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TOPIC 2: INTEGRATION

Introduction

This is the continuation of integration from Book 1 in form five. We shall look at other
methods we can use to integrate functions of x which are different from what we did in
form 5.

METHOD 1

Recognizing the presence of a function and its derivative.

A learner is expected to observe carefully whether in the function given the function and
derivative exists.

Example:

Find [x(3x* +2)*dx

A learner has to find out the two functions which one is a derivative of the other from one
above can see it clearly that x come out of derivative of 3x? + 2 .Therefore (3x%+2)* will

be the function of x , the derivative .

The learner is expected to add one on the power of the function and differentiate it.
di(3x2 +2)° =5(3x* +2)*(6x) = 30x(3x* + 2)*
X

If the learner observes carefully, it is only 30 causing the difference from the set question.
Divide both sides with the 30, that is to say;-

diio(Bx +2)°dx = x(3x* +2)*dx

The learner is expected to introduce the integral sign on both sides.
j——(3x +2)°dx = [ (3x* +2)*dx

Whenever an integral and derivative sign appear at the same point they neutralize each

other and disappear

3—10(3x2 +2)°+C = [(3x* +2)*dx
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Example 2
j Sin3xCos23xdx

Clearly cos3x becomes a function

Sin 3x becomes a derivative.

di (Cos*3x) = 3(Cos?3x)(~sin 3x)(3)
X
= —9sin 3xCos* 3x

Divide through by

4.1 (Cos®3x) = Sin3xCos”3x
dx 9

| 91 costaxydx = [ sin3xCos* 3xdx
dx 9

—%Cos%x +C= jSianCosz 3xdx

Example 3

.[ (x+1)dx
(x* +2x-5)°

= [ (x+D(x* +2x—5) *dx

x2+2x-5 a function and (x+1) a derivative
Oli(x2 +2x-5)7 =-2(x* +2x-5)°(2x + 2)
X

=-2(x* +2x-5)"°.2(x+1)
= —4(Xx+1)(x* +2x-5)"°
d1l

d_Z(XZ +2Xx-5)7% = 2(x+1)(x* +2x-5)"°
X

(x+1)

7 g X
X°+2x-5

j%—%(xz +2x-5)*dx=|
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Or
2 _1 3+C
4(x° +2x—5)

Note: That we only divide through by a constant not variable

EXERCISE
1. [x*(x* +1)dx

2. jsexzxtan2 xdx

(x-1)
3. dx
I (2x? —4x +1) 2

METHOD 2

Change Of Variable

In this approach we change what looks to be making the question tricky and give it a
letter of our choice.

If we may use the same example

EXAMPLE 1
[ x(3x* +2)"dx

You may take 3x? +2 to be u
If U=3x2+2
du = 6xdx

1du = Xdx
6
Substitute in the question above

(3x? +2)* (xdx) = 1 u*du
/ 5
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=30 (Bx*+2)°+C

Note that this method can also handle all question that are under Reverse Method

however it can also solve those not in that category

EXAMPLE 2
.[x\/3x —1 dx

Let U= 3x-1
2udu =3dx

3udu =dx
3

U2+1=3x

%f(uzﬂj\/u—zdu

3
2
§Iu2(u2+1)du
g'[u“+u2du
9

5 3

2 u_+u_ +C
915 3

2
20 e
9 5 3

2
gu3(3u +5))+C

9 15

Note that it easier to factorise before substituted
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2 3y _1V%(3(3x —
135(3x 1)2(3(3x-1) +5) +C

2 %
—(3x=1)2(9x—-3+5)+C
135( )2 ( )

2 %
—(3x=1)2(9Ix+2)+C

EXAMPLE 3

Isin\/;
Jx

letv/x = u
X=U?
dx=2udu

substitute

ZIMﬁzszinudu
u

dx

=-2Cosu+C
= -2Cos+/x +C

EXAMPLE 4

I (x—2)dx dx=j (x—2)dx :J- (x—2)dx
(x+2)°*(x-6)° (x+2)(x-6)° (x* —4x-12)°
Let x?=4x-1 be u

(2x-4)dx = du

2(x-2) dx = du

(x-2) dx =% du

j(x - 2)(x* —4x—-12)°dx = %IUSdu
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=—-u*+C
4

:—%(xz —4x-12)" +C

Or
-1

C
4(x? —4x-12)° ’

The learner should be observant enough to see some of the tricks used in attempting the
guestion

Questions with limits

Sinx,/Cos x dx
Letu= ,/Cosx

O v [N

U? = Cos x
2udu = - Sinxdx
-2udu=Sinx dx
4 = [Cosx
X u
z 0
2
0
1

Note that as you change variable also change the limits
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3
- ZIouzdu = —Z{U—} +C
1 3

2 -2
:?(O) —?(1) +C

2
3

Observe that you don’t need to go back to the function you changed.
Note that some questions may need approach of Pythagoras theorem if they have odd
powers on the trigonometry used .

Use trig identities Cos?x + Sin®x=1, 1 + Cos?x, 1 + tan’x= Sec?X

EXAMPLE 5
[sin®xdx  Split Sin°x= Sin‘x Sin X
= (sin?X)? sin x
From Cos?x + Sin®x =1 , It implies that Sin’x = 1-Cos?x
Sin°x = (1-Cos?x)? Sinx
Sin°x = (1-2cos?x +Cos*x) sin x

ISinE’xdx = J'sin X — Cos’xSinx + Cos*xSinxdx

:J'Sinxdx - ZJ'Cosszinx+ J'Cos“xSinxdx
—_ 2 3 1 5
——Cosx+§Cos x—gCos Xx+C

Hint: use the approach above the generate the answer

EXERCISE
Use the same approach to prove jCossxd =Sinx—§8ins3x +%Sin5x +C

If the powers on trig of sin and Cos are even the Double angle formulae is used for

example Sinx = % (1-cos2x) and Cos?x = % (1+ c0s2x)
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Example

0
j Cos* X dx
4

-2
The learner should be careful as s/he uses the double angle formula .

Note that the angle in question has to be doubled as us bring in the identity

2
Cosiz 1(1+Cos§j
4 \2 2
:£(1+20035+C032§j
4 2 2
And Cos? > = 1Cosx)
2 2
—Cost X1 1+Cosl+1(1+Cosx
4 4 2 2
1 1+1+Cos§+1Cosx
4 2 2 2
13

=— —+Cosz+1603x
412 2 2

ICos“idx :1_[ 3 cos X+ Lcosx | dx
4 47\ 2 2 2
0
=Fx+38in§+18inx}
8 472 87
=O—|:§(—27Z’+O):|

=—r

4
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Questions leading to inverse trigonometric solutions

dx
o
A learner should change the variable with intention of creating 1-sin®x or 1-cos?x in
the root .
Let b?x2 = a%sin%0 or a’Cos?d
bx  =asinf
bdx =Cos6dé
dx  ==Cos6df

Coséde _a Cos&d@
o |

Ja? —a’sin?e b’ [a?(1—Sin%0)
I Coscado I Cosadé
b? Ja’Cos’6 b’ Ja’Cos?6
= 2[do="1g+C
b b
Make ¢ a subject from above
bx=asin @
Ex:Sine
a

Sin‘l(g xj =0
a

| dx  _1g nl(bxj iC
Ja?-b*x* b a

And the form [ m

Generate 1 + tan? @ to simplify that is to say;-

Let b?x? = a’tan? @

bx = atan &

bdx = asec? 9d 6
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dx= % Sec’ado

ar Sec’ao ar Sec’do
| =

a’+a’tan’d b’ a’(l+tan’0)
__jSec
a’Sec’d
:i0+C
ab
From the above bx = tané@
Ex=tan¢9
a

tanl(g x) =0
a
_1 b j
tan +C

j\/a 2 4 h%x? (
EXAMPLE
J- dx

V16 — 9x?
Let 9x? =16Sin’@
3x? =4Sind

3dx =4Cos&d @

dx=%C056d¢9

J- Cosdo J- Coscd o :fj Cosd o
37 16 -16Sin%0 3 16(1-Sin’d) 3° \/16Cos?0

4 Coséd@ 1
3 4Cosd

jde 39 +C
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But 3x = 4Sin@

§x=SinH
4

Sian x) =6

s =som

§xj+C

EXAMPLE

J~ dx

3+4x?

Let 4x* =3tan’ &
2x =+/3tan @

2dx = /3Sec’ad @

dx = ?Seczede

Substituting

J Sec’adé
3+3tan?é

I Sec’dld /3 - Sec’ald
3+3tan’0 2 ° 3Sec?d

=ﬁjd9:ﬁe+c
6 6

But 2x = +/3tan @

ix:tané?

V3

tanl(% xj =0
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J‘i:ﬁtan‘1 2 yl+c
3+4x2 6 J3
Example

J' dx

J9-3(x+1)°

3(x+1)*=9Sin’@
\/§(X +1)=3Sin@

J3dx =3Cosad@

dx:iCosédé?

V3
3 Cosado
5 Jossivg
if Cosad @ :ij Cosad o
V3’ Jo-sin’g) /37 3Cosao

1 1

ﬁjde—ﬁ6’+c

But +/3(x +1) = 3Sing

3
3

:ESinl(ﬁ(x +1)]+C
3 3

(x+1) = Sind

Example

J‘ dx
5+ 3(x—2)?
Let 3(x—2)* =5tan* @
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V3(x—2)=+/5tan o
/3dx = /5Sec’add

dx = E Sec’ad o

J3

j Sec’ad @
J3'5+5tan?6

Sec’adé Sec’adé
Vo Secdlo I
J_ 5(1+tan’g) 5Sec?d

_JE
jde 5( +C

But +/3(x—2) =+/5tan @

V3
5

n‘l(%(x - 2)] =

V3. (3

= ——=tan

5/5 |5
V15,

=——1tan
15

(x-2)=tan@

—2)j+C

V3
G

(x
(x—2)J+C

Questions which require completion of squares

Example

J-_ dx

V12x—2x* -9
Let f(x)=12x-2x*-9
f(x)=-2x"+12x-9
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T e _gxs 2
2

%;) = x? —6x+ (-3)° +g— (-3)°

ﬂ:(x_‘?,)z _g

fO)_ 2,9
_—2—(X 3) +2

f(x)=9-2(x-23)*

I: dx :I dx
V12X —-2x* -9 " 9-2(x-3)?

Let 2(x —3)* =9Sin’0

J2(x-3) =3Sing

J2dx = 3Cosal @

3 Cosedg 3 Cosedd 3 Cosadd _ 3 Cosadd
V3.9-9sin9 3. oa-sin29) ~3+9cos29 /3 3Cosd

1 1
=—|dd=—=6+C
71935

=i8in‘1§(x—3)+c

NE]

Example

J~ dx
4X* —8X+7

Pull out the quadratic function

f(X) =4x* -8x+7

Complete squares
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)

4

= x> = 2x+(-1)? +— (-1)?

fOO _ v e, 3
T_(x 1) +4

f(x)=3+4(x-1)°

dx dx

I4x2—8x+7 :I3+4(x—1)2

Let

4(x-1)* =3tan’ @
2(x—-1) =+/3tan 8
2dx = +/3Sec’ad o

dx = ?swede

%(x—l)tan@

2
tan| —(x-1) | =
(ﬁ( )J
j Sec’&d @
3+3tan® o

_I Sec’&d o J_ Sec’&d o \/_.[ 40

3(1+tan® 9) 2 ° 3Sec’d

V3 V3 (2
79+C—?tan (ﬁ(x—l)J-FC




