -+ + aq [cf. (1.109)] (This property is one basis for
the wide utility of the Chebyshev polynomials in numerical analysis, a topic
to which we turn in Chapter 3.) Let us begin by proving this fact. We recall
that if g(x) is continuous on I

gl = max 1 lg(x)l.

—1<x<g
Theorem 2.1. If p(x) = x" + a,_,x" ! + - + a,, then

~ 2t=8 p>0,
> nll =
R {1’ oo,

with equality only if p = T,.

Proof. Suppose that n>0 and |p| < |T.| =2'7" then |p(x)| <2'™"
throughout I and T,(m,) = (=1)*2!™", k=0, ..., n [, are as defined in
(1.19)]. Suppose that p # T, then ¢ = T, — pe2,_, and is not identically
zero. Suppose that g(no) = - = q(m,—1) = 0, q(m,) # 0, and q(n,,) # O but
q(Mm+1) =+ = q(n,) = 0. Since g is not the zero polynomial, k <n and
m>0. Note now that if q(y;) #0, then sgnq(n;) = sgnT,(n;) = (—1).
Suppose that q(n)#0, q(1+1) =" =4qMi+g-1) =0, qlmi+;) #0.
Then certainly g has at least j — 1 zeros in [#;, n;.;], but if j is even
sgn q(n;) = sgnq(n;.+;) and so g has an even number of zeros (counting
multiple zeros as many times as their multiplicity) in [#;, ;4 ;], hence at least j
zeros. If jis odd, sgn q(17;) = —sgn q(n; ;) and so q has an odd number of zeros
(counting multiple zeros as many times as their multiplicity) in [#n;,7;,;],
hence at least j zeros. Thus q has at least j zeros in [#;, #;,;], hence at least
m — k zeros in [, n,,]. But g also has k zeros in [, n,] and n — m zeros in

67
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[m:n,], making a total of (m —k) + k + (n —m)=n zeros in I. Since
q€P,-1, 4 =0. Thus either ||p| > T, orp=T,. =

Corollary 2.1.1. If p(x) = ay + a;x + '+ + @ x, a, # 0, and p # a,T;, then
there exist x, € such that

[]
Pl > e

Theorem 2.1 has two interesting reinterpretations:

A. The polynomial in #,_, closest to the function f(x)= x", where
closeness is measured by | f— pll, pe2?,_1, is

a3

p*=x"—

B. Among all pe 2, satisfying || p|l| = 1 the largest value of

(n)
o= 50

is 2"~! and this value is assumed only for p = +T,.

(A) is an example of a rich mathematical area, the uniform approximation
of functions by polynomials, and (B) is an example of the problem of
maximizing a linear functional on the space #,. To see how the Chebyshev
polynomials fit into these larger schemes we next explore both areas in some
detail.

A. UNIFORM APPROXIMATION OF CONTINUOUS FUNCTIONS

2.1. Convex Sets in n-Space

Our investigation of uniform approximation will be quite wide-ranging on its
circuitous route back to the Chebyshev polynomials. For this purpose we
need some preliminary material about convex sets in real and complex n-
dimensional spaces, R" and C", respectively.

Definition 2.1. A set, S, in R" or C" is convex if s,, s,, €S implies
Asy + (1 — A)s, €S for 0 < 4 < 1; that is, together with any two points S
contains the line segment joining them.
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Definition 2.2. If nonnegative numbers 4, ..., 4, satisfy

i l‘=1
i=1

and y,, ..., y,€R", C",

m
Z Ay
i=1
is called a convex combination of y,, ..., y,.

Definition 2.3: Given a set S, form the set .§, of all convex combinations of
points of S. S is called the convex hull of S.

Theorem 2.2 (Carathéodory). Let S be a subset of R" and y a point of S. Then
there exists a subset S; of S, containing at most n + 1 points, such that yeS,.
Indeed, given any zeR", we may choose S, to consist of z and at most n
points of S.

Proof. If we can prove this result for z = 0, namely, for any subset of R”, B
and weB,

w=Y wb, =0, Y i<
i=1

where r < n and b;e B, then it is true for arbitrary z in n-space. For given S
and yeSlet B = {xelR"lx =5—2,5€S}. Then w = y — ze B; hence

y—z= .Zl wb; = ._Zl pils; — 2), s;cS.

Thus

(e oo

Suppose then that z=0. If y=0, y=2z and the theorem is proved.
Suppose that y # 0. Since y € S, there exist s,, .. ., s,€S and positive 4,, ..., 4,
which satisfy

M-
»
VAN
[

@.1)

-
(]
-
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such that
y= izl Ais;. ?2.2)

We show that if r is chosen to be the least integer such that (2.1) and (2.2)
hold, then r < n. Suppose that r > n; then the s; are linearly dependent and we
can find real numbers c; such that

z': =20
i=1

(in particular, at least one c; is positive) and
r
Z C;S; = 0.
i=1
If ¢ is any real number, we have
r
y= .Zl (A — te)s;.
s

The numbers ¢;(t) = A; — tc; are all positive for ¢t = 0, hence for positive and
sufficiently small ¢. Since at least one ¢; is positive, there is a smallest positive
value of ¢, say ¢, such that at least one of the ¢;(t) vanishes. [Note that none of
the t;(t') is negative and at least one of them is positive, since y # 0.] Thus

y= igl ti(t)s;

and at least one of ,(t') = 0, but

e

t(t) = i Ai—t Z': ¢ <1,
i=1 i=1

i=1

which contradicts the assumed minimal property of r. =

Remark. Since C" is isomorphic to R2" Theorem 2.2 remains valid when S
is a subset of C" with S; containing at most 2n + 1 points, and similar
appropriate changes are made in the final sentence of the statement of
Theorem 2.2 as well.

Definition 2.4. If x: (x,, ..., x,) and y: (y; ..., y,) are two points of C",
x,y)=x,y,+ " +x,y, is called the inner product of x and y;
d(x,y) = (x — y, x — y)*/? is the distance between x and y.
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Theorem 2.3 (Separating Hyperplane Theorem). Let C be a closed convex set
not containing the origin in R". Then there exists a hyperplane, H, defined by
h(x) = (x, a) + b = 0 such that h(0) < 0 and h(x) > O for all xe C; that is, H
strictly separates C from O.

Proof. Since C is closed, there exists a point of C, x* which is closest to the

origin. Take
*
h(x) = (x - "? x*).

Then h(0) = —3(x*, x*) < 0 and h(x*) = }(x*, x*) > 0.
We claim that h(x) > O for all xe C. Suppose it is not, that x'e C, and
h(x) < 0. Then

(', x*) < 3(x*, x*). (2.3)
Since x’ and x* e C, every point Ax' + (1 — A)x*, 0 < A < 1, is in C, but if

S =0GAx" + (1 — Dx*, Ax" + (1 — A)x*)
= 23X, x') + 2A(1 — )X, x*) + (1 — A)*(x*, x*),
we have f(0) = (x*, x*) and f'(0) = 2(x’, x*) — 2(x*, x*) < 0, in view of (2.3).

Thus there is a point of C closer to 0 than x*, contradicting the definition of
x*. =

Remark. Theorem 2.3 remains valid for CeC" if we put h(x)=
Re((x, a) + b).

EXERCISES 2.1.1-2.1.5

2.1.1. Show that C is convex if, and only if, every convex combination of points of C is
contained in C.

2.1.2. If S = RY(C"), show that § is convex.
2.1.3. Show that S  §.
2.1.4. Show that § is the smallest convex set containing S.

2.1.5. Show that if S is compact then § is also.

2.2. Characterization of Best Approximations

We are now in a position to discuss a quite general problem of uniform
approximation. The setting is as follows. Let B be a compact set in m-space
and let C(B) be the set of (real or complex-valued) continuous functions on B,
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equipped with the uniform (or Chebyshev) norm; that is, if g e C(B),

llgll = max |g(y)I.
yeB

Associated with each ge C(B) is its (nonempty) set of critical points,

E(g; B) = {yeB/lg(y)| = llgl}-
Note that E(g; B) is closed, hence compact.
Given ¥, a k-dimensional subspace of C(B), our objective is to characterize
the elements of V that are closest to a given feC(B), closeness being

measured by the uniform norm. The entire theoretical foundation of our
endeavors is contained in the following result.

Theorem 2.4. Suppose ge C(B) and ¢,, ..., ¢, is any basis for V. Let K be the

set in k-space described by (g(»)@1(D), ..., 9()@.(y)) as y runs through
E(g; B). Then

lg +vll = lgl, allveV 24

if, and only if, the origin in k-space is in the convex hull of some subset of r
points of K, where r < k + 1 in the real case (i.e., when C(B) consists of real-
valued functions) and r < 2k + 1 points in the complex case.

Proof. (i) Suppose that y,, ..., y, are points of E(g; B) such that
0= 3 Llgboi(n. ... a0 es(r)
where A; > 0 and X]_, A, = 1. Then
0= i; 2000 J=Lb..nk
hence, for any veV,
0= 3 Aol
and

0=Re 3 1gloy) = 3. 4Reg()o(y)
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so that for each ve V there exists i(v) such that

Re g(y)o(y) = 0. 2.5)

Given any v, fix i so that (2.5) holds; then

lg + o2 = lg(y) + v(¥)I? = [9(¥) + v(¥)1- [9(¥) + v(¥)]
> llgl® + [o()I? + 2Re g(r)o(v) = ligll*,

thus establishing (2.4).

(i) Suppose that (2.4) holds and ||g|| = 1. (If ||g|]| = O, the theorem is trivial.
If 0<|g| # 1, continue the proof with g, =g/|lgl, with no loss in
generality.)

If K is the convex hull of K, we show that 0e K. Suppose that 0¢ K. Since
K is compact, so is K and there exists a hyperplane that separates 0 from K
according to Theorem 2.3; that is, there exist complex numbers cy, ..., ¢
(co # 0) such that the half-space

Re(CO + Ci1Zy + -+ Ckz,,) = 0

contains K but —t = Rec, < 0; that is, for all ye E(g; B)

k -
Re ( Y cjg(y)fp,-(y)) =1>0,

ji=1
or, putting v = =5, ¢;@;,
Re g())oo()) = >0,  yeE(g; B).

Let U, be an open set of m-space such that E(g;B)c U, nB=1U,
Regv, = 7/2 on U, and |g(y)| < 1 — 6(6 > 0) on B\ U, which is closed. Now
choose ¢ > 0 so that g||v,| < ; then

max |g(y) — evo(Y)l < 1,

yeB\U
but on U

19(3) — evo(VI? = 19N + vo(y)I* — 26 Re g(y)vo(y)
< 1+ &2y — er.

Since &2||vo||2 — et < O for ¢ sufficiently small,

lg(y) — evg(WI <1, yeU,
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and puttingv = —évy, |lg + v|| < 1 = ||g|, contradicting (2.4). Thus 0e K and
an application of Carathéodory’s theorem (Theorem 2.2) now proves our
result. m

Definition 2.5. If fe C(B)is given and || f — v*|| < || f— v||, all ve V, we call v*
a best approximation to f (on B) out of V, and put

ILf = v*Il = Ey(f).
(In case V=2, we write E,(f) for Ep (f))
Theorem 2.5. v* is a best approximation to f € C(B) out of ¥, if, and only if,

there exist distinct points y,, ..., y,€ E(f — v*; B), and positive numbers 4,,
..., 4, such that

T A= *ONwr) =0, all veX, 26)

where r < k + 1 in the real case and r < 2k + 1 in the complex case.
Proof. Replace g by f— v* in Theorem 24. m

Remark. Theorem 2.5 remains valid if v in (2.6) is replaced by ¢; for j = 1,
.,k

A useful variant of the characterization of best approximations given in
theorem 2.5 is based on the following considerations.

Definition 2.6. A signature in B, X, is a continuous function whose domain is a
closed subset of B and whose range is in the unit circle in the complex plane.
We call the domain of X the base of the signature and denote it by a(X); Z' is a
subsignature of T if ¥’ is the restriction of X to a subset of o(Z).

Definition 2.7. A signature, X[g], is said to be associated with ge C(B) if
o < E(g; B) and X(y) = sgng(y).t (Note that g =0 can have no signature
associated with it.)

Definition 2.8. A signature, X, is said to be extremal for V if there exist

(complex) numbers (,, ..., {; and distinct points y,, ..., y, of ¢ such that
sgn;=Z2Z(y), i=1...,s 27
and
'2’1 Liv(y) =0, all ve v (2.8)

tFor a complex number z # 0, sgn z = z/|z|, and sgn0 = 0 (cf. Exercise 1.3.6).



CHARACTERIZATION OF BEST APPROXIMATIONS 75

¢1» ..., are called weights for . An extremal signature, Z, is called primitive
if it has no proper extremal subsignature.

We now obtain an immediate equivalent to Theorem 2.5 in terms of
extremal signatures.

Theorem 2.6. A best approximation out of V to f ¢ V is v* if, and only if, there
exists an extremal signature for V associated with f — v* based on r points,
where r < k + 1 in the real case and r < 2k + 1 in the complex case.

Corollary 2.6.1 (Skeleton Theorem). If v* is a best approximation tof ¢ ¥ on
B, it is also a best approximation to f on the base of an extremal signature for
V consisting of r points, where r < k + 1in the real case and r < 2k + 1in the
complex case.

Proof. The base ¢ of the extremal signature described in Theorem 2.6
works by applying Theorem 2.6, with B replaced by . m

Corollary 2.6.2. Let y,,..., y, be the base of the extremal signature X. Then, if
v* is a best approximation to f out of B and veV,

If — v*l = Ey(f) = min ReZ(y)[f(y) — o(y)].

1<isr

Proof. Choose weights for X, {,, ..., {,, to satisfy

i ISl =1
i=1

(this can always be done). Then

Ev(f)= 3 IS =1 > $ 1Gl170) - o*(0)

=

PRITOETL

- i; LLA) — o]

3 GIZ00L1 00 - v(y.-)]l
>Re 3 [LIZOILS () — (0]
= 3 16 ReZGI LS00 — o(30)]

> min Re Z() /() —o(3)] =
I<isr
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EXERCISES 2.2.1-2.2.15

2.2.1. (Kolmogorov Criterion) Show that v* is a best approximation to f if, and only
if,

minRe sgn[f(y) —v*(»)]-v(y) <0,  eachveV. 2.9)
yeE(f—v*; B)

[Thus (2.6) and (2.9) are equivalent.]

Hint. Formula (2.6) implies (2.9). Then show that (2.9) implies that
If=ol? = Il f—v*|

2.2.2. Any signature with an extremal subsignature is itself extremal.
2.2.3. Every extremal signature has a finitely based extremal subsignature.

2.24. If 2 is an extremal signature for ¥, then for each ve V
min Re(x(y)Z(y)) <O. (2.10)
yeo(Z)

2.2.5. If (2.10) holds, there is an extremal subsignature of X based on r points, where
r < k + 1 in the real case and r < 2k + 1 in the complex case.

Hint. Formula (2.10) implies that O is a best approximation to X on ¢ out of V.

2.2.6. Every extremal signature has an extremal subsignature based on r points, where
r < k + 1 in the real case and r < 2k + 1 in the complex case.

Exercises 2.2.7-2.2.10 deal with the real case.

2.2.7. Points y,, ..., y, of B are the base of a primitive extremal signature for V if, and
only if, every set of r — 1 columns of the k x r matrix

01(y1) - @1(¥)
o, =
ou(y) - o)
is linearly independent and the rank of ®, is r — 1.
Hint. (i) If, say, the first r — 1 columns are linearly dependent, an argument similar

to that used in the proof of Theorem 2.2 contradicts the primitivity of the extremal
signature. (ii) If the rank is r — 1, the columns are linearly dependent.

2.2.8. No proper subset of the base of a primitive extremal signature is the base of an
extremal signature.
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2.29. If X is a primitive extremal signature, the only extremal signatures based on ¢(X)
are +X.

2.2.10. Ify,,...,y, are the base of a primitive extremal signature for V and J is any set
of r — 1 distinct indices among 1, ..., r, then, given arbitrary b;, je J, there exists ve V
such that

v(yj)=bj’ je‘]'

2.2.11. We have avoided the question of whether a best approximation out of V' to a
given feC(B) exists. The answer is that it always does. Fill in the details in the
following sketch of a proof of this fact. Show that || f — Z¥_, a;¢; |, a continuous
function of a: (a,, ..., a), assumes its minimum by noting that, since 0 is a possible
value of a, we need only consider a such that |ZX_, a;¢;|| < 2| f|, and the set of such a
is compact.

2.2.12. Show that X(n;) = (—1),i=0, ..., n, is an extremal signature for V= 2,_,
based on the extrema of T, (x).

Hint. The weights needed to establish (2.7) and (2.8) can be deduced from (1.144)
with0<k<n-—landm=n.

2.2.13. Show that Theorem 2.6 implies, in view of Exercise 2.2.12, that a best
approximation on I to 2"~ !z" by polynomials of degree at most n — 1 with complex
coefficients is 2"~ 12" — T,(2).

2.2.14. (Ehlich and Zeller [3]) Show that a best approximation on the square B:
—1<x<1, -1 <y<1tox"y" out of the space

V={p(x, y) = ~=Z: io aijxiyj}
i+j<1nim

is x"y" — T,() T, (y).

Hint. (", 7™ 5 (—1)**,k=0,...,n,1=0,...,m,is an extremal signature for V.
2.2.15. Let V be the set of linear polynomials in two variables; i.e.,
V= {ax + by + c} show that

(i) every primitive extremal signature for ¥ in R? is based on at least 3 points and at
most 4 points;
(i) if an extremal signature for Vis based on 3 points, they are collinear and the signs
alternate;
(iii) if an extremal signature for V is based on 4 points, then either
(a) they are the vertices of a triangle, all with one sign, and a point inside the
triangle with the opposite sign, or
(b) they are the vertices of a convex quadrilateral with opposite vertices of like
sign and adjacent vertices of opposite sign.
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2.3. Chebyshev Systems and Uniqueness

Since our ultimate concern is with polynomial approximation, we now
further restrict our k-dimensional space of approximators ¥ by requiring that
it satisfy the Chebyshev condition.

Definition 2.9. Vsatisfies the Chebyshev condition with respect to B if, and only
if, each ve V has at most k — 1 distinct zeros in B, unless v = 0. Any basis of V
is said to be a Chebyshev system on B.

The simplest example of a Chebyshev system is 1, z, ..., z* "1, on any set of
the complex plane. A detailed study of the properties of Chebyshev systems is
to be found in Karlin and Studden [1].

It is clear that V satisfies the Chebyshev condition (with respect to B) if,
and only if, for each set of k distinct points of B, y,, ..., yx, We have

e1(y) - @1y
A= : #0. (2.11)
o(y1) o ()
Thus, given arbitrary b,, ..., by, there exists a unique ve V that satisfies

v(yi)=bi,i= l,u.,k.

Theorem 2.7. Every extremal signature for a ¥ which satisfies the Chebyshev
condition is based on at least k + 1 points.

Proof. Suppose X based on y,, ..., y, is an extremal signature for ¥ and
r < k. Then there exists ve V such that v(y,)=1, v(y)=0,i=2, ..., r.
Hence, if {4, ..., {, are weights associated with X, we have {;v(y,) = 0, which
is impossible. Thusr >k + 1. =m

In view of Exercise 2.2.6, then, every primitive extremal signature for a V
that satisfies the Chebyshev condition is based on precisely k + 1 points in
the real case and r points in the complex case, where k + 1 < r < 2k + 1. The
Chebyshev condition is intimately connected with the uniqueness of best
approximations, as our next result shows.

Theorem 2.8 (Haar). Every f € C(B) has a unique best approximation out of V
if, and only if, V satisfies the Chebyshev condition with respect to B.

Proof. (i) If f eV there is nothing to prove. Suppose that ¢ V. Let v, and
v, be best approximations to f out of V. Let X[ f — v,],basedon y,,..., y,, be
an extremal signature for V whose existence is affirmed by Theorem 2.6, with
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associated weights (,, ..., {, satisfying

Y =1

Then
If=oil = 3 GEAG) = o100 = 3 LA = val30)]
< 3 IGO0 = val) < 1S = 2.12)
and, since || f — v,|| = || f — v, ], the inequalities in (2.12) are both equalities,

which is possible only if |f(y;) —v(y)=1f—v.ll, i=1, ..., r and
sgn [f(y;) — va(y)] = sgnl;, i=1,..., r. But then

F) = v2(y) =f(y) — vy, i=1...,r

orvy(y;))=v,(y)=0,i=1,...,r,and v, — v, hasr > k + 1 zeros in B. Since
V satisfies the Chebyshev condition v, —v; =0 or v, =v,. The best
approximation is unique.

(ii) Suppose that V does not satisfy the Chebyshev condition; i.e., there
exists voe ¥, vy # 0, and distinct points y,, ..., y,€B such that vo(y;) =0;
i=1,...,k Hence A =0 [cf. (2.11)] and

k
Y a4ey)=0, i=1..,k

j=1

has a nontrivial solution. Suppose that, after renumbering if necessary, a; # 0,
j=1,...,r, where 1 <r <k; then

jZl ap(yp)=0, allveV. (2.13)

Suppose that ge C(B), |lgll = 1, and g(y;) =sgna;, j=1, ..., r. Consider
S = g(»)(A — |Ave(p))) + v,(y), where v, is any element of V and ||Av,| < 1.
Then feC(B), ||f—uv,l <1, and indeed |f—v,|=1 and [f(y)—
vi(y)] =sgna;, j=1,...,r. Put Z(y;) = sgna;, j=1, ..., r. Then, in view
of (2.13), X is an extremal signature for ¥, hence by Theorem 2.6 v, is a best
approximation to f. Put v, =v; — Av,. Then v,eV and f—v, =g(1 —
|Avel) + Avg; hence |f(y) — vo(¥) < 1 and | f — v,|| = 1. Thus v, is another
best approximation to f. Uniqueness fails. =

Remark. Note that although the f we constructed is continuous, it is not
differentiable. -
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Newman and Shapiro [1] introduced a quantitative strengthening of
uniqueness which has become known as strong uniqueness. If fe C(B) and V is
a k-dimensional subspace of C(B) then v* €V is called a strongly unique best
approximation out of ¥ to f on B if, for all veV

If = ol = Ilf = v* + yllo —v*| (2.13.1)

for some y(f, B, V) > 0. y is then called a strong uniqueness constant. We
denote the supremum of all positive y for which (2.13.1) holds by y*, and call it
the best strong uniqueness constant.

Let v* be a best approximation out of V to f(¢ V) on B. Suppose that Sisa
closed subset of E(f — v*; B). Put

e(y) =sgn(f(y) —v*(y), yeSs.

Suppose that

min max Re (e(y)o(y)) = ys > 0. (2.13.2)
lol=1 yeS

If v # v* then w = (v* — v)/||v — v*|| € V satisfies ||w| = 1. Hence in view of
(2.13.2) there exists y, €S such that Re(e(yo)w(yo)) = ys > 0. But

If = oll = le(yo)(f (¥o) — AYol = Re e(yo)(f (¥o) — t(¥o))
> Re&(yo)(f (Yo) — v*(¥o)) + Re&(yo)®*(¥o) — v(yo)),

or, recalling the definitions of &(y,) and w we have (what is trivially true if
v =¥

If = ol = 1f = v*ll + yslo — v*|.

Thus we have shown that (2.13.2) implies (2.13.1) with y = ys.

There are two interesting choices for S. Suppose first that
So = {¥1,-.--,y,} is the base of an extremal signature Z[ f — v*] (Definitions
2.6-2.8), and strong uniqueness fails to hold. Then (2.13.2) must not be valid
and so there exists vy € V satisfying [lv,]| = 1 and Re(e(y;)vo(y;)) <0,j =1,
..., r. But we know, (2.8), that there exist positive numbers, 4,, ..., 4, such
that

Y. 4 Re (ey)oy) = O,
=
which yields

Re@vo(yj)) =0,j=1,...,r
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Thus, in the real case, vo(y;) = 0,j = 1,..., r. But if V satisfies the Chebyshev
condition, then according to Theorem 2.7 we must have r > k + 1 and hence
vo = 0, contradicting our assumption that ||v,|| = 1. We conclude then that in
a real best approximation problem, in which V satisfies the Chebyshev
condition, strong uniqueness holds (cf. Theorem 2.8).

If S* = E(f — v* B) it is obvious that yg < ys. for all S. We show next that
(2.13.1) implies

min max Re(g(y)v(y)) =y > 0. (2.13.3)
ol =1 yes*

If (2.13.3) were false then there would exist we V, |w|| = 1, and 7 > 0 such that
Re(e(y)w(y)) <t <9, for yeS*. Let || f— v*| = M and

U = {yeB:Re(e(y)w(y) < 7 and |f(y) — v*(y)| > M/2}.

Then S* = U, and if y is in the closed set B\U we have [f(y) — v*())|
< M — 9§ (for some 6 > 0), and for any 4 satisfying 0 < 4 < §/2

o
max |f(y) —v*(y) + Aw|< M ——.
yeB\U )

| f—v* 4+ Awllg = | f(¥o) — v*(¥o) + AW(¥,)| then y,eU and a simple cal-
culation yields

ILf—v* + Aw||> < M? 4+ 2AM<t + A
< If—v* + Aw||2 = 240y — D)) f — v* + Aw||
+ A4y2 - 291+ 1)

(the second inequality being a consequence of (2.13.1) with v = v* — Aw),
which is impossible under our assumption that T < y, for 4 sufficiently small.

We have now established the equivalence of (2.13.3) and (2.13.1). This
allows us to conclude that the best strong uniqueness constant is given by

0<y*=min max Re(e(y)v(y)). (2.134)
loll=1 yeE(f—v*;B)

The best strong uniqueness constant is not known explicitly for many
concrete examples. Fortunately for us, it is known for the best approximation
of T,(x) out of #,_, on I, and our next task is to evaluate y*(T,, I, %,_,) by
solving the extremal problem in (2.13.4) in this case.

We begin with the observation that in the problem under consideration
v*=0, E(T;I)={n{,...,n™} and &) =(—1), j=0, ..., n. Suppose.
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pe?,_,. We claim that

min max (—1)’p(n;) > (2.13.5)

Ipl=1 j=0,...,n 2n—1
For suppose otherwise, then there exists pe#,_,, ||pl| = 1, and

1
2n—1

—(=Dpin) >0, j=0,...,n
Suppose p(x) = Ag + A, Ty(x) + -+ + A,_ T, 1(x), then
2n—1
TP = % B/T()
i=
where

n—j

2 b

Bj=B2n—j= j=1,...,n—1, Bn=A0.

Consider the Chebyshev expansion of g(x) = (2n — 1)! — T,(x)p(x). The
finite orthogonality formula, (1.144), yields

. —nA,, k=n,
ZO T(n;)q(n;) =
~

n
—EA,,_", k=1,...,n_1,

and since q(n;) > 0,j =0, ..., n, we obtain
e il < Y7 alry) =
2 n—k \j=oqr,] _2n_19

or

'A,,-,JSEZ_—I, k=l,...,n—1.

Also, since T,(n;) = (—1)/,

< " _ n
nl4,| < ,-;o any) =5—7

or

A .
| °|<2n—l
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Thus

n—1

el < ¥ 141 <1,
j=0

contrary to our assumption that | p| = 1. Equation (2.13.5) must hold.
It is easy to see (Exercise 1.2.15d) that if
s(x) = —(1/2 + Ty(x) + --* + T,_(x)) then

1 .
_<n_§)’ J —03

W=y =1
2 ’ ] - b ) n,
so that
_2s(x)
plx) = 2n—1

satisfies ||p|| =1 and (—1)’p(n;) <(2n—1)"%, j=0, ..., n. We have thus
proved, in view of (2.13.5), that

1
* - —
7(’1:.,],9,,—1) 2n_1
(see also Cline [1]).
EXERCISES 2.3.1-2.3.4
2.3.1. Show that
o NS = ol = ILf—o*
* -
[y e @139

This suggests that the best strong uniqueness constant is worth examining in the error
analysis of computations of approximations to best approximations.

2.3.2. Suppose that V satisfies the Chebyshev condition. Let 2 be the operator which
transforms f(e C(B)) into v*, the (unique) best approximation to f out of V. That is,
2f = v*. Show that for a given fe C(B), there exists C > 0 such that
12— 29l <Clf—4gl, geC(B). (2.13.7)
Hint. Recall that v* is strongly unique and put v = 2y in (2.13.1) to obtain

NP — Pyl < | f— 29l — | f— 2SIl (2138
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Judicious consecutive application of the triangle inequality to | f— %g|| in (2.13.8)
leads to y||2f — 2g|| < 2||f— gll, and the required result follows.

Thus under the conditions of this exercise the best approximation operator (which
is nonlinear) is continuous, and, indeed, satisfies a Lipschitz condition at each f. This
result is due to Freud [1].

2.3.3. Show that the constant y in (2.13.1) must satisfy y < 1.
2.34. Show that if pe Z,_,

el
T,—pl;214+—.
" n p"l +2n_1

2.4. Approximation on an Interval

We now further restrict our attention to the real case in which V satisfies the
Chebyshev condition. In view of Theorem 2.7 and Exercises 2.2.7 and 2.2.9,
we see that any distinct points y,, ..., y,4+, of B are the base of a unique
extremal signature up to multiplication by — 1. Moreover, if B = [a,b], an
interval of the real axis, the primitive extremal signatures are further
restricted.

Theorem 2.9. Suppose that a < x; < x, <'** < X,4, < b; V satisfies the
Chebyshev condition with respect to [a,b] and consists of real-valued
functions. Then the values X(x;), i=1, ..., k + 1, of the “unique” extremal
signature based on x,, ..., x;,, alternate in sign.

Proof. Itis enough to show that any weights {,,..., {,. associated with X
alternate in sign.

First we dispose of the case k = 1. If k = 1, v # 0 has no zero in [x,, x,]
and {,v(x,) + {,v(x,) = O then implies that {,{, < 0. Suppose that k > 1 and
there exists j, | <j < k + 1, such that {;{;,, > 0 and, say, {;, {;+, > 0. Then
there exists g, 1 < q < k + 1, such that either {,_, or (., is of the same sign
as {,, namely positive. (If j > 1, take g = j. If j = 1, take g = 2.) Now choose
two positive numbers, «,_, and o, ,, such that a,_,{,_; + a;+,{;41 >0,
and let v, be the unique element of V that satisfies

vO(xq—l) = aq—la vO(xq+ l) = aq+ 1

vo(x;) =0, i=1...,k+1, i#q—1,q,q+ 1.
Then by the definition of weights we have
aq—qu—l + quo(xq) + aq+l€q+l = 0'

Thus vy(x,) < 0, while vo(x,+,) > 0; hence vy has two zeros in (x,- 1, X, + ;) for
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a total of at least k zeros in [x,, x, ., ]. This contradicts the assumption that V
satisfies the Chebyshev condition with respect to [a,b]. m

We next obtain, quite easily, the classical characterization theorem of best
approximation on a closed subset of a real interval in the presence of the
Chebyshev condition.

Theorem 2.10. Let B denote the interval [a, b] and suppose that V satisfies
the Chebyshev condition with respect to B. Let S be any closed subset of B
(e.g., B, finitely many points of B). Then v, is the best approximation on S to
feC(S) (f¢V) if, and only if, there exist x;,e E(f — vy; S), i=1,..., k + 1,
such that x;, < x, < < x4+, and

J(x;) — vo(x), i=1...,k+1,

alternate in sign.
Proof. Theorem 2.10 follows immediately from Theorems 2.6 and 2.9. =

Remark. Under the assumptions of Theorem 2.10 and in view of Corollary
2.6.1, the best approximation v, to f on S is also the best approximation to f
on some set of k + 1 points of S. Moreover, if Y: {y,,..., y;+,} consists of
distinct points of S and v, is the best approximation to f on Y, then
lf = vylly < IIf — voll; that is to say, if we find the best approximation to f on
a subset of k + 1 points of S which has the largest error (in norm) among all
subsets of k + 1 points of S, that approximation is also best on all of S. This
observation is the foundation of some frequently used algorithms for finding
best approximations numerically. In the case that S is a finite set of points our
search is reduced to examining the best approximations on the finite number
of subsets of k + 1 points of S. This problem turns out to be tractable, as we
shall see next.

Let X denote the distinct points x,, ..., X;4+, of [a,b], numbered (for
future convenience) this time as follows: a < x,,; <X, < " <x; <b.
Suppose that V satisfies the Chebyshev condition with respect to [a,b].
Consider the matrix

®1(xy) v @il(xy)
o=| :

O1(%+1) -0 Oulxes1)

and the determinant A; (i = 1, ..., k + 1) of the square matrix obtained by
deleting the ith row of ®. No A, is zero because of the Chebyshev condition
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and, indeed, they all have the same sign, for the determinant

_fP1(x1) coe pl(xq) W
oixic) o @ulxiy)
0i(1) = | @4() AU
fpl(xi+ 2 oo Pilxis2)
L;Pl(xk+ ) oo Orxpsq)

is a continuous function of ¢ which is not zero for x;,, <t < x;_; hence
A; = 8,(x;+,) and A;,; = 8;(x;) must have the same sign, and this holds for
i=1,...,k + 1(with trivial modification of the argument fori = 1, k + 1). If
we adjoin an arbitrary (k + 1)st column to ®, the cofactors of the elements of
this column are (—1)**!A,, i =1, ..., k + 1. Moreover, these cofactors are
orthogonal to each of the columns of @ [because the dot product involved is
merely the value of the determinant, with the particular column repeated as
the (k + 1)st column, obtained by expanding by elements of the (k + 1)st
column]; ie.,

kil (— I)IA,(PJ(x,) = 0, ] = 1, ceey k. (2.14)
i=1

Equations (2.14) imply that

_(=D)A

;= LA

i=1,...,k+1, (2.15)

are weights associated with the extremal signature X(x;) = (—1)', which
satisfy

k+1
Y 10 =1.

If v* is the unique best approximation to f ¢ V on X, then in view of Theorem
2.10

k+1 k+1
If=v*lx=2 .-;1 O;[f(x) — v*(x)] = 4 i; 0,f(xy),

where

k+
A =sgn ;: 0,f(x;). (2.16)

Thus we have proved the following.
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Theorem 2.11. For any f defined on X we have

k+1
2 0:f(x)
i=1

s X)=p=|f—v*lx= (2.17)

and v* is determined by any k of the equations
v*(x) =f(x)—Asgn A(—=1)p, i=1...,k+1

We now further specialize by taking V to be 2, _ ,, real polynomials of degree
at most k — 1, and B to be the interval I: [—1,1]. (There is no loss in
generality in restricting our attention to I, since results obtained are easily
translated to any finite interval by means of a linear change of variables that
leaves 2, _, invariant.) It is not easy to find explicitly the polynomial of best
approximation to a given continuous f(x). Of particular interest to us is the
case f(x) = x*, (k > 1).

Let p(x)€e 2, _, be the best approximation to x* on I out of 2, _,. Then
r(x) = x* — p(x) e #,, and r(x) attains its maximum absolute value, M > 0, at
k + 1 points satisfying —1 < x4, <X, <°°* < x; <1, with alternating
signs (though the latter fact is superfluous in determining p), according to
Theorem 2.10. We claim that x, = 1 and x,,; = — 1, for otherwise r(x) has a
relative extremum at k interior points of I, which means that r’ has k zeros,
hence is identically zero, an impossibility [since the leading coefficient of r(x)
is 1]. Consider M? — r’(x)e #,,. M?* — r*(x) > 01in I, hence has x,, ..., x, as
zeros of order, at least 2, and 41 as simple zeros, thus accounting for all its
zeros; but (1 — x?)[r'(x)]> € P,, has precisely the same zeros, hence is a
constant multiple of M2 — r%(x). The constant is determined by equating
leading coefficients and we obtain the (Chebyshev) differential equation

(1 = x2(r'(x))? = k3(M? — r?(x)). (2.18)

We know that r(— 1) = + M. Suppose that r(—1) = — M. Then we know that
r(x) > 0 in [—1, x;) and the differential equation becomes

r(x) _ k
VM? —r(x) _\/1 —xz’

which has the solution arccos(r/M) = karccosx + ¢ =k0 + ¢, where
0 <6 <= and cosf = x. Thus

r(x) = M cos (k0 + ¢).
Now r(—1) = — M implies that ¢ = [(2j — 1) — k]= for some integer j, hence

r(x)=(—1**"'Mcoskf, 0<0< 86, =arccosx,, x = cosb,



88 EXTREMAL PROPERTIES

that is, r(x) = (— 1)** 'tM T,(x) in [ — 1, x,). This is possible only if k is odd and
M =2'"% since the leading coefficient of r is 1. Also it must be that
x, =¥ |, and it is clear that the solution

r(x) = Ti(x) (2.19)

can be continued in similar fashion to the whole interval I. An analogous
examination of the case r(— 1) = M leads to the conclusion that k is even and
that (2.1) remains valid. Thus the unique best approximation to x* out of
P,_, on I is x* — T(x).

Note that we have arrived at another proof of Theorem 2.1. It has been a
long voyage with some interest of its own, bringing us back to our starting
point, but we observe that our second approach creates the Chebyshev
polynomials out of the void while they are pulled out of a hat in Theorem 2.1.

In the course of the discussion just concluded we have established the
following important characterization of the Chebyshev polynomials.

Theorem 2.12. If pe %, and |p| assumes its maximum in [—1,1], ||p|, at
n + 1 distinct points, then either p is a constant (£ || p||) or p = + | p|| T,, and

the points are (", j =0, ..., n.

Remark. If the interval [ —1,1] is replaced by [a, b], then T,(x) must be

replaced by
T <2x —(a+ b))
b—a

in Theorem 2.12. In particular, when a = 0, b = 1, we have the Chebyshev
polynomial for the interval [0, 1], T,(2x — 1), which arises frequently enough
in applications to warrant the special notation T*(x). Observe that in view of
Exercise 1.1.6, T*(x?) = Ty, (x).

EXERCISES 2.4.1-2.4.50

24.1. If f(x) is an even (odd) function on [—a, ], it has a best approximation out of
2, that is also even (odd).

Hint. If p(x) and p(—x) are both best approximations, so is [ p(x) + p(—x)]/2.

2.4.2. What is the best approximation to x"*2 on [—1, 1] out of £,?

2.4.3. Ifv* is a best approximation to fout of ¥, then v* — v is a best approximation to
f—voutof V. Hence E,(f) = E,(f—v), all ve V.

2.44. If f"(x) > 0 on [a, b], the best approximation to f out of 2, is

f(a)b —¢) + f(b)c — a) + f(cXb — a) + f(b)—f(a)
2b — a) b—a

(x—o
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and

J(a)fb — ) + f(bXc — a) — f(chb — a)

E(f) = 29

where ¢ is the unique solution in [a, b] of

b) —
f,(c)=f(b) f(a)‘
_ —a
2.45. (Turan [1]) If
PX)=x"+a,_x"" '+ tag=(x—2z9)(x—z,)

then
el =27"** T Izl

(z]>1

where an empty product is taken equal to 1.

Hint. Apply Corollary 2.1.1 to

px) T1 (x—z) (1 —z;x)

71 > 1

2.4.6. According to (2.18), the differential equation
(1 = x)y)? = n*(1 — y?) (2.20)

has y = + T, (x) as solutions. Show that (2.20) has no other polynomial solution for
n>0.

Hint. If polynomial p satisfies (2.20), it satisfies (1 — x2)p” — xp’ + n?p = 0 and
p(1) = £+ 1. Now recall Exercise 1.5.4.

Problems 2.4.7-2.4.17 are set in the complex plane.
24.7. Forany p >0
z [pe2™ilt+ 1] = g~ 2miilk+ 1), j=0,1,....k
is a primitive extremal signature for &,_, (complex-valued polynomials).
2nijj(k + 1).

Hint. Associated weights are e

2.4.8. Let C, be the ellipse defined in the z-plane by

1
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It has its foci at (+1,0) and the sum of its major and minor axes is 2p. Let w; = pe ™/
and z; = (w; + w; 1)/2,j =0, ..., 2k — 1, be the corresponding points of C,. Then

Y@E)=(-1¢ j=0,...,2k—1,
is an extremal signature of &, _,.
Hint. Associated weights are (—1)’.
2.4.9. What happens when p = 1 in Exercise 2.4.8?

On each compact set B in the complex plane (consisting of k + 1 or more points)
there exists a unique p* € &, with leading coefficient one and minimum maximum
modulus. We put p* = T;(z; B) and call it the Chebyshev polynomial of degree k of B.
We know that Ty(x; I) = T;(x).

2.4.10. If D denotes |z| < 1, T,(z; D) = z*. (The best strong uniqueness constant (see
(2.13.1)) associated with the best approximation to z* out of 2, _, on D is known to be
1/n. The details are in Rivlin [2].)

2411 Ti(z; C,) = Ti(2), p = 1.

Hint. Use Exercise 2.4.8 and, recalling Exercise 1.1.1, note that T;(z) = (W* +
w~¥)/2, where z is given by (2.21).

24.12.

k -k

p+p
max |Ti(z; C))l = —
zeC, 2

2.4.13. Show that all the zeros of T;(z; B) lie in B, the convex hull of B.
If we put

max |Ti(z; B)| = my,

zeB

then, if B contains infinitely many points,

8(B) = lim m}/*

k— o0

exists and is called the transfinite diameter of B. Generalizations of the Chebyshev
polynomial of B, based on the factorization |T;(z; B) = |z — z,| - * |z — z], have been
made to other metric spaces (see Hille [1] and Friedman [1]).

2.4.14. &(I) = 3; 8(D) = 1; &(C,) = p/2.
24.15. If 0 <t < 1, the function

wz) = z—t

Ttz
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maps the circle C: |z| = 1 onto |w| = 1 so that, if *® is the image of e*, ¢(6) increases
continuously and monotonically from 0 to 2z as 6 increases from 0 to 27.

2416. Let f(z)=1/1—tz), O<t<1, and p*@)=1-+tz+ -+ 121 4
(1—t3) "%  then r(z)=f(2) — p*@) = ("* X1 — 32z — t)/(1 —tz) and
E(r; D) = C.

2.4.17. With the notation of Exercise 2.4.16, p* is the best approximation to fon D out
of Z, and E,(f) = "1 /(1 — t3).

Hint. Use the Kolmogorov criterion (Exercise 2.2.1). Note that nf + ¢(6) increases
from 0 to (2n + 2)r as 0 increases from 0 to 2x; hence there exist 6;,j = 0,1,...,2n + 1
such that ¢'®%*9®) — (—1)/, Consider only the points e"®/ of E(r; D) in (2.9) and
observe that Rep(e) is a trigonometric polynomial of order n.

24.18. If 0 < t < 1, the best approximation to

1—tx

g(x)=1+t’—2tx

onl:[—1,1]outof &, is

PO =1 + tT () + 2Ty(x) + - + 7 1T,_ (%) +

— T

and E,(g; I) = t"*'/(1 — t?). The same result holds for —1 <t < 1.

Hint. In Exercise 2.4.17, Rer(e'®) = [t"* /(1 — t?)] cos (nf + @), which assumes its
maximum absolute value with alternating signs at 6;,j=0,...,n + L.

2.4.19. Find the best approximation out of 2, on I to (x — A)~*, where 4 > 1.

2.4.20. If ge #,,, and A > 1, find the best approximation to g(x)/(x — 1) out of Z, on
[-1,1].

Hint. Recall Exercise 2.4.3.

2.4.21. If real V satisfies the Chebyshev condition with respect to [a, b], there exists
veV satisfying v(x) > 0,a < x < b.

Hint. If such a v does not exist, consider the best approximation to 1 out of V.
2.4.22. Let X be the k + 1 points defined on p. 85 but suppose that V satisfies the

Chebyshev condition only with respect to X. By appropriate modification of the
discussion on p. 85 show that (2.17) still holds. How can v* be determined now?

2.4.23. The linear system

K
Y oajti=f,, i=1,..,k+1
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generally has no solution; it is overdetermined. However, we can ask for a best
approximate solution, t*, satisfying

max
1<i<k+1

Z autj f;\

z a;tr —f; max
l<l<k+l

for all ¢. If every k x k submatrix of A = (a;;) is nonsingular, show that this problem is a
special case of Exercise 2.4.22.

In problems 2.4.24-2.4.32 we are concerned with best approximation to given fon
X ={x,..cs X4 1/X1 > X3 > > X poutof V=2, _,.

2.424. If o(x) = (x — x,)"** (X — X+ 1), then (2.17) holds with

(= 1)/l'(x))l

e =1...,k+1. 222
) @z

24.25. Let

Gy s Xra)
g(xb ey xk+1)

(recall the definition of divided differences in Exercise 1.3.7), where g is any function
satisfying g(x;) = (—1),i=1, ..., k + 1. Show that g(x, ..., X,+1) <0, p = |1] (p is
defined in (2.17)), and if | f(xy, - .., X4 1) < B(xy, ..., X4 1) then p(f; X) < p(h; X).

2.4.26. The best approximation to fon X out of &, _, is given in terms of interpolating
polynomials by

p*=p—14,
where p = L,(f, X) and q = L,(g, X), with 7 and g as defined in Exercise 2.4.25.
2.4.27. The operator n: f— p* is linear and satisfies 2 = 7.

2428, Let p;ePy_y,i=1, ..., k+1 satisfy pi(x;) =f(x;), j=1, ..., k+1,j#i
Then

k+1
p*= Z {®ilp;,
i=1
where O, is given by (2.22).
24.29. Ifa=—1land b=1
pix*; X) <

Thus

e -1
; '(xj)l ’

with equality in both cases if, and only if, x; = 7, j=1,...,k + L
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2430. fa=—-1and b=1,

pO* X) <

and
k+1 1
Z _',_"_> le + -+ xk+1'2k.
j=1 lw(xj)l

Equahty holds in both cases only if x; = 7'V, j=1,...,k + Lor x; =nq{*V,j =1,

,k+ 1.
Hint. If f(x) = x**1, then f(xy, ..., Xpu 1) = X1+ + Xgs 1.
2.4.31. Show that if

U={n@, .. n"%

and
T={&*, ..., g
we have
11k
PLU) =1 ,-=o” - (2.23)
and
. V4 k+1 . (]
P T =sin s | X (= sin 5 1) S S,

2432 f X c I: [—1, 1] and f, he CK(I), then | f(xXy, - .., X4 )] < B(Xy, ..., X4 ) for
every X if, and only if | f®(x)] < h®(x), all xel.

Hint. Recall Exercise 1.3.12.
2.4.33. If | f®(x)| < h™(x), all xeI, Then

Ey ()< E_ (W)
on I.

Hint. Exercises 2.4.32 and 2.4.25 plus the remark following Theorem 2.10.

2.434. On[—1, 1]
-1

e e
Wg Ek_l(e")sﬁ_—l.

(Compare the best approximation to the partial sum of the Taylor series!)
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Another consequence of Exercise 2.4.33 is a generalization, due to E. B. Saff
(private communication), of the first inequality in Exercise 2.4.34. Namely, let

Fe=inf{|fl; f®x) > 1, xel}
(where || f||; is the uniform norm on I), then

T,

T k=1,2,....

F 1
il P

For if we put p(x) = T;(x)/k!2* ! and suppose that f(x) satisfies f®(x) > 1, xeI and
I.fIl; = Fy, then p® = 1 and Exercise 2.4.33 yields E,_(p) < E,_,(f). But it is not
difficult to see that O is the best approximation to f out of P,_, on I and so
E,_(f) = I f|;. Since E,_,(p) = || pll; we obtain the desired result.

2.4.35. A trigonometric polynomial of degree n,
t6) = Y. (a; cos jO + b; sin j6),
j=0

which assumes its maximum ||¢|| at 2n distinct values of [0, 27), is either a constant
(£ 1el}) or ||zl cos (n(6 — 6,)) for some 6.

Hint. Analog of Theorem 2.12.

Encouraged by our success in finding the polynomial with leading coefficient 1 that
deviates least from zero on I (Theorem 2.1), let us consider fixing the next highest
coefficient as well. Suppose s > 0 and p* is the best approximation to x**! — sx* out
of #,_, on I. The polynomial

Z4(x) = x**1 — sx* — p*

is called a Zolotarev polynomial of order k and is a generalization of the (monic)
Chebyshev polynomial (of order k + 1) to which it reduces when s = 0.

2.4.36. Show that

Z sk (x) =

[l+s/(k+1)]““T [(k+1)x—s]
2* U k+1D+s

if

0<s<(k+ l)tanzL.
2(k + 1)
2437 Z_ (%) = (— )2 (—x).
2.4.38. Discuss Z;; for all real s.
2.4.39. Discuss Z; ,, for all real s.
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Hint. Represent the parameter s in terms of a new parameter u by

More information about the Zolotarev polynomials may be found in Achieser [1],
Carlson and Todd [1], and Voronovskaja [1]. The reader interested in numerical
approximation of the Zolotarev polynomials, for values of the parameter not covered
by Exercise 2.4.36, should consult Paszkowski [1] and Haussmann and Zeller [1].

Theorem 2.1 suggests the problem of finding polynomials with leading coefficient 1
which deviate least from zero on I, where the deviation is measured in norms other
than the uniform one. In the case of least squares, with respect to the weight
(1 — x?)~ V2, we saw in (1.109) that T, was once again the minimum deviator. More
generally, as Szegé [ 1, p. 39] shows, for the least-squares norm with respect to a broad
class of weight functions the appropriate orthogonal polynomial is the minimum
deviator. The next set of exercises is concerned with the same problem in least first
powers. If |g] is integrable on I, we put

1
gl =I lgl dx.
1

24.40. If pe P,_, satisfies

1
j  sen [f(x) — p(x)]g(x)dx = 0 (2.24)

for all ge Z,_,, then || f—plly < [ f —qll, for all ge Z, _,.
2.441. Show that

f sgn [sin(n + 1)0] sink0d6 = 0, k=1,...,n

2442, Ifr(x) = X" + €p— X"~ 1 + -+ + c,, then
217" = |G, < il (2.25)
Hint. U, is the Chebyshev polynomial of the second kind [see (1.23)] normalized
so that its leading coefficient is 1. Use Exercises 2.4.40 and 2.4.41 and note that every

qeP,_, can be written ¢ = agUy + - + a,- U, _;.

2.443. If pe #,_, satisfies (2.24) and is thus a least-first-power approximation to f,
then

1= pls = f fsgnlf - pldx.

2.4.44. Equality holds in (2.25) only if r = U,.
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Hint. If r = x" — p, and equality holds in (2.25), then

f " ) sgn Uy () dx = f’ (ol d,
1 -1

which implies that r(x) changes sign precisely as U,(x) does at q{'*1), ..., y@** ",

2.445. If f — p changes sign only at #*Y, ..., n®* 1 and pe &P, _,, then p is a least-
first-power approximation to fon I.

2.4.46. If w(x) is a weight function and ¢ > 1, then if pe 2, _, satisfies
.
f sgn(f — pllf — Pl *qlw(x)dx = 0
-1
for all ge 2,_,,
1 1
f If = plwdx < j If — ql'wdx
-1 -1
for all ge 2, _,.
2447 If g(x) = x" + a,_x" "' + -+ + a,, then
LRy dx t dx
LN ——= < f lg() —
J-l J1I=-x J-1 1—x2

forallt> 1.
Another generalization of Theorem 2.1 is to minimize

max  s(X)|x" + a,_ (X"~ + - + ag), (2.26)

—1<x<1

where s(x) is a positive continuous function on I. (Our general theory informs us that
s(x)x" has a unique best approximation out of the space spanned by s(x), xs(x), ...,
x"~1s(x) on I.) Such problems have been solved for special choices of s. We put

k
v(x) = Z (1 - ;); k=1, vy =1,

ji=1 J

where the c; are any points of the complex plane such that v,(x) is positive on I. Now
consider the case that s = v; !. By means of the mapping (2.21)

1 1
Cj=§<wj+;j>a j=1’~'~aka (2'27)

where |w;| < 1. Suppose that g, (w) = (W — wy) (W — wy).
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2448. Ifw=e",0< @ <7, thenif x = (w + w™1)/2
k
aWg(w™1) = [,;1 1+ Wf)] (%) = Wevp(x). (2.28)

Hint. Equation (2.27) implies w} — 2c;w; + 1 = 0 and the product on the left is
therefore a polynomial in x whose zeros are ¢y, ..., ¢.

2449. Ifn>kw=e®, 0<o<mand x =(w+ w1)/2,

-1
T ) = [w" e B ’] e

=x"+by_1x"" 4+ b,

Hint. Use Exercise 2.4.48 and Tj(x) = (w’ + w™9)/2.

2.4.50. When s = vk' , the unique minimum of (2.26) is assumed for a; = b; (defined in
Exercise 2.4.49),j=0,...,n— 1;ie, if peP,_, is the best approximation to x" with
respect to weight [vk(x)] 1 then x" — p(x) = T,,(x; vy).

B. MAXIMIZING LINEAR FUNCTIONALS ON 2,

2.5. An Interpolation Formula for Linear Functionals

We shall continue to use the notation of Section 2.2 throughout this section;
however, let B be a compact set in real m-space and V a k-dimensional
subspace of the real-valued continuous functions on B, C(B).

Definition 2.9. A (real) linear functional on V is a function, F, with domain V
and range in the real numbers which satisfies F(au + bv) = aF(u) + bF(v) for
every u, v, €V and any real numbers a, b.

Examples of linear functionals are Fv = 1(y,), where y, is a given point of
B (point evaluation functional) or

Fv=I 0.
B

If @, ..., @ is a basis for V, then a linear functional F is completely
specified by its values at ¢, ..., ¢, for, if Fp;=c;, j=1, ..., k, and
vV=a,0, +°° + a, @, then Fv = alcl + - 4+ aey. Furthermore, the setof a
such that v = a,¢, + .- + a,¢, satisfies ||v] < 1 is compact; thus |Fy| is a
continuous function on ||v|| < 1 and assumes its maximum there.
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Definition 2.10. If F is a linear functional on V and

max |Fv| =M,

ol <1

M is called the norm of F, written || F||, and there exists v* satisfying [lv*|| = 1
such that Fv* = ||F|. Such v* are called extremal elements, or extremal, for F.

When V is 2, Theorem 2.1 says that if

_ v(n)(o)

Fv
n!

then | F|| = 2"~ ! and T, is the only extremal element for F. Our goal now is to
examine a large class of linear functionals on £, for which the Chebyshev
polynomials are extremal elements. Our main tool in this program is an
“interpolation formula” for linear functionals on V which is itself another
consequence of Theorem 2.4. Before stating the formula we need a little more
information about linear functionals.

The set of ve V such that Fv = 0 is called the null-space of F. The null-
space of F is a (k — 1)-dimensional subspace of V (see Exercise 2.5.2).

Theorem 2.13. Let F(#0) be a real linear functional on V. Then there exist
points y,, ..., y, of B and nonzero real numbers «y, ..., «,, with r <k, such
that for every ve V

r

Fv= j;l a;v(y;) (2.29a)
and
IFll = jZl fozs1. (2.29b)

Proof. Let v* be an extremal element for F. If k = 1, then any ve V can be
written cv*; hence Fv = cFv* = ¢|F|. Let y, be a point of B such that
v*(y,) =&, where ¢= +1; then u(y,)=ce and ¢ =ewy,). Thus Fv=
¢||F|lv(y,) and Theorem 2.13 is proved by choosing «, = ¢||F].

Suppose, then, that k > 1. Let V, denote the null space of F, which
has dimension k — 1 and thus contains nonzero elements. If v, € V,, then,
since |F(v* + vo)| < ||v* + vo|l | F]| and F(v* + v) = || F||, we have |[v* + v,||
=1 = |[v*||. Invoking Theorem 2.4, with ¥, playing the role of ¥ and g
replaced by v*, we obtain the existence of r < k points y,, ..., y, of E(v*; B)
and positive numbers 1,, ..., 4, such that

igl Av*(yivo(y) = O, (2.30)

all voeV,.
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Suppose that ve V; then vy = (Fv)v* — (Fv*)v e V,, and by substituting this
vo in (2.30) we obtain

(Fo) 3 AL = Fo* 3 Ao (ln)

or, since [v*(y;)| = [lv*|| = 1 and Fv* = |F|,

(F) ¥ 4= IFI Y. [hsgao*(y)loy).
The theorem is now proved by putting

. * .
o _ hsgno*(y)

i r
=14

IF. =

A representation of F of the form (2.29) we call canonical. An important
observation for us is the following:

Theorem 2.14. If v* is extremal for F, then for any canonical representation
(2.29)
v¥(y;) =sgna;, j=1,...,r (2.31)
Proof.

r r
Y loyl = |IF| = Fo* = ) ao¥(y)),
=1 =1

and the theorem follows, since ||v*|| =1. m

EXERCISES 2.5.1-2.5.12

2.5.1. Show that the set of linear functionals on V is itself a k-dimensional normed
linear space, the norm being that given in Definition 2.10.

25.2. If F,,...,Fy(s < k) are linearly independent linear functionals on Vand N; is the
null space of F;,i=1,..., s, then

s
N;
i=1

1

is a (k — s)-dimensional subspace of V.

253. If F, F,,..., F,are linear functionals on V with respective null spaces N, Ny,...,
N, and

ﬁ N;cN,

then F is a linear combination of F,, ..., F,.
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2.54. Show that no y; in (2.29a) is a common zero of all elements of V.

2.55. If 1€V, then 1 is extremal for F if, and only if, F has a canonical representation
withe; >0,j=1,...,r

2.5.6. If 1 eV, then 1 is extremal for F if and only if F is a positive linear functional (i.e.,
if o(y) = 0, all ye B, then Fv > 0).

25.7. Let x = (x4, ..., X,,) denote a point in real m space and let V= P(m, n) be the
space of polynomials in x of degree at most n, i.e., all xJ* - - - xJ with nonnegative
integers jy, ..., j, satisfying j; + -** + j,, < nform a basis for P(m, n). It is not hard to

m+n
see that the dimension of P(m, n)is k = ) (The dimension is the number of ways
m

of putting n balls in m + 1 bins. To obtain this number we need only calculate the
number of ways of choosing m “partitions” (=interior bin walls) among n + m objects
arranged on a line). Show that if B is a compact set in m space there is a numerical
integration formula

I fdx = Z af(x®), r<k, (2.32)
B i=1

with x?eB and a;> 0,i = 1, ..., r, valid for f € P(m, n).
Hint. Ff = | f is a positive linear functional.

2.5.8. Let x denote a point in real m space, let B be a compact set in m space, and V' a
k-dimensional subset of C(B) spanned by ¢(x), . .., @,(x) with ¢,(x) > 0 throughout
B. Then, if F is a positive linear functional on ¥,

r
Fv=Y avx"¥), r<k,
i=1

with xP?eBand a; > 0,i=1,..., r, holds for all ve V. (This result, which implies the
result of Exercise 2.5.7, is due to Tchakaloff [1].)

Hint. Gf = F(¢, f) is a positive linear functional on the span of 1, ¢,/0,, ...,
Oi/P1-

2.5.9. If F is a strictly positive linear functional on &, (i.e.,if p = 0, p # 0, then Fp > 0)

then
n
[§]<r<n+l

in any canonical representation of F.

25.10. Put
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Let x,,..., X, be the distinct zeros of the Legendre polynomial P, (x) (cf. p. 56) in
(—1,1). Show that there is a numerical integration formula (Gaussian quadrature
formula)

L fedx = 3. afx)

i=1

witha; > 0,i=1,..., m, valid for fe Z,.

Hint. The integral in question is a strictly positive linear functional on #,.If pe &,
is zero at each x;, then [pdx =0 in view of the orthogonality of the Legendre
polynomials. Now apply Exercise 2.5.3.

In the trigonometric case it is easy to see that if

1) = Y. (a;cos jO + b; sin j6)

j=0

then

1J2~t(0)d0_ 1 it<2nk>
2n ) _n+1k=o n+1 )

To verify this it suffices to show that equality holds for t(f) = ¢"®,j =0, +1,..., +n.
Thus the trapezoidal rule is the analog of Gaussian quadrature for trigonometric
polynomials. General trigonometric quadrature formulae of highest degree of ac-
curacy are described by Mysovskikh [1].

2.5.11. Let V(F) = {ve V/Fv = 1}. Show that (i) if v* is extremal for F then & = v*/||F||
satisfies

pr(V) = min |o] = ||3]. (2.33)
veV(F)

(ii) If ve V(F) satisfies (2.33), then o/||7|| is extremal for F. Thus | F||pp(V) = 1; v* is
unique if, and only if, ¥ is unique.

2.5.12. Suppose that J = [«, f] and 0¢ J. If V, = {pe 2,/p(0) = 1} show that
min | pll, = B,
peVo

where

E(Zx—(a+ﬁ))
_ B—a

n a—ﬂ
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uniquely. Thus

_ 1
Ipll, = m~
a—B
Hint. Use Exercise 2.5.11 with V =2,, Fp=p(0), V(F)=V, and recall the
Remark following Theorem 2.12.

2.6. Linear Functionals on £,

Henceforth we take V=2, and B=[—1,1]. We can now say something
about the uniqueness of a canonical representation of F.

Theorem 2.15. If +1 is not the unique extremal for F, then F has a unique
canonical representation.

Proof. Suppose that F has two canonical representations

Fp= ,-; o;p(x;) = j; Bip(y;,  peZ, (234)
with
3 li= 3 181 = IFI

and say r = s.

Let p* # +1 be extremal for F; then, in view of Theorem 2.14,
Ip*x) =1p*w)l =1,j=1,...,r,i=1,..., s. Hence the set {x,,...,Xx,,
V1»---» Ys} contains k < n + 1 distinct points, z,, ..., z.

We claim that {x,,...,x,} = {yy,..., ys}. Suppose not, say, x, # y;,i = 1,
..., s. Let z; = x;. Then

k=1
q(x) = il=_[l (x —z)e2,,

q(x;) #0, and g(y;) =0,i=1, ..., s. Thus Fq = a,q(x;) = 0, according to
(2.34), a contradiction. Hence r = s and, after renumbering if necessary,
x;=y;j=1,...,r. Now consider

Pj(x)=l__[l(x—xi), j=1...,r,
it
pi(x)€Z,, and p;(x;)) # 0; Fp; = a;p;(x;) = B;p;(x;) implies that a; = B;,j = 1,
., m
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Remark 1. The requirement that neither 1 nor —1 be a unique extre-
mal for F is essential for a canonical representation to be unique, as the fol-
lowing example shows. Consider £, and the functional F(a, + a,;x +
a,x?) = 3ay + 2a,. Then

Fp=p(—1)+p(0)+p(1)=§p(—ﬁ>+3p<ﬁ),

3 2 3
are both canonical representations, and clearly 1 is the unique extremal for F.

Remark 2. If 1 is an extremal for F, then F has a canonical representation
containing a preassigned point, t, of B, if, and only if,

min Fp = b > 0,
pe2,

where 2, ={peZ,/p(t)=1 and p(x) >0, xeB}. To see this we apply
Tchakaloff’s theorem (Exercise 2.5.8) to the linear functional Fq — bq(t),
which is positive in view of the definition of b and the positivity of F (Exercise
2.5.6), and obtain

Fp =bq(t) + Y, aiq(x), r<n+1,
i=1
witha; >0,i=1,...,r. If Fp* = b, p*e2,,
b=Fp*=b+ ) ap*x),
i=1

and therefore p*(x;) =0, i =1, ..., r, which implies that r < n (indeed, since
p*>0, 2r<n), and we have the required canonical representation.
Conversely, if b = 0 and

r
Fg=cq)+ 3. cabd  r<n,

with ¢, ¢; positive and x; # t, putting g = p* (where p* is defined above), yields
a contradiction.

Remark 3. Theorem 2.15 remains valid if B is a finite set of k <n + 1
points (as examination of the proof reveals). However, if the finite set B
consists of k > n + 1 points Theorem 2.15 may be false. For example, take
n=2 B={—1, —4 3 1} and Fp=p0). Then |F| =5/3, p*x)=
(8x% — 5)/3 is extremal for F and F has two canonical representations,

Fp= —4p(=1) + p(—}) + 5p3) = 3p(—3) + pG) — 3p(1).
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A result of which we shall make major use provides sufficient conditions
for the Chebyshev polynomial to be an extremal of a linear functional.

Theorem 2.16. If r =n+ 1 in a canonical representation of F, then the
extremals for F are either + T, or +1. In the former case we may take
yi=n",j=1,...,n+1and a, ..., &, alternate in sign.

Proof. Immediate consequence of Theorems 2.14 and 2.12. m

Remark. However, r = n + 1 is not a necessary condition for T, to be an
extremal, for, consider

Fp= Z.J (= 1)’p(n{),

where J is some subset of {0, 1, ..., n}. Clearly, if | p| = 1, then |Fp| < |J|,
whereas

FT,=Y 1=|J|
jeJ

Hence T, can be an extremal of a linear functional with 1 <r <n + lin its
canonical representation.

Next, we turn to the question of the uniqueness of extremals for a given
linear functional. We define a function on I, e(x) by

2, —-1<x<l1,
1

e(x)={ x=+1

Theorem 2.17. If

,; ey) > n (2.35)

for some canonical representation of F, then F has a unique extremal.

Proof. If p, q are both extremals for F, then sgna; = p(y;) = q(y,) so that

p(y)—aq(y)=0,j=1,...,r and p(y) —q'(y) =0, if —1<y;<1. Thus
p — q has zeros of total multiplicity greater than in n, in view of (2.35), and

P=q =

Results of a converse nature are not so neat. However, we have the
following.

1If S is a finite set, |S| denotes its cardinality.
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Theorem 2.18. If 1 is extremal for F and

L eyy<n

for some canonical representation, then 1 is not the unique extremal for F.

Proof. Suppose that y, <y, <<y, <1.Ify, =1, set

r—1
g(x) =(1—x) ]_[l (x — )07,
j=
while if y, < 1 take
q(x) = 'Zl (x — oo,
i=

In either case ge %, and ¢g(x) >0 in I. Choose A > 0 and so small that
Aqll <1, then p=1— AgqeZ, and |p| =1, but p(y)=1,j=1, ..., n
hence

Fp= Y a=|F|.
j=1

Sinceq#0,p#1. =m

Remark. The same result holds if —1 is extremal for F. If neither +1 is
extremal for F, then (2.35) is not necessary for uniqueness. Consider the
remark following Theorem 2.16 with n =4 and J = {2,3}. Clearly, T, is
extremal and =+ 1 is not. Suppose that p € 2, is also extremal so that ||p|| = 1,
p(nz) = 1, and p(n3) = —1. Then g = p — T, satisfies q(n;) =0, ¢'(n;) =0,
j =2, 3, hence

q = c(x — n2)*(x — n3)%,

but |p(1)] = |1 — g| <1 requires ¢ >0, whereas |p(n,) =|—1—¢q] <1 re-
quires ¢ < 0. Hence c =0 and p = T,.

To obtain a necessary condition for uniqueness we proceed as follows. If
pEZ,, let N(p) denote the total multiplicity with which the values 1 and —1
are assumed by p in I. (Thus N(T,) = 2n.)

Theorem 2.19. If F has a unique extremal, p, then N(p) > n.

Proof. We show that if N(p) < n then F has an extremal other than p.
Suppose that N(p) < n.
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Let x4, ..., x, satisfying —1 < x, <+ < x;, < 1 be all the points of I at
which p(x) = 1 and let m; be the multiplicity of the zero of 1 — p(x) at x;. Let
Zy, ..., Z, satisfying —1 <z, <+ <z <1 be all the points of I at which
p(x) = —1 and let n; be the multiplicity of the zero of 1 + p(x) at z,. (We need
only consider the case s > 1, ¢t > 1, for if p(x) omits the value —1, say, on I,
then either p = 1 and nonuniqueness follows from Theorem 2.18 or p # 1 and
1 is another extremal for F. Similarly, if p omits the value 1.)

Put

0 =c, 11 (x — x)™

and

) = ¢, ﬂ (x — 29",

where ¢, and ¢, are chosen so that there is some subinterval of I in which
¢,(x) > 0 and another in which ¢,(x) > 0. Thus 1 — p(x) = q,(x)p;(x) where
p1(x) > O throughout I and 1 + p(x) = q4(x)p,(x) where p,(x) > 0 throughout
I. Note, also, that, since 0 <1—p(x) and 0<1 + p(x), q;(x) =0 and
q,(x) > 0 for all xel, whereas q = q,4, €, in view of our assumption that
N(p) < n. Let

b = min pl(x);
xel q2(X)

then >0, and if 0 <a <b we assert that p(x) + ag(x) = r(x) satisfies
7l = 1, for a < b implies that aq(x) < g,(x)p,(x), hence r(x) < 1 for all xel,
whereas a > 0 implies ag(x) = —q,(x)p,(x) and r(x) = — 1. Since r(x;) = p(x,)
and r(z;) = p(z;), r is another extremal. m

EXERCISES 2.6.1-2.6.13

2.6.1. The remark following Theorem 2.16 is not convincing unless we know that the
F defined there does not have another canonical representation involving n + 1
points. Show that this is the case.

2.6.2. If Fx' = 0 for all odd i, 0 < i < n, show that F has an even extremal. If Fx! = 0
for all even i, 0 < i < n, show that F has an odd extremal.

2.6.3. If Fx' = 0, either for all odd i or for all even i, 0 < i < n, and neither of +1 is an
extremal for F, show that F has a canonical representation in which the points are
symmetric about zero. In the second case zero is not one of the points. Also, the
coefficients [the «; in (2.29a)] of symmetric points are equal.

Hint. Put x? = t and consider either polynomials of degree at most [n/2] or linear
combinations of t}/2, 32, ., d+1/21=112 op [0, 1].
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2.6.4. If the null space of F satisfies the Chebyshev condition, the only extremals of F
are either + T, or +1.

2.6.5. Consider the linear functional on 2,, Fp = p(—1) — p(0). Show that ||F| =2
and T, is the unique extremal for F.

2.6.6. Show that the null space V,, of the functional F defined in Exercise 2.6.5 does not
satisfy the Chebyshev condition.

2.6.7. Let V, be as in Exercise 2.6.6. Show that there is a unique best approximation to
x? out of ¥, on [—1,1].

The set of pe &, satisfying || pll < 1(| - || is the maximum norm on I) is a compact
convex set, B,, the unit ball in #,. A point peB, is an extreme point of B, if
p = (py + p,)/2 with p,, p, € B, implies p = p, = p,. Let us denote the set of extreme
points of B, by E(B,).

268. leEB,)forn=0,1,2,....

2.69. If pe B, and p(x,) = 1, where —1 < x, < 1, then there exists a positive integer
m such that p(x) = 1 — (x — x)*™r(x), where r(x) = 0 in I and r(x,) > 0.

2.6.10. If p = (p, + p,)/2, where p,, p,€B,, p(xo) =¢, and p®¥(x) =0, k=1, ...,
ko — 1, p*X(xo) # 0, where xo€l and ¢ = +1. Then, for j=1, 2, p;(x,) = ¢ and
PP =0,k=1,2,..., ko — 1.

2.6.11. If pe B, then pe E(B,) if, and only if, N(p) > n. (Notation as in Theorem 2.19.)

Hint. (i) The “if” part follows from Exercise 2.6.9, 10; (ii) “only if” by construction
following that given in the proof of Theorem 2.19.

2.6.12. T,eE(By), n < k < 2n — 1 but T, ¢ E(B,,).

2.6.13. Suppose 1 is an extremal for F (hence F is a positive linear functional); then the
following are equivalent:

(i) Zi—, e(y) < n for some canonical representation of F.
(ii) 1 is not the unique extremal for F.
(iii) F is not strictly positive (see Exercise 2.5.9).
(iv) F has a unique canonical representation.

Hint. Remark 2 following Theorem 2.15 can be used to show that (iv) implies (iii).

2.7. Some Examples in which the Chebyshev Polynomials Are Extremal

We want next to use Theorem 2.16 in order to conclude that the Chebyshev
polynomial is the extremal for certain specific functionals. Indeed, we shall
examine a series of functionals that exemplify the following general scheme.
Let C, denote the (convex) subset of 2, consisting of p satisfying

max |p(n) < 1.
j=0,...,n
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Theorem 2.20. Let F be a linear functional on £, such that (i) neither +1 is
an extremal for F, (ii) pe#,, p # 0, having n distinct zeros in I, implies
Fp # 0. Then

|Fpl <IFT,),  peC,, (2.36)
with equality holding if, and only if, p = + T,. |
Proof. Let
Fp= ji ajp(yj)

=1

be a canonical representation of F. If r < n, there exists poe%,, po #0,
satisfying po(y;) = 0,j = 1,...,r; hence Fp, = 0, contradicting the hypothesis
(if r < n, choose p, to have zeros at any n — r points of I other than the y;).
Thusr = n + 1 and, in view of Theorem 2.16, y; = n{,,j=1,...,n + 1,and
IFl = IFT,], but if peC,

n+1 n+1
|Fpl < .Zl lotj 1P )| < jZl ol = IF| = |FT,]. m
ji= =

Remark. The theorem remains true, of course, with the condition, pe C,
strengthened to pe B, (i.e., || p|| < 1). It is in this weaker form that results of
the kind we are about to give occur most frequently in the literature. In some
of the examples we rely directly on Theorem 2.13 with V other than £, but
the line of argument is analogous to an application of Theorem 2.20.

1. Growth Outside the Interval. If pe C,, then
PP < ITY() 237

for|t) >1andj=0,1,...,n Equality is possible in (2.37)forj > 1 or |t]| > 1
only if p = + T, (cf. Exercise 1.5.11).

To establish (2.37) we put Fp = pY¢). Ifj = 0 and t = £ 1,(2.37) is trivially
true (with equality holding for all pe C, satisfying |p(t)] = 1). Suppose that
j = 1or|t| > 1; then neither of + 1 is extremal for F, since |F1| < |FT,. Also, if
p # 0 has n distinct zeros in I, it has no zero in |¢f| > 1 and, by Rolle’s
Theorem, p has no zero in |t| > 1; that is, Fp # 0. (i) and (ii) in the hypotheses
of Theorem 2.20 are thus in force and our result follows from Theorem 2.20.

Remark. In particular, taking j =n, we see that if peC, has leading
coefficient a, then |a,| < 2"~ !, with equality only for p = +T,. One con-
sequence of this observation is the following generalization of Theorem 2.1
n>0.If

POX) =x"+a,_x""! + - + ao,
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then

max |p(n{) > max
V] n j=0,...,

| T, (™) = 22,

.....

with equality only for p= + T, forif p # + T, and

max |p(n{”)| < 2"

.....

then

2" 1peC,.

Another consequence of the same observation is an interesting
characterization of the Chebyshev polynomials due to DeVore [1].
If p(x) = c(x — x,)***(x — x,) has all its zeros in [ —1, 1] and satisfies

P =1, j=0,...,n,
then p = 1 T,. To see this note that

1 = |p(no)p*(n1) " ** P*(Na— 1) P(Mn)|
= |p(no)* - Pl 1P(11) - ** P - 1)l

=ttt 1|3, = x))ler™ 3

j=1
[ -

Y, (1= x)ITo(x)]>

n—1
l_[ (n: — x;)
i=1

But in view of the Chebyshev differential equation (2.18)

(1 = xPLTo(x)])* = n’(1 — Ta(x) < n’s

2n
()

e = 2" 1.

hence

or

Since peC,, we know that |c] < 2" !; hence |c] =2""'and p = +T,.
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2. Size of Coefficients.
Ifp=ay+-+a,x"and peC,,
then

[n/2]

2. On-2j
J=t

[n/2]

Z tSlnlz_i,
Jj=i

<
2

i=0,1,..., [3] (2.38)

Let us put

[n/2) . n
Fi.np = t an-Zj’ 1= 0’ ey I:E:I

Our aim is to show that + T, is extremal for F, . If i = 0 or [n/2], (2.38) holds
trivially with equality for any peC, satisfying p(1) = +1 or p(0) = +1,
respectively. This disposes of the cases n = 1, 2 and we need only establish
(2.38)if n>3 and 0 < i < [n/2].

Suppose that a, = 1, pe &, is even for even n or odd for odd n, and either (i)
p has n distinct zeros in I or (ii) p has a zero of order 2 at zero and n — 2 other
distinct zeros in 1. Then F, ,p = p(1) > 0, since a, = 1, and we claim that if
n = 4 is even

(=1 'F,p>0, i=1...,—1, (2.39)

n
2
and

(—1)"2F 2,0 =0, (2.39b)

with equality if, and only if, p(0) = 0, whereas if n > 3 is odd

n—1
2

(=)""iF,,p <0, i=1,..., (2.40)

We verify this claim by mathematical induction on n. Consider first even n.
Suppose that n =4. Let ¢ be the smallest nonnegative zero of p. Then
p = (x2 — c?)(x* — a?), where 0 < |a| < 1, F, 4p = a*c* > 0, with equality if,
and only if, ¢=0, and Fy p=a’c*—(a®>+c?)=c*a*—-1)—a*<0
verifying (2.39a,b). Suppose that (2.39a,b) hold for n > 4 and suppose even
p€P, ., has a,,, =1 and satisfies (i) or (ii) above. Let ¢ be the smallest
nonnegative zero of p. Then p = (x? — c?)r, where re 2, is even, has leading
coefficient 1, satisfies (i), and

(=127, yap = (=1 F;r + A= 1) VF,_y

so that (2.39a, b) hold and (2.39a, b) are therefore valid for all even n. In the
case that n(>3) is odd a similar argument establishes (2.40).
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Now let a canonical representation of F;,(n >3, i=1, ..., [(n — 1)/2])
with points symmetric about the origin be

r

Fi.a=Y oq(y;)), 42, (241)

=1

the existence of such a canonical representation being assured by Exercise
2.6.3, provided that +1 is not an extremal of F; ,; but they are clearly not
extremals for odd n, and for even n

Fi,1=1<|F;,T,_34+1) = A,

If r < n, there exists pe #,, even for even n or odd for odd n, satisfying (i) or (ii)
and taking the value zero at y,, ..., y, such that, according to (2.39) or (2.40),
F;,p #0. Thus r = n + 1 and either + T, or +1 is extremal for F,,; but we
have just seen that +1 is not an extremal for F; ,, hence y; = n{",j=1,...,
n + 1 and (2.38) is established, with equality only for p= + T,, if n > 3 and
0<i<[n/2].

Remark 1. If p=ay + a;x + -+ + a,x", pe B,, and we put

[n/2] 2i
Ai(x) = Zl a"_zjxn_ g

i=
for eachi =0, ..., [n/2]. Then, if, for some i,

malx |4;(x)] = |4i(x0)l;
the polynomial g = p(x,x) € C, and so, in view of (2.38) applied to g,

/2]
t £ 2

j=i

[n/2] .
Z [ PYS 7
j=i

14:()ll = <

,  i=0,...,[n/2). (2.42)

In particular, we have, taking a,_,; = t& ,;,
[t + -+t = |t 4+ - + x|, i=0,...,n
In a similar vein, if we know that
la; + - + a,| < |b; + -+ + b,

for all p=aq + --- + a,x"€ B,, which are even for even n or odd for odd n,
then ||a;x* + - + a,x"]| <|b; + --- + b,|. Moreover, we note that

a;+-+a,=p(l) —(a+ " +a;_y),
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so that |a;+ -+ a,| <1+ |t§ +--- + £ ,]; but we observed in Exercise
1.2.19 that the numbers ¢’ + -+ + t&,,, j =0, ..., [n/2] alternate in sign.
Therefore, since t§’ + -+ + £, =1 — (& + --- + t™) is negative for [n/2] of
the indices i=1, ..., n+ 1, and when that is the case 1+ |t{ + ---
+ 6] =™ + -+ + t™), we conclude that at least “half” the time

la;+ -+ a,| S|t + - + £, (243)
hence |la;x’ + -+ + a,x"]| < |t + -+ + t™). Indeed, Reimer [1] describes the
relatively few cases in which (2.43) fails to hold.

Note that (2.42) is no longer true if we require only pe C,. Consider, for
example, n an even integer greater than 2 and

w2=1)
px)=1- l:[o (1" — x;

peC,, but since p(n;) = 1 and p'(n;) # 0 for some j # 0, | p|| > 1 and p¢ B,.
Also |pll = | Ap20)1 > [£§? + -+ + ).

Remark 2. Suppose p = aq + a;x + - + a,x". If n — j is even (or zero)
and peC,, then

lal < 1P, (2.44)
If n —jis odd and peC,_,, then
la; < [~ 1. (2.45)

Equality in (2.44) occurs only if p= + T, for j > 0 and equality in (2.45)
occursonlyif p=+T,_, forj>0and n> 2.

Proof. If j = 0, (2.44) and (2.45) are trivially true, with equality for any p
satisfying p(0) = + 1. Suppose j > 0. Let F;p = a;. We treat several cases.
(a) n —j even (or zero).

(1) neven.

aj:Fjp=Fi,np_Fi+1,np’ i=

hence
(1) 'Fip=(—1)"'Fp + (=1 “*VF, ,p. (2.46)

Since F;x* =0 for all odd k, F; has an even extremal according to
Exercise 2.6.2. With F; restricted to even polynomials (2.39a, b) together
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with (2.46) imply that
(—)*"*2Fp>0, j=24,...,n,

provided that a, = 1 and either (i) or (ii) (p. 110) holds. Thus we conclude,
as before, that + T, is a unique extremal, as + 1 cannot be extremals, and
(2.44) is established.

(2) n odd. An analogous treatment based on (2.40) establishes (2.44).

(b) n —j odd. F; has an even extremal, if j is even, an odd extremal if j is
odd. In either case it has an extremal in &, _,, but F; restricted to 2, _, takes
us back to (a), since n — 1 —j is even (or zero), and +T,_, are the only
possible extremals of F;in 2,_ . Moreover, in view of Exercise 2.6.3, F; has a
symmetric canonical representation, namely,

F;p

I

,WW‘% (247

||'M 3

J

and it is unique for pe &, _ ;. Equation (2.47) is also canonical for pe Z,, for,
since x" is odd for odd n and even for even n, the right-hand side of (2.47) is
zero when p = x". In view of Theorems 2.17 and 2.19, + T,,_, is the unique
extremal if n > 2, whereas for n = 2 one of + T,,_, is an extremal but there are
others. =m

3. The Tau Method.
Let Q, = {pe?,/p(0) = 1}. We wish to consider the problem of minimizing

lp—pl (2.48)

for all peQ,. If we put p—p =gq, with g(x)=by+ -+ bx" and
p(x) = ay + - + a,x", then

Ly =0 249
_TZ J'- h ey M, (. )

a;
and the condition p(0) = 1, i.e., a5 = 1, is equivalent to
Gg=Y ib,=1. (2.50)
=0

Thus our problem is to minimize ||g|| among all g€ £, that satisfy (2.50). In
view of Exercise 2.5.11 it suffices to find an extremal for the linear functional
G, defined in (2.50). Suppose that n > 1. (If n = 0, the original problem is
trivial. If n = 1, p(x) = 1 + Ax, hence g(x) =1 + Ax — 4 so that g(1) = 1 and
llg]l = 1,but,if0 < A< 1, ||q|| = 1. Thusany p(x) = 1 + Ax,0 < A < 1, solves
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our problem.) We wish to apply Theorem 2.20 to G. Neither of + 1 is extremal
for G, since Gx" = n! > 1. We claim that (ii) in Theorem 2.20 also holds.
Indeed, we show more. If (for n > 1)pe 2, has leading coefficient 1, n real
Zeros x; < X, <*<x,< 1, and p # (x — 1)*, then, if p(x) =co + ¢;x +
e c"x”’

Gp=)Y il¢>0, j=0,...,n—1 (2.51)
i=j
We establish (2.51) by mathematical induction on n. If n = 1, p = ¢, + x and

—co < 1,50 that Gop = ¢5 + 1 > 0, and (2.51) is proved. Suppose that (2.51)
holds for n and r,, , €2, , satisfies

L l(x) =(x - a)r,,(x),

where a < 1 and r, satisfies the inductive hypothesis. Let B; = r)(0) and
B; = r{; 4(0); then

B§=—aB,'+iBi_1, i=0,...,n+1,

andif0<j<n
n+1 n
Gjr,,+1 = z B: = . Z+l Si + (1 - a)Sj +ij—l’
i=j i=j

where

Sk = 'Zk Bis Sn+l =0.

By the inductive hypothesis S, >0, k=0, ..., n— 1, and B, > 0, since the
leading coefficient of r, is 1; hence G;p,., > 0 and all is shown.
According to Theorem 2.20, therefore, the unique extremal for G is + T,,. If
we put
1

~=GT,= Y THO), (2.52)
Tn i=0

then, since T, has a positive leading coefficient, GT, = G, T, > 0, and the

unique extremal for G is T,. Now Exercise 2.5.11 reveals that the unique
solution of our minimum problem is

qn(x) = 1n7:l(x)s
or the unique p, € Q, that minimizes (2.48) is obtained from

Pa(X) — Pa(x) = T, T(x). (2.53)
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Also

min ||p — p'l| = |ps — Pull = -

PeQn

Note that in view of (2.51) and (2.49) all the coefficients of p, are positive. If we
put

k
CE ;‘—

ie., s, is the kth partial sum of e*, then s,(x) — s;(x) = x*/k! and therefore

Zi—o TWO)si(x) _ Ei—o Kltfsi(x)

PO TR TR0 | Dok

(2.54)

To see this, observe that the polynomial defined in (2.54) is in Q, and satisfies
(2.53). Thus the solution of our problem turns out to be an “average” of the
partial sums of e*.

y = €* is the unique solution of y — y' = 0, y(0) = 1, hence minimizing
(2.48) seems a reasonable way of obtaining a polynomial approximation to e*
on I. Indeed, the idea of choosing p to satisfy (2.53) and then choosing 7, so
that p(0) = 1 exemplifies the tau method of Lanczos [1].

Let us go a little further and see how good p,(x) is as an approximation of
¢*. Consider p,,, =ue?,. We shall show that u is “nearly” a best
approximation out of £, to e*, not only on I but in the closed elliptical
domain D, consisting of the points of the ellipse C, (see Exercise 2.4.8) and
the points inside C,, p > 1. The reason we approximate by u = p; , ; rather
than p, is that p,,, is close to p,.;, and so we get the advantage of a
polynomial of degree n + 1 with a polynomial of degree n.

If zeC,, we solve the linear differential equation (2.53) subject to
Pn+1(0) = 1 and obtain

€ — Pp+1(2) = Tpe1 € J e 'T,,,(0)dt, (2:55)
0

the path of integration being the line segment joining 0 and z. Differentiating
(2.55) yields

€ —u(z) = 7,4, (Tr':+1(z) +é r e’ ..+1(t)dt>' (2.56)
0

Now if ze C,, then

<PrP 2.57)
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and (cf. Exercise 2.4.11)

pn+1 + p—(n+ 1)

IT1@ < —5——.

Also, since p' + p~" is a concave increasing function of ¢ for ¢t > 0, it is not
hard to see that, recalling Exercise 1.1.4,

_ |7 _1 T,',+2(z)_’1;(z) nn n+1
mH(z)—L Tm(t)dt-z[—n ] oos 22 2EL

satisfies

2 n+1 —(n+1)
W) <222 —— ”2" .

Integrating by parts now yields

z n+1 —(n+1)
e’f T, paf BT (2.58)
0 n 2
where
B =201 + Ae*%),
and A is defined in (2.57). Thus for every ze D,
n+1 —(n+1)
e — u(z)] < Tps (1 + g) ”——+2"————, 2.59)

according to the maximum modulus principle.
In Exercise 2.4.8, with k = n + 1, an extremal signature based on points of
C,, 2o, - - -» Zan+1, is described. Putting z = z; in (2.56) yields

n+1 —(n+1) zi
& — u(z) = Ty [(— R L e m(t)dt],
and therefore

n+1 —(n+1) zi
Re (e — uz))(—1) = z,,+1[”—-+T”— +(—1)Ree” J et ,,“(t)dt],
]

but foreachi=0,...,2n+ 1,

B pn+1 +p—(n+l)

<=
\n 2 9

Zi
Ree* L e 'T, . (t)dt <

Zi
e J;) e”'T,,(t)dt
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in view of (2.58), hence

n+1 —(n+1)
min Re (6% — u(z))(— 1) > 7,4, <1 - g) E_"'_;’__

Corollary 2.6.2 now implies that

n+1 —(n+1)
E,(€%; D,) = E,(€% C,)) > Tpuy (1 - f) 222 e

Formulae (2.59) and (2.60) reveal that u(z) is arbitrarily close to a best
approximation for n sufficiently large.
Since

1 2
Tn j=0

and the explicit formula for the t,_,; [see (1.96)] yields

>0, j=0,24,...,

(mn—2)ty_25+(n—2( + D) ty_25+1) {<0’ i=135,...,

we obtain
l>n't +(Mm=2ty_,=nl2""3(4— 1
T, Temz e n—1
and
1 -1
— < nlt,=nl2""1,
t'l
Thus

1
D2 S G2 —4/n)

(2.61)

If the inequality (2.61) is used in (2.59) and (2.60) and we consider the interval
1, ie., p = 1, we obtain

L [1 —m—:ez)] <E(e 1) <

1
2(n + 1)! 2%(n + 1)!

21 + €% 1
x[l R— ](1 = 4/n)’

which, for n large enough, is significantly better than Exercise 2.4.34.
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4. Size of the Derivative.
Suppose that

n

H0) = ) (a;cos jO + b; sin j6),

j=0
a trigonometric polynomial of degree n, satisfies

@) <1, j=1,...,2n, 2.62)
where 0; = (2j — D)n/2n,j =1, ..., 2n, then

lO) <n, (2.63)

with equality only if t = +sinn#.

To see this we apply Theorem 2.13 with V= 7, the (2n + 1)-dimensional
space consisting of all trigonometric polynomials of degree, at most, n and
Ft = t'(0). Let a canonical representation of F be

¢(0) = j; 41y, (2.64)

0<y;<2m r<2n+ 1 If r < 2n, then, since there exists (nonzero) t,e 7,
vanishing at 2n distinct points of [0, 2x), including zero, we have t(0) = 0 and
to has a total of 2n + 1 zeros in [0, 27], a contradiction. Therefore r > 2n.
Thus (see Exercise 2.4.35), the only possible extremals of F are +1,
cosn(f — 6,). But +1 are not extremals, since their derivative is zero (hence,
incidentally, r = 2n, for, if r =2n + 1, +1 are the only possible extremals
since for no nonconstant teJ, does |t| assume its maximum at 2n + 1
distinct points of [0, 27).). If ¢t = cos n(@ — 6,), then ¢'(0) = n sin nf,; hence the
only possible extremals are ¢t = cosn(0 — [(2i — 1)n/2n]) = +sinnf. Thus in
(2.64), r = 2n, y; = (2j — )n/2n = 6;, and (2.63) follows at once.
Next, suppose we fix ¢, 0 < ¢ < 27 and put

t,(0) = 10 + o).
Clearly, t,€ 7, and if we assume that
t6;+ o) <1, j=1,...,2n, (2.65)
then, according to (2.63), we have [t,(0)] < n, i,
lt(@)l < n, (2.66)

with equality only if {(f) = +sinn(6 — ¢). Thus we have shown in particular
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that if te 7, and

lt = max [¢(0) <1 2.67)
0<0<2n
then
el <mn, (2.68)

with equality only for polynomials of the form #6) = sinn(@ — ¢). [The
hypothesis (2.67) cannot be replaced by the less stringent (2.62), as the
example #6) = sinnf + 2 cosnf shows.] This result is known as Bernstein’s
inequality.

Remark 1. If we consider the linear functional on 7,
1 .
G;t = t(f)cos A + - '(@)sin 4, 0<A<2nm

and we replace F by G, in the preceding discussion, mindful of the elementary
fact that

max (acos A + bsin ) = (a® + b?)'72,
A

we obtain the following generalization of the Bernstein inequality: if ||t < 1
then n?t%() + [t'(6)]*> < n?, 0 < 6 < 2x. This result was established in van
der Corput and Schaake [1], but, as the authors remark in a subsequent
correction (see the reference just given), it is a simple consequence of an even
more general result of Szegé [2].

If pe B, then p(cos 0) = t(6) e 7, ||t]| < 1, it is easy to see that the van der
Corput-Schaake result yields

n?p(x) + (1 — x*(p'(x)* < n’.
In view of (2.18) equality holds only for p = + T,.

Remark 2. Bernstein’s inequality remains valid if the trigonometric poly-
nomial, t, has complex coefficients. For if ||t]| < 1 then ||e"t| <1 and if
Reeé”™t = t,, then |to] <1 and toe 7, has real coefficients. Given any 6,,
0 <6, <2m, © may be chosen so that e”t'(d,) is real, and hence [t'(0,)|
= |to(@o)l < m, ie., ']l < m.

It now follows that if peZ, (with complex coefficients) satisfies, for
complex z,

P <1, |2<1,
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then
Pl <n |zZ<1

To verify this we need only note that p(e®) is a trigonometric polynomial of
degree at most n, and invoke the maximum modulus principle for the analytic
functions p and p'. Indeed, it suffices to assume only that |Rep(z)] <1 in
|z| < 1, to conclude that |p'(z)] < n, |z| < 1, as we shall see later.

Remark 3. Still another generalization of Bernstein’s inequality, due to
Zygmund [2], yields

J‘zn t(6)
o | n]|

with equality only for t(f) = A cosnf + Bsinnf. When p becomes infinite we
obtain Bernstein’s inequality. Zygmund’s inequality has recently been
extended to p satisfying 0 < p < 1. Details may be found in v. Golitschek and
Lorentz [1].

This extension of the range of p was used by Kro6 and Saff [1] to extend
the result of Exercise 2.4.7. They showed that (using the present notation) for
O<p<l,

p 2n
d0<I KO)*do, teT,, p=1,
0o

Jl IT(x)I" d—x < Il lg(x)IP L
S J1=x
for every g(x) = x" + a,_,x" ! + -+ + a,, with equality only for g = T..

Proof. Suppose q # T, and p > 0. Then

1 dx 2n
p__7  _2U-mp-t cosnb + t,_(0)|° do,
f . lg(x)| \/1——2 I [cosn 10)l

o

where t,_,(0) = by + b,cos@ + -+ + b,_, cos(n — 1)0 # 0. Repeated appli-
cation of the extended Zygmund inequality now implies that if

2=
¢, =20-mr1 f |cos nf + n~*t{4¥)(9)|” do, k=0,1,...,
V]

then ¢, > ¢, and ¢; > ¢, for k > 1. But it is easy to see that n~*¥{*¥),(6)

tends to zero uniformly on [0, 2] as k — co. Thus the ¢, decrease monotoni-
cally to

2n 1 ~
20 -mp-1 '[ |cos n6|? d6 = .[—1 I T,(x)1”

0o

N

and our proof is complete. =
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Remark 4. If p(x) =ay + - + a,x", then #(0) = p(cos@)e T ,. Thus, if
peB,, thén |t| <1 and

@) = |p'(x)sin 6] = [p(xN1 — x})'2| < n

or

n
IPI(X)l < m, —1l<x<1. (2.69)

Ifte 7, and

<1, i=0,...,2n-1,

(0 + 6,) satisfies (2.62) and we conclude that
[t'(0,)] < n, k=1,...,2n,
with equality for any k only if t = +cosnf. Thus, if pe C,,

n

and equality is possible for any i only for p = + T,. Hence, we have obtained
another proof of Exercise 1.5.8.
Also

1P (€M) < =|T,¢", i=1...,n (2.70)

|p®w)l < IT(w), @7

for 1 <k <n, where u, ..., u,_q—,, are the zeros of T*~ ), with equality
possible for any i only if p = + T,. (This is Exercise 1.5.9.) We establish this by
mathematical induction on k. The case k = 1 is just (2.70). Suppose that (2.71)
holds. The Lagrange interpolation formula gives

"D pPu) TE V9.

®)(y) — -n
o) = i=1 Tg‘)(“i) X = U; ’

hence, if v is any zero of T®,

PG = — T8-1p) n—(i—l) Mu) 1

& we-wr 7
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and
PRI <ITE ) S @73
= n & (v _ ui)z ’
in view of (2.71). Putting p = T, in (2.72) yields
n—(k-1) 1
IT¢ D) = TS D) 3, 2.74)

S —u)?

The induction is now completed by substituting (2.74) in (2.73). The
possibility of equality is established by the induction, as well, since the
inequality (2.73) is strict unless p = T,.

It is not difficult to obtain a best uniform bound on |p'(x)| from (2.69).
Suppose that n > 1. If

x| < cos — = &,
2n

1—x%>1—cos? l—sm 1> 2(x 2—1
2n 2n )|  n?

and pe B, implies

then

IP'(x) <n?, (2.75)

in view of (2.69). Next, suppose that |x| > &{. If we recall (1.41), we see that

1@ $ o PN — )2

pl(x) = Ln—l(p,’ T9 x) - s ( é(,,))

In the interval £’ < x < 1, T,(x) is positive as is (x — &™) forj=1,..., m
hence, since |p'(¢)1 — (6"”)2)1/2| < n [by (2.69) or, better still, (2. 70)] we
obtain

1P()l < To(x) Z = T,(x). (2.76)

):(n)

Since T (x) is monotone increasing in &” < x < 1,

PO < To(1) = n?.

The case —1 < x < — & = £W is treated in the same way, and putting the
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pieces together yields the theorem of A. A. Markov:
If pe B, then | p’|| < n?, with equality only for p = + T,.

[The condition for equality stems from (2.70).] We shall have more to say
about this theorem shortly.

Remark 5. teJ, and |t| <1 imply [|t*|| < n* by mathematical in-
duction on the order of the derivative k.

Remark 6. Repeated application of A. A. Markov’s theorem gives
PPl <[nn—1)--—(k—-1)1 k=1...,n

a bound that is much too large. To obtain a better bound we observe that if
peB, then for 0 < x4 < 1

«n=p[a+xo1;x—{FBm

and, since

'[(l -; xo):lk M0xo)| = 1g®()] < T¥(1),

in view of (2.37), |[p™(xo)] < 2*T®(1). If —1 < x4 <0, the same result is
obtained by putting

«w=p[a—xax;1+1}

Thus, recalling (1.97), we obtain

=1 - (k=17

nZ
(k) < k
1Pl <2 1-3-5-(2k — 1)

@2.77)

The truth of the matter is that (2.77) remains true with the factor 2* deleted.
We establish this next, but it is no easy task.

5. V. A. Markov’s Theorem.

The direct generalization of A. A. Markov’s theorem was provided by his
brother, V. A. Markov [1] (see also Bernstein [3], Mohr [1], Voronovskaja
[1], and Boas [1]), who showed that if pe B, then | p®| < T®(1),0 <k < n.
We follow Duffin and Schaeffer [1] in proving the stronger result that pe C,
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implies || p®|| < T®(1), 1 < k < n. First let us see how far we can get with our
representation formula for linear functionals. If —1 < £ < 1, let

My(§) = max [p¥(¢), 1<k<n
peCn

We saw, (2.37), that M, (1) = T®(1). Hence M, (&) = M,(1) = T™(1) =2""1.
Note also that

M (=& = M, (%), (2.78)

for if pf(¢) = M,(¢) and g(x) = p—x) then ge C,, My (—=¢) > 1g¥(=¢)| =
pP(¢) = M, (&), and, reversing the roles of ¢ and —¢, establishes (2.78).

Suppose then that 0 < ¢ < 1,1<k<n—1,andlet B= {n{,..., 7"} in
Theorem 2.13. Let

Fo=p%0) = % aply) 279)

be a canonical representation of p®(£), where, of course, the y; come from B.
Since +1 is clearly no extremal for F, (2.79) is its unique canonical
representation according to Remark 3 following Theorem 2.15. We claim that
rznlfr<n—1and o(x)=(x —y;) (X — yo—1), Where y, .1, ...) Yu-1
are “new” distinct points of B, then w®(£) = 0, but g(x) = xw(x)e #, and
0 = gW(¢) = E™(&) + ko™ 1(¢), hence w®~1(&) = 0. Rolle’s theorem im-
plies that o*~1 has only simple zeros which contradicts the existence of a
zero of order at least 2 at &,
Now the Lagrange interpolation formula yields

Fp=pM(¢) = iZ,O pmIIP(C), (2.80)
which is a canonical representation of F, since
.Zo 1) = My(&). (2.81)

Thus (2.80) and (2.79) must be identical, and we have r = n + 1 expect for the
finite number of points & which are zeros of some I*(x) (keep in mind that
here B # I). Note that, since r > n, no two [{*)(x) are zero simultaneously for
any x. The fundamental polynomials I{(x) are given explicitly by

(=11 — xH)THx)
n*(x — ;)
(=) = )T (%)

M¥x—n)

, i=1...,n—1

li(x) =

i=0,n
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Therefore, if we put
&(&) = sgn ()

so that (2.81) reads

3 1) = M) 8
we see that
G)=(=1), i=0...n

and since p,(n;) = &;(£) we recover the fact that p,(x) = T,(x). But, if r denotes
the largest zero of any of I#(x), i =0, ..., n (hence —1 < 7 < 1), then

@) =(-1, i=0,...,n
for T < £ < 1 and we know that
Pe(x) = T,(x)
and
M (&) =TH™E), forz<1. (2.83)

We claim next that 7 is the largest zero of I%(x). To establish this we need the
following preliminary result.

Lemma 2.7.1. If p(x) = (x — a;)***(x — a,) and g(x) = (x — by) - (x — b,),
where b, > a, > b, > a, >+ > b, > a,, then,ift,...,t,_, are the zeros of
pand z,,..., z,_, are the zeros of ¢’ (each set arranged in decreasing order),
wehavez, >t;>2,>1t, > ">z, 1 >ty

Proof. Since p(x) — q(x)€ #,,- 1, the Lagrange interpolation formula gives

o & pb)—qby) gx) _ & pb) q(x)
p(x) — q(x) = jz,l 76)  x—b -2 qb)x—b'

(2.84)

Suppose ¢'(z) = 0, then (2.84) implies that

P@) & opb) 1
1@~ Eqb) @by

We observe that for j=1, ..., m, sgng'(b) =(—1)’"! and sgnp(b) =
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(=1 Thusfori=1,...,m—1,

p(z)
@)

Now sgng(z;) = (—1)' and so sgnp'(z;) = (—1)'" 1. Hence p’ has exactly one
zero in each interval (z;,,,2),i =1, ..., m — 2 (for if it has more than one
zero in one such interval it has at least three there), and since p’ is positive at
both z, and a, its remaining zero is not in (z,, a,). Thus p’ has its remaining
zero in (a,,, z,—1)- This establishes the lemma. m

Remark. 1t is easy to see, using mathematical induction, that the hypo-
thesis of the lemma implies that the zeros of p® and g® fork =2,...,m — 1
interlace in exactly the same way as those of p’ and ¢'.

Let us consider [;(x) and [;(x) fundamental polynomials for any set of
nodes x, > x; > -+ > x,, where i > j. There exists a nonzero constant, c,
such that I; — cl;e 2, _ . Applying the Lagrange interpolation formula, as in
the proof of Lemma 2.7.1, yields

I(2) 1 1

where z is any zero of I.. The leading coefficient of J;(x) has the sign of (— 1)} as
Exercise 1.3.6 reveals; hence

sgnlix) = (— 1)+
and

sgn l@) = (=1)}+i+e,

li(2)

Now we can conclude, exactly as we did in the proof of Lemma 2.7.1, that the
zeros of I; and [} interlace strictly. This fact, together with the lemma, applied
to I; and [ leads us to the following conclusion.

Theorem 2.21. Given any nodes x, > x, > - > x, and [;(x),i =0,...,n, the
fundamental polynomials for the nodes; if z;; > z;, > --- > z;,,_, are the
zeros of I%(x), 1 < k < n — 1, then

Zn1 > Zn-1,1 > """ > 201 > Zp2 > Zp—1,2 > > 292 > "

>zn,n—k > Zn—1,n-k >t > Zo,n—k-
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In particular, then, the 7 in (2.83) is the largest zero of I%(x) or, equivalently,
of [(1 — )T, (x)]® = (1 — )T Vx) — kTP(x) = ([(k — Dx — k] TP(x) —
[n? — (k — 1)2] T¢ Y(x)/(1 + x), in view of Exercise 1.5.5. Note that if u is
the largest zero of T®~Y)(x) then certainly © < u (cf. Exercise 1.5.10).

The choice of x; = n; in Theorem 2.21 enables us to describe M, (£) more
fully. In each interval (z,_; j, z,—;4+1,, i=1,...,mj=1,...,n—k or (z,;,
Zo,j-1)] =2,...,n—k,none of &(£),i =0, ..., n, changes sign and M, ({) is
given by the polynomial (2.82).

As we have just seen for z,;, < ¢ <1

(&) = (—1), i=0,...,n
If £ now passes into the interval (z,_, ;, z,,) the sign configuration becomes

gl =(-1, i=0,...,n—1
&) =(-1""
As ¢ continues to move to the left, an alternation of sign percolates through

the sequence &,, &,_y, - - ., &p, until £ passes through the point z, , into (z,, ,,
Zg,1) in which

&&= (=11, i=0,...,n

Thusin (z, 5, 2o 1), Pe(X) = — T,(x) and M, (§) = — T¥(£). Now, when £ moves
past z, ,, the percolation process is repeated, starting with

& =(-1)"Y i=0,...,n—1,
8n(€) = (_ l)n,

for £in (Zn—l.Z’ zn,z)' Thus, if P:=4 in (zn—l,l, zn.l)’ then Pe= —¢q in (zu—l,Z’
2,.,), and so on.

In the case k = n — 1 analysis of (2.81) leads to an easy proof of the Duffin-
Schaeffer-Markov result.

Theorem 2.22. If peC,, then for —1 < x <1
P VIS TS (1) = 2,

with equality possible only if p= + T, and x = +1.
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Proof. As an easy consequence of (2.82) we see that

(—12" Yn— 1)!<x+ni>, i=1...,n—1,

n

1) =
(= 12" 2%(n — 1)! (x + %), i=0,n.
Therefore

M,y = Y IO =277 n — 1! 2;,

=0

é+ﬁ+
n

We claim that

n;
€+n

1) = zo

attains its maximum on [0, 1] at & = 1. f(£) is a polygonal line with possible
changes in direction at —u;/n, i=0, ..., n, and its slope in
—;m<x<-—njnj=0,...,n—1,is

M-

n—1
"1— Y 1-4=2+1-n
i=0 i=j+1

Since only breaks corresponding to j = [n/2] fall in 0 < ¢ < 1, the slopes of
consecutive segments of f(£) as £ moves from —#,,;/n to 1 are nonnegative
and increasing so that f({) is monotone increasing in [—#y, 5 /n, 1]; but
—Nw2y/n < 0, hence |f(&)] <| f(1)], 0 < € < 1, with equality only at £ = 1.
Thus, if0 < ¢ < 1,

M, (&) <M,_,(1) = Ty~ 1)
The conditions for equality follow from Example 1, p. 108. [ ]
Note that M, _,(£) is a convex function of € on [ —1, 1]. For k other than

n — 1 this need not be the case; indeed, it may happen that M, (&) is not even
monotone increasing on [0, 1]. Let us look at some examples.

1. Suppose that n = 2. Clearly

26 +1, 0<¢é<
My(©) = {é 1<e<
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Let us compare this with the case in which we seek to maximize || p’| subject
to pe B, (rather than C,). If —1 < € < 1, put

N(©) =max [p®(¢), 1<k<n

PEBn

Of course, since B, = C,, we have N, (¢) < M, (£). Suppose that n = 2. Let us
find N(£). The remark immediately following Theorem 2.21, with k = 1 and
n = 2, shows that

N =Ty =4, 3<¢<1L
Suppose, then, that 0 < ¢ <4, and
q:(8) = N4(9).

Then for all ge B, we have

q'(©) = a,19(xy) + aq(x2) (2.85)
and g;(¢) = |ay| + |a,|. Both x, and x, cannot be interior points of [—1, 1],
for in that case gx(x,) = ¢x(x,) = 0. Putting g(x) = (x — x;}(x — x,) reveals
that &€ = (x, + x,)/2, hence neither of x, and x, is — 1. Suppose that x, = 1,
then x,=2¢6—1, g=1 and g=x imply that a; + , =0, and «;, +

®,(2¢ — 1) = 1; hence

PP S
Tar-y BT TA-9

and qx($) = (1 — &)~ > 4¢ = T%(&). The polynomial

qe(x) = 20— ?,‘)2 (x% = 2(2& — 1)x + (22 — 1))

is in B, for 0 < ¢ < 4. Hence

1
N1(f)= l_é,
4,

1

=2 (2.86)

0<¢
<é<

[

.

o

Note that M, (£) for any n is, in view of (2.81), a piecewise polynomial
function, whereas (2.86) shows that N,(£) for n = 2 is not.
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2. Suppose that n = 3. An easy calculation yields

(—12% 43, o<c<‘ﬁ6‘2,
—36e -1, ﬁ6‘2<5<*"36‘1,
J13-1 J13+1
M (8 ={15¢, Rl 6"‘, 2.87)
JB3+1 7+2
8382 + £ — 1), T<c<f6 :
12¢2 — 3, *ﬁ”sc\l
\ 6
By contrast Boas [1] gives
( _
128243, o<c<ﬁ6 2,
7+ 10 ﬁ-zgész\/’/—l’
91 + &) 6 9
16£3 2/7-1 2/7+1
N = = X A
1(© {(952—1)(1—52)’ 9 <é<g 5
/7110 2ﬁ+1<6<ﬁ+2,
91— ¢ 9 6
1267 -3, ‘/76+2<¢<1.

The graph of M (&) is shown in Figure 2.1. Observe that M (£) in this case is
neither convex nor monotone increasing.

A detailed characterization of N,(¢) is found in Voronovskaja [1], where
implicitly, much information about M, () can also be found. We next present
Duffin and Schaeffer’s improved version of V. A. Markov’s theorem, which,
surprisingly, requires an excursion into the complex plane and the elementary
theory of analytic functions. The following lemmas are needed.

Lemma 2.7.2 (Rouché’s Theorem). If f(z) and g(z) are analytic inside and on
a simple closed Jordan curve, C, and |g(z)| < |f(z)| for all z on C then
g(2) + f(z) and f(z) have the same number of zeros inside C.
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M, (&)

Py

| Il
ol vi-2 Vi3 -1
€ 6 VI3 +1 Si+2
6 3

Figure 2.1

Proof. See any text on complex function theory; e.g., Titchmarsh [1].

Lemma 2.7.3. If all the zeros of p(z)e &, are in the half-plane x < g, then all
the zeros of p'(z) are in x < a.

Proof. Suppose that Rew > a; then p(w) # 0. Let z,, .. ., z, be the zeros of
p, each zero appearing in the sequence according to its multiplicity. Each of
the complex numbers z; — w satisfies

n<ar (z w)<—7t
2 giz; 29
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and the same is true of the complex numbers (Z; — W) ™! = |z; — w| " %(z; — w),
but then

pP'w) 1
_Pwir_ 0,
[ p(W)] i1 z,-—w%

since the sum of complex numbers, all of which lie in Re z < 0, must also lie in
Rez < 0. Thus p'(w) # 0, and the lemma is proved. (This is a special case of
the Gauss-Lucas theorem: the zeros of p’ lie in the convex hull of the zeros of

P) m

™M=

Lemma 2.74. Let ay, ..., a,, be nonnegative numbers and 4, ..., d,, a
rearrangement of these according to size so that ay > a5 > > a5, = 0.
Then for ¢t > 0

(ara; + tMaza, + 1) (azn- 182, + 1)
<(ayay + t)azay + 1) (35, - 105, + 1) (2.88)

Proof. The lemma is certainly true if n = 1. Suppose that it is true for

n— 1. Let
ay = a,;, a, = a;.

Case 1. If i is odd and j=i+ 1 or i is even and j =i — 1, then either
aya, +t=aa;,, + toraya, +t = a;_,a; + t. Either equality together with
the inductive hypothesis applied to the set a,, k=1, ..., 2n, k #1i, j,
establishes (2.88).

Case 2. i and j are not as in Case 1. Therefore, if we put

7= i—1, i even ., Jji—1,  jeven,
“li+1, iodd’ Y TU+1  jodd,
no two of the indices i, #, j, and j’ coincide and (a;a; + t) and (a;a; + t) both
appear among the factors on the left-hand side of (2.88). However,

(a1a; + t)aya; + 1) — (aa; + t)aa; + t) = Ha) — aj)ay — ap) = 0.

Thus, if (a,a; +'t)(ajaj, + t)is replaced by (a}a> + t)(a;a; + t), the product on
the left-hand side of (2.88) does not decrease. By the inductive hypothesis the
lemma holds for the set of a;, k = 1, ..., 2n, k # i, j; hence the modified left-
hand side does not exceed the right-hand side and (2.88) is established. m
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Lemma 2.7.5. Foreachn >0
IT(x+ iyl <IT,(L+iy), —-1<x<1,—-0<y<oco.
Proof. Putting x = cos 6, we have
n
IT(x+iy))2=4""* Y |x+ iy —cosf;?

=41 f[ [(cos 8 — cos8;)* + y*]

j=1
=41 ]_[1 |:4sin2 0_26j sin? G;Bj +,V2]
j=

=1 T [(1 - cos(8 — X1 — cos(8 + 6) + »7]

j=1

=% l"[ [leio _ eiojlz |eio _ e—io,lz + 4}'2],

where the last step follows from the law of cosines. Let a,;_, = |e? — /|2
and a,;=1e® —e ™|, j=1, ..., n, so that the sequence a,, a,, ..., da,
consists of the squares of the distance from a point of the unit circle, %, to the
vertices of a regular 2n-gon inscribed in the unit circle. If 6 is increased or
decreased by =m/n, the resulting sequence of squares of distances is a
rearrangement of ay, ..., a,,. Therefore, if ¢ = 0 £ (kn)/n satisfies

lol < —
(p\2n

and by;_; = |e® — e®|%, by; =€ —e ™%, j=1,...,n,by,b,,..., by, is2
rearrangement of a,, ..., a,,; moreover, if ¢ >20,0< b, < b, <---<b,,,
whereas, if ¢ <0,0< b, < b, < b, < by < <b,, < b,,_,. In either case
Lemma 2.7.4 yields

ITx + ip)2 <4 [T Lle'® — e®Ple’® — e™ ™| + 4y]

j=1

= |T,(x + iy)?, (2.89)
where X = cos ¢. Since X + iy lies in the strip &, < x <1,

Ky —&I<M+iy—&L  j=L..,n
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»|
+
<

1 +iy

———,e— ety —m—— e e = \—=\\—— —
-
-

Figure 2.2

(see Figure 2.2); hence
IT,(x +iy)l < |T,(1 + iy)l,
and, in view of (2.89), the lemma is proved. m

The key to the proof of the Duffin-Schaeffer-Markov theorem is the
following interesting result.

Theorem 2.23. Let x, < x, < *** < x,,, < 1 be the zeros of ve £,, and suppose
that

[(x + iy)| < [o(1 + iy), —-1<x<1l,—o<y<ow. (290
If ge 2, satisfies
|q' ()l < V() i=1...,m, (2.91)
then
lg'(x + iy)l < [v(1 + iy)l, -1<x<1, —o<y<o. (292
Proof. Let & +in be a fixed point such that —1<¢< 1. If v(x) =

cx —xq) (x — x,), let r(x) = o(x — uy) - (x — u,,), where the zeros of r are
obtained from those of v by reflecting about £ those zeros of v that lie to the
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right of &; ie,,

u; = X;, x; <6,
w=2&—x;, x; > &

Clearly, every point z = ¢ + iy is equidistant from y; and x;,i = 1,..., m, i.e.,
|z — u;] = |z — x;|; hence

(€ + iy)l = (& + iy)l. (2.93)

We claim next that |r'(¢ + in)| = |q'(€ + in)|. Put { = £ + in. The Lagrange
interpolation formula with nodes at the x; gives

gx) 1
v (xl) C - x

In view of (2.91), q'(x;)/v'(x;) = 6;, with |6] < 1,i=1,..., m. Thus, if n #0,

q() =9 Z

S
00 =108
m 6 m
=my;—£7;; ;—:WTT
= [u()l|A — iB|,
where
_ & 6 —x) _a b
A_izl (é—xi)2+n2 B_i=zl (é_xl)2+’,’2

By construction |& — x| =& —u; hence (£ — x)? = (£ — u)?, 6:(€ — x;)|
< &€ — u;, and therefore

<3 o <Y e f

_u)2+ 2

and |4 — iB| = (4% + B?»)'2 < (&« + pH'? = |a £ if|. By choosing the plus
sign if < 0 and the minus sign if # > 0 we obtain

(& —u)—in _
|¢1(C) IU(C)I '_z (c l)2 +'12 - £
— o) PO gy,

@l



136 EXTREMAL PROPERTIES
the last equality because of (2.93), thus establishing our claim for n # 0. The
case of # = 0 now follows by continuity.
Let w be any complex number satisfying
wl < L (2.94)
Put s(z) = v(z) — wr(z + & — 1). Let 'k be the simple closed curve consisting

of the semicircle Cg: |z — 1| = R, Rez > 1, and the line segment Dy joining
1+ iR and 1 — iR. If ze Dg, (2.94), (2.93), and (2.90) imply that

lwr(z + & — DI < |r(€ + iy)l = [(& + iy)l < (1 + iy)| = |u(2)].
Also on Cg, for R sufficiently large,
lwr(z + & — 1)| < [v(2)],
since r and v have the same leading coefficient and |w| < 1. Thus by Rouché’s
theorem (Lemma 2.7.2), s(z) has the same number of zeros as v(z) inside I'g,
i.e.,, none. Since R is arbitrary, we see that s(z) has no zero in x > 1; hence by
Lemma 2.7.3 neither has s'(z). In particular, s'(z) #0 at z =1 + in, i.e,,

(1 + in) — wr'(€ + in) #0 (2.95)

for all |w<1. If V(1 +in) <|r'(¢ +in)l, then (2.95) is violated for
w=v'(1 + in)/r'(¢ + in). Hence

WA+ ZrE+in =g +in). =

Corollary 2.23.1. Fork=1,2,...,n
ITOx +iy)| < |TPL +iy), —-1<x<1, —oo<y<oo. (2.96)
Proof. When k = 1, (2.96) follows from Lemma 2.7.5 and the theorem with
v=gq =T, If (2.96) holds for k — 1, then it holds for k by the theorem with
v=q=T¢",
Theorem 2.24 (Duffin and Schaeffer [1]). If pe £, and
bl <1, i=0,...,n, (2.97)

thenfor —1<x<land1<k<n

n*(n®> — 132 =2 (n> — (k- 1)?
1.3.5-Qk—1) ’

PP < TH(1) = (2.98)
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with equality holding only if p= + T, and x = +1.

Proof. Suppose peC, and p # + T,. Then, in view of (2.71), there exists a
constant ¢ > 1 such that

lep® @)l < [TPw), i=1,...,n—(k=-1), (2.99)
where the u;, i =1, ..., n — (k — 1), are the zeros of T*~ 1), We now apply

Theorem 223 with m=n—(k—1), y;=x;, v=T% Y and q=cp*~ Y.
Observe that (2.91) holds because of (2.99) and (2.90) is simply (2.96). Thus

dp®lx + N < ITVA +1y),  -1<x<1, —w<y<o.
Since ¢ > 1, we have, finally,
IPMx +iy) < |T®A +iy), -1<x<1, —-w<y<ow. (2100)
Choosing y = 0 yields
[P0 < ITP)] = TH(L).

The observations about equality and the evaluation of T%®(1) are con-
sequences of Exercises 1.5.35 and 1.5.6. m

Remark 1. Note that we hawe really proved (2.100) which is more general
than (2.98).

Remark 2. If p is a polynomial of degree at most n with complex
coefficients, which satisfies (2.97), the conclusion of Theorem 2.24 still holds.
To show this we note that the [;(x) with respect to the points #,, ..., 1, are real
valued.

< 3 1901 = %, s@IPQ.

=0

1P = |3, pri)
If
pe) = 3. a0

then p.e C,, since ¢(¢) = +1. Thus

1P < PE(8),

and the result follows from the theorem applied to p;.
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Remark 3. Duffin and Schaeffer [1] also show that if E is any closed subset
of [—1, 1] that does not contain one of the points n;,i = 0, . .., n, there exists
pe P, satisfying

Ipx) <1, x€E,
and
PP > TE(1), k=1,2,...,n

There is an interesting application of Theorem 2.24 to the theory of
numerical differentiation. Suppose that we wish to approximate the de-
rivative f®(x) for xeI by L¥(f, X; x) (cf. p. 12), k = 1,2,...,n. How shall we
choose X? The norm of the operator

f=LES)
is
n+1
A¥ ((X) = max max |LY(f,X;x)| = max Z 19 4 ))- (2.101)
Ifl=1 -1<x<1 —t<x<t 2

It therefore seems desirable to choose X so that A% ,(X) is as small as
possible.

In the case that k = 0 (2.101) is what we called the Lebesgue constant of
order n + 1 of X. A set of nodes that minimizes A, ;(X) is not known. For
k=1,...,n, however,

T3(1) = AR,(U) < AL y(X), (2.102)

where U is the array of nodes whose (n + 1)st row is 7, ..., n™. This result is
due to Berman [1]. To prove (2.102) we first observe that on the one hand

(1) =

£ moarers o] < § weoxs b1 < AR,
whereas on the other Theorem 2.24 implies that

Y IPU; x) < T®1), -1<x<L1
i=0

EXERCISES 2.7.1-2.7.14
2.7.1. Let

V={peZ,/p(£L{") = 0}. (2.103)
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If peVand
|p(xl')| = max lp(x)l’ i= ly PREPN (e 19
—&<x<¢,
where —¢; < x; < x, <+ < x,_; <&, then p(x) = + T,(x).
2.7.2. If pe V [V is defined by (2.103)],

and |t] > £, then |p®(t)] < T®().

2.7.3. Give an example of pe 2, (p # + T,) for which equality occurs in (2.45) for
j=1

2.7.4. Discuss the problem of minimizing ||xp’ — 1|| for pe#,, p(1) = 0, the norm
being taken on the interval [1,a].

2.75. (Lepson [1]) When p = T, (2.69) becomes

T, ()| < ~1<x<l (2.104)

(1 _ x2)1/2 4

Show that (2.104) can be improved to

| Th(x)l < O<x<in>1

n
(2x)(" -1)/3°
Hint. Using the 3-term recurrence formula for S,(t) = U,(t/2) (cf. Exercise 1.5.54),
show by mathematical inducation that
ISi@I <73, 0<t<1.
For some other improvements on (2.104) see Askey [3].

2.7.6. Show that there exists pe C,, p¢B,, n > 1.

2.7.7. With the notation used in Theorem 2.21 and x; = #; show that each interval
(Znjs Z0,j-1) =2, ..., n — k; (2,1, 1) and (—1, zo ,_,) contains a zero of T~ '(x).

2.7.8. Show that if pe C,, then
[P < T,(x)
for x > B, where &, = cos(n/2n) and

1-¢

b=t —twa-a



140 EXTREMAL PROPERTIES

2.79. (Ehlich and Zeller [1]) Suppose that —1=x;<x, <" <x,=1 and
me1 Xiz1 —x). Ifpe?, and |p(x)l < 1,i=1,..., m, then

.....

1
1 — (224*(n* — 1)

Ipll <

Hine. If || pll = |p@)l, —1 <t < 1 and x; is the x; closest to ¢, then

L — 2
) =20+ =2 e,

where 0 is in I. Note that |x; — t| < d,,/2 and apply Theorem 2.24.

Suppose a function, f(x), is sampled at points x;,i = 1,...,n + 1 of I with error ¢;
at x;. An estimate for f(t), t > 1, can be obtained by evaluating the interpolating
polynomial pe 2,, which satisfies p(x;) = f(x;) + &;, at t. If

& = max g, i=1...,n+1,

then the error in the extrapolation, p(t), due to the ¢; does not exceed

n+1

5 Y O] = eh,y(X; 1),

i=1
2.7.10. Show that 4, ,(X;¢t) > 4,,,(U; t), with equality only for x = U.

Hint. If —1 < x,4; <X, <'"* <Xy <1, then
Anes(Us8) = T € Aps (X5 0).
271 If —1< x4, <X, <'"<Xx; <1,
V(X)={peZ/Ipx)<l,i=1,...,n+1},
andfort>1,0<k<n

min max [p®(f)] = m,
X pev(n)

then show that the minimal X is U and m = T®)(z).

2.7.12. (Cavaretta [1], Matorin [1]) Let p,(x) = T,(x — 1), the Chebyshev poly-
nomial relative to [0, 2]; p®(x) = n! 2"~ 1. Let f be an n times differentiable function on
[0, o) that satisfies || f|| < 1 and || f™| < n! 2"~ !, where, if g is defined on [0, ), we
put

gl = sup |g(x)|

0<x<w
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(this notation is used in this exercise only). Show that
IfO<pP2)=TP), j=1,...,n—1 (2.105)

Hint. 1f (2.105) does not hold for some j and f, there exists £,0 <t < o0,and a > 1
such that fU)¢) = ap{’(0).

Cpnsider h(x) = p,(x) — a”'f(x + t); h has n zeros in [0, 2], hence by Rolle’s theorem
h® has n — i zeros in (0, 2).

2.7.13. Show that the bound in (2.105) is sharp for n = 2, 3.
Hint. Do some appropriate surgery on p, and extend it periodically.

2.7.14. Show that if pe,_, satisfies (1 — x?)?|p(x)] <1, —1<x <1 then
|p(x)) < nfor xel. -

Hint. If x| < &P then (1 — x?)2 = 1/n.If |x| > & repeat the discussion following
(2.75) with p in place of p’, and obvious appropriate changes.

2.8. Additional Extremal Problems

We wish to present next some additional examples of extremal properties of
the Chebyshev polynomials, and related material, without relying on the
methodology of Theorem 2.16.

1. More About the Bernstein and Markov Inequalities. In Remark 2 of
Section 2.7.4, we gave a complex analog of Bernstein’s inequality. An elegant

and simple method for obtaining this and other inequalities for polynomials
in the complex plane is due to de Bruijn [1].

1.1. Polynomial Inequalities in the Complex Plane. We begin with a complex
analog of Rolle’s theorem, the Gauss-Lucas theorem, of which Lemma 2.7.3 is
a special case.

Theorem 2.25. If
P2) =clz —2y) (2 — z,),
then the zeros of p'(z) are in the convex hull of {z,, ..., z,}.
Proof. Suppose that p'({) =0and { #z;,j=1,..., n, then

1

1C—Zj

r'@)

O

™M=
Il
(=]
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Thus

and there exist nonnegative numbers,

1

—_— ,2
L SR

J

J'Z'l |C - j|2

satisfying

™M=

n
=1 =1
{ is therefore in (the interior of) the convex hull of {z,, ..., z,}. (Recall
Definitions 2.2 and 2.3). If p'(z;) = 0 the conclusion of the theorem is
obviously true. ]

We next obtain a generalization of the complex Bernstein inequality.

Theorem 2.26 (de Bruijn [1]). Let R be a convex region in the plane, and B
its boundary. Suppose pe Z,, and g € Z,, with m < n, and the zeros of q are all
in Ry B. If | p(2)| < |9(2)|, z€ B, then |p'(z)| < |4'(2)|, z€ B.

Proof. Let E be the complement of Ru B in C (the extended complex
plane, i.e., C with the “point at infinity” adjoined to it). Since q has no zeros in
E and the degree of p does not exceed the degree of g, p/q is analytic in E and
the maximum principle implies that |p(z)| < |q(z), ze BU E since |p(z)| <
|g(2)l, z € B. Thus, if |{] > 1 the zeros of the polynomial p(z) — {q(z) are all in R.
But the same must be true of p'(z) — {q'(z) in view of the convexity of R and
Theorem 2.25, and the proof is complete. =

In particular, if R is |z| < 1, so that Bis |z| = 1, m = n and ¢g(z) = z" then we
again obtain the complex analog of Bernstein’s inequality: If pe 2, |p(z)] < 1
for |z] < 1, then [p'(z)l < nfor |z] < 1.

We need next a useful result of Szego.

Definition 2.5. A set in C is called a “circular” domain if it is the image of
|z] <1 or |z] <1 under a linear fractional transformation,

az+b
cz+d’

VA d
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For example, |z| < 1, |z| > 1, Rez < a are “circular” domains.
Theorem 2.27 (Szegd [3]). Let C be a “circular” domain in €. If pe 2, has no

zeros in C (z = oo is a zero of p(z) if the coefficient of z" is zero) and if {, z are
points of C then

¢ —2)p'(z) + np(z) # 0. (2.106)
{If { = 00, (2.106) is to be replaced by p'(z) # 0.)
Proof. Since p(z) # 0 it suffices to show that

P2
n+ (-2 RZ—) #0.

Let z,, ..., z, be the zeros of p then

n+ (-2 '(z)-n+ Z": -z anf_cj.

p() ji=1 Z—Zj ji=1

Consider the linear fractional transformation

W(w) =

{—w
z—w’
(If { = oo, we put W(w) = 1/(z — w).) K, the complement of C in C isa
“circular” domain as is K’ = W(K). Since neither { nor z is in K we may

conclude that neither 0 nor oo is in K’. Thus K’ is a disk which does not
contain the origin. But

—_2Z.
C JGKI’
Z—Zj

1 n -
_ZC .'GKI,
nj=12—2Z;
and so
¢ %ik0, m
_l=lz_Zj

Corollary 2.27.1 (de Bruijn [1]). Let C be a “circular” domain in the z-plane
and S an arbitrary point set in the w-plane. If pe 2, satisfies p(z) = we S for
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any zeC, then for any z, { € C we have

4 zp'(2)

= P() + pla) — = €. (2.107)

Proof. Suppose the complex number A is not in S. Then p(z) # A for ze C.
The polynomial p(z) — A satisfies the hypotheses of the theorem and so

(€ —2)p'(2) + np(z) # nd
for z, {e C and any A not in S, thus proving (2.107). =

Equation (2.107) can be used to give strikingly simple proofs of polynomial
inequalities of the Bernstein variety. We give two examples.

Example 1 (Erdés-Lax; cf. Lax [1]). If pe2,, |p(z)] < 1 for |z]| < 1 and p(2)
has no zeros in |z] < 1, then |p'(z)] < n/2 for |z] < 1.

Proof. Let C be .the open disk, |zl <1 and choose S to be the set
0 <|w| < 1 in Corollary 2.27.1. Equation (2.107) now holds for the poly-
nomial we are considering. If { = 0 we see that for ze C

p(z)—i;,(ﬂes.

Thus as { ranges over C we may conclude from (2.107) that an open disk with
center at p(z) — zp'(z)/n and radius |p'(z)/n| is contained in S. But the
maximum radius of such a disk is 1/2, and the result follows. =

Example 2. If pe 2, and |[Re p(z)| < 1 for |z| < 1 then
P@l<n |Zd<Ll (2.108)
Equality holds in (2.108) if, and only if, p(z) = e**z" + it, «, t real.

Proof. Let C be the closed disk, |z] < 1, and S the strip —1 < Rew < 1.
Note that p(z) = weS§, if, and only if, |Re p(z)| < 1. Thus (2.107) holds under
our assumptions. If { = 0 we see that p(z) — zp'(z)/n€ S, and so when { ranges
over C, (2.107) informs us that a closed disk of radius |p’(z)/n|, centered at
p(z) — zp'(z)/n is contained in —1 < Rew <1 for |z < 1. The maximum
radius of such a disk is 1, and our result follows. =

The result in Example 2, which implies the usual complex Bernstein
inequality, is due to Szegb [2] (our approach is given in Malik [1]). An easy
consequence is a generalization of the Bernstein inequality for real trig-
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onometric polynomials. Namely,
16) = Y, (a;cosjO + b;sinj6)
j=0
has real coefficients and satisfies ||t|| < 1 if, and only if,
piz) = Y, (a; — ibj)z’
i=o
satisfies |Re p(z)| < 1 for |z| = 1. Thus,

le®p'(e®)] = j;o j(a;cosjO + bjsinjf) — i ,Z'o j(bj cos jO — a;sinj6)|.
(2.109)

Consider the trigonometric polynomial
t0) = Y. (—bjcosj + a;sinjo),
j=1

called the conjugate to t(6). Then (2.109) yields
IP(e®)? = @6) + (£0),
and from Example 2 we deduce that
@6)* + (£ (0) < n?, (2.110)

the desired generalization. The condition for equality to hold in (2.108)
implies that equality holds in (2.110) only if {(f) = cosn(@ — 6,). =

The reader who is interested in learning more about the type of material
we have examined in this subsection is advised to consult the excellent survey
of Rahman and Schmeisser [1].

1.2. Polynomials with Curved Majorants. In studying extremal problems we
have frequently normalized the set of competing polynomials by stipulating
that pe B,,ie.,pe Z,and |p(x)| < 1 for —1 < x < 1. We thus require that the
graph of y=p(x) be contained in the square square —1<x<1,
—1 < y < 1. At a conference in Varna, Bulgaria in 1970, Turan raised the
problem of obtaining results of the Markov kind if the graph of y = p(x) was
required to be contained in the disk x* +y?<1, ie., if pe#, and
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Ip(x) < (1 — x?)*2, —1 < x < 1. Indeed, he suggested generalizing the nor-
malization of pe 2, by requiring that |p(x)| < ¢(x), —1 < x < 1, for a given
@(x), a curved majorant. We wish to investigate several examples of such
problems next.

We begin with Turan’s first problem. Let D, denote the set of pe £, such
that |p(x)] < (1 — x?)!/? for xel. As usual || - || is the maximum norm on I.

Theorem 2.28 (Rahman [1]). If peD,(n > 2) then
1Pl < 2(n — 1). (2.111)
Equality is attained in (2.111) for

T-209 = L)

px) =(1 = x)U,_(x) = >

.112)

Proof. If peD, then p(x)=(1—x*q(x), qe?,_,. Put f(x)=
(1 — x?)'2¢(x) so that p(x) = (1 — x?)*2f(x). Then

1PLOI] < Ixge)l + (1 = x?)'2|f'()l,  xel. (2.113)

t(0) = f(cos0) = sinOg(cos@)e 7,_, and |t| < 1. Bernstein’s inequality
yields |t'| <n—1 which implies (1 —x)Y?|f'(x)) <n—1, xel. Also
(1 — x»)'?|q(x) < 1 and so ||q|] < n — 1 according to Exercise 2.7.14. Equa-
tion (2.113) is now seen to yield (2.11).

Consider p as defined in (2.112). The right-hand equality is just Exercise
1.2.15c and |p'(£+1)] = 2(n — 1) follows. The bound in (2.111) cannot, there-
fore, be lowered. =

Remark 1. For pe D, we can obtain a point-wise estimate of p,(x) analogous
to (2.69). If we retain the notation of the proof then the inequality of van der
Corput and Schaake (see Remark 1 following (2.68)) yields

(= 1)+ (1 = x)f) <(m—17  xel
Using this inequality in (2.113) we obtain, for —1 <x < 1,

1PCl < (1 = x?) 712Gl + (n — (A = [ f(x)P)

< max [x|(1 —x3)" Y2y + (n— 1)1 — y?)'?].  (2.114)

o<ys<!

The expression on the right-hand side of the second inequality in (2.114),
with x fixed, is [x%(1 — x?)~! + (n — 1)?]'/2, which is attained for y =
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|x|[(n — %1 — x?) + x¥]~ 12, We thus arrive at the conclusion that

IP'(x) < % [1 - (1 - ﬁ) xz]m, —1<x<l
—x —

Remark 2. If pe B, then the bounds on its coefficients given by (2.44) and
(2.45) may be expressed in the following succinct form. If

P =3 adk, @.115)
k=0

then |a,), k=0, ..., n, is bounded from above by the absolute value of the
coefficients of x* in T;,(x) + T,,_;(x). In Rahman [2], the author shows that if
pe D, is given by (2.115) then |g,|, k = 0, ..., n, is bounded from above by the
absolute value of the coefficient of x* in (T,(x) + T,_(x) — T,_,(X)
— T,_5(x)). In both cases equality occurs in an obvious way, depending on
the parity of n — k.

EXERCISES 2.8.1-2.8.8

Let F, here denote the set of pe 2, such that |p(x)| < |x|, xel.

2.8.1. Show that if peF, then | p’|| <1+ (n— 1), and this upper bound cannot be
lowered.

Hint. If pe F, then p(z) = zg(z) where g€ B,. Now apply A. A. Markov’s theorem
to g.

282 If peF,and —1 < x < 1 then [p'(x)] < [1 + (n — 1)2x*(1 — x?)~1]1/2,

Hint. Apply the inequality of van der Corput and Schaake to
g(cos 0) = p(cos f)/cos 8 and proceed as in Remark 1 following Theorem 2.28.

Let G, here denote the set of pe 2, such that |p(x)| < (1 —x?)" 12, —1<x < 1.
283. If peG, and |x| < "V = cos(n/(n + 1)) then
P < n(n + 1)% (2.116)

Hint. Apply Bernstein’s inequality to #(6) = sin Op(cos 0)e 7., to obtain |xp(x)
— (1 =x)p'(x)) <n+1, xel. If we now apply Exercise 2.7.14 to p(x) we obtain
lpl<n+1 and hence the inequality in the preceding sentence yields
[(1 = x%)p'(x)] < 2(n + 1). The result now follows, in view of the restriction on x, by an
application of Exercise 2.7.14 to p'(x)/(n + 1)

2.84. Put

To+1(%)

qj(x)=x_—€TT)’ j=1...,n+1 2.117)
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Show that
gi(x)>0, j=1,...,n+1, U< x <1, (2.118)

Hint. Verify by direct computation that gj(n{"* ") > 0 and g{1) > 0. Note that
q(x) has at least n — 2 zeros to the left of n"*1).

2.85. Show that if pe G, then
1 n+1
[P’ (x) < il Y gjx), APtV <x<l. (2.119)
i=1
Hint. If pe 2, then
n+1

1 )
P'(x)=Ly(p, T; x) = Tl j; (=171 = (P DY) 2pEr+ D)), (2.120)

Now use the hypothesis and (2.118).
2.8.6. (Pierre and Rahman [1]) If pe G, then

ne1(l)  nn+ 1)n+2)
n+l 3 :

Il <

Equality holds for p = tU,.

Hint. If we put p = T, ,/n + 1 in (2.120) and recall Exercise 1.2.3 we obtain

Th() 1 i

n+l  n+l ,-; 4

We may then conclude from (2.119) that if #7*V < x < 1, |p'(x)| < T,y (1)/(n + 1).
Indeed, it is not hard to see that the same result holds for —1 < x < #®*Y, and so the
required result follows from (2.116).

Note that if pe 2, and p'/neG,_, then Exercise 2.8.6 implies that

n’(n* —-1)

1 <20,

In particular if peB, then p'/neG,_,, according to (2.69), and we recover V. A.
Markov’s theorem for the second derivative. A brief survey of the topic of polynomials
with curved majorants, as well as further references, may be found in Rahman and
Schmeisser [1].

2.8.7. Results having the same geometric flavor as provided by curved majorants can
be obtained in the complex case by using Corollary 2.27.1. If pe &, and p(z) = weS,
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find the exact upper bound for |p'(z)], |z2| < 1 when S is defined by:

M W<l
(i) 0<r<|w <R,
(iii) |Rew| < a, |Imw| < b.

2.8.8. A. A. Markov’s theorem says that if pe B, then ||p'| < ||T,|l. Bojanov [1]
showed that if pe B, then ||p’|l, < || T,ll,, 1 < g < o, where

1 1/q
171, = (Jl If(x)l"dx) :

A. A. Markov’s theorem is the case ¢ = oc. Prove the case g = 1, i.e,, show thatif pe B,
then

1 1
j [P(x)dx < j |Ty(x)| dx = 2n,
1 1

with equality only if p = + T,.

Hint. Suppose p'(x) changes sign in (—1,1) only at x,, ..., x; where
Xo=—1<x; < <x,<1=x44, so that

k x4
> (- f P dx

Xj

1
J ) [Pl dx =

J

2. Miscellaneous Extremal Properties. In this section we wish to mention
some results about extremal properties of Chebyshev polynomials, with most
proofs omitted because of length and/or difficulty. The reader is directed to
the original sources for the details.

2.1. The Remez Inequality for Polynomials. Suppose that pe #,. Let M(p)
denote the set of all xeI(=[—1,1]) such that |p(x)| < 1. Then M(p) is the
union of mutually disjoint closed subintervals of I, I, ..., I. If I; is the length
ofI;,j =1,...,k, then we say that |M(p)|, the measure of M(p)is I, + - + ;.
(If |p(x)| = 1 for all xeI then |M(p)| = 0.) The Remez inequality states that

Ipll < T, (ﬁ - 1). (2.121)

Note that equality holds in (2.121) if, and only if, || p|| < 1, while if [M(p)| =0
the inequality is trivial. A detailed proof of (2.121) can be found in Freud [2,
pp. 119-122].

2.2. The Longest Polynomial. Suppose (real) te 7, satisfies |t|| < 1. Erdés
[3] proved that if I(tf) denotes the arc length of the graph of y = t(x),
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0 < x < 2m, then I(¢) attains its maximum if, and only if, t(x) = cos(nx + ),
where « is any real constant. Here is a sketch of Erdés’ proof.
Suppose te 7, satisfies ||t < 1 and we put s(x) = cosnx. Let

—1<tlx))=s(x;) <1 (2.122)
hold, then in view of the inequality of van der Corput énd Schaake, we have
€0l < m(l — ()2 = n(l — s*(x,))'2 = |s'(x,)ls (2.123)

and if the sign of equality holds for one pair x,, x,, it holds for all pairs, i.e.,
H(x) = cos (nx + o).

Suppose #(x) # cos(nx + a). Let T and ¢ be monotone arcs of y = t(x) and
y = s(x), respectively, with the endpoints of each having the same ordinates,
y, and y,. Let |7| and |r,| denote the arc length of T and the length of the
projection of 7 on the x-axis, respectively, and similarly for |6| and |o,|. Then

el <lol + (It — lo) (2.124)

follows from (2.123) by approximating = and ¢ by means of a polygonal line
corresponding to a subdivision of (y,, y,).

Let 7%, ..., ™ be the monotone arcs which constitute the curve y = t(x)
over an interval of length 2z. It is obvious that we may choose disjoint

monotone arcs ¢'¥), ..., a™ of y = s(x) so that the arcs 1) and ¢ have
endpoints having the same ordinates, for j = 1, ..., m. Thus, according to
(2.124),

79 < 109 + (0] — o9")

and hence

T R < 3 o) + (21: -3 |o§,f>|). (2.125)
j=1 ji=1 i=1

The left-hand side of (2.125) is the arc length of y = #(x), 0 < x < 2=, while the
expression in the parentheses on the right-hand side is the sum of the lengths
of the projections on the x-axis of the arcs that remain in the graph of
y = cos nx when the arcs 6V, ..., 6™ have been deleted. If this expression is
replaced by the sum of the lengths of these remaining arcs, the right-hand side
of (2.125) increases and becomes the arc length of y = cosnx, 0 < x < 2w, and
the proof is complete.

Erdés [3] concludes as follows: “I conjecture that the following theorem
holds. Let f(x) be a polynomial of the n'™ degree, | f(x)] < 1 in (—1, 1). Of the
graphs of all these polynomials that of the n'* Chebisheff polynomial has the
maximum length of arc.”
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The Erdés conjecture was later proved by Kristiansen [1] and Bojanov
[2], independently. Both proofs are elaborate. I find Bojanov’s proof a bit
easier to follow.

2.3. An Iterative Solution of a System of Linear Equations. Let A be a non-
singular n x n matrix whose entries are complex numbers. Then if b = (b,,
..., b,)T is any given column vector of complex numbers there exists a unique
solution, x = (x4,..., x,)T, of the system of linear equations

Ax = b. (2.126)

The invention of numerical procedures for “solving” (2.126) (i.e., calculating
good approximate solutions of (2.126)) on computers is an important aspect
of contemporary numerical analysis. We wish to describe an iterative
procedure, which is sometimes used, whose implementation depends on
solving an interesting polynomial extremal problem. For notions of com-
putational matrix theory mentioned in what follows we refer the reader to
Golub and Van Loan [1] and the references given there.

In the iterative scheme under consideration we start with an initial guess,
x1), of the solution and modify it successively so as to obtain a sequence of
approximations x), x@, ..., xY, .. to x. If ") = x — x!) is the discrepancy
of the jth iterate then we arrive at a “solution”, x™, when the size of e™,
measured in an appropriate norm in C", gets to whatever preassigned
tolerance is required. In the method we wish to examine, the iterates are
defined by

xUD = xD) — g (AxD —b), j=1,2,..., (2.127)

that is, xU*1 is obtained from x> by subtracting a strategically chosen
multiple of Ax"” —b. Such a method is called Richardson iteration (cf.
Anderssen and Golub [1]) or Chebyshev iteration (cf. Marchuk [1]), with
iteration parameters o;,j = 1,2,... .

If I denotes the n x n identity matrix then, in view of (2.127), a straightfor-
ward computation yields

k
e®* D = T U — w;A)e. (2.128)

j=1

In order to choose the parameters a;, ..., o, we consider

pz) = ﬁ (—oz)=1- jﬁl B;z’, (2.129)

Cj=1

and note that p(0) = 1. Equation (2.128) can now be rewritten as

e+ = p(A)ed, (2.130)
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Let || - || denote a vector norm in C" as well as the natural associated matrix

norm. That is, if B is an n x n matrix and |- || is a norm in C" we put
Bl = sup |4yl
eC"
D=1
Then (2.130) implies
le®* DI < Il p(A) e, (2.131)

thus suggesting that we choose a;, . .., o, s0 as to minimize || p(4)||. If B is an
n x n square matrix whose eigenvalues are 4,, ..., 4, (not necessarily distinct)
and p, € %, then the eigenvalues of p,(B) are p,(4,), ..., px(4,). Hence if a(4)
denotes the spectrum of A4 (ie., the set of eigenvalues of 4) and p(A) its
spectral radius (i.e., p(4) = max {|4;]: A, € 6(4)}) we obtain

p(p(4)) = max |p(2)l. (2.132)

zea(.

But it is known (cf. John [1]) that given & > 0, there exists a natural norm
such that

| (A < p(p(4)) + & (2.133)

Thus, in view of (2.129), (2.131), (2.132), and (2.133), the numbers a, ...,
may be chosen to make |e** | small by solving the best uniform approxi-
mation problem

min  max |1 —(B,z + -+ + B2 (2.134)
Biyeoes Bx zea(A)

However, the determination of 6(A) is no easy task and generally involves
more computational effort than is needed to determine A~'b numerically.
For this reason we replace 6(A4) in (2.134) by a compact set, S, in C which is
known to contain o(4). Equation (2.134) is then replaced by

min max [v(z)], (2.135)

veVo zeS

where V, = {ve Z;: v(0) = 1}.

Suppose 0¢ S. Then ¥, satisfies the Chebyshev condition with respect to S
and (2.135) has a unique solution according to Theorem 2.8. We see that
v = 1 is a competitor in (2.135) and so, unless » = 1 is the solution to (2.135),
there is a unique solution to (2.135), v*, satisfying |v*|s <1, and the
reciprocals of the zeros of v* provide optimal parameters, af, ..., af. This
sequence of parameters can now be extended (cyclically) as follows: if s = 1, 2,
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..., put af;=0af, j=1, ..., k. Equation (2.132) now implies that
p(p(A)) < 1. If we choose ¢ to satisfy 0 < ¢ < 1 — p(p(A)) and use the matrix
norm for which (2.133) holds (and the vector norm associated with it) then
(2.131) and (2.133) yield

e+ < IpAl eV,  s=1,2,.... (2.136)

Note that since vector norms on C" are equivalent inequality (2.136) holds for

-any vector norm provided that a constant, ¢(=1), which depends on the
norm, multiplies the right-hand side. Thus if |[v||g < 1 then (2.136) informs us
that the sequence of iterates in (2.127), with the starred parameters, converges
to a solution in any norm in C".

Having arrived at this positive conclusion we must add that in the world of
actual computation the situation is not as encouraging. The Richardson
iteration, as presented above, suffers from numerical instability due to round-
off error. This unpleasantness can be mitigated by an appropriate reordering
of the optimal parameters. An excellent exposition of these issues is to be
found in Anderssen and Golub [1].

We now turn to the extremal problem, (2.135). When the nonsingular
matrix, A, is Hermitian its eigenvalues are real and nonzero. If 4 is also
positive definite then its eigenvalues are positive. Suppose that they are in the
interval S:[a, f], where 0 < a < . Then we obtain an exact solution of
(2.135) from Exercise 2.5.12, namely,

2x —(x + B)
* T;‘< ,B—d )
v¥(x) =

a+p
T*(a—ﬂ)

and
1
*¥lo=— -
"v "S < o+ B)
T,
B—a
The optimal parameters are now seen to be given by
2
o¥ = j=1...,k

AN CE RV

When (nonsingular) 4 is Hermitian but indefinite, its spectrum is a subset
of two closed intervals of R, [, ] and [y, 6] wherea < f < 0 <y < 6. When
S is a pair of intervals of the type just described an exact solution of (2.135) is
not generally available. An interesting and readable discussion of this case,
which also contains an effective numerical method for the solution of (2.135)
can be found in de Boor and Rice [1].
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An explicit solution of (2.135) was given by Freund and Ruscheweyh [1] in
the case that A = I — N, where N is real and skew-symmetric, ie., N = —NT.
In this case the eigenvalues of 4 are contained in a vertical segment of the
complex plane, S = [1 — ir, 1 + ir] where r = p(N). Following Freund and
Ruscheweyh, we rewrite (2.135) by using a linear transformation to replace S
by the interval [—1, 1]. Namely, we put

w= ; (-2, 2.137)
and obtain

M,(r) =min max |v(w)], Vo={veP:v (%) = l} (2.138)
1

veVo we[—1,1

as the extremal problem equivalent to (2.135).
If weputr ! = (R — R Y)/2, R > 1(so that R = (1 + (1 + r?)'/?)/r) then
the solution to (2.138) is

0*0) = < (RET,(9) + 2RTy (W) — Ty s (W) (2.139)
where
¢ = 3R (R? + 1)
and
2
M ,,(r) = W .

To recover the solution of (2.135) we need only substitute (2.137) in (2.139).
This striking result has stimulated further work on generalizations of the
extremal problem given by (2.138). The interested reader should see Freund
[1], Fischer and Freund [1], as well as Freund and Ruscheweyh [ 1], of which
we have presented only a taste. Another useful survey of Richardson iteration
is Opfer and Schober [1].



3

EXPANSION OF
FUNCTIONS IN SERIES OF
CHEBYSHEV
POLYNOMIALS

The Chebyshev polynomial has extremal properties in both the uniform sense
(cf. Theorem 2.1) and the least squares sense [cf. (1.109)]. In Chapter 2 our
main theme was extremal properties of the Chebyshev polynomials in the
uniform norm. This chapter focuses on the expansion theory of Chebyshev
polynomials considered as orthogonal polynomials. Particular attention is
paid to the uniform approximating power of the partial sums of Chebyshev
expansions.

3.1. Polynomials in Chebyshev Form
The representation of a polynomial in terms of Chebyshev polynomials (cf.
Exercise 1.2.6), a particularly simple example of the expansion of a function in
a series of Chebyshev polynomials, has some interesting properties; for
example, let
px)=1+x+ x>+ x>+ x* + x5 3.1

then, according to Exercise 1.5.32,

p(x) = 8 + BTy(x) + Tx(%) + 16T5(x) + $Tu(x) + 76 T5(x). (3.2
It is clear from (3.2) that

Pa(x) =8 + BTi(x) + T(x) + 15 T5(x) + $Ta(x) (3.3)
155
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satisfies
Ipx) — pa¥) <15, —1<x<1,
and
Py(x) = ¥ + BT, + To(x) + HT() (G4
satisfies
Ip(x) — P <75  —1<x<1

Thus (3.2) provides us with handy approximations of (3.1). We can rewrite
Pa(x) =% + Hix + 2x2 + x°
and
Pa(x) = 1 + $8x + x? + 3% + x4,
which [like the remaining partial sums of (3.2)] are called economizations of
(3.1) (cf. Lanczos [1]), but it is by no means necessary to rewrite (3.3) and (3.4)

as power polynomials, since they can be evaluated expeditiously in the
Chebyshev form (3.2). Let us determine how to do this in general.

3.2. Evaluating Polynomials in Chebyshev Form
Let

qx) = Ao + A, Ti(x) + - + 4, T(x)y n=2
T,(x) = 2xT,_,(x) — T, _,(x) for n > 2; hence

qg(x) = Ao + A\ Ti(x) + -+ + (Ap—2 — AT, 2(x) + (4, + 2x4,)
x T, 4(x)
= AP + APT() + - + AL, T, o) + AL, T, 1 (%)
where AV =4;, j=0, ..., n—3, AYV,=4, ,—A4, and A", =
A,_; + 2xA,. We now continue to apply the three-term recurrence formula

to obtain the general form

a(x) = AP + APT(x) + - + AR, T,_;(x)
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by means of

AP =AY, j=0,...,n—(k+2),

AP a+rny = ALy — Ag‘—(:) 1) 3.5
AR, = ARSD 4 2xAl D

as long as k < n — 1. If we put B, = A® ,, then we conclude from (3.5) that
fork=nn-1,...,1,

B, =2xByyy — Byyz + As, (3:6)
where
B,yy =B+, =0. (3.7

When k =n — 1, we have

4x) = 4§~V + AL TIT,(0)
= [A§™D — A$™] + Af~Vx
= (4o - B) + Bix,

which yields, after defining B, by putting k = 0, in (3.6),

q(x) = —2 + E";—Bi. (3.8)

Thus

P = 34T 0 =252, (39)

where B, and B, are determined by the backwards recurrence formula (3.6)
with starting conditions (3.7).

In an actual computation using (3.6) errors will necessarily be introduced
because of imprecisions in the 4, or rounding and the impossibility of doing
exact arithmetic. Such errors are propagated and compounded by the
recurrence. Let us attempt to estimate the resulting error in p(x) (cf. Fox and
Parker [1]). Suppose that ¢, is the local error occurring in computing B, by
(3.6), i.e., the error in B,, assuming that B, ,, B, ., and A, are correct. Let
E,.(k) denote the error in B,, due to exactly one unit error in the kth step
(k = m). Thus the total error in B,, is given by

Y &En(k); (3.10)

k=m
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but E, (k) satisfies
E, (k) = 2xEp+1(k) — Ep+5(K) (3.11)

with E,, (k) =0 and E,(k) = 1.
The three-term recurrence (3.11) has as solution

E,(k) = AT,(x) + BU,(x),
and the boundary conditions then imply that

U+ 10) T(x) = Ti 1(x)Upn(x)
Ui+ 1) T(x) — Up(*) T 4 1(x) '

E,(k) =

This last expression can be considerably simplified by using the appropriate
trigonometric identities and we obtain

Ep(k) = Uy - m(x).

Thus, in view of (3.9) and (3.10), the error in p(x) is bounded by

%[Ib‘oEo(O)I + lesEo(D)] + ki lex(Eo(k) — Ez(k))l],

and since Ey(k) — E,(k) = U, (x) — U, -,(x) = 2T;(x), we obtain, finally, the
bound

n
Y leel-

k=0

Thus the proposed method is stable in the sense that the resulting error is no
larger than the sum of the absolute values of the local errors.
If p(x) in (3.9) is an even function,

px) = io A5,T5,0), (3.12)

then, since T,;(x) = T}(Ty(x)) = Tj(2x* — 1), we need only put ¢t =2x? — 1
and evaluate

px) = jio’ D;Ti(1) (3.13)

by (3.9), where D; = A,;,j=0,...,m.
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If p(x) is given by (3.12), then

m, Toi—1(x) + Thj4+1(x) &
xp(x) = Z Ayj i1 )2 s = Z Cii+1Thj41(x)
j=0 j=0
where
A+ A,
CZ]+1 =%, j=0,...,m, A2m+2=0'

If t = 2x2 — 1 and p(x), written in the form (3.13) is evaluated by

By=2tByyy —Byyy + Dy;  Bpyy =Bpi2=0, (3-14)
then
m B,— B
2, CoprTaua) = x == (3.15)

If, however, we consider the recurrence

Bi=2tBis1 — Bx+2 + Caxs1s Bn+1=Bm+2=0, (3.16)

which is obtained by putting B, =(By + By+y)/2 in (3.14), then
(Bo — B,)/2 = Bo — B;. Thus the odd polynomial in (3.15) has the value
x(Bo — B.1), which is calculable by the recurrence formula (3.16).

EXERCISES 3.2.1-3.2.5
3.2.1. Suppose the coefficients of p(x)=a, + a;x + - + a,x" satisfy 0<a,
< ay <*'* < a,. Show that all zeros of p(x) lie in |z| < 1.

Hint. Consider g(x) = x"p(1/x) = a, + a,-1x + **+ + aox". It suffices to show that

4(z) has no zero in |z| < 1. But when |z| < 1, (z # 1),

n+1|

i1 — 2)g(2)] = la, — (@ — @s_1)z — " — (a; — ap)2" — ayZ
2 a,— @, — a,- 1)z + -+ + (a1 — Gp)z" + aoz"*|
>a,— (@ — ay-1) + -+ (a; — ap) + ap) = 0,

the last inequality being a consequence of the positivity of a, — a,_1, ..., (a; — ay), do.
The result for g(x) is called the Enestrom-Kakeya theorem.

In the next few exercises we give an analog of Exercise 3.2.1 for a polynomial
represented in a basis of Chebyshev polynomials, rather than the conventional power
basis. The result is due to Szegd [4].
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3.2.2. Verify that if 0 < 0 <2z

L 1—cos(n + 1)0
Hg=__ VT
kgo sink + 2 2sin /2

> n=0,12....
Hint. Multiply both sides by 2sin (6/2).
323. Suppose that 0 < Ay < A, << A4,_, <A,
H0)= A, + A;cos6 + -+ + A,cosnf
and
5(0) = A,sinf + -+ + A,sinnf.

Show that
HO)sin(n + )0 — s(@)cos(n + 0= Y Asinm—k+4)0, 0<6<2m
k=0

Hint. t(0)sin(n + 3)8 — s(B)cos(n + 10 = —Im (e~ *"* 129(¢(9) + is(A)).

324. f0< Ay < A, << A,_, < A, show that
Y Asinn—k+3H0>0, 0<6<2n
k=0
Hint. The sum in question may be written as

Z Au—kSin(k + 'zl)e = Uo(exAn - An—l) +- 4+ 0',.-1(0)(141 - AO) + an(B)AO’
k=0
where

J
oj0)= ) sin(k+36, j=0,1,....n

k=0

But 0;(0) is positive for j=0, 1, ..., n and 0 < 8 < 7 in view of Exercise 3.2.2 and
A, > A,—y.

3.25. Suppose the coefficients of p(x)= Ay, + A Ty(x) + - + A, T,(x) satisfy
0< Ay <A, < - < A,_, <A, Show that all the zeros of p(x) are distinct and lie in
(—1,1). Moreover, if x,, ..., x, are the zeros, arranged in increasing order, then

I

|
nEd <x;<ngY, j=12...,n
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Hint. In view of Exercises 3.2.3 and 3.2.4, if we put t(6) = p(cos 0),
plcos O)sin(n + 3)0 — s(@)cos(n +1)0>0, O<fO<m.

Let 0;=(2j—1)/2n+ )n, j=1,...,n, then we obtain (— 1y’p(n%)-,) >0, which
yields the desired results.

Note that a similar result follows, from the same inequality, for gq(x) = B,
+ B, Uy(x)+--+ B,—,U,_,(x) when 0 < By < B, <--*<B,_, < B,_;. Namely,
the zeros of ¢(x), y;, ..., ¥s—1, must satisfy

(2n+1) (2n+1)
)

Nzj+2 <Vj<MNzj j=1...,n—1

These striking results follow from the positivity of the trigonometric sum in Exercise
3.2.2. Some later variations on this theme may be found in Askey and Steinig [1].

3.3. Chebyshev Series

We call an infinite series of the form

B
7°+31T1(x)+ -+ + B,Ti(x) + -+ (3.17)

a Chebyshev series. If

" |By| < o0, (3.18)

M8

k

[}
(=}

then the series (3.12) is absolutely convergent for each x on I: [ —1, 1] and is
also uniformly convergent on I (by the Weierstrass M test), so that the series
(3.17) converges to a function continuous on I. If we denote the set of
absolutely convergent Chebyshev series, i.e., series (3.17) satisfying (3.18), by
A(I) and denote the set of uniformly convergent Chebyshev series by U(J),
then A(I) = U(I). However, A(I) # U(I). We show this by the following
example.
Let z be a complex variable and put

fild)=1+z g912) =1~z
We define two sequences of polynomials f;, f5, ..., and g5, g5, ..., by

for1=fat2¥g,, n=12..,
Gns1=fo— 2", n=12.... (3.19)

It is easy to establish, by mathematical induction that f, and g, are
polynomials of degree 2" — 1 with coefficients that are + 1. Moreover, given
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£, the first 2" coefficients of f, ., are precisely the coefficients of f,, whereas

the next 2" are obtained by recopying the first 2"~ ! coefficients of f,, followed
by the negatives of the next 2"~ ! coefficients of f,. Thus we have, for example,

fi@d=1+z, f,&)=14z+2*-22
@=14+z+22 -2 +2z4+25-25+77,
fi@D=1+z2+4+22-23 424 +25—26 4+ 27 + 28 4 2° 4+ 710 — ;1!

_212 _ zl3 + zl4 - 215.
In this fashion we obtain an infinite series

got+ez+ g2+ (3.20)

with ¢ = +1 and

2n—-1

@)=Y g~
K=o

This series was first considered by Shapiro [1]. We denote the partial sums of
this series by

k
L@ =Y ¢gz), k=12,....
=0

The Shapiro polynomials have the following remarkable property (cf. Rudin
(1.

Lemma 3.3.1. Forn=1,2,...,and 0 € 0 < 2=,
|Za(€)] < 5n'/2, (3.21)
Proof. We recall the identity for complex numbers
loe + BI? + loe — BI? = 2[lod® + |81,
which yields, in view of (3.19), for |z = 1, k=1, 2, ...,
fer 1@ + 1ge+1@ = 1£e(2) + 22°gu2) + 1 fil2) — 22" gu 2
= 2[ 4@ + g (2)].

Since (for |z| = 1) |f,(2)|*> + 19:(2)1® = |1 + 2| + |1 — z?| = 22, we obtain for
zZl=1landk=1,2,...,

IA@I* + 1gu(2)* = 2¢* 1.
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Thus, surely,
fu(e®)] < 21122472, (322)
which, since
=Ly,
-establishes 3.21)forn=2*—-1,k=1,2,.
Let £,(z) be the partial sum of order n > 1 of g,(z), where n < 2¥ — 1. We

claimthatif 1 <n<2*—1

IZ(€9) < (2 + 212242, (3.23a)
|2,(€®)| < (2 + 2172242, (3.23b)
To verify this we use mathematical induction on k. Formula (3.23) obviously
holds for k = 1. Suppose it holds for k and suppose 1 <n<2**!' — 1. If
n<2k— 1, %, =R, <2+ 212242 < (2 + 21/2) 2+ 12 by the inductive
hypothesis, whereas if 2* < n < 2¢*! — 1
1L nl S + |y < 20412 4 (2 4 212)242 < (2 + 2172)204 12
and

|, < |fil + |Ry—2x < (2 + 21/2)20+1)/2)

in view of (3.19), (3.22), and the inductive hypothesis (since n — 2 < 2% — 1).
Thus (3.23) is established, and if 2" ' < n << 2¥ -1

|5p"(ei0)| < (2 + 21/2)2k/2 < 21/2(2 + 21/2)n1/2 < 5n1/2. s

We have called this result remarkable, since any polynomial of degree n,
p(z) = ag + -+ + a,z", with all coefficients of absolute value 1, satisfies

1 (2= )
P L Ip(e®)2d0 = |ag|*> + - + |a,l> =n + 1,
hence

max |p(e®®) = (n + 1)'/2 > n'/2
0<6<2=n

Thus the Shapiro polynomials exhibit extremely small norm on the unit
circle. With the ¢; as defined above we can now give our example.
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Theorem 3.1
PIERHC

is uniformly convergent on I, but not absolutely convergent.

Proof. Consider

N et =Y L () Fimile)

yn+m(ew) _ yn—l(ew)
T on+m n

1
m+jj)n+j+1)

m-—1
+ ,Z’o &L (€™

Then applying (3.21) and the triangle inequality yields

n+m 1 o m 10 00 1
k;nES ¢ Z n+])3/2 —T+5k=;+1 PR
but
e 1 © 2
k=§+1W<’J; x 3/2dx=l_/2’
so that
nim | . 20
k;.. % e <

Since |Re z| < || for complex numbers, we have

ntm |
¥y 7 808 ko

<=5
1/2°
k=n n’

(3.24)

and putting x = cosf we obtain the uniform convergence of (3.24). The

failure of absolute convergence is obvious, since |¢;| = 1 for all j. =

To each function f(x), integrable on I, there is associated its Chebyshev

expansion, a relationship we denote by

S0~ 3 AT

(3.25)
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where

1
4= % j_1 FET0) _ld"_z, k=0,1,.... (3.26)

N

If a Chebyshev series (3.17) converges uniformly on I and its sum is called
g(x), then g(x)e C(I) and the series is the Chebyshev expansion of g, for if

6= 3 BT
k=0

then uniform convergence implies that

EJI ‘g(x)T (x)—-dx =B m=0,1
P 1 /“m m m> T Vs Ay ey

in view of the orthogonality of the Chebyshev polynomials. However, not
every Chebyshev series is a Chebyshev expansion, for by the Riemann-
Lebesgue lemma (cf. Zygmund [1, I, p. 45].) the coefficients in a Chebyshev
expansion must satisfy lim,_, , 4, = 0.

Given f e C(I), we put

a(fi 9 = 5,09 = 37 ATy

s,(f; x) is the nth partial sum of the Chebyshev expansion of f and certainly
s,(x)eP,. s,(f) is a linear operator which has an explicit expression. If xe I
put x = cos 6, 0 < 0 < «, then f(x) = f(cos 0) = F() is defined on [0,n] and
we extend its definition to [ —mx, 0] by F(—6) = F(). Thus we may consider
F(6) to be defined for all 6 and have period 27. Now

sa(x) = s,(f; cos 0) =

1 T

= _[_u F(¢’)l:k
l T

= J_" F((D)[k

where in the first and last steps we use the evenness of F. It is easy to verify
that

™M=

ERE

! f F(p) cos ke cos kO do

k=0

, cos k(e + 6) + cosk(p — 0)] do

™M=

0 2

M:

" cos k(o + 0)] do,

0

LU .
2 sin 3 Y cosku = sin(n + Hu,
k=0
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and therefore

1 sin[(n + $)e + 0)]
=2 J-,, @) sn(e+ 02

do. (327

Since s,(f) is obtainable in this relatively simple manner, we may ask how
well it serves as a polynomial approximation to f on I. A first observation is
that s,(f; x) is the least squares approximation to f with respect to the weight
function (1 — x2)~1/2,

Theorem 3.2. Given fecC(),

2 2
R \/___ <[’ e - pto m

for every pe 2,, with equality holding only for p = s,(f).

Proof. Let p(x) = Bo/2 + B, Ty(x) + -+ + B,T,(x); then

1 _ 2 dx _ J 1 2 _ 2 dx
j_ . Lf(x) = p(x)] _\/l_—? _1 Lf%x) — 2p(x) f(x) + p*(x)] ‘_\/—1_—)‘2
=I %) — \/——x - Z AyB, + k;; B2

If we use this formula for p = s, as well as for arbitrary p, we obtain

f Lf() — poo]? J_ f /69 = 5,90 —=2s
kz (By — A%,

[}

YR

which proves the theorem. =

3.4. The Relationship of S, to E,

We wish to investigate the relationship between s,(f) and the best uniform
approximation to f.
If fe C(I), we put

S:(N)=If=sNIl and  E(f)=|f-pl,

where p¥ is the best uniform approximation on I to f out of 2, (|| * | denotes
the uniform norm).
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Theorem 3.3
E.(N<S.(f) < (4 + ;45 log n) E,(f). (3.28)

Proof. |f = sa() = |f = p¥ + p¥ — sa(f)l
=|f—p¥ + si(pr — /)
< En(f) + Isn(p: _f)l,

but, according to (3.27),

) N sin((2n + 1)/2)p
Si(g; cosb) = - L (Gl +6) + Gl — )] — 7 —do 7%) do, (3.29)
and applying (3.29) with g = p¥ — f yields

Isin (2 + 1)/2)|
sin(¢/2)

sa(p¥ =N < Ea(f)— L do.

The numbers

_ = |sin((2n + 1)/2)¢|
L.= ; 0 sin(¢/2) de

are known as the Lebesgue constants (of Fourier series theory) and it can be
shown (cf. Rivlin [1]) that they satisfy the inequality

4
L,,<3+?logn,

whereupon the theorem is proved. m

This theorem informs us that the loss in using s,(f) as a best approxi-
mation rather than p¥ is small for an arbitrary continuous fon [—1, 1]. It
also provides us with a convergence criterion for Chebyshev expansions if we
recall Jackson’s theorem (cf. Rivlin [1]); namely, if f(x) is defined on [a, b], we
put

o(f; [a, b]; ) =w(6) = sup |f(x;) —f(x))l;

%1,x2€[a, b]
Ixy —x,| <6

(d) is called the modulus of continuity of f and is defined for 6 > 0. It is clear
that f is continuous on [a, b] if, and only if, w(6) - 0 as & — 0. Jackson’s
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theorem asserts that if f € C(I) then E,(f) < 6w(n~'); hence, in view of (3.28),

we obtain the following.

Theorem 3.4 (Dini-Lipschitz Test). If f e C(I) satisfies

lim (log n)w( ) 0,

then s,(f) converges uniformly to f in I.

In particular, if f satisfies a Lipschitz condition of order (0 < & <
Chebyshev expansion is uniformly convergent in I.

EXERCISES 34.1-3.4.7
3.4.1. Verify the following Chebyshev expansions:

1 2 ©
L “«/mfz-: (a—\/a> - 1)¥Tx), a*>1.

da T
(b) sgnx—;j; (-1 lﬁ-
@© 1)1
© W=2et ET
2 4 1
@ a-xpr=2-2§ T

© & =Joli)+2 kil FI (=T,

(Ji(x) is the Bessel function of order k).
(f) If a, b are nonnegative integers and a > 0, then for |t] < 1

LX) —tTy_a(x) _

ovzZ ~dTavi J
T4 7ot oy | T

(4]

=@ ) - 2a - ) jio (@— (@ — DPTx) a> 1.

1), its

3.4.2. (Johnson and Riess [1]) If f has an absolutely convergent Chebyshev expan-

sion, then L,(f, T; x) converges uniformly to f on I (cf. Theorem 1.7).

Hint. Use Exercise 1.3.3 to shoW that

VO —LT <2 3

i=n+1
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343. Let
of; =L E H a0 (3.30)
n+1
Show that
1 [(=F 0)+ F(p—6
0u(f; c086) = = j ©0+9+ 10 =9 k. ()do,
T Jo 2
where
2
sin n+1 0
1 2
K.(o) =~ 1 ;
sin kL
and F(t) = f(cost). K,(¢) satisfies
1 T
= J K, (p)do = 1.
T Jo
3.4.4. Show that
n ' J
O'n(f; x) = j=z0 (1 - n—-l-—l) AJT}(X).
Hence, if f € 2, 6,(f) # f, unless fis a constant.
3.45. If m < f(x) < M for xel, show that
m<o,(f; x) <M, xel,n=0,1,2,.... (3.31)

The Fejér means defined in (3.30) have the property of staying within the bounds of
the function, unlike the Fourier-Chebyshev partial sums s,(f), which may become
unbounded for a bounded f. They do not, however, reproduce polynomials, which the
s,(f) do. An average of the partial sums s,(f) which reproduces polynomials of
appropriate degree and which remains bounded for bounded f* was discovered by de
La Vallée Poussin [1].

3.4.6. Let

$.(fs X) + - + 520—1(f} x)'
n

T2n- l(f; x) =

Show that if f € 2,, 1,,-(f) =f. Moreover, for any f e C(I),
[t (s 0N <3IfI, —-1<x<Ll

Hint. Show that t,,_; =20,,-y — 6,_1.
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3.4.7. Show that | f — 1,,— (/)| <4E,(f).

There are functions for which S, = E,; for example, if f € 2, ,, then
n+1

fx) =Y AjTi(x)

and
J(x) = 55(x) = Ay 1 T4 1(x).

Thus, if 4, ., # 0, in view of Theorem 2.10, s, = p*, hence S, = E,. Another
class of functions for which S, = E, is described in the following theorem.

Theorem 3.5. If f € C(I) has the convergent Chebyshev expansion

M8

| AT, (%) (3.32)

k=0

with 4, >0,k =0,1,2,...,then S,(f) = E,(f)forn=0,1,2,...,if, and only
if,

Mty = 2mk + 1’ k = 0, 1’ ey (3033)

n

where m, is a positive integer.

Proof. If n, <n<my,

a0

[ =s,x)= Y AT, (%

j=k+1
and then
S,(N=If—sl= Y A4
j=k+1

Suppose that (3.33) holds and

x; = i), i=0,..., M.
Then
in
T;l,,...,(xi) = COS My 45 s s = 1’ 29 XY
LTS
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and since
Metes _ Mods Mr+s—1 Me+2
Mery  Pres—1 Mevs-2 Mty
is an odd number by (3.33)

T;‘Hs(xi) = (_l)i’ i= 0, ooy Miyq.

Thus f — s, assumes the value S, with alternating sign atn, ., + 1 >n + 2
points of I, hence s, = p¥ by Theorem 2.10.

For this part of the proof the requirement that (3.32) be convergent is
superfluous, for the gap condition (3.33) implies the convergence of (3.32) (cf.
Zygmund [1, I, VI, Theorem 6.1]).

If S, = E,, then

0

En=.z A;

ji=k+1
and there exist points of I, x, < x; < ** < X, +, such that fore=1or —1
T, (x) = e(— 1), i=0,...,n+1, j=k+1,....

Therefore each x; is among the n{+), m=0, ..., my, and T, (x) =
T,.,(x;), so that, say,

COS M4 5

= cos mm,
Mgy

which holds only if n, . ,/n; . ; is an odd integer. =
If the Chebyshev expansion of f is absolutely convergent, it is clear that
E,(f) S Su(f) <lAnsil + |Apsa + ... (334

Lower bounds for E,(f) in terms of the Chebyshev coefficients can also be
obtained.

Theorem 3.6. If f e C(I),

E,(f) = % [A4p+ 1> (3.35)
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and if the Chebyshev expansion of f is convergent

E(f) > > 1 lAn+lT;|+1(x) 24,+2T, 4 5(%) +
| n n

—1
" A

Azp-1T5-1() + T(x),  —-1<x<1 (3.36)

J

s

J

Proof. In view of (3.26)

2 1
Apiy = = J_lf(x)T..ﬂ(x) %
] IR R
n 1 n n+1 m,

hence

| An+dl < ..(f)f l73.+1(x)l\/_—x——E(f),

where we have used Exercise 1.5.2.
Let

Sp(X) + °+ + 555 1(X)
n

Ton-1(X) =

be the de La Vallée Poussin mean of f (cf. Exercise 3.4.6). Then

Tan-1(X) = sa(x) + (1 - %) Api1 T i(x) + (l = %) Aps2Thin(x) + -

n—1
+ ( " ) Azp_1Ty0—1(x);

hence

SO0 = Tl = 7 Ay T 2 ApraToas) + -

n—1 x
Agp 1 Top_y(x) + Y. A;Ty(x).

+

Therefore, since |f(x) — t3,—1(x)| < | f — T20-1/| <4E,(f), in view of Exer-
cise 3.4.7, (3.36) is established. m
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Remark. The bound in (3.35) cannot, in general, be improved, for, given n,
consider the function sgn T, ., 1(x). Given & > 0, it can be “smoothed” to a
continuous function f(x), having zero as a best approximation and satisfying
|An+ 1] > (4/7X1 — eE,(f).

An abundant source of lower bounds for E,(f) in terms of the Chebyshev
coefficients of f is the observation that if p,(f; X) is the error of the best
approximation on a set of n+ 2 points X, contained in I, then
pa(f; X) < E,(f) (cf. the remark following Theorem 2.10).

Theorem 3.7. If the Chebyshev expansion of f is uniformly convergent on I,
then

E(f) > Ot Dsin ;:/(2(;: +2))
...Zl (=" HAam-1m+2-1 — Adom-va+n+1|  (3.37)
and
E,(f) 2 |4ps1 + Aspsr) + Aspeyy + |- (3-38)

Proof. Let &4, ..., &, be the zeros of T, 5(x). Then

@)
f@uoos bard =21 Y 5o

2n+1 nd2 @i—n

=i L CO St @) 339)

Thus, if g(&) = (=1, i=1,...,n+2,

ez Qi) _ o+t
2 Aty - it )smnCnt)

(3.40)

g(él’ ey 6n+2) = -

Also, in view of (3.39), Exercises 1.2.3 and 1.2.7, and (1.141),

(—nm-12n j=Cm—-1)n+2)—1,m=1,2,...,
T}(€I$ ey €n+2) = (_l)mzn, .I =(2m— 1)(” + 2) + 19 m= 19 2’ ceey
0, all other j;
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hence
fCpois Epe2) =2" 21 (_l)m—l(A(2m—1)(n+2)_1 — Am-1)m+2)+1)
(3.41)
and
I 2 si
E,(f)= pu(f; T) = |FCy, ...) &nid)| _ (n+ sinm/2n + 2))

B Ig(éla ceey ¢n+2)| B 2

0
X Zl (=)™ YAgm-1ym+2)-1 — Aem-Dm+2+ b
e

thus establishing (3.37).
As for (3.38), let nq, ..., ,+, be the extrema of T, ,(x). Then [cf. (1.98)]

2" n+1

1 % (V)

f('lo, (RN "n+1)=

and, if gin) = (—=1)'"*Y,i=0,...,n+ 1, 9o, ..., Nps1) = —2", but

n  n+1
Tlos > M+ 1) = 707 i=Zo” T, +1(n:) T;(m)
(2, j=k—Dn+Dk=12...,
0, otherwise;
hence
f("09 ey "n+1) =2" kzl A(Zk-l)(n+l)
and
| s eees Mt 1)l
EN) > pulf; Uy = L0 oMl gy i+l

190, - -5 Mns 1)l

Remark. When all of 4,,,, k=1, 2, ..., are nonnegative, (3.38) is an
improvement on (3.35), since it implies that

E,(f) = Apss (342
Also in this case (3.36) with x = 1 yields

1 (A4 Anva | n—1 o
E"(f)>Z(T+zT+ +— Ay i + ;znAj.
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If the sequence of |4;| converges to zero rapidly, say so rapidly that

e

|Ansj| < 014,.44), (3.43)

ji=2

then, in view of (3.34) and (3.35),

S, <+ Oyl <= (1 + O ()

and

LS

<EH S (1 +9), (3.44)

so that the truncated Chebyshev expansion is “asymptotically” as good as the
best approximation. Of course, if 4,,;>0,j=1,2,..., 4/n can be replaced
by 1 in (3.44). When the function f(x) is the restriction of an analytic function
to I, we can estimate how fast its Chebyshev coefficients go to zero. To this
end we must make a brief excursion into the complex plane.

The function

(z+1/2)

w(z) = 3 (3.45)

maps the exterior as well as the interior of |z| = 1 in a 1-1 conformal fashion
on the whole (extended) w-plane with the interval [ — 1, 1] deleted. Each pair
of circles |z| = p, 1/p is mapped onto the same ellipse in the w-plane, C,, with
foci at (1 1, 0) and the sum of major and minor axes equal to 2p. The mapping
extends to the boundary |z| = 1 whose image is the interval [1, 1] (traversed
twice). If T' denotes the unit circle |z] =1, then on putting x = cos¥,
0 < 0 < =, in (3.26) we obtain

-1

1 (= 1 .
Aj=;J_n f(cosG)cosj6d0=%J‘rf<z+z )(zf+z")dz—z. (3.46)

Theorem 3.8. Iff is analytic inside and on the ellipse C, for some p(> 1), then
2M

4,1 < Fik (347)

where M = max |f(z)], zeC,.
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Proof

z42z71 ;
Lf( > )(z +z -
J‘f(z +22_1) 2i71dz| + Jf(z +2'z_l>z'f‘1dz.
r r

By Cauchy’s theorem we can replace the path of integration I in the integrals
on the right-hand side of (3.48) by I',-1:|z| = p~ ! and T,: |z| = p, respectively,
thus obtaining (3.47) in view of (3.45). m

< (3.48)

Corollary 3.8.1. Let p be the largest number such that f is analytic inside C,
(if f is entire, p = o0), then

lim |4;"7 < 1/p, (3.49)

j= o

where the right-hand side of (3.49) is taken to be zero if p = co.

Corollary 3.8.2. If infinitely many of the Chebyshev coefficients of f are
nonzero, then, given ¢ > 0, ¢ < p,

(p - s)"+j|An+j| < |An|’ j = 1, 23 ey
holds for infinitely many n.

Proof

_e\nti
(p— & I|Ape ) < 2M (” 8) :

and if

— p\nti
M (”p 6) >14,, j=12...,

for all n > N then A,=0foralln>N. m

Corollary 3.8.1 suggests that ellipses C, might play the role of circles in the
theory of Taylor series for Chebyshev expansions of analytic functnons That
is indeed the case as we shall see next.
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Lemma 3.4.1. If pe 2, satisfies |p(x)] < M on —1 < x < 1, then |p(z)] < Mp"
on C, for each p > 1.

Proof. Suppose we C,; then p(w) = p((z + z~')/2), where |z| = p, but

plz +27Y)2]
z"

is analytic in |z| > 1, and so the maximum of its modulus on |z] = p cannot
exceed its maximum modulus on |z| = 1 (the boundary). =

Theorem 3.9. If, for some p > 1,

fim [E.(N]" < %

then f is analytic inside the ellipse C,.

Proof. Suppose that p, < p so that E,(f) < po " for n > N. Let p, be the
best approximation to f out of Z,on I, n=0, 1, 2, ... . Thus

f=po+(P1—pPo)+ "+ (Pat1—P0) + (3:50)

uniformly on I and on I (for n > N),

|pn+1 _pnl = 'f_ Pn+ Pn+1t —fl < En(f) + En+1(f)
<Po"+ P "V < 2p5"

Lemma 3.4.1 now implies that

|Pn+1(2) — Pa(2)l < 206 """ = 2p4 (%1.) ,
o

on the ellipse C,,. Choose p; < po; then the series in (3.50) is uniformly
convergent inside and on C,, hence f is analytic, and since p, may be chosen
arbitrarily close to p the theorem is proved. m

Theorem 3.10. The following are equivalent:

(i) f is analytic inside the ellipse C, with p > 1, but not inside C, with
o> p,

@) lim [E,(N]"" = 1/p, p > L,
n— o
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(iii) lim |4,)'" = 1/p, p > 1

n— o

(with the usual interpretations if p = o).

Proof. We shall prove that (iii) = (ii) = (i) = (iii).
(iii) = (ii): In view of (3.35)

— —_ 1i/n
lim E:/n > lim [(;) (lAn+1|1/"+ l)(n+ 1)/n]’
so that
o 1
lim E}/"* > —,
p

If 1<p’'<p, then for n sufficiently large |4, +|Ay2] + - <
(0)~"(p’ — 1)"; hence, in view of (3.34),

— 1
lim E}/" < e each p’ < p.

Thus (ii) is established.
(ii) = (i): According to Theorem 3.9, f is analytic inside C,. If f is analytic
inside C,, p’ > p, then by Corollary 3.8.1

fim |4, <= <2,
p
which contradicts (ii), since we have shown that (iii) = (ii).
(i) = (iii): Again by Corollary 3.8.1

— 1
lim |4, < —.
P)

If the inequality holds, then
lim E,” < lim |4,'" = %, ¢'>p,

implies that f is analytic inside C,, contradicting (i). m

We shall call p, as defined in Theorem 3.10, the index of convergence of f.
The index of convergence of an entire function is infinite. If f is not a
polynomial, has the index of convergence p < 00, and 0 < e < p — 1, then in
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view of Corollary 3.8.2
® 1
| <« —14, 3.51
j;z |An+1| p—ﬁ—l I +1| ( )

for infinitely many n, so that according to (3.44)

S0 _4_ps
SE(D St 1 2

for infinitely many n. Also, since

1<

ke 1
ln+1 + Aspey + 0| 2 4nsal — Z Anjl 2 ( —m) | 4p 41l

and

e

1
i IAn+j| < <1 + m) |An+lla

we find, in view of (3.34) and (3.38), that

1

1 1
(l - p—_:_l> |4n+ 1l < Eo(f) < Su(f) < (1 + __T) |44l

— € p—¢
(3.53)

holds for infinitely many n.
Iff is an entire function, then as a consequence of (3.53) we have a result of
Bernstein [2],

E,(f) ~ |4p+4l (3.54)

as n goes to infinity through some sequence of integers. Whether (3.54) can
hold for a function that is not entire is not known.

EXERCISES 3.4.8-34.12
3438. With

jn ,
11,—cosk+l j=1,..,k

show that if g(n;) = (—=1)%,j=1,..., k,

fOr,..oml |&
Tgﬁ jZoAzA(ZJ+l)(k+l) 2>

where A24,, = A, — 2412 + Apra
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3.4.9. Show that

E,(f) = 'Zo AgA(z_H 1)(n+3)-2|

i=
3.4.10. Show that
2
Sa(lxl) = ——.
n(2[n/2] + 1)
Hint. Exercise 3.4.1c.

34.11. Show that for n > 1

1
E,(x]) = =)

Hint. Put x = 0 in (3.36) and use Exercise 3.4.10.
3.4.12. Show that

1 2
—<nE,(x) <-.
4n n
S. N. Bernstein [1] showed that

lim 2nE,,(x|) = c = 0282 . . ..

n—>o

In a footnote to this result Bernstein remarks: “It would be very interesting to
determine if ¢ is a new transcendental or if it can be expressed in terms of known
transcendentals. I note, as a curious coincidence, that 1/(2n'/?) = 0.282....” However,
Varga and Carpenter [1] showed in 1983 that ¢ # 1/(2n'/3).

3.5. The Evaluation of Chebyshev Coefficients

The usefulness of the partial sums s,(f) of the Chebyshev expansion of f has
been established in the preceding section and so it becomes important to
examine methods of obtaining these partial sums, i.e., methods of evaluating
the coefficients A, = 4,(f) defined in (3.26). Since these coefficients are
defined by integrals, our approach is to examine various methods of
quadrature, or numerical integration, as applied to (3.26).

Our first approach is to apply the Gaussian quadrature formula given by
(1.123) to (3.26). If we use the formula based on £{™, ..., £&™, we obtain as an
approximation to A4,

== 3 sEmnREm, (359)

§|N
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and since the quadrature formula is exact for fT, € 2,,,_, we have

o™ = Au(f) (3.56)

for fePym_1 k-
Let us observe at once that if 0 < k < 2m (3.55) can be rewritten in the
form

o =— Z SEM i s 02™), (3.57)

since

LE™) =T, (cos(2i -1 %) = R(Tﬁ_l (cos%))
k
=T (E<COS%)) = T (Cosﬁ>

in view of T,,(T,(x)) = T,(T,,(x)) (cf. Exercise 1.1.6).

The advantage of the form (3.57) is that «{™ can be evaluated by using the
recurrence formula (3.16).

If the Chebyshev expansion of f converges uniformly to f in [—1,1] and
m>k,

=23 ( 5 A,.n(cﬁ'"’)) L&)
Jj

= ¥4 (3 ¥ -(C%"")Ti(éﬁ""))
j=0 mi=1
=yt 3 (D (Azjnos + Az (3.58)

in view of (1.141). Note that if we put m = k in (3.58) we obtain a{ = 0, which
is, of course, obvious from (3.55). Formula (3.58) provides an estimate for the
error A, — o{™.

Let us put

um(x) = Z M (x), (3-59)

which is the approximate value of s,(x) obtained by using the approximation
(3.55) to the A4,. The polynomials u{™(x) are also related to interpolating
polynomials.
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Theorem 3.11. If n < m,

ui™(x) = sp(Lpm-1(f; T); X). (3.60)
Proof. Let
m—1
Ly, (%)= Z’ bﬂ}(x)
=0
so that

2 dx

1
b;= T J_l L, 1(x)Tj(x) ﬁ’

Thus, according to (3.56), we have

j=0,...,m—1.

L, (&M T;E™)

o>
]
N

.

1

o 3N
i

-
[]

FE™T(E™) = o™

™M=

i=1
forj=0,...,m— 1. Since m — 1 = n, (3.60) follows. m
Remark. If m=n+ 1, then u®*(x) = L,(f, T; x), ie, u"*? is the

polynomial that interpolates f at the zeros of T, ;.
Since, for —1<x<landn<m,

5u() — o) = L;; (A — M)

=Y (Z (1) YAy jm—i + Azjm+ ) T(X)
k=0 \j=1
<Y Y (Azjm-il + 1Azjm+il)
=1 k=0
) 2jm+n
s Z Z IAila
j=1i=2jm-n
we obtain
Theorem 3.12. If m > n,
0 2jm+n
lsn—u™I< Y Y |4l (3:61)

j=1i=2jm—-n
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Our second approach is to use the integration formula of Lobatto-
Markov [cf. (1.145), Exercise 1.5.29],

; gn™), g€ Poy, (3.62)

:l:l

Il (x)_.d—
_lg /1 — x

to evaluate A,(f).
Putting g = T, in (3.62) leads to an approximation to A4,,

2 T™) f (™), (3.63)

SIN

and since the quadrature formula is exact for f T, € #,,,—, we have

B = Au(f) (3.64)

for fePypm_1 k-
We observe, once again, that if 0 < k < m (3.63) can be written in the form

i =

E R

PECRLT)
i=0

which allows B{™ to be evaluated by means of the recurrence formula (3.6).
If the Chebyshev expansion of f converges uniformly to f in [—1, 1] and
we replace f by its expansion in (3.63), we obtain, recalling (1.144), for m > k

B = A, + '21 (Azjm-k + Azjm+1)- (3.65)
=

Let us choose m > n and consider

vM(x) = Y B T(x) (3.66)
k=0
as an approximation to s,(x); v is an interpolating polynomial to f.
Theorem 3.13. If n > 0,
v"(x) = L,(f; U; x). (3.67)

Proof. Let
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so that

2 (1 dx
¢=_ .[_ . L,(x)T;(x) ﬁ’

According to (3.64), we have, forj=0,...,n—1,

" L") Tj(n")

M=

]
(=)

i
i

,-2: ST = .

SIN SN

Equation (3.65) implies that g™ = 2¢, and so (3.67) is established. m

Comparing (3.65) with (3.58) suggests that

(m) m)
o = 3P (3:69)

is a more useful approximation to A, than either «{™ or B{™, since

WY = A + jZl (Agjm-k + Agjm+1)- (3.69)

Put
wil(x) = Y, WP T(x);
k=0
we then have Theorem 3.14 as an immediate consequence of (3.69).
Theorem 3.14. If m > n,
o 2n =)
s, — W$.""II < Z z |A4jm—n+i| < Z [Aam—n+il-
j=1i=0 i=0
Note that if we choose m = n, in which case o/ = 0, we obtain
In = W21 < 3 [Asna
When k = m # 0 (3.63) takes on a particularly simple form,

> (~ 1 (.70

I
=N

[
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However, B = A4,(f) only for f € #, _,, when both are zero. It turns out that
we can get equality for the largest possible class of polynomials by simply
using y{ = B/2 (o’ = 0).

Theorem 3.15. The quadrature formula

ﬁ}"‘) 1 &

4) =5 = = 3 (=Dl (371
is valid for fe?,,_, k=1, 2, .... Moreover, when k > 1, there is no
quadrature formula

k
Af) = 'Z'o c:if(x) (3.72)

holding for all f € 2,,, and (3.71) is the only formula of type (3.72) valid for
f€Psy-s-

Proof. The validity of (3.71) for f € 25 _ , follows from (3.69) by choosing
m=k.

Suppose (3.72) holds for feP;,_;. Put w(x) = (x — x¢)* - (x — x;) and
consider f(x) = (1 — x)Ti(x)a(x)/(x — x;)€ P, + 1. Note that, since k > 2,
2k + 1 < 3k — 1. Equations (3.72) and (3.71) imply that 0= A,(f) =

c;.f(x) = ci(1 — x)T}(x;)w'(x). Since c;w'(x;) # 0 x; must be a zero of
(1 — x?)T,(x), and this must be true for i= , k. Taking f(x) =
a(x)/(x — x;) in (3.71) and (3.72), we obtain the umqueness of (3.71). Finally
(3.71) does not hold for f(x) = (1 — x)[Ti(X)]*Ti(X)€P5,. m

Remark 1. Equation (3.71) may be written as

AN) =210, -, ). (3.73)

Remark 2. When k = 1, we can improve on (3.71). There is a unique
formula of the form (3.72) valid for f € 2, but none valid for f € #s. This
highest degree of precision formula is given by x, = \/5/2, X, = —\/3/2,
co =%, ¢; = —%, as the reader may readily verify.

Consider the quadrature formula

l
Alf) = ) af(x). (3.74)

i=0
Let h(l) be the largest integer such that there exists a formula (3.74) valid for
f€2,. We say such a formula is of the highest degree of precision. We have

just seen that, for k > 1, h(k) = 3k — 1. Let us examine the behavior of h(l) as |
varies.
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Theorem 3.16

.Lh=I1-141=1,...,k—1.
2.Form=1,2,...,
@ hW@2m—1Dk)=@dm -1k -1, k>1,
(b) h2mk — 1) = (4m + 1)k — 1.
3. fCmk—)<Il<@@m+Dk,m=1,2,..., W) <2mk + 1.
b) f2m—-Dk<l<2mk—1,m=12,....,h(l) <Cm—- 1k + 1+ 1.

Proof. 1. If h(l) = 1 and 1 <1 < k — 1, then, in view of the orthogonality
property of the Chebyshev polynomials,

0= 4= ¥ cftx)

i=0

for fe#,. Put w(x)=(x —xg) - (x — x;) and f= (x)/(x — x)eP,; then
¢; = 0, which is a contradiction. Thus h(l) < I — 1. Given any set of nodes, x,,
..., X;, the | linear homogeneous equations in / + 1 unknowns

!
Y exi=0, j=0,...,1—1,
i=0

have a nontrivial solution and, indeed, one for which no ¢; = 0, for if, say,
¢, = 0, the system

1
Z exi=0, j=0,...,1—-1,
i
has only the trivial (zero) solution, since its matrix is of Vandermonde type.
Since 4,(f) =0 for fe#,_,, we have h(l) =1 — 1.
2(a). Replace m by 2mk and g by f T, in (3.62). Since each zero of T, is found
among the 7™, we obtain from (3.62)

(2m=1)k
A(f) = ,-Zo b;f(4;) (3.75)

(where the ; are the n; that are not zeros of T;) valid for f€ Py ;. If
there is a formula (3.74) valid for feZy,_ix, then we put
Q(x) = (x — Ag)***(x — A2m—1y) and @(x) = (x — X¢)*** (X — X(2m-1))- Thus

a(x)

J(x) = Qx)

€Pum—1ri—
x—x (@m—1)k—1>

since k > 1. Hence A,(f) = 0 by (3.75) and therefore

;0 (x)x;) = 0,
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which implies that Q = w, but (3.75) cannot be exact for f € Z 4,1, as the
choice

f) =01 =[x —A) - (x — )-(2».—1)k-1)]271(x)€'@(4m—1)k

demonstrates.
2(b). h(2mk — 1) < (4m + 1)k, since @?>T, € P4m+1- By Gaussian quad-
rature [cf. (1.108)]

Y g, (3.76)

J‘l ) dx 7,: @m+ 1)k
L A T emr ik &

is exact for g€ 2,4+ 1x—1. Hence

2mk—1
Af) = Zo d;f(u)), 377
j=
where the y; are the zeros of Tj,,,.,,. Which are not also zeros of T,, is exact

for f€Pum+1p-1-
3(a). Equation (3.74) holds for feZ,. Let Q(x)=(x — po) - (x —
Bomi—1) € Pom aDd 0(x) = (X — xo)*** (X — x;)€ P4y, then

a(x)

x_xl

J(x) = Qx)

emek+b

and in view of (3.77) we conclude in a now familiar fashion that
h(l) < 2mk + 1.
3(b). The argument resembles 3(a) and we omit it. m

Remark. This theorem has the surprising implication that the addition of
nodes to a quadrature formula may result in reducing the highest degree of
precision. The last two theorems are more interesting when we seek
approximations of individual A, rather than of s,, since they require a
different set of nodes for each k.

EXERCISES 3.5.1-3.5.4

3.5.1. Show that
u’(x) = Ly_1(f; T; x).

3.5.2. Show that if f has an absolutely convergent Chebyshev expansion

a0 @
If—u* <2 z 14;] — z [Ai-1ym+ 1)l
i=1

i=n+1
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353, Let
n—1
Pa-1(®) = Y’ BOT(%).
k=0

Show that p,_, is the best approximation to f on {#, ..., n{}.

Hint. p,_, = v® — (f"/2)T,; recall Exercise 2.4.26.
3.5.4. Show that if f has an absolutely convergent Chebyshev expansion

© 3n—-1
If—w®| <2 z |44 — Z 14l
i=n+1 i=n+1

3.6. An Optimal Property of Chebyshev Expansions

As mentioned in Chapter 1, Section 1.5, the Chebyshev polynomials are
members of larger families of sets of orthogonal polynomials. Each integrable
function has an associated expansion in orthogonal polynomials of these
other sets as well. We want to show next that in certain cases the Chebyshev
expansion is best.

Let us recall that the ultraspherical polynomials {p?(x)}2, consist of
polynomials (p{¥ being of degree n) orthogonal on I with respect to the
weight function w,(x) = (1 — x2)* /2, where 1 > —(3). Thus, if we normalize
the ultraspherical polynomials so that p{’(1) = 1, then p{® = T,, and the case
A =1 gives the Legendre polynomials, whereas 4 = 1 cotresponds to the
Chebyshev polynomials of the second kind. For our present purposes we add
the convention that p{®X(x) = x", i.e., the expansion of a function in terms of
p'®), is its Taylor expansion about the origin. Szegé [1, p. 93] shows that for
0<i<w

pP(x) = Y aiTi(x) (3.78)
j=0
with
ah>0, j=0,...,m, n=0,12.., af)+af >0, (3.79)

and (3.79) also holds when A = o0 according to Exercise 1.5.31. An obvious
consequence of (3.78) and (3.79) is that for A > 0

PP < pPM) =1, —-1<x<L (3.80)

Let

salfi0 = 3 AAPE,  n=012...,

be the partial sums of the expansion of f in terms of the p{, and let us put

max |f(x) = $,,2(f3 ) = If = 85,2 = Sa(S; A).

—1<x<1
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Theorem 3.17 (Rivlin and Wilson [1]). If A > 0, f,(4) = 0 for k > n, and

f,,().) (3.81)

||Ms

converges, then
Sa(f3 ) = Su(f; 0) = S,(f). (3.82)
Equality holds in (3.82) only if fe2,.

Proof

S ) =f) = s = 3 fild). (3.83)

k=n+1

Now,

2 (1 dx
Ai(f) = - I_l Sx)Ti(x) \/-1——_——)‘2

_2 j ‘ [i A | 1109~
P =N 1—x

n
1 dx
f;c(}') [ I_ . Pf:“(xﬂ}(x) ﬁ]

fk(l) 03 (3-84)

uMS nMe

where the a{}) are defined in (3.78) and the term-by-term integration is
justified by the convergence of (3.81), bearing in mind our normalization of
the p{*. Also, by (3.78) we have

hence

¥ oaw= 5 0 Yap- 3 ¥ pod

k=n+1 k 1 ji=0 =0 k=n+1
- Z[ » ﬁ(A)aﬁ-?z] + 3 [ifka)aﬁfz]
Jj=0 L k=n+1 j=n+1 | k=j
—c+ ¥ A, (3.85)
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in view of (3.84), with C > 0. Since 4;(f) > 0forj=n+1,..., by (3.84), we
have

a0

Y A()=S.(f;0)

j=n+1
and the first part of the theorem is proved.

If f ¢ 2, so that, say, f,,(4) > 0 for m > n, then, since either a§), of a¥, is
positive according to (3.79), either f,,(A)al), or f,,(A)al’), is positive and the
quantity C in (3.85) is positive, which implies that the inequality holds in
(382). =m

Remark 1. As a matter of fact (3.82) can be replaced by

S{(fim=8(f;0, O<pu<i (3.86)

To see this we need the information (cf. Askey [1], but correct a misprint

by reversing the inequality on the fourth line from the bottom of p. 301, and
Rainville [1] for the case 4 = o) that if —(}) < u < 4 and

n
w0 = 3 afire)
i=
then

at" >0, j=0,...,n, n=012....

Thus mimicking (3.84) yields

50 = ¥ Ksasi? (387)

hence f;(4) > O for k > n implies f,(1) = 0 for k > n, and the theorem can be
applied with 1 replaced by u, provided that

T i < oo.
K=0

This follows from the analog of (3.85) (with a{} replaced by a{;* and so on).

Remark 2. The theorem remains true if the coefficients f;(1) alternate in
sign for k > n. To see this we observe that the p{® are even functions for even k
and odd functions for odd k; thus applying the theorem to f(— x) proves the
analogous result for alternating coefficients.
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Remark 3. If the coefficients are neither positive nor alternate in sign,
(3.86) need not hold, as the example f(x) = x> —()x2 —x, A=o00, n=0,
shows. We have for 0 < a < o

J.I FxX1 — x?)2" Y2 dx

Jolo) = 1
I (1 —x?)P~12dx
-1

1
—%I x2(1 — x?)*~ 12 dx
-1 3 1

-3 .
jl (1 — x?pF~ 12 gx 1+a
-1

A small calculation gives

So(f;0)=089 ...,
So(f; 00) = L5,
So(f;0.1)=082....



4

ITERATIVE PROPERTIES
AND SOME REMARKS
ABOUT THE GRAPHS OF
THE T

One of the most remarkable properties of the Chebyshev polynomials is the
semi-group property (cf. Exercise 1.1.6)

Tu(To(x)) = Ton()-

An immediate consequence of the semigroup property is that the Chebyshev
polynomials commute under composition,; i.e.,

T.(T,) = T(T,).

The first section of this chapter is devoted to this property. In the second
section we shall study the ergodic and mixing properties of the Chebyshev
polynomials considered as transformations of I onto itself, a study in which
the semigroup property plays a role. In the third section the graphs of
y=T(x), —1<x<1l,forn=1,2, ..., 30 are shown and some “white”
curves are evident. These curves are identified and an explanation of the
phenomenon is proposed.

4.1. Permutable Polynomials

Two polynomials, p and g, are called permutable if p(q(x)) = q(p(x)) for all x. If
we adopt the notation p-q to indicate the composition p(q(x)), then p and g
are permutable if p-q = q- p. If p and q are permutable, we shall also say that
p commutes with g and, of course, g commutes with p. Composition satisfies

192
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the associative law
p@n=(pqgr
We shall write p{"}for the n-fold coﬁposition p'pp. Since
T(T,(x)) = T(T(x)) = Tun(),
we see that any two Chebyshev polynomials are permutable. Our first result

is that no polynomials other than Chebyshev polynomials can commute with
agiven T, if n > 2.

Theorem 4.1 (Bertram [1]). If n > 2 and the polynomial p of degree k > 1
commutes with 7,, then p = T, if n is even and p = + T, if n is odd.

Proof. We know (cf. Exercise 2.4.6) that + T,,(x) are the only polynomial
solutions of

(1 = x*y)* = m*(1 - y?) (4.1)
for m > 0.
The theorem is proved by showing that, if p commutes with T,, y = p

satisfies (4.1) with m = k.
The polynomial

g(x) = (1 = X*)(p'(x))* — k*(1 — p*(x))
is in 2, _,, since the coefficient of x2* is zero, but
n*q-T, = n*(1 — TIXp'* T,)* — n?k*(1 — (p* T,)%)
=1 = x*THXp": T,)* — kK*(1 — p>XT,"p)’,

where we have used the permutability of p and T, and the fact that T, satisfies
(4.1) with m = n. Now,

(" T)T,=(p Ty =(T, p) = (T, p)P,
hence
n’q- T, = (1 — x*Xp)X(T, p)* — K¥*(1 — p’XT,"p)*
= (T, p)*(1 — X*XpY — kK*(1 — p?)
= (T, p’q. 4.2)
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Suppose that q #0 has degree s (<2k — 1), then (4.2) implies that
sn=2n—1)k +s so that s=2k>2k—1, a contradiction. Thus q is
identically zero and p=+T,. If n is even, T,(—T)=T, T, = T, T, #
—TT,hence p=T,. If nis odd, T,,:(—TR) = — T, - T, = — T T,, hence
p=1T. =

A sequence of polynomials, each of positive degree, containing at least one
of each positive degree and such that every two polynomials in it are
permutable is called a chain. The Chebyshev polynomials Ty(x),..., T,(x),...,
form a chain. So do the powers 7;(x) = xi,j=1,2,...,asis easily verified. We
shall see that these are essentially the only chains.

Suppose that

Mx)=ax + b, a#0, 4.3)
so that

1y _X—b
A7 x) = P

If p and q commute, it is clear that A~*-p-4 and A7'-¢- A also commute.
Thus for any 4 of the form (4.3) the sequences A~ T;*4,j=1,2,..., and
l‘l-an., j=1, 2, ..., are also chains, and this is the reason the word
“essentially” was needed above. We shall say that pand A~ p- A are similar;
hence our goal is to show that the sequences {T;} and {=;} are the only
chains, up to similarities. A first step in this direction is a companion piece to
Theorem 4.1.

Theorem 4.2. If n > 2 and the polynomial p of degree k > 1 commutes with
7, (x)(=x") then p = =, if n is even and p = + =, if n is odd.

Proof. y = m,(x) satisfies

/

xy' = ny. 4.4)

The polynomial g(x) = xp'(x) — kp(x) is in 2, _ ,, since the coefficient of x* is
zero. An argument analogous to that given in the proof of Theorem 4.1 yields
ng-=w, = (n, p)q, and if q is of degree s > 0 then sn = k(n — 1) + s implies that
s = k, a contradiction; g must therefore be the zero polynomial. Hence y = p
satisfies (4.4) with n replaced by k, which means that p(x) = cx*(c # 0). The
requirement that p commute with =, implies that cx*" = ¢"x*", ie., c" ! = 1.
Sincecmust bereal,c=1ifnisevenand c= +1ifnisodd. =

Theorem 4.3. There is at most one polynomial of degree k > 1 permutable
with a given quadratic, s(x) = ao + a,x + a,x?%, a, # 0.
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Proof. If we put
M) =5 — -, 43)

we obtain
A ts-A)x)=x2 +c,

where ¢ = aoa, + (a,/2) — (a2/4). Thus to prove the theorem it suffices to
show that there cannot be two distinct polynomials of degree k commuting
with x2 + ¢, for, if f and g are distinct polynomials of degree k commuting
with s, there are distinct polynomials of degree k similar to f and g via (4.5)
that commute with x2 + c.

Suppose that p and g are distinct polynomials that satisfy

p(x* + ¢) = p*(x) + ¢,
q(x* +¢c) = q*(x) + c; 4.6)

then comparing leading coefficients on both sides of each equality reveals that
p and q both have leading coefficient 1. Thus r = p — ge %, _,. Also

r(x* + ¢) = p*(x) — g*(x) = r(x}(p(x) + q(x)). 4.7

If the degree of r is t > 0, then according to (4.7), 2t =t +k or t =k, a
contradiction. Therefore r is the zero polynomial and p = gq. This contra-
diction establishes the theorem. =m

An immediate consequence of Theorem 4.3 is that a chain contains exactly
one polynomial of each positive degree; i.c., a chain is a sequence {p;},j =1,
2, ..., where p; is of degree j and each pair of polynomials commutes. Two
chains are called similar if there exists a A(x) satisfying (4.3) such that each
polynomial in one is similar via A to the polynomial of the other of the same
degree. We can now prove our main result.

Theorem 4.4. Every chain is either similar to {x'},j = 1,2,...,0r {Tj},j = 1,
2,....

Proof. Let{p;},j=1,2,..., bea chain, with p,(x) = ao + a;x + a,x>. Let
{q;},j = 1,2,..., be the chain similar to {p;} with A as defined in (4.5). Then
q2(x) = x> + ¢; q; commutes with g,, hence

q3(x% + ¢) = g3(x) + c. 4.8)
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Thus g%(—x) = ¢3(x), and since g, is of degree 3 we see that g5(—x) = —q5(x);
i.e., g3 is an odd polynomial, say,

q3(x) = byx + byx3. 4.9)

If we substitute (4.9) into (4.8) and equate coefficients of like powers, we
obtain by = 1, b, = (3)c,

cdc+2)=0 and 2+ c)2c—1)=0.

Therefore the only possible values of c are —2 and 0. If ¢ = 0, then g,(x) = x?
and, according to Theorem 4.2, g;(x) = x/forj = 1,2,...,and { p;} is similar
to {x’}.
If ¢ = —2 consider the chain {u~!-g; u}, where pu(x) = 2x. Since
B rarw=T,

Theorem 4.1 informs us that
plqpu=T, j=12,...
Thus {p;} is similar to {T}} via the linear transformation A-yu. m

This theorem is proved by Block and Thielman [1] and Jacobsthal [1],
and the proof given here is an amalgam of their work.

EXERCISES 4.1.1-4.1.9

4.1.1. If p commutes with ¢, and g,, it commutes with g, - ¢, and g, q,.

4.1.2. If q, and q,, each of positive degree, commute with the same polynomial of
degree 2, they are permutable.

A set of polynomials is called a P-set if every two polynomials are permutable. A P-
set is closed if together with p and q it contains p-g; it is called complete if no
polynomial of positive degree that is not in the set commutes with all members of the
set.

4.1.3. A complete P-set is closed.

4.14. A chain is a complete P-set.

4.1.5. p commutes with every polynomial if, and only if, p = x.
4.1.6. {x + a} where a runs over the reals is a complete P-set.

4.1.7. {t(x — a) + «} where o is fixed and ¢ runs over the reals is a complete P-set.

4.1.8. If p of degree 2 and q of degree 3 are permutable, then p and q are similar, via a
common linear transformation, to either x? and x> or T, and T;.

4.1.9. If p of degree 2 and q of degree 4 are permutable, then g = p- p.
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A complete description can be given of permutable polynomials. Julia [1]
and Ritt [1] showed that if p and g commute, either both are iterates of the
same polynomial or both are similar, with respect to the same A, to either
Chebyshev polynomials or powers. Thus Theorem 4.4 is an immediate
consequence of this definitive result. Unfortunately the methods of Julia and
Ritt are formidably complicated and we cannot present them here. What we
shall do next is give a complete description of all polynomials that commute
with a given quadratic, a task that is amenable to elementary analysis.

In view of the proof of Theorem 4.3, it suffices to consider polynomials p
that commute with x2 — c. Theorem 4.3 tells us that there is at most one
polynomial of degree k > 1 that commutes with x? — c. If p, of degree k,
commutes with x> — c, then

p(x* —c)=p*x)—c 4.10)
and the leading coefficient of p is 1. Also, if we replace x by —x in (4.10), we
obtain p(x2 — ¢) = p(—x) — ¢, hence p*(x) = p*(—x) or p(x) = +p(—Xx).
Thus pis even if k is even and odd if k is odd. If k = 1, p = x, which, of course,
commutes with every polynomial. Putting this trivial case aside, we wish to

establish the Julia—Ritt result in the special case that (4.10) holds with k > 2.
To this end some lemmas are useful.

Lemma 4.1.1. If ¢ < 0 or ¢ > 2, the sequence defined by
tnrr = (t,— ) n=12..., 4.11)
with t, = c?, is strictly monotone increasing,
Proof. We note first that (4.11) implies that
== =cc—-1)>>c=t,.

Next we claim that t, > c? for n > 2. As we have just seen, this is the case for
n = 2. Suppose that t, > c2.

tk+l = (tk b C)2 = tk(tk - 2C) + Cz.
Since ¢, >c?, t,—2c>c*—2c=c(c—2)>0; hence t;,, >c> and by

mathematical induction t, > ¢? for n > 2. Finally, t,,, >t,,n=1,2,....
The case of n = 1 has been established. Suppose ¢, > t;_;.

s — b =(t — ©)* — (tu—1 — ©)* = (tx — te— )t + te—y — 2¢),
but
e+t —20)>2c2—2c=2c(c—1)>0;

thus t,,, — t, > 0 and the lemma is established. m
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Lemma 4.1.2. If 0 < ¢ < 2, the sequence defined by

tiri=~/tatc n=12.., @.12)
with ¢, = c2, is strictly monotone increasing and t, > ¢* for n > 2.
Proof. We have |
t,=2c>c*=t,.

We claim that t, > 2c, n > 2. This is true for n = 2. Suppose it is true for
n = k. Since 2¢ > c?, we see that . /2¢ > cand ./2¢ + ¢ > 2¢. If t, > 2¢, then

a1 =/t +¢c=J2c+c> 2,

establishing our claim by mathematical induction. Hence t, > c?, n > 2.
Suppose next that ¢, > t,_ ;. We have

t = (g — )%, ty—1 = (t — 0%,
and therefore
0<ty—tyy =(tsy — ) — (& — ¢)?
= (te+1 — tltes1 + t — 20).

We have seen that t, > 2c; hence t,,, + t, > 2¢ and t,,, — t, > 0. Since
t, > t,, the strict monotone increase of {t,} is established. m

Theorem 4.4. If p(x), a polynomial of degree k > 2, commutes with x2 — c,
then either p = x* or p = 2T,(x/2) or p is an iterate of (x2 — ¢).

Proof. (i) Suppose that k = 2m — 1, m > 2. Then p is odd and we can write
p(x) = xq(x?),

where q is of degree m — 1. Equation (4.10) implies that
(% — (e — ) = ¥*q(x) — ¢,
and if we put x2 =t
(t — o)q((t — ¢)®) = tg*(t) — c. 4.13)
Suppose that ¢ < 0 or ¢ > 2 and {t,} is defined by (4.11). We claim that

at)=1 n=1,2.... (4.14)
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Putting t = 0 in (4.13) yields —cq(c?) = —c, and since ¢ <0
g =1, (4.15)

establishing our claim for n = 1. Suppose that g(t;) = 1. Putting ¢t = ¢, in
(4.13) yields

(tx — At — ©®) = tg?(t) — ¢
or
1qtesy) = 6 — c = 62,
Since, in view of Lemma 4.1.1, t, . ; > 0, we obtain
q(ty+1) = 1.

Thus (4.14) is proved by mathematical induction. Therefore g(t) takes on the
value 1 at least at m distinct (distinct, since monotone increasing by Lemma
4.1.1) points t,,...,t,, hence is identically 1, contradicting the fact that it is of
degree m — 1 > 1. Thus we must have 0 < ¢ < 2.

Suppose then that 0 < ¢ < 2. Now let {t,} be defined by (4.12). We claim

that again g(t,) = 1,n = 1,... . In view of (4.15), this is true for n = 1. Suppose
q(t,) = 1. Then

(ter1 — )q(ter 1 — ©) = s 187t ) — ¢
or
/2 = (6" + g*(te+ 1) — c.
Since t/? + ¢ = t,+, > 0, we obtain
(tes1) = L.
If g(t, +,) = —1, putting ¢, =t in (4.13) yields
—(ter2 — ©) = ts 207t 2) — € = —¢
or ti’, < cand t, ., < c?, contradicting Lemma 4.1.2. Thus q(t,,,) = 1, and
by mathematical induction we have shown that g(t,) = 1,n =1, ..., m, where
according to Lemma 4.1.2, ¢, <--- < t,. Therefore g = 1, contradicting the
fact that the degree of g is at least 1.

The only possible values of ¢ are therefore seen to be 0, 2. If ¢ = 0, then
p = x* according to Theorem 4.2, whereas, if ¢ = 2 x? — 2 = 2T,(x/2) and so
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p = 2T,(x/2) certainly commutes with x> — 2. This concludes our proof in the
case of odd k.

(ii) Suppose that k = 2m, m > 1. If 2m = 2*, then p = (x2 — ¢)'* (the sth
iterate of x> — ¢). Suppose that

2m = 27,

where [ > 3 is odd. Since p is an even function,

pi(¥) = p/x +0)

is a polynomial of degree 2°~ !l which satisfies
pi(x* — ¢) = pi(x) — ¢;

i.e., it commutes with x> — c. If s = 1, p, is of odd degree I, and therefore
¢ =0, 2 according to (i) above. If s > 1, p is of even degree, hence an even
function, and p,(x) = p,(/x + ¢) commutes with x> — ¢ and is of degree
25~ 1], Continuing in this fashion, we see that p,(x) is of degree  and commutes
with x2 — c. Therefore ¢ = 0, 2 and we conclude as in part (i). m

4.2. Ergodic and Mixing Properties
The Chebyshev polynomial T,(x) defines a mapping

x - T,(x)
of I (the interval [—1, 1]) onto I for each n =1, 2, ..., which we denote by
T:1-1 4.16)

Under this mapping each point of I, except + 1, is the image of n distinct
points of I, since the mapping

7:1:('1%")’ ”g"—)l)_’(-h 1), i=1...,n

is one-to-one and onto. The mapping inverse to T,, is written T, ! and is an n-
valued mapping except at + 1. The effect of the mapping (4.16) onto the sub-
interval [0,1] of I for n = 5 is shown schematically in Figure 4.1.

The questions we shall be answering concern “metric” and “mixing”
properties of the mapping T, !, the sequence of mappings T{%,..., T, %,...,
and the iterates T, * (meaning here and henceforth the k-fold composition of
T, 1). We shall try to make precise the vague notions that the image intervals
of A in Figure 4.1 under T5 ! combined have the same “length” as A and that
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Ts'(A)
T,
5 A
-1 0 1 « T3 -1 0 5
Figure 4.1

the mappings T, !4, n=1,2, ..., and T;*4, k=1, 2, ..., increasingly
homogenize or mix A throughout I.

The vocabulary appropriate for making these notions precise is that of
measure theory (cf. Halmos [1]). Let (X, 4, u) be a separable finite measure
space and let T be a mapping of X onto itself that is measurable, i.e., such that
Be % implies 1 'Be 4. 1 is said to be measure preserving if

ur~!B)=u(B), Be®; 4.17)

and if T is measure preserving it is called strongly mixing if

o _ WA)uB)
D =T

(4.18)
for all A, Be #. Every strongly mixing transformation is ergodic; i.e., if
1T14=4 4.19)

for some A4 € 4, then either u(4) = 0 or u(A) = u(X), for if (4.19) holds (4.18)
implies that

HA)WB)
HX)

WANB)=

for all Be #. Hence, if B= A,

M4\ _
HA) <u(X) 1) O

and either u(A4) = 0 or u(A4) = w(X).
Finally, a sequence 14, 75, ..., T,, - . . , Of measurable transformations of X
onto itself, each of which preserves the measure y, is called strongly mixing if

lim (:-'4 ~ B) = “AHB)

420
lim X (4.20)
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for any A, Be #. The condition (4.17), that © be measure preserving, has an
equivalent functional form.

Lemma 4.2.1. 7 is measure preserving if, and only if,

f fx)du =J f(x)dp ' @.21)
X X

for all fe XX, &, p).

Proof. (i) If (4.21) holds for all integrable f, then it holds when f is the
characteristic function of Be # (the characteristic function of a set has the
value 1 on the set and the value O off the set). But when f is such

L f@x)dp = y(z~'B)
and
L S(x)dp = u(B).

(ii) Suppose that (4.17) holds. Then (4.21) holds when f is the characteristic
function of any B € 4, as we have just seen in (i). Similarly, (4.21) holds when f
is a simple function, i.e., a function that takes on only finitely many distinct
values and is therefore a finite linear combination of characteristic functions.
If f is a nonnegative integrable function, then

L f(x)dp = sup Ux g(x)du: g simple, 0<g(x)<f (x)]
= sup [ J  9x)dy: g simple, 0 < g(x) <f (x)].
Now g(x) < f(x) for all xe X if, and only if, g(zx) < f(zx) for all x X; hence
L S(x)dp = sup UX g(tx)du: g simple, 0 < g(tx) <f (tx)]
= sup Ux h(x)dw; h simple, 0 < h(x) sf(zx)]

= J fx)dp,
X
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and (4.21) is established for nonnegative integrable functions. Equation (4.21)
is now seen to hold for any integrable function by writing it as a difference of
its positive and negative parts. m

We shall also need a functional form for strong mixing.

Lemma 4.2.2. The sequence 7y, ..., T,, ..., is strongly mixing with respect to
the measure y if, and only if,

1

lim L S xX)g(x)dp = X

n—+>wo

f &) dﬂj g(x)dp 4.22)
X X

for every f, ge IX(X, &, p).

Proof. (i) If we take f to be the characteristic function of 4 and g to be the
characteristic function of B, then (4.22) implies (4.20).

(ii) If (4.20) holds, then (4.22) is valid when f and g are characteristic
functions of any A4, Be 4, respectively. Hence (4.22) also holds when f and g
are simple functions and we recall that the simple functions are dense in
(X, B, p).

At this point we consider a more general situation. Let ho, h,, ..., h, ...,
be functions in I?(X, B, u) such that, given any he I*(X, 4, u) and & > 0, there
exists

such that
f (h(x) — w(x))* dp < e.
X

We shall show next that if (4.22) holds when g = h;, f = h;, forevery i =0, 1,
...,j=0,1,...,then (4.22) holds for all f, g e I*(X, 4, p). Choosing the h; to be
the appropriate characteristic functions [(X, 4, ) is separable] then proves
the lemma.

Suppose then that (4.22) holds when g = h;, f = hj, foreveryi=0, 1, ...,
j=0,1,...; then it clearly holds when f and g are finite linear combinations,
say u and v, of the h;. Now suppose that f and g are any functions in
I3(X, %, p) and, given & > 0, u and v are finite linear combinations of the h;
such that

J (f(0) — u(x))*dp < &2, f (@) — v(x)*dp <& (423)
X X
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We have
1
= L Sf(Tax)g(x)dp — X L f(x)du L g(x)du
= Ux Lf(zax) — u(z,x)][g(x) — v(x)] dp + L v(x)(f(t,x) — u(z,x)) dp

+ L u(t, x}g(x) — v(x)) du}

+ {L u(z,x)v(x)du — ﬁ L u(x)du J v(x) du}

{u(IX)J “(x)duj v(x)dp — (X).[ f(x)dy'r (x)dy}
= {D} + {E} + {F}.

We observe that (4.21) implies that
L [f(zax) — u(z,x))* dp = L Lf(x) — u(x)]? dp
and
L [u(z,x)]* dp = L [u(x)]* dp.

Thus Schwarz’s inequality, together with (4.23), implies that |D| < c,¢ for
some constant c,. Moreover, if n is sufficiently large |E| < ¢, since we have
seen that the lemma is valid for 4 and v. Finally,

F= X U - u)duf (g—v)dp— f gdu L (f—udu

- L fdu L (9 - v)du]

and Schwarz’s inequality and (4.23) yield |F| < c,¢ for some constant c,. Thus
IC| < ¢3¢ for some constant c; and n sufficiently large, establishing the
lemma. ]

Let us turn now to the Chebyshev transformations.
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Theorem 4.5. Let # denote the family of Borel subsets of I, and let A be
Lebesgue measure. If u is the measure defined by

MB)=—| —=—=, Be4%, (4.24)

then each T,, n=1, 2, ..., preserves the measure p.

Proof. Consider the measure space (X', &', 1), where X' is the interval
[0, ©], #', the Borel subsets of X', and A’ is Lebesgue measure on #'. Let R be
the one-to-one measurable mapping of X onto X’ defined by

R:x - x' = arccos x.

Put
V,=RT,R"!
If
k':ts Ig@’ k=0,1,...,n—1,
we see that

V(o) = nx' — k=, k even
" l—nx' 4+ (k+ 1)m,  kodd

[Vs(x') is depicted in Figure 4.2]. An open subinterval of [0, 7] having length [
is seen to be the image under V, of n intervals, each of length I/n (as Figure 4.2
illustrates in the case n = 5). Thus V, preserves Lebesgue measure. But if
—1<a<b<1then

J‘b dx J‘R(b)
e J1—x2 " Jra@

(2/m)A'(RA). Therefore w(T, ' 4) = (2/m)X(RT, *4) =
/mA(Vy 'RA) = (2/m)A(RA) = u(A). =

/o
dx’;

hence for Ae &, W(A) =
(2/m)A(RT,;'R™1RA) =
Theorem 4.6 (Adler and Rivlin [1]). The sequence Ty, T, ..., T,, ..., is
strongly mixing with respect to the measure u defined in (4.24).



206 THE GRAPHS OF THE T,

Ve(x')
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[
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Figure 4.2

Proof. Suppose that he I>(X, %, u). Let s,(h; x) be the partial sum of order
k of the Chebyshev expansion of h (cf. p. 165). Familiar facts about Fourier
series (cf. Zygmund [1, I, Chapter IV]) imply that, given ¢ > 0, there exists k
such that

j [h(x) — si(l; x))* dp < e.
I

If we recall the argument in part (ii) of the proof of Lemma 4.2.2 and choose
h; = T;(x), the theorem follows from Lemma 4.2.2 and the observation that,
givenanyi=0,1,...,j=0, 1,»...,

L T(T,()Tj(x)dp = 3 J; Ti(x)du L Ti(x)du

for all sufficiently large n, in view of the semigroup and orthogonality
properties of the Chebyshev polynomials. m

Corollary 4.6.1. Each T,, n > 1, is strongly mixing, hence ergodic.
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Proof. 1t is clear that the semigroup property implies that

-k _ -1
Tn = %k >

and so (4.18), with T = T, follows from the theorem. m

As an amusing application of Theorem 4.6 we shall determine the limiting
value as n — oo of the area under the graph of T,(x) in the square with center
at the origin and side 2 (see Figure 4.3). Let K,(y,) be the area under the
graph of y = T,(x) contained between the lines x = —1, x=1, y= —1,
y =y, where —1 < y, < 1. We shall establish the existence and determine
the value of

K(y,) = lim K,(y,).

n—wo

Put g(x) = (1 — x?)*/2 and

X, —l < X < ,Vz,
f6) = {}’b y2€£x< 1
Then

K= [ @+ snax

=2+3 f ST (Nglx) dp.
I

i
%
i
£
-3
5
.

R RRRR RO KON v

Kg(1)
Figure 4.3
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Thus, according to Theorem 4.6 and Lemma 4.2.2,
. n
K(yy) = lim K,(y;) =2+ 0 L fdu L gdp.
Performing the integrations yields
2 2\1/2 :
K(y;)=2+y,— P (1 — y2)"'* + y,arcsin y,).

Thus K(1) = 2 and the limiting area under T,(x) as n — oo is half the area of
the square.

Moreover, by taking g(x) to be the product of the characteristic function of
[x4,x,] and (1 — x?)'/2 we see that the limit as n — oo of the area under
y = T,(x) contained in the box (—1<)x; K x <x,(<1), —1<y<y, is
(x5 — x1)K(y,)/2. Therefore the limit as n — oo of the area under y = T,(x)
bounded by the vertical lines x = x; and x = x,, and the continuous curves
y=yi(x) and y =y,(x), where —1<x;<x,<1 and —1<y,(x)<
y2(x) < 1 (for x; < x < x,) is

4 f [K(»2(x)) — K(y ()] dx.

4.3. The “White” Curves and Intersection Points of Pairs of Chebyshev
Polynomials

It is obvious that the graph of y=T,(x), —1<x<l,n=1, 2, ..., lies
entirely in the square A: —1 < x < 1, —1 < y < 1. In Figure 4.4 the graphs of
y=T(x), -1<x<1,n=1,2,..., 30 are shown. Some “white” curves are
seen streaking through A. For example, what appear to be a parabola with
vertex at (—1,0) and a straight line connecting (— 1, 1) to (1, — 1) are clearly
visible. Our purpose in this section is to identify the white curves and explain
the phenomenon by relating it to the locus of intersection points of pairs of
polynomials, T,,, T,. Therefore, we begin by considering such intersection
points.

Suppose 1 < m < n. The zeros of T,(x) — T,,(x) are easily determined by
putting x = cos 6 and solving cosnf — cosmf = 0. They are

2jn . n+m
aj=cos7, ]=0,1,...,[ 2 ] (4.25)

and

2kn n—m-—1
b, = j=1...,| ———| .
k COSn m’ J l, 9[ 2 :I (426)
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Thus all n zeros (counting multiplicities) are seen to lie in I. Moreover, it is
easy to verify that

mT,(a;) + nT,(a;) =0, —1<ag;<1 4.27)
and
mT,(b,) — nT,(b) =0, —1l<b. <1 (4.28)

If (x, T,(x)) is an intersection point of T,, and T, which lies in the interior of
A then T, (x)T(x) # 0. For if this were not the case then (4.27) and (4.28)
would imply that T,(x) = T,(x) =0, and, therefore, T,(x) = T,.(x) = 1,
contradicting the assumption that (x, T,(x)) is inside A. Thus (4.27) and (4.28)
yield

Ty(x) _
Tp(x)

x=aj,

(4.29)

3l= 3=

bka

X

at intersection points inside A.
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For 1 < m < n, m,n < 30, intersection points of type a; are more frequent
than those of type b,, in view of (4.25) and (4.26). Equation (4.29) informs us
that at each intersection point of type a; of T,, and T, which lies inside A4 the
slopes of T,, and T, are of opposite signs and, in magnitude, in the ratio m to n.
Our explanation of the white curves is based on this observation. The chain of
blank spaces resulting from the separation of slopes at these intersections is
what is seen as a white curve in Figure 4.4. This asserted connection between
the white curves and points of intersection of the graphs of pairs of
Chebyshev polynomials receives support from the following considerations.

Theorem 4.7. If 0 < m < n and T,,(x) = T,(x) = y, then
(1 = T m(INT3(y) — To-m(x)) = 0. (4.30)
Proof. The result is an easy consequence of the following identity:
T2 - 2T, . T,T,+ T2=1-T2_,, O0<m<n 4.31)

(The special case, m = 1 of (4.31) can be found in Schur [1].) To establish
(4.31) we recall (Exercise 1.1.3) that for p > g

LT =Torg+ Tpyq
Hence
(.- TP =01~ Tun)l—T,_,) (4.32)
and
21 -T,T)=01-Tn) + (1 - T,_n) (4.33)

Equation (4.31) follows upon multiplying (4.33) by 1 — T, _,, and subtracting
the result from (4.32). If we then put T,,(x) = T,(x) = y in (4.31) the result is
4.30). =

Remark. An identity analogous to (4.31) holds for the Chebyshev poly-
nomials of the second kind. Namely,

U2 -21T,_,U, U, +Ui=U2_,_,, O<m<n.
The theorem informs us that the intersection points of the graphs of T,,(x)
and T,(x) lie on an algebraic curve whose equation is (4.30). But 7, _,.(x) = 1

precisely for x = b, k =0, 1,..., [(n — m)/2]. Thus the points of type a; all lie
on the curve

T(y) = Tp-m(x). (4.34)
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A

Figure 4.5

This curve is symmetric with respect to the x-axis. Figure 4.5 shows the part
of the curve (4.34), contained in 4,forn —m=¢q,q=1,2,3,4. Wheng =2p
we have y = + T,(x) while for odd ¢

(14 T,x)\"?
y-i(‘7—> '

In particular, T,(y) = Ti(x) is a parabola and T,(y) = Ty(x) is the folium of
Decartes given by x = T,(t), y = Ti(t), —1 <t < 1.

Observe that the curves in Figure 4.5 seem identical to the brightest white
curves in Figure 4.4. Lower values of n — m =g correspond to higher
numbers of intersection points of T, and T,,. Hence for 1 <m <n < 30 we
cannot expect to see the curves corresponding to g > 4 very clearly in Figure
4.4. We next obtain another view of the white curves by applying a suitable
homeomorphism to the square A.

As we saw in the proof of Theorem 4.5, the mapping S:(x,y)—
(x',y') = (arccos x, arccos y) is a homeomorphism of A onto the square B:
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0 < x' <m0 <y <= which maps (x, T,(x)) to (x', V,(x")), where if

kn (et Dn

n n

) k=0,1,...,n—1,

then

V) = {nx' — kn, k even,
W)=V + (k4 Dn, K odd

(see Figure 4.2 for the case n = 5). In short, y' = V,(x') is a polygonal line
(contained in B) issuing from the origin with slope n, whose slope changes
sign—but maintains magnitude n—consecutively at the top and bottom of B
(ie,atx' =(nym,j=1,...,n—1).

The orientation of y = V,(x’) differs from that of its preimage y = T,(x), a
blemish which we correct by placing the polygonal lines on A and making

Figure 4.6
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their orientation agree with that of the Chebyshev polynomials. This is done
by a linear mapping of B onto A, T:(x' y') = (x, y) defined by

2 2
= l —_—— ” = 1 —_—— ”
x —% y 2V
which gives as an image of y' = V,(x'),

y=wm=l—%n(§u—@)

We call the resulting piecewise linear curve (contained in A), the stylized
Chebyshev polynomial of degree n. The mapping LS : (x, T,(x)) = (x, v,(x)) is a
homeomorphism of 4 onto itself. Figure 4.6 shows y = v,(x),n=1,2,..., 5,
which should be compared to Figure 1.1. Figure 4.7 shows the same curves
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forn=1,2,...,30. The white curves now appear to be piecewise linear. Let
us examine the intersection points of a pair of stylized Chebyshev
polynomials.

If v,(x) = v,(x), 1 <m < n, then x is either

4 .
G=1-—4_ j=o,...,["+'"]

or

Figure 4.8
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A

Figure 4.9

We claim that at each c; such that (c;, v,(c;)) is an interior point of 4, the slope
of v, (which is +n) and the slope of v,, (Which is +m) have opposite signs. For,
if they had the same signs and we suppose
2j 2j
k<—Jn—<k+1 and k’<—ﬂl—<k'+1,
n+m n+m

then k and k' must have the same parity and k + k' is even. Since
k+k <2j<k+k +2, we have arrived at a contradiction. It is this
substantial separation of slope (from n to —m or m to —n) which, we believe,
causes the blank areas that are seen as white lines in Figure 4.7.

The curve T,(y) = T,_.(x) contains the intersection points (a;, T,(a;)) of
y = T,(x) = T,(x) which are inside A according to Theorem 4.7. Its image
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under the homeomorphism, LS, of A onto 4 is
02()) = Vp-m(®), —1<x< 1 (4.35)

which, therefore, contains the intersection points (c;, v,(c;)) of y = v,(x) which
are inside A. (4.35) is a piecewise linear curve which is symmetric with respect
to the x-axis. For y > 0 its equation is

L) (4.36)
2

The curves (4.36) are shown in Figure 4.8 forn—m=q9=1,2,3,4,and a
depiction of (4.35) is given in Figure 4.9, the full symmetric version of (4.36).
Observe that the curves in Figure 4.9 agree with the brightest white curves in
Figure 4.7.

We have suggested that a natural phenomenon, the white curves in
Figures 4.4 and 4.7, are the loci of intersection points of pairs of Chebyshev
polynomials. Strong support is lent to this view by the observation that the
curves shown in Figures 4.5 and 4.9 seem to coincide with the white curves in
Figures 4.4 and 4.7 respectively. This section is based on Oritz and Rivlin [1].
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SOME ALGEBRAIC AND
NUMBER THEORETIC
PROPERTIES OF

THE CHEBYSHEV
POLYNOMIALS

In this final chapter we examine some elementary algebraic and number
theoretic properties of the Chebyshev polynomials. The major result is the
explicit complete factorization of the Chebyshev polynomials into irreducible
factors with rational coefficients.

5.1. The Discriminant of the Chebyshev Polynomials

If z,, ..., z, are complex numbers then we call

dizy, ..., z)= [l (@i—z)? (5.1)
1<i<j<n

the discriminant of (z,, ..., z,). This name derives from the obvious fact that
d(zy,...,2,) # 0if, and only if, the points z,, ..., z, are distinct. d(z,, . .., z,) is
a symmetric (polynomial) function of z,, .. ., z, and is, therefore, a polynemial
in a, ,=—0y, a,_, =05, ..., ag =(—1)¢,, where gy, ..., 0, are the
elementary symmetric functions (cf. van der Waerden [1]). Then if
q2)=2"+a,_12" ' + - + ag, d(zy4, .. .,2,) is also called the discriminant of
g, d(q). Of course, d(q) = 0 if, and only if g has a multiple zero. If p(z) is any
polynomial of degree n, i.e., p(z) = ay + a2 + *** + a,2", a, # 0, and its zeros
are z,, ..., z,, then we define the discriminant of p, D(p), by

D(p) = af"_zd(zn LRRE Z,,). (5°2)

(The factor a2"~2 makes D(p) a polynomial in aq, ..., a,.)

217
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A useful tool in calculating the discriminant of a polynomial is provided by
the following result.

Theorem 5.1. If p(z) = a,(z — z,): - (z — z,), a, # O, then

D(p) = (1) a2 n @) (53)

Proof. Forj=1,..., n we have

P’(zj) = an(zj —zy) (zj —Zj-1NZj — Zj+1) te (Zj -z,
=(- l)n_j(zj —z) (i —zj-NZje1 —2) (E — z).

Hence
.Inll p(z;) = (=1 Vg d(z,, ..., z,) (54
j=

since every factor z; — z;, k > i, appears exactly twice in the product, once
when j = k and once when j = i. Equation (5.3) now follows from (5.4) and
(5.2).

Let us next calculate some discriminants using (5.3).

Example 1. p(z) = ay + a,z + a,2% = ay(z — 2,z — 2,), a, # 0.
P'(z,)P'(z2) = (2a52, + a;)2a,2, + ay)

=4a3z,z, + 2a,a,(z; + z,) + @>

— 2
= 4aoaz — aj.

Thus (5.3) yields D(ay + a,z + a,z%) = a? — 4aya,, the familiar discrimi-
nant of a quadratic polynomial.

Example 2. p(z) = z" — 1.

o) = [T & — 2
j=1

and so
n
e—2nij/n = (_ 1)"_17!",

l—[ pl(eZnij/n) =n"
j=1 1

J

and

D(z" — 1) = (— 1)~ DO-2y2pn, (5.5)
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Example 3. p(z) = T,(z), n = 2.
T(2) =2""Yz — &) (z — &,) where &; = cos((2j — Dn/2n),j = 1,...,n.

We know (Exercise 1.2.3) that

T.¢&)=(=0)""'n1 =E)72  j=1,...,n

Thus
n T;'(ﬁj) = (_l)n(n—l)/zn" l—I" (1 _ é})-llz'
i=1 i=1

Butas &,,y-j=—¢&5,j=1,...,nand (1 — &) = (1 — &1 + &;) we get

n -2 n s —1=2n—1= a1
Ta-¢ (Jljl(l c,)) T =2

and upon substituting in (5.3) obtain

D(T,) =20~ V",

EXERCISES 5.1.1-5.14
S51.1. If p(z) =1 + z + -+ + z"~ ! show that

D(p) = (— 1y Vi =2,

5.1.2. Show that
DU, =2"(n+ 1y 2.

Hint. Determine U, (n{"* ) from (1.92) and then use (5.3).

We define the Vandermonde determinant of z,, ..., z, by
1 1 1
W= Vin oz =| & N
A7 oAt e g

5.1.3. Show that

hence d(z,, ..., z,) = V2.
vevs Zpoq)

Hint. First show that V,(z, ..., 2,) = (2, — 21) * " * (24 — Zp—1)Va-1(21,
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In the paragraph immediately after Exercise 2.4.13 we introduced the transfinite
diameter, 8(B), of an infinite compact set, B, in the plane. The transfinite diameter of
such a B can also be related to Vandermonde determinants (and hence discriminants)
of a sequence of finite subsets of B. Consider the maximum of the geometric mean of
the distances between pairs of points of the set {z,,..., z,} = B over all choices of such
points, i.e.,

#n(B) = max “,n(zl, AR zn)lzln(”_ l)~ (5'6)

Z4,...,2,€B

It can be shown that p, decreases monotonically to §(B) as n — oo (cf. Hille [1]). It is of
interest to determine the u,(B) and the values of z,, . . ., z, (known as Fekete points) for
which the maximum in (5.6) is attained.

5.1.4. Show that if B is the closed unit disk D: |z| < 1, u,(B) = n'/®~1), and the zeros of
z" — 1 maximize |V,|.

Hint. It is clear that we need to examine only distinct points of |z| = 1. Suppose
|zl = 1,j = 1,..., n. Recall Hadamard’s determinant inequality: If 4 = (a;;)isannxn
determinant of complex numbers then

|A|2 Z aljlz Z |azj|2 ot z Ianjlz'
j=1 j=1 Jj=1

Thus if we choose A = V,(z,, ..., z,) then |V,|*> < n", and conclude by invoking (5.5)

and Exercise 5.1.3. Note that we have “reproved” that (D) = 1 (Exercise 2.4.14).

5.2. The Factorization of the Chebyshev Polynomials into Polynomials with
Rational Coeflicients

This section is inspired by a remark of Schur [1, p. 423]. After observing that
the zeros of T,(x) satisfy

2{(’]:) = e(2j— 1)zmi/2n + e—(2]— 1)ni/2n’ ] = l, . (57)

Schur remarks: “We are dealing with (4n)th roots of unity. The manner of the
factorization of T,(x) over the field of rational numbers follows from this,
since for every primitive mth root of unity, p (m > 4) the sum p+p~! is of
degree ¢(m)/2.” We wish to provide the background and details that will
expand Schur’s remark into a complete description.

1. Preliminary Definitions and Results. We begin by reminding the reader of
some notation, definitions and elementary facts of number theory and
algebra. Let C and Q denote the fields of the complex numbers and rational
numbers, respectively. Z is the set (ring) of all integers and N the set of
positive integers. If a,be N and ce N is the greatest common divisor of a and b
we write (a,b) = c. If (a, b) = 1 we say that a and b are relatively prime. if ne N
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then ¢(n) is the number of integers j, 1 < j < n, which are relatively prime to n.
Thus (1) =1, ¢2)=1, ¢(3)=2, ¢(4) =2 and ¢(5)=4. If a,beZ the
notation a/b means that a divides b, that is, there exists c € Z such that b = ac.
If a,be Z and ke N, we say that a is congruent to b modulo k if k/(a — b) and
we write a = b(mod k). Suppose a;, b;eZ, j=0, ..., m, a(x)=ao+a;x+
«*+ a,x™ and b(x) =by + byx + ‘+- + b,x™. Then if keN, a(x)= b(x)
(mod k) is defined to mean that a; = bj(modk),j=0,1,..., m.

Let Q[x] denote the ring of polynomials with rational coefficients.
qeQ[x] is said to be reducible over Q, if there exist polynomials in Q[x] of
positive degree, r and s, such that g(x) = r(x)s(x). If g€ Q[x] is not reducible
over Q we call it irreducible over Q. The complete factorization of a
polynomial into its irreducible factors is what Schur is referring to above.

aeC is called an algebraic number if it is a zero of a polynomial with
rational coefficients. If « is an algebraic number then it is clear that there
exists a polynomial with rational coefficients of least degree of which « is a
zero, say p(x). We may assume, with no loss of generality, that p(x) is monic.
Such a p(x) is called a minimal polynomial for a. Obviously, p(x).is irreducible
over Q. If p(x) is of degree k we say that « is of degree k over Q. An algebraic
integer is an algebraic number which has a (monic) minimal polynomial with
integer coefficients. We wish also to record the fact (cf. Pollard and Diamond
[1]) that if « and B are algebraic integers then so are « + f§, « — f and af, i.e.,
the algebraic integers form a ring.

EXERCISES 5.2.1-5.2.23
5.2.1. Show that if p is prime ¢(p) =p — 1.
5.2.2. Show that ¢(n) is even for n > 2.

Hint. If k <n and (kn) = 1, then (n — k,n) = 1.
5.2.3. Show that modulo k we have: (1) a=a; 2) a=b=>b=a; (3) a=b and

b=c=>a=c;da=bandc=d=a+c=b=d;(5)a=b=>ac= bc. Also verify
that rules (1)—(5) remain valid for polynomials modulo k.

524. prisapMep/C),j=l,...,p-—l.

Hint. Mathematical induction on j. Note that

p\_ 4 p
k(k>—(p (k 1))(k_1), k<p.

5.25. If aeZ and p is a prime

a? = a(mod p) (Fermat’s Theorem). (5.8)
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Hint. Suppose (5.8) holds for a=k>1. Let f(x)=x?P—x. f(k+1)=
Sf(k) + (k + 1) — k? — 1 implies that p/f(k + 1) by Exercise 5.2.4. Thus (5.8) can be
verified for a > 1 by mathematical induction. But the case a < 0 now follows since
@ —a=—(-af - (-a).

526. If g(x) =ao + ay;x + -+ + a,x", a;€Z,j=0, ..., m,and p is a prime then
49(x”) = (q(x)y"(mod p). (5.9
Hint. Put s,(x) =aq + -+ a,x*, k=0, 1, ..., m. When q = s, (5.9) follows from
(5.8). Suppose (5.9) holds for ¢ = s;_;, k — 1 < m. Then

p—1
(s = (110 + B = (- (O + 0 + T (’]’) (54-1()~Jafc¥,

and conclude by mathematical induction and Exercises 5.2.3, 5.2.4 and 5.2.5.

It is worth mentioning here that if r, g € Z[x] then r(x) = g(x)}mod k) implies that
r(a) = g(a)mod k) for all ae Z. However, the converse is false as the example r(x) = x?,
q(x) = x, k = p, a prime, shows.

5.2.7. Show that T;;, (x),j = 1, 2, . . . is reducible over Q.

5.2.8. Show that an algebraic number has a unique minimal polynomial.

Hint. Let a be an algebraic number, p(x) a minimal polynomial for it and g Q[x]
also satisfy g(«) = 0. Then g(x) = p(x)r(x) + s(x) where s(x) is of lower degree than p(x).
Thus s(«) = 0 implies s = 0 and p/q (meaning p is a factor of q). Now suppose g were
also a minimal polynomial and repeat the argument.

5.29. If p is the minimal polynomial of « and g(«) = O for ge Q[x], then p/q.

5.2.10. If the algebraic integer « is a rational number then it is an integer.

Hint. What is the minimal polynomial of the algebraic number o?
5.2.11. Show that if r,ge Z[x] satisfy
nx)q(x) = O(mod p),  p prime,
then either r(x) = O(mod p) or g(x) = O(mod p).

Hint. Suppose false. Delete all the terms in r and g which are divisible by p. Then
polynomials R and Q, with no coefficients divisible by p remain. But r(x) =
R(x)mod p) and g(x) = Q(x)}mod p) imply R(x)Q(x) = O(mod p), a contradiction.

qeZ[x] is called primitive if its coefficients have only +1 as a common factor.

5.2.12. (Gauss’ Theorem) If r,q e Z[x] are primitive polynomials so is rq.

52.13. If p(x) = X" + @,_ 1 x" "' + -+ + ao with a;€Z,j =0, ...,n— 1, and p(a) =0
then « is an algebraic integer.
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Hint. « is an algebraic number which is a zero of a primitive polynomial of
minimal degree, r(x) = b,x" + -+ + by, with b;eZ,j =0, ..., n and b, > 0. Since r/p
(Exercise 5.2.9) p(x)/r(x) = (a/b)s(x) with a,be Z chosen so that se Z[x] is primitive.
Then bp(x) = as(x)r(x). But Exercise 5.2.12 implies that s(x)r(x) is primitive and so is
p(x), yieldinga=b, b, = 1.

5.2.14. Suppose p(x)=X"+p,-1Xx" '+ +p, and gx)=X"+Gp_ X" 1+ -+
+ go, m < n, have integer coefficients. Show that if

qx) =[] (x—z), pz)=0, j=1....m

=1
then

p=gqr
where re Z[x] and is monic.

Hint. p— x""™q = g,. g, € Z[x] is of degree k, < n with leading coefficient a, and
g91(z)=0,j=1,...,mIf k; <m then g; = 0 and we take r = x"~™ If k; = m put
g1 —a; X" ™g =g,. g,eZ[x] is of degree k, < k, with leading coefficient a, and
9:(2;)=0,j=1,...,m If k, < m then g, = 0 and we take r(x) = x" ™ + a,x** "™ If
k, = m put g, — a,x**"™q = g,, etc.

Suppose ne N. Consider v, = ez""‘/", k =1,...,n, the n(distinct) nth roots of unity,
i.e., the zeros of z* — 1. Itis clear that o = @, k=1,...,n.If@ w;,j=1,...,nis such
that for each k =1, ..., n there exists an integer m(k) such that 0, = w, then w; is
called a primitive nth root of unity. w, is an example of a primitive nth root of unity.

5.2.15. Show that if w; is a primitive nth root of unity then m(k) can always be chosen
tosatisfy 0 <m<n—1.

Hint. Suppose not, then m(k) =ng+r,0<r<n-—1.
5.2.16. If w; is a primitive nth root of unity then »f, @}, ..., ]~ ! are all the nth roots
of unity.
5.2.17. w; is a primitive nth root of unity, if and only if (j,n) = 1.

Hmt i) Ifow;isa primitive nth root of unity and (j,n) =d > 1 thenj = kd, n = ld.
But 0} = of = o} = w}* = 1, contradicting 0 < ! < n.

(i) If (sm) =1 show that if o), w}, ..., @]”! are not distinct, we get a
contradiction.
5.2.18. There are ¢(n) primitive nth units of unity.

5.2.19. (i) If w is a primitive nth root of unity it is not a kth root of unity for k < n.
(i) If w is an nth root of unity which is not primitive then it is a kth root of unity for
k<n.

5.2.20. If w; is a primitive nth root of unity so is w; .
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5221 If {,, ..., {,m are the primitive nth roots of unity then {{,, ..., {pm} = {{i'h
ceos Com)- Also, ifn > 2,84 Lo = 1.

Let C,(x) = 2T,(x/2),n =0, 1,... . It is an obvious consequence of Exercise 1.5.54a
that C,(x) is a monic polynomial with integer coefficients.

5.2.22. Show that
Chlx+xH=x"4+x"" (5.10)
Hint. See Exercise 2.4.11.

5.2.23. Suppose p(x) = x* + ay,_,x2* 71 + .-+ + a;x + a, a, # 0, has integer coeffi-
cients and satisfies

p(x) = x%*p (%) (5.11)

Then
x7*p(x) = q(x + x~Y) (5.12)
where g is a monic polynomial of degree k with integer coefficients.

Hint. (5.11) implies that a,,_;=4a;, j=0, 1, ..., k, az = 1. Thus x™*p(x) =
C,‘(x + x-l) + alck_1(x + x-l) + -+ ak_lcl(x + x_l) + a in view Of (5.10).

2. The Irreducibility of the Cyclotomic Polynomials. Forn > 1let{,,...,{,@
denote the primitive nth roots of unity. The polynomial

d)n(x) = (x - Cl) Tt (x - qu(u))

is called the cyclotomic polynomial of index n. Observe that the degree of
®,(x) is @(n). The subscript n is a reminder that its zeros are nth roots of unity.
Indeed we shall now show that x" — 1 may be factored into a product of
cyclotomic polynomials.

Theorem 5.2. If n > 1

x"—1 =[] ®yx). (5.13)

d/n

Proof. If w,, k =1, ..., n,is an nth root of unity then it is a primitive dth
root of unity for

n
1=Tn’
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a divisor of n. This is a consequence of Exercise 5.2.17 since

w, = 2™,

J =7

(k,m)

and (j,d) = 1. Since x" — 1 = (x — w,) * * * (x — w,) we see that each of its
linear factors is a factor of some ®,. Conversely, if { is a primitive dth root of
unity (x — {) is a factor of ®,. But as d/n every such { is also a zero of x" — 1.
Furthermore, the linear factors appearing on the right-hand side of (5.13) are
distinct, since if d, and d, are distinct divisors of n no primitive d,th root of
unity can be a primitive d,th root of unity, in view of Exercise 5.2.19. m

As an aside we notice that (5.13) yields
Y o(d) =n.
d/n

The coefficients of ®,(x) are certainly complex numbers. We show next
that, in fact, they are integers.

Theorem 5.3. @,(x) has integer coefficients.

Proof. We proceed by mathematical induction on n. ®@,(x)=x— 1.
Assume that @, (x) has integer coefficients for k < n — 1. Theorem 5.2 implies
that

X = =[] @), (5.14)

109 = (1’() im

and so g, as a product of monic polynomials with integer coefficients, is monic
and has integer coefficients. We now apply Exercise 5.2.4 with p(x) = x" — 1
and ¢(x) as defined in (5.14). Then x" — 1 = g(x)r(x) and reZ[x]. But

D,(x)=r(x) =m

We show next that the cyclotomic polynomials are irreducible over Q.
Our approach is to show that ®@,(x) is equal to the minimal polynomial of {, a
primitive nth root of unity. Since { is a zero of x" — 1, Exercise 5.2.13 informs
us that it is an algebraic integer. Let g(x) = x* + a;_;x*"! + -+ + a, be its
minimal polynomial. Since { is a zero of g as well as of @,,, g is a divisor of @,
according to Exercise 5.2.9. Thus all the zeros of q are primitive nth roots of
unity. We wish to show that all the primitive nth roots of unity are zeros of g.
To this end we follow Schur [2] in proving

Lemma 5.2.1. If p is a prime and (p,n) = 1 then if { is a zero of g so is {?.
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Proof. Let q(x)=(x—{Xx—o,) " (x—a,_,) and suppose that g({?)#0.
Then

q?) =€ = 0" —ay) - ({7 — a1, (5.15)

a product of differences of nth roots of unity. Since the algebraic integers form
a right the right-hand side of (5.15) is an algebraic integer, a divisor of the
discriminant of x" — 1, which according to (5.5) is +n". That is, there is an
algebraic integer, §, such that fq({f) = +n".

But (5.9) tells us that

q(¢?) = (g(£))? (mod p).

Thus p divides g({?). That is, there is an algebraic integer, 7, such that
4({*) = yp. Hence (yB)p = +n", or

But then the algebraic integer 8 is a rational number and hence, according to
Exercise 5.2.10, an integer. Thus p/n”, hence (p,n) > 1, a contradiction which
establishes the lemma. m

We are now in a position to establish

Theorem 5.4. The cyclotomic polynomial, ®,(x), is irreducible over the
rational numbers.

Proof. Let q be as above, the minimal polynomial of {, a primitive nth root
of unity. We need only show that every primitive nth root of unity is a zero of
g. Since { is a primitive nth root of unity any other primitive nth root of unity
is a power of {, say {™, and (m,n) = 1. Suppose m = p, ...p, is the prime
decomposition of m, with primes repeated according to their multiplicity.
Clearly, (p;,n) =1,j=1, ..., t. In view of Lemma 5.21, {** is a zero of q.
Hence upon replacing { by {?* we observe that (P2 is a zero of q. Repetition
of this procedure produces a proof, by mathematical induction, that
q({™ = 0. Thus ®,(x) = g(x) and is, therefore, irreducible over Q. =

EXERCISES 5.2.24-5.2.25
5.2.24. Show thatifn>2

®,(x) = x*", (l)
x

Hint. Exercise 5.2.21.
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§.2.25. If n > 2 and ¢(n) = 2k then
X7 D, (x) = g,(x + x~Y) (5.16)

where g, is a monic polynomial of degree k with integer coefficients, and irreducible
over Q.

Hint. (i) Exercises 5.2.23 and 5.2.24 (with p = @, and q = g,).
. (i) If g, is reducible then g,=uv and u has degree u, 1 <p <k Then
®@,(x) = (x*u(x + x~Y)x* "Pu(x + x 1)), contradicting Theorem 5.4.

3. The Factorization of the Chebyshev Polynomials over Q. We are now in a
position to justify Schur’s remark quoted at the beginning of Section 5.2. First
we observe that T,(x) is irreducible over Q if, and only if, the same is true of
C,(x) = 2T, (x/2). Thus we restrict our attention to C,(x),n = 1,2,... . Clearly
C,(x) = x and C,(x) = x? — 2 are irreducible over Q. Henceforth we suppose
that n > 2. The zeros of C,(x) are

X = 2EM = i~ Nmii2n 4 o= (2j= Limil2n, j=1...,n, 5.17)
so that
Ca(¥) = (x — xq) "+ (x — x,) (5.18)

is the factorization of C,(x) over R. By judicious grouping of the factors in
(5.18) we shall, following Hsiao [1] (see also Kimberling [1]), determine when
C,(x) is irreducible over @ and what its irreducible factors are when it is
reducible.
Let h denote an odd divisor of n. Put
FO= [JI (@—x). (5.19)

=1
2j —jl.Zn)=h

Keep in mind that the index n is tacit in F,.
Lemma 5.2.2. F,(t)is monic, has integer coefficients and is irreducible over Q.
Proof. (i) Suppose h = 1. Put m = 4n. (5.16) yields
x"PM2P (x) = Qy(x + x71) (5:20)
(where we write Q, in place of g,, since we wish the subscript to reflect that we
are putting h =1), where Q, is monic, of degree @(m)/2, has integer

coefficients and is irreducible over Q. But in view of (5.17), x;,j=1,..., n
with (2j — 1,4n) = (2j — 1, 2n) = 1, are zeros of Q,(t) according to (5.20), since
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e2m2i=V4n i 3 primitive (4n)th root of unity and thus a zero of ®,,. Now
©(4n) = 2¢(2n) (cf. Exercise 5.2.2) hence Q, is of degree ¢(2n) and so the x;
such that (2j — 1,2n) = 1 are all the zeros of Q,. Thus, Q,(t) = F,(t), and the
lemma is proved for h = 1.

(i) Suppose h> 1. f 2j —1,2n)=h, 1 <j < n, then 2j — 1 =(2i — 1)h
where '

2n n
i—1,— )= <i<-, 21
(2t 1, h) 1, 1<z<h (5.21)

and if (5.21) holds then 2j — 1 = (2i — 1)h satisfies (2j — 1,2n) =h, 1 <j < n.
As (5.21) suggests we now repeat the argument in (i) with m = 4n/h. Equation
(5.16) now yields

X700, () = Qyx + x7Y)

(where we write Q, in place of g,, to indicate that (2j — 1,2n) = h,j = 1,...,n),
where Q, is monic of degree ¢(m)/2 = @(2n/h), has integer coefficients and is
irreducible over @. We now conclude, as in (i), that Q,(t) = F,(t), and the
proof of the lemma is complete. m

We now have what Schur’s remark, quoted at the beginning of this section,
suggested: the complete factorization of the Chebyshev polynomials over Q.

Theorem 5.5. If n > 2 then

G0 = 1 Fulo). (5.22)
wodd

Proof. Each x;,j = 1,...,nis a zero of F(t) exactly when (2j — 1,2n) = h,
and for each h which is an odd divisor of n there exists at least onej, 1 <j<n
such that (2j — 1, 2n) = h, (e.g.,j = (h + 1)/2). Thus Lemma 5.2.2 implies that
(5.22) is the factorization of C,(t) over Q. =

Remark 1. T,(x) is irreducible over Q only if n =25, k=0, 1,2, ....

Remark 2. Suppose n = 3 is odd. Then T, (x)/x is irreducible over Q, if and
only if, n is a prime. For, F,(t) = t. Hence if n is a prime C,(t) = tF,(t), while if
nis not a prime it has a prime factor, p, 1 < p < n, and the factors F,(t) with
h =1, p,n are present on the right-hand side of (5.22).

We turn next to the Chebyshev polynomials of the second kind. An
immediate remark is that U,(x) is reducible over Q for every n > 2, as is
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obvious from the elementary identities
Use+1 =2T41 U, U = (U = U XU + Us—y), k21

Our experience with the Chebyshev polynomials of the first kind will make
the task of exhibiting the complete factorization of the U,(x) over Q fairly
easy. We begin with the observation that the factorization of U,(x) over Q is
equivalent to that of S,(x)(=U,(x/2)). Thus we restrict our attention to
S,_1(x),n=2,3,....(The choice of n — 1 instead of n, makes the subsequent
notation simpler.) As is obvious from the expression preceding Exercise
1.5.54, S, _1(x),n = 2,3,...,is monic and has integer coefficients. The zeros of
S,-1(x) are

yi=2n" = eriiim 4 g~ miiin j=1...,n—1, (5.23)
so that
Sa-1(X)=(x—y1) -+ (x = yn_1) (529

and, as Schur [1, p. 425] remarks, we are dealing with (2n)th roots of unity.
Suppose n = 2. Let h be a divisor of 2n. Put

o= T[ - (525)

j=
(J,2n)=h

Keep in mind that the index n is tacit in G,.
We claim that G,(t) is monic, has integer coefficients and is irreducible over
Q. For, suppose h = 1. Put m = 2n. Equation (5.16) yields

XTOM2Q (%) = Vy(x + x~Y), (5.26)

where we write V] in place of g,, as an indication that h = 1. If (j,2n) = 1,
j=1,...,n— 1then e*"/?" is a primitive (2n)th root of unity, hence a zero of
®,,(x), and so V;(y;) = 0 by (5.23). But V; is of degree ¢(m)/2 and the number
ofj,j=1,...,n— 1, which are relatively prime to m is exactly ¢(m)/2. Hence
G(t) = Vy(t), and since V,(t) is monic, has integer coefficients and is
irreducible over Q the same is true of G,(t).

Now, suppose h>1 and (j,2n)=h, j=1, ..., n—1 (so that
1 < h<n—1). Then j = ih where

2n n—1
i, — )= i< s .
(1, h) 1, 1<i A (5.27)
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and if (5.27) holds then j = ih satisfies (j, 2n) = h. Thus if we put m = 2n/h,
(5.16) gives

x~PMI2P (x) = V(x + x~ 1) (5.28)

(we write V¥, in place of gq,,), where ¥, is monic, has integer coefficients, is
irreducible over Q and of degree ¢(m)/2, exactly the number of j,
1 <j<n-1, such that (j,2n) = h. Thus, as in the case h =1 we obtain
G,(t) = V,(t) is monic, has integer coefficients and is irreducible over Q.

Since for every j,j=1,..., n — 1 there exists an h, 1 < h < n — 1 which
divides 2n such that (j,2n) = h and every h which divides 2n, 1 <h<n -1
satisfies (j,2n) =h for some j, j=1, ..., n— 1 we obtain the desired
factorization.

Sa-1(0) = nl_zl Gy(?) (5:29)
L<han—1
EXERCISES 5.2.26-5.2.29

5.2.26. According to Remark 2 following Theorem 5.5, if n = p, an odd prime, then
C,(x) = xF(x). Show that

Cp(x) =F, (%)= (_1)(P—1)12 (p_zlyz (- 1)J'C2j(x)‘
ji=0

x
5.2.27. If pis an odd prime and n = 2*p then C,(x) = C(x)F(x). When k = 1, so that
n=2p,
(p=1)/2
CZp(x) = Cy(x) Z' (—np-vr2 _jc«u(x)-

i=0

5.2.28. If p is an odd prime and S,,_ {(x) = G4(x)G5(x), show that

Cp(x) —2

() G =~

, and

(i) Gy(x) = (= )P~ 12G,(—x).

Hint. (i) Both sides have exactly the same zeros.
(ii) The zeros of G, are the negatives of the zeros of G,.

5.2.29. If p is an odd prime and S,,_ ,(x) = G,(x)G,(x) then

Gyi(x) = s(p— 1)/2(3‘) - S(p—3)/2(x)’ Gy(x) = S(p- 1)/2(") + S(p—a)/z(x)~

Hint. Gz(x) = 1 + Cl(x) + o + C(p_l)lz(x) = S(p_l)lz(x) + S(p_a)/z(x). The ﬁl’St
equality is a consequence of Exercise 5.2.28(i) and the second follows from Exercise
1.2.13b.
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With hindsight we now see that the explicit complete factorization of S,_,(x) is
easy. For,

Sp- 1(x) = (S(p— 1)/2(") - s(p- 3)/2(3‘))(5(1;- 1)/2(3‘) + S(p— 3)/2("))

and the zeros of the factors are exactly the zeros of G, and G,, respectively.

5.3. Some Number Theoretic Properties of the Chebyshev Polynomials

The paper of Schur [1] which motivated the preceding section contains a
wealth of material about number theoretic properties of the Chebyshev
polynomials (see also Bang [1] and Rankin [1]). We are going to conclude by
presenting only a few of the most elementary results to be found there, chosen
because they make minimal demands on previous knowledge of number
theory beyond material presented in Section 5.2. In this section we will adopt
Schur’s notation and put

U\(x) = U, _(x), n=0,1,2,....
Thus % o(x) =0, U,(x) = 1, U(x) = 2x, ... . Keep in mind that now

U ,(cos ) = s;il;';e, n=0,12,...,

and %,(—x) = —U,(x).
1. Pell’s Equation. The Diophantine equation
x> —Dy*=1 (5.30)

is called Pell’s equation. Given an integer D we seek integers x and y which
satisfy (5.30). We restrict our attention to x, y, D positive. Indeed, we shall also
assume that D is not a square, for if D = a? then x? = (ay)? + 1 is impossible.
Any (x, y) satisfying (5.30) is called a solution of (5.30).

It is a fact (cf. Hua [1]) that, under our assumption, there always exists a
solution to (5.30), and hence a solution for which x is least, say (x,, y,). Note
that x, > 1. Consider the identity (Exercise 1.2.15(i))

T3(x) — (x* — D2(x) = 1.
Then

1= T3x,) = (6 — D2(x,)

x2—1
= T(x,) — ly% (y%%g(xl)'
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Since

2_1
x12 =D,
y1

by definition, we conclude that for each ne N

(Ta0e1)s y1%a(x4)) (5.31)

is a solution of (5.30). Thus Pell’s equation has infinitely many solutions. It is
not difficult to show that all positive solutions of (5.30), for a nonsquare D, are
given by (5.31) (cf. Hua [1]).

2. Fermat’s Theorem for the Chebyshev Polynomials. We show that an

analog of (5.8) (Fermat’s Theorem) holds for the Chebyshev polynomials.
Namely, if xe N and p is an odd prime

T,(x) = Ty(x) (mod p), (5.32)
If we put 2m + 1 = p in Exercise 1.2.1, we obtain

T;:(x) = jg:o (;) xp—z.i(xz - 1)1“

Since p / (f), j=1,..., m(Exercise 5.2.4), we obtain
T,(x) = x? (mod p)
and (5.32) follows from (5.8).
3. (Uy(x), Up(x)) = Uim my(x). We wish to establish the equality
(%n(x)a %m(x)) = %(m.n)(x) (533)
for xeN amd n>m>1. For example, %,(1)=m, %,1)=n, and
U mm(1) = (m,n), so (5.33) holds for x = 1. The proof of the general case
requires some simple identities.
Since %, (cos 0) = (sin kf)/sin 6 it is easy to see that
U (x) = Uy T (X)) (x), (5349
andifk>j> 1.
Uy, - j(x) = %k(x)%j+ 1(X) — Uy, 1(x)%j(x)» (5.35)

a paraphrase of an easily established trigonometric identity.
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Let %, denote % (x) for a given xeN. Suppose (n,m)=4d, n=n,d,
m = m,d, then in view of (5.34),

%n = o?lnld = %m(n)(%d)
yields %;/%,, and similarly, %,/%,,. Thus %,/D, where D = (%,,%,,). Now it
suffices to show that D/%;, to establish (5.33).

A simple consequence of the Euclidean algorithm applied to n and m is
d=sh+tm,s, teZ, st #0. (cf. Hua [1]), and with no loss of generality we
may assume that

d = an — bm, a, beN.
But (5.35) with k = an, j = bm yields
qld = %au—bm = %an%bm+1 - %an+ l%bms (536)
and in view of (5.34) we have

%an = %a(rl)%m %bm = %b(me%m)° (5°37)

Equation (5.37) implies that D/%,, and D/%,,,, and hence we conclude from
(5.36) that D/%,, the required resuit.

Remark 1. We have also proved (5.33) for the polynomials #%,, %,,.

Remark 2. A result of a similar flavor for the Fibonacci numbers, due to
Lucas, is given in Knuth [1].
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