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PREFACE

MR D. HuMPHREY, before his death in December 1945, had
planned to combine his two volumes on Intermediate Mechanics,
with the intention that the one book would cover the require-
ments of students preparing for the Intermediate Science and
Engineering examinations of the University of London, or for
the ordinary papers in applied mathematics of the Higher School
Certificate examinations.

I have tried to complete this plan in accordance with his
wishes, being guided by his unfinished work, but I have been
free to alter the contents as I thought fit. Parts of the book have
been rewritten, and other parts have been removed completely;
several of the diagrams have been altered, the examples have
been graded where necessary, and a few have been placed more
appropriately. In addition, the more difficult examples of
scholarship standard have been deleted, and more elementary
examples have been introduced, particularly at the beginning
of the dynamics, to make the book more suitable for beginners.
A new feature is a collection of revision examples at the end of
the book; many of these are taken from recent examination
papers. It is hoped that in these ways the few blemishes in the
original volumes have been removed, and that the new book.
will be more suitable for those for whom it is designed.

As it is probably preferable to start the course with dynamics
the contents have been grouped in the order, dynamics, statics,
and hydrostatics, and a student with a little preliminary know-
ledge of the subject could read the book straight through. But
others are recommended to omit Chapters 7, 8, and 9 until they
have read Chapters 10, 11, and 12, which deal with statics. In
Chapter 10, however, there is a sufficient account of the basic
principles to suit those who would prefer to start with statics.
As before, the calculus is used throughout, but little knowledge
of it is necessary.

It is a pleasure to express thanks to the Syndics of the
Cambridge University Press, the University of London, the
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vi PREFACE

Oxford and Cambridge Schools Examination Board, the Joint
Matriculation Board, and the Central Welsh Board for per-
mission to use questions. The source of these questions is
indicated.

I am indebted to Professor V. C. A. Ferraro, of University
College, Exeter, who read part of the manuscript and made a
number of suggestions. I am also grateful to Mr A. E. Chapman
and Mr R. Newson who have helped with the correction of the
proofs and assisted in other ways. For any correction of text or
examples, or suggestions for improvement, I shall be very
grateful.

THE PoryTECHNIC, W.1 J. TOPPING
1048



PREFACE TO THE SI EDITION

Wirn the adoption by Britain of the system of SI units the
text and the examples throughout the book have been appro-
priately modified. In many of the examples the changes have
been made to keep the arithmetic as simple as possible and in
others to bring the problem up-to-date. The newton has been
used exclusively as the unit of force; it has been thought best
not to introduce any other, and consequently the unit equal to
the weight of a body of mass 1 kilogram, sometimes called the
kilogram-force and denoted by 1 kgf, has not been used at all.

The other main change is that the chapters on hydrostatics
have been removed in keeping with the changes in teaching in
schools and the content of present examination syllabuses.

A short chapter on vectors has been introduced; it collects
together the vector algebra used throughout and develops it
further.

The chapter on Elementary Statistics has been retained
because of the increasing importance these days of some know-
ledge of statistics and statistical techniques.

It is a pleasure to express my thanks again to the teachers
and students who have written to me from time to time. I am
glad that the book continues to be widely used.

BrUNEL UNIVERSITY, UXBRIDGE J. TOPPING
1971
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CHAPTER ONE

DYNAMICS OF A PARTICLE

SPEED AND VELOCITY

1.1. Mechanics is the science which deals with the action of
forces on bodies. It is therefore concerned with much that we
meet in everyday life—the motion of engines, the flight of aero-
planes and projectiles, the stresses in bridges and frameworks,
the forces acting on a ship or a buoy floating in the sea, and
many similar problems. Such problems, as we shall constantly
note, have to be simplified and somewhat idealised to make
them capable of solution by simple mathematics, but this
simplification is a necessary preliminary to any more detailed
or profound attack.

Under the influence of forces, bodies may be either in
motion or at rest, relative to some assigned system or frame of
reference. The part of mechanics which deals with the motion
of solid bodies is called dynamics, and that concerned with
solids at rest is called statics. The corresponding parts of the
subject dealing with fluids are known as hydrodynamics and
hydrostatics respectively. We shall first consider dynamics.

1.2. For simplicity, we shall assume to start with, that the
dimensions of the solid body may be neglected compared with
the other distances involved. We shall refer to such a body as a
particle; it may be represented by a point.

When a particle is changing its position relative to some
assigned origin O it is said to be in motion relative to O, and the
curve drawn through all the successive positions of the particle
is called its path relative to O.

The speed of a particle is the rate at which it describes its
path. The speed expresses the rate of motion without specifying
the direction of motion. Speed is therefore a quantity having
magnitude only, and is defined completely when we know this



2 DYNAMICS OF A PARTICLE

magnitude, expressed, of course, in terms of some chosen units.
For example, we can say that the speed is 10 metres per second ;
the number 10 specifies the speed completely. It involves, as we
shall examine more carefully later, the unit of length, the
metre, and the unit of time, the second.

Any quantity having magnitude and no direction is called
a scalar quantity, so that speed is a scalar.

Similarly, a quantity having magnitude and direction, and
thus requiring two magnitudes to specify it completely, is called
a vector quantity.

All the quantities with which we shall have to deal will be
either scalars or vectors; we shall define them carefully as they
arise, for they obey different rules.

1.3. Units of speed

The English units of length and time formerly used were the
foot and the second, and the unit of mass (see § 3.3) the pound.
These units were called the foot-pound—second system, ab-
breviated to F.P.S. system.

The system in which the units are the centimetre, the
gramme, and the second is known as the C.G.S. system.

International agreement between the standards authorities
of the leading scientific countries has led to the adoption by
Britain of a system of metric units, known as SI (le Systéme
International d’Unités). In this system the unit of length is the
metre (symbol m), the unit of mass the kilogramme (kg), and
the unit of time the second (s). The unit of speed is therefore
1 metre per second, written 1 ms-1.

We might note here that 1 kg = 10° g, and that 1000 kg,
which equals 108 g, is sometimes written 1 Mg, the symbol M
(from mega) standing for 108.

1.4. Average speed ;
If a particle travels a distance s, m, from an assigned point in
its path, in time ¢, 8, and a distance s, m from the same point
in time ¢, s, the average speed during the first ¢, s is 8,/f; ms-?,
and during the first ¢, s it is 8,/t, ms—2,

Also since the particle travels (s,—s;) m in (f,—#) s, its
average speed in the interval ¢, to ¢, is (s,—s,)/(t;—¢;) ms™L.
In this way the average speed in any time-interval can be
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caloulated; we merely divide the increment in distance by the
corresponding increment in time.

EXAMPLE

A train is travelling from a station P lo a station 8, stops at stations
Q and R as shown in the following table. Find the average speed of the
trasn between P and Q, between R and 8, and for the whole journey.

Station Times Distances from P
P depart 10.00 0 km
Q arrive 11.10 84 km
Q depart 11.15 84 km
R arrive 12.10 170 km
R depart 12.16 170 km
S arrive 13.10 247 km
__ distance from P to Q
Average speed from P to Q = Time taken from P to Q
o 84 km — -1
= 1} hiours — 72 kmh
distance from R to 8

Average speed from B to 8 = o r mor R to 8
77 km _ 7760 kmh

= 55min. 55
= 84 kmh-!
.. Average speed for whole journey = 1:0 tag T ﬁfl :m?
247Tkm  247x6, ._,
3} hours 19 kmh
=78 kmh™?

1.5. As a further example, suppose a particle moves in such a
way that its distance from some point in its path is 5, 10, 15, 20,
25, . . . metres at the instants of time 1, 2, 3, 4, 5,...8, 80
that the distance gone in each successive second is 5 m.

The average speed is 5 ms—! in successive seconds. Indeed,
the average speed is 5 ms! in any interval ¢, to #; where ¢, and
t, may have any of the values 0, 1, 2, 3, 4, 5, e.g. {; = 2 and
t, = 4. This is all we can deduce with certainty, but we might



4 DYNAMICS OF A PARTICLE

add that it is likely, though not inevitable, that the speed of
the particle throughout the interval must have been 5 ms—2.

It is useful to represent the data graphically. In Fig. 1.1
points are plotted corresponding to given values of the distance
at the given times. These points obviously lie on a straight line
through the origin, but this is not the only curve that can be
drawn through them, as Fig. 1.2 shows.

S S
iy 251
g 20 g0}
L3 [
g|5 - §IS-
S0} St
2 2
Q 5} Q sl
o 1 1 1 1 ! 0 1 1 1 1 1
0 I 2 3 4 5§ o I 2 3 4 5
Timeins Timeins
Fia. 1.1 Fi1c. 1.2

The equation of the straight line shown in Fig. 1.1 is s = 5¢,
where s is the distance gone in time {. We only know that this
equation is satisfied for the values ¢t = 0, 1, 2, 3, 4, 5, but it is
reasonable to assume that it is true for all values of ¢ in this
interval, for example, when ¢ = 1-2 or 2-3 or any other value
between 0 and 5.

If this equation is satisfied for all values of ¢ in the interval
the speed is said to be uniform; otherwise, the speed is variable
(of. Fig. 1.2). .

For instance, suppose the particle has travelled distances 5,
11, 14, 19, 25, .. . m at the instants 1, 2, 3, 4, 5, . . . s, the
distances gone in successive seconds are unequal, being 6, 3,
5, 6...m respectively, so that the average speed in these
time-intervals is 6, 3, 5, 6, . . . ms-L It is clear that the speed
is not uniform.

1.6. Uniform speed

Uniform speed may be defined as such that the particle moves
through equal lengths of its path in equal times, however small
these times may be. It is measured by the distance moved
through in unit time.
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If s is the distance moved through in time ¢, then the speed
v, assumed uniform, is given by v = s/t or 8 = #t,

The average speed of a particle in moving a certain distance
in a given interval of time is therefore the speed with which it
would have to move uniformly to describe the given distance in
the given time. If the interval of time is at all large the speed
will usually have varied from instant to instant throughout the
interval. Hence the speed at any instant will not, in general, be
equal to the average speed throughout the whole or part of the
interval.

1.7. Speed at any instant

The speed at any instant ¢t can, however, be found from the
rate of motion during a very short interval of time including
the instant ¢.

For, if s denotes the distance gone in time ¢, and s+48s the
distance gone in time (#-}-3¢), then 3s/3¢ measures the average
speed of the particle during the time interval ¢ to ¢4-8¢. If 8¢ is
small, 3s/5¢t will give approximately the speed at the instant ¢.
The speed at the instant ¢ can, in fact, be written as Lin% (3s/8¢),

or ds/dt, in the notation of the differential calculus.
For example, if s = 5¢, then s-+-8s = 5(t+5t) and hence
Ss = bdt
38/t = 6.
Henoe ds/dt = 5, so that the speed is 5 units at every instant
in the interval for which the relation 8 = 6¢ holds.

EXAMPLE
If the distance, s m, travelled by a particle in t 8 is s = 4--6t—13,
Jind the average speed in the interval from t =2 to t = 2+4-¢ when
e = 0-1, 0-01 and 0-001. Deduce the speed at t = 2.

Now the distance gone when ¢ = 2 is 4+12—4 = 12 m. Also
the distance gone when ¢t = 2--¢ is

44-6(2+4¢€)—(2+€)* = 12+2¢e—e2m

.". Distance gone from ¢ == 2 to ¢t = 2} ¢ i8 (2¢— ¢*) m, and henoce
the average speed in this time-interval is (2e—e€%)/e ms™, that is,
(2—e) ms™1,

Inthe interval t = 2 to ¢t = 2-1 the averagespeedls 19 m

persec In the interval £ == 2 to £ == 2-01 it is 199 ms™?, and in the
interval t = 2 to ¢ = 2-001 it is 1-999 ms™2.
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The average speed approaches 2 ms™ as e gets smaller and
smaller; this is the speed at the instant t = 2,

It might be noted that if we had considered the time-interval
t = 2—e to t = 2, we should have found the average speed to be
(2+¢) ms—?, leading again to 2 ms™ at the instant ¢ = 2.

1.8. Space-time curve

If the values of s, the distance gone in time #, are plotted for
different values of ¢ the points will lie on a curve known as the
space—time curve. Such a curve is APB in Fig. 1.3.

Y
S
A
T rV
Pl C
Fi1a. 1.3

If P is the point on the curve corres.ponding to the distance s
and the time ¢ and Q to the distance s--8s and the time ¢3¢,
then the average speed of the particle in the interval £ to ¢+3¢
is given by 8s/8¢, which equals the gradient of the chord PQ.

For if PR is drawn parallel to OX we have
RQ_ 3%

PR &
Also if QP produced meets OX at C, the angles QPR and PCX
are equal, and hence

tan QPR =

tan PCX = 8s/0t.

Now if 5t is allowed to take smaller and smaller values Q
approaches nearer and nearer to P, and as 3¢ tends to zero the
chord QPC becomes the tangent to the space-time curve at P.
Hence if the tangent PT at P makes an angle 6 with the time-
axis OX, we have

. 88 _ds

tan 8 = gtan PCX =uh3‘8_t=7t
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Thus the speed at the instant t equals tan 8, where 8 is the
angle the tangent PT at P makes with the axis of 2.

It is clear that if the speed is uniform, the space-time curve
is a straight line inclined at an angle 6 to the axis of ¢, such that
tan 6 equals the value of the uniform speed.

If the space-time curve is not a straight line the speed of the
particle must vary with time.

Thus an uninterrupted run of a train between two stations
could be represented by a space-time curve similar to the curve
OABC in Fig. 1.4.

Space

Time
Fra. 1.4

The part OA, which is concave upwards, corresponds to the
commencement of the journey with constantly increasing speed ;
the part AB, which is a straight line, corresponds to the train
moving with uniform speed, and the part BC, which is concave
downwards, to the slowing-down of the train until it is brought
to rest again. It will be noted that the tangent to the curve at
C is parallel to the time-axis, that is, its gradient is zero.

If the train ran the distance between the stations at uniform
speed the space-time curve, of course, would be the straight
line OC. Further, if the train stopped at the second station for
some time the corresponding space-time curve would be the
straight line CD parallel to the time-axis.

EXAMPLE (i)
Let us refer again to the example discussed in § 1.4.

Space-time curves for the journey are shown in Fig. 1.5.

The gradients of the dotted lines give the average speeds between
the stations. The full lines represent uninterrupted runs between the
stations, assuming uniform speed most of the time. It will be noted
in the above example that if we were asked ‘what was the speed of
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the train at 10.30?’ we have not enough information to provide an
answer. Actually it might have been pulled up at a signal at that
instant, but on the assumption of an uninterrupted run between P
and Q at approximately uniform speed most of the time, the speed
at 10.30 is given by the gradient at A of the full line drawn in Fig.
1.5. This could be found approximately from a carefully drawn
figure; it is equal to AC/BC (see Fig. 1.5). -

250 |- S
200
£
-~
R
o
=
S
2 100
Q
P 1
10.008 1030 11.00 12.00 13.00 14.00
Time
F1a. 1.6

It is clear that if we are given the distances gone at successive
instants we can only find average speeds in the intervals between
the instants. Anything more than this is mere conjecture. To find the
speed at any instant we must know the distance gone at every instant
in a time-interval including this instant. We can illustrate this by
the following, rather idealised, example.

EXAMPLE (ii)
The distances s gone by a particle at times ¢ are as follows:

s (m) o 1 4 9 15 2a 21 33
t (s) o 1 2 3 4 5 6 7

The average speeds in each successive second are therefore 1, 3, 5, 6,
6, 6, 6 ms~1, This is all we can deduce with certainty.

But it is clear that during the first 3 s the speed is not uniform
while afterwards the data suggest that the speed might be uniform
and of magnitude 6 ms1.

In fact, we can easily verify that the data satisfy the relation
s=ffort=0, 1, 2, 3, and the relation s = 6t—9 for ¢ = 3, 4,
5,6,17.
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If we now make the assumption that the relation ¢ = 2 is
satisfied for all values of t between 0 and 3, and the relation s = 6{—9
is satisfied for all values of ¢ between 3 and 7, we can find the speed
at any instant. (The space-time curve corresponding to these re-
lations is shown in Fig. 1.6.)

30 l—
§ 20
&
&
) |?
o ]
0 1 2 3 4 S 6 7 8
t in seconds
F10. 1.6
For if 8= 6t—9
then 8+4-8s = 6(t45t)—9
. o8 = 68t
S 88/8¢ = 6
and hence ds/dt = 6.

Therefore the speed at every instant between ¢t =3 and ¢t = 7
is 6 ms™,

Also if s=18
then 8488 = (t--8¢)2
' 88 = (b+48¢)*—1% = 2¢ 81+ (B¢)*
Ss/8t = 2t{-8¢
ds/ds = 2¢.

Therefore the speed at any instant ¢ between ¢ =0 and 3 is
2t ms1; that is, zero at £ =0; 2me 2 at t =1;3 ms 2 at ¢ = 1}
and so on.

Thus an exact mathematical relation between s and ¢ leads to
an exact value of the speed at any time. In practice, such a relation
between s and ¢ is not usually known, and hence to find the speed
at any time we must draw the tangent to the space-time graph at
the appropriate point. This can usually only be done approximately.
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BEXAMPLE (iii)

The followsng table gives the distance 8 travelled by a particle in time ¢
tins) 01 2 3 4 5 6 7 8 9 10 1

s(inm)0 49 7-8 94 99 100 10-1 106 122 140 144 145

Draw the space~time curve and describe the motion. Find the speed
initially and at the instant t = 2; find also the instants at which the

speed i3 1-0 ms™2,
18
16}
4}

s inmetres
(2]
A\
A\

Fia. 1.7

The space-time curve is shown in Fig. 1.7. It is clear that from
t =0 to ¢ =5 the curve is concave downwards corresponding to
decreasing speed, that at about ¢ — 5 the speed begins to increase
and later decreases again. Indeed, the average speeds in sucoessive
seconds are 4:9, 29, 1:6, 0-5, 0-1, 01, 0-5, 16, 1:8, 0-4, and 0-1, all
expressed in metres per second (ms™1). Thus the particle moves with
decreasing speed until about ¢ = 5, when it is practically at rest
after which it accelerates until just after ¢ = 8, when it begins to
slow down again and at ¢ = 11 it is almost stationary.

To find the initial speed we draw as accurately as possible the
tangent OA to the space-time curve at the origin O; this has the
gradieixt BA/OB which equals approximately 18 m/3 s, that is
6 ms—2,

The speed at ¢ = 2 is given by the gradient of the tangent to
the curve at the point C; this equals approximately FD/EF, that
is,92m/4s = 2:3ms2,

To find the instants at which the speed is 1-0 ms™ we have to
find the points on the curve at which the tangents have the gradient
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1:0 ms-1, This gradient is shown in Fig. 1.7 by the triangle LMN;
since NL = 4 m and MN = 4 s, the side ML has the gradient
1-0 ms—!. We must now draw the tangents to the space-time curve
which are parallel to ML. This can be done only approximately,
but there are three points on the curve, shown as G, H, and I in
Fig. 1.7, at which the tangents are parallel to ML. These points
correspond approximately to the times ¢ = 3, 7, and 9 respectively.
At these instants roughly the speed is 1-0 ms™.

EXAMPLES 1.1

1.

[

A train leaves London at 11.30 and reaches Southampton at
13.20 having covered 132 km. Find the average speed of the
train in kmh™! per hour and ms2.

. A man rows a boat downstream a distance of 3 km in 20 minutes,

and rows back in 40 minutes. Find his average speed (i) down.
stream, (ii) upstream, and (iii) for the double journey.

. Show that a light-year, defined as the distance traversed in a

year by light travelling at the uniform speed of 3x10* ms™3,
equals 9-8x 10'2 km. How long does light from the sun take to
reach the earth, which is approximately 150 million km distant ?

. If sound travels in air at the uniform speed of about 335 ms=2,

show that the noise of an explosion at A will reach a point B
4 km distance from A in approximately 12 s. If the noise reaches
two points C and D at exactly the same time, state where A
must be relative to CD.

. A radio signal is sent vertically upwards into the air and is

reflected downwards from an ionised layer of the atmosphere.
If the signal is received back )3 s after it is sent out, find the
height of the layer. (Radio waves travel at the uniform speed
of 3 x10° ms~1,) If a signal were reflected from the moon, which
is about 390,000 km from the earth, what time would elapse
between the sending and the receiving of the signal?

. The following tables give the distance s m described by a

particle in i 8. Draw a distance-time graph, and find the average
speed in each successive second. Deduce a possible relation
between s and ¢, and Qescribe the corresponding type of motion
in each case.

@t 0 1 2 3 4 5
s 0 4 8 12 16 20
@t 0 1 2 3 4 5
s 0 2 4 6 6 6
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10.
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©¢t 0 1 2 3 4 b
s 1 4 7 10 13 16
@t 0 1 2 3 4 b
s 0 2 6 12 20 30

The following tables give the distance 8 m described by a
particle in ¢ 8, Draw a distance~time graph, and find the average
speed during the first 2 8, 5 s, 8 s respectively. Also obtain an
estimate of the speed at the instants ¢ = 2, 5, and 8 respectively.

@¢ 0 1 2 3 4 5 6 7 8
s 0 3 6 9 9 9 11 13 15
@t 0 1 2 3 4 5 6 7 8
s 0 05 2 4 6 8 10 116 12

. A man starts at 10 a.m. from place A and walks at 6 kmh™

until he reaches place B 16 km distant, where he rests for
half an hour. He then proceeds to place C, 10 km farther on, at
the pace of 5§ kmh™1. A motorist also starts from place A at
13.30 and travels towards B and C at a uniform speed of 32 kmh~1.
Draw the space-time curves for the man and the motorist and
from them find (a) the time and the distance of the man from A
when the motorist passes him, (b) the time when the man is
5 km ahead of the motorist, and (c) if the motorist stopped 2 km
from C, how long would he have to wait before the man canght
him up ?

. The motion of a car is found to be as given in the following table,

in which the distance s m corresponding to a given time ¢ s is
recorded :

t 3 4 5 6 T 8

s 17 22 271 35 43 62

Find the value of the average speed during the 4th, 5th, 6th, and
7th second. Plot the values of s against the values of ¢, and draw
& smooth curve to represent the space-time graph. Determine
from this ourve the speed of the car at the end of the 4th, 6th,
6th, and 7th second.

The following table gives the distance s km described by a car
in t h. Draw a graph of s against ¢ and from it find a value of the
speed of the car at the times ¢ = 2, 4, and 8 respectively.

t o 1 2 3 4 5 6 7T 8
s 0 64 120 146 160 184 206 240 290
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11.

12

13.

14.

15.

Define the speed of a moving particle and explain how it is
obtained from the distance-time graph of the motion. A car
travels s km in ¢ min where

t 0 156 30 46 60 76 90 105 120
s 0. 8 26 50 66 77 85 91 96

Draw the distance-time graph and find (i) the average speed,
(ii) the maximum speed, and (iii) the instants at which the speed
is 64 kmh™1,

Obtain an expression for the speed at time ¢ s of a particle
moving in a straight line such that its distance (s m) from a
fixed point O at time ¢ s is (i) 8 = 4+38, (ii) 8 = 2/24-3. Find
the initial speed in each case.

A particle is thrown vertically upwards with a speed of 30 ms—1,
and its height s m after ¢ s is given by s = 30t—5#2. (a) Find the
average speed during the interval 8 measured from the instant
¢t s from the start; (b) find an expression for the speed at any
instant ¢; (¢} find when the particle reaches its highest point,
and its height then.

A particle moves along a straight line such that its displacement,
& m, from a fixed point O at time ¢ s is given in the following
tables. Draw a graph of s against ¢, and deduce a value of the
speed at the instants ¢ = 2, 4, and 6 respectively. Describe the
motion in each case.

@ t 0 1 2 38 4 &5 6 1
s 0 2 4 6 6 6 3 0

® t 0 1 2 3 4 5 6 7T 8
s 0 7 12 15 16 15 12 7 0

€© ¢t 0 1 2 3 4 5 6 1 8
s 0 7 10 7 0 —7-10 —7 0

A particle moves in & straight line from rest so that its distance,
8 cm, from its starting-point at time ¢ s, is given by the following
table:

¢t 0 1 15 2 25 3 356 4 45 5 6
s 0 18 29 37 B3 45 40 30 25 22 20

Draw the space-time graph for the motion and determine the
speed of the particle when ¢ = 4-5. Show that the particle also
had this speed in the opposite direction at some instant between
t =0 and ¢t = 3, and find the distance of the particle from its
starting-point at that moment.
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16. A walker and a cyclist start together from a place A at the
speeds of 5 kmh~? and 16 kmh™! respectively. When the cyclist
reaches a place B 32 km distant he rests for half an hour, and
then returns towards A at 12 kmh-!, Assuming that the speeds
are uniform throughout, draw the distance-time curves and find
from them (a) the time and distance from A where the walker
and oyclist meet, and (b) the times when they are 16 km apart.

17. A body X moves from A to B in a straight line for 30 min with
uniform velocity of 30 kmh-2. It remains at B for 10 min and
then travels 30 km further to C at 48 kmh™2. After staying at
C for 10 min, it returns to A at a uniform speed of 60 kmh™.
Draw a graph showing the position of X at any time, and from
it determine at what time a body Y leaving A at the same time
as X will meet X on its return journey 20 km from A. At what
uniform speed must Y move?

18. The distance s m moved by a particle in ¢ s is given by s =

1-5¢8—¢. Find its speed after ¢ s. Find the instant at which the
particle comes instantaneously to rest, and describe the motion.

19. The distance s m moved by a particle in ¢ s is given by
8 = 12¢t—¢8, Find its initial speed, and the instants at which its
speed is 8 ms~1. Check your results by drawing the distance-
time graph.

20. The distance s m moved by a particle in ¢ s is given by s = 26
from t =0 to t =4, 8= 16{—32, from t=4 to t =8 and
& = 80{—413—288 from £ =8 to ¢ = 10. Draw the distance-
time graph. Find the speed of the particle in each of these
time-intervals and describe the motion.

1.9. Displacement

If a particle is at some point P at time ¢ its displacement
relative to O is represented by OP in magnitude and direction.
Displacement is a vector quantity, for it has magnitude and
direction and hence requires two magnitudes to specify it
completely.

We can specify OP, or alternatively, we can fix the position
of P with respect to O, in two ways.

Firstly, let OX, OY (Fig. 1.8) be two fixed straight lines
such that OP lies in their plane, and let PM be drawn parallel
to OY to meet OX in M, and let PN be drawn parallel to OX
to meet OY in N. Then the lengths of PN and PM (or OM and
ON) will determine the position of P.
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These lengths are the cartesian coordinates (z, y) of P
referred to the axes OX, OY. Usually the axes are taken at
right angles to each other.

Secondly, the position of P is also determined if we know the
length of the line OP and the angle XOP (Fig. 1.9).

JZ. L

F1a. 1.8 Fi1c. 1.9

These are the polar coordinates (r, 6) of P, referred to O as
pole and OX as initial line.

There are, of course, relations between z, ¥ and r, 8 which
involve the angle between OX and OY.

If the axes OX and OY are at right angles, as shown in
Fig. 1.10, then & = » cos # and y = r sin 6.

Q
Y 1 4
I/(‘P
f
Y
6\ x
o] X (o]

e, 1.10 Fic. 1.11

1.10. The displacement OP is denoted by OP. Accordingly, the
displacement PO, which has the direction from P to O but the
same magnitude as the displacement OP, is denoted by PO and
we write

OP = —PO-

It is therefore very important to write the order of the
letters correctly. The length OP equals the length PO, but the
displacement OP is equal and opposite to the displacement PO.

If a particle moves from P (Fig. 1.11) to Q the change of
position of the particle, or the displacement of Q with respect
to P, is represented by the vector PQ.
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Since the displacement from O to P followed by the dis-
placement from P to Q is equivalent geometrically to the
displacement from O to Q, we write

OP+PQ = 0Q. (1)
This is the fundamental law of addition of displacements; it
may be taken as an experimental fact, or alternatively, as
defining the nature of the space the particle is moving in. From

equation (1) we have
PQ = 0Q—0P. (2)

1.11. Law of vector addition
This law of addition of displacements is also taken as true for
all vectors, whatever their nature, and we shall refer to it as
the law of vector addition. It states that the sum of any two vector
quantities of the same kind represented by OP and PQ is a vector
represented by 0Q. We note that the addition can always be done
graphically, that is, by drawing the triangle OPQ (Fig. 1.12).

Two vectors* are said to be equal if they have the same
magnitude and the same direction. Thus, if (Fig. 1.12) we
complete the parallelogram OPQR we have

OR = PQ and OP = RQ.

But by the law of vector addition
OP+PQ = 0Q.
OP4-OR = 0Q (3)

Fia. 1.12

which is a form of the law of vector addition alfernative to
equation (1). We shall refer to it as the parallelogram law, which
may be stated thus: the sum of two vectors OP and OR drawn
from any point O is represented by the diagonal 0Q of the paral-
lelogram OPQR having OP and OR as adjacent sides.

The difference of two vectors may also be found.

* We are only concerned here with ‘free’ vectors, not vectors local-
ised in a line.
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Since OP4-PR = OR
it follows that PR = OR—-0OP (4)
and hence RP = OP—OR.

Thus the diagonal RP represents the difference of the vectors
OP and OR. We therefore have the important result that the
two diagonals of a parallelogram represent the sum and differ-
ence of the vectors represented by the adjacent sides. We shall
" constantly use it.

The sum 0Q of the vectors OP and PQ is sometimes called
the resultant of the two vectors. Conversely, the vectors OP and
PQ are known as the components of the vector 0Q. Clearly 0Q
can be split up into two components in an infinite number of
ways, for if OQ is given an infinite number of triangles OPQ
can be drawn.

1.12, We note that OP+4OP, which can be written 20P, is a
vector of magnitude 20P parallel to OP. Similarly, if m is any
scalar quantity, mOP is a vector of magnitude mOP parallel to
OP. Further, if a and b are any two vectors, then

m(a+b) = ma-{-mb.

For if OP (Fig. 1.13) represents a, then OP; = mOP represents
ma; also if PQ represents b, then P,Q, drawn parallel to PQ and

(o] v P [

Fia. 1.13

of length mPQ represents mb. Thus OP,/OP = P,Q,/PQ = m,
and hence Q, lies on OQ produced and is such that
¥ _ 0Q, = mon

S OP,+-P,Q, = m(OP+PQ),
that is, ma-+mb = m(a+b).
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EXAMPLE (i)

If OAB is any triangle show that mOA+n0B = (m+n)OC, for
allvalmofmandnprovidedCisthepointinABsuchthat
m X AC=n x CB.

B
C
(o] A
Fra. 1.14
If C is any point in AB.
mOA+nOB = m(0C+ CA)-n(0C+-CB)

= (m+n)0C+mCA+CB.

Since CA and CB are in the same straight line but in opposite
directions, mCA-+7CB will be zero provided m X AC = 2n X CB,
which proves the result.

Note. If m = n, we have

0A4-0B = 20C
provided C is the mid-point of AB.

EXAMPLE (ii)
Prove vectorially that the line joining the mid-points of two sides of a
triangle is parallel to the third side and equal to half its length.

If E, F are the mid-points of the sides CA, AB of the triangle
ABQC, then

FE — FA+AE
= }BA+3AC
= }(BA+AQ),
FE = }BC, that is, FE = $BC and FE is parallel to BC,

1.13. Addition of any number of vectors

It is clear that any number of vectors can be compounded into a
single vector, by repeated application of the addition law for
two vectors.

For instance, suppose we wish to find the sum of the three
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vectors, P, Q, and R (Fig. 1.15). We draw (Fig. 1.16) OA to
represent P and AB to represent Q. Then OB represents P--Q.
If we now draw BC to represent R, then

0C = OB+BC
= (P+Q)+R.
Q
(4
R
Fia. 1.15

It should be noted that the order in which the vectors are
added does not affect the final result.

Fra. 1.16 Fra. 1.17

For if P and R are added first, by drawing (Fig. 1.17) OA to
represent P and AD to represent R, then OD represents P+R.
If now DE is drawn to represent Q. then

OE = OD-{DE
= (P+R)+Q.

It is clear from the geometry of the figures that OE and OC
are equal and parallel, and therefore

0C = OF = P-+Q+R.
OC (or OE) represents the sum of the vectors P, Q, and R.
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EXAMPLE (i)

Find a point O in the plane of a quadrilateral ABCD such that

0A+0B+0C+-0D =0,

Now, OA-+OB = 20E if E is the mid-point of AB

and 0C+-OD = 20F if F is the mid-point of CD
OA-++0B+0C-+OD = 0 if OE4OF = 0.

that is, if O is the mid-point of EF.

Similarly, the sum of the four given vectors is zero if O is the mid-
point of the line joining the mid-points, G and H, of the other pair
of opposite sides, BC and DA. Thus EF and GH bisect one another,
a8 can easily be proved by simple geometry.

EXAMPLE (ii)

If H is the orthocentre of the triangle ABC and O the circumecentre,
show that
0A-+0B4-0C = OH,

and ‘ HA-+HB--HC = 2HO,

Now, OB+-0C = 20D, if D is the mid-point of BC.
But, 20D = AH, since OD is parallel to AH (both being perpen-
dicular to BC) and 20D = AH

i OA+0B-+0C = OA-+AH = OH

Also, HA-+HB4HC = (HO+O0A)-(HO-0B)+-(HO+0C)
= 3HO-+-OH
= 2HO.

EXAMPLES 1.2

1. A boy walks from a place O a distance 3 km due east, and then
4 km due south. Show that he is 5 km from O in a direction
tan—? (#) south of east. How far due west must he now walk in
order to reach a position south-west of O?

2. A car starts from A and travels 10 km due west, 20 km north-
west, and 30 km due north. Find its distance and bearing from
A. How long will it take to return to A direct at an average
speed of 50 kmh—?

3. Two aeroplanes start from an airfield. One leaves at 10.00 and
flies due north at an average speed of 400 kmh~!. The other
leaves at 10.15 and flies on a course 60°west of north at an average
speed of 480 kmh-1, Find their distance apart at 11.30 and the
bearino of the first with respect to the second.
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4.

10.

A vessel A is 100 km in a north-east direction from a port P, and
a vessel B is also 100 km from P in a direction 15° north of east.
If A is stopped, find how soon B can reach A if its maximum
speed is 50 kmh—1. In what direction must it proceed ?

. A particle describes a circle of radius ¢ with uniform speed v. If

it starts from a point A, show that its displacement from A in
time ¢ equals 2a sin (v¢/2a) at an angle vt/2e¢ radians with the
tangent at A to the circle.

. The displacement of a body A with respect to a point O is:

(2) 9 km north-east. (c) 12 km 30° north of west.
(b) 9 km 30° east of north. (d) 12 km south-west,.

Find the component displacements of A measured in the easterly
and northerly directions.

. Find the sum of the displacements (a) and (b), (b) and (c), (a)

and (d), where (a), (), (¢), and (d) are given in question 6 above.

. Find the difference of the displacements (a) and (b}, (b) and (c),

(e) and (d), where (a), (b), (c), and (d) are given in question 6
above.

. A vector of magnitude 10 units makes an angle of 45° with OX.

Find the components of the vector along OX and the line that
makes an angle of 756° with OX.

Two vectors have magnitude 2 and 3 respectively. The sum of

~ their components along OX is 1 and the sum of their components

11.

12.

13.

along OY is 3, and OX and OY are perpendicular. Give a
graphical construction for the directions of the vectors and show
there are two solutions. Measure the angles which the vectors
make with OX, and check the results numerically.

Vectors of magnitudes 4, 10, and 6 units are inclined at angles
of 45°, 90°, and 135° respectively to a given direction. Find the
sum of the vectors.

Vectors of magnitude 4, 3, 2, and 1 unit respectively are directed
along AB, AC, AD, and AE, where angle BAC = 30°, angle
CAD = 30°, and angle DAE = 90°. Find the magnitude of the
sum of the vectors and the inclination of its direction to AB.

If the components parallel to the axes of z and y of the displace-
ment a are 4 and 3 units, of the displacement b are 1 and —1
units, and of the displacement ¢ are —2 and —3 units, find the
magnitude and direction of the displacement:

(i) a-+b, (ii) e—c, (iii) a+-b-+c, (iv) a—b—e¢, (v) 2¢—b, and
(vi) a—3b--4c.
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14. If a, b, c are the displacements given in question 13, find the
values of the constants m and n such that (i) a-+mb is parallel
to the axis of z, (ii) a4nec is parallel to the axis of y, (iii)
a = mb+-nc.

15. If D, E, F are the mid-points of the sides BC, CA, AB of the
triangle ABC, show that (i) AB4+-BC+CA =0,

(ii) 2AB+3BC--CA = 2FC, (i) AD+BE-|-CF = 0.

16. If D, E, F are the mid-points of the sides of the triangle ABCand
O is any point, show that 0A40B+0C = 0D+ OE+-OF.

17. If the sides of the quadrilateral ABCD represents the vectors
a, b, c, d, find the vectors represented by the sides of the quad-
rilateral EFGH, where E, ¥, G, H arc the mid-points of the sides
AB, BC, CD, DA respectively. Deduce that EFGH is a parallelo-
gram.

18. If ABCD is any quadrilateral, show that AD+-BC = 2EF, whero
E, F are the middle points of AB and DC respectively, and that
AB--AD-+CB+CD = 4XY, where X, Y are the middle points of
the diagonals AC and BD respectively.

19. Find the position of the point O within a triangle ABC such that
OA-}-0B4-0C = 0.

20. X and Y are the points of intersection of the medians of the two
triangles ABC and PQR. Show that AP BQ--CR = 3XY.

1.14. Velocity

The velocity of a moving particle relative to an assigned
point O is the rate of change of its displacement relative to O.
Velocity therefore possesses both magnitude and direction, and
is a vector quantity.

The velocity of a particle is said to be uniform when the
particle is moving in a fixed direction with uniform speed, that
is, when both the direction and the magnitude of the velocity
are uniform. Thus, if the particle is moving in a straight line
with uniform speed its velocity is uniform, but if the particle is
moving in a curve, e.g. a circle, its velocity is not uniform, even
though its speed may be uniform, for the direction of its velocity
is continually changing.

When uniform, the velocity of a moving particle is measured
by its displacement in unit time. A particle is moving with a
uniform velocity of v ms-1, if, in ¢ s, it describes a distance
s m along a straight line, given by s = of, for all values of ¢.
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1.15. When the velocity of a moving particle is variable its
velocity at any instant is understood to mean the displacement
it would undergo in the next unit of time if it continued to move
with the velocity which it had at the instant considered.

1.16. The velocity of a particle at any instant may be found as
follows. Suppose the particle moves in a plane from a point P
to a point Q (Fig. 1.18) in time ¢. Since the displacement in this

o

Fic. 1.18

time interval is 0Q—OP = PQ, the average velocity during
this interval is

We note that this quotient is a vector in the direction PQ
having the magnitude of PQ/t. The average velocity is therefore
parallel to PQ.

If ¢ is small, PQ/t gives approwimately the velocity of the
particle when it is at the position of P. Thus, taking the interval
of time indefinitely small, the velocity of the particle at P can
be written as lim PQ/t.

-0

This is a vector quantity having the magnitude lim PQ/t
>0

and having as direction the limiting position of the chord PQ,
that is, the direction of the tangent at P to the path of P
(Fig. 1.18).

L17. The unit of velocity is the velocity of a particle which
undergoes a displacement equal to unit distance in unit time.

Numerically this is the same as the unit of speed, and the
magnitude of the velocity of a particle is the same as the mag-
nitude of its speed. To express completely the velocity we must
add a statement as to the direction of motion, e.g. v ms~1in a
north-east direction.
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1.18. A particle or body may have several different velocities
simultaneously, e.g. a person walking on the deck of a ship in
motion. The single velocity which is equivalent to several other
velocities is called their resultant, and the several velocities are
called the components of this resultant.

Velocities, like all vector quantities, can be compounded by
the parallelogram law.

1.19. The parallelogram of velocities

If an article possesses simultaneously velocities represented in
magnitude and direction by the straight lines OA and OB ¢ has a
resultant velocity represented by the diagonal OC of the parallelo-
gram OACB.

This follows at once from the parallelogram law of vector
addition (§ 1.11), or it can be deduced from the law of addition
of two displacements as follows.

If OA (Fig. 1.19) represents a velocity of magnitude , and
OB a velocity of magnitude v, we may imagine the particle to
move along OA with speed u, while the line OA moves parallel
to iteelf so that its end O describes the line OB with speed v.
In unit time the particle will have moved along OA to A, and
the line OA will have moved into the position BC, so that the
moving particle will be at C.

B C

L) Rt

Fi1a. 1.19

At any intermediate time ¢ the particle will have moved a
distance u¢ along OA to D, say, while the line OA will have
moved a distance vt parallel to itself.

If DE is drawn parallel to AC to meet OC in E,

DE=0OD x 2= w2 =t
uw u

DE is the distance moved by the line OA.
the particle will be at E.
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Hence OC is the path described by the particle, and OC repre-
sents in magnitude and direction the velocity which is equi-
valent to OA and OB, i.e. it represents their resultant.

If the angle AOB = «, and CF is drawn perpendicular to
OA, we have

0C? = OF*4-FC?
= (OA+AC cos a)?+(AC sin a)®

_ = QA2+420A X AC cos a-+AC2.

Hence, if the resultant OCis V, . »
V2 = ud4-v2-4-2uv cos a.
If the component velocities « and v are at right angles,
V2 = uttod

1.20. Resolution of a velocity

We can use the parallelogram law to resolve a given velocity
into two components. It is obvious that this can be done in an
infinite number of ways, for we can describe any number of
parallelograms on a given straight line as diagonal.

In practice, the directions of the components are given, and
these directions are usually at right angles.

In the latter case the values of the component velocities are
easily obtained as follows:

Y
N P
\J
?
o M X
Fia. 1.20

Let OP (Fig. 1.20) represent the given velocity v, and
suppose we wish to resolve it into two components, one along
OX, and the other in a perpendicular direction OY.

Draw PM perpendicular to OX and PN perpendicular to OY.

Then OM, ON represent the components of v along OX and
oY.

If the angle XOP = 0,

OM = v cos 8, and ON = v sin 0.
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Hence a velocity v is equivalent to a velocity v cos 8 along a line
making an angle 0 with its own direction, together with a velocity
v sin 0 perpendicular to the direction of the first component.

L1.21. If =, y are the coordinates of a point A at any instant
referred to axes OX, OY, then the component displacements of
A at time ¢ parallel to OX and OY are x and  respectively.

Hence the component velocities of A parallel to the axes are
the rates of change of x and y, i.e.

dz/dt and dy/ds.

These are often denoted by & and g, ie. & = da/dt,
y = dy/dt. By considering both components, we automatically
take into account changes in the direction of motion of A.

This method of considering component velocities is of great
importance when we have to deal with cases of motion where
the path is not a straight line.

1.22. When we speak of the component of a velocity in a given
direction it is understood that the other direction in which the
velocity is to be resolved is perpendicular to this given direction.

If we do require the components of a velocity » in directions
making angles « and f with it they can be found as follows:

Let OC (Fig. 1.21) represent v. Draw OA and OB, making
angles o and f with OC, and through C draw parallels to com-
plete the parallelogram OACB.

Fiu. 1.21

Then OA and OB, or OA and AC represent the required
components. From the triangle OAC, we have
OA oC o
_ _vsinB
~ sin (a+p)
v 8in «

Similarly, = S Th



EXAMPLES 1.3 27

EXAMPLES 1.3

1.

10.

11.

12.

13.

Find the resultant of velocities of 8 ms— and 6 ms? at right
angles.

. Find the resultant cf velocities of 8 ms—! and 6 ms-! inclined at

an angle of 60°.

A railway carriage is travelling at 30 ms—2, and a person rolls a
ball across the floor of the carriage at right angles to the direction
of motion of the train at 16 ms1. Find the resultant velocity of
the ball.

. A point is moving in a straight line with a velocity of 12 ms—!;

find the component of its velocity in a direction inclined at
an angle of 30° to its direction of motion, when the other com-
ponent makes an angle of (i) 60°, and (ii) 90° with the direction
of motion.

. A ball is moving at 20 ms— in a direction inclined at 60° to the

horizontal; find the horizontal and vertical components of its
velocity.

. A man is walking in a north-westerly direction with a velocity

of 5 kmh1; find the components of his velocity in directions due
north and due east respectively.

. A cyclist rides at 16 kmh! in a direction 30° east of north. Find

the components of his velocity in directions due north and due
east respectively.

. A raindrop falls in still air at 3 ms1. Find its velocity if it falls

through a current of air moving horizontally at a speed of
4 ms,

A ship is steaming due west across a current which flows due
south, and in half an hour travels 6 km in a direction 30° south
of west. Find the speed of the current, and the rate at which
the ship is steaming.

Resolve a velocity of 10 ms-! into two components at angles
of 30° and 45° respectively to the direction of the velocity.
Resolve a velocity of 10 ms! into two perpendicular com-

ponents such that (i) the components are equal, and (ii) one
component is twice the other.

Resolve a velocity of 15 ms-! into two components such that one
is at an angle of 30° to this velocity and has half the magnitude
of the other component.

A particle travels along the line y = 2z4-1 with the uniform
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15.

16.

17.

18.

19.
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speed of 10 ms—1. Find the components of its velocity parallel
to the axes of z and y.

A particle moves in a straight line from the point (1, 0) to the
point (6, 12) in 2 8. Find its average velocity between the two
points, and the components parallel to the axes.

A particle describes a circle, centre O, of radius 18 m in 12 s.
Find its speed, assumed uniform. If it passes through a point A
at time ¢ = 0, find the components of its velocity parallel and
perpendicular to OA at time ¢ = 3 s, 4 8, 8 5, and 11 s, respect-
ively.

A particle describes a circle of radius 40 m with uniform speed in
8 8. Find its velocity at any instant. Also find the direction and
magnitude of its average velocity during the time it takes to
complete (a) one-quarter of the circle, (b) one-half of the circle,
and (c) the whole circle.

A particle moves in a plane such that its (z, y) coordinates
measured in metres are (2¢, £2) at time ¢ 8. Sketch the path of the
particle from ¢ = 0 to ¢t = 4, and find the components parallel
to the axes of the average velocity of the particle (a) from ¢ =1
tot=2,(b)fromt=1tot=3,and (c)from¢=0tot =4,
A particle moves in a plane such that its (z, y) coordinates
measured in metres are (2¢, i) at time ¢ 8. Draw the distance-
time graphs for motion parallel to the axis of « and the axis of y
from t = 0 to ¢ = 5, and deduce the components of the velocity
parallel to these axes at times { = 2 and ¢ = 3. Find also the
resultant velocity at these instants.

A ball is thrown up into the air and moves such that its (z, y)
coordinates measured in metres are (15¢, 10t—5¢%) at time ¢ s,
Sketch the path of the particle from ¢ = 0 to ¢ = 2. Find the
components parallel to the axes of the average velocity of the
particle during this time-interval.

Find also the initial velocity of the ball, and the instant when
it is moving parallel to the z-axis.

. Find at what times the y-coordinate of the ball (in question 19)

is 32 m, and the magnitude and direction of the velocity of the
ball at these times.

1.23 Triangle of velocities

If a particle possesses stmultaneously velocities represented by
the two sides, AB, BC, of a triangle taken in order, it has a
resultant velocity represented by AC.
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This follows at once from the law of vector addition, or from
the parallelogram of velocities.

The resultant of AB and BC (Fig. 1.22) is their vector sum,
ie. AC.

We write AB4-BC = AC.

AC can be found by drawing AB and BC to scale, or by
calculation.

C
A 8
Fi0. 1.22
1.24. Polygon of velocities

If a particle possesses simultaneously velocities represented by
the sides AB, BC, CD, . . . LM, of a polygon taken in order, it has
a resultant velocity represented by AM.

For, by the triangle of velocities, the resultant of AB and
BC (Fig. 1.23) is represented by AC, the resultant of AC and

Fia. 1.23

CD is represented by AD, and so on; the resultant of all the
velocities is therefore represented by AM.

It is obvious that this result also holds if the sides of the
polygon are not in one plane.

We write AB+4-BC4-CD-+ . .. +LM = AM.

AM can be found by drawing the polygon ABCD ...LM
to scale.

1.25. When a particle possesses a number of given velocities
we can also find their resultant by resolving each of them in two
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fixed directions OX, OY at right angles, adding the components
in each of these directions to obtain a single velocity along OX
and another along OY, and then compounding these two per-
pendicular velocities into a single one.

EXAMPLE

A particle has velocities of 2, 44/2, 6, and 8 inclined at angles of
30°, 45°, 60°, and 120° respectively to a given direction. Find the
magnitude and direction of their resultant.

Y
8 6
442
2
(o] X

Fia. 1.2¢4

" Let OX (Fig. 1.24) be the given direction, and OY perpendicular
to it.
The components along OX are
2 cos 30°, 44/2 cos 45°, 6 cos 60°, 8 cos 120°,
or '\/ 3, 4, 3, —4:
and their sum is
34+4/3.
The components along OY are
2 sin 30°, 44/2 sin 45°, 6 sin 60°, 8 sin 120°,
or 1, 4, 343, 44/38,
and their sum is
54-74/3.
The velocities are therefore equivalent to a velocity of 3--4/3 along
OX and a velocity of 5--74/3 along QY.
If V is the resultant,
V2= (3++/3)*+(6+7v/3)
= 315-632.
V = 17-76.
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If 6 is the angle this resultant makes with OX,
_ 5+4+7y3 17124 _
tan 0 =3T3~ &7 3-618
0 = 74}° nearly.
We can also find the resultant velocity by adding the velocities

vectorially, using the polygon of velocities.
Draw OA (Fig. 1.25) two units long at an angle of 30° to OX.,

Fia. 1.25

Similarly, draw AB, BC, CD to represent. the velocities 44/2, 6, 8
respectively. Then OD represents the resultant velocity.
By measurement, OD = 17-8 and the angle DOX = 74°.

1.26. EXAMPLE (i)
A boat is rowed with a velocity of 8 kmh! straight across a river which
i8 flowing at 6 kmh1, Find the magnitude and direction of the resultant
velocity of the beat. If the breadth of the river is 100 m, find how Jar
down the river the boat will reach the opposite bank.

The component velocities of the boat arc 4 kmh~? and 3 kmh~!
at right angles. If » kmh is the resultant velocity

v = /(624-8%) = 1/(36+-64) = 10.

If @ (Fig. 1.26) is the angle the direction of this veloci’ty makes
with the bank ’

_8 — eos-1 0+
coso—-l—o,orl)_cos 0-6.
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Now if A is the point from which the boat starts, and B is the
point directly opposite on the other bank, C will be the point where
the boat reaches the opposite bank.

But BC/BA = cot 6 = §.
y BC=§BA=2x100m = 756 m.

Hence the boat will be carried downstream a distance of 76 m.

8 /o

A6
" Fio. 1.26

EXAMPLE (ii) , -

A stream 18 running at 3 kmh=1, and its breadth is 100 m. If a man

can row a boat at 5 kmh=1, find the direction in which he must row in

order to go strasght across the stream, and the time it takes him to cross,
Let A (Fig. 1.27) be the point from which the man starts, and

AB perpendicular to the banks.

D

m

5 4

&

A

w

C
Fia. 1.27

Then the resultant of the stream’s velocity of 3 kmh—* in direc-
tion AC and the man’s velocity of 5 kmh— has to be in the direction
AB. If AC represents the velocity of the stream to scale, and AD the
man’s velocity to the same scale, then the diagonal AE of the paral-
lelogram whose adjacent sides are AC and AD must lie along AB.

Now AE = 4/(5*—3%) = 4, and hence cos DAE = $, i.e. the
man must row in a direction making an angle cos—* ¢ with AB.

Also his resultant velocity is 4 kmh—!

the time to cross = 100 h=60><60

2000 0 8 =90s.
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EXAMPLES 1.4

1.

10.

A boat is rowed with a velocity of 5 kmh~! and directed straight
across a river flowing at 3 kmh-1, If the breadth of the river be
120 m, find how far down the river the boat will reach the
opposite bank.

. A man wishes to go straight across a river; if he can row his boat

with three times the velocity of the current, find at what inclina-
tion to the current he must keep the boat pointed.

. A boy is riding a bicycle at 20 kmh—!; in what direction must he

throw a stone with a velocity of 10 ms=? so that its resultant
motion may be at right angles to his own direction.

. A boat is moored at a place where a current is flowing eastwards

at 2 kmh-1, Two buoys are also moored, each 50 m from the
boat, one due north, the other due east of it. Two equally fast
swimmers, each capable of a speed of 4 kmh™? in still water,
start from the boat at the same time to swim one to each buoy
and back to the boat. Which will reach the boat again first, and
how much sooner?

. A point which has velocities represented by 8, 9, and 13 is-at

rest; find the angle between the directions of the two smaller
velocities.

. A point has velocities of 3, 5, 4, and 6 in directions east, north-

east, north, and north-west respectively; find the magnitude
and direction of its resultant velocity.

. A point has equal velocities in two given directions; if one of

these velocities be halved, the angle which the resultant makes
with the other is halved also. Show that the angle between the
velocities is 120°,

. If a point has two velocities, u, and u,, inclined at such an angle

that the resultant velocity V = u,, show that if u; be doubled,
the new resultant is at right angles to u,.
A man who swims at 5 kmh— in still water wishes to cross a
river 150 m wide, flowing at 8 kmh~1, Indicate graphically the
direction in which he should swim in order to reach the opposite
bank (i) as soon as possible, (ii) as little downstream as possible.
How long will he take to cross, and how far will he be carried
downstream in each case?
A ship is steaming on a course 30° east of north at a speed of
18 kmh!, and a man walks backwards and forwards across the
deck in a direction perpendicular to the ship’s course at a speed -
of 1 ms-1. Find the actual directions in which the man moves.
(H.C.)
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11. A particle has velocities of 4, 9, 12 ms™ inclined at angles of
120° to one another. Calculate the resultant velocity, and check
by drawing a polygon of velocities.

12, A particle has velocities represented by OA and OB, where AB
is a diameter of a circle and O any point on the circumference.
Show that the resultant velocity is represented by the diameter
through O.

13. A particle has velocities of 3, 4, and 8 kmh™! inclined at angles
of 0°, 90°, and 210° respectively to the axis of x. Find the mag-
nitude and direction of the resultant velocity (a) by drawing a
polygon of velocities, and (b) by calculation.

14. A particle has velocities which can be represented in magnitude
and direction by the sides AB, AF and the diagonal AD of the
regular hexagon ABCDEF of side v. Find the resultant velocity.

What additional velocity parallel to EA must the particle
be given in order that it might move parallel to AC?

165. A particle has velocities v, 2v, 34/3v, and 4v inclined at angles
of 0°, 60°, 150°, and 300° respectively to the axis of «. Find the
resultant velocity.

1.27. Relative Velocity

All velocities, as we have constantly emphasised, are relative
velocities, that is, velocities relative to some assigned system of
reference. The velocities with which we are most familiar are
velocities relative to the earth. When we say that a train has a
velocity of 40 kmh-! in a certain direction we mean 40 kmh-?
relative to the earth. The earth itself is moying relative to the
sun, so that the velocity of the train relative to the sun has a
value which may be deduced from the velocity of the train
relative to the earth and the velocity of the earth relative to the
sun, as we shall now explain.

If the velocity of a particle P relative to some assigned point
O, or some system of reference associated with O, is v,, and the
velocity of Q relative to O is v,, then the velocity of P relative fo
Q is the vector difference of vy and v, that is, v, —v,.

The velocity of Q relative to P is vy—uv;.

Of course, if P and Q are moving in parallel directions the
velocity of P relative to Q is parallel to the velocities of P and Q
and of magnitude equal to the algebraic difference of the
velocities. Thus, if two trains P and Q are running on parallel
rails with speeds of 40 kmh-! and 35 kmh-! respectively the
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speed of P relative to Q is (40—36) kmh-! = 5 kmh-? if the
trains are travelling in the same direction, but (404 35) kmh-!
= 76 kmh—1 if the trains are travelling in opposite directions.

If OA (Fig. 1.28), of magnitude »,, and OB, of magnitude v,,
represent the velocities of P and Q the velocity of P relative to

P vy P v,
Q Vo Vlg_ Q
o B A B o A
Case (i) Case (i)
Fi10. 1.28

Q is represented by OA—OB, which equals BA, a vector of
magnitude v;—v, in case (i) and v;+4v, in case (ii), parallel to
the velocity of P. Similarly, the velocity of Q relative to P is
represented by OB—0OA = AB = —BA.

Generally, if the velocities of P and Q are nof parallel the
same construction for the vector difference of their velocities
may be used. From any point O (Fig. 1.29) draw OA, of mag-

Fia. 1.29

nitude v,, parallel to the velocity of P, and from the same point
draw OB, of magnitude v,, parallel to the velocity of Q.

Since OB4-BA = 0A
we get BA = OA—O0B = v, —v,,.

Therefore BA represents in magnitude and direction the velo-
city of P relative to Q. Similarly, the velocity of Q relative to P
is represented completely by AB.

Thus the relative velocity of any two particles moving with
given velocities can be found by drawing a simple vector triangle,
such as the triangle OAB in Fig. 1.29. The closing side AB or BA
represents the required relative velocity.
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Similarly, if v,, the velocity of Q relative to O, and v,—v,
the velocity of P relative to Q, are known, v;, the velocity of P
relative to O, can be found by using the same vector triangle
OAB. It is only necessary to draw OB to represent v, and BA
to represent the velocity of Q relative to P, and then OA
represents v,. And similarly whatever two velocities are given.

1.28. EXAMPLE (i)

A ship is steaming due east at 15 kmh=2, and another ship is steaming
due south at 20 kmh— ; find the velocity of the second ship relative to the
Jirst,

F1a. 1.30

If OA (Fig. 1.30) represents the velocity of the first ship, and OB
the velocity of the second, the closing side AB represents the velocity
of the second ship relative to the first.

For AB = A0-0OB
= 0B—O0A.
Also AB? = A024-0B? = 2021152 = 625.
y AB = 25.

The relative velocity is therefore 26 kmh-2, and its direction makes
an angle west of south whose tangent is £.

EXAMPLE (ii)

A train is travelling along a horizonial rail at 54 kmh™, and rain
is falling vertically with a veloctty of 6 ms. Find the apparent
direction and velocity of the rain to a person travelling in the train.

The velocity of the train is 15 ms-2.

Let OB (Fig. 1.31) represent the actual velocity of the rain, Draw
OA horizontal to represent the magnitude and direction of the
velocity of the train to the same scale. Complete the triangle OAB.
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Then AB represents the relative or apparent velocity of the rain.

Also, tan ABO = - = — = 3.

The magnitude of the relative velocity is
V(1524+5%) = 54/(9X 1) = 54/10 m 571,

-0 15 A
st P
B
Fig. 1.31

ExampLE (iii)

At a given instant two cars are at distances 300 and 400 m from the
point of intersection O of two straight roads crossing at a right angle
and are approaching O at uniform speeds of 20 and 40 m s~ respectively.
Find the shortest distance between the cars and the time taken to reach
this position. '

9

Q

(=]

Fra. 1.32

Let P, Q (Fig. 1.32) be the positions of the two cars at the given
instant. OP = 300 m and OQ = 400 m. Since their relative positions
subsequently are required, we shall assume P remains at rest and
Q moves with its velocity relative to P,

Draw CA, 20 units long, to represent the velocity of P, and CB,
40 units long, to represent the velocity of Q. Then AB represents the
velocity of Q relative to P. Also AB? = 20%4-40% = 2000.



38 DYNAMICS OF A PARTICLE

Draw QR parallel to AB; then QR represents the path of Q
relative to P, and hence the perpendicular PS represents the shortest
distance apart of P and Q.

Now OT =400 tan f m = 200 m
TP = 100 m
and hence
PS = TP cos 8

=100x§5m=40\/5m

Shortest distance between cars = 40+/5 m.
i P Qs
Also, time to reach this position = velocity of Q relative to P
but, QS = QT+ T8 = (400 sec §+100 sin §) m
= (2004/5+204/5) m
= 2204/5 m.

Also, velocity of Q relative to P = 4/2000 ms—! = 204/6 ms1,
.". Time for cars to reach the positions where they are the shortest
distance apart
2204/6m

=W=118.

EXAMPLES 1.5

1. Two trains are travelling on lines which cross at right angles, one
at 40, and the other at 50 kmh~1, Find the velocity of the second
train relative to the first.

2. A passenger on the top of an omnibus feels a breeze which to
him appears to blow directly across the bus at 16 kmh-1, If the
omnibus is travelling at 24 kmh—!, what is the velocity of the
wind ?

3. Raindrops are falling through the air with a velocity of 3 ms—1,
If a north wind blows at 18 kmh-1, find the direction in which
the drops appear to fall to a person walking north at 6 kmh-2,
With what velocity would they hit his umbrella ?

4. A steamship is travelling north at the rate of 16 kmh-?, and
there is a north-east wind blowing at the rate of 32 kmh-1. In
what direction will the smoke from the funnel appear to move
to an observer on the ship?
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5.

10.

11.

12.

13.

One ship is sailing due east at 24 kmh~1, and another ship is
sailing due north at 32 kmh-1; find the velocity of the second
ship relative to the first.

. A steamer going north-east at 20 kmh-! observes at noon a

cruiser 16 km away and south-east of her, which is going north-
north-east at 40 kmh—1. Draw a diagram of the cruiser’s course
as it appears from the steamer. At what time are the vessels
nearest to one another, and how far are they then apart?

. Two ships are steaming in opposite directions at 32 and 40 kmh—?

respectively, and when they are directly abeam a shot is fired
from one. If the gun at rest gives a muzzle velocity of 800 ms—1,
find the direction in which it must be fired to hit the other ship,
gravity being neglected.

. T'wo roads cross at right angles at, P; a man A, walking along one

of them at 4-5 kmh-1, sees another man B, walking on the other
road at 6 kmh=?, at P when he is 50 m off. Find the velocity
of A relative to B, and show that they will be nearest together
when A has walked 18 m.

. Two motor cars are proceeding, one on each road, towards the

point of intersection of two roads which meet at an angle of 60°,
If their speeds are 20 and 32 kmh-1, and they are respectively
70 and 40 m from the cross-roads, find their relative velocity,
and the distances from the cross-roads when they are nearest
together. (LE.)

To an observer on a ship travelling due west at 28 kmh!
another ship 2 km due south appears to be travelling north-east
at 21 kmh-. Find the magnitude and direction of the true
velocity of the second ship, and the distance apart of the two
ships when nearest to each other. (1.8.)

A battleship is steaming 25 kmh—! due north; a cruiser, which
steams at 40 kmh—?, is 8 km south-west, and is ordered to line up
2°km astern. Find graphically, or otherwise, the course the
cruiser should steer to line up as quickly as possible. (LE.)

If a ship is moving north-east at 20 kmh-!, and a second ship
appears to an observer on the first to be moving due east at
10 knh-1, determine the actual direction and magnitude of the
velocity of the second. (1.S.)

From their point of intersection two straight roads lie respec-
tively due east, and 60° north of east. At the same instant that
a car travelling at 56 kmh—! due east is at the crossing, a
second car is 8 km from it, and is travelling at 48 kmh—!
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towards it from 60° north of east. Find by a graphical construc-
tion (or by calculation) the relative velocity of the first to the
gecond car. Find also when they will be at their shortest
distance apart. (IE.)

Two ships are sailing at speeds of 16 and 20 kmh—? along parallel
lines in the same direction. When they are opposite one another
and 3 km apart the faster ship turns its course through 30°
in the direction of the other. Find how close they get to one
another. (L.E.)

A ship A is steering south at the rate of 12 kmh2, and a ship B is
steering eaet at 16 kmh-?, the distance AB being 2000 m and
the line AB making an angle of 30° towards the west with the
direction of motion of A. Calculate their relative velocity, and
find how long it will be before they are closest together. (H.8.D.)

A man can swim at 3 kmh? in still water. Find the time he
would take to swim between two directly opposite points on the
banks of a river 300 m wide flowing at 1:5 kmh-1, (HS.D.)

A batsman is at the wicket W and a fieldsman is in the outfield
at F'. The batsman strikes the ball in a direction making 30° with
the line WF with a speed 1} times that with which the fieldsman
can run. If the fieldsman starts off at once, at top speed, so as to
field the ball as soon as possible, determine, graphically or other-
wise, the direction in which he must run; and show that, if in
doing this he has run 20 m, he was standing about 39 m from
the wicket. (Assume that the ball travels along the ground with
no diminution of speed.) (H.S.D.)

A destroyer, steaming north 30° east, at 48 kmh-1, observes at
noon & steamer which is steaming due north at 20 kmh-?, and
overtakes the steamer at 12.45. Find the distance and bearing
of the steamer from the destroyer at noon. (H.C))

Find the true course and the true speed of a steamer travelling
through the water at 20 kmh— and steering due north by the
compass through a ourrent of 5 kmh~! which sets south-east.
Find also the direction in which the steamer should steer in
order to make its true course due north, and the true speed on
that course. (H.C.)

A cruiser which can steam at 48 kmh~ receives a report that an
enemy vessel, steaming due north at 32 kmh-?, is 46 km away
in a direction 30° north of east. Show (i) graphmally, (ii) by
caloulation, that the cruiser can overtake the vessel in almost
exactly 2 h.
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21. Two motor cars, A, B, are travelling along straight roads at
right angles to one another, with uniform velocities of 30 kmh~?
and 40 kmh-1, respectively, towards C, the point at which the
roads cross. If AC is 075 km when BC is 1-2 km, find the shortest
distance between the cars during the subsequent motion. (C.S.)

1.29. Angular velocity

If a particle P be in motion in a plane, and if O be a fixed point
in the plane and OA a fized straight line through O, the angular
velocity of P about O is defined as the rate at which AOP in-
creases.

Fic. 1.33

It will be noted that if any other fixed line OB (Fig. 1.33)
through O had been taken as initial line instead of OA the
angular velocity about O would be given by the rate at which
/. BOP increases. This is, of course, the same as the rate at
which Z AOP increases, since £/ AOB is fixed. The angular
velocity about O is thus independent of the line through O
used as initial line.

Angular velocity is measured in radians per second, ab-
breviated as rads~1. When uniform, angular velocity is measured
by the number of radians in the angle turned through by OP in
1 8. When variable, its value at any instant is measured by the
angle through which OP would turn in 1 s if it continued to .
turn at the same rate as at the instant considered.

If 6 is the angle between OP and OA at any instant the
angular velocity is d6/dt or 6.

1.30. If a particle P describes a circle with O as centre with
uniform speed its angular velocity about O is equal to ils speed
divided by the radius of the circle.

Let P (Fig. 1.34) be the position of the particle at any time,
Q its position 1 s later. The angular velocity equals the
number of radians in the angle POQ.
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But the number of radians in POQ = are PQ/OP. Also, the

arc PQ is described in 1 s, and is therefore equal to the speed ».
Q

F1a. 1.34
Hence, if w be the angular velocity, and r the radius of the
circle,
w = ofr,
v = ro.
If » is the number of revolutions which P makes in 1 s the
angular velocity is 2mn radians per second, or 27n rads—L.

1.31. Suppose we consider a body of finite size (as distinet from
a particle) rotating about a fixed axis CD (Fig. 1.35). We shall

Fia. 1.35

assume that the body is rigid, that is, it does not change in
shape or size.

We can fix the angular velocity of the body as follows:

Suppose P is any elementary particle of the body, and PO is
drawn perpendicular to the axis of rotation CD. Then as the
body rotates P describes a circle of radius PO about the axis.
The angular velocity of P about O is the angular velocity of
the body.
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If OA is drawn perpendicular to CD and regarded as fixed in
space the angular velocity equals the rate at which /AOP
increases.

It is clear that for a rigid body this angular velocity is the
same for every particle P whatever its position in the body. Of
course, the linear speed, v, of such a particle P depends upon its
distance from the axis, and is given by

v = owr
where w = angular velocity, and » = OP = distance of P from
the axis of rotation.

The rate at which a body is rotating is often given in
revolutions per minute (abbreviated to rev min—1).

1.32. To find the velocity of any point of a vertical circular disc
which i3 rolling uniformly, without sliding, on a horizontal plane.

Let O (Fig. 1.36) be the centre and r the radius of the disc,
A its point of contact with the plane AX, and let v be the
velocity with which O moves.

PV»C

Yy D

A x
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Now as the centre moves forward uniformly in a straight
line the disc turns uniformly about the centre; and since each
point of the rim in succession touches the ground, it is clear
that each point of the rim describes the perimeter relative to
the centre while the centre moves forward a distance equal to
the perimeter. Hence the velocity of any point on the rim
relative to the centre is equal in magnitude to the velocity v of
the centre.

The angular velocity (w) of the disc about its centre is
therefore equal to v/r.

If B is the highest point of the disc its velocity relative to O
is v horizontally, and in the same direction as the velocity of O.

velocity of B = v+v = 2v.
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The velocity of A relative to O is also », but in the opposite .
direction to the velocity of O.

velocity of A = v—v = 0,

i.e. the point A is instantaneously at rest.

"If P is a point on the rim, such that the angle BOP = 0, the
resultant velocity of P is obtained by compounding together
its velocity relative to O, v along the tangent PT, and the
velocity of O, i.e. v horizontally along PC.

Now /CPT = 8, and if V is the resultant velocity of P,

V2 = 924024202 cos 0
= 2¢? (14-cos 8) = 4% cos? {6
V = 2v cos §6.
The direction of this velocity is along PD bisecting the angle

CPT, since the two components are equal.
If AP is joined we see that

LOPA =36,
also /TPD = }4,

Hence each point of the rim is moving perpendicular to the
line joining it to A, the lowest point.

Also AP = 2r cos 46, and therefore the angular velocity of
P about A is

2vcos 3l v
2rcos 30 r .
= the angular velocity of the dise.

Since the disc is rigid, all points in AP must have the same
angular velocity about A, and it follows that all points on the
disc are at this instant turning about A with angular velocity w
equal to that of the disc about its centre.

The point A is called the instantaneous centre of rotation.

1.33. RXAMPLE (i)

An engine 18 travelling at 108 km k1, and its driving wheel is 1-8 m in
diameter; find the velocity and direction of motion of each of the two
poinis. of the wheel which are at a height of 1-35 m above the ground.
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Let C (Fig. 1.37) be the centre of the wheel, A the point of contact
with the rail, B the highest point, and D, E the points at a height of
1-35 m. Then, ZBCE = 60°. The velocity of E is composed of its

Fia. 1.37
velocity relative to C, i.e. 30 ms~! perpendicular to CE down-
wards, and the velocity of C, i.e. 30 ms—! horizontal. These are
inclined at an angle of 60°, and the resultant velocity V bisects the
angle between them, i.e. it is inclined at 30° below the horizontal.
Also V = 4/{30%-30%4-2(30%) cos 60°} = 304/3 ms?
= 1084/3 kmh1.
The component velocities of D are 30 ms~! horizontal, and

30 ms—! perpendicular to CD and upwards. The resultant is 30+/3
ms! as for E, but it is inclined at an angle of 30° above the horizontal.

EXAMPLE (ii)
Ezxplain how to find the angular velocity of the line joining two points
whose velocities are given.

Let A and B (Fig. 1.38) represent the two points. Now it is

L ,
b b

Fie. 1.38
evident that any component velocities of A and B parallel to AB
will not affect the direction of AB, but the components perpendicular
to AB will alter the direction of AB unless they happen to be equal
and in the same direction.

To find the angular velocity of AB we therefore proceed as
follows:

Resolve the velocities of A and B along and perpendicular to AB.
Let ,, u, be the components for A and B respectively perpendicular
to AB.
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Compound with each of these a velocity equal and opposite to
that of one of them, say, u,.

Then A is reduced to rest and B has a velocity of u,—u, perpen-
dicular to AB,
the angular velocity of AB = “2_"1.

“AB

This is only the instantaneous angular velocity, for as the direction
of AB changes the components perpendicular to AB will change and
so will the length AB.

EXAMPLE (iii) .

Two small marbles A and B are moving in a clockwise direction in
concentric circular grooves of 20 em and 30 cm radii respectively. The
velocity of A in its groove is 20 oms™, and that of B is 90 cms™. At a
given instant the marbles are 10 cm apart; what time will elapse before
the distance between them is 50 em ?

Let O (Fig. 1.39) be the common centre of the grooves. The
marbles can only be 10 cm apart when they are on a common dia-
meter and on the same side of the centre as at A and B. They will
be 50 cm apart when they are on a common diameter, but on opposite
sides of the centre as at A’, B/, and then B will have described 180°
more than A,

Fra. 1.39

It is easier to consider the angular velocities of the marbles than
their linear speeds.

Since A’s speed is 20 cms!, it describes 360° or 27 radians in
27 X 20/20 = 2x 8. Hence its angular velocity is 1 rad s-1.

B describes 360° in 27 x 30/90 = %x s, and its angular velocity
is therefore 3 rads—1.

B’s angular velocity relative to A is 2 rads™;
the time B takes to gain 180° or = radians is #/2 s;
they will be 50 em apart after 4w or 1-57 s,
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EXAMPLES 1.6

1.

=4

A wheel is making 300 rev min— about its centre; calculate the
angular velocity of any point on the wheel about the centre. Also
find the speed of a point at a distance of 2 cm from the centre.

. A point moves in a circle with uniform speed; show that its

angular velocity about any point on the circumference of the
circle is constant.

. A train is travelling at 64 kmh-?, and the diameter of one of the

wheels of the engine is 1-5 m. Find the velocities of the two points
on this wheel which are at a height 1-2 m above the ground.

. A body travelling at right angles to the plane of a flywheel 75 em

in diameter, making 480 revmin—?, makes a mark across the rim
of the wheel. The mark is found to make an angle of 60° with the
edge of the rim. Calculate the speed of the body.

. Compare the velocities of the extremities of the hour and minute

hands of a clock, their lengths being 2 and 3 cm respectively.

. A wheel of 2-4 m diameter is rolling along the ground with a

velocity of 6 ms—!; find the angular velocity of the wheel and
the magnitudes and directions of the velocities of the points
at the extremities of the horizontal diameter.

. The wheels of a bicycle are 76 cm in diameter, each crank is

19 cm long, and is geared so as to make one revolution while the
wheels make two. Find the actual velocity of the ends of the
crank (i) when at the highest, (ii) when at the lowest point of its
path, when the bicycle is travelling at 16 kmh~. Work out the
same problem supposing that two revolutions of the crank
correspond to one of the wheels.

. A circular ring moves uniformly in a straight line in its own plane,

and a point on the ring moves uniformly round the ring. Find the
actual velocity of the point when the line joining it to the centre
of the ring makes angles of (i) 90°, (i) 45°, (iii) 0° with the
direction of motion of the ring. (N.B. There is not necessarily any
connection between the velocity of the ring and the velocity of
the point.)

. A bicycle wheel is 70 cm in diameter and the pedal crank is

17-5 em long. If the pedals make one revolution to three revolu-
tions of the wheels, and the speed of the bicycle is 24 kmh-1, find
the velocity of each pedal when the top of the crank makes an
angle @ with the vertical in a forward direction. (Q.E)



CHAPTER TWO

ACCELERATION

2.1. Change of velocity
Since a velocity has both magnitude and direction, it will be
changed if we alter either of these or both.

Thus, suppose AB (Fig. 2.1) represents the velocity of a
particle at any instant, and AC its velocity at a later instant.
Then we know by the triangle of velocities that BC represents
in magnitude and direction the change of velocity during the
interval considered.

]

- F1a. 2.1

If AC == AB, then the speed has remained the same, but
there has still been a change of velocity represented by BC. In
dealing with motion in a straight line we have only to consider
- changes of speed, but when the path is a curve we must re-
member that the direction of the velocity is continually
changing, although the speed may remain constant. This case
will be dealt with in a later chapter.

(o

2.2 Acceleration

This term is used to denote the rate at which the velocity is
changing. It is a vector quantity, and it may be either uniform
or variable. If a particle moves so that the changes of velocity in
any equal times, however small, are the same sn direction and equal
in magnitude the acceleration is said fo be uniform. The change
of velocity in each wnit of time measures the magnitude of the
acceleration

If the acceleration is uniform the particle must be moving
in a straight line or describing a parabola (see § 6.12. later).
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2.3. When the changes of velocity in equal times are unequal
in magnitude or not in the same direction the acceleration is
said to be variable. When variable, the acceleration at any
instant is measured by the change of velocity which would
occur in the next unit of time if the acceleration remained
constant in magnitude and direction during that interval. The
path of the particle may be a straight line, but in general it is
any curve. C

2.4. The magnitude of the unit of acceleration is the accelera-
tion of a particle which moves so that its velocity changes by the
unit of velocity in each unit of time, e.g., 1 metre per second
every second, usually written 1 metre per sec?, 1 m/s? or
1 ms—2

2.5. Parallelogram of accelerations

If a particle has two accelerations represented in magnitude
and direction by the straight lines OA, OB it has a resullant
acceleration represented by the diagonal OC of the parallelogram
OACB.

8 C
(o] A
Fia. 2.2

This theorem follows at once from the law of vector addition,
or from the parallelogram of velocities. Accelerations can there-
fore be compounded and resolved in the same way as velocities,
and propositions similar to the Triangle and Polygon of Velo-
cities are true for accelerations.

B8
Q
o] ; A
Fig. 2.3
2.6. Relative acceleration

If OA, OB (Fig. 2.3) represent the accelerations of two particles
P and Q at any instant, the relative acceleration of one with
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respect to the other is the vector difference between OA and
OB.
The acceleration of P relative to @ is

OA—OB = BA,
and the acceleration of Q relative to P is
OB—O0A = AB.

The relative acceleration can thus be obtained, as in the
case of relative velocity, by drawing the triangle OAB.

If two particles have accelerations which are equal in mag-
pitude and in the same direction their relative acceleration is
zero and their relative motion is the same as if neither of them
had any acceleration.

This often enables us to simplify a problem on the motion of
bodies subject to a common acceleration by ignoring this
acceleration.

It should be noticed that a particle at instantaneous rest
may have acceleration, and that two particles whose velocities
at any instant are equal and parallel (i.e. they have no relative
velocity) may have relative acceleration with respect to each
other.

MOTION IN A STRAIGHT LINE

2.7. We shall now consider the case of a particle moving with
uniform acceleration in a straight line.
If the velocity is increasing the acceleration is said to be
positive; if the velocity is decreasing the acceleration is negative.
A negative acceleration is, of course, the same as a retarda-
tion.

2.8. Motion with uniform acceleration

If a particle moving along a straight line has a velocity
initially (that is, at time ¢ = 0) its velocity » at any subsequent
instant ¢ is given by

v = u-the increase in velocity in time £.

If the acceleration is uniform and equal to a the increase in
velocity in time ¢ is af, and hence

v = u-+tat. (i)
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Further, if s denotes the distance of the particle at time ¢
from the point at which it starts, so that s = 0 when ¢ = 0,
we have

8 = average velocity X ¢.

Now if the acceleration is uniform the velocity is increasing
at a oonstant rate, and hence the average velocity in any time-
interval 0 to ¢ will equal the velocity at the instant §¢, that is,
the mean of the velocities at the beginning and end of the time
interval.

: 8 = H{u+tv) = Hu-t-utat)
- 8 = ut-}+}att. (ii)
From (i) and (ii) we can eliminate ¢ as follows:
v® = ud42uat-ta¥t = u*+2a (ut4{ai?)
= u?}-2as from (ii)
S v = 4?4 2as. (idi)
These relations can also be derived as follows.
In the notation of the calculus, we have

dis
—(i-t—’. =q
- in . ds .
.. integrating E=at+A, as a is constant
Since %=uwhent=0,A=u.
% = y-|-af
But % = 9, the velocity at time £, and henoce
v = u-l-ai {i)
Integrating again, 8 = ut+jat*t B,
and since 8= 0whent=0,wehave B=0
8 = wt-+}at. (i)

These three relations (i), (ii), and (iii) apply to the motion of
a particle moving in a straight line with uniform acceleration.
They do not apply in cases where the acceleration is variable.
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It should be noticed that each relation contains @ and three of
the four quantities u, v, £, 8, one of these being absent from each
equation. These relations are of fundamental importance, and
must be remembered. Only two of them are independent; from
any two of them the third can be derived. In working problems
we select the relations which contain the quantities we are
given and the one we want to find. '
It is, however, sometimes convenient to use the relation
8 = L{u+-v)t, which was proved above in deriving relation (ji).
We collect these relations together for reference.
v = utat
8 = ut-+}at?
v2 = y?4-2as
and s = §(u+-o)t.

EXAMPLE (i)

A train which is moving with uniform acceleration is observed to
take 20 and 30 s to travel successive 400 metres. How much farther will
it travel before coming to rest if the acceleration remains uniform?

We do not know what the initial velocity of the train is, but we
are given two distances and two times.
The train goes 400 m in 20 s.
400 = 20u+31a X 400 ]

-where » ms~! is the velocity at the beginning of the first 400 m, and
a ms—? is the acceleration.

It also goes 800 m in 50 s.
800 = 50u+-1a x 2500 (i)
O 2u+20a = 40
and Su--125a = 80
whence a = —4/15
and u = 68/3.

We can now find the whole distance (including the two 400 m)
travelled before coming to rest, for if thisis s m

68 8
0=9—15°¢
682x 15
= =3 = 963-3
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.. the further distance travelled is
963-3—800 = 163-3 m.

Note.—In cases like this, where the times taken to travel successive
distances are given, write down one equation for the first dis-
tance, and the second equation for the sum of the two distances.
If we consider the second 400 m separately we have to use a
different value for the initial velocity from that at the beginning
of the first 400m. '

EXAMPLE (ii)

A train moves 3-6 km from rest to rest in 3 min. The greatest speed
18 90 km k2, and the acceleration and retardation are uniform. Find the
distance travelled at full speed.

It must be noticed that we are not told that the acceleration and
retardation are equal.

Let s,, t, be the distance and time for which the acceleration is a,.

Let s,, £, be the distance and time for which the retardation is a,.

Let &, t be the distance and time at uniform speed.

Using km and h as units we get
90 = a)f; and 8; = ja,
Similarly, 90 = ag, and s, = 90{,—{a.tl,?
= 90¢,— 451,
= 45i,.
Also 8 = 90t
y 8, +8-+8; = 454,490t {-45¢, = 3-6
. t,+2t+t, = 0-08.
Also t,+t+t, = 0-06 since 3 min = 0-05 h.
t =003
.. the distance travelled at full speed = 90X 0-03 km
= 2-7 km.

The data do not enable us to find ¢,, #,, etc., separately.

BEXAMPLE (iii)

If an express train reduced speed from 96 kmh~ to 24 kmh~! in
0-8 km, for how long were the brakes applied, and how much longer
would i take to come to rest?

We must, of course, assume that the retardation due to the
brakes is uniform ; let this be a kms—2,
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Using v? = u34-2as
we get 242 = 962116 a

. _ 962242  120XT72

o C=——18"=""Ts8 = —5400,
Using 0 = u-at
we get 24 = 96—5400¢

. e— 72 ——

.o t= mh = 488,

To find the additional time ¢’ h taken to come to rest, we have
0 = 245400t

. p_ %A _ 4

t = 5400 — 900

Additional time = 4 h=16s.

900

EXAMPLE (iv)

A cyclist riding at 18 kmh= passes a motor car just as it begins to
move in the same direction. The car maintains an acceleration of
0-4 ms~2 for 20 8, and then moves uniformly. How far will i have run
before overtaking the cyclist?

The distance moved by the car during the 20 s is given by
§=14 X 04 x 400 =80m
The velocity at the end of this time is given by
v=04 X% 20 =8 ms?
The speed of the cyclist is 18 < 10%/3600 ms—! = 5 ms!
and the distance moved by the cyclist in this time is therefore 100 m.
The velocity of the car relative to the cyclist is 3 ms—?

.. to gain 20 m on the cyclist it takes Z,?— 8, and in this time it

will have gone % m, or 133} m altogether.
EXAMPLES 2.1

1. A train starts from rest at a station, and travels with uniform
acceleration 1-2 ms—2, What is the speed of the train after
30 8, and how far has it travelled ?
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2.

10.

11.

12.

A body starts from rest with uniform acceleration, and in 10 8
aoquires a speed of 156 ms—2, What is its acceleration and how
far has the body travelled in the 10 s?

. A motor car travelling at 54 kmh-? is brought to rest with

uniform retardation in 5 s. Find ite retardation and the distance
it travelled in this time.

. A body has an initial velocity of 100 ms~! and is subject to a

retardation of 2 ms—2. At what time will its velocity be zero, and
how far will it then have travelled ? B

. A motor car, starting from rest and moving with uniform

acceleration, goes 9-5 m in the 10th s after starting. Find the
acceleration of the car, and the distance covered during 5 s from
the start.

. A body moves with uniform acceleration for 3 s and describes

27 m; it then moves with uniform velocity and during the next
5 s describes 60 m, Find its initial velocity and its acceleration.

. A car increases its speed from 18 kmh~! to 72 kmh~! in & distance

of 50 m, the acceleration being uniform. Find the acceleration
and the speed when the car has covered 25 m of the distance.

. A train approaching a station does two successive half-kilometres

in 16 and 20 s respectively. Assuming the retardation to be
uniform, find the further distance the train runs before stopping.

. A train is uniformly accelerated and passes successive kilometre

marks with velocities 10 kmh—! and 20 kmh—? respectively.
Calculate the velocity when it passes the next kilometre mark,
and the times taken for each of these two intervals of 1 km.
(H.S.D.)
A train is timed between successive posts A, B, and C, each 2
km apart. If it takes 100 s to travel from A to B and 150 s from
B to C, find the retardation of the train, assuming that it re-
mains uniform after the point A. Find also how far beyond C the
train travels before it stops.
A particle moves in a straight line, with an initial velocity and
a uniform acceleration. Find how far it travels in 12 s, given that
it travels 48 m in the first 6 s and 32 m in the last 2 s. Find also
the initial velocity.

A particle starts from rest and moves in a straight line with uni-
form acceleration. In a certain 4 s of its motion it travels 12 m
and in the next 5 s it travels 30 m. Find (i) its acceleration, (ii)
its velocity at the start of the timing, (iii) the distance it then
had travelled.
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13. A cage goes down a mine shaft 675 m deep in 45 5. For the
first quarter of the distance only, the speed is being uniformly
accelerated, and during the last quarter uniformly retarded, the
acoeleration and retardation being equal. Find the uniform speed
of the cage while traversing the centre portion of the shaft. (I.A.)

14. A train, starting from rest, is uniformly accelerated during the
first 4 km of its run, then runs 1-5 km at the uniform speed
acquired, and is afterwards brought to rest in } km under
uniform retardation. If the time for the whole journey is 5 min,
find the uniform acceleration and the uniform retardation.

15. A particle starts-from rest with a constant acceleration which
ceases after an interval. It then moves uniformly at 5 ms-! for
10 s, after which it is uniformly retarded and is brought to rest.
If the whole motion occupies 16 s, find the distance traversed.
The initial acceleration being 15 ms2, find the final retardation.

16. A body, moving in a straight line with constant acceleration,
passes over distances a, b, and ¢ in equal consecutive intervals
of time ¢. Find (i) the relation between a, b, and c¢; (ii) the
acceleration of the body; (iii) its velocity at the start of the part
a of its path. (H.8.D.)

17. The cage of a pit performs the first part of its descent with
uniform acceleration @ and the remainder with uniform accelera-
tion 2a. Prove that, if 4 is the depth of the shaft, and ¢ the time
of descent, A=}att. (LE.)

18. A particle moving in a straight line with uniform acceleration a
passes a certain point with velocity . Three seconds afterwards
another particle, moving in the same straight line with constant
acceleration $ a, passes the same point with velocity $u. The first
particle is overtaken by the second when their velocities are
respectively 81 and 9-3 ms™2. Find the values of u and a, and
also the distance travelled from the point. (IL8.)

19. The brakes of a train are able to produce a retardation of
1-2 ms—2. If the train is travelling at 90 kmh~1, at what distance
from a station should the brakes be applied, if it is desired to
stop at the station ? If the brakes are put on at half this distance,
with what speed will the train pass the station ? (H.8.D.)

20. A cyclist A riding at 16 kmh! is overtaken and passed by B
riding at 20 kmh=1. If A immediately increases his speed with
uniform acceleration, show that he will catch B when his speed
is 24 kmh, If, when he has increaged his speed to 22 kmh-1, he
continues to ride at this speed and catches B after he has gone
200 m, find his acceleration. - (LE.)
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21.

26.

Two points P and Q move in the same straight line, being
initially at rest and Q being 18 m in front of P. Q starts from
rest with an acoceleration of 3 ms—3, and P starts in pursuit with
a velocity of 10 ms—! and an acceleration of 2 ms™%. Prove that
P will overtake and pass Q after an interval of 2 s and that Q
will in turn overtake P after a further interval of 16 s.

. A lift ascends with constant acceleration a, then with constant

velocity, and finally stops under a constant retardation a. If the
total distance ascended is s, and the total time occupied is ¢,
show that the time during which the lift is ascending with
constant velocity is {t*—(4s/a)}'. (H8.D.)

. A point moving in a straight line describes 16 m in the 2nd s

of its motion, 28 m in the 5th s, 52 m in the 11th s. Prove that
these distances are consistent with the supposition that the
motion of the point is uniformly acoelerated; also find the whole
distance described in 10 s from the beginning of the motion.

(H.C.)

. A point moving in a straight line covers 12 m, 18 m, and 42 m

in successive intervals of 3 s, 2s, and 3 s. Prove that these
distances are consistent with the suppogition that the point is
moving with uniform acceleration. (1.A)

. A body starts with velocity » and moves in & straight line with

oconstant acceleration a.

If when the velocity has increased to 5u the acceleration is
reversed in direction, its magnitude being unaltered, prove that
when the particle returns to its starting-point its velocity will
be —T7u. (I.A.)
The two ends of a train moving with constant acceleration pass
a certain point with velocities u and v. Find in terms of  and v
what proportion of the length of the train will have passed the
point after a time equal to half that taken by the train to pass
the point. (LE.)

. A particle is moving in a straight line, and is observed to be at

a distance a from a marked point initially, to be at a distance b
after an interval of # 8, to be at a distance ¢ after 2z s, and at a
distance d after 3n 8. Prove that if the acceleration is uniform

d—a = 3(c—b),
and that the acceleration is equal to

c+a—2b,
”i ’

find also the initial velocity. (L8.)
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28. A train starts from A with uniform acceleration 0-15 ms—2,
After 2 min the train attains full speed, and moves uniformly
for 11 min. It is then brought to rest at B by the brakes produec-
ing a constant retardation 1:5 ms—3. Find the distance AB.

(H.C.)

29. A particle traverses a distance of 300 m in a straight line at an
average speed of 4 ms™?, starting from rest and finishing at
rest. It moves with a uniform acceleration for the first 10 s,
and is brought to rest by a uniform retardation in the last 20 s
of its motion, and moves at a uniform speed during the rest of
its motion. Find the acceleration and retardation. (H.C.)

30. Prove that, if a particle moves with a uniform acceleration, the
spaces described in consecutive equal intervals of time are in
arithmetical progression.

It is observed that a particle describes 396-9 m in 3 8, 392:0 m
in the next 4 s, and 269-5 m in the next 5 s. Show that this is
consistent with the particle moving with uniform retardation
and find the time before it comes to rest. (IS.)

31. A train starting from rest travels the first part of its journey with
constant acceleration @, the second part with constant speed v,
and the third part with constant retardation a’, being brought -
thereby again to rest. If the average speed for the whole journey
is §v, show that the train is travelling at constant speed for
three-quarters of the total time. Find also what fraction of the
whole distance is described with constant speed. (IS.)

32. A train passes another on a parallel track; the first is running at a
uniform speed of 60 kmh-2, and the second is running at a speed
of 15 kmh1, with an acceleration of 0-156 ms—2. How long will it
be hefore the second train catches the first again, and how far
will the trains run in the interval ? (Q.E.)

2.9. Acceleration of falling bodies
When a heavy body is falling towards the earth it is well
known that its speed increases as it falls, or that it moves with
an acceleration.
It has been shown by numerous experiments that, if the
body is free from air resistance, this acceleration is uniform.
The earliest experiments were carried out by Galileo (1564~
1642), who laid the basis of the science of dynamics. His work
was continued and developed by Newton (1642-1727), who put
forward the theory of gravitation to account for not only the
motion of a body near the earth’s surface but also for the motion
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of the moon about the earth, and of the earth and other planets
about the sun.

The acceleration of a body falling freely (that is, air resist-
ance neglected) near the earth’s surface is now known as the
‘acceleration due to gravity’, and is denoted by g. At any given
place its value is the same for all bodies, whatever their size and
chemical composition, but it varies with altitude and from place
to place over the earth’s surface.

Tts numerical value in metre-second units in the latitude of
London is about 9-81. At the equator it is about 9-78.

In centimetre-second units the value in London is about 981,
and at the equator about 978.

(In numerical examples, unless otherwise stated, the value
of g may be taken as 980 cms™ or 9-8 ms-2; the motion may be
supposed to be in vacuo.)

2.10. Vertical motion under gravity

When a body is projected vertically upwards we regard the
upward direction as the positive direction, and the body will
experience a retardation or negative acceleration g. We shall,
for simplicity, assume that g is constant, that is, we shall neglect
the variation of g with height, and also the resistance of the
atmosphere. If u is the initial velocity of projection the equa-
tions for motion with uniform acceleration thus become

v =u—gt (@)
s = ut—}gt? (i)
v? = u?—2gs. (i)

2.11. At the highest point it is clear that the velocity » must be
zero, so that by putting v = 0 in equation (i) we get the time
taken to reach the highest point;

0 = u—gt or t = ufg.

If ¢ is greater than u/g, v is negative and as ¢ increases v
increases numerically, that is, after reaching the highest point
the body begins to descend, and its speed increases.

Equation (iii) gives the greatest height, for putting v = 0
we get:

0 = u2—2gs or 8 = u?/2g.

The greatest height attained is u?/2g.
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2.12. The velocity on returning to the point from which it was

projected is given by putting 8 = 0 in equation (iii), and then
v = 4?

ie. v= 4u.

The + sign gives the velocity on starting, and the — sign
the velocity on returning to the point of projection. The mag-
nitude is the same as that of the velocity of projection, but the
body is now moving downwards.

2.13. The time of flight is obtained by putting s = 0 in equation
(ii), and this gives

0 = ut—igi?

t=0ort=2ufg.

There are two values of ¢ corresponding to the height s = 0;
the value ¢ = 0 obviously refers to the time of projection, while
the value 2u/g gives the time required to return to the point of
projection, i.e. the time of flight.

Notice that this is twice the time to the greatest height.

For any given height (less than the greatest) above the
point of projection equation (ii) will give two values of £, one the
time taken to reach that height on the way up, the other the
time on the way down.

2.14. If we require the time taken to reach a point below the
point of projection (when the body is projected upwards) we
need not find the time up and down to the point of projection,
and then the time taken to reach the point below. We simply
substitute the distance below the point of projection for s in
equation (ii), giving it a negative sign, as in the following
example:

A body 18 projected vertically upwards with velocity 21 ms—1:
how long will it take to reach a point 280 m below the point of
projection?

Using 8 = ut—3gi?
and 8= —280,u=2l,g=98
—280 = 21t—4-9¢2

4-962—21t—280 = 0
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73—306—400 = 0 '
(t—10)(7¢+40) = 0
t = 10ort = —40/7.

The latter value is obviously mposmble, and the required time
is 10 s.

2.15. Velocity due to falling a given vertical distance from rest.
The positive direction is now taken downwards, and the

equation of motion is

v? = u?2gs.
Since the body starts from rest » = 0, and hence the velocity
acquired in falling a distance 4 is given by

v® = 2gh

v = v/(2gh).
Thls is also the velocity required to take the body to a height A
when projected vertically upwards.

EXAMPLES 2.2.

1. A body is projected vertically upwards with a velocity of 17-5
ms™1; find (i) how high it will go; (ii) what times elapse before
it is at & height of 10 m.

2. A body is projected vertically upwards with a velocity of 24-6
ms™1; find (i) when its velocity will be 4-9 ms™; (ii) how long it
takes to return to the point of projection; (iii) at what times it
will be 19-6 m above the point of projection.

3. A body falls from rest; find (i) how far it will fall in 10 s; (ii)
how long it takes to fall 100 m; (iii) its velocity after falling
100 m.

4. A body is projected vertically downwards from the top of a

- tower with a velocity of 40 mst, and takes 3 8 to reach the
ground. What is the height of the tower?

5. A body is projected vertically upwards with a velocity of 35
ms1, Find (i) how long it takes to reach its highest point; (ii)
the distanoe it ascends during the 3rd s of its motion.

6. A body falls from rest from the top of a tower, and during the
last second it falls fs of the whole distance. Find the height of the
tower.
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7. A body is projected vertically upwards with a certain velocity,

and it is found that when it is 400 m from the ground it takes
8 s to return to the same point again. Find the velocity of
projection and the whole time of flight.

8. A block falls from a mast-head, and is observed to take % s in

falling from the deck to the bottom of the hold, a distance of
7-5 m. Calculate the height of the mast-head above the deck.
(I8.)

9. If a stone falls past & window 2-45 m high in 0-5 s, find the

height from which the stone fell. (H.C.)

10. A ball is thrown vertically upwards with a velocity of 21 ms?;

find its height when it is moving at the rate of 14 ms1, and find
the time between the instants at which it is at this height. (H.C.)

11. A particle projected vertically downwards descends 100 m in

4 s, Show that it describes the last 30 m in about 0-7 s.

12. A particle is projected vertically upwards and at the same

instant another is let fall to meet it. Show that, if the particles
have equal velocities when they impinge, one of them has
travelled 3 times as far as the other. (H.C.)

13. A ball is thrown vertically upwards with a speed of 42 ms-1.

Find where it is after 5 s, and the total distance it has actually
travelled. If it falls past the point of projection into a well of
depth 70 m, find when it strikes the bottom. (N.U.3)

14. A body is projected vertically upwards with an initial velocity

of 28 ms2. Find the height to which the body rises.

Another body is projected vertically upwards 2 s after
the first with an initial velocity of 21 ms1; find when the two
bodies are at the same height, and find also the velocity of each
body at this instant.

15. A particle is projected vertically upwards, and ¢ s afterwards

another particle is projected vertically upwards with the same
initial velocity. Prove that their velocities when meeting will be
each % gt. (H.8.D.)

18. A particle is projected vertically upwards with a velocity of

% ms, and after ¢ s another particle is projected upwards from
the same point and with the same initial velocity. Prove that the
particles will meet after & lapse of

t u
(s+5)

from the instant of projection of the first particle. (H.8.D.))
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17. A particle is projected vertically upwards with a velocity of u
ms-1, and after an interval of ¢ s another particle is projected
upwards from the same point and with the same initial velocity.
Prove that they will meet at a height of

3__ g%
fi 8;’" m. (LE)
18. A man on the top of a tower of height 36 m holds his arm over
the side of the tower and throws a stone vertically upwards with
a speed of 14 ms~2. Find (i) the height above the ground or
the highest point reached by the stone, (ii) the speed of the
stone when it reaches the ground, (iii) the time that the stone
was in the air.

2.16. Motion down a smooth inclined plane

Let ABC (Fig. 2.4) represent the vertical section of a smooth
plane inclined at an angle « to the horizontal, and P a particle
on the plane.

A

% .

< 8 \geose

B °C

Fia. 2.4

The line AB represents a line of greatest slope on the plane.
The acceleration g of a particle falling freely can be resolved into
two components:

(i) an acceleration g sin « down the plane;
(ii) an acceleration g cos « perpendicular to the plane.

It is obvious that the plane prevents motion perpendicular
to itself, so that the particle P must move down the plane with
acceleration g sin a.

If 1 is the length of the plane AB the speed acquired in
gliding from rest from A to B is obtained from the equation
‘ v® = ud4-2as
by putting « = 0, a = g sin «, and s = 1.

v? = 2g 8in & X ! = 2gh, where & = AC.

v = +/(2gh).
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It is therefore the same as the speed acquired in falling freely
through a vertical height equal to that of the plane. The time
taken to slide down AB is not the same, however, as that taken
to fall freely through AC.
The time taken to slide down AB is obtained from the
equation
8 = ui+fat®
by putting s=1],u=0a=gsina.
. - l=}gsina X 82
t = /(2Hg sin ).
The time taken to fall from A to C is given by

h = lgBort = +/(2hg) = v/{(2}sin a)/g).

If the particle is projected up the plane we simply use the
ordinary equations of motion and put @ = —g sin «.

If the particle is made to slide down the plane in a direction
inclined to a line of greatest slope (e.g. in a smooth groove) the
acceleration is no longer g sin «, but g sin « cos B, where f is the
inclination of the direction of motion to the line of greatest slope.

EXAMPLE
A particle is projected (a) upwards, (b) downwards, on a plane inclined
to the horiozntal at 30°; if the instial velocity be 5 ms™ in each case,
Jind the distances described and the velocities acquired in 4 s.

(a) For motion up the plane we have

v = u—g 8in 30°¢

and 8 = ut—}g sin 30° ##
v =5—}(98)4 = —14:6
and 8 =5x4—3(98) X } X 16 = —10-2

i.e. the body is moving down the plane with a speed of 14-6 ms1, and
is 19-2 m below the point from which it started.

(6) For motion down the plane
v= u--g sin 30° ¢

and 8 = ui-+}g sin 30° £*
v =5+}98)4 = 24:6
and 8 = Bx4+}(98) X } X 16 = 50:2
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i.e. the body is moving down the plane with a speed of 24:6 ms—!
and has gone 59-2 m down the plane.

2.17. The time taken by a body to slide down any smooth chord of
a vertical circle, starting from the highest point, or ending at the
lowest point of the circle, is constant.

Let AB (Fig. 2.5) be a diameter of a vertical circle, of which
A is the highest point and AC any chord.

F1a. 2.6

Let LBAC =0, and AB=d, then AC= AB cos § =
d cos 0.

The acceleration down AC is g cos 6, and the time ¢ taken to
slide down AC from rest is obtained from

8 = ut+}at®
byputtmg s=dcosf,u=0,a=gcos b
dcos 0= 4gcos 6 X ¢
2 = 2dfg
t = v/(2d/g).
Now, this is independent of 8, and is the same as the time
taken to fall vertically from A to B.
The time taken to slide down all chords of the circle from
A is therefore the same.
Let DB be any chord ending at B, and LABD = a.
The length of BD is d cos «, and the acceleration down
BD is g cos a.
The time taken to slide down DB from rest is therefore
given by
dcosa=4gcosa X2
# = 2djg
t = +/(2dfg),

the same value as before.
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EXAMPLES 2.3

1.

2.

3.

A particle is projected with a velocity of 20 me—? up a smooth
inclined plane of inclination 30°; find the distance described up
the plane, and the time that elapses before it comes to rest.

A particle sliding down a smooth plane, 3-6m long, acquired a
velocity of 6 ms—! from rest; find the inclination of the plane.
A particle slides from rest down a smooth inclined plane which is
12 m long and 2-7 m high. What is its velocity on reaching the
bottom of the plane, and how long does it take to get there ?

4. Two particles start together from a point O and slide down

10.

smooth straight wires inclined at angles 30°, 60° to the vertical,
and in the same vertical plane and on the same side of the
vertical through O. Show that the relative acceleration of the
second particle with respect to the first is vertical and equal
to g/2. (I8.)

. A smooth inclined plane of length ! and height 4 is fixed on a

horizontal plane. Find the velocity with which a particle must
be projected down the plane from the top in order that it may
reach the horizontal plane in the same time as a particle let fall
vertically from the top.

. A long hollow straight tube AB, smooth inside, lies fixed on an

inclined plane at an angle g with the lines of greatest slope, these
being at an angle « to the horizontal. A smooth particle is put in
at the upper end A and allowed to slide down. Find the distances
it travels in ¢ s, and the locus of all such points for different
values of B, the end A always remaining at the same place.
(H.S.C.)

. A right-angled triangle is placed with the side BC borizontal,

and the side BA pointing vertically down; give & geometrical
construction for finding the line of quickest descent from B to
the hypotenuse AC. (H.S.C.)

. A particle slides down a smooth chord of a vertical circle ending

in the lowest point. Show that the velocity acquired varies as
the length of the chord.

. A particle slides down a smooth chord of a vertical circle,

starting from one end of the horizontal diameter. Show that the
time taken varies as the square root of the tangent of the
inclination of the chord to the vertical.

Show how to divide a line of greatest slope of a smooth inclined
plane into three parts, so that a particle started from rest at the
top may traverse them in equal times.
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2.18. Motion in a straight line with variable acceleration

When the acceleration is variable, but follows some known
law, we can obtain the equation of motion in the same way as
for the simple case of uniform acceleration, i.e. by equating
d2s/d® to the expression for the acceleration. The integration
required to obtain the solution may be simple; in other cases
only an approximate solution may be possible.

In some cases, especially those where, instead of a definite
law, we are given a series of values of distances and times, or
velocities and times, graphical methods may be used. We plot
graphs connecting the quantities given, and obtain from them
the other quantities associated with the motion.

There are several graphs which can be used in this way.

2.19. Space~time curve

We have shown earlier (1.8) that if we plot successive intervals
of time along one axis, and the corresponding distance from
some fixed point parallel to the other, we obtain a curve,
known as the space-time curve (Fig. 1.3).

From this curve the distance gone in any time-interval
can be read off directly, but further, the slope of the curve at
any point P equals the speed at the instant corresponding to P.

Hence, by finding the slopes at different points on the curve
we obtain the speeds at different times.

If we then plot the speed and time as in the next paragraph
we get the speed—time curve, and we shall show that we can
find from this the acceleration and the distance travelled.

Y P 8
v

A
° MN ¢ %
Fi1c. 2.8
2.20. Speed-time curve

If we plot successive intervals of time along OX (Fig. 2.6) and
the corresponding speeds parallel to OY we shall obtain a
curve APB, known as the speed-time curve.
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If PM is the ordinate at P, then PM represents the speed at
the time represented by OM.

Further, the slope of the curve APB at any point gives
dv/dt, and hence equals the acceleration at the instant corres-
ponding to that point.

When the acceleration is uniform the curve is a straight
line, and conversely.

If we take a point Q (Fig. 2.6) very close to P and draw the
ordinate QN so that MN = 3¢, then the area of the strip PMNQ
is very nearly PM x 8 = vd¢, where v is the value of the speed
at P, and this product represents the space described in the
interval 8¢.

Hence, the space described between any two times ¢, and ¢,
equals the area under the curve APB between the ordinates at

t, and 5, and can be written | v dt.
4

The units of this area are clearly speed X time, which equals
distance.

Further, the magnitude of this area divided by ({,—¢;)
gives the average speed throughout this interval.

When tLe acceleration is uniform and equal to a the curve
AB is a straight line (Fig. 2.7), and the space described in time

Y B
P
va

A L
(o] M % X
Fi1a. 2.7

¢t (= OM) is the area OMPA = APAL-}-rectangle OMLA. Now
OA = u, the initial speed, and PL = a¢, the increment in speed
in time ¢,

APAL = lat xt
and area OMLA = wu

o space = ui--4aé?
in agreement with formula (ii), 2.8.
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Thus from the speed-time curve can be found:

(i) the speed at any instant by direct reading;
(ii) the acceleration at any instant by finding the gradient of
the tangent to the curve corresponding to this instant; and
(ili) the distance gone in any time-interval by finding the area
under the curve between the two ordinates corresponding

to the beginning and the end of the interval.

2.21. Acceleration-time curve

If we plot time along OX (Fig. 2.8) and the corresponding
values of the acceleration parallel to OY we get the acceleration—

Y , 8
al

A
° MN ¢ X
Fia. 2.8

time curve APB. The ordinate PM gives the value of the ac-
celeration a at time OM == ¢. If we take a point Q on the curve
close to P and draw the ordinate QN so that MN = §¢, then the
area PMNQ is very nearly equal to a 8¢, and this represents the
change in speed in the interval 5.

The change in speed between any two times f, and ¢, is
therefore the area under the curve APB between the ordinates
at ¢, and £,, and can be written

[.a,dt.

In the case of uniform acceleration, the acceleration—time
curve is a straight line parallel to the time-axis. Any other
curve corresponds to variable acceleration.

2.22. EXAMPLE (i)
Draw the speed—time graph of a point describing a straight line with
uniform acceleration, and deduce the formula v* = u+2as.

If OA (Fig. 2.9) represent the initial speed, then, since the
increments in speed during equal intervals of time are the same, the

graph is a straight line AB.
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The height of any point P above A is equal to the acceleration
multiplied by the time represented by OM.
8

M C X
Time

Fi1a. 2.9

The area under the graph gives the distance travelled.

If BC represents speed v, then the area OABC represents the
distance s.

Now area OABC = }(0A+CB) x OC

and CB—O0A = aXx0C
oc - $B=04
5=} X (CB+OA)£CB—-OA)
__,(CB*—0A%) ,o*—u?
T a T i g
v? = u?+42as.

EXAMPLE (i)
A train staris from a station A to reach another station B, at a distance
¢ from A; the motion is at first uniformly accelerated for a given time t;
the velocity then remains constant for a given time t'; and is then
uniformly retarded for a time t''. Represent the motion n a diagram,
and by means of the diagram find the values of the acceleration and the
retardation.

Y

1

"
o t

tl

L]

of-----3>
B

X
Time ¢
Fie. 2.10
Let OABC (Fig. 2.10) represent the speed-time graph; then AB
is horizontal.
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Draw AD, BE perpendicular to OX.
Then ¢ = area OABC
= ADV{+3AD(E+E")
= }AD(+4"+-2)
- _
- t +‘n +2tl
Now the acceleration = the slope of OA
_AD
)
-2
T2
The retardation = the slope of BC
_BE
T EC
_ 2¢
- ‘Il(t+tl’+m’)

EXAMPLE (iii)

The speed—time graph of the motion of a car is shown in Fig. 2.11.
Find the accelerations of the car during the given interval. Also find
the average speed throughout the inlerval.

3 & 8

Speed ms™!
8

Fia. 2.11

Since OA is a straight line, the acceleration of the car in the first
30 s is uniform and of magnitude 66/30 ms—2.

For the next 30 s the speed is 66 ms—? throughout and the
acceleration is therefore zero.

From the instant ¢ = 60 to the instant { = 80 the speed falls
from 66 to 36 ms1, and the acceleration is uniform and of magnitude
(36—66)/20 = —1-5 ms2.
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For the last 20 s the acceleration is again uniform but of magni-
tude —36/20 ms~2,

The acceleration-time graph of the motion is shown in Fig. 2.12.

Now the average speed throughout the interval is the total
distance gone divided by 100 s.

o 2
“
£ '
T o}—t L 1 , Timeins
g 10 30 50 70 90
ERals
<
=21
Fia. 2.12

The total distance gone is represented by the area under the
speed-time curve, and hence equals

, 30 3343066420 X }(66-+36)4-20%18
that is, 4350 m.
g average speed throughout the interval = 43-5 ms™1

EXAMPLE (iv)
Theapeedofacaronatmckwfoundtobea.sywenmthefolbwmg
table. Find the distance travelled, and the initial acceleration.

Time in s 0 10 20 30 4 5 60
Speed in kmh-1 0 34 54 66 74 T8 80

The corresponding speed-time graph is drawn in Fig. 2.13.

r

Speed kmh™!

8 3 8 8

I oY,

i 1 1 ]
0 10 20 30 40 50
Timeins

o

1
60

Fie. 2.13
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The area under the curve equals the distance travelled, and this
can be calculated, using Simpson’s rule, as shown in the followmg
table:

Time Speed Factor | Product
0 0 1 0
10 34 4 136
20 54 2 208
30 66 4 264
40 74 2 148
50 78 4 312
60 80 1 80
Sum 18 1048

.. Distance travelled in 60 s.
= 60 x 1§42 units (s kmh?)

1048 1
= 60X~ X 2850 km
= 0-87 km, approximately.

The initial acceleration may be obtained by drawing the tangent
to the speed-time graph at the origin and finding its gradient. The
tangent is shown as the line OT in Fig. 2.13, and its gradient equals
42 kmh-? per 10 s.

42 000

Initial acceleration = 3800 % 10
= 1-2 ms? approximately.

This result is only approximate, for the tangent to the curve
cannot be drawn accurately.

ms—2

EXAMPLE (V)

Draw the speed—time curve for a body which moves in a strasght line
such that its speed, v ms™2, at time ¢ 3 i3 given by v = 44—t2. Describe
the motion of the body, and find its acceleration when t = 1, 2, and 4.
Find also its greatest distance from the starting-point measured in the
direction in which # started.

The values of v fort =0, 1, 2, 3, 4, 5a.replottede1g 2.14,
and the speed-time curve drawn. It is clear that the speed is initially
zero, increases to 4 ms—1 at ¢t = 2, then decreases to zero at ¢t = 4,
after which it continues to decrease indefinitely. Thus the body goes
forward until ¢ = 4, when it returns with constantly increasing
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To find the acceleration at time ¢ we write:
v=4—,
The speed at time (¢+-5¢) is given by
v4-8v = 4(t4-88)—(t+8t)2.
Sv = 486—28t—(8¢)2.
S Sv/dt = 4—2t—8¢.
Hence, do/dt = 4—2t.

Hence the acceleration at { = 1 is 2 ms2, at { = 2 is zero and at
t=4is —4 ms2,

', . , Timeins

1
NN
-2k

Fie. 2.14

Since the speed v is zero at ¢ = 4 and negative afterwards, the
body must begin to return towards the starting-point at the instant
¢t = 4. Hence the greatest distance travelled in the direction in
which it started is the distance gone in the interval t =0 tot ==4,
and is represented by the corresponding area under the speed-time
curve,

This area, using Simpson’s rule, is given by

0-+4(3)+2(4)+4(3)+0
1+44-2-+-4+1
that is, 32X 1% = 10%.
.. The greatest distance required is 10§ m.

Alternatively, using the calculus, we can write the distance gone
in the interval £ == O to ¢ = 4 as v

o= [ e

= (2P 78
= 32—-%

O — N W b n
i

Speed ms~!

x4,
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EXAMPLE (vi)

The acceleration of a particle t 8 after starting from rest is (26—1) ms~2.
Prove that the particle returns to the starting-point after 1} s, and find
the distance of the particle from the starting-point after a further 1} s.
Find also at what time afler starting the particle atiained a speed of
20 ms L.

If we draw the acceleration-time curve, which in this case is a
straight line, the area under the curve from ¢ = 0 to any instant
gives the speed at that instant. Alternatively, we can use the
calculus.

If the speed at time ¢ 8 is v ms~! the acceleration is dv/df ms=3,

so that
dofdt = 2¢—1.

Hence, v=it—t44
where A is a constant.

Since v = 0 when ¢ = 0, it follows that 4 = 0.

If we denote the distance gone at time £ s by s m we have

ds/dt = v = t*—i.

Hence, s = }3—§*+B
where B is a constant. B is zero, since 8 = 0 when ¢{ = 0.

We note that the particle is at the starting-point, that is, s = 0
when

J—32 = 0.
t=0o0rf.
Therefore the particle returns to the starting-point after 1} s.
The value of s after a further 1} s, that is, when ¢ = 3, is given by
s = JBP—13)° = 4.

Hence the particle is 4-5 m from the starting-point.
Again, the speed of the particle is 20 ms™ when

$B—t =20
: $#—t—20=0
(t—5)t+4) =0
y t=>5or —4.

Hence the particle has a speed of 20 ms™! after 6 s from the
start. (The value ¢ = —4 has no physical significance.)
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EXAMPLES 2.4

1.

Explain how the acceleration and the space covered may be
obtained from the velocity-time diagram of a particle moving
in a straight line.

The velocity-time diagram consists of two straight lines AB,
BC, where the coordinates of A, B, C are (0, 10), (10, 10), (20, 25),
the first coordinate in each case being the time in seconds and the
second coordinate the velocity in metres per second. Describe
the motion of the particle and find the total distance covered.

(H.C.)

. If a sprinter can start with a velocity of 6 ms~!, and run with

uniform acceleration, find, graphically, the greatest speed
attained in running 90 m in 10 s, and the necessary acceleration.
(I.A)

. A train approaching a station does two successive half-kilometres

in 16 and 20 s respectively. Assuming the retardation to be
uniform, draw a graph to show the variation of the velocity
with the time during this interval of 36 s. (H.C.)

. The distance between two stations is 1800 m. An electric train

starts from rest at one station with a uniform acceleration of
0-5 ms—2; it comes to rest at the other station with a uniform
retardation of 0-75 ms—2, and the speed for the intermediate
portion of the journey is constant. Sketch the general form of
the velocity-time graph, and find what the constant speed
must amount to if the journey is to be completed in 3 min.

(Q.E.)

. A car is running steadily at 10 ms™?; it then accelerates in

such & way that for 200 m the velocity increases by 1 ms—
for each 10 m traversed. The acceleration then ceasts. Draw
curves showing the relation of v to s and a to s. What does the
area of the latter curve denote ? (Q.E.)

. A train starts from rest with an acceleration of 0-3 ms—%, which

decreases uniformly with the time until the train is travelling
at full speed after 3 min. The train is then pulled up with a
uniform retardation, and is stationary after a further 1-2 min,
Plot the acceleration-time, velocity-time, and distance-time
graphs. Record the values of the retardation and distance from. -
the starting.point at the instant when the brakes are applied.

(Q.E.)

. A train starts from a station, and for the first km moves with a

uniform acceleration, then for the next 2 km with a uniform
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10.

11.

12,

13.

speed, and finally for another km with uniform retardation,
before coming to rest in the next station. The journey takes
4 min. Draw a graph showing how the speed varies with the
time, and from it find the maximum value of the speed.

. The speed of a train for the first minute of its motion is given by
the foHowing table:
Time in s 05 10 20 30 40. 560 60
Speed in ms—! 0 85 146 23 292 336 37 39

Find the distance travelled in the first minute and also the
time in which the train travels the first half of that distance.
(Q.E.)

. The relation between the velocity and the distance for a car

starting from rest is given in the following table:

Velocity inms—10 6 11 15 18 20-5 22-3 23-8 24-8 2565 26
Distanceinm 0 15 30 456 60 76 90 105 120 135 160

Plot the velocity-distance curve, and show how to obtain the
acceleration—distance curve from it. What is the acceleration in
metre-second units at the mean distance? (Q.E.)
The relation between distance and time for a car starting from
rest is given in the table: o

Time in s 0 10 20 30 40 50 60 70
Distance in m 0 36 160 395 660 880 1040 1160

Plot a distance-time curve, and deduce the speed-time and
acceleration-time curves for the first 60 s.

A car starts from rest, and its velocity at the end of intervals of
10 s during the first minute is 13, 20-5, 25, 28, 20-5, and 30 ms—
respectively.

Plot the velocity—time graph and derive the velocity—distance
graph. Thence obtain the mean values of the velocity during the
first minute (i) with respect to time, (ii) with respect to distance.

(Q.E.)
The speed of & train at intervals of 1 min in a journey of 8 min
are 0, 22, 42, 56, 60, 60, 52, 30, 0 kmh! respectively. Draw the
velocity—time graph, and estimate in kilometres the total dis-
tance travelled. Find the retardation in ms—2 at the end of the
journey.
The velocity, v ms—! of a car decreases with the time, ¢ 8, accord-
ing to the formula

v = 4013,



14.

15.

16.

17.

18.

19.

20.

ACCELERATION

Draw a velocity-time graph from ¢ = 0 to ¢ = 7. Find by
graphical methods the distance travelled from ¢ == 3to ¢ = 6 and
the mean retardation in the same interval of time. (N.U.3)

A train travelling at 37-5 ms—! has steam shut off and brakes
applied; its speed in ms! after ¢ s is given by the formula
v = 37-5 —t4-0-005¢2,
Draw a time-speed graph from ¢ = 0 to ¢ = 50. Find the
mean retardation during the 50 s and the instantaneous retarda-
tion at £ = 0. (N.U3)

[The following examples may be best solved by using the
calculus.)

The coordinate z m of a moving particle A at time ¢ s is given by
T = $-21343t—4.
Find the velocity and the acceleration of A at the instant ¢ = 4.

The acoeleration a of a particle P is given by a = 3¢—2. P starts
from rest at the origin O at time ¢ = 0. Find its velocity and its
distance from O at time ¢ = 4.

While a train is travelling from its start at A to its next stop at
B its distance z km from A is given by z = 90i2—45¢3, where
¢ hours is the time taken. Find in terms of ¢ its velocity and its
acceleration, after time ¢.

Hence find (i) the time taken in travelling from A to B,
(ii) the distance AB, (iii) the greatest speed attained.
A particle is travelling along a straight line with a speed given
by (3t3—4¢+3) ms2, where ¢ s is the time measured from the
instant when the particle is 2 m in the positive direction from a
fixed point O on the line. Find its distance from O after 1 s and
also after 3 s. Find also its minimum speed.
The acceleration of a car ¢ s after starting from rest is
(75-+4+10¢—#2)/20 ms~* until the instant when this expression
vanishes. After this instant the speed of the car remains constant.
Find (i) the maximum acceleration, (ii) the time taken to
attain the greatest speed, and (iii) the greatest speed.
A particle is moving in a straight line and its distance, s m
from a fixed point in the line after ¢ s is given by

8 = 12t—15¢34-4¢3,

Find (i) the speed and acceleration of the parti'ole after. 3 s,
and (ii) the distance travelled between the two times when the
speed is instantaneously zero.



CHAPTER THREE

FORCE, MOMENTUM,
LAWS OF MOTION

3.1. In the last chapter we dealt with motion without con-
sidering the cause of it. We bave now to consider the cause of
motion and changes of motion, and this introduces the idea of
force. We recognise forces by the effects they produce, such as
the tendency to alter the state of rest or uniform motion of
bodies. It is this effect with which we are concerned in Dyna-
mics, and we start from the following definition:

3.2. Force is any cause which produces or tends to produce a
change in the existing state of rest of a body, or of its uniform
motion in a straight line.

We are familiar in everyday life with examples of bodies in
motion under the action of forces. A garden roller at rest on
the lawn can be moved by pulling at the handle; the application
of this force accelerates the roller, and its speed can be changed
at will by varying the magnitude of the force. The roller can,
of course, be brought to rest again by applying a force opposite
to the direction of motion. It is clear that a force has magnitude
and direction, and is therefore a vector quantity.

Many other examples of the effects of forces suggest them-
selves. If a football is kicked it begins to move in the direction
of the kick ; the harder the kick, the greater the immediate speed
of the ball. Or again if the ball is merely let fall it drops to the
ground and bounces back; what force controls the downward
and upward motions? Or if the ball is placed on the ground so as
to remain at rest, what forces then act on it?

We note that in all these examples two bodies are involved,
i.e. the roller and the person pulling at the handle, the football
and the kicker’s boot, the ball and the earth. In each case the
bodies are acted upon by mutual forces; we say that there is an
action on one of them and & reaction on the other. If we are
considering only one of the bodies we say that the force acting
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on it is external or smpressed; if we are considering both bodies
we refer to the forces (action and reaction) as internal forcea.
Usually the bodies are in contact, but in some cases, as with
the ball falling towards the earth or the moon moving around
the earth, they are at a distance.

It is therefore necessary to consider (i) how a body A will
move when left to itself; (ii) how the motion is affected by the
action of an external force; (iii) if this external force is due to
another body B, how the action of B on A is related to the
reaction of A on B.

The answer to these questions is given in Newton’s Lawsa
of Motion, but before enunciating these we requlre one or two
definitions.

3.3. The Mass of a body is the quantity of matter in the body.

It is clear that this definition, used by Newton himself, is
not satisfactory. What do we understand by ‘quantity of
matter’ ¢! Matter we are all familiar with and we can take it as
a basic concept, not requiring definition, but ‘quantity’, which
does not mean ‘volume’, is more difficult to appreciate.

However, by the ‘quantity of matter’ in a body or its ‘mass’
is meant a fundamental physical property of the body which we
encounter when we attempt to change the motion of the body,
that is, when we apply a force to it. We shall see later (3.11)
that Newton’s fundamental postulates, known as Newton’s
Laws of Motion, lead to a method of comparing the masses of
two bodies. In fact, it will be shown that the ratio of their
masses is the same as the ratio of their weights. Thus if
the mass of one is known, which may be taken as the funda-
mental unit of mass, the mass of any other body may be
found.

The fundamental unit of mass in the old British system,
known as the Imperial Standard Pound (1 lb), is of platinum
and in the form of a cylinder of height approximately equal to
its diameter. The SI unit of mass is that of the International
Prototype Kilogramme, which is made of platinum-iridium and
is also of simple geometrical form. This replaces the earlier
standard kilogramme, which was defined as the mass of a cubic
decimetre of water at a given temperature and pressure. The
symbol for kilogramme is kg.
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Tt should be noted that mass has magnitude only; it is &
scalar quantity.

3.4. The Linear Momentum of a particle is the product of the
mass of the particle and its velocily.

Often this will be referred to simply as its momentum.

If m is the mass of the particle and v its velocity the (linear)
momentum is mv. There is no special name for the unit of
momentum ; if 7 is in kg and v in ms~—! we say that the momen-
tum is mv SI units of momentum or mv kg-ms1.

It should be noticed that momentum is & vector quantity,
it possesses both magnitude and direction, i.e. mv in the direc-

- tion of v. If v has components v, and v, parallel to the axes OX
and OY the component momenta parallel to these axes are mv,
and mv, Similarly, if there are several particles the total
momentum of the particles is the vector sum of the separate
momenta. Thus, if we consider a body of finite size as a collec-
tion of particles the linear momentum of the body is given by
the vector sum of the linear momenta of the separate particles.
In the simplest case of a motion of translation of the body, that
is, when all the particles of the body are moving in parallel straight
lines with equal velocities v, the linear momentum of the body
equals the product of the total mass of the body and its
velocity v.

In general, of course, the motion of a body is not one of
translation; there is often a motion of rotation superposed. In
this case another quantity, known as the angular momentum, is
used to represent the rotational motion; we shall deal with this
later. For the present, if the body can not be regarded as a
particle we shall assume it is not rotating, so that its momen-
tum will be taken as the product of its mass and its velocity of
translation.

3.5. Newton’s Laws of Motion may be stated as follows:

1. Every body continues in a state of rest or of uniform motion n
a straight line, except in so far as it be compelled to change that
state by external impressed forces.

2. Change of momentum per unit time is proportional to the im-
pressed force, and takes place in.the direction of the straight line
in which the force acts. :
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3. To every action there is always an equal and opposite reaction;
or the mutual actions of any two bodies are always equal and
oppositely directed.

For the first two of these laws we owe much to Galileo, and
several of Newton’s contemporaries, particularly Huyghens,
contributed to their development, but Newton was the first to
put them into formal shape in his Principia, publlshed in 1686.
His own contributions were outstanding.

No strict proof of these laws, experimental or otherwise,
can be given.

They are the basic postulates or assumptions on which the
science of Newtonian Dynamics is based, and like other scientific
laws, they are justified only in so far as they lead to results in
agreement with observation.

- Of course, common experience confirms their truth in a
general way, but the stricter test of careful experiment and
observation must be applied.

For example, assuming the laws to be true, the motions of
the moon and the planets can be calculated and then compared
with observation. The positions of planets, the time of eclipses,
etc., are worked out and published in the Nautical Almanac
several years beforehand. The predicted places and times are
found to agree with observations remarkably well, and thus
provide excellent confirmation of these fundamental laws.

8.6. In many of these astronomical calculations another law
enunciated by Newton is assumed. This is called Newton’s Law
of Gravitation, and can be stated as follows:

Every particle of matter attracts every other particle of matter
with a force which varies directly as the product of the masses of the
particles and inversely as the square of the distance between them.

Thus the gravitational force F acting between two particles
of masses m, and m, at a distance r apart is given by

where G is a constant, known as the Constant of Gravitation.
G is found experimentally to be 6-670x 10~ in SI units.
Numerous experiments have been made to verify this law

directly, but the chief argument for its truth is again the agree-
ment with observation of the \various calculations based on it.
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It is of interest to note that certain astronomical observa-
tions which could not be accounted for by Newton’s laws,
including the law of gravitation, have received an explanation
on the Theory of Relativity first put forward by Einstein in 1905.
From this a new mechanics, starting from postulates quite
different from Newton’s, has been built up. The mathematical
expression of the laws of motion in this Relativity Mechanics
only differ appreciably from the corresponding expressions in
Newtonian Mechanics when the velocity of the particle is
very large, that is, comparable with the velocity of light;* for
ordinary velocities such as we commonly have to deal with the
two formulae agree closely, and the Newtonian system of
Dynamics, as we shall now develop it, is adequate. That this
is 80 is clear from the progress of physics in the two centuries
between Newton and Einstein.

Similarly, Newton’s Law of Gravitation is a good enough
approximation in most cases.

It should be noted that the force which acts on a body due
to the gravitational attraction of the earth is called its Weight.
This is a vector quantity; it acts vertically downwards.

3.7. The first law of motion’

This law is essentially a definition of force. It tells us that
force accelerates a body, and that only if there is no resultant
force acting on the body will it continue to move with uniform
velocity, that is, with uniform speed in a straight line.

This notion of force as held today is due to Galileo; it is not
by any means self-evident, otherwise we should not have had
to wait for its formulation until the seventeenth century, some
two thousand years after the heyday of Greek science.

Returning to the example of the garden roller mentioned in
3.2, let us consider what happens when we cease to pull at the
handle. If the lawn is level the roller, of course, slows down
and ultimately stops. The rate at which it slows down depends
upon various factors, for instance, on how well lubricated the
roller is and how soft or wet the lawn is, but in any case the
roller slows down as the result of certain frictional forces acting
at the axle and at the surface of contact with the lawn. These
forces are always present while the roller is in motion, so that

* The velocity of light in vacuo is 2-997 9256 X 10° ms™.
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the force applied to the handle, less these frictional forces, is the
force effectively moving the roller forward. The acceleration or
retardation of the roller can be changed at will by altering the
force applied, and when the force applied just balances the
frictional forces the roller will continue to move with uniform
speed. This helps us to appreciate why it is easier to keep a
roller moving with uniform velocity than to start it, which
involves giving the roller an acceleration.

Similarly, if a body is at rest on a horizontal table the
resultant force on it must be zero, that is, its weight vertically
downwards must be balanced by the thrust of the table on it
exerted over the surface of contact.

This first law is really a special case of the second law, as we
shall now examine.

3.8. The second law of motion

The second law enables us to define units of force and estab-
lish the fundamental equation of dynamics. Let a force whose
measure is F acting on a mass m produce an acceleration « in
the mass.

Then, by the second law,

F = k (rate of change of momentum)
where k is some constant.
F = k (rate of change of mv)

= km x rate of change of v (assuming m is
constant)

= kma.
F = kma, where k is some constant.

It is convenient to choose our unit of force so that k is equal
to unity, i.e. F = 1 when m = 1 and a = 1, and if we do this
our unit of force will be as follows:

The unit of force is that force which, acting on unit mass,
generates in it unst acceleration.

The fundamental equation then becomes

F = ma.

We note that when F = 0, a = 0 as stated in the first law.
Further F = ma is really a vector equation, i.e. the ac-
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celeration a is in the same direction as F, as stated in the second
. part of the second law (cf. 3.12). It should therefore be written

F = ma.

3.9. When the unit of mass was the pound, and the associated
units of length and time the foot and second, the unit force was
called a Poundal (abbreviated to pdl).

Similarly if the unit of mass is the gram, and the units of
length and time are the centimetre and second, the unit force is
called a Dyne.

In the SI system of units with the metre as the unit of
length, the kilogramme as the unit of mass and the second the
unit of time, the unit of force is known as the Newion.

Thus the newton (symbol N) is that force which acting on a.
mass of 1 kg produces an acceleration of 1 ms2,

F (newtons) = m(kg) a (ms™?).

3.10. The unit of force formerly used by engineers was the
Pound-weight (Ib-wt.), i.e. the force with which the earth
attracts a pound of matter. This unit is not constant, but has
different values at different parts of the earth’s surface.

Tt is known that bodies fall to the earth with an acceleration
denoted by g (cf. 2.9). This has different values in different
places, but in this country the value of g is about 9-8 in metre-
second units. '

Since the weight of 1 kilogramme produces an accelerafion
of 9-8 ms—2, the weight of 1 kg must equal 9-8 N. Alternatively,
the newton is equal to the weight of 0-102 kg.*

3.11. We have pointed out earlier (2.9) that it is found by
experiment that, at the same place, bodies of different masses
fall in a vacuum with the same acceleration g.

Hence, if W, and W, be the weights of masses m, and m, at
the same place, using F' = ma we get

Wy =myg

and - W, = myg.
Wi Wy = my/my,
i.e. the weights of bodies at the same place are proportional to
their masses.

* Ag someone has said, about the weight of & standard apple.
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This enables us, as Newton showed, to compare masses by
comparing their weights with an ordinary balance (see 3.3). If we
take the same set of standard masses or weights to different
places the mass of any given body will be found to have the
same value at all these plwes

On the other hand, a spring balance measures the strength
of the earth’s attraction on a body, i.e. its weight, and such a
balance will give different readings in different places with the
same body attached to it.

Thus mass is a fundamental constant of the body, the same
at all places, whereas the weight of the body varies from place
to place.

3.12. The second part of the second law implies the principle of
the Physical Independence of Forces. The change of momentum
produced by any force takes place in the direction of the straight
line which the force acts. If several forces act on a particle
each will produce its own change of momentum quite inde-
pendently of the others; the resultant change of momentum will
be the resultant of the separate changes produced by the
individual forces.

For example, if two forces F, and F, a.ct on a body of mass
m they will produoe acceleration a, and a, given by the equa-
tions

Fl = ”ml
and
F, = ma,

Adding F,}F, = m(a;+}a,), that is, F = ma, where F is
the resultant of the forces F, and F,, and a is the resultant of
the accelerations a, and a,.

It is clear that a must be in the same direction as F. This
can be shown geometrically as follows:

Fa F
A) A

(o} . Ay F
Fia. 3.1

Draw OA, and OA, to represent a, and a, respectively (Fig.
3.1). Then the diagonal OA of the parallelogram OA, AA,
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represents a. Suppose F, is the point in OA, or OA, produced
such that OF, = m(OA,); then OF, represents ma,, that is, F;.
Similarly, if F, is the point in OA, or OA, produced such that
OF, = m(OA,), then OF, represents ma,, that is, F,. If the
parallelogram OF,FF, be completed and the diagonal OF drawn,
then OF represents completely ma,+ma,, that is, F,+FsorF.

But from the geometry of similar triangles, we can show that
the diagonals OA and OF must lie in the same straight line and
that OF equsals m(OA), that is OF = mOA or F = ma.

We have really shown here, on the basis of Newton’s second
law, that since accelerations are compounded by vector addi-
tion, 8o are forces. This result is often stated as the Parallelo-
gram of Forces, which may be expressed as follows:

If two forces represented in magnitude and direction by two
straight lines OA, OB act on a particle placed at 0, their resultant
is represented in magnitude and direction by the diagonal OC of
the parallelogram OACB.

B C

o o A
Fic. 3.2

This is the fundamental theorem of Staties (see 10.5), which,
we note, has here been derived from Newton’s laws of motion.
It was, in fact, first clearly formulated in this manner by
Newton himself. :

3.13. The third law of motion

This law asserts that if two bodies B and C act on each other,
the action of B on C is equal and opposite to the reaction of
Con B.

Thus if a weight B is placed on a horizontal table C the
weight exerts a force downwards on the table, which we will
denote (Fig. 3.3) by A, the action of B on C. Similarly, the
weight B experiences a force upwards due to the table C, which
we will denote (Fig. 3.3) by R, the reaction of C on B.
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Newton’s third law states that 4 = R.

We note that the only other force acting on B is its weight W
vertically downwards. The other forces acting on the table C
are not specified, but there will certainly be vertical forces
acting upwards on the legs where they were in contact with the
floor. (If two bodies are involved it is always wise to use two
figures, indicating the forces acting on each body separately.)

R

:

B[] ] B8

1

Forces acting on the weight B.
Some of the forces acting
on the table C.

Fic. 3.3

In this as in most other cases we have no direct way of
proving that 4 and R are equal. It is possible, however, to give
a hydrostatical example where action and reaction can be
directly measured and shown to be equal and opposite.

For the present we emphasise that this third law, which we owe
to the genius of Newton, is justified in that the results based on it
agree with observation.

An interesting example of action and reaction is provided
by the motion of the moon about the earth. The action of the
earth on the moon is a gravitational pull which is responsible
for the moon moving about the earth in an approximately
circular path ; the reaction of the moon on the earth is an equal
and opposite gravitational pull which is responsible for pro-
ducing tides in the oceans. Another example of action and
reaction is the jet-propelled aeroplane. Air drawn in is com-
pressed and heated, and ejected through a nozzle. This back-
ward jet produces an equal and opposite reaction on the
aeroplane, which is thus propelled forwards.

We might note here that we shall deduce later, on the basis
of Newton’s third law, a very important principle in dynamics
known as the Principle of Linear Momentum. It may be stated:
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In any system of mutually atiracting or impinging particles
the linear momentum in any fixed direction remains unaliered
unless there is an external force acting in that direction.

This principle will be used in dealing with impulsive forces
in the next chapter.

3.14. In the equation F = ma, the force F and consequently -
the acceleration @ may be either constant or variable. o

For the present we shall consider cases where they are
constant, and where the motion takes place in a straight line.

3.15. Friction

In many problems it is assumed that the surface on which the

y is resting is smooth, that is, there is no force between
:ngmface and the body tending to prevent motion along the
surface. The only force acting on the body due to its contact
with the surface is normal to the surface. It is called the normal
reaction. This is, of course, an ideal case; in all actual cases
when a body is moved over a surface a force known as friction is
called into play which tends to prevent the body moving. It is
found by experiment that, when one body is moved over another
in contact with it, the force of friction tending to prevent
motion bears a constant ratio to the normal reaction between
the two surfaces, the value of this ratio depending only on the
nature of the surfaces in contact. This constant ratio is called
the coefficient of dynamical friction for the given surfaces. If R
is the normal reaction between the surfaces, F the force of
friction,

FI[R=por F=puR

where p is the coefficient of dynamical friction.
This result is true whatever the area of the surface in
contact. We shall apply it to a particle. :
If a body or a particle is moving on a horizontal surface
(Fig. 3.4), and not acted on by any other force inclined to the
horizontal the normal reaction

R=mg
and then F = pumg.
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If a particle is moving on an inclined plane of slope «, and

not acted on by other forces except in direotions parallel to the

plane, the reaction between the plane and the particle is

myg cos «
and then F = pmg cos a.

If there is any force, such as the tension of a string, tending
to pull the particle away from the surface, this reduces the
normal reaction and consequently the friction. Similarly the
friction is increased if the particle is acted upon by forces
tending to push it into the surface.

Fra. 3.4

3.16. EXAMPLE (i)

What force will give @ mass of 9 kg a velocity of 25 kmh=2 in 1 min?
‘We must find the acceleration necessary to produce this velocity

of 25 000/3600 ms™ in 60 s.

Using v = utat

25 000
3600 = 60a

y a= 25 ms3
** 216 '
The mass acted on is 9 kg, and the force required to produce the
acceleration g is therefore

F=9x2-21%N

25

ﬂN'

EXAMPLE (ii)
An engine and train weigh 203 Mg, and the engine can exert a pull

equal to the weight of 377 Mg. The resistance to the motion of the train
18 vy of its weight, and the brake power equals one-fifth of its weight.
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The train starts from rest and moves uniformly till it acquiresa velocity
of 40 kmh-; steam is then shut off and the brakes are put hard on.
Find the whole distance the train will have run before it comes to rest
and the whole time taken.

While the engine is pulling, the tractive force is 3-77x 1000 g N,
since 1 Mg = 1000 kg, and the resistance is 20310 g N.

. the resultant accelerating force is (3770—2030)g N = 1740 g N.

. . 1740%x98
S the acceleration = 503 5 1000 ms
= 0084 ms™2,
40 000

Since 40 kmh—! = 3600 ms-!, we have to find how far the

train goes in acquiring a velocity of 1(9)_0 ms—! with an acceleration of

0:084 ms—2,

Using 23 = u*-2as we get
100\*
(—9—) = 0-168 8
s = 10%/81 X 0-168
= 734-7 m.

To find the time taken we use v = u-+at and get

100
5 = 0084 ¢

t=1323s.
The retarding force is (T(l)—o+%) of the weight of the train, and
therefore the retardation is 0-21 X 9-8 ms=2, ‘
To find the distance s travelled in losing the velocity of %—0 ms,

we have
2
0= (1—39) —2%0-21x98s

s = 104/81x0-42X9-8
= 300 m,
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To find the time to come to rest we have

0= 1%0-021 %98 ¢

100
= 9x021x 98

The whole distance run == 764-7 m.
The whole time = 137-7 s.

Note. When a train is running with uniform velocity the resultant
force acting on it is zero, i.e. the pull of the engine must be just equal
to the resistances. If the pull is greater than the resistances the train
will accelerate.

If a body slides down an incline with uniform velocity the com-
ponent of its weight down the incline must be equal to the resistance.

¢ = 5§48,

EXAMPLE (iii)

A train travelling uniformly on the level at the rate of 48 kmh™1 begins
an ascent of 1 in 75. The tractive force that the engine exerts during
the ascent is the same as that exerted on the level. How far up the incline
will the train go before coming to rest? Assume that the resistance due
to friction, elc., is the same on the incline as on the level.

Since the train is moving uniformly on the level, the pull of the
engine is equal to the resistances.

On coming to the incline these forces still balance, but there is
now the component of the weight of the train down the slope
retarding it.

If m kg is the mass of the train the component of weight down
the slope is mg/75 N, and as this is the resultant force acting parallel
to the slope the retardation will be g/75 ms=2. The initial velocity is
48 kmh™1, that is, 48 000/3 600 ms™ = 40/3 ms™,

The distance s (in metres) travelled before losing this velocity is
given by

2 9 .
O=(40) 2x9-8

3) "¢
. _1600X75
S 8—_—_—9x19-6 = 680.

Distance travelled = 0-68 km.

EXAMPLE (iv)

An engine of mass 110 Mg is coupled to and pulls a carriage of mass
30 Mg ; the resistance to the motion of the engine is t}s of its weight;



3.15. FRICTION -]

the resistance to the motion of the carriage is thy of its weight. Find the
tension in the coupling if the whole tractive force exeried by the engine
is equal to the weight of 3 Mg.
We must first find the acceleration produced in the engine and
carriage.
< 110, 30
The total resistance e (m—{— fﬁﬁ) 103x9-8 N
= 1300x9-8 N.
The accelerating force = (3000—1300) 9-8 N
= 1700 x9-8 N.

The total mass ='140x10* kg

. . __1700x98
.. the acceleration = 120000 ms

= 0119 ms2,

. The accelerating force on the carriage is
30x103x0-119 N
= 3570 N.

But the accelerating force on the carriage = tension in coupling
—resistance. The resistance to the carriage

30
= E—ox 103x9-8 N = 1960 N

', the tension in the coupling
= (3570-+1960) N = 5530 N.

EXAMPLE (V)

y. | body,ofmaasmkg,iaplacedonahorizontalplanewhichismoving
with an upward vertical acceleration a ms~%. Find the reaction between
the body and the plane.

R
m

mg
Fia. 3.6
Let B N be the reaction between the body and the plane.
Since the body is moving upwards with an acceleration, it is evident
that R is greater than the weight mg.
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The resultant upward force acting on the body is (R—mg) N.

R—mg = ma

R = m(g+a).

If the plane be moving downwards with acceleration a the weight
mg is now greater than R. The resultant downward force acting on
m is (mg—R) N, and

mg— R = ma
_ R = m(g—a).
If in the latter cage @ = g, then R = 0, i.e. there is no reaction
between the body and the plane.

EXAMPLE (vi)

A rifle bullet passes through two planks in succession, and the average
resistance of the second plank is 50 per cent more than that of the first.
The initial velocity is 800 mst, and the bullet loses 160 mst in
passing through each plank. Show that the thickness of the planks are as
27:14. (LE.)

Since the resistance of the second plank is 50 per cent more than
that of the first, it will produce 1} times the retardation produced
by the first.

Let @ ms~2 be the retardation produced by the first, then 3a is
the retardation produced by the second.

Let s;, 3, m be their thicknesses, then we have

640% = 800%—2as,
and | 4802 = 640*—3as,
" 208, = 1440% 160
and 3asy= 1120 160

2, 144 _ 9
y 3, 112 7
. & _ 27
: 8 14

Note. In problems similar to that in Example (vi), great care
/nust be taken to distinguish the cases (@) when the body is moving
horizontally, and (b) vertically. .
- In (a) if u is the initial velocity, m the mass, s the distance
penetrated, R the average resistance, and a the retardation

0 = u®—2as, or a = u?/2s.
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Hence, R = ma = mu?/2s.
In (b) the first equation is the same,
0 = u*—2as,
but now the weight of the body mg is acting vertically downwards,

#0 that the resulfant relarding force is not R but R—myg, if the body
is moving downwards, and hence

R—mg = ma.

The resistance is greater by the weight of the body than in the
case where the motion is horizontal.

EXAMPLES 3.1

1. Find the acceleration produced when: (i) & force of 6 N acts on
s mass of 12 kg; (ii) & force of 6 N acts on a mass of 12 g.

2. What force acting on a mass of 12 kg will generate in it a velocity
of 16 kmh? in 5 min. ‘

3. A body of mass 100 kg is acted on by a force of 7 N. How long
will it take to acquire a velocity of 15 kmh—?

4. A ship of 10 000 Mg slows, with engines stopped, from 12 kmh™*
to 10 kmh~? in a distance of 90 m; assuming the resistance to be
uniform, calculate its value in newtons.

6. A truck is found to travel with uniform speed down a slope
which falls 1 m vertically for every 112 m length of the slope. If
the truck starts from the bottom of the slope with a speed of
18 kmh-1, how far up will it travel before coming to rest? (L.A.)

6. Find in newton per kilogramme the force exerted by the brakes
of a train travelling at 60 kmh—! which will bring it to rest in
half a km, and find the time during which the brakes act. (H.C.)

7. A force equal to the weight of 10 g acts on & mass of 218 g for-
5 8. Find the velocity generated and the distance moved in this
time.

8. Find the magnitude of the force which, acting on a mass of 1
kg for 5 s, causes the mass to move through 10 m from rest in
that time. '

9. The resistance to the motion of a train due to friction, ete., is
equal to y}y of the weight of the train. If the train is travelling on
a level road at 72 kmh-! and comes to the foot of an incline of
1 in 150 and steam is then turned off, how far will the train go
up the incline before it comes to rest? (H8.D.)



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

FORCE, MOMENTUM, LAWS OF MOTION

A train travelling uniformly on the level at the rate of 80 kmh-!
begins an ascent of 1 in 75. The tractive force that the engine
exerts during the ascent is constant and equal to 1}y of the
weight of the train, the resistance (due to friction, etc.) is con-
stant, and equal to 135 of the weight of the whole train. Show
that the train will come to a standstill after climbing for 2-5 km.

A body of mass 25 g is observed to travel in a straight line
through 369, 615, and 861 cm in successive seconds. Prove that
this is consistent with a constant force acting on the body. What
is the value of this force?

Some trucks, starting from rest on an inecline of 1 in 140, acquired
a speed of 25 kmh~? in 10 min. Calculate the resistance to the
motion of the trucks in N per kg mass of the trucks. (LE.)

A force equal to the weight of 1 Mg acts for 3 s on a mass of
5 Mg. Find the-velocity produced and the space passed over.

A mass of 10 kg rests on a horizontal plane which is made to
ascend: (i) with a constant velocity of 6§ ms; (ii) with a con-
stant acceleration of 5 ms—2; find in each case the reaction of the.
plane.

A man, of mass 70 kg, stands on the floor of a lift. Find the
reaction of the floor when the lift is (i) ascending, (ii) descending,
with a uniform acceleration of 4 ms—2,

A scale pan, onr which rests a mass of 50 g, is drawn upwards
with a constant acceleration, and the reaction between the mass
and the pan is found to be 0-5 N; find the acceleration of the
scale pan.

A body whose true weight was 13 N appeared to weigh 12 N
‘when weighed by means of a spring balance in a moving lift.
What was the acceleration of the lift at the instant of weighing?

: (LA)

A train of mass 160 Mg starts from a station, the engine exerting

a tractive force of ¥ of the weight of the train in excess of the

resistances until a speed of 60 kmh—* is attained. This speed

continues constant until the brakes, causing a retardation of.
075 ms—2, bring the train to rest 8 km away. Find the time taken:

(i) during acceleration; (ii) during retardation; (iii) altogether.

The pull exerted by an engine is % of the weight of the whole
train, and the maximum brake forece which can be exerted is
4% of the weight of the train. Find the time in which the train
travels from rest to rest up a slope of 1 in 240 and 4'8 km long,
the brakes being applied when steam is shut off, (H8.C.)
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20. In a lift, accelerated upwards at a certain rate, & spring balance
indicates & weight to have a mass of 10 kg. When the lift is ac-
celerated downwards at twice the rate the mass appears to be
7 kg. Find the actual mass, and the upward acceleration of the
lift.

21. A vertical shield is made of two plates of wood and iron respec-
tively, the iron being 2 cm, and the wood 4 cm thick. A bullet
fired horizontally goes through the iron first and then penetrates
2 cm into the wood. A similar bullet fired with the same velocity
from the opposite direction goes through the wood first and then
penetrates 1 cm into the iron. Compare the average resistance
exerted by the iron and the wood. (LE.)

22. A 100-g bullet, travelling at 150 ms—*, will penetrate 8 cm into
a fixed block of wood. Find the velocity with which it would
emerge, if fired through a fixed board 4 cm thick, the resistance
being supposed uniform and to have the same value in each case.

(H.S.D.)

23. A bullet of mass 30 g is fired into a fixed block of wood with
a velocity of 294 ms1, and is brought to rest in 1}y s. Find
the resistance exerted by the wood, supposing it to be uniform.,

(H.C.)

3.17. Motion of connected particles

In the last paragraph we considered the motion of a single
mass. We shall now consider some simple cases of the motion
of two masses connected by a light inextensible string. In such
cases we apply the equation F = ma to each of the masses, as
in the following examples.

We note that a string connecting two masses in motion is in
a state of tension, and that the string exerts forces on the
masses equal to the tensions at its ends. If the string is light
(that is, if its weight is neglected) the tension is the same
throughout its length. On the other hand, if the string is heavy
the tension will in general vary from point to point, depending
upon the weight per unit length. If the string is extensible the
tension will vary with the extension.

Alsgo, if the string passes round a pulley the tension is only
the same on the two sides if the pulley is smooth and the string
is light; otherwise the tension in the string where it leaves the
pulley depends upon the coefficient of friction and the length of
string in contact.
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For simplicity, we shall usually consider a light, inextensible
string passing round a smooth pulley or peg. In such an ideal
case the tension throughout the string will be constant.

EXAMPLE (i)
Two particles of masses m, and my kg are connected by a light in-
extensible string passing over a small semooth fixed pulley. Find the
resuliing motion of the system and the tension in the string.

The tension is the same throughout the string; let this be 7' N,
the masses m, and m, being in kg. Suppose m, greater than m,,

R
T T
T T
me m
mg mg

Fia. 3.8

then m, will move downwards and m, upwards, and, since the string
is inextensible, the upward acceleration of m, is equal to the down-
ward acceleration of m,. Let this acceleration be a ms~2.

Now, the forces acting on m, are m,g downwards, and 7' upwards,
.".the resultant force on m, is mg— T’ downwards.

Hence, using F = ma
we get mg—T = ma. (@)
The resultant force on Mg is T'—myg upwards,
T —mog = mea. (ii)
We now solve equations (i) and (ii) to find ¢ and T',
Adding, (my —ma)g = (my+ms)d
my—ms
: e= m1+mz g
From (i)
T = my(g—a)
_ _my—my
=™ (l m1+mz) g
_ 2mamy

m1+1na
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If the parts of the string not in contact with the pulley hang
vertically the force R on the pulley

= _ 4m;m,
=2 my-+my’

EXAMPLE (ii) :

- A mass my kg i8 placed on a smooth horizontal table, and connected
by a light inextensible string passing over a small smooth pulley at the
edge to a mass m; kg hanging freely. Find the resulting motion and the
tension in the string.

R
nmy T
T
_mg ™
mg
Fia. 3.7

The mass m, will move downwards and m, along the table. Since
the string is inextensible, the accelerations of m, and m, are equal;
let this acceleration be @ ms™2. Let T' N be the tension in the string.
The forces acting on m, are m,g downwards and 7' upwards,

.. the resultant force on m, is mg—T'.
o USing F= ma,
mg—T = ma. (V)

Since m, is resting on a smooth horizontal surface, its weight has no
effect as far as motion along the surface is concerned. The weight is
balanced by the reaction R of the plane (R = m,g). The resultant
force tending to produce motion horizontally is therefore the
tension 7'. Hence, for m,, we have

T = mya. (ii)

Adding (i) and (i), m,g = (m,+m,)a
—_m™m
*= mtmg
Substituting in (ii)
T="1" g
my+my
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In this case the force on the pulley, P N, is the resultant of
two equal forces T' N at right angles,
P = /(T"4T% = T2

1/2m1m.y
my+m,

RXAMPLE (iii)

A particle of mass m, kg rests on the surface of a smooth plane inclined
at an angle « to the horizontal, and is connected by a light inextensible
string, passing over a small smooth pulley at the top of the plane, to a
mass m, kg hanging freely. Find the resulting motion and the tension
wn the string.

The tension of the string is the same throughout; let this be 7'
N. The accelerations of the masses are the same; let this be a ms—2,
The forces acting on m, are its weight m,g vertically downwards and
T vertically upwards. If m, moves downwards

myg—T =ma (@

The forces acting on m, parallel to the surface of the plane are
Mg sin « down the plane and T up the plane; the resultant force
tending to produce motion up the plane is therefore 7'—m.g sin «.

T—myg sin « = mya (ii)
Also since my does not move perpendicular to the plane,
R—mgyg cosa = 0.
Adding (i) and (ii) g(m,—m, sin ) = (m,+my)a
my—my 8in o«
m,+m,

We note that a>0, that is, m, moves downwards, if m, >m, sin .
T is obtained by substituting for a in (i).

Note. In working numerical examples similar to those above, the
results there given must not be used as formulae for substituting the
numerical values. Each question should be worked as shown in

a ==
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Examples (i) to (ii), using the numbers given in the question instead
of letters.

EXAMPLE (iv)
A particle slides down a rough inclined plane of inclination o. If p be
the coefficient of friction, find the motion.

mgcose

F16. 3.9

Let m be the mass of the particle, and R the normal reaction of
the plane; then the friction is pR.
Now as there is no motion perpendicular to the surface of the
plane, the reaction of the plane must equal the component of the
weight of the particle perpendicular to the plane,

R = mg cos a.
The resultant force acting down the plane is
mg sin a—pR = mg gin a—pmyg cos «.
The acceleration down the plane is

mgsma—'-:mgcosa:g(sina_"md‘)

which is positive, and hence sin a>p cog «, or tan a>p. ,

If sin e <p cos a, that is, tan a<u, there will be no acceleration
down the plane, and as the particle obviously cannot move up the
- plane, this means that it will remain at rest. It will be noted that in
this case the value of the frictional force must be mg sin «, which is
less than when the body is in motion.

If the particle is projected up the plane the resultant retarding
force down the plane is

mg sin a+pmg cos o.

EXAMPLE (V)
Twopartideaof"msesm,andm,restonthemughfaceaofadoubk
inclined plane and are connected by a light tnextensible string passing
over a small smooth pulley at the vertex of the plane. If the faces of the
plane are equally rough, find the resulting motion.
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Let the inclinations of the faces on which m, and m; rest be «
and B respectively, and suppose that m; moves downwards.

Let T be the tension in the string.

Since the particles do not move perpendicular to the faces, the
reactions of the faces are equal to the components of the weights per-
pendicular to the faces, i.e. m,g cos « for m,, and m,g cos 8 for m,.

Since m, moves down, the friction on it acts up the plane. Hence
the total downward force on m, is
m,g sin a— T'—pm,g cos «
and the total upward force on m, is
T'—m,g sin B—pm,g cos 8,
Hence, if a is the common acceleration,
m,g 8in o— T'—pm,g cos o = @ (i)
T—myg sin B—pmyg co8 f = mya. (i)
Adding (i) and (ii),
a(my+my) = g(m, sin a—m, sin B—pum, cos a— puni; cos )
giving a.
T is obtained by substituting for a in either (i) or (ii).

EXAMPLE (vi)

Two masses 10 kg and 3 kg respectively are connected by a fine string
which passes over a smooth pulley fixed at the head of a smooth inclined
plane 5 m long and 1 m high. The heavier particle is on the plane and
the lighter particle just hangs over the pulley, the string being 5 m long.
Find the acceleration of the masses and the tension of the string. How
long will it be after the 3 ky mass reaches the ground before the string is
again taut? (L.A.)

Let T N be the tension of the string, @ ms~2 the common acceler-
ation.
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The resultant force downwards in N acting on the 3 kg mass is
, 3g-T
and the resultant force in N on the 10 kg mass acting up the plane is |
. T—10X }g=T-2.

.. The equations of motion are
3g—T = 3a
and : T—2g = 10a.
Adding 13a=¢
a = gf13.
Hence, T = 2+10a = 29+1%g = Hyg.

When the 3 kg mass reaches the ground the masses will have
moved 1 m from rest with acceleration g/13 == ?l_g ms3,
.. their common velocity v ms~? is given by

98 19-6
vt =2XygXl=1g"
o v=122,

Now the 3 kg mass is stopped by the ground, the string becomes
slack and the 10 kg mass moves on with velocity v, and subject to
a retardation g/6 == 9-8/6 ms—2.

Fie. 3.11

The time ¢ s taken to go up the plane and return to the point
from which it began to move freely is given by
0 = 1-22t—}(1-96¢%)
122
0-98
= 1-25.
After this interval the string again becomes taut.
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EXAMPLE (vii)

A mass of M kg rests on a smooth horizontal table and is attached by
two inelastic strings to masses m, m' kg (m’'>m), which hang over -
smooth pulleys at opposite edges of the table. Find the acceleration of the
system and the tension in the strings.

T
T
m
mg m'g
Fre. 3.12

If T N be the tension in the string connecting m and M, 7' N
that in the other string, and a ms—2 is the acceleration, we have

for m/, m'g—T" =m'a (i)
for m, T—mg = ma (i)
for M, T—T = Ma. (i)
Adding the three equations
(m’'—m)g = (m'+m+M)a
m —m
¢ = T MY

The values of 7" and T are obtained by substituting in (i) and
(ii).

EXAMPLES 3.2

1. Two particles, of masses 6 and 10 kg, are connected by a light
string passing over a smooth pulley. Find: (i) their common
acceleration; (i) the tension in the string; (iii) the force on the
pulley.

2. Two particles, of masses 5 and 7 kg, are connected by a light
string passing over a smooth pulley. Find their common acceler-
ation and the tension in the string.

3. Two partlcles, of masses 7 and 9 g, are connected by a light
string passing over a smooth pulley. Find their common acceler-
ation and the tension in the string.
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4.

10.

11.

Two particles, of masses 20 and 30 g, are connected by a fine
string passing over a smooth pulley. Find their common acceler-
ation and the tension in the string.

. A mass of 9 kg resting on a smooth horizontal table is connected

by a light string, passing over a smooth pulley at the edge of
the table, to a mass of 7 kg hanging freely. Find the common
acceleration, the tension in the string, and the force on the pulley.

. In the last question, if the 7 kg mass starts from the level of the

edge, which is 2:1 m above the ground, and the string, which is
4-2 m long, is taut and perpendicular to the edge; find: (i) how
long the 7 kg mass takes to reach the ground; (ii) how long
after that the 9 kg mass takes to reach the edge of the table.

. A mass of 5 kg is placed on a smooth horizontal table 1-8 m high

at a distance of 5-4 m from the edge and connected by a light
string 5-4 m long to a mass of 3 kg on the edge of the table. If
the 3 kg mass is pushed gently over the edge, find: (i) how long
it takes to reach the ground; (ii) how much longer the 5 kg mass
takes to reach the edge.

. ‘A particle, of mass 5 kg, is placed on a smooth plane whose

height is 4 m and length 20 m. The particle is connected by a
light string passing over a smooth pulley at the top of the plane
to a mass of 3 kg hanging freely. Find the common acceleration
and the tension of the string.

. If, in question 8, the 5 kg mass is initially at the bottom of the

slope and the 3 kg mass hanging just over the pulley, find:
(i) how long the 3 kg mass takes to reach the ground; (ii) the
time that clapses after this happens before the string again
becomes taut.

Two masses of } kg and 7% kg connected by an inextensible
string 1-5 m long, lie on a smooth table 0-75 m high. The string
being straight and perpendicular to the edge of the table, the
lighter mass is drawn gently just over the edge and released.
Find: (i) the time that clapses before the first mass strikes the
floor, and (ii) the time that clapses before the second mass
reaches the edge of the table. (I.S.)

A mass of 2 kg lies-at the bottom of an inclined plane 9 m long
and 3 m high. It is attached by a light cord 9 m long, which
lies alonig the line of greatest slope of the plane, to a mass of 1 kg,
which hangs just over the top of the plane. The system is allowed
to move. Assuming that the hanging mass comes to rest when it
reaches the ground, find the distance that the mass of 2 kg will
travel before it first comes to rest. (HS.D.)
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A particle of mass 5 kg, resting on a smooth plane of inclination
30°, is attached to a light string which passes over a smooth
pulley at the highest point of the plane and carries a hanging
weight of mass 2 kg. Calculate the acceleration of each weight,
assuming that the whole motion takes place in the vertical plane
through the pulley and the line of greatest slope. Find also the
tension in the string. (H.8.D.)

A mass of 5 kg rests on a rough horizontal table, and is connected
by a light string with a mass of 3 kg hanging freely. If the
coefficient of friction between the 5 kg mass and the table is §,
find the resultant acceleration and the tension in the string.

A mass of 4 kg rests on a rough horizontal table (coefficient of
friction }), and is connected by a light string with a mass of 3 kg
hanging freely. Find the velocity acquired and the distance
described by the masses in 7 s.

A particle slides down a rough inclined plane, whose inclination
to the horizontal is 45°, and whose coefficient of friction is ;
show that the time of descending any distance is twice what it
would be if the plane were smooth.

Two rough planes, inclined at 30° and 60° to the horizontal and
of the same height, are placed back to back; masses of 4 and
12 kg are placed on the faces and connected by a light string
passing over a smooth pulley at the top of the planes; if the
coefficient of friction is 3, find the resulting acceleration. -

A rough plane is 16 m long and 9 m high, the coefficient of
friction is }, and a particle\slides down the plane from rest at the

‘highest point; find the velscity of the particle on reaching the

bottom and the time taken.

A light inextensible string, passing over & small smooth fixed
pulley, carries at one end a weight of mass 4 kg, and at the other
two weights each of mass 3 kg. If the system is allowed to move,
find the acceleration with which the mass of 4 kg ascends.

If one of the 3 kg masses falls off after the 4 kg mass has

‘ascended a distance of 23 m, how much farther will the 4 kg

19.

mass ascend ?
An engine driver of a train at rest observes a truck moving

- towards him down an incline of 1 in 60 at a distance of 0-8 km.

He immediately starts his train away from the truck at & con-
stant acceleration of 0-15 ms—2. If the truck just catches the
train, find its velocity when first observed. Assume that friction
opposing the truck’s motion is 135 of the weight of the trémsk

' (CS.)
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20. On a cable railway a car, of mass 2} Mg, is drawn up a slope
of 1 in 10 from rest with an acceleration of 1 ms—2 against a
constant frictional resistance of )5 of the weight of the car.
Find the tension in the cable. , (HS.C.)

3.18. Attwood’s machine

In the simplest form of this machine two equal masses ()
are connected by a light cord passing over a light pulley P, as
in Fig. 3.13.

P

Fie. 3.13

The axis of the pulley is supported horizontally so that it
can turn with very little friction.

If the masses are set in motion they will move with a velocity
* which is very nearly constant for a short time, and by measuring
the time taken by one of the masses to describe a given distance
the value of this velocity can be obtained.

'The machine is used to verify the laws of motion and to
obtain & rough value for g. The masses are set in motion by
placing a small rider of known mass (m) on one of the large
masses which can be released from a platform A, atta.ched to the
stand which supports the pulley.

A ring B is fixed to the stand vertically below A, and is of
such size that M can pass through it, but the rider m remains
on the ring. The masses will then move with uniform velocity
and the time taken. for the descending mass to go from B to a
platform C at a known distance below B is measured by a
stop-watch.

The distance from A to B is also known.
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Now until the rider is removed the acceleration of the
system is

"
2M+m
If AB = h, the velocity v on reaching the ring is given by
29 T
v? = 22 i +mh1'

If h, is the distance BC, and ¢ the time taken for the mass to
go from B to C

kg
V= T
he2  2mgh,
T 2M+m
g= (@M tm)

3.19. The chief causes of inaccuracy in the experiment are as

follows:

(1) The pulley, although light, requires some force to make it
rotate. Allowance can be made for this, as explained in
Chapter 9.

(2) There is some friction at the axle of the pulley. This can be
reduced by supporting the axle of the pulley on the edges
of four light wheels called friction wheels, or by attaching
a small rider to the mass which carries the rider m. The
mass of this extra rider is adjusted until the masses (without
m) run uniformly when set in motion.

(3) The string may slip on the pulley, and, as this is not per-
fectly smooth, friction is introduced.

This cannot be avoided entirely, but can be partly
allowed for as in (2) by means of an additional rider.

(4) It is difficult to measure accurately the time taken for the
mass M to go from B to C.

The error in measuring the time can be reduced by the device
used in what is called the ‘ribbon’ Attwood’s machine.

In this type of machine the string supporting the masses is.
replaced by a tape. A fine brush is attached to the end of a
spring, or vibrator, which is adjusted to make a given number
of vibrations per second.
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The brush, which is inked, is placed so that it touches the
tape where the latter passes over the top of the pulley.

A lever is arranged so that, as it releases the mass with the
rider from its platform, the vibrator is set in motion. The brush
then traces a wavy line on the tape as it passes over the pulley.
The distances between successive portions of the curve so
traced are the actual distances moved by the masses, while the
time taken to move any distance is known from the period of
the vibrator.

3.20. The following examples are of a more difficult nature. If
the accelerations of the various parts of the system are not the
same it is essential to find what connections there are between
them. The principle of the method, i.e. applying the equation
F = ma to each part of the system, is the same as before.

EXAMPLE (i)

To one end of a light siring passing over a fixed pulley is attached a
particle of mass 8 kg and to the other end a light pulley. Over this pulley
passes a light string to the ends of which are attached particles of masses
6 and 3 kg respectively. Find the acceleration of the 8 kg mass and the
tension in the siring attached to . (LS.)

F1e. 3.14

In Fig. 3.14 A is the fixed pulley and B the light pulley.
Suppose the 8 kg mass moves downwards with acceleration 4
ms—2. Then pulley B moves upwards with acceleration 4 ms—2,
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The 5 kg mass moves downwards relative to B with acceleration
a ms?, say, and the 3 kg mass moves upwards relative to B with
acceleration @ ms-3. Therefore the upward acceleration of these
masses relative to the fixed pulley or the support are (4—a) and
(4-+a) ms—2respectively.

If the tensions in the strings are 7', and 7', N, the forces acting
on the various bodies are as shown in Fig. 3.14, and hence the
equations of motion are as follows:

for 8 kg mass 84 =8—-T, (i)
for pulley B 0= T,—-2T, (id)
for 5 kg mass 5(4—a) = Ty—bg (ii)
for 3 kg mass 3(A4d+ta) = T,—3g. (iv)

From these four equations the four unknowns 7', Ty, 4, and a
can be found.
Eliminating a from equations (iii) and (iv) we get

304 = 8T,—30g.
But 84 = 8g—27T, from (i) and (ii)
o 624 = 2g.
A = g/3l.
Also T, = 8g—84 = T§y.

EXAMPLE (ii)

A, and A, are two fixed pulleys in the same horizontal line. A light
string is placed over A, and A,, and carries weights W, and W, at its
free ends. Another pulley B carrying a weight W, is placed on the part
of the string between A, and A,. If A, and A, are so close together

ULl

w;

Fia. 3.15
that all the portions of the string not in contact with the pulleys are
vertical, prove that when all the weights are in motion the tension in
the string is 4

W F o ) a—l'
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Prove also that the condstion that W, shall remain at rest while W,
and W, are in motion 18 4W,W, = Wy(W,+W,). (HS.D.)

It is evident that the distance moved by B is equal to half the
algebraic sum of the distances moved by W, and W,. For if W; and
W, both move downwards through distances z, and z,, B will move
up a distance }(z,+,); if W, moves down z, and W, up z,, B will
move up & distance §(z,—x;).

‘Suppose that W, moves down with acceleration a,, W, and W,
move up with acceleration a, and a, respectively, and let 7' be
the tension in the string.

Then ay = Ha,—ay).

The equations of motion are:

For W,, W;—7T = Mja, (i)
for W,, T—W, = Ma, (i)
for W, 2T—W, = Ma, (ii)

where W]_ = M]Q, W: = Mzg and Wa = Mﬂ.
But 2a, = a,—a, and hence from (i), (i) and (ii);
9 2T=W, W, —T_ T—W,
E E] E
AT T T
E+E +E = 2q+g+y

- 49
7= MR T
4

If W, is to remain at rest, a; must be zero.
Now, from (iii)
27
Gy = M, )
—
3
ww,
.
T W, +W, +4
w,'W,
- . W, W, _ 4
and this is zero if W;+W,
or 4W, W, = WL (W, +W.,).
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EXAMPLE (iii)

A pasticle of mass m slides down the face of a smooth wedge of mass
M and slope a, free to move on a smooth horizontal table. Show that the
acceleration of the wedge is mg sin « cos of(M+m sin® «), and find
the reaction between the particle and the wedge.

Figure 3.16a shows the forces acting on the mass m, namely, its
weight mg and the reaction R perpendicular to the face of the wedge.
Figure 3.168 shows the forces acting on the wedge; a force R equal

S
R
A
-
m /{K‘ﬂ
Ymg

Fia. 3.16a Fia. 3.168

and opposite to the force acting on m, its weight Mg and the reaction
S due to ite contact with the emooth horizontal table.

~ The wedge will move horizontally with acceleration 4, say, and
the mass m will move down the face of the wedge with acceleration a,
say, relative to the wedge. The acceleration of m relative to the fixed
table is therefore the resultant of a down the wedge at an angle « to
the horizontal and 4 horizontally, that is, a sin « vertically down-
wards and a cos a— A4 horizontally (to the left).

The equations of motion are:

For m ma sin « = mg— R cos « (i)
and mia cos « — A) = R sin a. (ii)
For M MA =Rsina (iii)
and 0 = S—R cos «—Mg (iv)

From equations (ii) and (iii)
m(a cos a—A) = MA
.. macosa = (Mim)A.
From equations (i) and (iii)

(M+4m)A sin a/cos @ = mg— MA cos a/sin a.

s (M+4m)A sin® & = mg sin o cos a— MA cos? «
S (M +-m sin® a)A = mg sin a cos a.
Also from (iii) R = MAlsina

= Mmg cos af(M-+m sin® a).
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EXAMPLE (iv)

A man of mass 84 kg, and a weight of mass 70 kg, are
suspended by a light rope over a smooth pulley. Find the
acceleration of the man. If the man pulls himself up the rope so
that his downward acceleration is only half this value, find the
upward acceleration of the weight, and show that the upward
acceleration, of the man relative to the rope is g/10.

If @ ms—? is the acceleration when the man is not pulling, and
T N the tension in the rope we get

and T—170g = 10a
. 154a = l4g, or a = Yyy.

When the man is pulling on the rope we must consider the force
F N he exerts on the rope. As an equal and opposite force F' is
exerted on the man, and his downward acceleration is now 759,
we get
84g—F = 84 X (g/22)

o F = 84g—844/22.
If A ms? is the acceleration of the weight upwards
F—10g = 704
129 —%g—10g = 104
) A = g.
The upward acceleration of the man relative to the rope is
Fog—veg = oy

EXAMPLES 3.3

1. A fine string passes over a smooth fixed pulley and carries at its
ends masses of m and 6m kg respectively. Find the acceleration
of the masses and the tension of the string, stating clearly the
units you employ.

A string with one end fixed passes under a movable pulley A
of mass m kg, over a fixed pulley and under a movable pulley B
of mass 5m kg, its other end being attached to the axle of the
pulley A, and all the hanging parts of the string being vertical.
Show that the tension of the string is the same as that of the
string in the first part of the question, that the acceleration of
the pulley A is equal to that of the mass m, but that the accelera-
tion of the pulley B is half that of the mass 5m. (I.8.)
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2. Two pulleys, of masses 12 kg and 8 kg, are connected by a fine
string hanging over a smooth fixed pulley. Over the former is
hung a fine string with masses 3 kg and 6 kg at its ends, and
over the latter a fine string with masses 4 kg and 2 kg. Determine
z so that the string over the fixed pulley remains stationary,
and find the tension in it. (LE.)

3. Masses of 5 kg and 2 kg are suspended from the ends of a string
which passes over two fixed pulleys and under a movable pulley
whose mass is i kg, the portions of the string not in contact with
the movable pulley being vertical. Find the value of m in order

‘that when the system is released the movable pulley may remain
at rest, and find in this case the accelerations of the other masses
and the tension of the string. (HS8.C.)

4. To one end of a light string passing over a smooth fixed pulley is
attached a particle of mass M, and the other end carries a light
pulley over which passes a light string to whose ends are attached
particles of mass m, and m, Find the accelerations of. the

particles, and show that if M = dmymy the mass M will remain

at rest or move with uniform velocity. (Ex.)

5. A particle of mass M on a smooth horizontal table is tied to one
end of a string which passes over a fixed pulley at the edge and
then urider a movable pulley of mass m, its other end being fixed
so that the parts of the string beyond the table are vertical.

m
yy) g and find the

horizontal and vertical components of the acceleration of the
centre of mass of M and m. (LS.)

Show that m descends with acceleration

6. A string with one end fixed passes under a movable pulley A, of
mass m kg, and then over a fixed pulley, and carries at its free
end a mass B of 3m kg. Find the tension of the string and the
accelerations of A and B, stating clearly the units that you
employ. (ANl portions of the strings are to be regarded as vertical.)

(I.8.)

7. A string is attached to a fixed point A. It passes round the lower
part of a movable pulley B, to which a weight 2W is attached,
then over a fixed pulley C, and a weight ¥ -w hangs from its
extremity. The parts of the string not in contact with the pulleys
are vertical. Neglecting friction and the mass of the pulleys,
find the acceleration with which the system moves when left
to itself. (1.8.)
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8.

10.

11.

13.

Masses of 100 g and 60 g are attached to the ends of a fine string,
which passes over a smooth fixed pulley. Find the acceleration
of the masses and prove that the tension of the string is equal
to the weight of 756 g. The pulley, whose mass is 50 g, is now
detached from its fastening, and attached by means of another
fine string to a mass of 100 g, which lies on a smooth table over
whose edge the string passes. Prove that the pulley moves as if
the original weights were removed and its own mass were in-
creased by 150 g. (H.C.)

. A, B are masses of 6 kg and 3 kg respectively, resting on two

smooth tables, placed with their edges parallel. They are con-
nected by & fine string, which hangs between the tables with its
hanging parts vertical and carries in its loop a smooth pulley C
of mass 4 kg. The string lies in a vertical plane and crosses the
edges of the tables at right angles to the edges. Find the tension
in the string: (i) when A and B are held fast; (ii) when B is held
but A moves; (ili) when A and B move; and show that in the
three cases the tensions are in the ratio 21: 18: 14. (H.C.)

A Iight string ABCD has one end fixed at A, and passing under a .
movable pulley of mass M at B and over a fixed pulley at C,
carries & mass M’ at D. The parts of the string are supposed
vertical. Show that M descends with acceleration

HTH ®0)

A string with one end fixed passes under a pulley A of mass M,
then over a fixed pulley, then under a pulley B of mass M’, and
its other end is attached to the axle of A. The string is taut
and its hanging parts are vertical. Find the ratio of the velocities
of A and B when the system is in motion, and show that the
acceleration of A is

AM-2M'
7y oy )
downwards. (I8.)

. A particle of mass 2 kg is placed on the smooth face of an inclined

plane of mass 7 kg and slope 30°, which is free to slide on a
smooth horizontal plane in a direction perpendicular to its edge.
Show that if the system start from rest the particle will slide
down a distance of 5 m along the face of the plane in 1-3 s.
(C.8.)

A wedge of mass M and angle « is placed on a rough horizontal
plane, the coefficient of friction being u. A smooth particle of
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14.

15.

16.

17.

18.

19,
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mass m is placed gently on the inclined face of the wedge. Show
that, if the wedge moves, its acceleration will be

m co8 o (8in a—p 008 a)—puM
m gin a (sin a—p cos a)+M 7°

On & smooth fixed inclined plane of angle « there is placed a
smooth wedge of mass M and angle a, in such a way that the
upper face of the wedge is horizontal; on this horizontal face is
placed a particle of mass m. Prove that the resultant acceleration
of the particle in the subsequent motion is

(M +-m)g sin? «
M+msin® o '

(H8.C.)

and evaluate the pressure between the wedge and the plane.
(LA)

The angle of a smooth wedge of mass M is «. The wedge is placed
with one face on a smooth horizontal table and a particle of mass
m is allowed to slide down its face. Prove that a horizontal force
mg sin a cos « must be applied to the wedge to keep it from
moving, and that the reaction between the wedge and the table is

(M+m cost a)g. - (HS.D.)

A man of 60 kg and a weight of mass 48 kg are suspended by
means of a light rope over a smooth pulley. If the man pulls
himself up the rope so that his downward acceleration is g/18,
find the acceleration of the weight, and the acceleration of the
man relative to the rope.

A man of 72 kg lets himself down one portion of a light rope
hanging over a smooth pulley with an acceleration of 0-6 ms2,
Find with what uniform acceleration a man of 48 kg must pull
himself up by the other portion so that the rope may remain at
rest.

A wedge of mass M, whose section ABC is a triangle right-angled
at A, is placed with the face BC on a smooth, horizontal table.
The faces AB, AC are rough, the coefficient of friction being pu.
Two masses m,, my, connected by a light inextensible string
passing over a light frictionless pulley at A, rest on the faces
AB, AC, respectively, and m, moves down AB with acceleration
a relative to the wedge. Write down the equations necessary to
find a, and the acceleration 4 of the wedge. (Ex.)

A particle P of mass m rests on a rough horizontal table whose
ooefficient of friction is u, and is attached to one end of a fine
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inextensible string, which passes over a smooth fixed pulley A
at the edge of the table. The string then passes under a smooth
movable pulley B of mass m and over a smooth fixed pulley C,
the other end of the string being attached to a particle D of
mass m which hangs vertically. All the portions of the string not
in contact with a pulley are horizontal and vertical. Prove that
if u>%, P will not move, and that if u<%, D will move with.
acceleration (3—pu)g/6. (CS.)

. A smooth hemispherical bowl, of mass M, with centre C, lies rim

downwards on a smooth table, and a particle, of mass m, is
placed on it at a point A, whose angular distance from the vertex
V of the bowl is «. Show that if a horizontal force of suitable
magnitude is applied to the bowl in the plane VCA the particle
will remain at rest relatively to the bowl as it moves.  (N.U.3)

REVISION EXAMPLES A

1.

A man can row at a speed v through still water and wishes to
cross a straight river flowing with speed u. Prove that he can
reach the point A directly opposite to him if, and only if, v>u.

If v<u and he rows so as to reach a point B on the opposite
bank as near as possible to A, find the ratio of AB to the width
of the river. (L.A))

. A ship is sailing due north at 32 kmh~'. It observes at noon

another ship, on a bearing N. 45° E. and at a distance of 8 km,
sailing due west at 24 kmh~1, At what time are the ships closest
together and how far are they then apart?

For how long a time is the distance between the ships less
than 8 km? (L.A.)

. An seroplane flies direct from a place A to another place B, due

north of A, and back again. Throughout the journey there is a
south-west wind blowing at 64 kmh~1, If the speed of the aero-
plane in still air is 320 kmh~! and the time taken for the whole
journey is 7 hours, find the distance from A to B. (L.A))

. A ship is steaming due north at speed « and the wind appears to

blow from the direction 8 east of north, where 0°<<0<45°. The
ship turns and steams due south at the same speed % and the
wind now appears to blow from the direction 6 south of east.
Find the magnitude and direction of the true wind velocity.
(L.A)

. Explain what is meant by saying that velocity is a vector, and

deduce the construction for the velocity of & point B relative to
another point A when the velocities of A and B relative to an
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observer are given. A bus is travelling at 20 kmh-! along a
straight road, and a man, running at 10 kmli*along-a perpen-
dicular road, sees it when it is 200 m short of the junction and
he himself is 150 m short. Show that he can never get nearer
to the bus than 204/5 m. (C.W.B.)

. If the velocity of A is known and the relative velocity of B with

respect to A is known, show how the velocity of B may be deter-
mined. To a cyclist moving due east at 16 kmh—! the wind
appears to be blowing from the north, and when moving due
north with the same speed it appears to be blowing from a
direction 30° west of north. Find the magnitude and the direc-
tion of the velocity of the wind. '

. Two straight roads OA, OB are inclined to each other at an acute

angle «; one car moves along OA, towards O, with uniform speed
u, while a second car moves along OB, away from O, with uni-
form speed v. If the first car is at a distance ¢ from O when the
second car is at O, prove that, when the cars are at the least
distance apart, the ratio of their distances from O is

V4% COS &: U-H¥ COS &.

Show also that the cars are at their least distance apart after
time

c(u-tv cos a)
u34-v¥42uv cos o (C.W.B.)

. A particle is accelerating uniformly along a straight line ABCD.

If it travels the successive distances AB = ¢, BC =4, CD = ¢
in equal intervals of time, prove that ¢ = 2b—a, and that the

ratio of the speeds at D and A is
5b—3a

35 (L.A.)

. A train, of length 64 m, has a speed of 80 kmmh—! and an accelera-

tion of 0-15 ms—2 when it meets another train, of length 72 m,
travelling along a parallel line in the opposite direction with a
speed of 40 kmh—! and an acceleration of 0-3 ms—2. Find the
time the trains take to pass and their relative speed at the end
of that time. What distance is covered by each engine during the
time of passing? (L.A.)

(i) A train takes a time 7' to perform a journey from rest to rest.
It accelerates uniformly from rest for a time pT and retards
uniformly to rest at the end of the journey for a time ¢7'; during
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11.

12.

13.

14.

the intermediate time it travels uniformly with speed V. Prove
that the average speed for the journey is

iV (2—p—9).

(ii) In travelling a total distance s a train accelerates uni-
formly from rest through a distance ps, then travels with
uniform speed V, and finally retards uniformly to rest through
o distance gs. Find the average speed for the whole journey.

: (L.A)

A train travelling at 72 kmh-? is checked by track repairs. It
retards uniformly for 200 m, covers the next 400 m at constant
speed, and accelerates uniformly to 72 kmh~! in a further 600 m.
If the time at the constant slower speed is equal to the sum of
the times taken in retarding and accelerating, find the total time
taken. (L.A.)

A train left a station A at 16.00 for a station B, 30 km away,
where it arrived at 16.40. At 16.15 the speed was 48 kmh=!
and at 16.30 the speed was 72 kmh~1. The speed of 72 kmh~* was
maintained until the brakes were applied, causing a uniform
retardation under which the train came to rest at its destination.
During the first and second 15 min intervals the accelerations
were constant. At what time did the train reduce speed, and
what was the retardation in metres per second per second?
Draw the velocity—time graph. (1.8.)

The following table gives the speed of a motor car at minute
intervals during a journey lasting 4 min:

¢ (min) 0 1 2 3 4
v(kmh-})) O 50 8 80 0

Assuming that the acceleration was uniform during these inter-
vals, draw the velocity-time graph of the motion. From the
graph, or otherwise, find: (i) the length of the journey in km;
(ii) the time taken for the first 2 km; (iii) the time taken for the
first 3 km. :

A particle moves in a straight line with uniform acceleration o;
its initial velocity is u; prove that the distance z travelled in
time ¢ is given by

z = ut-+dod?

Two cars, A and B, are travelling along parallel straight paths.
The cars are observed to be side-by-side when A is at a point P
of ite path and again when A is at another point Q. Assuming
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that A and B move with uniform accelerations «; and «,, prove
that, if their velocities at P are u, and u, respectively, the
distance PQ is

(oy—a)

16. Two particles P and Q describe coplanar concentric circles, of
centre O and radii @ and 2a, in the same sense; the constant
angular velocities of the radii OP and OQ are 4w and w and
initially OPQ is a straight line. Prove that the angular velocity
of PQ first becomes zero when POQ is the acute angle whose
cosine is 4/5. Find also the tangent of the angle which at this
instant the acceleration of P relative to Q makes with 0Q.

(C.W.B)

16. A string with one end fixed passes under a pulley A of mass m,
then over a fixed pulley, and its other end is attached to the axle
of a pulley B of mass m, the pulleys being small, and a second
string passes over pulley B and carries masses m and m’ at its
ends. The hanging parts of the strings are all vertical, and in the
subsequent motion from rest the mass m’ does not move. Find
m’ in terms of m and find the acceleration of A. (L.A.)

17. A light string passes over a light smooth pulley fixed to the
ceiling of a lift, and carries masses of 6 kg and 7 kg at its ends.
The 7 kg mass is held in contact with the pulley and the 6 kg
mass is hanging with the string vertical. If the 7 kg mass is now
released, find the tension in the string while motion ocours, and
the time that elapses before the 7 kg mass is 1 m below the
pulley: (i) when the lift remains at rest; (ii) when the lift is rising
vertically with constant acceleration g. (LS.

18. One end of a light inextensible flexible string is attached to a
mass of 9 kg, which is at rest on a smooth horizontal table. The
string passes over the edge of the table and to its other end is
attached a smooth light pulley. Over this pulley passes another
similar string, to the ends of which are attached masses of 5 kg
and 2 kg. If the system is released from rest with the hanging
portions of the strings taut and vertical, show that the 9 kg mass
moves along the table with acceleration 40g/103. (L.A)

19. A light inelastic string passes over a fixed smooth peg. At each
end of the string is attached a scale-pan of mass 30 g. A 60 g
weight is placed on one scale-pan and two 60 g weights, one on
top of the other, are placed in the second scale-pan. The system
is released from rest with the scale-pans hanging vertically.
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Calculate the acceleration of the system, the tension in the
string, the thrust the weights exert on each scale-pan, and the
reaction between the two weights in the second scale-pan. (L.A.)

20. A particle is projected with velocity u straight up a rough plane
inclined to the horizontal at an angle «. The angle of friction
between the particle and the plane is ¢(e<a). Find the distance
ascended and the velocity with which the particle returns to the
point of projection, and-prove that, if the times of ascent and
descent are ¢; and £,

t,2—t,2 tan e
I3Fi3 " tene
What happens when ¢ is greater than a? (H.C.)



CHAPTER FOUR

WORK, POWER, AND ENERGY

4.1. Work

When a force moves its point of application it is said to do
work. If the force is constant the work done by the force is
defined as the product of the force and the distance through
which the point of application moves iz the direction of the force.
It is a scalar quantity.

C

A 3 B
Fi16. 4.1

Let a force F move its point of application from A to B
(Fig. 4.1), where the distance AB = s.

Then, if the force is in the direction AC, inclined at an angle
0 to AB, the work done is F' X the projection of AB on AC,

= Fscos .

This can also be written F cos 8 X s, which is the product of
the displacement s and the component of F in the direction
of the displacement.

Of course, if the force is in the direction of the displacement,
0 = 0 and the work done equals Fs, the product of the force
F and the displacement s.

Further, if § = 90°, that is, if the force and the displacement
are perpendicular, the work done by the force in such a dis-
placement is zero. Conversely, if the work done by a force is
zero, the force or the displacement must be zero, or the force
and the displacement must be perpendicular.

Again, if 0>90° the work done by the force is negative, or
we say, work is done on or against the force.

If a number of forces F,, F,, ... F, act on a particle the
total work done by the forces in any displacement of the
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particle is simply the algebraic sum of the work done by F,,
F,, . .. F, separately.

Units of Work

4.2. The absolute unit of work in the F.P.8. system is the work
‘done by a poundal in moving its point of application through
1 foot in the direction of the force.

This unit is called a Foot- Poundal.

The unit of work formerly used by engineers is called a
Foot-Pound; it is the work done by a force of 1 pound (lb)
weight in moving its point of application through 1 foot in the
direction of the force, or the work done in raising a weight of
1 pound vertically through 1 foot.

4.3. The absolute unit of work in the C.G.S. system is the work
done by a force of 1 dyne in moving its point of application
through 1 centimetre in the direction of the force. This unit is
called an Erg.

The work done by a force of 1 newton in moving its point
of application through 1 metre in the direction of the force is
defined as 1 Joule. It is written 1 J. It is the SI unit of work.

4.4. Power is the rate of doing work, i.e. the work done in unit
time.

The SI unit of power is the Watt; it is 1 Joule per second
and is written 1. W.

The British unit of power used earlier was the Horse- Power,
and is equivalent to about 746 watts.

If a force of F newtons keeps its point of application
moving in the direction of the force with uniform speed v
metres per second, the work done per second is F'v joules, that
is, the power is Fv watts.

In the case of a train running at a speed of v metres per
second, the work done by the engine per second at any instant
is equal to the pull multiplied by v, the speed at that instant.
If the speed v is uniform, then the pull of the engine is equal
to the resistance R due to friction, ete., and the power is equal
to Ry.

If the train is accelerating the work done per second is
not Rv, as work is also being done in accelerating the train.
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The pull of the engine is not equal to R; it is greater than R
when there is an acceleration and less than R when there is a
retardation.

4.5 EXAMPLE (i)
The total mass of an engine and train i3 200 Mg ; what s the power of
the engine if i can just keep the train moving at a uniform speed of
100 kmh=2 on the level, the resistances due to friction, efc., amouniing
to v of the weight of the train?

Since the speed is uniform, the pull of the engine is equal to the
total resistance, i.e. 1000g N.
The speed is 100 kmh—! = 1000/36 ms—!

y the work per second = 1000 X 9-8 x 1000/36 J
power = 10°x2-72 W
= 272 kW.

EXAMPLE (ii)

What power is required to take a train weighing 200 Mg ot a uniform
speed of 60 kmkt up an incline of 1 in 100, the resistance due to
Jriction, etc., being zhv of the weight of the train?

The resistance = 1000 g N, and the component weight down
‘the slope = 2000 g N. Since the speed is constant, the pull of
the engine must be equal to the resistance plus the component of
the weight.

S the pull = 3000g N
Since the speed is 60 000/3600 = 100/6 ms™2,
and the work done per second = 3000g < 100/6 J
y power = 50 000g W
= 490 kW.

EXAMPLE (iii)

An engine of 280 kW is taking a train of mass 150 Mg up an incline
of 1 in 250, and the resistance equals the weight of 360 kg. What is
the mazimum uniform speed of the trasn in km per hour?

The maximum work per second which can be done by the engine
is 280 102 J. .
The resistance is 350g N.
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The component of weight down the slope
160 x 1000
=m0 N
= 600g N.

At uniform speed v ms—? the pull of the engine must equal the
resistance-}-component of weight.

the pull = 9509 N

and the work per second = 950gv J
950 % 9-8v = 280 x 10
o= 280 10®
950 X 9-8

Expressing this in kmh—! we get:

.

. __280x 3600 .
mnnmumspeed—mkmh 1

= 108 kmh~1.

BXAMPLE (iv)

A motor car whose maass is 150 kg starts from rest on a level road and is

uniformly accelerated for 10 s until its apeed is 18 km b1, If the resist-

ances to motion are 5 g N, find the power of the car 10 s after the start.
Since the car acquires a speed of 18 kmh— = § msin 108, its

uniform acceleration is 0-5 ms—2. If the driving force exerted by the

car during this time is D N the equation of motion is _

D—5g = 150X 05
D = 375+49=424.

Therefore when the speed is 5§ ms—! the work done by the car
per second = 5x424 J.

power = 2:12 kW.

" EXAMPLE (V)
AmaniecyclingatlSkmh“lupash)peoflin30.Ifthemanand
machine have a mass of 84 kg, and frictional resistances are equivalent
to the weight of 1 kg, find the rate at which the man is working. Assum-
ingthatthemanwe#aaconstantvertioalpressureonwchpedal m
its downward path, find this pressure when the cranks are 0-16 m long
and the gear is 1-8 m.
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The component of weight down the slope is 2:8g N.
the total force overcome = 3-89 N

- ew

y ‘the work done per second = 3-8 x 9-8 x 18 000/3600 J
power = 19X9-8 W
= (-186 kW.

The gear being 1-8 m means that for each revolution of the crank
the bicycle moves forward a distance of 1-8» m.

The external work done in one revolution = 3-8 xX9-8x1-8x J.

In one revolution the man exerts a pressure P N through a
distance of 4x0°16 m = 0:64 m,

the work he does =— 064 P J
064 P = 3-8x98x1:87

. _38X98x18r
.o P == —L—GH—- = 329.

EXAMPLE (vi)

A fast cruiser is propelled at a speed of 60 kmh— by means of engines
whose effective power is 30 000 kW. Calculate the resistance to the
motion of the ship, and assuming that the resistance varies as the
square of the speed, what power would be required for a speed of
72 kmh12 (Q.E.)

Let the resistance to the motion of the ship be D N. When the
speed of the ship is uniform the effective force forward due to the
engines must just balance the resistance, and hence when the speed
is 60 kmh-! the work done per second is .Dx60 000/3600 J and
hence

D x 60 000/3600 = 30 000 x 10°
.- ' D = 1800 103.
Now, if the resistance varies as the square of the speed its value

when the ship is moving at 72 kmh~1 will be D x 72%/60 N.
Therefore work done per second at this steady speed

728 72 000
= DX g% 3800 Y

. power = 1800 108X 30 x 20 W

.o

= 51 840 kW.
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4.6. Transmission of power by belts
Suppose a belt passes round a pulley which it turns without any
slipping. ,
Let T, Ty N be the tensions in the portions of the belt
which are receding from and approaching the pulley (7', >T,).
These tensions both act away from the pulley, and the total
work done by them when the belt moves through any distance
will be the product of the difference of the tensions and the
distance.
v T

T
F1a. 4.2
If r m is the radius of the pulley, n the number of revolutions
per second, then the distance moved by the belt in 1 s is
2mrn m.
The work done per second by the belt is therefore

2mn(T,—T,) J.
and this is the amount of work transmitted per second. The
power transmitted is

EXAMPLE

Power is transmitted from one shaft to another by means of a single
belt running at 20 ms2. If the tensions in the two straight parts of the
belt are in the ratio of 5 : 2, and if the greatest power that can be trans-
mitted without breaking the belt is 156 kW, what is the lension which
will just break the belt? (I8.)

The actual tension on the tighter side is the limiting tension. If
Ty, T, are the tensions on the two sides in newtons the work done
per second is (T;— T1,)20 J.

: (Ty,—T4)20 = 15 000
7T, = 750
T, = 1250 N.
A tension slightly over this will break the belt.
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EXAMPLES 4.1

1.

2.

3.

10.

A crane lifts 22 packages, each of mass 100 kg through a height
of 5 m. Find the work done by the crane.

A car is running on a level road at a uniform speed of 60 kmh-!
against resistances of 120 N. Find the work done per second.

A oar is driven at a uniform speed of 48 kmh~? up an incline of
1 in 8. If the total mass of the car is 800 kg, and resistances are
neglected, calculate the power at which the car is working.

. Calculate the least energy required to cycle 400 m at 20 kmh1:

(i) on a level road, and (ii) up an incline of 1 in 20. Assume that
the maas of the cycle and rider is 100 kg and that the resistances
are 20 N at 20 kmh~L. Find the least power required in each case.

. A train whose mass is 250 Mg runs up an incline of 1 in 200 at a

uniform rate of 32 kmh—1; the resistance due to friction, eto., is
equal to the weight of 3 Mg. At what power is the engine work-

ing? " (L8.)

. A vessel of 30000 Mg, whose engines are of 22 500 kW, is

steaming at the rate of 24 kmh-?. Find the resistance per Mg of
the vessel’s mass, (LS.)

..A motor car, of total mass 1600 kg is running on a level road at

& uniform speed of 48 kmh~1. On reaching a hill, which descends
at a uniform gradient of 1 in 20, it is allowed to free-wheel, and
the speed is observed to remain the same as before. Calculate
the resistance of the road, and the power exerted on the level.
(ILS.)

. A train of mass 250 Mg is travelling up a slope of 1 in 140 at a

constant speed of 48 kmh—1. Taking the frictional resistances to
be thy of the weight of the train, calculate the power which is
being exerted.

Find also the maximum speed in kilometres per hour that
450 kW could maintain on the level, if the frictional resistances
were then increased to 13y of the weight of the train.

. A train of mass 100 Mg acquires uniformly a speed of 48 kmh~!

from rest in 400 m. Assuming a resistance of 300 g N, find the
tension in the coupling between the engine and the train, and the
maximum power at which the engine is working during the
400-m run. The mass of the engine may be neglected. (IS.)
A locomotive of 700 kW and mass 90 My is dragging a train of
mass 120 Mg up a slope of 1 in 84. The frictional resistances
amount to 36 g N per Mg. Find the maximum uniform speed
at which the train can travel up the incline. (I8.)
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11.

12.

18.

14.

15.

16.

17.

18.

19.

A train of total mass 250 Mg is drawn by an engine working at
420 kW. If at & certain instant the total resistance is 1760y N,
and the speed is 48 kmh~1, what is the train’s acoeleration
measured in kilometres per hour per second ¥ (L.8.)
A load of mass 3 Mg is being hauled by a rope up a railway line
which rises 1 in 140. There is a retarding force, due to friction,
etc., of 20g N per Mg of load. At a certain instant the speed is
16 kmh-? and the acceleration is 0-6 ms—*. Find the pull in the
rope, and the power exerted at that instant. (L.A)
A motor car of mass 2 Mg arrives at the bottom of a hill 0-8 km
long, which rises 1 in 112, with a speed of 32 kmh™, and reaches
the top of the hill with a speed of 16 kmh-2. If there is & retard-
ing foroe, due to friction, of 5 g N, calculate the work done by the
engine in getting the car up the hill. (L.A.)
A car of mass 2} Mg is accelerating at 0-6 ms~* up an incline of
1 in 50, the resistance being -A5 of the weight of the train. Find
the power exerted when the speed is 32 kmh=, (I8.)
A man with his bicycle has a mass of 100 kg. He begins to
ascend an incline of 1 in 10, with a speed of 40 kmh—?, and with
uniform retardation. He has to dismount when his speed is not
greater than 8 kmh—2, If he works at an average of 76 W, how
far will he ascend ? How far would he have ascended if he had not
worked at all? (I1.E.)

Find the uniform foroe that will move a 1 kg mass from rest
through 1 m in 1 s. If this force is exerted while the mass moves
through 100 m from rest, find the work done by the force and the
maximum power attained. (LA.)
A train is running at 48 kmh~! when it is at & distance of 0-4 km
from a station. Steam is then shut off and the train runs against
a uniform resistance equal to r35 of the weight of the train. If
the uniform brake force that can be exerted on the train provides
a resistance equal to +& of the weight of the train in addition to
the above resistance, find how far from the station the brake
must be applied so that the train may be brought to rest at the
station. (L.A))

A motor car engine, working at a uniform rate of 5-6 kW, can
drive a car at a uniform speed of 30 kmh—! against & uniform
resistance. The car has a mass of 1500 kg. At what speed will
the engine drive the car up a slope of 1 in 10, if it works at the
same power and meets the same resistance ?

A man and his cycle are of total mass m; he can work at a
uniform power of H; his least speed consistent with remaining
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22,

26.
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on his machine is V. What is the inclination of the steepest hill
he can ascend at a constant speed, assuming that there is a
oonstant frictional resistance B to be overcome? What is the
average pressure on his pedal at right angles to the crank if the
gear maultiplication is n? Find numerical results if m = 70 kg,
V=6kmh , H=T75W,R=2gN,n=10. (L.8.)

. A bicycle is geared up to 1-8 m, and the length of the pedal crank

is 16 cm. Calculate the velocity of the pedal (i) at its highest
point, (ii) at its lowest point, when the bicycle is going at 18
kmh™1. If the bicycle and rider have a mass of 70 kg, find the
force on the pedals in climbing a hill of 1 in 50. (LE.)
An engine draws a train of mass 250 Mg along a level track at
a speed of 56 kmh—? against resistances which may be taken at
g3v of the weight of the train. Find the power necessary to draw
the train at the same speed up an incline of 1 in 160. (L8.)
Find the power required to enable a 200-Mg train to travel up a
slope of 1 in 80 at 48 kmh-2, frictional resistances being 135
of the weight of the train. What is the maximum speed which it -
could maintain on the level (Ex.)

. An engine draws a load of mass 500 kg out of a pit 90 m deep by

means of a rope which cannot bear safely a load greater than
the weight of 750 kg. Find the least time required to raise the
load to rest at the surface, and the greatest power exerted by the

engine, (Ex.)

. The mass of an engine and train is 250 Mg; what is the least

power of the engine if it is capable of increasing the speed of the
train from 32 kmh— to 80 kmh! in a distance of 800 m on the
level? The total resisting force is tiy of the weight of the train
and the pull of the engine is assumed to be constant. (H.S.C.)

. A train of mass 250 Mg meets with a constant frictional and

air resistance of 135 of its weight. When the engine is doing
450 kW on the level and the train is running at 40 kmh™
what is the acceleration of the train ? What would be the greatest
poasible speed for the train at this rate of working, if the resist-
ances did not alter? (H8.D.)
A train travelling uniformly on the level at 100 kmh—? begins an
ascent of 1 in 50. The tractive force due to adhesion has s maxi-
mum value equal to the weight of 3 Mg, the resistances due to
friction, ete., equal the weight of 1-5 Mg, and the mass of the
whole train is 200 Mg. Show that it cannot surmount the incline
if this exceeds about 3-2 km in length, and find the power
exerted by the engine, (i) just before beginning the ascent,
(ii) just after.
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27.

29.

The power developed by a locomotive going at 40 kmh—! is 15
kW, the mass is 40 Mg, and the resistance g}y of the weight of
the locomotive; if the acceleration be constant, find the tractive
force, the time taken, and the distance gone from rest. The
maximum power that can be developed being 25 kW, find the
greatest distance that can be gone in 3 hours from rest. (L.E.)

. A train of mass 300 Mg is ascending a slope of 1 in 120 with an

acceleration of 0-156 ms=2. At a speed of 24 kmh—* the power
developed is 900 kW. Find the magnitude of the resistanoces,
apart from gravity, acting on the train. (HS.C)
A pulley 45 om in diameter receives 7-6 kW when revolving 180
times per minute, and the tension of the belt on the tight side is
2} times that on the slack. Find the tension on the tight side, and
the width of the belt required if its thickness is 1-2 em, and the
greatest tension it can support is 2560 N/em? of cross-section.
(H.8.C.)

. A train of mass M starts from rest at A and travels with uniform

acceleration for a time ¢,. Steam is then shut off, and the train
comes to rest at B (without the brakes being touched). The
distance from A to B is a, and total time taken is . The resistance
due to friction is k times the weight of the train. Prove that
{—t, = 2afkgt, and that the greatest rate of working of the

" engine during the journey is 2a Mk2g%/(kgt®—2a). (H.C.)

31.

32.

A motor car of mass 1 Mg attains a speed of 64 kmh~! when
running down an incline of 1 in 20 with the engine cut off. It can
attain a speed of 48 kmh~! up the same incline when the engine
is working. Assuming that the resistance varies as the square of
the velocity, find the power developed by the engine.  (C.8.)
An engine of mass 100 Mg is allowed to run down a bank, whose
slope is 1 in 30, with steam shut off, and is observed to attain a
maximum speed of 120 km h—1, air and frictional resistances being

assumed proportional to the square of the speed.
If the engine can develop 760 kW show that its maximum
speed up the bank, under its own steam, is about 64 kmh-1.
QE)

4.7. Energy

The energy of a body is its capacity for doing work. Since the
energy of a body is measured by the work it can do, the units
of energy are the same as those of work. The SI unit of energy
is therefore the joule.

A body may possess energy owing to a variety of oa.ﬁses,
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o.g. heat and electricity are forms of energy, which can be
converted into mechanical work. In dynamics, however, we are
concerned only with purely mechanical energy which may be
of two kinds, Kinetic or Potential.

4.8. The Kinetic Energy of a body 1s the energy it possesses in
thueofztsmotwn andzsnwamredbytheanwuntofworkwhwh
¢ does in coming to rest,

Consider a particle of mass m moving with velocity v, and
suppose it is brought to rest by a constant force F which
produces in it a retardation a, then F = ma.

Let z be the space described by the particle before it comes
to rest, then

0 = v?—2q2

ax = o8,
*. Now the work done by the particle is Fx = max
the work done = }mv?
the kinetic energy of the body = {mv2.

It should be noticed that }mv? gives the kinetic energy in
joules if m is in kilogrammes and v in metres per second.

4.9. The Potential Energy of a body is the work it can do in
moving from its actual position to some standard position.

Examples of potential energy are the energy of a weight
above the ground (the standard position being the surface of
the earth), compressed air (the standard position being the
volume it would occupy at atmospheric pressure), & bent or
compressed spring (the standard position being its natural
shape).

The potential energy of a particle of mass m at height &
above the surface of the earth is the work the particle can do
in falling to the ground, and this is equal to the work done in

raising it to & height &, viz. mgh.

4.10. A particle of mass m falls from rest at a height h above the
ground. Show that the sum of its potential and kinelic energies is
constant throughout the motion.
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Let v be the velocity of the particle when it has fallen
through a distance x to a point P.

"‘Then v = 2z
Its kinetic energy at P = {mv® = mgx
Its potential energy at P = mg(h—z)
therefore the sum of its kinetic and potential energies at P is
mgz-+mgh—mgz = mgh

which is independent of «, and is therefore constant throughout
the motion.

On reaching the ground the velocity ¥ is given by

V? = 2gh
the kinetic energy = {mV? = mgh A
» = potential energy at height &.

Hence, on reaching the ground, all the potential energy has
been transformed into kinetic energy.

4.11. Principle of Conservation of Energy

The example in the last paragraph is a simple illustration of the
, Principle of Conservation of Energy. In its most general form
“this principle states that:

The total amount of energy in the universe is constant; energy
cannot be created or destroyed, although it may be converted into
various forms, e.g. heat, light, sound.*

In the example of the last paragraph, when the particle hits
the ground it apparently loses all its energy. Actually the kinetic
energy is converted into other forms of energy, mainly heat.

Similarly, when a body is projected along a rough horizontal

* The Principle of Conservation of Energy is one of the most im-
portant principles in science. In its most modern form it is known as
the Principle of Mass-Energy, for Einstein has -shown that mass (m)
and energy (E), are interchangeable according to the equation B = mo*,
where ¢ is the velocity of light. This transformation of mass into energy
is the source of nuclear energy as used in the atomic bomb and in
nuclear power stations. In Newtonian mechanics, however, mass and
energy are regarded as two distinet physical quantities, and there are
two conservation laws, one for mass and one for energy.
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surface which reduces it to rest its kinetic energy is gradually
transformed into heat. In dynamics we are not concerned with
the energy once it has been transformed, but it must be remem-
bered very carefully that in all cases where there are sudden
jerks or impacts in a system, or where there is motion against
friction of any kind, some mechanical energy is always appar-
ently lost; it is actually converted to other forms.

If we exclude forces of this nature which cause conversion of
energy to other forms we can use a restricted form of the general
principle applicable to mechanical energy alone (i.e. apart from
other forms), and often called the Principle of Energy.

In the case of forces such as gravity the work done in bring-
ing a system from one position to another depends only on the
initial and final positions and not on the manner in which the
transition is made. Such forces are called Conservative, and the
principle of energy so often used in dynamical problems may
be stated as follows:

If a system of bodies in motion be under the action of a con-
servative system of forces the sum of the kinetic and potential
energies of the bodies is constant,

4.12. The principle of energy is most commonly used when
considering motion under gravity ; it tells us that, in the absence
of friction and impacts, for any loss in kinetic energy there must
be an equal gain in potential energy, and vice versa.

Thus, for a body sliding down a smooth inclined plane the
kinetic energy acquired is equal to the loss of potential energy,
and depends only on the vertical distance descended.

The kinetic energy, and therefore the speed, acquired in
sliding down the plane is the same as that acquired by falling
vertically through the height of the plane (see p. 64).

If a ring threaded on a smooth vertical circle is projected up
from the lowest point the speed at any point depends only on
the vertical height of that point above the bottom of the circle.
Similarly, for a particle sliding down any smooth curve; the
speed at the bottom depends only on the vertical height
descended.

Great care must be taken never to use this principle in
problems where there is any friction, or any sudden jerk or
impact. In such cases energy is nearly always converted.
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4.13. xAMPLE (i)

Find the power required io pump 4-6 m? of water per minute from a
depth of 156 m and deliver i through a pipe of 40 cm? cross-section.
(Assume that 1 m® of water has a mass of 10® kg and neglect the effects

of friction.) (H.8.C.)
Work done per minute in raising the water
=465x10%9-8x15 J
= 66-15x104 J.

This equals the gain in potential energy of the water per minute.
But the water is also given kinetic energy. If the velocity of the
water is v ms~! a column v m long and 0-004 m? cross-section is
discharged every second, so that
Volume issuing per minute = 0-004v x 60 m3
= 4+ m?
024y = 46
v = 1876 mgL,
Kinetic energy imparted to the water per min.
= $X4-6x103%x18-76% J
‘ = 79-10x 104 J.
Total gain in energy per minute = 14525 x 104 J
power = 14525 x 104/60 W
= 24-2 kW.

EXAMPLE (ii) :

A body of mass m s projected up a plane of inclination « with an
snstial velocity of V. Find how far up the plane the body goes, and the
loss of mechanical energy during this motion.

R

KR
[ mg

Fra. 4.3

The forces acting on the body are its weight mg, the reaction R
- normal to the plane, and the frictional force xR down the plane.
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Therefore the acceleration a up the phne ia given by
' ma = —myg sin a—pR
and 0 = R—mg cos «.
= —g (8in a-}-p cos a).

Therefore if 8 is the distance the body goes up the plane before it
comes to instantaneous rest we have

0 = V34 2as
8 = V?2g(sin at-p cos a).
Now, the loss in kinetic energy of the body
= imV?
and the gain in potential energy of the body
= mg 8 8in a.
Therefore total loss of mechanical energy

= gmV*—mgs sin «
sin

= {mVi—mV sin a-}-p COS «

4 CO8 a

= {mV sin a-}-p cos «
We note that this is zero if u = 0, that is, there is no loss of
mechanical energy if the plane is smooth.

EXAMPLE (iii)
A light inelastic string passes round small smooth pulleys A and B
in the same horizonial line at a distance 2a apart and carries masses m,
at each end and a mass m, (<2m,) at its mid-point. The system is
released from vest with m, at the mid-point of AB. By applying the
principle of the conservation of energy, show that the system comes to
tnstantaneous rest when mq has fallen a distance damymyf(dm,2—mg?).
(H.C.)
Suppose m, falls a distance 2 before it comes to instantaneous
rest; each mass m, will then have ascended 1/(a?+-2%)—a.
Henoe since the pulleys are smooth, the gain in potential energy
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of the two masses m, must equal the loss in potential energy of the
mass m;.

2myg{yv/(@*+2%)—a} =
2my+/(a*+-2%) = myz+2ma
4m,Ya*+2%) = (myz+-2mya)®
4my %t = myt2* - dmymyza

z = mma
In—mg

4.14. In problems where a mass loses veloclty owing to the
action of a retarding force, e.g. a bullet passing through a plank,
or a train being pulled up by its brakes, we can obtain a
measure of the retarding foroce in two ways:

(1) If we know the time during which the force acts, and the
initial and final velocities » and v of the mass m, then if F' is
the average foroe,

Ft = m(u—v).

(2) If we know the distance s travelled during the retarda-
tion we can obtain the average force by equating the work done
to the loss of kinetic energy,

Fs = }m(u®—v?).

It must be clearly understood that the measure of the force thus
obtained is an average value. In the first case it is a time average,
and in the second a space average.

If the force is constant the two methods will give the same
value, but if the foree is not constant the values will be different.
For if

m(ul—v?)  m(u—v)
28 ¢
utv
2

we got

| &

i.e. the average velocity (s/t) is equal to the means of the initial
and final velocities. Now, this is not necessarily the case unless
the acceleration is constant, i.e. unless the force is constant.
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EXAMPLES 4.2

1

. Find the ratio of (i) the momenta, (ii) the kinetic energies, of a

mass of 80 g moving at 2-5 km/min, and a mass of 10 kg moving
at 2 msL, (1.AY)

. A force equal to the weight of 5 kg acts on a mass of 30 kg,

originally at rest, for 10 s. Find the distance travelled by the mass,
and the kinetic energy generated in it. (H.C.)

. Express the kinetic energy of 250 kg moving at 10 kmh-1. A

mass of 10 Mg is drawn up a slope of 1 in 96 against a resistance
of y35 of the weight of the train. If 32 kW is used, find the
greatest speed that the mass can have. (L.A)

. Calculate the energy required to raise an 18 kg shot to a height of

2 m, and then project it with an initial velocity of 12 msl,
What is the power required for a motor car, which weighs
1400 kg and can travel at 48 kmh~! against an air resistance
equal to g% of its own weight? (LA)

. A man lifts a stone weighing 300 g from the ground to a height

of 2. m, and then throws it away horizontally with a velocity
of 6 ms—. How much work has to be done on the stone? If the
man does this 20 times per minute, find the average rate at
which he is working, neglecting the work he does in moving
himself. (LA)

. Show that the velocity of water in a pipe of cross-section 100

cm? which delivers 0:1 m3s~! is 10 ms~?,

Calculate, correct to three significant figures, the power of an
engine which raises the water in this pipe to a height of 12 m and
then delivers it at this height at 0-1 m3s~1.

. Find the power required to pump 2 m?® of water per minute

from a depth of 30 m, the water being delivered through a
circular pipe 8 cm in diameter (neglect friction). (H.C.)

. Find the power of an engine which can fill a cistern, 60 m above

the level of a river, with 140 m? of water in 24 hours, assuming
that only two-thirds of the work actually done by the engine is
available for raising the water. (H.C.)

An engine is raising water from a depth of 18 m and discharging
0-76 m3s-! with a velocity of 14-5 ms~1. Find the potential
energy and the kinetic energy of the water discharged per
second, and find the power at which the engine is working.
(H.C.)
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10.

11.

12.

13.

14.

15.

16.

17.

If a body moves in a straight line under the action of a constant
force, prove that the increasc in the kinetic energy of the body
during any interval is equal to the work done by the force. A lift
of mass 250 kg rises from rest through a height of 16 m in 5 s
with a uniform acceleration. Find the average power exerted
during this time. (H.8.D.)

What must be the power of an engine which is to fill a reservoir
500 m long and 300 m wide to a depth of 3-5 m by pumping
water from a river 1-5 km away, and 150 m lower in level, in
15 days, working day and night. (I8.)

An engine in 7 s has raised a load of 1 Mg through a height of
1 m, and has communicated to it a speed of 3 ms~2. At what
average power has it been working ? (H.C)

A cyeclist and his machine together have a mass of 80 kg. In free-
‘wheeling down & hill 200 m long, which falls a vertical distance of
8 m the cyclist increases his speed from 3 ms—! to 10 ms-t. Calcu-
late the change in the total kinetic energy of cycle and rider, and
hence calculate the average value of the resistance to motion.

A dock 200 m long and 40 m wide, with a depth of water 12 m,
has to be pumped dry in 6 hours, all the water being lifted to a
level of 0-6 m above the original water level in the dock. If the
useful power exerted by the pumping engines is constant,
calculate what it must amount to, and find the time it takes to
empty the last 2 m of water in the dock. (Q.E.)

‘A car of mass 1 Mg has climbed a height of 32 m in going 1-6

km; it started from rest and is proceeding at 60 kmh—! at the
ond. The frictional resistance of the road is.the weight of 24 kg.
What is the ratio of the gains of kinetic and potential energy,
what fraction of the total work done is stored, and what is the
average power exerted if the climb took 3 minutes? (Q.E.)

Three equal weights are attached to the middle and ends of a
light cord which is placed over two smooth pulleys at the same
level so that the central weight hangs symmetrically hetween the
pulleys and the others hang vertically. If the central weight is
pulled down until its connecting cord makes angles of 50° with
the horizontal, and is then let go, find what the angles will be
when next the weights come to momentary rest. (H.8.C.)

Two bodies, of mass 240 and 250 g respectively, are suspended
by a light string on either side of a smooth peg. Find the loss of
potential energy when the heavier mass has descended 160 cm
from rest, and hence deduce the velocities of the two masses at
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this moment.  Verify your value for the velocities by making
the calculation in another way.

Define ‘work’, and explain in what units it is measured. A mass
of 100 kg was dragged to the top of a hill 300 m high along a
road rising uniformly 0-3 m vertically for every 9 m measured on
the map, and with a coefficient of friction . After coming to
rest at the top it slid straight down a slope at 45° to the hori-
zontal with a coefficient of friction §. Calculate the total work
done in dragging the weight to the top of the hill on the upward
journey, and the amount of this total recovered as kinetic
energy at the end. What was the total work done against
friction ? (C.W.B.)
A particle is projected with velocity V directly up a rough plane
of inclination «. Show that when it again has velocity V it will
be at a distance :

V3 cosa sin 2\
g ~"cos 2A—cos 2a

from the point of projection, A being the angle of friction, which
is less than a. (H.S.D.)

Show how to estimate the difference of potential energy in a
system, acted on by gravity only, in two different configurations.
A particle of mass M is attached to two particles, each of mass m,
by means of two light inextensible strings passing over two small
smooth fixed pegs, distant 2¢ apart at the same level. Show that,
when the mass M falls from a position in which the strings are

‘each inclined to the vertical at an angle 6 to the position in

which they are each inclined to the vertical at an angle ¢, there
is a loss of potential energy of amount ) 9

Mge(cot ¢— cot 8)—2mgc(cosec ¢—cosec 0)

Deduce that, if there is equilibrium when the strings are each .
inclined to the vertical at an angle «, and the system is released
from a position in which the strings are each inclined to the
vertical at an angle 0, it will next come to instantaneous rest
when the inclination is ¢, where

tan? ja = tan 46tan . (H.C)

Explain briefly the terms kinetic energy, potential energy, con-
servation of energy. A light endless string of length 4na carries
two equal smooth heavy beads P and Q threaded upon it. It
rests over two smooth pegs A and B at the same level and a
distance 2a apart, the beads P and Q being separated by the
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pegs. Initially the system is at rest, P being held at the mid-
point of AB, and then released. Show that the relative speed V
of the beads as they oollide is given by

V2 = 8gay/(n—1){y/(n+1)—/n} (HS.C)

4.15. Work done by a variable force

Suppose a particle is subject to a force F which is variable in
magnitude and/or direction, and that the particle moves from
the point o to the point ¢ along the path omne (Fig. 4.4).

Fiq. 4.4

If g is & point on this path at a distance s from o, measured
along the curve, and # a neighbouring point at a distance 8-4ds,
the work done by F as the particle moves from g to ¢ is ap-
proximately F cos 63s, where 6 is the angle between F and qt.
The total work done as the particle moves from m to » is given
approximately by the sum of all these expressions F cos 63s,
that is, 2 F cos 6§ 8, the summation being taken from m to .

This can be represented graphically (Fig. 4.5) by plotting
F cos 0 against s. If PQ and OQ represents the values of F cos 6
and s corresponding to the point g of the path, then P lies on a
curve APB known a8 the force-space curve. AM represents the
value of F cos 6 at m, and OM = om = s,. Similarly BN repre-
sents the value of F cos 0 at n, and ON = on = s,.

If RT represents the value of F cos § at ¢, and OT = s+ s,
then the area of the strip PQTR equals approximately F cos  3s,
and hence represents the work done by F as the particle moves
fromgtot. -

Thus the work done by F as the particle moves from m to n
is represented by the area ABNM, and is in fact given by the

¥
integral [~ F cos 6 ds.
The work done-by F in any displacement can therefore be
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found by calculating the area under the force—space curve, or by
evaluating the corr ing integral.

We have assumed here that the curve AB is traced in the
direction from A to B, i.e. that s is increasing. If it is traced in

8

Fcos@ pR
A
—3
o M QT N C
Fig. 4.5

the opposite direction, so that s is decreasing, the work given
by the area ABNM is done against the force (by other forces)
and we must then reckon it as negative work as far as the force
F is concerned.

4.16. Suppose the force-space curve is closed, as in Fig. 4.6,
and traced in the direction shown by the arrows.

Starting from A, the upper portion of the curve AP,B
represents the magnitude of the component of the force as its

Y

Fcos61 A B

o M - N
Fic. 4.0

point of application moves a distance represented by MN;; and
the area AP,BNM represents the positive or useful work done
by the force. The lower portion of the curve BP;A represents
the magnitude of the force as its point of application moves
back through the distance represented by MN; the area
AP,BNM represents the work done against the force.

The total positive or useful work done by the force while its
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point of application has moved from M to N and back is repre-
sented by the difference between the areas AP,BNM and
AP,BNM, i.e. by the area of the closed curve AP,BP,.

4.17. Indicator diagrams

To obtain a measure of the amount of work done by the steam
pressure in a steam engine during a complete stroke of the piston
an indicator is attached to the cylinder of the engine. The
indicator consists of a small cylinder containing a light piston
controlled by a spiral spring, so that the vertical displacement
of the piston is proportional to the steam pressure in the main
cylinder. The indicator piston actuates a pencil which traces a
‘curve on a sheet of paper placed on a rotating drum.

The engine is thus made to trace its own force-space dia-
gram. The curve is a closed one, and its area gives a measure of
the work done by the engine at each stroke.

4.18. EXAMPLE (i) .

A train of mass 260 Mg is drawn from rest up an incline of 1 in 200,
the resistances to motion being ? of the weight of the train. The driving-
Jorce D in units of 109 N at different distances s in m is as follows:

8 0 30 60 90 120 150. 180 210 240 270 300
D 90 92 82 70 62 56 51 47 44 42 40

Findthespeedofthetminwhenithasgone%Om,andthepower
of the engine at this point.

If we plot D against s the area under the curve as far as s — 240
equals the total work done by the engine after it has gone that
distance. This may be found by simply counting squares, or'by using
Simpson’s or some other rule, or by using a planimeter. It is ap-

_ proximately 6-6 X 10%x 9-8x 240 J.

But the work done against the resistances = 2X10*X9-8X240J.

Also, the work done in raising the train vertically a distance of
240/200 m = 1-2Xx 260x 103X 9-8 J.

If the velocity of the train when it has covered 240 m is v ms™1,
the kinetic energy of the train = } x 260 x 103 X 2 J.

Hence by the principle of energy,

2103 x9:8x240-1-2 X 260 % 103X 9-8-1-130 X 103 x ¢?
= 6-6 x 10 x 9-8 X 240
v® = 597
v = 773,
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Therefore speed of train is about 7-78 ms™.
Also, the work done per second by the engine when at a distance
of 240 m = 44x10*%X9-8x 773 J

power = 333X 10 W
= 333 kW.

EXAMPLE (ii) _
The speed of a train of mass 100 Mg varies with time in accordance
with the following table:
Time in 8 0 10 20 30 40 50 60
Speed in kmh—* 0 36 56 68 76 80 8l
The train s nmm'ny down an incline of 1 in 400. Find the power being
exerted by the engine at the end of the first half-minude if the frictional
and asr resistance to motion at that instant amounts to z§s of the weight
of the train.

The component of the weight down the plane is 100 x 10® g/400 N
and the resistance to motion is 4 X 10* g N. Henoe if the driving force
at the end of the first half-minute is D in newtons and the acceleration
at this instant is ¢ in ms*, the equation of motion is

D+3x10°x9-8—4 X 10’x9-8 = 100x 10%a
= 10°¢42-45 x 10%.
But a-is given by the gradient of the speed-time curve at the
instant ¢ = 30, which is approximately 1 kms—! = 1000/3600 ms,

D =‘-@—+2-45x 10 = 30-22 x 10®
. driving force = 30-22 x10% N.
“But the speed at the end of the first half minute is 68 kmh-1,
—_ 10’ —1
= GSXM ms§

30-22 x 10® x 68 % lO’W
3600
= 570 kW.

" Power at this instant =

EXAMPLE (iii)

A car of mass 6 Mg staris from rest wnder the action of a force given
by the following table:

tins 0 2 4 6 8 10 12 14 16 18 20
%Fin N 304 300 283 248 198 168 146 130 120 112 108
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If the resistances to motion are equivalent to a consiant force of &
of the weight of the car, draw the acceleration—time curve, and find the
velocity of the car at the end of the time.

It is assumed that the car is travelling along a horizontal road.
Hence the effective force forward is F—102x9-8 N, so that the
acceleration, a in ms—2, at time ¢ is given by

F—980 = 6x10%
a = (F—980)/6000.

a can therefore be calculated from the tabulated values of F, and
the acceleration-time curve ean be drawn. The area under this curve
gives the velocity of the car. It is found that the ve]ocxty at-time
t = 20 is approximately 3-3 ms1.

It might be noted that the velocity, ¥ ms—1, of the car at any
instant can be found from this curve, and hence the power of the car
at this instant can be calculated. The power at time t = 20 is
1080 x 3-3 W = 3-56 kW.

4.19. Tension in an elastic string

As an example of a varlable force we will consider the tension
in an elastic string.

It is found by experiment that the tension of an elastic
string varies directly as the extension of the string beyond its
natural length, provided the extension is small. This fact was
discovered by Hooke (1635-1703), and is embodied in what is
usually known as Hooke’s Law. This may be stated as follows:

If 1 is the natural length of an elastic string, and I’ the
stretched length, then the tension 7 is given by

A

where A is a constant depending on the thickness and material
of the string. A is usually called the Modulus of Elasthty of the
String.
It is obvious that A is the tension required to stretch the
string to double its natural length, and has the same units as 7'.
Young’s Modulus Z is the value of ) for a string of unit area
ss-section; in fact, it equals A divided by the area of the
cross-section, and is expressed as E units of force per unit area.
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4.20. Work done in stretching an elastic string
Let A be the modulus and ! the natural length, then for an
extension z, the tension is

T = Ml

This can be represented graphically (Fig. 4.7) by the straight
line OAB inclined to the axis of « at an angle 8 given by
tan 0 = Afl,

T
B/
A
T n
(o], x
———X| cem—a]M N
!- alliyn -~
Fra. 4.7

The work done in increasing the extension from z,; to z, is
given by the area of the trapezium AMNB, and equals
# T+ To)(wy—x,), where Ty = Az, /l and T, = Ax,/l.

Hence the work done is the product of the mean of the initial
and final tensions and the extension.

Otherwise, using the calculus, we can say that the work
done in increasing the extension from z by an amount dx, so
small that 7' may be supposed constant, is 7'dx or (Az/l)dz.

Hence the work done in increasing the extension from z, to

z, is
[ -5,

= Ay
° 21

=Z(ertm)en—ay),

= T+ T)(@—2y).
Hence the work done is the product of the mean of the
initial and final tensions and the extension.
The potential energy of the string when it is extended an
amount z is therefore {Ax?/l.
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EXAMPLE (i)

An elastic string, of natural length 0-6 m, is stretched 8 om by a weight

of 1 kg hanging on #t. Find the work done in stretching it from a length

of 0-65 to 0-7 m. '
The fact that a weight of 1 kg stretches the string 8 cm enables us

to find A, for

A
1x98 = GTG.XO‘OS.

The tension for an extension of 0-05 m is
A b
T, = W(O-Oﬁ) = §x9 8 N.

The tension for an extension of 0-1 m is

by 10
T, = 55(01) = g X98N.

Therefore the mean of the initial and final tensions is

YT+ To) = 208N
and the extension is 0-05 m.

the work done = '%EX 98006 = 0-46 J.
Note. Care must be taken in using Hooke’s Law to keep all length
measurements in the same units,

EXAMPLE (ii)

A mass of & kg 18 attached to one end of an elastic siring of natural
length 1-2 m, whose other end is fixed at @ point A . The modulus of the
string is such that the 6 kg mass hanging vertically would stretch the
string 16 cm. The mass is held at A and allowed to fall vertically. How
far below A will it come to rest?

‘Since the 5-kg weight stretches the string 0-16 m,

5x98 = £ X016 or A = 302 N.
When the mass has fallen 1-2 m its velocity is 1/(29 X 1-2) ms-2,
and its kinetic energy is § X5x2:4 g J..
The mass now begins to stretch the string, and the extension
goes on until the work done in stretching is equal to the loss of
kinetic and potential energy of the 5.kg mass.
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If the extension produced when the mass comes to rest is x m
the final tension is Az/1-2 N, and the initial tension is zero. Hence
the work done in stretching.

= 3022824 — 4%% J.

The loss of kinetic energy of the mass is 6 X 9-8 J and the loss of
potential energy of the mass is 5 x9-8z J.

~ s = (45098
10022 = 36430z
x = 0-768

Hence the distance below A at which the mass comes to
rest is 1-968 m.
Note (i). It is important to remember that as the mass descends
and stretches the string it loses both kinetic and potential energy.
Note (ii). In solving the quadratic for z, the root with the negative
sign in front of the radical can be ignored, as it would be negative,
Note (iii). After the mass comes to rest the string will contract
and pull it up again, and, assuming that no energy is dissipated in
the stretching, when it reaches the point 1-2 m below A it will have
the same velocity as it had when going down, and this will be just
sufficient to take it up to A again.

EXAMPLE (iii)
A ring of mass m can slide on a smooth vertical wire. It is attached
by a light siring of natural length | and modulus of elasticity mg+/2
to a point at a distance I from the wire. Prove that, if the ring begins to
move when the string i3 unsiretched, it will descend until the length of
the string is 31 before its velocity vanishes. (I8.)
Suppose when the ring is again at rest that the length of the
string is L.
.". Increase in potential energy of the string = §mg+/2(L—1)3/l.
The ring will then have descended a distance 4/(L*—I*), and
hence the loss in potential energy of the ring = mg+/(I2—13).
There is no change in kinetic energy.
Hence, since the wire is smooth,
: imgv/ 2 L—)l = mg/(L*—T)
(L= = /2 /(L3—D).
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Therefore squaring and dividing by L—1, we get
(L—1)3 == 2(L+-1)
(LA4-B)(L—3l) =0
L =3l

4.21. Gravitational potential energy

Another example of a variable force is the gravitational force
due to the earth. The force acting on a mass m at the earth’s
surface is its weight mg, but at a height x above the earth’s
surface this has a different value, viz. mgR?/(R-x)3, where R
is the radius of the earth, as the gravitational pull of the earth
at points outside it varies inversely as the square of the distarice
from the centre.

Thus the work done in raising a mass m from the earth’s

surface to a height & is given by:
e =] - gz ]~ mor [ iz
= mgR* X R(R’fi- )
= myh/(l+£)-

In most problems with which we have to deal % is small
compared with R, and thus the work done is approximately
mgh, the expression used earlier for the potential energy of a
mass m at height A (4.9).

EXAMPLES 4.3

1. A force of P N moves a body of mass 16 kg from rest in its own
direction. The value of P at a distance z from the starting-
point is given by the table:

PN 7 90 207 200 225 180 0
rm 0 0-28 0-5 09 1-2 1-5 185
Plot P against z, and using the proposition that ‘the change in

kinetic energy equals the work done’, draw a graph giving the
velocity at any instant throughout the interval. (LE.)
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2. A truck starting from rest and of mass 15 Mg is drawn along
the level against a constant resistance of % of the weight of the
train, The draw-bar pull is found to vary with the distance
travelled according to the following table:

Distance travelledinm O 10 20 30 40 50
Draw-bar pull in 102N 360 356 348 329 305 272

Find (i) the work done by the force, (ii) the kinetic energy of the
truck, (iii) the velocity of the truck, when the truck has travelled
the first 50 m.

3. A mass of 1 Mg is drawn from rest up an incline of 1 in 200 by a
force parallel to the ground and varying with the distance
according to the following table:

Distanceinm 0 50 100 150 200 250 300 350 400
Forcein N 460 580 600 520 400 260 140 100 40

If the frictional resistance to the motion is 100 N, find the velocity
of the body after passing over 400 m.

4. A car whose mass is 1000 kg starts from rest, and the resistance
to the motion is equal to Jy of its weight. When it has travelled a
distance s m the force exerted by the engine is #/ N where

] 0 b 10 15 20 25 30
F 3220 3170 3110 3035 2935 2825 2685

Construct the acceleration-space graph of this (continuous)
motion, and find the speed of the car when it has travelled
30 m. '

6. A train of mass 500 Mg commences to climb a gradient at a
speed of 40 kmh-1. The engine exerts a constant pull of 135
of the weight of the train, and the total resistance R due to all
causes, including gravity, rises with time in accordance with the
following table:

R (10® N) 10 14 20 28 38 48 64
¢ (min) 0 o6 10 15 20 256 30
Determine the speed of the train at the end of 3 minutes. (Q.E.)
6. State Hooke’s law for an elastic string.

The ends of an elastic string of natural length 2¢ are fixed in
a horizontal line and at a distance 2z apart. A particle of mass
m attached to the string at its mid-point rests in equilibrium.
If cach half of the string is inclined to the vertical at an angle 0,
find the modulus of the string. (L.A)
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7.

10.

11.

12.

13.

An elastic string, of natural length 2a, is found to extend a
distance b when a particle of weight W is suspended from a free
end. The particle is now removed and attached to the mid-
point of the string, the ends of which are then tied to two points
A and B in the same vertical line at a distance apart greater than
2a. Assuming that, in the equilibrium position, the lower part
of the string remains taut, show that the displacement of the
weight W from the mid-point of AB is b/4. (L.A.)

. The force required to compress a spring varies as the amount of

compression or extension. If it requires a force of 20 N to hold a
certain spring compressed 1 cm, find how much work is required
to compress it another centimetre. (H.S.C.)

. A mass M is attached to a light elastic spring and produces an

extension e when the spring is suspended from a fixed point. If
in this position a small mass m is added to M and the combined
mass is allowed to fall from rest, find the greatest- extension
produced in the spring.

An elastic string of natural length 3 m can be stretched to a
length of 4 m by a weight of mass 10 kg. Its two extremities are
fixed to two points A, B in the same horizontal line at a distanco
of 4 m apart, and a mass of 15 kg is attached to the mid-point.
If this mass is released from rest while the string is horizontal
find the velocity of the mass when it has descended a distance of
1-6 m.

A particle of mass m is attached by a light elastic string, of
natural length a and modulus A, to a fixed point O on a rough
plane inclined at 8 to the horizontal, the coefficient of friction
being u(<tan ). Initially the string lies along a line of greatest
slope of the plane with w below O. If i is released from rest
when the string is just taut, find the distance it moves before
it comes to rest again. Examine the subsequent motion, when
u==}tan@.

A spring whose weight can be neglected is fixed in a vertical
position, and a weight T resting on it produces a compression «.
Show that if the weight W is let fall on the spring from a height
3a above it, the maximum compression of the spring in the
motion which follows is 3a. (H.8.D.)

A weight of mass 4 kg will compress a spring through 2:5 cm.
A model truck, of mass 250 g, runs into the spring, used as a
buffer, with a velocity of 90 ems-1. How far will the spring be
compressed before the truck is brought to rest? (H.C.)
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A particle, of mass m, is supported by two light elastic strings.
each of natural length ¢ and modulus of elasticity 15 mg/16, the
other ends of which are fixed one at each of two points, A, B in
the same horizontal line and at a distance 2a apart. Verify that,
in the position of equilibrium, each string is inclined to the
vertical at an angle of cos— 4/5, and find how much work must
be done to raise the particle to the mid-point of AB. (H.C.)

Assuming that the acceleration due to gravity decreases uni-
formly in the magnitude from g at the earth’s surface to zero at
the earth’s centre, show that the potential energy of a particle
of mass m at a depth = below the surface may be written
—mgz-+mgz2[2 R, where R is the radius of the earth.

A particle is shot vertically upwards with a speed of 0-8 kms1,
Find how high it will go assuming that the acceleration due to
gravity (i) is constant, and (ii) varies inversely as the square of
the distance from the earth’s centre. (Take the radius of the earth
equal to 6400 km, and neglect resistance of the atmosphere.)

A weight of mass 100 kg hangs freely from the end of a rope. The
weight is hauled up by means of & windlass. The pull in the rope
starts at 1560g N, and then diminishes uniformly at the rate of
1g N for every metre of rope wound in. Find the velocity of the
weight after 50 m of rope has been wound. The weight of the
rope may be neglected. (Q.E.)

A car of mass 1 Mg starts from rest on a level road. The tractive
force acting on it is initially 40g N, and this falls, the decrease
being proportional to the distance travelled, until its value is
159 N at the end of 100 m, after which it remains constant. There
is & constant frictional resistance of 159 N. Find the speed of the
car at the end of the 100 m, and plot a curve, on a distance base
showing the gradual rise of the speed from the start. (Q.E.)

A mass is suspended from a fixed point O by an elastic string of
natural length a, and when the mass is hanging freely the length
of the string is 5a/3. Show, by the principle of energy, that if the
mass be allowed to fall from rest at O, the greatest length of the
string in the subsequent motion is 3a.

Find also the speed with which the mass is moving when it
is at a distance 2¢ from O. . (C.W.B.)

. A body of mass M kg moves from rest under the action of a

constant horizontal force F N. At the same instant another body
of the same mass moves from rest under the action of a force in a
fixed horizontal direction, which does work at a constant rate
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P Js, If after T s the bodies have the same speed V ms—*
show that P == }FV. »

Find the ratio of the speeds of the bodies when they have
been moving for 47 s. (L.A)

4.22, Units and dimensions

The units of mass, length, and time are called fundamental
units, since the units of other quantities, such as speed, force,
etc., can be expressed in terms of them. The unit of speed is a
speed of unit distance in unit time, e.g. 1 ms-!; the unit of
acceleration is an increase of unit speed in unit time, e.g.
1 ms-2. The unit of force is the product of unit mass and unit
acceleration.

If we denote the units of length, mass, and time by L, M,
7 the

L

unit of speed will be 7= LTt

__unit of speed L — LT-2

the unit of acceleration = it oF time = 7%

the unit of force = % = MLT-?
the unit of work = unit of force x unit of distance
ML '
= = ML27-2,

Now the unit of area is the product of two unit lengths or
L2, and is said to be of two dimensions in length. A volume is
said to be of three dimensions in length.

This idea of dimensions is extended to include mass and
time, and the powers to which the fundamental units are raised
to produce the unit of any quantity are called the dimensions
of that quantity. Thus the dimensions of speed are said to be
1 in length and —1 in time, those of work are 1 in mass, 2 in
length, and —2 in time.

4.23. The dimensions of any physical quantity are easily
obtained by considering the way in which the quantity is de-
fined, and by writing down the formula for its unit in terms of
M, L, and T as above.
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Momentum is defined as the product of mass and velocity
and its dimensional formula is therefore
ML -
- = MLT-.
Angular velocity is obtained by dividing an angle in radians
(which is merely a ratio of lengths and independent of units) by
time, and its dimensional formula is

1

- -1

7= T
Power is obtained by dividing work by time, and its dimen-

sional formula is therefore

MI2
T

There are two important uses of dimensions which will now
be considered.

= MI*T-3.

4.24. In any equation between physical quantities each term
must be of the same dimensions in the fundamental units. Just
as it is impossible in ordinary arithmetic to add, say, pence and
metres, so it is impossible to add any two terms of different
dimensions. This often gives a useful check as to whether a
formula is a possible one.

Thus, take the equation of motlon

2 = ul4-2as,
the dimensions of v* are LT
the dimensjons of u? are L2|1s
the dimensions of 2as aro (L{T?*) x L = L3T*

so that all the terms are of the same dimensions, namely,
L31,

In 3.17 we obtained a formula for the tension in & string over
a pulley connecting two masses,

=_2mmy
T my--m, ¥
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'The dimensions of the right-hand side are that of a mass
multiplied by an acceleration or M L/7'2, and are therefore those
of a force, as they should be.

If the formula had only one mass in the numerator it could
not represent a force, as its dimensions would be L/T? those
of an acceleration.

In 3.20, Example (iii), we obtained an expression for the
acceleration of a wedge )

Mg sin « c08 &
M4msin2 o

Now the dimensions of a trigonometrical ratio are zero, and
as each term in the numerator and denominator contains a mass,
the dimension in mass is zero. Hence the dimensions of the
whole expression are those of g, an acoeleration, and this is
correct.

If the mass were missing from any one of the terms the
expression could not represent an acceleration.

A result, such as V?/g, where V is a velocity, is of dimensions

(LT > (1% L) =
and therefore represents a length.
V/g is of dimensions (L/T) X (T?/L) = T
and therefore represents a time.

4.25. Dimensional formulae can also be used to find the change
in a unit due to changes in the fandamental units.

Let M, L, T be the units of mass, length, and time in one
system, M’, L', I" those in a second system.

Then if the units of, say, force in these two systems are
B and F’, we get

o ML ML

qu —‘TT.T{’
o F _MLT®
F - ¥LT

Thus, if M, L, T are F.P.S. units, and M’, L', 7" are SI
units, taking 1 b = 0-453 kg and 1 ft = 0-305 m, we have

1 pdl
iN = 0453 X 0-305 = 0-138

1 pdl = 0-138 N,
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EXAMPLE
Taking 1 b = 0463 kg, 1 ft = 0305 m, and g - 52 fis™2, find the
number of joules in a fool-poundal.

The dimensions of work are

where M is 1 1b, L is 1 ft, a.ndTmls,andM' L', T are 1 kg,
1 m, and 1 s respectively.

..l'_ﬂ'jp.dll = (- 453)((0.305)2

= 0-0421
1t pdl = 0-0421 J.

EXAMPLES 4.4

1. If the units of mass, length, and time be 100 kg, 100 m, and 100
8 respectively, find the units of force and work.

2. If the units of length, velocity, and force be each doubled, show
that the units of time and mass will be unaltered, and that of
energy will be increased in the ratio 1: 4.

3. If a second be the unit of time, the acceleration due to gravity
the unit of acceleration, and a kg the unit of mass, find the unit

of energy.

4. If m is the mass of a body in kg, V its velocity in ms™2, in what
units is ite kinetioc energy expressed when we say that this energy
is measured by }mV?*? If the units of length and mass be each
multiplied by 10 and the unit of time divided by 10, how will
the following units be affected: (i) acceleration; (ii) energy;
(iii) force; (iv) power? (LS.)

5. Given that 1 kg = 2:204 1b, 1 m = 3-281 ft, 1 hp = 33,000 ft 1b
per min., g = 981 cms?, show that 3 hp is approximately 2-24 kW,

8. Taking 1 year of 365} days to be the unit of time, the Earth’s
distance from the Sun (1486 X 10° km) to be the unit of length,
and the mass of the Earth to be the unit of mass, find the kinetic
energy of the Sun relative to the fixed stars, its velocity relative
to them being 17-6 kms~1, and its mass 332 000 times that of the
Earth, (1.C.)
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7. State the dimensions of force, power, angular velocity, pressure at
a point in g fluid.

If the force of attraction between two masses m and m,,
distant r apart, is k%, find the dimensions of %, and its
numerical value when SI units are employed. [¢g = 9-81 ms-2,
radius of earth = 6:37x10® km, mass of earth — 6-14 x 10%¢
kg.] : (H.S.C.)

8. Verify that the following equations are dimensionally correct:
(i) 8 = ut4-jgit.
(ii) T = 2m+/lfg, where T is the time of oscillation of a simple

pendulum of length .

(iii) E = }mv* where E = energy of a body of mass m moving
with velocity v.
(iv) W = N6 where W = work done by a couple of moment N
in turning a body through an angle 6.
9. If the time of oscillation, 7', of the bob of mass m of a simple
. pendulum of length ! is written as
T = Am*Pg*
where A4, z, y, z are constants, find by considering the dimensions
the values of z, y, and z.
10. If the velocity v of sound in a gas of pressure p and density p is

written as )
v = Ap*p’,

where A4, z, y are constants, find = and y.
11. If the velocity v of waves on an ocean of density p is written as

v = Ag¥p’X,

- where 4, z, y, z are constants, g is the acceleration due to gravity,
and A the wavelength, find from the consideration of dimensions
thg values of z, ¥, and z.

12. A particle of mass m is projected vertically upwards with velocity
v and reaches & height 4. Show that u®/gh is non-dimensional,



CHAPTER FIVE

IMPULSIVE FORCES
IMPACT OF ELASTIC BODIES

5.1. Impulse

The term smpulse of a force is defined as follows:
When a force F is constant, the impulse is the product of
the force and the time during which it acts, i.e. Ft.
But if the force F acts on a mass m it produces an accelera-
tion a so that
Ft = mat = m{v—u)

where » and v are the initial and final velocities of m.
. impulse of the force = change of momentum produced.
When the force F is variable the impulse of F equals the
integral of the force with respect to the time, i.e.

2
[ Fas

0

where ¢ is the time during which the force acts.
But F = m%l), and therefore the impulse is
3 t d,v t
Fdt = | m=dt = [ , ]
[o ) mgy mv ,
= m(v—u).

Hence generally
Impulse of force = change of momentum produced.

$.2. Impulsive forces

Suppose the force F is very large, but acts only for a short
time. The body will move only a very short distance while the
force is acting, so that the change of position of the body may
be neglected. The total effect of the force is measured by
its impulse, or the change of momentum it produces.

Such a force is called an impulsive force.
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Theoretically the force should be infinitely great and the
time during which it acts infinitely small. This is, of course,
never realised in practice, but approximate examples are the
blow of a hammer, the impact of a bullet on a target, the colli-
sion of two billiard balls.

§.3. Impact of two bodies

If two bodies A and B impinge, then, from Newton’s third
law, the action of A on B is, during their contact, equal and
opposite to that of Bon A. ‘

Hence the impulse of A and B is equal and opposite to that
of B on A. It follows that the changes in momentum of A and
B are equal and opposite, and the sum of the momenta of the
two bodies, measured in the same direction, is unaltered by
their impaoct.

This is an example of the Principle of Conservation of Linear
Momentum (3.13) which is used in dealing with problems in
which impacts or impulsive forces occur.

Suppose a mass m, moving with velocity v, strikes a mass
M at rest, which is free to move in the direction of m’s motion,
and the two move on as a single body. There is no loss of
momentum; the gain in momentum of M equals the loss in
momentum of m. '

Now the momentum of the mass m before impact is mv.
Hence, if ¥ is the velocity of the two together after the impact,

(M4+m)V = mv
m
V = M—'—_I':"—nv.

The gain in momentum of M is MV, that is, Mmv/(M+m),
and the loss in momentum of m is m(v— V), which equals MV.

It should be noted that, although there is no change in the
total momentum due to the impact, there is a loss of kinetic
energy.

The kinetic energy before impact is imo®,

The kinetic energy after impact is

m?

HM4m)V? = %m'/’
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- . 2 o m .
and this is obviously less than }mv?, since Mm is less than

unity.

Since kinetic energy is lost in nearly all cases of impact, the
principle of energy must never be used in dealing with cases where
impulsive forces occur.

5.4. It is also most important to realise that the principle of
momentum ean be applied only in a direction in which there is
no external impulsive force acting.

Thus, if a bullet strikes a fixed target perpendicularly all the
momentum of the bullet is, of course, destroyed. If the bullet
hits a smooth target obliquely the impulse it receives is perpen-
dicular to the surface of the target, since it is smooth. Hence
there is no change in momentum parallel to the surface of the
target, but all momentum perpendicular to the target is
destroyed. :

If a bullet moving horizontally hits perpendicularly the face
of a block whose section is CDEF (Fig. 5.1), resting on a smooth
inclined plane AB, and becomes embedded in it, then the only
direction in which we can apply the principle of momentum is

D E
8
—

A
F16. 5.1

parallel to the face of the inclined plane AB. The component of
the bullet’s momentum parallel to AB is shared between the
bullet and the block. The component of momentum perpen-
dicular to AB is destroyed by the impulsive reaction of the
plane.

5.5. Motion of a shot and gun

When a gun is fired the explosive charge forms a large volume of
gas at very high pressure. This pressure acts equally on the shot
and gun in the direction of the barrel and drives the shot out.

If the gun is free to move in the direction of the barrel the
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forward momentum generated in the shot at the instant it
leaves the barrel is equal to the backward momentum generated
in the gun.

If the gun is placed on a smooth horizontal plane with the
barrel horizontal we can say that the momenta of the shot and
gun are equal and opposite (both will be horizontal). If, however
(as is usually the case), the barrel of the gun is elevated we note
that the horizontal momentum of the gun is equal and opposite
to the horizontal momentum of the shot, but the vertical
momentum imparted to the gun is at once destroyed by the
impulsive pressure of the plane on which it stands.

Any apparatus (such as a spring) for preventing the hori-
zontal recoil of the gun does not introduce an impulsive force at
the instant of firing, and does not prevent the principle of
momentum being applied. In such a case we calculate the
momentum and velocity of recoil as if the spring were absent.

The spring does not exert any force until it is compressed, so
that, neglecting the time taken for the shot to leave the gun, we
consider the gun to start moving back with the velocity it
would have if the spring were absent. The spring then gradually
reduces the gun to rest.

In the same way the action of gravity is neglected in cases of
impact; this again is not an ¢mpulsive force, and the impact is
over before its effect is appreciable.

5.6. Impact of water on a surface

To find the pressure due to a jet of water impinging against
a fixed surface, or a continuous fall of rain on the ground, we
have only to calculate the amount of momentum destroyed per
second. Here we are dealing with a succession of impacts or
impulsive forces. The amount of momentum destroyed per
second gives us the average force on the surface; this foroe
acting for 1 s would produce or destroy the given amount of
momentum.

5.7. BXAMPLE (i)

A bullet of mass 30 g s fired with a veloctty of 200 ms™ into a block
of wood of mass 2 kg, and lying on a smooth table. Find the velocity
with which the block and bullet move after the bullet has become embedded
in the block. (I18.)
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The momentum of the bullet before impact is 0-03 X 200 kg m s~1
units; no momentum is lost by the impact, as there is no external
horizontal force acting, and as the total mass in motion is now
2-03 kg, the common velocity, ¥ ms3, of the two is given by
203V =6
' YV = 2-96.

EXAMPLE (ii)
A shot, of mass 100 kg, wﬁredwtthavelocstyofﬁEOmr‘fromagun
of mass 50 Mg, which is free to recotl in the direction of the barrel;
Jind the resulting velocity of the gun.

The forward momentum of the shot = 100 x 5560 kg ms—1 units.
The backward momentum of the gun is equal to the forward momen-
tum of the shot.

Hence, if ¥ ms1 is the velocity of the gun,

50 % 108V = 100 %560
V=11

EXAMPLE (iii)
If, tn the last example, the gun i3 resting on an incline of 3 in 6, and
the shot is fired horizontally, find the velocity of recoil of the gun.

In this case some of the horizontal momentum imparted to the
gun is destroyed by the inclined plane on which it rests, and we can
only say that the momentum of the gun parallel to the plane is equal
to that of the shot parallel to the plane.

Now the momentum of the shot parallel to the plane is

100 % 550 X the cosine of the slope = 100 x 550 x §.
Hence, if ¥ ms! is the velocity of recoil of the gun,

50X 10V = 100 x 440
o V = 0'88.

EXAMPLE (iv) ‘

A gun, of weight W, is mounted on a smooth raslway, and is fired in
the direction of the track. It fires a shell, of weight w, with velocity V
relative to the ground. If the angle of elevation of the gun is a, prove that
the initial direction of the motion of the shell is inclined to the ground at

an angle
W cot a)

Oot—l( W—i——‘w . (H.S.C.)
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Let AB (Fig. 5.2) represent the barrel of the gun.

As the shot leaves the barrel the gun is moving backwards, and
this imparts a backward horizontal component of velocity to the
shot. The direction of the initial motion of the shot is therefore
inclined to the horizontal at an angle greater than «. Let this angle
be 6, and let the velocity of the gun be U.

Fr1a. 5.2

The horizontal momentum of the gun is equal to the horizonial
momentum of the shot, and hence MU = mVcos 6, where W = My
and w == mg.
WU = wV cos 6. ),

Also ¥ is the resultant of a velocity in the direction of the barrel AB,
and the horizontal velocity of the gun U.
If BD represents V, then if DC is drawn horizontal to meet AB
produced in C, CD will represent U by the triangle of velocities.
Angle DCB = «, angle DBC = —«

CD BD

and sin (0—a)  sna

. sin (§— sin « s
- O _sine, (i)
Multiplying this equation by (i)
W sin (#—«) = w sin « cos 6

W(sin @ cos a—cos § sin «) = w sin & cos §
W(tan 8 cos a—sin o) = wsin a
tanﬂeosm=sina+;%sina
= W;w sin «
tan0=1%"—”tana
. W cot «

.o 00t9= mo
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EXAMPLE (V)

Watermwfromactrcularme of 8 em diameter with a velocity of
b ms1; find the mass of water discharged per minute. If the water
impinges directly upon a plane, and its momentum is thereby destroyed,
what i8 the pressure of the jet upon the plane?

The area of the cross-section of the pipe is }7(0-08)®* m?, and
a column 5 m long is discharged every second.
The volume per minute

= (0 0016)><5><60 m?
and its mass
= 0487 x 10% kg
= 1507 kg.
The mass discharged per second
= 251 kg,

and its velocity is 5 ms™1,
Therefore the momentum destroyed per second
= 251 X6 kg ms™ units.

The pressure
= 1256 N-

EXAMPLE (vi)
A pile driver of mass 3 Mg falls through a height of 5 m on to a pile of
mass 1 Mg ; if the pile is driven 24 cm into the ground, find the resistance
of the ground (supposed uniform).
The velocity of the pile driver after falling 5 m is
4/ (2%9-8%5) = 99 ms™?

and its momentum is 3 x 10X 9-9 kgms™'.

After the impact the total mass in motion is 4 Mg, and if V ms™?
is the common velocity of the driver and pile immediately after the
impact
4%x10*V = 3x10*x 99

V="74.

Now this velocity is destroyed in 24 cm, and if a ms™2, is the
retardation, we get

0 = 7-4*—23(0-24)
. a = 7-43/048 = 1141
a.ndthereta.rdmgforce is 4x103x114-1 = 456 X108 N.
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The resistance of the ground R must equal the retarding force
plus the weight of the driver and pile,

B = 4Xx10°X9-8-}-4-56 x 105
= 4-95x 10° N.

EXAMPLES 5.1

1. A bullet of mass 30 g is fired with a velocity of 840 ms—! into a
block of wood of mass 5 kg and resting on a smooth horizontal
table. Find the common velocity of the bullet and block after the
bullet has become embedded in the block.

2. A bullet of mass 20 g is fired with a velocity of 4020 oms~! into
a block of wood of mass 4 kg and resting on a smooth horizontal
table. Find the common velocity of the bullet and block after
the bullet has become embedded in the block.

3. A gun of mass 10 Mg free to reooil in the direction of the barrel,
fires a shot of mass 100 kg with a velocity of 400 ms—1. Find the
velocity of recoil of the gun.

If the recoil is resisted by a constant force so that the gun
moves back only 12 cm, find the magnitude of this force.

4. A gun of mass 20 Mg resting on an inclined plane of slope 30°,
fires & shot of mass 200 kg horizontally with a velocity of 630
ms~1, Find the velocity of recoil of the gun, and the distance it
moves up the incline before coming to rest.

5. Find the average pressure per square metre on the ground due to
a rainfall of 1-2 em in 2 hours. The velocity of the rain on striking
the ground is equal to that acquired in falling freely through
270 m, and 1 m? of rainwater has a mass of 1 Mg.

6. A pile driver of mass 5 Mg falls from a height of 3 m on to a pile
of mass 1 Mg; if the pile is driven in 8 cm, find the average

" resistance of the ground.

7. An inelastic vertical pile of mass 0-5 Mg is driven 0-6 m into the
ground by 30 blows of a hammer of mass 2 Mg, falling through
1-5 m. Find the resistance of the ground, supposed uniform. .

(L8.)

8. A hammer of mass 1 kg, moving with a velocity of 6 ms,
drives & nail of mass 30 g, 25 em into a fixed piece of wood.
Find the common velocity of the nail and hammer just after
impact, the peroentage loss of energy, the time of motion of the
nail, and the force of resistance of the wood assuming it to be
constant. (LE)
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9. A pile driver falls through k m on to a pile of mass W kg; if
the resistance to penetration be R g N, and the desired penetra-
tion A c¢m, find the mass of the driver.

10. If a gun of mass M fires horizontally a shot of mass m, find the
ratio of the energy of recoil of the gun to the energy of the shot.

If a 500-kg gun discharges a 25-kg shot with a velocity of 300

_ ms™!, find the uniform resistance necessary to stop the recoil of
the gun in 15 om. ' (1.S.)

11. A shot of mass m is fired from a gun of mass M, placed on a
smooth horizontal plane and inclined at an angle « to the hori-
zontal. If v is the velocity of the gun’s recoil at the instant when
the shot leaves it, prove that the horizontal component of the
impulsive pressure on the shot is Mv, and that the component
at right angles to the gun’s length is mv sin «. (It is assumed in
each case that the impulsive pressure is resolved into two com-

ponents at right angles.)
Prove that the initial direction of the shot’s motion is inclined
at mn-l[(1+ lﬁl) tan a | to the horizontal. . (HOQ)

12. A shot of mass 8 kg is fired horizontally from a gun of mass
500 kg. If the muzzle velocity of the shot is 500 ms~1, calculate
that of the gun.

Calculate the total kinetic energy produced (in the shot and -
gun); and, if the distance travelled along the bore of the gun is
2:1 m, find the average force applied to the shot. How far will the
gun have moved when the shot leaves the muzzle?

13. A shot of mass m is fired from a gun of mass M, which is sus-
pended by ropes of length I. If the total kinetic energy is the
same as it would be if the shot left the muzzle of a fixed gun with
velocity v, find the actual velocities of the shot and gun at the
moment of separation, and find to what height the gun will rise
at the recoil. (H.C)

14. In making a steel stamping a mass of 100 kg falls on to the steel

* through a distance of 1 m, and is brought to rest after traversing
a further distance of 12 cm.

Assuming that a uniform resistance is exerted by the steel,

find the magnitude of this resistance. (HS.C.)

15. A bullet of mass m kg is fired horizontally with a velocity of
v ms! into a block of wood of mass M kg suspended by a light
cord. It is noted that the wood and embedded bullet swing until
a height of A m above the original position is reached. Show that
mv = (M-+m)+/(2gh); it being given that the whole motion takes
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16.

17.

18.

19.

place in one vertical plane. If an aeroplane rises vertically at 20
ms™ and drops an object of mass 10 kg from a height of
600 m, calculate the magnitude of the impulse with which the
object strikes the ground, stating clearly the unit of impulse
employed. (H.8.D.)
A bullet of mass m, moving with velocity v, strikes a block of
mass M, which is free to move in the direction of the motion of
the bullet, and is embedded in it. Show that the loes of kinetic
energy is § Mmv?{(M-+m).

If the block is afterwards struck by an equal bullet moving
in the same direction with the same velocity, show that there
is a further loss of energy equal to

M2my?
NHTomyHTm) (L8.)

A block of wood of mass 500 g is placed on a rough horizontal
floor, the coefficient of friction between the block and floor being
0-4. A bullet of mass 40 g is fired with a velocity of 150 ms-1
into the block. Find: (i) the velocity with which the block and
bullet begin to move together after the impact; (ii) the distance
Wwhich the block moves along the floor; (iii) the ratio of the energy
lost during the impact to that lost through friction with the
floor. (I8.)

From a gun of mass M, which can recoil freely on a horizontal
platform, is fired a shell of mass m, the elevation of the gun
being «. Show that the angle (¢) which the path of the shell
initially makes with the horizontal is given by the equation

tan ¢ = (14-m/M) tan «;

and further, assuming that the whole energy of the explosion is
transferred to the shell and the gun, show that the muzzle energy
of the shell is less than it would be if the gun were fixed in the
ratio M : (M{-m cos? ¢). : (Q.E.)
A jet of water issues vertically at a speed of 10 ms-! from a
nozzle 0-6 cm? section. A ball of mass 0-5 kg is balanced in the

air by the impact of the water on its underside. Find the height
of the ball above the level of the jet.

. The penetration of a 15-g bullet, fired at 300 ms-1, into a fixed

block of wood is 7-5 cm.

If the bullet is fired at the same speed into a block of the
same wood 5 cm thick (of mass 15 kg) which is free to move,
prove that the block will be perforated; and find the velocity
with which the bullet emerges. (Q.E.)
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21. A fire engine is directing a horizontal jet through a nozzle
2:5 em in diameter fixed to the engine. It is delivering 1-6 m®
of water per minute. What is the reaction on the fire engine?

QE)

22. A racing motor offers 1-5 m? of area to wind pressure. If the
density of air is 1:25 kgm™3, caleulate the power absorbed in
overcoming wind resistance when the car is travelling at 100
kmh! against a head wind of 16 kmh-1, (Q.E.)

23. A machine gun is fired backwards from the rear of an armoured
car at the rate of 600 rounds per minute. The mass of each bullet
is 15 g and the muzzle velocity 660 ms—. Find the driving force
added to that of the car when the car is travelling at 60 kmh-1.

(Q.E)

24. A railway truck of mass 10 Mg moving with a velocity of 10
kmh-1 strikes, and is at the same moment coupled to, another
truck of mass 5§ Mg previously at rest. The second truck has its
wheels locked by brakes, the coefficient of friction between the
wheels and the rails being 0-2. Find how far the trucks move
after the impact. (Q.E.)

25. A pile of mass 1 Mg is being driven into the ground by blows
from a mass of 500 kg which falls freely a distance of 2-5 m on to
the pile without rebounding. The pile is driven in 15 cm by one
blow. If the resistance of the ground is uniform, what is the
amount of this resistance, and what is the time of penetration ?

QE.)

26. Prove that if a horizontal jet of water could be made to issue
through a nozzle of 6-4 cm? orifice at the rate of 48 m® min—! it
would exert & force about equal to the weight of 1 Mg against an
obstacle placed in its path; and find the power required to pro-
duce the jet. (H.S.C.)

27. A target of mass M is moving in a straight line with uniform
velocity V. Shots of mass m are fired with velocity v in the
opposite direction so as to strike the target, becoming embedded
in it. Find how many shots must be fired in order to make the
target begin to move back. Find also the kinetic energy lost
when the first shot strikes the target. (1.8.)

28. A train of trucks is being started from rest, and just before the
last coupling becomes taut the front part has acquired a velocity
of 24 kmh-1, If the part of the train now in motion has a mass
of 72 Mg and the last truck has a mass of 6 Mg, find the jerk
in the coupling.
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29. A jet of water of cross-section 20 cm? and velocity 12 ms!
impinges normally on a plane inelastic wall, so that the velocity
of the water is destrcyed on reaching the wall. Calculate the
thrust on the wall, (L.S.)

5.8. Impulsive tensions in strings
Suppose two particles, A and B (Fig. 5.3), to be connected by
an inextensible string and to lie on a smooth horizontal table.

A 8
[ . -9
F1a. 5.3

Then, if an impulse P is applied to one of them (say B) we
cannot tell at once in what direction B will move (unless the
direction of P is along or perpendicular to AB), as an impulsive
tension is produced in the string and this also acts on B, which
is therefore subject to two impulsive forces. We do know, how-
ever, that A is subject only to the impulsive tension in the
string and must therefore start to move in the direction AB,
and that its velocity is equal to the component of B’s wvelocity
in this direction. _

We know also that the resultant momentum of A and B in
the direction of the blow is equal to P, while the resultant at
right angles to this direction is zero.

EXAMPLE

Two balls A and B, of masses 4 kg and 2 kg respectively, lie on a smooth
horizontal plane and are connected by a taut inextensible string ; B is due
eastofA.Biaatmckinauchamnmrthat, if it were free, it would
move north-east with a velocity of 21 ma—L. Prove that B actually moves
with a velocity of about 15-65 ms~ in a direction about 71° 34’ north of
east. Also compare the magnitude of the impulsive tension in the diring

with that of the blow. (LE.)
v
A
]
:
¢ - LT G-
A 8
Fra. 5.4

The magnitude of the blow is 42 units of impulse, and its direction
north-east. Let 4, v ms—! be the components of B’s velocity along
and perpendicular to AB (Fig. 5.4). The velocity of A is then » ms-!
along AB.
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The momentum in the direction AB is equal to the component
of the blow in that direction, i.e. 42/4/2 units.

dut2u = 42/4/2

and the momentum perpendicular to AB is equal to the component
of the blow perpendicular to AB, i.e. 42/4/2 units.

2v = 42/4/2
% = T/+/2 and v == 21/4/2.
If V ms™! is the resultant velocity of B.
V2 = 4R 441 . 480 - 945
V = 15-65.
If 9 is the angle the direction of V makes with the east,

tan =2 =3
u

== T1° 34’ nearly.

The impuléive tension in the string generates a velocity % in A,
i.e. a velocity of 7/4/2 ms~! in a mass of 4 kg

the tension is 28/4/2 units of impulse.

. impulsive tension 28 4/2
. bow @ 22 §

= 047,

5.9. When two masses, connected by an inextensible string
passing over a smooth pulley, are in motion, and the descending
one is stopped, we know that the other goes on moving freely
under gravity until the string again becomes taut. This was
illustrated by examples in the last chapter. Wo have now to
consider what happens after the string becomes taut again. The
common velocity of the two masses after the jerk is less than
that of the single mass which was moving before the string
‘became taut, since the momentum of this mass has to be shared
between the two.

We can also calculate the change in velocity produced when
one of the masses picks up an extra mass previously at rest.

5.10. ExAMPLE (i)

Two masses of m and 2m are connected by a light inexlensible string
passing over a smooth pulley. Find the acceleration of the sysiem.
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If the mass 2m hits the ground (without rebounding) after the masses have
been moving for 3 s, find how much time elapses from the instant this
happens until the system is instantaneously at rest with the string laut.

If a be the common acceleration, and 7' the tension in the string,
the equations of motion are

2mg—T = 2ma
and T—mg=ma
y 3ma = mg or a = g/3.
After 3 s the common velocity v is given by
v=(g3)x3=g.

The mass m moves freely under gravity, starting with this
~velocity, and the time (¢ s) taken to go up and return to its initial
position is given by
0 = gi—jgi
t=2,
When the string again becomes taut its velocity is again g,

and its momentum is mg units.
Hence, if V is the common velooity after the jerk,

2mV = mg—mV
V=1

The system starts moving with this velocity, but, as the heavier
mass is moving upwards, there will be a retardation of g/3, equal to
the original acceleration.

Hence the time ¢’ s taken to come to rest is given by

o=9 9y,

3
t' =1,

Hence the total interval between the impact of the 2m mass and
the system coming to rest is

t+t' =38,

Note. T the masees are left to themselves the heavier one will
descend and hit the plane again and the motion will be repeated
indefinitely. The time taken for it to hit the plane the second time
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is, however, only } of the original time, since it has only to acquire
} of the velocity it had in the first case. When the heavier mass is
jerked up again the common velocity is again divided by 3, and so
the time to rest will also be divided by 3. The interval from the
instant when the heavier mass begins to descend until the system
is again at rest in each repetition of the motion is } of that in the
preceding case. The total time until the heavier mass remains in
contact with the ground is the sum of an infinite G.P. of common
ratio }.

EXAMPLE (ii)

Two masses of 9 kg and T kg are fastened to the ends of a light thread
which passes over a smooth pulley, the two portions of the string being
vertical. The system is released from rest, and after moving for 2 s, a
mass of B kg at rest is suddenly attached to the T kg mass. Find when
the system will come to rest again. How far will the original masses
have moved altogether? (I8.)

Let @ ms—2 be the acceleration of the system, and T' N the tension
in the string, then

99—T = 9a
and T—19="1a
16a = 29
a=}g.

After 2 s the velocity is v ms™ where
Y= §g><2 = 2.45.

The momentum of the 9 kg mass is 22:05 units downwards and of
the 7 kg mass is 17-15 units upwards. v .
If V ms— is the common velocity after picking up the 5 kg
mass,
2205—9V = 12V—-1716
V =39-2/21.

The masses are now 9 and 12 kg, and if 4 ms™3is the retardation
and 7" N the tension in the string, we get

129—T" = 124
and T —9g = 94
214 = 3g

: A=1¥.
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The time, ¢ s, taken for the system to come to rest is given by

v

During the first 2 s the original masses move s, m, where
.8y = X tyx4 = 246.

During the last § s, they move s, m where

39-2 9-8 784
8y = —2—1-X§—-}X—7-X1§‘ = 3= 1-24,

Hence the total distance moved is 3:69 m.

EXAMPLE (iii)

A body of weight W, moving due north with speed, is suddenly caused
to move north-west at a speed of v. What is the blow or impulse it has
recesved? If the change in velocity has been gradual under a constant
Jorce and had taken a time T to effect the change, find the acceleration,
and show that, if v = uf+/2 and x and y be the displacements north
and west at any time, (y+z)* = 4uTy. (1.E.)

In this problem it will be best to consider the components of the
impulse in directions north and west.
Let ON (Fig. 5.5) represent north and OW west.

N.w. ' N

F16. 5.6

The velocity v in direction north-west has components v/4/2
north and v/4/2 west,

The change in velocity in direction ON is (v/4/2)—u, and in
direction OW is v/4/2.

Hence the components of impulse are

W(v W_wv
()= e



174 IMPULSIVE FORCES IMPACT OF ELASTIC BODIES
The resultant impuise is

w v2 Quy | o2
T (Fre-T+%)
w 2uy

-2 J(oro-35)

If F,, F, are the components of the constant force along ON and
OW respectively,

T\V2 V2
The component accelerations are

1 ip

or | l v—u)and 1><l
72 X3
The resultant acceleration is
2 2
A (5re-254%)
1 2uv
= 1/ (#+e-35)

At time ¢ the displacements = and y are given by

PT = W( 1———1&) and F,7 = ;Zx L.

x = uw+3X %( \%—u)t’.

= 1l Y
and y_%XTX\—/TZt'
u U o
It v=-\—/—2wegetx=ut—ﬂ;-.
and y:a%tﬂ
| y+z =ut

(y+7z)3 = u¥® = uTy.

EXAMPLES 5.2

1. Two masses of 100 g and 80 g are connected by a light string
passing over & smooth fixed pulley. The system starts from rest
and the 80 g mass, after it has risen 9 cm, passes through a fixed
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ring on which rests a bar of mass 40 g, and 8o carries the 40 g
mass on with it. Show that the 40 g mass will be carried nearly
7-4 cm above the ring. (LA))

2. Two particles m, and m, (m,>m,), connected by a light inex- -
tensible string passing over a smooth fixed pulley, are left free.
If the heavier particle reaches the ground after descending a
distance d, after how many seconds will it be jerked off the
ground, and with what velocity will it begin to nse’t” (1.8.)

3. Two maases, each of 2 kg connected by a string passing over &
smooth pulley, are moving vertically with a velocity of 2 ms-1,
The ascending mass passes through a fixed ring without touching
it, and removes from the ring a mass of 250 g which it carries
with it. Find the height to which the 2560-g mass is carried, and
the time that elapses before it is again left on the ring. (L.A))

4. Two masses 3M and M are connected by a cord passing over a
pulley, and the whole is at rest with the former on the ground.
A third mass M falls through a height &, strikes the second mass,
adheres to it, and sets the whole in motion. Prove that the mass
3M will rise from the ground to a height A/5. (L.A)

5. Twomassesofl-5kgand2-5kgaretiedtotheendsofastrihg5m
long. The string passes over a smooth peg 3-4 m above a horizontal
table, the 2.5 kg mass lying on the table, the 1-5 kg mass being held
close to the peg. If the 1-5-kg mass is allowed to fall, show that it
will not reach the table. ,

Find also the greatest height reached by the 2-5-kg mass and
the time it is in motion before it reaches the table a second time.
(LA)

6. Two masses m and M are connected by a light string passing
over a smooth weightless pulley vertically above a smooth
inelastic horizontal plane, M being held so as to Prevent motion.
If M is released and takes ¢ s to reach the plane, show that the
system will first be at rest instantaneously (with the string taut)
after a time

3Mt
Miw
and that the system will be finally at rest with M on the plane
after a time 3¢. (Ex.)

7. Two particles of masses 90 g and 150 g are connected by an
inextensible string of length 4-2 m which passes over a small
smooth pulley at a height of 3 m above a table on which the
heavier particle rests, vertically beneath the pulley. The other
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particle is raised to the pulley and allowed to fall. Find the
velocity of the system after the jerk, and the time at which it
will first come to rest. (IS.)

8. Two masses of 2 kg and 3 kg are fastened to the ends of a light
string of length 2 m, and placed on a smooth horizontal shelf
5 m above the ground. The 2 kg mass is placed at the edge of
the shelf, and the 3 kg mass 1 m away from the edge, the line
joining the two masses being perpendicular to the edge. If the
2 kg mass is gently pushed over the edge, find the time that
elapses before the 3 kg mass reaches the end of the table.

9. Two equal masses (M) are connected by a light inextensible
string which passes over a smooth peg, the masses hanging
freely under gravity. A rider of mass m is placed on one of these
masses. When this mass has descended through a distance k the
rider is raised off the mass. At the same instant the other mass
picks up from rest a precisely similar rider. Show that the
system will next come to rest when the first mass has descended
a further distance, :

4M*h
B Fmy (H8.C)

10. Two particles of masses 4 kg and 3 kg are lying on a smooth
table and are connected by a slack string. The first particle is
projected along the table with a velocity of 21 ms~ in a direction
directly away from the second particle. Find the velocity of
each particle after the string has become taut, and also find
the difference between the kinetic energies of the system when
the string is slack and when it is taut.

If the second particle is attached to a third particle of
unknown mass by another slack string, and if the velocity of the
system after both strings have become taut is 8 ms~?, find the
magnitude of the unknown mass. (N.U.3).

11. Two particles A and B each of mass m are connected by a light
inextensible string of length I, and rest on a smooth horizontal
table at a distance 3l apart. The particle B receives a horizontal
impulse mp in & direction perpendicular to AB. Find the impulse
in the string on tightening and the velocity of B immediately
afterwards, if (i) A is held fixed and (ii) A is free to move.

Show that the loss of kinetic energy when A is fixed is twice
the loss when A is free.

12. A particle of 60 g mass moving at 5 ms~' in a given direction is
struck by a blow which deflects its direction of motion through
60° and doubles its velocity. If a particle at rest, of 270 g mass,
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were struck an equal blow, in what direction relative to the
direction of the first particle, and with what velocity would
it begin to move? Also, if velocity of the former particle were
reversed before the blow, what would be its velocity and direc-
tion after the blow ? (LE.)
13. Three equal particles A, B, C of mass m are placed on a smooth
horizontal plane. A is joined to B and C by light threads AB,
AC, and the angle BAC is 60°.
An impulse [ is applied to A in the direction BA. Find the
initial velocities of the particles and show that A begins to move
in a direction making an angle tan—l—‘g with BA. (C.8.)
14. Three small bodies of masses 40, 50, 60 g respectively lie in order
in a straight line on a large smooth table, the distance between
consecutive bodies being 15 cm. Two slack strings, each 60 cm in
length, connect the first with the second, and the second with the
third. The third body is projected with a speed of 4-5 ms—!
directly away from the other two. Find the time which elapses
before the first begins to move and the speed with which it starts.
Find also the loss of kinetic energy. - (H.C.)
15. What do you understand by the statement ‘momentum is a
vector’? In a square ABCD the mid-point of CD is X. Bodies
whose masses are 3, 2, 4, 1 kg moving along AX, BX, CX, DX
respectively with speeds 5, 6, 3, 8 ms~! collide simultaneously
at X and remain united. Determine, preferably by graphical
methods, the new velocity and also the loss of kinetic energy.
If only the first three bodies remain united after the collision
and the fourth moved off in the direction BD with a speed of
6 ms™?, find the final velocity of the composite body. (N.U.4)

5.11. Impact of elastic bodies

When two spheres of any hard material collide they separate
again, and in many cases, as when they are moving in opposite
directions before impaet, the velocity of one of them is reversed.

The spheres are slightly compressed, and, as they generally
tend to return to their original shape, they rebound.

The time during which they are in contact may be divided
into two parts: (i) the period of compression, and (ii) the period
of restitution, during which they are recovering their shape.
The property which causes bodies to recover their shape and
here causes the rebound after collision is called Elasticity. If a
body does not tend to recover its shape it will cause no force of
restitution, and such a body is said to be Inelastic.

ol

s

"
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In dealing with the impact of elastic bodies we shall suppose
that they are smooth, so that the only mutual action they can
have on each other will be along the common normal at the
point where they touch.

Usually the bodies are considered to be smooth spheres, and
the mutual action between them is then along the line joining
their centres.

When the direction of motion of each body is along the
common normal at the point where they meet the impact is
said to be direct.

‘When the direction of motion of either, or both, is not along
the common normal the impact is said to be obligue.

Suppose two bodies of masses m, and m, moving with
velocities %, and u, respectively, impinge directly.

If v, and v, are the velocities after impact the principle of
momentum gives us the equation

M0y -+ MgV = MUy Mgy, (i)

In the cases dealt with previously the bodies have kept
together after impact, so that v; = v,, and one -equation is
sufficient to determine this velocity.

When the bodies separate after impact this one equation is
not sufficient to determine v, and v,.

This is only to be expected, as the values of », and v, will
depend on the material of the bodies, and the principle of
momentum takes no account of this.

There is no way of calculating the effect of the elasticity of
the bodies, and we have to fall back on the results of experi-
ments. Newton investigated the rebound of elastic bodies
experimentally, and the result of these experiments is embodied
in the following law.

5.12. Newton’s experimental law

When two bodies made of given substances impinge direcily the
relative velocity after impact is in a constant ratio to the relative
velocity before impact, and in the opposite direction. If the bodies
impinge obliquely the same result holds for the component velocities
along the common normal.

Hence, in the case of direct impact, if %, u, be the velocities
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before, and v;, v, the velocities after impact, all measured in the
same direction along the direction of the impact,

Y
Uy —Uy

—e

where e is a positive constant depending on the material of
which the bodies are made, and is called the coefficient of restitu-
tion (sometimes called the coefficient of elasticity).

This law, therefore, gives us a second equation,

v;— vy = —e(t)—Usy) (i)
and by means of this and equation (i) (5.11) we can find v,
and v,.

The value of e differs considerably for different bodies; for
two glass balls it is about 0-9; for ivory 0-8; while for lead it is
about 0-2.

Bodies for which e is zero are said to be inelastic, while for
perfectly elastic bodies e = 1.

Note. Newton’s Law, like many experimental laws, is not
accurately true. The value of e for given bodies does alter
slightly for very large velocities, and in any case the law must
be regarded only as an approximate one.

5.13. Direct impact of two spheres

Let m,, m, be the masses, u;, u, the velocities before impaot,
v, v, the velocities after impact, and e the coefficient of resti-
tution.

The directions of the velocities are shown in Fig. 5.6.

oy Y )
N7\,

Fi1q. 5.6

We then have as above,
by the principle of momentum,

M0y Mgy = Mgty Mgl @
by Newton’s Law,
V3—Vy = —e(U;—Uy) (ii)
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Multiplying (ii) by m, and adding
(my+mg)vy = (my—emy)t; +my(1-+e)us.

Multiplying (ii) by m, and subtracting
(my+my)vy = my(1+e)uy+(my—em,)u,.

These equations give v, and v,.

If one sphere, say m,, is moving originally in a direction
opposite to that of m, the sign of u, will be negative in each of
the equations (i) and (ii).

It is most important to specify the directions of v, and v,
carefully. We fix on the direction we are going to call positive,
usually from left to right, and then assume that both v, and v,
are in this direction.

If either of them is really in the opposite direction the value
obtained for it will have a negative sign.

In writing down equation (ii) great care must be taken to
subtract the velocities in the same order on both sides. It is best
to draw a diagram showing clearly the positive direction and the
directions of the velocities of both bodies.

EXAMPLE (i)

A ball of mass 10 kg, moving at 5 ms, overtakes another of mass
4 kg, moving at 2 m s~ in the same direction. If ¢ = }, find the velocities
afier impact.

AR Sh™
A

Fia. 5.7

Let v,, v, ms1 be the velocities of the 10 kg and 4 kg spheres
respectively after impact. By the principle of momentum
10v,+4v, = 10X 5+4x2 = 58
and by Newton’s Law
vy—vy = —§(6—2) = —}
o 14v, = 52 or v, = 34
and 14v, = 73 or vy = 5.
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EXAMPLE (ii)

If the 4-kg ball in the previous question be moving in a direciion
opposite to that of the 10-kg ball, find the velocities afier smpact.

s "V

Fie. 5.8
The equations now become
10y, -} 49, = 10X 6—4X2 = 42
and v—v, = —}(6+42) = —§
149, =28 or v; = 2
and 14vy, = 77 or v, = 53.

EXAMPLE (iii)
A ballofma.saSky,mmnngthavelocstyoflOmrl impinges
directly on another of mass 24 kg, moving at 2 ms™! in the opposite
direction. If e = }, find the velocities after impact.

The equations here are

8v,+24v, = 8X 10—24X 2 = 32

and v;—vy = —§(104+2) = —6
s 320, = 32144 = —112
.. v, = —4¢ = -3}
Also 320, = 32448 = 80
S v, = §3 = 2}.
8 24

10 2

———t s >+
Fie. 5.9

The negative sign of v, shows that the direction of motion of the
8-kg ball is reversed, as we took the direction left to right as positive,
and assumed v, to be in this direction. Since v, is positive, the 24-kg
sphere moves from left to right after impact, so that its direction of
motion is also reversed,
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EXAMPLE (iv)

Three smooth spheres, A, B, C, of masses 3m, m, 2m respectively, lie
on a smooth table with their centres in a straight line. A is projected to
tmpinge on B; show that, if the coefficient of restitution is 3, B is re-
duced to rest after its first impact with C; and further, that impacts will
cease with the second impact of B on C. (L8.)

Let u be the initial velocity of A, v, and v, the velocities of A and
B after impact, then
3mv,+mv, = 3mu

and v —v = —{u
4v, = 2}u or v, = Bu.
Also 4v, = $u or v, = §u.

B moves on faster than A, and strikes C, If v,’, v,’ be the velocities of
B and C after impact, we get

mvy +2my,’ = gmu

and vy —vy = —§ X §u
vy’ =0

i.e. B is reduced to rest.

Also 3vy = 3+fu=Hu

o vy = fyu.

After the first impact A moves on with velocity S, and strikes B
again after the latter has been reduced to rest. If V;, ¥V, be the
velocities of A and B after impact

3mVi+mV, = 3m X §u,
and Vi—Vy= —% X §u.
These equations give
V, = $5u
and V, = §5u.

The latter is greater than the velocity of C (¥u), so that B over-
takes C again; if V', V;' be their velocities after impact, we get

mV,y +2mV,y = $mut %2mu = I¥imu
and _ Vi —Vy = —3(#3—f)u = —1ipu.
These equations give

Vy = $uand Vy = .
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The velocities of A, B, C are now
$4u or ffu, $tu or 1Ffsu, and sy,

in the same direction, and no more impacts can occur.

5.14. Loss of kinetic energy due to direct impact
Let m,, m, be the masses, «, and wu,, v, and v, their velocities
before and after impact, and e the coefficient of restitution.
We have, as before,

MyVy+Mgly = Myl +Molly @
and V10 = —e(U;—uy). (i)
Square both equations, multiply the square of the second by
mym, and add the results; we get
(M2 +mym)vy - (M +mymg)vy® = (mytey +mgu,)®

+etmymay(u, —uy)®

Sy (my -mg)vy B my(mg+-my 0,2 = (myu,-+mgt,)?
+mymg(uy —ug)2 -+ e2mymg(1y —Ug) 2 —mymg(uy —us)?

S (My+-mg)(mywiB4-mgv,?) = (my+4-mg)(myu,+myu,?)
— My My(Uy —p)3(1—€?)

Aty dmgog® = gy fmyug®— A ) Y1 —e).

Now {my 0,2+ Jmyv,?
is the kinetic energy after impact, while
tmyu,®+fmau,?

is the kinetic energy before impact.
.".the loss in kinetic energy is

myms 2 2
%ml_*_mz(’“r"uz) (1—e?).

We see that there is always a loss unless e = 1, when this
expression vanishes.

In many numerical examples it is easier to find the velocities
after impact, and subtract the kinetic energy after impact from
that before. The above is the shortest way of obtaining the
value for the loss in the general case.
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EXAMPLE (i)

A sphere of mass 1 kg, moving at 10 ms=2, overtakes another sphere of
mass & kg moving in the same line at 3 ms—'. Find the loss of kinetic
energy during impact, and show thai the direction of motion of the first

sphere 18 reversed. (Coefficient of restitution = 0-75.) (HS.C.)
) 5 '
(I D W
v v,
Fie. 5.10

If v, and v, ms~? be the velocities of the 1 kg and 5 kg spheres
after impact,

3450, = 10415 = 25

and o—vy = —§(10-3) = —
6y, = 25138 — —_Sorv, = — &%
and 6y, = 26432 = 342 or v, = 381
The value of v, is negative, showing that the direction of motion
of the first sphere is reversed.

It must be remembered that the direction of motion does not
affect the value of the kinetic energy. Algebraically, the value of v?
is the same whether v is positive or negative.

The kinetic energy before impact is

EXIX100 43X 5X 3% = 50-+4F — 725 J.
The kinetic energy after impact is

2
IX1X g+ EXBX o = sop(B-+14641) = 63:6 J.

The loss of energy
= 72-6—63-6 = 89 J.

EXAMPLE (ii)

Two masses, m and n, are moving in the same straight line; prove that
their kinetic energy is

Hm+m VA,

where V is the velocity of their centre of mass, and v is thesr relative
velocity.
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If there is a direct impact between the masses, prove thai their loss of
kinetic energy ts '
R 1
B (1— et

where e is their coefficient of restitution. (18.)
If u, and u, are the velocities of m and n, the velocity ¥ of their
centre of mass is given by

Y = Mttty
m+n
and their relative velocity v = u;—u,.
If E is their kinetic energy

E = jmu P+ nuy?
(m+n)E = jmiu,*+ndugd-+dmn(u,®+uy?)
= §(muy+nuy)3+dmn (1, ") —mnoyty
= §(mu;4-nug)d+-dmn(u; —u,)?
(m+4n)E = }(m-+n)2Vi4mny?
mn

E = §(m+n)V2+ r-n_-{—_n.v"

Now the velocity of the centre of mass is unaffected by impact
between the masses, and hence the first term remains unsaltered. By
Newton’s Law the relative velocity v is multiplied by e and reversed,

i.e. it becomes —ev.
Hence, the second term becomes, after the impact,

mn
L

m

and the loss in kinetic energy is

EXAMPLES 5.3

1. A sphere of mass 6 kg, moving at 4 ms~?, overtakes another
sphere of mass 4 kg, moving in the same direction with velocity
2 ms1, If e = }, find the velocities after impact.

2. A ball of mass 10 kg, moving at 8 ms~1, overtakes another of

mass 8 kg, moving in the same direction at 5§ ms. If e = {,
find the velocities after impact.
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3. A ball of mass 10 kg, moving at 8 ms~! impinges directly on a
ball of mass 8 kg, moving in the opposite direction at 4 ms-1.
If e = §, find their velocities after impact.

4. A ball of mass m, moving at 7 ms-1, overtakes another of mass
2m, moving in the same direction at 1 ms=2, If e = $, show that
the first ball will remain at rest after impact.

5. If two perfectly elastic spheres, of equal mass and moving in
opposite directions, impinge directly, show that they will
exchange velocities.

6. Two spheres of masses m and m/’, and coefficient of restitution e,
impinge directly. Prove that the momentum transferred from
one sphere to the other is

%(l—l—e) (relative velocity before impact). (IS.)

7. A ball of mass m,, moving with velocity v;, impinges directly on
& ball of mass m, lying at rest, and the second ball then impinges
directly upon a third ball of mass m,, which is also at rest. If the
coefficient of restitution of the first pair is e, and that of the
second pair is €', find the velocities of all three balls immediately
after these impacts. (LE.)

8. Two spheres of masses 60 and 90 g are moving in their line of
centres towards each other with velocities of 8 ms— and 10 ms™1,
and their coefficient of restitution is 4. Find their velocities after
impact, and the amount of kinetic energy transformed in the
collision., (LA)

9. If the velocities of two spheres before direct impact are given,
show that the impulse which each sphere receives varies as

(14-e)ymm’
mim’
where e is the coefficient of restitution, and m, m' are the masses
of the spheres. (L.A.)

10. Two particles are moving in the same straight line. Express their
kinetic energy in terms of their masses, their relative velocity,
and the velocity of their centre of gravity; and hence, or other-
wise, show that, if the particles are inelastic, kinetic energy is
always lost by their impact. Two particles of masses m and 14m
are moving with velocities 6u and u respectively, and the
coefficient of restitution between them is 0-5. Show that, after
impact, the kinetic energy gained by one equals half that lost
by the other. (I.S.)
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11.

12.

13.

14.

15.

16.

17.

A mass of 4 kg, moving at 20 ms—1, overtakes a mass of 3 kg,
moving in the same direction at 16} ms—t. Five seconds after
the impact the 3 kg mass encounters a fixed obstacle, which
reduces it to rest. Assuming the coefficient of restitution between
the masses to be §, find the further time that will elapse before
the 4 kg mass strikes the 3 kg mass again. (H.S.D.)

1 truck of mass 10 Mg, moving at 2-4 ms—3, impinges on another
truck at rest of mass 5 Mg, and after impact the speed of the
second truck relative to the first is 0-6 ms—1. Determine the loss
of kinetic energy due to the impact. (LE)

A sphere of mass 3 kg, moving with a velocity of 7 ms—2, im-
pinges directly on another sphere, of mass 5 kg, at rest; after
the impact the velocities of the spheres are in the ratio of 2: 3.
Find the velocities after impact and the loss of kinetic energy.

(H.8.C.)

Three balls, A, B, C, of masses 3m, 2m, 2m, and of equal radii,

lie on a smooth table with their centres in a straight line. Their

coefficient of restitution is }. Show that, if A is projected with

velocity V to strike B, there are three impacts, and that the final
velocities are

(50, 67, 60)

128 ’

Two trucks, of mass 5 Mg and 3 Mg respectively are standing
on the same level spt of rails. If the heavier truck impinges on
the lighter, which is at rest, with a speed of 1-5 ms, and the
velocity of the lighter relative to the heavier after they separate
is 09 ms, find the actual speeds of the two trucks after they
separate, and calculate the kinetic energy lost by the impact.
(H.C.)

A, B, C are three exactly similar small spheres at rest in a smooth
horizontal straight tube. A is set in motion and impinges on B.
Show that A will impinge on B again after B has impinged on C,
and show that there will be no more impacts, if e, the coefficient
of restitution between the spheres, is not less than 3—+/8.
(H.C.)

Three small exactly similar spheres, A, B, C are at rest in a
smooth straight horizontal tube. The coefficient of restitution
between any two of the spheres is 0-5. A is projected towards B
with a velocity .

Determine the velocities of the three spheres after B has
impinged on C, and A has impinged a second time on B, and
show that there will be no more impacts. (H.C.)

(H.C.)



18.

19.

21.

22.

IMPULSIVE FORCES IMPACT OF ELASTIC BODIES

A truck of mass 5 Mg is moving on a set of level rails at the rate
of 1:5 ms2, and impinges on a second truck of mass 10 Mg,
which is standing at rest on the same rails. If after the impact
the second truck moves on at the rate of 0-6 ms—2, find the
rate at which the first truck moves after the impact, and calculate
the amount of kinetic energy lost by the impact. (H.C.)

The velocities of two spheres before impact are represented in
magnitude and direction by lengths OP and OQ, those after
impact by Op, Og (the points O, P, Q, p, ¢, being in a straight
line).

Prove that the ratio of Qg to Pp is equal to the ratio of the
maasses, and that the ratio of QP to ¢p is the coefficient of restitu-
tion. (18.)

. Two spheres impinge on each other directly, and the impulse

between them is R. Just before impact the velocity of their
common centre of gravity is U, and the velocity of the faster-
moving sphere relative to this centre of gravity is U;. Show
that the kinetic energy lost by this sphere is

R[2U+(1—€)U4],
where ¢ is the coefficient of restitution between the spheres. (L.8.)

Two smooth spheres of masses m and m’ impinge directly, their
relative velocity just before impact being v, and the coefficient
of restitution e.

Prove that the loss of kinetic energy due to the impact is

mm'v3(1—e?)

*TI—W_' (H.S.D.)
A ball overtakes another ball of m times its mass, which is moving
with 1/nth of its velocity in the same direction. If the impact
reduces the first ball to rest, prove that the coefficient of restitu-
tion is

m-4-n
mn—m

and that m must be greater than — (H.S.D.)

n 1]
n—2

. Two imperfectly elastic spheres, of weights W and 2W, collide

directly. Just before the impact the lighter sphere is moving with
velocity 9 ms—*, and the heavier with velocity 2 ms-! in opposite
directions. The smaller sphere is brought to rest by the impact.
Find the coefficient of restitution, and the velocity of the larger
sphere after the impact. (H8.D.)
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24. Three spheres of equal maas lie in a straight line. If the first
sphere be given a velocity %, show that the velocities of the
spheres, after two impacts have taken place, are
}1—eyu, H1—etu, and }(1-+e)u.
where e is the coefficient of restitution. (IS.)
25. A ball is dropped, and after falling for 1 s meets another equal
ball which is moving upwards with speed of 16 ms-1. Calculate
the velocity of each ball after the collision, given that the coeffi-
cient of restitution is .
Find the percentage loss in kinetic energy due to the impact.
N.U) -
26. Two spheres of masses m, and m,, travelling with velocities v,
and v, in the same direction, collide directly and rebound.
Determine the amount of momentum which is transferred
between the spheres during the impact when the coefficient of
restitution is e. If the velocities after impact are u,, u,, show that
each sphere loses the same energy if

v+ v+ u+uy = 0. (C.W.B.)

5.15. Impact of a smooth sphere on a fixed smooth plane

Tet AB (Fig. 6.11) be the fixed plane, P the point at which
the sphere impinges. Then if C is the centre of the sphere, CP is

A B

P
‘Fia, 5.11
the normal to the plane at P. Let the velocity of the sphere at
impact be u, and the direction of motion of its centre make an
angle a with CP. It rebounds at some angle 8 to PC.

Sinoe the plane and sphere are smooth, there is no impulse
parallel to the plane; hence the component of the sphere’s
velocity in this direction, viz. % sin «, is unaltered.

By Newton’s experimental law, the relative velocity along
the normal after impact is —e times that before impact measured
in the same direction.
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if n is the normal velocity after impact

n—0 = —e(u cos x—0) or n = —eu coOB &

i.e. the normal velocity is reversed and multiplied by e.
The velocity after impact has therefore two components,
u sin « parallel to AB, and eu cos « parallel to the normal PC.
The resultant velocity after impact = u+/(sin? a-€? cos® «).
If 6 be the angle between the direction of motion and the
normal,
usine 1

= —tan
eucosa €

tan @ =

or cot @ = e cot a.

The impulse on the plane due to the impact is measured by
the change of momentum along the normal. If m is the mass of
the sphere, this is

mu cos oa-+meu cos x = mu(l+te) cos «.

If e = 1, the velocity after impact is u, and 6 = a, the
sphere after impact rebounds so that the angle of reflection is
equal to the angle of incidence.

If e = 0 there is no velocity along the normal after impa.ct
and the sphere slides along the plane with velocity u sin a«.

If the impact be direct there is no component of velocity
parallel to the plane, the sphere rebounds along the normal with
velocity eu.

EXAMPLE (i)

A ball, moving with a velocity of 20 ms—1, impinges on a smooth fived
plane in a direction making an angle of 30° with the plane; if the
coefficient of restitution is % , find the velocity of the ball after the impact.

The component of velocity parallel to the plane is 20 cos 30°, or
104/3 ms-1, and this is unaltered by the impact.

The component of velocity perpendicular to the pla,ne is 20 sin
30°, or 10 ms, and this is reversed and multiplied by $.

The components of velocity along and perpendicular to the plane
after impact are, therefore,

104/3 and 4 ms™2.
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If ¥ ms1is the resultant velocity,

V* = 300+16 = 316
V = 4/316 = 17-7.

The direction makes an angle tan—1(4/104/3) or tan—1(24/3/15)
with the plane,

EXAMPLE (ii)

A particle falls from a height h upon a fixed horizontal plane; if e be
the coefficient of restitution, show that the whole distance described before
the particle has ﬁnwhed reboundmg 18 (1+-ed)h/(1—e?) and that the
whole time taken i3

1te, J 2h,
1—e g
Let u be the velocity of the particle on first hitting the plane, so
that
us = 2gk,

The particle rebounds with velocity ex. The velocity when it hits
the plane the second time is again eu, and the velocity after the
second rebound is e®x. Similarly, the velocities after the third,
fourth, etc., rebounds are edu, etu, ete.

The height to which the particle rises after the first rebound is

(eu)?
29
and after the second
(e*u)?
29
and so on.

Also 43 = 2gh, so that these distances are e%h, ¢h, etc. Hence the
whole distance described is

h+2(eSh+-eth+- . . . to infinity)

2
CREE N Sl

The time of flight after the first impact is 2eu/g, after the second
2¢%u/g, and so on, and the time of falling originally is

JE)
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Hence, the whole time of motion

= J(2£)+%“(e+e’+e’+ . . . to infinity)

Y[ (ZJeres .
- JE)s) - (2

EXAMPLE (iii)

A sphere of mass m lies on a smooth table between a sphere of mass
m’ and a fized vertical plane. It is projected towards the other sphere;
show that, if the coefficient of restitution belween the two spheres and
between m and the plane is § in both cases, m will be reduced to rest at
1ts second impact with m’ if m' = 16m. (I.S.)

Let u be the velocity of projection of m, and v;, v, the velocities
of m and m' after impact, then

my,+m'v, = mu

and V—Vy = _g‘u
(m-+m')oy = u(m—fm’)
and (m~+-m')wy = §mu.

Putting m’ = 16m, these become
18my; = w(m—9m) = —8mu or v; = —}u
and 16my, = $mu or v, = vHu.

The velocity of m is therefore reversed; it hits the plane with
velocity u and rebounds with: velocity
§ X 4u or Fou

which enables it to catch m' again.
If V, V' be the velocities of m and m' after their second impact,

mV+4+m'V' = Smutsm'u
and V=V = —§&u = —FHu
. (m4m)V = Fmu+fem'u—Ffm'
or puttmg m' = 16m we get
16mV = Symu-+imu—mu

= 0.
.". m is reduced to rest.
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EXAMPLES 5.4

1.

10.

A particle falls from a height of 10 m upon a fixed horizontal
plane, the coefficient of restitution being #. Find the height to
which the particle rises after impact, and the time it takes to
reach the plane again. What is the velocity after the second
rebound ?

- A ball falls from a height of 10 m upon a fixed horizontal plane;

if it rebounds to a height of 6-4 m, find the coefficient of restitu-
tion.

- A ball moving at 12 ms™! impinges on a smooth fixed plane

so that its direction of motion makes an angle of 30° with the
plane; if the coefficient of restitution is 3, find the magnitude
and direction of the velocity of the ball after impact.

- A ball falls from a height of 10 m upon an inclined plane, the

coefficient of restitution being #. Find the magnitude and direc-
tion of the velocity of the ball after impact, when the inclination
of the plane is: (1) 456°; (2) 60°,

- A billiard ball of mass 210 g strikes a smooth cushion when

moving at 2-4 ms— in a direction inclined at 30° to the cushion.
If the coefficient of restitution is §, find the loss of kinetic
energy due to the impact. (L.A))

. A marble dropped on a stone floor from a height of 4 m is found

to rebound to a height of 3 m. Find the coefficient of restitution.

. A billiard table is 1-8 m by 2-4 m. Find the position of a point in

the shorter side and the direction of projection, such that a ball
thus struck off will describe a rectangle and return to the same
spot after rebounding at each of the other three cushions, the ball
being smooth, and the coefficient of elasticity being #. (L8.)

. A sphere of mass m moving with velocity « impinges on a fixed

plane, the direction of motion making an angle « with the plane.
If e is the coefficient of restitution between the sphere and the
plane, find: (i) the magnitude and direction of the velocity of the
sphere after impact; (ii) the loss of momentum; (iii) the loss of
kinetic energy. (I8.)

. A smooth elliptical tray is surrounded by a smooth vertical rim;

prove that a perfectly elastic particle projected from a focus
along the tray in any direction will after two impacts return to
the focus. (H8.D.)

If sheets of paper are placed on a table the coefficient of restitu-
tion is reduced by an amount proportional to the thickness of
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the paper. When a ball is dropped on to the bare table it rises
after impact to three-quarters of the height of fall. When the
thickness of the paper is 2:5 em it rises to only one-half of the
height of fall. What thickness of paper is required in order that

. the rebound shall be one-quarter of the height of fall ? (L8.)

11.

12,

The line joining the centres of two equal smooth balls P and Q
lying on a smooth table is perpendicular to a smooth vertical
plane; the ball P farthest from the plane slides towards Q, which
is at rest, with velocity u; after the impact Q meets the plane
and a second impact occurs and so on, If e is the coefficient of
restitution between the balls and ¢’ that between Q and the
plane, find the velocities of P and Q after the first impact of Q
with the plane. Show that there will necessarily be a third

impact of P and Q if ¢ <%—jr%’~ (HSD.)

A bullet of mass 60 g is fired horizontally into a fixed block of
wood, striking it with a speed 400 ms—2, If the bullet penetrates
to a distance 15 cm, find the average force of resistance of the
wood to the motion.

If the block were of metal, and the bullet rebounded instead
of penetrating, find the kinetic energy which would be lost at the
impact if the coefficient of restitution between the bodies were
0-3. State the units in which you give your result. N.U.)

5.16. Oblique impact of two spheres

Let C;, C, (Fig. 5.12) be the centres of the spheres, m,, m, their
masses, and let their velocities u, and u, be inclined at angles
« and B to the line of centres C,C, at the moment of impact.

Y
ALY/

\{ Y
u,sina Uy sin B

Fia. 5.12

%

The components of velocity perpendicular to C,C, are
sin «, u, sin B, and these are unaltered by the impact.
Considering the motion along C,C,, if v, and v, are the com-
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ponents of the velocities along this line after impact we have,
by the principle of momentum,

MM ¥y == Myu; COB a-metiy cos B (i)
and by Newton’s Law,
v;—v; = —e(u, co8 a—1uy cos B). (ii)
These equations give

_ (my— emg)u, cos a-fmguy(1-+e) cos B
my+my

— Mty(1+e) cos atuy(my—em,) cos B
my-+my

The resultant velocity of each sphere and its direction of
motion can be found from these components and the com-
ponents perpendicular to C,C,, viz. u, sin « and u, sin p.

If m) = mgand e = 1, then v, .-.u,,cosﬁa,nd'v2 %, 008 &,
i.e. the spheres interchange their velocities in the direction of
the line of centres.

In many problems one of the spheres is at rest. Now, if
%, = 0, the equations (i) and (ii) above reduce to

MV - Myty = M,%; COS &

and | ¥;—¥; = —eu; COS o
o = (m;—emyyu, cos a and v __ myu,(14-¢) cos 3
! my+my T matm,

The second sphere has no velocity perpendicular to the line
of centres, so that it moves off along that line.

The sphere m, has velocity u, sin « perpendicular to C,C,,
so that if 0 is the angle made by its direction of motion with
C,C,

tanﬂ—u‘sma (ml+m3)mn“
v (my—em,) cos

If also m, = m,, the results simplify still further, and we
have

v = }(1—e)u, ocos o, v, = }(1+€)u,; cos a
2 sin «

and =
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5.17. Loss of kinetic energy in oblique impact

The velocities perpendlcula.r to the line of centres are una,ltered
The loss of kinetic energy is therefore the same as in the case
of direct impact (5.14) if we substitute %, cos « and u, cos  for
4, and u, respectively.

The loss is therefore

i‘ mlmﬁ
my+mg

5.18, exAMPLE (i)

A ball of mass 8 kg, moving with velocity 4 ms™1, impinges on a ball
of mass 4 kg, moving with velocity 2 ms™, If their velocities before
tmpact be inclined at angles 30° and 60° to the line joining their centres
at the moment of impact, find their velocities after impact when e = .

Let C, and C, (Fig. 5.13) be the centres of the balls.

(%, cos a—ug cos B)3(1—e?).

Fie. 5.13

The components of velocity perpendicular to C,C, are 4 sin 30°
and 2 sin 60°, or 2 and 4/3 ms~1, These are unaltered by the impact.

If v, and v, be the components of the velocities along C,C, after
impact we have by momentum equation

8v,-1-4v, = 8 X 4 cos 30°+4x 2 cos 60° = 164/3--4
and by Newton’s Law
v;—vy = —3}(4 cos 30°—2 cos 60°) = —}(24/3—1).
s 20, +v;, = 44/3+1
and » 2v,—2v, = —24/3+41.
g v, = 64/3 or v, =243,

and 6, = 8y3+3 or v =2V3EL
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The velocity of the 8 kg sphere

=V ()} = (B me
and if @ be the inclination to C,C,
2X2 _ 424/3-1)
V31~ T 11
The velocity of the 4 kg sphere
= 4/(3+12) = 4/156 ms?
and if ¢ be the inclination to C,C,

tan 6 =

= V3 _
tan ¢ = 2—\7—5 = *.
EXAMPLE (ii)
A sphere of mass M, travelling with velocity u, smpinges obliquely
on o stationary sphere of mass M', the direction of the blow making an
angle o with the line of motion of the i tmxpmmng aphere If the coefficient
of restitution 18 e, prove that the impinging sphere s deflected through
an angle (8, such that
_ M'(1+4e¢) tan a .
P = e T I e e

Find the subsequent velocities if v = 10 m&1, « = 30°, M’ = 2M,
and e = 0-5. (Ex.)
Let C, and C, (Fig. 5.14) be the centres of M and M’.

M ™M
&, VJ Vs
:CI [
1
v
U sin o

Fi1a. 5.14

The component velocities of M along and perpendicular to C,C,
are % cos « and « sin «, and the latter is unaltered by the impact.
If v, and v, are the components of the velocities along C,C; after
impact
My, 4+ M'vy = Mu cos « (i)
and V;—Vy = —eu o8 « (ii)
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(M+ MY, = w(M—eM') cos o
. v = (M —eM')u cos o
" 1 MM
To find the angle of deflection we resolve v; and u sin « perpen-
dicular to and along the original direction of motion.
The sum of the components perpendicular to the original direc-
tion is

u 8in a cos a—v, 8in o
— w sin o 008 & (M —eM’)u sin « cos «
. M+NM

_ (14-e)M'u sin « cos a
o M+ M
The sum of the components along the original direction is
(M—M'e)u cos?
“+ .M+.M'
_ w(M4-M’ sin® a—eM’ cos® «)
- MM
(14+e)M’ usin « cos «
u[M sin® o+ M sin® a M cos® a—eM’ cos? «]
M (14e)tana .
(MFMYtan® o (M—eM')
Hu=10,0=30° M'=2M,e= 05, we get
0 = (M—32M)ucos o
1= M+2M -
and : usin e = 10X} = b.

u sin? v, cos & = u sin?

S tan f =

0

Therefore the velocity of M is 5§ ms= perpendicular to the line of
centres.
Also from (i) and (ii)
(M+M'Yw, = M(1+e)u cos =
3 V3
Miteuosa 0T 5y3
')3 = .M + M, = = 2 ms=*,

3

EXAMPLE (iii)

A sphere is suspended from a fized point by an inextensible string.
A second sphere of small radius and equal mass m, moving downwards
in a direction making an angle of 30° with the vertical, impinges
directly on the first sphere with speed V. If the coefficient of restitution
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between the spheres is }, prove that the initial velocity of the first sphere

after impact ts 3V.
Calculate also the smpulsive force in the siring at the moment of
impact. (H.8.D.)

In this problem, although the impact is direct, the suspended
sphere is not free to move along the line of centres. It is only free to
move perpendicular to the string, i.e. horizontally, and we can apply
the principle of momentum in this direction only.

Newton’s Law is applied, as usual, along the line of centres.

Let A (Fig. 5.15) be the point of suspension, and C the centre of
the first sphere.

Ag

/
/

Fic. 5.15

Let v be the horizontal velocity of this sphere after impact, u the
velocity of the impinging sphere after impact.

As the blow on the latter is along the line of centres, u is in the
same straight line as the original direction of motion.

Equating horizontal momenta after and before impact,

my-+mu cos 60° = mV cos 60° ' (i)
From Newton’s Law, along the line of centres,
u—v cos 60° = —3V (ii)
vt+iu =3}V
and u—3gv = —3V
y =G+V=1%r
.o V= %V.
Also fu=—IVoru=—}V.

The vertical momentum before impact was m V cos 30° = ‘\-%3—1—"17.

The vertical momentum after impact is

—3mV cos 30° =—%”va.
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The impulsive tension in the string is equal to the change of
momentum it produces, and is therefore

V8, y V3 3V3
‘-2—~mV+T0-mV— 5 mV.

EXAMPLES 5.5

1. A sphere of mass 2%g. moving at 10 ms—1, impinges obliquely
on a sphere of mass 4 kg which is at rest, the direction of motion
of the first sphere making an angle of 60° with the line of centres
at the moment of impact. Find the velocities of the spheres after
impact, the coefficient of restitution being }.

2. A sphere of mass 8 kg moving at 6 ms™!, impinges obliquely
on a sphere of mass 4 kg which is at rest, the direction of motion
making an angle of 30° with the line of centres. Find the veloci-
ties of the spheres after impact, the coefficient of restitution
being §.

3. A sphere of mass 2 kg moving with velocity 8 ms=1, impinges on
a sphere of mass 4 kg, moving with velocity 2 ms=; if their
velocities before impact be in like parallel directions and in-
clined at an angle of 30° to the line of centres at the moment of
impact, find the velocities after impact, the coefficient of restitu-
tion being }.

4.If, in the last example, the spheres are moving in opposite
parallel directions, find their velocities after impact.

5. Two equal balls, moving with equal speeds, impinge so that
their directions of motion are inclined at 30° and 60° to the line
of centres at the moment of impact; if the balls are perfectly
elastic, find the directions of motion after the impact.

6. If, in question 5, the coefficient of restitution is }, find the
velocities of the balls after impact.

7. A sphere of mass m impinges obliquely on a sphere of mass M,
which is at rest. Show that, if m = eM, the directions of motion
after impaot are at right angles. '

8. A smooth billiard ball impinges on another equal ball at rest in
a direction that makes an angle « with the line of centres at the
moment of impact, and ¢ is their coefficient of restitution. Prove
that the angle, through which the direction of motion of the

e . . . _ (1+e)tan a
impinging ball is deviated, is tan~? T—etotant | (LS.)
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9.

10.

11.

12.

Two equal smooth billiard balls, whose coefficient of restitution
is e, moving with equal velocities in opposite directions, impinge
obliquely, the line of centres on impact being inclined at 45° to
the direction of motion. Prove that the loss of kinetic energy is
half what it would have been had the impact been direct. (1.S.)

A smooth sphere, moving with velocity u, impinges on an equal
smooth sphere at rest, the direction of u just before impact being
inclined at an angle « to the line of centres. Find the magnitude
and direction of the velocity of each sphere after impact in
terms of %, « and the coefficient restitution e. If tan® a = 3%,
and e = §, show that the velocity of the first sphere is halved
by the impact. (H.S.D.)
A smooth sphere of mass m impinges obliquely on a sphere of
mass M which is at rest. If after the impact the first sphere is
moving in a direction perpendicular to that of its original motion,
show that m<<eM, where e is the coefficient of restitution. Show
also that the kinetic energy of the two spheres is reduced by the
impact in the ratio 1:e. (H.8.D.)

A billiard ball is at rest and another equal ball is aimed at the
first so that the direction of motion of the centre (when produced
geometrically) just touches the first; if the coefficient of restitu-
tion is #, find the directions in which the balls travel after impact,
and prove that the amount of kinetic energy transferred to the
first ball is about 0-61 of the energy of the other before impact,
while the other has about 0-26 of its original energy left. (I.S.)



CHAPTER SIX

PROJECTILES

6.1. We now consider the motion of a particle when projected
under gravity in any direction. In doing this we shall assume,
as before, that the acceleration due to gravity is constant. We
shall also neglect the resistance of the air to the motion. The
following terms are used in connection with projectiles:

The Angle of Projection is the angle that the direction in
which the particle is projected makes with a horizontal plane
through the point of projection. This angle is also called the
angle of elevation.

The Trajectory is the path described by the particle.

The Range is the distance between the point of projection
and the point where the trajectory meets any plane through the
point of projection.

The downward acceleration due to the earth’s attraction
causes the path to be curved, and we shall show later that this
curve is always a parabola.

Many important results, however, can be obtained without
finding the nature of the path.

6.2. The principle of the method employed is to consider the
vertical and horizontal components of the motion separately.
Since gravity acts vertically, it has no effect on the velocity of
the particle in a horizontal direction.

The horizontal velocity therefore remains constant throughout
the motion.

If the particle is projected with velocity « at an elevation «
the horizontal and vertical components of the initial velocity
are % cos « and % sin « respectively.

The horizontal velocity throughout the motion is therefore
u cos a, but the vertical velocity is subject to an acceleration g
downwards, and therefore at any time ¢ after the instant of
projection equals u sin a—gt. '

Consequently the horizontal distance gone in time ¢ is
(u cos «)t, and the vertical distance is (u sin «)f—}gt®.
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From these simple results all the characteristics of the
motion can be derived, as we shall now show.
6.3. Suppose the particle is projected from P (Fig. 6.1) with
velocity « at an angle « to the horizontal PX through P.
- Let A be the highest point of the path, and Q the point
where it again meets the horizontal plane through P.

Fia, 6.1

(i) To find the greatest height attained

When the particle has reached the highest point A of its
path it will have lost all its vertical velocity; the initial vertical
velocity is u sin «, and hence we have

0 = u® sin? a—2gh

u?sin® a

29
(ii) To find the time taken to reach the greatest height

Again, as the vertical velocity is zero at the highest point,
the time to reach the greatest height is given by

h =

0 = u sin a—gt
% 8in «
q

(ili) T'o find the time of flight, i.c. the time taken to return to the
same horizontal level as P

f ==

Using s = ut—}gf? and putting s = O when t = T
weget . 0 == % 8in a X T—}gT?
7= 2u sin ®

This is twice the time taken to reach the highest point, as
we should expect from symmetry.
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(iv) To find the range on the horizontal plane through P
During the time 7" the particle has been moving horizontally

with uniform velocity » cos «.
.". horizontal distance described

2u? gin « cos o
g

=ucosaXT =

.". the range
R 2u?sin w cos a _ u®sin 2a.
g g

For a given velocity of projeotion u, this expression for the
range is & maximum when 2« = 90°, or a = 45°,

Hence for a given velocity of projection, the horizontal range
18 greatest when the angle of projection is 45°.
(v) To find the velocity and direction of motion after a given time

We know that the horizontal component of the velocity is

constant and equal to u cos «.
The vertical component v after a time ¢ is given by

v = u sin a—gt.
. if V is the resultant velocity,
V2 = u2 cos? a-+ (u sin a—gt)?,
= u?—2ugt sin «-}g%2.
If 0 is the angle which the direction of motion makes with )
the horizontal,

vertical component of velocity  usin a—gt
horizontal component of velocity =  u cos «

tan 0 =

@ is positive for those values of ¢ for which u sin a—gt is
positive, and negative when u sin a—gt is negative, that is,
6 is positive if ¢ <(u sin a)/g, the time to reach the highest point,
and negative afterwards.

6.4. For a given velocity of projection there are, in general, two
possible angles of projection to obtain a given horizontal range.
We have seen that the range

92

R = y—sin 2a.
g
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If R and u are given
sin 2a = q‘,f‘i'

Now for a given value of the sine of the angle 2a, there are
two values of the angle less than 180°. If 20 is one value the
other is 180°—26. Therefore # and 90°—0 are two possible
angles of ‘projection unless gu—I: = 1, when only one value is
possible, viz. 90° for 2«, or 46° for «.

This is the case when the range is a maximum for the given
velocity u.

The directions § and 90°—8 are equally inclined to the
horizontal and vertical respectively, so that the direction for
maximum range bisects the angle between them.

6.5. EXAMPLE (i)
A particle 18 projected with a velocity of 196 ms™1, at an elevation of
30°, find: (i) the greatest height atiasned ; (ii) the time of flight and the
range on a horizontal plane through the point of projection ; (iii) the
velocity and direction of motion at @ height of 130 m.
The initial horizontal velocity = 196 cos 30° == 984/3 ms™1.
The initial vertical velocity = 196 sin 30° = 98 ms1,

(i) If A m be the greatest height, then at this height the particle
has lost all vertical velocity,

0 = 982 —2gh
. 98 x 98
. h=3p5 = 190.

(ii) If ¢ s be the time of flight the vertical height at that time is
zero,

0 = 98t—jgt*
98
t=1g=20.

The horizontal range is the distance travelled horizontally in
20 s with uniform velocity 98+/3 ms™2.

= 084/3%X20 m
= 33956 m approximately.
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(iii) If v ms~! is the vertical velocity at a height of 130 m.
v® = 982—2¢x 130
= 98(98—26) = 98X 72
y v=14Xx6 = 84.

The horizontal velocity is 984/3 ms-2, and if  is the inclination
of the direction of motion to the horizontal.

tan 0 = g%g =27
The resultant velocity ¥ ms™! is given by
Ve = 98%x 3-4-842 = TX(5881-144)
’ V = 74/732 = 7x 2705
= 189 approximately.

EXAMPLE (ii)
A particle is projected with a velocity of 19-6 ms™!; find the maximum
range on a horizontal plane through the point of projection and the two
directions of projection to give a range of 12 m.
If the angle of projection is «, the horizontal and vertical com-
ponents of the initial velocity are 19-6 cos « and 19+6 sin « ms™2,
The time of flight ¢ s is given by
0 = 19-6 sin a X t—igt?
f = 19-6sin «
T 49
In this time the horizontal range is

19:6 cos a X4 sin a
= 39-2 sin 2« m.

= 44 sin o,

This is & maximum when 2z = 90°, or « == 45°, and then the

value is 39-2 m.
When the range is 12 m we have
39-2 sin 2a = 12
sin 2¢ = 0:306
y ‘ 2« = 18° or 162°

. o« = 9° or 81°.
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EXAMPLE (iii)

" A particle is projected out to sea with a velocity of 49 ms=! from the
top of a cliff 98 m high at an angle of 30° with the horizontal: find how
Jar from the bottom of the cliff the particle hits the water.

The initial vertical velocity is 49 sin 30° = 24-5 ms1.
The initial horizontal velocity is 49 cos 30° = 24:54/3 ms™1,
The time ¢ s to reach a point 98 m below the point of projection
is given by
—98 = 24.5 t—4-9¢2
2—-5t—20 =0

= SEVESHE) g

In this time the horizontal distance travelled is

76X 244/3 m = 316 m approximately.

EXAMPLE (iv)

A bullet is fired with a velocity whose horizontal and vertical com-
ponents are u, v: find its position at time t. If the horizontal velocity is
600 ms, find the elevation at which it must be fired if it is to hit a
mark 2 m above the muzzle at a distance of 500 m.

If z, y are the horizontal and vertical distances from the muzzle
after time ¢,

x = ul (1)
y = vt—4gte. (ii)
When % = 600 ms-! and z = 500 m,
t = E E=S @ és
T u 600 6

The height at this time has to be 2 m, and substituting y = 2,
t = § in equation (ii),
2 = fo—a:9(§)
v = 2-44-4-08
v = 648 ms™2,

If 9 is the angle of elevation initially

6 = about 37 minutes.
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EXAMPLE (v)
If r be the horizontal range of a projectile, and h its greatest height,
prove that the initial speed is

A\
[2o(+1a) }
Let u be the initial speed, and « the angle of projection.
The horizontal range

2u? sin « cos « s

r =-—-——g———’ (l)
The greatest height .
u3 sin %

h= . i

%9 (i)

Now the value of « given in the question does not contain «, so

that it must be obtained by eliminating « between equations (i)

and (ii).

2
From (ii) we have cosec? o = %}

iy g .. r _r.
Dividing (i) by (ii), 4cota=’7 or cota—4h

Now cosec? o = 1+cot? o
u? 3
a% = 16k

W= 2g(h+i%’—h)
o= [oforie)]
EXAMPLE (vi)

A projectile is fired from a point on a cliff to kit a mark 60 m horizontally
from the point and 60 m vertically below . The velocity of projection is
that due to falling freely under gravity through 30 m from rest. Show
that the two possible directions of projection are at right angles, and thai
the times of flight are approximately 2-7 and 6-4 5.

The velocity v ms—! acquired in falling 30 m, is given by
v} = 2gx30
v = 1/(60g).
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If « is the angle of elevation at which the projectile is fired,

—B80 = 4/(60g) X sin a X t —}gt? (i)

Also 60 = 4/(60g) X cosa X ¢ (ii)

From (ii) we get
t= J (?) X sec a
Substituting in (i),

—60 = 60 tan «—30 sec? «.
= 60 tan «—30—30 tan «
tan o — M‘*ﬁ 144/2.

One of these values is negative, and this means that one of the
directions is below the horizontal.
The product of the two tangents is
(14201 —y/2) = —1

and this, by a well-known result in geometry, shows that the
directions are at right angles.

If tan oy = 144/2
and tan o« = 1—4/2
y sec? o) = 14-3+24/2
= 6-828,
sec® oy = 14-3—24/2
= 1-172,
R sec a, = 2-61
and sec ay = 1-08,

the times are 2-61 3%—648

and 1-08 32 = 2'7 s, approximately.

EXAMPLE (vii)

A vertical post subtends an angle « at a point A in the same horizonial
plane as the foot of the post. Two particles are projected at the same
instant from A, in directions making angles 6, and 0, with the hori-
zontal, so that the former strikes the top of the post at the same moment
that the latter strikes the bottom of the post. Prove that

tan 01—tan 03 tan a.
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Let u,, u, be the velocities of projection, % the height of the post
PQ (Fig. 6.2) and a its horizontal distance from A.

Since the particles describe the same horizontal distance in the
same time, their horizontal velocities are equal,

4
h
A a Q
Fig. 6.2
%, c08 6, = u, cos f,.
If ¢ be the time taken to reach the post,
__ e __a
T w,co80, wuscosd,
Also h = u, sin 8, X t—3gt*
and 0 == u, sin 6, 3 (—3gt?
h = t(u, sin §,—u, sin 6,)
. .
- 'JlTOS_—O_l == t(ta:ll 01—tan 02)
h a
uy; 008 0,  u, 008 0, (tan 6,—tan 6y)

a tan « = a(tan 6,—tan 6,) since b = a tan «
tan « = tan 6,—tan 0,.

EXAMPLES 6.1.

1. A particle is projected with a velocity of 30 ms—! at an elevation
of 30°: find (i) the greatest height reached; (ii) the time of flight
and the horizontal range; (iii) the velocity and direction of
motion at a height of 4 m.

2. Find the greatest range on a horizontal plane when the velocity
of projection is (i) 20 ms~?, (ii) 18 ms~?, (iii) 30 ms™1.

3. A man can just throw a stone 60 m: with what velocity does
he throw it and how long is it in the air?

4. A projectile is fired horizontally from a point 60 m above a
horizontal plane with a velocity of 600 ms—1.
How far will it be horizontally from the point of projection
when it reaches the plane?
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5.

10.

11.

13.

14.

A shot is fired from a gun on the top of a vertical cliff, 160 m
high, with a velocity of 180 ms-1, at an elevation of 30°. Find
the horizontal distance from the foot of the cliff of the point
where the shot strikes the water.

. Find the velocity and direction of projection of a particle which

passes in a horizontal direction just over the top of a wall which
is 32 m distant and 12 m high.

- Find, to the nearest m, the range on a horizontal plane of a

rifie bullet fired at an elevation of 3° with a muzzle velocity of
300 ms—1, (I8.)

. What is the least velocity of projection required to obtain a

horizontal range of 100 m, and what will be the time of flight?
(LA.)

. Show that a particle starting with a velocity of 30 ms~ at au

angle tan~! § to the horizon will just clear a wall 9-9 m high at a
horizontal distance of 72 m from the point of projection. (I.A.)

A body is thrown from the top of a tower 30-4 m high with a
velocity of 24 ms! at an elevation of 30° above the horizontal:
find the horizontal distance from the foot of the tower of the
point where it hits the ground. (I.A)

A bullet is fired out to sea in a horizontal direction from a gun
situated on the top of a cliff 78-4 m high.

Calculate the distance out to sea at which the bullet will
strike the water, given that the initial velocity of the bullet is
240 ms1,

Calculate algo the inclination to the horizontal at which the
bullet will strike the surface of the water. (H.S.D.)

- A bullet is fired with an initial velocity of 600 ms~1 in a direction

making 25° with the horizontal.
Calculate how far from the starting-point the bullet will strike
the ground again. (HS.D.)

If a particle is projected inside a horizontal tunnel which js 4-8 m
high with a velocity of 60 ms-1, find the greatest possible
range. (1.8.)

A ball is thrown from a height of 0-9 m above the ground to clear
a wall, 10-5 m away horizontally, and 4-5 m high.

Show that the velocity of projection must not be less than
that acquired by falling under gravity through 7-356 m, and,
when this is the velocity of projection, find how far beyond the
wall it will reach the ground. (I8.)



15.

16.

17.

18.

19.

20.

21.

22.

23.
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A body is projected at such an angle that the horizontal range is
three times the greatest height. Find the angle of projection, and
if, with this angle the range is 400 m, find the necessary velocity
of projection and the time of flight. (LA)
A ball is thrown with a velocity whose horizontal component is
12 ms! from a point 1-3 m above the ground and 6 m away
from a vertical wall 4-9 m high in such a way as just to clear the
wall. At what time will it reach the ground? (LE.)

A ball is thrown from a point A in a horizontal plane so as just
to pass over a wall standing on the same plane, the horizontal
component of the ball’s velocity being equal to the velocity it
would acquire in falling from rest through a distance equal to the
horizontal distance of A from the wall. Prove that the ball pitches
behind the wall at a distance from it equal to 4 times the height
of the wall. ) (LE)
Find the least initial velocity which a projectile may have, so
that it may clear a wall, 10 m high and 13 m distant, and strike
the horizontal plane through the foot of the wall at a distance
7 m beyond the wall, the point of projection being at the same
level as the foot of the wall. (H.S.D.)
The greatest range of a gun is 25 km: find the muzzle velocity
of the shot, and prove that, when the shot has travelled 6-4 km
horizontally it has risen about 4-8 km. (H.C)
A bullet is fired from a point O with a velocity whose horizontal
and vertical components are u and v respectively: find the
direction in which it is moving after a time ¢ If « = 30 ms™?,
v = 90 ms~!, prove that at two points the direction of the
bullet’s motion is at right angles to the line joining the bullet
to O, and find the positions of these points. (H.C)

A shell is observed to explode at the level of the gun from which
it is fired after an interval of 10 s; and the sound of the explosion
reaches the gun after a further interval of 3 s. Find the elevation
of the gun and the speed with which the shell is fired. (Assume
the velocity of sound to be 335 ms™2.) (H.C.)

Show that, if R be the maximum horizontal range for a given
velocity of projection, a particle can be projected to pass through
the point whose horizontal and vertical distances from the point
of projection are }R and }R respectively, provided that the
tangent of the angle of projection is either 1 or 3, and that in the
second case the range on the horizontal plane is R. (LS.)

A shot projected with velocity v can just reach a certain point on
the horizontal plane through the point of projection: Show that,



EXAMPLES 6.1 213

25.

26.

217.

28.

in order to hit a mark %2 m above the ground at the same point,
if the shot is projected at the same elevation, the velocity of
projection must be increased to

v!
FghT (LS.

. Prove that the time of flight 7' and the horizontal range X of a
‘projectile are connected by the equation

gT? = 2X tan «,

where a is the angle of elevation.

Show that when the maximum horizontal range is 160 km
the time of flight is about 3 minutes, and determine the muzzle
velocity and the height of the trajectory. (LE.)

A body is projected so that on its upward path it passes through
a point z m horizontally and y m vertically from the point of
projection. Show that, if R m is the range on a horizontal plane
through the point of projection, the angle of elevation of projec-
tion is

R—=x

A particle projected from a point meets the horizontal plane
through the point of projection after describing a horizontal
distance a, and in the course of its trajectory attains a greatest
height b above the point of projection. Find the horizontal and
vertical components of the velocity of projection in terms of
a and b.

Show that when it has described a horizontal distance x it
has attained a height of 4bx(a—z)/a?. (H.C.)

If the horizontal range of a particle projected with velocity ¥V
is a, show that the greatest height z attained is given by the
equation

tan‘l(g-x L ) (18]

16g22—8Vix+ga? = 0.
Explain why two values of x are to be expected. (I.8.)

Show that the relative velocity of two bodies moving in any
direction under the acceleration of gravity remains constant. A
stone is projected horizontally from the top of a tower 54 m
high with a velocity of 15 ms—2, and at the same instant another
stone is projected in the same vertical plane from the foot of the
tower with a velocity of 30 ms—! at an elevation of 60°. Show
that the stones will meet, and find the height above the ground,
and the distance from the tower at the instant of meeting. (L.E.)
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29. A ball is projected from a point on the ground distant & from
the foot of a vertical wall of height b, the velocity of projection
being V at an angle « to the horizontal. Find how high above
the wall the ball passes it. '

If the ball just clears the wall, prove that the greatest height
reached is
1 a*tan®a
d{atana—D) (N.U.3)

6.6. Range on an inclined plane through the point of projection

Let a particle be projected with velocity , at an elevation «

to the horizontal, from a point P (Fig. 6.3) on a plane of inclina-

Y

P N X
Fic. 6.3

tion B, the direction of projection being in the vertical plane
through the line of greatest slope PQ of the inclined plane. Let
PQ be the range, and QN the perpendicular on the horizontal
plane through P.

To obtain the time of flight we consider the motion per-
pendicular to the plane.

The initial velocity perpendicular to the plane is % sin(zx—@)
and the acceleration in this direction is —g¢ cos 8.

The time of flight 7' is therefore given by

0 = usin (x—B) X T'—3gecosf X T?
= 2 sin (a—B)
© geosf
The horizontal velocity during this time is constant and
equal to u cos a, and the horizontal distance PN described is
2u® gin (a—f) cos &
gcosf

and PQ = PN sec f.
2u?sin{a—p) cos a
range = .

g cos?® B

@)
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6.7. The maximum value of the range for given values of
u and B is obtained as follows:
R— 242 sin («—pB) cos @ _
- g cos® B ~ g cos 2 ﬁ

Now since 8 and » are given, the quantity outside the
bracket

[sin (2a—PB)—sin B]  (ii)

ul
g cos® B
is constant, and the value of the expression in the bracket is a
maximum when sin (20—f) is 2 maximum, i.e. when

20—pB = =/2.
.. for maximum range

« = -+2
We see also that when o has this value
a—B = g—ac

or the direction of projection bisects the angle between the
plane and the vertical.
The value of the maximum range is

u2

———(1—sin ) = FEeTOY | (iii)

g cos2 8

6.8. For a given value of the range (other than the maximum
value) with a given velocity of projection, we obtain from (ii) a
value for sin (2a—@).

Now for a given sine there are two angles less than 180°, so
that we get two values for 2«—; if 6 is one value the other is
n—4, so that

20—f =
_5.8
and o = § §.
or 20—B = 7v—0
=, P . 0.
and «=3+573
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There are thus two angles of projection for a given range.
The angle of projection for a maximum is (7+48).
1/6 B, =, B 6\ = B
Also (s+5+i+i—3) =15
Therefore the two directions of projection for a given range are
equally inclined to the direction for maximum range.

6.9. In the preceding paragraphs the direction of projection
was expressed as an elevation to the horizontal.

We can also take the elevation relative to the inclined plane.

In working problems care must be taken in reading the
question to see which of these angles is given.

If 8 is the inclination of the direction of projection to the
line of greatest slope of the plane the initial velocities perpen-
dicular and parallel to the plane are  sin 6 and u cos 6.

The time of flight T is given by

O=wusin8 X T—}gcosP X T*

__2usin .
T geosp (iv)
The range can be found as before, remembering that the
horizontal velocity is now u cos (8-+48), or by considering the
motion parallel to the plane.
In time T the distance (R) travelled parallel to the plane is

R=wucos 8 X T—4gsin B x T2 v)

The relations (iv) and (v) are useful in problems where the
times of flight for a given range are required. It is easy to
eliminate 8 from these two equations.

6.10. EXAMPLE (i) ’
A particle is projected with a velocity of 245 ms™! at an elevation of
60° to the horizontal from the foot of a plane of inclination 30°. Find
the range on the inclined plane and the time of flight.

Let PQ (Fig. 6.4) represent the inclined plane.
The component of velocity perpendicular to the plane is

245 sin 30° = 122:5 ms™.
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The acceleration perpendicular to the plane is

gcos30°=—‘-g§g—49\/3ms-'

245

36X
307y
P N
F1c. 6.4
The time of flight ¢ s is given by

0 = 122-5i—} X 4:94/33

_ 1225 504/38
t—m-——s—-—-%5neaﬂy
In 25-5 s the particle travels a horizontal distance
255 122+56 m.

The distance up the plane is obtained by multiplying this by

sec 30° or——

V3

and therefore range on the plane

= 255)(1225><\/3 = 4083 m.

EXAMPLE (ii)

A particle is projected with a velocity of 20 ms™ at an angle of 45° to
the horizontal. Find its range on a plane inclined at 30° to the horizontal
when projected (i) up, (ii) down the plane.

(i) The component of velocity perpendicular to the plane is
20 sin 15° ms?
The acceleration perpendicular to the plane is
9-8 cos 30° = 4:94/3 ms2,

" 'The time of flight is given by
.0 = 208in 15° X t—2-45+/3¢*
‘— 20sin 156° _ 126,

2:45+/3
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The horizontal velocity is 20/4/2 ms! and the horizontal
distance in time 1-2 s is 124/2 m.

The range up the plane is obtained by multiplying this by sec 30°.

Therefore range up the plane == 124/2x 2/4/3 = 19-6 m.

(i) The component of velocity perpendicular to the plane is
20 sin 75° ms™1,

The time of flight ¢ s is given by

0 = 20 sin 75°—2-454/3¢
20 sin 75°

b= W = 4-6 nearly.
The horizontal velocity is V—.) ms~! and the horizontal distance
in time 4-6 s is 464/2 m.
The range down the plane is
2] =
464/2 X \/3 75 m nearly.

EXAMPLE (iii)
Show that for a given velocity of projection the maximum range down
an inclined plane of inclination « is greater than that up the plane in the
ratio (1-Fsin «)/(1—sin o).

Let « be the given velocity of projection and & the angle the
direction of projection makes with the plane.

Fra. 6.5

When projected up the plane from A (Fig. 6.5) the time of flight
is given by
O==usinf X t—Igcosa X £2
‘7u sin 6

T geosa
The range up the plane is

2u sin 0 __2u* _ sin 0 cos (0-+a)
oo X U cos (0+a) X seco = — X ~—ofa

g cos“ [sin (20-}-o) —sin «].
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This is & maximum when sin (20+a) = 1, and then

ut 1—si
range = m( —sin «).
When projected down the plane from B at the same angle to the
plane the time of flight has the same value

2usin 6
g cos o
The horizontal velocity is now, however, % cos (f—a), the hori-

2u sin § . 2u®sin 0 cos (0—a)

zontal distance in time , and the range
gcosa gcosa
down the plane is
2u? sin 8 0— 2 . .
e AL o [0 (20—2)sin o]

This is a maximum when sin (20—«) = 1, and then

¥ (14sina).

muge=g<>os o

Hence the ratio of the maximum ranges down and up the plane is

1+4sin «
1—sina

EXAMPLE (iv)
If t, and t, be the two times of flight on an inclined plane through the
point of projection corresponding to any given range short of the greatest,
and o the inclination of the plane, prove that
3+t 24, sin &

18 independent of a, the velocity of projection being given.

Let V be the velocity of projection, and 0 the inclination of the
initial direction to the plane.

The velocity perpendicular to the plane is ¥ sin 6, and the time
of flight ¢ is given by

0= Vsinf x t—13g cos a X & @)

The velocity parallel to the plane is V cos 8, the acceleration
down the plane is g sin «, and the range in time ¢ is

R="Vocosfx t—jgsina X £. (i)



220 PROJECTILES
From (i) and (ii), Vsin @ X t = Jgcosa X 2
Veosd xXt= Ridgsina X 12

Squaring and adding,
2
Vi#® = R*4-gRsina X t’+g‘—1t‘
2
or gZ B4-t*gR sin a— V) +R2 = 0.
This is a quadratic in #, and if 2, £,? are its roots,
4R . 47?2
t12+tz= = —7 s a—}-?-
2
and 434, = ig-lzz—
2R
o tltz = 7
2
t24-4,24 248, sin o = —i;—e sin a+4—g‘:— +égz-esin 3
2
= g; and is independent of a.

EXAMPLES 6.2

1. A particle is projected with a velocity of 90 ms—! at an elevation
of 60° from the foot of a plane of inclination 30°. The motion
being in the vertical plane through a line of greatest slope of the
plane, find the range on the plane and the time of flight.

2. A particle is projected with a velocity of 384 ms! at an eleva-
tion of 75°. Find the range on a plane of inclination 45° when the
particle is projected (i) up, (ii) down the plane.

3. A particle is projected from a point on a plane of inclination 30°
with a velocity of 400 cms—! at right angles to the plane. Find
its range on the plane.

4. The greatest range, with a given velocity of projection, on a
horizontal plane is 3000 m. Find the greatest ranges up and
down a plane inclined at 30° to the horizon.

5. A bullet is fired from the foot of an inclined plane with velocity
600 ms™! at an elevation of 60°. Find the range if the inclination
of the plane is: (i) 30°; (ii) 45°. Find also the maximum ranges
which can be obtained on these planes with the given initial
velocity.
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6.

10.

11.

12.

Show that the range up a plane of inclination §§ through the point
of projection of a projectile fired at an elevation « relative to the
plane is R sec B(1—tan « tan B), where R is the range on & hori-
zontal plane, the relative elevation « and the velocity of projection
being the same. (ILS.)

. A heavy particle is projected from a point on an inclined plane,

inclined at 28 to the vertical, and moves towards the upper part
of the plane in the vertical plane through a line of the greatest
slope of the inclined plane; the initial velocity of the particle
is u cos B and its initial direction of motion is inclined at f to
the vertical. Prove that the time of flight of the particle is u/g,
its range on the plane is u2/2g, the velocity with which it strikes
the plane is u sin B, and its direction of motion has then turned
through a right angle. (H.C.)

. A particle is projected with speed u so as to strike at right angles

a plane through the point of projection inclined at 30° to the
horizon. Show that the range on this inclined plane is 4u%/7g.

(I.S.)

. A particle is projected with velocity V at an elevation « ona

line through the point of projection making an angle § with the
horizon. Prove that during the flight the direction of motion of
the particle turns through an angle whose cotangent is :

1 cos B sec a cosec (x—P)—tan . (LA))

A projectile is to pass through a point whose angular elevations
from the point of projection is 8, and at that point to impinge
perpendicularly on an inclined plane of slope £ to the horizontal.
Show that the angle of elevation « at which it must be projected
is given by _

tan « = cot 342 tan 6. (H.C.)

If R is the maximum range on an inclined plane through the
point of projection of a particle, and T the corresponding time
of flight, show that

R=}gT. (H.C.)

A shot is fired from a gun in a horizontal direction with a velocity
of 300 ms—1. The gun is on the side of a hill of inclination tan—* $
to the horizontal. Find how far along the hill the shot will strike,
and determine its velocity then in magnitude and direction.
(1.C.)
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13. A particle is projected with a velocity of 480 ms2, at an eleva-
tion of 30°, from a point on the side of a hill inclined at 30°
below the horizontal. Find the range measured along the side of
the hill, and the time of flight. (I.C.)

14. Find the range on an incline « of a shot fired with velocity V
from a point on it at an elevation a6 so as to move in a vertical
plane through a line of greatest slope.

If the shot hits the slope horizontally, show that
sin « cos «
tan ¢ S (C.W.B)

6.11. EXAMPLE (i)
A particle is projected with a velocity whose horizontal and vertical
componenis are u, v, 80 as to pass through a point whose horizontal and
vertical distances from the point of projection are h, k. Prove that
2udk+gh® = 2uvh,

A particle is projected so as to pass through two points whose
horizontal and vertical distances from the point of projection are (36, 11)
and (72, 14) m. Find the velocity and direction of projection. (1.8.)

The time taken to describe a horizontal distance & is Afu.
In time hfu the vertical height is k, and hence

3 h?
b=v i
2uk--gh® = 2uvh.
Ifh=26,k=11, 2u? x 11498 X 362 = 2uv X 36 (i)
Ifh =172 k=14, 2u® X 14198 X 722 = 2uv X 72 (ii)

Multiplying (i) by 2, 2u® X 22119-6 X 36% = 2uv X 72
2u(22—14)+9-8 X 36%(2—4) =0
1642 = 19-6 X 362
u == 40 ms~! approximately.
Substituting for « in (i) we get
v = 16-8 ms1.
The velocity of projection is
vV (uR4-1%) = 4/(16-82--40%) = 43-4 ms™1,
The inclination to the horizontal is

tan‘lllli- = tan“l—%—s— = tan™} 0-42.
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EXAMPLE

A ball thrown from a point P with velocity V, at an inclination «
to the horizontal, reaches a point Q after ¢ s. Find the horizontal and
vertical distance of Q from P, and show that if PQ is inclined at 8 to
the horizontal the direction of motion of the ball when at Q is inclined
to the horizonial at an angle tan= (2 tan 6—tan «). (LE.)

If z, y be the horizontal and vertical distances of Q from P
z=Vcosa Xt
y =V sin a X t—3gt%.

T -.

If u, v be the horizontal and vertical components of velocity
when at Q

u="Vcosa
v = Vsin « —gt.

Y g,
Now tano—x_tana 5V cona

The direction of motion at Q is inclined to the horizontal at

tan— Z = ta.n"(tan «— gt )

V cos «
gt _ —
But m—2t&na 2ta.n0
tan—lg = tan—Y(tan «—2 tan a--2 tan 6)

= tan—}(2 tan —tan a).

EXAMPLES 6.3

1. Show that if two particles are simultaneously projected from the
same point the direction of the line joining them is unaltered
throughout the motion. (LA.)

2. A gun is fired from the top of a cliff of height 4, and the shot
attains a maximum height of (h-4-b) above sea-level and strikes
the sea at a distance a from the foot of the cliff. Prove that the
angle of elevation of the gun is given by the equation

a? tan? a—4ab tan a—4bh = 0. (ILE.)

3. A projectile, starting from A, passes through B and C. If the
horizontal and vertical distances of B from A are a, b respec-
tively, and AC is horizontal and equal to c, find the angle of
elevation and the greatest height reached by the projectile. (Ex.)
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4. A rifle is sighted to hit a mark on a level with the muzzle at an
estimated distance of 1200 m. If the muzzle velocity of the
bullet is 600 ms~? find the direction in which the rifle must be
pointed.

If the true distance of the mark is 1150 m, find how high
above the mark the bullet will pass. (H.S.D.)

5. If, with the same velocity of projection, the range of a projectile
is half the greatest range, show that there are two possible angles
of projection and find them, Compare the greatest height
reached in these two possible paths. (H.S.D.)

6. A particle is projected from a point at a height 3k above a
horizontal plane, the direction of projection making an angle a
with the horizon. Show that, if the greatest height above the
point of projection is A, the horizontal distance travelled before
striking the plane is 6% cot o. (IL8.)

7. Two shells are projected simultaneously from the same point
with the same initial velocity so as to move in the same vertical
plane, their initial direction of motion making angles « and «’
respectively with the horizontal. Prove that the shells move so
that the line joining them makes the same constant angle

$a+a)
with the vertical. (1LE.)

8. A projectile is thrown over a double inclined plane from one end
of the horizontal base to the other, and just grazes the summit
in its flight. Taking the motion to be in a vertical plane through
the line of greatest slope, prove that the angle of projection is

tan—! (tan «-tan p),
where «, B are the slopes of the faces. (1.8.)
9. A particle is projected from a point A, and is viewed from a
point B of its path, against the vertical through A : show that the
particle appears to rise along this vertical at a uniform rate g%,
where {, is the time taken by the particle to reach B. (H.C.)

10. A ball is projected so as just to clear two walls, the first of height

" a at distance b from the point of projection, and the second of

height b at distance @ from the pomt of projection. Show that
the range on a horizontal plane is

a?+-ab-1-b2
a+b
and that the angle of projection exceeds tan! 3. (Ex.)
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11.

12.

13.

14.

15.

16.

17

Two particles A and B are projected simultaneously in the same
vertical plane from the same point with the same speed but in
perpendicular directions. Prove that, as long as they are both in
motion, the line joining them moves parallel to itself and the
distance between them increases at a constant rate. Prove also
that, if A reaches the ground first, B has then travelled a hori-
zontal distance equal to 4 times the greatest height of A. (H.8.D.)

Two particles are projected simultaneously from the two pointa
A and B (which are not in the same horizontal line) with the
some initial velocity ¥ and at the same inclination « to the
horizon, so as to move towards each other. Prove that their
distance from each other will be & minimum after a time

b
2V cos a

where % is the horizontal distance between their points of pro-
jection. Prove also that this minimum distance will be k, where
k is the initial difference of their vertical heights. (H.S.D.)

Two particles are projected simultaneously with the same speed
¥ in the same vertical plane, but at different inclinations 8,, 6,.
Prove that their velocities are parallel after a time

v - 208 $(6,—6;)
g~ sin }(6,106y)
A projectile is aimed at a mark on a horizontal plane through the
point of projection and falls 6 m short when its elevation is 30°
but overshoots the mark by 9 m when its elevation is 45°.
Show that the correct elevation is about 33° 26'. (LE.)

If a man were projected from the earth with velocity ¥ and
elevation « and if at the same instant a stone were projected with
the same velocity but elevation $8, show that the stone would
appear to the man to be travelling with constant velocity in a
certain fixed direction.

Show further that if 8—a = 60° the apparent velocity of
the stone would be V. (1E.)

If the minimum kinetic energy of a projectile during its flight is
1/n of its initial value, prove that the direction of projection
makes an angle sec—! n! with the horizontal.

Prove that the curve obtained by plotting the kinetic energy
against the time is a parabola. (N.U3)

(H.8.D.)

. Show that it is not possible for a body to be projected from a

point A so as to pass through another point B unless the speed
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of projection is such that if the particle were projected vertically

it would rise to a height at least }(AB-BN), where BN is the

perpendicular from B on the horizontal plane through A.
(N.U.4)

6.12. The path of a projectile (neglecting air resistance) is a
parabola
Let u, « be the velocity and angle of projection from P

Fic. 6.6

(Fig. 6.6). Taking PX horizontal and PY vertical as co-ordinate
axes, we have, after time ¢,

£ =1ucosa X ¢ (i)
and y = wsina X t—}gf2 (ii)
Substituting for ¢ in (ii),
gx
y=zx tan o-— m . (lll)

This equation represents a parabola with its axis vertical.
When y = 0, equation (iii) gives

2u2 gin o cos «

z=0,andx =
g

The first of these values corresponds to P, and the second
to P’ where PP’ is the horizontal range.

6.13. We can obtain the equation of the path in a simpler form
by taking the horizontal and vertical through the highest point
A (Fig. 6.7) as axes. We know that the horizontal and vertical
velocities at A are % cos « and zero.
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Hence in time ¢ from A, if x is measured vertically down-
wards, and y horizontally,

y=wucosa X1

g 99
and = igt* = 2u? cos? o
s 2u?costa
= X
g
H X H
L)
'
] A
: 1
Q S X
TN
:
P M 8 P
Fic. 6.7
This represents a parabola with vertex at A and axis AB
2 cog?
vertical. Its latus rectum is 2“—‘3;&—5, which depends only on
the horizontal velocity.
If S is the focus,
AS = u® cos? o«
=

%2 cos? a
29

The directrix HXH' is horizontal and at a height
above A.

The height of A above P is ‘g;‘z e
.. the height of the directrix above P is

utcos®a ulsina _ ©?

29 ' 2 2

This shows that the height of the directrix above the point
of projection depends only on the initial velocity, it is the same for
all possible paths with this particular velocity.

We see also that the height of the directrix above the point
of projection is the height to which the particle would rise if
projected vertically upwards. .
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The vertical velocity at a point @ is given by
v? = ulsin? a—2g9 X QM, |
the horizontal velocity is  cos «,
.. the resultant velocity at @ is 1/(u2—2g X QM).
The velocity acquired by falling to @ from the directrix, a
distance of — —QM

is J[w o) | = Vw2 x Q).

The velocity at any point is therefore equal to the velocity
acquired by an article falling freely from the directrix to that
point.

6.14. Motion on the surface of a smooth inclined plane

' Suppose a particle is projected with velocity » on the surface
of a smooth inclined plane ABCD (Fig. 6.8) of slope B, in a
direction inclined at an angle « to the line of greatest slope of
the pla.ne

’
e
'I
A

Fig. 6.8

The acceleration due to gravity has components ¢ sin §§ in
the direction of the line of greatest slope of the plane, and g cos
perpendicular to the plane.

The latter is destroyed by the reaction of the plane, so that
the particle moves with an acceleration g sin 8 parallel to the
line of greatest slope. '

" The motion relative to the plane is therefore the same as in
6.3 if we use g sin B for the acceleration instead of g.

EXAMPLE
A particle is projected up an inclined plane (of slope 30°) at an angle
of 30° with the line of greatest slope, with initial velocity V. Write
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doun the equations of motion and find the equation of the path on the
plane, and the distance of the particle from the starting-point when it
again reaches that level.

Taking the horizontal line and the line of greatest slope through
the starting-point as axes of x and y, then at time ¢,

z= Vsin30° x ¢ ()
and y = V cos 30° X ¢t—3gsin 30° X 2 (ii)

These are the equations of motion, and substituting the value of
t obtained from (i) in (ii), we get

y = z cot 30°—Zg X -V,—;:W
or Y= \/3::——9%’
and this is the equation of the path.
Wheny =0, g;—;:?=\/3xx
xz=0or l/_:;ﬂ

The latter is the distance from the starting-point when the
particle again reaches that level.

6.15. Further probléms on projectiles
The following examples involve impacts of projected particles.

EXAMPLE (i)

A ball is shot along a smooth horizontal table 1-2 m high, so as to leave
it perpendicular to one edge with a speed of 3 ms™. Show, if the
coefficient of restitution for the ball and.the floor is §, that the ball hits the
floor, assumed smooth, a second time at a distance of 3 m from the
table. When will the ball be at a distance of 4-5 m from the table?

If ¢ 8 is the time the ball takes to reach the floor, then, since its
speed is initially horizontal,
1-2 = }x9-82
12 — 1§ or ¢t = 0-6 approximately.
Therefore horizontal distance gone in this time = 3x} = 1.5 m.
Thus the ball hits the floor at a distance of 1-5 m from the table

and then rebounds. Its vertical velocity just before it hits the floor is
1g = 40 ms~1 and its horizontal velocity is, of course, 3 ms1.
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Since the floor is assumed smooth, the ball’s horizontal velocity
will remain unchanged as a result of the impact, but its vertical
velocity will be upwards and equal to $(4-9) ms—.

Therefore if R m is the distance gone before the ball hits the
floor again, and T s is the time taken, we got

R=3XT
and 0 = 24574977
y T =1}and R = 1-5.

Therefore total distance from the table of the ball’s second
impact with the floor = (1-54-1-5) m = 3 m.

As the horizontal velocity of the ball is not altered as a result of
the impact with the floor, it remains constant throughout the
motion, and hence the ball is at a distance of 4-56 m from the table

afber%é g=15s.

EXAMPLE (ii)

A ball is thrown from a point distant a from a smooth vertical wall
against the wall, and returns to the point of projection. Prove that the
velocity u of projection and the elevation « of projection are connected by

the equation
u? sin 20 == ag(!-%_f),

where e is the coefficient of restitution between the ball and the wall.
Since the wall is smooth the vertical velocity is unaffected by
the impact, i.e. the time of flight is still
2u sin @
9
The ball approaches the wall with horizontal velocity « cos «,

and rebounds with horizontal velocity ew cos «.
Hence the times taken to reach the wall and rebound a horizontal

distance @ are ——— and —— respectively.

% CoS o ew cos o
. 2usine @ . a
: g  ucosa | eucosa
. 2usina _ a(l-4e)
* g e cos «

u?sin 2¢ = ag(l+%)-
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EXAMPFPLES 6.4

1. A particle of mass m is projected with velocity v at an angle « to
the horizontal, and at the same instant a particle of mass 3m is
dropped from a height (v sin? a)/g, at & horizontal distance of
(v? sin & cos «)/g from the point of projection of the first particle.
Show that the particles will collide. If the particles now coalesce,
find the position of the point at which the particles strike the
ground, and the time which elapses before they reach it. (L.E.)

2. A body slides from rest down a smooth plane of length I and
inclination «, and at the bottom impinges on & smooth hori-
zontal plane; show that the range on the horizontal plane after
the first rebound is 2el sin « sin 2x, where ¢ is the coefficient of
restitution between the body and the horizontal plane. (I.A.)

~ 3. A mass of 300 g moving horizontally at a point A, 18-4 m above
the ground with a velocity of 13-2 mg, is struck at A by a
mass of 30 g moving vertically upwards with a velocity of
165 ms™, and the two masses unite; find the position of the
point at which the combined mass strikes the ground.  (I.A))

4. From a point distant ¢ from a smooth wall a particle, whose
initial height above the ground is %, is projected with horizontal

velocity « towards the wall. If a<uJ %'Z" > show that the

particle strikes the ground at a distant point e(u J % —a)

from the wall, e being the coefficient of restitution between the
wall and the particle. (HS8.C.)

‘5. A ball is thrown with a speed of 19-6 ms—! at an angle of eleva-
tion of 45°. It strikes & vertical wall 9-8 m away and returns to
the point of projection. Find the coefficient of restitution between
the ball and the wall. (H.S.C.)

6. An elastic particle is projected with velocity %, at an inclination
to the horizontal, from a point on the ground distant a from a
smooth vertical wall towards the wall. Prove that, after re-
bounding from the wall, it can strike the ground again at a point
farther from the wall than the point of projection if

1
u2>%eag,

where e is the coefficient of restitution.

7. A particle is dropped from a height & on to a smooth and per-
fectly elastic inclined plane and rebounds. Find how far down
the plane is its next point of impact. (H.8.C.)
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A ball is projected from the ground at an angle « to the hori-
zontal and rebounds from a smooth vertical wall to the point of
projection. If the line joining the point of projection to the point
of impact makes an angle 6 with the horizontal, prove that

(1+-¢) tan 0 = tan «,

where e is the coefficient of restitution.

. A particle is projected with a velocity of magnitude ¥V from a

point of a plane, inclined to the horizontal at an angle «, in the
vertical plane through the line of greatest slope through the
point of projection. The direction of projection is up the plane
and makes an angle B with the plane. The coefficient of restitu-
tion between the plane and the particle is e. Prove that the range
of the particle on the plane at the moment of its second impact
with the plane is greatest when cot 20 = (1+-¢) tan «, and that
this greatest range is

V3(14-¢) tan P

g cos «
where 8 has the value given by the first equation. (H.C.)

A boy throws a ball with velocity V at an angle « to the hori-
zontal, so that it strikes a smooth vertical wall at a distance o
and returns to his hand. If the coefficient of restitution between
the ball and the wall is e, show that V2 sin 2« = ga(l-+-e)/e.
Show also that the height of the point of impact on the wall
above the point of projection is proportional to tan «.  (L.A.)

. A ball is projected from a point on smooth level ground. It strikes

a vertical wall normally, rebounds and returns to its starting-
point after bouncing once on the ground. If the coefficients of
restitution between the ball and the wall and between the ball
and the ground are equal, prove that each coefficient is 4. (L.A.)

A ball is projected upwards with speed 12 ms—! at an angle
tan~! (4/3) with the horizontal, from a point on the floor of a
room. It hits the ceiling (supposed smooth) 3:55 m above the
floor, and reaches the floor again 9 m from the point of pro-
jection. Find the coefficient of restitution between the ball and
the ceiling. (HS.C.)
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REVISION EXAMPLES B

1.

(3]

(i) A man whose weight is 70 kg climbs a hill 150 m high in
14 min; what is his average rate of working? (ii) At a certain
place the breadth of a river is 90 m, its average depth 3-6 m, and
its average velocity 6 kmh—1. What power would it furnish if
half its kinetic energy could be transformed into work?

. Define work and power. An engine working at 450 kW pulls a

train of total mass 240 Mg along a level track, the resistances
being 135 of the weight of the train. What is the acceleration of
the train when its speed is 48 kmh-1? Find also the steady
speed at which the engine will pull the train up an incline of
1 in 80 with the same expenditure of power against the same
resistances. (H.C.)

. A car of mass 1000 kg is driven along a horizontal road against &

resistance equal to #5 of its weight. Find the greatest speed
and the pull of the engine if the engine cannot exert more than
10 kW. :

The car now pulls a trailer of mass 600 kg against an addi-
tional resistance of # of the weight of the trailer, the engine
working at 10 kW. Find the tension in the tow rope at the in-
stant when the speed is 32 kmh2.

. A car of mass 1 Mg moves along a horizontal road against a

resistance equal to ¢ of its weight. Find the greatest speed
attainable if the engine cannot exert more than 16 kW.

Find the pull in the tow-rope if the car (still subject to the
resistance) pulls a trailer of mass 600 kg which is resisted by a
force equal to ¢y of its weight, when the speed is 24 kmh~? and
the engine is working at 156 kW. ’ (L.A.)

. An engine of mass 60 Mg, working at 540 kW, is pulling a train

of mass 480 Mg down an incline of sin—? (1/140). Frictional
resistances amount to t}y of the total weight of the engine and
train. Find the acceleration of the train when its speed is 24
kmh~1. Find also the tension in the coupling between the engine
and the first coach at this instant.

. A locomotive and its train have a combined mass of 500 Mg.

Down a slope of 1 in 100 the maximum speed is 96 kmh—*, the
maximum speed is 48 kmh~1 up the same slope. Assuming that
the total resistance to motion varies directly as the speed and
that the locomotive works at the same constant power in each
case, calculate the magnitude of this power. (L.A.)
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. A motor-car of mass M kg, ascending a slope inclined at an

angle « to the horizontal, can just attain a maximum speed of
V kmh—2. Descending the same slope, with the engine cut off, it
attains a maximum speed of U kmh—1. Assuming that the resist-
ance is proportional to the square of the velocity, find the
power which the engine can develop. Give the numerical value
when M = 900,V = 60, U = 64, sin a= 1/21. (H.C.)

. A weight of mass 120 kg is hauled vertically through a height of

30 m starting from rest, by a rope whose tension (7') at different
distances (z) from the commencement is given by the following
table:

z inm 0 3 6 9 12 15 18 21 24 27 30
57 inN 150 199 190 191 185 174 155 125 88 &89 50
Find the velocity with which the weight arrives at the end of its
rise.

. A body moving in a straight line is acted upon by a uniform

force in that line. Prove that the change of kinetic energy is
equal to the work done by the force. A bullet from a horizontal
rifle has a range of 400 m on a horizontal plane 2:8 m below the
level of the muzzle. When a block of wood, 8 em thick, is placed
in front of the muzzle the range is reduced to 250 m. What
thickness of wood would suffice to stop the bullet entirely,
supposing the resistance to be uniform and the same in each
case? (I.S.)

A particle of mass m is attached by means of two light inex-
tensible strings, each of which passes over a small smooth fixed
pulley, to two other particles each of mass 3m. The pulleys are
in the same horizontal line at distance 2 apart, and mitially the
first particle is held at rest midway between them, with the
heavier particles hanging freely. If it is now released, show, by
considerations of energy or otherwise, that it falls a vertical
distance 12a/35 before coming instantaneously to rest.  (L.A.)

A smooth bead of mass i is threaded on a fixed circular wire of
diameter 2¢ whose plane is vertical. The bead is attached to the
highest point of the wire by an elastic string of natural length
l, and modulus A. The bead is held with the string just stretched
and is then let go. Prove that the bead will not reach the lowest
point if Aa(2a— b)) >mg(2a--1,),.

Iflis the greatest length of the string during the motion, prove
that the bead will be in equilibrium on the wire with the string
stretched to the length }(I4-1,). (C.W.B.)



REVISION EXAMPLES B . 235

12.

A light string, of length 2I, supporting at each end a particle of
mass m, passes over two fixed smooth pegs which are at a dis-
tance 2a apart in a horizontal plane, the mid-point of the

* string being mid-way between the pegs. A particle of mass M

13.

14.

15.

16.

17.

is now attached to the mid-point of the string. Show that the
particles of mass m begin to rise. Find the potential energy of
the three particles when the parts of the string between the pegs
make an angle § with the horizontal. Show that the system
comes to instantaneous rest when tan 1§ = M /2m, provided that
M <2m and (to ensure that the masses m keep below the pegs)
l(4m2— M) >a(4m?+- M?). (H.C.)

A bullet of mass m enters a fixed block of wood with speed »
and s brought to rest in a distance c. Find the resistance to
penetration, assuming this resistance to be a constant force.

If the bullet, moving with speed u, enters a fixed block of
thickness §¢ which offers the same resistance as the first block,
find the speed with which the bullet emerges. Find also the time
taken to pass through the block. (L.A))

A long fine inextensible string passes over a smooth peg and
carries at its end masses A and B, each 1 kg, which hang in
equilibrium. To B is attached a third mass C, also 1 kg, by means
of a string 15 em long. C is held close to B and allowed to fall.
Find the velocity with which A starts to move and the height
which it ascends during the first half-second of its motion.
(L.E.)

A board of mass m rests on a board of mass M which rests on a
horizontal table. The table is smooth and the coefficient of
friction between the boards is x. An impulse of magnitude Mu
is applied to the lower board. What will be the common velocity
of the boards when slipping ceases between them? Show that
slipping will occur for a time Mu/(M-+m)ug, and that during
this time the fraction m/(M+m) of the kinetic energy will be
lost. (L8.)

Two particles A, B of masses m, 2m respectively, connected by
an inextensible string of length a, are placed close together on
a rough horizontal table. The coefficients of friction between the
particles and the table are respectively u, 3x. The particle A is
projected along the table with a velocity ¥V which is greater than
4/(2pga). Find the velocity just after the string becomes tight
and show that B will overtake A if V3>20uga. (LS.)

A small sphere, moving with velocity ¥ on a smooth horizontal
plane towards a fixed vertical plane in a line at right angles to it,
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impinges directly upon an equal sphere at rest at a distance a

from the vertical plane. The coefficient of restitution between

the spheres and also that between a sphere and the vertical plane

is 3. Prove that there are only two impacts between the spheres,

the interval between them being 12a/5V, and that the first .
sphere has a final velocity of 7V/32 away from the vertical

plane. (1.8.)

A particle of mass m falling vertically strikes a smooth plane

fixed at an angle x with the horizontal, where 0 <« <45°. If the

particle rebounds horizontally, show that the coefficient of
restitution is tan? «. Find what fraction of the kinetic energy of
the particle is lost at impact. If the particle exerts an impulse /

on the plane, find, in terms of I, m and «, the velocities with

which it strikes and leaves the plane. . (LAY

A small smooth sphere of mass m, falling vertically, strikes with

speed u the inclined plane face of & smooth wedge, of mass M

and angle sin=! 3/5, resting on a smooth inelastic horizontal

plane. If ¢ is the coefficient of restitution between the sphere and

the wedge, prove that the latter begins to move along the plane

with speed

12mu(l+e)/(9m+25M). (L.A)

A particle moving in a borizontal plane strikes a vertical wall

and rebounds. If the acute angles between the wall and the

directions of motion before and after impact are 0, ¢ respectively,

prove that tan ¢ = ¢ tan 6, where ¢ is the coefficient of restitu-

tion. Two points P, Q on a smooth horizontal plane are distant

2:4 m and 3-6 m respectively from a vertical wall. The distance

between A, B, the feet of the perpendiculars from P, Q to the

wall is 6-6 m. A particle is projected from P with a speed, of
3-3 ms! 50 as to pass through Q after rebounding from the wall.

If the coefficient of restitution is %, find: (i) the distance from

A of the point of impact; (ii) the time taken by the particle to

go from P to Q. (I.S.)

. What is meant by coefficient of restitution? A bucket of mass M

is supported by a light string which passes over a smooth fixed
pulley and carries at its other end a counterpoise of equal mass.
A ball of mass m is dropped vertically so as to strike the bucket
with velocity v. Prove that the bucket begins to move with
velocity m(14-e)v/(m-+2M), where e is the coefficient of restitu-
tion. Find also the time which elapses between the first and
second impacts of the ball and bucket. (H.C.)

. The upper edge of a fixed smooth plane, inclined at 30° to the

horizontal, is itself horizontal and smooth, and a light thread
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passes over it in a plane perpendicular to it, carrying at one end
a particle of mass 30 g hanging freely and attached at the
other to a particle of mass 90 g on the plane. Prove that when
let go the hanging particle moves upwards with acceleration ig.
Give your argument in full. After the systemr has moved from
rest for 4 s, the hanging particle suddenly picks up another
particle of mass 60 g, which is at rest initially; find the new
motion, proving that the hanging particle will come to rest
momentarily after another }s. (C.W.B.)
A smooth inclined plane has angle of greatest slope « and vertical
height k. A particle of mass m, is projected from the lowest point
up the line of greatest slope with velocity « and at the same
instant a particle of mass m, is let slip from rest at the top of the
plane so as to collide with the other particle. If the particle of
mass m, is reduced to instantaneous rest by the collision, prove
that e, the coefficient of restitution between the particles, must
be less than m,/m,, and find . (HS.C.)

. Two smooth spheres, each of radius a but of different masses

m,, m,, move in opposite directions on a smooth table with
velocities »,, v, in parallel lines whose distance apart is 22 sin a
and collide. If the coefficient of restitution is e, find the angle
between the direction of motion of i, after impact and the line
of centres at impact. In the special case where m, = m, and
v, = v,, show that after impact the directions of motion are
parallel and make an angle 0 with the original direction of
motion where
{(14-€) sin « cos a
sin? a—e cos¥a
Three spheres A, B, C, of masses m, 2m, 4m respectively, rest on
a smooth table with their centres collinear, B lying between A
and C, and the coefficient of restitution between A and B being
equal to that between B and C. A is projected directly towards
B with velocity #, and C moves with velocity u/4 after it has
been struck by B. Prove that A and B are reduced to rest, and
find the coefficient of restitution. (LS.)

A and B are points in a vertical line, B being at a height % above
A. A particle is projected vertically upwards from A with velocity
2+/(gh), and at the same instant a second particle is projected
vertically upwards from B with velocity 4/(gh). Show that the
particles collide at a height 34/2 above A.

If the particles are of equal mass and the coefficient of
restitution between them is }, find the speed of the first particle
when it returns to A. - (L.A)

tan§ = (H.S.C)
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27. A smooth rod AB of length a is fixed at an angle 30° with the
horizontal, its lower end B being at a height a above a horizontal
floor. A small ring threaded on the rod is released from rest at A.
Find the horizontal distance between B and the point where the
ring strikes the floor. (L.A.)

28. A smooth wire in the form of a circle of radius a is fixed with its
plane horizontal and two small beads of equal masses are
threaded on the wire. One bead is initially at rest and the other
is projected along the wire with speed «. If ¢ is the coefficient of
restitution between the beads, find the speed of each bead after
the second collision and also the time which elapses between
the first and second collisions. (L.A)

29. Shots fired simultanecously from the top and bottom of a vertical
cliff, with elevations « and B respectively, strike an object
simultaneously at the same point. Show that if @ is the hori-
zontal distance of the object from the cliff the height of the cliff
is a(tan B—tan «). (1.8.)

30. A square ABCD of side 2¢ is fixed in position with the corner A
on a horizontal table and the diagonal AC vertical. A particle
starting from rest at C, slides down the side CB, which is smooth,
leaves the square at B, and falls to the table. Prove that it hits
the table at a point whose distance from A is a+/6. (LS.)

31. A particle P is projected with speed V at an angle « with the
horizontal. At time ¢ = 0 it is at a point O where its velocity
is horizontal. Write down the horizontal and vertical displace-
ments from O after a time ¢, and show that the path of P is a
parabola of latus rectum (2V2/g) cos 2x. A ball is thrown over
three posts of heights h, h+d,  at equal distances a¢ apart in
the same vertical plane, so as just to clear each post. Show that
the ball strikes the ground at a distance a(l--%/d)* beyond the
middle post. (H.S.C.)

32. A particle is projected with velocity ¥ from a point, so that its
range, on a plane through the point and inclined at an angle « to
the horizontal, is a maximum. Show that this maximum range is

R = V?/g(1-}sin «).

Show that, after two-thirds of the time of flight has é\lapsed, the
vertical distance between the particle and the plane is 2R/9.

(HS.C.)

33. A particle is projected at an angle of 8 to the horizontal from a

point on a plane inclined at 45° to the horizontal. Its path is
in a vertical plane containing a line of greatest slope. Prove
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35.

36.
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38.

that the angle at which it mects the plane again is ¢, where
tan ¢ = (1—tan 0)/(3—tan 6). At what angle must the particle
be projected so that it is travelling horizontally at the instant
when it meets the plane again ? (H.S.C.)

. A heavy particle is projected from a point O at an angle of

elevation o and describes a parabola under gravity. If co-
ordinate axes are taken horizontally and vertically through O,
prove that the equation of the parabola is

y=a(1—2z/R) tan «

where R is the horizontal range.
If the distance between the two points on the parabola which
are at the same height & above the horizontal is 2a, show that

R(R—4h cot o) = 4a?. (L.A)

A particle is projected under gravity from a point O with speed

« at an acute angle « above the horizontal through O. Prove
that the distance of the particle from O first increases and then,
if 9 sin2 «>8, decreases for & time

(w/g)4/(9 sin® «—8).

Prove also that, if P is the position of the particle at time ¢,
the tangent to the path at P meets the vertical through O in &
point which moves with constant acceleration. (L.A.)

Two heavy particles A and B are projected at the same instant
from the same point with equal and opposite velocities of
magnitude « in a line which makes an angle @ with the hori-
zontal. Find:

(i) the path of A relative to B;
(ii) the distance between the particles when their velocities
are at right angles. (L.A)

A smooth plane is inclined ‘at 30° to the horizontal. A small
sphere is projected from a point O of the plane with velocity
1-8 ms! at right angles to the plane. Immediately after its
first impact with the plane the sphere is moving horizontally.
Show that the coefficient of restitution between the sphere and
the plane is £.

Find the distance of the sphere from O when it strikes the
plane a second time. (L.A)

A projectile is fired with initial speed 4/(2ga) to hit a target at a
horizontal distance ¢ from the point of projection and at a
vertical distance e above it. Find the two possible angles of
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projection and the ratio of the times of flight along the two
paths. (L.A))
A heavy particle is projected with speed % and elevation « from
a point O. If coordinate axes are taken horizontally and vertically
through O, prove that the equation to the trajectory of the
particle is
y = z tan a—(gz? sec? a)/(2ut).

If «, and «, are the two possible angles of projection for which
the trajectory passes through a given point (z,, ;) show, by
writing sec « in terms of tan «, that

tan (o, o) = —2,/y;. (L.A)

. A particle is projected from ground level in such a way that it

passes through two points at the same height a and a distance b
apart. Find the magnitude and direction of the minimum
velocity of projection. (L.A.)



CHAPTER SEVEN*

MOTION IN A CIRCLE

7.1. In the present chapter we shall consider the motion of a
particle moving in a circle with uniform speed, and also certain
points in connection with the motion of a particle in a vertical
cirole under gravity.

It is evident that if a partlcle is descnbmg a circle its
velocity is constantly changing in direction, if not in magnitude,
and hence it must have an acceleration. If the magnitude of the
velocity remains constant its speed is said to be uniform, and
we shall show that the acceleration is then directed towards the
centre. If the speed is variable, however, the acceleration at any
instant has a component along the tangent as well as a com-
ponent towards the centre.

7.2. If a particle is moving in a circle of radius r with uniform
speed v its acceleration is v3/r and is directed towards the centre of
the circle.

Let O (Fig. 7.1) be the centre of the circle, P the position of

F1a. 7.1

the particle at any instant, and Q its position after a short
interval of time &¢.

Let the small angle POQ be 3, and the small arc PQ be 3s.
The velocity at P is v along the tangent PT, and the velocity at
Q is v along the tangent TQ, and / QTX = &6.

* A reader unfamiliar with the subject is recommended to postpone
the reading of chapters 7, 8, and 9 until he has read chapters 10, 11,
and 12.
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Resolving the velocity at Q parallel and perpendicular to
PA, the components are

» cos 59 parallel to PX, and v sin 3¢ perpendicular to PX.
The change in velocity parallel to the tangent PX is
v cos 80—v.

Therefore the average acceleration parallel to the tangent PX
during the time-interval 8 is (v cos 80—w)/5t, and hence the
acceleration along the tangent PX is given by the limit of this
expression as 3t tends to zero, that is,

36
— 9% gin®>
L,v(cos 86—-1) _ 2vsmg
. ot - ot
sin 156 _ 39
=Lt{——v>< sin 389 20 . sin 80}=0.
g X% < Und

The change in velocity parallel to the normal PO is v sin 80,
and hence the average acceleration parallel to the normal PO
during the time-interval 8t is (v sin 86)/t.

The acceleration at P along PO is therefore

vsin 80 vsin 80 _ &0 dé
b=l * 5= "%

The acceleration at any point of the circle iz therefore
directed towards O, and is of magnitude v(d6/dt).

Now d/dt is the angular velocity of P in the circle, so that,
denoting this by w, the acceleration is vw towards the centre.

Since » = 7w, the acceleration may be written as

v3/r or rw?.

7.3. If the mass of the particle is m, the force required to
produce this acceleration is mvifr, or mrw?, and it must act
continuously towards the centre of the circle.

This force may be produced in various ways, e.g., the
particle may be connected to O by an inextensible string, or it
may be threaded on a smooth circular wire; in the first case the
tension of the string, and in the second case the reaction of the
wire, provides the necessary central force.
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It must be noticed carefully that although (in the case of a
particle swinging round in a circle at the end of a string) the
string is in a state of tension, there is no tendency for the
particle to move outwards along the radius of the circle. If the
string breaks the particle will continue to move straight on
along the tangent to the circle, and its subsequent path will be
that of a free projectile.

In the case of a train going round a curve the necessary
inward force is provided by the pressure of the outer rail
against the flanges of the wheels. In the case of a motor car the
force is provided by the friction between the wheels and the
ground. In both cases it is possible to make the weight of the
train or car provide part or the whole of this inward force by
banking up the track so that the outer wheels are above the
inner ones. This will be considered later.

EXAMPLE (i)
A mass of 5 kg moves on a smooth horizontal plane with a speed of
8 ms~1, being attached to a fixed point on the plane by a string of length
4 m; find the tension of the string.

Here v = 8, r = 4.

The acceleration towards the fixed point is §* = 16 ms2,
.. the tension must be 5x16 = 80 N.

EXAMPLE (ii)

A particle of mass 3 kg, resting on a smooth table and altached to a
Jized point on the lable by a rope 1-2 m long, is making 300 rev min=;
Jind the tension in the rope.

300 rev min—! = 5 revs™!
the angular velocity = 107 rads-1,
The tension is mre® =3 X 1-2 X 1032 N
== 3607* N
= 3600 N nearly.
EXAMPLE (iii)
An engine, of mass 80 Mg, is moving m an arc of a circle of radius

240 m, with a speed of 48 kmh~1; what force must be exerted by the rails
towards the centre of the circle?

48 kmh™! = 3§35 < 1000 ms—2
= 40/3 ms,
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.. the foree is
80 X 1000x40><40N
240 X 9

= 0-59 X 10° N.

EXAMPLE (iv)

A particle is tied by an elastic string of length 30 cm to a fized point
on a smooth horizontal table, upon which the particle is describing a
circle round the point at a constant speed. If the modulus of elasticity
of the string is equal to the weight of the particle and the number of
revolutions per minule is 20, show that the extension of the siring is
nearly 5 cm. (L8.)

Let m kg be the mass of the particle.
20 r.p.m. = § revsL,

Therefore the angular velocity is 27/3 rads—2.
If z m is the length of the string, the tension (mrw?) is
2
mx‘t—”- N.
9
Now the extension of the string is (x—0-3) m, and since the
modulus A = myg, the tension T' N is given by

=" 0
T—O_s(x 0-3)

mg_ ey _ o 40
z = 0-35.

The extension is about 5 em.

EXAMPLES 7.1

1. A particle of mass 2 kg rests on a smooth horizontal plane, and
is attached by a string 1-2 m long to a fixed point on the plane. If
the particle describes a horizontal circle at 2-4 ms™!, find the
tension in the string.

2. A string 60 cm long can just sustain a weight of mass 20 kg without
breaking. A mass of 2 kg is attached to one end of the string and
revolves uniformly-on & smooth table, the other end of the string

—~ - being fixed to a point on the table; find the greatest number of
complete revolutions the mass can make in a minute without
breaking the string.
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3.

a9,

10.

An engine, of mass 60 Mg, is moving in an arc of a circle of
radius 240 m at 96 kmh~1. What force must be exerted by the
rails towards the centre of the circle ?

. A motor car, of mass 2 Mg, is rounding a curve of radius

800 m on a level track at 96 kmh—1; what force of friction is
necessary between the wheels and the ground ?

. One end of an elastic string, 60 cm long, is attached to a fixed

point on a smooth table, and the other end to a mass of 2 kg
resting on the table. If the 2 kg mass were suspended vertically
by the string the extension would be 10 cm. The mass is made to
describe a circle round the fixed point at 40 revmin—1, Calculate
the extension of the string.

. An elastic string of unstretched length [, fixed at one end, can

just support a mass m when hanging vertically, and extended by
half its length. The mass and string are now placed on a smooth
horizontal table with one end of the string fixed. The string is
stretched to double its length and the mass is projected along the
table with such velocity that it describes a horizontal circle
about the fixed point as centre. Find the time of revolution of the
mass. (H.8.D.)

. Two equal particles are connected by a string passing through a

hole in a smooth table, one particle being on the table, the other
underneath. How many revolutions per minute would the particle
on the table have to perform in a circle of radius 15 om, in order
to keep the other particle at rest. - (I8

. A rough horizontal table can rotate about a vertical axis, and a

weight is placed on the table at a distance of 0-6 m from the axis.
The table is made to rotate with gradually increasing velocity;
if the coefficient of friction between the weight and the table is },
show that the weight will not move as long as the number of
revolutions per minute is less than 19. (H.S8.C.)

A plane horizontal circular disc is constrained to rotate uni-
formly about its centre, describing two complete revolutions per
second. Show that the greatest distance from the centre of the
disc at which a small object can be placed so as to stay on the
disc is just over 6-2x cm, where y is the coefficient of friction
between the object and the disc.

The wheels of a bicycle are 75 em in diameter, the gear-ratio be-
tween the crank axle and wheel axle is 2}, and the length of the
crank is 20 cm. Find the velocity of the end of the crank and the
magnitude and direction of its acccleration when at its highest
point, the bicycle travelling at the rate of 9 ms—2. (Q.E)
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7.4. The conical pendulum

If a particle be tied by a string to a fixed point O, and move in a
horizontal circle, so that the string describes a cone whose axis
is the vertical through O, the string and particle form what is
called a conical pendulum.

Let P (Fig. 7.2) represent the particle of mass.m, and OP

Fic. 7.2

the string of length I, and let ON be the vertical through O.
The if PN is perpendicular to ON, N is the centre of the hori-
zontal circle described by P.

Let T be the tension in the string, 8 its inclination to the
vertical, and w the angular veloecity of the particle about N.

The only forces acting on the particle are the tension of the
string and its own weight mg.

It is obvious that P must be below O so that the tension has
an upward vertical component to balance the weight mg.

The horizontal component of the tension must provide the
central force necessary to keep the particle moving in its circle.
The value of this central force is mPNw? or ml sin fw?®

Tsin8 =mlsin® X w*@ . (i)

Sinee there is no vertical acceleration, the vertical com-
ponent of 7' must equal the welght mg

. T cos 0 = (ii)
From (i) T = mlw- = 472n3ml

where # is the number of revolutions made by P per second.
Substituting for T in (ii),

cos @ = m
T mlw® T lw?
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Now ON = [ cos 8,

-9
ON";,‘E

i.e. the vertical depth of P below O is independent of the length
of the string, and varies inversely as the square of the angular
velocity.

If we use the speed v of P instead of its angular velocity w,

v=PN Xw=18inf X o
Equation (i) then becomes
. ., ¥ mw?
Tsin® =mlsind x m—o"—-z—si—n-a
and, dividing by (ii),
vz
tan 0 = Crsin e

v® = gl sin 4 tan 0.

7.5. Governors of steam-engines

The fact that, when a weight is swung round as a conical
pendulum, the depth of the weight below the point of suspension
depends only on the angular velocity, is made use of in gover-
nors for regulating the supply of steam to an engine which is
required to rotate a shaft at a constant rate.

Two light rods are hinged at C (Fig. 7.3) to a vertical shaft

Fia. 7.3

which is rotated by the engine, and at the other ends of these
rods are weights A and B. Two other rods DF, EF are hinged
to AC and BC and also to a collar F which can slide up and
down the shaft.

A lever is attached to ¥ which can open or close a valve
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admitting steam to the engine. This is arranged so that when
F rises it closes the valve.

When the speed of rotation of the shaft increases, the
weights A and B rise 