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CHAPTER 1: SURDS, LOGARITHMS AND INDICES
SURDS
Expressions such asv4,\/25 have exact numerical values i.e. V4 = 2,/25 = 5.However expressions
such as v2,v/3,/5 ... can not be written numerically as exact quantities i.e. V2 =1.414 and V3 =
1.732. Such numbers are called irrational and it’s often more convenient to leave them in their form
ie.V2,V3,V5 i, hence called surds.

Examples:
1. Write the following as the simplest possible surds

i V8 (i) V12 (iii) V50  (iv) V48
Solution

(i) V8=V2x4=+Vax\2=2/2

(i) VIZ=vV4x3=vV4x+3=23

(iii) V50 = V25 x 2 = V25 x V2 =5v2

(iv) V48=+16x3 =vV16x+3 =43
2. Simplify; V75 + /108 + V27

Solution
V75 + V108 + V27 = V25 x 3+ /36 x 3 + /9 x 3
=V25xV3++v36 xV3+/9x+3
=5V3 + 6vV3 +3V3
=143
3. Expand and simplify
@) (3-3v3)(3 +2V3)
() (5 —2vV7)(5 + 2V7)
Solution:
@ (3-3v3)(3 +2V3) = 9— 93 +6v3 — 6(V3)’
=9-3V3-6x3
= —9-33

(b)(5—2v7)(5 + 2v7) = 25 — 10vV7 + 10vV7 — 4(N7) = 25— 4 x 7 = 25 — 28 = —3

4. Rationalize the denominator Of\/3_5

Solution
Multiply numerator and denominator by v2

3_3 ., V2 _32
V2T 22T 2
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5. Express Jz inthe form \/% where a and b are real numbers .

23
Solution
V2. V2 V2 |2 |1
2V3 VAxy3 iz 12 |6
Alternatively;

\/—\/—\/—\/—\/—
23 23 V3 6

6. Rationalize the denominator of

+3v5
Solution

Multiply numerator and denominator by the denominator with sign of 3v/5 changed

(conjugate of the denominator)
3—V5 _ 3-5 % 1-3vV5
1+3V5  1+3V5~ 1-3v5
_ (-V9)(a-343)
~ (1+3V5)(1-3V5)

_ 18-10V5
- -(3vE)
_ 9-5vV5 _ 5V5-9
-22 22
7. Express 2? 3\/\/: in the form a + bv/c
Solution

2V3+3v2 _ (2v3+3v2)(2V3+3V2)

2V3-3v2  (2v3-3v2)(2V3+3V2)
_ 2v/3x2v3+2v3x3v2+3V2x2V3+3v2x3v2
T 2V3x2v3+2v3x3v2-3v2x2V3-3vV2x3V2
_ 12+412/6+18
T 12-18

30+_162\/__ 528

Trial questions:

1. Express ﬁ 2\/\/: in the form a — bv/c [Ans: 5-2V6 ]
2. Given that % =p +qvr.Findp,qandr [Ans: p = %,q = ;—f r= 15]
3. Rationalize the surd 3@1_@ + ﬁi@ [Ans; %(10 + 4\/@)]
4, Simplify 2\/\/55_;23 in the form p + g3 [Ans:4 — §\/§ ]
5. Simplify \/gi\/g [Ans: 1 (V5 + \/§)]
6. Rationalize (i) 3\/_1 \/§+ \/giﬁ [Ans M ] (ii) \/\/E [Ans: 5 —2v6 ]
7. Simplify T_ + 3+\/_ [Ans: 3 ]
C 2 )

N
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8. Giventhatt = %(\/g + 1).Show thatt? =1+t

INDICES:
Index is another word to mean power i.e. for a® = a X a X a, here ais the baseand 3 is a
power or an index or exponent.

Laws of indices:
1. a™xa®=a™" je 23x22=23t2=25=32

2. a®+at=a™" je33+32=3%32=31=3

3. (am)n — amn ie (42)3=42X3 — 46

0
4, a®=1ie5° =1, (%) =1,1000° = 1 etc

1 1 1 1
n— __ 2_1=— 2 - =
5. a — e v O == 73

1

1
6. an="Ra ie 42=3%4=2

7. a®x b" = (ab)" ie.22x32=(2x3)>=6%=36

8. an = (%)m = Y/ (a™)

Examples.
o R et S -1 27 \3
1. Simplify (i) 273 (ii) 4= (iii)100 2 (iv) (625)+ (v) (m)

1 1 1
(i) 273=(33%)s =375=31=3
=t it S Vot 1
(i) 4z =02»H2 =2 2=2_1=E

1 3 3 3
(i) 100"z = 100z = (10%)z = 10z = 103 = 1000

(v) (6257 = (593 =5F =571 =]

-1

-1 -1 -1

-1 - 3\3 3X—— -1

W) (27)3 _ (27)3_1=(3)_1=3 :=3 =3"1+-1071
1000 (1000)3 (1033 10°*3F
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1 1 1 10 10

3710 371 3

2. Simplify
1 1
272%2432
(i)
243§
1 1 1 1 3 5 3.5
272x2432 _ (3%)2x(35)2 _ 32x32 _ 3G2'2 3¢
. T T T3 T 34 o34 1
2435 (35)s
l -n
(i) T
o)
1 nZ+1
doon sty b ain A7) eyen (o)L
e NS RN G- RN C- RN e
3(2n+1)_4(2n—1)
(lll) 2n+1_2n
3(2n*1)-4(2n"1)  3(2nx2)-4(27x271) 6(2n)—4(27) _6(2M-202") _ 2"(6-2) _ 4
antipn T (2nx2-2m) To2n(2-1) 2n Sooom
Equations involving indices:
Solve the following equations;
1.  3*=81 2. 27x=§
Solution Solution
3x — 34- (33)x — 312
cx=4 33x = 372
3. 4* =05 3x =-2
Solution
4% =1 ox = -2
2 3
(ZZ)x — 2—1
22x — 2—1

2x=—lx=_
s2x=-lx=—

3. 22¢+3 4 1 = 9(2%)
solution
22% % 23 + 1 = 9(2%)
8(22) — 9(2%) + 1 = 0
8(2%)% — 9(2%) + 1 = 0 since 2%* = 2* x 2% = (2%)?
Let 2¥ =y, then;
8y2—-9y+1=0
8y2—-8y—y+1=0




Advanced Level Subsidiary Mathematics By Kawuma Fahad First Edition (Extended 2013)
By-1Dy—-1)=0 ,either8y—1=0:>y:%0ry—1=0:>y= 1

Wheny=1,2x=i:>2x=i3:> 2¥ =273 x = -3
8 8 2
Wheny =1,2* =1 &2*=2%,x=0
~x=0o0rx=-3

4. 3(3%)+26(3%) =9 =0

Solution

3(3%)2+26(3%*) —9=0

Let y = 3%, then 3y? + 26y —9 =0
3y2—y+27y—9=0
yBy-1D+9@By—-1) =0
By-Dy+9)=0
Either3y—1=0 ,y=§ ory+9=0, y=-9

Either 3% = § 3% = 3-1 wx=—1

Or 3* = —9 and value of x does not exist

6. 22%+2415(2%) =8
Solution
22* x 21 +15(2¥)—-8=0
2(2%)24+15(2¥)—-8=0
Let2¥ =y, then2y?+ 15y -8 =18
2y —y+16y—-8=0
y2y-1)+82y-1)=0
Cy-Dy+8)=0
Either 2y —1=00ry+8=0 =y=%ory=—8

Either 2* =% =21 s x=-1or
2* = —8 and value of x does not exist
ax =-—1

Trial questions:

1. Simplify
11
() ———r lAns: 1]
326x1612
(i) % :x [Ans:xﬁ] (iv) y2=64 [Ans: 16 |
X6
1 -2
2n+1 5 n+3 _
(iii) == [Ans:x(T)] ® (2)° [Ans: 2 ]
1 1 3 5
.\ 9ZX273 9 ..y 32% x16°% 8% 1
(vi) 2;—31 [Ans: E] (V11)4X—§X4 [Ans:g ]
643x162 1282

G
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2. Solve the following equations

. 1 g -2
(i) 9*= 5 [Ans:x = —3] (ii) 8% = 0.25 [Ans: X = ?]
(iii) 32% = 0.25 |ans:x = 2|
(iv) 22*—-502%)+4=0 [Ans:x = 2 or 0]
(v) 225*2 4 8 = 33(2%) [Ans:x = —2 or 3]
(vi) 3% —12(3%)+27=0 [Ans:x = 2 or 1]
(vi)x*—4x2+3=0 [Ans:x = 1 or + V3 ,hint Let y = x?]
X
(vii) G) x 2%+l = % [Ans:x =4 |
(viii) 3(4*) —8(2*)+4 =0 [Ans: x = 1 or — 0.585 ]

LOGARITHMS:
Logarithm is another word to mean index or power i.e. if y = a*, then we define x as logarithm
ofytobasea (log,y)
if y=a* thenx =log,y

Operating rules for logarithms.
1. log, b +log, c =log, bc ie log, 3 +1log, 5 =log, 3 X5 =log, 15

2. log, b —log, c =log, (g) ie log; 6 —log3 8 = logs (g) = log; 2
3. log,b™ =nlog, b ie log;7%=2log;7

log, 3 logi03 ..
_1024 ~,log; 3 = 28107 This is known as the change of base
4

logcb .
4. 1 =—= el = :
O8a b logca e. log, 3 logqo 2

rule.

1
logp a

5. log, b =

6. log,1=0sincea’ =1
7. log,a =1sincea = a

Examples
1. Express the following statements in logarithm notation

(i) 16=2* (ii)27=33

Solution:

(i) Introducing logz on both sides (ii) Introducing logz on both sides
log, 2* = log, 16 log; 27 = log; 33
log, 16 = log, 2* log; 27 =3
log, 16 = 4
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2. Express the following in index notation
(D) log,32=5 (ii) 7 =log,128
Solution:
(i) 25 =132 (i) 27 = 128

3. Simplify log, 9 + log, 21 — log, 7
Solution
Log, 9 + log, 21 —log, 7 = log,(9 x 21) — log, 7

= log, (Z2) = log, 27 = log, 3° = 3log, 3

4. Iflog; 2 = 0.356 and log, 3 = 0.566. Find the value of 2log, (%) + log, ( 5) — 2log, (g)

2
12
Solution
2 2

- Og7 15 og7 12 og7 3 - Og7 225 Og7 12 Og7 9
e (A0 25\ 49
= tog7 (575 % 33) ~ 10w ()

—10 (ﬂxé_ﬂ)—lo (ﬂxgxi)
=087\ " 127 9) T8 s 2 " 1o

= log, (11—2) =log; 1 —log; 12 = —log, 12

= —log,(4 x 3) = —(log; 4 + log, 3)

= —(log; 2% + log, 3) = —(2log, 2 + log, 3)
= —(2 x 0.356 + 0.566)

=—1.278

5. Find the value of log, 12
Solution
Letx =log; 12 ,then 7* = 12
Introducing log,, on both sides gives;
logi9 7* = log 12
xlogi97 = logqg12

lo 7 1.0792
= 28107 _ =1.277
log1p12  0.8451

6. Solve for x in logs(4 — x) — logs(x + 2) = logs x
Solution

log X = logs x. Since the logarithms are to the same bases on both sides, then;
5\x+2 5

4-x

x+2

4—x=x(x+2)

4—x = x% + 2x

x> +3x—4=0
x2—x+4x—-4=0
x(x—1)+4(x—-1)=0
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x—-1Dkx+4)=0 ~Either x-1=0=x=1lorx+4=0=>x=—4

7. Solve the equation (0.2)* = (0.5)**7
Solution
Introducing log,o on both sides gives;
Log 0.2% = log0.5**7
xlog 0.2 = (x + 7)log 0.5
x log 0.5
x+7 log0.2
x = 0.4307(x + 7)
x = 0.4307x + 3.0147
0.5693x = 3.0147
~ x = 5.2955

= 0.4307

8. If 3+1logiox =2loggy.Express x in terms of y

Solution

Using  3logqo 10 + log,ox = 2log,oy since log;,10 =1
log1o 10° +logyo x = logo y?
log,, 1000x = log;, v?

Since the logarithms are to the same bases on both sides, then;
1000x = y?
2

~ 1000

oX or x = 0.001y2

9. Solve (0.1)* = (0.2)°
Solution
Introducing logarithms to base 10 on both sides ;
Log 0.1* = log 0.2°
xlog 0.1 = 5log0.2
_5l0g0.2_ 5X—0.69897
- log 0.1 - -1
- x = 3.495

=3.495

10. Solve for x in the equation; logs x +log, 5 = 2.5

Solution
1

logs x

logs x + =25 (Refer to Law 5.)

Letlogs x = y,theny + % = 2.5

y?+1=25y
10 y?> + 10 = 25y  (multiplying through by 10)
10 y2 — 25y +10 = 0
a=10,b = —-25and c =10
y = —b+VbZ-4ac

2a
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__ —(=25)+/(-25)2-4Xx10x10__25+V225_25+15

2x10 20 20
. 25+15 40 25-15 10 1
either y = =—=2 ory= =—=-=
20 20 20 20 2

Eitherlogsx =2 = 52 =x,~ x =25
1
Or log5x=%=> 52=x,.x =15
11. Simplify logg 2

Solution
Using the change of base rule
__logeh
log, b = os. @
We can change the base 8 to a lower base i.e. 2
__logy2
logg 2 = los.
1
" log, 23
1 _1
" 3logy,2 3

12. Show thatlogg x = §10g4 x. Hence without using tables or calculator evaluate logg 6 correct to

3 decimal places given that log, 3 = 0.7925
Solution
By using change of base rule and changing the base from 8 to 4;

" log,(4%2)
logs x

_10g4 4+log, 2
logy x

1
log, 4+logy 42

_logax
= 1
1+E
_logyx
—7 3

2
loggx = §10g4 X
Hence putting x = 6, we have;
logg 6 = élog4(3 X 2)
=§ (log, 3 +log, 2)
=2(0.7925 + 0.5)
=§ x 1.2925 = 0.862 (3 d.p)

Trial questions

-1
1. Simplify 1 + log;, (3;14) * —2logyx [Ans: logyo 5]

2. Solve the simultaneous equations ;

C 9 )
N——~



Advanced Level Subsidiary Mathematics By Kawuma Fahad First Edition (Extended 2013)
logiox —log oy =log,p2.5 and log;,x + log;oy=1 [Ans:x = £5 or + 2]
. Find log 530 correct to 2 decimal places [Ans: 4.23]

4. Ifp = log7( ) q= log7( ) r= log7( ) given that log, 2 = 0.356 and log, 3 = 0.566,

find the valuesof (a)p+q—r (b) p+3q —2r
[Ans: (a) 0 (b) 0.064 ]

w

5. Solve the equation (0.2)* = (0.5)**7 [Ans: x = 5.294]

6. Solve the equation logz x —41log,3+3 =0 [Ans: x = %or 3]

7. Solve the simultaneous equations x +y =20 and log; x = logyy [Ans: (4,6)(—5,25)]
8. Solve the equation log, x —log, 8 = 2 [Ans:x = 8 or % ]

9. Solve for x in the equation log, (6 — x) = log, x [Ans: x = 2]

10. (i) Iflog,(2 +a) = 2,Finda [Ans: a=2or—1] (ii)log,(6 —a) =2

[Ans:a = 2or — 3|

lo g81
S [Ans:2/3]

12. Determme logO 27 given that log3 = 0.4771 [Ans:-0.5687 ]

11. Evaluate

13. Express as a single logarithm and simplify your answer logvx? —1 + - l ( ) [Ans:

log(x+1) ]
14. Given that log; 2 = 0.63. Find the value of x in the equation 3%* = 3¥ + 2 [Ans: 0.63]
15. Simplify log; 98 — log, 30 + log; 15 [Ans: 2 ]
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CHAPTER 2: POLYNOMIALS

Polynomials are algebraic expressions that include real numbers and variables. They
contain more than one term. Polynomials are the sums of monomials.

A monomial has one term for example 5y or -8x2 or 3 are monomials.

A sum of two monomials that are not like terms for example; -3x2 + 2, or 9y — 2y?
is a special polynomial called a binomial. Similarly, a sum of three monomials is a trinomial for
example; -3x2 + 3x - 2.

Degree of a polynomial
The degree of the polynomial is the highest exponent of the variable for example; 3x* has a degree

of 2, 2x° has a degree of 5 and 2 has a degree of zero. When the variable does not have an exponent
- always understand that there isa '1' e.g., 3X is the same as 3X.

x® + 3x* + 2x3 + x2 — 2x + 1 is a polynomial of degree 5

4x3 + 2x? — 7is a polynomial of degree 3

2x% — 8x + 9is a polynomial of degree 2 e.t.c

Note: All quadratic expressions of the form ax? + bx + c are polynomials of degree 2

Operations on Polynomials:
Addition of Polyvnomials:

Below, the steps for addition of polynomials, the first basic operation on polynomials are clearly laid
out:

1. Collect Like terms at one place

2. Add the numerical coefficients of like terms

3. Write the sum in both standard and simplest form

Examples:
1. Add the following polynomials:

(@ 2a+3band-4b+5a (b) 6x + 2y -3z and 9z + 3y — 5x
Solution:

(a) We know what is meant by like terms. They are terms in which literal coefficients are same. So, to
add like terms means to add the numerical coefficients of two or more polynomials which have
same literal coefficients.

In 2a + 3b and -4b + 5a:
2a and 5a are like terms and 3b and -4b is another pair of like terms.
So, add them (the like terms):
2a+5a="7a
3b—-4b=-b
Now, 7a and —b are unlike terms which cannot be added like like terms.

So, the two unlike terms 7a and —b are written and the symbol “+’ is written to indicate the addition

operation of polynomials in the given question

So, the sum of 2a+ 3band -4b + bais7a—b

(b) In 6x + 2y -3z and 9z + 3y — 5x
the like terms are 6x and -5x, 2y and 3y, -3z and 9z
So, the sum of like terms is
6X — 5X = X
2y + 3y =5y
-32+9z2 =62
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Now write these sums connected by the addition sign ¢+’ to indicate the sum of the two
polynomials in the question (i.e. the addition operation on polynomials)

X + 5y + 62

2. Simplify (2x + 5y) + (3x — 2y)
Solution
(2x + 5y) + (3x - 2y)
2X + 5y + 3x — 2y
2X + 3x + 5y — 2y
5x + 3y

3. Simplify (3x® + 3x* — 4x + 5) + (x* — 2x* + x — 4)
Solution
(3 + 3% —4x +5) + (X° — 2¢ + x — 4)
A+ I +5+X -2 +Xx— 4
A+ +3XC -2 —Ax+Xx+5-4
A3 +x2—3x+1

4. Simplify (7x* — x — 4) + (x* — 2x — 3) + (=2%* + 3x + 5)
Solution
It's perfectly okay to have to add three or more polynomials at once. I'll just go slowly and do each step
thoroughly, and it should work out right.
(7X2 — X — 4) + (x* — 2x — 3) + (=2%* + 3x + 5)
= T —X—A4+X—2x—3+-2x*+3x+5
= I+ 12— 1X—2x+3x—4-3+5
= 8- 2x*-3x+3x—-7+5
= 6X° -2

5. Simplify (X3 + 5x% — 2X) + (X% + 3x — 6) + (=2X° + X — 2)
Solution
OC+5x —2X) + (% + 3x — 6) + (-2 + X — 2)
A 22X+ X +3X -6+ -2+ X2
A+ 2% —2X+3X+X—6-2
23+ 32 +2x—8

Subtraction of Polynomials:
The steps for subtraction of polynomials, the second basic operation on polynomials are as

follows:

1. Subtract similar terms. To do this, change the algebraic sign of what is to be subtracted and add
it to the other.

2. To subtract unlike terms, just write the operation sign - before what is to be subtracted

Examples
1. Simplify (0 + 3x? + 5x — 4) — (3x® — 8x* — 5x + 6)
Solution
(X + 3x2 + 5x — 4) — (3x% — 8x? — 5x + 6)

= (6 +3x% + 5x — 4) — (3x° — 8x° — 5X + 6)
= (0 +3x% + 5x — 4) — (3x%) — (-8x?) — (-5x) — (6)
= X+ 3% +5x—4 -3 +8x>+5x— 6
= x-3C+3%+8x*+5x+5x—4-6
= —2x3 + 11x* + 10x -10

12 )
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2. Simplify (6x° — 2x* + 8x) — (4x® — 11x + 10)
Solution
(6x° — 22 + 8x) — (4x% — 11x + 10)
= (6x° — 2x% + 8x) — 1(4x* — 11x + 10)
(6% — 2x% + 8x) — 1(4x%) — 1(~11x) — 1(10)
6x° — 2x% + 8x — 4x° + 11x — 10
6x% — 4x° — 2x% + 8x + 11x — 10
= 2% - 2x* +19x - 10

Multiplication of Polynomials:
Multiplication of polynomials is the third important operation on polynomials. Here are the steps to
follow when multiplying polynomials;
* First multiply numerical coefficients and literal coefficients separately. Next, multiply these two
products
* To multiply two polynomials when each one has more than one term: Multiply each term of one
polynomial with each term of the other polynomial and write like terms together.

Examples:
Multiply the following polynomials:

1. 5pand 8q
Solution:
Product of numerical coefficients 5 and 8 is 40 and product of literal coefficients p and q is pqg.

Now, write the product of these two as: 40pq.

2. 43 +2and 2x% + 3x
Solution:
4% +2 and 2x% + 3x
Let us apply the 2nd rule
(4x3 +2)(2x% + 3x ) = 4x3.(2x% + 3X) + 2(2x* + 3x)
= 8x° + 12x* + 4x* + 6x {Apply exponents rule: x™ x x™ = x™*"}

Division of Polynomials:

1. To divide a monomial by another monomial, divide the numerical coefficients and the literal
coefficients separately.

2. To divide a polynomial by a monomial, divide each term in the polynomial by the monomial.

Examples:
Divide the following polynomials
1. 50pq® by 5pq

Solution:

Divide the numerical coefficients and write their quotient i.e., 50/5 = 10 now divide literal
coefficients and write their quotient as

p*q® by pq {recall exponents rule: {x"/"=x™ "}
RIS
=p Q9 =p.q

Now, write the coefficients next to each other to denote their product50 p°.q°

2. Divide 40a°b* + 55a°b° + 35ab* + 70ab by a’b?
Solution:
Divide each in the polynomial 40a°h* + 55a°b® + 35a%h* + 70ab by ab?

13 )
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Let us find the quotients separately as follows:
(40a°b")/ (a®b?) = 40a° * . b* 2= 40a’b?

(55a°b°)/ (a’h?) = 55ab°

(35a°b*)/ (a°b?) = 35ab?

(70ab)/ (a*b?) = 70/ (ab)
Now write the above four quotients next to each other, separated by the + sign to indicate their addition

40a°b? + 55ab* + 35ab®+ 70/ (ab)

Factorisation of polynomials of degree 2
The polynomials of degree 2 i.e. in the form ax? + bx + ¢ can be factorised in the steps in the following

example.
Example: Factorise 6x° + 13x + 6
Solution
1.Multiply the a term (6 in the example) by the c term (also 6 in the example).
6x6=36
2.Find two numbers that when multiplied equal this number (36) and add up to be the b term (13).
4x9=36 and 4+9=13
3. Substitute the two numbers you get into this form as k and h (order doesn't matter):
ax+kx +hx+c
6X2 + 4X + 9X + 6
4. Factor the polynomial by grouping. Organize the equation so that you can take out the greatest
common factor of the first two terms and the last two terms. Both factored groups should be the same.
Add the GCF's together and enclose them in brackets next to the factored group.
6X° + 4X + 9X + 6
2X(3x + 2) + 3(3x + 2)
(2x +3)(3x + 2)

Difference of Two Squares
If you see something of the form a” - b%, you should remember the formula

(@ +8a—h)=a’ -h?
Example: x*—4 = (x—2)(x + 2)

Solving simple polynomials

Example: Solve 3x*+2x*-x =0

Solution

This is cubic ... but wait, you can factor out "x":

C+2x2-x = X(3*+2x-1)=0

Now we have one root (x=0) and what is left is quadratic, which we can solve exactly by factorising it.

eitherx =00r3x?+2x—1=0
Now solving 3x? + 2x — 1 = 0, we have;
3x24+3x—x—1=0
3x(x+1)—(x+1)=0
(x+1)Bx—-1)=0

eitherx+1=O—>x=—10r3x—1=0—>x=§

Therefore x = 0,x = —1and x = %

12 )
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Evaluation of a polynomial
Evaluation of a polynomial is a process of substituting a given value in the polynomial i.e a

polynomial can be evaluated at x = 2 or by obtainining f(2).

Note that f (X) is not ‘f multiplied by x’ but means the ‘value of the expression' for example: f(a) means
'the value of the expression when X =a .

Examplel
Iff(x) = 2x3 —3x% — 5x + 6, find f(1)

Solution
f(H)=2(1)3-3(1)2-5(1)+6=2-3-54+6=0

Example 2
if f(x)= x3—2x%—5x+ 6, find f(-1) and f(1)

Solution
f(-1) =(-1)3-2(-1)?=5(-1)+6=-1-2+5+6=10
f(1) =(1)3-2(1)>-5(1)+6=1—-2—-5+6=0

Trial questions
Add 2x2 +x+ 1)+ (3x2—5x+2) [Ans:5x%2—4x+3 ]
Multiply (3x2 + 2x — 1)(5x — 1) [Ans: 15x3 + 7x2 = 7x + 1 ]
Multiply (x —3)(x2 + 4x — 6) [Ans: x3 + x2 — 18x + 18]
Factorise the following degree 2 polynomials
(@Qx*+5x+6
(b)x*—5x+6
(©)x*+4x—21
(d)x*-9
(e)2x? —11x +5
() x* —4x + 4
[Ans: (@) (x +3)(x +2) (B)(x —3)(x—2) () (x—3)(x+7)(d)(x—3)(x+3)
@x-5Cx-1) )&-2(x-2)]
5. Evaluate the following polynomials for the given values of x
(@) f(x)=4x3+15x?> —18x + 7 whenx = —3
(b) f(x)=4x3+15x%2—18x + 7 whenx =
© f(x)=x3+3x>—9x—5 whenx = -3
(d f(x)=x>+3x2-9x—5 whenx=1

[Ans: (a) 88 (b) = () 22 (d) -10 ]

BN

N |-
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CHAPTER 3: QUADRATIC EQUATIONS

Any equation of the form ax? + bx + ¢ = 0 is called a quadratic equation and the values of x,
which satisfy the equation, are called roots.

Solution of a quadratic equation that factorizes
Example
1. Find the roots of the equation x? —5x + 6 =0
Solution
x> —2x—-3x+6=0
x(x—2)—-3(x—2)=0
(x—2)(x—3)=0 Eitherx—2=0,x=2 orx—3=0,x=3

Solution of a quadratic equation that does not factorize
By completing the square
This method uses the expansion (x + b)? = x? + 2bx + b?. It is important to note that the last
term b2, is the square of half the coefficient of x, (2b).

Examples
1. Find the roots of the equation 2x?> —5x + 1 = 0

Solution
Dividing through by 2 gives;

x2—-x+=-=0

2% T3
5 1
2 _ - __
X TRXT TS

Adding the square of half the coefficient of x to both sides of the equation;

t-txe () -0

4 2 16
5\2 17
(x-3) =%
5\2 17
(x _Z) ~ 16
5T
4 4
x =317 ax= 2281 Orx= 0219

2. Solve2x? —6x+4=0
Solution
2x>—6x+4=0
x> —3x+2=0
x?—3x=-2

Adding the square of half the coefficient of x to each side of the equation

( 16 )
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-ser () =2+ ()
X X 5) =

3\ 2
(-2 =23
3\%2 1
(-2 -
( 3% |1
X — - — —_
2 4
x_izil
2 2
x=3;i x=2o0rx=1
3. Solvex?+3x—1=0
Solution
x> +3x=1

Adding the square of half the coefficient of x to each side of the equation gives;
2 32 32
x +3x+(z) =1+(5)

(x+3)2==
3 Vi3 . . V13-3 —V13-3
x+5=i7 giving x = — orx =—

x =030 or —3.30
Note: The method of completing the square, used to solve ax? + bx + ¢ = 0 can also be used to
find the maximum of minimum value of the expression ax? + bx + c.
For example, consider the expression x2 + 3x + 4

x2+3x+4=x2+3x+(§)2—(§)2+4

2
2
=(x+3) +2
2 4
3\ 2 3\ 2
Now (x + 5) cannot be negative for any value of x, i.e. (x + E) =0

Thus x? + 3x + 4 is always positive and will have a minimum value of% when x + % = (0,ie when

3
X=—=
2

Example
Find the maximum value of 5 — 2x — 4x?

Solution
Let’s first rewrite 5 — 2x — 4x%2 = —4x%> —2x + 5

= —4(x2+%x)+5

=—4(x2+2x+2)+=+5

e 3

)
Now(x+i)2 =0

. 21 1
Thus 5 — 2x — 4x? has a maximum value of: when x = — "

C 17 )



Advanced Level Subsidiary Mathematics By Kawuma Fahad First Edition (Extended 2013)
IN GENERAL

For a quadratic equation ax? + bx + ¢ = 0, the roots can be obtained from the formula;
__ —b+VbZ-4ac
X = 2a
Example
Solve x> +3x—1=0
Solution
Comparing with the general equation ax?+bx+c=0a=1,b=3,c=-1
Substituting in the formula
x = —b+VbZ2—-4ac
2a
_ —3+V3Z-4x1-1
X = 2x1
—-3+/9+4
X = .
Z 3B g =3 = 0.30,x = —3.30

2

ROOTS OF QUADRATIC EQUATIONS
If the equation ax? + bx + ¢ = 0 hasroots a and f3, then its equivalent equation will be;
(x—a)(x—B)=0 ,asit gives x=a orx=_8
C

xz—ﬁx—ax+aﬁ=x2+§x+;

b
xz—(a+,8)x+a,8=x2+;x+£
By comparing the coef ficients on both sides,we obtain
b c
a+f=—- and aff =—
Hence the equation ax? + bx + ¢ = 0 can be written in the form;
x% — (Sum of roots)x + (product of roots) =0

Example
1. Write down the sum and product of the roots of the following equations;

(1)3x2-2x—-7=0 (i) 5x>+11x+3 =0 (iii)) 2x2+x—-7=0
Solution

. 2 2\ 2

@) x? — 3%~ % = 0 ;sum of roots =— (— 5) =3 and product of roots= —g
. 1 3 11 3

(i) x%+ %x +<=0;sumofroots =——  and product of roots = -

(i) x%+ %x — % = 0; sum of roots =% and product of roots = —%

: . 3

2. Find the equation whose roots are " and — %

Solution

Sum of roots = > + (— l) =2 and product of roots = 3% (— 3) =-3
4 2) " 4 4 2 8

2

The equation is in the form  x“ — (Sum of roots)x + (product of roots) =0

- Q)r+(3) -1

8x?—-2x—-3=0
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1

3. Find the equations whose roots are § and — "

Solution
1 1 1 1 4-3 1
Sumofroots ==+ —-"=-"—->=—=—
3 4 3 4 12 12
1 1 1
Product of roots ==X — = = ——
3 4 12

The equation is in the form  x2 — (Sum of roots)x + (product of roots) = 0

- (2 () -0

12x>—x—-1=0

4. The roots of the equation 3x? + 4x — 5 = 0 are a and B, find the values of;

(i) §+% (ii) a? + B2

Solution
4 5
(X+B——§ CZ,B——E
-4
: 1, 1_atB_5 _ 4, _3_4%
(1) a B_aﬂ_%s_ 3 5 5

(ii) From (a+p)? = (a+pB)(a+p) =a?+ 2ap + S
a?+ p? = (a+p)?—2ap
—_a\2 _
=) -2(5)

16 | 10 _ 16+30

9 3 9

=5l
9

5. The roots of the equation 2x%2 — 7x + 4 = 0 are a and B. Find the equation

a
whose roots are 3 and g

Solution
From the given equation, sum of roots, a + f§ = % and product of roots aff = 2

7\2 49
For the new roots, sum = +£:a2+B2 — @By -2af _ @) = (5 -3
’ B a aB ap 2 2 8

=

Product of new roots, % X ==

]

The equation is given by x? — (Sum of roots)x + (product of roots) = 0
2 33
xX- — ?X +1=0

8x%2—-33x+8=0

6. Find the values of kif the roots of the equation 3x% + 5x — k = 0 differ by 2

Solution

Let one root be « , then the other will be o + 2
Sumofrootsa+a+2=—§, 20(:—;—2 = az—%
Product of roots a(a+2)=—§, a2+2a=—§ ................... ok

Substituting for a in equation *xx* gives;
—11\2 _
() 42 (22) =
6 6 3

19 )
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121 22k
36 6 3
121-132 _ _k _11_ _k k:E
36 3’ 36 3

12

7. If one of the roots of the equation 27x? + bx + 8 = 0 is the square of the other, find b.
Solution

Let one root be , then the other will be a?, then;
b . 8 .
Sum of roots a + a? = e e (i) and product of roots a X a? = PrRRERERPN (1)

ad = (5) hence a = % Which we substitute in equation (i) to find b;

The discriminant

The value of the expression (b? — 4ac) will determine the nature of the roots of the quadratic

equation ax? + bx + ¢ = 0 and it is called discriminant i.e. it discriminates between the roots of
the equation.

For;
(i)Two real roots, b? —4ac >0
(ii) Repeated or equal roots b? — 4ac = 0
(iii) No real roots, b? — 4ac < 0

Example
Given that the equation

(5a + 1)x? — 8ax + 3a = 0 has equal roots , find the possible values of a
Solution

We identify a, b and c from the above equation and then apply the condition for equal roots
a=(5a+1) ,b=—8a andc =3a

For equal roots, bh? — 4ac=0
(-8a)? — 4(5a + 1)(3a)=0
64a? —12a(5a+1) =0
64a% — 60a? —12a =0
4a*> —12a =0
4a(a—3)=0

Either 4a=0 or a—3=0 ~a=0o0ra=3

Trial questions
1. State (i) the sum (ii) the product of the roots of each of the following equations
(Qx2+9%%+4=0 (b)x2—7x+2=0 (c)2x>—-7x+1=0 (d)3x>+10x—2=0
[Ans:a)-9,4 (b)2,-5(c)7/2,1/2 (d)-10/3,-2/3]

C 20 )
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2. In each part of this question, you are given the sum and product of the roots of a quadratic.
Find the quadratic equation in the form ax® + bx + ¢ =0

a b C D e f g
sum -3 6 7 -2/3 | -5/2 -3/4 | -1/4
Product | -1 4 |5 |-7/3 |-2 -5 -1/3

[Ans:(a)x?2+3x—1=0 (b)x2—6x—4=0 (c)x*?—7x—5=0 (d)3x2+2x—7=0
(e)x>+5x—4=0 (f2x>+3x—10=0 (g) 12x2+3x—4=0]
3. Ifa, B are the roots of the equation 3x? — x — 1 = 0,form the equations whose roots are;

i) 2a,28 (i) a?, B2 (iii)%,% ((Va+1,8+1

[Ans: () 3x2 —2x—4=0 (ii)9x*—-7x+1=0(ii)x*+x—-3=0(v)3x>—7x+3=0]

4. One of the roots of the equation ax? + bx + ¢ = 0 is three times the other .Show that
3b% — 16ac =0

5. Ifthe roots of the equation 2x?> — 7x + 1 = 0 are a and B.find the quadratic equation

1
whose roots are e and

1
B>

[Ans: x2+45x+4=0 ]

6. Given that a and B are the roots of the quadratic equation 3x?> —x — 5 = 0. Form the

equation whose roots are 2« —% and 2 —% [Ans:15x2 — 13x — 169 = 0 ]

7. One root of the equation 2x2 — x + ¢ = 0 is twice the other .Find the value of ¢ [Ans:c= %]

8. Find the value of k for which the equation 4(x — 1)(x — 2) = k has roots which differ by 2

[Ans:k=3 ]

9. Ifthe roots of the equation x? + px + 7 = 0 are a and f. Find the possible values of p

[Ans: p= 16 ]

10. Find the quadratic equation, which has the difference of its roots equal to 2 and the
difference of the squares of its roots equal to 5. [Ans: 16x? — 40x + 9 = 0]
11. Each of the following expressions has a maximum or minimum value for all real values

Find (i) which it is, maximum or minimum, (ii) its value, (iii) the value of x

(@) x?+4x -3

(b)2x? +3x+ 1

(Ox?—6x+1
(d)3 — 2x — x?
(e) 5 + 2x — x?

[Ans: (i) min (ii) -7 (ii) -2 ]
[Ans: (i) min (i) — = (i) —> ]
Ans: (i) min (ii) -8 (ii) 3 ]
Ans: (i) max (ii)) 4 (ii) -1 |
Ans: (i) max (ii) 6

()1 ]

( 21 )
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CHAPTER 4: SERIES

Sequences

Consider the following sets of numbers
2,4,6,8,10, .ccoecvvurennnes
1,2,4,8,16, oo
4,9,16, 25, 36,....cccuenurn

Each set of numbers in the order given has a pattern and there is an obvious rule for obtaining the
next number and as many subsequent numbers we wish to find. Such sets are called sequences
and each number in the set is a term of the sequence.
Series

When the terms of a sequence are added, a series is formed i.e.

1+24+4+8+16+ e is a series
As each term is a power of 2, we can write this series in the form;

20421+ 22423 4 2% 4 -
All the terms of this series are of the form 2", so 2" is the general term
We can then define the series as the sum of terms of the form 2" where r takes on values from 0 to
4 if we decide to take the first five terms.

Using )’ as a symbol for “the sum of terms such as”, we can redefine our series concisely as;
4
2.7
r=0

10

Z r3 means "the sum of all terms of the form r3 where r takes all values from 2 to 10 inclusive i.e.

r=2
10

Zr3=23+33+43+53+63+73+83+93+103
r=2
We shall consider two important series or progressions i.e. arithmetic and geometrical
progressions.

ARITHMETIC PROGRESSIONS (A.PS)

The difference between any term (except the first) and its predecessor (the term immediately in
front) is constant in this series. This is called the common difference, d, of the A.P
Consider
(@)5,8,11,14 ............ d=3 (©-5-1,3,7, ccrrenne. d=4
(b) 14+345+7+......499 d=2
In general, if we denote the first by a, then;

No. of term 1 2 3 4 n
Denoted by T1 | T2 T3 T4 Th
Term a a+d a+d+d | a+2d+d
a+2d a+3d a+(n—-1)d

~ Forany A.P,T, =a+ (n—1)d wheT, isthenth term

22 )
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Examples
1. Find the 35t term of 5,9, 13 ...........

Solution
a=5, d=9—-5=4 andn =35
T35 =5+ (349)4)
=141
2. How manytermsareinthe AP 2+4+4+6+--+46 ?
Solution
a=2 d =2 nthterm = 46
T,=a+n-1)d
46 =2+ (n—-1)2
2n =46 ~n=23terms

3. The 7thterm of an A.P is 27 and the 12t term is 47.Find the first term and common
difference of the progression.

Solution
T, =a+6d =27 ......l(i
Tip=a+11d =47 e vue . (i)

equation (ii) — (i) gives
5d =20, d=4
Using (i) a+6%x 4 = 27
a+ 24=27

Sum of an arithmetic progression
If S,, is the sum of the first n terms of an A.P with the last term [

then S, = a +la+dy+(@+2d)+.. . +(-d)+ |
reversing S, = |/ +(-dy+(-2d)+.. +(atd)+ a

adding 25, = (@+)+(a+]) +{a+]) +...+(@a+h +{a+])

As there are n terms, we have 2S,, = n(a + 1)
=S, = g(a )
Also because the nth term, lisequaltoa + (n — 1)d
snzg(a+a+(n—1)d)
S, = §[2a + (n—1)d]

Either of these formulae can be used to find the sum of the first n terms of an A.P

Examples

1. Find the sum of the first 12 terms of the AP 3,7, 11 ...
Solution

a=3, d=4 n=12

Si, = 12—2(2(3) + (12 — 1)4) = 6(6 + 44) = 6(50) = 300

23 )
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2. Find the sum of the series 11 + 13 + 15+ -+ 89
Solution
a=11,d =2 nth term = 89
89=114+(n—-1)x2
78=2(n—-1)
39=n—-1 ~n=40
Sn=>a+n-1)d)
S0 = (2 X 11+ (40 — 1)2) = 2000
3. Find the sum of the first 20 termsofanAP1+3+5+4+7+9+ ......
Solution
n =20
a=1
d=3-1=2
S, = g(Za + (n—1)d)
Syo = ?(2(1) + (20— 1) x 2)
=102+ 19 x2)
=10(2+ 38) =10 x 40 = 400
4. The last term of an A.P is 84 and that there are 40 terms altogether. If the sum of the terms is
4200. Find the first term and common difference.
Solution
=84, n=40
S40 = 4200
S, = g(a + 1)
4200 = 2 (a + 84)
210 = a + 84
a=210—-84 =126
FromT, =a+ (n—1)d
84 =126 + (40 — 1)d
84 =126 + 39d

—42 = 39d
d=-2__1
39 13

Therefore the first term is 126 and the common difference is — g

5. The fourth term of an AP is 13 and the tenth term is 31 .Find the sum of the first ten terms of

the AP

Solution
To,=a+3d=13 ... (i)
Tio=a+9d =31............... (iQ)

Solving (i) and (ii) simultaneously ie (ii)—(i)
6d=18 -~ d =3

22 )
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a+3x3=13
a=4
For n =10, S;,= ?(2 X 4 + (10 — 1)3) = 5(35) = 175
= The sum of the ten terms of the AP is 175

6. Find the fifteenth term and the sum of the first eight terms of
(@)TheAP 2+5+8+ 11+ .........
(b) The A.P in which the first term is 37 and the common difference is -4
Solution
@a=2d=5-2=3
T,=a+n-—1)d
Tis=2+((15-1)%x3
=2+14%x3 =44
S, = §[2a + (n— 1)d]
Se=2[2(2) + (8—1) x 3]
=4(4+21)
=100
(b)a=37, d=-4
UsingT, =a+ (n—1)d
Tys =37+ (15-1)(—4)
=37 — 66
=-19
Sn==[2a+ (n - 1)d]

Sg =2[2(37) + (8 — 1)(—4)]

=4[74 —28]
=184
7. Find the sum of the arithmetic progression 8.5 + 12 + 15.5 + 19 + ....cccevvene + 103
Solution

The nth term is 103
=>a+(Mn-1)d =103
buta=85andd =12—-8.5=3.5
85+ (n—1)x3.5=103
8.5+ 3.5n—3.5=103

3.5n =98

n =98
Using S,, = g(a +1)

28

=14(111.5) = 1561
Alternatively;
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Using S, = E[Za + (n—1)d]
Syg = 22—8[2(8.5) + (28 = 1)(3.5)]
=1561

GEOMETRIC PROGRESSION S (G.Ps)

The ratio of each term (except the first) to its predecessor is a constant in this series. It is
called the common ratio denoted by r i.e.

(@) 2,4,8,16......... r=2 (c) 144,72,36,18,...... r=
(b)-3, 6,12, 24... r=-2

In general, if we denote the first term by a

T, T, T3 Ty Ts
a axr |axrxr | ar:xr | ar®xr
ar ar? ar? ar*

We can deduce that T,, = ar™ ! where T,, is the nth term

Examples
1. Find the 20th term of the GP 2, 6, 18...
Solution
Here rzg = and a=2
T, = ar™1

Tyo = 2 X 32071 = 2 x 319 = 2324522934

2. Find the third and tenth term of the GP 3+6+.......... +10
Solution

a=3, commonratio(r) = g =2
3rd term =ar?=3 x 2% = 12
10t term = ar® = 3 x 2° = 1536

3. The second term of a GP is g and the sixth term is 4%.Find the first term and the first

term and common ratio

Solution
T, =ar = g ...... ()
T, =ar® =2 (ii)

equation (ii) + (i) gives;

ars

ar

4 81 3% (3)4
r " =— == |-
16 2+ \2

T =

_ 81
16

oloNio
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From (i) ar= 2a (—) =3

9’7"\2/ o9

16
a =—
27
The sum of a GP
The sum of n terms of a GP is given by the formula;
a(r™-1) . a(1-r") .
n == if r>1 or Sp == ifr<i1
Examples
1. Find the sum of the first ten terms of the series 8+ 4+ 2 + .-
Solution
Here a=8, r= % ,n=10
10
8( _G) ) _ 8(1_210)
Sto=7 1T T 1
2 2
1 1023 1023
= 16(1-557) = 16 (3555) = &~ = 1598

= The sum of the first ten terms of the series is 15.98

The sum to infinity of a G.P

Consider the general G.P, a + ar + ar? + -
n_
S, = % and if |r| < 1, thenlim,_,, 7" =0

. a
- llIIln_,Oo Sn = E

Therefore for a G.P the sum to infinity , S,, = ﬁ

Example 1
Find the sum to infinity of the following G.P 8,4,2, 1,7, occereee

Solution
a=28
41
r=g=
Sp=—r="r=8+1=16
1-r 1-—= 2
2
Example 2
Find the sum to infinity of the following G.P; 1 — i + % - 6—14 + -
Solution
a=1
r = —l— 1 = — -
4 4
S,=2 =1 —-1+3=12
1-r 1——= 4 5

Trial questions
1. Find the number of terms in each of the following A.P s
(@A)5+8+11+14+ ....... + 52+ 62

C 27 )
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(b)1+6+11+ ... + 501+ 506 [Ans:(a)20 (b) 102 ]
2. Find the sum to infinity of the series

(@)16+ 12+ 9+ ..........

(b)16+8+4+2+1+ ...

(c)84-42+ 21— 10% + [Ans: (a) 64 (b) 32 (c) 56]
3. Find the sum of each of the following A.P s

(@A)2+4+6+8+10+ ....cc..e. +146

(b) 100 + 95+ 90 + 85 +80+ ....ccevvvrirriiriiens -20

(€0)4+10+16+ 22+ 28+ v + 334

[Ans: (a) 5402 (b) 1000 (c) 9464]
4. The 5% term of an arithmetic progression is 12 and the sum of the first 5 terms is 80.
Determine the 15t term and common difference. [Ans: a=20, d=-2 ]
5. What is the number of terms of a geometric progression 5, 10, 20....... that can give a sum
equal to 500,000? [Ans: 17]
6. The 10t term of an arithmetic progression is 29 and the 15t term is 44.Find the value of
the first term and the common difference ,hence find the sum of the first 60 terms .(Ans:5430)
7. The 8t term of an AP is twice the third term and the sum of the first eight terms is 39. Find
the sum of the of the first 21 terms of the AP [Ans: 204.5]
8. Five numbers are in a geometric progression, the first being 8 and the last 648.Find the
common ratio [Ans; r=3]
9. How many terms of the of the GP 3+5+8§ + --- must be taken for the sum to exceed 1007?
[Ans;n=7]
10. Inan AP, the 18th term is twice the 9th term. Find the ratio of the sum of 18terms to the sum
of 9terms of this AP. [Ans: 19:5 ]
11. An AP has 37 terms of which 9 is the fourth and 58% is the last. Find the sum of the AP.

[Ans: 11657
12. If 3% and 40% are the first and last terms of a GP respectively and that there are seven

terms altogether, find the second term [Ans:13—6]

13. The sum of the first twenty terms of an AP is 800. Given that the sum of the first twenty six
terms is 1352, determine (i) the first term and common difference (ii) the 23rdterm [ Ans: 4,
2,90]

14. The first and last terms of an AP are -3 and 58 respectively. The sum of all the terms of the
progression is 5060. Find the number of terms and the common difference. [Ans: 184, g ]

15. The first term of an AP is 15 and the fourth term is six. Find the 10t term and the sum of the
first 10 terms [Ans: -3,-12,15 ]

16. The series of an AP a,,a,and a; sum up to 12. The sixth term a4 is 16. Determine the sum
of the first 10 terms of the progression. [Ans; S;, = 145 ]

17. The first two terms of an AP and a GP are alike. The first term of each progression is 20.
The sum of the first five terms of the AP is 80.Find the common difference of the AP and the
common ratio of the GP, hence find the difference between the five terms  [Ans: d=-2,r=0.9 |

28 )
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18. The sum of the first 12 terms of an AP is 72 .The eighth term is four times the sum of the
fourth and fifth terms .Determine (i) the first term and the common difference of the AP (ii) the
sum of the first 20 terms
[Ans: -4, 28,-200 |
19. The sum of the second and third terms of a GP is 48. The sum of the fifth and sixth terms is
1296.Find  (i)the common ratio and the first term of the GP (ii) the sum of the first
twelve terms of the GP
[Ans: r =3,a =4, 512=1062880 |
20. The first, third and eleventh terms of an AP are also the first second and third terms of a
GP.Given that the first term of the AP is 2, find the (i) common ratio, r and common
difference, d (ii) the sum of the first 10 terms of the AP  (iii) number of terms of a GP that
give a total of 699050 [ Ans: d=3,r =4, S10=155,n=10 |
21. The first two terms of an AP are 4 and -8 .Find the number of terms whose sum is -156.
[Ans: n=10]
22. Given that 4 and -8 are the first two terms of a GP, find the fifth term and the sum of the
first five terms [Ans: Us=64, Ss =44 |
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CHAPTER 5: DIFFERENTIATION

Differentiation is the process of obtaining the gradient of the curve. The gradient function

d «“ ”n - . . - .
ﬁ(pronounced as “dee y dee x”) or the differential coefficient of y with respect to x

The form ax™

d _ .
If y=ax", thené = nax™ ! where ais a constant

(Multiply the power and then decrease the power by one)
Example
Differentiate the following with respect to x

@Oy=x" @) y=3x° (y=5 @y=vx
Solution
(i) If y = x®then Z—z = 8x’

(i) If y = 3x° then Z—Z =5x 3x* = 15x*

(iii) y =3x"?
d o _ 6
Then L =3x —2x21= —x3=-=
dx x3
1
(iv) y=x2
d 1 1_ 1 1t 1 1
—y:—lez—xz :—127_
dx 2 2 %2 2Vx

Differentiating a constant (k)

. d
If y=k and k is a constant, d—z =0
= The derivative of a constant is zero
d
Ify = 6,then =2 =0
dx

Differentiating a sum or difference
When differentiating a sum or difference, we differentiate separately i.e.
if y=fx)+g(x) —h(x)
v _ 4 4 _4
— =)+ () ——(h(®)
=f'()+g'(x)—h' ()

Example
2
Ify = 3x? —6x+
=3x% —6x+ 2x?

Y 6x—6—4x3=6x—6——
dx x
Ify=x+7x—-2

dy

a—2x+7

Ify=ax2+bx+c,then2—z=2ax+b
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Gradient of a function / curve

The gradient of a curve is not a constant there for the gradient of a curve is determined at a
particular point so the gradient of the curve at any point is defined as the gradient of the tangent
to the curve at that point and measures the rate of increase of y with respect to x.

The gradient of the curve at a point is equal to the gradient of the tangent at that same point

i =YLy
Gradient of tangent = = ~ —-

Therefore the gradient of the tangent to the curve y = f(x)is given by % or f'(x)

Examplel
Find the gradient of the curve y = x3 + x? — 2x

Solution
W _3x2 4 2x — 2

dx
. the gradient of the curve is 3x? + 2x — 2

Example 2
Find the gradient of the curve y = 2x% — 5 at a point at the point (1, -2)

Solution

dy
— =4x
dx

Atapoint (1,-2),x =1

dy _
&—4X1—4

=~ The gradient of the curve is 4
Example 3
The curve y = ax3 — 2x2 — x + 7 has a gradient of 3 at the point where x = 2. Determine the
value of a
Solution

Gradient of a curve = Z—z =3ax? —4x -1
Atx = 2,gradient =3 = 3a(2)2-4(2)—-1=3
12a—9 =3
12a=12=>a =1

31 )
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Equation of the tangent to the curve at a point
When given a point on a certain curve, the equation of the tangent at that point can be obtained.

Example
Find the equation of the tangent to the curve y = x3 — 3x + 2 at the point where x = 2
Solution

Gradient of the tangent = 2 = 3x2 — 3

dx -

Whenx=2=3(2)2-3=9 andy=2%-3(2)+2=4
The equation of the tangent can be obtained from;

y—4

=9
x—2
y—4=9x—-18
y = 9x — 14 is the equation of the tangent to the curve.

Example 2
Find the equation of the tangent to the curve 4y = x? ata point (2, 1)
Solution
x2
y==
DX At (2,1),x=2henced—y=3= 1
dx 2 dx 2
Gradient of tangent =1
y—1
- —1
x-2
y—1=x-2

y = x — 1 is the equation of the tangent to the curve

Normal
Aline perpendicular to a tangent at the given point of contact on the curve is called the normal at
that point.
Normal
Tangent

If the gradient of the tangent is m, then the gradient of the normal is —;1 (recall from gradient of

perpendicular lines).In other words the product of the gradients of perpendicular lines is -1
Gradient of tangent X gradient of normal = -1

Gradient of tangent = d—y, Gradient of normal = — 1/dy = —
dx hat'dl gradient of tangent
dx
Example 1
Find the equation of the normal to the curve y = 4x — x? at the point wherex = 1
C 32 )
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Solution

L_ 42
dx

Atx=1,T=4-2(1)=2 and y=4(1)—1%=3

Gradient of tangent = 2, Gradient of normal = 71 ata point (1, 3)

The equation of the normal is thus given by;
y3_ 1

x—1 2
2(y—3)=—-1(x—-1)
2y—6=—x+1
2y +x =7 is the equation of normal to the curve

Example 2
Find the equation of the tangent and normal to the curve y = x? — 4x + 1 at the point (-2, 13)
Solution

y=x?—4x+1

& _ 5,
dx—Zx 4

At (-2, 13),% =2(-2)—4=-8
Thus gradient of the tangent is -8

y—13
x+2

Equation of tangent is given by; =—-8=>y—-13=-8(x+2)

y=—-8x-3
1

Gradient of the normal = :—; =3

Equation of normal is given by; 3;_—:23 = % =>8(y—3)=x+2
8y =x+ 106

Second derivative

. L . o 1 . daz
We can repeat the differentiation process to obtain the second derivative which is written as d—;z/

or if y = f(x) it is written as f”(x)

Example 1
ind 2 if y = 33 —
Find —=if y = 3x* — 6x + 4

Solution
L _gx2_¢
dx
dZ
E;;-— 18x
Example 2
N Y SR 7 _ .3
Find = ify=3x*+45x —75—x
Solution
Y — 6x + 45 — 3x2

dx
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2
Y — 6 —6x
dx
Techniques of differentiation
Examples
Differentiate with respect to (w.r.t) x
(@) 2x — 1)? ® Gx-DEx+4) () T

Solution

(@) Let y=(2x—1)2
y=Q2x—1)2x—1)=4x*>—4x+1
dy .
E_ 8x — 4
(b) Lety =Bx—-1)2x + 4)
y =6x%+10x — 4

Y _12x + 10
dx

3x*42x2-1
C Lety = ——
© y e
3x* | 2x? 1 1 5 1 _5
=—+—=—-——==x"+1—-—=-x
2x2 2x2 2x2 2 2
d _ 1
Z=3x+x3=3x+—
dx X

Applications of differentiation
Stationary points

. . d . . . .
A point on a curve at which d—z = 0 is called a stationary point .At such point, the tangent to the

curve is parallel to the x-axis. Stationary points can be maximum or minimum.

Example
Find the stationary points of the curve y = 4x3 + 15x% — 18x + 7

Solution
I _ 12x% + 30x — 18
dx

For stationary values % =0 = 12x2+30x—18=0
2x?> +5x—3 =0 (Ondividing through by 6)
2x*+2x+3x—3=0
2x—-1)x+3)=0
Eitherx = =3 orx = %
When x = =3,y = 4(—3)3 + 15(=3)% — 18(=3) + 7 = 88
Whenx =2,y =4()° +15()? - 18(3) +7 =2
Therefore the stationary points are (3,88) and (%,%)

32 )
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Maximum and minimum turning points
Consider a curve passing through a stationary point and reaching a maximum value at that point

First Edition (Extended 2013)

dy
A @ _
y dx 0

d
2 (e

dy
dx X ( Ve)

v

X

if it reaches a minimum value at a stationary point

t

y

dy
™ (+ve)

<
v

Example
Find the maximum and minimum values of the function y = 2x3 — 3x? — 12x

Solution
av _

=6x?—6x—12=6(x*>—x—2)
dx

. .. dy
For maximum or minimum, el 0
X

=26(x>—x—-2)=0
x2—x—-2=0
(x=2)(x+1)=0 > x=—-1lorx=2
Therefore, the turning points are where x = —1 and x = 2.

. dy . . .
The sign ofd—z is now tested on each side of the turning values of x

Hence at x =

{ 35 )

X L 2 R L -1 R
. dy
sign of e _ 0 n n 0 _
AN T AN
Minimum Maximum

—1, the function has a maximum value of 7 and when x = 2,
the function has a minimum value of —20
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Second derivative test
The nature of the turning points can be found by using the second derivative test in such a way

2
that if the curve has a maximum turning point thenzTJ,: < 0 and the curve has a minimum turning
. .d%y
point if = 0.
Example
Determine the nature of the turning points of the following curves
(a) y = 15 — 2x? (b)y =x%—3x+2
Solution
(a)y = 15 — 2x?
dy _
E = —4x

2
ZTZ = —4(Which is less than 0) implying that the curve has a maximum turning point

(b)y =x?—-3x+2

L 2x -3
dx
2
ZT)Z/ = 2(Which is greater than 0) implying that the curve has a minimum turning point.

Curve sketching
For the function y = f(x), we can plot values of x against the corresponding values of y and

obtain an accurate graph of the function. A less accurate representation, which we call a sketch,

is adequate for many purposes provided that the sketch still shows the salient and noteworthy

features of the function. We shall now learn to sketch the curves but we shall mainly

concentrate on quadratic curves (in the form y = ax? + bx + ¢)

The main guide lines are:-

- Determining the intercepts( where the curve cuts the axes) of the curve i.e. where y =0,
x=0

- The position and nature of the turning points ie maximum or minimum turning points

Example 1
Sketch the curve y = 2x? — 6x + 4

Solution
Intercepts
When y=0,2x> —6x+4 =10
2x2—2x—4x+4=0
x—-1D2x—-4)=0
x=1orx =2
(1, 0) and (2, 0) are the intercepts on the x —axis
When x = 0,y = 4 hence (0, 4) is the intercept on the y-axis

Turning points

—=4x—-6
dx x
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o _,
dx
4x—-6=0
4x =6

3
X =z

2

y=2 o) +a-2
(E,_—l) is the turning point

We now investigate for the nature of the turning point of the curve by using the values on the left

and right of the turning point
Valueofx | L

R

1.5
— 0 +

~N | | S

We now come to realize that (1.5, -0.5) is a minimum turning point .

. dy
Sign ofa

Alternatlvely, = 4 which is greater than zero (— > 0); implying that the curve has a

minimum turnlng p01nt

- /

-o 5)

Example 2
Sketch the curve y = 4x — x?

Solution
Intercepts:

Wheny =04x —x?=0x(4—-x)=0

Eitherx =00rx =4 = (= 0,0) and (4,0) is the x
Whenx =0,y =0 = (0,0) is the y — intercept

Turning points:

- intercepts

y = 4x — x?
A
dx

4—-2x=0=>x=2
Whenx =2,y =4(2)—-22=4
(2, 4) is a turning point
We now investigate for the nature of the turning point of the curve

C 37 )
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Valueofx | L 2 R

+ 0 -
We now observe that (2, 4) is a maximum turning point

Alternatively; if we would wish to investigate the nature of the turning point using the second

. dy
Sign ofa

N , d? C g dz
derivative, we find out that d_xJ; = —2 which is less than zero (d—; < 0) hence the curve has a

maximum turning point.
We can now sketch the curve

yA n

0;0) 1,0) >
\( = 4x — x?
Example 3

Sketch the graph of the function y = 5 + x — x?

Solution
Intercepts:
When y=0,5+x—x%2=0
=>0G-x)A+x)=0
x=50r—-1
=The curve cuts the x-axis at (5, 0) and (-1, 0)
Whenx =0,y =5
= The curve cuts the y-axis at (0, 5)
Turning points:

y=5+x—x?

L g —2x

dx

4—-2x=0
x =2
y =5+ 2 — 22 =9 =(2,9) is a turning point
2 2
3732/ = —2 which is less than zero (2732/ < 0) Hence the curve has a maximum turning point.

yA 2 9)
(of5)

1) ®
W=5+x — x?

38 )
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Example 4
Sketch the curve y = x? + 2x — 3

Solution
Intercepts:
Wheny =0,x2+2x—3 =0
x*4+3x—x—-3=0
x(x+3)—(x+3)=0
x+3)x-1 =0

x=1orx=-3
(1, 0) and (-3, 0) is where the curve cuts the x-axis
when x = 0,y = —3 = (0, —3) is where the curve cuts the y-axis

Turning points:
y=x*+2x-3
dy
E =2x+ 2
2x+2=0=>x=-1
Whenx = —1,y = (—1)? + 2(—1) — 3 = —4 = (—1,—4) is a turning point.

ZZTZ = 4 which is greater than zero (22732/ > 0); implying that the curve has a minimum turning
point. Va
=x%+2x-3
10) %
(-3,0)
Note:

From all the graphs of the functions above, if follows that the curve y = ax? + bx + ¢ hasa
maximum turning point when a < 0 and a minimum turning point when a > 0

Velocity and acceleration

Ify= f(x),Z—z is the rate of change of y with respect to x.

Similarly If u = f(v), then Z—: is the rate of change of u with respect to v.
Now the velocity v of a body is defined as the rate of the displacement s of a body from some

. .. . . . ds
fixed origin, with respect to time i.e. v = =

The acceleration a of a body is defined as the rate of the velocity of a body with respect to time

. dv
l.e.a = —
dt

So displacement, velocity and acceleration are linked up with a process of differentiation with
respect to time.
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Example 1
The displacement s metres of a body from an origin O at a time t seconds is given by s = 2t% —

3t + 6. Find (a) the displacement, (b) the velocity (c) the acceleration of the body when ¢t = 1.
Solution

Given s=2t*?-3t+6
(@)Whent =1,s =2(1)2-3(1) +6
s=5m
. ds
(b) Sincev = =
v=4t—3
Whent =1,v=4(1)-3=1m/s
(c) Using a = %

a=4m/s?

Example 2
If v =t? — 4t + 3, find (a) the values of t when the body is at rest (b) the acceleration when
t =5.
Solution
(a) Atrest,v= 0
t?—4t+3=0
t?—t—3t+3=0
t-1D(-3)=0
t=1lort=3
. dv
(b)Using a = =
a=2t—4
whent =5,a =2(5) — 4 = 6m/s?

Example 3
If s = 5t3 —t, find the expressions for vand a in terms of t
Solution

v= % =15t2 -1

a=2=30¢

at

Differentiation of trigonometric functions
Derivatives of sinx and cosx

When we differentiate sin x with respect to x, we get cos x and if we differentiate cos x with
respect to x we get —sin x. The learner should be in position to recall the above statement.

d .
—SInX = COS X
dx

d .
—COSX = —SInx
dx

Derivatives of sin kx and cos kx
If welety = sinkx and we let u = kx where kis a constant

40 )
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. d du
Theny = sinu > =cosu and ==k
du dx

. . d d du
Using the chain rule; DD — g xcosu = kcos kx
dx du dx

d .
~—sinkx = k cos kx
dx

Similarly

Ifwelety = coskx and we let u = kx where K is a constant
Theny = cosu = Y~ _sinu and Z =k
du dx
Using the chain rule; Z—Z = Z—i X % =k X —sinu = —k sin kx
@ L coskx = —ksinkx
dx

Examples
Find Z—z if (a) y = sin4x (b) y = cos 7x
Solution

Lety = sin4x and we let u = 4x where kis a constant

. da du
Theny = sinu =2 =cosu and = =4
du dx

. : dy _dy _ du
Using the chain rule; d—y =X x = 4 X cosu = 4 cos 4x

x  du

d
w2 = 4cosdx
dx

Lety = cos 7x and we let u = 7x where k is a constant

d . du
Theny = cosu =>2 = _sinu and ==7
du dx
. . d dy _ du . .
Using the chain rule; DDy - 7% —sinu=—7sin7x
dx du dx

dy _

Ll —7sin7x
With practice, the reader will soon be able to differentiate such functions directly e.g.
if y =cos4x, Z—z = — sin4x;—x(4x) = —4sin4x

e dy _ d o
if y=sinT7x, = Cos7x— (7x) = 7sin7x

Derivatives of asinkx,acos kx,asinkx + cand acos kx + ¢ _(where a, k and c are

constants I

d ) d .

—asinkx = a—sin kx = ak cos kx
dx dx

d d .
—acoskx = a—cos kx = —ak sin kx
dx dx

d . d . d
—[asinkx + c] = —asinkx + —c¢ = ak cos kx
dx dx dx

:—x[acoskx +c] = :—xacoskx +:—xc = —ak sinkx
Examples
Findj—zif(a)y =5sin9x (b)y =3cos8x (c)y=6sin3x+4 (d)y =3cos2x+6
Solution
(a) % = 5;—xsin9x =5 X 9cos9x = 45 cos 9x

a1 )
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(b) Z—z = 3;—xc058x = —3 X 8sin 8x = —24sin 8x

dy_i . i _
(C)E—dx6sm3x+dx4— 18 cos 3x

dy_i i — .
(d) E—dx3c052x+dx6— 6 sin 2x

Derivative of asin(kx + ¢) and a cos(kx + c)
Ifwelety = asin(kx + c) and we let u = kx + ¢ where k and c are constants

. d du
Theny = asinu =2 =qcosu and ==k
du dx

. e Y du _
Using the chain rule; =X —= k X acosu = ak cos(kx + c)
;—xa sin(kx + ¢) = ak cos(kx + c)
Similarly
Ifwelety = acos(kx +c¢) and we letu = kx + ¢ where kand c are constants
Theny = acosu = L~ _asinu and =k
du dx

: . dy _dy _ du . .
Using the chain rule; é = ﬁ X—= k X —asinu = —ak sin(kx + c)

%a cos(kx + ¢) = —ak sin(kx + c)

Examples
Find Z—Z if (a)y = 5sin(4x +3) (b) y = 3 cos(5x + 10)
Solution
(a) Z—z =5 X 4cos(4x + 3) = 20 cos(4x + 3)

(b)2 = —3 x 5sin(5x + 10) = —15sin (5x + 10)

Trial questions
1. Differentiate the following with respect to x

(a) 3x + 2)* [Ans: 12(3x + 2)3]
(b) (3 + x2)° [Ans: 10x(3 + x2)*
(o) (1 —x3)8 [Ans: —24x2(1 — x3)7
2. Find the gradient of the curve y = x? + 6x — 4 at the point where the curve cuts the y-axis

[Ans: 6]
3.  Find the equations of the tangent and normal to the following curves at the points
indicated
(a)y = x? at (3,9) [Ans:y = 6x — 9,6y + x = 57]
(b)y =5 —2x%at (—1,3) [Ans:y=4x+ 7,4y +x =11
(0)y =4+ x — 2x*at a point where x = 1 [Ans:y + 3x = 6,3y = x + 8]
4. Find the coordinates of any stationary points on the given curves and distinguish between
them
(a)y =2x2—-8x [Ans:minat (2,-8)]

42 )
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(b)y = 18x — 20 — 3x? [Ans:Max at (3,7)]
(©)y=x3+3x*-9x—5 [Ans: maxat (—3,22),minat (1,—10)]

5. Sketch the curves of the given equations, clearly indicating on your sketch the coordinates
of any turning points and of any points where the curve cuts the axes.
@y=>0-x)(x-5)

(b)y =x2—-8x—20
(Qy=x?>+2x-3
(d)y =x2+10x + 10
(e)y =3x —x?

6. Differentiate the following trigonometric functions with respect to x

(a) 7 sin(8x + 3) [Ans: 56 cos(8x + 3)]
(b)15cos(3x + 4) [Ans: —45sin(3x + 4)
(c) 24cos2x + 3 [Ans: —48 sin 2x]
(d)13sin4x + 3 [Ans :52cos 4x |

C 43 )
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CHAPTER 6: MATRICES

A matrix is a rectangular array of numbers called elements or entries. Information can
conveniently be presented as an array of rows and columns.

Order of a matrix

The order of a matrix gives the format of how a matrix should be written. It is always in the form
m X n where m is the number of rows and n is the number of columns in the matrix. For example
() A 2 X 2 matrix
In this matrix the number of rows is 2 and the columns are also 2 i.e.
( 8 1) (a b)

-3 4/’ \c¢ d
(i) A3 X 3 matrix
In this matrix the number of rows is 3 and the columns are also 3 i.e.

3 1 0 a b c
(401),<def>
1 9 2 g h i

Note: Other matrices of different order are possibleie. 1 x2,2x1,1%x 3,3 X 1,2X 3,3 X 2,e.t.c.

Operations on matrices
Addition and Subtraction

Two or more matrices can be added if they have the same order i.e. the number of rows and
columns in the first matrix must be equal to the number of rows and columns in the second
matrix.

Examples

(¢ 2+ w)=(g ath)

(5 ) +(o =G0 212G 3

( —1 2) (3 (2) —13)=(§1; —01++20 21++—13)=(45L —21 —21)
@0 W)= o)

2006 =G 7= 5

-
Gl y)-Gz )G

Multiplication of matrices

N

w

BN

vl

o

Scalar multiplication
This is the type of multiplication where we multiply a given matrix with a constant which is
taken as a scalar.

Examples
b c
1. Expanda (e f)
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Solution

oo f)=(%e aXp)=(e of)

2. Given matrix A = (i _02) and B = (_02 g)

Find (i) 2A (i) 4B - A (iii) 3(A+B)
Solution

O ZZG —02) - (2 i i 22><X—02) - (g —04)

(i) 4B= 4(_02 2) = (44><X—02 iig) = (—08 ég)

T A I GO Y )

(iii) A+B:(i _02)+(_02 2):(—31 2)

=37 )= 1)

General multiplication of matrices
We can multiply two or more matrices if and only if the number of columns in the first matrix are

equal to the number of rows in the second matrix.

Examples
Expand

o ¢ D)

Solution

(a b)(e f)_(axe+b><g axf+b><h)

c d/\g h) \cxe+dxg cxf+dxh

Hence when we are expanding, we multiply row by column

(3 1)(0 1)_(3><0+1><3 3><1+1><1)_<0+3 3+1)_(3 4)

2 1 T \2x0+1%x3 2x1+1x1 0+3 2+1 3 3

M) 3 1

2
w (-G H6 -

(69-:- 180 182: 2250) - GZ gé)

(iv) Multiply(g _91) (_42 8)
Solution

g —9 1) (_42 (3)) - (58><x—_22+-|_—9 1X><44 58><x33++—9 1X><00)

N

45 )
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=(—16+36 24+0)_(20 24)
—-14 15

-10+—-4 15+0

V) Given the matrices below;

a=(20) »=())

Their matrix product is;

AB — a b\ [z _ (ax+ by
c d}\y cx + dy
yet BA is not defined.

(vi)  Given the matrices below;
1 2 a b
A=(3) »=( o)
Their matrix products are:
ap_ (1 2\(a B)_(lxa+2xc 1xb+2xd) _(a+2 b+2d
" \3 4/\c d/] \3xa+4dxc Ixb+4dxd/ \3a+dc 3b+4d
Ba_ (@ BY(1 2) _ (ax14+bx3 ax2+bx4) _ (a+3b 2a+4b
T \e dJ\3 4] \ex14+dx3 cx24+dx4) \c+3d 2c+4d)

Note: In general, when multiplying matrices, the commutative law doesn't hold, i.e. AB+# BA as
seen in the above example.

The determinant of a matrix

Consider a matrix 4 = (CCL Z), the determinant is denoted by det A where det A = ad — bc. The
matrix which has a determinant of zero is called a singular matrix
Examples
1 1tM=(; ) Finddetm
Solution
DetM=(4x-1)—(1%x3)=—-4—-3=-7

2. IfA= (} (3)) find det A

solution

DetA=(1x0)—(3%x1)=0-3=-3




Advanced Level Subsidiary Mathematics By Kawuma Fahad First Edition (Extended 2013)

. 1 3 3 2\ o -
3, leenthatA=(1 0),13:(1 1),F1nd(1) det (3A+B) (i) det (2A - B)

Solution

o o= P0G D= 9+C 9=

Det(3BA+B) =(6Xx1)—(11x4)=6—44=-38
o a@p-a P-C DG 9-C -G 4

4, GiventhatA = (;L ?) and B = (_21 _14) Show that A + B is a singular matrix.

Solution
_(4 6 -1 -4\ _/3 2
A+B_(1 1)"'(2 1)_(3 2)
Det(A+B)=3%Xx2-2%X3=6—-6=0
Since det (A +B) = 0, A + B is a singular matrix

Formation of a matrix

When forming matrices, we consider the number of rows as well as the number of columns
required for a certain matrix.

Examples
(i) A3 X 1 matrix

2
0
1
(i) A 2 X 2 matrix
4 2
(o 3)

(iii) A4 X 3 matrix

6 0 7
2 1 2
4 5 8
-2 9 1

Inverse of a matrix

The inverse of a matrix A is given by oo X the adjoint matrix. The inverse of a matrix A is

denoted by A~1.To get the adjoint, we interchange the entries of the major diagonal and
multiply the entries of the minor diagonal by -1 i.e.

IfA = (‘Cl Z), Adjoint A = (_dc _ab)

Det A =ad — bc

-1 _ 1 ..
A~ = Toea < Adjoint A
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A= (4T

Note: The inverse of a singular matrix does not exist because we end up with a division by zero
which is undefined.

Examples
_ 3 1 _ _1 2 . . -1 o -1 -1
If A= (0 1),B = ( 1 3), find (i) A= (ii)) B~ (iii)) (A+ B)
Solution

(i) DetA=(3x1)—(1x0)=3

Adjoint A = ((1) _31)

_ 1 -1
Alzé(o 3)
(ii) DetB=(-1%x3)—-(2x1)=-3-2=-5

Adjoint B = (_31 :i)

B~ = _15(_31 :i)

o avo=( Do D= )

Det(A+B)=(2x4)—(3x1)=8-3=5

Adjoint (A + B) = (_41 _23)
1 _
a7 =5(4 7))

Note: AA~! = I where I is an identity matrix where an identity matrix which has the entries
in the major diagonal equal to one and the entries in the minor diagonal all equal to zero e.g.

1 0\ . . . :
(0 1), is 2 X 2 identity matrix.

Solving simultaneous equations using matrices

One of the most important applications of matrices is to find the solution of linear simultaneous
equations. It is a requirement to first re-arrange the given simultaneous equations into matrix

format.

Example 1

Consider the simultaneous equations

X+2y=4

3x—5y=1
Provided you understand how matrices are multiplied together you will realise that these can
be written in matrix form as;

G 56)=0)

Writing
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4 =(§ _25) X =(;) and B = (‘D ,
We have AX =B

This is the matrix form of the simultaneous equations. Here the unknown is the matrix X,
since A and B are already known. A is called the matrix of coefficients.
Now given AX = B, we can multiply both sides by the inverse of 4, provided this exists, to give;
ATIAX =A"'B
But AA™! = I, the identity matrix. Furthermore, IX = X, because multiplying any matrix by
an identity matrix of the appropriate size leaves the matrix unaltered. So X = A™1B
Thus if AX=Bthen X = A™'B
This result gives us a method for solving simultaneous equations. All we need do is write them
in matrix form, calculate the inverse of the matrix of coefficients, and finally perform a matrix
multiplication.

Solution to the abgve question
5 56)=0)

We need to calculate the inverse of A = (; _25)

DetA=(1x—-5)—(2x3)=-11

=2 )

x=a=-2(23 ()

N _1_11(—_53><X44++—12X><11) = _Tll(zﬁ) = (i)
(§)=(i) >x=2andy=1

Example 2:
Using matrices, calculate the values of xand y for the following simultaneous equations:

2x-2y-3=0
8y=7x+2
Solution:
Step 1: Write the equations in the form ax + by = ¢
2x-2y-3=0>2x-2y=3
8y=7x+2=>7x-8y=-2

Step 2: Write the equations in matrix form.
coefficients of first equation 2 =24 x 3 constant of first equation
coefficients of second equation T -8l B -2 cotstant of second equation

Step 3: Find the inverse of the 2 X 2 matrix.
Determinant= (2 X -8)-(-2X7)=-2

1(-8 2 4 -1
Inverse= — = =
20 =7z 25 1

Step 4: Multiply both sides of the matrix equations with the inverse

C 49 )
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4 =1y2 -2%=x 4 =1y 3
(3.5 —1](? —8](;:}:(3.5 —1}(—2}
1 0% x 14
(0 JLJ:(M.J

So,x=14and y=12.5

Example 3
Solve the simultaneous equations below using the matrix method
x+2y=4
x+y=3
Solution

G D6)=0)

LetA=(T %),B= (}) andc =(3)

11 y 3
Now AB = C =>B=§
B=A"1C

DetA1= (% X 1)2— (2 x 11) = 2—1
e LR
,(;) - (__11 _21) (g) B
(y) - (1 if}iti i g) - (4 itg) - (i)

From equality of matrices x = 2andy =1

Example 4
Solve the simultaneous equations using the matrix method

2x+y =3
4x — 2y =10
Solution 1 5
(4 —2) (y) - (10)
Leea=(2 1)

4 =2
DetA=(2x-2)—(1x4)=-8

4 1 ..
AT = = X Adjoint A

-5 )
X 1/—-2 -1 3
X (y)i_52(§%+31)>(<1{)3 1/—16 2
(y)z_é( —4><3+2><10)=_§( 8 )=(_1)
x=2 andy= —1

Trial questions
1. Solve the following sets of simultaneous equations using the inverse matrix method.
a) 5x+y=13
3x+2y=5

( 50 )
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b) 3x+2y=-—

X+4y=6
) 4x+2y=6

3x + 5y =5
d) 7x+4=5y

2

4-2x+y=0

[Ans: a) x=3

2. Given the matrices A = (1

,y==2, b)x=-2,y=2 ¢c)x=10/7,y=1/7 d)x=8,y=12 ]

0
4 5

6 -1

)andB = (_2 _3

), find;

(i) Matrix C which is equal to 2A - 3B

(i) AB

(iii) Show that Det (A.B) = (Det A) (Det B) [Ans: (i) (_16 3) (ii) (164 1 ) ]

14 9 -19

3. Given that A = (3 0 ) and B = (1 2), determine (i) A+ B (ii) (4B)?

[Ans: (i) (‘6L

5. Given that (3

6. Given the matrix m = (

BN 2 a5 30y,

_2) (i) (—45 —50)]
_—1a _32) (_xs) = (_xs)' Find the values of aand x [ Ans:a =1,x = 1]
3a a—6

), find the values of a for which the matrix m is singular
—6 a+?2

[Ans: a=-5.61, 1.61]

7. GiventhatA4 =

(X, 3iB=(2 7)) findaB-Ba [ans: (5 D))

8. Aand B are two matrices such that A = (1 3 ) and B = (_1 2),Find (i) matrix P =AB (ii) P71

[Ans : (i) (3 }&

4 11 1 3

ORI

9. Given the matrices P = (2 _2) ,0 = (3 2 ) and R = ( 5 _4); determine

0 1 4 -1 -1 2

3 2

() P.Q + R (ii) the determinant (P .Q + R) [Ans: (i) (3 1) (ii) — 3]

4

9. Find the inverse of A = (2 _31) [Ans: i(_?’z 1)]

10. Given that A = (

11. Given that matrix A = (;

1 2

, 3), show that A2 — 44 = [ where I is a 2 X 2 identity matrix.

3

2), find the values of the scalar A for which A — Al where lisa2 X 2

identity matrix. [Ans:A = 1 or 4 |
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CHAPTER 7: INTEGRATION

Integration is the process of obtaining an original function from a given gradient function; hence it

is the reverse of differentiation
n+1

IfZ—zzx",thenyzx when n # —1

n+1
n+1
= [ax"dx = 9;7 + C where Cis the arbitrary constant
The general rule when integrating a power of x is that we add one onto the exponent/power and
then divide by the new exponent/power. It is clear (hopefully) that we will need to avoid #=-1in

this formula. If we allow # =-1in this formula we will end up with division by zero, which is
undefined.

Indefinite integrals
We call [ f(x) dx an indefinite integral because it does not give a definite answer and we add an

arbitrary constant after integrating.

We know that y = x3,y = x3 + 5,y = x3 — 6, all satisfy Z—Z = 3x?2, for this reason we write

y = 3x?% + C after integrating because we do not know whether the original function or not.
Note: we always integrate with respect to a certain variable i.e. [ f(x) dx means integrating the
function with respect to x and [ f(t) dt means integrating the function with respect to t.

Example 1
Integrate the following with respect to x

(@) 5

Solution
5x?
dexszxodx=T+c=5x+c

.I-Ecdx= Ix+e, ¢ andikareconstants

Hence
(b) x®
Solution
X3+1 x4-
3 9. _ -
]x dx 371 +c 2 +c
3
(c) x2
Solution
3 5
3 x§+1 XE
szdx—§+1 + C—? + c
2 2
5
2x2
= +c
5
(d)4Vx
Solution

1
f4\/§dx=f4x5dx=4x;+1 +c

2
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3 3
= re="4c
2
(e) 7x5
Solution
7x°
f7x5 dx =—+c¢
6
1
® =
Solution
1 1
1 x_f+1 X2 1
f—dx—f 1dx—fx2dx— T +c=T+c=2x2+c=2\/§+c
X2 —7+1 7

Integrating a sum or difference
When integrating a sum or difference we integrate separately i.e.

Example 2
Integrate 3x® — 4x% + 5x — 1 with respect to x
Solution
f(3x3 —4x% +5x — 1) dx=13x3dx—f4x2dx+f5xdx—j1dx
= + —2 —Xx+cC
a3
Example 3
Integrate 5¢t3 — 10t ™% + 4 with respectto t
Solution
3 & 14y 1Y s
[5£ - 106 +4dr =5 2 [ 10| = |7 e

_gz T

Definite integrals
b
A definite integral is one that gives a definite answer i.e. fa f (x) dx is a definite integral where

a is the lower limit and b is the upper limit.
Suppose [ f(x)dx = F(x) + ¢
x=b
| redx=m+o-E@+o
X=a
= F(b) — F(a)
We usually write this as f;:f f(x)dx = [F (x)]Z where f(x) = %F (%)

Note: The constants of integration cancel out in case of a definite integral thus there is no need
to add an arbitrary constant to the final answer.

Examples
1. Evaluate the following definite integrals

( 53 )
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2 _
@[ y*+y?dy
Solution

1 1
Iy+y‘2cfy [ »i-—=
y

1

i

(b) [7, 6x% — 5x + 2 dx
Solution

- [2—E+2J—(—54—4_— 6]
2
=24
© If...f?[z—zjdz
Solution

Note that we can’t integrate products as a product of integrals and so we first need to

multiply  the integrand out before integrating.

15
In the evaluation process recall that,
5

@3 = (7] (-

@ [ x*+1ldx
Solution
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p! 1 4
_[ x +ldx= [—f +x]
0 3

]

(e) [ 14 x/2 dx
Solution

i, _2 4
‘/:xﬂdx—ix‘m]

(H ff(xz —4x + 1) dx
Solution
3
f (x*=4x+ l]dx=[%xj—lxz+x

3

|

=Hm’- 2{3}2+3]~ Hm-‘-z (1) + 1

=-6-(-3)

16
3

Area under the curve

The area between the graph of y = f (x) and the x-axis is given by the definite integral below.
This formula gives a positive result for a graph above the x-axis, and a negative result for a

graph below the x-axis.

¥ Afx)

X-AX18

o b

Area = jjf(:r)d:n
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Example 1
Find the area between y = 7 - x2 and the x-axis between the values x = -1 and x = 2.
14
2 P
2
Area = f (7 — 22) da
-1
z
1
= ('Tm — —:.,"3)
3 -1
1 1
=|7-2—=(8)| — |T{—-1)—=(—1
|7-2-5®)] - [ren-3 )

=18
Example 2
Find the area enclosed by the curve y = 4x — x? and the x-axis
Solution
We can first sketch the curve as follows;

y.

A= [ydx

A =f04(4x—x2)dx
_[r.2 _x°14
—[Zx 3]0

64 32 .
= (32 — ?) —-(0) = = Sq. units

Example 3
Find the area enclosed by the curve y = x? — 3x and the x-axis

Solution
First make a sketch of the curve y = x% — 3x

"1
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A= [ydx
A:fog(xz—Bx)dx
23
3 210
27
-(-9-
=—§sq.units

The area has a negative value because it lies below the x-axis but we shall always take the

- 9 .
positive value . A = 5 SQ. units

Displacement, velocity and acceleration

We earlier saw that displacement, velocity and acceleration are linked up with a process of

differentiation.
Similarly, acceleration (a) , velocity (v) and displacement in the reverse order are linked up
together by a process of integration

From = & it follows that v = [adt
dt

And similarly from = %, it follows thats = [ v dt

Examples
1. Ifv=3t? —8tand s = 3whent = 0, find the expression for s in terms of t

Solution

s=[vdt

s = [(3t* —8t) dt

s=t3—-4t?+c
Buts=3,whent=0 = c =3
Thuss = t3 — 4t + 3

2. Ifv=t?—4t+3ands = 4whent = 3, find the displacement when s = 1
Solution
s=fvdt
s=[(t?—4t+3) dt

t3 9
s=?—2t +3t+c
Buts =4 whent=3
Substituting; 4 =9 —-18+9+ ¢
c=4
t3 P
S=?—2t + 3t + 4

3
Displacementwhent=1, s = (% —2(1)%+3(1)+4

16
S=—m
3

3. fa=1—-—tandwhent=2,v=1and = 13—3, find the expressions for v and s in terms of t.

( 57 )
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Solution
v=[adt
v=[(1—-t)dt

t2
v=t——+c
2

Butwhent=2,v=1
1=2-Z4¢
2
c=1
t2
Therefore v = t—7+ 1
Froms = [v dt
t2
s—f(t—7+1) dt

But whent = 1,s=§

Substituting;13—3=%—%+2+c
2=242+¢
3 3
c=2
tz2 3
Thus s=?—?+2t+2

4. A body moves in a straight line. At a time t seconds, its acceleration is given by a = 6t + 1.
When t = 0, the velocity of the body is 2 m/s and its displacement is 1 m. Find the

expressions for vand s in terms of t.

Solution
dv
a= i 6t+1

v=[adt= [(6t+1)dt

v=3t’+t+c
Butwhent=0,v=2,thus2=0+c=c =2
Substituting for ¢; v = 3t + t + 2

Now using v=$=3t2+t+2
s=[vdt= [(Bt?+t+2) dt
s=t3+§+2t+c
Butwhent=0,s=1
= 1=0+4+cthusc=1

2
Substituting for ¢; s = t3 + % +2t+1

{ 58 )
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Trial questions
1. Integrate the following with respect to x

M x5 ()= () Ve (v)x= V) SL/Z vi)x~ 72 (vii)x  (vii) %
[Ans: (i) %xﬁ + ¢ (ii) —ix“‘ +c (iii)%xs/‘l +c¢ (iv) —%x‘z +c (V)—gx_S/Z +c

(vi) 2x72 + ¢ (vii)%x2 + ¢ (viii) %xz/g +c]

2. Evaluate each of the following definite integrals
() [ixddx (i) [ x%dx (i) [+ Ddx (i) [ (% +2x — 1) dx

v) foz(x3 —3x)dx (vi) flz(x3 — 3x2 + 2x) dx (vii) f_ll(Zx — 3) dx (viii) fll/{fx% dx
[Ans: (i) 4 (if) == (iii) 26 = (V)15 (v) =2 (vi) — 1/, (vii) -6 (viii) 6]

3. Find the area enclosed by the curve y = x? — 1 and the x — axis. [Ans: 4/3 SQ. units]

4. Find the area bounded by the curve y = x2 + 3 and the linesx = 1 and x = 2
[Ans: 4 sq. units]
5. Find the area enclosed by the curve y = x? — 6x and the x-axis [Ans: 36 sq. units ]

6. Find the area enclosed by the curve y = 4 + 3x — x? and x - axis [Ans: 202 SQ. units]

7. Find the area enclosed by the curve y = x? — 4x — 5 and the x-axis.[Ans: 36 sq. units]
8. Ifa=6t—12,and whent = 0,v = 9 and s = 6, find the expressions for velocity and
displacement [Ans: v = 3t2 — 12t +9,s = t3 — 6t> + 9t + 6]
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CHAPTER 8: VECTORS

A vector quantity is one that has magnitude and it is related to a definite or particular
direction in space. A direct line segment, whose direction is that of the vector and whose length
represents the magnitude of the vector, may represent any vector. A vector from a point A to a

point B is denoted by AB.

B

AB

Vectors may be in 2-dimensions or 3-dimensions. If coordinates are involved, we use x, y in 2-
dimensions and x, y, zin 3-dimensions.Vectors can be added together, subtracted and multiplied
by scalars.

Equal vectors
For any two vectors to be equal, they must have the same magnitude and direction

Parallel vectors
Two vectors a and b are parallel if one is a scalar multiple of the other i.e.
a=Ab

Position vectors
A position vector whose distance and direction from the origin is specific. Consider a vector
ai + bj P(ab

A

j

v

0 i

The position vector OP is given by OP = ai + bj

Addition and subtraction of vectors

Example
If a=3i+4j and b =2i+8j.Find (a)at+b (b)a-2b
Solution

(@Q)atb=3i+4j+2i+8j =5i+12j

(b)a-2b =3i + 4j — 2(2i + 8))
=3i+4j — 4i — 16)
= —i—12j
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Modulus of a vector
The modulus of a vector a is the magnitude of a i.e. the length of the line representing a. The
modulus of a vector a is denoted by |a|

\ai + bjl = Va7 B2
]

Note: the vector ai + bj can be denoted by (Z) which is a column vector.

Example
Giventhata = 3i+4j and b = 2i + 8j.Find (a) |a|] (b) |b| (c) |a+ b|

Solution

(@ ]al =V32+42=+25=5
(b)|b| = V2% + 82 = /68 = 2417

(©a+b=3i+4/+2i+8j

la + b| = /52 + 122 = V169 = 13

Unit vectors
A unit vector is a vector whose magnitude or length is one. It is usually written as @. The unit

. . ~ a
vector ofais givenby a = a

Examplel
Find the unit vector of 2i —j
Solution

|2i — j| = /22 + (=1)% = /5 Units
The unit vector will be \/ig 2i —))

Example2
Find the unit vector of aifa = 3i + 2j

lal = V3T + 22 = V13

a

QN
Il

lal
1 . ,
\/T_3(3L + 2])
. 1. .
=~ The unit vector is NeES (3i + 2j)

a

Further examples
1. Ina parallelogram OABC,04 = a and OC = c. The point D lies on AB such that AD: DB = 1:2.
Express the following vectors in terms of a and c.
@CB  (b)BC ()4B (d) AD (e)0D (f)DC
Solution
Let us draw the parallelogram
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C B

0, »a A
(a) CE is the same length as 04 and it is in the same direction = CB = 0A
~CB=a
(b) BC is the same length as CE but it is in the same direction= BC = —CB
~BC=—a
(©) AB is the same length as OC and is in the same direction = 4B = 0C
~0C=c
(d) AD:DB=1:2
1
AD = §AB
— 1
AD = §c

(e) 0D = 04 + AD
—a+-c
3
—1(3 +
=3 (Ba )
(f) DC = DB + BC
=§c+(—a)
=§(2€—3a)

2. The diagram below shows a parallelogram OABC with OA=a and OC =cDisa point on AB
such that AD: DB=2:1. OD produced meets CB produced at E. DE = hOD and BE = kCB .Find

C B E

€)) BE intermsofaandk

(b)ﬁ interms ofh,aand c
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Solution

(a) BE = kCB
ButCB = 04 = a
. BE = ka
(b) DE = hOD
But 0D = 04 + AD = a +>AB

=a+§c=§(3a+2€)
~ DE = hx§(3a+26) =§(3a+2c)

3. If O, A, B, C are four points such that 04 = 10a, OB = 5b, OC = 4a + 3b. Show that A,BandC
are collinear

Solution
A
10 B
0 42+3b C
AB =40 + OB

= —10a + 5b

=5b—10a

= 5(b — 2a)

BC = B0 + 0C
= —5b+ (4a + 3b)
=4a —2b
= —2(b — 2a)
+BC =278
AB and BC are in opposite direction and since B is a common point, A, B and C are collinear

4. OABC is a parallelogram with OA=a and OC=c, D is a midpoint of BC and OD meets AC atE
C D B

0 £ A
Given that OE=hOD and AE=KAC
Find in terms of vectors a and c, the vectors OE, AE and CE

( 63 )
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Solution
From OE=h0OD
OD=0C+CD

CD=-CB=-0A=-a
2 2 2

OD=c+%a=%(2c+a)

OE=2(2c + a)

AE = A0 + OE
=—a+§(2€+a)

= —2hC+Za_2a = %(th + (h—2)a)

Alternatively;
From AE=KAC

AC=A0+0C
AC=0C-0A=c-a
AE =k(c-a)

CE=CO0+ OE
= 0E-0C
= % (2c+a)—c
= 22 = 2 (2c(h — 1) + ha)

5. M is the mid-point of PQ in the triangle OPQ. If OP = p and 0Q = q, find in terms of the vectors
p and g, the vectors PQ, PM and OM. N is a point on OM such that ON: NM = 2: 1. Express ON
and PN in terms of p and g. Given that S is a mid point of 0Q, use vector methods to show that
N lies on PS and hence determine the ratio PN : SN

Solution

0]
PQ = PO +0Q = -OP + 0Q
PQ=0Q-0P
PQ=q-p
PM = %PQ, since M is the mid-point of PQ

( 64 )
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cpslg 1
=p*+;q4—37p

1
=s(@+q)

ON :NM=2:1 (total ratio =2+ 1=3)
=>0N=§0M=§x%(p+q)

1
~ ON=-(p+q)

PN =PO + ON (see diagram)

=-OP+ON=ON—OP=§(p+q)—p=§q—§p
1
“PN =1(q-2p)

Now NS=NO+0S=0S-0ON

But OS =%0Q since S is the mid-point of 0Q
> 0S=-q

Also ON = g(p + q) from above

1

1 1 1 1
> NS=2q-;(p+q) =5q9-3p—3
1
NS ==(q — 2p)

_3q-2p-2q _ q-2p
q= o =

1

_1. pN _ 3(@-2p)
ButPN—3(q 2p) so o = I
PN

2 =2 =PN=2NS
NS

Since PN is a scalar multiple of NS, then PN is parallel to NS.

But since both vectors contain a common point N, N and S are collinear (lie on a straight line) and so N
lies on PS as required.

Nowﬂ — SoPN:NS=2:1
NS 1
Hence PN : SN =2:1

The scalar product

The scalar dot product of two vectors is defined as the product of the magnitude of the two vectors
and the cosine of the angle between the two vectors

[

b
a.b = |al||b|cos @

The scalar dot product can therefore be used to obtain the angle between vectors

( 65 )
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Properties of the scalar product
1. From definition a.b = |a||b| cos 6, it follows that two perpendicular vectors have a scalar
product of zero

A
a

—

oV

a.b = |a||b| cos 90
=ab=0
2.a.b=bh.a
3.a.(b+c)=a.b+a.c
4. A(a.b) = a.(Ab) = (Aa).b = A|a||b| cos b

Consider the vectors a = x40 + yij and b = x,i + y,j
Now a.b = (xqi + y1j). (x20 + y,))
= X1 XU U+ X1 Yol j + Y1X2). 1+ Y1Y2). ]
Buti.i=j.j=1 andi.j=j.i=0
~a.b = x.x, +y,y, = |a||b| cos 8 Where 0 is the acute angle between a and b.

Examplel
Find the angle between the vectors a and b giventhat a = 3i +4j and b = 5i — 12j

Solution

Let 8 be the required angle

a.b = |al||b| cos O

la| =32+ 42 =5 and |b| = /52 + (—12)% = 13

a.b=(3x%x5)+(4x—-12) =15—-48 =-33
—33=5%13cos @

-33
— =cos 0
65

cos 8 = —0.50769
0 = cos™1(—0.50769)
6 =120.51°
~The angle between the vectors is 120.51°

Example 2
The points A, B, C and D have position vectors —2i + 3j,3i + 8j,7i + 6j and 7i — 4j respectively.
Show that AC is perpendicular to BD.

( 66 )
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Solution
AC =0C - 04
=(7i 4+ 6j) — (—2i + 3))
=9i + 3j
BD = 0D — OB
=(7i — 4j) — (3i + 8j)
=4i — 12j
AC.BD = (9i + 3j). (4i — 12j)
=(9%x4)—-(3x%x12)=36—-36=0
-~ Since AC. BD =0, AC is perpendicular to BD

Example 3

The position vectors OP =(§) and 0Q = (_41) are joined to form triangle OPQ. Determine;

(i) The lengths of the sides of triangle OPQ
(ii)The angle between OP and 0OQ
(iii) The area of triangle OPQ

Solution

0 6 > Q

(i)OP = |OP|V2? + 3% = \/13units
00 =|00Q]|/4? + (—1)2 = V17units
— = 4 2 2
PQ:OQ_OP:(—1>_(3):(—4)
PQ = |PQ|/22 + (—4)% = v/20units

(i) OP.0Q = (2%x4)+(3x—-1)=8—-3=5

Using OP.0Q = |OP||0Q|cos 6
5=+413 xX+/17 cos@
5
cosfO = T 0.336
6 =70.37°

(iii) Area ==|0P||0Q| sin 6
- % x V13 x V17 sin 70.37

= 7sq. units

{ 67 )
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10.

11.

12.

13.

14.

Trial questions
If the point P has position vector 7i - 3j and point Q has position vector 5i +5j. Find (a)
PQ (b)QP [Ans:(a)-2i+8j (b)2i-8j]
The point P has position vector 3i - 2j and Q is a point such that QP =2i— 3j. Find the
position vector of Q. [Ans:i +j ]
Given thata =3i-jand b = 2i +j, find:
@ lal () |b] (c)a+b (d)|a+b| [Ans:(a) V10 (b)V5 (c)5i (d)5]
Given that a =(§) and b = (_é), find:
(@ a+2b (b)la+2b| (c)2a+3b (d)|2a+ 3b|

[ans: @) (_5) ®5  ©(_3) @58 ]
The three points A, B and C have position vectors a, b and c respectively. If C
=3b - 2a. Show that A, B and C are collinear.
The three points A, B and C have position vectorsi-j, 5i - 3j and 11i - 6j respectively.
Show that A, B and C are collinear.
Find the angle between each of the following vectors
(@) a=3i+4j andb=5i+12j [Ans: 149]
(b)c=5i-j and d=2i+ 3j [Ans: 680]
The points A, B, C and D have position vectors 5i + j, -3i + 2j, -3i - 3jand i - 6j
respectively. Show that AC is perpendicular to BD.
The points E, F and G have position vectors 2i +2j, i + 6j and -7i +4j. Show that the
triangle EFG is right angled at F.

]

|
ml*mlw

Ifa =(_i) find (a) a unit vector parallel toa [ Ans:

The points A, B and C have position vectors 4i - j, i + 3j and -5i + 2j respectively. Find
(a)AB  (b)BC (c)CA (d) the angles of a triangle ABC

[Ans:(a)-3i+4j (b)-6i-j (c)9i-3j (d)359 1179, 28]

E is the centre of the rectangle ABCD and AB = a, BC = b, Express in terms ofaand b,
the vectors (i) AC (i) CD (iii) BD (iv) EB (v) EA

[Ans:()a+b (i)-a (ii)b-a(iv)s(a—b) (v)—(a+bh)

The position vectors of three points A, B and C relative to an origin O are p, 3q - p and 9q

- 5p respectively. Show that the points A, B and C lie on the same straight line, and state
the ratio of AB:BC
1

Given that OBCD is a parallelogram and that E is the point such that DB =§DE, find the
position vectors of D and E relative to O [Ans: 1:2, 6q-4p, 5p-3q]
The position vectors of the points A and B with respect to the origin O are 2i + 3j, -i + 5j

respectively. Find the position vector C such that AC = 24B. Calculate the angle between
the vectors AB and OB. [Ans: -4i + 7j, 459]
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15. The position vectors of points A, B and C relative to the origin O are (;) , (2) and (g)

respectively. Write down the vectors representing AB, AC and BC. Use the vector
methods to calculate (i) angle BAC (ii) angle ABC
State the special property of triangle ABC and deduce its area.

[Ans: (;) , (;) , ( _31), 450,900, right angled isosceles, 5 sq. units]
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CHAPTER 9: TRIGONOMETRY

Trigonometry is a branch of mathematics that studies the relationship between the three sides
and the three angles of a right angled triangle in terms of ratios and representing them as
trigonometric ratios; sine, cosine and tangent.

Trigonometric ratios for the general angle
The trigonometric ratios include the main three mentioned above and the others include secant,

cosecant and cotangent abbreviated as sec, cosec and cot respectively.
If we consider a right angled triangle ABC

. a ) b
Then sin 6 =Z'COSG ==

sin @

a
Also tan 6 === e

algfala

It can also be observed that the remaining angle, B=90 -6
And that sin (90 -6) = g =cos 6 and cos (90 -6) = % = sinf
Therefore sin 8 = cos(90 — 8) and cos 8 = sin(90 — 9)
By Pythagoras theorem, a? + b% = ¢?

On dividing through byc?, we get

a?  b?

=z + = =1

= sin%6 + cos?6 =1

Though we have derived these relationships using an acute angle, they are identities i.e. true for
any angle and should be remembered.
The three remaining ratios are reciprocals of sine, cosine and tangent;
They are;

__cosine

1 1
secant = ——; cosecant = —; cotangent = ==
cosine Sitne tangent Stne

Further trigonometrical identities
Using sin20 + cos?6 = 1
Dividing both sides cos?6

sin?6 | cos?0 1
cos20 ' cos28  cos26
sin @ 1
But =tanfd and — = secH
cosf cosf@

There fore tan?6 + 1 = sec?6
Now if we divide the original identity bysin?8, we obtain

sin?%0 cos?6 1
sin26 sin28  sin2@
cos 6 1
But—— = cot and — = cosec 0
sin @ sin @
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Therefore 1 + cot?6 = cosec?8
These three identities will be found useful later when solving equations.

Trigonometric ratios for general angles

The relationship between the ratios of the general angles and the corresponding acute angles
depends on which quadrant the basic angle lies in. The angles can lie in four quadrants following
in the anti-clockwise direction. In the 1st quadrant, all are positive, in the 2rd quadrant only sine is
positive, in the 3r4 quadrant only tan is positive and in the 4th quadrant only cos is positive. Note
that the positive angle are measured in the anticlockwise direction and the negative angles are
measured in the clockwise direction.

The relationships can be summarized as shown below.

%"
2od quadrant 1st quadrant
Sin + 2in (180° — §) *gin &
—cos {180° — 0) +eond All
pouttve ~ tan (180° - §) +ga ll"’dﬂ“‘
i A 0°, 360°
\J/ '
Ty 08 -180°) — sin (360° - 6)
podun{—m(ﬂ—lsn') + cos (360° —p) 1 OO
C T+ (- 180°) — tan (360° — g) | Positive
3nd quadrant d4h quadraat
210°

It can also be remembered by a student saying “All Scientists Take Chemistry” in the anticlockwise

direction.

Trigonometric ratios for special angles
The trigonometrical ratios of the angles 09, 309, 459, 609 and 900 are used often in mechanics and
other branches of mathematics and so it is useful to have their values in surd form.

300 and 600
Suppose APQR is equilateral, with sides 2 units and that PM is the perpendicular bisector of QR

Using Pythagoras theorem MP? + MQ? = PQ?

MP =+/22 — 12
So MP =v3

Since APQR is equilateral, PQM =60° and QPM =300

1

From APQM sin30° = S5 cos 300 = \/2—5; tan30° = —or

- V3

“|%

And sin60° = \/2—5; cos 60° = %; tan 60° =

=& gl
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450
Consider a right-angled triangle which is isosceles and in which the equal sides are 1 unit in
length. The equal angles will each be 459

Using Pythagoras theorem BC? = 12 + 1% or BC =+/2

Hence sin 45° = — or E; cos 459 = E;tan45° =1=-1
V2 2 2 1

00 and 900

In the AABC, as the angle x decreases so does the length of side BC.

"Z\AB

As x approaches 09, BC approaches zero and AC approaches AB in length ie as x — 0,then b — 0
and AC - AB

Butsinx = B¢ and as x = 0,BC = 0. Thussin0° = 2 - 0
AC AC

Also cosx = % and as x = 0,AC = AB.Thus cos 0° =% =1

And tanx = B¢ and as x = 0,BC — 0. Thus tan 0° = 2= 0
AB AB

Similarly, as x = 0%, s0 ACB — 90°. Thus considering the trigonometric ratios of ACB as x - 0°

. AB 0 in90® 1 P
sin90° = — =1;cos 90° = <=0 andtan 90° = z:;%o = = = o (infinity)

These results are summarised in the table below and should be memorised for future use.

Angle sin \ cos \ an J
0° o 1 0
1
30 X el B
5 1 1 1
45 72 72
60° 3[23 % J3
9" | ! 0 - _l
Example 1
Show that cos?30° 4+ cos 60°sin30° = 1
Solution

The left hand side is cos?30° + cos 60° sin 30°

=c0s 30° (cos 30%) + cos 60° sin 30°
Y3 3,11 _3,1
272 T272 74

=1 asrequired

72 )
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Obtuse angles
Trigonometric ratios of obtuse angles can not be defined by means of a right angled triangle.

The sine, cosine or tangent of an obtuse angle is the sine, cosine or tangent of a supplement angle,
with the appropriate sign

If 6 is an obtuse angle;

sin@ = +sin(180° — 9)

cos @ = — cos (180° — 9)

tanf = —tan(180° — 9)

Example 2
Write each of the following as trigonometric ratios of an acute angle

(@) sin 1559  (b) cos 140° (c) tan 1300

solution
(a) sin 155°% = +sin(180° — 155°)
= +sin 25°
(b) cos 140° = — cos(180° — 140°)
=—cos 40°
(c) tan 130° = —tan(180° — 130°)
=—tan 50°
Example 3
If sin 350= 0.5736, find the values of (a) sin 145° (b) cos 1259
Solution
(a) Sin 1450 =+sin (1800 - 145°)
=+-sin 350
=4+0.5736
(b) Cos 1259 =— cos(180° — 1259)
=—cos 55°
=—c0s(90° — 359)
=—sin 35°
=—0.5736
Example 4

Given that sin 6 = % and that @ is an acute angle, find (a) cos 6 , (b) tan 8

Solution
First sketch a right angled triangle containing an angle 8 and with two sides of length 7 and 25

units such that sin 8 = %

25
8

Using pythogras theorem, the third side of the triangle =v252 — 72 = 24
Since 6 is acute, the trigonometrical ratios of 8 will be positive, hence

C 713 )
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24
(@) cos O = Py

(b)tanf8 = —

7
24

Example 5

Given thatsin8 = % and that 6 is an anglobtuse, find (a) cos @ , (b) tan 6

Solution

As 0 is obtuse, sketch a right angled triangle containing an angle (180° — 8) and with two sides of
length 24 and 25 units.

25, 24
180" — @
As sin @ and sin(180° — @) are numerically equal, sin(180° — 9) = z—g

Using pythogras theorem, the third side of the triangle =v252 — 242 =7

(a) cos@ = —cos (180° — 9)
_2
25
(b)tan 8 = —tan(180° — 9)
_
7
Maximum and minimum values of sine and cosine
The trigonometrical ratios of all angles differ from the trigonometrical ratios of acute angles only
in sign.
From the definition of sine and cosine

The maximum value of sin 8 is +1 ( when 8 =900, 4500........... )

And the minimum value of sin 8 is —1 ( when 8 =2709, 6300........... )

The maximum value of cos 8 is +1 ( when 8 =09, 3600........... )

And the minimum value of cos 6 is —1 ( when 6 =1800, 5400........... )
Example

Write down the maximum and minimum values of each of the following and state the smallest
value of 6, from 0° to 3609, for which these values occur.

(@)1 —2cosh (b)3sinf — 1
Solution
() cos @ varies from +1 to -1, hence 2 cos 6 varies fom +2 to -2
Thus the maximum value of 1 — 2cos 8 is 1 — (—2) = 3 and occurs when cos & = —1 ie when
6 = 180°
The minimum value of 1 —2cosfis 1 —2 = —1 and occurs when cos 8 = 1 ie when §=00

C 72 )
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(b) sin@ varies from +1 to -1, hence 3sin 8 varies from +3 to -3

Thus the maximum value of 3sin@ — 1is 3 — 1 = 2 and occurs when sin @ = 1 ie when
6 =90°

The minimum value of 3sin8 — 1is —3 — 1 = —4 and occurs when sin = —1i.e. 8 = 270°

First Edition (Extended 2013)

Graphs of trigonometric functions

y =sinx

the graph is continuous,

Ranges from —1to 1 (=1 < sinx < 1)

It is periodic i.e. it repeats itself every 3600
b o

-
» == giry

ﬁ'v 70-450-@ =
— 2 i

repecats it every 360"

y=cosx
The graph continuous,
Rangesfrom —1to1(—1<cosx <1)
It repeats its self every after 3600

»

N X7
NAVALVASE

repcats itseif cvery 360"

y=tan@

The graph is not continuous being undefined when 8 = 909,2709, 4500 etc.
Ranges from —oo to oo (—o0 < tanf < )
tan 0° = tan 180° = tan 360°

{

e L L E L L
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Solving trigonometrical equations
Example 1

Solve the equation cos x = g for values of x such that 0° < x < 360°
Solution
The acute angle with a cosine ofg is 309, so solutions will make an angle of 300 with the x-axis.

The fact that the cosine is positive indicates that there are solutions in the 1st and 4th quadrants

S| A
T|C

For the range 0° < x < 360°%,x = 30° or 330°

Example 2
Solve the equation tan x = —/3 for values of x such that —180° < x < 180°

Solution

We first ignore the minus sign and we find a tangent of V3 .It is 60° and so the solutions will
make an angle of 600 with the x-axis.Using the fact that tangent is negative indicate that there are
solutions in the 2nd and 4th quadrants.

60" S A
60" T C

For the range —180° < x < 180°% x = —60%r 120°

Example 3

Solve the following equations for 0° < x < 360°

(@)cosx =0.2 (b) sinx = —0.2
Solution

(a) We require the acute angle with a cosine of 0.2. This is found either by using the inverse
cosine function ( written as cos-1 or arcos) on a calculator or by using cosine tables.
Cos10.2 =78.460 ie solutions will make an angle of 78.460 with the x-axis.
Because the cosine is positive, solutions are found in the 1st and 4th quadrants. Thus the
solutions can be sketched as shown below.

78-46°
78-46°

For the range 0° < x < 360°,x = 78.46%r 281.54°

(b) We first ignore the minus sign in sinx = —0.2
From a calculator or tables sin-1 0.2 = 11.540, ie solutions will make an angle of 11.540 with
the x-axis.
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Because sine is negative, solutions are found in the 3r4 and 4th quadrants thus solutions can be
sketched as below

11-54° 11-54°
For the range0° < x < 360°,x =191.54° or 348.46°

Example 4
Solve cosx = —0.3 for — 180° < x < 180°

Solution
First ignore the minus sign,
cos1 0.3 =72.549 from a calculator or tables
Because the cosine is negative, the solutions are in the 2nd and 34 quadrants. Thus, solutions can
be sketched as shown.

nseN|
72-54‘>/‘

For arange of —180° < x < 180°, x =107.46° or —107.46°

Example 5
Solve sin(x + 10°) = —0.5

Solution
sin'1 0.5 = 300 i.e. solutions will make an angle of 300 with the x-axis
Because sine is negative, solutions will be in the 3rd and 4th quadrants

m-l

Thus x4+ 10° = 210° orx + 10° = 330°
x = 200° or 320°

Example 6
Solve 3(tanx + 1) = 2 for —180° < x < 180°
Solution
Expanding 3tanx + 3 = 2
tanx = —%
tan‘lé = 18.439, ie solutions will make an angle of 18.430 with the x-axis.
Because the tangent is negative, solutions are in the 2nd and 4th quadrants
1835
$4;.

For —180° < x < 180°% x = —18.43° 0r 161.57°
Example 7
Solve sin? x + sinx cosx = 0 for 0° < x < 360°

C 77 )
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Solution

Factorising sinx (sinx + cosx) =0
Thus Eithersinx =0 orsinx + cosx =0
sin~1 0 = 0 and solutions can be sketched

x = 0°,180°,360°
sinx = —cosx
tanx = —1 (on dividing by cos x)

tan~! 1 = 45° and because the tangent is negative, solutions will occur in the 2nd and 4th

quadrants.

NG

x = 135%r 315°
Thus for the range 0° < x < 360% x = 0°,135°,180°,315°,360°

Note:

It is important that we factorise sin? x + sin x cos x in the above example and do not attempt to
cancel by sin x. Cancelling will lead to sin x = — cos x and so the solutions arising from sinx = 0

would be lost.

Example 8
Solve the equation 4 sinf =tanf for 00 < 8 < 3600

Solution

4sinfcosf = sinb
4sinfcosf -sinf =0
sinf (4cosf-1)=0
Eithersinf =0
6 =009,180%0r 3600
Or4cosf-1=0
4cosf=1

1
cosf =-—
4

cos_li = 75.52,
cosine is positive so the angles will lie in the 15t and 4th quadrants
6 =75.520 or 284.48°
For00 < 6<360° ={09,75.529,180°,284.489 3600}

Example 9
Solve 6 cos?x —cosx —1=0for 00 < x< 3600
Solution
We need to first factorize the expression
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6cos?x —3cosx+2cosx—1=0
3cosx(2cosx—1)+ (2cosx—1) =0
(2cosx—1)(3cosx+1)=0

Either 2cosx—1=0 or 3cosx+1=0
cosx = = cosx = — =
2 3
Now cos™?! % = 60° and because the cos™ ! % = 70.53° and because the cosine is
cosine is positive, solutions lie in positive, solutions lie in the 1stand 4th
the 2nd and 3rd quadrants quadrants
60"
70-55*
70-55° _ 60°
x = 109.47°,250.53° x = 60°,300°

Thus for the range 00 < x< 3600, x = 60°,109.47°,250.53°,300°

Note: in some cases, factorizing can give a bracket that does not lead to any solutions. For example
if we had to solve
(2cosx —1)(cosx —2) =0 for00 < x<3600°

Either 2cosx—1=0 or cosx—2=0
CoSXx = % cosx =2
giving x = 60°,300° which has no solutions

thus x = 60%0r 300° are the only solutions

Example 9
Solve the equation 4 cos x — 3secx = 2tanx for —180° < x < 180°
Solution
4cosx —3secx =2tanx
3 2sinx
4 cosx — =
coS X COosSXx

Multiplying through by cos x gives
4cos’x —3 =2sinx
4(1 —sin®?x) — 3 = 2sinx
4sin?x +2sinx—1=0

sinx = —zi,/é4+16)
Hence sinx = 0.3090 or —0.8090
Now sin~1(0.3090) = 18° and sin~1(0.8090) = 54°
18 18"

54* 54°

Thus for the range —180° < x < 180°,x = —126°%, —549,18°,162°

C 79 )
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Note:The pythagorean identities we derived at the beginning of this chapter can be used to solve
trigonometric equations as seen above and can also be used to prove other identities.

Example 1
Prove the identity tan? 8 + sin? 8 = (sec8 + cos 8)(sec8 — cos 0)
Solution
R.H.S =(sec8 + cos 8)(secOd — cos )
=sec?  — secH cos O + cos @ secH — cos? O
=sec? @ — cos? 0
=(1+tan?8) — (1 —sin?0)
=1+tan?6 — 1 + sin? 6
=tan’0 +sin?6 = L.H.S

Example 2

Prove that cot* 8 + cot? § = cosec* 8 — cosec? 8

Solution

L.H.S =cot* 8 + cot? 8
=cot? 9 (cot?0 + 1)
=(cosec? 8 — 1)(cosec? 0) since cosec?8 = cot? 9 + 1
=cosec* @ — cosec’d = R.H.S

Example 3
Prove the identity ;zose = cosec 8 — cot@
Solution
LHS = (1 cos@
1+cos€

1 cosB 1 cos@)
1+c059 1—-cosf

\/ (1 cos@)2 \/ (1—c059)2]

(1- 60529) sin20

__1-—cos®

sin @
1 cos 6

sin @ sin @

=cosec 9 —cot8 =R.H.S

The compound angle formulae

The compound angle formula gives the relationship between compound angles ie the sum and
difference between two angles. Their proofs are not required at this level. They are as follows;

sin(A + B) = sinA cos B + sin B cos A
sin(A — B) = sinAcosB —sinB cos A
cos(A+ B) = cosAcosB —sinAsinB
cos(A — B) = cosAcosB + sinAsin B

( 80 )
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Example 1

Evaluate the following with out using tables or a calculator (a) cos 75° (b) sin 759

150 (d)sin 15° (e) 3300  (f) 2400
Solution
(a) cos 75° = cos(45° + 309)
=cos 45° cos 30° — sin 45° sin 30°

V2, V¥3_ V2 1
T2 2 2 T2
_V6_ 2
T4 4

= cos 75° = Y62

4
(b)sin 75° = sin(45° + 30%)
=sin 45° cos 30° + sin 30° cos 45°

=\/—EX£+£><1
2 2 2 2
_J5 , 12
4 4
:>~sin75°=M

4
(c) cos 15° = cos(45° — 309)
=cos 45° cos 30° + sin 45° sin 30°

Vi, V21
2 2 2 2
Ve, 2
4 ' 4
= sin 75° = Y62

4
(d)sin 15° = sin(45° — 30%)
=sin 45° cos 30° — sin 30° cos 45°

V2 V3 2 1
T2 2 2 T2
_V6_V2
T4 4

= sin15° = Y622

4

(e) Sin 330° = Sin (360° - 30°)
= Sin 360° Cos 30° - Cos 360° Sin 30°
= 0 X Cos 30° - (1)X Sin 30°
=-Sin 300 =-%
(e) Cos 240°= Cos (180° + 60°)
= Cos 1809 Cos 609 - Sin 18009 Sin 60°
= (-1) X Cos 60° -0 X Sin 600

=-Cos 600 =-%

(c) cos

( 81 )
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Example 2
Given that a and f are acute angles with sina = % and cos f = %, find with out using tables or
calculator the values of (a) sin(a + ) (b) cos(a + )

Solution
we first sketch the two triangles to represent the given situations and get the remaining sides

where necessary

L

79
7 13
a 12
24 =] ]
- 5
. . 7 24 : 5 12
Sincesina = —,cosa = — since cosff = —,sinff = —
25 25 13 13

(a) sin(a + B) = sinacosf + sin B cosa
7 5,12 _ 24
25713 137 25
323
T 325
(b) cos(a+ B) =cosacosf —sinasinf
24,5 7 12

25 13 25 13

120 | 84
325 ' 325
204
" 325

Example 3
Given that sin (x + 309) = cos (x + 309) . Show thattanx = —g:

Solution
sin x cos 30° + sin 30° cos x = cos x cos 30° — sin x sin 30°

V3 . 1 V3 1,

—sinx +-cosx = —cosx —-sinx

2 2 2 2
V3sinx + cos x = V3 cosx — sinx (on multiplying through by 2)
V3sinx + sinx = V3 cosx — cos x

(sin x)(\/§ + 1) = (cosx)(v/3—-1)

sinx _ V3-1
cosx  v3+1
tanx = 271
V3+1
Example 4

Solve the equation cos 6 cos 20° + sin 8 sin 20° = 0.75 for 00 < x< 3600
Solution
cos 6 cos 20° + sin 8 sin 20° = 0.75
cos(6 — 20°) = 0.75
cos~1(0.75) = 41.41° and because the cosine is positive, solutions are in the 1st and 4t

quadrants

41-4]*
4141°
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=60 —20° =41.41%7r 318.59°
.~ 60 =61.41%r 338.59°

Example 5
Prove the following identities

(a) sin(90° — 0) = cos®  (b) cos(180° —0) = —cos O
Solution
(a) sin(90° — 8) = sin90° cos @ — sin @ cos 90°
=(1) cos 8 — (sin6)(0)
= cos 6
(b) cos(180° — 8) = cos 180° cos 8 + sin 180° sin @
=(1)cos 8 + (0) sinf = cos 6

Example 6
Prve that cos(4 + B) cos(A — B) = cos? A — sin’ B
Solution
L.H.S =cos(4 + B) cos(A — B)
=(cos A cos B —sinAsinB)(cos A cosB + sinAsinB)
=cos? A cos? B + cos A cos B sin A sin B — sin A sin B cos A cos B — sin? A sin? B
=cos? A cos? B — sin? Asin® B
=cos? A (1 —sin? B) — (1 — cos? A)(sin? B)
=cos? A — cos? Asin? B — sin? B + cos? Asin? B
=cos?A—sin?B=R.H.S

The double angle formulae
The compound angle can be used to deduce the double angle formulae

Fom the identity sin(A + B) = sin A cos B + sin B cos A
By putting B = A, we obtain
Sin(A+ A) =sinAcosA + sinAcos A
sin2A = 2sinAcos A

Similarly by using cos(4 + B) = cos Acos B — sinAsin B
Cos(A+ A) = cosAcosA —sinAsinA
cos 24 = cos* A —sin? A
Putting cos?A =1 — sin?A
cos2A=1— sin?A —sin? A
=1— 2sin?4A
Putting sin?4 =1— cos?A
cos 2A = cos? A — (1 — cos? A)
=2cos?A-1
This results are reffered to as the double angle formulae because the angle on the left of the
identity is double that on the right.
Thus we also have sin 86 = 2 sin 46 cos 46

83 )
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cos 460 = cos? 260 — sin? 26 etc.

Example 1
in 260
Prove that (a)——— =tan#  (b) cosec 26 + cot 26 = cot 6
1+cos26
Solution
sin 26
(a) L.H.S " 1+cos26
__2sinfcos6
" 1+2cos20-1
__2sinfcos6
" 2co0s20
__sinf
Y
=tanf = R.H.S

(b) L.H.S =cosec 26 + cot 260

_ 1 cos 26
sin 260 sin 26
__1+cos26
" sin20
__1+2cos?6-1
" 2sinfcos@
__ 2cos?@
" 2sinBcosH
_cos6
" sin@
=cotd = R.H.S
Example 2
Simplify the following expressions
sin 24 .
(a)—_, (b)2tan4 cos?A  (c) 2sin? A + cos 24
Solution
sin 24 2sinAcosA
@) =
COS A COS A
=2tan 4
sin A
(b) 2tanAcos?A = 2( )cosZA
COS A
__2sinAcos? A
- COS A
=2sinAcos A
= sin 24

(c) 2sin? A + cos 24 = 2sin? A + cos? A —sin? A
=sin?A +cos?A =1

Example 3

Express sin 3A in terms of sin A

Sin (3A) =sin (2A + A)
= sin 2A cosA + cos 2Asin A
= (2sin A cos A) cosA + (1- 2sin2A) sin A
=2sin A cos 2A + (1 - 2sin2A) sin A
=2sin A (1-sin2A) + (1-2sin2A) sin A

( 8 )
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=2sinA-2sin3A + sin A - 2sin 3A
= 3 sin A - 4sin 3A

Example 4

Solve the equation 5 cos 2x + 9 sinx = 7 for 090 < x< 3600

Solution

5cos 2x 4+ 9sinx -7= 0
5(1-2sin2x)+9sinx -7=0

10 sin?x - 9sin x + 2 = 0 which reduces t;
10sin 2x-5sinx-4sinx+2=0

5sinx (2sinx-1)—2 (2sinx-1)=0
(5sinx -2)(2sinx-1)=0

Either sinx =% : x=3000r 1500

Orsinx= - :x=23.58%0r 156 .42°

For 00 < x< 3600 = { 23. 580, 300,1500156.420}

The solution of triangles

A triangle possesses six elements i.e. the three sides and the three angles. If any three elements
(other than three angles.) are given, the remaining three elements can be found .This is called

solving the triangle
In solving the triangle, two geometrical facts are useful i.e.
1. In any triangle the sun of the angles is 1800

2. In any triangle, the largest side opposite the greater angle and the shortest side is opposite the

angle
The sine rule
Consider a triangle ABC with sides a, b and c

a _ b _ ¢

Then — = — = —
sin A sinB sinC
This is the sine rule and should be memorized

Examplel
Find the length of the side BC in the given triangle

»
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Solution

) BC 8.3
By the sine rule, — = —
sin 55 sin72

BC :8.3.sin 55
sin72
BC=7.15cm

Example 2
Find the angle x in the given triangle

&
£ o
2
g s
70° x

Solution

. 8 6
By the sine rule, — =—
sin70 sinx

6sin70

sinx = = (0.7048
x = sin~1(0.7048) = 44.810

Example 3
Find the angle x in the given triangle
Y%
33
4 cm

Solution

. 3 4
By the sine rule, — = —
sin 38 sinx

451:38 = 0.8209

x = sin~1(0.8209) = 55.17°

sinx =

Example 4

In a triangle ABC, A= 599, B= 399 and a =6.73 cm. Find the length of the smallest side. Find also

the length of the remaining side.
Solution
First sketch the triangle

mo
B 6.73 cm c
C = 1800 - (3994+590) = 820
The smallest side corresponds to the smallest angle which is 399

By using the sine rule

( 8 )
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b 6.73
sin39  sin59
__ 673 sin 39
- sin 59

b =494 cm

c 6.73
— = — But C =820
sinC sin 59

__ 6.73sin82
~ sin59

c=7.78cm

Example 5
In the triangle ABC, A = 309, ¢ =10 cm and a =7.5 cm. Solve the triangle

Solution

10 75

300

A
Let’s use the sine rule to find C
75 10
sin30  sinC
10sin 30
7.5
sinC = 0.6667

C=41.810
Angle B can now be obtained from A + B + C =1800
B =180°- (300+ 41.819)
B =108.19°

We can then obtain the remaining angle using the sine rule
b 7.5

sin108.19  sin30
7.5sin108.19

sinC =

b= -
sin 30
b =14.25cm
Example 6

In the triangle ABC, B =400, ¢ =8 cm and b = 12 cm. Find the length of side a.
Solution

A
8 12
40°
B a c
Using the sine rule
8 12
sinC ~ sin40
. 8sin 40
sinC = —=
12
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sinC = 0.4285
C=25.370
Angle A =180 - (40 + 25.37)
A=114.630

Using the sine rule again;
a 12
sin114.63  sin40
125in114.63
a=—————-
sin 40

a=16.97 cm

The cosine rule
Consider the triangle below

B ¢ A X N
Using Pythagoras theorem
ACBN a? = h? + (c + x)?
ACAN b? = h? + x?
Eliminating h? gives;
a’> =b? —x%+ (c + x)?
So a®=b%+c?+ 2cx
But from AANC, x = bcos (180° — A)
=—bcos A
Hence a? = b% + ¢ — 2bc cos A

Thus if we consider a triangle ABC with sides a, b and ¢

Then;
a? = b%? + c? —2bccos A
b%? = a® + ¢? — 2ac cos B
c?=b?+a?—2abcosC

This is the cosine rule and it should be memorized because it is frequently used to determine side

or angle of a given triangle
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Example 1

Find the length of the side BC in each of the following triangles
(@)
c
o
2
B 12cm A
Solution

By cosine rule
BC? =122 4+ 82 — 2(12)(8) cos 32°
= 144 + 64 — 192(0.8480)
= 208 — 162.8 = 45.2

BC = v45.2
giving BC = 6.72 cm
b) C

B 12 cm A

Solution
By cosine rule
BC? = 122 + 82 — 2(12)(8) cos 140°
= 144 + 64 — 192(—0.7660)
= 208 + 147.1 = 355.1

BC =+v355.1
giving BC = 18.8 cm

Example 2
Find the angle 0 in the triangle below

7 cm

Solution
By cosine rule

72 =52+ 42 —2(4)(5)cos b
25+16—49
40
cosd = —0.2

0 = cos™1(—0.2)
0 = 101.54°

cosfO =
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Example 3

In the triangle XYZ, YZ = 6.7cm, XY = 2.3 cm and , angle XYZ = 46.53°.Calculate angle XZY

Solution
X
fbd:°
%\h
Y z

6-7 cm

From the cosine rule
XZ? =YZ?+ XY? - 2(YZ)(XY) cos(XYZ)
=6.7%2 + 2.3%2 — 2(6.7)(2.3) cos 46.53
=44.89 + 5.29 — 21.20

In a triangle PQR, PR = 40 cm, PQ = 50 cm, angle QPR = 669. Calculate the length of side QR and

=28.98
XZ =5.383 cm
Now by using the sine rule;
Xy Xz
sinxzy sinXyz,
SmXZY — XYsinXYZ
Xz
=2.3 sin46.53 — 03101
5.383
XZY = 18.06°
Example 4
angles PQR and QRP.
Solution

QR? = PQ? + PR? — 2(PR)(PQ) cos(RPQ)
= 502 + 402 — 2(40)(50) cos 66
= 2500 + 1600 - 4000(cos 66)

=2373.05
QR =v2373.05
QR = 48.71 cm

By using the sine rule, we can obtain angle PQR
40 4871
sin PQR " sine6
sinPQR — 40sin 66
48.71
PQR =48.610

= 0.7502

Using A + B + C =180°, we obtain the remaining angle QRP

QRP = 180° - (66°+48.61°)
=65.390

{ 9 )
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The area of a triangle
The area of a triangle is found from the formula;

Area =§ X base X Altitude

Altitude
Altitude

'.
1]
E
g

——
- — Base

A triangle ABC has a perpendicular drawn from A to the side BC

If h is the length of the perpendicular, then h = b SinC or ¢ Sin B from the triangles ACN and ABN.
New area of triangle = %ah
=2absinC
2
=ZacsinB
2
Similarly it can be shown that the area equals to % bcsin A. The area of a triangle is usually

represented by the symbol A.

Example 1
Find the area of the triangle below

&

s50°

6 cm
Solution
Area=%x5x6XSin50
= 11.5 cm?

Example 2
In the triangle ABC, AB = 5 cm, BC = 6 cm and angle ABC = 600. Find the area of the triangle ABC.

Solution
Area A ABC =% acsin B

=% x6x5sin 60

=15x0.8660 = 12.99 cm?

Example 3
Given triangle ABC in which AB =4 cm a = 7cm and AC = 5cm .Find the

() Angle ABC

91 )
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(ii)  Area of triangle ABC

Solution

a=7cm
(i) By using cosine rule : b> = a® + ¢ — 2ac cosB

2, ~2_p2
a‘+c“—b
CosB=—
2ac
7?44?52

2x7 x4
__ 40

" 56
CosB= 0.71432

B= cos-1(0.7141432)
B= 4440

(ii) Area of DABC = %2 a c sin B, where B is the included angle

Area of ABC =% x7 x4 xsin 44.4

=14 x0.6997
Area of DABC = 9.796 cm 2

Note: Since we are given all the three sides, the area of this triangle can also be obtained from
hero’s formula, as we shall see.

Example 4

The area of triangle ABC is 20v/3 cm?, A = 60° and b = 8cm. Find the length of side a.
Solution

= YbcsinA
2A
bsinA
_ 2x20+3
" 8xsin60
c=10cm

From a2 = b2 + c2- 2bccos A
=82 4+ 10% — 2(8)(10) cos 60
az= 84
a=9.17cm

92
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Hero’s formula

Using Hero’s formula, the area of a triangle can be found from three sides in a triangle ABC as

below;

Area =\/s(s —a)(s — b)(s — ¢)
where the sides are a, b and c and s is the semi perimeter gotten from s =% (a+b+c)

Example 1
The sides of a triangle are a =12.7 cm, b =13.9 cm, ¢ =8.6 cm. Calculate the area of the triangle.

Solution
Semi perimeter = (12.7 + 13.9 + 8.6) = 17.6

s—a=17.6—-12.7=49
s—b=17.6—-13.9 = 3.7
s—c=17.6—-8.6 =9.0
Area=\/s(s —a)(s —b)(s — ¢)
=V17.6 x49%x3.7%X9
= 53.59 cm?

Example 2

Find the area of the triangle shown below

4 cm

Solution
_ 7T g0

Area =,/10(10 — 4)(10 — 7)(10 — 9)
=180 = 13.4 cm?
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. SUMMARY
Sine Rule:

sinA sinB  sinC
Cosine Rule: a” = »* +¢? —2bc cos A (and two other similar formulae)
Solution of triangles;

I Given two sides (b, ¢) and included angle (A). e '
Use cosine rule to find a. b
Then use sine rule to find B or C. /\
Angle sum (= 180°) gives third angle.

I Given three sides.
Use cosine rule to find any angle.
Then use sine rule to find second angle.
Angle sum gives third angle.

HI Given two angles and one side.
Angle sum gives third angle.
Sine rule, used twice, gives other two sides.

IV Given two sides (g, ¢) and non-included angle (A).
Use sine rule to find second angle (C). 3
One solution if A is obtuse and a > c.
One solution if A is acute and a > c.
Two solutions (ambiguous case) if A B
isacuteandcsin A <a<ec.
One solution if A is acute
and c sin A =a.
No solution if A is acute
and c sin A > a.

Area of a triangle (A) = -1 (base) (height)
=3absinC = JacsinB = Lbcsin A
= Vs(s—a)(s—b)(s—c)where2s=a+b +c.

a - b c - 2R.

Trial questions
1. Solve the following equations for the values of x between 0° and 3600

(@) 5cosx = cotx[Ans: 11.539,90° 168.479,270°]
(b)3 tanx = 2secx [ Ans : 41.82°, 138.180]
(c) Sin2x = — [Ans: 30°,1500,210°, 3300}

4

(d)tan2x == [Ans: 300, 1500,2109, 330°]

(e) 2cos2x + 3cosx +1=0 [Ans:1200°,180°,2400}

(f) Cos?x +sinx+1=0][Ans: 270

(g) 2cot 20 +tanx -3 =0[ Ans:30941.820,138.189,1500}
(h)Sec?x -3tanx+ 1 =0 [Ans: 450.630 430 2250 243.43.430}
(i) 2cotx +tanx -3 =0 [Ans:459 63.430,2250,243.430}

(§) 2sin2x+ 3sinx =2 [Ans:300,1500}

94 )
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2. Show that cos (x + 1209) + cos (x + 2409) =0

3. Prove the following identities
sin @ 14+cos @

(a) 1+cos@ T sin 8 = 2 cosect
cosec 6
(b) cotO+tanf cos 6

(c)sec* 8 —sec? 6 = tan* 6 + tan? 4
4. A and Bare acute angles such thatsin4 = % and cosB = g. Without using tables or
calculator, find the values of (a) sin(A —B)  (b) cos(A — B)[Ans: (a) 2 (b)E—E ]

5. Cand D are both obtuse angles such that sin C = g and sinD = %.Without the use of tables

or calculator, find the values of (a)sin(C + D)  (b) cos(C — D) [Ans: (a)— % (b) g ]
6. In the triangle ABC, AB =15 BC,=6cm and angle ABC is 60° find
(i) AC

(i) The remaining angles of the triangle
(iii) Area of triangle ABC
(Ans: AC=5.57 cm, 51.19, 68.99 ,area = 12.99cm?)
7. Prove the following identities
(a) cos(90° +0) = —sin6
(b) sin(A + B) + sin(A — B) = 2sinAsin B
(c) sin(90° + 8) = cos O
(d) cos(A+ B) —cos(A+ B) = —2sinAsinB
(e)sin(A + B) sin(A + B) = sin? A — sin? B
(f) sin(a + 30°) = cos a + sin(a — 30°)
(g) sinftan 8 + cos @ = secH
(h) cosec 6 —sinf@ = cot@ cos O
(1) (sin@ + cos )% + (sinf + cos §)? = 2
8. If A and B are acute angles such that sin A = 0.28 and cos B =0.8, find without using tables or
a calculator the values of:
(a) sin (A+B) (b) cos (A-B) [Ans:(a) 0.8 (b) 0.936]
9. Solve the following equations for 00 < x< 360°
() sin @ cos 10° + cos 6 sin 10> = —0.5 [Ans: 2009, 320°]
(b) cos 40° cos @ —sin40°sin® = 0.4 [Ans:26.49, 253.6°]
(c) sin(@ + 45°) = V2 cos @ [Ans: 459, 2250]
10. Solve the triangle ABC given that A =669,C =449, and a =7 cm
[Ans: B=709,c=5.32cm,b=7.2cm ]
11. Solve the triangle ABC given that A =459, c=5cmand b = 6 cm.
[Ans:a=4.31cm, C=55.19, B = 79.99]
12. Solve the triangle ABC given that C =509, ¢ =8 cm and a =10 cm
[Ans: A =73.20,B =56.89,b=8.73 cm or A =106.89, B =23.20,b =4.12 cm]
13. Find the length of x in each of the following
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@) (b) ©
S o Vs
& %
(d) e, ® 0
237 ‘ X

3 cm
[Ans: (a) 6.52 cm (b)5.57 cm (c¢) 3.74 cm (d) 5.22 cm (e) 8.57 cm (f) 6.83 cm |

14. Find the angle 0 in each of the following

) RG]
7 e
WA
© $ AN 2
g R S . ] f"‘é.-
n As
4 cm Tom

[Ans: (a) 42.20 (b)78.59 (c) 38.99(d)40.3° (¢)104.5° (f)81.6° or 98.40 |
15. Find the areas of the following triangles

) R (b} i},
6 . i\ :‘..-I-
T - o
) 0
B, Fq; ,f ?“"r
10cm B em

[Ans:(a)15 m2 (b) 6 cm?2 (c) 14.7 cm?2 (d) 24 cm? (e)9.74 cm?2 (f) 17.4 cm?]
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CHAPTER 10: DIFFERENTIAL EQUATIONS

A Differential equation is an equation that contains at least one differential coefficient e.g.
dy
= 3x

dx

iaxZ=6

dx2
Order of a differential equation
The order of a differential equation is the highest derivative, which appears in it for instance;

. d . . . . . : '
The equation é — 4x = 3 is afirst order differential equation because it contains only a first

. . .. d
differential coeff1c1er1t, —y

The equatlon + 3 = 9 is a second order differential equation because it contains a second

2
differential coefficient, d—xZ.

Note: Any differential equation represents a relationship between two variables say x and y and
the same relationship can often be expressed in a form that does not contain a differential

coefficiente.g. y = x* + ¢ and z—i = 2x

Solution of a differential equation
The solution of a differential equation is an equation relating the variables involved but

. . : . ood :
containing no differential coefficient like é . The are two types of solutions

() The general solution
[t contains an arbitrary constant

(i)  Particular solution
It may be obtained if the “x-value “ and the corresponding “y-value” are given. These are
called initial conditions and are used to calculate the constant.

. d . . . . .
Consider d—z = 3x2; This is a first order differential equation

By separating variables
dy = 3x2dx
Integrating on both sides

fdy f3x2dx

= x3 + ¢ This is a general solution
If x = 1, when y = 2(these are initial conditions)
2=1+c
=c=1
~ y=x3+1 (Thisisa particular solution)

Separable Differential Equations
We are now going to start to look atthe first order differential equations with separable
variables
A separable differential equation is any differential equation that we can write in the following
form.
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()2 = ()

Note that in order for a differential equation to be separable all the y's in the differential equation
must be multiplied by the derivative and all the x's in the differential equation must be on the
other side of the equal sign.

Solving separable differential equation is fairly easy. We first rewrite the differential equation as
the following

Nliy:l.:fy= Mlix:l.:fx

Then you integrate both sides.
.I-N[y:] dy = IM[x).:fx
Examples
1. Find the general solutions of the following differential equations
(@) 3y3—z = 5x2
Solution
By separating variables ie by separating dy from dx and collecting on one side all terms
involving y together with dy, while all the x terms together with dx, it gives;
3y dy = 5x%dx
We now integrate both sides of the equation
[3ydy = [5x2dx

3y?2  5x3
-~ = c
2 3 +

b)us=v+2
Solution
udu=w+2)dv
Integrating on both sides;
Judu=[(v+2)dv

2 2

“="+tv+c
2 2

ay _ 2
© =V

solution

ldy 1
(d) xdx y2-2
Solution

By separating the variables;
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(y2—=2)dy = xdx
Integrating on both sides
[(y?=2)dy = [xdx
3

Solution
dy = (x* — 2x) dx
[dy = [(x* —2x) dx

3
y = x? —x*’+c
2. Find the particular solutions of the following differential equations
(a)yZZ—zz x*+1 ify=1whenx =2
Solution
y2dy = (x> + 1) dx
[y?dy = (x> +1) dx
3 3
L="1tx+c
3 3
This is a general solution but since the initial condition is given, we can calculate the
constant i.e.
@ _ @
E
y3 x3
3

=5 t+tx - ? is the particular solution

+ 2 + ¢ which gives ¢ =—§
Therefore

Y 6v2xify =— -
(b) dx—6y x1fy—25 whenx =1

Solution
v dy = 6xdx
_I-y_gdy = .I-tﬁx.:ix
1
- =32 t¢
¥

So, we now have the general solution. This solution is easy enough to get the particular solution,
however before getting that it is usually easier to find the value of the constant at this point. So
apply the initial condition and find the value of ¢

—i=3(1f+.: c=-28

¥

Plug this into the general solution and then solve to get the particular solution.

L
¥
dy _ 3x%+4x-4 .. _
(o) = 1 ify=3whenx=1
Solution
9 )

N
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This differential equation is clearly separable, so let's put it in the proper form and then
integrate both sides.

(2y—4)dy =(32" +4x—4)dx
[(2y-4)ay = [(32* +4x-4)dx

Y-dy=2+2x —dxte

We now have our general solution, so as with the first example let’s apply the initial condition at
this point to determine the value of ¢

(37 —4(3)= (1P +2( -4 +e  c=-2
The particular solution is then;
yi—dy=x+2x —dx-2

Natural occurrences of differential equations
Differential equations often arise when a physical situation is interpreted mathematically (i.e.
when a mathematical model is made of the physical situation). Differential equations are used to
solve applied problems such as those involving carbon dating and radioactive decay; the amount
of drug in an organ; mixtures; supply and demand; logistic growth and marginal productivity.

Example 1
A body moves with a velocity v, which is inversely proportional to its displacement s from a fixed
point. Form a differential equation to represent the information
Solution
Velocity is the rate of change of displacement with respect to time
pocl
S

k .
V=< where k is a constant

ds
butv =—
dt
ds _k
dt_s

S % = k is the differential equation

Example 2
A particle moves in a straight line with an acceleration that is inversely proportional to its
velocity (acceleration is the rate of change of velocity)
(a) Form the differential equation to represent this data
(b) Given that the acceleration is 2 m/s? when the velocity is 5 m/s, solve the differential
equation
Solution

. av .
(a) Using - for acceleration, we have;

dv 1
_oc_
dt v
dv _ k
dt_v

( 100 )
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dv
(b) Ifv=5,2=2
ﬂwn2=§=:k=1o

v _ 10
dt_v

vdv =10dt

fvdv=[10dt

v2

— =10t +c

2
Example 3
The rate of change of the price with respect to time is inversely proportional to the current

Price, P .Form a differential equation to represent the above information and solve it.

Solution

a 1
_m_
dt P
P _ k

dat P
PdP =kdt
[PdP = [kdt
PZ
—=kt+c
2
Trial questions
1. Solve the differential equation Z—i = 3x2y? given thaty =1 whenx =0 [Ans: x3y =y — 1]
2. Find the general solution of the differential equation 6t% + 1 = 0, and the particular
solution given by the condition s = 0 when t =-2 [ans: s = =3t + ¢,s = 12 — 3t?]
3. Find the general solutions of the following differential equations
dy
(a) e 3x
dy _
0)2y2 =3
dy _ x4
(C) E - 4y3
X

d
D =-3

d 4
(€)=
3x2 ’ 4 x2 y?2 —x2 1
[Ans: (a)y=7+c (b)y*=3x+c (c0)y =7—4x+c (d)7=7+c(e)5ys =x+c |
4. Find the particular solution of the differential equation % =t wherex =3 whent = 1.
2

[Ans: x = % + g ]

5. The rate of change of y with respect to x is proportional to the square of x. Wrte a differential

: : d
equation that models this statement. [Ans: ﬁ = kx?]

( 101 )
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CHAPTER 11: DESCRIPTIVE STATISTICS

This is the branch of mathematics dealing with collection, interpretation, presentation and
analysis of data where data refers to the facts in the day-to-day life.
Statistical data can be categorized into two .i.e. Qualitative and Quantitative.

Qualitative data measures attributes such as sex, colour, and so on while Quantitative data
can be represented by numerical quantity. Quantitative data is of two forms. i.e. Continuous or
discrete.

Discrete data is the information collected by counting and usually takes on integral values
e.g. number of students in a class, school etc.
Continuous data can take on any value i.e. weight, height, mass, etc.
The quantity which is counted or measured is called the variable.

Crude/raw/ungrouped data
These are individual values of a variable in no particular order of magnitude, written down as they
occurred or were measured.

Grouped /classified data
These are individual values of a variable that have been arranged in order and grouped in small
number of classes.

Population and samples
A population is a total set of [tems under consideration and its defined by some characteristics of
these items.
A sample is a finite subset of a population.

PRESENTATION OF DATA
The ways of presenting data include:
» Bar graphs
Histogram
Frequency Polygon
The Ogive
Pie chart

YV V VY

BAR GRAPH
A bar graph or bar chart is a graph where the class frequencies are plotted against class
limits.
HISTOGRAM
A histogram is a graph where the class frequencies are plotted versus class boundaries.

Example 1
The times taken by rats to pass through a maze are recorded in the table below. Use the data given

to plot a bar graph and histogram.

( 102 )
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Time(seconds)

10-14

15-19

20-24

25-29

30-34

35-39

Frequency

3

11

19

22

6

2

Solution

Class limits

Class boundaries

Frequency

10-14
15-19
20-24
25-29
30-34
35-39

9.5-14.5

14.5-19.5
19.5-24.5
24.5-29.5
29.5-34.5
34.5-39.5

3
11
19
22
6
2

Bar graph
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Histogram

|
| |
B A AR SR B

e s 19s | 2ws [ 3vs aws |z
CLASS BODUNDARTIES —————

:‘ (;,

Note: The mode can be estimated from the histogram as shown above.
The reader should also note that these are spaces between the bars for a bar graph while there are
no spaces for a histogram.

Example 2

The table below shows the population of Kampala in millions for different age groups
Age group Population in millions
Below 10 2

10 and under 20 | 8
20 and under 30 | 10
30 and under 40 | 14
40 and under 50 |5
50 and under 60 |1

( 102 )
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Frequency

10
14

Class
0-<10
10-<20
20-<30
30-<40
40-<50
50-<60

Advanced Level Subsidiary Mathematics By Kawuma Fahad

Draw a histogram to represent the above data

Solution

In this case,
The class boundaries are given i.e. 0-<10

Histogram
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FREQUENCY POLYGON

The frequency polygon is obtained by plotting class frequencies versus class marks. Then
the consecutive points are joined using a straight line.

Class mark/ mid interval value (x) = % (Lower class limit + upper class limit)

i.e. for the class 10-14, class mark(x) =%(10+14)=12

The class mark is also known as the mid mark

Example 3
The age distribution of a group of people is given in the table below.
Age(year) | 10-19 20-29 30-39 40-49 50-59 | 60-69 | 70-79
Frequency 1 3 5 8 12 10 6
Construct a frequency polygon for the data above
Solution

Class Limits Class mark Frequency

10-19 14.5 1

20-29 24.5 3

30-39 34.5 5

40-49 44.5 8

50-59 54.5 12

60-69 64.5 10

70-79 74.5 6

== e R e e e e e e
I== — e === =
e = EE N EEESEEECSRESSRRREE
EEEE | N R H R R T
E ;0 H = == == N = - = - _:E
E A E=NSEEESS SEE=S=
e i = _¥‘~ =y =] et E _tA
+ ESEESE e o N
e e — e e e
B ESSSSsssiss == — NG ——
s i 1 pas=s — ] "_"\, e —fi
o™= Jmumaiesd 1 k3
! i e s = T e I e = e e
:'4.{ i 1 ] = 22 e o B TN
St S = SSSisssssscccersossstt
e -+ = y = == EEEE
o = ] — EEEEe
W ERERE= o e
= ESEEE EEEE SEESESSSE ESES
e e e e
EEEESE =EEE==EHNESE EER==EECCE=E BESS
= !7_?71 = i S _‘A, ] 1 — 7': 2 I P et
= — ﬁﬁkf“l_f’;i:ﬁ:f_g £ G e _*’ = - i i
P i = ST P e i
e e e e e e
A LAY
( 106 )




Advanced Level Subsidiary Mathematics By Kawuma Fahad
MEASURES OF CENTRAL TENDENCY

The measures of central tendency include the mean, mode and median. They are called so because
they are centered about the same value.

First Edition (Extended 2013)

MEAN
This is the sum of the data values divided by the number of values in the data.it is denoted byX.

> X .
Mean,X = ZT where )’ means summation
The mean can also be calculated from ;

N goLfx
M xX==L

(i) X=A+ % Where A is the assumed/working mean and d = X—A where d is the

deviation.
Examples
1. The measured weight for a child over eight year period gave the following results (in kgs);

32,33, 35, 38,43,53, 63, 65. Calculate the mean weight of the child.
Mean= 32+33+35+38+43+53+63+63+65

The data below shows the weights in kg of an S.5 class in a certain school.

8
= 45.25kg
2. The information below gives the age in years of 49 students. Determine the mean age.
Age 14 15 16 17 18 21
Frequency | 2 6 14 10 9 8
Solution
Age(x) Frequency(f) fx
14 2 28
15 6 90
16 14 224
17 10 170
18 9 162
21 8 168
Zf =49 fo = 842
X = Zz—flj‘ =22 = 17.184years

Solution

107
N S

Weight(kg) | 10-14 15-19 20-24 | 25-29 30-34 | 35-39 |40-44 | 45-49
Frequency |5 9 12 18 25 15 10 6
Calculate the mean weight of the class
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Class Class mark(x) | Frequency(f) | fx

10-14 12 5 60

15-19 17 9 153
20-24 22 12 264
25-29 27 18 486
30-34 32 25 800
35-39 37 15 555
40-44 42 10 420
45-49 47 6 282

Mean from assumed mean
The height to the nearest class of 30 pupils is shown in the table below. Using 152cm as the
assumed mean, calculate the mean height.

Height, x(cm) | 148 | 149 | 150 |151 | 152 |153 |154 | 155 | 156
No. of Pupils 1 2 2 3 6 7 4 3 2

Solution
Assumed mean =152
Height(x) Frequency(f) Deviation(d=x-A) fd
148 1 -4 -4
149 2 -3 -6
150 2 -2 -4
141 3 -1 -3
152 6 0 0
153 7 1 7
154 4 2 8
155 3 3 9
156 2 4 8
Zf =30 Zfd — 15
— Xfd
Mean, X = A+ 7
X =152+ =152+05 = 1525cm
4. The number of accidents that took place at black spot on a certain road in 2008 were
recorded as follows:
No. of accidents 0-4 5-7 8-10 11-13 | 14-18
No. of days 2 5 10 8 5

Using 9 as the working mean, calculate the mean no. of accidents per day.

Solution

Class Mid value(x) Freq(f) Deviation(d) fd

0-4 2 2 -7 -14

5-7 6 5 -3 -15

8-10 9 10 0 0

11-13 12 8 3 24

14-18 16 5 7 35
»f=30 >fd=30
( 108 )
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G 44 2fd
Mean, X = A + o

¥=9+22=-10
30

MEDIAN
The median of a group of numbers is the number in the middle when the numbers are in order of
magnitude.
Determine the median for the following observations
) 4,1,6,2,6,7,8
Solution
1,2,4,6,6,7,8
The median is 6

(ii) 3,3,3,7,7,6,7,8
Solution
3,3,3,4,4,6,6,7,7

The median= 4%6 =5
The formula below is used to obtain the median for grouped data.

N
Median= L; + <2f > x C

Where,
L; =lower class boundary of the median class
N = Total number of observations
F,, = Cumulative frequency before median class
fm= Frequency of the median class
C = Class width

Class width is the difference between the lower and upper class boundaries ie for the class 40 -
44, the class width is 44.5 - 39.5=5
Note that it depends on the degree of accuracy ie for the class 7.0 - 7.4, the class width will be
7.45 - 6.95=0.5

Advantages of the median
It is easy to understand and calculate
It is not affected by extreme values

Disadvantage

It is only one or two values to decide the median

THE _MODE
This is the number in a set of numbers that occurs the most i.e. the modal value of 5, 6, 3,4,5 2,5
and 3 is 5 because there are more 5s than any other number.
For grouped data, the mode is calculated from;

Mode =L; + (AlA:AZ) X C

( 109 )
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Where;

L1 = lower class boundary of the modal class

A, =difference between the modal frequency and the value before it
A,=difference between the modal frequency and the value after it

C = class width

The modal class is identified as the class with the highest frequency and the mode can as well be

estimated from the histogram as we have already seen.

_Example
The following were the heights of people in a certain town of Uganda.
Height(cm) | 101-120 | 121-130 | 131-140 | 141-150 | 151-160 | 161-170 |171-190
No.of p’'ple | 1 3 5 7 4 2 1
Calculate the mean, mode, and median for the data.
Solution
Class Frequency(f) | Class mark(x) [ fx Cf Class boundaries
101-120 1 110.5 110.5 1 100.5-120.5
121-130 3 125.5 376.5 4 120.5-130.5
131-140 5 135.5 677.5 9 130.5-140.5
141-150 7 145.5 1018.5 16 140.5-150.5
151-160 4 155.5 622 20 150.5-160.5
161-170 2 165.5 331 22 160.5-170.5
171-190 1 180.5 180.5 23 170.5-190.5
D 23 3316.5

Mean, X = Lfx _ 33165 _ 144cm

xf 23
Median class is 141 - 150
N g, 23_g
Median=L; + <2fm > X C = 140.5 + <27 ) X 10
=140.543.57 = 144.1cm
A
Mode =L, + (Alez) X C

Modal class is 141 - 150
AM=7-5=2
Mode = 140.5+ (—3) X 10 = 140.5+ 4 = 144.5¢cm

Example

and Aj=7—-4=3

2
2+

Using the data for example 3 (pg. 107), Calculate the mode and median.

110
N S

Class Freq(f) Cf Class boundaries
10-14 5 5 9.5-14.5

15-19 9 14 14.5-19.5

20-24 12 26 19.5-24.5

25-29 18 44 24.5-29.5

30-34 25 69 29.5-34.5

35-39 15 84 34.5-39.5

40-44 10 94 39.5-44.5

45-49 6 100 44.5-49.5




Advanced Level Subsidiary Mathematics By Kawuma Fahad

N
. > Fb
Median=L; + <2f > X C

First Edition (Extended 2013)

m

Median class is 30 - 34

Median=29.5 + (TZ;‘”) x 5 =29.5 + 1.2 = 30.7kg

Mode =L; + (A1A+1Az) X C

Modal classis 30 - 34,A;,=25—-18=7 and A;=25-15=10
Mode = 29.5+(——) x 5 = 29.5 + 2.06 = 31.56kg

7
7+

THE OGIVE
The Ogive is also known as the cumulative frequency curve where by cumulative frequency curve
is plotted against the upper class boundaries and the consecutive points are joined into a smooth
curve using free hand.

Example
The frequency distribution table shows the weights of 100 children measured to the nearest kg.
Weight 10-14 | 15-19 | 20-24 | 25-29 | 30-34 | 35-39 | 40-44 | 45-39

No. of Children

5

9

12

18

25

15

10

6

Draw a cumulative frequency curve for the data.

Solution

Class Freq(f) Cf Class boundary
10-14 5 5 9.5-14.5

15-19 9 14 14.5-19.5
20-24 12 26 19.5-24.5
25-29 18 44 24.5-29.5
30-34 25 69 29.5-34.5
35-39 15 84 34.5-39.5
40-44 10 94 39.5-44.5
45-49 6 100 44.5-49.5

111
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Estimating the median and quartiles using the Ogive.
The marks obtained by 40 pupils in a mathematics examination were as follows:

Marks

20-29

30-39

40-49

50-59

60-69

70-79

No. of pupils

2

4

8

15

9

2

Plot a cumulative frequency curve and use it to estimate the median mark, upper quartile, lower

quartile and the inter quartile range

Solution

Class

Freq(f)

Cf

Upper class boundaries

20-29
30-39
40-49
50-59
60-69
70-79

2
4
8
5

N O -

14
29
38

40

29.5
39.5
49.5
59.5
69.5
79.5

112
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Upper class boundaries

1 \th
Median :(E N) =20t measure
Draw a dotted line across the graph from Cf = 20 to meet the curve and drop a vertical dotted line

to meet the horizontal axis. This gives the estimated median
Hence the median= 54 marks.

Quartiles

The quartiles divide a distribution into four equal parts.
The lower quartile (Q1) is the value 25% way through the distribution and the value 75% way
through the distribution is called the upper quartile (Q3).

1 A\th
Lower quartile (Q1) = (Z N) measure = 45.5

. 3\t
Upper quartile, (Q3) = (Z N) measure =60

The difference between the upper quartile and lower quartile is called the Interquartile range.The
Interquartile range = Q3 - Q1 = 60 - 45.5 =14.5

The semi interquartile range or quartile deviation=% Q3 —0Q,) =725

( 113 )
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Percentiles

The percentiles divide a distribution into one hundred equal parts.

The lower quartile, Q1 is the 25t percentile P25, the median is the 50t percentile P50 and the
upper quartile Q3 is the 75t percentile P75.

Example

The data shows the marks obtained by 80 form IV pupils in a school. Draw a cumulative frequency
and use your graph to find the 20t and 80th percentile mark.

Mark | 1-10 | 11-20 | 21-30 | 31-40 | 41-50 | 51-60 | 61-70 | 71-80 | 81-90 | 91-100

Freq |3 5 5 9 11 15 14 8 6 4

Solution

Marks Freq C.f Upper class boundaries
1-10 3 3 10.5
11-20 5 8 20.5
21-30 5 13 30.5
31-40 9 22 40.5
41-50 11 33 50.5
51-60 15 48 60.5
61-70 14 62 70.5
71-80 8 70 80.5
81-90 6 76 90.5
91-100 4 80 100.5

A
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. 20 th
20th percentile mark=(— X 80) mark = 32.5
100

. 80 th
80th percentile markz(— X 80) mark =71.5
100

Measures of dispersion
The spread of observations in relation to a measure of central tendency of the given data is known

as dispersion. In order to compare data, the measure of dispersion is taken into account along
with the measure of central tendency.

The range
This is the difference between the largest and the smallest values of the data.

i.e. for the data about lengths of leaves in garden tree, 5,6,7,7,4,5,3,2,9,8,8,6,5,3
Range = 9-2 =7

Standard deviation:
This is the positive square root of variance. It is denoted by o

Standard deviation (¢) = VVariance
The following expressions can be used to calculate the standard deviation;

o= -6

When using the assumed mean A,

o= [

Note: the expression under the root is the variance

Examples
1. Calculate the standard deviation for the distribution of marks in the table below.

Marks 5
Frequency |3 8 9 6 4

(@)
~
0]
O

Solution

Marks(x) | Frequency(f) | fx fx2

5 3 15 75

6 8 48 288
7 9 63 441
8 6 48 384
9 4 36 324
> 30 210 1512

_ [Erx? _ (Erx)?
U_\/Zf (zr)
2
o= “ﬂ—(ﬁ) — 504 — 49 = V1.4 = 1.183 marks

30 30
( 115 )
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2. The table below shows the weights to the nearest kg of 150 patients who visited a certain
health unit during a certain week.

Weight(kg) 10-19 | 20-29 |30-39 |40-49 |50-59 60-69 | 70-79
No. of patients | 30 16 24 32 28 12 8

Calculate the standard deviation of the weights of the patients.

Class Freq(f) X fx fx2
10-19 30 14.5 435 6307.5
20-29 16 24.5 392 9604
30-39 24 34.5 828 28566
40-49 32 44.5 1424 63368
50-59 28 54.5 1526 83167
60-69 12 64.5 774 49923
70-79 8 74.5 596 44402
Yf= 150 Yfx=5975 | Y'fx2=285337.5
- Y fx? % fx\?
Standard deviation, 0 = J ST (W)

285337.5 59752
7= \/ 150 (150)
=+/315.56 = 17.76

3. The table below gives the points scored by a team in various events. Find the mean and
standard deviation using working mean A=4

Points 0 1 2 3 4 5 6 7
No. of events 1 3 4 7 5 5 2 3
Solution

Points Frequency |d=x-A fd fd?

0 1 -4 -4 16

1 3 -3 -9 27

2 4 -2 -8 16

3 7 -1 -7 7

4 5 0 0 0

5 5 1 5 5

6 2 2 4 8

7 3 3 9 27

» 30 -10 100

= Y rd -10 .
Mean, X = A+ 7 =4+ S0 =3.67points

2 2
Standard deviation, o = JZ f&= _ (Z fd)

¥ \3s
2
= |52 (%) = V3533 — 0.111 = 1.85points
( 116 )
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4. The table below shows the weight in kg of 100 boys in a certain school

Weight(kg) | 60-62 63-65 66-68 69-71 72-74
Frequency | 8 10 45 30 7

Using the assumed mean of 67, calculate the mean and standard deviation

Solution

Weight Freq(f) Mid value (x) |D fd fd2

60-62 8 61 -6 -48 288
63-65 10 64 -3 -30 90

66-68 45 67 0 0 0

69-71 30 70 3 3 270

72-74 7 73 6 6 252

>f=100 Yfd=54 | »fd2=900
= Yfd 54
Mean, X = A +Z_f =67 + To0 = 67.54kg

_ /% — (%)2 =2.951

Trial questions
1. The table below shows the weekly wages of a number of workers at a small factory.

Standard deviation,c = \/

Weekly 75-84 | 85-94 | 95- 105- 115- 125- 135- 145-
wages 104 114 124 134 144 154
Frequency | 2 3 7 11 10 8 4 1

Calculate the modal, median and the mean wage.
2. Below are heights, measured to the nearest cm of 50 pupils

157 167 165 162 160 157 160 152 157 162
157 165 152 162 155 160 157 160 162 160
157 152 167 157 160 160 162 165 157 160
157 157 157 160 157 162 155 157 160 157
150 162 152 160 157 157 165 160 162 150
a) Make a frequency distribution table by dividing them into class intervals of 5 starting

with the class 148-152
b) Draw a cumulative frequency curve and use it to estimate
(i) The median (ii) Interquartile range

( 1127 )
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3. The table below shows marks obtained by students of mathematics in a certain school.

Marks

30-<40

40-<50

50-<60

60-<70

70-<80

No. of students

2

15

10

11

27

M
(ii)

Calculate the mean, median and standard deviation for the above data
Draw an Ogive for the above data

4. Below are heights, measured to the nearest cm of 50 pupils.

a) Make a frequency distribution table by dividing them into class intervals of 5 starting

157 167
157 165
157 152
157 157
150 162

165
152
167
157
152

162
162
157
160
160

with the class 148-152
b) Draw a cumulative frequency curve and use it to estimate

160
155
160
157
157

157
160
160
162
157

160
157
162
155
165

152
160
165
157
160

157
162
157
160
162

162
160
160
157
150

() The median (ii) Interquartile range
5. The table below shows marks obtained by students of mathematics in a certain school
Marks 30-<40 40-<50 50-<60 | 60-<70 |70-<80
No. of students | 2 15 10 11 27

Calculate the mean, median and standard deviation for the above data
Draw an Ogive for the above data

()

(ii)
6. Sixty pupils were asked to draw a free hand line of length 20cm. The lengths of the lines
were measured to nearest cm, and were recorded as shown in the table.

Length(cm) | 11-13 13-15 15-17 [ 17-19 | 19-21 | 21-23 23-25
Frequency |3 6 11 15 13 10 2
a)  Calculate the mean length
b)  Draw a cumulative frequency graph and estimate the median, the upper and the lower
quartiles.
7. Below are the heights to the nearest cm of 40 students
150 170 152 155 169 167 157 158 157
167 164 165 164 163 162 163 158 158
160 160 159 161 161 161 160 160 160
159 162 160 159 160 161 161 156 150
a) Make a frequency distribution table starting with class interval 150-152
b)  Draw an Ogive and use it to estimate the median, Interquartile range and the 20t
percentile height.
8. Calculate the mean and the standard deviation of the following distribution of scores
( 118 )
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Scores 1-5 | 6-10 | 11-15 16-20 21-25 26-30 31-35

Frequency | 3 19 38 69 45 21 5
9. The numbers of the eggs collected from a poultry farm for 40 consecutive days were as
follows.

138 145 145 157 150 142 154 140
146 135 128 149 164 147 152 138
168 142 135 125 158 135 148 176
146 150 165 144 126 153 136 163
161 156 144 132 176 140 147 130

a) Construct a frequency distribution table with classes of equal interval width 5, starting
from 125-129.
b)  Draw a cumulative frequency curve (Ogive) and use it to estimate the
(i) Median
(ii) Interquartile range
(iii) Median number of eggs
10. The following marks were obtained by 85 students in an English examination;
96 81 23 62 44 18 62 70 72 40 81 70 30 28 23 02
60 20 48 50 19 33 32 58 71 62 19 12 83 53 81 73
52 25 71 61 46 64 35 59 82 82 42 63 43 17 35 72
37 54 47 76 18 44 65 45 70 38 63 89 31 37 93 03
63 25 52 53 38 57 53 71 70 63 8931 37 93 58 58

a) Using class intervals of 10 marks, and starting with a class of 0-9, construct a frequency
distribution table.

b) Using your table to find the (i) Median mark
(i)  Mean mark
(iii)  Standard deviation

11. The marks obtained by 50 students in a test were:
76 17 57 63 1296 38 46 82 48
61934419706071 1840 54
5027 6242 635253386225
62233281316364187027
52813563383744197032

a) Construct a grouped frequency distribution table with equal class intervals of 10
marks, starting with the 10 - 19 class group.

b) Draw a histogram and use it to estimate the modal mark.

c) Calculate the mean and standard deviation of the mark.
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12. The times taken by a group of students to solve a mathematical problem are given

below.
Time(min) 5-9 10-14 | 15-19 | 20-24 | 25-29 | 30-34
No. of students 5 14 30 17 11 3

a) Draw a histogram for the data. Use it to estimate the modal time for solving a problem.
b) Calculate the mean time and standard deviation of solving a problem.

13. The table below shows the weights (in kg) of 150 patients who visited a certain health
unit during a certain week.

Weight (kg) 0-19 | 20-29 | 30-39 | 40-49 50-59 | 60-69 | 70-79
No. of patients 30 16 24 32 28 12 8

a) Calculate the appropriate mean and modal weights of the patients.

b) Plot an Ogive for the above data. Use the Ogive to estimate the median and semi
interquartile for the weights of patients.

14. In agricultural experiment, the gains in mass (in kg) of 100 cows during a certain period

were recorded as follows;

Gain in mass (kgs) | 5-9 | 10-14 | 15-19 | 20-24 | 25-29 | 30-34

Frequency 2 29 37 16 14 2

a) Calculate the (i)mean mass gained
(ii)Standard deviation
(iii)Median
15. The information below shows the marks of 36 candidates in oral examination.
30 31 55 49 56 47
36 41 39 45 39 50
42 43 44 39 46 56
30 48 53 38 50 63
40 54 61 46 56 44
53 60 56 50 62 52

(i) Construct a frequency distribution table having an interval of 6marks starting with the 30-
35 class group.

(ii) Draw a cumulative frequency curve and use it to estimate the median mark.

(iii) Calculate the mean mark.

16. Construct a frequency distribution of the following data on the length 5 of time (in minutes), it
took 50 persons to complete a certain application form.
29 22 38 28 34 32 23 19 21 31
16 28 19 1812 27 15 21 25 16
30 1722 29 18 29 25 20 16 11
17 12 15 24 25 21 22 17 18 15
21 20 23 18 17 15 16 26 23 22

( 120 )
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Using class intervals of length 5minutes starting with the interval 10-14. Calculate the (i) Mean
(ii)Standard deviation using ; Assumed mean A= 22

17. The ages of students in an Institution were as follows.
Age 18-<19 | 19-<20 | 20-<21 | 21-<22 | 23-<24 | 24-<25

No. of students | 12 35 38 24 8 3
(1) Draw a histogram of the data and use it to estimate the modal age.

(ii)  Use the data to estimate the median, upper and lower quartile ages.
(iii)  Calculate the interquartile and semi interquartile range
18. Estimate the lower and upper quartiles for the following frequency distribution using

an Ogive.
Class 0-9 10-19 20-29 30-39 40-49
Frequency 2 14 24 12 8

( 1212 )



Advanced Level Subsidiary Mathematics By Kawuma Fahad First Edition (Extended 2013)
CHAPTER 12: INDEX NUMBERS

An index number is a statistical measure, which represents the change in a variable or group of
variables with respect to time, environment or other characteristics.

Base year
This is the year against which all the other years are compared. The price in the base year is

normally denoted as P,

Current year
This is the year (period) for which the index is to be calculated. The price in the current year is

normally denoted by P,

SIMPLE INDEX NUMBER
A simple index measures the relative change from the base period for a single measurement
.This includes price index, quantity index etc. Simple price index is often known as a price relative
and it is given by
price in current year

Simple index number = X 100 = % X 100

price in the base year 0

Basic characteristics of index numbers
» The index for the base period is 100, which is standard practice. The statement “
2012=100" is used to identify the base
» The change in the value of the index from the base period to any given period is simply a
measure of percentage change from the base period for two periods
» The change in the value of an index does not indicate percentage change unless one time
period is the base period

Example 1
An article cost shs 500 in 1990 and shs 800 in 1994. Taking 1990 as the base year, find the price

relative in 1994.

Solution

Price relative = 22 x 100 = 222 x 100 = 160
Py 500

This indicates that the price of the article has gone up by 60%

Example 2
The wage of nurses in Uganda in 1995 was shs 20,000. The wage of the same nurses in 1997 was

increased by 25,000/=. Using 1995 as the base year, calculate the nurses’ wage index for 1997.
Solution

W1 =20,000 + 25,000 = 45,000

Wo = 20,000

Wage index = % x 100 = 222
0

20000
Therefore the nurses wage increased by 125% in 1995

X 100 = 225

Note: The percentile wage is always omitted in the final answer.

( 122 )
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Simple price index
The simple price index is obtained from the average of the price relatives which is the

arithmetic mean of the price relatives (simple indices) for a group of items
Pq

X5,
S.PI= T" x 100

Simple aggregate price index
This is the total price of a group of items in a given period divided by the total price in the base

period multiplied by 100.

A = e haseyor % 100 = 7% 100
Examplel
The table shows the price in pounds of maize and beans in 1999 and 2004
Item 1999 2004
Maize(bag) 80 120
Beans(bag) 10 15

Determine the simple aggregate price index for the total cost of one bag of maize and beans.
Solution
Total cost of items in 1999= 80+10=90

Total cost of items in 2004=120+15=135

Simple aggregate price indexz% X 100 = 19%5 x 100 = 150
0

Example 2
Data chip manufactures and sells three computer chip models; the basic, financial and scientific.

The respective retail prices are 950, 3500 and 7000 in 1994; 150, 1800 and 2500 in 1998; 80, 600
and 1250 in 2002. Calculate the simple aggregate price index for 1998 and 2002 taking 1994 as
the base year.

Solution
Chip model Retail price
1994 1998 2002
Basic 950 150 80
Financial 3500 1800 600
Scientific 7000 2500 1930
) 114500 4450 1930
S.A.P.Ifor 1998 = -2 x 100 = 38.86
11450
S.A.P.Ifor 1998 = -2 x 100 = 16.86
11450
Conclusion:

Since the index in the base period, 1994, is 100, the difference in the indices for 1994 and 1998
indicates that the average price of the three models declined by;

100 - 38.86 = 61.14%

The decline in price from 1994 to 2002 is 83.14%

( 123 )
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Weighted price index
Index numbers are at times needed where there is more than just one item i.e. and index number

that compares the cost of living depends on food, housing, entertainment, etc. They can be
calculated in terms of the weight by obtaining the weighted price index which is given by;

_Zwl
W.PI= %

P1

where | is the price index

ZP
Or W.P.I=—2-x 100
rw

Note: the weighted price index can also be referred to as the weighted aggregate price index

Example
Find the cost of living based on the following data.

Item Price Index Weight

Food 120 172

Clothing 124 160

Housing 125 170

Transport 135 210

Others 104 140

Solution

Item Price Index (1) Weight(W) | WI
Food 120 172 20640
Clothing 124 160 19840
Housing 125 170 21250
Transport 135 210 28350
Others 104 140 14560
Total 852 104640

YWI _ 104640

Cost of living index= W.P.I = =122.82
rw 852

Composite index
Composite index measures relative change from the base period for a group of closely related
items.

Example
The following items are used in the assembly of TV set; 8 transistors, 22 resistors, 9 capacitors, 2

diodes and a circuit board. Due to inflation of the price of each component has increased as shown
below.

Item Transistors Resistors | Capacitors | Diodes Circuit
1980 (Shs) 120 165 150 160 200
1988 (Shs)180 210 170 180 250

Calculate the composite index number of the assembled TV set in 1988 using 1980 as the base
year.

( 124 )
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Solution

Item Weight (w) | Price(Po) | WPg Price(P1) | WP
Transistor | 8 120 960 180 1440
Resistor 22 165 3630 210 4620
Capacity 9 150 1350 170 1530
Diode 2 160 320 180 360
Circuit 1 200 200 250 250
Total 6460 8200

8200

Composite Index = wrco X 100 = 127

646

Weighted aggregate price index
The weighted price is obtained if the weights or quantities of the various commodities are given.

or WAP.I= éi—lgl X 100 where Q and W represents quantity and

It is given by
W.API=2%% 5 100
XWPy 0CQo

weights respectively.
Examples.
The prices of unit values of four commodities A, B, C, and D in the years 1994 and 1996 were as
below

Commodities 1994 1996 Weights

Price Price

A 400 500 7

B 900 1100 2

C 600 700 3

D 600 800 6

a) Taking 1994 as the base year, Calculate the
() Simple price Index for 1996

(ii)

Weight average price Index

b) Suppose that the actual quantities consumed per week by a family in 1994 were 5kg, 2kg,

3litres and 1%kg of A, B, C, and D respectively. Determine the average percentage price

increase of the commodities in 1996.

(1) Simple price index= %_0 x 100 =

4.97

- X 100 = 124.25

C 125 )

Solution

(@)

Commodity | Weight Price(Po) Price (P1) Py Py W
P, P,

A 7 400 500 1.25 8.75

B 2 900 1100 1.22 2.44

C 3 600 700 1.17 3.50

D 6 600 800 1.33 8

Total 18 4.97 22.69

Py

125
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. . . Z%W 22.69

(ii)  Weight average price index = W x 100 = 5 X 100 = 126.1
(b)

Commodity | Weight Price(P,) | PoW Price (P1) | P1W
A 5 400 2000 500 2500
B 2 900 1800 1100 2200
C 3 600 1800 700 2100
D 1.5 600 900 800 1200
Total 6500 8000

W.API =275 50100 = 22995 100 = 123.1
S WP, 6500
Percentage increase in earnings or income = W.A.P.I -100
Example

Nsambya Hillside High school bought three types of chicken feeds in 1998 and 2000. The weights
of the corresponding price (Shs) are given in the table below. Using 1998 as the base year,
calculate the weighted average price index.

Commodity | Weight Price 1998 Price 2000

A 120 500 600

B 60 300 360

C 50 250 400

Solution
Commodity | Weight Price (Po) | Price (P1) P1 ?XW
Po °

A 120 500 600 1.2 144
B 60 300 360 1.2 72
C 50 250 400 1.6 80
Total 230 296

Index = 22%x100= 128.7
230

Conclusion: The commodities increased by 28.7%

Example
An average family in Kampala spent the following amounts on the items shown in the years 1997

and 1998.

1997 1998
ITEM Amount (Shs) Amount (Shs)
Housing 80,000 90,000
Clothing 20,000 20,000
Electricity 20,000 25,000
Water 25,000 25,000
Food 140,000 160,000
Transport 30,000 36,000
Medical 30,000 35,000
Miscellaneous 30,000 40,000
( 126 )
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Using 1997 as the base year, calculate the simple aggregate expenditure index for 1998.
Solution
Total expenditure in 1997 =80,000+20,000+20,000+25,000+140,000+30,000+30,000
=345,000/=
Total expenditure in 1998
=90,000+20,000+25,000+25,000+160,000+36,000+35,000+40,000 = 431,000/=

431,000
345,000

=1249

x100

Simple aggregate Expenditure Index =

Example
The table below shows the average retail price in shillings of a kilogram of Sugar during the years
1983 - 1988

Year 1983 | 1984 | 1985 1986 | 1987 | 1988
Retail Price 110 120 130 150 |[165 | 185

(D) Using 1983 as the base, find the price index corresponding to all the years. By how
much would a family have reduced their consumption of sugar in 1988 if they had to
spend the same amount of sugar as they did in 19837

(i)  Using 1986 as the base, find the retail price index of the given years

(iii)  Using 1983 - 1985 as the base, find the retail price in 1989, if the price index was 160.

Solution
1
Year Retail price Price index(ﬁ x 100)
Py
1983 110 100
1984 120 109.09
1985 130 118.18
1986 150 136.36
1987 165 150
1988 185 168.18
Price index in 1988= % x 1= 0.6818

Reduction in consumption = 1 - 0.6818 = 0.3182kg
(ii) Base value (Po) = 150

Year | Retail price | price index(ﬁ X 100)
Po
1983 | 110 73.33
1984 | 120 80
1985 | 130 86.78
1986 | 150 100
1987 | 165 110
1988 | 185 123.33
(iii) Average retail price = mﬁﬂ =120
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P1999 100 = 160
120
P1999 = 192

Example
The cost of making a cake is calculated from the cost of baking flour, sugar, milk and eggs. The

table below gives the cost of these items in 1990 and 1996

Item 1990 1996 Weight
Flour per Kg 600 780 12
Sugar per Kg 500 400 5

Milk per litre 250 300 2

Eggs per egg 100 150 1

Using 1990 as the base year;

(i) Calculate the price relative for each item. Hence find the simple price index for the cost of
making a cake.

(ii)Find the weighted aggregate price index for the cost of a cake.

Item 1990(P,) | 1996(P1) | Weight | P1 | PoW PiW
Py

Flour /kg | 600 780 12 1.3 | 7200 9360

Sugar /kg | 500 400 5 0.8 | 2500 2000

Milk /Ltr | 250 300 2 1.2 | 500 600

Eggs /egg | 100 150 1 1.5 | 100 150
12110

> 20 4.8 10300 12110

The price relatives are represented by % in the table

Simple Price Index = 44;8 x 100 = 120

12110
10300

x 100 = 117

Weighted aggregate price index =

Example
the table below represents the changes in domestic consumption of the indicated food items

Commodity Unit Price in shillings | Quantity

2009 | 2010 2009 2010
A( Matooke) kg 180 150 1500 2500
B( Bread) Unit 500 700 80 100
C(Milk) Litre | 400 700 60 60
D( Vegetables) | Kg 1000 800 45 60
E(Fruit) Kg 700 600 120 100

using 2009 as the base year, calculate the
(1) Price index for each food item for 2010
(ii)  Simple aggregate price index for 2010
(iii) Weighted aggregate price index for 2010

Solution

: _150 _
()  Pla=—2x100 = 83.33
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700

PIg=—Xx 100 = 140
500
Plc="2%100= 175
400
Plp =2 % 100 = 80
1000
PI=22 x 100 = 85.7143

700
Item Po P Qo Q1 PoQo P1Q1
A 180 150 1500 | 2500 270000 | 375000
B 500 700 80 100 40000 70000
C 400 700 | 60 60 24000 | 42000
D 1000 | 800 |45 60 45000 | 48000
E 700 600 120 100 84000 | 60000
> 2780 | 2950 463000 | 595000

.. __sumof prices in current year _ &
(i) SAPI= sum of prices in base year X100 = Y P, x 100
=290 4100 = 106.2
2780
(i) WAPI=22% 5 100 = 2252 & 100 = 128.51
¥ Py Qo 463000

Trial questions
1. The average price for bananas, milk and meat were as follows for 1997 and 1998

ITEM PRICES

1997 1998
Bananas Shs 3000 per bunch Shs 5000 per bunch
Milk Shs 700 per Litre Shs 800 per Litre
Meat Shs 2500 per Kg Shs 2000 per kg

a) Calculate the price relatives for these commodities for 1998 taking 1997 as the base

year

b) Given that meat, bananas and milk are given weights of 2, 1,and 3 respectively taking
1997 as the base year, calculate the index number for the total costs of the commodities

for a family in 1998.

2. The table below shows the prices in pounds sterling per metric tons of four metals on two

dates of 1997

Metal 25t April 10th Nov

Copper 100 959

Tin 7390 7550

Lead 540 576

Nickel 2045 2600

(1) Taking 25t April as the base date, calculate the price indices for 10th Nov 1997.

Comment on the price of each metal.

(ii)

the two dates given.

Taking copper as the base metal, calculate the price indices for the other metals for

( 129 )




Advanced Level Subsidiary Mathematics By Kawuma Fahad First Edition (Extended 2013)
(iii)  Calculate the price per metric tons of bronze on 25t April (Bronze is a mixture of
copper (92%) and tin (8%)

3. The cost of making a cake is calculated from the cost of baking flour, sugar, milk and eggs.
The following table gives the cost of these items in 1985 and 1986.

Item 1985 1986 | Weight
Flour per Kg 60 78 12
Sugar per kg 50 40 5

Milk per litre 25 30 2

Egg per Egg 10 15 1

Using 1985 as the base year,
() Calculate the price for each item hence find the simple price index of making a cake.
(ii)  Find the weighted aggregated price index for the cost of the cake.
(iii)  If the unit of making a cake in 1986 was shs 30, find the cost in 1985 using the two
indices in (i) and (ii)
4. The table below shows the prices and quantities of some four commodities A, B, C and D for

the years 2006 and 2007
[tem Price per unit Quantities
2006 2007 2006 2007
A 100 120 36 42
B 110 100 96 88
C 50 65 10 12
D 80 85 11 10

Using 2006 as the base year, Calculate

(1) Price index number for 2007
(ii)  Simple aggregate price number for 2007 (Ans:108.824)
(iii) Weighted aggregate price index number (Ans:123.071)

5. The table below represents the weight and index for five items

Item Food | Tobacco | Housing | Transport | Medical
Weight | 304 |129 331 120 116
Index 124 | 126 127 119 128

Determine the weighted index number for all items (Ans: 125.115)
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CHAPTER 13: MOVING AVERAGES
Many sets of data display trends, which depend upon time of year or the particular month or even
the time of the day etc.
For example, we would expect that sales of umbrellas would peak during winter months and then
tail off during the summer months etc.

In fact, if we were to plot a graph showing sales of umbrellas against the seasons of the year
(autumn, winter, etc.) We would expect some wildly fluctuating graph as follows.

Umbrellas soldA

! | | 1 | | | &

Aut 2000 Win 2000 Spr2001 Sum 200} Aut 2001 Win 2001 Spr2002 Sum 2002

This is called a time series graph
In attempting to glean meaningful information from such graphs, we really need to isolate the
different seasons, each of which exerts its own seasonal influence.

One way of doing this is to use what are termed moving averages, which are designed to level out
the large fluctuations which can occur in a set of data that varies over time.

Example 1
Suppose you have measured the weight of a child over an eight period and have the following

figures (in kg) 32, 33, 35, 38, 43, 53, 63, 65.
We could take the average of each 3 years period. These are 3 year moving averages

The first is 3243343 — 33.3

The second is

The third is

The fourth is

The fifth is

33+35+38

35+38+43

38+43+53

43+53+63

= 35.3

= 38.7

= 44.7

=53.0
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53+63+65

The sixth is — = 60.3 (this is the last)

If we are to calculate the 4 year moving average,

30+33+35+38 __

The first is —Y = 34

The second is 222223813 _ 373

The third is 22243458 _ 453

The fourth is 22X23553¥03 _ 493

The fifth js 2X2340340% _ 54 (this is the last)
Example 2

A college records the number of people who sign up for adult education classes each term. The

table shows the numbers from autumn 2000 to summer 2002.

Term Autumn Spring | Summer | Autumn | Spring | Summer
2000 2001 2001 2001 2002 | 2002
No. of people | 520 300 380 640 540 500

a) Calculate the three point moving average for these data.

b) Plot the three point moving averages with the original data together on the same axis.
c) Use the trend to estimate the three point moving average that would be plotted at summer

2002
Solution
a) 1st three point moving average = 520+33ﬂ = 400
ond — 300+380+640 _ 4, 0
qrd — 380+640+540 _ ¢
gth — 8405404500 _ ¢

b)  We always plot moving average in the middle of the respective grouping.
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C) By plotting the line of best fit, we estimate the next moving average to be 610.
Note: The line of best fit will give us the trend

Example3
The table below shows the amounts of Jenny’s gas bills from September 2001 to December in
dollars.
Date September | December | March |June | September | December
2001 2001 2002 2002 | 2002 2002
Amount of bill | 28.70 32.40 29.10 | 7.80 |30.30 38.60

1stvalue = ” = 24.5
32.40+29.10+7.80+30.30

21d yalue = Z =249
29.10+7.80+30.30+38.90

3rd yalue = = 26.45

4
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Calculate the four point moving averages for these data
Graph the raw data and the moving averages.

Solution
28.70+32.40+4+29.10+7.80
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Example 4

The amount of water used every after 6months over a period of 4 years is shown in the table
below

Year 2008 2009 2010 2011
Month Mar | Oct Mar Oct | Mar Oct Mar | Oct
Water used (m?3) 36 45 29 43 38 45 52 46

Calculate the three point moving averages for these data

Graph the raw data and the moving averages hence comment on the amount of water used in the
period.

Solution

36+45+29
1stvalue = — = 36.7

45+29+43
2nd yalue = — = 39

29+43+38
3rd yalue = — = 36.7
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43+38+45

4th yalye =——— =42
38+45+52

5thvalue = ——= =45
45+4+52+46

6th value == 47.7
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Example 5

The table below shows the annual production of copper in millions of kilograms in a certain
country for the period 1960 - 1970

Year 1960 | ‘61 | ‘62 |'63 | ‘64 ‘65 | ‘66 | ‘67 |68 |69 |1970

Annual 196 | 146 | 172 | 178 | 155 | 152 | 130 | 154|166 | 164 | 135
production

a) Constructa 5 year moving average. Graph the moving averages together with the original
data
b) Comment on the trend of production over the 11 year period.

Solution

196+146+172+178+155

(@) 1Istvalue = . = 169.4

146+1724+178+155+152
2nd yalue = - = 160.6

172+178+155+152+130

3rd yalue = - = 1574
178+155+152+130+154

4th yalue = - = 153.8
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155+152+130+154+166

5thvalue = . = 1514
1524+130+154+166+164

6th value = . = 153.2
130+154+166+164+135

7th value = = 149.8

5

You can summarize these values in a table as shown below

Year | 1960 | ‘61 | ‘62 ‘63 ‘64 ‘65 ‘66 ‘67 ‘68 ‘69 | 1970

Prodn | 196 |146 172 178 |155 |152 [130 |[154 |166 |164 |135

X X 11694 |160.6 | 157.4 | 153.8 1514 | 153.2 1498 | X X
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b). The production over the 11 year period generally decreases

Example 6
The table below shows the amount of milk (in thousands of litres) produced by a certain exotic

farm in yearly quarters for the 1986 - 1989 period.
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Year QUARTER

1st 2nd 3rd 4th
1986 | 19.5 30.0 325 |25.0
1987 | 30.5 37.0 385 |26.5
1988 | 36.5 44.5 46.6 | 35.0
1989 | 45.5 50.5 52.5 [425

(1) Calculate the four point moving averages for the data.

(i)  On the same axes, plot the four point moving averages for the data.
(iii) Comment on the trend of milk production over the period of 4 years.

Solution

(i) Lst — 195+30.0+3254250 _, - o
an — 30.0+32.g+25.0+30.5 — 295
3rd :32.5+25.0+430.5+37.0 — 3195
4th = 25.o+3o.5i37.o+38.5 _3975
Sth — 30.5+37.0138.5+26.5 — 33125
Gih — 370+38542654365 _ o, o
Tth — 38.5+26.5-T—36.5+44.5 — 365
gth — 26.5+36.5144.5+46.5 — 1385
9th — 35.5+44.5i46.5+35.o 40625
10th = HSHIESH3S0HSS _ 4o oo
11th :46.5+35.0+445.5+50.0 — 4425
12th = 35.0+45.54+50.0+52.5 — 4575
13th = 45.5+5o.o-j:52.5+42.5 — 47625

C 2
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Example 7
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(iii) The production generally increases over the given period
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The table below indicates the quarterly variation in a certain school earnings in millions of

shillings 1950 - 1952.

Year 1st 2nd 3rd 4th
1950 |11.0 10.0 10.0 |94
1951 | 105 9.7 9.4 9.3
1952 |99 9.3 9.0 8.6
(D) Calculate the quarterly moving averages for the data

(i)  On the same axes, plot the four point moving averages and the raw data
(iii) Comment on the trend of the school earnings

Solution
Q) 1st = 11.0+10.04+10.o+9.4 — 101
ond = 10.0+10.o4+9.4+1o.5 — 9973
3rd = 10.0+9.4:10.5+9.7 —99
gth = 24¥105497494 _ o ¢
Sth = 105497494493 _ ¢ o
( 138 )

NS



Advanced Level Subsidiary Mathematics By Kawuma Fahad

First Edition (Extended 2013)

— 9.7+9.4+9.3+9.9 — 9575

=9.475
=9.375
=9.2

6th
7th
8th
9th

_9.4+9.3+9.9+9.3
_9.3+9.9+9.3+9.0

_9.949.34+9.0+8.6
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(iii) The school’s earnings decrease generally over the given period

Trial questions

1. The sales (in thousands of shillings) of a computer accessories company for the period

2002 to 2004 are given in the table below.

Year QUARTERS

1 2 3 4

2002 | 1235 1242 | 1410 | 1400
2003 | 1275 1270 | 1450 | 1480
2004 |1302 1280 | 1510 | 1500

a) Calculate the four point moving averages
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b) On the same axes, plot graphs of the sales and the moving averages against time. Comment
on the general trend of the sales for the three years period.
c) 1stquarter of 2005

2. The table below shows the quarterly cost (in 1000’s Uganda shillings of electricity for a house
hold over a period of 3 years 1992 - 1994

Year Quarters

1 2 3 |4
1992 |68 |60 |59 | 65
1993 |82 |80 |80 |92
1994 |94 |78 |90 | 105

a) Calculate the four point moving averages
b) On the same axes, plot both the raw data and moving averages
c) Comment on the cost of electricity over the period of 3 years

3. The table below shows the electricity supplied (in million kilowatts hours) to a
company on a quarterly basis between 1988 and 1991

Year QUARTERS
1 2 3 4
1988 | 8.9 71 | 6.7 |93

1989 | 10.1 75 |71 |10.5
1990 | 11.7 7.5 183 | 169
1991 125 83 [95 |17.7

a) Calculate the quarterly moving averages
b) On the same axes, represent the data above and the quarterly moving averages.
Comment on the trend of power supply to the company over the four years period.

6. The average prices of a bunch of Matooke in each third of a year over a period of 3% years

are given in Ug. Shs in the table below.

YEAR 1st third | 2nd third | 3rd third
1998 4500 5000 5200
1999 5500 5700 6000
2000 6200 6500 6800
2001 7000 X

a) Calculate the 3 point moving averages
b) On the same graph, show the raw data and the 3 point moving averages
Hence (i) Comment on the trend of prices of Matooke for this period
() Estimate the value of x (in the table)
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CHAPTER 14: SCATTER GRAPHS AND CORRELATION

The relation between two variables can be shown on diagrams or graphs known as scatter
diagram or graph. A scatter graph is obtained by representing the scores of one variable on the
vertical axis and the other value on the horizontal axis.

Example

Draw a scatter diagram for the following data

X |12 |3]4]|5]|/6|7 [8 [9 |10
Y |I5][4 17169811 |10 |13]|12

Solution

A

REGRESSION LINE

When a scatter graph is plotted, a line of best fit can be drawn through the points. This line is
called the regression line.
Note: The regression line should pass through the point (x,y) where x = En_x andy = %y
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Example 1

In two different Athletics completion C1 and C,, ten schools, A, B, C, D, E, F, G ,H, I, ] participated

and their performances in points are given below.

COMPETITION

A

B

C

D

E

F

G

H

C1

556

473

502

514

435

499

507

510

560

540

C2

590

496

578

608

524

504

600

560

597

572

Plot the points on a scatter diagram of Cz against Cq

Draw a line of best fit through the plotted points on your scatter diagram and estimate
how many points a school would have scored in competition C: if it has scored 525
points in the competition Cq

Solution

M
(i)

a5 O G
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=38 _ 5605

10 10
From the graph, the school would have 571 points in C; if it had scored 525 points in C1
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Example 2

The table below shows the marks scored in mathematics and fine art.
Mathematics | 40 |48 |79 |26 |55 |35 |37 |70 |60 |40
Fine Art 59 |62 |68 |47 |46 |39 |63 |29 |55 | 67
Draw a scatter diagram and comment on your result

T e | e Tl o
e AN A HELT -

CORRELATION
Correlation is a method used to determine the relationship between two or more variables.
Correlation coefficient is the index used to measure the degree of correlation
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Types of correlation

Positive correlation

If y intends to

increase as x increases, there is a positive cor

relation

Q|

[

R

Itis between 0 and 1

Negative correlation

If y tends to

decrease and x increases, then there is
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Itis between -1 and

Zero or no correlation

If there

isnorela

tion

ship between x and y, then there is no correlation
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Note: The sign associated with the correlation coefficient will be the one responsible for the type

Interpretation of the magnitude of correlation coefficient.

L~
P
X

Correlation coefficient

Interpretation

0-0.19

0.2-0.39
0.4-0.59
0.6 -0.79
0.80-1.0

Chance correlation
Slight correlation
Moderation correlation
Substantial correlation
High correlation

of coefficient. i.e. - 0.85 would indicate a high negative correlation.
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Rank Correlation
The degree of relationship can be calculated using the spearman’s correlation coefficient (p) as
below.

6y d?
nn2-1)
Where d is the difference between the rankings of a given scores and n is the number of pairs.

Spearman’s rank correlation coefficient, p =1 —

Example 3
Two examiners x and y each marked the scripts of ten candidates who sat a mathematics

examination. The table below shows the examiners ranking of the candidates.
Examiners |[A |B |C |[D |E |F |G H [ |]

X 5 (3 |6 |1 [4 |7 |2 10 |8 |9
Y 6 |3 |7 12 |5 |4 |1 10 |9 |8
Solution
Candidate | R Ry d=Rx-Ry d2
A 5 6 -1 1
B 3 3 0 0
C 6 7 -1 1
D 1 2 -1 1
E 4 5 -1 1
F 7 4 3 9
G 2 1 1 1
H 10 10 0 1
I 8 9 -1 0
] 9 8 1 1
Yd2=16
6y d? 6x16
p=1-E =1 -8 — 10,097 = 0.903

There is a very high positive correlation between the two examiners x and y
Example 4
The table below shows the marks of eight students in physics and mathematics. Rank the results
and find the value of the rank correlation. Comment on the result.

Biology (x) 65 |65 |70 |75 |75 |80 |85 |85
Chemistry (y) |50 |55 |58 |55 65 |58 |61 |65

Solution
X Y Rx Ry d= Rx-Ry dz
65 50 75 |8 -0.5 0.25
65 55 75 |65 1 1
70 58 6 4.5 -1.5 2.25
75 55 45 |6.5 -2 4
75 65 45 |15 3 9
80 58 3 4.5 -1.5 2.25
85 61 1.5 |3 -1.5 2.25
85 65 1.5 |15 0 0
Ydz=21
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_ 4, 6xa* . ex21 _ . .
p= D) 8(64_1)—1 0.25 =10.75

This means that there is a substantial correlation between the two subjects.

Example 5
Eight students of a certain school participated in the 1989 and 1990 national mathematics

contests. Their score were as follows.

Participant | A B C D E F G H
1989 72 |60 |56 |76 |68 |52 [80 |64
1990 56 |44 |60 |74 |66 [38 [68 |52

a)  Calculate the mean scores for the participants each year.

b)  Compute a rank correlation coefficient for the performance of the participants in the two
years.

C) Use the values obtained in (a) and (b) above to comment on

(i) The level of difficulty of the two contests

(ii) Whether the two contests examined the same mathematical aptitude.

Solution

() For 1989, Mean = 72+60+56+76;-68+52+80+64 _ 5? — 66
For 1990, Mean = 56+44+60+74;—66+38+68+52 _ 4?78 — 5795
(b)

Participant | 1989(x) | 1990 (y) | Rx | Ry |d [ d?

A 72 56 3 |5 |-2 |4

B 60 44 6 |7 |-1 |1

C 56 60 7 |4 |3 |9

D 76 74 2 |1 |1 1

E 68 66 4 |13 |1 1

F 52 38 8 |8 |0 |0

G 80 68 1 12 (-1 |1

H 64 52 5 [6 |-1 |1

»'d?=18
6y d? 6x18
p=1— =1 "= 1-0.2143 = 0.7857

(¢) (i) The contest in 1990 was generally harder than that of 1989

(ii) The two contests had the same mathematical aptitude.

Example 6
The following table gives marks (x) obtained by 12 students in an examination in statistics at the

end of one term together with the marks (y) obtained at the end of the following term.
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Students A |B |C |D |E |F G H |1 J K |L
Marks (x) 53 |74 |48 |71 |68 |60 |47 |72 48 |65 |80 |40
Marks (y) 41 |50 |44 |38 |41 148 |45 |57 |36 |46 |50 |47

() Plot a scatter graph for the above data

(ii)  Calculate the rank correlation coefficient for the data

(iii)  What conclusions can one draw from your result in (ii) above
Solution

.....

.........

......T. . e -t )
i
l
{
|
!
1

(i)
Student X Y Rx Ry d=Rx-Ry dz
A 53 |41 |8 95 | -1.5 2.25
B 74 |50 |2 25 |-0.5 0.25
C 48 |44 |95 |8 1.5 2.25
D 71 |38 |4 11 | -7 49
E 66 |41 |5 95 | -4.5 20.25
F 60 |4 7 4 3 9
G 47 |45 |11 |7 4 16
H 72 |57 |3 1 2 4
| 48 |36 |95 |12 |-25 6.25
J 65 |46 |6 6 0 0
K 80 |50 |1 25 |-1.5 2.25
L 40 |47 |12 |5 7 49
»d?2=160.5
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_ . 6%d* _ . 6x1605 _ . ~
p=1 n(n2-1) 12(144—1)_1 0.5612 = 0.4388

There is a moderate positive correlation between the marks X and Y.

Example 7
The following table gives the marks obtained in calculus, physics and statistics by seven (7)

students;

Calculus |72 |50|60 |55 |35 |48 |82
Physics 61 |55(70 |50 [30 |50 |73
Statistics | 50 [40 |62 |70 |40 |40 | 60

Draw scatter diagrams and determine the rank correlation coefficients between the performances
of the students in
(i) Calculus and physics
(i)  Calculus and statistics
Give interpretations to your results.
Solution

'ﬂ‘“),‘“'“\ IH _' - 4‘ - [ R ‘n‘ N EEER

S BRI O IR 8 SRS (N S : i RN 0t A S S A S A . O i ) SO
T i R 1

¥ T
T I T
1 1

1 |
- - 2 1 ‘ I T T
ey [eoeapEamastsn T

’P—E—
s

FaW N 1

A

[l

Il

l

L

" ERNER

( 148 )




Adyanc

ed Leyel Subsidiary Mathematics By Kawuma Fahad First Edition (Extended 2013)

A T e e e e e e e e e INEE:
ERikd IESEE SaREs e EER Rl IEce e R P
=t SRRAE : SSaCEEEEEasRERaE=
SRy T ‘,
: T E
SRE R e SRR
324 BED - — S ERE=s Ees =T
E 4111 1 EJ, : ; J T _ ’_0
R = H i T §Ee:
e pEesfEa=a~cas :
_._t { - . [ ‘ - - :
it Feteeiieniiines e
71““1' i - ﬁ‘r Il 7;7:7 J
Hir B i iy = t =
e CSEFERRRS EacaRESE N EREEd pas
S0 T ~.J: - o= - _‘
_1—: - B E
e
S| o IO 0 drailer e g0 RS R ]
Let C= Calculus, P = Physics, S = statistics
Marks Marks Marks Rc Rp Rs d=Rc—Rp dz d—Rc—Rs d?
for C for P for S
72 61 50 2 3 4 -1 1 -2 4
50 55 40 5 4 6 1 1 -1 1
60 70 62 3 2 2 1 1 1 1
55 50 70 4 55 |1 -1.5 225 3 9
35 30 40 7 7 6 0 0 1 1
48 50 40 6 55 |6 0.5 025] 0 0
82 73 60 1 1 3 0 0 -2 4
y'd2 5.5 20

(i) Calculus and Physics

6X5.5 33
p=1-r2=1--=09018

There is a high positive correlation

(i)  Calculus and Statistics

6X2 120
p=1-sis=1-17=06429

There is a substantial positive correlation
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Example 8
The table below represents the scores obtained in biology and geography by 10 students
Biology(x) 51 |63 |43 |60 |61 |32 |71 |40 |48 |59
Geography(y) | 61 |41 |36 |45 49 |53 |70 |38 | 60|52
Assuming that the highest mark represents the first rank and so on.

(a) Construct a scatter diagram and line of best fit
(b) Calculate the spearman’s rank correlation coefficient and comment on your results.
Solution
(a) e re e Ce
A ]

o [

qrenky Ly)

—te

A

— " T
' " i SR Ty

! . s

50 - ) !
, . i

- dp

(b)
Let Rg = Rank of Biology
Let Rc =Rank of geography
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Rp Rc |d=Rg-Rg d?

6 3 3 9

2 8 -6 36

8 10 |-2 4

4 7 -3 9

3 6 -3 9

10 5 5 25

1 1 0 0

9 9 0 0

7 4 3 9

5 2 3 9

y'd? 110

Spearman’s rank correlation coefficient =1 — 63d”
nn2-1)
6%X110 660
=1- To(t00-D — 1- 550 = 0.333

There is a slight positive correlation

Trial questions
1. The table below shows the marks scored by eight students A, B, C, D, E, F, G, H in three tests in
English during the first term of the school calendar.

STUDENT | A B C D E F G H

TEST I 80 70 60 74 65 65 48 58
TEST II 70 70 65 70 64 60 58 50
TEST 111 75 80 86 82 70 64 60 64

a) Calculate the rank correlation coefficient for the performance between

(1) Testland testIl [Ans: 0.875]

(i)  Testland testlll [Ans: 0.792]

b) Comment on the relationship of the performance in three terms

2. The following are final examination scores with 12 students obtained in Psychology, x, and
economics, y

X |35 |56 |65 |78 |49 [82 |22 |90 |77 |35 |52|93
Y |57 |72 |63 |76 |53 | 10038 |82 [82 [19 43|79

(1) Draw a scatter diagram for the data
(ii) Find the rank correlation coefficient for the performance of the students in the two
subjects. [Ans: 0.979]
3. The marks obtained in two tests X and Y were as follows:

X 51 62 64 47 54 44 68 61 56
Y 45 54 58 46 49 43 59 56 53

@) Plot a scatter diagram and comment on your graph.
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(ii) Rank the scores and calculate the rank correlation coefficient. Comment on your result.
[Ans: 0.992]

4. The marks scored by 12 students in an English and mathematics examination were:

English 74 152 1431651395648 |37 |52 |68 |45 |68
Mathematics | 46 | 56 {38 |42 |48 |51 |59 |54 /45|51 35|61

(i) Draw a scatter diagram and comment on the performance of the students in the two

subjects.

(ii) Calculate the rank correlation coefficient and command on your result[Ans: 0.157]
5. The table below shows the percentage preference of nine most popular holiday
destinations as sampled by a tour company for two years 1996 and 1997.

Holiday destination F G S | A Y C H B
1996 90 |80 |78 |78 |50 |40 |30 |20 |10
1997 79 |90 |80 |60 [60 |35 |50 |60 |22

(i)  Plotascatter diagram for the data, and comment on the correlation between the figures for
the two years.

(ii) Calculate a rank correlation coefficient [Ans: 0.8215]

6. The table below shows the height of each boy (X cm) and the distance (Y cm) to which he
can throw the ball.

Boy A [B Jc [p JeE JF Jc [uH J1 ]
X(cm) |122 124|133 [138 | 144 | 156 | 158 | 161 | 164 | 168
Y(ecm) |41 |28 |52 |56 [29 [34 [59 [61 [63 |67

(i) Draw a scatter diagram for this data
(ii)Comment on the relationship between the boys’ heights and the distances they throw the ball.
(iii) Draw the line best fit. Use the line to estimate the distance the ball can be thrown a boy
of height of 175 cm
c) Calculate the rank correlation coefficient between X and Y [Ans: 0.782]
7. The marks obtained by 8 students in English (X) and French (Y) are given below;

English |55 |42 |37 |59 |38 |48 |56 |48
(X)
French ({60 |48 |41 |63 |35 |39 |51 |55
(¥

(i)Plot a scatter graph for the performance of the 8 students in the two subjects. Comment on
your graph
(i) Calculate the rank correlation coefficient of the performance of the students in the
two subjects. Comment on your result. [Ans: 0.768 |

8. The marks obtained in Physics and Chemistry by 10 students in end of year examinations

were.
Chemistry (X) [54 [58 [60 [60 [70 |65 [71 [68 [73 [66
Physics (Y) 57 |61 |63 |64 |74 [68 |70 |73 |75 |78
( 152 )

NS



Advanced Level Subsidiary Mathematics By Kawuma Fahad First Edition (Extended 2013)

() Draw a scatter diagram and comment on it.
(ii)  Calculate the rank correlation coefficient of the performance in the two subjects.
[Ans: 0.839 |
0, Three examiners X, Y, and Z each marked the scripts of ten candidates who sat a
mathematics examination. The table below shows the examiner’s ranking of the candidates.
CANDIDATES
EAMINERS | A B C D E F G H | J
X 8 5 9 2 10 |1 7 6 3 4
Y 5 3 6 1 4 7 2 2 8 9
Z 6 3 7 2 5 4 1 10 |9 8

Calculate the rank correlation coefficient of rankings between

() XandY [Ans:-0.127]

(ii) YandZ [Ans:0.919]
10. The following table shows the marks scored by thirteen students in Biology and
Chemistry tests.

Biology 40 |28 |28 |20|21|31|22[36(29|24|30]25]27
Chemistry | 40 | 30 | 28 20|22 45|25 |35|27 |23 |31|27 |26

a) Draw a scatter diagram to represent the performance of the students in the two subjects.
Comment on the relationship between performance in Biology and chemistry.
b) Calculate the rank correlation coefficient between the marks of the two subjects.
11. The table shows the performance of ten students in their inter house music competition
and their performance in their end of term mathematics test.

Student A B C D E F G H I ]
Scores in music | 280 | 270 | 276 | 232 | 250 | 228 | 182 | 205 | 220 | 150
Scores in 70 |64 |72 68 52 |55 |50 |48 |61 |40
Mathematics

a) (i)Represent the graph performances in the same scatter graph
(ii)Comment on the correlation between the performance in music competition and the
mathematics test.

b)  Calculate the rank correlation coefficient between the students’ performance in music
competition and their performance in end of term mathematics. Comment on this result [Ans:
0.867]
12.The table below shows the marks of 10 students in three papers
A B C D E F G H | J
Paper i 81 |42 |55 |67 |36 |46 |59 |78 [30 |67
Paper ii 64 |50 |54 |70 |48 [32 |49 |54 |46 |58
Paperiii |59 |47 |78 |43 |60 |54 |31 |52 |68 |62

a) Calculate the rank correlation coefficient between
(i) Paperiand paperii [Ans: 0.764 ]
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(ii) Paperiiand paper iii [Ans: -0.161]
(iii) Comment on the relationship between the performance in paper I and the other two papers

ii and iii
13. Eight applicants for a certain job obtained the following marks I aptitude and written tests
Applicant A B C D E F G H

Aptitude test 33 |45 |15 |42 |45 |35 |40 |48
Written test 57 |60 |40 |75 |58 |48 |54 |68

Calculate a rank correlation coefficient of the applicant’s performance in the two tests. Comment
on your result. [ Ans: 0.78]
14. The table below shows the percentage of sand y in the soil at different depths X (in cm)

Soil depth(X) 35 |65 |55 |25 |45 |75 |20 |90 |51 |60
(cm)
Percentage of 86 |70 |84 |92 |79 |68 |96 |58 |86 |77
sand (Y)

(a) (i) Plot a scatter diagram for the data. Comment on the relationship between the depth of
the soil and the percentage of sand in the soil.
(ii)Draw a line of best fit through the points of the scatter diagram. Use it to estimate
-Percentage of the sand in the soil at the depth of 31cm
-Depth of the soil with 54% sand
b) Calculate a rank correlation coefficient between the percentage of sand in the soil and the
depth of the soil.
15. Given the variables x and y below;

X 80 75 86 60 75 92 86 50 64 75
Y 62 58 60 45 68 68 81 48 50 70

Obtain a rank correlation coefficient between the variable X and Y. Comment on your result
[Ans: 0.715]
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CHAPTER 15: THE PROBABILITY THEORY

Probability theory is a branch of mathematics concerned with prediction or uncertainty.

The term probability arose from the games of chance and gambling i.e. tossing a coin, rolling a

die, playing cards etc.
The probability of an event is the measure of the likelihood that it will occur and it is given on a
numerical scale from 0 to 1.The numbers representing probabilities can be written as percentages,
fractions or decimals

» A probability of zero implies that the event is impossible

» A probability of one (100%) indicates that the event is certain to occur.

» All other events have a probability between 0 and 1

Sample space and generation of the sample space
Sample space (S) is the set of all possible outcomes of an experiment. Each possible

outcome is called a sample point
Example
Rolling adie; S= (1, 2, 3,4,5,6)
Tossing a coin; S = (H, T)
Note: 1, 2, 3,4, 5,6 and H, T are sample points

Generation of the sample space
The ways of generating a sample space include the following;

() Table of out comes
(i)  Permutations
(iii) Tree diagram

Terms used in the set theory
An event is a subset of a sample space

Intersection of events
Consider A and B as two events of a sample space S, the intersection of these two events is given
by A N Bi.e. containing sample points common to both A and B

Union of events
This is a set of all sample points in either A or B or both .It is denoted by AUB

Complement of an event
If A is an event of a sample space S, the compliment of A is given by the set containing all sample

points in S that are not in A. It is denoted by A’.

Mutually exclusive events
If two events A and B have no sample points in common i.e. if ANB={ } orthey cannot occur

at the same time i.e. Zero, then we say that A and B are mutually exclusive .

( 155 )
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Probability function
The probability function of an event A is denoted by P(A) and is the sum of the probabilities of the

sample pointsin A. (i) P(A) <1 (i) P(A) >0 (i) P(S) =1

_n@
P(A) = E)
Example 1

Find the probability of choosing a defective pen in a lot of 12 out of which 4 are defective , if a
single draw is made
Solution

No. of ways the event can happen = 4

Total no. of possibilities = 12
1

Hence probability = % =3

Example 2
What is the probability of throwing a number greater than 4 for a die whose faces are numbered

from 1 to 6?

Solution

$={1,2,3,456} n(S)=6
A ={5,6} n(A) =2

2 1
P(A)=g=§

Interaction with the set theory
The following results can be deducted from the set theory

Result 1
For any two events Aand B; P (A) =P(ANB) + P(ANB’)

A

"

Result2
For any two events A and B; P(B) =P(ANn B) + P(A' n B)
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Result 3
P(A)=P(A’'NnB)+P(A’'NnB)

Note that (AUB)'=A'NB’

Result 4
P(B)=P(ANB)+P(A'NB)

/ A’ k& A/‘n &'

/

ANZ

s, f/// /

Result 5
P(AUB)=P(A)+P(B)-P((ANB)

1 A B
@
Result 6

For any events
(1) P(AUB)' =P(A’Nn B’)
(i) P(A'UB)=P(ANB)

The contingency table

The alternative way of recalling the first four results is by using the contingency table

A A
B | P(AnB) | P(A'nB) | P(B)
B’ | P(AnB) | P(A'nB) | P(B)
P(A) P(A") 1
P(A) + P(A) =1 and P(B) + P(B) =1
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Example 1
Events A and B are such that P(A) = g, P(B) = é and P( AUB) =§. Find P(ANB)
Solution
P(AuB)=P(A)+P(B)-P((ANnB)
P(ANB)=P(A)+P(B)-P((AUB)

Example 2

The probability that a student passes mathematics is g and the probability that he passes physics

is g.lfthe probability that he passes atleast one of them isg, find the probability that he passes both

papers
Solution

Let M denote event passing mathematics and P denote event passing physics
4

P(M)== P(P)=; P(MUP)=:
From P (MUP) =P (M) + P (P) P (M N P)
P (MNP) =P (M) + P (P) -P (M UP)

2 4 4 14
=3t 75T
Example 3
Given that A and B are mutually exclusive events such that P(A) = 0.5, P(AUB) = 0.9, find
() P(A’'UB)
(i) P(A'nB’)
Solution

() For mutually exclusive events, P (ANB) =0
P (AUB) =P (A) + P (B)=P(B) =P(AUB) - P(A)
=0.9-0.5=04
P (A’'UB) =P(A") +P(B) - P(A'NB)
P(A'nB) = P(B) - P(ANB)
=04-0=04
P(A)=1—P(A)=1-0.5=0.5
P(A'UB)=0.5+04-04
=0.5
(i) P(A’nB)=P((AUB)' =1 -P(AUB)
=1-0.9=0.1
Example 4
A and B are mutually exclusive events such that P(A) =0.3, P(B) =0.5.Find
() P(AUB)

(i) P(A)
(iii) P(A'NB’)
Solution

(i) P(ANB)=0
P(AUB) =P(A) +P(B)
=03+ 0.5
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=0.8
(i) PA)=1-PA)=1-03=0.7
(iii) P(B) =P(ANB) + P(A’NB)
P(A’'nB) = P(B) - P(ANB)
P(A'’NB)=0.5-0=0.5
From P(A”) = P(A’nB’) + P(A’NB)
P(A’'nB) =P(A") - P(A'NB)
=0.7-0.5=0.2
Example 5
Given that A and B are mutually exclusive events and that P(A) = E and P(B) = %.Find
() P(AUB) (ii) P(ANB")  (iii) P(A’'nB")
Solution
() P(AUB) =P(A) + P(B)
=241_2
5 2 10
(i) P(A) = P(ANnB’) + P(ANB)
=P(ANB’) =P(A) - P(ANB)
2

2
=——0=—
5 5

(iii) P(B) = P(ANB’) 4+ P(A’'nB")
P(A’'NB’) = P(B’) - P(ANB)
P(B)=1-P(B) = 1--§:§
2 1

) ) 1
P(AnB)=E—E=1—O

Probability situations

The And situation
a) When there is joint occurrence of events
b) Considering a sequence of events

Example
In a class of 100 students, 70 offer economics while 50 students offer mathematics. Each student

offers at least one of the subjects. Determine the probability for the number of students who offer
both subjects
Solution

= M

70— x+x+50—x =100




Advanced Level Subsidiary Mathematics By Kawuma Fahad First Edition (Extended 2013)
120 — x = 100
x =20

P(ENM) = = = 0.2

The Or situation
If A and B are two events, the probability that either event A or B or even both occurs is denoted
P(AUB)
But P (AUB)=P(A)+P(B)-P(ANB)
Example
Two dice are thrown, what is the probability of scoring either a double or a sum greater than 8?
Solution
A table of outcomes can be used to generate the sample space

First die

1,111,213 (14 |15 |16
2112212324 |25]|26
Seconddie |3,1|3,2|33(34 |35 |36
4142|4344 |45 |46
51(52|53|54 |55 |56
611626364 65|66

Table of sums

2 |34 |5 |6 |7
3 (4|5 |6 |7 |8
4 |5|/6 |7 |8 |9
5 (6|7 |8 |9 |10
6 |7/8 |9 |10|11
7 [8]9 [10)11 12

E1={(1,1)(2,2)(3,3)(4,4)(5,5)(6,6)}

n(El) =6

E2 ={(3,6)(4,5)(4,6)(5,4)(5,5)(5,6)(6,3)(6,4)(6,5)(6,6)}
n(Ez) =2

n( EiNEz) =2

P(E1UE2) =P(E1) + P(E2) - P(E1NE2)

_6 1o 2 _14_7
T36 36 36 36 18

Independent events
Independent events are events such that the occurrence of one does not affect/influence the

occurrence of the other. Two events A and B are said to be independent if and only if P(A and B) =
P(ANB) =P(A).P(B)

Example 1

Two events A and B are independent such that P(B) =0.6 and P(AUB) = 0.94. Find
O PA)
(i)  P(ANB)

( 160 )
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Solution
(i) P(AUB)=P(A)+P(B)-P(ANB)
But P(A NB) =P(A).P(B)
= P (AUB) =P (A) + P (B) -P(A).P(B)
0.94 =P(A) +0.6 - 0.6P(A)
0.34 = 0.4P(A)
P(A) =0.85
(i) P(ANnB)=P(A)xP(B)
=0.85%0.6
=0.51

Example 2
Given that A and B are events such that P(A) = % and P(B) = %.Find

() P(AUB) if A and B are mutually exclusive
(ii) P(ANB’) and P(A’NB’) if A and B are independent events
Solution
() P(ANB) =0
= P (AUB) =P (A) + P (B)
2,1_13
3 5 15
(i)  P(ANB)=P(A)XP(B) == x - ==
FromP (A)=P(ANnB)+P(ANB)
=P (AnB’) =P (A) - P(ANB)
2 2 _ 8

3 15 15
From P(B") = P(A N B) + P(A’ N B")
P(A'NB") =P(B") - P(ANB)

4

ButP(B)=1-P(B)=1--=1:

ARy =2 _ 8 _ 4
P(AHB)_s 15 15
Example 3

One element is randomly selected from a universal set of 20 elements. Sets A and B are subsets of
the universal set and n(A) =15, n(B) = 10 and n(ANB) =7. If P(A) is the probability of the

selected element belonging to set A, find (a) P(A)  (b) P(ANB)
Solution

(0 P(A)  (d) P(AUB)

( 161 )
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(b) P(ANB) =~

(©) P(A) =55 =

_18_29
(d)P(AUB) = ==
Example 4
If A and B are two events such that P(A) =%, P(B) = % and P(ANB) = %. Find (a) P(AUB),
(b)P(AUB)Y’
Solution
Method I
(a) P(AUB) = P(A) + P(B) - P(ANB)
1 1 1 5
=4 -—=-=-
4 2 8 8
(b)P(AUBY =1-P(AUB) =1 =1
Method II
A B
(4 {4 ¢ )
N XS b
B8

(a)P(AUB)=§+§+%=§
(b) P(AUBY =2

Conditional probability
The conditional probability of an event B in relation to an event A is the probability that event B
occurs after or given that A has already occurred. If A and B are events, then the conditional

probability of A given B denoted as P(A/B) is P(igf) provided P(B) # 0

P
Example
The probability that a regular scheduled flight departs on time is 0.83 and the probability that it
arrives on time is 0.92.The probability that it departs on time and arrives on time is 0.78. Find the
probability that the plane;

() Arrives on time given that it departs on time

(ii)  Departs on time given that it arrives on time

Solution
Let D denote event departs on time=P(D) = 0.83
Let A denote event arrives on time =P(A) = 0.92
P(AND) = P(DNA) =0.78

(i) P(A/D)=2U0D) _ 078 _ gy

P(D) ~ 0.83
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. __P(DNA) _ 0.78 _
(i)  P(D/A) =7 = 75 = 0.85

Example 2
Events A and B are such that P(A) =%, P(B) = g and P(A/B) = %.Find
) P(ANB)
(i) P(B/A)
Solution
. _ P(ANB) _ l
() PA/B) =2 =1
—e — w37
P(ANB) —12P(B) =SXo= 5
s ) P(BnA’
(i)  P(B/A) ="

P(A)=1-P(A) =1—- =~
But P(BNA") = P(A’nB) = P(B) - P(ANB)

3 7 5

8 32 32
5
PB/A) =L2 =5 25

1, 3271 16

Probability tree diagrams
Tree diagrams can be used to obtain the possible outcomes of an experiment or generate a sample

space
Example

Find the possible outcomes for a family that plans to have three children
Solution

The possible outcomes are {BBB,BBG,BGB,BGG,GBB,GBG,GGB, GGG}

G

The possible outcomes when three coins are tossed are

( 163 )
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{HHH,HHT,HTH,HTT, THH,THT,TTH,TTT}

Note:

() The total probability for any one set of branches =1

(ii)  The sum of the final probabilities =1

(iii)  The tree shows conditional probabilities
Example 1
The proportion of female students at Makerere University is 55%. If 30% Of male students and
55% of female students study computer. What is the probability that a computer student chosen
at random is a female.
Solution
Let F denote female and M denote male student and let C denote studying computer

M
0.95 0
45 C
0
—
F 07 C
P(F/C) = “p

P(C) = P(FNC)+P(MNC)
= 0.55x 0.05 + 0.45 x 0.3 =0.1625

P(F/C) = 22022 = 0.1692
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Example 2
A bag contains 8 marbles of which three are red and 5 blue. One marble is drawn at random, its
colour noted and the marble replaced in the bag. A marble is again drawn from the bag and its
colour noted. Find the probability that the marbles drawn will be (a) red followed by blue (b) red
and blue in any order (c) Of the same colour.
Solution

2nd triat .
; Red P(red followed by red) = § x § = &
15t trial Red ;
i
Blue  P(red followed by blue) = § x § = }
; ; Red P(blue followed by red) = § x § = }}
Blue : '
i

Blue  p(blue followed by blue) = § x § = 3}
(a) P{red followed by blue) = 4§

(b) Pired and blue in any order) = i + }§ = 4
(c) P(both of same colour) = & + 3} = §3

(a) P(red followed by blue) =§,—i

(b) P(red and blue in any order) =g + z—i = ;—z

25 _ 17

(c) P(both of the same colour) = 24

64 64 32
Example 3
A bag contains 7 discs, 2 of which are red and 5 are green. Two discs are removed at random
without replacement and their colours noted. Find the probability that the discs will be (a) both
red (b) of different colours (c) the same colour
Solution

i R PR Ry=4%x}=4
; R<
i~ PR,G=%xi=4

: Gs(n PG,R) = 3 x § = #

t>G PG, G =4x¢=4
(@) PR, R) =;
(b) P(different) = P(R, G) + P(G, R)

5 .5

“ata

_10

(c¢) P(same) = P(R,R) + P(G, G)
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_1 10
21 21
—
21
Example 4
The probability that it will be sunny tomorrow is é If it is sunny, the probability that Viviane plays

tennis is%. If it is not sunny, the probability that she plays tennis isé. Find the probability that

Viviane plays tennis tomorrow.
Solution
Let S denote sunny and T denote playing tennis

/

w |
@A
\

Example 5
A box contains ten green and six white marbles. A marble is chosen at random, its colour noted

and it is not replaced .This is repeated once more .What is the probability that the marbles chosen
are of the same colour?

Solution

10
16
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P(marble of the same colour) =P(W1NnW>) + P(G1NG2)

10.

11.

6 5 10 9
= — —_ — X —

16 15 16 15

Trial questions
IfP(A) = Z and P(B) =§, find (a) P(AUB) if A and B are mutually exclusive events (b)

P(ANB) if A and B are independent events [Ans: (a) 1—54 (b) %]
Given that P(A) = %, P(B) = %, P(ANB) =§ and P(AUB) =§ state whether each of the

following are true /false:
(a) A and B are mutually exclusive events,

(b) A and B are independent events [Ans : (a) False (b) True]

If A and B are independent events such that P(A) =2 P(B) =i, find (a) P(ANB) (b) P(AUB).

2
1 5
[Ans:(2)> (b)2 ]
A bag contains 9 discs, 2 of which are green and 7 yellow. Two discs are removed at
random in succession, without replacement. Find the probability that the discs will (a)
both be green (b) be of the same colour (c) be of different colours
1 11 7
[Ans: (@)~ (b) - () 51
If A and B are two events such that P(A) = g and P(B/A) =%, find P(ANB)
15

[ADS.EE]

If A and B are two events such that P(A) = 2 and P(ANB) ==, find P(B/A)

[Ans: %]

Two events A and B are such that P(A) =0.2, P(A’ nB) =0.22, P(ANB) =0.18. Evaluate (i)
P(ANB") (i) P(A/B) [Ans: (i) 0.02 (ii) 0.45 ]

1

Two events A and B are such that P(A) = p P(A/B’) =§, P(A/B) =%, where B’ is the event ‘B

does not occur’ Find (i)P(A NB) (ii) P(AUB) (iii) P(B) (iv) P(B/A)
N3 ;N9 s 7 .3
[Ans: (i) " (i) " (iii) 7 (iv) E]
A bag contains 4 white balls, 3black balls and 1 red ball. Two balls are picked in succession
at random without replacement. Find the probability that (i) both are of the same colour
(ii) at least one black ball is picked [Ans: (i)% (ii) 114]
A box contains 7 red balls and 6 blue balls. Two balls are selected at random without
replacement. Find the probability that (i) they are of the same colour (ii) at least one is
N6 .. 19
blue [Ans: (i) 5 (i) ~ ]
Two boxes P and Q contain white and brown cards. P contains 6 white cards and 4 brown

cards. Q contains 2 white cards and 3 brown cards. A box is selected at random and a card
selected. Find the probability that;
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(i) Abrown card is selected (ii) box Q is selected given that the card is white
[Ans; (i) 2, (i0)5 ]

12. Bag A contains 3 green and 2 red balls. Bag B contains 4 green and 3 red balls. If a ball is
picked at random from a bag chosen at random, find the probability that a red ball is (i)
picked (ii) not picked [Ans:(i) % (i) % ]

13. Two independent events A and B are such that P(A) =0.40, P(B) = a, P(A UB) =0.70

Find (i) P(AUB)’ (ii) the value ofa (iii) P(ANB) (iv) P(ANB")
[Ans: (i) 0.3 (ii) 0.5 (iii) 0.2 (iv) 0.2 ]

14. Given that A and B are two events such that P(A) = 0.5, P(B)=0.7 and P(AUB)=0.8. Find (i)
P(ANB) (ii) P(ANB’) [Ans: (i) 0.4 (ii) 0.1]

15. Two events A and B are independent such that P(A) =0.2 and P(AUB) =0.8. Find (i) P(B)
(if) P(A'UB") [Ans: (i) = (ii) =]
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CHAPTER 16: PERMUTATIONS AND COMBINATIONS

Permutations
A permutation is an ordered arrangement of a number of items
For example suppose a photographer must arrange three girls Anne (A), Bena (B) and Halima (H)
in a row for a photograph. He can do this in six possible ways

ABH, AHB, BAH, BHA, HAB, HBA
Each arrangement is a possible permutation of the girls A, B and H and so there are six
permutations altogether

There are four different books on a shelf. In how many ways could they be arranged in order?
Solution
If we label the books a, b, c and d for convenience, writing the arrangement in which a comes
first

abcd acdb
abdc adbc ie 6 arrangements
acbd adcb

If we take book b first, there will be 6 arrangements as well; the same applies to book c and d
coming first. Here there is a total of 24 arrangements of the four books
Alternatively, if we have four boxes into each of which one book can be put

Box 1 Box 2 Box 3 Box 4
Any one of 4 | Anyone of 3 | Any one of 2 | No choice
There are four ways of filling the first box and three ways of filling the second since three books

are left after filling the first.

There are 4x3x2 ways of filling the first three boxes and for the fourth, it is only one way since
one book only is left.

Altogether they become 4X3Xx2X1 = 24 ways

Example 1

In how many ways can 3 books be arranged in order if 7 different books are available?
Box1 | Box2 | Box3
7ways | 6ways | S5ways
Here the number of arrangements = 7x6x5 = 210

Example 2
In how many ways can the 1st, 2nd and 3rd prizes be awarded in a race if there are 10 competitors?

Solution
The 1st prize can be awarded in 10 ways, the 2" in 9ways and the third in 8 ways
Total number of ways =10x9x8 = 720 ways

Factorial notation

Let n be an integer, then the continued product of the 15t n natural numbers is called n factorial
denoted by n! It is very important to note that 0! = 1.

Hencen!=n (n-1) (n-2) (n-3)......... 3x2x1
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51 =5%x4x3%x2x1

Therefore the number of ways of arranging n unlike objects in a row is given by n! i.e. the number
of ways of arranging the letters of the word THURSDAY is 8! = 40320 ways.

Example
6! 7
Evaluate (a) Tl (b) 212!
Solution
6! 6X5X4X3X2xX1
(a) 2x4!  (2)x4X3x2x1 15
(b) 70 7X6X5X4X3X2X1 105

41x2]  4x3x2x1X(2X1)

Permutations of objects selected from a group
Suppose we wish to arrange r objects chosen from n unlike objects, we usually say that the

number of permutations of r objects selected from unlike objects is "P;
n!
(n-r)!
Examplel
In how many ways can the letters of the word MEASURING be arranged or permuted?
Solution
Number of letters =9

So we are arranging 9 letters out of 9

9p9=(‘:!9)'=Z—i=9><8><7><6><5><4><3><2><1=362,880ways

Example2
Find the number of arrangements using any of the three letters of the word CHEMISTRY
Solution
CHEMISTRY has 9 letters, so arranging 3 letters out of 9 gives;

opym 2 _ ¥

oo & = 504 ways

Example 3
Find the number of arrangements using four letters of the word SPHERICAL
Solution

SPHERICAL has 9 letters so arranging 4 letters out of 9 gives;

Py= —— = > = 3024
YT lomay s ways

Circular arrangements
With circular permutations, the relative positions of the items being arranged which is important.

For example A B C DE is a different arrangement from E A B C D in a row,

A B E A
but is not a different arrangement from
E C D
. B
. C
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The number of arrangements of n unlike things in a circle will therefore be (n -1)! In those cases

where clockwise and anticlockwise arrangements are not considered to be different, this reduces
1
to - (n-1)!

Example 1
Five girls Vivianne, Pearl, Praise, Sonia and Joan are to be seated at a circular table. In how many

ways can this be done?
Solution
If one girl is fixed, there are (5 -1)! ways of arranging the remaining girls
=4! =4Xx3X2X1 =24 ways
Example 2
Find the number of ways in which ten boys can be arranged on table.
Solutions
One of the boys must be fixed and then we arrange the remaining nine
~ Number of arrangements = 9! =362880

Example 3
Nine beads, all of different colours are to be arranged on a circular on a circular wire. Two

arrangements are not considered to be different if they appear the same when the ring is turned
over. How many different arrangements are possible?

Solution

When viewed from one side, these arrangements are only different in that one is a clockwise
arrangement and the other is anticlockwise. For example the arrangement below;

LA 5 A
‘G I @
c . H
¢ G
F™E E

If one bead is fixed, there are (9 -1)! ways of arranging the remaining beads relative to the fixed
one i.e. 8! Ways. But half of these arrangements will appear the same as the other half when the
ring is turned over, because for every clockwise arrangement there is a similar anticlockwise
arrangement.

Hence

Number of arrangements = % (8!) = 20160 ways

Combinations
A combination is the number of ways of selecting a group of objects from a given set of objects
e.g. an A level subject combination such as HEG, PCB, PCM, MEQG, etc. In making a selection from a
number of items, only the contents of the group selected are important, not the order in which the
items are selected i.e. GEH, GHE, HGE, EGH, EHG are all the same as HEG.
The number of possible combinations of n different objects, taken r at a time, is given by "C; also

n!

] n
written as ( ) where nC; =
r (n-r)'r!

Example 1
How many selections of 6 letters can be made from the 9 letters a, b, ¢, d, d, e, f, g, h, i?
Solution
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The number of selections is "C; where r is the number of things selected from a group of n.

Hence for this casen =9 and r =6
9! 9!

ICe= =— =284
(9-6)l6!  3l6!

There are 84 selections of 6 letters which can be made from the 9 letters
Example 2
In how many ways can 4 boys be chosen from 67
Solution
The number of selections = ¢Cs= (6_64!)!4! = 254! =15
Example 3

A committee of 2 men and 3 women is to be chosen from 5 men and 4 women. How many different
committees can be formed?
Solution

The two men can be selected in 5C; = 10 ways

The three women can be chosen in 4C3z = 4 ways

The possible committees are 10 X4 =40 ways
Note that 10 is multiplied by 4 since the choice of the men and the choice of the women are

independent operations

Example 4
How many different committees, each consisting of 3 boys and 2 girls can be chosen from 7 boys

and 5 girls?

Solution

Number of ways of choosing 3 boys from 7 = 7C3 =4T—;' =35
5!

Number of ways of choosing 2 girls from 5 = 5C; = = 10

Number of committees which can be chosen =35x10 =350

Example 5
A group consists of 4 boys and 7 girls. In how many ways can a team of five be selected if it is to

contain (a) no boys (b) 2 boys and 3 girls (c) at least 3 boys ?
Solution

(a) No boys are selected, so the team is chosen from the 7 girls

Number of ways of choosing 5 girls from 7is 7C5=ZT—; =21

(b) 2 boys can be chosen from 4, in "C; =6 ways
3 girls can be chosen from 7, in "C; = 35 ways
Number of teams = 6 X35 =210

(c) If the team is to have at least 3 boys, then there must be either 3 or 4 boys
Number of teams with 3 boys and 2 girls = 4C3 X 7C, = 84
Number of teams with 4 boys and 1 girl =4C4X7C1=7

These are mutually exclusive events, so
number of teams with at least 3 boys =84 + 7 =91
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Example 6
A group consists of 6 men and 5 women. If a committee of five members is to be formed. In how

many ways can this be done if it must contain
(a) At least one woman
(b) Not more than three men
Solution
(a) If the committee is to have at least one woman, then it can have 1, 2,3 4 or 5women
With 1 woman and 4 men=>5C1 X 6C4 =75
With 2 women and 3 men =5C; X ¢C3 =200
With 3 women and 2 men =5C3 X ¢6C2; =150
With 4 women and 1 man =5C4 X ¢C1 = 30
With 5 women and no man =5Cs X ¢Cp = 1
Total number of ways = 75 + 200 + 150 +30 +1 = 456 ways
(b)
If the committee is not to have more than 3 men, then it can have 3, 2,1 and no man
With 3 men and 2 women =5C; X ¢C3 =200
With 2 men and 3 women =5C3 X 6C2 =150
With 1 man and 4 women =5C4 X 6C1 = 30
With no man and 5 women = 5Cs X 6Co = 1
Total number of ways = 200 + 150 + 30 + 1 =381

Trial questions

1. Evaluate ()= (b)) —— () >== [Ans: (a) 56 (b) 1008 (c) 4]

2. In how many ways can a group of ten children be arranged in a line? [Ans: 10!]

3. Find the number of permutations of two different letters taken from the letters A, B, C, D, E,
F [Ans: 30]

4. In how many ways can six books be arranged on a shelf when the books are selected from
ten different books? [Ans:151 200 |

5. How many code words, each consisting of five different letters, can be formed from the
letters A, B, C, D, E, F, Gand H? [Ans :6720 ]

6. In how many ways can the letters of the word median be arranged? [Ans :720 |

7. How many different teams of 7 players can be chosen from 10 girls? [Ans:120]

8. Three students are to be promoted from a particular form. If five students are under
consideration for promotion, in how many ways can the group to be promoted be chosen?
[Ans: 10 ]

9. Alibrarian has to make a selection of 5 newspapers and 7 magazines from the 8
newspapers and 9 magazines which are available. In how many ways can she make her
selection? [Ans: 2016 ]

10. Find the number of different selections from the word METHOD [Ans :20 |

11. A group consists of 5 boys and 8 girls. In how many ways can a team of four be chosen, if
the team contains (a) no girls (b) no more than one girl (c) at least two boys ?  [Ans:
(@5 (b)85 (c)365 ]
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12. In how many ways can a committee of five people be selected from 7 men and 3 women if it
must contain (a) 3 men and 2 women (b) 3 women and 2 men (c) at least 1 woman? [Ans:
(@) 105 (b) 21 (c) 231]

13. In how many ways can a committee of 7 people be selected from 4 men and 6 women if the
committee must have at least 4 women on it? [Ans : 100 ]

14. A group consists of 5 boys and 8 girls. In how many ways can a team of five be chosen if it is
to contain (a) no girls (b) no boys (c) atleastone boy

[Ans: (a) 1 (b) 56 (c) 1231]

15. A tennis club has to select 2 mixed double pairs from a given a group of 5 men and 4

women. In how many ways can this be done? [Ans: 120]
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CHAPTER 17: RANDOM AND CONTINUOUS VARIABLES

When carrying out an experiment, variables are used to describe the event. A variable in this case
can be defined as a characteristic that can assume different values. Letters of the alphabet such as
X, Y, or Z can be used to represent variables. Since the variables are associated with probability,
they are called random variables. Random variables may be either discrete or continuous. A
discrete random variable is the variable that has values that can be counted.

DISCRETE RANDOM VARIABLES
When a variable is discrete, it is possible to specify or describe all its possible numerical values, for
example;
e The number of females in a group of four students; the possible values are 0, 1, 2, 3, 4
e The number of heads obtained when a coin is thrown two times; the possible values are 0,
1, 2.
e The number of boys possible if a family plans to have three childrenis 0, 1, 2, 3, or 4.

Consider this situation:
By mistake, three faulty fuses are put into a box containing two good fuses are put into a box
containing two good fuses. The faulty and good fuses become mixed up making a total of five fuses
and indistinguishable by sight. You choose to take two fuses from the box. What is the probability
that you take

(a) No faulty fuses

(b) One faulty fuse

(c) Two faulty fuses ?

Solution
It is possible to show the outcomes and probabilities on a tree diagram

Let event F denote faulty fuse and F ’ denote not faulty

Probability Outcome

. /F  P(EP=ix1=03 2 faulty fuscs

F OP(EF)=31x3=03 1 faulty fuse
P(F,F)=2x3=0.3 1 faulty fuse

=0.1 O faulty fuses

(a) P(no faulty fuses) = 0.1
(b) P( one faulty fuse) = 0.3 + 0.3 =0.6
(c) P(two faulty fuses ) = 0.3
The variable being considered here is “the number of faulty fuses” and is denoted by X.
The values that X can take are 0, 1 or 2
The probability that there are no faulty fuses, i.e. the probability that the Variable X takes the value
0, can be written P(X=0), so P(X=0) =0.1
Similarly P(X=1) =0.6 and P(X = 2) =0.3
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When defining variables, the variable is usually denoted by a capital letter ( X, Y, R, etc.) and a
particular value that variable takes by a small letter (X, y, r etc. ), so that P(X = x) means “the
probability that the variable X takes the value x”

The probability distribution for x can be summarized in the table below
x 0 1 2
P(X =x) 0.1 0.6 0.3
If the sum of the probabilities is 1, the variable is said to be random
In this example; P(X =0) + P(X =1) + P(X =2) = 0.1+ 0.6 + 0.3 = 1, so X is a discrete random
variable.
For a discrete random variable, the sum of the probabilities is 1,

i.e. Z PX=x)=1
all x
Also P(X = x) = 0 for all values of x

The function responsible for allocating probabilities, P(X = x), is known as the probability density
function of X, sometimes abbreviated to p.d.f of X. The probability density function can either list
the probabilities individually or summarise them in a formula.

Examples
1. The discrete random variable X has the following probability distribution
x 1 2 3 4 5
P(X =x) 0.2 0.25 0.4 a 0.05

(a) Find the value of a
(b) Find (i) P(1< X <3) (ii) P(X> 2) (iii) P(2< X < 5) (iv) the mode
Solution

(a) using the property Z PX=x)=1;
all x

024+025+04+4+a+005=1

09+a=1

a=0.1
(b) () P(1< X <3) =P(X=1)+ P(X =2) + P(X =3)

=0.2+ 0.25+0.4
= 0.85

(i) P(X > 2 )= P(X=3) + P(X=4) + P(X=5)
=04+a+0.05=04+0.1+0.05
= 0.55
(iii) P(2 < X < 5) = P(X=3) + P(X=4)
=04+a=04+0.1
=0.5
(iv) The mode is the value of x with the highest probability. The highest probability in this
case is 0.4, hence the mode is 3.

2. The p.d.f of a discrete of a discrete random variable X is given by P(X = x) = kx?, for
x=0,1,2,3,4.Given that k is a constant, find the value of k.

Solution
By drawing a table, it would help us write out the probability distribution of X.
X 0 1 2 3 4
P(X =x) 0 k 4k 9k 16k
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since xis a random variable, z PX=x)=1

all x

So O0+4+k+4k+9%+16k=1
30k=1
k=—

30

3. Suppose that a coin is tossed twice so that the sample space S ={HH, HT, TH, TT}. If X
represents the number of heads that come up, find the probability function corresponding to
the random variable X.

Solution

P(HH) =, P(HT) == , P(TH)=7 , P(TT)=1
Then
P(X=0) = P(TT)=+
P(X =1) =P(HT) + P(TH) =
P(X = 0) = P(HH) =
The probability function is thus given in the table below

NI
+
NI
N |-

x 0 1 2
PX=x)| 1/4 1, 1/4

EXPECTATION OF X, E(X)
E(X) isread as ‘ E of X’ and it gives an average or typical value of X, known as the expected value or
expectation of X. This is comparable with the mean in the descriptive statistics.
The expectation of X (expected value or mean ), written E(X), is given by;

E(X) = 2 XP(X = x)

all x
The symbol y, pronounced ‘mew’ is often used for the expectation, where u = E(X)

Examples
1. Arandom variable X has the following probability distribution.
x -2 -1 0 1 2
P(X =x) 0.3 0.1 0.15 0.4 0.05
Find the expectation, E(X)
Solution
X -2 -1 0 1 2
P(X =x) 0.3 0.1 0.15 0.4 0.05
xP(X = x) -0.6 -0.1 0 0.4 0.1
E(X) = 2 XP(X = x)
all x
=-06+-0.1+0+0.4+0.1
=-0.2

2. Xis the number of heads obtained when two coins are tossed. Find the expected number
of heads
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Solution

PX=0)=P(T,T)=1xl=1
P(X=1)=P(T,H)+P(H,T)=—x—+—x-=%
P(X=2) =P(HH) =>x-=1
x 0 1 2
P(X =x) 1 1 1
4 2 4
xP(X = x) 0 1 1
2 2

1 1
EX)=0+-+5=1

3. Xis the random variable ‘the number of likely boys obtained’ for the family that plans to
have three children. Find E(X)

Solution
The possible outcomes are {BBB, BBG,BGB,BGG,GBB,GBG,GGB, GGG}
X 0 1 2 3
P(X =x) 1 3 3 1
8 8 8 8
xP(X = x) 0 3 6 3
8 8 8
E(X)—3+6+3—15—1875
8 8 8 8

VARIANCE OF X, VAR(X
For a discrete random variable X, with E(X) = y, the variance is defined as follows;
The variance of X written Var (X) = E(X — u)?
Alternatively, Var (X) = E(X — n)?
=E(X? = 2uX + u?)
=E(X?) — 2uE(X) + E(u?)
= E(X?) — 2u® + p?
=EX?) —p?
This format is easier to work with
Note: u = E(X) and p? = [E(X)]?
Therefor Var(X) = E(X?) — [E(X)]?
where E(X?) = z x*P(X = x)

all x
Var (X) is sometimes written as a2 (o is pronounced as 'sigma’)

o = /Var(X) = standard deviation of X

Example 1

The random variable X has probability distribution as shown in the table;
X 1 2 3 4 5
P(X =x) 0.1 0.3 0.2 0.3 0.1

Find (a) E(X) (b) E(X?) (c)Var (X) (d) o,the standard deviation of X
Solution
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x 1 2 3 4 5
P(X = x) 0.1 0.3 0.2 0.3 0.1

xP(X = x) 0.1 0.6 0.6 1.2 0.5
x2 1 4 9 16 25
x2P(X = x) 0.1 1.2 1.8 4.8 2.5

(@EX)=01+06+06+12+05=3
(D)E(X?) =01+12 +18+48+25=10.4
(0) Var(X) =E(X?) — [E(X)]?

=104 —-32=104-9

= 1.4

(d)o = /Var(X)

=V14=118(2d.p)

Example 2
The discrete random variable X has p.d.f P(X=x) for x =1, 2, 3.
X 1 2 3
P(X =x) 0.2 0.3 0.5
Find (a) E(X) (b) E(X2) (c) Var (X) (d) standard deviation
Solution
X 1 2 3
P(X =x) 0.2 0.3 0.5
xP(X = x) 0.2 0.6 1.5
x? 1 4 9
x*P(X = x) 0.2 1.2 4.5

(@QEX)=02+06+15=23
(b)E(X?) =02+12+45=59
(c) Var (X) =E(X*) — [EQO]?
=5.9 —(2.3)?
=0.61
(e) Standard deviation, ¢ = \/W(X)
=0.61 = 0.781 (3d.p)

Trial questions
1. Xhas probability distribution as shown in the table
x 1 2 3 4 5
P(X = x) 0.1 0.3 A 0.2 0.05
Find (a) the value ofa (b) P(X>4) (c) P(X<1) (d) P(2<5X<4)
[Ans: (a) 0.35 (b) 0.25 (¢) 0 (d) 0.65 ]

2. The probability distribution of a random variable X is as shown in the table
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X 1 2 3 4 5
P(X =x) 0.1 0.3 Y 0.2 0.1

Find (a) the value of y (b) E(X)
[Ans: (a) 0.3 (b) 2.9]
3. Find the expected number of heads when two fair coins are tossed [Ans: 1 ]
4. The discrete random X has p.d.f P(X = x) = kx for x = 1,2,3,4,5 where Kk is constant. Find
E(X). [Ans:—]
5. The discrete random variable X has a p.d.f;
P(X=0)= 0.05, P( X=1)=0.45, P(X=2) =0.5. Find (a) E(X) (b) E(X?) [Ans: (a) 1.45 (b) 2.45]
6. Find Var (X) for each of the following probability distributions

(@)

X -3 -2 0 2 3

P(X =x) 0.3 0.3 0.2 0.1 0.1
(b)

X 1 3 5 7 9

P(X =x) 1/6 1/4 1/6 | 1/4 1/6
©

X 0 2 5 6

P(X =x) 0.11 0.35 0.46 0.08

[Ans: (a) 4.2 (b) 22/3 (c) 3.67 ]
7. Xis arandom variable ‘the number on the biased die’ and the p.d.f of X is as shown
x 1 2 3 4 5 6
P(X = x) 1/6 1/6 1/5 y 1/5 1/6
Find (a) the value of y (b) E(X) (c¢) E(X?) (d) Var (X)
[Ans: (a) 1/10 (b) 3.5(c)15.233 (d) 0.9833 ]
8. A discrete random variable X can take only the values 0, 1, 2 or 3, and its probability
distribution is given by P(X =0) =k, P(X=1) = 3k, P(X =2) = 4k, P(X =3)= 5k, where kis a
constant. Find (a) the value of k (b) the mean and variance of X [Ans: (a) 1/13 (b) 2,12/13]

CONTINOUS RANDOM VARIABLES
A continuous random variable is one which has a continuous or uncountable domain e.g.
e The mass, in grams, of a bag of sugar packaged by a particular machine
e The time taken in minutes, to perform a task
e The height, in minutes, of a five year old girl
e The lifetime, in hours of a 100-watt light bulb
e The amounts of rainfall in a certain city

Probability density function (P.d.f)
A continuous random variable X is given by its probability distribution function( P.d.f ), which is

specified for the range of values for which x is valid. The probabilities are given by the area under
the curve. It is denoted by f(x)
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Properties of the probability density function
1. Itis non-negativeie. f(x) =0 forx

2. For a continuous random variable X, with a p.d.f f(x) valid over therangea < x < b

()

[ fe)dx =1

(b)fora<x; <x, <b

P(x; <X <xp)= f;zf(x) dx

Example 1
A continuous random variable has a p.d.f f (x) = kx?for 0 < x < 4, find

(a) The value of the constant k
(b)P(1<X<3)
Solution
@ [ f()dx=1
4, 2 _
Jo fex?dx =1
kx314
[T] o_1
64k _q
3 =

k=2

64
f) = —x?0Sx <4
s f(x —64x, <x<

(b)PA<X<3)=[=

3 (3 5
== ["x%dx
ol

2
=33

=2 %25~ 0.40625
64 3

x%dx
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=0.41 (2 d.p)

Example 2
X is a continuous random variable, the mass, in kilograms of a substance produced per minute in
an industrial process, where

Flx) = {%x(6 - X) 0<x<6)
0

otherwise
Find the probability that the mass is more than 5 kg
Solution
P(X >5) = f56%x(6 — x)dx

_1 6 2
—36f5(6x x?)dx
1 x316
_§[3x2_?]5

== [(108 —72) - (75 - %)]

1 100
=5 [36 -5
1 8
T 363
=0.074 (3 d.p)
Example 3
The continuous random variable X has a p.d.f f(x) where;
k 0<x<?2
f(x) ={k(2x —3) 2<x<3
0 otherwise
Find
(a) The value of the constant k
(b)P(X<1)

(c) P(X=2.5)
(d)P(1<X<2.3)
Solution

@ [y, f@dx=1
[kdx+ [ k(2x—3)=1
[kx]é +ke[x? — 3x]§ =1
k(2—0)+k[(9—9) - (4—6)] =1

2k+2k =1

4k =1

1

k=3
i 0<x<2
“fO)=11x - 3) 2<x<3
0 otherwise

11
(b) P(X<1) =[ ;dx

-4,

( 182 )



Advanced Level Subsidiary Mathematics By Kawuma Fahad

First Edition (Extended 2013)

- (-0)-!
(© P(X225)= [, > (2x — 3)dx

1.3
= Zfz_S(Zx —3)dx

_1r 2 3
—4[x 3x]2.5

= i [(32 —9) — (2.52 — 7.5)]
=1%x125

4
—0.3125

(d) PA<X<23) = [ 2dx + [;72 (2x — 3)dx

2
= E] i + %[x2 — 34123
1

2

=(3-3) +10(23* - 69) - (2> - 6)]

==+ (-1.61+2)
=0.25 + 0.25(0.39)
= 0.25 + 0.0975
=0.3475

EXPECTATION OF X, E(X)
For a continuous random variable with a p.d.f f(x)

E(X) = fxf(x)dx

all x

E(X) is referred to as the mean or expectation of X and is often denoted pu

Example 1

The p.d.f of a continuous random variable X is given below

1
gxz 0<x<3

0 otherwise

=

Find
(@) u, the mean of X
(b)P(X < p)
Solution
(@ u=EX)

= J xf (x)dx

all x

3
[xxgxa
= X —
X 9x X
0
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(b) PX<uw) =PX<225)
2.25

1
= f §x2dx

0
2.25

-3
1 ((2 .25)3

9

=0.42

- ()

Example 2

A teacher of young children is thinking of asking her class to guess her height in metres. The
teacher considers that the height guessed by a randomly selected child can be modeled by the

random variable X with probability density function

f(x)={116(4x—x2) 0<x<2
0 otherwise
Using this model,

(a) Find P(X<1)

(b) Show that E(X) = 1.25
Solution

(2) PX<D)= [ £ () dx
=) = (4x — x2) dx

=i[2x2—£](1)

o (2-5-O)
3 5
3
2

T 16
= 0.3125

16

(b) E(X) = fxf(x)dx

all x

= ij(ﬁbcz — x3)dx

[___]0
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_3 (@
- 16( 3 4 (0))

3 (32 16
~ 16 (? h T)
3 32 3 16
=— X ——— X —
16 3 16 4
—y_3_5
- 4 4
=1.25
Example 3
A continuous random variable X has a p.d.f f (x) where
0.25x 0<x<?2
f(x) =4{1-0.25x 2<x<4
0 otherwise
Find E(X)
Solution

E(X) = fxf(x)dx

all x

2 4
= [, xx0.25x dx + [ x X (1 —0.25x)dx
=0.25 foz x? dx + f:(x —0.25x%)dx
_ x312 | [x? x314
=0.25|%] ¢ + |5 - 0255

o-2--3)

N WIN

THE EXPECTATION OF ANY FUNCTION OF X
If g(x) is any function of the continuous random variable, X, having a p.d.f f(x) then

E(g(x)) = j 90O f (W)dx

all x

In particular E(X?) = j x2f(x)dx
all x

Example
The continuous random variable X has a p.d.f f (x) where

f(x)z{%(xm) 0<x<4
0 otherwise
Find (a) E(X) (b) E (X?)

Solution

(@) EX) =/, xf (x)dx
= f:zl—ox(x + 3)dx
_ % [ (% + 3x)dx
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_1 [x_ n &] 4
T 20103 210

=23

(b)) E(X?) = J.xzf(x)dx

all x
4
= 1f 2(x +3)d
—20 XX X
0

4
1
= %f(x‘?’ + 3x2)dx
0

_ Axt 3]4
T 20 [4 tx ] 0
= 6.4
Note: E(X?2) is an important value which is needed when calculating the variance of X.

VARIANCE OF X, VAR (X
If X is a continuous random variable with p.d.f f (x), then

Var(X) = f x?f(x)dx — u?

all x

where u = E(X) = f xf (x)dx

all x

The standard deviation of X is often written as o,s0 ¢ = /Var(X)

Example 1
The continuous random variable X has p.d.f f(x) where f(x) = éx ,0<x <4.Find
(a) E(X)
(b) E(X?)
(c) Var (X)
(d) o, the standard deviation of X
Solution

@  EX) = jxf(x)dx

all x

41
=["=x?%dx
08

=51

= 2.7
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®) E(X?) = f X2f (x)dx

all x
41

= ["=x3dx
08

=5[5Ts
=~ (64)

=8
(©) Var(X) =EX*) — [ECO]?

=8—(2.7)?
= 0.89 (2 d.p)

(d) o =4Var(X)
=+0.89
=0.94

Example 2

As an experiment, a temporary roundabout is installed at the crossroads. The time, X minutes,
which vehicles have to wait before entering the roundabout has a probability density function

_(08—-032x 0<x<25
fx) = {O otherwise
Find the mean and standard deviation of X

Solution

E(X) = jxf(x)dx

all x
2.5

= J (0.8x — 0.32x%)dx
0

_ x2 x312.5
- [0.87 ~0.32 ?] ;
= 0.8333 minutes

E(X?) = fxzf(x)dx

all x
2.5

= f (0.8x2% — 0.32x3)dx
0

- [0.8’;—3 —032 ’;—4] 2(')5

— 1.041

Var(X) =EX?) — [E(X)]?
=1.041 —0.8333%
— 0347
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Standard deviation of X =+/0.347 = 0.59

Trial questions
1. The continuous random variable X has a p.d.f f(x) where f(x) = kx? for0 < x < 2

(a) Find the value of the constant k
(b) Find P(X>1)
(c) Find P(0.5< X <£1.5)
[Ans: (a) 3/8 (b)7/8 (c)13/32 ]
2. A continuous random variable has a p.d.f f(x) where f(x) = kx,0 < x < 4
(a) Find the value of the constant k
(b)Find P(1 < x £ 2.5)
[Ans: (a) 0.125 (b) 0.328 |
3. Find E(X) for each of the following continuous random variables

@f()=2(*+1),0<x<1
) () =3x2-x),0sx<2
©f(x) =kx’>0<x<2

3 2 <x<?2

8 3
DfE=12x@-x)  2<x<4

0 otherwise

[Ans: (@) 9/16 (b)1 (c¢) 1.6 (d) 2.042 ]
4. Arandom variable X has a probability density function f given by
_ (kx(5—x) 0<x<5
A {O otherwise
Show that k = % and find the mean of X [Ans: 2.5 ]

5. For each of the questions (a) to (d), find
() E(X) (i) E(X?) (iii) Var (X) (iv) the standard deviation of x
(@) f(x) =%x2;0Sx£2
(b) f()=;(4—-x);1<x<3
(© flx)=4x3;0<x<1
- 0<x<2

o

@ fOI=12@x-3) 2<x<3

0 otherwise
[Ans: (a) (i) 1.5 (ii)2.4 (iii) 1.5(iv) 0.387
(b) ()11/6 (ii)11/3 (iii) 11/36 (iv) 0.553
(o) (i) 4/5 (ii)2/3 (iii) 2/75 (iv) 0.163
(d) (D 15 (ii) Zi (iii) 479/576 (iv) 0.912 ]
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CHAPTER 18: BINOMIAL DISTRIBUTION

There are some probability situations that may result into only two outcomes, or even be reduced
to only two. Such situations may include:

i) when a baby is born, it may be either male or female

ii) in a final football match, a team either wins or loses.

Other situations that are reduced to only two possible outcomes may include:

i) a person taking a Pioneer bus may arrive either on time or not on time.

ii) a company producing items that are either defective or not defective

iii) a drug administered to a patient may be either effective or ineffective.

All the above mentioned situations are called binomial or Bernoulli experiments and the outcomes
of a binomial experiment are classified as successes or failures.

For a situation to be described using a binomial model,
e afinite number, n, trials are carried out
e the trials are independent
e the outcome of each trial is deemed either a success or a failure
e the probability, p, of a successful outcome is the same for each trial
The discrete random variable, X, is the number of successful outcomes in n trials.
If the above conditions are satisfied, X is said to follow a binomial distribution. This is written
X~B(n,p)
Note: The number of trials, n, and the probability of success, p, are both needed to describe the
distribution completely. They are known as the parameters of the binomial distribution.
Writing P(failure) as ¢ whereq =1 —p
If X~B(n,p), the probability of obtaining r successes in n trials is P(X =r) where;
PX=r)= "Cp"q" " forr=0,123,.... N

Example 1
A coin is tossed three times. Find the probability of getting exactly three heads

Solution 1
The problem can be solved by looking at the sample space, there are three ways of getting two
heads i.e. {HHH, HHT, HTH, THH, TTH, THT, HTT, TTT }

The answer is% — 0.375

Solution 2

Looking at the problem above from the stand point of a binomial experiment, one can show that it
meets the four requirements i.e.

1. there are only two outcomes for each trial, head or tail

2. thereis a fixed number of trials , three

3. the outcomes are independent of each other (the outcome of one toss in no way affects the

outcome of another toss)

4. the probability of success( heads) is %2 in each case.

In thiscase;n =3,X=2,p=%,q=%

Hence substituting in the formula gives;

P(2heads)= 3C, (%)2 (1)1 =3=0375

2 8
Which is the same answer obtained by using the sample space
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Example 2
In a particular population, 10% of the people have blood type B. If three people are selected at

random from the population, what is the probability that exactly two of them have blood type B?
Solution
When three people are selected, n=3,p=0.1,q=0.9
X is the number of outcomes in 3 trials, so X~B(3,0.1)
PX=r)= "Gp'q""
P(X=2)= 3(,0.1%20.9!
= 0.072

Example 3
A biased coin is tossed 6 times. The probability of heads on any toss is 0.3. Let X denote the
number of heads that come up.
Calculate:
(D) PX=2)
(i) PX=3)
(i) P(1<X<5)
Solution
(i) if we call heads a success, then X has a binomial distribution with parameters n = 6 and
p=20.3
P(X=2)= ©(,(0.3)%(0.7)*
= 0.324135
(i) P(X =3) = ©(53(0.3)3(0.7)3
= (0.18522
(iii) P(1 <X < 5) =P(X=2) + P(X=3) + P(X=4) + P(X=5)
=0.324 + 0.185 + 0.059 + 0.01
= 0.578
Example 4
A die is tossed three times. If X is the number of fives obtained. Find the probability that
(i) No fives turn up
(i) 1 five
(iii) 3 fives
Solution
X~B(n,p)
n=3,p=1/6,q=5/6
(i) PX=0)= 3¢, (%)0 (5)3 =125 _ 05787

6 216

(i) PX=1)= 3¢, (%)1 (g)z = = =0.34722

(i) P(X =3) = 3C, (%)3 (5)0 = -1 =0.0046296

6 216

Example 5
Hospital records show that of patients suffering from a certain disease, 75% die of it. What is the

probability that of 6 randomly selected patients, 4 will recover?

( 190 )



Advanced Level Subsidiary Mathematics By Kawuma Fahad First Edition (Extended 2013)
Solution

Let X = number who will cover
X~B(n,p)
n=6,p=0.25and q = 0.75 (failure i.e. they die )
PX=4)= °¢C,(0.25)*(0.75)?
=15 % 0.0021973
= 0.0329595

Example 6
In the old days, there was a probability of 0.8 of success in any attempt to make a telephone call

(this depended on the importance of the person making the call or the operator’s curiosity).
Calculate the probability of having 7 successes in 10 attempts.
Solution
Probability of success, p = 0.8,soq = 0.2

X = success in getting through

n=10,r=7
PX=r)= T"Cp'q""
P(X=7)= 19¢,(0.8)7(0.2)3
=0.20133

Example 7
A blind folded marks man finds that on average, he hits the target 4 times out of 5. If he fires 4

shots. What is the probability of
(a) more than two hits
(b) at least three misses
Solution
n=4,p=§= 0.8and q = 0.2
X = number of hits
(a) P(X>2)=P(X=3)+P(X=4)
= *1C;(0.8)3(0.2)* + *C,(0.8)*(0.2)°
=0.8192
(b) Atleast 3 misses means 3 misses or more
3 misses means one hit, and 4 misses means 0 hit
P(at least 3 misses)= P(X=1) + P(X=0)
=*(,(0.8)1(0.2)3 + *C,(0.8)°(0.2)*
= 0.0272

Example 8
A manufacturer of metal pistons finds that on average , 12% of his pistons are rejected because

they are either oversize or undersize. What is the probability that a batch of 10 pistons will
contain;

(a) Not more than two rejects

(b) At least two rejects
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Solution
Let X = number of rejects, in this case “success” means rejection
n=10,p=0.12 and q =0.88
(a) Not more than two rejects means two rejects or lessi.e. X < 2
P(X<2)=P(X=0)+PX=1)+P(X=2)
=10 (,(0.12)°(0.88)1° + 19¢,(0.12)1(0.88)° + 1°¢,(0.12)2(0.88)8
= 0.2785 + 0.37977 + 0.23304
= 0.89131
(b) Atleast two rejects means two rejects or more i.e. X > 2
We would work out all the cases for X =2, 3, 4, ...,10. But it would be hectic. It is much
easier using the tables or proceed as follows;
Probability of at least 2 rejects = P(X=2) +P (X=3) + ......... + P(X=10)
=1-P(X<1)
=1-[PX=0)+PX =1)]
=1-[0.2785 + 0.37977]
= 0.34173

Example 9
If a student randomly guesses at five multiple-choice questions, find the probability that the
student gets exactly three correct answers if each question has five possible choices.

Solution
1

n=5X=3andp = s = 0.2 since there is one chance in five of guessing a correct answer
q=0.8
P(X=3)= 5C;(0.2)3(0.8)2
= 0.05
Example 10

A certain survey found out that 30% of teenage consumers receive their spending money from
part-time jobs. If five teenagers are selected at random, find the probability that at least three of
them will have part-time jobs.
Solution
Let X = number having part- time jobs
n=5p=0.3,0=07
P(X=>3)=P(X=3) + PX=4)+ P(X=5)
= 5C3(0.3)3(0.7)2+ 5C,(0.3)*(0.7)* + >€5(0.3)5(0.7)°
=0.132 + 0.028 + 0.002
=0.162

Example 11

The probability that a pen drawn at random from a box otf pens is 0.1 . If a sample of 6 pens is
taken, find the probability that it will contain

(D No defective pens

(ii)  5or 6 defective pens
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(iii)  Less than 3 defective pens
Solution
n=6,p=0.1
let X = number of defective pens
(P(X =0) = ©(,(0.1)°(0.9)°=0.5314
(i) PX=5)+P(X=6)
=6 (5(0.1)5(0.9)1 + ©C4(0.1)6(0.9)°
=0.000054 + 0.000001
= 0.000055
(iii) PX<3)=P(X<£2)
P(X<2)=PX=0)+P (X=1) + P (X=2)
=6 (,(0.1)°(0.9)¢ + ©C;(0.1)1(0.9)° + ©C,(0.1)%(0.9)3
= 0.5314 + 0.3543 + 0.0984
= 0.9841

Note that some of the above probabilities can be obtained using the tables. The value of n is
located from the table and its corresponding p (probability of success noted). The probability

can be read off from the table forr=20, 1, 2, 3,.......,n
Using the above example, obtain P(X =0)
Solution
n=6,p=0.1
Table

B (n, p) individual terms

n r Probability of success
0.01 0.05 01 015 02 025 03 0.35 ...... 0.5
6| 0 0.5314

1 0.3543

2 0.0984

3 0.0146

4 0.0012

5 0.0001

6

From the table P(X=0) = 0.5314 obtained by readingn=6,n=6 and p = 0.1
Then P(X=1) = 0.3543
P(X=2) =0.0984

Example 12
A multiple choice question paper has 15 questions, each with 4 possible answers of which only

one is the correct answer. Determine the probability that by mere guessing, one gets
(D Exactly five correct answers
(i)  Five incorrect answers
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Solution
n=15p=-=0.25

4
let X =number of correct answers
(a) P(X=5)
From the table whenn =15,r=5,p =0.25
P(X=5)=0.1651
(b) P( five incorrect answers) = P( ten correct answers)
= P(X=10)
Using the tablesn =15,r =10, p = 0.25
P(X=10)=0.0007
P( five incorrect answers)= 0.0007

Mean, Variance and standard deviation for the binomial distribution

The mean, variance and standard deviation of a variable that has the binomial distribution can be
found by using the formulas

Mean, 1 =np

Variance, 62 = npq

Standard deviation, o = \/ Var(X) = \/npq
Example 1
A coin is tossed four times. Find the mean, Variance and standard deviation of the number of
heads that will be obtained
Solution

n=4,p=1/2,q=1/2
Mean =np=4><%=2

Variance=npq=4x%><%=1

Standard deviation = V1 =1

Example 1
In Makerere university, it is known that é of the students play volleyball. In a sample of 12

students, what is the expected value and standard deviation of the number of volley ballers?
Solution
Let X = number of volley ballers
X~B(n,p)
2

1
n=12,p=§ 4 =3

Mean=np=12><§=4

Standard deviation = ’12 X § X 2

=1.633

( 192 )



Advanced Level Subsidiary Mathematics By Kawuma Fahad First Edition (Extended 2013)

Trial questions
1. 30% of students in a school travel to school by bus. From a sample of ten students chosen at

random , find the probability that
(a) Only three travel by bus
(b) Less than half travel by bus
[Ans: (a)0.267 (b)0.850 ]
2. Inasurvey on washing powder, it is found that the probability that a shopper chooses Omo is
0.25. Find the probability that in a random sample of nine shoppers
(a) Exactly three choose Omo
(b) More than seven choose Omo
[Ans: (a) 0.234 (b)0.000107 ]
3. The random variable X is B(6,0.42). Find
(@P(X=6) (b)PX=4) (c)P(X<£2)
[Ans: (a) 0.00549 (b) 0.157 (c) 0.503 ]
4. An unbiased die is thrown seven times. Find the probability of throwing at least 5 sixes
[Ans: 0.002 ]
5. Afair coin is tossed six times. Find the probability of throwing at least four heads.
[Ans: 0.344 |
6. Inatest there are ten multiple choice questions . For each question, there is a choice of four
answers, only one of which is correct. A student guesses each of the answers
(a) Find the probability that he gets more than seven correct
(b) If he needs to obtain over half marks to pass and each question carries equal weight, find
the probability that he passes the test
[Ans: (2)0.000416 (b)0.0197 |
7. The probability that it will be a fine day is 0.4. Find the
(a) Expected number of fine days in a week
(b) The standard deviation in the week
[Ans: (a) 2.8 (b)1.3 ]
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CHAPTER 19: NORMAL DISTRIBUTION

The normal distribution is one of the most important distributions in statistics. Many measured
quantities in natural sciences follow a normal distribution and under certain circumstances, it is
also a useful approximation to the binomial distribution

The normal variable X is continuous and its probability density function f(x) depends on its mean
u and the standard deviation o, where

1

flx) = Ume—(x—ﬂ)z/wz; —00 < x < 0

This is very complicated and has been included just for reference. You would not be expected to
remember it

To describe the distribution

Write X~ N(u,0?)
Note that the description gives the variance o2, rather than the standard deviation o
The normal distribution curve has the following features

f(x) T

I
1
!
|
|
|
I
|
|
|
|
t

4

e Itis bell shaped

e Itis symmetrical about p

e [textends from —oo to

e The total area under the curve is 1

. .1
e The maximum value of f(x) is "

Finding probabilities
The probability that X lies between a and b is written P(a < X < b). To find the

probabilities, you need to find the area under the normal curve between a and b

Pla <X < b)
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One way of finding areas is to integrate but since the normal function is complicated and
very difficult to integrate, tables are used instead.

The standard normal tables
In order to use the same set of tables for all possible values of y, and o2, the variable X is
standardized so that the mean is 0 and the standard deviation is 1. Note that the variance
is the square of the standard deviation hence the variance is also 1. This standardized
normal variable is called Zand Z~ N(0,1)

Using the standard normal tables for any random variable
Standardize X, where X~ N(u,d?)
e Subtract the mean p
e Then divide by the standard deviation, g, to obtain ;

X —
Z = s

> where Z~ N(0,1)

Example 1
The length of metal strips produced by a machine are normally distributed with mean

length of 150 cm and standard deviation of 10 cm. Find the probability that the length of a
randomly selected strip is shorter than 165 cm.
Solution
X is the length in centimeters of a metal strip
p=150, 0 =10, X~ N(150,10%)
You need to find the probability that the length is shorter than 165 cmi.e. P(X < 165)
To be able to use the standard normal tables, standardize the X- variable by subtracting the

mean, 150, and then dividing by the standard deviation, 10.
X-150

X becomes =7
P(X < 165) = P(Z<=—22)
=P(Z<15)
|
|
|
|
|
|
|
|
|
|
i
0 1.5
P(Z<15)=05+P(0<Z < 1.5)
= 0.5+ 0.4332
= (0.9332

Therefore the probability that the length is shorter than 165 cm is 0.9332
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Example 2
The time taken by the milk man to deliver to kampale market street is normally distributed

with a mean of 12 minutes and standard deviation of 2 minutes. He delivers milk every day.
Estimate the number of days during the year when he takes
(a) longer than 17 minutes
(b) less than 10 minutes
(c) between nine and 13 minutes
Solution

X is the time, in minutes, taken to deliver milk to market street

X~N(12,2?)

o : X-p .,  X-12
Standardizing X using Z = Tﬂ e ——

(@) P(X>17)=P(Z>-"2)
=P(Z> 2.5)
|
|
|
|
|
|
|
|
|
0 2.5
P(Z>2.5)=0.5-P(0 <Z< 2.5)
=0.5-0.4938
=0.0062

To find the number of days, multiply by 365
365 x 0.0062 = 2.263 = 2
On two days in the year, he takes longer than 17 minutes

(b) P(X<10) =P (Z <-—5)

=P(Z<-1)

|

|

|

|

|

|

|

1 0

P(Z<-1)=05-P(0<Z<-1)
=0.5-0.3413

= (0.1587
Now 365 x 0.1587 = 57.92 ~ 58
On 58 days in the year, he takes less than 10 minutes

(© P(9<X<13)=P(2<z<=2)
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=P(-1.5<Z<0.5)

-1.5 0 05
P(-1.5<Z<05) =P(0<Z<-15)+P(0<Z<0.5)
=0.1915 + 0.4332
= 0.6247
Now 365 x 0.6247 = 228.01 = 228
On 228 days in the year, he takes between nine and 13 minutes

Example 3
A product sold in packets whose masses are normally distributed with a mean of 1.42 kg and a

standard deviation of 0.025 kg.
(a) Find the probability that the mass of a packet selected at random lies between 1.37 kg and

1.45 kg
(b) Estimate the number of packets in an output of 5000, whose mass is less than 1.35 kg

Solution

X is the mass in kilograms of a packet
X~ N(1.42,0.025%)
(@) P(1.37<X<1.42)

(b)
Standardizing using Z = XO_;;Z
1.37-1.42 1.45-1.42
P(1.37 <X < 1.42) = P(—— o025 )

=P(-2 <Z< 1.2)

2 0 1.2
P(-2 <Z< 1.2) =P(0<Z<-2) +P(0<Z <1.2)

=0.8621

_ 1.35-1.42
(€ P(X<135)=P(Z<=""

=P(Z<-2.8)
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-2.8 0
P(Z<-28)=05-P(0<Z<-2.8)
=0.5-0.4974
= 0.0026
Since there are 5000 packets, multiply the probability by 5000
5000 x 0.0026 =13
Therefore 13 packets have a mass less than 1.35 kg

Example 4
A machine used for filling bags with ground coffee, can be set to dispense any any required

mean weight of coffee in the bag can be modeled by a normal distribution with a mean of 128 g
and standard deviation of 1.95 g per bag. Calculate the percentage of bags that contain less than
125g.
Solution
X is the weight in grams of coffee in bag from machine

X~ N(128,1.95%)

P(X<125)=P(Z<2_2)
= P(Z<-1.538)
|
|
|
|
|
|
|
1538 0
P(Z< -1.538) = 0.5-P(0 < Z < -1.538)
= 0.5 - 0.4938
=0.062

=6.2%
6.2% of bags contain less than 125g

Example 5
The distribution of the masses of adult husky dogs may be modeled by the normal distribution

with mean 37 kg and standard deviation of 5 kg. Calculate the probability that an adult husky
dog has a mass greater than 30 kg.
Solution
X is the mass in kg of a husky dog
X~ N(37,5%)
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30-37

P(X>30)=P(Z >—)
=P(Z>-14)
|
|
|
|
|
|
|
-1.4 0
P(Z >-14)=05+P(0<Z<-14)
=0.5+0.4192

=0.9192

Example 6
The marks of 500 candidates in an examination are normally distributed with a mean of 45
marks and standard deviation of 20 marks . Given that the pass mark is 41, estimate the number
of candidates who passed the examination
Solution

X is the examination mark

X~ N(45,20%)

41-45

P(X>41) =P(Z>—2)
=P(Z>-0.2)

|

|

|

|

|

|

|

02 0

P(Z>-02)=05+P(0<Z <-0.2)

=0.5 + 0.0793

P( pass) = 0.5793
Since there are 500 candidates, to find the number of candidates who pass, multiply the
probability by 500.
500 x 0.5793 = 289.65
Therefore 290 candidates passed the examination

Trial questions
1. The masses of packages from a particular machine are normally distributed with a mean
of 200 g and standard deviation of 2 g. Find the probability that a randomly selected package
from the machine weighs
(a) Lessthan 197 g
(b) More than 200.5 g
(c) Between 198.5 gand 199.5 g
[Ans: (a) 0.0668 (b) 0.4013 (c)0.1747 ]
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2. The heights of boys at a particular age follow a normal distribution with mean 150.3 and

variance 25 cm . Find the probability that a boy chosen at random from his age group has a height

(a) less than 153 cm

(b) more than 158 cm

(c) between 150 cm and 158 cm

[Ans: (a) 0.7054 (b)0.0618 (c) 0.4621 |
3. The random variable X is distributed normally such that X~ N(50, 20). Find
(@) P(X>60.3)
(b) P(X<59.8)
[Ans: (a) 0.0106 (b)0.9857 |
4. The masses of a certain type of cabbage arew normally distributed with a mean of 1000g and
standard deviation of 150 g. In a batch of 800 cabbages, estimate how many have a mass between
750 g and 1290 g. [ Ans: 740 ]
5. The lifetime of a certain make of electric bulbs is known to be normally distributed with a
mean life of 2000 hours and standard deviation of 120 hours. Estimate the probability that the life
of such a bulb will be;
(a) greater than 2150 hours
(b) greater than 1910 hours
(c) between 1850 hours and 2090 hours
[ Ans: (a) 0.1056 (b)0.7734 (c) 0.6678 |

6. The manufacturers of a new model of a car state that, when travelling at 56 miles per hour, the
petrol consumption has a mean value of 32.4 miles per gallonwith standard deviation of 1.4 miles
per gallon. Assuming a normal distribution, calculate the probability that a randomly chosen car
of that model will have a petrol consumption greater than 30 miles per gallon when travelling at
56 miles per hour. [Ans: 0.957 |
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CHAPTER 20: LINEAR MOTION

Linear motion refers to motion in astraight line.
Displacement : it is the distance covered in a particutar direction.it is a vector quantity.
Distance travelled = speed x time
S=vxt
The gradient of the displacement time graph represents velocity

displacement As

(m)

> Time (s)

Gradient = i—i = Velocity (ms™1)

Velocity:

This is the measure of the speed at which a body travels in a given direction.
The area under the veloicty time graph represents displacement and the gradient of the velocity
time graph represent acceleration.

A
velocity

time

. AV
Gradient = —
AT

change in velocity _ AV

But acceleration = — =
time taken for the change AT

_w
A=ar
Note : Acceleration is the rate of change of velocity and negative acceleration means

retardation or decceleration.
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Example of a velocity time graph
V/ ms4

»

10p-----=--- A B

Ut === === ===
of-=——————————=

12 > /s

» The starts at t =0, from rest ( i.e withzero velocity). From O to A ,the velocity
increases steadily until it reaches 10 m/s at time t = 5s. Since OA is a straight line

L . 10 - .
,the acceleration is uniform or constant and equal to == 2ms~2. At A, acceleration

ceases.
» From A to B, the body travels with uniform/constant velocity of 10ms-!

» From B to C, the velocity decreases steadily and the body comes to rest again has a

. . 10 _
uniform retardation of 5 = 5ms~2.

total distance covered
total time taken

» Average speed =

The equations of linear motion
There are three equations of linear motions which are expressed in terms of initial velocity,

final velocity , displacement/ distance, time and acceleration. The sudents are only required to
memorise these equations and apply them to solve problems related to linear motion.Their
derivation is not important at this stage.

Equation1:V =U + at

Equation 2: S = Ut + %at2

Equation 3:V? = U? + 2aS$

Example 1
A car s tarts from rest, accelerates at 0.8ms-2 for 10s and then continues at a steady speed for a

further 20s .Draw a velocity time graph and find the total distance dravelled.

Solution

U=0, t=10s, a=0.8ms?2,v=?,S=7?
From; V=1U +at
V=0+0.8x10
V=8ms1
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V/@nsl

v

Py [P

0 10

o8]

t/s

Total distance covered = Area under the graph
= Area A + Area B

=§x10><8+20><8

=40+ 160
=200m

Example 2
A car starts from rest, accelerating at 1 ms-! for 10s. It then continues at a steady speed for a
further 20s and deccelerates to rest in 5s. Find

(i) The distance travelled in m
(ii) Average speed in ms-!

(iii) Time taken to cover half the distance
Solution
() U=0,a= 1ms-2,t=10s, v=7?
V=0+10x1
V=10 ms1
V /Ams-1
10

[
»

0 10

w
(e

35 t/s

Total distance covered = Area under the graph
= Area A + Area B + Area C

=%><10><10+20><10+%x5x10

=50 +4200+25
=275m

(ii) Average Speed — total distance covered — E — 7857

total time taken 35

(i) Half the distance = - x 275 = 137.5
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. distance 137.5
Time taken = = = 17.5s
avearage speed 7.857

Example 3

A body deccelerating at 0.8ms2, a certaian point with a speed of 30ms-1. Find its velocity after
10s and the distance covered in that time.

Solution
a=-0.8ms? U=30ms,t=10, V=7,S=7?
using the first equation of motion;
V=U+at
V= 30 +(-0.8)(10)
V=30-8=22ms1
Using the third equation of motion
V2 =U?+2aS
222 =30%+2x-0.8S
484 =900 - 1.6S

-416 =-1.6S
s=2°_ 260m
1.6
Example 4

A particle moving along a straight line with uniform acceleration covers the first two consective
distances of 100m and 140m in the time intervals of 20s and 40s respectively

(a) Calculate the

(D) Acceleration and initial velocity of the partice

(ii)  Total time taken before it comes to rest.

(b) Sketch the motion of the partice

Solution
Let the initial velocity and acceleration be uand a respectively
U t=20s | t=40s .
Te———  100m > 140m ———
Total time = 60s
S=ut+-at?

total distance = 240m
100 = 20u + za (20)?

100 = 20U + 200 oo (i)
240= 60u +>a (60)?

240 = 60u + 1800a.....ccuuuunee (ii)
9 (i) - (ii) gives;
660= 120u
u=>5.5m/s
100 =110 + 200a
-10 = 200a
-10
a=—
200
( 206 )
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a=-0.05ms2
Example 5
A particle is moving in astraight line with aconstant velocity of 60ms-1for 3s.Then there is
aconstant acceleration of -3ms2 for 5s.
(a) Draw avelocity time graph for its motion
(b) Find the distance it has travelled

Solution
(@) For U=60ms1,t=>5s,a=-3ms2
V=u +at
V =60+ -3x5
V =45ms-1
V/mspt
60
i
1
1
1
1
45 A 3 .
! :
| 1
5 B : .
) 3 '8 t(s)

(b) Total distance covered = Area under the graph
= Area A + Area B + Area C

=(3x6®+{5x4®+§x5x15
=180 + 225+ 37.5 = 442.5m

Example 6
A particle starts from rest, moving with a constant acceleration of 1.5ms-2 for 12 seconds. For the

| : :
next 48s, the acceleration is ng‘z and for the last 10s it deccelerates uniformly to rest.

i) Sketch the velocity time graph for the particle’s motion.
ii) Find the distance travelled by the particle
iii) Calculate the average velocity of its motion

Solution
i) First acceleration second acceleration
a=1.5m/s? u=90m/s, v=?
U=0 a=-
8
V=U-+at t=48
V=15x12 v=90+:x48
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A V=90m/s v=96m/s

96,

90

0 12 60 72 t/s
(i) Total distance covered = Total area under graph
= Area A+ AreaB + AreaC + Area D
= (5x12x90) + (48x90) + (; x48x6) + (;x10x96)

=540 + 4320 + 144 + 480
=5484 m

.. total distance covered
(ii) Average speed = .
total time taken

— 348 _ 78 34ms1
70

Example 7

A particle starts form rest, moving with aconstant acceleration of 1.5ms"2 for 30s. For the
next 60s, the acceleration is 0.3ms-2. For the lest 25s, it decelerates uniformly to rest.

(i) Sketch the velocity time graph for the motion of the particle

(ii) Find the acceleration of the particle during the lest period of the journey.

(iii) Determine the total distance travelled by the particle

(iv) The a average speed for the whole journey

Solution
(i) First acceleration second acceleration

a= 1.5ms t=60s
t=30s a=0.3ms1
U=0 u=45m/s

Using V=U + at V=U+at

V=1.5x30 V=45+0.3x60
V=45ms1 V=63ms!
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Veldcity/ ms-1

63 :
:
1
:
1
C :
1
45 . J
: :
1 1
1 1
1 1
Al B . D
: .
1 1
1 1
1 1 [
0 30 90 115 time (s)
(i) u=63ms!,V=0, t=25s
_v-u
Tt
_ 063
=

a=-2.52ms>2
(iii) Total distance travelled by the particle = total area under graph
= Area A + Area B + Area C + Area D

= (3X30X45)+( 60X45) + (;X60X18) + (X 25X 63)
= 675 + 2700 + 540 + 787.5

=4702.5m
. total distance covered 4702.5
(iv) Average speed = ; = = 40.89 ms1
total time take 115

Example 8
The table below shows the velocity of a particle during the course of its motion
t(s) 0 |[5/10]15 |20 25 130
Vim/s) |0 |4 |8 |8 8 7 6

Plot a graph of velocity a against time and use it to find
() The retardation of the body during the last 10s
(i)  The total distance travelled by the particle
(iii)  Describe the condition of the particle during the period 10s to 20s
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Solution
(1)
+H
] S B N
i
W
f]l Q-
;;afb—f .
e
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/
=7
% i
] ol 'l
/
1/
ES /
i el | R e i
T ci =
' HHT0
i H |
-
R SREIE | I=/ R
HA AT
i | S A 1
SEs [SES=Razs
Se8/aspfisaks
el e B e REREE P
Rl L i H A T 1;,},’,_5,%3
(ii)  Total distance travelled by the particle = total area under graph

(iii)

®

= Area A + AreaB + Area C 4+ Area D
= (5X10X8)+( 10X8) + (5X10X2) + (10X6)
=40 + 80 +10 + 60

= 190m
The particle travels with a constant velocity of 8ms-1

Trial questions:

A particle travelling with an acceleration of 0.7 ms-2 passes a point 0 with speed 5 ms-1.
How long will it take to cover a distance of 250 m from? what will its speed be at this time ?

(Ans: 20s, 20ms1)
If particle passes a certain point with speed 5ms-1 and is accelerating at 3 ms-2. How far

will it travel in the next 25 ? How long will it take to travel 44 m from the start ? (Ans;

16m, 4s)
A car starting from rest moves with a constant acceleration of x ms2 10s and travels with

constant velocity for a further 10s and then retards at 2x ms-2 to come to rest 300m from
its starting point. Find the value of x
(Ans:x= % hint : sketch a v-t graph)
A motorist starting a car from rest accelerates uniformly to a speed of Vms-! in 10s. He
maintains this speed for another 50s and then applies brakes and decelerates uniformly to
rest. His deceleration is numerically equal to twice the acceleration

sketch a velocity time graph
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(ii)  Calculate the time during which the deceleration takes place

(iii)  given that the total distance covered is 575m, calculate the value of V

(iv)  Calculate the initial acceleration [Ans: (ii) 5s (iii) 10 ms (iv) 1 ms2]

5. Four points A,B,C and D lie on a straight road such that BC and CD are 448 cm and 576 cm
respectively . A cat moving along this road covers each of these distances from A to D at 8s
intervals with a constant acceleration

Find (i) the constant acceleration
(ii) Its speed at Ato D
(iii) The distance AB
6. A motorist accelerates uniformly from rest at a rate of ams-2 for 10s and then travels ata
constant speed for 20s and slows down to rest at a constant retardation of 2ams-2. if the total
distance is 550 m.
(i) Sketch the velocity time graph for the motion of the motorist
(ii) Find the value ofa [Ans:2ms? ]
(iii) Find the maximum speed attained by the motorist [ ans: 20 ms1 |
7 .Abody starts from rest and accelerates at 3ms-2 for 4s . It then travels with a maximum
velocity for a further 3s and it finally to rest with a uniform retardation after another 5s. By
sketching a velocity time graph . Find the average velocity for the whole journey. [Ans: 7.5 ms! |
8. A car travels along a straight road between two trading centers P and Q. The car starts from
rest at P and accelerates at 2.5ms2 until it reaches a speed of 40ms-1. It then travels at this steady
speed for distance of 3,120m and then decelerates at 4ms-2 to come to restat Q.
(a) Sketch a velocity time graph for the motionof the car
(b) Determine the
(i) Total time taken for the car to move from P to Q
(ii) Distance from P to Q
(iii) Average speed of the car [Ans: 104 s,3640 m, 35 ms |

9. Abody moves a long a straight line uniformly increasing its velocity from 2ms-1 to 18ms-1 in

a time interval of 10s. Find the acceleration of the body during this time and the distance

travelled.( Ans: 1.6ms2, 100m)

10. the table below shows the velocity of a particle during the course of its motion
Time (s) 0 [5 |10 |20 30 | 60

Velocity (ms1) 0 |10]20 |20 20 |10
Plot a graph of velocity a against time and use it to find the

(i). acceleration in the first 10s [ 2 ms-?]
(ii). Total distance covered [800 m |
(iii)Describe the motion of the particle during the period t= 10s,t=30s

11. A cyclist starting from rest accelerates uniformly until he reaches his maximum speed of
12ms2 .He continues at this steady speed for next 2.4km . He then applies brakes and decelerates
to rest at a rate numerically equal to four times that of his acceleration. Sketch a velocity time
graph.
Given that the total distance travelled by the cyclist is 2.52km, calculate.

(i) The time during which the acceleration takes place (Ans: 4 s)

(ii) The distance over which deceleration takes place (24 m)

(iii) The total time for which the cyclist is in motion (240 s)
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CHAPTER 21:RESULTANT AND COMPONENTS OF FORCES
Resultant of two forces
The resultant R of two forces P and Q is that single force which could completely take the place of
the two forces. The Resultant R must have the same effect as the two forces P and Q.
When only parallel forces are involved. It is easy to find the resultant. For example.

the forces

—*3 N could be replaced by | — Y
—=+3 N

the forces 3 N+ 5N could be replaced by b—= 2N

Resolving a force: Components
The component of the force F in any given direction is the measure of the effect of the force F in
that direction.
Consider a force F acting at an angle 0 to the x- axis as shown below. Let AB represent the force F
and the angle BXO= 900, AX and AY represent the horizontal and vertical components of F, along
the x and y axes respectively.

X _ cos @ and AT - cos BAY

AB AB
AX =AB cos 6 AY = AB cos(90° — 6)
AX = Fcos 0 AY = Fsin@

Hence the components are Fcos 6 and F sin 8 along the x and y axes respectively
Note: The rule for finding the components may be stated as;
The component of force in any direction is the product of the magnitude of the force and the
Cosine of the angle between the force and the required direction i.e. Fcos® and FCos(900—86)=
Fsin®
Example 1
Find the components of the given forces in the direction of

(1) The x- axis (i) The y- axis

(a)

- -

(D Component along the x- axis = 5xCos35°
= 4.10N
(ii)  Component along the y-axis= 5xCos(900-359)
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= 5Co0s55% or 5Sin359°

= 2.87N

(b)

——— e — i

-

(1) Component along the x-axis= 20Cos15°
=19.3N
(i) Component along the y-axis = 20 sin 150
=5.18N

(©

-

10 bl

‘E\‘
AN .

X

0 e e v i

(i)Component along the x-axis = 10Sin42°
=-7.43N
(ii)Component along the y- axis= 10 Sin420
= 6.69N
Example 2
Find the sum of of the components of the given factors in the direction of
(1) The x- axis (ii) The y- axis
a)

(i) Resolving along the x-axis
10C0s400-20Co0s70°=7.66-6.84
=0.82N
(ii) Resolving along the y-axis
10sin4094-20Sin70%= 6.43+18.79
=25.22N

b)
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Solution
() Resolving along the x-axis
6C0s30°+10Cos45=5.20+7.07

=12.27N
(i)  Resolving along the y-axis
4+6sin30-10sin45=4+3-7.07
=7-7.07

=-0.07N
Note: When summing up components of the forces, due regard should be given to the directions of
the components.
Again if x and y are the magnitude of the perpendicular components of a force AB, the magnitude
of AB is given by;

AB=,/x2 4+ y? and the direction of AB is given by tan6 = %

Example 3
Two forces of 7N and 24N act away from the point A and make an angle of 90° with each other.

Find the magnitude and direction of their resultant.

Solution
First make a rough sketch
D C
R
TNA
A 24N B
R?= 72 + 242 (Pythogras theorem)
R2=625
R= 25N
tan o = —
24
a=16.260
The resultant is 25N making an angle of 16.2609 with the 24N force.
Example 4

Find the magnitude and direction of the resultant force
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/2N

Solution
Resultant force horizontally

2v/2Cos45—6c0s 30—4c0s60=2—5.20—2
= —5.20N
Resultant force vertically
2v/2sin45 — 6sin 30 — 4 sin 60 = —1 — 3.464
=—4.464
R=,/(—5.20)0 + (—4.464)°
R=6.85N

Example 5

Find the resulatant of the given forces, by finding the components of the forces in the direction of

the x and y axes

32N

Solution
Components in the direction of x-axis

=83 c0s 30° — 3+/2 cos 45°
=8v3 x 2 - 3vZx 2
=12 -3
=9N

Components in the direction of y-axis
=8v3sin30° + 3v2sin45° — 2v3

=8V3 x 1 +3VZx L 2V3
=(2V3+3)N

( 215 )



Advanced Level Subsidiary Mathematics By Kawuma Fahad First Edition (Extended 2013)
(2/3 +3)N

9N

2
R? =9% + (2v3 + 3)
R =11.1 N and the direction is at an angle « to the x-axis, where

_ (2v3+3)
9
a = 35.69°

The resultantis 11.1 N at an angle of 35.690 above the x-axis

tana

Example 6
ABCD is a rectangle. Forces of 9 N, 8 N and 3 N act along the lines DC, CB and BA respectively, in

the directions indicated by the order of the letters. Find the magnitude of the resultant and the
angle it makes with DC.

Solution
Draw a diagram showing the forces
D N c
Y8N
A 3 B

Resolving parallel to DC gives horizontal component =9 -3 =6N
Resolving parallel to CB gives vertical component =8 N

R? = 62 + 82
=36 + 64 =100
R=10N
Drawing a diagram to show the two components
TheN
i
1
&8N~ R
The direction is seen to be given by;
tana = =
6
a = 53.13°

The resultant is 10 N making an angle of 53.13% with DC

Trial questions
1. ABCD is a rectangle. Forces 6v/3 N,2 N and 4v3 N act along AB, CB and CD respectively, in the
direction indicated by the order of the letters. Find the magnitude of the resultant and the angle it
makes with AB [Ans: 4 N, 300 ]
2. ABCDis arectangle. Forces of 8N, 4 N, 10 N and 2 N act along AB, CB, CD and AD respectively
in the directions indicated by the letters. Find the magnitude and direction of the resultant
force.[Ans: 2.83 N, 45%with BA]
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3. ABCD is arectangle. Forces of 3N, 4 N and 1 N act along AB, BC and Dcrespectively in the
directions indicated by the order of the letters. Find the magnitude of the resultant and the angle
it makes with AB. [Ans: 5.66 N, 450 |

4. Four forces of magnitude 2 N, 4 N, 3 N and 4 N act at a point in the directions whose bearings
are 0009, 0600, 1809, 270% respectively. Calculate the magnitude of the resultant. [Ans: 1.49 N |

5. Each of the following diagrams shows a number of forces. Calculate the magnitude of their

resultant.
y
' f 10N (b) ?
! |
L 5N |
" 60°
30°
- — —— e ——— — -
| ON v 4N X
| 4N 60°

[Ans: (a) 17.2N (b)3.8N (c)4.1N]
6. Find the magnitude and direction of the forces in the given diagrams below

() Fr 10N (b)

[Ans: (a) 15.6 N, 33.79 (b) 5N, 900 ]
7. ABCD is a square. Forcesof 4N, 3 N, 2N and 5 N act along the sides AB, BC, CD and AD
respectively in the directions indicated by the letters. Calculate the magnitude of the resultant and

the angle it makes with AB. [Ans: 8.2 N, 769 ]
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CHAPTER 22: FRICTION

The frictional force is the force that acts to oppose the relative motion of two bodies in contact ie if

one pushes the block on the table with a small force P, the frictional force F comes in to operation
and opposes the possible movement.

Coefficient of friction
The magnitude of maximum frictional force is proportional to the normal reaction R .The friction
constant is called the coefficient of friction ,u, for two surfaces in contact

Fmax =,UR
For a perfectly smooth surface, u =0

Consider a block of mass M kg resting on a horizontal table and a horizontal force P N is applied
R

Mk F
Fp-—-l_lg’»__‘

1

Mg

R=Mg
F =uMg where g = acceleration due to gravity

Example 1
1. Calculate the maximum frictional force which can act when a block of mass rests on a rough

horizontal surface if the coefficient of friction is (a) 0.7 (b) 0.2
solution

F =
max LR 2 kg

J,,

There is no motion perpendicular to the plane
Resolve vertically: R = 2g

N

R =2x9.8
R=19.6N
Fmax = uR
Frmax = 0.7x19.6
=13.72N
a) As before
R=19.6N
Fmax = uR
Fmax =0.2x19.6
= 3.92N
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Example 2
A block of mass 5 kg rests on a rough horizontal plane, the cefficient of friction between the block
and the plane being 0.6.Calculate the frictional force acting on the block when a horizontal force P
is applied to the block and the magnitude of P is

(A)12N (b) 28N (o) 36 N Also calculate the magnitude of any acceleration which
may occcur.

Solution
R
PP Sitg P
Sg

There is no motion perpendicular to the plane
Resolve vertically: R =>5g
=49 N
The frictional force willact in the direction opposite to that in which the force P acts.The
maximum value of frictional force is uR.
uR = 0.6 X 49
=29.4N

(@) If P =12 N, then P is less than uR, so there is no motion
Frictional force F =P

F=12N

(b) If P =28 N, then again P is less than yR and there is no motion
Frictional force F=P

F=28N

(c) If P=36 N, then P is greater than the maximum value of frictional force , which is 29.4 N
Frictional force acting =29.4 N, which does not prevent motion.
The block will move and the maximum value of uR will be maintained.
Using F =ma, the equation of motion is:
P—uR=mxXa

36 — 29.4 = 5a
a=132ms?
Applied force not horizontal
R
P
F Mxg 220
Mg
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When a force on the block of mass M Kg is inclined at an anglef above the horizontal,
this has two effects;

@) The component of P in the vertical direction decreases the magnitude of the normal
reaction R

(ii)  Only the component of P in a horizontal direction is tending to move the block

A

R :

i Psinf
_____ >Pcos 0
F =uR
b
Resolving vertically: R + Psinf = Mg
R = Mg - Psing ... (D)

Resolving horizontally Pcos 8 =F =R .. (ii)

Example 1
A 10kg truck lies on a horizontal floor .This coefficiendent of friction between the truck and

the floor is \i—g . Calculate magnitude of force P which is necessary to pull the truck

horizontally if P is applied

(i) Horizontally

(ii)at 30%above the horizontal
solution

10g

In the position of limiting equilibrium ,P1 =F

P1=MR

P1 =? x 10g
Pr =2 x10x98
Py =42.43N

For motion to take place, the applied force must exceed 42.43 N

(b)

R

Py
307
- -

|

10g
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Resolving vertically; R + Psin 30°=10 g
R =98 - Psin 300

R=98-1
2
In the position of limiting equilibrium,
Pcos 30 = uR
Pcos30 =y (98 — 3)
P x L 98 u— ? Xg
VBpiBp = Byog
2 8 4
P(53) = 2v/3x98
P=39.2N

Example 2

A box of mass 50kg is to be pushed along a rough floor by a force acting at the centre of its top
surface .The force is in an angle of 600 to the horizontal. If the coefficient of friction is 0.25,

calculate the least force which will move the box.
Solution

Letitbe P R
T p
600
50kg [[777°°
LR o
150 g
Resolving vertically ;
R + P sin 600 = 50g
R =50g - P sin 600
Resolving horizontally;
Pcos 60 = uR
Pcos 60 = 0.25 (50g - p sin 60)
§= 12.5g-P x \é—g xi
> +§ p =12.5x9.8

P(% + 3 =1225

P(4++3) =8x122.5
980
T 4+3
P= 170.97 N

Example 3

A particle of mass 2kg rests on a rough horizontal ground .The coeffient of friction between the
particle and the ground is %2 .Find the magnitude of a force P acting up wards on the particle at

300 to the horizontal which will just move the particle.
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Solution
T R P
UR 2kg - 2300 ___.
o
Resolving vertically;

R + Psin 30 = 2g
R = 2g - Psin 30
Resolving horizontally;
Pcos 30 = uR
Pcos30 = % (2g -Psin 30 )
2PX ? =2g-PxXx %
PV3 +2=19.6
19.6

pP=
2.232
P=8.78N

Example 4

A parcel of mass 10kg rests on a lorry. When the lorry is accelerating at 1.5ms"2 ,the parcel is on
the point of sliding back wards .What is the coefficient of friction between the parcel and the

lorry?
Solution

Vertically: R= 10g
From; F=10x1.5
F =15
UR =15
ux10g =15

15
K= Toxos = 0.153

Rough inclined plane

A body of mass Mkg rests on a plane which is inclined at 8 to the horizontal

Mg sin 8 “
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Resolving at right angles to the plane.
R =Mgcos 6
The component Mgsin 6 acting down the plane will cause motion unless the frictional force ,F

acting up the plane balances it.
At equillbrium F = Mgsin 6
Fmax = UR
F=uMgcos = Mgsin 0
u =tan @

Example 1
A body of mass 6kg rests in limiting equilibrium on a rough plane inclined at 30° to the horizontal

.Find the coefficient of friction between the body and the plane.

Solution

since the body is on the point of moving down the plane ,the friction force acts up the plane
rests on a plane which is inclined at 8 to the horizontal

$6g N

Resolving at right angles to the plane
R = 6gcos 300
Resolving parallel to surface of the plane.
6g sin 30 = uR
6g sin 30 = u x 6g cos 30.

69 sin 30
=292 —tan 30
6g cos 30

@=0.577

Example 2
A mass of 10kg is placed on a plane inclined at an angle of 300 to the horizontal . What force

parallel to the plane.
a) to hold the mass at rest
b) to make the mass move steadily up the plane [ coefficient of friction between the mass and the
plane is 0.4 |
Solution
(a) As the block is just held at rest it is on the verge of slipping down .Hence F= uR acts
upwards.

(b)
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10g sin)o

\

1
10g cos 309

10g

Resolving at right angles to the plane;

R =10g cos 30

Resolving parallel to the plane;
P+ uR =10gsin 30
P + 0.4 (10g cos 30) = 10gsin30
P =10gsign 30 - 4g c0s 30

P =49 -33.95
P =15.5N

(b).If the mass is moving steadily up the plane ,F ( =uR) acts down the plane

\

<
10g cos 309

'10 g

Resolving at right angle to the plane

R=10g cos 30

Resolving parallel to the plane
P=10gsin30 + uR

P=10sin30 + 0.4x10g cos 30.

P=49 + 33.35
P =82.95N
Example 3

A parcel of mass 2kg is placed on a rough plane which is inclined at 459 to the horizontal .The
coefficient of friction between the parcel and the plane is 0.25 .Find the force that must be applied

to the force in the direction parallel to the plane so that
(1) the parcel is just prevented from sliding down the plane
(ii) The parcel is just on the point of moving up the plane

(iii)  The parcel moves up the plane with an acceleration of 1. 5ms-2. If it is prevented from
sliding down the plane, find the the frictional force that acts up the plane.

Solution
(1) Let the force be P
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P_F=uR

2g sin48"

R = 2g cos45
Parallel to the plane;
P + uR = 2gsin45
P + 0.25 (2g cos 45) = 29 sin45
P = 2g sin 45— 0.5gcos 45
P=10.39N
(ii)  On the point moving up the plane ,the frictional force acts down the plane

2g sin4g"

7

|
2g cos 45

2g
R = 2g cos 45
P = 2gsin 45 + uR
P = 2gsin 45 + 0.25 (2gcos 45)
P = 2gsin45 + 0.5g cos45
P= 13.86+3 .46
P=17.32N
(iii) If the parcel moves up the plane,
then the resultant force, F = mass x acceleration
Resultant force up the plane =P - (2g sin45 + uR)
But R.F =ma
P-(2gsin45+0.25xcos45)2x 15
P=3+2gsin45+ 0.5g cos 45
3+13.86+3+45
P=20.32N

Trial questions
1. If a force of 10 N is just sufficient to move a mass of 2kg resting on a rough horizontal table

find the coeffient of friction [ans ; 0.51]
2. A block of mass 10kg is placed on an inclined plane of angle 30 to the horizontal where the
coefficient of friction between plane and the surface is 0.5 Find
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(a) The force required to make the block begin to move up the plane
(b) Keep the block at rest
(c) Acceleration, of the block down the plane
[ Ans a) 91.4N b) 6.6N c) 0.66m/s?]
3. A block of mass of 5kg placed on an inclined plane of angle 600 to the horizontal is just at rest
.Find the force parallel to the plane required to push the block up the plane of the inclination is
reduced [Ans. 98N]
4.A box of mass 20kg stares from rest and slides down a slope inclined at 300 the horizontal .If the
coefficient of friction is 0.4,find the acceleration of the box

5.A particle is placed on rough plane inclined at angle 6 to horizontal ,where tan 8 = Z The

coefficient of friction between the plane and the particle is 0.5.The particle is rest under the
action of a force F applied in an up ward direction parallel to the plane
(a) Calculate the value of F when the particle is a bout to move down the plane
(b) Calculate the value of F when the particle is a bout to move up the plane
[Ans: a) 2N  b) 10N
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CHAPTER 23: NEWTON'S LAWS OF MOTION

First law:
A change in the state of motion of a body is caused by a force acting on the body otherwise.
Body at rest
If forces act on a body and does not move the forces must balance .Hence if a number of forces act
on a body and it moves at rest, the resultant force is only direction must be zero

Example 1

A body is at rest when subjected to the forces on shown below .Find x and y
50 N

l
I

¥ 10N

——t-50 N
—* 10N

X 4+—

Solution
The horizontal forces must balance
X=50+10
X=60N
The vertical forces balance
Y+ 10=50
Y = 40N

A body in motion
A body can only change its velocity, ie increase its speed, slow down or change direction, if a

resultant force acts upon it.Thus if a body is moving with a constant velocity ,there can be no
resultant force acting on it.

Example 2

A body moves horizonatally at a constant speed of 5ms-1 and is subjected to the forces shown
.Find P and S.

-1
Sms I

300 N +—

T
2000 N
S+S=2000N
S=1000N
The horizontal velocity is constant
P = 300N

Second law
Newton’s second law can be summarized by the equation F = ma where fis the force on a body in
mass of the body and a is the acceleration of the body produced in the direction of the applied
force or resultant force.
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Example 3
A bodyof mass 8kg is acted upon by a force of 10N . Find its acceleration.

Solution

8 kg 1ON

F =ma
10 =8a
a = 1.25ms2
Example 4
Find resultant force that would give a body of mass 200g an acceleration of 10ms-2
Solution

.

10 m 5~?

m=200g = 2= = (.2kg

1000
Using F=ma
F=0.2x10
F=2N
The force is 2 N

Example 5
A horizontal force of 0.6N acts n a body of mass 0.3kg . There is a resistance of 0.15N opposing the
first force .What acceleration will be produced?
Solution

06N

0-3 kg 015N

Net force 045 N
e s

H————-—-'-
8

Net force / Resultant force = 0.6 - 0.15 = 0.45N
The acceleration will take place in the direction of the resultant force

F =ma
0.45=0.3a
a= 1.5ms?

Example 6
A car of mass 500 kg moves a long a level road with an acceleration of 2ms-2 if its is exerting a

forward force of 1100N ,what resistance is the car experiencing?

2 ms>2 >

Re— | 500kg ——"1100N

Net force = ma
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Net force =1100-R

1100-R=500x2
1100 -R =1000
R =100N
The car is experiencing a resistance of 100N

Example 7

A van of mass 2 tones moves along a level road against resistant of 700 N .If its engine is exerting a
forward force of 2200N ,find the acceleration of the van.
Solution

ams2

700 Nq__| 2000kg|—— > 2200N

Mass =2 x 1000 kg =2000 kg
Net force = ma
Net force = 2200 - 700 =1500 N
1500 = 2000a
a=0.75ms2
Example 8

A box of mass 5 kg is lowered vertically by a rope .Find the force in the rope when the box is
lowered with an acceleration of 4ms-2.

Solution
f .

lam e
5 kg 4dm=x

!

S5 N
Mass of box = 5 kg
Weight of box = 5g N
Resultant vertical force = (5g - T) ;down wards
Using F = ma
5¢-T=5x4
5x9.8-T=20
T=29N
The force in the rope is 29 N
Example 9
A pack of bricks of mass 100 kg is hoisted up the side of the house .Find the force in the lifting rope
when the bricks are lifted with an acceleration of 0.25ms2.
Solution

229 )




Advanced Level Subsidiary Mathematics By Kawuma Fahad First Edition (Extended 2013)
1~

100 kg T s
100 N

Mass of bricks = 100 kg

Weight of bricks = 100g N

The resultant upward force = (T —100g) N (since motion is upward )
T-100g=100x0.25

T =100g + 25
T =100x9.8 + 25
T =1005N

Newton’s third law
If two bodies are in contact, actually touching or connected by a string ,rope or rod, they will have
an effect on each other .Newton’s third law states that if two bodies A and B are in contact, A will
exert a force on B and B will exert an equal but opposite force on A ie equal in magnitude but
directed in the opposite sense along the same line.
1. Consider a box of mass M kg resting on a horizontal
R

i

The box exerts a force on the floor and the floor reacts by exerting an equal but opposite force R
2. Consider a car pulling a carravan

The pull of the car is transmitted through the tie rod to the carravan but the carravan equally pulls
the car backwards.
3. Consider two masses suspend ended by a string over a frictionless (smoth) pulley
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The string transmits a tension which pulls A upwards when considering A but pulls B up wards B
upwards when considering B.

CONNECTED PARTICLES

Case 1
Consider a body of mass 3 kg at rest on a smooth horizontal table. This body is connected by a
light string which passes over a smooth pulley at the edge of the table, to another body of mass 2

kg hanging freely.
$ a
i 3 kg r
e A
3g N La

-

! 2 kg!
Zg N

The 3 kg mass will not move in a vertical direction, so the vertical forces acting on it must balance.
R =3g
The horizontal force acting on the 3 kg massis T.
Using F = ma gives the equation of motion as:
T =32 s (i)
The 2 kg mass moves vertically downwards
Using F = ma gives the equation of motion as :

28 —T =2a e (ii)
Solving equations (i) and (ii) simultaneously ie (i) + (ii);
2g=3a+2a
2
a = Eg

a = 3.92 ms
Substituting for a into equation (i)
T=3x392
=11.76 N

Case 2
Particles of mass 4 kg and 2 kg are connected by a light string passing over a smooth fixed pulley .
The particles hang freely and are releases from rest. Find the acceleration of the two particles and

the tension in the string .
- et i e
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Let the acceleration be a and the tension in the string be T.
Using F = ma gives;

for2kg: T — 28 =22 .crrrerernens )

for 4kg:4g—T = 4a v (ii)

adding equations (i) and (ii) gives;
2g = 6a

a=3.27 ms2

using (i); T = 2a + 2g
T =2(3.27) +2(9.8)

=26.13N

A light inextensible string is placed over a smooyh pulley.To the ends of the string are attached

masses of 2 kg (A) and 1 kg (B)and both parts of the string are vertical. With what acceleration
does the sytem move? What is the reaction at the axle of the pulley?

1@@. |

The 1kg mass accelerates upwards as the 2 kg mass accelerates down wards.

= &

2g N
For mass A, since acceleration is downwards: 2g —T = 2a ............. (i)
For mass B,acceleration upwards: T —g =@ ......cccoceevrrmriininrennns (i)
For the pulley, since it has no acceleration: R = 2T .................. (iii)

Now solve these equations for a, T and R
Equation (i) + (ii) gives;
g=3a
a=3.27 ms2
From (i) T=a+g
=3.27+9.8=13.1N
From (iii) R=2T
=2(13.1) =26.2N

( 232 )



Advanced Level Subsidiary Mathematics By Kawuma Fahad First Edition (Extended 2013)
Case 3
A body A rests on a smooth horizontal table. Two bodies of mass 2 kg and 10 kg, hanging freely,
are attached to A by strings which pass over smooth pulleys at the edges of the table. The strings
are taut. When the system is released from rest, it accelerates at 2 ms-2. Find the mass of A

—_— 2 m s

2 N POz ™

Let the mass of A be M kg. The tensions in the two strings will be different; let them be T1 and T>.
Using F = ma gives;

For 2kgmass: T, —2g=4 e (D)
For A: Ti =T, =2M s (i)
For 10 kg mass: 108—T; = 20 oreorerreereereeeenreens (iii)
Adding equations (i), (ii) and (iii) gives

8g =2M + 24

2M =544

M =27.2
The mass of the body A is 27.2 kg
Case 4

Consider three masses A, B, C connected by light inextensible strings as shown in the figure below
where B is held on a rough horizontal plane whose coefficient of friction is 0.6.The pulleys are

smooth.
B
3 kg
A 4k 1 licg C
When B is released, what will be the acceleration of the masses?
Solution
The forces that act on the masses can be shown in the diagrams below
"R
T, T,
B |e&
'—.T
o| Wkg —1{3 k| o hkg |,
rl F= ”R
! 2
49 39 ) g o
4g —T) =4a e (D)
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F = pR (as B moves) and acts against the motion
R =3g
F= 0.6 x3g=1.8g
Ty — (T +F) =30 i (i)
Ty == e (iii)
From (i) T; =4g —4a
From (iii) T, =g+ a
Substituting for T1 and Tz in (ii) gives;
4g —4a— (g + a+1.8g) = 3a
Which simplifies to 1.2 g = 8a
Giving a =1.47 ms

Note: It is necessary to decide in certain problems in which direction the friction is going to act.

Case 5

The bodies shown are connected by a light string which passes over a smooth pulley. The 1 kg
mass moves upwards while the 3 kg mass moves downwards. Calculate the tension T, the normal

reaction R and the acceleration a.

Applying F = ma down the plane for the 3 kg mass gives;
3gsin45°—T =3 Xa

Adding equations (i) and (ii) ;

V2

3-g-g=4a

1.1213g =4a

a = 2.747 ms-2
Substitute into equation (i);
T=g+ 2747
=12.547 N

Resolve at right angles to the surface of the plane, for the 3 kg mass ( note that in this direction

there is no acceleration )
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R = 3g cos 45°
=20.79N
The tension in the string is 12.5 N, the normal reaction is 20.8 N and the acceleration of both
particles is 2.75 ms-2

Trial questions
1. A block of mass 1 kg rests in equillibrium on a rough horizontal table under the action of a
force P which acts at an angle of 300 to the horizontal as shown in the diagram below

Given that the magnitude of P is 2.53 N, calculate

(i) The normal reaction exerted by the table on the block

(ii) The frictional force on the block

Given that the block is about to slip, calculate the coefficient of friction

[Ans: (i) 8.54 N (ii) 2.19N; 0.26]
2. Alight inextensible string passes over a smooth fixed pulley and carries freely hanging
massesof 800 g and 600 g at the ends. Find the acceleration of the system and the force on the
pulley. [Ans: 1.4 ms?, 13.44 N]
3. A car of mass 900 kg tows a carravan of mass 700 kg along a level road. The engine of the car
exerts a foward force of 2.4 kN and there is no resistance to motion. [Ans: 1.5 ms-
2,1050 N]
4. A car of mass 900 kg tows a trailer of mass 600 kg by means of a rigid tow bar.The car
experiences a resistance of 200 N and the trailer a resistance of 300 N. If the car engine exerts a
forward force of 3 kN, find the tension in the tow bar and the acceleration of the system. [Ans:
1300 N, 1.67 ms~ |
5. Each of the following diagrams shows two freely hanging masses connected by a light
inextensible string passing over a smooth fixed pulley. For each system, find the
(i)The acceleration of the masses
(ii)  The magnitude of the tension T
(iii)  The magnitude of the tension T>

5gN 2N 5N Sg N

[Ans: (a) (i)4.2 ms2 (ii) 28 N (iii)56 N (b) (i) 0 (i)49 N(iii) 98 N
(c) (i) 2.8 ms2(ii) 6.3 N (iii) 12.6 N |
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6. A body of mass 65 g lies on a smooth horizontal table. A light inextensible string runs from this
body, over a smooth fixed pulley at the edge of the table to a body of mass 5 g hanging freely, With
the string taut, the system is released from rest. Find
(a) the acceleration of the system
(b) the tension in the string
(c) the distance moved by the 5 g mass in the first 2 seconds of motion
[Ans: () 0.7 ms2 (b) 0.0455 N (c) 1.4 m]

7. Find the acceleration and tensions in the strings for the following systems

() s (b) mass

W0k 4 kg
WM////VMJ“ FW///// /7//74“]

mass mass mass PSS
dkg Tke kg lkg

[Ans: 1.4 ms?2, 44.8 N, 588N (b) L4 ms? 168N, 11.2 N |
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CHAPTER 24 : WORK, ENERGY AND POWER

WORK
Work is defined as the (F) and the distance (S) moved in the direction of the force
F—>
1< S |

W=FxS
The unit of work is Joules (])

Work done against gravity
In order to raise a mass m kg vertically at a constant speed, a force mg N must be applied vertically

upwards to the mass.

_______

mg
In raising the mass a distance, S metres, the work done against gravity will be given by;
Work done against gravity = mgS where g is the acceleration due to gravity

Example
Find the work done against gravity when an object of mass 3.5 kg is raised through a vertical

distance of 6 m.
Solution
Vertical force required, F =3.5g=3.5xXx9.8 =343 N
AndS=6m
Work done =F X §
=343 X6 =205.8]
The work done against gravity is 205.8 ]

General motion at constant speed
In order to move a body at a constant speed, a force equal in magnitude to the forces of resistance

acting on the body has to be applied to the body.

Example 1
A block of wood is pulled a distance of 4 m across a horizontal surface against resistances totaling

to 7.5 N. If the block moves at a constant velocity, find the work done against the resistances.
Solution
Let the pulling force be F
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7.5N +— —>F 75N ' >F

Resolving horizontally; F=7.5N
Work done against resistances = Force X horizontal distance moved
=75%x4=30]
The work done against the resistances is 30 ]

Example 2
A horizontal force pulls a body of 2.25 kg a distance of 8 m across a rough horizontal surface,

coefficient of friction is % The body moves with a constant velocity and the only resisting force is
that due to friction. Find the work done against friction

Solution
The frictional force is uR

TR
UR 2.25kg—>F 2.25kg

<
<

2.25g
Resolve vertically; R = 2.25g = 2.25 X 9.8 = 18
Work done against friction = uR X distance moved

=§(18)><8= 58.8]

The work done against friction is 58.8 ]

Work done against gravity and friction
When a body is pulled at a uniform speed up the surface of a rough inclined plane, work is done
both against gravity and against the frictional force which is acting on the body due to the contact
with the rough surface of the plane.

Example
A rough surface is inclined at tan™?! (2—74) to the horizontal. A body of mass 5 kg lies on the surface

and is pulled at a uniform speed, a distance of 0.75 m up the surface by a force acting a line of
greatest slope. The coefficient of friction between the body and the surface is % Find;

() The work done against gravity
(ii)  The work done against friction
Solution

7
— -1(__
6 = tan (24)

7 . 7 24
tan@ = —, sinf = — and cosf = —
24 25 25
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|
I
|
h
I
I
\'4

|
5g 5gcos@

() Work done against gravity = force X vertical distance moved

) } h
Since sin@ = —
0.75

Vertical distance moved, h = 0.75 sin8 = 0.75 X % =0.21m

Work done against gravity =5g X 0.21 =5 x 9.8 X 0.21 = 10.29]
The work done against gravity is 10.29 ]

(ii)  Resolving perpendicular to the plane gives;
R=5gcosf =5 ><9.8><%= 47.04

But frictional force = uR = 15—2 X 47.04 =19.6 N
Work done against fiction = 19.6 X 0.75 = 14.7 ]

Trial questions

1. Find the work done against gravity when a body of mass 5 kg is raised through a vertical
distance of 2 m. [Ans: 98] ]

2. Find the work done against gravity when a body of mass 1 kg is raised through a vertical
distance of 3 m. [Ans: 29.4] ]

3. Abody of mass 10 kg is pulled a distance of 20 m across a horizontal surface against
resistances totaling to 40 N. if the body moves with uniform velocity, find the work done
against the resistances. [Ans: 800] ]

4. Asurface is inclined at tan™?! G) to the horizontal. A body of mass 50 kg lies on the surface

and is pulled at a uniform speed a distance of 5 m up a line of greatest slope against
resistances totaling to 50 N. find the;

(D) Work done against gravity

(i)  Work done against the resistances [Ans: (i) 1960] (ii) 2507 ]

ENERGY
The energy of a body is a measure of the capacity which the body has to do work. When a force
does work on a body, it changes the energy of a body. Energy can exist in a number of different
forms, but we shall consider two main types; kinetic energy and potential energy
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Kinetic energy
The kinetic energy of a body is that energy which it possesses by virtue of its motion. When a

force does work on a body so as to increase its speed, then the work done is the measure of the
increase in the kinetic energy of the body.

2
The quantity % is defined as the kinetic energy of mass m moving with velocity v. A body at

rest therefore has zero kinetic energy.

Example 1
Find the kinetic energy of a particle of mass 0.25 kg moving with a speed of 6 m/s.

Solution

L 1
Kinetic energy = Emvz

=%><0.25x62

=45]
The kinetic energy of the particle is 4 ]

Example 2
A body of mass 4 kg decreases its kinetic energy by 32 J. If it initially had a speed of 5 m/s, find

its final speed.
Solution

Initial kinetic energy = %mvz = % X 4x5%2=50]
Final kinetic energy = 50 — 32 = 18]
Let the final speed be V
Then§(4)v2 =18
Vv2=9
V=3ms!
The final speed of the body is 3 ms-1

Example
A cricket ball of mass 400 g moving at 3 ms-! and a golf ball of mass 100 g have equal kinetic

energies. Find the speed at which the golf ball is moving.
Solution

Kinetic energy of cricket ball = %mv2
=§ (0.4)(3)2 = 1.8]
Kinetic energy of golf ball = % (0.1)V?
But kinetic energy of golf ball = kinetic energy of cricket ball
§(0.1)V2 =18

0.1V?2 =1.8x%x2
vz =38 _ 3¢
0.1
V =436 = 6 ms-!

The golf ball is moving at 6 ms-1

C 240 )



Advanced Level Subsidiary Mathematics By Kawuma Fahad First Edition (Extended 2013)

Potential energy
The potential energy of a body is that energy it possesses by virtue of its position. When a body

of mass m kg is raised vertically through a distance of h metres, the work done against gravity is
mgh joules. The work done against gravity is the measure of the increase in the potential energy
of the body i.e. the capacity of the body to do work is increased.

Example 1

Find the potential energy of a child of mass 48 kg when ascending a vertical distance of 2 m.

Solution

Potential energy = mgh
=48 x9.8x 2
=940.8]
The potential energy is 940.8 |

Example 2
Find the potential energy gained by a ball of mass 0.075 kg at a distance of 32 m above the

ground.

Solution

Potential energy = mgh
=0.075 x 9.8 x 32
=23.52]

The potential energy is 23.52 ]

Trial questions
Find the potential energy gained by;
1. Abody of mass 5 kg raised through a vertical distance of 10 m
2. A man of mass 60 kg ascending a vertical distance of 5 m
3. Abody of mass 20 kg above a vertical distance of 2 m from the ground.
[Ans: 1.490] 2. 2940] 3. 392] ]

The principle of conservation of energy
Suppose we have a situation involving a moving body in which

(a) There is no work done against friction, and

(b) Gravity is the only external force which does work on the body (or against which the body
has to do work)
The total mechanical energy possessed by the body will then be the total of its kinetic
energy and its potential energy and by the principle of conservation of energy, this will be
constant i.e.

Total energy = kinetic energy (K.E) + potential energy

Or total energy in the initial state = total energy in the final state
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Example 1
The point A is vertically below the point B. A particle of mass 0.1 kg is projected from A vertically

upwards with a speed of 21 ms-1 and passes point B with a speed of 7 ms-1. Find the distance from
AtoB

Solution

We shall choose to measure the P.E from the level of of A. Let the distance from A to B be h metres
At A;

KE = %mvz = %(0.1)(21)2 =22.05]
P.E=0]sinceh=0atA

Total energy =22.05]
At B;

K.E =§mv2 = %(0.1)(7)2 = 2.45]

PE=mgh=0.1%x9.8%xh=0.98h]

Total energy = (2.45 + 0.98h) ]
But from the principle of conservation of energy , total energy at A = total energy at B
= 2.45 + 0.98h = 22.05
0.98h = 22.05 — 2.45

0.98h = 19.6
h=2_20m
0.98

The distance from A to B is 20 m

Example 2
The point A is 4 metres vertically above the point B. A body of mass 0.2 kg is projected from A

vertically downwards with a speed of 3 ms'l. Find the speed of the body when it reaches B
Solution

AtA;

KE=>mp? = %(0.2)(3)2 =09]

P.E=mgh=0.2Xx98x4=17.84]

Total energy at A=0.9 + 7.84 =8.74 ]

AtB;
K.E =§mv2 = %(O.Z)Vz = 0.1V2
PE=0

Total energy = 0.1V?2
Thus using the principle of conservation of energy; 0.1V? = 8.74
V? =874
V =87.4 = 9.34879
The speed of the body is 9.35 ms-! when it reaches B
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Trial questions
1. A body of mass 6 kg is released from rest and falls freely under gravity. Find the distance it has

fallen when its speed is 7ms1.
2. A body of mass 20 kg is projected vertically downwards from a point A with speed 4 ms-1. The
body passes through a point B, 5 m below A. Find the speed of the body at B.
3. A body of mass 5 kg is released from rest and falls freely under gravity. Find its speed when it
has fallen a distance of 10 m.

[Ans: 1.25m 2.10.68 ms?! 3. 14 ms?1 ]

POWER
Power is a measure of the rate at which work is being done. If 1 joule of work is done in 1 second,
the rate of working is 1 Watt(W). Thus the unit of power is Watts (W)

workdone __ Force xXdistance distance

Power = = force X = force X velocity

time taken time taken time taken

Example 1
Find the workdone by a force of 6 N in moving a body from A to B where AB = 10 m and also the

average rate at which the force is working if it takes 5 seconds to move the body from Ato B .
Solution
Workdone by force = force X distance

Rate of working/Power = —2xone
time taken
=2=12w

5
The force does 60 ] of work and its average rate of working is 12 watts

Example 2
Find the rate at which work is being done when a mass of 20 kg is lfted vertically at a constant

speed of 5 ms-ls
Solution
Work done = force X distance
But for body verticaly above the ground, force = weight = mg
Force =20 X 9.8 =196 N
Rate of doing work = force X velocity
=196 x5=980W
The rate at which work is being done is 980 W.

Trial questions
1. What s the rate at which work must be done in lifting a mass of 500 kg vertically at a
constant speed of 3 ms1?
2. What is the average rate at which work must be done in lifting a mass of 100 kg a vertical
distance of 5 m in 7 seconds?
[Ans: 1. 14700W 2. 700W ]
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BINOMIAL PROBABILITIES (DISTRIBUTION) B(m,x), INDIVIDUAL TERMS Pr

x
” r | 0.01 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50
2 0 | 05801 9025 BLOO | 7225 6400 5625 4900 4225 3600 3025 2500
1 | 0.0198 0950 1800 2550 3200 3750 4200 4550 4800 4950 5000
2 | 0.0001 0025 0100 0225 0400 0625 0500 1225 1600 2025 2500
3 0 | 0.9703 8574 7290 6141 5120 4219 3430 2746 2160 1664 1250
1 {0.0294 1354 2430 3251 3840 4219 4410 4436 4320 4084 3750
2 | 0.0003 0071 0270 0574 0960 1406 1890 2389 2880 kx| 3750
3 0001 0010 0034 0080 0156 - 0270 0429 0640 0911 1250
4 0 | 0.9806 8145 6561 5220 4096 3164 2401 1785 1296 0915 0625
1 | 0.0388 1715 2916 3685 4056 4219 4116 3845 3456 2995 2500
2 | 0.0006 0135 0486 0975 1536 2109 2646 3105 3456 3675 3750
3 0005 0036 0115 0256 0469 0756 1115 1536 2005 2500
4 0001 0005 oote 0039 0081 0150 0256 0410 0625
5 ¢ 0.9510 7738 5905 4437 3277 2373 1681 1160 0778 0503 0312
1 | 0.0480 2036 3280 3915 4096 3955 3602 3124 2592 2059 1562
2 10.0010 0214 0728 1382 2048 2637 3087 3364 3456 3369 3125 °
3 0011 0081 0244 0512 0879 1323 1811 2304 2757 3125
4 0004 0022 0064 0146 0284 0488 0768 1128 1562
5 0001 0003 0010 0024 0053 0102 0185 0312
6 0 | 0.9415 7351 5314 3771 2621 - 1780 1176 0754 0467 0277 0156
I | 00571 2321 3543 3993 3932 3560 3025 2437 1866 1359 0938
2 [0.0014 0305 0984 1762 2458 2966 3241 3280 3110 2780 3344
3 0021 . 0146 0415 0819 1318 1852 2355 2765 3032 3125
4 0001 0012 0055 0154 0330 0595 0351 0382 1861 2344
5 0001 0004 0015 0044 0102 0205 0369 0609 0538
6 0001 0002 0007 0G18 004t 0083 0156
7 0 {09321 6983 4783 3206 2097 1335 0824 0490 0280 0152 0078
1 | 0.0659 2573 3720 3960 3670 3115 2471 1848 1306 0872 0547
2 | 0.0020 0406 1240 2087 2753 3115 317 2985 2613 2140 1641
3 0036 0230 0617 1147 1730 2269 2679 2903 2918 2734
4 0002 0026 0109 0267 0577 0972 1442 1535 2388 2734
5 0002 0012 0043 0115 0250 0466 0774 1172 1641
6 0001 0004 0013 0036 0084 0172 0320 0547
7 0001 0002 0006 0016 0037 0078
8 0 | 09227 6634 4305 2725 1678 . 1001 0576 0319 0168 0084 0033
1 ]0.0746 2793 3826 3847 3355 2670 1977 1373 0896 0548 0312
2 | 0.0026 0515 1488 2376 25936 3115 2965 2587 2090 1569 1094
3 {0.0001 0054 0331 0835 1468 2076 2541 2786 2787 2568 2188
4 0004 0046 0185 0459 0865 1361 1875 2322 2627 2734
5 0004 0026 0092 0231 0467 0808 1239 1719 2188
6 0002 0011 0038 0100 0217 0413 0703 1094
7 0001 0004 0012 0033 0079 0164 0312
8 0001 0002 - 0007 0017 0039
g 0 | 05135 6302 3674 2316 1342 0751 0404 0207 .~ 0101 0046 0020
{ | 0.0830 2985 3874 3679 3020 2253 1556 1004 0605 0339 0176
2 ]0.0034 0629 1722 2597 3020 3003 2668 2162 1612 1110 0703
3 | 0.0001 0077 0446 1069 1762 2336 2668 2716 2508 2119 1641
4 0006 00674 0283 0661 1168 1715 2194 2508 2600 2461
5 0008 0050 0165 0389 0735 1181 1672 2128 2461
6 0001 0006 0028 0087 0210 0424 0743 1160 1641
7 0003 0012 0039 0098 0212 0407 0703
8 0001 0004 0013 0035 0083 0176
9 0001 0003 0008 0020
10 ¢ 0904 5987 3487 1969 1074 0563 0282 0135 0060 0025 0010
1 10.0914 3151 3874 3474 2684 1877 1211 0725 0403 0207 0098
2 | 0.0042 0746 1937 2759 3020 2816 2335 1757 1209 0763 0433
3 | 0.0001 0105 0574 1298 2013 2503 2668 2522 2150 1665 1172
4 0010 0112 0401 - 0881 1460 2001 2377 2508 2384 2051
3 0001 0015 0085 0264 0584 1029 1536 2007 2340 2461
6 0001 0012 0055 0162 0368 0689 1115 1596 2051
7 0001 0008 0031 009¢ 0212 0425 0746 1172

Where a space in the table is empty the probability is less than 0.00005.
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BINOMIAL PROBABILITIES (DISTRIBUTION) B(r,), INDIVIDUAL TERMS Pr

X
s r 001 0.05 0.10 0.15 0.20 ‘0,25 - 030 0.35 .. 0.40 0.4% 0.50
10 8 0001 0004 0014 | 0043 0106 0228 0439
9 0001 | 000S L0016 0042 0098
10 0001 0003 0010
11 0 | 0.8953 5688 3138 | 1673 0859 0422 0198 | 0088 0036 0014 0005
1 | 0.0995 3293 3835 | 3248 2362 1549 0932 | 0518 0266 0125 0054
- 2 | 0.0050 0867 2131 | 2866 2953 2581 1998 | 1395 0887 0513 0269
-3 | 0.0002 0137 0710 | 1517 2215 2581 2568 | 2254 1774 12594 0806
4 0014 0158 | 0536 1107 1721 2201 | 2428 2365 2060 1611
5 0001 0025 | 0132 0388 0803 1321 | 1830 2207 2360 2256
6 0003 | 0023 0097 0268 0566 | 0985 1471 1931 2256
-7 : 0003 0017 0064 0173 | 0379 0701 1128 1611
8 0002 0011 0037 | 0102 0234 0462 0806
9 0001 000s | 0018 0052 0126 0269
10 0002 0007 0021 0054
11 0002 0005
12 0 | 0.8864 5404 2824 | 1422 0687 0317 0138 | 0057 0022 0008 0002
1 { 0.1074 3413 3766 | 3012 2062 1267 0712 | 0368 0174 0075 0029
2 | 0.0060 0988 2301 | 2924 2835 2323 1678 | 1088 0639 0339 0161
3 | 0.0002 0173 0852 | 1720 2362 2581 2397 | 1954 1419 0923 0537
4 0021 0213 | 0683 1329 1936 2311 | 2367 2128 1700 1208
5 0002 0038 { 0193 053 1032 1585 | 2039 2270 2225 1934
6 0005 | 0040 0155 0401 0792 | 1281 1766 2124 2256
7 0006 0033 0115 0291 { 0581 1009 1489 1934
8 0001 0005 0024 0078 | 0199 0420 0762 1208
9 0001 0004 0015 | 0048 0125 0277 0537
10 0002 | 0008 0025 0068 0161
11 0001 0003 0010 0029
12 0001 0002
15 o | 0.8a01 4633 2059 | o874 0352 0134 0047 | 0016 0005 0001
1 | 01303 3658 3432 | 2312 1319 0668 6305 | 0126 0047 0016 0005
2 | 0.0092 1348 2669 | 2856 2309 1559 0916 | 0476 0219 0090 0032
3 | 0.0004 0307 1285 | 2184 2501 2252 1700 | 1110 0634 0318 0139
4 0049 0428 | 1156 1876 2252 2186 | 1792 1268 0780 0417
5 0006 0105 | 0449 1032 1651 2061 | 2123 1859 1404 0916
6 0019 | 0132 0430 0917 1472 | 1906 2066 1914 1527
7 0003 | 0030 0138 0393 0811 | 1319 1771 2013 1964
8 0005 0035 0131 0348 | 0710 1181 1647 1064
9 0001 0047 0034 0116 | 0298 0612 1048 1527
10 0001 0007 0030 | 0096 0245 0515 0916
11 0001 0006 | 0024 0074 0191 0417
12 0001 '| 0004 0016 0052 0139
13 0001 - 0003 0010 0032
14 0001 0005
20 0 [ 0817 3585 1216 | 0388 0115 0032 0008 | 0002
: 1 | 0.1652 3774 2702 | 1368 0576 0211 0068 | 0020 0005 0001
2 | 0.0159 1887 2852 | 2293 1369 0669 0278 | 0100 0031 0008 0002
3 | 0.0010 0596 1901 | 2428 2054 1339 0716 | 0323 0123 0040 0011
4 0133 0898 | 1821 2182 1897 1304 | 0738 . 0350 0139 0046
5 0022 0319 | 1028 1746 2023 1789 | 1272 0746 0365 0148
6 0003 0089 | 0454 1091 1686 1916 | 1712 1244 0746 0370
7 0020 | 0160 0545 1124 1643 | 1844 1659 1221 0739
8 0004 | 0045 0222 0609 1144 | 1614 1797 1623 1201
9 0001 | 0011 0074 0271 0654 | 1158 1597 177t 1602
10 0002 0020 0099 0308 | 0686 1171 1593 1762
11 0005 0030 0120 | 0336 0710 1185 1602
12 0001 0008 0039 | 0136 0355 0727 1201
13 0002 0010 | 0045 0146 0366 0739
14 0002 | 0012 0049 0150 0370
15 0003 0013 0049 0148
16 , 0003 0013 . 0046
17 0002 0011
18 0002 |

If the probability of success in a single trial is x the probability Prof exactly r successes in n independent
trials is given by the binomial or Bernoulli distribution B( », x ):

Pr={:)x’(1—x)""
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CUMULATIVE NORMAL DISTRIBUTION Pz ADD
Z 0 1 2 3 4 5 6 7 8 9 i 2 3|4 5 617 8 9
0.0 00000 0040 0080 0120 | 0160 0199 0239 | 0279 0319 0359 |4 8 12|16 20 24|28 32 36
0.1] 00398 0438 0478 0517 | 0557 0596 0636 | 0675 0714 0753 |4 8 1216 20 24|28 32 136
0.2 0.0793 0832 0871 0910 | 0%48 (0987 1026 | 1064 1103 1141 4 8 12|15 19 22127 31 35
0.3 | 01179 1217 1255 1293 | 1331 1368 1406 ( 1443 1480 3517 {4 & 11|15 19 22126 30 34
| 0.4 | 01554 1591 1628 -1664 | 1700 1736 1772 | 1808 1844 1879 4 7 11 114 18 22125 29 32
0.5 | 0.1915 1950 1965 2019 | 2054 2088 2123 | 2157 2180 2224 {3 7 1014 17 21124 27 31
0.6 | 02257 2291 2324 2357 | 2389 2422 2454 | 2486 2517 2549 |3 6 1013 16 19|23 26 29
0.7 | 0.2580 2611 242 2673 _ J 6 9 12 15 19{22 25 8
) 2704 2734 2764 | 2794 2823 2852 |3 6 9 ({12 15 18|21 M4 77
0.8 | 02881 2910 2939 2967 | 2995 3023 _ 3 6 B |11 14 17|20 22 25
: 3051 | 3078 3106 3133 (3 5 B |11 13 16|19 22 XM
0.9 | 03159 3186 3212 3238 | 3264 3289 35 B0 13 16|18 21 23
E 3315|3340 3365 3389 |2 5 74110 12 15117 20
1.0 | 03413 3438 3461 3485 | 3508 : 2 5 710 12 14|17 19 22
3531 3554 | 3577 3599 3621 (2 4 719 11 13|15 18 20
1.1 03643 3665 3686 3708 ' 2 4 68 11 13]15 17 19
. 3729 3749 37704 3790 3810 3830 (2 4 6| B 10 12|14 16 18
1.2 03849 3869 3888 3907 | 3925 ' 2 4 6(8 10 1113 15 17
3944 3962 | 3980 3997 4015 [2 4 S| 7 9 1113 14 16
13| 04032 4049 4066 4082 | 4099 4115 4131 | 4147 4162 4177 |2 3 516 8 10|11 13 14
1.4 | 04192 4207 4222 4236 [ 4251 4265 4279 4202 4306 4319 {1 3 4 (6 7 8 (16 11 13
15| 04332 4345 4357 4370 {4382 4394 4406 | 4418 4429 4441 |1 2 4 /5 &6 7|8 10 1
1.6 | 04452 4463 4474 4484 | 4495 4505 4515 | 4525 4535 44511 2 3 (4 5 6|7 B 9
1.7 | 04554 4564 4573 4582 [ 4591 4599 4608 | 4616 4625 4633 1 2 3 |3 4 5|6 7 8
1.8 | 04641 4649 4656 4664 | 4671 4670 4686 | 4693 4699 4706 (1 1 2 (3 4 4[5 6 6
1.9 04713 4719 4726 4732 [ 4738 4744 4750 1 4756 4761 4767 (1 1 2|2 3 4 (4 5 5
20| 04772 4778 4783 4786 [ 4793 4798 4803 | 4808 4812 4817 |0 1 12 2 3|3 4 4
2.1 ) 04821 4826 4830 4834 4838 4842 4846 | 4850 4854 4957 | &0 t 1|2 2 2|3 3 4
22| 04861 4864 4868 4871 | 4875 4878 4881 | 4884 4887 4890 (0 ! 141 2 212 3 3
23| 04893 4896 4898 4901 (4904 4506 4909 4911 4913 4916 (0 O 1|1 1 212 2 2
24| 04518 4920 4922 4925 ;4927 4929 4931 | 4932 4934 4936 |0 0 1 (1 I 1|1 2 2
2.5 04938 4040 4941 4843 [ 4945 4946 4948 | 4949 4951 4952
2.6 | 04953 4955 4956 4957 [ 4959 4960 4961 | 4962 4963 4964
2.7 | 04965 4966 4967 4968 | 4969 4970 4971 | 4972 4973 4974
2.8 | 04974 4975 4976 4977 | 4977 4978 4979 | 4979 4580 40681
2.9 | 04981 4982 4982 . 4583 | 4984 4984 4985 | 4985 4986 4986
3.0 | 04987 4990 4993 4995 | 4997 4998 4998 | 4999 4999 5000

The table gives P(z) = fo “$(2)dz
If the random variable Z is distributed as the standard normal distribution N(0,1) then:

1. P(o<Z<z,)=P(Shaded Area) ?(z)
2 PZ>Z)=0=%-P

3. AZ>|Z))=1-2P=2Q
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