COMPLETE ADVANCED LEVEL MATHEMATICS

STANLEY THORNES




© Andy Martin, Kevin Brown, Paul

. Simon Riley 2000

Hiustrations © §

Thornes (Publishers) Lid 2000

ight of Andy Martin, Kevin Brown. Paul Righy and Simon Riley
e o . o o 1 wonk e b s by them
accordanc with th Copyright, Dosigns and Patents Act

Al rights roservod. No part of ths publication may be reproduced or
iransiilied in any for oF by any meos, elctonic o mochanical

witlout permission
orundorliceno rom thoCopyright Leming Agney Limited.
Further details

bt o ths o oo ey Lo
90 Tottenham Cour! Road, London W1P OLP.

First published in 2000
Sty Thoraes tbablebors 1d
llnborough Houso
Wellngion

Pk

P Library.

ISBN 0 7487 3558 5

Book s Advasced Lore Methomatis Tutoiols Puro

18I 7307 45238
Advanced Lovel Mathematics Tutorials Pure Mathematics
CD-ROM

Multi-user version  ISBN 07487 3014 9

Single-user version 1SN 07487 3918 1

0001020304/10987654321

‘Cover photograph, STP Archivo
Photograph, p 106, STP Archive

e ffrt s bt mado t0contctcopyrght holders. Theauthors
an publishers polgis o amyone whoserights hav

will be happ the
earliest opportuniy.

Typosst by Tho Alden Group, Oxford
eintod and bound in 1taly by STIGE, Turin




Contents

Examination Papers P
Advanced Level ics Tutarials By " it
Abont the Authars i
1 Algebra 1
What you need o know. 1
Revi 1
1.1 The Number System and Surds 3
2 8
13 Polvnomials 1
1.4 Factorisation 20
13 Soling Quadatic Bquations 2
6 Simultancous 39
1

? 15
Applications and Activities 47
Summary 47
2 Coordinate Geomelry 49
hat you need (o know 19
eview 9

1 Coordinate Geomet a0

% ation of a St 60
3 More on the Straight Li 64

A Tnequalities 70

5 The Equation of a Circle 77
Consolidation A 83
Consolidation B 8
a5

Applications and Activitios
Shimary e
3 Trigonomety

it you ne % know
a1 'I\lslummnlnr Functions
and Idonttos
lo Angle Formulas
3 Tho Cosime Ralo ind Ilw Sine Rulo
5 The Area of a Triang)

Consolidati
Consolitation B

lications and Activities
52v—ummm

4 Func 130
Whm you eed to know 139
139

4 1 Mdpplngs and Functions 130
147

Compos cio 150
Fanslormations of Craphs and Functions 166

S Evon, Odd and Poriodic Funclions 177
Gonsolidation A 184
Consolidation B 186
Applications and Activities 188

Summary 138



Contents

5 iation |
What you nead to know

adient of a Curve

Applications and Activities
Summary

6 Algebr
Tihevon nood to know
Review
&1 Polynomial Division
62 Algebral

il Praciions
u

Applicati
Summary

Exponentials and Logarithms
What you naed 1o know.

7
Rovie
7.1 Tho Exponeatial Function
7.2 Logas

Laws of Logarithms
=b

4 Solving
L‘I’FL«; idation A

A
Applications and Activitios
Sty

Sequences and Series
wlm you need to kaow
Sequences and Series
2 Arihmoti rogrossion
3 Goometric Progrossion
Convorgonce, Divergonce and Oscilltion
5 The Binomial Theorem and Power Serics

tion
pplications and Activities
mmary

9 Integration [
What you nood to know

s 1 lmh‘rmle eation

" Ao

oveen thaertical Axis and a Curvo

9.3 Volumes of Revolut
tion of Sine and Cosine

Eonsol da

Consolidation B

Sbpications and Activities

Summary




Contents

10 Trigonometry Il 403
What you need (0 know 403
103

he Factor Formulas 104

10:2 Functions of the Form f(x) = asinx + bcosx 411
103 General Solutions of Trigonometric Equations izl
427

120

430

11 Differentiation 11 431
What vou need to know 31
Exiy

111 Difforontiating Products nd Quotient 433
112 Differentiating Exponentials and Logarithms 438
113 Further Trigoromelrc Differentiaion 48
1.3 Using the Second Derivalive 155
115 Implicit Differontation 65
Differontiation 72

117 M St 481
idation A 88

490

491

Summary 01
12 Integration It 499
What vou need to know 494

12.1 Standard Integrals
12:2 Rational Fupciions

12.3 Integration by

5 Inegration by Subsitation
“Arca Undor a Paramotrically Dofined Curve
ot orntil Equations

nsolidati
Consolidat
piation and Actviies
Summary

13 Numerical Method:
What you need 1o know
viow
Approximato Solutions of Equations
m 3 Numorical I ntegral

fiaton
Soplcatins and Aciviles
mmary

4 Vectors
What you need to know

uc
tor Equation of a Straight Linc
14.5 The Vector Equation of a Planc
Consolidation
Consolidation B
Applications and Activities

Ty




Contents

vi

15 Prool and Mathemalical Argument 667
What vou need to know 607
Revieww 07
1 Nathemaical Aruont 668
rooffy xauston an Disprof by Countor xamle 673
Proof by iction 677
15.4 Proof by lndurhon 680
Consolidation A 684
Applications and Activities o6
Shmmary 656
Answwers 607
Formaulas 724
Tndex 727
Examination Papers

We are grateful to the following Awarding Bodies for permission to
reproduce questions from their past examination papers:

@ Assessment and Qualifications Alliance (AQA).
Northern Examinations and Assessment Board (NEAB),
Associated Examining Board (AEB), Secondary Mathematics
Project (SMP) and Joint Matriculation Board (JMB).
The Edexcel F\mndzlinn mrludmgl ersity of London
Examinalions and As nt Council (ULEAC),
Oxford, Cambridge and RSA (OCR). including University of
Cambridge Local Examinations Syndicate (UCLES), Oxford &
CGambridge Schools Examination Board (OCSEB) and
Mathematics in Education and Industry (MF
Northern Ireland Cmmul for the Curriculum, Examinations
and Assessment (N
® Wt Joint rducauun Commitco (WIEC),

All answers and worked solutions provided for examination
questions are the responsibility of the authors.

Graphical calculator support

Auicon (g ) is shown in the margin foature of this book to denote
areas where the work can b further developed or demonstrated
with a graphical calculator. A Graphical Calculator Support Pack is
also available to use alongside this book (ISBN: 07487 4524 6),
containing ke ngs for Texas, Sharp
and Casio machines. Additional ouestionstht build on the
activities are also provided. Where alink on the page of
book to the pack this is indicated it to th o i the margin.




Level
Mathematics

Pure

Advanced Level Mathematics Tutorials Pure Mathematics is a new
CD-ROM resource. It is designed to provide further and valuable
extra practice and additional support to your Pure Mathemat
work. There are two versions of this programme each providin
Live Authored™ worked solutions to ex rom this book.
Tho Multi-usor varsion provides sorked solutioms to Dl
the Single-user version provides worked solutions to 75
Each werked soluion 4 supporiod by an additional two o
exercises lo

ow

Anicon 3 shown in the margin feature of the pages in this

book to denote where a worked soluti
is provided on the CD-ROM. The
shown w icon.

n 1o an exercise on tha page
clovant exercise number(s) is

For further details of this new resource, contact Stanley Thornes
(Publishers) Lid, Ellenborough House, Wellington Street,
heltenham, Glos GL50 1YW. Tel: 01242 267272,

Fax: 01242 253695. e-mail: cservice thornes.co.uk

Multi-user version: A set of three identical disks containing 120 L
Authored™ worked solutions. Each disk is licensed to three users.
ISBN 07467 3914 9

Single-user version: A single disk containing 75 Live Authored™
examples. The disk is licensed to one us

ISBN 07487 3918 1

About the Authors

@ Andy Martin is currently Head of Mathematics in a Doncaster
school. He has also been a Pure Mathematics Examiner and
Coursework Moderator since 1994 as well as a member of the

amination Board's subject committee. Andy is also the

ct Officer for a National Gurriculum Development

° n ll.nun is currently Head of Mathematics at a school in St
hi

clo
ulm|m')n'lm  school in Liverpool. He has also peioudl
wrillen material for a Mathematics multimedia pack

Paul Righy is currenly Second in the Mathematis department
of a high school in Bolton. Paul has worked previously a
comprabuston ool n Ol

il



iii

Introduction

Complete Advanced Level Mathematics is an exciting new series of
‘mathematics books, Teacher Rnsouv:c Files and other support
materials (see page viii) from Stanley Thornes for those slmlymb at
Advanced Level. It has been duvclopud following an exter

pe

teachers, students and others. All the authors are experienced and

practising teachers and, in some cases, Advanced Level

Ml it gl faveHous il s ool o
colleges. All the requirements for complels n Advanc

Lovol Mathomtics e provided by ths s

“This book covers all the requirements for Pure Mathematics from
all the latest Advanced Level specifications and course requirements
for AS and A Lovel mathematics. 1t will provide you with:

level, where

Material that builds on work done at GC
propriate.

of all Pure

Mathematics topi
N examples with questions and
clear diagram

Proci an comprehensive eaching text with clar progros
Margin notes that provide supporting commentary on key
topics, formulas and other aspects of the work.

In text highlighted ‘hints’ to assist with important areas, such as
speciiccalulaions i workod samplas and ko formuls.
Margin icons for topics requiring tho use of a gra

calculitor o computor. Toplcs tha ean ba developod with IT
are e throsghout.
A compre list of formulas that students n
with chapter references, and a full index

jon.

d to know,

Chapters in this book contain a number of key features:

What you need to know sections covering prerequisite
knowledge for a chapter.

Review sections with practice questions on what you need to
know.

Waorked Examples and supporting commentary.

Technique and Contextual Excrcises {0 ivo thorough pract
all Pure Mathematics concept areas and skill.
Consolidation A and B Exercises, which include actual
examination questions, to buld on the work n  hapter and
provide practice in a variety of question types

jons and Activities as a support {0 coursework,

A Summary of all the key concepts covero

°
.
Companion volumes for Mechanics (0 7487 3559 3) and Statistics

(07487 3560 7) and a Pure Mathematics Teacher Resource File
(07487 3561 5) are also available in this series.
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1 Algebrall

What you need to know
How to use index form.

How to evaluate  x a.

How to collect like terms.

How to expand brackets.

How to solve linear equations.

How to factorise algebraic expressions.

How to ivision algorith

Review

[4] wiite the following in index form:

a xxx d
b 7x7x7 e
€ xxxxx T

[2] Find the exact value of the follwing:

axaxbxbxb
2% 20
3ax2ax2a

a V36X V36 d ViBxVi6
b VixVa e Vaxya
¢ VixVe VEx VR
a 2vi3x d gt
booox’ 4 3x® -2 e 2¢-3x+4
© 63y tax I o2v40x-3x

[@] Muttipty out. or expand, the folowing terms in brackes, simplifing the

answer where possible:

a 3x+2) 5
bo2(x-3) h
o —2x+2) i
A -ax-3) i
e —5(x+2r-3) k
£ oGzv-2v-12) 1

(x+1)(x+2)
(x=2)(x+3)
(x+4x-1)
(x+3)(x+35)
(x-2)x-3)
(x—4f

rechilich geschiltztes Matefla



Irrationals and surds

Thero are some numbers that cannot bo written in this form. These

‘numbers have a decimal expansion that doesn't terminate, but goes on
These !

‘numbers. Some examples of irrational numbers are 7, vZ, V5 and V7.
They cannotbo evluned saclys elrultos sy i

108,10 0r 12 d i
numbers like v, V5 and f.mmm.m—.m.. Now they aro often
referred to as surds. Not all irrationals are surds;  is not a surd.

Surds are used 10 give exact answers instead of an approximation to many
decimal places (in much i referred to

w
decimals).

Property 1 Learn these properties.

B

G5 st

Example 3
Simplify:
a Va5 b v © 6V7+2v7 d 5VE-VET
Solution
a Vas=Vixs

~VaxV5 4 Using property 1.

=3v5
b V2i=VixG6

=VaxV6  «Using property 1.

=2v6
€ 6VF4+2/7=(6+2)V7 4 Usingproperty 3.

=8v7

d 5V3-V27=5/3-Vx3 Notice how 27 can be

o D), i R writen as  product
involving a square
5V3-3v3=2V3 < Using property 4. number.




1 Aigebral

Example 4
Expand and simplify (V8 ~ v3)(v8 + v3).
Solution
(VB— V3)(VB+ V3) = VB(VE + V3) - VB(VB +V3)
= (VB + VA3 - VAVE - (VA
= (VB - (V)

—8-3=5

Examplo 4 h i two squares:

BB 5 <« Lear thisresull.

For example, (VB + v3)(v8 — V3) = (VB)” ~ (V3)*, as demonstrated in
Example 4. This technique will be very useful later.

Rationalising the denominator

Division by square roots can appear daunting, but it can be avoided by
‘writing 1in a surd form and multiplying by it. This allows the following
technique to be applied.

VB V5 VB written in surd form.
15V5 Notice that 5 is a factor

5 of both numerator and
=3V5 denominator.




& Tho choice of surd form for 1 isn't obvious hore. Howover the
difference of two squares provides the answer.

1 1 VD) Notice the form of 1.
vz VB T+vE)

__G+vE)

@F-(var

‘The denominator is n
the

This chnl:e of m\uupnar is by no means accidental. When more
compli ly the
wn‘lmu of the erum-l decominlar (Plck of the onfigais o1 A haviag

Example 6

T~ \5
Rationali —_—
onalise AT+ VE

Solution
VIV _ VT8 (VTT-VE)
VITTVE VT TV (VT V)
_ VT BT - vE)
VA7)~ (VB)*
(I7)! = V7S - VBYTF + (V5)
-5

_1745-2EVIT
= 2
22 2/85
= T‘/_ <« Use surd property 1.
_2(11 - V85)
T
_n-vE
T
The real number system
“The set of real numbers contains all the irrational numbers in

addition to all the rational numbers, This set is denoted by &. Real
bers by points on a line,

‘number line.




1 Aigebral

1.1 The Number System and
Surds

Exercise
Technique

[ simplity the following:
a Vi o VI
bV £ vis
c Va8 8 V225
d Vi h V72

@ sSimplify the following and express each as a single surd:

a 5V3-2v3 5V/32 — V200
2v27 +3vV3 - V12
2v20 - V35 + V500

5

¢ 3/i6- Va2

[3] Expand and simplify the following:
(V3-VE)(V3+V2)

a e (2VE+1)(V5-1)
b (VI-VE(VI-V3) P avE-1)2v5-1)
¢ (V5-VI)(V5-Va) 8 (V7-V2)(V7+V2)
d h

(V5= V3)(V5+V3)

(4] i in cach of

(VIT-3)(VIT+3)

3

" ' v @mh
Vi-va

° B VEiva

5 » YA-V7

sl



1.2 Indices

Wo can write 2 x 2 x 2 x 2 x 25 2°. The 5" is known as the power
(sometimes called an exponent or index); ‘a to the power x’ is written as
. % S ity

Multiplication and division using powers

P x3=(3x3x3)x(3x3) =3
= (Ax ) x (A xaxaxaxa) =

“Try some of your own examples. What do you notice about the powers?

EEEEGr 0  property 1 < Learn this proerty.

the base is th

summing the powers.
Now try multiplying a power by itself several times.
(3 =3"x3
=(@x3x3)x (3x3x3)
=3
(@ =4 x P x4 x4 x4
(@) x (4% )% (4% 4) % (4% 4) x (4 x4)

‘your own. What is

WG o property 2 < Laarn this proprty.

Notice that the powers are multiplying.

7 division using

6x6x6x6x6
6656

Y

&

6x6=6°

‘Try some examples of your own. What do you think is happening to the
powers?

[ ——

Notice how the powers now subtracl.




1 Aigebral

There are some special cases o consider.

1. Division when powers are equal

3 Recall that any number
L divided by itself gives 1,
o except zero, which is a

This rosult leads to another property.

[ TP —

PP =gt
7x7x7 -
TXTXTXTXT

X7

2=

Try some examples of your own. What does the negative power mean?

‘.— Property 5 < Learn this property.

(Think of

pmd\lclng afraction)

3. Fractional powers
Property 1 can be used to introduce a meaning for a fractional power.

‘The meaning of power ! can be established in a similar way.
a x ab x ol = gl
@y =

- o

Tt i ke 4 can bo thought o as a cube rool. Investigate powers },
d 50 0n in the way. Notice how o the root.

BEESE  rroperys < Loamn this property.




Jperty 6 can also be used i i
1. For example, o
forms.
al = (@)} = (d)? <« Use property 2.

The first version, af = (a*)}, allows the following interpretation.
= (@)} = Vat
Notice how the fractional power creates a root of a power.

BEES Gy Proveny7 < Learnthis property.

expressions.
Example 1
Simplify:
3 x 3 T8¢y
= iR © @)
Solution
Tod L auseproperty1
an
53
=3""%  4qUseproperty 3.
=3

L 10 _ody
axy
=6xYy5=) 4 Use property 3 on x and y separately.

eyt

< Use property 5.

*
© (@30 =3 x ()
—ax'® <« Use property 2.

Urhebarrechtiich gescl



Example 2
‘Write the following expressions in index form:

. 2 b oo ¢ o a
Solution

a é =2t «Use property 5.

b %: It <Use property 5.

Notice in part b how the variable (x) is put into index form, but the.
fraction (1) is left as a multiplier.

< Use property 2.

=
==

2
4V

Yz

=Vars®
~¥ET x V& 4 Use surd property 1.
=ax

Example 3

Without using a calculator, evaluate:

a ot boapt

Solution
<« Use property 5.

<« Use property 2.

< Use property 5.

Remember that division
by a fraction means
invert the fraction (and.
multiply).

<« Use property 6.

Urheberrechilich geschi




12

“The properties, or rules, ofindices can also be used in equation

solving.
Example 4

Find the value of x when:
a 5'=125 b x4

v, as follows, although

trial and.
be time

< Use property 7.

d for no-integer

Urheberrechtlich geschitztes Material



1.2 Indices
Exercise
Technique

[2]

N

X

3]

[

(5]

(6]

o

Simplify the following expressions:

a () doa)?
b)) e ()
e 20 £y
Write the following expressions in indox forms
3 x5

a 4
N 126y
e f

Write the following expressions in their simplest form:

() &
)

Using trial and improvement, or otherwis:
these equations:

-8 b 3=9
xr=} x

d
h

1 Algebral

olve (find the value of x for)

12t =1
=313




1.3 Polynomials

An expression is a combination of numbers, variables (u |a]|y repes ated
by the letters x and y) and mathematical operations 1» ome
examples of expressions are 3x + —5x+6. W)wn wo
expressions ar linked by the symbol of equzllly an equzlkm is formed.

For example, the following are all equations:

a+2=5 7 +dy=x+2 —5x+6=0

‘The general form of a simple equation can be written in various ways.
y=axtb, y=mx+c and y=ayx+a,

are all forms of linear equations.

Why are linear?
of a and b mand 5 or ) aad o Notios how the .;mpr. i always astraight
line.

For mmplu v zu 1is one version
nd b=

v
Itis llluslmlnﬂ mm

An equation of the form y = x", where n is a positive integer, is known as
4 polynomial. The general form of this type is wrilten
¥ =a,x"+ap X" 4 ax* +ayx + ay, where a, # 0. This is called

« olytersial soueliasohNegron

ax-1

is a polynomial of degree 2, because its highest power is 2.
y=28 475 —8x 44

is @ polynomial of dogre 5, because its highost power is 5.

‘What about the numbers in the polynomials? Notice how each term of the

equation is distinct, separated by the operators + and . The number in
front of each variable (letter) is called a coefficient.

(0]
Robert Rocordo

(1510-1558)
Recorde suggeste

a,b,m, ¢,y and gy a
constants distinct fro
xand y, which
represent variables.

Greek, fror
meaning many and
“nomial’ meaning ters

The word polynomul
ly'

x4 yE—3isnota
polynomial. This.
/& = xt and

isn'ta pos

ive intoge:



1 Algebra |

er the polynomial y = 2x° + 7x° ~ B + 4. This is a quintic
cquation (order 5, becausethe highost power ofx is5). The mumbers 2,7

constant), whatever the value of x.

Addition and subtraction

Inordertos

plify polynomials, like terms are collected together. Like  Remember like terms
terms can then be added or subtracted algebraically. Notice the distinction  contain the same
between like and unlike terms. variables (letters) raised

@  Examples of like terms to the same powers.

%, ~3x*, and 2x° are like torms, because thoy all have the same
variable, x*
xy and 3yx are like terms, because they both have the same variable, xy

Examples of unlike terms

x and xy are unlike terms, because they contain different variables
'y and y*x are unlike terms, because they contain different variables

Example 1

simplif

4 (3¢ +8x=2) 4 (¥ + 3¢ +8)

b (6 Bx—2) - (55 +2x~7)
Solution
a Bx —2) +(5x° +3x +8) = 3x* +Bx — 2+ 5x* +Ix + 8 Collect together the like.
=3¢ 55 + Bx+3X ~2+8 s
=8¢ £ 10X 46 Gombine the like terms.
b (6 +8x—2)— (55 +2v—7) = 6 + 8~ 2~ 5x* —2v+ 7 Recall that a minus sign
T outside the bracket
teris 5
B el
Multiplication e
of polynomials is achieved by applying the distributi

law. In algebra this law can be stated,

= o
Verify this law for

and yourself using numbers.

B SR ET 0 e 0= o o b - b




For example, 23 x 17 can be written
(2043) x (1047) = 2000 +7) +3(10+7)
2004140 +30 + 21 = 391
What is the effect of this law? Notice that every term in the second bracket

has beon multiplied by each of the terms in the first bracket, This is the
principle used in polynomial multiplication.

Example 2
Expand and simplify:
a  (2x+3)(4x 4 3% - 2x+5)
b (@ - x4 7)(2x" 207 ~3x+2) © (x+2)°
Solution
a  Recall the structure of the distributive law. Each term in the second
bracket must be multiplied by each term in the first bracket.
(2x+3)(4x + 3 —2x + 5)
= 2x(4x 4 3~ 20+ 5) 4 3(4x° + 3 20 +.5)
=8y 4 B — x4 100+ 124" + 9% — 6x + 15
By 46 412 4 £ 0 4 108~ 6x 415
=0y 4 18y 4 5x7 4 ax + 15

=

Recall the structure of the distributive law.
(3¢ —x* 4 7)(2x° 4 2 — 3x +2)
=ar'(a + 2t - 3c+2) - X2 + 20~ 3x 4 2)
+7(2x + 26* ~ 3x +2)
* 00 - 0xt 0! - 200 -2 a2
e’ £ - 21+ 14
S0 0 2 o 2 0 0 14 - 2 4 16
-21x+14
+a 1 200 4126 20w 414
(x+2)' = (x + 2)(x + 2)(x + 2) < Using the distributive law v !
(e D+ 2)+20c+2)) o0 Uhosecond pairof Stmpliy the expressi
= (x+2)pF 2+ 2x+4] in square brackets.
=(x+2)(x* +4x +4)
XOP 4 4x 4 4) 4 20 + 4x 4 ) Notice how the faint
g sl A ae crossing out can help

s collect and combine
“r it yizers tacine quickly,

rrechiich geschitztes Materia




1 Algebral

Division

Bofor attompting division of polynomials think back to division with
intogors (whole numbors). Numerical division can be represented by
fractions.

Fractions in the form %, , % § arc known as proper fractions. Hero
the numerator (1op number) is less than the denominator (bottom
number).

How are improper fractions written? Hero the reverse i true. The
‘numerator is greater than the denominator. Some examples are % 1}

and % How else could these be written? Improper fractions can also be
writton as mixed numbers, that is a mixturo of an integer (whole number)
and a proper fraction.

i=1% =14 ¥-3} and =23
Similarly algebraic fractions (fractions involving polynomials) can be
both proper and improper.

are all proper algebraic fractions,

x+2 ¥ 45546
S I improper algebraic fractions.
x5 <1z e oll improper algebraic fraction:
What's th proper and i

Look at the degree, or order, of the polynomials in the numerator and
denominator. For an algebraic fraction 10 be proper the order of the
numerator must be less than the order of the denominator. If not, the
fraction is improper.

Example 3

Make the expression

x43 ”
T3 @ proper algebrai
Solution
& x+3

X¥5
order 1, or linear). There are two techniques that could be used to make
this a proper algebraic fraction.

e that

is improper (the numerator and denominator are both

Method 1: The division algorithm

Write X
X+

i
3 s division problem, and try a division by x.

ncelled because the;
are not factors of both

numerator
denominator.




the result.

Method 2: Algebraic manipulation
n Miple of the
denominator and a remainder.

43 _(c45)-2

X+5 x+5
“Then the numerator is split into two distinct parts.
X43_x+5_ 2 2

X+5 x+5 x+5 | x+5

Notice how both techniques give the same result, The fraction in the
answer is proper.

Example 4

Write as proper fractions:

k , o
= ¥+3

Solution
a  Using the division algorithm,

46 _3x+3) -3

b x+3 x+3
_3x+3) 3
T x+3  x+3

Urh

Because x in (x + 5)
divide into tho x in
(x+3) once.
Subtract 1 x (x+35)

The coefficiont of x ir
the numerator is 3, sc
(x +3) is multiplied &
3. Multiplying out the
bracke, the constant
term in the numerato
9. We require it to be.
+6,.50 wa sublract 3.

fich geschitztes Materlal
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1.3 Polynomials
Exercise
Technique

[] Foreachof he

down (i) the order (degree)
and (i) the coefficient of ¥’

a adsado1 d ax-7

bosx' o ix e A -6x+9

© - -7 4o £ oac-2x43

[2] au:

a 8¢ s7x-3and sy - 2x48

b 6’ +6x+3and 6x’ +3x -2

c 4’427 +3x+6and 3’ +7x -3

d 126+ 7% —3x + 9and -3x° + 2x* + 7

[3] Findy, -y whea:
5

+7
=7t -2 -2
= -3t e 12

-3¢’ 2% + 7x + 13 and y;

[8] Multiply and simplity the following:

a (2v+1)and (3x+2) A @x-1and (¢ - 20+ 1)
b (2¢+3)and (26 +1) e (3-x)and (¢ +3x-2)
¢ (2—1)and (¥ +3x+1) £ (@-x)and (2¢ ~5x+7)

[5] Expand and simplity the following:
a  (2x+3)(3x° - 2x+8) + (x +1)(x* +3x + 2)
b (5x—1)(2¢* +3x+2) + (x + 3)(2x° +4x - 3)
€ (Ax=2)3+2x-x) +(x=5)(x" ~2c+1)
4 (ax-3)(@x+7 - 2¢) + (x - 1)(x* +5x - 1)
e (5x+1)(x* +2x+2) - (x + 1)(x* +3x+1)
£ (x-2)(2x* +7x-5) - (x—1)(x* - 3x +2)

[6] Expand and simpiity the following:
a (x+3)@x+3) b (@x+3@x+3 ¢ (x43)°

d (1420 e (x+1)* -t
[z‘ Write the following as proper fractions:
x+2 242 410
a b c
Xi5 xi5
6x+7 -2
g x-1 ® iz £
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1.4 Factorisation

‘The distributive law a(b +¢) = ab + ac has been used to demonstrate
mul ion of polynomials. The same law can be used in reverse, so.a

am of terms can be written as a product. Doing this often introduces
brackets into the algebra. The process is called factorisation.

Factorisation can be shown with natural numbers. The intogers that
divide exaclly into 8 are 1, 2, 4 and 8. These are called the factors of 8.
Notice that 8 can be written as a product of some of thes

factors.

B=1x8 B8=2x4

Polynomials too can sometimes bo factorised. Consider first polynomials
ogreo 2. Those are moro commonly known as quadratics. One such
quadratic expression s x* + 3x — 18. It can be factorised as follows.

X4 3% 18 = (x 4 6)(x— 3)

Check this by multiplying out the brackets. We call (x + 6) and (x  3) the
factors of the quadratic x° +3x — 18,

Quadratics can be factorised using one of three basic techniques:
@ extracting a common factor

@ trial and improvement

@ standard results - difference of two squares.

Extracting a common factor

Example 1

Factorise 4x"y* — 8xy"

Solution

Here it is possible to extract common factors.

4 and 8 have the common factor 4 (4 is the largest factor of both numbers).
«* and x* have the common factor x* (x* is the largest factor of both terms)
¥ and v' have the common factor y* (y* is the largest factor of both terms).
Soax’y* /= ax*y* x (some other term).

Notice how the common factors are extracted from both terms in the
expression and appear outside the bracket. These form one part of the
product. The brackel must contain the terms necessary to combine with
the common factor to create the original expression.

axyt - ey’ = avy(x - 2)

Check that 4x*y® x x = 4xy* and that 4¥°y% x (~2¢) = ~8xy".

Factorisation by
extracting a common
factor is not restr
quadratics.
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In order first check the
g g X+ 3x- 18 iont of
is 1, the coefficient of x is 3 and the constant term s ~18. S0 the three
stinct numbers in this expression are 1, 3 and ~18. Now look at the factors
of that expression, (x +6) and (x

s o Notice
the factors and multiplying the numbers in the

How

that adding the numbers
the two larg

6+ (~3) = 3,which is the coefficient of x

6 (~3) = 18, which is the constant term.

The general rule, for a quadratic expression where the coefficient of x* is
1,is that the expression can be factorised if two numbors can bo found
that add to give the coefficient of x and multiply to give the constant term.

Trial and improvement

~8x+15

Solution
a  The coefficient of x* is 1, s0 we know that we need to find two

numbers that add to make 7 and multiply to make 12. Notice that 4

and 3 work Check this by
multiplying out the

12 (x+4)x+3)

factors.
b The coefficient of x* is 1, so we neod to find two numbers that add to
~8 and multiply to 15. We find that 5 and -3 work
(~5) x (-3) =15 Check this by
Sox* —Bx+15 = (x - 5)(x - 3). multiplying out the
factors,
By finding the factors of the constant term first, much of the trial and
improvement in these examples can be done quickly.
What happens when the coefficient of x* is greater than 17 This trial and

improvement technique can then be modified. The method, or proces
sometimes known as ‘PAFF', the letters P, A, F and F representing the four
stages of the process: Product, Addition, Factors and Factorise, The idea is
1o change the algebra into smaller numerical problems leading to some
less complicated factorisation.

Follow each stage of the technique in Example 3

21



Example 3

Factorise 12 4 17x - 14.

Solution
Notice that the coefficient of x* is 12 so the technique used in Example 2

won't work. Try PAFF, the stages of which are as follows.

1. P~ Product
Multiply the coefficient of x* by the constant term.
Here P=12 x (~14)
P=—168
2. A Additi
This e the coelficent o, something that factors need to add to.
Horo, A =17
3. F-Factors
Using the same technique as before, but this tim find two numbers
that multiply to give P and add to give A,
In this example ~7 and 24 work.
(~7) x 24 = ~168
—7+2u=17
4. F-Factorise
Use the factors identified in Step 3 10 hel

These allow the coefficient of x to be split.

126 + 175~ 14 = 126 — 7 + 24y — 14

This new expression can now be factorised by extracting common
factors. Imagine factorising the first pair of terms and the second pai
of terms separately.

122 - 7x 4 2x - 14 =x(12x - 7) + 2(12x - 7)

Notice that (12x  7) is a new common factor.

122~ 7x 4 24x - 1.

=(12x-7)(x +2)
50126 +17x — 14 = (12x - 7)(x + 2)
“This process looks complicated and time consuming, but with practice

can be a very offective algorithm for factorising quadratics where the
coefficiont of x* is greater than 1.

Notice how the factor
in Step 3 are used o
produce a four-term
expression from the.
original three-term
quadratic.

Check by multiplying
out the factors.
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Example 4
Factorise 4x* - 2x — 30,

Solution
The coefficiont of x* is 4, so uso PAFF.

P (-30)= -120

=

the coefficient of x is —2

the factors need to multiply to ~120, and add to ~2. Check that ~12
and 10 work.

Fooaxt 25— 30 = 45 — 12x+ 10x - 30

AX(x=3) + 100~ 3)

= (x=3)(ax +10)
50.4x* ~ 2x = 30 = (x ~ 3)(4x + 10)
What do you notice about the second factor? The numbers 4 and 10 have
2 s a common factor, 5o this bracket can be factorised further.
4X+10=2(x +5)

S0 the original quadratic expression has three distinct factors.

4xt - 2x - 30 = 2(x 4 5)(x ~ 3)

Difference of two squares
‘Sometimes the coefficiont of x can be zero. In this case the quadratic will
? term and a constant term only. Factorisation of these
exprossions can often be achicved by extracting a common factor or using
another standard result: the difference of two squares.

contain an x

Example 5
Factorise x* — 49,

Solution
Notice that 49 is a square number; that is, 49 =

. Tho expression can
therefore be rowritien,

49

“The right-hand side is now the difference of two squares. This factorises
in a particular way.

=(x+7)(x=7)

Analternative method
here would be o extract
the common factor first
and use PAFF on a
simpl

equation.

Factorise the first and
second pair of terms.
separately.

Notice that (x ~ 3) isa
new common factor.

Ghock this by
‘multiplying out the
factors.

23



in Example 5 can

EEEEy

‘This result can be used as an aid to computation. Some ‘difficult”
I

Example 6 ;
a  Factorise 12¢* — 3.

b Factorise 5tan* 0 — 5.
¢ Evaluate 1017 - 100%.

Solution
a 12¢-3=3(4x -1)

=320 -1
=3(2x+1)(2x-1)
b 5tan®0-5=5(tan*0-1)
= 5(tan’0 - 1%)
=5(tan0-+ 1)(tan0— 1)

© 1017 = 1007 = (101 + 100)(101 — 100)
—201%1

=201

Utheberrechl
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1.4 Factorisation
Exercise
Technique

[] Fastorise the following quadratic expressions:

a x4dx+2 e X idx-18

b x*47x410 f Xix-12

¢ xox-z20 B ¥ i6xo16

d x-7v-18 hoxix-6

h i i using the diff Fibin

squares:

a ¥-16 e cost0-1

b y-9 £osinf0-1

¢ o1 g 425

PRt hoa1d - 30
[3] Factorise the following expressions completly:

a 2o d 50 - 200

b oot -27 e 28 - asot

€ 205 -5 £ 2cos*0-2
[] Factoriss the following expressions:

a aix-2 e 108 - 41x - 45

b 2¢-5x+3 £ o8 -21x-9

c 742243 8 B -17x+9

d e -12+5 h 6 -7x-3
[5] Factorise the following expressions:

a a4’ - 10x+6 e 36x' 3346

b x4 2y -t £ 16 — 100x + 150

¢ ¥ +Ey- 367 PP

d 108 - 18x -4 h o 60¥y - Sy - 257

Urheberrechic
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1.5 Solvmg Quadratic
Equations

As in a quadratic expression, a quadratic equation in one unknown has
the variable occurring at least once raised to the second power. The
variable doesn't occur to any higher powers. Some examples of quadratic
oquations are x* — 4 = 0, a* + 4a — 5 = 0, 26° ~ 16t + 36 = 0, p* + p = 2.

Quadratic equations often occur in the solution of real-life problems, such
asin echo sounding, calculating depths of wells and hardness testing.

Ca

all quadratic equations be solved? The main technique:
quadratic equations are:

® factorising
o compl

ing the square

@ using the quadratic formula

@ graphical methods

Factorising quadratic equations
Example 1

Solve (x ~ 5)(x +2) =

Solution

otice that the left-hand side of this equation is a product of two factors.
“The result of multiplying these factors is zero. If two quantities multiply to
zero then one of them must be zero.

)x +2) = 0, then (x —5) = 0 or (x +2) = .

near equations can now be solved.

andx 2

Chock that these are solutions by substituting them back into the original
equation. Notice that both of these values of x are solutions; there are two
solutions.

Example 2
Solve:

a-5-0
—32-0

c ¥-3x=0

equations that had rea
e ikt e

distinct or repeated.

‘The symbol = means
“implics’,
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Solution
a  First factorise the quadratic expression.
oyl Substitute both values
(x+1)(x=5) =0 of x separately into the

So (x+1)=0or(x~5)=0

equal
x=-lorx=5 x=—1andx =S5 areits

solutions.

b 2-32=0
2% - 32 =2(x - 16)
=2(x* - 4%) = 2(x +4)(x — 4)
So2¢¢ — 32 = 2(x +4)(x — 4)

Now there aro three factors multiplying to give a zoro result.
Since 2 #0,(x+4) =0 or (x—4) =0
Sox=-dorx=4
o X odx=xx-3)=0
Sox=oor(x~3)=0
x=0orx=3

Example 3
Solve the quadratic equation 12x* + 17x - 14 = 0.
Solution

126 +17x - 14 =0
“This particular quadratic expression was factorised in Example 3 of
Section 1.4,

12¢ +17x - 14 = (12x - 7)(x +2) =0 5
or(x+2)=0 integer (whole number)

So (12x - 7)
x=jorx=-2 1is fractional value is

exact, but the decimal

Completing the square representation is
Sometimes i i be factorised casily. The recurring. Check this.
then be solved i i il
square.
o the f
(x+a)* = b, wh d b are real numbers. Then the be

found by taking the square root of both sides of the equation. Writing the

quadratic in this form

Urheberrechtich geschitzie@Rateria



Example 4

Solttho equation x° — 6x 5~ 0.

Solution
oy factorisaton. What happons? Noic that no pa of ntgers a0 Wo e the LS o1
—6anc iply to give —5. Do’
First rewrite th i i the stant lawﬂ\e‘l”nlhlfﬂﬂn
term.
X —bx-5

So ¥obx=5
NGy r9-540=14

So  (x-3)(x-3)=14
Thatis,  (x-3)'=14
x-3=+Vid

‘The solutions are therefore x = 3  v/14.
Notice that the steps in the process of completing the square are:

Stop () Suparato the constant term from the variable torms.
Stop® Adda tho equation
perfect square.

How did you knn\v what value t0 add? There is a simple rule. Provided
i

? is 1, simply of xand then square
this value.
Example 5
Solve x* —3x —5 = 0.
Solution
X' =3x-5=0 = x*~3x=5 « @ Separate the terms.

First chock that
“The coefficient of is 3. Half ths is — 1 Squaring that, we have §. So add L‘:‘::z"“m £
210 both sides of the oquation. y.

¥ -3x+1=5+] <2 Force one side to be a perfect square.

The left-hand side is now a perfect square, 5o we an factorise it.

Take the square root of both sidos.
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Recall the properties of
surds.

Notice that written in this form (a surd), we havo oxact solutions and not
docimal approximations. The solutions have also been written concisoly
with a common denominator.

Remember that this technique only works whon the coefficient of x* is 1.
When it isn't, divide each term in the equation by the coefficient of x*.
‘This often creates equations with fractions as coefficients.

Example 6
Solve 3x* 4 4x 5 = 0.

Solution
The coofficient of x* is 3, so divide each term by 3.

3 +ax—

]
Now the algorithm can be used as before.

#

£ 4@ Separate the terms.

Add 410 both sides of the equation (recall that this number is reached by
halving the coefficient of x, and then squaring the result).

<@ Force one side 10 be a perfect square.

that theso vallies
the original equ

Check with a calculator
atisfy

Sometimes the quadratic equation doesn't have 1o be solved. It may be
sufficient to wrile it in the form of a perfect square. Suppose that
v=ax* +bx +c can be written in the form y = a(x +p)?* +q, where a, b,
¢, pand gare all real numbers.
Then ax’ +bx + ¢ = a(x +p)* +q
=l +2px+p) +q
ax' +bx+ = ax’ + 2apx +apt +q
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By comparing coefficients you should see a relationship betwes

and p, g. Compare the coefficients of x: that i, see how many 'x's the

on each side of the equation.

b=2ap

Comparing the constant terms in the same way,

c=apttq

na,b,c

are

Since a, b and ¢ are already known (directly from the quadratic) these two
results can sometimes be used 1o establish p and g quickly.

Example 7
Express the following in the form a(x + p)* + ¢
a x-3x-s b -5x-2x+3
Solution
a  Notice that a

We require x* — 3x — 5 = a(x + p)* +g.

Since a = 1, this can be simplified to

X -3x-5=(x+pftq

= +2px+p) +q
X+ apx+pt g

Now comparing coefficients of x and constant terms,

-3=2p and -5

S0 x-ax-
b Let ~5x*-2x+3=alx+pf+q

=a(¥ +2px+p’) +q
= ax* +20px +apt +q
Comparing coefficients of x*, x and the constant terms,

—a-2=2p and  3=ap'iq

oxpressions are
equivalent for all valu
ofx.

the quadratic expros
has a least value of —
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Since a = ~5, ~2 = 2ap becomes ~2 = 2 x (~5) x p = ~10p
Sop=1}

-5x* ~2x+3=-5(x+1)+q

S(x+1)F+ 1

The quadratic formula
By th 1 i i

ax* +bx + ¢, we can create a formula that can be used to solve quadratic.

equations simply by substituting values for a, b and c.
Suppose ax’ +bx + ¢ = 0 for some real values of a, band c.

Then x* + 1. €
ata

b +% ==& <O Separate the terms.

The value to add to both sides of the equation is found, as before, by
x term, and

@ square.

2. bx (b)Y _(b)? ¢ <« Forceonesidetobea perfect
*+a*\2a) “\za) "a
L

o b

c
G a

dac 4 Learn this result.

Once a, b and ¢ have been identified, this formula can be used o solve,
quadratic equations.

Check this by

Graphical
calculator

support
pack

berrechilich geschitztes¥laterial
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Solution
This may not at frst appear to be a quud.m(u: equation, but multiplying

both sides by x gives x(x - 7) ice how the denominator has
multiplied the whole of the left- hmd ‘ide o tho equation. Now multiply
x(x ~7) out to give x* ~ 7x = 4. Moving the constant term, the original
equation has been rearranged to Ihu form for which the formula works.

=1,b=-7and
b+ VB~ dac Always quote the
— formula.

7+ /A0 3x1x(-4)
2x1

74 IS0 _74 V6
=

S0 the equation x — 7 = 4 has two distinct solutions,

7+ V65
e

Evaluate these results using.a calculator. What do you notice? Eull\
answers are irrational so the calculator screon should give d
expansions that do not recur. The numerical values correct 10 two. dmmal
places are 7.53 and ~0.53.

Example 9

Itis proposed that a new tunnol —
b built under the English

Channel. This tunnel will be /
for cars to drive through. The

road will be built on a [ R

conerote baso inside the
circular tunnel.
concrete base

f the radius of the tunnel is 5.2 m and the width of the road surface is to
bo 9.2m, what depth of concrete should be used?



Lot d motres be the depth of concrote. From the diagram identify the
right-angled triangle with the road surface as base.

Using Pythagoras’ theorem,
O0A* = AD* + OD*
520 =460+ (5.2-d)
5.2 = 4.6°+ (5.2° ~ 104d +d*)
S00 =46~ 10.4d + d*

That is, d* — 10.4d +21.16 = 0.

‘This is a quadratic equation in d where a =
Now use the formula.

b=

104 and ¢ = 21.16.

=5242425 3 dp)

Notico that ‘The first, 2.78m,
lower half of the tunnel. The second, 7.63 m, has the road in the upper
half of the tunnol.

“This example illustrates
‘ono use of the quadratic
formula in a problem
solving context.

Urheberrechtich g



Remember that although in many applications both solutions can be
interpreted in the context of the problem, one solution will usually be
preferable. Notice also that this quadratic equation had decimals as
coefficients. The quadratic formula has given solutions that have been
rounded, to give answers correct to three significant figures.

Graphical methods
A graphical calculator can be used to solve quadratic equations, Thi
also a good method to use if you simply want to check solutions from
factorisation, completing the square or the quadratic formula.

Example 10

Using a graphical calculator, or graph plotting software on a computer,
draw the graphs of the following

Trace
Using the trace facility, find the coordinates of the points of intersection  The TRAGE facility o

with the x axis. Now compare these results with the results from ‘graphical calculator

Examples 2a, 2c, 4 and 6. What do you notice? You should find that allows a paint to mov

the calculator gives cither an exact answer or a decimal approximation  along the last graph.
by other methods. the d

accuracy of these depend upon lator. Many will

not state irrational results exactly; instead a docimal is given to 8, 100r  -coordinate ot the:

12 places. y-coordinate of the

point.
Notice that the graphs of these quadratic equations all have the same basic

shape. This curve is known as a parabola, but can be transformed by

changing the values of the coefficients a, b and ¢ in the expression

ax? byt

Notice also that all tho graphs are symmetrical. Is this line of symmetry Ths equation

related o the coefficients a, b and c? Think back to the quadratic formula. v = ax” 4 b + ¢ cros
This givs the solutions to the equation ax’ + bx + ¢ = 0 in a form that the x-axis aty = 0.

helps answer this question.

“The points of intersection with the x-axis are wrilten as
(5% +a square-root term, 0). This suggests that the line of symmetry for
the quadratic is

‘What about the square-root term? What does 6% — 4ac represent? The
expression b* — 4ac is known as the discriminant. It can bo used to give
an indication of how many times the graph will cross the x-axis, as



@ 1fb* — dac > 0, it has two real square roots and ax + bx +¢ = 0 has.
two distinct solutions: the graph will cross the x-axis twice - at
(kP2 0) and

@ 1fb* — 4ac = 0, ax’ + bx + ¢ = 0 has one (repeated) solution: the
graph will touch the x-axis at (~ £.0).

@ b~ ac <0.ax* + by + ¢ = 0 has no (real) solutions: the graph will
not cross the x-axis.

Example 11

‘Wite down the equation of the line of symmetry of the graphs of the
following quadratics, and predict the number of times the graph will cross
the x-axis.
a y=x+x+3 b y=X4s+6 o y=x4hl
Solution
a y=xX+x+3
When y = 0 (on the x-axis). x* +x+3 =0,anda=1,b=1and ¢ =3
in the quadratic formul
The line of symmetry, x = &, isx = —1.
if (and ' times) h 3
check the discriminant.
B _dac=1—(4x1x3)=
cross the x-axis.

12 = ~11 < 0, 50 the graph doesn't

Urheberrechilich g
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b y=x'+5x+6
Wheny =0,a=1,b=5and c = 8 in the quadratic formula.
‘The line of symmetry, x = — £, is x = 3.
The discriminant b* — dac = 5° — (4 x 1 x 6) =25 - 24 = 1 > 0,50
the graph wil cross the x-axis at two places.

yerascen

The discriminant b — dac = 2° — (4 x 1x 1) =4 — 4 =0, so the
graph will touch the x-axis at one point. Check that x* + 2x + 1 =0
when x = ~1 by factorisation (so tho graph touches at (~1,0)).

chiitztes Material
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1.5 Solving Quadratic
Equations
Exercise
Technique

[] Sotve the following:

a (x-3)x+2) e (2v+5)(2x+5)=0
b (x-3)x-4)= f ox(x+2)=

© (x-1)x+3) 8 12(x+3)(2x+1)=0
A (x+5)x+1) B 3(x-7)@x+4)=0

[2] solve, by factorsing,the followsing equations:

d x-x-6=0
0 e
Iood+2axt16=

a X isred
box a1
€ X obris—

[3] solve, by comploing the square, the following equations:

a X -6x-16=0 d
b x'+2e-8 e
¢ x-z-a=0 T

(4] sov. using
a 3 -2x-8=0 d ¥ -12x-5=0
boad+10x-8-0 e 2¢+15x+6=0
o adex-a £ -1ex+10=0

[5] sat i cns i "
sraphical calulator o fn he poiotsof intrsecion bowoon the
quadratic and the s-axis:

a By - 24x 406 d ¥ +ox+d=0

b ax(x—4)+5=-6 e 2’ +bx+2=0
¥+
© 3(x*-2)=2(9x-2) o=

Write the following oxpressions in the form a(x + p)° + g:

a x-2x+3 d X 48x-19
boxiared e —uisx-3
c 442 f o2d-3x-2

eberrechiich geschitztes M3



Contextual

[ he formula h = ut — 14¢* gives tho height h a body will reach aftertime .
when it s throrwn vertically upswards with velocity u, whero g is a
constant. Calculate  when g ~ 9.8, u = 16 and h = 6. Why are there two

of the hole is 1.8cm?

answers?

@ What s the shaded area of the washer | 42em
illusrated here, where the diameterof ¥
the washer is 4.2 cm and the diameter focdad

[13] The sum of the frst n natural mumbers (1+2-4.3 4 ...+ n) s given by the
formula = Ln(n -+ 1).1f the sum of the numbers is 78, how many
numbers havo boen added?

[@] the formula y(n - 3) defines the
‘number of diagonals in a polygon
whero i the number ofsides. A
chof cuts a cako long it 65 diagonals.
How many sidos dovs the cake have?

[5] By comploting the square, find the minimum value of 3" - 12x + 13.

[16] Hone doep i the water in this il drum,
given that the radius is 30 cm and
ACis 20em?

Urheberrechilich geschiiztes
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1.6 Simultaneous Equations

Polynomial equations can be graphed. If two or more polynomials are
graphed on the same axes then the graphs may cross. The coordinates of
the point (or points) where the graphs cros y both polynomial
equations at the same time; that is, simultaneously.

Simultaneous linear equations

Linear equations may be put in the form y = a,x + a, where a, and ayare ~ x + ¥ = 3 is linear and
real numbers. The highest power of the variable x is 1, 5o they are of can be written as
degree 1. When graphed, these equations produce straight lines, which is
why they are called lincar.

A system of two lincar equations can sometimes be solved
simultaneously, using:

@ substitution

uations can be.
@ olimination solved simultaneously,
i ifa solution (o
hical methods.
o impialagied solutions)can be found
that satisfes both

Example 1 equations.
Solve the equations x + 2y = 7 and 2x + 3)

Solution
Using the substitution technique gives a solution as follows.

= 10 simultancously.

=7 call this equation [1]

243y =10

1l this equation [2]
Make x the subject of equation [1]. <€ (D Make one variable (letter)  That i, write the
the subject of one of the
equations.

x=7-2

2 Substitute.

call thi

equation [3]
Equation [3] now has onl riable (letter). Solve this (find the
variable) by multiplying out the bracket and collecting like terms.

<« @ Solve the new equation.

ato this value of y back into equation [1].

<« @ Substitute this value into the first
& equation to find the value of the other
variable,

39
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The v that
x = ~1and y = 4. How can we check this? Substitute the values back
into the original equations.

“1+@Ex4)=7 and (2x-1)+@x4)=10

Since both of these numeric equations aro valid, x = ~1 and y = 4 are
the simultancous solutions to x + 2y = 7 and 2x + 3y = 10.

ing inati iquo gives a solution of

form.

xt2y=7 call this oquation 1]

20437 =10 call this equation (2]

Wo of.

Multiplying equation [1] by 2,

24y =14 call this equation (3]

Notico that x now has  cooficont of 2 th samo as in squaios 2.
the term:

[t torms in ‘quations.

2vhay=14

2043y =10

Taking each term separately, 2x ~ 2x = 0 (so the new combined
equation has no x term), 4y — 3y = y (so the new combined equation
simply has y on the left-hand side), and 14 — 10 = 4 (so the new
combined equation simply has 4 on the right-hand side).

Soy=4.

Why were i W s
th d

ing

Now substitute y = 4 back into one of the original equations to find x.
x+(2x4)=7
x+8=7

x

Asbefore, x = ~1and y = 4 are solutions.

we cnuld have olimiaated y instead of xinthefirt stp, but both
ions woul i

< ® Chck by
substtuting the

equations
find the value of 1}
other variable.
<@ Chock by
substituting both
variablos in the
REER

oy v in equation [1] is 2 and the coefficient in equation [2] is 3.



Equation (1] muliplied by 3 gives  3x+6y = 21 Solve these equations
simultaneously and

Equation [2] multiplied by 2 gives  4x + 6y = 20 e (0 o
same solution.

‘The coefficients of y are now the same, so that term could be
eliminated by subtracting one equation from the other.

x4 2y =7 and 2x + 3y = 10. Notice that tho two lines cross. The
poi is on both L i

cquations. Using a graphical calculator the ‘trace’ function can be
used to find the coordinates of the point of intersection. In this
example itis (~1, ), as before.

2c43y=10

The graphical technique is a useful tool for checking the algebraic
‘mothods.

linear and
Anoni jon is a polynomial dogreo 2 or higher.
e i,

However, there is usually more than one solution.

Example 2

Solve the simultaneous equations x -y + 3 = 0 and x* + y* = 29.

Solution

Using the substitution technique, make y the subject in the first « @ Make one variable
equation. (lettor) the subject of

one of the equations.
X-y+3=0 = y=x+3

hebertechich geschitztes M4



Now substitute for y in the second equation.

X+ (x+3)' =20 4 @ Substitute this result into the second

X4 orpg)=2g  Cauation
2 +6x-20=0
2 +3x—10) =0
< fon i
variable.

2x+5)(x~2) =
Since 2 7 0 then (x +5) = 0 or (x~ 2) = 0.
Therefore, x = ~5 orx = 2.

Notice that th
oquation where y is the subjoct.
y=x+3 <« @ Substitute the new-found values of

y——5+3ory—2+3  Xintothe first equation.

y=-2ory=5

S0 there are two distinct solution: Zandx=2,y=5.
‘These can be wrilten in coordinate form as (~5,~2) and (2,5). Check
these solutions graphically.

5.y

1f you are using a graphical calculator it may not draw x* +* = 29.
Instead. rearrange the equation to make y the subject.

Ny =2eyta29-x 5 y= VR

1f you overlap’y = +v29 =% and
¥ =~V25 ¥, your calculator
should produce a circle, contred
on the origin. Set the range as

6, Fuas =

= 6 and Y, = 6, an

6 b faneilég ot e points

of intersection with the line.

¥ =x-+3. What do you notice about
the solutions? The straight line crosses
the gircle at the points (~5, ~2)

and (2,5).

(5.-2)

appropriate scale to
make the shape circul



+ Agobal
1.6 Simultaneous Equations
Exercise

Technique

[

204y =Banddx+ 2y =14

R

y=x-3
y-5x=zund,v=x’+5x 2
y=15xandymxt— id
and ¥ 4+
and ¥ +xv+zy‘—zz

meanoe

[w]

70~ T=7aand T - 40 = 5a.
l(2zx+y)=4and(13x - 4y) =3
2y-2v+1=0andx -y 420 =8
2x =2y -9andy =

ae e

Contextual

[ he graph y = x* + 2x — 3 crosses the liney = 4x at the points A and B.
Find the coordinates of the points.

[2] For a football match, the attendance was 44,000 people: x people paid
£30, y people paid £20 and the total receipts for the game came to
£1.2 million. How many people paid for the higher price tickets?

[3] Four CDs and throe tapes cost £126. Two CDs and five tapes cost £112.
Find the individual costs of a CD and a tape.

(4] Ma!xmiellln(ghl line passes through the points (2, 7) and (5, 13). Using
the general equation for a straight line, y = mx + c, find m and c.

['5] Three years from now, Callum will be twice as old as Lydia was five years
ago. Al the moment, half their combined ages is 16. Find their ages.

Vag



Consolidation
Exercise A
‘I] Diane throws a tennis ball vertically upwards. Given the formula
h=ut+igf
where h is the height, u is the initial velocity of the ball and g is the

gravitational acceleration, calculate the time for the ball to reach a 6 m
height when u = 14ms ™' and g = ~9.8ms .

[2] the diagram shoves tho graphs of y = x* — 4x andy + x = 10, which cross
at A and B. Find the coordinates of A and B.

[3] An opera i attended by 240 people: x people paid £31.  poople paid £16,
and the box offce took in £5595.
a  Form two equations using this information.
b Solve thom to find out how many people paid £31.

[@] A cement company supplios coment for
1200 m of underground concrete tunnels.
‘Show that the area of the cross-section of
the tunnel shown is z(R — r)(R + r). If

= 1mand r = 0.95m, find the volume
of concrete mix needed to make the
unnel in terms of .

[5] Abaltis kicked. and just land 5 m high.
knowledge to find the angle it was kicked at, 0, Ahmed correctly comes up
with the formula 2 = 4tan — (1 + tan® 9). Solve this equation to find the.
angle the ball was kicked at.



1 Algebral

[6] A uniform solid hemisphere s at rest.
Kate looks at the forces involved and
deduces that }N; — N; = 0 and N
Ny +1N; 99 = 0. Use her equations

to find Ny and N;. e

ln

[7] show hat fx f
x—2y=1and 3xy —y* = 8 produces the equation 5y* + 3y — 8 = 0.
Solve this quadratic equation and hence find the pairs (x. ) for which the
simultaneous equations are satisfied.

(ULEAC)

Exercise B
EI Julie throws a cricket ball vertically upwards. Given the formula

h=ut+1g?

whero h is the height, u i the initial velocity of the ball and g s the
gravitational acceleration, calculate the tim for the ball to reach a height
of 13m whenu=18ms ' and g = ~9.8ms *.

[2] The graphs y = * — 2~ 3andy + 3x + 1 = 0 cross at A and B. Find the
coordinates of A and B.

.

yexto2es
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[3] A*science Fiction man attended by 600 people: x people pay £22
at the door, y peaple pay £17 for tickets in advance, and the organisers
took a total of £11,400.

a Form two equations using this information.
b How many paid at the door and how many bought tickets in advance?

(4] A plastics company supply 800m of
underground cable tubing. Show that the
area of the cross-section i a(f — r)(R + ).

If R =5.2cmand .8cm, find the volume
of plastic needed to make the tubing.

[55] Etaine hits a ol balt ver a treo, Using some basic knowlodgo t find the
angle at which the ball was initially hit, her caddy correctly comos up
with the formula 5 = 5 tan 0 — (1 + tan® 0). Solve the equation to find what
the angle might bo.

[16] tho sketch shows the curve with equation
symmetry, x =

¥ =2~ 6x 3", and its axis of

the coordinates of the vertex and the value of y when x
b Find the values of the constants a and b such that
260 3¢ —a(x+ 1) +b.

(0CSEB)

[zl Solve the following quadratic equations:
~sd4a=o0
h m’)’ —3(2+1=0

inb puty =



1 Agebral

Applications and Activities

[1] comptete the square for the following six quadsatics:

a d —2x-
b e Bx+1
c

L

[2] Now draw their graphs using graph paper or a graphical calculator. Look
at the coordinats of thebottom (o top) f sourcurve. What do you notce
when you comp quation in its
square’ form?

ple

Summary

Surds are irrational numbers containing a square root, and have the
following properties:

Vab - Ja x Vb

Va

Vb
avh +cvb = (a+c)Vb
avh —cvh = (a—c)Vb

@ To rationalise a surd denominator, multiply by the conjugate:

1 1

a+vh a+vh

@ The properties of indices are:

aPwat=ar'e
(@P)i=a?*
pra

i —ar9

a® = 1 provided a # 0

a7



Anequation in the form y = a,x" + G, "'+ ..+ @ + a0, i5
polynomial equation.

An equation of the form y = ax + b has degree (or order) 1 and is called a

inear equation.

A polynomial equation of degree (or order) 2 is called a quadratic
equation and is of the form y = ax* + bx + ¢:

Tnax® + bx + 6, the coefficient of x is b, and ¢ i the constant term.
When factorising, common factors are extracted; ax + bx = x(a + b).

A difference of two squares (square minus a square) is factorised
according to the rule

EEEEEEb

Complete the square when factorising by adding the square of half the
coefficient of x. By comparing coefficients, you can then write a quadratic
in the form a(x + p)* + 4.

“The formula for solving ax* +bx +¢ = 0 is

—b Vb
Ty
The discriminant, b* ~ 4ac, informs you of the behaviour of the graph of
the quadratic

tions can be solved on,
graphical methods.



2 Coordinate
Geometry

What you need to know

How to change the subject of an equation.

How to use Pythagoras’ theorem: JEERB

.
.
® How o expand (a + b}’ !
.

How to expand (a— b)*. 0

[4] Make v the subjectof the following equations;

a y 7 a y-
T o Y*Z_

b oyix+6=11 i
y=3_,

€ yra=20c+3) f Iz

For each triangle a~c, find the length of the lettered side without using a
calculator.

0 2 z

[3] Expand the following exprossions:

a (x+2)? d (@+b)?
b4} e (x+1)}
© (x+5) £ @x+2)?

|1 [ ———,
a (x-3)7 d (3x-2)?
bo(x-1) e (x-3)
¢ (a-b} ro(Ex-1)



2.1 Coordinate Geometry

Coordinate g»mns(rv is the study of straight ines and curves using

b (named after
is one. \\'h'-m axes are drawn perpendicular to e
the same scale is chosen on each axis. If two points are plotted on this set
of axes they can always be joined by a single straight line.

Example 1
1f A iis the point (1, 2) and B is the point (7, 10) what is the shortest

tance between them?

Solution

“The shortest distance between the points is the length of the staighi line
ing them. By drawing this line, and then creating a right-angled

ngle, Pythagoras’ theorem can

B(7.10)

an.2)

Step @ Join A and B.

Step @ Draw lines parallel to the axes from A and B to create a
right-angled triangle.

Stop @ Use tho coordinates of A and B to find the lengths of the shorter

sides.
Step@ State Pythagoras’ theorem, and use it to find c, the length of the
line joining A and B.

b
8
36464 = 100
So¢ = V100
e=10

Notice that a crucial step is to find the lengths of the shorter sides from the
coordinates of A and B. This is done by finding the difference between the

Roné Descartes

geometry and aiget:
I workDiscos
dola Méhodi (163
bl
principles o analy
‘geometry.

own work n 1672

o)



2 Coordinate Geometry.

Aand B, and
Aand B. So in Example 1, for A (1, 2) and B (7, 10),

length parallel to x-axis = x-coordinato of B - x-coordinate of A
-1-6

length parallel to y-axis = y-coordinate of B ~ y-coordinate of A
0-2-8

Sowe found the shorlost distance between A (1, 2) and B (7, 10) by using

c=Va@+ 0 =\/7-1 +(10-2)" < Check this using your

calculator.

In goneral the distanco betsveen two
‘points A and B with coordinates
(x,.34) and (x.v2) respectively is
given by

Example 2
Find the distance between the following pairs of points:
a A@7)amdB(19)
b G(-3,7)amdD(-2-1)
¢ E(L-2)andF (LE).
Solution
a Distance AB= /(1 -2/ £ (97"
Y T
-
b Distance GD=/{(-2) ~ (-3 + (1)~ 7

=12+ (-8 =VI+6d

= V&5

Urheberrechtich g
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» Y TR Expand each bracket
< IDHGEER ey AR ) insido the square root.
=e-1r ey
=VE-2AF 1+ P+ af 14
VBTS2

Collect like terms.

‘The formula for the dis be int

hree (@3D).In there would now be
threa axes (v, y and ) and points would have three coordinates,
(x.37.2). Consider the points A (x,¥3,2,) and B (x;. vz, 2.). Draw a sketch
toshow i AandB
now?

B (%3, V2. 23)

Sty pm)

Alxyriez)
AR Py z,)

z

Construct two triangles as indicated.

In AAPQ,  (AQ) = (AP)? + (PQ)* call this equation [1]
InAAQB,  (ABY = (AQ) + (BQ)* call this equation [2]
(AQ)y n 2]

(AB)* = (AP} + (PQ)* + (BQ)*
BulAP = x, —x,, BQ =y, —y; and PQ =2, ~ 7,

50 (AB) = (x = x)' o+ (v2 = 31)' + (22 = 1)?

This result is still true if
Xe=Xuyz—nor

2, — 2, is negative.

theberrechilich geschitztes Material



2 Coordinate Goometry.

An infra-red

P12, 5),lm.|lnnguo{‘um Wlllllbelhlnlndnxllbw;hrmlunng
the room at Q (4,0, 0)7

aburglar if the di b Pand
Qisless than 14m.

Distance PQ = /(0 — 4)* + (12~ 0)* + (5 - 0)*
=\~ +122 +5¢

= Vi6+ 144+ 25 = Vi85
Distance PQ = 13.6m

the 14m range 8l

The gradient of a line joining two points.
“The gradient of a Ilna is a measure n{ its. 5Iczpness ll is glven by the ratio
of
Gradients can be pnnillv:, zero or negative.

Z = X

(rising) (horizontal) (faling)

Consider more closely some positive gradients. The gradient of line A is 1.
Notice how it makes an angle of 45° with tho x-axis. The gradiont of lines

Uthebertechilch geschitztesSberial



B and G are greater than 1, These lines are steeper than line A, The
gradients of lines D and E are less than 1, but bigger than 0. Which line
gradient? The gradient of because it is

closest to the horizontal.

change in y-coordinate

Erndient e nge I x-coordinate

“This result gives botl
the sign (+/-) and !

< Learn this result.  magnitude (size) of
sradiont.

A (xy,1)

Example 4

a  Find the gradient of the straight line joining A (1, 2) and B (7, 10).

b If the gradient of the straight line joining P (a, 3) and Q (2, 8) is 5, find
the value of a.




2 Coordinate Geometry

Solution

gradient =

3
7-1 3

The gradient is often represented mathematically by the letter m. It
could be written here as gradient mg = § or m =

b Woknow that gradient myq

S0 gaf=d

e . ;
s B Multiply both sides by
2-a)
So 2-a Divide both sides by 5.
R
a=1

Parallel lines

Use a graphical calculator to draw the graphs of y = 3x, y = 3x + 5 and

¥ = 3x — 1. What do you notice? The lines are parallel. Now calculate the
gradient of cach line. The gradient of each line is 3, the same as the
coefficient of x in each equation.

Try drawing some graphs of your own linear equations where the
coofficient of x is the same. What happens? If the equation starts y
then when sent of x i the duce l
that are parallel. These lines never cross and so the equations that
reprosent them cannol be solved simultaneously. Conversely, f o linear
s cannot be solved simultaneously then their graphs must be
parallel lines.

ame th

Example 5

Show that the following pairs of lines are parallel: y
Solution

243,y =2

call this equation (1] Recall how 1o solve two
call this oquation [2]  1inear equations
simultancously.
< Substitute for y from cquation [1] in
equation [2].
Take out the common.
factor and rearrange the
x=4 equation.

Division by zero doesn't give a real number; it is undefined. So x cannot
be found to satisfy both equations simultancously. This means the lines
do not cross; so they are parallel.



Itis often quicker to show that two straight lines are parallel by comparing

equations in order to make y the subject.
Example 6
‘Show that the following pairs of lines are parallel: y = 2(3x + 1),

2y —1zc s
Solution

y=20xe) = peoxi2

2 1246-0 5 y-bx-3

parallel.

Perpendicular lines

Consider a line OP where P is somo point (a.b) and O is the origin.
Rotate OP 90" anticlockwiso about O (a quarter turn) and call this now
line OQ. Now the angle between the linos OP and OQ is 90°. We say
that OP is perpendicular to OQ; ‘perpendicular to’ means ‘at right
angles 10'.

E] 0| a ¥

‘What do you notice about the coordinates of Q? Using the symmetry of the
diagram, notice that Qare (~b,a). These

‘numerical values, but there is a change of order and one change of sign in
the x-coordinate. ‘
Now consider the gradient of each line.

gradient OP =g gradient 0Q

The gradient of 0Q ¢
togsther. What happens? Their productis 1, found using the form

n rm the product of the gradients of perpendicular lines is always —1. with (xy,y2 = (0,0).

“This is a very usofultest for whether two straight lines are perpendicular ~ &radient = 5

to each other. -4




Example 7

a  Find the gradient of the line joining A (0,7) and B (2,10).
b Find the gradient of a line perpendicular to AB.

Solution
a Gradient of theline AB, myg = =1
b Gradient of a lino perpendicular to AB =

3 becaused x (~3) = —1.

Example 8

If A is the point (3, ~2) and B is the point (5, 2), find the gradient of:
a theline AB

b aline perpendicular to AB.

Solution
@ Gradient of the line AB, myy =
b Gradient of a line porpendicular to AB is ~ }

Urheberrechilich geschitztes Steril



2.1 Coordinate Geometry
Exercise
Technique

[ Find the shortest distance between the following pairs of poiats:

a (3,5)and(1,4) e (-2 -3)and (-7, -1)
b (3,5)and (5, 6) £ (8 —4)and (-7, -4)

€ (1,7)and (-2,3) 8 (21,5)and (5,13

d (1,7)and (0, -1) h (7,-2,18)and (- 3 3.8)

[2] Find the length of the straight linejoining the following pais of poiats:

a A(7,-1)andB(-2,5) e A(4,-8)and B(0,6)
b A(-1,-2)and B (-2, -3) £ A@4)andB(-1,2)

© A(3,2)andB(-1,-5) 8 A(6,11,-3)andB(1,1,7)
d A(-2,-1)andB(0,3) h A(23.4)and B(4,6,10)

[3] Find the gradicnt of tho straight line formed by joining the following pairs

of points:
a  (3.2)and (5.12) d (0.7 and (-2,9)
b (2.1)and (4,9) e (~2.-1)and (6, ~1)
¢ (53)and(7,1) £ (3.2)and (5, -8)

(@] For the foltowing paies o points, A and B, find:

the gradient of the line AB
i the gradient of a line perpendicular to AB,

a A(0,6)andB(27) d A(-3,6)and B(-1,-3)
b A(52)andB(-3,-3) e A(-3,-2)andB(6,
¢ A(-3,0)andB(2-5) £ A(-20mdB(7.2)

[5] Rearrange the following equations to make y the subject. State whetier
the pairs of lines are parallel or perpendicular o cach other.

y=zx+aandy=2x-7
y=3x+7andy=5-1x

8x+2y = 6and 4y =9+ x

b
©
d
e
f 9(x~1)and by + 2= 6




KN

[2] 1

El

2 Coordinate Geometry

Contextual

Katie moves her position from the point (2, 6) to llw point (5, 3) on the
park map. The map is drawn 1o a scale of 1:10000. Find

a  the shortest distance in centimetres that Katie covers on the map
b the actual distance she moves in km.

Peter and David radio their respective coordinates to each other.
Peter is at position (3, 9) and David is at (~2, ~3). How far apart are they?

The night before military manoeuvres, an army troop are given star
coordinates, (965, 386), and finishing coordinates, (943, 379). By
considering only the final two ¢ c ate, find the distance
on the Ords urvey map moved by the troop, in centimetres. If the
scale of their map is 1:25.000, find the actual distance covered in
lometres.

iits of each coords

According 10.a garden plan, the cottage (7, 9) is the same distance from the
ash tree (5, 2) and the beech tree (9, 2). Investigate this statement.

A parallelogram is
the coordinates of points P (=2,

formed by lines joining the points P, Q. Rand S. Given
3).Q(3.4)and R (2, -1

a  Find the coordinates of .
b Show that PQRS is a thombus,

‘The diagram shows a sketch of a cuboid. Given the coordinates of
A(1,2,1)and F (4,5, 5), find the shortest distance between A and F.

A@21)
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2.2 The Equation of a Straight
Line

Linear oquations can bo written in many forms. The general form is
¢ = 0 where a, b and ¢ are real numbers.

Example 1
Rearrange the following equations into the general form
ax+by+c=0:

a y=-3x-8
b oy+2=-i(x-1)

Solution
& Arkyhe=0 Multiply throughout
b oyi2=-}x-1) 310 remove th fracti
By +6=—(x-1) “Tha minus sign outsic
SR thbrackel change i
sign of cach torm insi
REWAP, ‘when the bracket is
The general equation can be rearrangod to make y the subject 1 isthen 210V
written “ ¢ When written in this form it instantly highlights two
important properties; the gradient of the line and its intercept with the
y-axis. Consider the line y = 1x — 3. This is in the form y cwith
$and ¢ = ~3. Notice that the gradient is } and the y-intercept s (0, ~3).
EN
'
4 The point where a line
crosses the y-axis s
Kaown as the intercopt
=3 Multiplying throughor
e by 2 removes the
fraction.




2 Coordinate Geometry.

In the last version, the equation is in the more general form
0,witha —2ande otice thal y = }x 3
oth represent the same stralght line.

ax+ by
andx -2y -

Example 2

Find the gradient and y-intorcopt of tho straight lines reprosented by tho
following equations and sketch their graphs:

a axi3y-7-0 b o2-spi1=0
Solution
a axiy-7

First oxpross th
equation in the form
y=mxic

Graphical
calculator
support
pack

sraphical calculator

Remember (o label the
axes and origin on your
sketch. Label the line
with its equation, and
mark the y-intercopt.

b 2x-5p+1=0 = 2x+1 pmumwmumh.,

+cform on
‘your calculator.

erl

So the gradient is { and the y-intercept s (0, }).

< Check this sketch using a Graphical
graphical calculator. calculator
support
pack

-5y +1=0

‘The equations can be
entored into the
calculator in the form

“Tho techniquo of rearranging equations into tho form = mx + ¢ is
particularly useful with a graphical
‘method.
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Example 3
Solve the simultancous equations x + y = 4 and 2y — 3x = 3 usinga
graphical method.

Solution

We culd resrangneach sqution nko th o = s +to iy the
di flon quicker to draw

cach graph by calculating where |hey cross tho axes.

To find where the li the y-axis, put x ion. To

find where the lines cross the x-axis, substitute y = 0 instead.

Forxy=4, when x=0,y=4

andwhen y=0,x=4
This line crosses the axes at (0, 4) and (4, 0).

Forzy ~3x=3, when x=0, 2r=3

v=
andwhen y =0, ~3x =3
x=-1
This line crosses the axes at (0,3) and (~1,0).

Th i ttion of tho sis ions s given by the
coordinates of (lm point of intarsection of these two lines.

You should find that the coordinates of this point are x = 1 and y = 3. So
the point (1, 3) lies on both lines and x = 1,y = 3 s the solution becauso
it satisfies both equations simultaneously.




2 Coordinate Geometry.

2.2 The Equation of a Straight
Line

Exercise
Technique

[A] Rearrange the foltowing equations into the form y = mx + :

[2] state the gradient and the y-intercopt of the straight-line graphs produced

by the following equations:
a y=sx-3 boy=-2vis
¢ y=7-2 d y=ix+s
ight lines p v find the gradiont
and the coordinatos of the y-intercept:
a 2x+y+8=0 d 2x-yi7=4
b axtay-2-0 e STy =14
€ sxiloy-2-8 [ oaxibyie=o

[@] i equation of the line shown is given by 3x + y — 6 = 0. Find the
gradient and the coordinates of A and B.

[5] Rearrange the equnlion‘;%i = Jinto the form y = mx + ¢. Now sketch

the graph of this equation.

Solve the simultancous equations x + ¥ = 6 and 4x — 2y + 6 = 0 usinga
‘graphical method.

Urhebertechilich geschitztes Mggial
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2.3 More on the Straight Line

Think about thy

formation needed 10 describe a particular straight line.
aline by looking only at the graph of

the line? We find that we can write the equation if we

now:
@ tho gradiont of the line and the coordinates of a point on it
@ the coordinates of two points on the line,

The equation of a line given its gradient and the
coordinates of one point on the line

Suppose the gradient m and the coordinates of point P (x;. 1) on the line
are known. A general po

equation of the i

wn gra by the sides
of a right-angled triangle drawn on P and e general point (x, ).

General poin
1)

gradient

“This can be rearranged into the very useful result,

[ R T—

Example 1

a Find the equation of the straight line with gradient 2 that passes
through the point (3, 4).

b Find the equation of the straight line with gradient } that passes
through the point (-2, —6).

Solution

a Usey—yy=mix—x)

Theny — 4 = 2(x~3)
y-a=2-6

Substitute the know

values of m, x; and y
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This equation
of a straight li

an now be rearranged into either form of the equation

2X-y-2=0ory=2v-2

Use - vy = m(x—x,)

Then

S0 the equation of the line

The equation of a straight line passing through
two known points

Suppose that two poinis P (x;. ;) and Q (xz. v2) are known to lie on the
straight line. The gradient of this line can be found by drawing in a
right-angled triangle.

P x5

Now that we have the gradient, the problem is simple. We can use the

vy =m(x—x,) on either P or Q.

result

Example 2

Find the equation of the straight line that passes through the points A (2, 3)
and B (4,4)

ax + by

=0.0r

‘Take care when

manipula

ng the

negativo signs.
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Solution
“The gradient of the straight line passing through A (2, 3) and B (4, 4) is

a-3
23 5
Ui =i

Now use y — y; = mlx —x,), with m = Land B (4, 4) as the known point.

yon=mix-x) 5 y-d=ix-4)

Check that you arrive at the same equation using A (2, 3) instead of
B(4,4).

Th _hn directl

Xx
into the equation for a straight line, y — y, = m(x — x,). Al first the algebra
ight app but it provides a very 3

“This equation can now be rearranged so that the x terms and y terms aro
separated, of the straight
values of (x,.y4) and (x;,y2) are known.

Example 3
Find the equation of the straight line joining P (5, ~6) and Q (-3, 2).
Solution

Using the result

[
y=(=6)_ x-3
2-(=6)" =3-5

yon _x-x
2

YH6= —(x=5)=-x+5
Y= —Xx+5-6

%=1

Check that this equation could also be written x + v + 1= 0.

Simplify the numeric
components.

Make y the subject.

Urheberrechtlich geschitztes Material
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Finding the mid-point of a line

Givena line j Recall that the mean

using the mean of the x and v coordinates. average is the sum of
the numbers divided by
how many of them there.
are. In this case, taking
the mean of two

A

Consider the line joining A (1, 2) and B (7, 10). If M is the mid-point of
this line then M s half-way between A and B, both horizontally and
vertically. In this case the coordinates of M are (4,6).

Notice that (4,6)

Example 4

The vertices of an isosceles triangle are A (2, 7), B (5, 8) and C (4, 5).

a  State the coordinates of the mid-point of AC.

b Find the equation of the straight line through B and the mid-point
of AC.

©  Find the equation of the perpendicular bisector of BC.

Solution

BG.9)
A nv

¥

a  Let M be the mid-point of AC. Then the coordinates of M are.
(E 2

2

Utheberrechtich geschitztes #eria



2.3 More on the Straight Line
Exercise

Technique

1 | Find the equation of the straight line with the given gradient passing
through the stated point in each of the following:

a  gradient3, point (3, 2) d  gradient -3, point (0, 4)
b e gradient}, point (2, ~3)
¢ gradient 5. point (3, ~2) £ gradient 2, point (-1, 4)

[2] Find the equation of the straight line oining the following pairs of points:
a A(24)andB(3.6) d A(0,-2)andB(3,4)
b R(-3.4)and 5 (1,2) e P(8.6)andQ(2.12)
€ T(-1.1)andV(0,6) £ R(-1,-1)and$ (5.2)

[3] Find the mid-point and the equation of the perpendicular bisector of AB
in each of the following cases:

nd B (3, 7) b A@.1andB(5.0)

5)and B (0,3) d A(-1,-2)andB(1,6)

Contextual

[4] A straight tine passing through the points A (<1, 1) and B (p, 13) has
gradient 2. Detormina the value of p and find the equation of the straight
line.

[2] consider two poins, P (2.7 and Q 4, 13).

nd the mid-point of PQ.

b Find the gradient of PQ.

& Write down tho gradint of tho line perpendicular to the lino PQ.

d  Find the equation of the perpendicular bisector of PQ. Write it in the
formax + by + ¢ =

[3] sketch a diagram to show the points A (0, ~1), B (4, 3) and C (4, 5. Let M
be the mid-point of AB. Find the coordinates of M and write down the
equation of the straight line that passes through M and C.

[4] s the poi

a  Find the equation of the straight line parallel to.x — 2y — 4 = 0 that
passes through A. Write it in the form ax + by +c =
b Show that the s\mlghl lino foining A and B is porpendicular 1o the
linex - 2y
¢ Findthe pnrpendlc\l!:lrdl:lnncn between the two parallel lines.

(6.6) and B (8, 2) lies on the straight line x — 2y —4 = 0.
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2.4 Inequalities

There are four inequality symbols.

> moens g gstr than’ Learn the mathemati
> greater than or equal (0" meaning of each of
< means 2 these symbols.
< means 's less than or equal 1o’
Inequalities produce a range of acceptable answers. They can be
reprosented on number lines using arrows. Tho base of the arrow is
circular, and s shaded when the value is to bo included in the range, and
clear when the value is not 10 be included in the range.
int ithout variables A solution set is an.
(letters) and those with variably i i f

propositions. Statements such as 2 < 7, } > . and ~3 < ~2 are propositions  inequalities, showing
and are either true or false. Inequalities with \’unnbl:: can be solved using the range of values tl

similar tochnic hose used wh T
solution set is often produced showing a f i
problem.
Example 1
Solve the inequalities:
a 2127 b
€ 5x+2<3x+10 d
Solution
a 24127 Subtract 1 from both
%26 sidos of the inequalit
x23 Divide both sides by
b 1-2x>7 = -2x>6
Natice that the coefficient of x is —2. To find x we need to di Check thi ult by
sides of quality by —2. When dividing i tituting a value
the inequality needs to be reversed. smaller than 3 in th
original inequality. D
the original inequalit
work?
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© The process of solving linear inequalities s similar to solving linear
equations. Collect the like terms together, with numbers on one side
of the inequality and variables on the other.

5x+2<3x+10
= Sx-3x<10-2
= <8

= x<4

d Again use a similar process to that used when solving linear

64x
rX x4
ex

6+x>3(x+7)

4

64+x>3x+21

6-21>3x-x

P

Notice how the following rules were used:
@ Any term can be added o, or subtracted from, both sides of the
wality and the symbol doesn’t change.

@ Both sides of an inequality can be multiplied, or divided, by the same
positive number and the symbol doesn't change.

@ Whon both sides of an inequality are multiplied, or divided, by the
same negative number then the symbol is reversed.

Quadratic inequalities

)\» v(ampln- ulnqll.ulmln. inequality s x* > 4. 1 has two xvl;nf

lutions. Gonsider x* = 4. This has two solutions; x = 2 a -
Wht Bacasotasalve te equation x* = 4 we take the square root afboth

es of the equation.

=4 = x=1Va

S0 whal do we know about x when ' > 47 Wo can s that x > 2 works.
the other solution? Is there a condition involving
x < ~2salso a condition that works.

Check this result by

“This illustrates a useful
“trick’. The variable x is
collected on the RHS of
the inequality, making
the resulting term, 2x,
positive.

n



To see why the solutions are x > 2 and x < ~2, think about the
proposition x* > 4. Draw two graphs; y = x* and y = 4. Where is the
parabola above the line y = 42 This is the same as asking for which values
of x the graph of y = x* is above the line y = 4, or for which values x* > 4.
The curve is above the line for x > 2 and forx < ~2.

Analtonative is o rearrango the original inequaily. Then x* > 4 bocomes
4> 0. This may not look simpler, bul the new statement has

da tod by an inoqualit LA
graph of y = x* ~ 4 can now be drawn, and we are looking for the points
where y > 0 (that i, for points of the curve above the x-axis),

the

nd the points where the curve cross -axis (by solving x* — 4
or using your graphical calculator). Notice thatthe curvo is above (greater
than) the x-axis (y x>2andx<-2.

‘This technique of sketching the graph is a useful way of checking that no
solutions have been lost.

Example 2
Solv
a x'-7x<-10 b IX-520 € X+x+1<0

Solution
a  This is a quadratic inequality. It can be rewritten as a quadratic.
expression and a zero separated by an inequality symbol.

XFoTx<-10 = ¥ -7x+10<0

Since 2 and —2 are
part of the solution, t
dots here are left
unshaded.
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‘The quadratic expression can be factorised. Recall PAFF" from
Chapter 1.
PO A7 Fi-2,-5

‘Then x* — 7x +10 < 0 becomes (x — 2)(x — 5) < 0.

What does this expression suggest about x?

1f the inequality symbol was an equality (that s, (x — 2)(x - 5)
then x = 2 or x = 5 would be the solution. Since wo have an
inequality, these critical values should be examined more closely.
Begin by sketching the curve y = x* — 7x + 10, Notice how it crosses
the x-axis at x = 2 and x = 5.

0)

y=x-7x+10

“The parabola is below the x-axis for al values of x between x = 2 and
5. This means x* — 7x + 10 is negative for all these values of x. So
X —7x+10 < 0whenx > 2and x < 5.

Another way of writing this sel of inequalities is as a ‘sandwich
2<x<5.

Notico how the x appoars botweon the values of 2 and 5 found in the
factorisation process.

Try the technique used in a, and see what happens,
Try factorising the quadratic expression x* — 3x — 5, using PAFF.

Values for F cannot be found easily so this quadratic expression
cannot be factorised using PAFF, but the critical values can be
identified by solving x* — 3x — 0. Since PAFF isn't working, use
the quadratic formula witha = 1,b 3and ¢ = -5.

_ bV —dac
3 2a

3+ /I-aXTR(D)

S

_34VATH_3£VE
2

< Remember to quote the formula.

3

Recall that since the
coefficient of x* is 1 the
expression can be

factorised from this
step.

Gritical values are
points where the
quadratic expression
changes sign.
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e

e

®

Notice that these values of x are both irrational due to the v/2 term.
Now sketch the curve of y = x* 3 5. (Use a graphical calculator if
you have one.)

The critical values ar
part of the solution s
the dots on the graph

are shaded.
Notico that the curve is on or abovo the x-axis that is y > 0) when  This is because x mu
X< 1(3 - V20) and x > }(3 + vZ0). These inequalitios are separate  be smaller than the I
and cannot be condensed into a ‘sandwich. critical value and big
than the hij st criti
Romembor that tho technique has boen to identify critical values. By ;.:"x" e

sketching the graph a set of inequalities has been identified where the
graph is above or below the axis.
Sketch the graph of y = x* + x + 1. What happens?

“The graph doesn' cross the axis. The expression has no critic Alternatively we can
values, Check this by trying lo factorise x* +.x + 1, or use the complete the square.
quadratic formula. Since the curve is always above the x-axis, Pax+1= ()
* 4 x 4+ 1is never negative, and x + x + 1 < 0 has no solutions. 51
So there are no real
us i i ic i lities is as follows: solutions,

Establish zero on one side of the inequality symbol. This means the
d i then be tested for being positive (>0) or

nogative (<0).
Establish tho critical values. These are the values of x that make the
quadratic exprossion equal zero.

Identify the set of inequality solutions. Often this can be done by
sketching a suitablo graph.

Decido which sides of th critical points form the solution set.
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An alternative method s to check the sign of the exprossion below the
e itical bet the critical

critical value,

Example 3

Solve 2x* —9x+9 > 0.

Solution

Notice that the frst step has been done. This is a quadratic expression that
needs > i

2 —9x+9. < 2 Identify the critical values.

P:2x9=18  Ai-9  F:=6,-3

Fioo2¢-ovto=2v—6x-3x 49
=2x(x-3) - 3(x-3)
= (x-3)2x-3)

Sothe critical values are 3, when x — 3 = 0, and &, when 2v 3 = 0.
Notice that the problem has changed from solving 2x* —9x+9 > 0 to
solving (x —3)(2x —3) 2 0.

W will use the method where we check the sign of the expression against
the critical values. Look at the sign of (x — 3)(2x - 3) by comparing the
sigas of the separate factors.

x<d 3 f<x<3 s w>3
x-3) Er ¥ E] i &
(2e-3) = v +
(x=3) (2x-3) (x6) Ox) (x4

positive tive | positive

So (x ~ 3)(2x ~ 3) is positive when values of x are smaller than the loast
critical value, and larger than the highost critical value.

The set of solutions for 2x* ~ 9x + 9 > 0is x < Jand x > 3. Check this
result by sketching the graph of y = 2¢* — 9x + 9.

Utheberechich geschiitztespigteria
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2.4 Inequalities
Exercise
Technique

[4] Solve these linear inequalites:

a x+3>8

¢ Ax+22x+8

a ¥>9 b x<25 ©

[3] solve these quadratic inequa

a X4B0+1520 b X 4x-620 ¢ X47w+10<0
d o xo2-15<0 e X-546<0  f Fidv-4>0

(@] rnstorm . B

Solve the inequality in each case.

a ¥-1x224 b X¥ix>6 c
d X 4ox>-9 e X<ax+77 f

[5] Solve those quadratic inequalitios:
a W 47x+2>0 b 7P +22+3<0 ¢ I +5x+2<0
4 wr1sa e 20a5e3 [ aexs2

Contextual

[4] solve the inequlity x + 3 > #*, leaving your answer in the form a + by
where a, b and ¢ are rational.

ind an inoquality represented
by the highlighted section of
this graph.

d the set of values of x for which (3x — 1)° < 3x* + 13.

E]]

[4] Solvo tho oquation x* - 5Zx + 12 = 0, writing your answor using surds.
Hence, or otherwise, solve x* — 5v/2x + 12 < 0.
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2.5 The Equation of a Circle

Consider a circle of radius r whose centre is at the origin, and let P (x,y)
beany point on the circle. This means the distance OP must always be
equal 1o the radius of the

Plxy) r

‘The equation of a circle of radius r whose centre is at the origin (0, 0) is:

14

‘What happens if the centre of the circle is moved to.a new position
QUa.b)? Again, lot P (x,y) be some point on the circumference of the

rcle. Notice that PQ s a radius of length r. A new right-angled triangle
can be drawn on PQ 5o that the shorter sides are parallel to the x-axis and
y-axis respectively.

VA

Py »

0|

‘The lengths of those sides aro (x — a) and ( — b). Check this from the
diagram. Now uso Pythagoras' theorem on this triangle. What happens?

-

“This is the equation of a circle of radius r whose centre is the point (a,b).

Pythagoras’ theorem can
be used to find the
relationship between x,

yandr,

Gheck that this is true.
for points on the circl
where P has negative
coordinates.
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Example 1
Stato the radius and centre of the following circlos:
a (x-77+(y+2°
b (x+1)'+(y-5)7
Solution
a  Compare (x — 7)’+(y+z)'_aewuh(x u)’+(y b)* = r*. The
equation is in the same form with a = 7,
So (x = 7)* + (v +2)* = 36 is the, oq\l.uwn o(n cllclbo[ndl\u 6,

centre (7,-2).

b (x+1)*+(y ~5)* = 23 can be compared with (x — a)? + (y — b)* =
togivea = —1,b=5andr = v23.
o (x-+1)* + (¥~ 5)° = 23 is the equation of a circle of radius 23
‘whose centre is (~1.5).

Example 2

a Tho point (k.2) lies on the circle x* + y* = 13. Find the values of k.
b The point (k,0) lios on the circle with contro (7,2) and radius V8.
Find tho possible values of k.

Solution
a  Substitute (k,2) into the equation of the circle.
Then* 437 =13 = K427 =13
= Kia=13
= K=9
= k=%Vo=+3

Sothere aro two possible values of k. These can be interproted
‘geometrically by sketching a diagram of the circle.

Urheberrechtlich geschiitztes Material



2 Coordinate Geometry.

b The equation for a circle of radius v/8, centre (7,2) is given by
(x=7F+(y-27=8
Now put x = k when y = 0 into this equation.
(k=77 +(0-27=8
= (k-77+4=8

- *k-7=4
= (k-7)=+Va=22
= k=742

Sok=90rk=5.

that the equation i centre (a,b) can
be written (x — @)’ + (y — b)* = r*. Tt can also be written in another form
terms and the

(x—ay+(y-by=r
= (- 20x+a’)+ (3} - 2by + b’
= x4yt —20x -2y + (@ + B - 1) =0

band rare all constants this can be ‘simplified"to th 1
form of the cquation for a circle (by writing a* + b* — * = .

Notice that in this form:
@ The centre (a,) can be identified from the coefficients of the x and y
terms,

@ The radius is not as straightforward to identify as it was in the other
form.

Example 3

a Find the equation of a circlo of radius v7 and contre (3, ~2) in its
general form.

b The equation of a circle is x* + y* — 2x + 4y — 4 = 0. Find the centre
and radius of the circle.

Solution
@ Ifthe centre is (3,~2) and the radius v/7 then the equation of the
circle is

(=34 (y+2) = (V7

Urheberrechtich ges
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=

Expanding the brackets, (x* — 6x +9) + (y* +4y +4) = 7

= Ky Xty (9+4-7)=0
Xyt - bx by £6=0

Comparexx " ~2x + Jy ~ 4= 0 1o the general form of the equation
for a circle, x* + 7 — 0. Notice that a and b can be
found by equating rnzﬂ'rmn(s s y.

Equating coefficients of x,

Equating coeffi

s of .

S0 the centre of the circle, (a,b), is (1,~2).
Now equating the constant terms in each equation,
Recall that ¢ = a* + b

So adsb-r=-a

= (fF+(-20-r

4

- 14a-r=a

- -

- # Woonly take th

? P ‘positive square root
bocause w are looki

S0 the centre of the circle s (1, ~2) and the radius is 3. eomsiizgne k)
to be a positive value
the radius.

Tangents and normals

Altangent to a circle is a straight line that touches the circle at one distinct
int. A Lis the straight i the tangent

passes through the point of contact between the tangent and the circle.

Notice that the normal is an extension of a diameter.

\
\ Tangent

Example 4
Find the equation of the tangont to th circlo x* +
the point (3, 2). Then find the equation of the normal.
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Solution
010 the general form Both the tangent and the
0. The values of a and b can be established by normal pass through
equating coefficients. (3, 2); we know one

point on each line. The

Equating coofficients of x, -2a, normal passes through
: the centre of the circle,
Equating coefficients of y, —2b, i d
50 start by finding the
S0 the contre of the circle, (a.b) = (3.1). contre, (a, b), of the

circle.

and (3.3).

Since the tangent is perpendicular to the normal its gradient mustbe —1.  Recall that the product

We now know the gradient of the tangent and the coordinates of a point  of the gradients of two.
on the tangent (3, 2), 5o the equation of the tangent is given by perpendicular lines is
always 1.

mix —x,)

- ~1(x-3)
5 ye2--x43
= yix-5=0

We knew another point
on the normal (the
centre of the circle), so
mx=x) we could also have used
the technique for
ding the equation of a
straight line knowing
two points on that line

imilarly, we know the gradient of the normal and the coordinates of a
point on the normal, so the equation of the normal is given by
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2.5 The Equation of a Circle
Exercise

Technique
[A] Find R

a (x-5F+(y-3¢=7 b (x+6)7+(y+1)7 =25

¢ F+y+7)=121 d x+1)P+(p-27=1
[2] wi the circlos with the gi tres and radii in the

form ot 499 = 20— 2by 4 0=0:

a  contro (~1,3), radius 2 b centre (2,~1), radius 3

©  contro (~2,0), radius V& d centro (3,~3), radius 3vZ

[3] Find the centre and radivs of the following circes.
a Xar-Br-2r+6=0 boxtytov— Ay+|_
o wlyibiabiied 1 PirEiwE

Contextual

[4] The point (3.K) les on the circle x* +* ~ 6x — 4y — 51 = 0. Find the
values of k.

[2] he poiot (k.0)lies on the circle with contro (4,1) and radius V0. Find
two possiblo values of k.

[3] The point A les on the circle with contre (1,3) and radius V5. Given that
Alies on the y-axis, find the possible coordinates of A.

[1@] Find the equation of the tangent to the crcle x* + 4 + y* = 21 at the
‘point (1,4). Find also the equation of the normal at this point.

[5] A straight line touchos the circlo x*  x +* ~ 10y ~ 71 = 0 at the point
(8,-3). Find the equation of the line and the equation of any line
porpendicular to it passing through the point (4, 3).

[6] he points A (~7,7) and B (1,1) form the diameter ofa circle. Find the
equation of the circle.

Find the length of the tangent from the point (9,8) to the circle
Xty -zx-dy =31




2 Coordinate Geometry

Consolidation
Exercise A

[ A5, are the points with coordinates (3.7). (~1,2) and (6,1)
respectively.

a  Prove that the triangle ABC is isosceles. State the coordinates of the
mid-point, M, of AC and find the area of the triangle.

b Find the equation of the line BM.
©  Find the equation of the line through A, perpendicular to BC.
d  Find the coordinate of the point H where these two lines meet, and

deduce that GH is perpendicular to AB.
(OCSEB)

[2] he coordinates of the points A and Bare (2 3) and (4, ~3)
respectively. Find the length of AB and the coordinates of the mid-point

(UCLES)

[3] P Rare the potos whose coordinates are (2, 4), (8. ~4) and (14, 8)
tespectively.

a  Find the equations of the perpendicular bisectors of the lines PQ and

PR.

b If the two bisectors meet at C, calculate the coordinates of C and show
that CP* = 50.

¢ Deduce the equation of the circle through P, Q. and R in the form

Xy epx =0,
(0CSEB)

[@] Atine through the origin with gradient m cuts the fixed circl
in two points provided that 2(2m + 1)* > 9(m® + 1). Show that this
incquality is equivalent to m* — 8m + 7 < 0 and find the solution set
form.

e in Fiy

0 Fig1

(0CsEB)



['5] Find the tongth of the tangent from the point (. 2) to the circle
24y 42

[ 6] solve the inequality (x— 3)(x ) > x +9.
(aEB)

Exercise B

1] Thn coandinatesof th poins A.and Bare (3, 2)and (4, -5) l\.:pl:cllv\.lv
ind £ AB, and th
Hunw find the oquation of the perpendicular biscctor of AB, giving your
answer in the form ax + by + ¢ = 0, where a, b and c are integers.
(UCLES)

[2] ‘tho straight lino P passos through the point (10, 1) and is porpondicular to
the lin R with equation 2x + y 1. Find the equ also the
coordinates of the point of intersection of P and R and deduce the
perpendicular distance from the point (10, 1) to the li

(UCLES)

 the length of the tangent from the point (7, 6) to the circle
i -2x=

Find the equation of the straight line that is parallel to y + 20x = 90 and
passes through the point (4, ~10).
(NEAB)

ind the set of valuos for which > 2.
x+a

(ULEAC)

e [ (& [«

o, centre P, passes through A (1,1), B (2, 2) and C (-7, ~3)

a  Find the equation of the perpendicular bisector of AB.

b Find the equation of the perpendicular bisector of BC.

©  Using your answers lo a and b, solve the equations simultancously to
find contre P.

Find the distance AP.

Hence write down the equation of the circle.

Hint: Solve x > 2(x 1
andx+4 >0,



2 Coordinate Geometry

Applications and Activities

Constructing a circle through three known points

[ Mark threo points anywhere on a picco of paper. Now try to construct a

[2] Mark the throo points on a

e e o000 .

circle that passes through all three. Can it always be done?

ce of graph paper so that their coordinates
can be read. Repeat the problem but this time find:

a  the coordinates of the centre of the circle
b the radius of the circle and
©  the equation of the circle.

Summary

“The formula for the distance between points A (x,,y) and B (x;.y,

AB=\Joe-x)'+(r:-n

The gradient of a line is a measure of its
h 1

nge in

A e i .coordinat
Parallel straight lines have the same gradient.

“The product of the gradients of perpendicular straight lines is 1
‘The equation of a straight lino is genorally written in the forms
y=mxc(y=apx+ap)andax+by +c

The equation of a straght ln with gradiont m passing through (v 1) is
v =mx-x)

‘The equation of a straight line passing through (x;.y1) and (xz,yz) is

“The mid-point M of a lin joining the points A (x,.y7) and B (
coordinates

The symbols >, <, <, > mean ‘greater than’, ‘less than or equal t0',
than’ and ‘greater than or equal 1o', respectively




Linear
appropriate.
Quadratic i tios can b solved i factorised

i d be checked by

drawing graphs.

The equation of a circle has general forms.
SR G=s -

and
By oo

Acircle, (x ~ a)* + (v ~ b)* = #*, has centre (a,b) and radius r.

po
that point, and passes through tho centre of the circle.

Urheberrechtich g Materia
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What you need to know

Horw 10 uso Pythagoras' theorom.

Factorisation methods, including factorisation of quadratic
oqu

@ How 10 write down the sine, cosine and tangent ratios for acute:

angles.
@ How to find the area of a triangle.
@ That the term solving a triangle means finding the lengths of the unknown
sides and the sizes of the unknown angles.
@ How to calculate bearings.
Review
[4] Use Pythagoras' theorem to find the lenguhof side AB in the following ,, °
triangles: &

Pythagoras of Samos.
(c. 560-c. 4808c)
Pythagoras provided the
firstogical proof of the

< for

‘ fghtangied rangies,
used lttrs o
| geomeric fiures.
o = S
o A
11
c

a - d K-7ki1z
b e popiiz=o
¢ Kih-12 £ 3pi1ap-

87



[13] wito dorwn the values of sinx, cosx and tan for the following trianglos:

QW&

(@] catcutate, to three significant figures, the areas of the follo

/ 1am 13om 13am
= / .
_ >

10cm

g triangles

[5] solve the followiag riangles:

a A b @
sem i sem
s Iy B
c C d a__2zem g
A

0

) Giem 1em
B
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3.1 Trigonometric Functions

Trigonometry is the study of angle measurement, and in particular the
sludy of triangle measurement and calculation. In order to distinguish

A lengths of sides ion of capital letters for
vertices and lower case letters for the corresponding opposite side
adopted

B
bypotenuse
D iy side
opposite &
o o
A b © Side adjacent 0 0

Right-angled triangles are used to define the three basic trigonometric
functions for some acute angle 0; e and tangent,

b _ side adjacent to 0

angle .

es Ox and Oy, and a ci ed on the origin,
with radi 1 it Then 0 il fx somo point P on the circle.

Tho coordinates of P (x,y) are then (cos 0, sin 0). Now adopt the
convention that 0 is measured anti-clockwise from the positive x-axis. The
quadrant between the positive x-axis and the positive y-axis is called the
first quadrant. Tn t

s quadrant 0 is always acut

“The second quadrant is belween the positive y-axis and the negative
xeaxis. In y When er than

mixture of algebra and
geomety, used
enever engths and

angles needed 1o
be cacubted

T =sbtreions s

and o were

Introduced by Wilfam
ghtred in i book.

publshed n 1642, He
troduced the
sign for multiy




and cos 0 are equal in magnitude to the sine and cosine ratio of
the acute angle (180° —0). So in the second quadrant the coordinates of P
are still (cos 0, sin 0), but note that in this quadrant sin 0 is positive, and
cos s negative, < sin (180 —0) = sin 0

08 (180° — 0) = —cos 0

[100° 0 0
The second
quadrant

Example 1

d cos 147" as a trigonometric ratio of an acute angle.

Solution

We know that 147° lies in the second quadrant and, for obtuse 0,
cos0 = —cos(180° — 0).

5005 147" = — cos(180° ~ 147°) = — 05 33",

By making 0a oox anglr we can extond these results into the third and
h In the drant both sin ¢ an

In the fourth quadrant DnsU is positive and sin 0 is negative. (Think

carefully about the coordinates of the point P).

The third The fourth
quadrant quadrant
he defi f cos 0 and sin 0 as i fP, the

gradient of the line OP gives us tan 0.

v _sin0

tan0
cos0

This allows us to establish the quadrants in which each of the three
trigonometric ratios are positive. One way of remembering which

The magnitude s the
numerical value, or s
of the trigonomotric

ratio, ignoring the sig
(positive or negative)

Check this result on &
calculator.
sin(0— 180°) = — sin

cos(l ~ 180') = — cos

5in(360° — 0)
cos(360° ~ 0)
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remember only the positive ones. Think about the coordinates of
P

0,5in0)
have the same sign. .
Al i the first quadrant, sine is
positive in the second, tangent is positive in the third and cosine is
posﬂws in ilw fuunn quidnm Then are. mml y}cd ‘mnemonics (a!ds qw
Sllvur Tea cups
Example 2

“asa i te angl
Solution
‘We know that 227° lies in the third quadrant, and that tan 0 is positive in
the third quadrant. So tan 227° = tan(227° ~ 160°) d
Special angles

al s Iy, Two

triangles in par y for finding the

of these angles. These triangles have the advantage of giving exact results.
and not decimal approximations.

@ Anisosceles right-angled trianglo with sides 1 unit.

@ Half of an equilateral triangle of sde 2 units. Pythagoras’
theorem, 2* —1*

Urheberrechiich geschitztesMater;



ng these triangles wa have the following special rosults

60

This now allows the ratios of related angles in the second, third and fourth
quadrants to be evaluated exactly.

Example 3

a  Findsin150°.

b ‘ind cos 330

¢ Find sin410° as a trigonometric ratio of an acute angle,

Solution

a Weknow that 150° lies in the second quadrant, where sine is positive.

S0sin150° = sin(180° ~ 150°) =

b We know that 330° i inthe fourth quadrant,. an(h.nslnelspuslllvem
5(360° — 330

30°

the fourth quadrant. So cos 330° =

©  Angles outside the range 0°-360° always
ti in one of the our quadrants. Wo ind
that 410" -
first quadrant, where sine s positive.
So'sin410° = sin(410° - 360°)

Graphs of the trigonometric functions

Now draw a new pair of axes and plot the angle 0 along the x-axis and the
P(sin0) . This gives

“This curve, or wave, epeats tself overy 380", 50 the sine curve Issaid 1o

have a period of 360°. The curve has a maximum value of 1 (when

0=90") and a minimum of ~1 (when 0 = 270°). These correspond to P

being at the top and bottom of the circle.

sin

Copy and memorise.
them.

Check this result on.
alculator,

Recall that 4 is
irrational. If you che
this result on a.
calculator your scree
will probably show
0.8660...

e systematc 1
rigonometry s
atriuted to Hippre
an Alendian

Moon and the Eart,
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You can draw a similar graph plotting the angle 0 along the x-axis and the
x-coordinate of P (cos 0) along the y-axis. The graph of cos  is the same.
shape as that of sin 0, but it has been shifted by 90°. The 90° is sometimes
referred 10 as the phase difference between the two graphs.

cost.

The similarities can be described using the following equations.
0= s
=0 s

Example 4
Show that sin 120" = cos 30",

Solution

sin 120 120° is in the second
quadrant, so sin is
positiv
Recall that 4 is the
trigonometric ratio of a
special angle,

An alternative method would be 10 read off sin 120° and cos 30° from the
graphs for sine and cosine. Tn both cases there is an answer of 0.8660.

(=), although you are unlikely to be able to read a graph to this level of
accuracy.

e

o a0 120 3

93



graphs. This is

o
in features of the sine, cosine and tangent
‘graphs. The main f i ini
s, i ons wil positions
Trigonometric equations
b E— .

bedueto
the nature of the problean. o imposed by the person seting the
question. To find
be used.
In additic i i ino and tangent ofa e,

find
tangeat. The inverse trigonometric Tancions, it i
used. On

angles that you may

“cos’ and tan’ function keys. Sometimes an ‘inverse', ‘shilt, ‘2nd Tunction
or ‘arc’ key noeds to be pressed first.

ifa il the

principal value. i ing
pl period for that functi

value is known, to

find solutions.

arccos and arctan (o

and artan)
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Example 5
a  Find values of 0 for which 4sin 0 = 3 such that 0° < 0 < 360°.
b Solve the equation tan 0 = —2 for 0° < 0 < 360°.

Solution
a asin0=3 = sin0= <« Recall that = means ‘implies First isolato the
' % trigonometric ratio
0=sin"'(0.75) = 48.6° (3 5.1
fezm) en) (sine), and notice that

sin 0is positive, so we
expect solutions in the
first and second

‘The solution in the first quadrant is 48.6°.
‘The solution in the second quadrant is 180° — 48.6° = 131.4°

quadrants.
i
b tan0=—2 > 0tan(-2) In this case the
_ i calculator gives a
0=-63.4" (3sf) e e
Add multiples of 180", the period of tan, to find solutions that lie {1 acceptable range,
and negative.

within the acceptable range.

166

~63.4°+180° = 116.6"

~63.4° 4 360° = 296.6

~63.4° + 540° = 476.6°, which is outside the acceptable range.

“There are two solutions;

=116.6" and 296.6°". (Notice that they are



The reciprocal ratios

‘There are three other trigonometric ratios, which are known as the

reciprocal ratios. These are cosecant (cosec), secant (sec) and
cotangent (cot).

1 1 1
cosecl= 1 i =
7 sind 5000 = Cosi oot tan@
Example 6
Find:
a cosecd0 b cot6o ¢ secaz
Solution
8 cosecd’ = L
Sin3o
1
-1-2
b cot6o"
PR ——
= 1 _ims7(adp)
To7am b

the need to work I
accuracy when using i

Theso ratios are used
less frequently but a

applied in astronom;
navigation and
mechanics, particula

in projectile motion.

Recall that 30 is a
special anglo.

Work to four decima
places with the
trigonometric ratios.

1Fyou use full screen

Example 7
ind one solution to cosec
Solution
)
.
cosecl =3 = o
= 1=3sin0
- sino=
0=sin"'(}) =19.5° (3 5.£)
From we see that a useful

trigonometric equations is as follows.

curacy with cos 42
then sec42° = 1.345
(4d.p). Note the
rounding error.

Notice that this solu
is the principal valu

Step @ Rearrange the equation to make sine, cosine or tangent the subjoct.

Step @ Use a calculator (if necessary) to find the principal valuc.

Step @ Using a graph or by adding muliples of the period find solutions
in the accoptable range of anglos.
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3.1 Trigonometric Functions
Exercise

Technique

[4] weite cach of ing as tri os of
angles:
a sin1z20° o tanioo
b cosi6s £ cos(-197)
¢ tan220 5 sin(-20)
4 cosaos b sin(-697°)

[2] wite down the exact value of the following, leaving answers i torms of
surds if appropriat

A
a costsor e costzor 0 )@uc
b sin22s f tanazo° Y
¢ tan300 8 cos(=300°)
d sin330 b sin(-420")

[3] solve the following rigonometric equations for 0 < 0 < 360°. Give your
answers correct 0 one decimal place:

a d 3tan0=y2
b e sinf=cosl
¢ tan0=2561 ° £ 2sin0=3cosd

(] i i s

2 cosecdy e cot200
b secd1” f cosec307
c©  cot93” 8 cot420
4 sec12 b cosec(-15)
d the principal value solutions to the following: Remember to work (o

1d.p. when finding

a d 2cot0-3=0

b e 4-3tn0-11 e

c £ 2cosec0=3 /°\
[6] Construct a table giving values of sind, cos 0 and

pprop
valuos of 0 in tho rango ~90° < 6 < 450°. On separate pioces of paper,
draw the graphs of sin, cos 0 and tan 0 for this rango of angles. Use the
graphs to solvo the equations:

¢ tanf=3

97



Draw the graph of y = sin 0 for values of 0 in the range ~90° < 0 < 90",
Use your graph to find:

a sin”'(-05) b sin!(071)

Contextual

[3] The depth of water in a harbour,  metres, can be modelled by the
equation y = 55in(301)° + 12, where ¢ is the time in hours from midnight
ona particular day.

a Draw the graph of this function over a period of 24 hours
b From the graph, find the times of high and low tides.
©  Use the graph to find the length of time for which the depth of water

in the harbour is greater than 15 metres.

@ ‘The height of a tide can be modelled by a function of the form
h = acosbt® + ¢, where h is the height in metres of the water and ¢ is the
time in hours after midnight. Find the values of a, b and ¢ for the
following tide table.

Tide Time Hoight (m)
High 00:00 12
Low 06:00 2
High | 1200 [h
Low | 10:00 B

[3] mhe hours of daylight overa penad o tiine can be modsllsd ustag s
trigonometric equation. If n is the number of hours of daylight and x is the
‘number of days from 1 ]innnry. then, n = 12 — cos(x + 10)°.

Calculate the length of the daylight on 1 April, which is day 90.
Use the equation to find the dates of the longest and shortest days.
Comment on the reliability of the model.

Suggest an amendment to the model.

anes
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3.2 Equations and Identities

increase in
ic techni the
trigonometric functions,
Example 1
Solve 4sinf — 3cosd = 0 for 0° < 0 < 360°.
Solution
45in0-3c0s0 =0 = 4sin0 = 3cos B A
sin0_3 using algebra.
cos0 3 TR
= ftanf =075 tan 6.
0=1an"'(0.75) = 36.9° Remember that the.
calculator gives the
Tangent is positive in the first and third quadrants. The solution in principal value.
the first quadrant is 36.9°, and the solution in the third quadrant is
2169 2169
¥
: y=tno
075 !
CE T g
Example 2
Solve cos Osin 0 = 2sind, for 0° < 0 < 360
Solution When rearranging,
cosfsinG =2sinf =  cosfsinf—2sin0=0 remember that you can’t
= sinf(cosf—2) =0 < Factorise. le throughout by
0, because sin0 may
= sin0=0 or (cos— 2] Ny
When sinf =0, 0°, 180", 360°

When cos 0 = 2 there are no solutions.
So the solutions are 6 = 0°, 180", 360",



Example 3

Solve tho cquation 2sin’ 0 + sin0 -

. for0° < 0 < 360",

Solution

The equation 2 sin? 0 + sin 0 ~ 1 = 0 is a quadratic
solvod dircctly, or by making a substitution for sin 0 (which can make the
‘process look less complex)

in sin . It can bo

® Direct solution

25in*0 4 sin0

(25in0 - 1)(sin0 +1) = 0
= 2sin0-1=00r sin0+1=0

Substitution

sind.

Lety

25in* 0+ sin0 —

Buty = sin, sosin®

Both methods give the same result. What else do you notice? You should
notice that these are the trigonometric ratios for ‘special angles’. When
150" for 0" < 0 < 360, and when sin
5o Ihusnlulmns are 0= 30°, 150°, 270",

ype of i is ing brackets
Example 4
Solve the equation cos(0 + 30°) = } for ~180° < 0 < 180",
Solution
cos(0+307) =} = (0+30°) = cos™'(})

= 0+30 ~60°,60°,

= ~90°,30" in the given range

So the solutions are 0 = ~90°, 30",
Check that these are solutions by substituting them back into the original
equation,

‘The notation si
‘means (sin )7,

Notice that this quads
n0 has ¢
ons for
given range of angles.
assume that all quadr
will always give two
salutions.

Romember that this
many solutions.

vo solutions in the
required rango only,



3 Trigonometry |

Example 5
Solve tan20 = 1, for 0 < 0 < 360",
Solution

1Ftan 20 = 1 then 20 must be a special angle. Note also the range of values
for 0. The equation s in 20, so we must solve it for 20 in the range
0 <20<720

tan20=1 = 20=tan"'(1) Find all values of 20
before dividingby 2.

20 = 45°,225', 405", 5
=225, 1125, 2025°,292.5°

Pylmuomn identities

bvious method, other techniques
cnhaased Ohentle pnsslhlu 1o substitute an equivalent expression for
one already in the equation. Three results in particular are useful for this.
They are known as Pythagorean identities. An identity is an equation that
i true for al values of the variable. It is sometimes distinguished by the
symbol = instead of =.

The Pythagorean identities aro:

Identity 1

-aﬂ Identity 2 < sec*) — tan®

Identity 3 < cosec®l — cot®

sin* 0+ cos* 0 =
works in all four
quadrants,

Urheberrechtlich geschitz 80 Materia
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‘The following examples illustrate hnw these results can be used (o
simpl d establish

Example 6

Solve the equations:

a  2sin’0+5c0s0+ 0for ~180° < ¢ < 180"

b 3cot’ 0+ Scosect + 1 = 0for0° < 0 < 360°.
Solution

a 2sin*f+5c0s04+1=0 = 2(1-cos*0) +5cos0+1=0

= 220050+ 5c0s0+1=0
= 2c080-5cos0-3=0
This is a quadratic in cos 0 that can be factorised.

(2c080 4 1)(cos0 ~3) = 0
S0 2cos0+

=0or cos0-3=0
c0s0=—} or cos0=3
cos0=~1 = 0=-120',120°

cosf = 3 has no solutions

Sa the solutions are 0 = +120",

b 3cot’0+5cosecl+1=0 = 3(cosec’ ) — 1)+ 5cosecl+1 =0
= 3cosec’ -3+ 5cosecl +1 =0
= 3cosec” 0+ 5cosecl —2 = 0
= (3cosech— 1)(cosec +2) =
= 3cosecll —1 =0 or cosecl +2 =0
So now sinf = 3 or sin.
5in0 =3 has no solutions and sin0 =~} = 0=210",330"
So the solutions are 0 = 210°,330".
Example 7

Prove the identity sin 0tan 0 = sec ) — cosd.

Using the definition of
cosec.
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Using the definition of

<« Using identity 1.

1 costd
Cos0 cosll
= secl - cosl)

Thatis, sin0tan0 = secd - cos 0.

Examplo 7 illustrates a useful procedure o adopt when establishing
idantites. Bogin with the lf-hand sido (LHS) and then porform
 lino until the d side

(RE ppaursc Al st this ray appear very difficult, but koep in m(nd

tasks i d symbol
do quickly.
Example 8
Prove the identity tan 0 + cot 0 = sec 0 cosec 0.
Solution
Beginning with the LHS,

sin0  cosl

tan 0 + cot 0 fﬁ»m
sin® 0 + cos” 0
sinfcosd
= 1 R
T « Using identity 1.

L1
Sind " Gost
= 5000 x cosec )

And s wo arrive at the RHS.

Thatis, tan-+ cot0 = secd cosec .

Another help it
o multiply by 1, with 1 writon in convoniont form tht allows further
algebraic manipulation.

1-tand

1+cos0

1;
15 cos0

1,and so on.

heberrechiich geschitzicl®




Example 9

Prove the identity

Solution

Beginning with the LH

cosine, 50 wo appear to be stuck. However, multiply by 1, and force the

denominator to be the difference of two squares.

cosf

€03 0(1 -+ 5in0)

cos0(1 + sin0)
cos* 0
14+sin0
Toos0
1 sing
cos0 " cosl
= secO+tan

ing identity 1

So we arrive at the RHS, as required. That is,

costl
1 sind

sec0+ tan 0

is already written in terms of sine and

Note that cos 0 s a
‘common factor in th
numerator and the
denominator.



KN

(2]

(3]
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(5]
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3.2 Equations and Identities
Exercise
Technique

Solve the following trigonome

equations for 0° < 0 < 360" (giving
angles correct 10 one decimal place):

a 3sinf-4cosl=0 d  4sin0 = cos0
b sinf+2cosl = e cotl=tanl
€ 3sinl-+cosd £ 2sin0 =1} cosecl

Solve these equations completely for ~180° < 0 < 180°;

a tan*0-3tan0+2=0 d 4costl=
b 3sin0-dsin0+1 e Bsinf0— ﬁsunH»l 0
© 2cosO+cosf—1=0 £ 3tanfo=1

Salve these equations completely in the range 0° < 0 < 360° (giving
answers correct to one decimal place where necessary):

a = d  tan(30 - 40)
b tan(0-33 e sin(0-90°) =075
© cos(20-20') = 0212 £ otan20=1

Use P)Ihwgnlran identitios o solve theso oquations in the range
180" <

a Beost0+ d 2sec’0=5tan0
b 250+ 5cos0+1. e cosec’d=3cotl—1
c sect0=3—tand £ tan0+sect0=17

Prove the following identities:
sec? Ocosect

a
14sin0
b secttang= 1500

Ccosfl
cos* 0+ 3sin® 0= 3 — 2c0s* 0
G080 —sin’ 0 = cos"0 - sin? 0
n0)(cosecO + sin0)

105



Contextual

[] the tajectory of a golt baltstruck from a teo can be modlled by the
equation

y=xtand -

¥ sec’ 0
a0

where @ is the acute anglo of projoction, x is the horizontal distance of tho
ball from the tee in metres and y is the vertical height of the ball above the
fairway, also measured in metres. If the ball just clears a tree 16,8 m high,
whose base is 16m from the tee, find, to three significant figures, the angle:
of projection.

[2] mhe equation of the path of a projecile referred to horizontal and upward
vertical axes Ox, Oy for a golf ball is

?sec?

Show how to reduce this oquation to a quadratic equation in tan 0. Shosw

that there are two distinct valuos of 0 for which the ball can pass through

agiven point (X. Y), where X > 0, provided 200Y < 2500 — 4X°. Interprot
this rosult in terms tho golfer would understand.
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3.3 Compound and Double
Angle Formulas

functions of a sis e, 0.1 usoful
rolationships that i g f two variabl

In

these are known as compound angle formulas. They are also known as the
addition theorems since they show how the trigonomotric functions of a
sum or difference of two angles can bo expressed in terms of the
trigonometric functions of the individual angl

[ EREEEERRAGR B cosAsinB  dentity 2
BB A s sinAsing  ldentity 3
BRSO A s + sinAsin  dentity 4

¥ cosAsinB  Identity 1 < Learn these
formulas.

Notice that they are wrilten s identities. This is because they are true for
all values of A and B.

Identity 1 can be proved for the case A and B acute by considering a
diagram illustrating the geometry of the angle sum (A + B).

Let OPQ and OQR be right-angled trianglos
containing angles A and B respectively (i
shown in the diagram). Look at triangle OQR.

1OR = 1 then AQ = sin B and 0Q = cos B.
Now look at triangle RQT.

Q=

B, 50 1S = sin Boos A (call this result [1])
Now look at triangle OQR
QP = 0QsinA, and 0Q

cos B.

50 QP = cosBsinA (call this result [2])

Use the geometry of
figure to show that

SRQ must be.

; that s

triangles OPQand RSQ

are similar.


User
Polygon


Now look at triangle ORU.

OR =1, 50 RU = sin(A + B).

But RU = RS + SU = RS + QP, 50 from results [1] and (2], Itis usual to write th
expressions with the
Sin(A + B) = sinBcosA + cos BsinA. T

order.

Thatis, sin(A+B) = sinAcos B+ cos Asin B.

This demonstrates a proof for A and B acute. The proof of cos(A + B) is
very similar. The results for the differences, sin(A — B) and cos(A ~ B), can
be found by replacing B with B in each of the proven results and using
the results sin(~B) = — sin B and cos(~B) = cos(B). These last results can
be scen clearly from the graphs of sine and cosine.

They illustrate the results for negative angles.

FREAESA as0)-o

us to evs i d
cosines exactly and demonstrate further identi
Example 1
a  Find sin15" in surd form.
b Find the exact valuo of cos 75",
Solution
a  sin15° = sin(60° - 45°) We know we want az
Sin60° c0s 45° — cos60°sin45° 4 Using identity 2. $|';‘:':‘l:“‘;': E
(ﬁxl)_(le) a sum of special ang)
2 7:m) 7
1
AV
Vi Remember to rationa
e the denominator.
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b cos75 = cos(45 + 30°)

= €08 45" cos 30° — sin 45 sin 30

@9)-Gee3)
VA1
—‘?hﬁ—n

‘These compound angle formulas also allow the addition theorems for
tangent to be established.

[ Qi tan £ lex warn these results.
I'f"w“’ Al denlity 5 < Learn these result
| tan A -~ tan B
tan(A -~ p) = IR Wentity 6
Example 2
Prove the identity tan(4 + B) = - on At 0 B
rove the identity tan Jmam
Solution
Boginning with the LHS,
sin(A + B)
tan(A+8) = S0

inAcos B+ cos Asin B
cosAcosB—sinAsinB

sindcosB __cosAsinB
cosAcosB  cosAcosB
CosAcosB_sinAsinB
cosAcosB cosAcosB
tanA + tan B
T-tanAtanB

So we arrive at the RHS. The compound angle formula for tan (A — B) can
be derived in the same way.

Example 3

Solve the equation sin(0 + 45°)

cos(0+45°) for 0° < 0 < 360"

“This
with the result from
Section 3.1, where

cosf = sin(90° — 0)
when 0 is acuto.

is consistent

Recalling the definition
of tangent.

Dividing each term in
both the numerator and
denominator by

cos A cos B, converts
sines into tangents.

Eliminate terms; wrile
tangents where possible:



110

Solution

2 " L sin(0+45")
sin(0+45") = 200s(0+45°) = SGT A =2
= tan(fl +45°) = 2 An alternative metho
tan0 + tan 45" o 150 solve
= e tngy =2 4 Usingidentity 5. 0+45° = tan"(2).
= tanf +1
1-tand ‘Remembering that 45
= tan6+1=2-2tan0 aspecial anglo.
So 3tan 1,and tan @

Thnxol\lﬂonlmﬂ—l!d 10847 (1 ).

Double angles

ry useful results
in the special where A = B. The ki
formulas.

[T —

Bt
A== @+8).

cos(4-+ B anl tan (4 + B). Wo ca als uso the Pythagorean idanty,
#0.=1, in the expression for cos 20 1o provide two other

< Learn these results.

Example 4
Find cos 20 when cos = — 1.
Solution
Using cos 20 = 2cos? 0 — 1,
cos20=2x (-1 1
=2x}-1
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‘The result can be checked by using the methods of Section 3.1. When
050 = —}, the cosine is negative so 0 is in the second or third quadrant.

We know that cos 60° = 3, bacause 60° s a special angle. S0 in the second
quadrant, cos(180° — 60° . That is, cos 120° = 1. So 0 = 120°, and
20= 240",

Now cos 240
€0s240° =

©os(180° + 60°), and 240 is in the third quadrant, so
€0s60° = 1. So when cos 0 = ~ , cos 20

Example 5
Find the exact value of ; 2otV

Tanf71"

Solution
L Recall that
ey - X8 tan 20— 2100

= tan135°

= tan(180° - 45°)

= —tanas® I the socond quadrant,
- tangent s nogative.
Example 6
Prove the identity tan 0 + cot 0 = 2 cosec20.
Solution
Beginning with the LHS,
Romember the
L dsfinition of cot 0.
<« Adding fractions. sin® 0+ cos® 0= 1
e At Multiply numerator
~ Zsinlcos0 and denominator
2 by2tocreatea
=mgg < Remember the definition of cosect. s i e
= 2cosec20



3.3 Compound and Double
Angle Formulas
Exercise

Technique
[1] withou lculator, find the exact value Hint:
angle formulas
a sin7s b cost05° c tanis 2
d  cos15” e sin105 f  tan105"

[2] write down the exact value of the following exprossians:

a cosd0°cos50" - sind0°sin50° d  sin40cos20° + Gos40°sin 20
b SinG0cos15 —cos60°sin15 e cosB3cos25" + sinf5sin2s
ln 47 — tan17 1n 90" + tan 30°
T+ tand7 tan 17 ! T mso a0

[3] solve the following equations for 0° < 0 < 360", giving angles correct 10
one decimal place:

a sin(0+30)
© cos(0-60)

b sin(0+ 15
d sin(0+45°

3cos(0 - 157)
~2c0s )

[] prove the following

A cos(45° — 0) - cos(45° + 0)
b tan(0 +45') + tan(0 - 45

1 where A is acute, and cos B = &, find the exact value of the

a  sin(A+B) e tan(A+B) i tan2A

b cos(d+) £ tnd-5) i sinzp

¢ sin(A-B) g sin24 k cos2B

d cos(A-B) h  cos24 1 tan2B

[6] Prove the ollowing identities:

a  seclcosect = 2cosec20 b 0020+ tanzg =SS0 50
Gos0—sind

in 20 ot0 a4 sin 20 1an0

T+ cos20
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Contextual

A ramp for a wheelchair, as illustrated in the diagram, can be moved
by a person lifting on a handle at B and wheeling the ramp on a castor
attached at A. The dimensions of the ramp are AB = 3 m and

BC = 50cm. The base of the ramp is inclined at an angle 010 the

ground as shown,

i Ifther
why sin(0
Solve this equal
Comment on the practicalities of 0 achieving its maxim
milarly be moved by a person lifting on a handle
(or at A. The dimensions of
60.cm

np is to be moved through a doorway 2m high, explain

< 06576,
on for 0.

b Asecond ramp can
al B. The ramp can be wheeled on a
this ramp are AB = 2.5 m and BC
i Write down the new equation for 0.

i Solve the equation,
Compare the heights to which B has to be lifted.




3.4 The Cosine Rule and the
Sine Rule

“Solve a triangle’ means find all the angles and the lengths of all the sides
of the triangle. Given three of the six quantities (angles or sidos) can the
remaining three be found?

Pythagoras’ theorem applies to right-angled triangles. How do we deal
non-right-angled triangles? One technique is to use the cosine rule.

The cosine rule
For any triangle ABC,

=2bocosA

To demonstrate this result, drop a perpendicular from C to meot AB at D.
Now look at triangle ACD.

c
b a
B
A <
Using Pythagoras' theorem,
B x
So B =b—x m

Now look at triangle BCD. Using the same technique,

at =k +(c-x)"

K=d - (c-x 2]

Eliminating h by equating [1] and [2],

Multiplying out the
bracket.

The x* terms cancel
each other out
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But from triangle ACD, cosA =, giving x = bcosA.
Sonow a? = b? + ¢ - 2becosA.

By using a symmetrical argument, the two other equivalent versions can
e found (that s, by dropping the perpendicular from any angle, or simply
by relabelling the triangle).

=
B o

50 the cosine rule can be used o find the length of the third side, when the
lengths of two sides in a triangle and the

Example 1
In triangle ABC, b = 10cm, (]
c¢=8cmand A = 50°. Find a.

Solution

Using a* = b* + ¢* — 2bccosA,

10° 4+ 8% ~2 10 x 8 x c0s 50°
100 + 64 - 160cos 50"

7.82 cm (3 5.£)

Example 2
In triangle ABC, a = 12cm, ¢ = 17 cm and B = 129°. Find b.
¢
b
3
A 7 ]

115




Solution

the rule still applies.
@ + ¢~ 2accos B,

Using b

12 4178~ 212 X 17 x cos 129
= 1444280 4+ 256.76
= 689.76

So b= V689.76
=263cm (3 5.L)

he th [ for
cosA, cos Band cos C in terms of a, b and c.
b+ -d et - @b -
cosA == oosB="—"—" [ac=2""

‘This means that if the lengths of each of the three sides are known then
each of the three angles can be foun

Example 3

Intriangle ABC if a = 12em, b= 20cm and ¢
and C.

4em, find A, B

B
1 12
A o7 c
Solution
Using cos A
2
cosA =
400 4196~ 144 _ 452
= = gy = 08071
So A= cos ' (0.8071)

A=362°(1dp)

There is a change of
because cos 129" is
negative.

Loarn these rosults.
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@i b

Using cos B === =2,
2
cosp 124141 =20

2x12x14

1444196 - 400 __ 60
s = 07

So B= cos™'(~0.1786)
B=1003" (1 dp)
We know that the angles in a triangle add up to 180", So now
C=180 — (A+B)
=180° - (36.2° +100.3°)
=180~ 1365
=435 (1dp)

The sine rule
“The sine rule is another useful result to help solve triangles. For any
triangle ABC,

s
A sinB sinC

“This particular version of the sine rule is useful for finding sides. To find
angles the more convenient form to use is
A sinB_sinC
3 b c
is result, drop a i Ctomeet AB at D.
c ¢
b a v a
n
L
A & B A D ]

Looking at triangle ACD, |

Soh=bsinA

‘The negative cosine

implies that the angle is

obtuse (second
quadrant).

‘Unlike the cosine rule
this doesn't look at all

like Pythagoras’
theorem.
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Looking at triangle BCD, £

Soh=asinB

Now eliminate h by cquating these two results.
Then asin B = bsinA.

the fig ply
o €

ratio e

The sine rule is useful in the following situations:

@ two (and hence three) angles and one side are known;

i (but not thom) aro

known;

pie information

are known.
Example 4
In triangle ABC, 4 = 35°,a = 17cm and B = 50°. Find b.

c
) 17 em

i B

17 b
Sind5  sin30
S0 b 17xsin50

sinas”

b=227cm (1dp)

118 Urheberrechilch
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Example 5

In trianglo ABC, A = 60°,a = 6cm c
and b= 5cm. Find B.
sem sem
A B
Solution
L sinA_sinB
Using =28 =0m
sin60° _sinB
e s
5 % 0.8660
= sinp= 22000
=07217
So B=sin'(0.7217) = 46.2
Exercise some caution when using the sin rule to find angles. Sometimes

an ambiguity may arise, where two possible angles will solve the

The always give the
acute angle but on occasions the obtuse angle gives an equally valid, if
different, solution.

Example 6
Solve the triangle for which A = 30°,
a=8cmand ¢ = 10cm. Som

A 10em B

Solution
Using the sine rule to find C,

inC

sing= 22210 g 695
So C=387°,1413° (1dp)

Notice that the obtuso anglo (141.3°) is possible here.

Use this form so that the
unknown is in the
numerator (hence
simplifying the algebra).
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Angle B can now be found by using the angle sum of a riangle.

When C = 38.7°, B = 180° - (30° +38.7")
When C = 141.3°, B = 180° — (30° + 141

Now use the cosine rule (or the sine rule again) to find b for each of the
possibilities for B.

Using the cosino rule, when B= 111.3",

b =a'+¢* —2accos B

% +10% — 2 x 8% 10 x cos 111.3°
64+ 58.12

=22212

So b=149cm (1dp).
Using the cosine rule, when B = 8.7,
b =a* +¢* —200c05 B
=8 4+10° ~2x 8% 10 x cos8.7"
=164 -158.16
=584
S0 b=z24cm(1dp)

This means the trianglo ABC has two distinct solutions.

A=30°, a=8cm A=30', a=8em

B=1113,b=149em  B=87" b=24em

=387, c=10em €=1413", c= 10em
o be used

Urheberrechtlich geschitztes Material
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3.4 The Cosine Rule and the
Sine Rule

Exercise

Technique

[1] tse the cosine rule to find the length of b in the following wiangles:
a B=70"a=8cmc=1z2em
b B=120a=11cm.c=15cm
Bl e e S I this exerclso give
lengths of sides and

[2] uso the cosin ruleto find the angles in the following triangles: :id’”s of angles correct to
p.

a a=6emb=4em,
b a=13cmb

far s o g




Contextual

[ A ship saits 4 nautical miles from A to B on a bearing of 075". It then
changes to a bearing of 150° and sails 6 nautical miles to C. Calculate the
distance AC and the bearing of G from A.

[2] ship A s 12 miles from lighthouse B on a bearing of 050", A second ship C
is 15 miles from the same lighthouse on a bearing of 330°. Find the
distance between A and C and the bearing of C from A.

[3] A, Band Care three wiangulation points used on an Ordnance Survey
map. B is 5 km due south of A. C is 4 km from B on a bearing of 300°. Find
the distance from A to C and the bearing of C from A.

[] From a point A on the same lovel as the base of a radio mast, the angle of
elevation of the top of the mast is 25°. From a point B, 20 metres closer lo
the mast, and on the same level, the angle of elevation is 32°. Find the
height of the radio mast.

A" om B
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3.5 The Area of a Triangle

ady be familiar with the rule for the area of  triangle that

You should a

1% base x perpendicular hoight

“This formula is only useful i the length of the ‘base’ and the
“perpendicular height’ of the triangle are known. When this is not the case
other techniques are required.

A more useful result is or ncorporales Imgtl\\n[sldpsamlr» z0s of
angles. In general the area of a triangle ABC is given by:

Remember the symmetry of this expression.

To demonstrate these results drop a &
perpendicular from A, B or G to meet
a,bor c respectively. Suppose a
perpendicular that meets AB at D is
dr

shown.

Looking at triangle ACD, | = sin .

area of triangle ACB = 1 x base x perpendicular height

To show one of the other symmetrical versions, simply drop
perpendicular lines onto BC or AC.

Example 1
Find the areas of the following triangles:
a c b
A\
4 v4cm
/ 7m :
P o 1o
T D T

One way of
remembering these
formulas is that they
include two sides and
the angle between them.
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Solution

a  Usingarea = facsinB,
area = 1x 9.4 x 11.2 x sin56
=436cm’ (35£)
b Usingarea = besind,
area = 1 x 7 x 12 x sin110°
=305m’ (3 51)

Hero’s formula

“Those formulas for area are not really usoful if only the longths of the
sides of the triangle are known. The cosine rule could be used to find an
angle but often it is much more efficient to use another method called

Hero's formula. This is named after Heron of Alexandria (who lived about

Ilnlh'e‘m ayol

750c). Horo's formula has many practical applications. For examplo
surveyors who know lengths of sidos of a three-sided lot can casily
compute the area.

Hero's formula states that, for any triangle ABC with sides of length a, b
and c:

=a

°

*b”

Example 2
Which of the following triangles has the larger area?
1
om
Solution

Lookingat triangle 1,

5=1(25+25+40) =45

is the semi-perimeter, s = “ .« Learn this result

forced to considerthe
of cakulation by prob

mathemtic.
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So the area of triangle 1 = /45(45 — 25)(45 — 25)(45 ~ 40)
= VA5X20%20%5
= V80000

=300m?
Looking at triangle 2,
5=1(25+25+30) = 40
So tho arca of triangle 2 = /0(40 — 25)(40 — 25)(30 — 30)
= VA0 %15 % 15 % 10
V0000

= 300m*

Since the area of both triangles 1 and 2 is 300 m?, neither has a larger area.

Utheberrechtich geschirzichRReral
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3.5 The Area of a Triangle
Exercise

Technique
[4] ¥or aright-angled tranglo wi Amand 5m find
a 4(base x perpendicular hoight)

ea = LabsinC
©  Hero's formula.

Iz‘ Find the areas of the following triangles:

& w mw) \sa
e
A

7em B

Contextual

[4] ‘e area of an acute-angled triangle ABC is 12 cm’. Given that
a=b=>5cm,find c.

[2] A surveyor wishes o ostimato the area of a triangular patchs of woodland.
A sketch i it i i

of the woodland.

ly
amonst th soven pooplo a hr party. She wanls ovoryono to havo tho
samo amount of cake and icing. Her friend, Kovin, suggosts dividing tho
perimeter by 7 and cutting from the centre to the appropriate points on
the perimeter. I the cake measures 7 inches down cach side and is 3
inches high will Kevin's suggestion work? 75

Urheberrechtlich geschitzies Material
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3.6 Radian Measure

All methods of measuring angles are based on division of the circle. We
hava previusly messured snges in dws, where 360" is a full clmlu‘

compare the ongth of an arc formzfl by theanglo withthe radius on.hz
circle. The unit used in this method s called the radian.

In the diagram the radius of the circle is r
and the length of the arc PQ s also r.
The angle 0 is said to be 1 radian.

arc
radius 1

‘The circumference of the circle is 2xr. This means that a complete circle,
defined in degrees as 360", is 27 in radians.
circumference _ 2z
dius 1

=2

S0360° = 27 radians (rad).
Then 180° = zrad., so

[

Similarly. a radian has an uqu!vnlunw in dogrees.
We have 2zrad = 360°,

360
3

Usinga calculator to evaluate this statement,

1rad = 57.20578...°
=573 (3 5£)

Since this isn't a rational value (because of the involvement of r, which is
irrational] it is more usual to express radians as fractions of 7.

Example 1

Express the special angles 30°, 45°, 60° and 90° as radians.

Urheberrechilich geschitzig@ateria



Solution
Since 17 = 7 rad.

0" =30 % oo

Learn these results.

45 = a5 x 0

Example 2
Convert % rad to degrees.
Solution

trad LW = o5 rad = % 200t

=150°

Radi will be used
integration. Th both axes t
‘bo scaled in real numbors and is particularly advantageous when th
requirement is to solvo a problem by roflecting in the lino y = x, or finding
the intersection of graphs.

Iumthr application of radians is in finding Q
lengths and soctor arcas. If we tako a sector
pris :udn its arc longth and area will b a
fraction of the wholo circlo. The formulas for
those have a simpler form when the soctor P
angle is measured in radians,
When 0 is in radians,
[BEEEREA= 10 < Loarn thoso results.

Example 3

Find the arc longth and area of a sector of radius 4 cm and angle 1.5 rad.

Solution
When 0 s measured in radians,

dem

Sector area A = 10 =1 x # x 15 = 12cm?



Example 4

Apieco of wiro 40cm
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If the 0

this sector is 100 cm* find:

a
b thevalueof r
c  the value of 0.

Solution

a Think carcfully about the given information.

“The throe lenths (both radii and the arc
length) add up to 40 cm. So arc length
5=140-2r. Also,s =

=

Now use the information about the area.
A=t

Substituting for 0 from a,

100=xrtx (“”")
G

(40~ 2r)

100 = 20r - r*
So r*~20r+100=0
= (r-10)r-10)=0

(r-107% =0

Sor=10. That s, the radius is 10cm.

_do-zr_s0-@2x10)_,
= e

T

So the sector anglo s 2 rad.

V.

e

Urheberrechtlich g




3.6 Radian Measure
Exercise
Technique

0]

Ieaving the answer in terms of z:

a 15 c 75 e 225°
b 150" d 180" f 315
[2] convert 8 1o radians, writing tothree
significant figures:
a2 ¢ e o 2o
b o 4 s

3]

a
x d oy (3

(@] Find e arc he foll

one decimal place:

a 0=1rad,r=5cm b 0=15mdr=
€ 0=2radr=11cm d 0=26mdr

[5] A sector 0PQ has ar ength 20cmand sector area 100 s shown.
Write down the.
e, Slvs Lo spations o1 the vl of Fand 0,

[6] Given that the area of sector OPQis 50 cm* and that 0 = 1.2rad, find the
radius of the circle.

[7] Now go back to Exercise 3.2 on pago 105 and do questions 1,2, and 4 @E

using radians.
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Contextual

A wadge of cheese, 0.5 cm thick, has a cross-section that s a sector of a
circle. If the radius of the circle is 5 cm and tho arc longth is 4 cm, find the
volume of the cheesc.

water surface

I the are length PQ is 90 cm, find 0 (in radians).

Find the area of the minor sector OPQ.

Use the cosine rule to work out the length of the chord PQ.

Find the area of the triangle OPQ.

If the drum is 1.2m long, find the volume of the drum lying below the
water surface level, correct 10 three significant figures.

sascs

[13] A circular cone with base radivs rand slant height /is unrolled into @
circular sector. Find the angle of this sector in radians. Use your answer to
explain why the curved surface area of the cone is 7rl.

[@] A vwindscroen wiper clars a region ABCD of a car windscreen (assumed to
be flat), whero AB and DC are circular arcs centred at O. Given that
0D = 20cm, DA = 50 ¢m and /AOB = 2.3 rad, calculate the area of region
ABCD.

NEAB)




Consolidation
Exercise A

[ Find the four soutions of the equation sin 20 = cos? 0 in the interval
0" <0< 360", Give each of these solutions correct (o the nearest degree.

[2] the diagram showws a tiangle ABC in which angle C = 30", BC = xcm and
AC = (x + 2) cm. Given that the area of triangle ABC is 12cm?, calculate
the value of x.

A x+2)em [
(weLEs)

[3] Figure 1 shows the points A and B which two ships have reached after
Ieaving a harbour H. The points A and B are at distance of 8 km and 11 km
from H respectively. The bearings of A and B from H are 048° and 120°
respectively. Calculate:

a Aand B, giving y 1 km;
b the bearing of B and A, giving y d
N
A
km
"
1km
B Figure1

(ULEAG)

[] solve the equation 4 cot? 0+ 12 coseco-+ 1 = 0, giving al values of 010 the
nearest degree in the interval 0° < 0 < 360"

[AEB)

[55] Find, in degrees, the solution of the equation tan(2x + 30°) = V3. for
0 <x <360
(NICCEA)

132
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[6] he angles x and y are acute.

a Ifcos 2 s negative, explain why you can say that x > 457,
b 1f sin 4y s negative and cos 4y is positive, what value must y exceed?
©  Ifthe conditions in a and b remain true, state, with reasons, whether

the following are positive or negative:

tan(x +y)
tan3y.
(MEl)
3tan0—tan' 0 "
[7]a use the formula tana T Funey o show that tan(z/12) isa
ro0t of the cubic equation x* — 3x* — 3x +1 =0,
b Solve the equation sin2y =2 —2cos2y (0 <y < 7).
(oCSEB)
Show that (cosecx — 1)(cosecx + 1)(secx — 1)(secx +1) = 1.
(UCLES)

[9] Acirclo contro O has an ar AB of length 13.44cm and /A0 = 1.67ad.
a  Calculate the radius of the circle.
b Find the area of the region enclosed by the arc AB and the
chord AB.
wEQ)

a  Determine, in degrees, the solutions of the equation tanx = 5 for
which 0° < x < 360°, giving your answers to the nearest tenth of a

legree.
b Determine, in radians, the solutions of the equation
acosty +Bsiny = 0 for which 0 < y < 2, giving your answers
10 two decimal places.

(WLEAC)
Exercise B

[ Solve the following for.x, v, z and £, giving al the values from 0° to 360
inclusive:
a sin/2 b oseozy=15
¢ 3 4 sin't=1+cost

(OCSEB)

=

Square both sides of the equation sin0 — cos0 = sin20 and rearrange
the resulting equation as a quadrat




Deduce that sin20 = } (V5 —1).

o=

Find the two solutions of the equation in b that I in the range

0° < 0 < 180" and hence find the smallest positive value of 0 that

satisfios the equation given in

[3] A tetrahedronisas shown inthe

[@] from a constguard staion at O, three

(5]

skotch (AB = 12m, DC = 15m,
/ACB = 40", ADB = 70°), with AB
rtical and tho triangle DBC horizontal.
Find, correct to two decimal placos:

a  thelength of AC
b the length of AD
©  theangle DAC.

buoys, A, B and C, can be seen out
at sea. A, Band C lie on a straight
line such that the bearing of both B
and C from A is 135°. The bearings
of A and B from O are 030° and 100"
respectively. The bearing of A is
‘marked in the diagram, OA = 1km,
and BC = 1.2km.

a State tho anglosof trianglo OAB.
b

WIEC)

(NICCEA)

siving your, o
throo significant figuros.
¢ Calculate the distance OC and the bearing of C from O.
(OCSEB)
cos 20, and 40,
terms of cos 0 only. im0
(wetes)
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SHSFIGRLATL ¥ S0 e o) s(sme * sin20) ity be written in

the form (1
be determined.
=0,
ving i ctons beten € and 0
b 1, find the exact
lnmnnglnABC AB= zsun,Ac 17 cm and anglo BAC = . Find
the length of BC.
(WIEC)
Fi h ilateral riangle cos li ircl

centre O, of radius r.
a shuwzh.tmleng:ho:umannhnm.nghun/‘

b area of the area of the

mnnsluu(bl‘/— 9):9.

(ULEAC)




Applications and Activities
All methods of measuring angles are based on division of a circle. Degrees

e 5% of a circle and can be subdivided into sixty minutes and then each

into sixty seconds. have a
mode (DEG is usually displayod on the screen) and a key *”. The dogree
mode is usually located close to radian mode (RAD) and one other systom

of measuring angles; GRAD.

[1] tnvestigate the GRAD system of measuring angles.

[2] Find out what GRAD means and draw the graphs of sin . cos 0 and tan .
when 0 is measured in ‘grads’.

[3] What applications are there in everyday lfe with this scale?

Summary

ratios are positive for angles in the following

® The trigonomel

quadrants.
20
Sin Al
100" o
Tan Cos
270°
® tanf -
I cos 0

@ Tho exact values of the trigonometric ratios of the special angles are:

0 sing. cost)
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3 Trigonometry |

@ The graphs of y = sinx, y = cosx and y = lan x have periods 360°, 360'

and 180" respectively, and look like:

sing

tand.

@ The reciprocal ratios are:

1 1
0cl = ot =
Sl ]

137



@ The Pythagorean identities are:

ec?
cosec

@ The compound angle formulas are:

®  The double angle formulas are:
ST

®  The cosine rule, in its various forms is:
cosA
-

@ Thesine rule is:

e
sinC
@ The area of a triangle can be calculated using
area = 1 x base x perpendicular height
[Egabeine

Hero(n)'s formula: =]

where s=ia+b+a).

60
® tradian ==

@t radian form, arc length B0 and sector arca [HEEF0

Urheberrechiic




4 Functions

What you need to know
®  How to change the subject of an equation.
@ How to ‘complete the square’ for a quadratic expression.

o Howt
the quadratic formula.

using either

@ How to express simple improper algebraic fractions as mixed fractions.

Review

[A] Make x the subject of each of the following equations:

a sxiy-1 d
b oy=ax-2 e
¢ yeaEoT f

[2] write cach of the following exprossions in the form (x + a)* + b or
c{x+a)? +b, where @, b and ¢ are constants:

a X +Bx+s d ¥ -3x—
b X -4x+3 e 2 +12¢
¢ xix+1l oA —6x+7

[3] Find the exact solutions of the following quadratic equations:

a X45x-24=0 d
b x5 e
¢ 2¢-14x+20=0 fo2¢—6x+1=0

[@] Rearrange each of the following into expressions that eliminate improper

algebraic fractions:
x4z w4y
& 4 553
1 wes
, xel L ow
=1 e
x+3 ax
43 PR
& 5= 1-

method or

An improper algebraic
fraction is one whera
tho highest power in the
numerator is the same
as or larger than tho
highest power in the

donominator.
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4.1 Mappings and Functions

Mappings

A mapping is a rule that relates one set of items or numbers to another.
For example, the diagram below shows the mapping of seven leading
European football clubs to their home cities. The set of inputs for a
mappingis called the domain, and a set of outputs from the mapping is
called the co-domain. In this example, the set of clubs is the domain and
the sel of cities is the co-domain,

A
Athltico Madrid » Amsterdam
Bayorn Munich  Lisbon
Benfica L Nadrid
Juventus , X Munich
Real Madrid » Turin

Sporting Lisbon
European football clubs » Homa cities

“This rolationship botween th football clubs and their home citios is
an example of a many-to-one mapping. Although cach club obviously
has only one home city, more than one club or element in the
domain may map onto any given city in the co-domain. For examplo,
Benfica and Sporting Lisbon are both based in the Portugueso capital,
Lisbon.

1 we roverse this relationship, and map the cities to their football clubs
we obtain a one-to-many mapping, as shown below. This shows that it
possible for an element in the domain to map to more than one element in
the co-domain.

Ajax
Amsterdam + Athletico Madrid.
Lishon - Bayern Munich
Madrid » Benfica
Munich - Juventus
Turin  Real Madrid

“ Sporting Lisbon
Ciies » European football clubs
Two other types of mapping exist

@ one-to-one mappings

@ many-to-many mappings.



d their ries is a one-to-
one mppul;. mn ity in the domain maps to one and only one country
in the co-dom

Sporting Lisbon

Football clubs - European compelitions

oar 1of

theso clubs havo won moro than ono of theso compotitions.

Functions

y y
it 10 one, and only one, element in the co-domain is called a function.
Since there can only bo one possible image for each object in the domain,

ly many

Example 1
Which of the following mappings are functions?

Solution
a  This one-to-one mapping is a function. Each object in the domain
‘maps to one, and only one, image.

rechiich geschitztel ¥heria
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=

“This many-to-one mapping is also a function. Note that it is not
necessary for every element in the co-domain to be an image of an
object
many-lo-many mapping is nol e the

the domain maps to more than one element in the

n the domai

function bec

eleme
co-domain.

‘The domain of a function is the set of objects or input values for which

the function i dofined. In Example 1 the set {a.b,c} s the domain in
isaset

values of a function. In Example 1 the set {x.y. 2} is the co-domain in

functions a and b.

‘The range of a function is the set of images, or output values, to which
the objects in the domain map. This can be the entire co-domain, as in the
function in Example 1a, which has the range {x. .z}, or it can be a subset
of the co-domain, as in the function in Example 1, which has the range

{x2).

The words onto and into are used 1o highlight the difference. The

domain of the function in Example 1a maps onto its co-domain, because it
uses every element in the co-domain. The domain of the function in
Example 1h maps info its co-domain, because only some of the elements
are used

A number of different but equivalent notations are used to define a
function, For example, the function /. which maps values of x in the
domain to values of 2x in the co-domain, may be written
fix—2x <fmapsxio2x.
or f(x)=
o y=2x

In this last form of nota ects x in the domain map to images y in
the co-domain. These (x,y) pairs can be used to represent the function

Example 2

unctions f and g are defined for domain {2, ~1,0,1,2] by

fix— 2%+ 1and g: x — . Draw a mapping diagram for each function.
Stato the range of each function and explain which type of mapping is
shown.

f maps x 1o 2x + 1
gmapsxtox’



4Functions

fx—a+n gx—xt

“The range of function . for the given domain, is {~3,~1,1,3,5).
f:x = 2x + 1is a one-to-one mapping.

“The range of function g, or the given domain, s {0,1,4}.

g:x — x* is a many-to-one mapping.

1t has b sible to draw i for each function ir

le 2 is discrete.
consists of separate values of x, and doos not contain any values betwoon
those stated.

1f the domain isn't di it tain any value within specified
limits. In thit t i
continuous domains are usually represented graphically.

Example 3

The functions f and g in Example 2 are defined for the continuous domain
{x €R: —2 <x < 2}.In each case, sketch the graph of the function, and
state the range.

Solution
S
4
§ ¢
H
ER
gxrt
“This means that the
“The range of function /. for the given domain, is {y € R: —3 <y <3). range of f s all the real
numbers between 3
“The range of function g, for the given domain, is {y € R:0 < y < 4}. and 5 inclusive.

Urheberrechtich gescha
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All linear functions can be written in the form f: x — ax + b, where a and
bare constants. 1 a and b are both unknown, then they can be calculated
using the value of the function at two different values of x.

Example 4

“The lincar function f: x — ax + b is such that /(1) = 8 and £(3) = 14.
the values of a and b.

Solution
(1) and £(3) are found by substituting x = 1 and x = 3 into the function.

J)=8 = a+b=8 1] Wenow have two i

f@)=14 = 3a+b=14 2 simultaneous equa

Eliminating b by [ i

2],

into equation [1],

Soa=3,b=5and the function is f: x — 3x +5.

All quadratic functions can be written in the general form
J:x = ax* + b+, where a # 0. 1f the coefficients a, b and ¢ are all
unknown, they can be found ilar way to that used for linear
functions (Example 4). This time use the value of the function f at three
different values of x. This creates three linear simultaneous equations
involving a, b and c. These can then be solved using either the elimination
or substitution methods.

nasi
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4.1 Mappings and Functions
Exercise
Technique

below are defined for the given In each

case:

draw a mapping diagram
state the range of the function
state the type of mapping.

==

fox—1-2xfor {x ~10,-5,0,5,10}
Fix—2¢  for {x: ~2.-1.0.1,2)
fix = +VE for (x:0,1,4,9.16)
fix—?  for{x:1,2.3.4.5)

aeos

2] i are defined for the given contis s
each caso:
i skotch tho graph of the function
i state the rango of the function
state tho type of mapping.
a fix—lx+3for{xeRi 2<x<6}
b fix—x'-1for {xeR:i-3<x<3}
¢
d

Jix—x'  for{xeRi-2<x<2}
Jix—!  for{xeR 0<x<3}

[3] ofth function,

giving reasons for your answer:

N
ij 0] x

Urheberrechtlch g
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El ‘The mappings f and g are defined by:

# 5-x forx<2 12x forx<4
e frxxz Bt forx>4

Explain why g is a function, but f is not a function.
[5] he functions f and g are such that f(x) = 13x — 4 and g(x) = 4x* — 1.
a  Find the value of a for which f(a) = 35.

b Find the values of b for which g(b) = 15.
¢ Find the values of ¢ for which f(¢) = g(c).

[16] e linear function i defined by f: x — ax + b, whore a and baro
constants. Given that 3and f(~3) = 13, find a and b. Hence,
calculate the value of ¢ for which f(c) = 0.

[7] the quadratic function g i defined by g:x — ax* + bx + 6, where o, b and
care constants. Given ~3,g(1) = 4 and g(2) = 15, find a, b and
. Hence calculate the values of d for which g(d) = 0.

Urheberrechtlich




4Functions

4.2 Inverse Functions

mappings, there is mapping that
o th opposite or reversing effect. For example, the mapping 'sublract 6',
0rx — x— 6 is the opposile of the mapping ‘add &', or x — X + 6. For the
domain {0,1,2,3}, this last mapping has the range {6,7.8,9}.

\ [e\—— 0\
) |
2|

3

pa—

‘Taking {6.7.8,9) as the domain for the reverse mapping, x — x — 6, this
‘maps back onto the original domain.

So for this particular domain, the mapping x — x + 6 and its inverso
x — x — 6 are both one-to-one relationships. They are therefore both
functions,

To write this more formally, if the function  is dofined such that
f:x — x+6, then its inverse function f " is dofined as ' x

Now consider the function /(x) = x*, defined for the domain

{x € Z: — 2 < x < 2. For this particular domain, the mapping of x — x* is
‘many-to-one'. Therefore f(x) is a function. However, the reverse mapping
one-to-many. There is no unique relationship between the objects and
ages of this mapping. So, by defin

n, it cannot be a function.

o [0\
e , \
—\4 \a /

Froit sl

Only those functions which, for a given domain, are one-to-one mappings,
‘havo inverse functions. This point can be illustrated graphically by
changing the domain over which the function f: defined to

{x €R: —2 <x < 2). Find f(~1) and f(1). What do you notice? Both
f(=1) and f(1) equal 1. So two different values of x in the domain can
give the same output value from the function. However, if we roverse
the mapping, an input of 1 results in not one, but two distinct outputs,
1and -1.

When working with
functions, /' means
‘the inverse of function

" and not ‘the

reciprocal of function /.

Recall that 2 is the set of

all integers,

Recall that &

ofall real numbers.

A one-to-many
‘mapping.

the set

147,
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1t is, he ible to defis i lion if we restrict the
domain to values of x for which the mapping is one-lo-one. For example, if
fix = is defined for the restricted domain (x € R: 0 < x < 2} then the
inverse function [~ x — +& exists.

YA

itis important to realise that the inverse function maps values in the
range of the original function back onto the domain of the original
function.

Material



4 Functions

whther it i ing. If it i i it
has an inverso function.

Example 1

to sketch h
the following functions:
fix—x-3, xR
gx—x' XeR
hix—x*-12x, xeR.
of
Solution
% 5
) S (0]
51—
Frx-3 et

‘Functions f and g are both one-to-one mappings. Therefore both have
inverse functions.

hx—go1ze




Notice that tho graph of y = h(x) has two turning points; at x Atumi
x = 2.1t doubles back on itself botween these two points. Function his ~ maximum or minimt
therefore not a one-to-one mapping and so, for the given domain, h does  point on a graph.

not have an inverse function

1 the domain of function  is restricted 1o a sot of values of x for which the
mapping is one-to-one, for example {x € &: 2 < x < 2}, then the inverso
function b~ exists. Since h(~1) = 11, it follows that, h™*(11) = —

N v
N EY
2
2 n
ERNE % o] %
e

)

The graph of an inverse function

If a function f maps values of x in its domain to values of y in its range
then the inverse function f~' maps values of y back to the corresponding
values of . Tt follows that for every point (x.y) on the graph of function /
there is a corresponding point with coordinates (v x) on the graph of the
; i o &

xandyis

equivalent 10 a reflection in the line

The graph of the inverse function y — /*(x) can be sketched
| by simply reflecting the graph of y = f(x) in the line y - .

To carry out this reflection properly, it is important o use the same scale

on both axes.

Example 2
Sketch each of the fnllnwmgnnnhs and draw in the lin x. Reflect Remember to use the
each of the graphs 10 obtain the graph of the inverse function. same scale for both

a flx)=2x1




4 Functions

Solution
a

< (0,1) corresponds to

<(3,0) corresponds to (0, 3),
and (0, 3) corresponds to
3.0)

=

The line y = 3 — x is symmetrical about the line y = x. This means that
J(x)is its own inverse; self-inverse. Therefore f *(x)

y=r'w < (0. 1) corresponds to
(1,0, and (~1,0)
corresponds to (0, ~1)

“y

o) =27 41

Finding the inverse function
Two dif thods can be used to find an for the
inverso of a function:

express the function as a ‘flow diagram’ or ‘function machine’, and
then reverse the direction,

express the function in the form y = f(x), interchange x and v, and
then rearrange the equation to make y the subject of the equation
again.

Graphical
calculator
support
pack
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Example 3

\d the inverse function of f(x) =

1, The function f: x — 2 is defined for (x eRix #0). Find its inverse
function.

Solutio

a  Method 1: Express the function as a ‘function machine’.

a2 ) =245

The i ion s found :
operations and the order in which they aro carried out.

£ =532 s x4 Read from ight 1o el
‘Therefore, the inverse function is /' (x) = 1 (x - 5).

Method 2: Expressing the function in the form y
interchanging x and y,

2¢+5,and

x=2w+45

Now make y the subject of the equation.

y=l-5)

S0, as before, the inverse function is f~*(x) = 1 (x - 5).

Usea g‘mphlml calculator to draw the lines y = 2x + 5,y =} (x - 5)
and y = x. Check that tho graph of the invers function is a reflection

of the gnph of the function in the line y = x. Remember to use the
same scale on both axes.

-

The function machine for f looks like,

2

ven_ 1 sz
PRl X

S(x)

Now rev
are applied:

the individual operations and the order in which they

T
ffw=2 5
Therefore f*: x — 2 and function f "
is another example of a self-inverse.

Draw the graph of y = 2 What do

you notice? The graph of y
symmetrical about the line

Try this approach
the functions in
Example 2. Notice
this particular et
will only work if x
appears only once
function.

Interchanging x an
the algebraic oquis
of reflecting the
function in the lin
y=x.
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Use a graphical calculator to dravw the lino y = x and the graphs of
functions of the form f(x) = a — x and f(x

‘symmetrical about the line y = x. They are all self-inverses.

Example 4
The function g(x) = L is defined for the domain {x € R: x # 3}, Find

=
its inverse function, and state the value of x for which g™ (x) is not
defined.

Solution

in the form y = g(x), and i v gives

x

=
Rearrang this equation to make y the subject,

Xy-3)=y+1
= w-dx=p+1
= w-y=ax41

= ylx=1)=3x+1

podetl
Yexa

“Try putting x = 1 into the inverse function. What happens? Division by

‘problem, creati that is undef
i all real x=1
Example 5
‘The quadratic function f(x) = x* — 8x + 14 is defined for the domain

{xeRix24}

By ‘completing the square’, express f in the form (x + a)? + b, where a

and b are intogrs.

b Hence, or otherwise, find an expression for the inverse function /.

©  Sketch the graph of y = /~'(x), and state the domain and range of this
inverse function.

d Solve the equation f(x) = /' (x).

183




Completing the squa
and spotting that
6=+

= a=-4andb=

=

‘Writing the function in the form y = (x — 4)? — 2, and interchanging
xandy,

x=(r-af-2
Rearranging to make y the subject,
(-4 =x+2
N 3
4HVxT2
Theroforo, the inverse function is f(x) = 4 + VX T Z.

- v

Reflocting the graph of y = f(x) P P
in the line y = x gives the graph

(x).
The domain of /" is {x &
The range of /' is {y & Ry 2 4.

=

Equating /(x) = x* — & + 14 with f ' (x) = 4 + VT 2 gives
KBt =d4Vxi2

Although tion, it will i

cubic (x*) and quartic (x*) terms. Look at the graphs. Notice that

the point at which f(x) = /*(x) is also the point of intersection of the
lino y = x and the curve v = f(x). so solving the simultancous g
equations y = x and y = f(x) may be an easior way to find the solution.

a4 Ity =xandy =/(x)
Sx' -9+ 14=0 4 Collecting like terms. then x = f(x).

= (x-2)x-7)=0 < Factorising.

f rx 2 4, ign
Therefore, the only solution to the equation f(x) = f (x) is x

Sometimes it may be easier to solve the equation f(x) = /' (x) by finding
the intersection of y = x and y = /' (x). This is the same as solving
1.

x=f

h geschotztes Materia



Invmo trigonometric functions

The i 1d tangent in of real
numbars they are many-U>-one mappings,us lustated,
7
' yesiny
S [/ %
sinx = 0.5 for x = ~330°, ~210°, 30", 150", and s0 on.
¥
y=cosx
\ 240" 120, 1200 240"
T W
o
‘estricted domain
wherw cos s one o-one
cosx = —0.5 forx = —240", ~120°, 120", 240", and so on.
¥
v
/ / gis
i i =
: &

restriced domain
whore tan Ty is one-o-one
tanx = 1 forx = 315", 135", 45", 225", and so on.

chitztod BBorial

Urheberrechtich g
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‘The inverse trigonometric functions sin ™, cos ™' and tan™' can each be Another notation is

defined for a restricted domain. i d

which the sine, cosi i The
i for each of the i

m /'(x) = sinxand f(x) = tanx to be on-to-ono mappings.

< 90°, 07 —§ < x < §if x measured in radians. Howover, for
/m ittt ‘mapping, 0° < x° < 180°, 070 < x < 7 ifx s
‘measured in radians.

The graphs of y = sin”"x.y = cos™' xand y = tan™" x can be sketched by
reflecting the graphs of y  sinx, y = cosx or y = tanx in the line y = x.

d to
in radians.
»
o y=sintx
H
E o Ty

)
i
H y=cosx

Urheberrechtlich geschitzies Material




4 Functions

4.2 Inverse Functions
Exercise
Technique

[] For cach of the following functions:

state whether an inverse function exists, giving a reason for your
answor
sketch the graph of the inverse function if it exists.

a
H

| c N d
X 79 %

[2] Find an expression for £ for each of the following functions:

a fix—ax-t 4 fix—JVEEE x20 2la.bc
4 2

b ofxehxge e fix=Zisxz0

¢ fix—2¢+7,x20 r f‘x—w’%,x)ﬂ

[3] the rational functions f, g and h aro defined on th st of real mumbors
such that:

2 2043
H 10 =5 B0 =57y =327
i
I a  State the values of x for which each of these functions are
undefines
| b Find an expression for each of the inverse functions, and state their
domains.



[@] e functions f and g aro defined such that

where a and b are constants.

a  Find expressions for f *(x) and g (x).

b State the values of a and b for which functions f and g are self-
inverses.

Express x* — 2x — 4 in the form (x + a)* + b, where a and b are

integors.

b Function f(x) = x* ~ 2x — 4 is defined for the domain x € R: x > g.
Find tho least value of g for which function f is a ono-to-one mapping.

¢ State the range of .

d  Find an expression for the inverse function f .

e Solve the equation f(x) = f'(x).

“The function / is defined for the domain 0 < x < § by f(x) = cos3x.

a  Find an expression for f~'. State the domain of f ',
b Calculate the value of /' (£) in terms of r.

“The diagram shows the graph of y = f(x), where f(x) = sin 2x.
a  State the restricted domain for which function f is a one-to-one

mappi
b For this restricted domain:

i find an expression for [~

i state the domain of /-

il sketch the graphs of y = f(x) and y = /' (x) on one set of axes,

using the same scale on both axes.
in of the function g(x) = sinax, where a is a positi
constant, if the inverse function g ' exists.




4 Functions

.3 Composite Functions

‘The output values of two or more functions can be combined using
ddition, subtract tion and division. If f(x) = 3x and
inx, possible combinations include:

8x) =

F(x) +g(x) = 3x +sinx
J(x) - g(x)
(x) x glx) = dxsinx

Jx) +8(x) = = (provided sinx # 0)

Itis also possible to take the output values from one functi
them as the input values for another function. Using f(x)
g(x) = sinx, first evaluate function g for different values of x, and then
input the values of g(x) into function f. What happens?

X~ glx) = sinx - f(g) = 3sinx

‘The resulting composite function (or ‘function of a function’) is

F(g(x)) = 3sinx, and is commonly referred to as fz(x). Note that thegis An alternative notation
written closest 1o the x because function g is the first stage of this for the ite
composite function. function fg(x) is f o g(x).

Now evaluate function f first and use the corresponding values of f(x) as
inputs into function g. What happens?

L) = 3% 5 g(f(x)) = sin3x

Notice that the composite function isn't the same. This time the output is

) = sinax.

Example 1

‘The functions f, g and h are defined by f: x — cosx, g x — x*,
hex — 2x +1. Find expre:

ns for the following composite functions:

. g b hgx) )
d  hf(x) e hgf(x) £ fhglx)
Solution
a  gflx)=g(f(x)
Input cosx into
= g(cosx) function g.
= (cosx)’ Recall the conventional
= cos'x

way of writing (cosx)?

159




=(2x+1)?
Bf(x) = h(f(x))
(cosx)
(cosx) +1
= 2c0sx+1
Alg(f(x))
(cosx)

a

h(cos*x)

Example 2
Each of the following functions are composite functions of the form gf (x).
In each case find the component functions f and g.

1 s _—
o 0=y b qlx) = ¢ r)=5-x
Solution
Use flow diagrams to decompose each of these functions.

a i, _1
a plgxtocpz =L

Therefore p(x) = gf(x), where f(x) = x + 2 and g(x) = 1.

-

qlx):x e 0 20 gyd

‘Therefore q(x) = gf(x), where f(x) = x’ and g(x) = 8x.
o : 4 : s

of two functions.

glx)sx 2 2 S, gyd

‘Then q(x) = gf(x). where f(x) = 2x and g(x) =

* replaces x in func

cos.x replaces x in
function h.

Input composite
function gf(x) into
function h.

From b, hg(x) = 2v*
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e rx X x L xi5=5-x

‘Therefore r(x) = gf (x), where f(x) = —x and g(x)
Again, there is an alternative.

rx)x—2x =52 xo5)=5-x

‘Then r(x) = gf(x), where f(x) = x — 5 and g(x) =

Instead of feeding the output from one particular function into a different
function, we could input back into the original function itself. Using
f(x) = 3x again, the composite function

=f() =f3x) =
Note that ff(x) is often referred to as /* (x), indicating that the function is
tobe carried out twice (and not that the output from the function is to be
squared). Similarly, for this particular function,

P %) = f(x) = f(f(f(x))) = 3(3(3x)) = 3(9x) = 27x

Example 3

‘The functions £, g and h are defined by

JW=2-x gW)=—1 (x#-1), and h()=2c—1

x+1

a  Show that f*(x) =

b Find an expression for g*(x), and state for which two values of x it is
undefine

ned.

Solve the equation A*(x]
Solution

a fi0)=ffx)

b gx) =g(ex)

~s(z)

3
i Makingx + 1 the
X¥L common denominator
3 3(x+1) of the fraction in the
XFd - x4 denominator.
x+1

Since g(x) is undefined for x = ~1, it is not possible to avuualag (x)
when x = 1. You can see that g*(x) is also undefine =




Now h(x) = h((x))

— hax-3)
(4x~3) -1
=8x-7

So when h'(x) =

Bx-7=x

Domain of a composite function
“The relationships between the domains and ranges of functions f and g,
and the range of composite function gf are illustrated here.

- f o 8
(domainots ) [ meU T rango of
\ / domain of g (| zandy
o

How is the domain of a composite function found? First, establish which
values of x in the domain of function f produce values of f(x) that lie in
the domain of function g. These can then be fed into g(x). However,
depending upon the nature of functions f and g, and the values of x in the
domains for which they are defined, the composite function gf may have a
restricted domain.

Example 4
“The functions f and g are defined by
S(x)=1+2x for {x € R:x > 0}

for {x € R:x > 1)

State the range of f and g for the given domains.
Find an expression for gf(x), and determino its domain.
Find an exprossion for fg(x), and determine its domain.

ey
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Solution

-

For the given domain, the least value of (x) is 1. This is when x = 0.
‘Therefore the range of f(x) is {y € R:y > 1)

What about g(x)? As x increases, x — 1 also increases. This means that
as x increases 715 decreases. As x becomes very large, g(x) will tend
towards zero. Conversely, for values of x close to 1, the denominator
is very small and g(x) becomes very large. This means that the range
of glx) is {y € R:y > 0}.

&f(x) =g(1+2x)
1
ENCES T

2x

The domain of the composite function gf is the set of values of x in
the domain of function / that give values of f(x) that are in the
domain of function g.

What about the domain of g? The domain of function g is

{x € B:x > 1}, s0 we requir the values of x in the domain of f for
which f(x) > 1. Are there values i the domain of f that do not satisfy
this? The only value of x in the domain of  that does not satisfy this
condition is x = 0. This means that the domain of the composite
function gf(x) is {x € R: x > 0}.

‘The domain of the composite function fg is the set of values of x in
the domain of function g which give values of g(x) that are in the
domain of function f.

What about the domain of /2 The domain of function / is

{x € R:x > 0}. This means that we require g(x) > 0. Are there any
values in the domain of g that do not satisfy this? All values of x in
the domain of g satisfy the condition g(x) > 0. So the domain of the
composite function fg(x) is {x € R: x > 1}; thatis, the entire domain

The inverse of a composite function
“The low diagram shows how the composite function fg s obtained by
putting values of x into g, and then putting values of g(x) into /.

s

x -2 g L fg)
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‘The inverse of this composite function s (fg) . This is obtained by
reversing each of the individual component functions and the order in
which they are appliod.

g L

So values of x are put into /!, and then values of /' (x) are put into g .

This gives:

@@=«
Example 5

The functions f and g defined for x € R by f: x — x* and g: x — 2x + 1.
Find:

a flandg™ b fgand (fg)" ¢ gfand(g)"
Solution

a flxe

b Jox) =fl2x+1) = (2x+1)°
B =g7f"()
=g (V)

L &(x) =g’
@ =g

1)

Note that function, also be
found by writing it in the form y = fg(x) (or y = g/(x)), interchanging the x
and y, and then making y the subject of the equation.

Applying this technique to Example 5b, writing fg as y = (2x +1)° and
then interchanging x and y gives x = (2y + 1)°. Making y the subject of
this equation, y =1 (V& —1). So (f2)'(x) = 3 (A&~ 1).

Applying this technique to Example Sc, writing gf as y = 2x* + 1 and then
interchanging x and y gives x = 2y* + 1. Making y the subject of this

= /Hx=1).50 (&) (x) = {/1(x— 1), as before.

equation,

Read from right to I

Check these by
substituting values |
the function into th
inverse function.

Gheck this result by
substituting values |

Gheck this result by
substituting values
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4.3 Composite Functions
Exercise
Technique

\I‘ The functions f, g and h are defined by f(x) = x*, g(x) = } and @

h(x) = 2~ x. Find an expression for each of the following composite
functions in terms of x.

a fe boof ¢ a i e gh
f hg s g b ioghf i hef

[2] For each of the following, express function pas a composieof the
functions f: x — 5x,g:x — x + 3 and h: x — sinx:

d pix—Ssiny 415
e px—x+6
[ pix—sin(sx +15).

[3] iven that f(x) = x— 3,g(x) = 10x and h(x) = (x #0):

a  find an expression for fgh(x)
b solve the equation fgh(x) = x

[] Functions f and g ave defined by f(x) = 3x-+5 and g(x)

a  Find expressions for f*(x) and g*(x).
b Show that fg(x) = xand gf(x) = x.
© Comment on the significance of your results in b.

[5] he functions f and g are defined by fox — 4~ for {x € 2} and
gx— VR for [x € R,x >0}
a State the ranges of £ and g for the given domains.
b Find an expression for fz, and determine its domain.
©  Find an expression for gf, and determine its domain.

[ 6] The functions £ and g are dofined by : x — 3" for {x € R} and
gx— -’—(m {x€Rx#1).Find oxprssions o the following, in each
values of x for which

undefined:
o K0 b g ¢ S 4 £w

[7] Given that f6x) =" g(x)
for:

Sxand h(x) = £ (x # 0),find expressions

' a flgtandh b fe(fe) andgf !
¢ hg. (hg)tandg h! d b, (/) and kS

Urheberrechtiich geschitztes MiGSal



4.4 Transformations of
Graphs and Functions

Translations

Graphs of the formy = f(x) +a
Using a graphical calculator draw
the graphs of y = x%,y = * 4 5
and y = x* 3 on the same axes.
How are the graphs of y = x* + 5
and y = x* ~ 3 related 10 the graph
of y = x°7 Notice that the shape of
the curve is the same. The curve
has been translated, or moved.

The three curves all have the same shape. Although they appear to be
getting closer together, their vertical separation at every value of
constant; the graph of y 5is 5 units above the graph y
the graph of units belows =, n act the curv
lranslaimg\lwrurwv ? by +5 units parallel to
e by Immlal\ng the curve

L while

s obtained by translating the graph
‘unils parallel to the y-axis.

Graphs of the form y — f(x + a)

Using a graphical calculator, draw the graphs of y = - = (x + 3)* and 1
(x~ 4)* on the samo axcs. How aro the graphs of y = (x + 3)° and e
¥ = (x~ 4)° rolated to the graph of y = x°? EEpl ““““':‘
| suppos
pack

ye(xear
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The graphs of y = %,y = (x + 3)* and y = (x — 4)" all have the same
shape. The curve y = (x + 3)* is oblained by translating each point on
the curve y = x* by ~3 units parallel 10 the x-axis. The graphs of

v =x"andy = (x+3)* have the same value of y when the x-coordinate

onthe curve y = (x + 3)° is 3 units smaller than that on the curve
v =x* The curve y = (x - 4)° is obtained by translating the curve
y=¥by+a 10 the x-axis. Th I

as follows.

Example 1

‘The diagram shows the graph of y = f(x) for f(x) = x" = 3x* = 9x + 11.

Functions g(x) and h(x) are related to f(x) with g(x) = f(x — 1) and

hx) = flx+2) -3

a Explain how the graphs of y = g(x) and y = h(x) can be obtained from
the graph of y = f(x).

b Sketch both of these graphs, indicating the coordinates of their
turning points.

©  Show thatg(x) = x' — 6x* + 16 and h(x) = x° + 3x* = 9x — 14,

” refw
Solution

a  The graph of y = g(x) = f(x ~ 1) is oblained by translating the
= (x) graph by 1 unit parallel to the x-axis.
The graph of y = h(x) = (x +2) — 3 is obtained by translating the
¥ =J(x) graph by 2 units parallel to the x-axis, and ~3 units parallel
10 the y-axis.

Urheberrechtich
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¥ yegl) v
0.16)
v=hi
3,13
/ 0| x x
()
a-10)
Notice have beer
translated.

B

8(x) =flx-1)
= (-1 -3 -1 - 0(x—1) + 11
= (¢ =3¢ 35— 1) - (3~ 6x +3) — (9~ 9) + 11
=x"—6x* + 16, as required

hix) =f(x+2) -3
=(x+2)-3(x+2)' - 9(x+2)+11-3
= (x" 4+ 6x* +12x + 8) — (3x? +12x +12) — (9x + 18) + 8
= 43¢ - 8~ 14, as required

Example 2
The diagram shows the graph of y = x°. The graphs of y = f(x) and
¥ =g(x) have been obtained by translating the curve y = x".

v =ftx)
y=xt
j .3)
3 o] 3 o)
/”‘ [ @

a Describe the transformation by which the graph of y = x° is mapped
to the graphs of y = f(x) and y = g(x).
b Find expressions for /(x) and g(x).

i

Urheberrechtiich geschitztes Material
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Solution

a  The graph of y = f(x) is obtained by translating the curve y = x* by
+1 unit parallel 10 the x-axis, and +3 units parallel to the y-axis.

8(x) s obtained by translating the curve y

ts parallel to the x-axis, and 4 units parallel to the y-axis.

(x=1)'+3 ‘The x-axis translat
the —1, and the y-
translation is the +3.

b fix
panding the brackets and collecting like terms,

fix)

—3 x4 2

8 =(x+2)° -4 ‘The x-axis translation is
i ! the +2, and the y-axis
Expanding the brackets and collecting like terms, Rt

g0 =X+ 65"+ 120+ 4

Stretches

Graphs of the form y = af (x)
Using a graphical calculator, draw the graphs of y = sinx, y = 3sinx and
Isinx on the same axes. How are the graphs of y = 3 sinx and

sinx related to the graph of y = sinx?

Look at the graphs of y = sinx and y = 3sin.x. Both curves repeat
themselves with a period of 360°. This is a characteristic of the sine

function. However, the curve y = 3sin.x has an amplitude of 3. This is Amplitude is the

because its maximum and minimum values are +3 and —3 respectively. In  greatest height reached

fact, the curvo y = 3sin.x can bo drawn by simply strotching the curve by the wave from the
sinx parallel to the y-axis by a factor of 3 (scale factor 3). x-axis,

‘The graph y = }sin.x also has a period of 360" Notice that its amplitude is
0.5. 1t can bo obtained by ‘stretching the curve y = sinx by a scale factor

169
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of  parallel to the y-axis. Notice also that, a stretch factor between 0 and 1
actually has the effect of compressing the curve (that is making it closer to
the x-axis).

This can be generalised as follows:

Graphs of the form y = f(ax)
Using a graphical calculator, draw the graphs of y = cos.x, y = cos 2x and
v = cos(3) on the same axes. How are the graphs of y = cos 2x and

“The graph of y = cosx repeals itself every 360°. The curve y = cos 2x hasa
period of only 160°. 1t completes two full cyclos every 360°. In fact, the
curve = cos 2x has been obtained by ‘stretching’ the graph of y = cosx
parallel to the x-axis by a scale factor of 1. This has the effect of
compressing each cycle into half the space. Notice that this is a one-way
stretch and that the amplitude of the cosine curve is not alered.

‘The graph of y = cos(3) completes half of a full cycle within 360, It has a
period of 720", 1t is obtained from the graph of y = cos.x by a one-way
stretch of scale factor 2 parallel to the x-axis.

Stretches like this can be summarised as:

Example 3
‘The diagram shows the graph of y = f(x). whero f(x) = 3 — 2x — x*. This
graph is mapped to y = g(x) by a stretch of factor 2 parallel to the y-axis.
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The graph of y = g(x) is then itself mapped to y = h(x) by a strolch of
factor 3 parallel to the x-axis.

a Sketch ~ glx) and y = h(x). Indicate clearly the
coordinates of the images of points A, B, Cand D.
b Find expressions for g(x) and h(x) in terms of x.

Solution
a v
D'
C'(0.0)
A0 w0
o *‘—'
¥
(3.0
C0.6)
y=hty
(0.0 B30

b The graph of y = g(x) is obtained by stretching the graph of y = /(x)
by a factor of 2 parallel to the y-axis. So

8lx) = 2f(x)
=2(3-2x-x)
—6-ax—2¢

Urheberrechtiich geschitzieg iterial



“The graph of y = h(x) is oblained by stretching the graph of y = g(x)
by a factor of 3 parallel to the x-axis. So

h(x) =g(x)

Reflections

Graphs of the form y = —f(x)

Using a graphical calculator, dravw the graphs of y = 2x +1 and
¥=~(2x+1). How are these two graphs related to each other?

Now draw the graphs of y = x* + 1and y = —(x* + 1). Are these two
graphs related in the same way?

yeaxt1) ye- e 1)

The graphs of y = 2x + 1 and y = ~(2x + 1) are shown. The latter has
‘been obtained by reflecting the line y = 2x + 1 in the x-axis. Positive
values of y = 2x + 1 become negative values of y = —(2x + 1).

~(x*+1) is similarly a refloction of the curve y = x' + 1 in

This can be generalised as follows:

he graph of y = f(x)

Graphs of the form y = f(-x)
Use a graphical calculator to draw the graphs of y = 2x + 1 and

(~x) + 1 on the same axes. Now draw the graphs of y = x* + 1 and
(—x)? + 1. How are these curves related to one another?
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A A y=x+1

yeren \

ye2w 41

41

“The graphs of y = f(x) and y = f(~x) for f(x) = 2x + 1 and f(x) =x° + 1
respectively are shown. In both examples, the graph of y = f(~x) is
obtained by reflecting the graph of y = £(x) in the y-axis.

This transformation can be summarised as:

Example 4

The. ylph ofy = [(x) is mapped to
the gray g(x) by a reflection
in nnu axis, -nd a Innlhhon.
Describe the transformations that
‘have occurred. Clearly state the order
in which they were carried out. Find
an expression for g(x).

Swm=z

1 Solution |

Notice that there are two ways in which the graph of y = 2* can be |

| mapped oy = g(x):

| @ areflection in the x-axis, followed by a translation of +2 units parallel

l to the y-axi
a translation of ~2 units parallel 1o the y-axis, followed by a reflection

in the x-axis.

Urheberrechtict
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Using the first of these, an 3
expression for g(x) can be found. | ecion s
Therefore g(x) = ~2* + 2y

The second combination of
transformations gives the l

samo expression.

rnsaton of =2 als arle 1o y-axis

A

| st e

(@ -2)=-242

The general quadratic curve

All quadratic expressions can be written in the form cl(x +a)* + b, where

a,band . Why is this useful? The

=x*andy = c|(x + a)* + b] can be compared. The values of a, b and ¢ ‘See Applications and
then give an indication of the transformations used. Activities, Chapter 1.
Example 5

Express the function g(x) = 2" + Bx + 6 in the form c[(x + a)* +b], where
a,band c are constants. Describe the transformations by which the curve

¥ = x* is mappe to the graph of this function. Sketch the graph of y = g(x).
Solution
800 =25 +8x+6

(* +4x +3)
=20t axa-1)
=2fx+27-1] Complete the square.

“The order in which U
translations are appli
does not matter,
although they must b
applied before the
strotch,

The graph of y = * is mapped to the
&(x) by translations of

followed by a stretch of fator 2

parallel to the s




4.4 Transformations of
Graphs and Functions

Exercise

Technique

[1] The diagram shows the graph of y = f(x), where f(x

i

T.-1)

For each of the following transformations of this function:
describe the transformation(s) geometrically;
write down an expression for the new functior
sketch the graph of the transformed function, ind

icating the

coordinates of its intersection with the axes and the turning point:
a b < fl2x)
d e [ oy=flx+1)+4

[2] the function s defined by f(x) ~
a  Expross fin the form f(x) = (x + a)* + b, whero a and b are integrs.
b Describe the transformation by which the graph of y = x* is mapped

10 the graph of y = f(x).

[3] he function g i defined by g(x

a  Express g in the form g(x) = 2(x + a)’ + b, where a and b are integers.

b Describe the transformations by which the graph of y = x* is mapped
10 the graph of y = g(x). Clearly state the order in which they must be
applied.

26— 12x 4 19,

@ Bach of Ihe following quadratic curves is a transformation of the curve
case, state the transformation(s) that have ocourred. State
T m» ordo n which they must be applied.

175



[5] The diagram shows the graph of y = x* — 3.
i Describe the transformations that
‘map this graph o each of the
following graphs. State the order
in which they must be applied.
Use these transformations to
write down the equation of
each graph.

a b c

)

[6] i Describe the transformations by which the graph of y
‘mapped to each of the curves below.
ii - Make a sketch of the graph of each of the transformed functions for
~360° < X < 360",

sin(x+90°) b
~2sinx d

in(3)
+sinx

The function f:x — 1, x # 0 is transformed to give the function g. For each
of the following transformations:

find an expression for g;

i state the value of x for which function g is undefined:

a  astretch of factor 3 parallel to the y-axis

b atranslation of +2 units parallel to the x-axis

© astretch of factor } parallel to the x-axis, followed by a translation of
4 units parallel o the y-axi

d  aranslation of 5 units parallel to the x-axis, followed by a stratch of

factor 12 parallel to the y-axis.
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4.5 Even, Odd and Periodic
Functions

Soveral of the functions considered so far have graphs that are
symmetrical in some way. We can categorise these functions as even, odd
or periodic.

Even functions
The graph of an even function has the y-axis as a line of symmetry.
Examples of even functions include f(x) = x* and f(x) = cosx.

W= 169 = cosx

The reflection of the graph of y = f(x) in the y-axis gives the glxph of

(~x). What does this suggest to you? Even functions satisfy the
condition f(—x) = f(x). This condition can be used to Lherk nhelhpr or
not a function is even.

0dd functions
The graphs of odd functions have rotational symmetry about the origin.
Examples of odd functions include /(x) =

sinx.

f) == 4

St =sinx

0dd functions satisfy the condition f(~x
used to check whether or not a functior
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Example 1

State whether the following are graphs of even functions, odd functions,
or neither:

Solution
The graph hn§ rotational symmetry about the origin. This is the graph
of an odd fu

b The graph is sy ettt ahont s y-axis. This s the graph of an

even function.

©  This graph has no rotational symmetrical about the origin and no
reflective symmetry about the y-axis. The function is neither even nor
odd.

d  Thisis a graph of an odd function because it has rotational symmetry
about the origin.

Example 2

“The functions /, g and h are defined by f(x)
and h(x

Solution
eck whether or not a function is even or odd by substitut
function in place of x.
J(=x) = (-x)" - 2(-x)
= -4

- 20,800 = —sxt
ax* + 2. Determine which of these functions are even or odd.

g ~x into the

o -2x)
Sof(-x)= —f(x)

Therefore f(x) 2xis an odd function,

Writing this in terms
the original function
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8(=x) =1+ (=% -5(-x"
=142 -5

Sog(-x) =g(x)
Thorofore g(x) = 1+ x* ~ 5x" is an ovon function.

(%) = 3(-)* + 2(-x)

=3d-2x

Since h(~x) # h(x) and h(~x) # ~h(x), function h is neither even nor odd.
The modulus function

fx) = | i i ir positis
equivalents. It is defined by:

@) =x forx>0 and f(x)=-x, forx<0

Since its graph is symmetrical about 5

the y-axis, the modulus function

1) = I is oven. sl
3 x

“To obtain the graph of y = |/(x)1 first sketch the graph of y = (x). The
for which y is p Kept: the p ichy

negative are reflected in the x-axis.

Example 3

Sketch the graphs of:

a y=p-4| b y=|sinx|

Solution

a  First sketch the graph of y = x* — 4. Now reflect in the x-axis those
‘parts of this graph that lie below the x-axis.

7

\ L VT

W
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Sketch the graph of y = sin x and then reflect in the x-axis those parls
that lie below the x-axis.

“The graphs of functions related to the modulus function can be sketched
by applying the appropriate transformations to the graph of y = lx|.

Example 4
Sketch the graphs of:
a y=lx+3 b y=[2x+1]
Solution

a The graph of y = |x + 3| is obtained

by translating the graph of y = |x|
units parallel to the x-axis.

-

The graph of y = [2x + 1] is
obtained by stretching the graph

v = x| by a factor of  parallel
10 the x-axis, and a translation of
— 1 parallel to the x-axis.

0 obtain the graph of y = £(}x|). first sketch the graph of y = /(x) for
positive values of x. For negative values of x, the value of y = f(jx]) is found
by substituting the equivalent positive value of x into the function. This
simply reflects the graph of y = f(x) for positive values of x in the y-axis.

Example 5
Sketch the graphs of:
a y=ki-2 b




Solution

a The graph of y = [x| - 2 is oblained
by frst drawing the graph of
v = x — 2 for positive values of x,
and then reflecting this in the
yeais.

)

b The graph of y = sin x| ”
is obtained by frst 3 i
drawing the graph of forx20
¥ = sinx for positive
values of x, and then
reflecting this in the + %
yeaxis.
2
E y=sin| 7
o n\/u x
-
Periodic functions

Periodic functions have graphs that regularly repeat themselves. Examples
of periodic functions include the sine, cosine and tangent functions. The
graphs of y = sinx and y = cos x repeal themselves every 360° or 2%
radians. This value i referred 10 as the period of the function. The graph
: of y = tanx has a period of only 180" or x radians.

” Urheberrechilc



In general, periodic functi are such that for K Kis the smallest
J(x+ k) = f(x), forall values of x, where k is the period of the function. ~ distance over w
function repeats itsel

Writing the trigonometric functions in this form

Example 6
The function f(x) is periodic with a period of 4 units. It is defined by
S =1+ n<x<z

fx)=8-2x, 2<x<4

a Sketch the graph of y = f(x) for 0 < x < 4. Use its periodic behaviour
to extend the graph to ~6 < x < 10.

b Determine the values of (5) and f(~1.5).

Solution

a Between 0 and 2, the graph is cubic

in nature. Between 2 and 4 it is linear “The coloured line sh

with a gradient of ~2. the shape of the
periodic function /(x
foro<x<4.

“The function /(x) repeats itself with a period of 4. Now sketch its “The function repeats

graph for —6 < x < 10, itself every 4 unils,

‘The function is cubi
whenx = 1.

The function is linea
when

f(-1.5)=/(25)
=8-2(25)
=4
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4.5 Even, Odd and Periodic

Functions
Exercise
Technique
[E] gt el - -
a i b i < ¥

[2] which or dd nor odd?
a f)=x-1 © /1x)-(xn)’
b0 =2+l s
c 8
d fx)=(x+1? h
[3] The diagram shows the graph of ¥h
¥ = |f(x)| for some cubic function f(x). y=uw
a On separato diagrams sketch
the two pmnhla sraphs of y = ().
Hotw thass 1w, possibilitios. o]
[[4] The function f(x) s periodic with a period of 4, and is defined by @ @

fx)=x*+1for —1<x<1 and flx)=2for1<x<3

a Sketch the graph of y = f(x) for -5 <x <5.
b Determine the values of f(4.5) and f(10).
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Consolidation

Exercise A
vA (i) (i) A
o 3 %

=

One of the graphs is such that the function f represented by the graph
has an inverse /!, Assuming equal scales on the axes of the graphs
drawn, sketch the graph of /1.

(AEB)

‘unctions f and g are defined for all real values of x by f: x — x* and
gx—d-0x

a Express the composite function g in terms of x.

b Sketch the curve with equation y = gf(x) and label the caordinates of
the points at which your curve intersects the x-axis.

Determine the range of the function gf.

Find the value of x for which g(x) = g~'(x), where ' is the inverse
function of g.

a

(ULEAC)

[3] ‘The functions f and g aro defined by f: x — 9x° ~ 4 for {x € Rix > 0} and
gx— VXF1, for {x € Rix > 0}
a  Stale the range of f.
b Sketch the graph of £ and hence explain why the inverse function f '
exists. Find /!, stating its domain.
¢ The composite function f o is defined for x > 0.
Find f o g(x).
Determine the exact surd solution to the equation f(x) = f o g(x).
(ae)

[[@] e function f has as its domain the so ofall non-zero real mumbers, and
+forall x in this set. On a singlo diagram, skotch the
following graphs, and indicate the geometrical rolationships between
hem:

=f(x) b y=flx+1) o fx+1)+2

Deduce, explaining your reasoning, the coordinates of the point about

which the graph of y = ‘::1

is symmtrical.

(UCLES)

fogisaltonative
notation for the
composite function
(v,




[5] Function s defined on the domain 0 < x < § by f(x) = tan 2x. Find an
expression for~(x) and state, or obtain, the domain of /'

(NEAB)
[6] Functions £ and g are defined by f: x — 4 —x for {x € R) and g: x — 3x*
eR).
a Find the rango of g. z
b Solvogf(x) = 48.
©  Sketch the graph of y = [f(x)| and hence find the values of x for which
1fel =2

(ULEAC)

[7] Functions f and g are defined by f: x — 3x — 1 for {x € R} and
gx—x +1for {xeR).

a  Find the range of g.
b Determine the values of x for which gf (x) = fg(x).
¢ Determine the values of x for which [f(x)| = 8.
d  Function h: x — x* + 3x for {x € R,x > q} is one-to-one. Find the
Teast value of q and sketch the graph of this function.
(ULEAG)
The diagram shows the curve y = f(x + ), where a is  positive constant.
minimum points on ..3a) and (a,0)

respectively.

oz st

Skotch the in cach ing th
coordinates of the maximum and minimum points:
@ y=/ b oy=-2flxta).

(weEs)

‘The function f is defined on the domain x > 0 by f(x) = 1+ 2.
a i Findan expression for, i" (x).
it State the domain of
T)u composite function g s defined by g = .
i Find an expression for g(x).

i State the range of g.
(WIEC)
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Function  is defined on the domain —1 < x < 2 by /(x)

—2x-xh
a  Determine the values of a and b such that f(x) = a — (b + x)*.
‘The diagram shows a sketch of the
graph of y = f(x). "
b Describe, as either a single
transformation or as two separate
transformations, how the graph of
¥ =f(x) may be obtained from part

of the graph of y = —x*, {x € R}.

©  State the coordinates of the points
of y = —x* which correspond to the
end points of y = f(x).

d  Sketch the graph of y = /' (x).

Calculate the value of x for which f(x) =

).
(NEAB)

Exercise B

m The figure shows part of the graph v
of y = V& (the scales on the two |

axes being the same). Describe the |
transformations that map this graph |
4 =

on to the graphs of: 3
A y=504 VR e
d x=yF

(OCSEB)

[2] Functions £ and g are defined by f(x) = 1+ for {x € R} and g(x) = tanx
for {xeR: —F<x <}

a Write down fg(x) and state the domain of fg.
b Findg '(V3) in terms of .
©  Explain briefly why f does not have an inverse.

(NEAB)

[3] Funchmuf gnndhamdeﬁmdfnr(xek x>0} byfix—xgix—1
 h: x — J&. Express in terms of x:

a  ghix) b feh(x)
State which two of the three functions f, g and h are inverses of each
other.

(UCLES)



4 Functions

ons f and g are defined with their respective domains by

iy for {x € Rox # 1 and g x —x*+ 1 for {x € R).

@]

fix—

Find the values of x for which /(x) =

b Find the range of g.
¢ The domain of the composite function f o g is R. Find f o g(x) and Recall the alternative
state the rango of {0 g. notation for the
(AEB)  composite function

f(x).

[5] Function  is defined on the domain 0 < x < 2 by f(x) = x*. Function
defined by translating the graph of y (), with this domain, 3 units in
the positive x direction and 5 unils in the positive y direction to give the
graph of y = ().

a Skotch the graphs of y = f(x) and y = g(x).

b State the domain and range of function g.

©  Find an expression for g(x).

d Find an expression for g (x).

e State the domain and range of the function g~'.

(NEAB)

[16] Express x* + ax i the form (x-+ a)* + b, stating the numerical valuos of
and b. Functions f and g are defined as f: x — x* + 4x for {x € R: x > -2}
and g:x — x +6 for {x € R).

a  Show that the equation gf(x) = 0 has no real roots.

b State tho domain of /!
©  Find an expression in terms of x for f ' (x).

d  Sketch, on a single diagram, the graphs of y = f(x) and y =

1 (x).

)
(UCLES)

“The diagram shows the graph of tho
function f defined for x > 0 by

Jix—=14y

Copy the sketch, and show on the
same diagram th graph of f *,
making clear the relationship
between the two graphs.

b Give an expression in torms of x for &
/' (x), and state the domain of f . g
© There is one value of x for which f(x) = /' (x). By considering your
diagram, explain why this valus of x satisfies the equation
Vi=
d By treating the equation 1 + V& = x as a quadratic equation for V&, or

otherwise, show that the value of x satisfying f(x) = /' (x) is
x=1@+

(UCLES)
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Applications and Activities

[4] here are four possible functions that map eloments in the so {a.b)

across to elements in the set {p, g}, as illustrated by the mapping diagrams
below.

In the first two mappings, {a. b} is the domain and {p,q} is the rang
contaning al the utput alues. However, i th second two mappin
pa)is o 5, containing the possible oulp

values

Now consider the functions that could possibly map elements in {a, b, c}
to clements in (p. ).

& How many have {5} o thle runge, anc how many have .} 85
their co-dom

b What i the total number of possible functions?

©  How many different functions exist in the more general case of m
elements in the domain and n elements in the co-domain?

Summary

A function is a many-to-one or one-to-one mapping for which each input

value in the domain gives only one output value.

The range of a function is the set of output values to which values in its
domain map; the range is a subset of the co-domain,

Only functions whi
inverse functions.

for a given domain, are one-to-one mappings, have

The graph of the inverse function y = /~'(x) is obtained by reflecting the
graph of y = /(x) in the line y = x for values of x where f is one-to-one.

An algebraic expression for /! (x) can be found by interchanging x and y
in the equation y = f(x) and then rearranging it to make y the subject of
the equation aga

Functions for which /' (x) = f(x) are self-inverses.
Th:- inverse rigonomotric functions y nd

= tan""x only exist for the restricted domains in which the sine, cosine
nd tangent functions are one-to-ono.




“The composite function f2(x) (allernative notation f  (x)) is oblained by
putting values of g(x) into function /.

ite function f1(x), or /*(x),is obtained by putting 1)
back into the function f again.
“The graph of y = f(x) can, by a combination of translations, stretches, and

reflection of a related functi h
in this table.
fW+a translation of +a unils parallel o the y-axis
fix+a) translation of ~a units parallel o the x-axis
ai() ono-wvay strotch, of factor a, paralll o the y-axis
Sflax) one-way stretch, of factor 1, paralel o the x-axis.
~fx) reflotion in tho x-axis
1) S G s

Even functions are those thal satisfy the condition f(—
therefore symmetrical about the y-axis.

0dd functions are those that satisfy the condition f(—x) = —f(x), and
therofore have rotational symmetry about the origin.

Periodic functions are those for which f(x k) = /(x) for some constant k:
k ds, and k is

the period of the function.




5 Differentiation |

What you need to know

How to find the gradient of the straight line joining two points.

How to find the value of a function.

How to find the equation of the straight line that passes through a given
point, when its gradient is known.

How o solve simple trigonometric equations.

How to use negative and fractional indices.

Review

KX

Uline joining the following pairs of points:

d the gradient of the st

a (21)and (6.9) b (0,7)and (3,1)
© (-2.11)and (1,-7) d(-1.-2)and (-4,-11)

[2] Find the vatue o the folowing functions at the given value of x:

x* 45+ 6, whonx
B4 L whonx = |
¢ flx) = sin2e - 2co0s* x‘wh-nx—-'

[3] Find the cquation of the straight line that passos through tho given point
with tho gradient indicated, gving your answor in the form y — mx + c:

a  (1,4), gradient 6 b (3,-11), gradient —
©  (~5,2), gradient A (2,3). gradient }

[@] sotve the foltowing tigonometic equations for 0 < 0 < 2x:

a tan20= V3 b sin0+cost=0
© sin20 = cosf d cos20+cos0=0

[55] writ cach of the following in indx notation:

2 10
* L
G e (VW
B L

s
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.1 Finding the Gradient of
a Curve

“The gradient at each pa].nl 1 g i et s
y=2x+1 ot
lincar, and h
changing.

Look at the graph of y = x*. Notice that the gradient changes from being
i it the y-axis. It al

for lrger positive and negative values of x.

th t itis for the
Hincar unction. Tho gradient o the curved graph ot = particular point
can be found by the tan thi
point, Look at the graph of y = x* again in more el

Draw tangents to this graph at the points x
Notice that for x > 0, the gradient is positive and increases as the
tangents become steeper. When x < 0, the gradient is negative, and

rechiich geschitztch$beria



decreases.
triangles and using

\y ‘The Greek lotter A s
* "B used to mean ‘a char
in’

gradiont =

e

we can g of the curve at point:

These results suggest that the gradient function of the curve y = x* is 2x.
“This means that the gradiont at any point on this curve can be calculated
by multiplying the x-coordinate by 2. The gradient function describes
algebraically how the gradient is changing.

Howover this method of finding the gradient function, by drawing

tangonts to the curve at a number of different points and then calculating

their gradients, has a number of drawbacks.

@ ts accuracy depends on the accuracy with which the graph and the
tangents 10 it are drawn, and on the accuracy of the measurements of
Avand Ay.

Itcannot casily be translated into an algebraic procedure.

How else could the gradient function be found? An allernative method
would bo to draw a chord from a particular point on a curve to some
nearby point. For example, the gradient of the curve y = x* at x = 2 can be.
estimated by finding the gradient of the chord drawn from x = 20 x = 3
on the curve. The gradient of this chord can be calculated using,

change iny _ Ay
change inx  Ax
-2

gradient of chord =

3-2

theberrechtlich geschitztes Material
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The gradiont of this chord is only a rough approximation to the ,;mu.m
of the tangent, and to the gradient of the curve itself at x = 2.
accurate value can be found using the chord betweon the )Imn'.l o
graph corresponding o x = 2 and x = 2.5

gradient of chord = %

Notice that (denoted this
chord is drawn, mc closer its gradient will approximate that of the tangent
1o the curve at

Try using Av = 0.1.

sradient of chord = 3-

Repeat this procedure with Ax = 0,01, and tabulate all your results. What

do you notice? L
2] )
From the s

“Ax — 0'), tho gradient of the chord tends towards a value of 4. Try
Ax = 0.001 at x = 2. Dos your result get closer to the value of 4?

Urheberrechtiich geschi




Find the gradient of the curve y = x” at the points x = ~3, =2, =1,0, 1,

and 3 by from these points,
using Ax = 1,0.1, and 0.01. Notico that as Ax — 0, the gradionts of these
i Th s al that

the gradient function of the curve y = x* is 2x.

This method of findi: dient of a curve b

two nearby points on it has two major advantagos.

@ It does not rely on the accurate drawing of a tangent to the curve,
and measurement of Ay and Ax because Ay can be calculated for any
given value of Ax.

It can be translated into an algebraic procedure, known as
differentiation from first principles.

Differentiation from first principles

Consider the point P with coordinates (x, ) on the curve y = f(x). Let the

‘nearby point Q on the curve have coordinates (x +x, + 3y), where éx is
nge in the value of the i Pand Q and oy,

is the corresponding small change in the value of the y-coordinate.

i o) v
v+
sy
P
. T o
0 X FET

“Tho gradient of the chord PQ is given by

change in y-coordinate _dy _ (v +dy) —y
change in x-coordinate ~ ox  (x+0x) —x

_flx 0 /)
ox

=it

tangent to curve,
at point P

Jeschitztes Materia
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For smaller values of 6x. point Q approaches point . The gradient of the
chord PQ becomes closer to the gradient of the tangent to the curve at
‘point P. So, in the limiting case, as éx — 0,

gradiont of tho curve at point P — limit ( ’1)
o \OX

= limit

iy

[flx +dx) —f(x)
(=]

This process of finding the gradient of a curve at some point P (x,y) by
calculating the gradient of the chord to the point Q (x + 5x.y +dy). as bx
i principles.

‘The resulting gradient function of the curve is denoted % or f(x), and is a
function of x.

(x)

Example 1

Using differentiation from first principles, show that the gradient function
of the curve y = x* is 8 = 2v.

Solution

Lety = f(x), where f(x) = x". A small change dx in the x-coordinate of
some point on the curve y = x* will result in a corresponding small
change dy i ts y-coordinate, such that

dy = flx+ 9 = x)

S0, the gradiont at any
point on the curve

¥ =" can be calculated.
using the gradient
function & = 2x.

Urheberrechtich geschitzicd¥ieria



Example 2

Find the gradient function for the general quadratic curve,

¥=axt +bx + ¢ where a, band ¢ ro constants.

Solution

Loty = f(x), whero f(x) = ax® + bx +c. The small chango 6y in the value
of y that rosults from a small change o i the valuo of x i given by

Oy = flx+0x) = flx)
[a(x + 8x)* + b(x + 8x) +c] — [ax® +bx + ]

=ax* + 2axdx + a(dx)* + bx + box+c—ax’ —bx —c
= 2axix + aléx)? +box

‘The gradient function of the curve is given by

it ()

[zam: +a(ox)* + box
iy [ 205k lln) bl
ox

= limit (2ax + ady + b)
S0
=2ax+b

Different atingy - -

fi I ishing the gradient
function (or dmuuu) of diffeaat (s offunctions,butthis process
an be tedious. The derivative of functions of the form y = x", where n is a
positive integer,all follow a similar patter.

Can you spot the similarities i Notice that
algebraic rule explains the similarities.

[ ——

Expressed in words, this rule becomes ‘multiply by the power, and then  These rules also hold fo
reduce the power by one'. A more general rule for differentiating powers  fractional and negative
of x.is: powers.

< Learn this result.
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Example 3
Difforontiate the following with respect to x:
a y=x° byt ¢ p=vE
3 1
4 y=3 . reg £ oy=4
Solution
a y=x®
& o1
oo =10
T
d_ -1 300
T = 00X =30¢
e y=vi=o
a
o
[ y=4canbe expressed y = 4x”, since x’ = 1
Lrppns v = 4 s horizontal; its.
& sradientis 0.
iy i it an be shown that
fiwo i the sum (or

of L
difference) of their individual derivatives. That is,

Urheberrechtich
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Example 4

Find the derivatives of the following functions of x:
2

a y=xsad-ee-13 b oy=seei-2
sy

© y=(2x-1)(x+3) d y

Solution
a p=x'+ad-x-13

YL ten-Len-Las
=3 4By -9-0

= +8y-9

o
@
=54 (-1xx ) = (-3 x 2

0+ ) - )

=5-xtiext

y=@x-1)(x+3)
=2 4553

dr.
T=ax+s

The last step simply
puts the answer in the
form of the question,
a single raction, using
tho common
denominator x”.

ly the form
¥ =f(x), where f(x) = ax". The rules for differentiating can be applied
‘when other letters are used. For example, if z = g(t), where g(t) = at” and
aisaconstant, “with respect to’ t.

$=g'()=nat" ",
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Example 5
Find the derivatives of the following functions:

@ s=ut+}af’, where u and a are constant

¢
b op=0-Sa s
¢ 0= whoro A is constant
Solution “The variable on the RHS s .
2 s=ur+ief Both u and aare consant.
Difforontiating s with
respoct to .
" “The variable on the RS
is0.
Differentiating p with
pect 10,0,
c “The variablo is .
- Diffsrentiating 0 with
rospect tor.
Rates of change

“The derivative, & or f'(x), describes the rate at which the value of y
changes with rspect to  at differont polnts on the curvo. Tho rato of
change at any p x can bo found

value into the expression derived for &. For oxample, £'(2) is thoratoat
which the function y = (x) is changing with respect to x when x

‘The concept of ‘rate of change’ can be applied to equations in other
variablos. Consider the volume of a sphere, given by V
derivative with respect 0 variabler, i = dxr*, givos the rate al which the
volume V changos with respect to the radius r at any given value of r.

Example 6

Find the rate of change with respect to the given variable of the following
functions at the values indicated:

~7x,whenx=3

(6* ~1)(0+1), when 6=},




Solution

A f=x-7x
= flx)=2x-7
Substitutingx = 3, //(3) = 6~ 7

=

u(®) = (¢ - 10+ 1) Expand brackots i
P01
= u(0) =30°+20-1
Substituting0 = §,u/() =3 x J+2x}~1

=3+i-1=0

Example 7

: ey A e
gradiont has the value indicated:

a y=xtax+l, %:s

Solution
B )
dy =
IIE—B,Ihnan+4—B

This gives 2x =4 = x=2

Sy=(2P+@4x2)+1=13

x
So, the gradient of the curve y = x* +4x +1is 8 at the point (2,13).  equation.

Materia
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\‘Vhenx:%y—ifzx({):zfif'l

Whenx =1,y

Sothe curve y = 1 — 2x has a gradient of ~6 at the points (2, 1) and
-3t

Differentiating with respect to y
It can be shown that the rate of change of x with respect to v, &, is the
reciprocal of .

1

. —_— i . 8
Forexample iy = 3¢+ 26, then = 6+ 2, nd ff = g = 5

X+ 2x to

“This particular method is quicker than having to rearrange y
express x in terms of y before differentiating with respect to y.

Higher derivatives

‘Sometimes it is useful to know the gradient of the gradient function at a
‘particular point on the curve y = f(x). This
derivative. It is found by ferentiating the l'rs( derivative, $ . with
respect to x to give g (&), written £, or /'(x

called the second

‘The expression & is read ‘d-two-y-by-d-x-squared', and shows that the
difforentiation procoss has happonod twice. It is not the same as

squasing .

Differentiating again with respect to x would give the third derivative, &5,
orf"(x).

Higher derivatives, of tho form & or /”(x), can bo obtained by
differentialing y = f(x) n times with respect t

Example 8

Find the first,

second and third derivatives of the following functions:

y=xtsd —oxt2x-7
b f(x)’x -1

Itis important to
remember that
Er

2% is read 'd-three-y-

cubed:,




Solution
@ yextesdoodiz-7
B ]
dy_d (dv
P_E(a)
%(4,\’4-15-(‘—1&:4-2)
=12¢ +30x - 18

dy_d (dy
F’ﬁ(ﬁ’)
d
=E;(m‘+anx—m)

= 24x+30
1
b=yt
=2 -x
f) =3 4x7F
i
=ax‘+;
S =6x -2
w2
=ere
F1(0) =64 x4
=o+d

Urheberrechilich geschitztes Material
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5.1 Finding the Gradient of a
Curve

Exercise

Technique
m Differentiate each of the following from first principles to find 32

a yex b oy-a’-oxs o y=l
[2] pifferentiate each of the fllowing with respect to x:

a yex o y=-3%

b oy=7ix-ad-i 3 ,:2_;,£

¢ y=(@x-5)2x+1) 8 y:%

4 y={F T

[3] Fina

A fx)=ix - ix

2t

a

hip)
o) =6t

[@] Find the gradient of each of the following curves at the point indicated:
a y=x'+6x-3al(213)
b 2¢ —7x—5al (-1,0)

< 4% at(2,3)
d y=(x-2)(x+1)at(-3,-14)

Find the p

which the gradient has the value indic
a y=x'—6x +7x where &= 2
b y=3-5x+x" where §£=7
€ y=2v+1-4, where =1
d y=1 where =4

[16] Find the gradient of each of the following curves at their points of
intersection with the x- and y-axes:

a p=xi-3 b oy=(2x+3)x-1)
[7] Find the first,second and third derivatives of each of the following:
a y=Sx'+20-7¢-9x+2 b flx)=3-21




5.2 Stationary Points

Look at the graph below. What do points A, B, G and D have in common?

Colin Maclauri

(1698-1746)
Maclaurin was the
prosont the corro
theory for distingus
the mini
Notice that the gradient of the curve is zero at these four points. This and maximum valug
means that § = 0 at A, B, C and D. atunctior
S
Points like A, B, C and D aro known as stationary points. They corraspond
to values of x for which the gradient of the curvo is zero. This means the
function f(x) i “stationary’, that is
docreasing.

Points A and C are known as turning points on the graph. Notice that at a
turning point f(x) changes from being an increasing function of x to a
decreasing function of x, or vice versa. Point A is called a local maximum
‘point and point C is a local minimum point.

What about p

ots B and D? f(x) is a decreasing function on either side o
point B. Tt is an increasing function on either side of point D, but the An alternative speli
gradient is zero at both points. Such points are called stationary points of ~ of ‘inflexion’is
inflexion. “infloction’.

Distinguishing between stationary points

JE =

£ docroasing 1) increasing

v
£ increasing \J 0 decreasing
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Asa graph plsszs through a local minimum point, its gradient funl:lion,%
changes fror point
itself. On ellher side of a local mmmum point, there is a corresponding
change in the sign of & from positive to negative.

>0

" ) increasing
Eo
1) inereasing
stationary points
of inflexion
Yoo
1) docroasing
o
) decreasing
h ith fx on both
‘point of inflexion, &

positive o negative on both sidos of the paint of inflexian. The gradiont is
zero at the point of inflexion tself.

So, the stationary points on a curve can be located by solving = 0.
n ini iont of the

point. The
the changes in the sign of & and the corresponding type of stationary
point.

—~ve—0— +ve minimum « Learn these
s, R important results.
+Ve— 0 — +vo point of inflexion
—ve 0 — —ve. ‘point of inflexion

Example 1

Find i the points where

y= the x- and y-axes. Find the
sllllnmry pom on the curve, and determine its nature. Then, sketch the
ofy=x'—2x—15.




Solution

‘The graph crosses the x-axis when y = 0.
= HF-2x-15=0
= (x+3)(x-5)=0
= x=-3orx=5
So the graph crosses the x-axis at (~3,0) and (5,0).

It crosses the y-axis when x = 0 = y = ~15. S0 the graph crosses the
y-axis at (0, ~15).

The gradient function for the graph of y = x* — 2x — 15 is given by
4 = 2x — 2. To find the location of the stationary point on this graph,
solve § = 0.

dy _ ”

T=0=2x-2=0

= x=1

When x =1, y = (1) —2(1) - 15 = —16.
So, the stationary point is at (1,-16).

Now look at % on either side of x = 1.
When x = 0, :—i-_z. Thatis, :—ia.

That is, % >0.

‘passes through (1, ~16) this is a local minimum point. The graph of the
quadratic can now be sketched by drawing a parabola through the four
calculated points.

(1,-18)

Jrheberrechiich geschiltzles Materia
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Example 2

find any
stationary points, i i 3 ical calculator to
plot the graphs of Uso th g5
rosults.

Solution

a  The gradient function for the graph of y = x* — 3x* — 9x + 10 is given
by § = 3x" — 6x — 9. To find the location of any stationary points on
this graph, solve 3 = 0.

' —6x-9=0
= 3(-2x-3)=0
= 3x+1)(x-3) =
= x=-lorx=3
~1)" = 3(=1)* —9(-1) + 10
= -1-349410=15

Whenx =1, y =

Whenx=3, y=(3)'~3(3)* - 9(3) +10
72727410 =17

So, the graph of
(~1,15) and (3, -17).

~ 3x* — 9x + 10 has stationary points at

Now look at the sign of & on both sides of x = ~1.

2, Wy g _pez)—0= A
Whenx =2, F=3(-2)* ~6(-2) -9 =15. Thatis, >0,

When x =0, %xy- 3(0)* —6(0) —9 = —9. Thatis, %a

Since the gradient changes from positive to negative as the graph
passes through (~1,15), this is a local maximum point.

Now look at the sign of 4 on both sides of x = 3.

i & R dy
When x=2, G =327 ~6(2) 9= -0. Thatis, G <0.

When x = 4, %:3(4)’—5(0}—9:15, That is, %wv

Urheberrechtich geschitztcd Waeria
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Since the gradient changes from negative to positive, (3,~17) is a
Tocal minimum point on the curve.

(1,15 a3 -0+ 10 The y-intercept is fo
by substitutingx = 0
into the equation of 1
curve.

@7

Any stationary points on the graph of y 3¥% 4+ 3x + 1 are found

by salving 4 = 0.

dy
Since 4 - 6x+3

thon 0= s -oxis=o
=30 -2v+1) =0
= a-1i=0
= x=1

Whenx=1, y=(1)"=3010+3(1)+1

So the only stationary point on this curve is located at (1,2).
To determine its nature, look at the sign of & on either side of x

3 hatis, Yo,

Whon x = 0, & i

3. Thatis, :—iw.

So the gradient is positive on both sides of (1,2), which must be a
stationary point of inflexion.

=03 4 3x 41
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Increasing and decreasing functions

Wo are sometimes more intorested in whether a function is increasing or
docronsing at various poins alongts curvo. At poitson tho graph of

¥ = f(x) where tho gradint is not zero, y must be cither an increasing or
decreasing function of

® 1> 0 (a positive gradient), then y is an increasing function of x.

® If{ < 0 (anegative gradient), then y is a decreasing function of x.

For continuous functi
are always separated by a stationary point. In order to find out for which
values of x a function is increasing or decreasing, its stationary poini(s)
must first be located.

Example 3

Find the values of x for which the function y
increasi

~ 9 +15x +13s

Solution

—0x* 4 15x 413

W 18x + 15

= 3¢ 18 +15=0

= 3 -6y +5)=0
= 3x-1)(x-5)=

= x=lorx

nature of these two stati . look at the

gradient of % on both sides,

Whanx =0, § =15, Thatis,

—1z. Thatis, L <o

&
ax

Thatie,
That s, 3




‘This means that y has a maximum value at x = 1.and a minimum value at
x
1

incrvasing | decrasing | incresing
funcion | functon' | function
forxed | for | forx>s
Optimisation

‘Many practical problems involve finding the maximum or minimu;

v

the problem can be modelled in terms of a mathematical functior

Example 4

. It follows that y will be a decreasing function in the interval
<x < 5,and an increasing function of x for x < 1 and x > 5.

yEatooxt + 150413

m
alues of a function as it changes with respect to.a particularvariable. If

erentiation can bo s to locate and distinguish botwoen any
wm and minimum values.

pen-topp f
each corner of a 60 cm x 60 cm square of cardboard, and folding the
remaining flaps to make the vertical sides.

60cm Y

£

Find an expression in terms of x for the volume V (in cm) of the gift
box.

Use differentiation 1o find the value of x that corresponds to the
maximum possible volume of the gift box.
Calulate this maximum volume.
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Solution

=

“The volume of the folded box i given by
V= length of box x width of box x height of box
and the dimensions of the box are
longth = width =60 2¢ and height = x
S0V = (60— 2x) x (60— 2) x x

= x(60 - 2x)°

V= 4x® — 240¢ + 3600

Differentiating with respect to x, the gradient of this volume function

is given by
wv_ .
G = 126" — 480x + 3600

At the maximum and minimum volumes,

25 — 480x + 3600 = 0
12(x* — 40x +300) = 0
12(x—10)(x ~30) =0

bou oy

=100rx =30

Look at the sign of 4 on both sides of x = 10.

When x=5, ‘% 12(5)° - 480(5) + 3600
That is, %>0.
av 3
When x = 15, 1= 12(15)" ~ 480(15) + 3600 = ~900.
That is, EZ(D.

ax

“This means that x = 10 corresponds to a maximunn value of V.
Lok at the sign of 4 on both sides of x = 30.

When x = 25, %= 12(25)" — 480(25) + 3600 = ~900.

“That is, % <0.
i)

That is. % >0

= 12(35)" ~ 480(35) + 3600 = 1500.

Urheberrechic
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“This means that x = 30 corresponds to a minimum value of x. In fact,
the volume of the folded box is zero when x = 30 because culting
squares of this size from each corner of the original sheet would leave
no cardboard at all o fold into a box.

©  From b, the maximum volume of the folded box occurs when
x=10cm,

Then V = 4(10)" ~ 240(10)* + 3600(10) = 16000 cm*

y optimisation problems, the fu
nised is dependent on two variables. However, usually one of these
variables can be elimi dditional informati bout the
situation,

Example 5
A manufacturer wishes to make cylindrical stecl
cans with a capacity of 500 ml using the smallest o 4

quantity of metal possible. (Remember that h

1 millilitre = 1cm”.)
v
a Find an expression for the total surface area S cm of a cylindrical
can, in terms of ts radius r cm only.
b Find, correct to one decimal place, the values of r and h, the can's

height, that would give the smallest surface area.

Sol

lution
a The total surface area of the can,

s given by
5=2ar + 2nh 1

At the moment S is ex;

ed as an equation with two variables, r

and h. We are required o express it in terms of r only. so we must
eliminate h.

“The volume of the cylinder is given by V = xrh, where h is the height
of the can.

For this particular can the volume is 500 em’, so

= = 500 2l

Rearranging oquation 2], h =

500

‘The optimum dimen
of the box are

length = width = 40
and height

It is assumed that th
can has no metal lip
around the top or

bottom, which woul
have to be accountec
by addingan extra k
o the expression for
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‘Substituting this expression for h into equation [1],

Eliminating 7r in the
second term.

At the maximum and minimum values of surface area, 4 = 0.

1000
3 0= 4xr-R=0
= 4nr’ ~1000 =0
- 21000 _ 250

™

e

tofind the
corresponding height,

PR
=
o ()

()

=8.6cm (1dp)

area, look at thy
value of & on either side of r = 4.3.

Whenr=4, o160 200 132 Thatis, D<o,

1000 . ds
When r =5, E-zn;-—uzzm That is, 3)04
“This means that the surface area of a 500 ml cylindrical can is
minimised when r = 4.3cm and h = 8.6 cm..

21
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5.2 Stationary Points
Exercise
Technique

[4] For cach of the folowing quadratic functions:

i find the coordinates of the points where the graph of y = /(x) crosses
the axes

find the coordinates of the stationary point on the graph, and
determine its nature

sketch the graph of y = f(x). Check your graph using a graphical
calculator.

35425 -
¢ 4oy + 28

b f(x)
d fx)

©

[2] For sach of the following cubic functions, find the coordinates of any
Stationary points, and determine their nature:
0 yextrediizes b y-zdondeines
e y=xX 470 10542 d y=3-ad+1

[3]a Find the coordinates of the points
v =x* ~ 125" crosses the axes
b Find § Hence find the location, and determine the nature, of the.
stationary points on the curve.
¢ Sketchy x*. Check your graph using a graphical calculator.

[1@] ¥or each of the following functions, find an exprossion for f (x), and henco
locato and dotormine tho nature of any stationary points on tho graph of
v =f):

50

a Je=xid bf)
s

€ J= d =

['5] Given thats = 3¢° — a1+ 3. find the minimum value of s and the value of
for which this occurs.

[6] Given that v = 26 + 117 -, find the maximum valu of v and the value
of r for which this occurs.

[7] Find the values of x for which f(x) = 20 -+ 6x — x* s a decreasing function
ofx

Find the values of t for which g(
function of .

£43F 01 4 6 is an incroasing
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Contextual

An open box is formed from a 120 cm x 70 cm roctangular shet of
cardboard by cutting squares of side length x cm from each comer. The
remaining flaps are then folded up to make the vertical sides of the box.

i

70cm

1200m

a  Find an expression in terms of x for the volume V (in cm*) of the
box.

b Find £ and then solve the equation & = 0.
©  Find the maximum possible volume of the box. Justify your answer.

A garden centre wishes (0 use fencing 1o enclose three equally sized
rectangular plots next o each other, as shown in the diagram. The total
area A of the three plots is to be 268 m*.

ind expressions for the total arca A (in m?), and the total length L
(in m) of foncing required in terms of x and .
b Express L in terms of x only.
¢ Hence, find the dlmrnsinm of each rectangular plot if the total length
of fen kept as low as possible. Justify your answer.
4 Whatisthe minimum Tength of fencing required?

[3] ona particular day, the Financial Times 100 Share Index (FTSE) opens in

London at 4000, During the rest of the day, its value ¢ hours after the start
1gal 9 a.m. is given by F = 4000 - 16t° + 81 — 3. A broker is
instructed to sell her clients shares only if the value of the FTSE is
falling,

a  What is the value of the FTSE at noon?
b Calculate the highest value of the index during the day. To the nearest
minute, at what time does this occur?

e



I trading finishes at 4.30 p.m., by how much has the index risen or
fallen during the day?

During which times of the day could the broker have sold her clients
shares?

[@] A cuboidal water tank, of height hem, width xcm and length 2vcm, is
designed to hold 700 litres when full.

1000cm’,

2
X
a  Show that h = 5800,
b Find an expression for the total surface area, Sm?, of the six faces of
the tank in terms of x only.
c

Find the dimensions of the tank that correspond to the least surface
your answer. (Give your answers to the nearest cm.)

[5] A school decides to organise a montbly raffle in order to raise funds. 1t
estimates that 2000 tickets would be bought if the price of each one was
50 pence, and that only 1000 tickets would be bought if they cost £1 each.
The cost ¢ of organising the raffle each month is £150 for prizes and 2
penca por ticket for printing.

a  The number of tickets sold is modelled by n = a + bs, where s pence
is the selling price, and a and b are constants. Find a and b.

b Show that ¢ = (21000 — 40s) pence.

©  Show tha, in terms of the selling price s, the monthly profit generated

by the raffle is given by p = 30405 — 21000 — 20s%, and find the
selling price that would maximise the profit. Calculate the maximum
profit and the number of tickets sold to achieve it.

216
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5.3 Further Ap| Ilcatlons of
Different

Tangents and normals
The gradient of a tangent drawn to a curve at any particular point is the

The gradient function of this curve is % = 2x. So the gradient of the curve,
and therefore the gradient of the tangent, at the point (1.1) is 2. Recall
from Chapter 2 that the equation of a line with gradient m, that passes

y=2x—

The normal 1o a curve at any
point is the straight line that
passes through the curve at
right-angles to the tangent at
that point. Because the
tangent and normal are
perpendicular to each other,
their gradients, m, and m,
respectively, satisfy the
condition mymy

So the gradient of the normal o the curve
¥ =1 = m(x = x,) to find the equation of this normal

217
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Example 1

Find the gradient of the curve y = (x + 2)(4 — x) at the point where x
Honce, find the equations of the tangent and the normal to the curve at
this point.

Solution

—(x+2)d-

=84 20-x

When x =3,y =5 and

50 the gradient of the tangent 10 the curve at (3,5) is 4.

“This means that the gradient of the normal is |

m(x—x) to find the equations of both the tangent and
curve at (3,5).

Now usey —
the normal to the
‘The equation of the tangent is y — 5
= y-5
= v
The equation of the normal is y ~ 5

- vy

- x—4y+17

Recall that straight line equnuons involving fractions, can be rearranged
into the form ax + by +

Use a graphical pl

x). On the same graph plot the lines y = —4x + 17

Verify that they are the tangent and normal to the curve

atthe pointx = 3. y-axes have the same
scale.

Example 2

Find the

‘quation of the normal to the curve y = x* -+ 4 — 2 al the point
Find the coordinates of the other point where this normal

Solution

y=xtax-2

dy
So Fr-zx+a
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Whenx = 3,y = —5 and A
Since the gradient of the tangent 10 the curve at (-3, ~5) is ~2, the
gradient of the normal will be J.

Use ¥ — , = m(x ~ x;) to find the equation of this normal.
¥ (-8 =46 (-3)
= y45=ix+}
= y=ix+3-5
= y=ix-1

At the points of intersection of this normal and the curve y = x* + 4x ~2,
X tax-2= -]
5 2 iBx-d4=x-7
= ad+7x+3=o
= @+ 1)x+3) =0
= x=-lorx=-3
This the x-coordinate of point of i ion is ~ 1 The
i be found ituting x = -} into the
quation of the normal. Check that this gives y = —12. So the normal to
the curve at (~3,~5) crosses the curve again at (—, — ). Check this
resul using a graphical calculator and the TRACE facilty.

X
tngent -
velocity and
“The branch of mathemai ed with the study of
and in parti ir di velocity and acceleration, is called
kinematics.
" T G

has travelled from a fixed point on the line in a specified direction. In
many real-ife situations, displacoment can be a function of tim ¢
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The velocity v of an object is the spoed with which i is travelling in the
specified direction. By definition, velocity s the rate at which tho abject's
displacement is changing with respect to time. So v = .

H displacement s measured in metres and time is measured in
hen the units of velocity are metres per second (written m/s

orms™)

@ v =0 then the object is stationary.

@ 1fv >0 then the object
direction.

moving along the line in the spocified

@ 1fv <0, then the object is moving in the opposite direction

‘The acceleration a of a moving object is the rate at which its speed in the
specified direction is changing. So acceleration is the rate of change of
velocity with respect to time:

d(ds\ _d's
ai) "

Notice that acceleration is the first derivative of velocity, and the second

derivativo of displacement. If velocity is measured in ms~" then the units

of acceleration are metres per sccond per socond, or ‘mtres per second
squared (written m/s” or ms

@ 1fa =0 the object is moving with constant velocily (thal is at constant
speed in a straight line

® 1> 0 the object is accelerating; that is its speed in the specified

direction is increasing,

@ 1fa <0, then the object is decelerating; that s its speed in the

specified direction s decreasing.

Example 3

The height h metres at time t seconds of a ball thrown vertically upwards,
from a fixed point O, with initial velocity 12ms~", is given by

h=

a Find the greatest hoight reached by the ball.
b Find the acceleration of the ball,

© Find the height of the ball after 0.3 and 1.7 seconds.
d Find the distance travelled by the ball between these two times.

Find the average speed of the ball during this time intorval.




Solut
a

=

a
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tion
Height h takes the place of displacement s in this problem.
The velocity of the ball at any time is given by

B ——

Atits maximum height, the velocity of the ball is zero.

Then 12 = 100=0 = {=1.2 seconds

When =12, h=12(12)-5(1.2) =72

So, the greatest height reached is 7.2 m.

Acceleration, a = § = (12 - 101) = =10 (ms™%)
When t = 0.3, h = 12(0.3) - 5(0.3)° = 3.15m
Whent =17, h = 12(1.7) - 5(1.7)* = 5.95m

Consider the graph of 1 against £.

n
4
m!
0 P

0

Height h (metres)

7
‘Time ¢ {seconds)

“The ball reaches its greatest height and changes direction between

= 0.3 seconds and t = 1.7 seconds. The distance travelled during

this time interval is the sum of the distance the ball rises and the

distance the ball then falls.

Botwoen ¢ = 0.3 seconds and ¢ = 1.2 soconds, the ball rises and

travels (7.2 — 3.15) = 4.05 metres upwa

2 seconds and t = 1.7 seconds, the ball falls and travels
25 metros downwards.

Botween ¢
(7.2-5.95)
Soit travels a total distance of (4.05 +1.25) = 5.3m,

distance travelled
time taken

average speed —

_ 53(m)
= TaE)

—38ms (1dp)

You mustalways
includea w

it in your

answer if units are given

in the question.

This s the downwards

acceleration due to

gravity. A more accurato.

value would be.
9.81ms %

221
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Small changes
Iy = f(x). then recall that by definition the gradient of its graph at any
particular point s given by

Il change in the value of the
1his pointcorresponding o a mall chango, i, in the x.coordinate
Provided dx is very small,

4 good approximation to &, the gradient

e gradiont of the curve
¥=f(x) at the point from which this small change s being made. This
approximation allows the change in the value of y resulting from a small
change in the value of x (or vice versa) to be calculated quickly.

Example 4

“The side length of a 100 cm x 100cm x 100 cm X
cube is increased by 2 cm. Find the

approximate increase in the cube’s surface area.

olution
1 the side length of the cube is x, then the surface area 5 = 6x°

ds
S0 95 12
dx
Because the change in the side length, dx, is small relative to the original
longth,
a5 _ds

ox e
where 45 is the corresponding small change in surface area, and £ is the

value of the gradient function when x = 100 cm. Therefore

a5~ By
i
< 1zexix
- 12(100) x 2 = 2400cm®

T imate increase in the cube’ is 24001

"To soe how accurato
L
= 102cmin th
N[uMl(m for surfaco
area, § = 6", The ne
surface area is
62424 cnr’. The actu
increase in surface a
is therefore 2424 cm
the approximation is

good,
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“The chango in a measurement or quantiy is often exprossed as a
percontage of theoriginal value. Iy = (x),then £ x 100 s tho

decrease (-) in . and £ x 100 is

) v

Example 5
The time period T of
pendulum is a function of the length L of the
pendulum, such that T = 27,/L/g, where gisa
constant. Find the percentage change in the
period if the pendulum is shortened by 6%.

LN G .
ﬂL»/iz VB VL Vi

‘The percentage change in the value of L is ~6%, the minus sign indicating
a decrease. Therefore.

<UsingT= Z?r\/l;

mhatis, 5 = 2x %=1« 0,06 = 005,

The minus sign
“This means, th peri fha A e
length is Ao 6 Qnccing of 8%, the value of T

Urheberrechilch geschitzlggigateria



5.3 Further Applications of
Differentiation
Exercise

Technique
El Find the equations of the tangent and normal to each of the folloy Give your answers in
curves at the points indicated: the form
a y=x'-5x+1al(6,7) mib‘l.
b y=(2x+1)(x-5)at(1,-12)
¢ X -6 +3x+1a1(3,-17) \qAE-
-
d
o
f

? — ax +3at the
fersect at

[2] Find the equations of the tangents to the curve y
points where it crosses the x-axis. Show that these tangent
the point (2,-2).

[3] ‘show that th equation of the tangent to the curve y = x* - 6¢* + 3x + 10
at the point where it rosses the y-axis is y = 3x + 10. Find the
coordinates of the other point on the curve whose tangent is parallel to
¥ = 3+ 10. Find the equation of this second tangent.

[@] Find the equation of the normal to the curve y = x 2 at the point whers
x = 3. Find the coordinates of the other point whero this normal intersects

Contextual

(4] he height, h metres, of an object thrown verlu.nlly upwards at time ¢
soconds after its release is given by h = 40t — 5¢°
a Calculate how long it takes for the object to return to its point of
projection.
b Find the value of tat which the object is momentarily stationary, and
hence calculate the maximun height reached by the object.

[2] the displacemont, s metres, of an abiect from some fixed paint O at time ¢
seconds is given by s = £* — 3% + 4 + 5.

a  Find expressions for the velocily v and acceleration a at time L.

b Show that the object is never stationary.

¢ Calculate the average speed of tho objoc during the firs throe
seconds.

224
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[3] Actosed cytinder has a base radius of 8em and a
height of 20 cm. Calculate the small changes
a inits volume and
b initsurfacoarea
that result from a small change of 0.1¢m in its
radius. Loave your answars in terms of  and
assume holght romains constant.

(@] A cuboidal box has height x, length 3x, and width 2v. Calculate the
percontago increase in the value of x if tho volume is to incroase by 4.5%.




5.4 The Chain Rule and
Related Rates of Change

Functions such as y = (x-+1)° and y = (2x — 3)° are examples of
composite functions. They are also known as functions of a function’.
Notice thaty = (x + 1)* can be written as y = u® where u = x + 1.

One method of finding derivatives of composite functions is to expand the
brackets and then differentiate term-by-term. For example,

x+1)
= (x4 D+ Dx+1)

()

X3+ ax1

= Notice that the gradie
RIS function includes the
— 30+ 2x+1) bracket featured in t

original function, rai

=30 +1)! to.a lower power.

Try finding { (2x ~ 3)° in the same way. What happens when you
differentiate term-by-lerm? Notice that the algebra gets quite complicated.
Factorisation of such expressions, which we would need to do to locate
Stationary points, can be very tricky. This is a major disadvantage of this
“expansion and term-by-term differentiation’ method.

‘We also need an alternative method of differentiating composite
functions such asy = (4 ~x) " and y = V31, which cannot be
expanded into a finite number of terms involving powers.

Differentiating composite functions - the chain rule
Suppose y = f(x) is a composite function of x. This means that

¥ =f(u), where u(x) is some intermediate function of x that can be
identified in the construction of function f. Any small change in the value
of x. dx. gives rise to a small change in the value of u, du. This then gives
rise to a small change in the value of y, dy. Differentiating from first
principles,

but since it is possible to write

by oy du

ox ou " ox
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it follows that
L timit (’l % i")
However, ou — 0.as i — 0, and therefore
av_ (6 ) (au)
8= timie () it
[

‘This gives

E,.‘:_: <«Learn this important result.

intermediate variable u s the chain rule.

Example 1

Differentiate the following with respect to x, using the chain rule.

a y=(x+1) b y=(2x-3°
Solution
a Fory=(x+1)lety =u’, whereu=x+1.
herofore & < 3ut and §1,
Using the chain rule
ut 1= 3
Substitutingu =x + 1, ‘;_’; =3(x+1)?
b Fory=(2x-3) lety = u* whereu = 2x - 3.
L] i
Go=sut and -2
Using the chain rule,
sut w2 = 100"
Substituting u = 2x — 3. =‘W(7x 3
Example 2
Use the chain rule to find the gradiont function for each of the following:
@ yeps boy=vE-T

Urheberrechtlch
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Solution

a Bofore using th chain rule, y = - must e written as a brackel
raised to a power. In this case, y u— =(ax-5)"
Now loty = u™!, where u = 4x — 5.
d
Then 5

P L
Substiutingu = 455, G =~ tos

b Similarly, write y = V3~ Tasy = (3x—1)'/%.
Now loty = u'/?, where u = 3x
d
Then 3
‘When using the choico of (x)is

very important. I is essontial that u(x) can be asily difforontiated.

1 Al of the form y = [f(x)]",
function (x) raised to a rational power n, can be differentiated using the

Lety = u”, where u = [(x).

‘Then ;ﬂ
Using the chain rule,
dy_dy du
e du " Note that n[ f(x)]"""
dy the derivative of the
So G =nu""! xf(x) eackatigaoing 1

contents, and f(x) is

contents of the brack

Itheberrechtich geschitzles Materia
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Example 3

s
“Tho tangent 10 the curve = 1~ at x = 2 crossos the y-axs t A and the
xaxisatB. e

a Find the equation of the tangent.
b Find the coordinates of points A and B.
©  Show that the area of triangle OAB is '8 square unils.

Solution
a In order to find the equation of the tangent to the curvo at x = 2, first
calculate the gradient of the curve at this p
5
e

Use the chain rule to differentiate y =

. where u=1-+x"

Ay ot g &
Then G = —5u?, and = 2¢.
Using the chain rule,
S xax
dy 10¢
s
Substtutingu =1+ G =~ 5

Now, whenx = 2,

dy__10x2 _ 20
[

ot
5

dx
The gradient of the curve, and therefore the gradient of the tangent
drawn to the curve, atx = 2 is — .

Usey ~ 3 = m(x — x,) o find the equation of tho tangent.

Whenx=2, y=

o 8L
i+

3
S0 y-1=-3x-2)

oSy 4x-13=0

-

At point A, where the tangent crosses the y-axis,
The coordinates of A are (0, ).




At point B, where the tangent crosses the x-axis,

v ey

-

The coordinates of B are (}{,0)

e
Recall that the area of a triangle is given by
=} base x perpendicular height.
Sanennf!rhnﬂn()AE*lxux 12 = 189 square units.

Related rates of change

‘which tho area of a ci il slick,
of uniform thickness, changes. Using the area of a circle, A = =r*, the rate

f change of area with rospect i 44 can bo found by
differentiation. That s, = 2ar.

o i i ical modelling, it
‘may be possi i chango of the radius with respect
totime, .

‘The chain rule can now be used 1o link these two related uus of change
together. th respect

Itis impe remember f
its rate of change will be positive, and if it is decreasing, its rate of change
will be negative.

Unless specified otherwise, the phrase ‘rate of change’ refers to the rate at
which a variable is changing with respect to time.

heberrechiich geschitztes Materia
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Example 4

A metallic cube, of side length x cm, is being heated

in a furnace. The side lengths are expanding at the.

rate of 0.1cms . Find the rates at which the cube’s Ix
surface area and the cube’s volume are changing

‘when x = 10cm.

Solution
The surface area of the cube, § = 6, Hence §$ = 12

“The volume of the cube, V = x°. So 4 = 3x*.,
Since the side lengths are expanding at the rate of 0.1cms ",

When x = ch,% =1zem?s ™.

‘Using the chain rule, the rate of change of volume,

=ax' % 0.1 =03 em’s

When x = 100m, % g0cm’s .

a

Example 5

Air is being pumped into a spherical balloon at the rate of 300cm’s™".
Find the rate at which f the balloon is g

the radius is 15 cm.

Solution

‘The rate of change of volume, 4 = 300em®s ™.
Since the surface area of a sphere is § = 4xr™. its rate of change with
respect to radius r is 4 = zr.

But it s not posible 1o lnk these two related rates of change together to
form for §. the rate at which is changing
with respect to time. Instead, we must involve a third expression.

Urheberrechilich geschitziggateria



Using the chain rule,
is_ds e av
dtdr - d dr

Since the volume of this spherical balloon is V = r, then

=anr*

and so g dV 4»#

‘The rate of change of surface area is then

ds_ds e v

dt dr o dvodt
S

P T

s,
a

Example 6

‘Water is emplying out of a 85 cm x 85 cm
square-based cuboidal tank at the rate of

900 millilitres per second. Find, correct to

2 docimal places, the rate at which the height
of the watr s falling in the tank. Calculate
‘how long it takes for the height to fall by 10 cm.

Solution

av_ i
S = —onomls

= —900em’s™

“The volume of the waer left in the tank, when its height is hcm, i given by
V=85x85xh

= 7225hem’

‘This means the rate of change of volume V with respect to height i is

=725,

ch geschiitztes Maeria
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Using the chain rule, the rate of change of height,

1
= g3z % 900

0.125cms ™' (3 d.p)

‘This means the height falls by approximately 0125 cm per second.
‘The fall in the height of the water in the tank over a period of time can be
found using

fall in height of water = fall per second x time taken
‘The time taken for the height of the water to fall 10 cm is given by
fall in height of water

Tall per sccond

___10cm
~ 0az5ems

= 80 seconds (to nearest second)

time taken =

Urheborrechtich geschitztes MR



5.4 The Chain Rule and
Related Rates of Change
Exercise

Technique

[4] so the chain rulo to find % for cach of tho following:

a f

b 8

< h

doy=@Eea) i

e y=(-x+1)° i

[2] chain rule to find the deri functions:

a s =245y e

b (= (or—4)? ¥

¢ viy=vE-2 8 o

d A= Vei+2 h ) =(1+ Vi)

[3] Find the gradiont of each of the following curves at the point indicatad:

a y=(x-3) at(532) d at (-2,-1)
b (2x+3)at(-1,1) e Va£oat (2,5).

¢ y=(13-5x)"at(3,-8)

[4] Find the coordinates of the poi 1 of the followi at

which the gradient has the valuo indicated:

o (e B
a y=(x+6)" whoro 5

b y=(2x-8) whoro :J’[‘v

e y=vA-7 \«hum'—

[5] civen thatp dand s = 5041, B Fand
Hence, use the chain rule (o find an expression for & In terms of Caxly.

[6] Given that v = (ay — 2)* andy = (1 + x1%, use the chain rul to find an
expression for & in terms of x only.

e

o
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Contextual

[] he radius of acircula il sickis increasing ot tho rto of 12— metres

per hour, Find the rates at which the slick's perimeter and area are
g the radius is 20 metres ( in terms of ).

[2] asairis pumped into a spherical blloon, the rate at which s surface
area increases remains a constant 16zcm’s

Find the rate at which the radius of the balloon is changing when

b What is the volume of air in the balloon (in litres) when the rate at
creasing has dropped o 0.1 cms

which the rad

15 on the graph of

‘ ' 'AD
1t volumo increasosat the constant rate ¥

of 48zcm” per second.

a Express the volume V in terms of r only. Hence, find 4.
b U thachalir vl Galiilats e el o whleh e o ts
incroasing when r = 5 cm.
© Find an exprossion for the surfaco area S of tho rod in terms of .
Honce, calculate the rate at which it is changing when r = 5 cm.
[5] Arightcircular cone, o height 30cm and radius e
12cm, is flled with sand. The sand is then
allowed to drain from the apex of tha cone at the D
rate of 30cm® per socond. At any givon timo, it
can bo assumed that the remaining sand forms A
a right-circular con of height h and radius r. h
v v
a Express the volume V of remaining sand in terms of h onl
(Hint: The proportions of this particular cone are such that h = §r).
b Find an expression for 4%, Use the chain rule to calr\lla\elhe rate at
which the height of the remaining sand i falin
& iVt i e S i ok 1 58 el ol

1o empty?

b8

Remember,
1litre = 1000 cm’.

Recall that a right-
circular cone is one
with its apex directly
above or below the
centre of the circular
base.
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5.5 Differentiation of
Trigonometric Functions

Small angle approximations

In order to be able . cosine and tangent funct

from first principles, their behaviour for small angles must first be
established.

n the diagram, AB is an arc of radius r which subtends an angle 0 at its
centre 0. The line AC s a tangent to this arc at the point A. This means
that triangle OAC is right-angled at A. Since AC = rtan(, it follows that
area of triangle OAC = } base x perpendicular height
irxriand
 tan 0

Also, area of triangle OAB = 1 sin .

Given that ang]
From the diagram, notice that

is measured in radians, area of sector OAB = 170,

area of triangle OAB < arca of sector OAB < area of triangle OAC

“This means }r*sin0 < 1r°0 < 1r* tlan 0

S0 5in0 <0 < tan0
Dividing this inequality throughout by sin 0 gives

0

Tetoc 1
sin0 “ cosd

Recall that for small angles, cos 0 = 1. This means that for small 0,

Soif 0is small and measured in radians, sin 0 = 0.

4 OAG s right-angle
C_AC

sotan

from Chapter
the other formula for
areaofa triangle,
area =1absinC.
Recall from Chapter
that sector area = 17
(when 0 is measured
radians).
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A ively, dividing sinf < 0 < tan tan gives

0
cosf < i<

Again, since cos 0 = 1 for very small values of 0 in radians, it follows
that

0
o~
“This means that tan 0 0 for small anglos measured in radians.

using the Pythagorean identity:

sin 0+ cos’0 =1
= cos®0=1-sin 0

= cos0 = (1 - sin0)}
For small values of 0,sin 0 = 0, s0

cosl = (1-0%)}

(1~ 6%} can bo expanded usi "
(see Chapter ), to give

cos0=1- 4

Tn summary, the behaviour ofsine, cosine and tangent functions for small
angles measured in radians are:

< Learn these important results.
e

Differentiation of sine and cosine

v = sinxand f
the interval 0 < x < 27. By considering the gradient of the sine curve at
several values of x, It is possible to gain some insight into the nature of its
gradient function.

sohitzi@hateral
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o N
For oxample, at x = and x = %, the gradiont theso two
values, sinx i i i and the gradiont of the sin

The gradient

x = =, and this corresponds to a minimum point on the graph of the
gradient function.
rmn<xs!mdx<x<zx.mxummmmingmmuunutx The sino
curve has a positi
lhmlnmml:hunmlxmmmntx: Oandx =2n.
What he graph of The outline
‘graph of the gradient function obtained appears to resemble the curve

= cosx. Its exact nature can be found algebraically by differentiating the
sine function from first principles.

Consider the chord drawn from the point P (x,) to the point
Q(x+6x.y +3y) on the curve y = sinx.

Q-+t )
S yesing
3
)
Yo
of x X+ ax e

changs in y-coordinat
Cchange in x-coordin:
(”‘;y) v Recall that if
e v =sinx, then
x

B

gradient of the chord PQ =

+).

m(x + 5«)

Itheberrechtich geschitzles Materia
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Now use the compound angle formula,
Sin(A+ B) = sinAcos B + cos Asin B

to give sin(x + dx) = sinxcosdx + cosxsindx.
‘This means

by

- (2)
=“m"(llnxcmk+ml;;xllnﬁx—lln
e

Now, in0 140
For small values of ox,sinéx ~ dx and cosdx = 1 - } (ax)*.
Using these approximations,

dy (1~ 1(éx)*| sinx + dx cos x — sinx
o (A e

(.inx ~ 1(9x)*sinx + dxcosx — linx)
ox

= limit (cos x — } (6x) sinx)
ey

= cosx

cosx <« Learn this result.

function of i

W
differentiating from first principles.

1fy = cosx, then

cos(x +8x) -mx)
x

B

Urheberrechtich g
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Use the compound angle formula
cos(A + B) = cosAcos B~ sinAsinB

10 give cos(x + dx) = cosxc0s & — sinx sindx. Then

(cn:xwx&x sinxsinx — mlx)

Use the small angle approximations, sin éx — éx and cos dx — 1 — 1 (dx)*
asdx -0,

An(w)

. (mx — 1(6x)* cosx — oxsinx -—cnsx)
3

limit (- } (4x) cos x — sinx)
o

~sinx

Itis important 1o note that trigonometric functions can only be
differentoted if angles are measured in radians. Thisis because the
functions from first
mall angl cos0. valid for
angles measured in radians.

sinx < Learn this result,

“The chain rule can be f

cosine involving double or multiplo angles.

Example 1

Differentiate the following with respect to x:
a y=sin2x
b cos 3x

in(ax + b) where a and b are constants
d y s(x? + ).

Solution

a Loty =sinu, wherou = 2x.

dy du

Then g¥ = cosu and G

1

s Materia



5 Diflerentiation |

Using the chain rule,
%:%x%ncnluxz

Substituting u = 2x,

Lety = 4cosu, where u = 3x.
d

Then == = —4sinu and
.

Using the chain rule,

—asinux3

o _d
dx T dudx

Substituting u = = -12sin3x

W

Lety = sinu, where u = ax + b.

dy du
Then G = cosu and G2

Using the chain rule,

Substituting u = ax-+ b, & < acos(ox +b)
d Lety = cosu, where u = x* + 7.
—sinu and Mgy
dy du_

—
Using the chain rule, 5% — &

Substituting v = x* +1{.:—‘:: = —2xsin(x? +7)

powers of sine and cosine.

Example 2
Difforentiato the following with respect to 0.
a x=sin‘0 b y=cos’a0

Urheberrechtlich geschitziesgdgerial



Solution
a  Forx=sin®0= (sinf)?, letx = u?, where u = sin0.
dx du
en 2 2 U _ oo
“The " e 2u and ] 0s 0
Using the chain rule,
N
a0~ du " do

& 2sin0cos0 = sinz0

Substituting u = sind,

b Fory = cos’ 40 = (cos 40)", let y = u”, where u = cos 40.
dy 2 du Use the chain rule
Then T 3u® and T —4sind0 mﬁnd'fﬁ.
Using the chain rule,
3u® x —4sin40
" dav . S esatiish
Substituting u = cos 0, G5 = ~12(cos40)*sin40 = ~12cos” 40sin 40
Example 3

Find the equations of the tangont and normal to the curve

point where x = J.
Solution
Iy = cos 2x, then
When x o 2

S0 the gradient of the tangent to the curve at x = § is ~v/3, and the
gradient of the normal is .

Usingy — y3 = m(x — x;) lo find the equations of the tangent and the
normal at the point (3. 1):

The equation of the tangent is y —

‘The equation of the normal is y

i_m

5 Check that your
calculator is in 'ra

witha 'sq

X
V3
Use a graphical calculator to verify that they are the tangent and normal to

the curve at (7,3)
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b Example 4

Find the coordinate of the s1n|1m.mry points on the graph of

sketch the graph nry sinx+ cosx.
Solution

1y = sinx + cosx, then = cosx — sinx.
Atstationary points on the graph, £ =

So cosx — sinx =0

- cosx = sinx
= tanx=1
x=tan”'(1)

‘Remember that this equation has more than one solution in the interval
0 < x < 27 The solutions are x =  and x = 5.

To determine the nature of the stationary points at ( §,v2) and (5, -v2)
consider the sign of the gradient of the curve at points on each side of them.
Considering the point (§,VZ2):

Whenx =7 g_cm -.xn()

That is, dx >0, < The function is increasing.

)

That is, E <0 «The function s decreasing.

“This means (3. vZ) is a maximum point on the curve.

¢ Urheberrechilich geschi
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Considering the point (3, —vZ)
dy

When x

< The function is increasing.

‘This means (5, ~v2) is a minimum point on the curve.

sinx+ cosx

The graph crosses the x-axis when y

= tan.

= and x =7 (in the stated range).

NG
J y=sinx +cosx
&3 P \s %/ &

ol

Check this result using a graphical calculator.

Example 5

A Ferris wheel at an amusement park, with a radius of 10m, i
11m above the ground. It completes a revolution every 20s. The height of
a particular chair on the wheel varies according to

ntred

h—n.min( '

Find, 10 the nearest second, the times during the first revolution that this
chair s rising, and the times during which it s falling.

Solution

‘When the chair s rising, height h is an increasing function of time (. This
‘means that we need to find the times when 4§ > 0. When the chair is
falling, h s a decreasing function of time t. This means that we need to
find the times when % < 0.
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In order to decide when the chair is rising and falling, first locate and
‘points on the height

oy, 5 b
m.(ﬁ)xﬁ-n.m(ﬁ)xﬁ
EANELING.Y

10 5"I 10

At stationary points on the height-time curve

.927,4.069,7.210,....
.95,12.95,22.95,.... (2 d.p.)

po
2,05 and 12.95 seconds. To find the nature of these stationary points, look
at values of the gradient function on each side.

Urheberrechilich geschi



Considering the stationary point at{ = 2.95:

dh _4n z\ 3 _ (=
Whent 2, B35 (£) 2 ()
. dh e i i
Thatis, % > 0. < The function is increasing.
dll an 2n\ 8z (2%
hent =, 808 (35) S5 (22
That is, m <0. <« The function is decreasing.
Sot=2.95s is the locati i jint on the height-tis )

Considering { = 12.95s:

dh _4n 6n
inif o ().

That is, E <0, «The function is decreasing.

=10, B (72) 22 (72

That is, % >0. < The function is increasing.

Hence, there is a minimum point when t = 12.95s. Given that the wheel is
contred 11 metros above the ground, and has a radius of 10 metros, tho
‘maximum and minimum heights of the chair (at these stationary points)
aro 21m and 1m respectively.

When t = 0, h = 11+ 8sin(0) + 6 c0s(0) = 17 m. Since the wheel
mmp!elus a mﬂlul!nn every 20 seconds, the height of the chair will be 17
‘metres wl

Use this information to sketch the height-time graph. From the. mph
notice that,
d:

d betwween 13 and gl O
means it is falling between £ = 3 and { = 13 seconds.

iz

Itheberrechtich geschitzles Materia



5.5 Differentiation of
Trigonometric Functions

Exercise

Technique

[] bifferentiate cach of the followeing with respeet to.x:

Tmmean o

i
i

gx). where a.b. pand

[2] rind the gradient o aach of the following curves a the point indicated:

a y=3c0sx, wherox =] b y=sin’x wherex =]
¢ y=6oos} wherex = 3r dy=x'cosx,wherex =}

[3] Find the coordinates o the points on each of the fllowing curves at
which the gradient has the value indicated:

¥ =6sinx, for0 <x < 2r, where
¥ = costx, for0 <x <, where § = 1
a

vz

¥=1-200s% for 0 < x < 21, where
i

aecs

¥ =sinx, for0 < x < z, where

(4] For sach of th following trigonometric functions, find an exprossion for
F(x). Hence locate, and determine, the nature of any stationary points on
the graph of y = f(x) in the interval 0 < x < 2.

a f)=sin¥ b fix

Ix—cosx ¢ f(x)=2x+sin2x-5

[5] For each of the following trigonometric funetions, in the interval
0sx<om
i Find the coordinates of the points whero the graph of y = f(x) crosses
the axes.
it Find the coordinates of the stationary points on the graph, and
determine their nature.
i Sketch the graph of y = f(x).
Check your results using a graphical calculator.
a fkx)
e fix)

X —sinx b f(x) =sinx+ Vcosx
sinx - cosx

f&mu




Contextual

[ 1] The hours of daylight h in York duringa calendar year can be modelled by

wher t s the numbor of days after tho start of tho yoar.
January and t = 365 on 31 December (leap years are ignored).

o,t=10n1

Find the number of hours daylight predicted by the model on 1 june

and 26 August.

b Find an expression for 4.

© On which days does this model predict that the summer solstice (day
with the most daylight hours) and winter solstice (day with the least
daylight hours) will happen?

d  Find the rate at which h is either increasing or decreasing on

26 January and on 2 Novembor.

[2] an abiect s attached to a spring, and is oscillating such that its distance

xom below some fixed point O, t seconds after ts rolease, is given by
X = 20 + 8cos(nt) — 5sin(at)

for . Hence calculate the initial velocily of the

a  Find an expression
object, indicating in which direction the object is moving.

b Calculate the times at which the object is momentarily at rest during
its frst oscillation.

¢ Calculato the velocity with which the objoct is moving the first time it
moves through the midpoint of its oscillation (again indicate the
direction).

o
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Consolidation
Exercise A

[ A curve has the equation y = 2x* - 3x¢ — 36x+ 120.

a  Calculate the values of y when x is 3 and when x is 2.

b Findg.

©  Use your expression for 4 to find the coordinates of the two
stationary points on the curve.

d By considering the values of § near the stationary points, decide
which type of stationary point each is.

e Sketch the curve. Deduce the rango of values of & for which the
equation 2’ — 3" — 36x + 120 = h has threo real roots.

(ocseB)
A drinks machine delivers water into a cup at constant rate of 20.cm®s™.

When the height of water in the cup is h cm, the volume of water
contained in the cup is &;h” cm”. Calculate the rate, in cms™, at which
the height s increasing when h = 5, giving your answer correct 1o two
decimal places.

(UCLES)

[3] e cquation ofa curve sy

3-x*)°. Find:
4

&
b the equation of the normal at the point on the curve where x = 2.
(UCLES)

[] 0n ts journey from station A to station B, a rapid transit train T passes
certain landmark C at noon. The train’s journey from A to B may be
‘modelled by the equation

1

7p (24t -9t —2t')

where xkm denotes the displacement of T from C at ¢ minutes past
noon.

a Find the velocity of the train at { minutes past noon.

b Find the time of departure of the train from A and its time of arrival
atB,

©  Find the distance betweon the stations.

d

Calculate the average speed of the train for the journey from A to B.
Determine the greatest speed of the train during its journey.

(WIEC)



[5] A curve s defined for 0 < x < 22 by the equation y = 4cosx + 2cos*x.

a  Calculate the exact value of the gradient of the curve at the point
wherex = 3.

b

h the point whero

(AEB)

[6] The two variables x and y are related by the equation y = 3x — .
a  Obtain an expression for $ in terms of x.
b Hence find the approximate increasa in v as x increases from 2 to
2.4 p, whero p is small
{UCLES)

A cylindrical biscuit tin has a close-fittng lid xem
@ which averlaps the tin by 1 cm, us shown. The D tem

radif of the tin and the lid are both xcm. The tin = <=,

and the lid are made from a thin sheet of metal of xcm

area 807 cm® and there is no wastage. The volume tin

of the tin is V cm®.

a  Show that V = n(40x

Given that x can vary:

b use differentiation 1o find the positive value of x for which V is
stationary

©  prove that this value of x gives a maximum value of V.

d  Find the maximum value of V.

e Determine the percentage of the sheet metal used in the lid when V s

amaximum.
(ULEAC)
Acurvo is dofined byy = x* — 6x + 8.
a  Find an expression for .
b Find the equation of the tangent at the point (2, ~8).
©  Find the equation of the normal at the point where x = 3.
vED

Atrain has to travel a distance of 60 km ata constant specd. When the
train has a speed of vkm h™" the running cost of the train is

00 s o

a  Find the time taken for the journey of 60 km at a constant speed of
vkmh
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b Show that the total cost of the whole journey is £(60v + 1220000).

©  Find the speed at which the train should travel so that the cost of the
journey is a minimun.
d Explain, briefly, why the total distance travelled does not affect the

speod found

c
(NICCEA)

of laptop micro-computers, They will cost her £250 per machine, In
addition she will incur a cost of £5000 to adapt her distribution system to
sell them, no matter how many machines she buys. The total cost of
adapting her distribution systom and buying n machines is £c.

a  Express cinterms of n.

b Experience suggests that the number, n, of machines sold is related to
the selling price per machine, s by the equation n = a + bs, where a

The importer has been informed by her market
research department that if she fixes the selling price at £400 por
machine she is likely 1o sell about 5500 machines, and if she fixes it at
£500 this will fall to about 3500 machines. Find a and b based on the
information supplicd by the market resoarch departmnt

 Show that the profit, £p, tho importer will make from sellingall these
machines is given by p = 185005 — 20 — 3380000.

d Find the selling price per machine which will maximise the
importer’ total profit and hence find the number of machines she
should purchase and her total profit on selling all the machines.

[EAB)
Exercise B

[4] Find the equation of the tangent o the curve y = (4x -+ 3)° at the poiit
(=1,1), giving your answer in the form y = mx + .

(UCLES)

[2] A storm has damaged an of rig and caused a circular oi sick with
uniform thickness of 2 inches. The oil s spilling at a rate of 112 cubic feet
per minute. Calculate the rate at which the radius of the oil sick is
increasing when its radius s 50 feet. (The volume V of a cylinder of radius
rand height i is given by V = nr'h)

(WJEC)

[3] Atarge tank in the shape of a cuboid is o be made from 54 of sheet
motal. The tank has a horizontal rectangular base and no top. The height
of the tank is x metres. Two of the opposile vertical faces are squares.

a Show that the volume, Vm’, of the tank s given by V' = 18x — 2x".

251
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b Given that x can vary, use differentiation o find the maximum value
& Justfy that the value of V you have found is a maximu
wLEAg)
[4] Prove that tho cquation of the tangont o tho curve y = x* - 3x* - 7t

P(3,~7) s y = 9 — 34. Find the coordinates of the other point on the
curve at which the tangent s parallel to the tangent at P.
E

[5] A particte moves in  staight line so that, t seconds after o leavinga fixod

point O, its displacement, s metres, s given by
that the particle returns o O when = T, find the value of 7. Using this
value of T, find:

a from O of the particle during the interval
0<tsT.
b the acceleration of tho particlo at time T"seconds.
(UCLES)

[6] A manufacturer wishes to make clindrical containers to hold a dry

powder. Each container has (o hold 72 cm® of dry powder and has a base
of xcm and a height of hcm.

a Write down an equation, in terms of x and h, for the volume of a
container. State what assumptions you have mad.

b Write down an expression, in terms of x and h, for the curved surface
area of a container, Now write this expression in terms of x only.

The top s to be made of plastic and the sides and base are to be made of

cardboard.

€ If plastic costs 0.2 penco for 1 cm® and cardhoard costs 0.1 pence for
1cm?, show that the total cost, in pence, of a container is

e=0gm® + 124

d  Find the dimensions of a container so that the cost of the materials is

(NICCEA)

a Whon the hoight of liquid in a mb is x motres the volume of liquid is
Vi, where V = 0.05(3x + 2)° ~

i Find an expression for 4.

i Theliquid enters the tub at a constant rate of 0.081m"s™". Find the
rato which the height of liquid is increasing when V = 0.95.

b Given that y = f use differentiation to determine, in terms of p, where

pis small, the approximate change:
iny as x increases from 410 4 + p,
i inxasy decreases from 1101~ p.

(UCLES)
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Applications and Activities

A 20km

wly HPoexmn I

s Y
{20km

As part of a training exercise, a group of soldiers have to walk from point
Ato point B, which lie at opposite corners of a 20 km x 20 km square.
‘They start off by travelling south along a track that runs along the western
edge of the square. Their averago speed is 8 km h~". Upon reaching some
‘point P, they turn off tho track and head directly towards B. Due to the
difficult nature of the terrain they are crossing, the soldiers can only
average a speed of 4 km h" inside the square.
a  Find an expression for the total time taken for this two stage journey.
b Find the position of point P, that minimises the total time taken. What
is this minimum time, to the nearest minute?

253



Summary
‘The gradient function, or derivative, of y = f(x) is denoted by & or f'(x).
Differentiation from first principles usos

i - ft)
i (-0

dx

“Multiply by the power and then reduce the power by one’ (o differentiate
powers of x.

in to find ivative, the

gradient of the gradient function.
Astationary point is a point where & = 0.

function

po
chnngu from bmllg st o ngaie

point
chnngus from being negative (o positive.

‘The gradient function on both sides of a stationary point of inflexion
remains either positive or negative.

Local maxi d minimum point; lled turning poi

If the gradient function is positive then the function is increasing; if it is
negative the function is decreasing.

“The equations of the tangent and the normal to a curve y = /(x) at some
point (x;,y,) are found using ¥ and the resull y — v, = m(x = x,).

A ion can be dif i using i
dy_dy du
dx du dx

For il che in the value of

small change 3x in the x-coordinate,

ay _dv

b
‘When the angle 0 is small and measured in radians,

sinl =0, munwg, and tan0~0

Trigonometric functions can be differentiated using

% (cosx)

Remember that x my
be measured in radic
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What you need to know

How 0 use the long

sion algorithm (method),
How to add and subtract proper fractions.

How t0 express simple improper algebraic ractions as mixed fractions.

‘The characteristics of the graphs of linear, quadratic, cubic and simple

rational functions.

Review

[] use the long division algorithm (method) to find the following, leaving
any remainders as fractions:

a 425157 b 9214435 © 31541512 d 6523513

[2] write each o the following in

+3 b i+

plest form:

a c 34} a4 1oz

Express each of the following as a mixed fraction (that is, a number and a
‘proper algebraic fraction) Hint: First rewrite the
numerator in terms of the

x+3 x+4
%% b g 4 denominatar.
[4] Match cach of the following equations to the graphs:
© boy=x ¢ ye=x+1

a v 3
d oy=1 e y=(x+20+1




6.1 Polynomial Division

Without using a calculator work out 1452
d

1. There are many ways of

but using the long division algorithm the solution

takes the following form

1J1452  Rewrite the problem in the standard form.

1
11J1452  Find the number of 115 in 14, and subtract this result

13 Bring the next figure, 5, down to the result of the
1J1452  subtraction, 3. Find the number of 115 in 35 and repeat
1

the process.

Use another method to
The process for polynomial

The completed solution shows an exact answer of 132,

veck this solution.

n is very similar, but instead of keeping

figures in columns the powers of x are kept in columns,

Example 1

raxts

Solution

X+ 1) A 502

X+ pax? 4 5x+2
-+ X
X 43x
x4+1)x° +ax? +5x+2
—+ XY

3% +5x

First rewrite the problom using the
standard format for the long:division
algorithm, as above.

Next divide x° by x, and subtract the
result, multiplied by (x + 1), from the
polynomial.

Notice how the powers of x are kept under
each other in straight columns. Now the
subtraction takes place and the next term
in the polynomial, 5x, is brought down.

x goos into x* exactl

times, and
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X+ 3x Now repeat the process, dividing 3x* by x.  x goes into 3x° exactly 3x
x+1P A sox 2 times, and
-+ ) | Bx(x+1) =3¢ + 3x.
3 B¢
(3 +3x)
4342 i in gives tho full
x+10 TR T6x 12 solution.
e+ ) | J

“This means that XX HSHZ_a gy

X1
Notico that this rosult can be checked in several ways.
Show that (x + 1)(x* + 3x + 2) = x" +4x" +5x + 2.

Chock that * 20 £ 22y
¥

ETH
Since the division is true for all values of x put x = 10 into each
expression. What i

Has produced 1452 11 agan,wila rsul of 132, Ty thorvaluos
of xand see what happens.

Example 2

Divide x’ +4x— 2byx 1.

Solution

Notice that the cubic polynomial has no x* term. This means the
coefficient of x* in this polynomial must be zero.

x*+4x — 2 can be re-written as X’ + 0x* +4x ~ 2
In this way the distinct colums for the powers of x are retained.

1€ 0r 74x 2 Rowrite the problem using the standard i

form: i
=
1) $0x? $4x—2 xintox" goes x* times and
-2 = 2 HFx-1)=x"-x

=4

X+ X Subtract. Bring down the 4x torm. x infox* 05" — (—x*)
=0T HAX=2  goog x times. x(x — 1) =2 —x
-2 |

x 4ax
—¢- x)

Itheberrechiich g
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¥*+ X+5  Repeat the process. Notice that the final
XU FOCHAX =2 gultraction does not give a zero resull.

- |
rax
- x)
Sr-2
~(5x=5)
3
of ion is 3 the original division problem

must have a remainder of 3.

= (* +x +5) with remainder 3
which can be rewritten

)%‘H:(f“«-sn—

3
X1

Notice how the remainder term has the same divisor as the original
problem.

Check this result by:

1. Multiplying (x* + x + 5) by (x — 1) and then adding the remainder
of 3. The result should be * + 4x — 2
2 ituting x = 10 and showi 1398 + 9 b

of 3.

ample
with two distinct components:
a polynomial, whose degree, or order, is less that the degree of the
polynomial in the problem ~ this term is called the quotient

@ analgebraic fracti the original
problem and whose numerator is called the remainder.
R ;f‘l’z of (¢ + x4 5) and inder of 3.
Example 3

Find the quotient and remainder for (4x° + 2¢* — 8x + 6) divided by

(2x-3).

Solution

‘These can be found by using the long division algorithm (method) for

ax® + 2¢
2

s Materia
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o !
w - a J

B —12¢
4x+6
iy
2

Since
o - 8x 46

= (2 +axt2) 4

12
-3 -3)
the quotient is (2¢° + 4x + 2) and the remainder is 12.

The remainder theorem

“This is a useful result if information about the remainder is needed from
polynomial division.

Proof of the remainder theorem

Let P(x) be a polynomial of degree n where n > 2. Then

Pl —a)Q(x) + R, where Q(x) is the quotient and R s the remainder.
“This identity is true for all x, and so it is true for x = a.

When x = a. this becomes P(a) = (a —a)Q(a) + R.

Since (a —a) = 0, the remainder R = P(a).

Example 4
Use the remainder theorem to find the remainders when:
a  3x*+2x—5isdivided by x — 4
b x’—2x* —3x +1is divided by 2x 4 1.
Solution
a LotPx) =
The mmmndu( e P(x) s divided by (x — 4) is P(4).

R=P(@3) =3 +2(4) =

—ais_s=m
b Let Px) =x* - 2x* - 3x
“The remainder when F(x) is dwldﬂﬂ by (2x+1) is P(—}).
Che thes sult
RoP = () -2 s R
1eje1= algorithm (method).

Urheberrechilh geschitz @ Baeral



Example 5
When 5x* + x — 8k is divided by (x — 1) the remainder is 2. Find k.

Solution
Let P(x) = 5" +x — Bk.

PO)=5+1-8k=6-0k

But P(1) B, where It is the remaindor whon P(x)is divided by (x~1). By the romainder
Since H =2, it fllows that 6 - 8k = 2 thearem.
= Bk=4 2
- k=)
The factor theorem
Thu remnlmier theorem can also be used to provide a useful result for

order dividing the.
yalynomull’ix)hytx a)is zero, Ihenlhelmnnurmlx a) mustboa
factor of the polynomial P(x).

IR ) i  fctor o )

Example 6

Factorise x* + 2¢* — 5x — 6.

Solution

Let P(x) = x° + 2x* — Bx — 6, a cubic polynomial of order 3. To find the
linear factors of P(x). if any exist, substitute values of x until P(x) = 0.
Adopt a trial and error approach, substituting factors of the constant term,
6. in Plx).

74201 - 5(1) -6 #0
4 2(2) - 5(2)~6=8+8-10-6=0

Since P(2) = 0, (x - 2) isa factor of P(x).

1 +2(3)2 -5(3) ~6£0
4 2(6) ~5(6) ~ 60
1)’ +2(-1) - 5(-1) -6=-1+2+5-6=0

P(-1)

Since P(~1) =0, (x +1) is a factor of P(x).

P(-2) = (-2)° +2(~2)* - 5(-2) -6 £ 0
P(=3) = (=3)" 4+ 2(=3)* = 5(=3) 6= ~27 + 18415 -6 = 0.

Since P(3) = 0, (x +3) is also a factor of P(x).

So P(x) = (x=2)(x+1)(x+3) < Check that (x ~ 2)(x + 1)(x + 3)
=+ - Bx—
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Tt may not be necessary to keep substituting values of x until all the
factors have been found. Once one factor has been found the polynomial
P(x) can be rewritten as P(x) = (x — a)Q(x), and the resulting quotient
Q(x) may then be casier to factorise.

Example 7
Factorise 35" + 2 — 19x +6.
Solution
Lot P(x) = 3x" + 2x* — 19x + 6.
P(1)=3(1)° +2(1) = 19(1) + 6 £ 0
P(2)=3(2) +2(2) ~19(2) 4 6 =24 + 8- 38+ 6 =0

Since P(2) = 0, (x — 2) is a factor of P(x).
S0 P(x) = (x - 2)Qx)

‘The quotient Q(x) could be found by using the long division algorithm or
by using a technique known as algebraic juggling and then equating
coefficients. The juggli uses both terms of the 1
find the quotient h
side of the equals sign as follows.
Plx) = (x-2)Q0x)
= 3’ +2x* —19x +6 = (x - 2)(ax* +bx +¢)
=ax 4 b’ + ex - 2ax* - 2bx - 20
=ax+ (b~ 20)5* + (¢~ 2b)x — 26

Comparing coefficients of x°, a = 3.
Comparing coefficients of x*, b~ (2 x 3) =b —
Comparing constant terms, ~2c = 6. So

2.50b=8.

503 +2¢ ~19x + 6 = (x ~ 2)(3x° + 8Y—3)

The

by

gair \ppropri
be factorised using PAFF.

Q) =3¢ 4 oc-3
. ’ P the constant term
TIALNES e multplid by the
Qx)=3x* +8x -3 =3¢ +9x—x—3 coefficient of x*, A is the

number of 'x's and F
values add to A and
=@ multply toP.

=ax(x+3) — 1(x +3)

28l cria
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Having factorised Q(x) the original polynomial P(x) can be written in a
factorised form as
P(x) =3 4 2¢* ~ 19x 4 6
(x-2)Q)
= (x—-2)(x+3)(3x - 1)

Writing cubic polynomials in their factorised form is particularly useful if
the graph needs o be s or related i

Example 8
Sketch the graph of y = x° ~ 2+* — 13x  10. Honce, or otherwise, state
the range of values of x for which y > 0.

Solution

Use the factor theorem frstto show that,

y=x ~2¢ 13K ~10 = (x + 2)(x+ 1)(x = 5).

Soy =0 whenx = ~2,~1,5; the graph cuts the x-axis at (~2,0), (~1,0)

and (5,0),

“The graph cuts the y-axis when x = 0 at the point (0, ~10).

Given the goneral shape of the cubic graph and the four points through

which it must pass a skotch can bo made. < Check this result using a
‘sraphical calculator.

“The values of x for which y > 0 can be read from the graph; y > 0 when

~2<x<-tlandx>5.

=¥ -2 - 13- 10

vk
|
|

‘The remainder and factor theorems can also be used to find the value of
unknown coefficients in a polynomial. This often creates simultancous
equations.

Remember that this
sketch, and the axes
not scaled accuratel
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Example 9
‘The polynomial 2x* + ax? + bx + 8 has (x — 1) as a factor and gives a
remainder of 50 when divided by (x —3). Find a and b.

Solution
Let P(x) = 2x" + ax’ +bx + 8
Since (x — 1) isa factor, P(1) = 0.
P)=2+a+h+8=0
a+b=-10 n

When P(x) is divided by (x ~ 3) there is a remainder of 50. This means
P(3) = 50.

P(3)=23"+ a3’ +b3+8=50
54+ 9a+3b+8 =50
9a+3b=-12 2l

Equations [1] and [2]

technique we can find a.
From equation (2], 9a+3b=-12
3 x equation (1] 3a+3b=-30
Subtracting, 6a=18
- a=3
Puta =3 inequation [1] 3+b=-10
- b=-13

50 P(x) = 2 + 3¢ 135 + 8, witha = 3and b= ~13.

Urhebertechilich geschitzte@@eral



6.1 Polynomial Division
Exercise
Technique

[1] wse the long division algorithm to ind:
X 43 45x 43 b X 4x-x-10

X2
& -x-9x-6 d 2 —x' +4x 415
Txrz T
2] to find
p iz @@-
d

1

[3] Factorise complately the following polynomials: Hint: Use the factor
a X-x-ax+4 d x*+5-8x-12 o e
b x' -6 +11x-6 e 2413 +22x+8
P e fo2dencix-2 @"

[4] solvo the following inequalities:

a X’ -12¢ +39x-28>0 d X -x-30x20

b X108 +11x+70 <0 e xix-12x<o e
€ X6 - 13x42<0 fo20 -7 —a6x-21>0

Contextual

26— 12¢" + 40x - 32.

(4] vetsw =

a Factorise (x) complotely. b Whenis/(x) > 07

[2] x+ 1) and (x ~2) are both factors of x* + ax* + b — 6. Find a, b and the
third linear factor.

[3] Find the coordinates of the points where y = x' ~ 3x* — 16x - 12 crossos
the ds.

o0 x-axis.

[@] When x* + ax® + bx 1 s divided by (x ~ 2) and (x +2) the remainders
are 27 and 3 respectively. Find a and b,

[5] solvo tho equation 6x* - 7x* —ax 2 =0. Hint: First write the
exprossion as the

product of throe linear

264

[16] 1£/(x) = 4x* - 19x% + 195+ 6, fnd the range of values o x for which
@ <o.

factors.
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6.2 Algebraic Fractions

An algebraic fraction is a fraction that contains an algebraic term. Some
examples are
2 3 6t+7

x 8 el
3 W1 Faai-

Algobraic fractions can b combined in the same way as numerical
fract oboy i tractic ipli

and division.

Addition and subtraction
Find } +2 Check that you gt a result of 13, How did you arrive at this
result? When adding fractions the fist step is to find a common
decmlnacn T L goally ot o (o e el 1)

of th common  Here the LOM of 8 and 5
denominator each fraction is then written in an =qnm1=m form using this 5 15 but 15, 30, 45,...
new denominator. The numerators can then be added to give the solution  would serve equally well

{0 the problem. ‘as denominators.
i+i= Common denominator of

15 - the LCM of 3 and 5.
Notice the new
equivalent fractions.

Example 1

3 s
* F'"d(x BT B F’“d(u—n rEn)
Solution

a  The common denominator will be (x — 3)(x +5). Notice that this is

the LCM of (x — 3) and (x + 5). Rewrite the fractions

2(x+5) 3(x-3) using the common
x=3)x+3) denominator.

Expand the brackets and
llect like terms.

b The common denominator will be (2x — 1)(x + 3).
10 10(x +3) - 5(2x—1)
1) x+3) (x-1)(x+3)
10¢ 10645
ECE)
35
RCErE)

265
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Example 2

Express as a single fraction,

3 2x-1
G+ W)

Solution

Again notice that both i Notice also that tho
quadratic expression in the denominator will not factorise. The same
technique can be used, even though one of the denominators is quadratic.
and not linear.

-1 30 4 ax 1) + (20— 1)(x+2)

‘The order (degree) 0
polynomial in the
numerator is less the
order (degree) of the
polynomial in the

a
ey WA (o raxs)

(@ 412043 + (26 4 ax—x-2)
)

5x* +15x+1
G +ax+1)

Example 3

Express —— ~ —— as a single fraction.

X+ g o+ z;
Solution

Notice that the term (x +2) appears in both denominators and that the
LCM of (x +2) and (x +2)? is (x +2)?. This means the common
denominator will also be (x +2)%.

3x+2) 1

I46-1_ 345
(c+2f " (a2

Multiplication and division
Find § x §. Check that you can get a result of . How did you arrive at this
rosul? When muliplying fractions tho irst st is o find f thro s a

factor in the 1f a common factor
does xist, it can bo ‘cancollod down'. Then multiply the numerators and
i 10 give the the
result.
2 6_ 2x2_4
Sew ™ ¥

‘The same technique can be used to multiply algebraic fractions.

Check this result by
substitutingx = 10.

6.and 3 have a comn
factor 3, s it can bo
‘cancelled"



Example 4

o simplity 070

B

b Express s a single fraction,

243
51T

x-12 _5x
L

€ Simplify =

Solution

3(x+5)
7

1wy, 1
[ R N T ]

T o S U
s (x=3) (x+3)

4 Difference of
two squares.

o o1z
10

The division of fractions can be tackled by reducing the problem to
‘multiplication. Remember that to divide fractions, invert the second
i For

example, 3 +7 =3 x & = 4. The same technique can be applied to algebraic.

fractions.

Example

5
a  Simplify %" . ?"‘

b Express as a single fraction

Urheberrechtlich geschitz @8 ateria



3x-6_ 5 -5-10

3(x—2)  5(x—2)(x+1)
8x B ST

<« Factorising.
dx-2) 6
B Sx-2)Ee1)
peez) 3¢
48X  x—~2)(x+1)
]

)
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6.2 Algebraic Fractions
Exercise
Technique

[A] rina:
3

@ Identify the LCM of these denominators and use it to write each of the

following as a single algebraic fraction:

@ +1 2x+ d 2
Fra=r D = T
b ywTEa - x‘+x T
1
¢ HrtETET & :(x+z)*1x+z)*

[] Express each of the following as a singl fraction:

d

ZX—EX 2x
e Tro=)
@ 2

1 Eoaw-3)
3 Fraxd

2 B

-6 6 -4)




6.3 Partlal Fractions

Two or more prop be combined t
Rovaxampled 1 1= Bovelly:a brostlonican be axpreessd s sussor
difference of two or more proper fractions, known as partial fractions.

We can usually apply this technique to algebraic fractions, and it is
sometimes quite advantageous to write an algebraic fraction as a sum or
difference of simpler algebraic fractions (see Chapter 12). The key to this
process lies in the factorisation of the denominator. We will consider three
categories of denominators:

@ lincar factors in the denominator

@ quadratic factors in the denominator

@ repeated factors in the denominator.
Linear factors in the denominator

Look at the fraction -
Hthe fraction G35+ 9)

‘The denominator has been factorised into two
(x+5). Thi

near factors, (x - 3) and
suggests that this algebraic fraction could be rewritien as

Sx+1 A B
-3 +5) -3 &+5)’

whoro A and B aro constant
you will find that A = 2 and

Ghecking back to Section 6.2, Example 1a,
= 3 provide the solution.

.
G-3x+8  (x-

-8
) T8
Two techniques can be used to find the constants that form the
numerators of the partial fractions. The first uses the following steps:

Step @ Identify the linear factors in the denominator.

Step @ Write each linear factor as a new denon
term numerator.

Step @ Add the algebraic fractions together and then equate the two
numerators,

Step @ Substitute values of x that make the coeff
o turn,

inator with a constant

nts of Aand B zero,

nd solve the resulting equation,

Example 1

WnleT in partial fractions
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Solution
Notice that factorised
(x-+3) and (x — 1). This suggests that

5547 A B 4@ Writeeach linear factor as
G=a(x—1) " (x+3) -1)  anew fraction.

g the RHS ity

Sx+7 _AX-1D+BX+3) ¢ 3 Add the fractic
GraE-1) " GraE-1)
h i both si
numerators must be equivalent to each other.

it follows that the two

So  Sx+7=A(x-1)+B(x+3) < Equate the numerators.

fx, 50 can be found
values of x that reduce the coefficient of 5 to zero, and vico versa.

Whenx=1,  5+7=A(0)+B(4) <@ Substitute values of x.

Sxi7 2
P D w T

Example 2
3

“Express. Tor

Solution

‘The denominator of this fraction is a quadratic. Since it has not been

written as a product of linear factors the first step is to factorise the.

denominator.

Check that x* —x —2 = (x+1)(x—2). < @ Identify the linear factors.

in partial fractions.

Shipe e SE L
Fox-2 @r)x-2)

Now th

distinet

- B 4 @) Use each linear factor to
GiDE-2) (F1) (-2)  writodownanew fraction.

Jheberechiich geschitzte@Ribieria
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Adding together the algebraic partial fractions,

Alx=2)+Bix+1)

2 "
FESD S Gre-7 4 @Addthefac

Equating the numrators,

3

(x—2)+B(x+1) < @ Equate the numerators.
Whenx =2, 3=A(0)+B(3) <@ Substitute values of x.
=3=38

=B=1

3=A(-1-2)+B(0)

=3=-34

=A=-1

1
[N

P h d method of i ons. It is
k the ‘cover-up’ rule. p the fact that some
values of x creal in the denominator. From above,
that these val i

sumsratorsin the pastia frscions, By covergup hess factosstho wholo
process can be speeded up, and can often be calculated mentally.

Example 3
Sx+7 .
[ n
Solution
Look at the fraction 27 Notico that thisis
wEIE-1

another way of tack]

Notice that (x +3) = 0 when x = —3. i

Cover up (x + 3) and substitute x = ~3 in the parts of the fraction you can | XWRPIC -

still see.
“The solution 2 is fou
when (x + 3) is
covered up.

Also notice that (x ~ 1) = 0 when
Cover up (x — 1) and substitute x
still see.

1 in the parts of the fraction you can

‘The solution 3 s fou
when (x— 1) is
covered up.

5x+7 5+7
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o BX+7 2 3
G- x+3)  x-1)
Notice how the number found when ‘covering-up’ b ‘This e
above that ‘covered’ linear factor. rule can only be used
with linear denominators.
Example 4
st4ax-1 & i
Express 2 gy i partial factions.

Solution

i Using the cover-up
rule this can be put into partial fractions in three steps.
Covering up (x - 2) and substituting x = 2,

5 +3x-14 _2046-

W xr) 13

Covering up (x — 1) and substitutingx = 1,

5x*+3x-14 5+3-14

-l X2

Covering up (x + 1) and substituting x =

2
G-1 G+

S0 SN HI-14
G- -1+~ (x-2)

Quadratic factors in the denominators
i adrati

factor that doesn't factorise; for example,

[
(x-+1),and

factor (x* +3), which doesn't factorise.
‘What happens when fractions of this typo are written in partial fractions?
b Aand i

a linear numerator of the form (Bx +C).

Example 5
R Yy S
m(x+'l)( +:)h’l))lﬂll-|ﬁ'lwonl.

R
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Solution
This fra

itten as th ftwo.

(x+1)as it (< +3)
‘The latter fraction has a linear numerator.

45X +6 _ A Bx+C
G 8 D) D)

Now add together the algebraic fractions on the RHS.

3¢ +5x+6 _Alx' +3)+ (Bx + C)x+1)
GO GrDeEE)

both sid 1

be oquivalent.
axF 4 5x 46 = A +3) + (Bx+ O)fx+1)

A, Band C can now be found from a combination of:
@ substituting suitable values of x

@ cquating coefficients of powers of x.

Letx=—1

Then 3(=1)° +5(=1) +6 = A[(=1)* + 3] + (~B+ C)(0)

- 3-5+6=44+0
= 4=44
=

Letx=0

‘Then 3(0)° +5(0) + 6 = A(0% +3) + C(0 + 1)
- 6=34+C

Substituting A =1,6=3+C

- c=3

Returning to
3x% 4+ 5 + 6 = A’ +3) + (Bx + C)(x + 1)
=AY +34+ B + Bx + Cx 4+ C
= (A+B)* 4 (B+C)x+ (344 C)

Urheberrechtlich geschitzt
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Equating the coefficients of the different powers of x:
e}
2]
constant terms: 6 =3A+C B8l

We know that A = 1and C = 3, 50 the value of B can be established from
equation [1] and checked in equation [2], or vice versa.
From[1,3=1+8 = B=2
In(25=B+C=2+3=5

A=1,B=2and C =3, the origi be
rewritten in terms of partial fractions as:

345X +6 1 2x+3
GADat ) (x+1) | 32 +3)

Example 6
3 +2x+3 "
Express (2% TS n partial ractions.
Solution
3 +2c+3
FrE+9)
A 43) + B+ O)x 1)
e+ 1)F+3)

Equating the numerators,

A 20 +3 =AW +3) + (Bx+ C)(x + 1)

When x < Substitute suitable values of x.

3=1)"+2(-1) +3 =A[(-1)* +3]

-

When x =0,

3(0) +2(0) +3 = A(0* +3) + C(0 + 1)

- 3=344C « From above working,
=3=3+C A=1.
=C=0

chitzte@TBerial
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Equating the coefficients of the powers of x:

constants: 3 =34+ C 8]

We know A = 1 and C = 0, 50 equation [1] or 2] can bo used to find B.
From [1],

< Check using equation [2].

2 iawia
© G

%3). <« Check this resull.

Repeated factors in the denominator

Some n]gehnlc :muuns have denominators that contain repeated factors;
sxt1

et z)’ R

What happens when fractions of this lype are written in partial

fractions?

for example, %

Example 7
Expmssm in partial fractions.
Solution

3x+5 A B

o &tD weor

Notice that the partial fractions have denominators (x +2) and (x +2)°.
The two Adding the algebraic.
fractions gives

3x+5 _Alx+2)+B

vt ref
e now these
two fractions are equivalent.
Check that this gives
B +5=Alx+2)+B same solution.

ince this statement is true for all be mad
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——
w2

Exnmpba

Expross W in partial fractions.
Solution

Notice that the denominator has a linear factor (x ~ 1) and a repeated
factor (x +4). This means the fraction will split into three partial
fractions, with denominators (x — 1), (x + 4) and (x +4)*.

5x+15 A LA B ¥ c
R T A e e

(x=1)(x+4)%,

5X+15 Alx+4)* +Blx— 1)(x+4)+c[x—1)
Far

-nx+ar =10
‘Equating the numerators,
5x+15 = A(x +4)* + B(x - 1)(x +4) + C(x - 1)
When x =1, 5(1)+15=A(1+4)" < Substitute suitable.
= 5415254 values of x.
- A=

= A=

5(-4)+15 = z:( a-1)
—20+15=-5C

Urheberrechiich
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To delermine B,

et ue of i
ts is usually the quicker method.

Try equating coeffici
of x or constant term:
check whether you g

=A+B

WeknowA =4 s0B =~

& 2 the same result.
Sxh15 2 S N Gheck this result by
T A e I ) adding the algebraic
L SO L fractions.
S =1 Sk d) )
Improper fractions
These be extended to improp

Romember that fractions are improper when the numerator is of adogoe
equal 1o, or higher than, the denominator. In these cases polynomial long
division must be used first.

Example 9

Weito the impropor raction S s

(e £ 3) i portil fractions.

Solution
Notice that the numerator is a polynomial of dogroe 3 and the
denominator is a quadratic in factorised form; the fraction is improper.

(x-2)(x+3)=x+x-6
Novw rewrito the problom in tho usual long division format. The long Remember to include
division algorithm gives 0x* and O o retain

column structure.

sx- 5
N x-6J50 10X + Oxt 15

¢+ 5x° — 30x

415 “Tho quotiont is (5

S0 A __g g
G-Dx+3 e and the emainder is
as

i now write the proper algebraic fraction in terms of partial
in the same way

35% 15 A B
G-2x+3) x-2) x+3)
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linear we can »
Covering up (x — 2) and puttingx = 2,

35x 70-15

-1

Covering up (x+3) and putling x = -3,

35x-15 10515

o -
SoA=11andB=24.

5x'+15 1 24
T e M )

The partial fractic foll

xi7
a1
Linear
s A TG
FaF O =5) P4 x5
d x40 A BetC
ot factorise: D) Frit¥ia
Schis TG
e Gt —1T T Ay
Auseful B.C..)

i i i to the order
of the denominator of the original proper fraction. For example,
(x~1)(x +4)* is of order 3, 50 three constants, A, B and C., are needed.

Urheberrechtich ges



6.3 Partial Fractions

Exercise
Technique
Exj i partial fractions i with linear
factors):
] 4 _2ox+s)
=91 G-Dkx+3)
2x . -1z
=1 +3) ¥z
Sx20 PO
G=ax+3) oz
pr fr quadratic
factors):
32047 g _acesxeo
E-2+1) CENEFx+a)
p o215 . 3x* +20x+3
xx¥+3) x=2)¥+3x+1)
& 2(x* +2x—4) £ 3 4 5x 4 14
[ERrE) [CER )
[3] xpress the fol rial tod
factor):
W X2 g 2x+3)
Gray (23
b X1 . a1
(-2 -1
o XS (o
rs) G+ -7
E Express these improper algebraic fractions as partial fractions:
20— 1By -2 PRERTSEET)
*—a)x+2) -3 1)
5415 ¥ —ax
C-+3) ¢ wopErr
3412 poeadisies
=D +2) r 17
[5] Expross the following in partal fractions:
3¢ Lax- a1 4 Seses
N Dx-3)x-4) D +3)
8~ 3ax 432 o Xillxtd
E=aE-2x-1) =1+
4 4+ 16x - 60 N o hx-2
(x+1)(x* - 25) -2 tx+2)
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6.4 Curve Sketching

‘c h that shows the
general behaviour of a function or polynomial. It is not necessary to draw
a table of values and plot points accurately. The sketch should show the

‘main features.

Step @ Find where the graph crosses or intercepts the axes.

Step @ Identify any stationary points (local a, minima or
stationary points of inflexion).

Step @ Find out what happens for large positive and negative values of
the variable (the behaviour as x tends to +oc and —x).

Step @ Identify any values for which the function is undefined (or
discontinuous).

Example 1
Sketch the curve y = 2x° + 8y + 6.
Solution
“The main features of this curve are identified separately and then a skelch
is produced combining them all.
@ The graph crosses the y-axis when x = 0. <t @) Intercepts.
x=0 = y=2(0)+8(0)+6=6
S0 the graph passes through (0.6).
‘The graph crosses the x-axis when y = 0.
y=0= 0=2¢+8x+6
= 20 +ax+3)=0
= 2x+3)(x+1)=0
or (x+1)=0
S x=-3 or x=-1

= (x+3)=

So the graph passes through (~3,0) and (~1,0).

. ionary po %-0. < Stali points.

y=2F 4846 %:—i

ax+8

d

=0 54x+8=0 = x=-2

ax

When x = 2,y = 2(~2)} +8(~2) +6 = ~2




So there is a stationary point at (-2,-2).
. verify thal it point. Took at

® Asixgots largo (x — +oc).y lso gotslarge (v — o0). 4 @ Largex. e of o curss
Similarly as x — ~o0, y — +oc because of the x* term. =

@ Tho function is defined for all values of x, so the graph should be a
continuous curve. 4 @ Continuity.

Now combine all four findings into one graph. Verify that the graph of
¥= 2 4 8x + 6 has this form using a graphical calculator.

2

y2lemss

misisadin potat ot (-2,2)

Example 2
Sketch the curve y = x' + 2¢* —x 2.
Solution

“The graph crosses the y-axis when x = 0.
® x=0= y=(0)+2(0-(©0)-2

2 <@ ntercepts.
The graph passes through (0, ~2).

The graph crossos the x-axis when y = 0.

y=0 =¥ ox-z=0

“This cubic equation can be solved using the factor theorem.

LetP(x) =x* +2¢ ~x—2

Check that P(~2), P(~1) and P(1) are all zero.

“This means (x + 2). (x + 1) and (x - 1) are al factors of P(x).

“This means the graph crosses the x-axis al three distinct points: Check that
(=2,0).(~1,0) and (1,0). Plx)=(x+2)(x+1)(x

Urheberrechtich geschitztes Material
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Stationary points can be found from§ = 0. < @ Stationary
points.
Iy =%+ 26 —x 2 then & = 3¢ + 4 —1

Sol=0 = 3 44—

P 5,50
uso ‘comploting the square’or the ‘quadratic formula’ instcad.

Verify that the solutions are x = (<2 £ V7).

“This mear i

coordinates are (~1.55,0.63) and (0.2, ~2.11). Check that these:
turning points are a maximum and a minimum point, respectively, by
looking at the values of 4% on either side of each point.

® Asx — o0,y — oo because of the behaviour of the x* term.
Similarly, as x — —0c,y — —x. 4 @ Large x.

@ The graph will be defined for al values as this polynomial can be
evaluated for all values of x. « @ Continuity.

Combine all four findings into one graph.

iman poin atx = —[u 03

Graphs of discontinuous functions
Discontinuous functions have graphs that got closer and closer to some

straight line and yet never cross it. This straight line is called an Lookat the graph
asymptote. This type of graph has been met already. ofy = tan0in
Chapter 3.

Racall that tan 0 is undefined for a sequence of values of 0.

L
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What s special nbnul n|m values of 07
Recall that tan 0 —-—ﬁ.

For these values of 0, cos (= 0. The rational function that then defines

tan @ has a denominator of zero.

rational functions. that prod

when sketching

Vortical asymptols il b lcato at thoso valus.

Example 3

Sketch the graph of y =

Solution

® x=0=

‘The graph crosses the y-nxls at(o.-3).
reo =0ty
Since there is no value of x for which y =

_1X71) - E"(xfz)‘

<@ Intercepts.

the graph does not cross
the x-axis. So the line y = 0 (the x-axis) must be an asymptote.

o= dv « 2 Stationary
points.

Since £ # 0 for all values of x there are no stationary points.
® Asx— ooy 0" <@ Largex. 0" means x — 0 fror

ASx = =20,y 0

S0 the graph s discontinuous when x

“Tho function ;5 is undefined when x 2 = 0« @ Continuity.

above (pumm and

 means x
below. (nnyxliva]

Sinco x ~ 2 s an asymptote th bohaviour ofy sithersido of this

value should be checked.

Asx — 2* (from above), x — 2 — 0*, 80 = —>

()
Asx — 2 (from below), x =2 — 07, 50y — —oc.

=400

h geschotztes Materia
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Gheck this result using a
graphical calculator.

Example 4
Sketch the graph ol'y——s
Solution
Spot that
it in quotient/remainder form.
xt1 4
=g canbowritienasy =1~ 2o,

@ Puttingx = 0 gives y = 1. So (0, ) is the intercept on the y-axis.
Pmﬁngy—ﬂy'vusx——'l Snmsylphcmlnl\hsx-uiln(—l 0).

® Verify that &

Sinco . for allvaluesofx, thoro aro

dx o+ s)‘

no stationary points.
@ Asx— oo,y — 1,50y =1 isa horizontal asymptote.
L] e = —5. When x = —5 th

7e10. S0 x = —5 is a vertical asymplote.
These can now be combined to give the graph.
¥

xen
s

=

AN

a7

Example 5
X¥+2

Sketch the graph of y == 2.




Spot that itis i i
3

can bo writton asy = x-+ 1.+
“The quotient is now (x + 1) and contains the variable x.
@ Tho graph crossos the y-axis whon x = 0 at (0, ~2). < @ Intercepls.

The gnph does not cross the x-axis. Why? If y = 0 then the numerator
2y , and this equation has no real solutions.

o liy= x+l+* hendy‘l—ﬁ « @ Stationary
points.
For stationary values, §£ = 0.
1- (—,-o- (x=17 =
= x-1=2/3
= x=1£V3
rnmkm.n pu\. .x—1+ 3

point hy lookm
u nw value of the. mdum o[ ho curve on ithe sde.

@ Asxbecomes very large (both positive and negative), ﬁ becomes
very small, and tends towards zero. Therefore y — x +1as x — oc.
Soy =x-+1isa skew, or slant asymptote.

@ Tho graph is not defined for x = 1. When x = 1 the original
denominator is zero. So x = 1 is a vertical asymptote.

(1-¥5.20-V3)

Urheberrechtich geschitzies Material
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Modulus graphs
‘The modulus of a function, |f(x)|, was defined in Chapter 4. To sketch
graphs of the modulus of a function, frst sketch the graph of the function
7(x), and then reflect in the x-axis all parts of the graph for which the

v-coordinate is negative.
Example 6
Sketch the graphs of:

Syt —i‘ | b oye +1
Solution

Pt Foquired now i 0 reflct tho parts of the graph thal are below
the x-axis (where y-coordinates are zero) in the x-axis.

Ny /%/L.‘

Sketching a modulus graph is a very useful technique when we have to
i i f funcli

Urheberrechilich geschitzte®ibteria



Example 7

Q@ x| = [Bx — 24]. H therwise, solve [x| <8x — 24].
Solution
To solve the equation first sketch the graphs of y = [x| and y = [8x — 24]
on the same axes.
Notice that we got two distinct V-shaped graphs. The graph of
¥ = |8x — 24| is steeper and touches the x-axis at x = 3.

‘The points of intersection of the two graphs are the solutions to
B+ — 24]. These can be found algebraically by solving two sets of
equations:

x=8x-21
and  x=—(8x—24)

“The first equation corresponds to the point where y = x intersects Check that this is
¥ = 8x — 24. The second equation gives the solution created by the equivalent toy =
reflection in the x-axis. This corresponds to the point where y = intersocting with
intersects y = —(8x — 24). y=8x—

Solving these equations gives

x = x=n
x=4 Check that x =% an
x=—(8x-24) = ox=24 x =% satisfy the
x=3 x| = [Bx - 24
Verify this result or

To solve the inequality |x| < [8x — 24], use the graph. Notice that the graph  graphical calculator.
ofy = |x] is below the graph of y = [8x — 24| when x < % orx > 2. S0

x| < 18x — 24 when x < 2 and x > 24,

When we need to solve inequalities that involve the modulus function it is
often useful to check the graphs. We can usually identify where the
required condition is, geometrically, by finding where a graph is either
above or below another graph or axis.
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6.4 Curve Sketching
Exercise

Technique
‘I] Sketch the graphs of the following continuous functions:
a 0 4 70— 5x -4 b h(x) =~ 6x-7]
c  —19x + 30 d hix) = 26" +15x° + 31x + 12|

[2] Sketch tho graphs of the following rational functions:
3 2

a gx) b fx)

c glx)

1
= d hix)= ‘W

[3] sketch tho graphs of the following rational functions:
+1

x+a
qu‘

b glx)

© hix) d h@x)

[@] sotve the foltowing:
a [xl=[sx-40] b [=}12-34 ¢
d [x<lex-40] e | >[1-5x f

Ix—2|= [6-2x|
o +11 > 5~ 3x]

Contextual

[1] Given thatsx) = ax* — 74— 75+ 3:

a  factorise f(x) and then sketch its graph
b onaseparate diagram sketch the graph of |(x)|.

[2] Given thatf(x) = 2x + 1 and g(x) = x + 2, find th range of values ofx for
which:

a flx)>0 ol

b ogx)>0 c

ax+1

[3] sketch the graph ofy X1 Honco orotherwise find the rangs of

values of x for which y < 0

[@] 0n separate diagrams sketch the graphs of:
2%-6

Hint: Sketch the
appropriato graphs
first.

@)
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Consolidation

Exercise A
[ theorem to find a X -x-6.
X -x-6 ofa

(0CSEB)

[2] 115 given that gx) = (2x — 1)6x+ 2)x - 3.

Express g(x) in the form Ax” + Bx* + Cx + D, giving the values of the
constants A, B, C and D.

Find the value of the constant a, given that (x + 3) i
glx) +ax.

factor of

Express % in partial fractions.
Solve the inequality g(x) > 3x(x + 2)(x - 3).

a

(UCLES)

E]

When divided by (x - 3) the expression x° + ax’ — (a® - 3a +17)x
gives a remainder of 3. Find the value of a.
b Find the three linear factors of 3x* — x* — 75x + 25.

[@] the polynomial px) = x* + ex* + 7x + d hasa factor of (x + 2),and leaves
a remainder of 3 when divided by (x ~ 1).
dd.
|: Find the exact values of the three roots of the equation p(x) =

IM‘B)

:M+B+§+X—lz.x#n.ﬁnd the values of 4, B, C

(OCSEB)

n __2x+41 ; a
(6] Gwenllw(y—x(zx7n,zxpmsymlhefonnx+(u'n

[7] The cubic polynomial x* - 2x* — x — 6 is denoted by f(x). Show that
(x~3) is a factor of /(x). Factorise f(x). Hence find the number of real
oots of the equalion /() = 0, justiying ot e

point f the graphs
Iusll[yhlg your answer.

(UCLES)

with equations y = x* — 2x — 1 and y
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1 p(x) = 26 — 5x! — 28x + 15t
a factorise p(x) b solve p(x)
©  skeich the graph of p(x) d solve p(x) > 0.

x+3

[9] sketch the curve y = X3, Now find the values ofx for which y > 0.

241
Given f(x) = 55 !

a sketch the graph of /(x)
b ona separate diagram sketch the graph of |/(x).

Exercise B

E\ a When the cubic expression x* + ax’ — (2a° + 12)x + (7a + 10) is.
divided by (x ~ 1) the remainder is 7. Find a.
b Find the three linear factors of x° + 2x” — 20x + 24. (WIEC)

[2] A polynomial (x) can be expressed in the form p(x + 2)* + q where p
qare constants. When (x) is divided by (x — 1) the remainder is 40
and when f(x) is divided by (x +3) the remainder is zero. Find the
values of p and q. NEAB)

@ Given f(x) = (3x — 2)(x — 1)(x +1):
a  express f(x) in the form Ax" + Bx? + Cx + D
b oxpress %}I in partial fractions
€ solve the inequality /(x) > 2x(x — 1)(x + 1).

J0) =8¢+ pr — 1x +q —12
when divided by (x — 1) and also has an exact factor (x — 3).

a Find the values of p and g.
b Exprss the cubic polynomial as the product of three linear factors.
©  With the aid of a sketch, solve f(x) < 0.

a4
5] Acurve basoquationy - ST

Expross % in partial fractions.
2

d hence, or otherwise, sh

=

dy 2
"

Showthaly = Ger 17 " Gr=27
that the curve has a turning point when x = —3. Determine the
value of x at the other stationary point of the curve. (AEB)
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Applications and Activities

Parametn: equations

es. instead of having an equation relating x and y directly,
/ (x ). x and y are written in terms of a third variable, called a
‘parameter. Then x and y are represented by two separate functions,
x = g(t) and y = h(t), called parametric equations. Eliminating the
parameter, or variable, reduces the two parametric equations into a
Cartesian form with two variablos.

a useful ith graphical
calculators, when it is difficult to write y as a function of x. Use a
graphical calculator in the parametric mode to help you with the
following activities

[ sketch tho graphs of the curve by
describe the Cartesian form of these curves:
a x=cos0andy =sin0
b x=3+cosfandy=4+sin0
€ x=-3+coshandy=4+sin0
d x=-3+coshandy = -4 +sind
e x=3+cosbandy =4 +sin0

and then check, the bohaviour of the curve given parametrically
2sin . What do you expect the curve given
paramotrically by x = 5 + 2 cos 0 and y = 1+ 2sin 0 will look like?

1T S
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Summary

divided by a i is checked
using either multiplication or substitution.

‘The remainder theorem says that when a polynomial P(x) is divided by a
linear factor (x ~ a) thon the remainder is P(a).

‘The factor theorem says that if P(a) = 0 then (x ) is a factor of P(x).

be used 1 ise cubic and higher order
‘polynomial expressions.

Partial be classified linear
factors in their desiominators; those with quadratic factors in the

I » the fact that it the
denor required tors in the partial fracti
“To sketch i d -heck:

@ where the graph crosses the axes

@ the location and nature of any stationary points

@ the behaviour as x — =

@ where the function is undefined.

“The graph can be discontinuous at a point. This is shown by a line called

an asymplote.

-A i i a rational
function is zero.

- A hori b hen i
a fixed valuo for large positivo and nogative values of x.

i be found by writing an improper alg
fraction in its quotient-remainder form.

a function, /(x)], by reflecting in th
xeaxis all parts of the graph for which the function is negative.

Urheberrechtlch
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7 Exponentials and
Logarithms

What you need to know

How 10 write numbers in standard index form,

‘The laws of indices.

How to evaluate negative and fra

nal indices.

oo oo

How to use the x'/* or 3~ function key on your calculator.

Review

[1] writethe following mumbers i standard (index) form:

a 93000000 b 000025
¢ tenmillion 4 three hund
pe—
a dxd b e @y
d m' wherem#0 e a"xa’ (i o
a
[3] without using a caulator, work out:
a 16 b 27 c 47
d @ e o4 ro125

[4] use your calculator to find the values of the ollowing, correct to three
significant figures:

a 10 b (0.03)}
e (27 d(-200)%
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7 Exponentials and Logarithms

7.1 The Exponential Function

Any function of the form a, where a s a po
exponential (o power) function. The variable of the function s x.
Examples of exponential functions include 27, 3, 5% and 10°**. The
graphs of these functions all have the same basic shape.

known as a

ive constant,

y=a

@ The graphs are defined for all values of x.

‘The graphs are always above the x-axis.

The x-axis (the line y = 0) is an asymplote, and each graph tends to
infinity quickly as x gets large.

Exponential functions can be used to model growth and decay. To model
decay we find that the exponent needs to be negative. Graphs of
exponential functions with negative exponents are the same shape as
those with positive exponents, but reflected in the line x
yaxis).

Exponential functions are used to predict population growth, des
radioactive decay and determine compound interest.

(or the

Population growth

‘The world’s human population is growing by about 3% each year. Given
that the population at the end of 1989 was estimated at 4.5 billion

(4.5 x 10°), we can predict population figures for future years using an
exponential graph.

Sincea® = 1,
of the form -
the y-axis at (0,1).

Exponential functions
are always positive.

x(103)" |45 % (1.03)°

Complete a table of values or use a graphical calculator to draw the graph
of. X 1.03". Notice that the curve crosses the y-axis at 4.5

1g4.5 billion in 1989, our initial year). Using a trace and zoom

function we can find when the population doubles (v = 2 x 45 = 9).

y 1.03
increases by 3%.

Graphical
calculator
support
pack

295



We find that y = 9.0 when x = 23.449772. So x = 24.

“This means wo can predict that the worlds human population will have
doubled in size from its 1969 estimate by the end of the year 2013
(1989 + 24 years).

Radioactive decay
lioacti have ‘half-lives’ that ined by the time it
takes the radioactivity lo halve. Radon-219, an isotope of the element
radon, has a hal -lfe of approximately four seconds. This means that f at
some time ¢ = 0 we have 10000 Radon-219 nuclei, then four seconds later
(t=4) there will be only 5000.
ial model will

exponent (power). To find it, first tabulate some values.

10000 = (1) | 10000 < (7 | 10000 x(2)*
000 | =2500 250

Notice that every four seconds the power increases by 1. 1f N(1) is the
‘number of atoms at time ¢, then,

MO = 10000 % )

~10000 % (2
=10000 % 27

This model now allows us to calculate the number of nucle of Radon-219
present in the sample at any time after timing commenced (¢ = 0).

Compound interest

Banks and i i the interest to certais ts at the
end of a year. In the following year interest is also calculated on this
intorest. This method of calculation is known as ‘compound interest'.
Consider investing £500. What would give the best return, 10% per year or
196 overy J; year? Compare the balance at the start of cach year.

73205

so0 | ssast | o | wosz | 7 |

‘Trace and zoom
The "Trace’ facility o
graphical calculator
doscribed on p.34.
“Zoom facility enabl
you 1o zoom in on a
region, or section, of
plotted graph. Most.
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Clearly th dves a botter roturn. But how can thes
be calculated quickly?
o tho frst account £500 can bo multipled by (1.1)" where n i the
£500 can be
01" whoron i 4 years for whit

is paid. Thus £500 x (1.01)"° = £552.31.
The idea of reducing the interest rate but increasing the number of times it
is paid i nothing new. Today interest can be paid daily (so in a year, n
would be 365) but the rato will bo only a fraction of 1%.
Now look at the following pattern:
(140.1)" = 259374246
(140.01)" =2.704813829
(140.001)™° = 2.716923 932
(1+0.0001)"° = 2.715 145927
The left-hand i (14" for p 0
“The figures on the RIS are convorgin o a it tht bgins 2.718.... This
‘number is known as ‘¢’ and is the limit of this sequence.
This can be witton mathematically as o = hmll(1+ ) ormoro
usually as e = Tim (1 - )

The exponential function as a series

can

ittty

defined, in a similar way to ¢, as:

B

Ifwe du;mnum this infinite power series term by term we gel a
remarkable result

4.

d B
=Ry

‘That i, the gradiont function equals the function itself for ll real valuos.
Itis this result that makes the exponential function, e*, unique.

itz @ ateria




7.1 The Exponential Function
Exercise
Technique

[4] wsing a catoulator ind, correct to three ignificant fgures, the valuos of
? d e

a @ b e

[2] wse a graphical calcuatorto sketch the graphs of the following. In each
case describe the transformation that maps y = o* onto each of these

functions:
a y=o*) b oyoo+1 o y=d P d

[3] Draw the graphs of y = 2 From your graph find. as accurately as you can,
the value of
a 2 b 2™ c 2% d 2%

[4] vsing a calculator, sketch the graph of y = ¢*. Use the trace and zoom
functions to find values of x correct to three significant figures for which:

a o=6 b oef=B12 ¢ =05 d e=n

Contextual

[ The mass of a colony of bactera, measured in grams, doubles each day
and is givon by the formula M(t) = 7.0 x 2'. Find the initial mass of the
bacteria and the number of days noeded for the total mass of the bacteria
1o exceed 500g.

E] The decay of a radioactive isolope can be modelled by M(t) = Mye ™,
where M(t) is the remaining mass after  days. If  given isotope has a
half-life of 10 days and after this time 60 remain, find:

a how much isotope was prosent initially (the value of My).

b tho value of the decay constant

 how much isotopo has remained after 30 days

d  the number of days required for 80% of the isotope to have decayed.

ine oil, at temperature T°C cools down according to the model
004 4 10, where
engine was switched off.

s the time in minutes from the moment the

a Whatis tho initial lemperature of the oil when the engine s frst
switched off?
b If the oil cools to 32°C after three minutes find the value of k.

How long will it take for the oil to cool to a temperature of 15°C?
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7 Exponentials and Logarithms.

[@] The cost o living s increasing by 4% per year. By how much doy
of living increase in:

a amonth b sixmonths © five years?

How long will it take for the cost of living to double from its present
value?

[5] A car bought for £12000 depreciates at 20% per year. After t years it is
worth £x.

Sketch a graph of x against

Use your graph to calculate:

i when the car is worth half its original value;
i when its value first falls below £1000.

Urheberrechtich g
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7.2 Logarithms

‘When comparing numbers written in standard form, first look at the
index, (exponent or power) of the number ten, This g
the magnitude of the number.

For example, if the index is 6 then the number will be in the millions
because

o5 an indication of

10° = 1000000

Now consider numbers between 10 and 100. Since 10 = 10" and

100 = 10° we would expect the index for these numbers to be between 1
and 2. What about 1.5? What number is equivalent to 107 The answer is
10t 50, Using the x" function key on a calculator you should find that

10 = 31622777 (6 d.p).

“The number 1.5 is called the logarithm of 31.622 777 in base 10. If you
now try the ‘log’ function key on the calculator notice that

log (31.622777) =

and x is known as the logarithm of y in base a.
Since 31.622777 = 10 then 1.5 = log, 31.622777

Logarithms can be in bases other than 10.

Example

For each of the following, write down an expression for a logarithm in a
suitable base:

a bo8=2
; i h
© 100 =10 4 55

Ason mathemtican
the period around the
eighth century. The
may have developed
the idea oflogs withe
sing them for any
proctical pupose.

ry Briggs




Solution
a 81=3%504=log,81
8- 2500~ log,8

b
c
d

ool
( 3] Recall that a™" = .
The logarithm of is the power to whi

orderto equal that number. So log,g 100 is 2 because the base, 10, must be
raised to power 2 to equal 100.

‘The most common bases used for logarithms are 10 and e. In value,
= 2.7182818 and logarithms taken to this base are called natural
logarithms.

i betwoen these types of logarith i ion is
used.

Togsox s written logx or lgx
log, x is written Inx
Calulators have two different function keys for logarithms, 'LN' and

‘LOG', with inverse functions * and 107 respectivoly.
“The relationship between of and Inx is very important.

“The use of ¢ as a base for logarithms is by no means accidental. The
number ¢ has many applications in mathematics.

Transcendental numbers

A mumbor that cannot sty an algsbric oqualion wilh ntogee

coofficients i
transcendental. For uxnnplc vz snlhli\:lx‘ 2orx®-2=0, whh:h are

equations with integer cocfficients. Both e and

iheberrechtich geschitz @B ateria



7.2 Logarithms
Exercise

Technique
[ without using a catcutator ind the values o:
a  log1000 b log0.01
¢ log10000000 d log0.0001

[2] Find the values of the following, to throe significant igures:

a logso b log2
o logl) d logl})
[3] without using a calculator find the exact values of x in:

a x=log.o4 b ox=log27
loga () d o x=log(3h)

a g, 125
c -2=log,(h)

[5] Find the valuss of the following, to three significant iguros:

a In2 b Ins0
¢ In100 d 25

Evaluate the following without using a calculator:
. a e b lnye
a In( =

I [7] copy and complete the following table:

‘ 2= log: 16 =4

2= logo() =1
2-3
log:64 =6

s Materi
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Contextual

[A] he Richtor scale measures the magnitude of earthquakes using
logarithms. The Richter value is only part of the number describing an
carthquake's strength. I it has a Richter value of 6, the magnitude of the
carthquake is 10°. Many people believe an earthquake with a Richter
value of 8 s twice as strong as one with a value of 4. How do the two

ntensity?

actually compare

[2] The human ear responds to the ratio of the powers, measured in watts,
ratio is measured in bels (B) but
ibel (dB) s used. This is

‘when the power of sound increases. This
in practice the bel is too large and the d
calculated using the rule

now pm\er)

change in dB = 10log,, ( s

in power output from 100 W 10 200 W is

a  Explain why an incre
only 3B

b Approximately how many times will the power level emitted by a
source of sound have increased if the sound level increases by 10 dB?

©  Ifthe volume control on a personal stereo is turned down so that the

power output from the loudspeaker changes from 500 mW
(milliwas) to 100 mW, what s tho corresponding fall in sound lovel
in dB:

[3] in chemistry the acidity or alkalinity of a solution is measured by its pit
factor, defined by pH = ~log,e [H"]. In this rule [H'] is a measure of the
quantity of hydrogen ions present in the solution. A pH value of 7

indicates a neutral solution for wl 1077 moles per litre. If the.

pH value is greater than 7 the solution s alkaline. If the pH valuo i less
than 7 the solution is acidic.

a Calculate the pH value for a hair shampoo of strength 2.5 x 10~
moles per litre.
Anacid X, has a pH of 5.0, and an acid, Y, a pH of 2.5. How many

times more concentrated than acid X is acid Y?

=




7.3 Laws of Logarithms
e x = os. .

these ical statements ure identical and
intorchangeable. Now suppose that there aro positive numbers ¢ and d
such that ¢ = m” and d = m* for some m > 0.

hen p = log, ¢ and g = log, d
and 63 d =P x mP = P49 Remember the laws
indices,
In logarithm form this can be written,

10ga (e x d) = p+q = logg ¢ + logn d e

(1550-1

“This result s true for any two positive numbers ¢ and d and for any Napir intoducad the

suitable base m. Since it is true for any base, ofogarthms asa
breaktvough in simpit

+logh  Property1 < Learn this resull

Example 1
Given log2 = 0.301 and log6 = 0.778 find log 12.
Solution
log12 = log(2 x 6)
= log2 +log6
030140778

=1.079 Gheck this using yot
calculator,
Now return to property 1 and put a = b. This gives the following result:

loga® = loga + loga = 2loga

This can be generalised to

‘This is valid for all values of n, and not just integers.

ga  Propertyz < Learn this result.

Example 2

Given log6 = 0.778 find log 36.
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Solution
log36 = logs*
~2log6
= 20778 = 1556 Gheck this using your
calculator.
=P andd = m? with m > 0 and try division instead of

‘multiplication.
e,
L

Inlogarithm form this can be written,
togar (5) = p-g=logsc—loggd

This can be generalised to
[ S —.

Example 3
Using the results from Examples 1 and 2, evaluate log3.
Solution
log3 = log (%)
= log36 - log 12
= 1556 - 1070 =

477

‘There are two other logarithm properties worth noting, based on the
indices statements a” = 1 and @' = a.

B0 ey
BEE= 1 provertys

< Learn these results.

be used to simplify
Togarithms and to solve logarithmic equations.

Example 4
Write the following as single logarithms:

a logs—log6 +logg b 2loga+3logh ~loge

Utheberrec
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Solution

a log8 — log6 + log9 = log({) + log9 Using property 3.
il (n x n) Using property 1.
= log12

b 2loga+ 3logh ~ loge = loga® + logh’ ~ loge.
= log(a’h’) ~loge

-5(°F)

ixture of logarithms and ordi
numbers. When that is the case, try wllacung Ioga'.hu the lnnrll.hmic
terms so that the

single logarithmic term.
Example 5
Given that 1+ log,(7x — 2a) = 2log, x + log, 3, find, in terms of @, the
possible values of x.
Solution
1+ log,(7x — 20) = 2log, x + log, 3

= 1= 2log, x + log, 3 — log,(7x — 2a)

- 1= log, * + log, 3  log, (7x — 2a)

» 1 = logy (3x*) — log,(7x — 20)

3

ki R =1

Butlog,a = 1, 50
e
7x-2a ¢
= 3 = a(7x - 20)
- 3 = 7ax - 20"

= 3¢ - 7ax + 2a° =0
Factorising,

(3x - a)(x— 20)=0

Replace ~7ax wit
~6ax — ax, and
factorise.

a
Sox=2 orx=2a
3

Urheberrechtiich geschitzles Matrial



7 Exponentials and Logarithms

7.3 Laws of Logarithms
Exercise
Technique

[1] waite the following as single logarithms:

a In7+lnz d logi2-logs
b log2 4 logd + loga e In6+In10-In5
¢ 2Mn3 £ log1-logd

} [2] Given that log 2 = 0.301 and log 3 = 0.477 fnd, without using a calculator:

a logs b log27 ¢ logis
d logas e logiad £ olog1l
[3] simplity:
a2 logx+2logy + logz d Iy~ lnx
b 3lnx-2lny e dlogx+2logz
© loga-2logh-3loge £ lnx-2lny+lnz
[@] Expross, in torms of I, Iny- and Inz:
a Inwz) b h(#) e wts
dIn i e lnﬁ f Inx/iz
EI Solve the following logarithmic equations:
a log o= b log16=—4
e Inx'-lox+lnyi=3 d log24+log 9 +3 =3log 4

Contextual

[4] xplin sy sy = 100 and o + logsoy = 2 e oquivalent,
interchangeable statements.

[2] On the same axes sketch the graphs of y = Inx and y = InY). Using the
laws of logarithms suggest a possible transformation for these graphs.
Describe an inverso function for y = In(l).

[3]a  Showthatlog, 12 = log, 144
b

luate log, 12  log, 9 without

[@] By taking natural ogarithms, o otherwiss, find g(x) such that x* = &™)
forall values ofx.

[5] Given that log.x + 2oz, = 4, explain why xy = 16.

Itheberrechtich geschil




7.4 Solvinga* = b

Consider the equation 3* = 20. This can be solved by trial and
improvement using the power function key ¢”* on any scientific
calculator, although this method can be qu 8. A more
concise way of solving exponential equations like these s to use tho.
properties of logarithms. The method is based on the principle that if two
sides of an equation are equal then the logarithm of one side must be
equal to the logarithm of the other.

time consus

Example 1

Solve 3 = 20,

Solution
‘Taking natural logarithms of both sides,

In3* = In20

XIn3=1n20 4 Using property 2
_ln20

n3
_ 299

B =273(35£)

The same principle can be used when the powers become more
complicated

Example 2

Solve 41 = 79,

Solution

Taking logarithms of both sides,

logyg 47" = log,y 79

(3x + 1) logyp 4 = logyy 79

Tog10 79

Togi 4

1(logiy79
3 \logyed

1=

18076
~ 3 06021

1)-0717 350)

“This technique provides a useful ool for solving more complicated
exponential equations where one power is a multiple of another.

Either logy, or In car
used; both bases wi
give the same answe

Check that logy, alsc
givesx = 2.73,

Use either logy, or It

heck that 400717
is close 10 79. Notice
rounding error,
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Example 3
Solve the equation o +e™ — 6 = 0.

Solution
Notice that 4x = 2(2x), 50 this equation could be writton

(@) +e"—6=0

itutey = tion intoa
quadratic equation.
yiay-6=0
= (y+3)y-2)=0
- y=-3ory=2

Soe™ = ~Fore? =2

I o* =

3 has no solutions since e™* > 0 for all values of x.
then In(e*) = In2
2vlne = In2

0347 (3 5)

M e —6=0 ly =0.347 (351).

150 b

iths to 5ol
functions and inequalities.

Example 4
a  Find the smallest integer p such that 2.5” exceeds one million.
b Find the largest integer x such that (0.7)" > 5.
Solution
a  Taking logarithms of both sides,
logyy 2.5" > logy 1000000
= plogp25>6
5

= P> Tognzs

= p>15077

Since p has to bo an integer, p = 16.

Note that log,, is
preferable here because
1000000 is a power of
10.

Check that
25> 1 x10° and
25% <1x10°%

Utheberrechilch geschitz B0 ateria
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b Taking logarithms of both sides,

10810(07") > logua 5

= xlogy 0.7 > logiy5

log1o5 Remember to reverse
= X< Tog 0.7 the inequality becau
1og;0.7 is negative.

= x<-4512

Since x must be an integor,

Check that the negative result is sensible. This can be done graphically by
considering the intersection of y = 0.7* and y = 5. Check this result on a
graphical calculator.

2

e
o %

‘Sometimos x can appear as a powor on both sides of an equation. To solve
this logarithms can still bo used.

Example 5

Find a value of x such that 5* = 743

Solution
Start by taking logarithms of both sides:

Ins* = In72)

= xIn5=xIn7-2In7 Using property 2.

= xIn5 ~xIn7 Gollecting ike terms

= x(In5 - In7) and factorising.

= g UBZ JBE

~Ws5-ln7 In7-Ins
= X=116(3sf) Compare 5'** and 7
on your calculator.
Graphical applications
t the form a* = b

These o b hical application. If

rheberrechilich geschitztes Materia
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ip exi two sets of data, then be used
o simplify their h ight lin is
dled reductic form. Th 1o consider:
@ the exponent s variable “Exponent’, ‘index’ and.
@ the exponent is constant. ‘power all mean the
same,

The exponent is variable
“This means that the relationship between x and y is such that
y=axb* = ab" where a and b are constants. By using the logarithm
techniques:

logy = logab®

logy =loga +logh" < By property 1.

logy =loga +xlogh < By property 2.
Look carefully at this result. What do you notice? It has the form
¥ =mX + cwhere ¥ = logy, X = x, m = logb and ¢ = loga. So plotting

nf straight

BY iy Aguinat.x:
logh with a vertical intercopt of loga.

Example 6
The ip be the values of x and y in the i is
v =ab*, where a and b are positive integers. Find a and b.

Solution

ol 1 2 3 f x
However, when logy is plotted against x  straight line is obtained.

311,




From the straight-li h notice that the i ith the ‘y-axis
approxizmately 0.7 and the gradientis shout 0301, Wo ave I.\lendy seon
that an exponential equation in the form y = ab* can be wrilten in the
linear form logy = loga + xlogh, where logb is the gradient of the line
logy = loga +xlogb, and loga is the intercept with the vertical axis.
From the graph, 105.. ~ 0.7 and logh = 0.301.

Soa=5andb=

S0 the equation T s e y=5x2%

The exponent is constant

‘This means that the relationship between x and y is such that

¥ =axx"=ax’, where a and b are constants. This is really a power
function and not an exponential function. Using the logarithm
properties,

log(ax’)

logy

logy = loga + logx” < By property 1.

logy =loga +blogx < By property 2.

logy = loga + blogx < By property i

comeced ogaithn
What do you notice about this result? This also has the linear form w3t that stage
Y = mX + cif logy is plotted vemcnlly as Y and logx is plotted inaccurat
i X, Th i line will b dient of b and 1 ok
a vertical intercept of loga. 2 igh degreeof ce
Examplo 7
andy in of values is

v = ax” where a and b are positive integers. Use a graphical method to
find a and b.

‘amalyical engine’
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Solution
‘The data plotted on a graph gives a curve.

Now take logarithms and retabulate the data.

22
Plotting logy against logx gives a straight-line graph.

logy.

G T A eszn

1
intorcept
is03

T T
0] 01 0z 03 04 05 08 Togx

From the graph notice that the vertical intercept is 0.3 and the gradient is
3. From the lincar equation in log x and logy:, logy = loga + b logs, this
‘means loga ~ 0.3 and b~ 3.
Soa=2and
Th\lxthnsqu.hondul ﬁlnhud-m uy-zx’ |
Which o
mndnl should bo usd? l.fmdmr onh. sraphs givesastraght lino then an against the orginal data
po One way of
sarizg timo ookt nngmll data and determine f it goos through
the origin. If it does, then suspect that the exponent is constant.

Urheberrechtich geschitzicS F
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7.4 Solving a* = b
Exercise
Technique

[] solvo the folowing equations:
a 2= 1000
¢ 11" =151

[2] Solve the equations:
a ¥i=2s
c =5

5 =500
a=17

e

[3] Find the value of x in the folowing:
a seoper
¢ g

P
et g

o

[@] solve the following exponential equations:
a 0¥ -5 46=0 b 20" -9¢"+4=0
¢ oie-6=0 d o130 50
[5] Find the smallest intoger p such that:
a 2> 1000 b 3 > 2000
¢ (09 <00001 d (@5 <0.001
[6] Find equations for the following sets of data:

™ o i [ s i
I v
e IS T ST ] I
[ [T R v [
¢ 5 2
[T [0 [ [ [
Solve the following equations: Hint: Let y = 107,
a 100" -10""" +16= b 10%-10"" 4 21=0 @Iﬂ-
©  10%-1010"+24 =0 d 10%-100=0

Urheberrechtlich geschitztes Maerial
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Contextual

[] The population, P thousands, of a new town is calculated avery  years
after 1979, The results are summarised in the table below.

1tis believed that P and t are connected by an exponential relationship of
the form P = ab, where a and b are constants. Verify this graphically and
find the values of a and b. When is the population expected to exceed half
amillion?

2] Show ha the equation ¢ — 7¢* — 8 = 0 has one roal soluton Wy docs
ion of the related lution to the
exmmznlln] equation?

y o
describe planetary motion was formulated by Kopler (1571-1630). Kepler
stated three laws, the third of which gave a relationship between the
distanco of the planet from the sun, R (millions of km), and the period of
its orbit, T (years). Kepler had data for the following six planots.

Mercury 7.9 0241
Vonus 1082 0010
Eorlh 1496 10
Mars 279 1881
Jupiter 783 11652 I <y
Sotum 14270 20430
T = aR®, where a and find
P
Uranus 270 3043
[Nepune | 4497 | iesem |
[Puo 5907 [ aman |

How accurate is the model?

[[@] Find the real value of  for which 10° = ¢ for all values of x.

<38



Consolidation
Exercise A

(] without using  calculator show that ©8SY3 = 1084v2 _ 3
Tog3—Togz

[2] Solvo the following inequalitos:
a In(x+2)<3 b (07)>3

@ ‘The value of a car (in £) can be modelled by the equation V = 8500,
where ¢ is the age of the car in years and 4 is a conslant.

a State the value of the car when it was new.

b After two years the value of the car was £6560. Use this information
to calculate the value of 7.

©  Estimate the value of the car after three years.

d  How long would it take for the value of the car to be half its original
value?

[@]a 14, 100and 4, ., = 1.074, find a formula for 4, in terms of n.
b 1fn reprosonts the number of years a sum of money is loft in an
account and A, represents an initial investment of £100, what does
1.07 roprosont?
© How many years would it tako for the invostment to doublo?

[5] civen thaty = 10, show that:

00"

P}

©  Usingthe results from a and b write the equation
100"~ 10001(10°~") + 100 = 0 as an equation in y.

d By first solving the equation in y. find the values of x which satisfy
the given equation in x.

(ULEAC)

[16] The population of Portugal ¢ years aftr 1990 can be modelled by the
equation P = Pyet'.

In1990 the population was estimated to be 10.5 million. Write down
the value of Py.

b The growth rate was expected to be 0.5% per annum. Explain why the
population projection for 1991 is 1.05 x 107 x (1.005).

©  Use the result from b to find the value of k correct to three significant
figures.

d Use the result from ¢ o predict the population for 2000,
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[7] Given thaty =logs 45 + log, 25  21og, 75, oxpressy as a single logarithm
in base b.In the case when b = 5, state the value of y.

(AEB)

8| For certain planets, the approximate mean distance x, in millions of

Kilometres from the centre of the Sun, and the orbit T, in Earth y

Assuming a law of the form T = A", draw a graph of In T against Inx.
Estimate the values of A and n, giving your answers to two significant
figures. Use your graph o estimate the approximate mean distance in
millions of kilometres of the Earth from the Sun.

(AEB)

9| ,,mpl. shows the function fed
100 =% x> .0y wrng
%1 find

Lo of . Henea wlte down - ().

expression for x in

Aslido into a ball pool at a children's play centro can be modelled by the

curve y re x and y are measured in metres. The slide ha
three supports, fixed to the ground at positions A, B and C as shown in the
diagram.

n

a  Calculate the height of the supports at A and C.
b The support at B is half the height of the support at A. How far along
the gro

ind is support B from support A



Exercise B
[ Without wsing s calculator express as a single logarthim,
"lu'(i) loga +2log2
2log] vz 8 8!
[2] solve the following inequalites:
a Inz9<s b (095 >8

[3] he value v of a particular car, in pounds, at ago ¢ months from new can
be modelled by the equation V = 12000 + 2000, where k is a constant.

his model to write down the value of the car when new.

b The value of the car is expected to be £8000 after 24 months. On this
basis, calculate the value of k.

(AEB)

[@] An employee joins a largo firm on 1 January of a particular year.In order
o provide a sum of money for the employee’s retirement, £1500 is paid
into a special account on 1 January each year for the previous year's work.
In addition, on each 1 January, interest is added to the account, the

st being 6%

the annual payment of £1500.

of the total amount in the account immediately prior to

a Show that for an emplayee, who retires on 1 January after serving n
years with the firm, the sum of money in the special account is equal
10 £25000(1.06" ~ 1),

b Find the loast number of years required for the sum to excood
£100000.

(WIEC)

[5] by troting the following equation as a quadratic n o, find the two values
of x satsfying o — 56" +6 = 0.

WIEC)

[6] he population of tceland ¢ years after 1990 can be modelled by the
equation P = 0.251¢”, where P is measured in millions.
a Ifthe growth rate s ostimated to bo 0.6% per annum, ostimate the
value of /.
b Inwhat ye

v would the population reach half a million?

5)-In4

2lny:

a  find the value of y when x = 2
b express x in terms of y in a form not involving logarithms.
(AEB)



7 Exponentials and Logarithms

Applications and Activities

[1] Fibonacci numbers
This f: b its name to the Italian i
Leonardo da Pisa (1170-1230). Each torm of the sequence is the sum of

the two previous terms. Since 1 +1=2,1+2=3,2+3 = 5and soon

the sequence becomes 1,1, 2,3, 5,8, 13, ...

1f these numbers are tabulated,

and then plotted graphically, a curve is formed.
Find the equation for the curve generated by the Fibonacci numbers. Hint: Try y = b,

Iz‘ The logarithmic spiral
“This spiral intersects all radii at a fixed angle and the distances from its
pole increase in a To sketch ic spi

quickly use European DIN paper size A0. Fold the A0 size sheet of paper o) 2
ar ‘ohi Gt ot Doscartos
in desconding ‘A" size order i i o i o 1o th imcrtes,
opposite corner of each section in a clockwiso or .
was fst recognised by
o Doscartos and found s
i Al fascinating by Jacob

Bermoul (1654-1705)
that he aranged (o have
itengraved on his

tombston

A3 Az

Logarithmic spirals occur often in nature. Investigate!
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Summary

Iy = a* then x = log, y.

Common logarithms have base 10, and are written as log, or log.
Natural logarithms have base e, and are written as log, or In.
‘The five basic properties of logarithms for all bases are:

logab = loga + logh
loga” = nloga
log§; = loga ~ logh
log1=0

log,a=1

e i the exponential function and is used to model growth and decay.

Relationships of the form y = ab" can be transformed from an exponential
curve to a straight line by plotting logy vertically against x horizontally.
“The gradient of the straight line is logh and the y-intercept is loga.

= ax can from an exponential
curve 1o suaight line by ploting gy verially sgaintlog
horizontally. The gradient of the straight line is b and the y-intorcopt is
loga.

Urheberrechtlch




8 Sequences and
Series

What you need to know
@ How to collect ‘like terms’
® How to expand brackels.

@ How to substitute values into expressions.

@ How o express an algebraic fraction in terms of its partial fractions.

Review

[ By coltecting together like terms, simpliy the foll
a a+a+2d b
© a+artar d

[2] Expand the following

a (+3)n+a) b e2r-1)
e r(re1) d (1437
(3] b
b

d in(n—1)(n-2) whenn=3
e o' whena
an-r)

1 =’ whena =10,r
[@] Expross cach of the following in terms of their partal fractions
FTIETD 4



8.1 Sequences and Series

Sequences
Asequencaisa
sequences ar:

et of numbers occurring in order. Some examples of

2.4 the sequence of oven numbers
1,4,9.16, the sequence of perfect squares
1.3.6.10, the sequence of triangular numbers

“The terms of a sequence are often represented by ordered lower.
Tetters. Thus u, denotes the first term and u; denoles the second,
sequence becomes:

nd the

Uy, g,

For the sequence of even numbers, uy = 2, uy = 4,y =
A soquencs can be described i several diffarent ways. Onz mothod i 1o
give an algebraic expression for the nth term. The nth term for the

sequence of even numbers is 2n. This can be writte

uy=2n

Check that u, = n* and u, =
squares and the

n(n+1) generate the
equence of triangular numbers resp:

equence of perfect

Example 1

Find the frst five terms of the sequence whose nth term is given by

A= 1)(n-2)
= -

Solution
“To find the first five terms put n = 1,2,
expression for u,,

4 and 5 respectively into the

uy=

3@-1)@3-2)
8 =



8 Sequences and Series

Ih:l[&—i;(‘—l) i

s

_5(5-1)(5-2) _
=880

So the first five terms are 0,0, 1,4, 10.

where the
positive and negative.
Example 2
Find the nth term of the sequence ~1,3,5.7...
Solution
sign is

odd numbers. For odd numbers, u, = 2n —
be ted -1

1 4 0dd powers give negative results.

(SN
(<1)=+1 <« Even powers give positive results.

1"

1
0=+
So the nth term of the sequence 1,3, ~5.7 is given by

u, = (<1)'(2n—1)

Sometimes the rule for defining a sequence can be given in the form of a
This the nth term u,

when the preceding terms are known.

Example 3

‘The Fibonacci sequence, 1.1,2.3,5,8,13,21, ... can be defined by a
recurrence relation. Find this rule.

Solution

“To find ion look at the terms of

related to each other.

=1

=1

Urheberrechtlich geschitz1e@2@erial



wy=2=uy by

uy=3=uy+uy

uy=5=uytuy
=8 =us by

S0y =tp_y +ityz

The nth term in the Fibonacci sequence can only be found if the previous

two terms, 1, and ., are known.

Example 4

a Find the first four terms of the sequence defined by the recurrence
relation u, =, + 2 with uy =3,
b Find the first five terms of the sequence defined by
Bty — Uy, With Uy = Tand uy =2,
Solution
a G find u, using the gi ion. Then calculate
5 and u, using the same technique.
3
up=u+2=5
uy=u+2=7
w=uy+2=9
Sothe first four terms of the sequence are 3, 5, 7, 9.
b

Use the values of u, and u; to find u;. Then generate u, and u; using
the same recurrence relation.

Uy =3uy—uy=6-1=5
Uy =3uy -y =15-2=13
5 =3u, —u; =39-5=34

So the first five terms of the soquence are 1,2, 5, 13, 34.

Remember to put n -
in the recurrence
relation.

Urheberrechtlich geschitzles Material



8 Sequences and Series

Series

‘When the terms of a sequence are added together, a
2444648 is a finite series
144494164 isan infinito serios

1f a sequence has five terms, u,, uz, uy, ug and us, then the series based on
this sequence would be

g g g s
“This series can be wrilten in a more concise form. Instead of appearing as

a string of terms added together, the series is wrilten using sigma notation.

Uy s = Y

S is the Greek letter, sigma. It is used i

summation. The leter  is 2 dummy variable. Tho r = 1at the foot of the
dicates the term with which d the

5at the top indi with which ion should finish.

Thus ) u, means start with the fourth term, u, and sum to the seventh.

term, uy.

Example 5

s
up=2r—1,find ) u,.

Solution
To sum this series, first substitute the values of r from 110 5 into the
expression for the rth term of the sequence and then sum the results.

i:u,~i:(2r71j
2-1)+(@-1)+6-1)+B-1)+(10-1)
43454740

ion i pnnicu ly when the serics s infinite. n these.
i e Sy e
would be impossible. In sigma notation, however, we can write:

eschitz @B ateria
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So the sum of the even numbers can be written:
FE T

Writing a series in sigma notation is dependant upon an algebraic
expression for the nth term being known.

Example 6

Express:

@ 14346+ 10+ 15 in sigma notation
b 7410413+ 16 in the form XH:/(‘-)
Solution

@ The terms in this serie from the

i 8
The nth term, u, = }n(n+ 1). Since 1+3 + 6 + 10 + 15 begins with
the first term and ends with the fifth term,

B

[RERTRSURSCES phsc

=

“The firststop is to find an expression for the nth term. Notico that the
sequence 7, 10, 13, 16 increases in equal stops of 3. This suggests the
exprassion for the nth term should contain a 3. Rewrite the sequonce
using this factor of 3. Noto that = 3 for the first term.
u=7 u=10 u =13

3x3-2  —4x3-2  =5x3-2
This suggests that we can write the nth term as
u=nx3-2=3n-2
“The serics is finito with last term 16.

Hence  3n-2=16
3n=18
n=6

Therefore  7+10+13+16 =" (3r~2)

Recall that r s a dum
variable.



8 Sequences and Series

8.1 Sequences and Series
Exercise

Technique

[4] Find the frs four terms of the sequences with tho following nth terms
a w=3nis b u=dn-1 ¢ u=tn-1
d uy=(n+3)n+4)e u=2"" foup=n't1

[2] Find . the nth term, fo the following sequences:

a 6,8,10,12,.. d 12,10,8.6,
b 14,17,20,23, e -3,-5,-7,-9,
€ 1611,1621,. f 03,8152,

[3] Use the following recurrence rlations to find the next four terms of cach
soquonce:

[] Express the following series in sigma notation:

a 1+4+9+16 d 3454749411413
b 3+6+11+18 € 0+2+6+12+20+30+42
© 44546474849 £ 246412+420430+42 456

T i
. P b NEe) e

d i15r~2i e Yorr+1) £

[16] Express the following series n the given form of sigma notation:

5

M

Mo

(r+1)r+2)

S+e+11414, 3 f)

b oseB+1I+14+17 420, 3OS0)

¢ 0r1s1841s 340

4 oriseae, 370

e 7410413416419, 3 f0)

f 648+10+12+14+16+18, t/(r)
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8.2 Arithmetic Progression

An arithmetic progression is a sequence in which each term is produced
by adding a fixed number, For example 2,5,8, 11,... is an arithmetic
progression and 10,7,4,1,~2,... s also an arithmetic progression. Notice
that the number that is added throughout the sequence can be positive or
negative. It i called the common difference.

‘The phrase ‘arithmetic progression’ s often abbreviated to AP. The first
torm s usually denoted by a and the common difference by d.

Considor the AP 2,5,8,11,..... Here a = 2 and d = 3. This sequence can
now be rewritten as

2, 243, 2+(2x3), 2+@x3), z+@4xI)
‘The nth term would be 2 + (n — 1) x 3.

ieail ferm of an AP is <« Learn this important
—1d result

Example 1

Find an expression for the nth term of the AP 10,7,4,1

Solution
For this AP, a = 10 and d = 3
uy=a+(n-1d
=10+ (n-1) % (-3)
~10-3n+3
~13-3n

The torms of an AP can be added to form an arithmetic series.
a+(a+d)+(@+2d)+ (@+3d)+oo ok (a+ (0= 1))+

I this series is finite then it has a last term and it is possible to find an
o for the sum of the series.

Example 2
Find the sum of the first 100 natural numbers.

Solution

The first 100 natural numbers form an AP, with @ = 1 and d = 1. The sum
of this AP is a finite arithmetic serie

1424344400 +100

How can this total be calculated?

Gheck this expressior
for u, for values of n
from 1105

age nine he mentaly
cakulated the tota
5050,




8 Sequences and Series:

Let Syo0 be the sum of the first 100 terms.
Sig=1+2+3 44994100 0|
Now write the sum again in reverse.
Sip0 = 100499498+ 4241 2
Adding [1] and [2], term by term,
2% Sipp = 101 +101 4101 + -+ + 101 + 101
‘We know that there are 100 terms on the RHS, 5o
2% 8100 = 100 x 101
= Sy = (100 x 101) = 5050

be applied to every

Sp=a+(@+d)+(a+2d)++(a+(n-1)d)
Sy=la+(n-1d+--+(a+2d)+(a+d)+a
25, = [2a+ (= 1)d] + -+ [2a+ (n - 1)d]

There are n terms on the RHS, so

[T —

The sum to 1 terms of an arithmetic series can be written in another
equivalent form:

B
Example 3

For the AP 5,9,13,17,.... find:
a thesixth term, uy

b the sum of the firstfive terms, S;.

Solution

First idontify the first term and the common difforence. The standard
results for nth term and the sum to n terms can then be applicd.

For the AP5,9,13,17,....a=5andd = 4

2 u—atm-nd

S =5+ E-1)x4=5+(5x4)=25

329,
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20+ (- 1)d]

5

5 s
SxlExs)+E-1x4)

% (10+16) = 65

2

Example 4

ind the sums of the following arithmetic serios:

a 245484114447 b 47441435+ +(-43)

Solution

a Horoa=2andd
“The number of terms in the series, n, can be found by making the last
term, 47, the nth term.

uy=a+(n-1)d
= 47=2+(n-1)x3=3n-1
So3n=47+1 = n=16

The sum 10 16 terms of the series can be found by using one of the
formulas for S.

392

_nlatl) _162+47)
Su= wern

-

Here a = 47 and d = —6. Making ~43 the nth term,
u,=a+(n-1)d

= ~43=47+(n-1)(-6)

= ~43=47-6n+6=

3 6n

So 6n=53+43 = n=16

‘This arithmetic sories also has 16 torms.

S

_na+n)
-2l EX

1647+ (-43)]
z

Why is this total 5o low? Recall that many of the terms were negative.
S =47 +41435+~25-31-37—43
‘This technique of identifying the first term, a, and common difference, d,

for the AP is particularly useful when the information given relates to
other terms in the series.

Remember to check |
the sequences are AF
Identify the first tern
and common
differences before us
any other formula,



8 Sequences and Series

Example 5
“The fifth term of an AP is twice the second term. The two terms differ by
9. Find the sum of the first 10 terms of the AP.

Solution
“The information given is that

uy=2u; and uy—u; =9

Using the fact that the ath term of an AP is given by u, = a + (n — 1)d,
‘e sewrltien as si ot aadd,

g =2u; = g =20, =0
= (a+4d)~2(a+d)=0
= a+4d-20-2d=0

= m
Us—u;=9 = (a+4d) - (a+d)

= atid-a-d=9

- ad=9

= d=3 C]

Notice that equation [2] gives the value of d. Substituting this value of d
into equation [1] gives
(@x9)-a=0 = a=6

The sum of the first 10 terms can now be found. Use these values of a and
dwith n = 10 in the formula for the sum to n terms.

S, =14n(2a+(n—1)d)
80 Sio= 012+ (9x3))
=5(12427) =195

Example 6
Evaluate i (2r+1).
=

Solution

i(zr+l)=(n+1)+(s+1)+~--+(xz+1)
=

=7+94.+33
‘This arithmotic series is generated by an AP where a = 7 and d = 2. Check  Hint: Reduce r = 3 10
that there are 14 terms in the series. The sum of the series can now be r=1in the dummy
calculated. variable.

Urheberrechilich geschitzgglatria



8, = {nl2a+ (n—1)d]
so Su=1l2x7)+(3x2)
=7(14+ 26) = 280

u“
So Y (2r+1) =280
=

Example 7

Pat saves £10 in the first month, £12 in the second month and increases the
‘monthly savings by £2 each month. How long will it take Pat to save £5007
Solution

Notice that the monthly savings form an AP in which @ = 10 and d = 2.
‘Suppose Pat saves £500 in n months. This means the sum of the first n
terms of the AP is 500.

S0 5, =300
= 1n(20+2(n—1)) =500 < Recall thata = 10andd = 2.
= n(20+2n-2) =1000
- 180+ 2n* = 1000

= 20 4 18n - 1000 = 0

lion in n. Solve it using th
1+ /T~ 2 (-1000)

2x2
=183 or -273(3sf)

the number of months

cannot be negative.
S0 £500 is saved in 18.3 months. Given that Pat saves monthly, the
savings exceed £500 after 19 months.

Urheberrechtlch




8 Sequences and Series.
8.2 Arithmetic Progression

Exercise
Technique

[ 47 Find ) the nexttwo torms and (i) the it term u,. of each of the

following arithmetic progressions:
a 13.15.17.19.... b 8.14.20,26
© 34312825, d 258,

[2] Givon the arithmetic progressions 3.7.11,15.
and 70,06,62,58..... iy, fn

g B1116,21, v

a u b ou c v
d v o w [ owa
@ Find the sums of the following arithmetic series:
a 1+5+9+13+---+41 b 248+14+20+---+38
€ 4+7+10+13+:-+25 d 224274+32+4--447
[] Use the metho of Gauss (Example 2) to calculate:
o Mbeiseize 2 4 mezame

b 27424421440 e 2+17+124..-18
© 564524484432 £ —3-5-7-9..-21
5] s
» u
a Y @r+2) b Y (er-1)
= =
© Y(er+s) d ) @r-10)

Contextual

[ ‘the number of ieams in a bidge structure form a sequence 3,5,7.9......
What is the nth term of this sequence?

[2] caleutate the 201h tem of the sequence ~5, -2, +4,410.....

[3] Find the sum of the arthmetic series 15+ 16 + 21 + -+ 60. Check the
result using the method of Gauss (Example 2).

[14] Find the sum of the first 16 terms of the arithmetic progression
1+18425+32+




['5] e ninth term of an arithmetic seres is three times the second ferm and
the difference between the sixth term and twice the first term s 10. Fing

a  the first torm
b the common differonce of the AP.

[16] The sum of the frst five torms of an AP is 72, The sum of the firstten @

terms is 189. Find the sum of the first fifteen terms,

[7] When x is addod 105, 12, and 14 respectively and the rosults are squared,
the new sequence is an arithmetic progression. Find x.

Luke's pigay bank deposits increase by 5p each week. His initial deposit is
10p. How long will it be before Luke's savings are at least
a £10 b £1007

In the woek his savings exceeded £100, how much did Luke doposit?

An AP has threo consecutive terms with a sum of 33 and a product of 935
Find the torms.

An AP has first term 10 and common difference 0.8. If the sum of the first
n terms is to oxceed 250, find the value of n.




8 Sequences and Series

8.3 Geometric Progression

A geometric progression is a sequence in which each term s produced
from the preceding term by multiplying by a fixed number. For example
3,6,12,24,... is a geometric progression, and so is 1,~
tha the multplier throughout th sequence can be positive or negative It
is known as the common ratio.

In general the phrase ‘geometric progression’ is abbreviated to GP. The
first term is denoted by a and the common ratio by r

AGP can then be written as

a,ar.aP,ar ar',...
‘The common ratio can be found by comparing successive terms in the
soquence.
u

=r

Fi!,;md. the nth term of a GP
lisu = ar"!

< Learn this important

Example 1
Find an expression for the nth term of the GP 3,6,12,24,....

Solution
Look closely at the sequence.

L uy =12, uy =24

‘This GP has first term 3 and common ratio 2.

X2, u3=3x 2% uy =

So the nth torm is 3 x 2"~

Example 2

Find an expression for the nth term of the GP 1,~1.1,~1.4..-
Solution
Notice that for this GP,a = 1and r =~}

u=ar?

Check this result by
substituting values

n=1,2,34and5

335



The terms i to f For example,

the GP 3,6, 12,24 could be used to create the finite geometric series
3464124241 find

‘The first term, a, and the common ratio, , of the GP need o be known.
Lel§=3+6+12+24

Since this GP has a = 3 and r = 2 this can be written as

5=3+(@x2)+(@x2)+@x2)
Now multiply each term by the common ratio
25=(3x2)+(3x2)+(3x2") +(3x2")
Subtracting equation (1] from equation [2].
25-5=@x2")-3

S(2-1)=3(2"-1)

2t

[F)

the sum of
serios.

the sum of any finite get
serios.

LetS,=a+artar +-ta!
Then 18, = ar + ar’ +.ar’ + - + ar’

‘Subtracting (2] from [1],

S,(1-r)=a(1-r)

Example 3
For the sequence 3,6, 12,24, .., find:

a  the next two terms
b the nth term
© the sum of the first five terms.

Materlal



8 Sequences and Series.

Solution

The sequence 3.6,12,24 isa GP with a = 3and r = 2.

The next two terms are us and ug. Using u, = ar”
uy=3x2'=3x16=48

uy=3x2° =3x32=96

b The nth term s u,.
wy=ar =3kt
€ “The sum of the first five terms is S;.
a(-r)
S="
_31-2)
TT1-2
_3(1-32)
==

Notico that in Example 3¢ the formula for S created a negative numerator
and This was b h i

1.In order pr
the sum to n terms can be used.

<« Learn these results.

Example 4
& :

torm 8 and 14,

the first 10 terms.
Solution
since r > 1, use the alternative form for the sum of a GP.

a(r-1) 814"~ 1)

=55051 (2 d.p)

Utheberrechiich o
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Recall ipter 7 tha this can
Togarithms,

Example 5
Find the number of terms in the geometric series 4 + 6+ 9 + -+ + 30.375.
Solution

terms will give the
common ratio.

This means a = 4 and r = 1.5,
Now examine the last, or nth, term.
uy =ar !

= 30375=4x15""

= 1x30375=15""

= 750375=15"""

Notice that the variable n now appears as a power.
Taking logarithms of both sides of the equation,
10g(7.50375) = log(1.5" ")
=(n-1)log(1.5)
log(7.593 75)
“log(15)

So  n-1=

Thatis,n =6
So the series 4+ 6+ 9+ -+ + 30.375 has six terms.

Urheberrechtlich geschitzles Matsrial
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8.3 Geometric Progression
Exercise
Technique

[ Find ) the next two torms and () the i torm o the following gsometric
progressions:

a 1248 b 261854,
¢ 46913 d 01030927,

T "

and 1.3.9,27....,w, find:

progrossions 2,10,50, .., 48,24,12,.....v,

au b ou oy

d vy e wy [

[3] Given the first term and common r find the sum

of the terms indicated

b
d

d the sums of the following geometric series:

2444844256 d 2-6+18-54+.-~39366
b 2-6+18-54+4--413122 e 20-30+45---~34172
© 16424436+ 418225 [ 0.1+05+25++3125

Contextual

Find the ninth torm of the geometric series 12 +8 + 53+ 33 + -, correct
o three significant figures.

[2] Find the common ratio of a geometric seris given that the third term s 5
and the seventh term s 486.

(3] Find the sum of the first ten terms of a geomer
2and frst term 14

@] wi

a  the first term of the GP
b the common ratio

ith common ratio

e down the first three terms of 3 25(3)". State clearly:

©  the sum of this series,

[5] evatuate

a izuuun" b tsm;»"

339
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8.4 Convergence, Divergence
and Oscillation
Consider the following sequences.

3,5,7,9.10,.0. gy

510 1y, v, and w,?

quence is an AP with a = 3 and d
1, = 20+ 1. As n gots large (n — o) u, gets large (u,
sequence s said to diverge.

2. The th term,
. This.

“The second sequence simply oscillates botween 1, when n is 0dd, and 2,
when n is even. This sequence is said to be oscillating, A sequence that
repeats itself in a regular pattern is periodic.

‘The third sequence is not an AP o GP. Check this by trying to find a
common difference or common ratio. The sequence has nth term

As n gets large (n — o), w, gets small (w, — 0). Thi Verify this by
sequence is said to converge. The terms of the sequence gel closer and cansidering the.
closer toa limit of zero. sequence formed by
Agraph can i d illustration of the bel of the seque

c 6 Show that this is an
as n increases.

witha =2andd =

uk ik

The values grow n size as n increases.

Wk

The sequence converges to a fied value.
Inthis case, w, — 0.s n increases.
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Example 1

A by Uper = 16— ul 1y =2,
describe the behaviour of the sequence.

Solution

Start by finding the first few terms of the sequence.
w=2
Uy =6—w|=6-2/=4
Uy = [0 —uy| =6 -4 =2
=6 =6-2/=4

‘The sequence is oscillating between 2 and 4. So u, = 2 for odd n, and
u, = 4 for even n.

Example 2

Describe the behaviour of the GP 20, -10,5,~2.5,1.25,.....
Solution

“This GP has a = 20 and r = — . The nth term u, = 20 x (~3)" ",
As n gots large, u, — 0. This sequence converges and oscillates.

‘The behaviour of a sequence canbe — u, &
very important if the terms are being
‘combined to form a series. This can
determine if the series will diverge or
converge as a large number of terms
are added together. Adding an
infinite number of terms of a series

s known as a sum to infinity.

Example 3

Find the sum to infinity of the series 1 —3+ 5~ &+ ...

rechilich geschi
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Solution

Notio that this seies i created from a GP with a = 1 and. r = —1, The nth
torm u, =1
As n gots argo, , — 0. This moans that the seris increases by smallor
‘numbers that oscillate between positive and nogative.

“To find the sum to infinity of the series write down the sum of the first n
terms.

a-r) _10-(=")

5=
Gy 143

This result can be generalised for any GP in which the common ra
such that -1 <r < 1.

The sum to infinity of a GP
GPs with common ratio r such that |r| < 1 gencrate convergent infinite
serios where S, — S.. as n — oo, and

<« Learn this

mportant resull,

Example 4

a  AGP has first term 500 and common ratio Z. What is the sum to
infinity of the GP?
‘The sum to infinity of a GP is 90. If the common ratio is 3, what is the

first term?
Solution
500 _ 50
o Se=ptiei=remm

Series other than those genorated by GPs can have a sum to infinity. Theso
are often expressed using sigma notation and require the use of partial
fractions (see Chapter 6).

Example 5

Find 'Z; EOEED

“This is often written
mathematical short
asir<1.
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i 344y s moithor an AP nor a GP.
“To sum this series, consider the expression for the nth term found from

the sigma notation.

3
MRS CE]
“This rational expression can be rewritten in partial fractions.

(n+1)(n+z) () (n+Z)

Now return to the original series.

Z r+ ‘l)(r+2) = [(r+ DN 2)]

‘Substituting values of r from 110 n, where  is a large number,

b

=

3 3
+l)+(n+l

3
2y (r+1)_(1+2) =2 n+z
Asn— o, m““ So the series convergos to the valuo 3.

o OB
A2 2

Notice that, except for the first and last terms, all terms are repeated with

[Gheer ety minined

successive terms of the
serios using a !
You should find that the
sum of the series never
exceods .

Urheberrechilich geschit
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8.4 Convergence, Divergence
and Oscillation

Exercise

Technique

[4] Find the sum to infiity for a geometic progression with:

30,
200,r =088
£ a=1000r=01

@ Describe the behaviour of the following sequences:
Upy = 18- u, | where u, = 10
cos(30n)
In8, (In8), (In8)*,
In18,(In1.8)% (In1.8)°....
5

aees

B

U= v @)

£y,

10
n{n+1)

[3] Find tho sums to infinity of the following goomotric series:
a

203481427+ 4 100+80+64+
b 24381427 ... @ 20-8+32-...
€ 1zia+is. fo20-184+162-

[4] i i i the values of |
torms:
a r=is.=400=1
b a=3,5.=8
¢ r=}S.=45.a

d a=10,5,=30,r=7
2 e 7

Contextual

[ Find the sum 1o infinity of the geometric seros with frst term 15 and
common ratio 3.

[2] the first term of a geometric serios i 24 and tho common ratio is ~ . Find
the sum to infinity.

[3] o sum to infinity of a GP i 80 and the st torm i 16. Find the comimon
ratio.

s Materia



8 Sequences and Series

[4] Given that i o and the sum

infinity is 32, find the first term.

[5] thesum toiniity . —

Find the common ratio.

“The sum to infinity of a GP is 81 and the sum of the first four terms is 65.
Find the first term and the common ratio.

[7] Gerry says, The ith first term
rato}is 45 John immediataly says tht it must be wrong,
a  Explain why John is correct.
b Given that the sum to hlﬁlllly and the first term are correct, find the
‘common ratio.

Urheberrechtlich geschi
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5 The Binomial Theorem
and Power Series

What does binomial

12 Bi is Latin, meaning ‘double’ so a binomial is
n with two terms, Some examples of binomials are (a + b
ind (5 - y).

al (a-+ b)* can be rewritten as a sum of algebraic torms.

The binom

(a-+b)* =a*+2ab + b

There are al i for binomials with
than 2

(a+b)* = a* +3a*b +3ab* + b

(@+b)*

(a+b)(a+b)
= (a+b)(a" +3a°h + 3ab* + b)
=a(a’ +3a'b + 3ab* + b*) + ba’ + 3a’b + Jab + b')

* +30°h + 3%° + ab’ + ba’ + 30°B* + 3ab + b*

=a* +4%b + 607 +4ab’ + b*
Consider the following structure:
@+b)' =a+b
(a+b) =a’ +2ab+ b

(a+b)' = a* +3a%b+3ab® + b*

(a+b)* = a' + 40’ + 6ab? + dab’ + b

Now write down the coefficients only of the terms in these expansions.
As they are written down arrange them in a triangular form under
each other.

Write down the next row in this triangle. Check that each figure is created
by adding the numbers directly above it.

Recall from Chapter
that ‘polynomial'is
Greek for ‘many term

redted wiha Dana

costigents hhes
expansions. Itis

usually called Pasca

_ tiangle.

e
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So(a+b)* = a* +5a'h +10a°b* + 10

Notice:

+5ab* 4 b

the position of the coefficients from Pascal's triangle

that the powers of a decrease from 5 to 0 and the powers of b increase
from 0105

that adding the powers of a and b in any term gives 5, which is the
power on the original binomial.

Itis useful to remember th

points when expanding a binomial,

Example 1

Expand:

a (2+x)° b (3-x)°

Solution

a  Notice that the index, or power, here is 4. The fourth line of Pascal's

trianglo is

14 6 4 1

“These will be the coefficients of the torms in the expansion. Build up
the expansion in two steps.

Insert powers of the first term, 2,
1x20 4x2 ex2' ax2t 1x2’
Insert powers of the second term, "

12 xx® 4xPxx' 6x2xx® ax2xx® 1x2°xx'

Now evaluate any numbers raised 10 a power, recalling that a° = 1 for

all values of a. The expansion now becomes

(243" =16+ 325 + 248 + 8¢ +x*

5. The fifth lino of Pascal’s trianglo is required.

The power hero i

1

Insert powers of the first term, °3.

1x8°  5x3 10x3  10x

5x3  1x3

Tnsert powers of the second term, *~

1x3x (%0 5x3 x (0" 10x3"x (-

10538 % (-x)" 5% x 1%8% % (-x)°

)

Remember (o include

the negative sign.



Even powers of (—x) powers of
(3-x)" = 243 - 405x + 270x - 90x" + 15x" —x*

“This technique can be used 1o expand (a +x)" or (a ~ x)" for any positive
integer n. The problem then becomes finding the values of the coeffcients
in the nth row of Pascal's triangle.

Factorial notation

Afactorial is a product of consecutive natural numbers, starting at 1.
503 factorial, written 31 =3 x 2 x 1and 6! =6 x5 x 4 x 3 x 2 x
Atable of factorial totals shows how concise this notation can be.

it with i The terms of
Pascal’s triangle are known also as binomial coefficients. The third
coefficient on the fourth row can be written using factorials as

A\ 4
3)7 =9 61

In a similar way the rth coofficient on the nth row of Pascal’s trianglo can
be written as

m— « Learn this important result.

The general result for the expansion of (a +x)" is:

(:)a'”x)

X4 xX" qLearn this result.

Example 2

Find the values of: i

Urheberrechtlich geschitzles Material



8 Sequences and Series.

“To calculate the value of binomial coefficients not all factorials need be
remembered. The fraction can be cancelled down quickly since each
is a product of numbers beginning at 1.

Example 3
Without using a calculator, find (:)

Solution

Bx7x6x5x4x3x2x1
BxZx)x(Graxdx2x1)

Notice that 5! is a common factor of both the denominator and the
‘numerator. This means it can be cancelled.

(5)7 8x7x6
3) 3%z
Now look for other common factors.
B _8x7
(3)-22-s

One advantage of using factorial notation is that particular terms in an
expansion can be found without finding the whole series.

Example 4

Find the term involving x’ in the expansion of (1 -+ 2x)'%,

Solution
Recall the general result for expanding (a +)".

RN, P

Sotl

(erm involving x” in 1

()

(u):uxnxm:m
9 3xzx1

expansion will be

So the term in x” is then 220 x 17 x 2°x" = 112 640x"
Notice that this provides a quick method of identifying terms in the series.

The expansion of binomials using factorial notation for the binomial
coefficients is often stated as a mathematical theorem.

The 3 x 2 in the

denominator eliminates
the 6 in the numerator.

Notice that n

12,0

multiplier (coefficient)

of 2

349



The binomial theorem

:)b' «Learn this result.

f the brack vt
notation. The binomial coefficients relate clearly to the powers of the
terms a and b. The case where a = 1 and b is the variable x is particularly
interesting.

(1+X'"=1+(;‘)x+(’z')xz+(:)x’+m

This can i of
closeto 1.

Example 5

a  Find an approximation correct to four decimal places of (1.01)".
b Find (0.99)* without using a calculator.

Solution

a  This by using the f
(1+x°
o (e (e (e +

=1+6x+15 +208 4o
Now write 1.01 as (1 +0.01). This is better expressed as (1 + 7k,
Substitute x = 7k into the series expansion.

20
o 8

(!I‘lli—‘l+ *mu’ Toot
=1+40.06+0.0015 +0.00002 + -
=1.06152

So, to four decimal places, an approximation for (1.01)° is 1.0615.

-

Since 0.99 = 1-0.01, (0.99)* can be rewritten as (1 - 0.01)*,

Use the binomial series for (1 —x)* with x = k5

a=xt=1+ (}) 0+ ()t (§) o o ot

=1-dx 46 —ax’ 4xt

Notice that (§) and (
‘both involve 0L
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o thy ez oy L
100/ 100° © 100*
1004 +0.0006 - 0000004 +0.00000001
= 0.960596 01

Power series

a polynomial. i P a
vnrl-hl-. usualy x , muliplod by a coefficiont.
Qo baxba b=y o

Power series can be divergent or convergent. When the series is.
convergent thero is usually a restriction on the range of values of the
variable x.

Apor be created from a binomial
is fractional and not an integor. The expansion is now written slightly
ly to how it was before, coefficient, (%), is

‘nonsensical when n is a fraction.

‘When n is negative or fractional, the binomial series for (1+ )" is given by

res:
Notice that this series will be infinite if n is negative or fractional because
the numerator will never contain the factor (n — n).

‘This power series will converge provided ~1 < x < 1. This condition is
‘particularly important because it means that the series is not valid for all
values of x.

Example 6

Find the firstfive terms in the binomial expansion of 1—— and state the
range of values for which it is valid.

1

Solution
Applying the law of indices, —— = (1 —x)". This isa

x
fal with power 1. be found by =1
expansion .

PO S e
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ck what happens
whenx =4 andx =

[P S Notice the need for {
striction x| < 1

‘This series is valid for —1 < x < 1; that is, [x| < 1.

Example 7

Find the first four terms of the binomial series for /T F . State the range
of values of x for which the series converges.

Solution
VIFX = (1+x)!. This is a binomial, with power 1.

(14%)"=14nx+

=1 nn-1)n-2)x
2 El

P r P RRE

This series is valid for [x| < 1.

The binomial series can be used to provide a power series expansion for
rational functions.

Example 8
Write ﬁ as a series of ascending powers of x, up to and including
the term in x. State the range of values of x for which the series is valid.
Solution
Once the rational function s written as a product the application of the
binomial theorem can be seen.
Expand (1 + 2x)~* as a power series, then multiply this result by (1 - x).
Check that (1+2x)™* =1 - 8x+40x" — 160x" +
Then (1 - x)(1+2x)™* = (1 - x)(1 - Bx + 40x* — 160x" + )
—9x+48x* — 200¢" +

“This series s valid for ~1 < 2x < 1; that is [x| < 1
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8.5 The Binomial Theorem
and Power Series

Exercise

Technique

[4] Fina ion of 's triangle:

a (1+x)° b (3-x* c (5-x° d (24x)° @

@ Find the values of the following binomial coefficients:
o % s 20
° (Z) i (4) N (3) ¢ (16)

[3] Expand tho following using the binomial theorom:

a (1427 b (4-x* ¢ (2-3%° d (-}

[@] write the following as seies of ascending powers of x, up to and including
the term in x*:
a A-x® b @-x° ¢ G+ 4 (2-39°

['5] Find the rangs of values ofx for which the series expansions of the
following are valid:

a (4} b @-20! ¢

d (@4-3:x)™"

[16] Find thefrst four trms of the binomisl seres fo the ollowing functions:

a (40 b WAFE ¢ Vicx d % @n
Contextual
[1] Find e lexp f 4+ x)°. When is this jon valid?

[2] Find the term involving x° i the expansion of (1 + 26)"".
@ Find the coefficient of the x” term in the expansion of (1 — 3x)'*.

‘The expansion of (x — 1)'* has  term that does not contain x. State the
value of this term.

['5] Find the valueof (1.01)" to four decimal places using the binomial
expansion of (1-+)"

[6] Expand =% as a series of ascending powers ofx, up to and including
the term in x°. State the range of values of x for which the expansion is
valid.



Consolidation
Exercise A

[4] Find the sum of the arithmetic series 2-+.5-+.8-+ -+ 398.
(NEAB)

[2] e tenth term of the arithmetic progression i zero and the sum of the
first 10 terms is 15.
a Find the firstterm and the common difference.
b How many more terms must be added for the sum of the arithmetic

progression to be zero? e

[3] A geometic series has third term 27 and sixth term .

Show that the common rato of the seres i .

Find the first term of the series.

Find the sum to infinity of the series.

Find, to three significant figures, the difference between the sum of

the first 10 terms of the series and the sum to infinity of the series.
wLEAG)

a
b
c
d

[@] Find the sum of the seies with frst term 11 and last term 40, n which
each term, after the first, exceeds the previous term by ;.
(UCLES)

[5] the nth term of a sequence is u,. whera

a Find the values of u; and uz.

954y

Giving your answers lo three significant figures, calculate:

b the value of uy,

¢ Y

d  Find the sum to infinity of the series whose first term is u, and whose

nth term is u,
(ULEAC)

[6] Find. in the simplest form,the first three terms in the expansion of

1+ 31)%, in ascending powers of ¢, where || < 1.
(1+3) ing powers of t, where ] < . o

[7] Two soquencos . s, s, . axe defined as follows:

Sequence A: Uy =2 Upy=8-uy

354



8 Soquences and Series

a For each of the two sequences, find the values of u, us, u, and us.
b State for each sequence whether it is convergent, divergent or
oscillating.
(NEAB)

Given that x| < . expand VT2 as aseres of ascending powers ofx, up
toand in ", simplifying
(UCLES)

El Find the term in x'? in the binomial expansion of (x + 2x*)'.
(ocsEB)

a  Use the binomial theorem to give the expansion of (x +y)*.
b f(x+2)! termina

simplified form.
©  Find the coefficient of x* in the expansion of (1 +x%)(x +3)*.
Exercise B

[] Find the sum of the arthmetic seres 3+ 7+ 11+ -+ 75.

[2] Holen'sfathr gives her a loan of £10 800 o buy a car. Tho loan i to be
ropaid by 12 unequal monthly instalments, starting with an inii
payment of £4 in the first month. There are no interest charges on the

increase by that the
second monthly payment is £(4 + 60), the 1h|rd monthly payment is
£(A+120) and s0 on.

o Showthatd~ B4

b f immediately

-Iler Helen makes w e ‘payment. Give your answer in a fully
factorised form.

NEAB)
[B]a 1 Express——2 _in panial fractions.
[ g
il Honco find the sum of n terms of the serios

D8y B
Tx5 3%7 5%9

s

=

A sequence of integers uy, us, uy is defined by uy = 5 and
Uiy 1 = 3ty — 2" for n > 1. Use this definition to find u, and uy.
(0CSEB)

388



[@] a Tho sixth term of a goometic progression is 6.075; the it term is
405, Calulate:
i the common ratio

the first torm

the 30th term (correct to three significant figures).

b State, with aeason, whether the geomelric series

In3+(In3)* +(In3) +

is divargont or convergent.
© The sorios S is given by

In3+In(3) + In(@) + -+ In(3") = 3 _ In(3")

Show that § s an arithmetic series whose sum is approximately 511.
d Show that ) In(3r) = nln3 + In(n!).
= (ocsim)

[5]a Thefirstterm of an arithmetic progrossion s 9 and the seventh torm
is threo times tho second torm.
sum of the first 32 terms of the arithmetic progrossion.

b The first term of a geometric progression is 81 and the fourth term is
24. Find the common ratio and the sum to infinity of tho geometric
progression.

the common difference and the

(WIEC)

[6] A sequenco is defined inductively as follows:
iz

Uy 1 = units digit of 2u, (that is, the remainder when 2u, is
divided by 10)

a Write down the values of u; for i = 1,2,3,4,5 and show that g

b State whether or not this sequence is periodic or convergent

¢ Find the units digit of 2°%, explaining how you obtain your answer.
(0CSEB)

[7] The b term, u,. of four sequences s defined belovw. For each sequence
decide whether it is convergont, divergent to -+, dive
oscillating, For each convergent sequence, state the limit to which it tends
asn— cc

rgent 1o oo or

8 u=2+VA b

sin(inm) d

(AEB)
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Applications and Activities

Loan repayments

The sum of a goomelric

series can be used (o find:

the timo taken to repay a loan given a debt, interest rate and
repayment instalments;

@ the repayment instalment given a debt, interest rate and repayment
term.

[4] You bormow £1000 at 14% APR and pay back £300 per year. How long will
ittake 1o repay the debt?

Eoat o ot ot ettt

igato credit terms and check the rep
tables for the quoted APR.

Summary

® A sequence is asel of numbers occurring in order. When the terms of a
sequence are added together,  series is formed.

A sequence can be described using an algebraic term for u,, or by a
recurrence relation.

@ Aseries can be written using sigma notation, which uses the Greck letter
£ to represent summation over a number of terms.

® The nth term of an AP is [EEBMBE4)d . where a is the first term, and d is
the common difference.
@ The sum to n terms of an arithmetic series can be written in oquivalont
forms
Eﬂ'%[ln 4 (n-1)d]
E 20D oo s the last torm.
2
@ The nth term of a GP is IBBEE? whero a is the first term and r is the

common ratio.

APR s the Ann
tage Rats
must, by law,
on all cradit
arrangements.

Perc

nual

d
bo quoted
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@ The sum to n terms of first
ratio r is given by

)
T

@  Asequence is said to divergo if u, — oc as n — oc, converge ifu, — a
limit as n — o, and bo periodic f it repeats itself in a regular pattorn.

® GPswith that | < 1 infinite
serios whero 5, — S, as n — o, and

@ The coefficients in a binomial expansion, (a + b)", can be written down
using Pascal's triangle.

@ A factorial is a product of consecutive natural numbers; so 31 = 3 x 2 x 1
and 0! = 1 by definition.

thi i alues of n (n € Z°)

says:

@ The binomial theorem can be used to write a binomial series for integer,
negative and rational powers. This power series will have a condition on
the values for which it is convergent.

Urheberrechilich g
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‘What you need to know
@ How to differentiate standard functions.
@ How to use the laws of indices.
@ How to find the value of an algebraic expression.
@ How to skeich graphs.

@ How o use sigma notation.

Review
[] Fina:
PR S) 4 Seosy)
x T
G 5 Gy
bl -ex2) e gGin2e)
c %(xb;) t deviacmsy

[2] write each of the folowing expressions as Ax” or (Ax" + Bx"), whero A
and B are constants,

£ VR(L+VR)

[3] Find the value o cach of the ollowing expressions for the given value of x:

a 3 +sdexwhenx=2 b ix'—x'—xwhenx
© 2d-x41, when

d x,whenx=8

[@] sketch the graphs of:

a y=1 b oy= c oy
d y=sinx e y=1+sinx £ y=2cosx
[5] simplity the following using sigma notation:
a 1+2+43 b 1+449+16+25
© 2444648 d 447410413




9.1 Indefinite Integratlon

Integration be described
familiar roverse operations.

3
Add Subtract /f N
S
(8
Multiply Divido N
B %
N
Gube. Guberoot cube
I
R
cubi
ool
hat we now call on and integration

realised that these processes were closely related. Leibniz (1646-1716)
and Isaac Newlon (1643-1727) independently discovered that integration
is the reverse of differentiation. This fact s called the fundamental
theorem of calculus.

Integration difforontiate:
 liply by 1
roduce power by
- et

Fri s
divido by this ummber

The principle of the reverse process will be used to integrate powers of x
by i s por by  nd o disdin ho o o by Ui
number - the reverse of differentiation.

Jx’ dv=1 < Differentiating ¥’ gives ¥*.

Check this by di hould
process.

Butnotethat f(3x’ +1)=3xix+0=x*
and A0 +2)=3xi¥ +0=x

and 0 on.

Notation

Jis the symbol for
‘ntegrate’

The term that is beis
integrated s the
integrand.

“d’ means integrata
“with respect to’ the
variable x

So [f(x) dx means
integrate the integra
f(x) with respect to
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‘This means that any of the expressions 1x*, x* + 1,1x” +2,.... could be
xdx. fves x.

Since there is no definite answer the expression [ x*dx is called an
indefinite integral. The complete answer s

J;edx =12+ ¢, whero ¢ Is a constant.

have “+’at the end where c i

'm following table illustrates the basic principles of integration.

S frde Llcre)=140=1

Jde e |dGrio=5+0=5

Jrdx [T FUE

Jrxis e [£@eg-ixaro-n

I 1 c [40¢ ro=txadro—2

T Ihe |£drto-ixadtomr <
T 0% o | L0 =g et 0 =o

J@r-xt0)dx |10 1 (4G ~fe +ox o) =
Sope |fxae-lx2rese0=

‘Summary of the basic principles

© BRS¢, where k is any number

° . where k is any number
© IRESE:. wihoro s any numbor excopt —
o ORISR = 11 s+ [stx)ix

Example 1

Find:

& [xle-3)dx b J1-smds © ](";—”)dx

Solution

a The technique hero i to expand the bracks irst, and thon integrate
each term separately.

Ix(x—s)dx= J(x‘—:lx)dx

1¥-3x3x+c < Always add a constant for an
“iic indefinite intogral.

1 the variable was t, not
x, we would ‘integrate *
with respect to,
Jedt=3r+c.

Recall that g/(x) is.

A,.,
L i




b Tointegrate the square root, first express it in powers of x.
Ja-svman= fa-adax Rocallthat ¥ —x'.
A
—x-3xaddic ”"’J X
T

« Check the answer by
=x-2d+c iatic

G First oxpress tho intogrand s powers of .
e 2
-2
= Jo-xtax

«Remember to add a constant for
an indefinite integral.

Example 2
‘The gradient of a curve v = f(x) is given by & = (2 - x)(2 - 3x). Find the
equation of the curve, given that it passes through the point (3,2).

To find y from &, reverse the differentiation by using integration.
! I(z —x)(2 - ax)dx
= Ju —ax+3)dx

8¢ ax’
=a-See

y=ax-a+x o
‘This equation reprosents a whole
family of curves. The graphs
can be drawn on a graphical
calculator using different
values of c. The graphs show
that there are many functions
with a gradient of (2 - x)(2 — 3x).
‘However, there is only one graph
that passes through the point (3,2).
Check that the value of ¢ must
be -1,
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Analtemative to th is 1o find, o check,
the value of c. Substituting the values of x = 3 and y = 2 into the
expression for y,

So the equation of the curve is y = x* — 4x* + 4x

Integration and mechanics
Tn Chapter ics was text iation. Recall
that if s = in time ¢ then givenby v =%,
and is given by a = 3. Usi

means that we can find v if we know a, and can find s if we know v. The
new equations bocomo:

v=fodt and = [va

Example 3

An aircraft taxies at a constant speed of 7.5 ms ™" to the start of a straight
runway. Tt then begins to accelerate. Tts acceleration after t seconds is
given by a =2t — 1.

a Find ion for the velocity
b An i i of the
kes off. What distance has it
runway in that time?
Solution
Draw a diagram to llustrate the situation.
=75mst
—
sarof ining after t seconds

s = distance in metres.

Urheberrechiich geschitzieS8Feria
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We know that v = [adt, so we integrate the acceloration to find tho
velocity.

v=fadt
= f(2t-18)dt
=2xif-ixif e
—xfec

h information

when { =0, v = 7.5. Substitute Lhn-vl.lllux o the exprossion for v.

75=0-0+c
B
v=Ff-4P+8
=-4P4y
So s=fvdt

s= (R -4+ de
=gkl Bese

Pt

‘The distance is measured from the start of the runway. So when t = 0,
5= 0. Substitute these into the expression for s

0=0-0+0+c
o=c

-+t

“To find in the first
into this expression for s.
s=x10° - hx10' + ¥ x 10

e

- g

e

gz

Sos=2413m < Always include th

Urheberrechilich geschiizies
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9.1 Indefinite Integration
Exercise
Technique

[4] use integration notation to describe cach of the following statements:

a  integrate 25 — 3x + 1 with respect lo x
b integrate ¢ with respect to t
©  integrate cos 0 with respect to .

[2] tntegrato each of the following with respect to x:

a3 b 25 c x4x-7
d  x(2-3x) e (x-3)(x+5) £ (x+1)?
[3] rina:
1 . i
a Jix . J[—,m P[00 %de
i o
b ds f ddx 2d
o : | R
c [ +1)dt 8 [sfdr k [axidx
4 [VRdx h I’E‘m
(@] Fin:
a f6*-3x+2)dx b f@t-57dt c fx(2+x)dx
d Jta-£yde e [x+1)x-3)dx f [1addx

[5] Fina:
[ e

4 fR-apa e

o [(een)a

f fornvac

[6] 117 = . and 7a) = 4, fna )

[7] 18 170x) dx = g(x). what is the connection between g(x) and f(x)7

Contextual

[ The velocity of a particte at time 1 is given by v =+ 3. Find an
expression for the distance, s, travelled by the particle at time , given that
s=0whent=0.



[2] copy and complete the folowing, where each ' represents a missing
ferm:

J25° ~ 10x* — o 4+ #)dx

J(o 150t = o f(2 - 3t)dt
e

O+c

PR
ot

®meanos

[B] wew =

a writo down g/(x) and solve g (x) = 0
b find glx) given that g(~1) = 5.

E ‘The gradient of a curve at any point is given by § = 4 - 2x.

a Explain why the curve has a maximum value when x
b If the maximum value of the curve is 1 find the Bquuﬂon a[ the curve.

[5] g

The gradient at any point (x,) on a curve is given by & = —&. If the
curve passes through the point (2,3}, find the equation of the curve.

4x*, and (2,~13) is a point on the curve g(x), find g(x).

[7] Atvain sarts from restat station A and 22 minutes lato stops at station B.
Tis velocity, t seconds after starting, is given by v = 0.6t — 0.004t* ms ™",

a  Find an expression for the distanco travelled from A.
b Find the distance between the two stations.

A particle loaves a fixed point O with a velocity of 20m ™. It travels in a
it finowad i i Sty

a=(14-8)ms?,

a  Find an expression for the velocity in terms of £.
b Find he 1 ing 0.

Urhebarrechtich geschitztes Materlal
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9.2 The Area Under a Graph

Integation ion; usually of lengths, . The
by a
f the areas of an
mc\nngla of height/(x) i xnmmmuy small width . So ur_h
ngl be f(x) dx.

We can find the area under the curve
between x = 2 and x = 3, using Leibniz's
idea that [? f(x) dx is the sum of the arcas.
of many thin rectangles.

Itheberrechtich geschi




When the area is split into two rectangles the width of each is 0.5. The
height of the first rectangle is £(2.25) and the height of the second
rectangle as (2.75). The two distinct areas are then 0.5 x /(2.25) and
0.5 /(2.75). Calculate theso two valuos:

05%f(2.25) = 0.5 % 5.0625 = 253125
05%f(275) = 0.5 % 7.3625 = 3.78125

The total arca under the curve is estimated to be

2531254378125

3125

Repeat the process, this time splitting the area into four rectangles. The
width of each rectangle is then 0.25, and their heights are f(2.125),

calculated as

1(2.375).f(2625) and f(2.875). Check that the total area is novw 6.328125.
This process could be repeated many times. In each case the width of each Graphi
rectangle gets much smaller. As the width becomes infinitesimally small A
(as 6x — 0), the heights become f(x) for all values of x between x = 2 and Suppos
x = 3. The total area of all the rectangles then becomes a better pack:
approximation to the exact area under the curve. The area can be
2 You could investigat
(Zf"‘“" the sum of the rectar
= ‘areas further using tt
where th roprosonts the sum of th f cach roctanglo i
with height f(x)and width o, btowoen x — 2 and x — 3. graphical calculator.
_— . "
%hu 0 ur;ﬂx; oxis L S(x)dx.
In goneral, adding the arcas of ll theso rectangles gives tho area under the  The constant torm d
graph betwoon x = a and x = not have to be writte
=4 down for a definite
&l{q shaded region rim dx < Loarn this result Inlognl.
Putting x = 3 and x =

We call %' the upper limit of the integral and ‘a’ the lower limit of the
integral. An ntegral with limits s  defnite ntegral,
‘The shaded area under the curve y = x* is given by [} x* dx.

[ xdx=[}X']] < Square brackets are used to separate the
< [ from the integrated expression.

=@-0
-

So the area under the curve is
for four rectangles.

. Compare this (o the result

gives the area under |
graph between x = 0
x=3,and x = 0 and
respectively. Subtrac
the second from the |
gives the area undor
graph betwoen x = 2
x=3



ye - 1-2)

The graph shows the curve y = (x — 1)(x - 2).

a  Find [}(x - 1)(x - 2)dxand [{(x — 1)(x - 2)dx.
Comment on your answer.

b you expect fi(x —

Find the area of the shaded region.

Solutic
a Touse integration first expross y as a polynomial in x.

y=x-1)x-2)=x*-3x+2
J:(x—’l)(x—l)dxn ]:(f—anz)dx

= [ -2}
(1-1+2)-(0-0+0)
12

i

[ 2= [0 <137 2
=@x8-1x4+2x2)-(-1+2)
PR R
:

is
“The valuo of the integral betwroen x = 1 and x = 2 s nogative. This 5 e ar of }squares
because the region bounded by the curve, x = 1,x = 2 and the x-axis e beloww the.

lies below the x-axis.

b Since integration is a summation process we might expect that

r(x— ix-2)dv = r(x— 1)(x-z)dx+r(x- ix-2)de
o o 8

=irh=i=d

Utheberrech
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Looking at the sketch of the function, we can avoid adding the

areas algebraically. The graph shows that part of the curve is
below the x-axis, and for this region the integral is negative. Adding
the integrals, as in b, would give too small a result for the area.

‘Therefore,

total shaded area =+ = £ = 1 square unit.

Example 2

(-8,16)

Find the area of shaded region enclosed between g(x) = 8 + 2x} and

hix) =1

Solution

“The area i ical, with the y-axis as the I we

can find the area of the wholo shaded region by doubling the area of the
part of the rogion lying in the first quadrant. Call the area under the curve
5x) area A, and the area under the curve h(x) area B.

20 =8+ 262

mA=£(5+2x’)dx

~[fe
]
=(64+£x32) - (0+0) =51

hix) = x?

arean = [ av =i v

HESH
Hdxs12)-0]
-g-p

A sketch of the curve
will always give you
indication of whethe
the curve crosses the
xeaxis. If it doos, you
‘must calculato the ar
of the regions above
below the axis
soparately, and then
therm togother to find
total area.



So the area of the shaded regio

=2x(

Area of the shaded region

Example 3

y=xtx-2p

The graph shows a sketch of the curve

a Find the coordinates of P.
b Find the shaded area.
Solution

a y=x(x-2)"

(6 —dx +4)

— a4 ax

S

110,47 square units (2
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2 (area A~ area B)

x(x—2)%

Pis a local maximum point, so 3 = 0 at P. That is, 3x* —8x +4 = 0.

‘This is a quadratic equation. The coeff
factorise and solve it using PAFF:

3 —Bx a4 =3 -2~ Br+d
—x(3x-2) - 2(3x—2)

=@ -2)x-2)

Whon 3 — 8y + 4 =
Sox=torx=2.

it of x* s larger than 1, 50

, (3x - 2)(x = 2) = 0.

find that

Pare (3,3 and th di

 we

(2,0).

f Qare

Pi3xa=12
A8

i 2,6

Check these against the
sketch of the graph




b The area of be found by
the region below the graph between x = 0 and x = 2 from the area of
the rectangle with corners (0,0, (0, ), P (2.2) and &, 0).

i

The area of the rectangle is § x % = &
The area under the graph y = x(x — 2)? between x = 0 and x = § is
given by
area = E(x’~4:?+4x)dx

=[x -2 + 2}

=(xE-ixp+2xP-(0-0+0)

=d-diR

=i

So the area o the original shaded region = & — # = £ square units.
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[] use integration to ind the area of the shaded region in each of the
following:

[5] valuate the following definite integrals:

a r(ﬁx'—nx’+x+1jdx b rt(:?—x—u)dx
o J' (10 - 25 + 6x%) dx a r (1-10¢')dv
B -
The graph shows a sketch of the curve y = (2 - x)(x — 4).
a Write down the coordinates of ¥
PandQ.
b Explain why it is necessary to =N 1)

evaluate two separate integrals in

order to calculate the area of the

shaded region.

Calculate the area of the shaded
n.

B

[7] ‘this diagramm shows the curve
¥ =x*~3x+3 and the line
y=2x-1
Find the value of
e —3x+3)dx.
Find the value of [}'(2x — 1) dx.
Hence find the area of the

y=201

yexioaeed

L

Itheberrechtich geschitzles Materia
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a Find the arca of this shaded region.

y=xta-x)

b Now find the area of this pattern.

Evaluate the following integrals:
a ]:%dx b [;.(ﬁ—i)dx
B l:%dx d Esdax
Contextual

El Find the area of the shaded region in each of the following:

v
%
yEsa-x
[2] The diagram shows the vertical section v
through a tunnel 14m long. The roofis
an arc modelled by the equation
¥ =6-0.08x* — 0.0006x",
a  Find the area of | =3 5 03 3

b Find the volume of the tunnel.

Urhebertechilich geschi
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9.3 The Area Between the
Vertical Axis and a Curve

Exercise

: Technique

[4] the graph showws the lineyy = x + 1.
Find x in terms of .

Use integration to find the sum of an
infinite number of horizontal
rectangles that describe the shaded

area,

e

T 1B in torms of y and thon
‘ calculate the area of the shaded region.

[3] The graph shows the curve y = »°.
Expross x i torms ofy. Honge calculats
the area o tho shadod region, correct

1o two decimal places.
(@] The curve shows the graph of v
v =/(x=1). Express x in terms 3

ofy. Hence calculate the exact

Y=
area of the shaded region. ]

errechiich geschitztes 32@ia




9.4 The Area Between Two
Curves

s
y=s -~

10

e~

¥

“The shaded rogion is enclosed betwoen the graphs of y = f(x) and
¥ = g(x). Divide the area into verlical strips. Notice that when /(x) > g(x)
b g ech st 1) - g6 Ths 5 h caso forall vlues o
betweenx = a and x = b. Adding togother the areas of all the thin
rectangular strips gives the area of the shaded region.
b

‘The area between the two curves is Z (fx) ~ g(x)) dx.

As 6% — 0 and tho width of cach strip bocomos extremely small, tho area
can be calculated by integration.

_(f(l) —gx) dx.

Example 1
Find the area enclosed between the
curves y =’ +2andy = 3¢ - 2.

Solution
Sincey = x* +2 is greater than y = 3x* ~ 2 between x = ~1 and x = 2, use

area ]:(/(xi —g(x))dx

where (x) = ' + 2 and g(x) = 3¢* - 2.
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‘The solid formed
by the rotation

volume, rw’dx

First find an expression for y* in terms of x.
P
== =xt it

So volume of revolution = ]'1.(;(' 2+ 1)dx
,,J‘ (x4 25 + 1) de

= a1+ 30+
=2{G+3+1)-(-§-3-1}

e =

Notice that this exact result can 17 0.
Rotation about the y-axis
Find the volume generated y=1n

when the shaded area bounded )
byy =£x) and they-axis. from  tin ecangleof i
y=atoy =b,is rolated about et

the y-axis.
“Tho width of the approximate
rectangle, dy, is a small
‘measurement along the y-axis.
Rotating the shaded arca
about the y-axis forms a

solid.

“The rectanglo becomes a

thin horizontal disc, of

depth oy and radius x.

+
¥ The volume of the thin
* disc is oy

385

Urheberrechilich geschitzt




“The volume of the solid of revolution is found
by adding togethor the volumos o al the disc.

Volume of solid revolution = Z x* 8y, where
dy is infinitesimally small.
‘We use integration to sum the volumes of the discs.

e

)uﬂl.cullr notice the y‘dx and xdy terms.

Example 2

Find the volume of the solid generated by rotating the shaded region about
the y-axis.

Solution

Make a sketch of the solid.

1 ith abowl we can find
subtracting the volume of the bowl shape from the volume of the :yllndlr

volume of cylinder = nr*h
=nx1¥x2
= 2x cubic units
“The coordinates of the curve at each edge of the shaded rogion are (0,1)

and (1,2), so the bowl shaped solid is obtained by rotating the region
between the y-axis and the curve between v = 1 and y = 2 through 360",

Material
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“To use the equation tha we know for
volumes of revolution around the y-axis,
we need to find the equation of the
curve in terms of x*.

y=x+1 = y-1=x

:
volume _J e dy

- J“x(y—lidy

=ali i
(x4-2)-@x1-1)
= 1z cubic units

oquired volume = 27 - §

Example 3

Find the volume generated when the region bounded by the curve y = x°,

the g-axis and the lines y = 1 and y = 3 s rolated through four right

angles about the y-axis.

S

Firs,skotch the curvo and the W el

solid of evolution formed by 5 =

the rotation about the y-axis. J o)
CRa

.
volume of revolution = j oy

,nfx‘dy

=l

=nl@x3h-@x1)
3z

= ?(s!-l)

= 9.88 cubic units (3 5.£)

Urheberrechiict




9.5 Volumes of Revolution
Exercise
Technique

[A] find the f each

aroas about the x-axis, showing cloarly the necessary intogration:

b ¥

Sketch the solid formed when the arca under the curve y = x° + 1, from
%= ~110.x = 2,is rolated through four right angles about the x-axis.
Calculate the volume of this solid.

Find the volume of the solid formed when the shaded area is rotated about
the x-axis.
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Contextual

[ A balt has a diamoter of 6 cm. s volume can bo calulated using
intogration. The equation of acirclo of radius 3 is x* +* = 0. Find the

x =0 andx = 3 is rotated through one complote turn about the x-axis.
Hence find the volume of the ball. Check this result using the formula for
volume of a sphere.

ol about the x-axis. Th i the curve
1x* + 1 between x = —1 and x = 1. The arc BC is the part of the curve
. Find the volume of the vase.

s formed when the shaded region, bounded by the line.
. the y-axis, and the lines y = 0 and y = 4, is rotated through one
b y-axis. Find the vol the i

Urheberrechilich geschitzt
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©  Recall that g (sin(ax + b)) = a cos(ax + b)

‘This means | cos(ax +b) dx = Isin(ax +b) + ¢

['sin®x dx is not one of the standard integrals. Use the double

angle formula from Chapter 3 to rewrite sin® x in terms of a multiple
angle.

cos2x = 1 - 2sin’x.

= 2sin’x

1-cos2x

= sin’x=1-Jcos2x

Now [m?xdx: J(;-;mzx)ax
= gJu-mn)dx
= i(x-1sin29) +c
= ix-lsin2x+e

Example 2

Find the area enclosed by the x-axis, y-axis and the curve
y=1+sinx.

Solution

ol ix I3
2

Sketch the curve o establish the limits.

ara= [0+ inx) o
—

= %-m(’{)]-m-mo)

an
=F-0-0+1

an
=L

Urheberrechtlich g




Example 3

e
Mumj: (cos 4x — Bsin2x) dx.
Solution

J""{mux—ﬂsinbr)d.r: [4sinax -6 x 3(~cos 2]/

= [isin4x + 3cos 243

[im() (i)

Example 4
i f tho sol the shadod rogion is rotated
through 360° about the x-axis.

y=2sin2y

Solution
Since the solid has been formed by a rotation about the x-axis, use

volume = r e

We know thaty = 2sin2x, soy* = 4sin’ 2x.
From the graph, the limits are a = 0 and b

volumeo = j:“ (4sin® 2x) dx

‘Taking the constant
maultipliers out of th
integrand,

Itheberrechtich geschitzles Materia
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We must
write it in terms of

c0s24=1-2sin?A = sin®A =1 -}cos24
Putting A = 2x gives sin’ 2x =} — Jcos 4x
wlm:axﬂ" sin® 2xdx
= an [~ foosanx
=2u£”(1—mux)dx

= 2afx - Jsinax]g/*

= 2a[(G—{sin®) - (0—{sin0)]
=2 x(§-0-0+0)

= 1x* cubic units

Biorial

Urheberrechiiich geschitzich
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[7] Find the arcas of the following shaded regions:

by
e
9§ * %
H
d ¥
y=dsnze
y=2eosax
" N
a fsintxdy b feostxdr
“Th graph showsy = sinx.
i
& Bxplainwhy [ sinxdx—o.
b What area is represented by I: xdx? Evaluate this integral.

©  Use your answer to b to calculate the area of the shaded region.

[2]  partcte moves ina straight line. ts velocity at time s given by
v at tseconds, if

s=0whent=0.

Urheberrechilch geschitztes MM
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Consolidation
Exercise A

(1] pina: i
a  [(zx-3)"dx

b the equation for a curve, y = f(x). for which % = 6x — 1 and which
‘passes through the point (1,9).

[2] e sketch shows the graphs of y = x(3 - x). [
a Find [x(3 - x)dx.
b Henco calculate the area botween the curve x
and the x-axi.
(SMP)

“The skelch shows a graph of the
aurvey =5,

Find ¥ and calculate the
coordinates of the stationary
points.

Calculate the area of the
shaded region enclosed
between the curve and the
x-axis.

Evaluate J:x'(s ~ x) dx, and comment on your result.

y=sxtex

=

-

“The diagram shows parl of the curve y = 7 + 6x ' Find:

a the coordinates of the points P, Q, Rand .
b thearea of each shaded region.
(UCLES)

Urheberrechih geschiztes MEBiia



The sketch shows the graph of y = x" — x together with the tangent to the.

curve at the point A (1,0).

Use differentiation to find the equation of the tangent to the curve at

‘Aand verify that the point B where the tangent cuts the curve again

bascoodintis (2,-8).

b 10 find thearea of the re the curve
in the diagram), giving y

Frcion in s Towee torn:
(UCLES)

a Find the area of the region enclosed by the curve y = 1, the x-axis
and the lines x = 1 and x = 3.

b The area of the region enclosed by y = 1, the x-axis and the
lines x = 2 and x = a, where a > 2, is 3.6 nits squared. Find the
value of a.

(UCLES)

“The dit y=Vits.
formed when m shaded region is rotated through 360° about the x-axis.

Find [(2cosx — 3sinx)dx.
Find J(1— 65in3x) dv.

/2
Bralute [ 2cosztdt.

‘Sketch the curve y = 1+ cos.x. Find the area enclosed between the
axes and curve from x = 0tox = 7.

a e os

Jtheberrechtlch
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(] ,
@ glx
The shape of a glass paperweight is that of the solid formed by rotating

‘about the y-axis the part of the curve 3x* + 2y* ~ 12y = 32 for which
¥ > 0 (in centimetres).

a  Verify that the paperweight is 8 cm high.
b Calculate the volume of the paperweight. You may leave  in your
answor.
(sMP)

Show that (cosx — sinx)? = 1 - sin2x.

a
b
o H
he diagram shows part of the urve y = osx s, Find the
d reglon is rotated through
complete revolution about the x-axis.
(cLEs)
Exercise B
[l Fimi[(ﬁ»,—:;)dx. ¥
b Hence zvalullur (‘/h;—z ]
4 (NEAB)

[2] s Acurve satisfis g = (3x ~ 1)°. Given tha the curve passes through
(1,4) fod s suation.
b traight line so that ¢
nxed point A, its velocity v (ms ™) is given by v = £ — 4t + 3. md
tseconds, ifs =

Utheberrechiich geschi



[3] The sketch shows the curve y = x*. Find @
if the area of the shaded region is 1 square unit.

[@] the diagram shows the curve
¥ =, and the lines x = 4 and
sy

Find the coordinates of A.
Find the area of the shaded
rogion.

a
b

On the same graph, sketch the line with equation y = x + 1 and the

i on y = 5x  x* 4 6. Valuos of x should

x =210 = +8. Shade in the region betwoen the line and the curve.

Calculate the points of intersection of the line y = x + 1 and the curve

y=5x—x*+6.

Use integration to calculato the area of the region that you shaded in a.
(MEI)

A cup has the shape made by rotating the graph of y = 3, for 0 < x < 1,
through four Jos about the y-axis. Find
giving your answer in terms of 7.

(UCLES)

[7] the graph shows partof the curve
¥ = 3cos.x. Tho shaded rogion is
rotated about the x-axis through
four right angles. Calculate the
volum formed.
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Applications and Activities

[1] votume of a pyramia
1t has been documented that the Greek Democ
calculated the volume of a pyramid by consi
number of thin cross-sections. Let A(z) be the area of Ihl' hos
cross-section zcm from the top, and 5z be the thickness of Ihe
cross-section.

s m-u 1rmu1 may have

hem
|

T vertical section

a  Find A(2) in terms of z, @ and h.
b Investigate how to calculate Z Alz) oz.
¢ Find the volume of the pyramid.

[2] area under a curve

‘The area under the curve y = x* between
x=0andx = 1s divided up into h

roctanglos of equal width.
Graphical

Using 30 =1 how that th fall the Al
o Using 3 = a(n + 1)(2n + 1), show that the area of all the o

rectangles can be written # (h-1)(2h-1). pack

b Investigate the tolal area under the curve y = x* betwaen x = 0 and
x= 1 for different valuos of .
“This can be investigated
¢ Expla “hy[ X d.r>m(h71)(2h7 1), e
; . _ caleulatoror
A By witing g (h ~ 1)(2h ~ 1) in a difforent form, deduce s value as

sproadsheet
I — cc. Comment on your answer.

401



10 Trigonometry li

What you need to know
@® The compound and double angle formulas.
@ How to convert angle measurements between degrees and radians.

@ The trigonometric ratios for the ‘special angles

Review

[4] write down the compound angle expansians for the following:

a sin(d+8) d cos(x+60°)
b cos(A—B) e sin(x—30")
c tan2d  tan(x—45°)

Convert the following angles into radians, leaving the answers in
terms of z:

P4 iv 220
120 v 400
iii 315 vi -0

b Convert tho following angles into dogroos:

a sino a
b tanf e
¢ cos90 £ cos1z0®

403



10.1 The Factor Formulas

In Chapter 3 we established the concept of an identity as an equation that
is true for all values of the variable. One set of trigonometric identitics i
k : jons lik

'y

intoa imi i i
‘name for these identities is sum and product formulas.

“These four identities have a straightforward derivation from the
compound angle formulas encountered in Chapler 3. To derive identity
1], recall the formulas:
sin(A + B) = sinAcos B + cosAsin B
sin(A ~ B) = sinAcos B — cos Asin B
Adding these two cquations,
sin(A + B) + sin(A - B) = 2sinAcos B
Nowlet C=A+BandD=A-B.
‘The LHS becomes sin C + sin D, and we have

C4D=(A+B)+(A-B)=2Aand
C-D=(A+B)~(A-B)=A+B-A+B=28

SoA=}(C+D) and B=}(C-D)
“The RHS of the equation becomes 2sin[} (C + D)] cos(} (C — D)]

C+D
2z

So xincuinu:zsin(

Subtract the result

sin(A -~ B) from
Use the same technique to derive identity [2]. sin(A + B).
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3] and [4] we need 1
formulas for cosine.

cos(A + B) = cosAcos B - sinAsin B
cos(A ~ B) = cosAcos B + sinAsin B

Identity (3] can be derived by adding these rosuls.
cos(A +B) + cos(A — B) = 2cosAcos B

Nowlot C = (A-+ B) and D = (A B) as beforo. We find that:
o = 2e0s(C42)on(E52)

d patterns in 1
ifyou say

wite the symbols, for example:

sine plus sine oquals twico the sino of half the sum,
cos of half the difference’.

a powerful tool
trgonometrc functions. They can bo usod to solvo oquations, smplify
axpressions and prove more identities.

Example 1
Find sin105° ~ sin 15", without using a calculator.
Solution

IA105" - 15" = 2ens} (105" 18) i (105" 18°)

Example 2

Prove the following identities:

A cos20+ cos 30 + cos 40 = cos 30(1 + 2 cos )
sin30 +sinf _
cos30 +cosl

Solution

a  Notice that the LHS has three terms, one of which is cos 30. This also
appears on the RHS so it would be sensible to apply one of the factor
formulas on the other two terms.

tan20




LHS = cos 20 + cos 30 + cos 40 Reorder so that the.

e factor formula for th
Stoeal o A sum of two cosines i
= 2cos 30 cos 0 + cos 30 st to
= cos 30(zcos0+ 1) aprly.

=RHS

0520+ 0530+ c0s 40 = cos 30(1 + 2cos 0)
30+ sin0

o530+ cos0

_ 2sin20cos0

" cos30+cos

_ 2sin20c0s0

"~ Zcos20cosl

_ sin20

" cos20

= tan20 = RHS

tan20

Example 3
im or differe:
two trigonomotrical functions:
a 2sin2AcosA b —2sin4Asin2A
Solution
a  Notico i is a product of
it must
e 1l
I sinx + siny = 2sin 24 cosA, then
xty=aA
and x-y=24
=3Aand
=4
S0.25in2Ac0s A = Sin3A + sinA
b i a nogative sign. Tho

factor t that this is a diffe
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1f —25in 4Asin 24 = cosx — cosy, then
xty=84
and x-y=44
‘These simultaneous equations have solutions x = 64 and y = 24.

So —2sin4Asin24 = cos6A - cos 24,

Example 4
‘Without using a calculator, evaluate 2 cos 75° cos 15°.
Solution

Th t that this is
created from the sum of two cosines.

120087508 15° = cosx + cosy, then < Identity 3.
Xy =150°

and x—y =30°

When G < i meti
the ratios could simply be reversed as in Example 5;

sinx + sin5x = sin 5x + sinx. In the cases where this is not easily
achieved, however, use the following useful results, which can bo soen
from the graphs for sine and cosine.

y=cosx

<« Learn these resulls.

Th s “simplify"
including negative angles.

poschitatc 39,




ndxfor0<x<n

5x = sinx for 0 < x < 180
Solution
a  Notice the three distinct angles, x, 3x and 5x. The factor formula will

help reduce this to a problem with fewer angles. The equation is
easier o manipulate if rewritten as

sin5x -+ sinx = sin3x
Then

Use the factor formy
for the sum of two s

2sind (5 4 x) cos ] (5x - x

- 2sindxcos 2x = sin3x
; Do ot divido
cos2x—sindx =0
2 throughout by sin 3
= sinax(2c0s 26~ 1) =0 you will lose solutio
Factorising.

So sin3x =0 or 2cos 2x —

sindx = 0 or cos2x =]

in3x =0 = 3x=0,x.2n,37,

= x=008.m

cos2x =} = 2x

Remember to use th

The values of x within the given rango a range in the questio

=

d of rearranging sin 3x — sin 5x = sinx to make all terms
ing the equation sin 3x = sin5x + sinx, which we solved
in al, we can apply the factor formulas to the original equation, and
create a negative angle.

sindx - sin5x = sinx

= 2cosxsin(—

Using the result sin(—

sinx, gives

— 2cosdxsinx = sinx
= 2cosdxsinx + sinx =0

= sinx(2cosdx +1)=0



10.1 The Factor Formulas
Exercise
Technique

[1] solve the following equations for 0° < x < 360°;
a  sinx+sin2c+sindy =0
b sindy—sinx =0
€ cosx+cos3x +cos By =0
d sindx - sinx = cos2x

[2] solve the following equations for 0 < x < :
sinx +sin2x —sindx = 0

sinx + sin 3x sin 2x

cosx — cos2x -+ sin3x =0
cos5x—cosx =0

anes

[3] prove the following identitios:

a  sinf+sin 20 + sin 30 in20(1+ 2 cos0)

b sin30 + sin50 _ sin40
sin4f + sin60 ~ sin 50

€ sin30+sinf = 4sinf - 4sin’0
sin B + sin 20 + sin 30
Gos0+ cos 20+ cos 3 = 2

e

[@] write cach of the folowing as th

functions:

a  2sinddcos20

b 2cos50sin0

¢ 2cosdlicos30

4 —2sindsingd

e 2sind0sin20

£ 2sin30sin60

[5] without usi value of i

2 cos105 —costs”

b sin7s dsinis

© 2sing7)sin)"

4 sina7)eos)

o Urheberrechtlict




10 Trigonometry I

10.2 Functions of the form
f(x) =asinx +bcosx

Using a graphical calculator and making sure you are working in degree

mode, set the rango as follows.

Xy = -360 Xuax =360 Xscr = 60

Ay =10 pax =10 o

sof aand b. Try

Draw graphs of y = asinx + bcosx for various valu

a=1b=2 inx +2cosx) ora=3,b v
What happens? The resulting graph in each case is a sine wave’ or ‘cosino
" v
10{ 10
y=sinx + 2oosx ¥ =3sinx-cosx
1 EIVZN 360,
T o) sh0% g %
-0 10

Each can be obtained from the graphs of y = sinx ory = cosx by

erforming two transformations:

@ atranslation parallel to the x-axis by some value (called the phase

astretch parallel to the y-axis by some scale factor (called the

amplitude).
sinx + bsinx can

These results suggest that functions of the form /(x)
be wrilten in the following forms

Hsin(x ) or Reos(x 4 %),

angle and R is the amplitude. The values of z and R
terpreted algebraically

where 1 is the phas
depend on the values of a and b. This can b
mpound angle formulas.

using the necessary

Suppose () = Rsin(x + 2)
Then  asinx +bcosx = Rsin(x +3)
S0 asinx+bcosy = Rsinxcosz+ Reosxsinx
Now compare the coefficients of sinx and cosx on

side of this identity.

sinx:  a=Reosz

cosx:  b=Rsinz

By convention we

always assume R > 0.

Recall the formula for

sin(x +2).




Since the d b are known,
121 can be solved. Dividing equation [2] by equation [1] gives

b Reinw Notice that R will
a” Rcosz cancel.
b
= 2ot
a

So the phase angle [JEERE(E) < Recall the alternative notation

‘W can also find R Squaring equations (1] and (2] and then adding them
together gves,
a4 b = B cos’ 2 + R sin® 2
= H(sin 2 + cos'n)
-

So the ampliiude-
Example 1

Write f(x) = 3sinx +4cosx in the form Rsin(x + 2) with 0' < x < 00",
Hence sketch the graph of y = f(x) for 0" <.x < 360",

Solution
Let  3sinx+4cosx = Rsin(x + ).

Then 3sinx + 4cosx = Rsinxcosx + Roosx sinz
Equating coefficients of sinx and cosx,

sinx: 3= Rcosa m

cosx: 4= Hsinx 7]

Dividing equation (2] by equation [1],

Sox=tan"'($) =53.1° (1dp)
Find A by squaring and adding equations [1] and [2}:
844 = B costa + K sina
> 0416 = R¥(sinx + cosa)
=  B=R

Recall that R > 0, 50
ES R=V25=5 ignore —5 as a soluti

Itheberrechtich geschitzles Materia
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‘We would usually i o find its maxi d minis

Remember (0 use

values, but in .y can be found without

maximum value n!+1 -ml aminimum value of ~1. So e-x(x +16;

) has

—1,a

anda
mclch factor of 25, [(x) s a masimum valuo of 25 nd & minimu value
of -

i
e S =25

100 = 24 cosx-7 sinx

el f) =25

The equation a sinx + bcosx = ¢
Equations of the form asinx + beos.x = ¢, where a, b and c are real
mumbors can b olved by Bt axprosing the R a0
f sine o cosine). Th ipter 3

n then be spplied and idontified
within a given range of values for x.

Example 3
Express 12 cosx + 5sinx in the form Acos(x — z). Hence solve the
‘equation 12 cosx + 5sinx = 10 for 0 < x < .

Solution

Let  12cosx + 5sin:

= Reos(x—a).
Then 12cosx + 5 sinx = Roosx cosa + Rsinxsinz
‘Equating coefficients of sin x and cosx,
sinx:  5=Rsinz n
cosx: 12 =Roosx 2l
Dividing equation [1] by equation [2].
= tanx

= 2= tan"'(%) = 0395 (3 .L)

In this example we a
working in radians,
since they are used |
specify the required
range in the questior

schitzles Material



10 Trigonometry I

Find R by squaring and adding equations [1] and [2]:
574127 = R sin®a + R cos’ «
= 25+144 = R(sin’x + cos’a)

= 169 = R*
So R=Vi6s=13
S012c05x +5sinx = 13 cos(x ~ 0.395).

W know that 12 cosxx + 5sinx = 10. Substituting the new expression we

have just found,
13 cos(x - 0.395) = 10
cos(x - 0.395) = 1

One possibility for x is given by
X~ 0.395 = cos () = 0.693
So X=0.693 +0.395 = 1.088

y=10

i
1

Check that there is only one solution: cos(x — 0.395) = (1) has other
lutions, including —0.693 and 6.976, i

Maximising and minimising rational functions

be useful i
‘minimum values of the original function.

Example 4
1

o 5cosx — Bsinx+ 23"

415
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Periodic motion

Periodic motion is any motion that repeats itself in equal intervals of time.

Equations used to model this type of motion contain trigonometric terms,

because the sine and cosine functions are periodic. Examplos of this type

of motion include:

@ amass oscillating on the end of a spring:

@ abuoy moving up and down on the waves on the surface of the water
ina harbour;

@ the tip of a sewing machine needlo moving up and down.

A special case of this type of motion is known as ‘simple harmonic motion"

Example 5

w

spring a
mass

A mass is suspended from the end of a spring as shown in the diagram.
The mass is oscillating. The distance d cm between the ixture point and
the mass is given by

d=17+12sin2t - 5cos 2,
where t seconds is the time after release. Find:

a the maximum and minimum distances from the fixture point reached
by the mass

b the time at which the mass is first at its lowest point.

Solution

a  Notice that

12 5in 21 - 5 cos 21 can be rewritten in the form Rsin(2t — x), where
osasy

125in2t - 505 2t

sin(2t - 2)

5in 2t 05« — Roos 2t sina
Equating coefficients of sin 2¢ and cos2t,

sin2t: Reosx=12 ]

cos2t:  Rsinz=5 12)

Notice that the anglo is
measured in radians;
there is no degree
symbol.

417



Contextual

midnight on Sunday. Tlmvn.luuafdbgvmhy
d=10-2//3cosal" - 2sindf. Find:

a  theleast and greatest depth of water possible with this model
b the depth

givenby d
release. Find:

5 the time after

a  the minimum and maximu distances from the fixture point reached
by the mass
b the times at which these points are fist reached by the mass.

Urheberrechtlich geschitzies Ma




10 Trigonometry i

10.3 General Solutions of
Trigonometric Equations

Solve the equation cos 0 = 3. Now check what you have written. A
calculator in degree mode gives an answer of 60°, but recall that this is
only the principal solution. Check that 0 = 300, 0 = 420" and 0 = ~60
sisowark. Theequalion cos =  had o estrction o the rangs of valuee
of 0 that tions. A check of thi ion graphically
demonstrates that there is an infinite number of solutions.

y=d
\/ [\ fo s 7
“These solutions can, however, be written concisely in one algebraic

statement. Notice that all of the solutions can be found by adding
multiples of 360° 10 either 60° or ~60°, This means that

360°n £ 60°, where n € Z

describes all of the possible solutions. The statement 0 = 360°n = 60° is
the general solution to the equation cos 0 = 1. Substitute appropriate
values of n into the general equation to verify that 0 = 300°, 0 = 420° and
~60° can b derived from it

Look again at the structure of the general solution. Notice that it has two
distinct parts

@ 360°n multiples of 360° (n € 2)
@ 60° the principal solution.

‘This means that the general solution 1o the equation cos 0 = k where
~1 <k < 1.can be found by

@ finding the principal solution by evaluating cos™* k; and

@ addinga term o include multiples of 360° or 2 radians.

Example 1

Find the general solution, in degrees, of the equation cos 0 = 0.3.

olution
‘The principal solution is 0 = cos™(0.3) =
‘The general solution is 0 = 360°n + 72.5°, where n € Z

Zis the set of all

integers (both positive

and negative).
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Now consider the equation tan 0 = k where k € R. Notice that all of the
solutions can be found by adding on multiples of 180° (or ) o the

rincij “This \l totanf =k,
where k € R, has the form 0 = 180°n + .

p y=1ano

AV

/

i1 i1 i1
0 T0al a0l

Example 4

Find the goneral solution, in dogrees, of the equation tan 0 =

-716"

y=tano
180°-71.6"
o w o 0
General A
id both the sine and cosine fi i
Example 5
Find the 1 solution to the equati E
Solution Check this by
y P i
0820 = 2cos* 0 ~ 1. This creat drat 0 that can bo g
solved. uanestic;

Urheberrechtich geschitz1e8@Bheria



‘An alternative method is to allow the expression 20 to be the principal
solution.

If cosf=cos20

then  0=2rnt20neZ Notice that the secos
‘Adding and subtracting 20 on both sides,

30 =2z or -0=2zn

oo 0

2mm

So the general solution is 0 = 3, where n € Z.

Example 6

Find the general solution of the equation 3 cos f + 4sin0 = 1.
Solution

Notice that this equation is of the form amsﬂ+lz:lm‘l c. 'l'he LHS of the
equation can (0 — ).
Check that

30050+ 4sin0=5cos(0 - 53.1°)
Now3cos0+4sin0=1 = 5cos(0—53.1°) =1
S0.cos(0-53.1) =1

‘The principal solution is given by 0~ 53.1°

500-53.1° = 360°n £ 78.5°, n € Z.
The goneral solution for 0 is in two parts.

s71(2) = 78.5°

0=360°n +78.5° +53.1°
= 0=360'n+1316°
and 0= 360°n - 78.5° +53.1°
= 0=360n-254°, whereneZ
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10.3 General Solutions of

Trigonometric Equations
Exercise

Technique
i -
d
e
f
d
e
f
a sin20=} b cosd=cos30
¢ sin0=sin30 d cosdf=—1

[6] rma i equibncoid 5,

Urheberrechilich geschitzt




Consolidation
Exercise A

[4] solve the cquation cos0-+ cos 50 ~ zcos 20 for 0 < 0 < 21

[2] texpress 63sinx + 16cosx in the form Rsin(x -+ 2), where A s positive and
s acute. Find:
a  theacute anglo x for which 63sinx + 16 cosx = 50
b the obtuse angle x for which 63 sinx + 16 cosx = 0.

(UCLES)

[3] Expross 4sin0 — 36050 in the form Rsin(0 — a), where Ris positive and
is an acute angle. Hence, or otherwise, find the greatest and least values of
the expression

1
(10— 30030+ 4sinl)”
(NICGEA)

E] Prove the identity cos 20 — cos 40 = 2 cos” 0 — 2 cos” 20. By lubllilmlng
0= 36", show, without using a calculator, that cos 36° — cos 72°
Hence find the value of cos 36° in the form a + b5, whnm aandbareto
be found.

(WIEC)

[5] Express 35in0 4 cos  in the form Rsin(0 - «) where B > 0 and
0 < < 1. Give the value of i radians o three decimal places.
and least values of

: 1
(3sin 0 — 4 cos 0] b
u (su d @sin0—4cos 0 +1
the least value of in
boccurs.

(6]

Express the function 3 cos x* + 4sin x in the form Rsin(x + )",
stating the values of R and z.

Wite down the maximum value of 3 cosx” + 4sinx".

Solve the equation 3 cosx” +4sinx’ = 0 for 0° < x < 360",

b

B

(NEAB)

[7] Expross Vsino - cosin the form fisin(0 — ), whero > 0 and
0" < 2.< 90", Hence, or therwise, find all values o 0, for 0° < 0 < 360",
‘which satisfy the equation v/3sin0 — cos 0 = V2.
wots)
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Prove the identity (cosA + cos B)? + (sinA + sin B)* = 2 + 2cos(A - B).
Solve the equation (cos 46 + cos 0)° + (sin 40 + sin 0)? = 2y/3 sin 30, giving
the general solution in dogreos.

(AEB)

Rewrite 2cosx — sinx in the form Rcos(x +3), where R is real and z

is acute.
b Hence find the general solution of the equation 2 cos.x — sinx = 1.
(NICCEA)

Exercise B

[4] Solvo the cquation sing0 - sin20 =0 for0 < 0 < 5.

[2] Find al values of 0 1ying betsveon 0° and 360° satisyin the oquation
4sin0 + 3 cos0 = 1. Give your answers correct to the nearest degree.
(WJEC)

@ Given that 4cos 0+ 3sin0 = Rcos(0 — ), find the value of H and the value
of 2 where A > 0 and 0° < x < 90"

a Hence find all values of 0 between 0° and 360° satisfying the
equations:

i 4cos0+3sin
i 4c0s20+3sin 2

5cosl.

b Find the gt ‘and least values of the expression
(4w0+35ln0+6]'“d‘9 of 0 between
0° and 360°,

(WIEC)

[@] The tunction fis dofined for allreal values ofx by
f(x) = (o8 x — sinx)(17 cos x ~ 7sinx).

a Byfist ing out the brackets, show that (x)
in ho form 5cos 2x - 126in 2 + K, whoro k s a constan. Stto tho
value of k.

b Given that 5cos 2x — 12sin2x cos(2x + x), where R > 0 and

0<a < state the value of R and find the value of « in radians to
three decimal places.

Determine the greatest and least values of
of x at which the greatest value occurs.

& m“'j_ L and statea value

(aB)

ihebertechiich geschitztes AT



[5] Expross 2cos0-+ 2sindin the form Rcos(9 — 2), whero & > 0 and
0 < < 1x, giving the values of Rand z in exact form. Hence, or
otherwise, show that one of the acute angles @ satisfying the equation
2cos0+ 2sin0 = VB is §3, and find the other acute angle.
(UCLES)

.17, where
appropriate.]

Find the general solution, in degrees, of the equation 5 cos 20 = 3.
Solve each of the following equations, for 0 < 0 < 180°;

i 5cos+2sin0
i 5sin0+3c0s0

Te

(UCLES)

m By squaring both sides of the identity sin 0 + cos” 0 = 1, prove that
4(sin" 6 + cos* 0) = 3 + cos 46. Find the general solution in radians of the
equation 4(sin* 0 + cos* ) = 2 — cos 26.
()
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Applications and Activities

[1] The mathematical representation of a wave
‘The general equation for a wave represents every point x on the wave at
every timo

¥ =Asin(ke - ot),

where A is the amplitude of the wave, k i the wave number and o is the
angular frequency (velocity). Then k is the number of waves contained in
the interval of 27

Now consider sound as an example of a wave. If two waves y, and y;
given by

yi=Asin(kx - o) and y; = Az sin(kex - oqt)

act at the same time, the resultant sound (from the principle of
superposition) is given by y; +,. Investigate the behaviour of y, +yz,
and particularly the analysis of the resultant wave in the real world. How
is this interpreted?

[2] simple harmonic motion (SHM)
SHM is motion in which the acceleration of a body is directly proportional
to its displacement from the equilibrium position but in the opposite
direction. Investigate SHM when the displacement of the object
performing the motion is written in the form

x=Acosat + Bsinol,

where o is the angular velog time and A and B are constants 10 be
determined. What is an advantage of writing displacement in this form?




Summary

sed 10 convert d di sines and

L u
cosines into products, are:

@ The function asinx + bcosx can be expressed as:
Rsin(x + ) Rsin(x—x)  Roos(x+x)  Roos(x—%)

depending on the sign values of @ and b. R and x can be found by first
d then

and adding them gives B — JT_E‘a " and dividing them gives an Bquullnn
fortana.
This technique is useful for

1. solving equations of the form asinx + bcos.

2. finding maximum and minimun values of ationa onctions with
trigonometric denominatos

3. analysing periodic motion.

@ Trigonometric equations of the form:

sin0 = kand cos 0 = k, where ~1 < k < 1and tan0 = k, where k € R

an be solved to give both a principal solution and a general solution. The

1 solution can be found
Focmulh canithe e vissd b

Remember that the general solution can be written in both degree and
radian form.

1 360°n £ aor @ = 2zn
2 A0 s (AP G AP
3. 80°n + 2 0r 0 = xn +

s Materia



11 Differentiation ll

What you need to know

@ How to differentiate rational powers of x, and sine and cosine functions.

® Howto in rule

@ How to locate stationary points on a curve and determine their nature by
looking at the sign of & on either side of the stationary point.

@ How to find the equation of the tangent and the normal to a curve ata
given point.

@ How to solve equations involving e* and Inx.

@ How to write down the Cartesian equation of a circle.

@ How to use the binomial theorem to express (1-+ ax)" as a series of
ascending powers of x, where s rational.

Review

[4] bifferentiate each of the following with respect to x:

X-ext11

¥ =2x—cos2x

@ Use the chain rule to find § for each of the following:
(x+11)* 4 y=
(ax-1)° L

¥

/575 f

ind the coordinates of the stationary points on the graph of Hint: Use the factor
—x" = 3x* +8x + 3 and determine their nature. theorem to factorist

[@] Find the equations of the tangent and the normal to the curve y = #at the
point where x = 2,

[5] Find tho exact solutions o the following exponential and logarithmic
equations
a oo b In(sx) =3

10 d In(x-1)=6

431



Write down

a  radius 4, centre (0, 0) b radius 6, centre (0, 3)
¢ radius 7, centre (4, ~2) d radius V3, centre (-1, 6)

m %

‘ascending powers of x, up to and including the x* term:

a (1+x)72 b (1-x}f
c ﬁ d JiTE
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11 Differentiation I

1.1 leferentiatlng Products
and Quotients

In Chapter 5, the tochniques for differentiating polynomials, functions
involving rational powers of x, and sine and cosine functions were
developed. Many other mathematical functions are formed by multiplying
or dividing two ormore nflhese types of functions. Some o these

y first

function as a pulynnmmL ,...d then differentiating term by term.

However, there are many products and quotients, such as

iy

y=(x+3)(x-1) andy

where i s either difficull or
impossible to express the overall function as a polynomial. Fun

this type can usingt

dard results,

which are known as the product and quotient rules.

The product rule

Suppose y = u(x)v(x) is the product of two separate functions of x; u
and v. Any small change, dx, in the value of x will give rise to

corresponding small changes, 6u and o,
respectively. These in turn result in a small change, dy. in the

such that
!

(v+8¥) -y

= ulx + 6x)v(x + 6x) - u(x)v(x)

the values of functions u and v

Itis possible to rewrite this expression for dy in the form

by = ulx + Sx)v(x + 6x) — ulx + Ex)v(x) + vix)ulx +8%) ~ u(x)v(x)

It follows then that

by = u(x+ B (x -+ 6x) — V()] + V() [u(x + %) - u(x)]

Difforentiating from first principles,

1 (5)

= lim| [u(x +9)

= lm ot 351 i

+v(x) x lim

PRNE P

vix+

vix + %)
3

[u(x +ox
5

i [‘m(ug + 6;3 - u(x))]

B

Sincey + dy =

ulx + 6x)v(x +x) Is the
value of the function
corresponding o x + ox.

‘Adding the terms.

—ulx + dx)v(x) and
Vix)u(x + bx). Notice
that these terms cancel.

As ax—

ulx +9%) — ux)
VO 00— vix) _ dv
e ax

) du

ux+ox
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‘The product rule for differentiating functions of the form y = u(x)v(x) can
bestated as

 and v’
rule is more commonly stated as

[ p———

the product

Example 1
Using the product rule, difforentiate y = (2x + 3)(x ~ 1)* with respect to x.
Solution
Lety = uv where u = (2x +3) and v = (x = 1)". Then u’ = 2 and
v =ax -1
Using the product rule,
&t

=(2x+3) x4lx -1+ (x=1)* x 2

=4(2x+3)(x-1)" +2(x - 1)*

=2(x~1)"[2(2x+3) + (x = 1)]

=2(—1)(5x+5)

=10(x + 1)(x—1)"

An advantage of the product rule is that it is usually possible to got a
factorised expression for &. This is particularly useful when trying to
I of

y poi
Example 2

Find the gradient of the curve y = x* cosx when x = x.
Solution

Lety = uv where u = x* and v = cosx. Then u' = 2xand v/ = —sinx.
Using the product rule,

w

=x* x (—sinx) + cosx x 2x
= —x*sinx + 2xcosx
= x(2cosx — xsinx)




11 Differentiation I

When x = , the gradient of the curve y = x* cosx is
dy 5
G = n(2cos — msinm)
=
The quotient rule

S\lppau v =8 is the quotient of two separate '\Im:lluns of x; uand v.
This can be rewritten as the product of u and , such that

=gt
Y=y

v

Using the product rule to differentiate y = u x ! gives.

the form

< Learn this important resull.

. o
boy=57s o e

& whereu = 3x+1andv =

Urheberrechiich




11 Differentiation I

11.1 Differentiating Products
and Quotients
Exercise
Technique
II] Use the
with respect to x:

a y=x(x+a)

b oy=(ax+3)x+1)
«

d

y=x-0)Vx=1
y=x"sin2x

[2] Fina t
a y=3xx-4)at (515 d y=Fa(-22)
b y=(x-3)(x+2)at(-3.-6) e (2x - 3)sinx at (, x - 3)
c y=ELad f 1-2x)y/Kat (4, —14)

Fm o

Contextual
[] Find the tangont and
al the points indicated:
a y=£a(-4) boy=(x-2)(x+4)" at (-3, -5)
© y=x*cosxat (r, —2%) d y=ghat(-1,}

Utheberrechiich geschitztes #3%a



11 Differentiation I

116123 148508
110467 [1.30505
060339 100922 [1.30720

060317 109867 [1.38639.
069315 109862 [1.38630

069315 109861 | 138628

Notice that as éx — 0, the factor ;! converges to a limiting value, which
is different for each value of a. For example,

%(2’] =~ 0.69315 x 2
i13‘] ~1.09861 x 3%
= X

“This suggests that there is a value of a between 2 and 3 for which
Jim (#5:) = 1. For this particular value of a, it follows that f (¢*) = a".

i = 25,
“fora =25,
2.7 and 2.8, By further trial and improvement, find the value of a,
o
correct o three decimal places, for which lim (452 = 1.

“This value of @ is an irrational number. Its value is ¢ = 2.718 2618, correct
10 seven decimal places. It follows that

e
)
Hﬂ;( £ )‘

‘This means that the derivative of the exponential function y = " is
[ ——
functions the oty fanc —
‘when differentiated.
i " W
of ¢* introduced in Chapter 7:

x 6 a
LT R s L

Utheberrechtich geschitzie8@eria



Differentiating this infinite power series term by term,

d 1w
PG EIEE o e
x 2 X
RS Se e
—e

Tt can also be shown that function of the

formy = a*is

[ T p—

“This means that lim (#51) = Ina.

i be used i functions of the
form y = /%), where f(x) is some function of x.
Lety = e, where u = f(x). Then § = e* and §¢ = f'(x)
Using the chain rule,
Ay dy: dy
du " dx
=e"xf(x)
= f'(x)o’™ < Derivative of the power x original exponential
function
Example 1

Differentiate each of the following with respect o x:

tion
a Lety=e' whereu=3x+1.Then =’ and f¢ = 3.
Using the chain rule,

b
dx du dx

=ex3

B

Urheberrechtiich gesct
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Using the quotient rule,

dy v/

36" — (3x + 2)e"

©  Letx = uv, whereu = ¢* and

v =t = ~3sinat.

cos3t. Then o' = = 20 and

Using the product rule,
b

@

# sin 31 4+ 26% cos 3t Common factor of ¢

e¥(2cos 3t ~ 3sin3t)

Example 3

As a result of a slump in the housing market, a property initially valued at
£60000 on 1 January depreciates. Its value t weeks later can be modelled
by V = 600006 where its value is £V and k is a constant to be
determined. Exactly one year later, the property remains unsold and is
valued at only £50000.

a  Find an expression for k.

b Find the market value of the property after 26 weeks o the nearest

poun
¢ Find ion for 4. Then find the rate at which the proper
i the d

Solution
& After one year, when { = 52, V = 50000,

Substituting into the expression for V gives

50000 = 600006°*

> o ke logarithims of b

= s2k= Inl’) E

= k=) -
b Whent=26 valigds

expected for

depreciation.

gy

= 60000¢!

54772



11 Differentiation I

© Given thal V = 600006, where k = In(3), differentiate V with
respect to 1.
v i
I 60 000k’

=8 @)etod

At th start o theyoar, = 0. The rao at wehich the ymperty'i value s
by puttingt =0

Check that

S = e

=-21037

To the nearest pound, the rate of depreciation is £210 per week.
Carry out a similar calculation by substituting t = 52. Verify that after
one year, the rate of depreciation is £175 per week

Logarithmic functions

di the natural

principles, consider the small change, dy, in the el iy et it
results from a small change, ax, i the value of x.

Since dy = (v +dv) -

=In(x+6x) ~ Inx,

where y + v = In(x + 5x) is the value of the function corresponding to
x-+6x, it follows that

ot

i [l.n(x +8x) - lnx]
s o

is no casy way of -5 Teem
this expression. An alternative approach must be taken in order to find .
Recall that the natural i e

exponential function y = ¢,

Iy = Inx, thenx = ¢,

Differentiating both sides with respect to y,
2

=

Urheberrechtich




11 Difforentiation Il

Example 4

Differentiate the following with respect to x:

a y=In(*+3x-2) d 10}

b y=In(cosx) e y=log,lx+1)
¢ y=xlnx

Solution

a y=ln(d+ax-2) = § =2

b y=In(cosx) = & = 285 = —tanx

© Loty =uv,whereu=xand v =Inx.Thenu' = 1and v/ = 1.

Using the product rule, :7 =u v

:x(1)+lnx
x
“1thx
@ Loty =whereu = Inxand v = " Thon u' = Land v/ = .

' —uv'
O

Using the quotient rule, :_,:_
-l @)-re]
=5(§—lnx)

151,
=g xg-xmnx

(-xInx)
ot

e Lety =logu, where u = (x* + 1). Then § = ;i and ¢ = 2x.
dy _dy du
Using the chain rule, &= x o

1
“umio <

o
“@rnmio

Utheborrechtich geschitzte®@Biria



11.2 Differentiation of
Exponentials and
Logarithms

[4] bifferentiate each of the following with respec to x:

a £ op=xer

b 8 v=e*sinx
c h oy=

d i y=e'sinac
o iy

ay f y=ln(sinx)

by 8 y=x'lnx

(33 b y=bs

d v i y=In(+x)-In(1-x)
e y=ln(x'+1) iy =log(ax-4)

[3] For each of the following curves:
i find expressions for 4 and &
it locate and detormine the nature of any stationary points.

a y=(2x+1)e b y=In(x+2)+5ly
¢ y=esinx(-nsx<n)  doy=(rile”

Contextual

Find i
at the points indicated:

(3x+ 1) atx b y=3c*al
“lnxatx=e d oy=(x+1etatx=2

[2] The poputation. P, of a news town development grows exponentially for
e first 25 years such that P = 1000 + 200¢" %, where tis the number of
vears since its establishment.

a  What s the initial population of the town?
What is ts population after 10 and 20 years?
¢ Find sion for the rate at which increases al
any time t. Use this to calculate the rate of increase after 10 and 20
years.

=

s Materia



11 Difforontiation Il

d Calculat how long itis
incroase in people per
yoar.
[3] A
into which it d it has reached a depth
whered = 6t —de "% 4 4.
a of ing to th illimetre, aft

1,2 and 3 seconds.
b Find expressions for the velocity, v, and acceleration, a, of the ball-
bearing after { seconds
Calculate its velocity and acceleration after 0.5 seconds
‘Explain what happens (0 the acceleration and velocity as  becomes
large.

an

pric ap

given by P = 1100 + 3t — 30In(t + 2).

& After how many wecks does the price reach its lowest valuc? What is
the minimum price?

b How much is the laptop after six months and what is the rate at
which P s changing at this time?

Urheberrechilich geschi



11 Differentiation i

Solution

a Loty =tanu, whereu

Using the chain rule,

b Lety = cotu, whereu = (x* +2). Then § = —cosec’u and = ax’,
dy _dv du
Using the chain rule, 4 &
= —cosec’u x 3x*
= —axtcosect(x’ +2)
¢ Lety =20, where u = tanx. Then = 6u® and §2 = sec’x.
Using the chain rule,
= 6u? x sec’x
= 6tan® xsoctx
Differentiating cosec and sec
o o
cosecx = g and secx = ok, Hath rul

Lety =1, where u = sinx. Then § = — % and §¢ = cosx.

Using the chain rule, %

o B s

Now find the derivative of secx.
. where u = cos.x. Then & = —  and ¢ = — sinx

ol

Urheberrechilich geschit




11 Differentiation I

Example 3

Find i h of the

a y=2xtanx by © y=landrsecx

Solution

a Loty =uv,wherou = 2xand v = tanx. Then v’ = 2 and v/ = sec’x.
dr .

Using the product rule, g = uy’ + v

= 2xsec’ x + 2tanx

= 2(xsocx +tanx)

Lety = whoro u = cosecx and v = x. Then u’ = —cosecxcolx and
Ve

Using the quotient rule,

©  Lety =uv, where u = tandx and v = secx. Then = 3sec” 3x and
¥ = secxtanx.

Using the product rule, W v

= tan 3xsecx tanx + 3sec’ dxsecx
= secx(tan3x tanx + 3 sec” 3x)

f
Ify = sin"'x, then x = siny. Differentiating both sides of this equation
with respect to y gives

ctions

<Using - h

dx dy
v (7]

1
T e
Now, costy+siny =1

= coy=1-si

Thatis, cosy = Visa

o G e

Urheberrechtlich g

Notice that only the.
positive root is taken.
“This is because.
—z<sin'x<5so
§<y<jsiving
cosy 2 0.
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11 Diflerentition Il

. Then = lzand ¢ =1

d Loty =tanu, where

" " dy_dy du_ 11
Using the chain rule, g5 = 9%« 8= -2

Example 5

and quotient rul
a y=xsinlx b y=uy
Solution

@ Lety =uv. whereu =xand v = sin”' x. Then v’ = 1and v/ = .

Using the product rule %= w
,

+sinx

b Lety =% whereu = tan™" xand v = 1 +¥*. Thon ' = 1 and

v=2x

dy vl -w
Using the quotient rule, ¢ ="

[

T
B 27

2xtan'x

Urheberrechtlich geschitzieq§@erial



11.3 Further Trigonometric
Differentiation

Exercise

Technique

[1] ifferentiate cach of the following with respect to x:

a o

b f

© 8

d h y=tan(2c+3)
product and quotient

with respect to x:

a tanx b y=S5xsecx

c 2xsin'x d y=xtan'x

Contextual

[4] Find the gradient o each of the following curves a the point indicated
and the equations of the tangent and the normal at that point.
a y=tan(j)at (= V3)
b oy=sin(1-x)at (1.7
& yaxsmtzalmen

Urheberrechtlich geschitzies Material



11 Differentiation I

11.4 Using the Second
Derivative

Stationary points

Recall from Chaper 5 that the stationary points on a graph can be located
ing the equation i = 0. Their nature can be determined by looking
ther side of each stationary point. It is

le whether a
particular stationary point is a maximum or a minimu point

“The gradient of a curved graph is itself a function of x. By drawing the
graphs of y s gradiont =//(x).itis possible to relate
features that appear on the two graph

For examplo, skotch the graphs of the function (x) = ' ~ 3¥* ~ 0x + 10
and i dorivative £ x) 9. Check the nature of the stationary
points as you drarw the graphs. Chock your results using a graphical
calculator.

‘maximum point a¥t-0x 410

pointof flx) =x*
fexion
atin-

minimum point
3,-17)

at (3,
gradiont = 0

sradint of th S
radiont function

4 (o) 0y 7') = axt-x -9

at maximum point -

rdiont of
Fadient ancion
7 ()0

atm

imum point

sradient of the gradient function
o

at point of inflexion



Notice that at the maximum point on the curve y
the function changes from being an i
decreasing function of . This ‘negative’ change in the gradient, from
positive through zero to negative, as the curve passes through (~1,15),
means that the ‘gradient of the gradient function’ or second derivative, is
negative at the maximum point.

S0 at the maximum point on the curve, f (&) < 0.

At the minimum point on the curve y = x° — 3x* — 6 + 10, the function
changes from being a decreasing function of x to an increasing function of
. The corresponding change in the gradient

from nogative through zoro
10 positive as the curvo passes through (3, ~17). This indicates that the
“gradicnt of tho gradient function’, or socond derivative, is positive at the
‘minimum point.

Soat the minimum point on the curve, (&) > 0.

"
mm point, %> 0« Remember this important result.

is also a point of inflexion at (1,1) on the curve

= x* =" — 9 + 10. This is where the tangent 10 the curve crosses
o o aideto smtber. Thi s nete stationary point. Instead it is the
point at which the gradient of the curve is at its most negative. The
“gradient of the gradient function’, or second derivative, Is zero a this
point of inflexion.

In fact & = 0 atall points of inflexion, whether they are stationary or not.
Itis possible, howver, for the second derivative to equal zero at points
that aro not points of inflexion. Consider the graph of y = x*. This has a
stationary point at x = 0. Its second derivative §.£ = 12x equals zero
when x = 0, but this stationary point is clearly a minimunm.

graphical calculato
Check ..m. llu- o g
EPE y=

maximum at x = 0
. where 4 =

“The only elable way of determining the nature of a stationary point at
which % = 01s 10 look at the gradient, &, on either side of the point.



11 Difierentiaion Il

Summary
® %= 0and ¥ < 0at maximum points
® %= 0and & > 0at minimum points

. .lgg = 0and £ = 0, the sign of the gradient, g nncllhnaldnaﬁhn
int must then be foung
assume that it is a stationary point of inflexion.

Example 1

Find inates of i i

¥ = (x+3)(x — 2)*. Use the second derivative to determine their nature.
Sketch the curve.

Solution

Loty = uv wherow = (x +3) and v = (x ~2)". Then v’ = 1 and

V= ax-2).

Using the product rule, %: w +w

=(x+3) x4(x-2)"+(x-2)* x1
x +3)(x—2)" + (x—2)*
(x—2)'[4(x +3) + (x - 2)]

= (x~2)*(5x+10)
=5(x+2)(x-2)"

At stationary points on the curve, = 0.
S(x+2)x-2)°
= x=-2orx=

Verify that when x = 2, = 256 and that when x =
located at (~2,256) and (2, o)

~—2andx=2
rospoctively.

Use the product rule again to find 2.

= fi. where / = 5(x +2) and g = (x— 2)°. Then f' = 5 and

Use the chain rule to

( differentiate (x—2)*.
Tt follows Lhnl
£ fand g have been used
e here instead of u and v
2 5 1o avoid confusion with
=15(x+ 2)(x = 2)" + 5(x - 2)’ the earlier working.

=5(x—2)’[3(x +2) + (x - 2)]
=200~ 2(x +1)

Urheberrechtich geschitzi@%aeria



When x = —2, 5 = 20(-4)(—
S0 (~2,256) is a maximum point.

When x 20(0(3) = 0.
Looking at the gradient f the curve o either sido of x

® whenx=

L& =5(3)(-1)" =~

L& =5(5)(1)" =25

® whenx=

‘The gradient changes from negative to positive as the curve passes
thro . 50 (2, 0) is a minimum point

‘This information can now be used 1o sketch the curve.

(2,258 ¥ < Check this result using

a graphical calculator.,

o4 3) (-2

Check that the curvs
crosses or touches !
axes at(~3,0), (2,0
and (0, 48).

General points of inflexion
Stationary points of inflexion have two forms. The gradient of the curve
can be positive on both sides of a stationary point of inflexion or
nny,allw on both ides,a shown n the disgram. Chec that atngont

i

draw a stationary point of i from one side
in tha ot

i

However stationary points of inflexion are special cases. The gradient of a
curve does not have to be zero at a point of inflexion. In fact, there must
e al least one non-stationary poiat of inflexion on any smooth

between points. This situation can best
be described graphically.




y=1

2 4
A2
F
o 5
y=/t

ot 2 <o

‘The gradient reaches a maximum value a poiat B. This moans 2 = 0.
Since

negative as it passes through B, ,ﬁ <0atB.

v/t
O
N oo
0| X
y=/x
0 X
& = oand % <0

m gld.wnl of the curve is negative on ellhu sido o the poin G, s vn]un
isat

n:u poiat. The gradiont of the gradient i g e pnsﬂlve
10 negative, so the third derivative & < 0.

Urheberrechtiich geschitztes Material



11 Differentiation I

11.4 Usmg the Second
Derivative

Exercise

Technique

[A] For cach of the following cubic functions:

i find expressions for f'(x) and f”(x)

i find the coordinates of any stationary points on the graph of
and use the second derivative to determine thoir nature.
sketch the graph of y = /(x)

a f(x)=x—12¢ +45x~ 40
b f(x)=7 1256
¢ f(x)=2x" -~ 9x* — 108x + 40

[2] & State the coordinates of the points where the curve
¥ = (x—5)(x +3)° crosses the axes.
b Locate and determine the nature of the stationary points on the curve
(x=5)(x +3)°.
©  Find the coordinates of the non-stationary point of inflexion on this
curve. Use the first and third derivatives to determine its nature.
d Sketchy = (x - 5)(x + 3)

[3] Locate and determine the nature of the maximum and minimum points on
the graph y = x* — 24x* + 32. Show that there are two non-stationary
points of inflexion on this curve, at x = —a and x = a, whero a isa
positive integor to bo determined.

[8] & Find the coordinates of the stationary points on the curve
¥=x+2cosx in the interval ~2x < x < 2r. Use the second
derivative to detormine their nature.
b Find the coordinates of the points of inflexion on the curve in this
interval.
¢ Sketchy =x+2cosx for ~2n < x < 2r.

[5] For each of the following curves:
i write down the points whe es the
axes
il write down the equation of any vertical asymplotes
iii find an expression for &
iv locate and determine the nature of any stationary points

h the curve.
xx—1)*
(x4 972

Hint: Uso the product
rule to differentiate.



[6] For each of the following curves:
i find exprossions for & and 4;
locate and determine the nature of any stationary points.
y=(2x+1)e"
oGt 2) gy
y=csinx (for -x<x<x)
y=(x+1)%e*

=
e

an

x (metres)

‘The height h h
above, can be modelled using h = 5(x + z)r‘"
a  Find expressions for 4 and $2.

b Calculate the value of x at which this section of the ride is steepest,
and the height above the ground at this point.
‘what angle,
degee, is the track to the ground at this point?

Urheberrechtlich geschit




11 Differentiation Il

11.5 Implicit Differentiation

Allof the functions that have been differentiated so far have been

expressed in the form y = f(x). However there are curves in the x-y plane,

with equations linking x and y, that cannot be written in this way. Some
circles, ellipses and hyperbolae. The equations for thes

licit functions. The method used to find the gradient

at any point on their curves is called implicit differentiation.

For example, the Cartesian equation y

rcle of radius 3, controd at the

origin, is x* 4 y* = 0.

Rearranging the equation,

o

Notice that two explici
) Z and y
are needed to completely define

this circle. Using a graphical

calculator, plot y = +V8 —x* and

¥ = ~v8 - x%. Check that this 0 % he limited resolution

draws a circle, contred at the of your graphical

origin of radius 3. calculator may rosult in
the circle appearing to
have boen incomplotely
drawn.

Both of these explicit functions can be differentiated using the chain rule.
Implicit differentiation allows us to find an expression for § from the

original equation.
Differentiating each term in the equation x° +

with respect to x,

Hiage g
Fricahe e i) [
W know that g (x*) = 2x, and £ (9) = 0.

Use the chain rule to change the variable with which the y* term is
differentiatod:

d
it

d dy
4= sarn this importa :
40" =2 < Loarn this important result

I



From equation (1], these resulls give:

dy
22w
dx

dy
.

dy

This result is true for all circles centred at the origin, because the radius
squared term in the equation of the circle s zero when differentiated. This
can be confirmed by considering the radial line from the centre 0 0 some.
point (x.5) on the circumference of the circle.

Notice that the gradient of this line emembes thal the

is 2. Because it also intercepts the circle gradient of the tanges
at nghl angles, it is the normal 1o the s also the gradient of

at this point. This means that the curve (circle) itse)
the gradient of the tangent to the circle at this point.

at this pointis 3.

Example 1

Acircle C s centred at (6, ~2) and has a radius of 5 w

a Write down the Cartesian oquation of this circlo
b Find an expression for §£.

¢ Find the gradient of the circlo at the two points where x = 9.
Solution
a Recall that, for a circle of radius r, centred at (a, b).
x-a+(y-bF=r
The Cartesian equation of this circle is therefore
Verify that the
-0+ (42 =25 equivalent form is
1204 4y 415
b Difforentiating both sidos of tho oquation with respect to.x, Alteratively,diferenti

24
torm by term, using U
chain rule for the ter
iny.

20+ 4y 415

-0 2= )

A
ax



11 Differentiation I

Using the chain v, % (x ~6)! = 2(x =)

and %(y+z)‘=%(y+z)'x:{
N dy
—2y+ Y
So z(xAu)+2(y+z)%=
Then 2(y+2)—~=—1(xv5)
_(6-x
)

¢ Substitutex = 9 into (x - 6)° + (y +2)? = 25.

This gives 3%+ (v +2)* =25

94y by +a=25

Faay-12=0
(y+8)(y-2)=0
= y=-6ory=2.

At(9,-6),

AL9.2),

F

10 the two points on the

circle where the tangents o
are parallel (o the y-axis. s

(6.-2)

acircle, functi
that terms, h xy* and

x'y. These terms can still be differentiated implicitly but require the use of
the product rule.

Urheberrechiich
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Example 2
For each of the following, find an expression for § in terms of x and y.
a P4dg-ax=9 b Xyiad-y=0
Solution
a  Differentiate both sides of the equation with respect to x.

d d d d

&)+ ) - 0 = 1)

Use the product rule to differentiate the second term. Let u = 3x and
v=y. Thenu' = 3and v/

Now dx(axyy = axdx+3y
It follows that differentiation of both sides of the equation gives
dy =
2y -a=0
Rearranging to find &,
B 4

dy_a-zx-ay
T e

Differentiate both sides of the equation with respect to x.
d d
L)+ =0
Using the product rle, 1 (%) = 24 2 4 2
d _ 0
and using the chain rule (%) = 2y "

So bzy%i'h)’xi»ﬂxfly%

= (- zy)%’

(237 + 8x)
2x(y* +4)

= zypéq)%
= y(lfxz):—i=x[y‘¢l)

dy _x(?+4)
- oy
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Now factorise and simplify the equation.

dy dy
2-8 (-4 =0

2y-x dly _
z-a(z_u)uc-u)ﬁpo

Verify that this equation can be rearranged to give

So/(~2, ~1) is a maximum point on the curve.

Whenx=4andy =282 =3 =150
50 (4, 2) is a minimum point on the curve.

Notice that tion of the curve in

into the form y = f(x). Show that y = 4. s first and second derivatives
can then be found using the quotiont rule.

Use a graphical calculator to draw the graph of y = 4. Confirm that the
curve has a maximum point at (-2, 1) and a minimum point at (4, 2).

¥
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11 Difierentition 1!

11.5 Implicit Differentiation
Exercise
Technique

[4] For cach of the following circles:

i write down its Cartesian equation
find an expression for & in terms of x and y
i calculate the gradiont of tho circle at the point P, whose coordinates

are indicated:

a  radius 5, centre (1, 2);P (5, 5)
b radius 13, centre (3, ~4); P(~2, 8)
¢ radius V39, centre (5, 0); P (-1, v3)

IZI Find an expression for § in terms of x and y for each of the following:

a -2 4xy=0 d 4y’ -5x427+6=0
b X iay-ay=0 e 2vi7y-3¢y-4=0
© eriztoyias £ osx-afbagts

[13] Find the gradient of cach of the following curves a the point indicated:
0 Po2d-agiu—on@?)
b ay-3 -y e17=0at(25)
¢ 3yt 3x—xiy—47=0at(-1,4)

[4] For cach of the following curves:

i find an expression for § in terms of x and y

it find the coordinates of the stationary points(s) on the curve
i find an expression for £ in terms of x, y and §¢

iv dotermine the nature of the stationary point(s):

P

[5] Find the cquations of the tangent and the normal o each of the following
curves at the points indicated:

2
€ ¥ +10+xy-15=0at(6,-3)




11 Difforontiation Il

Example 1b is particularly 2
important, The parametric 0
equations of an ellipse centred
at the origin are x = acos f,
g

v =bsing. e
‘parameter 0 gives the Cartesian
equation for the ellipse |
s+l
‘The Cartesian equation of a curve can usually be obtained from parametric
‘equations. Eliminate the parameter,t, from the two parametric equations,
x=f(t) and y = g(t). How is the gradient of such a parametrically defined
curve found? First difforentiate both x and y with respect lo the parameler
1,10 find 4 and % respectively. Then, using the chain rule
dy _dy dt
ax

Gt % gy Which can be rewritten as

-

For example, check that the
paramelric equations that dofine
the circle of radius 3, centred at
the origin, are x = 3cos t and
y=asint, Lis
the angle, in radians, measured
anticlockwise about the origin
from the x-axis.

i E

(3cost, 3sin)

&

.
for.x and y. Check that

£ 4y% = (3cost)? + @sint)?
=9cos’t +9sin’ t
= 9(cos” 1 +sin’ 1) Acos 0+ sin*0 =1
=9
Thus x* + y* = 9, which is the Cartesian equation of this circle.
Differentiating the two parametric equations x = 3 cost and y = 3sint

with rospect to f gives
dx dv
G =-asint and = acost.

Utheberrechtich geschitzte 8 eria
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Using the chain rule, :—‘5

?;f/(:—x)

~asint

fant
Notico that since x = 3costand y = 3sint,

dy _ Bcost _ x

dx~ —3sint y

This was the result obtained by implicitly differentiating the Cartesian
equation of this circle in the previous section.

Example 2

Fod @

curves:

a x=at+1 b
y=r+t

Solution

a fi-standd -3t 41

x=3sing
y=cos20

" 2-(8)/(5)-5

= 3cos0and 4 = ~2sin20

= & (@)/(@)

_2sin20

-

«sin20 = 2sin 0 cos 0

b x=sind,y = 2cos’ s.—_-a

FE)-G)E)-
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11 Difforentiation I

When t =6, x
Soff=fat(3.3)
&= cosfand § = —6 cos” Osin 0

S
so %:("_YH)/(:_;) B0 08I0 _ ¢ ocpsing = ~3sin20  sin20=2sinlcosl

Zandy

-

164 = 3, then ~3sin 20
S0 sin20=1
Then
and PEEE.
When 0=,x = andy =25 = &
When 0=5 x =~ andy =2(- 5 =~ &
Soifi=—3at (. ) and (— . ~ ).
tis possible to find a general equation for the tangent, o the normal, at
some general point (x = /(). = (1)) on & parametric curve. The equation

of the tangent, or normal, at a specific point on the curve can then be
found by substituting an appropriate value of the parameter (.

Example 4

‘The curve G has parametric equations x = £* and y = 6¢, Find a general
equation for both the tangent and the normal at some point (£*,6¢) on the
curve. Write down the equation of the tangent to the curve at (8, 12) and
the equation of the normal to the curve at (~1, ~6).

Solution
dx

d_
st’mdafﬂ

= - (@)/(@)-w-4

‘The gradient of the tangent, and the normal, to the curve at some general
point (£,61) are & and —1 %, respectively. Use y — vy = m(x — x,) to find
the equations of these lines.

The equation of the tangent is

y—Eil:%(x—l’) Maultiply both sides by ¢
= Py-6f =2x-2f
= fy—2x=40 or Py—zx-aP=0

A8 ora
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“The equation of the normal is

Y6t =}x~P)
= zy-12t=—rx+1
5 2p4fx=fi12t or 2w 4fx—fo12=0

Attho point 8, 12), ¢ = 2. The equation of the tangent a this point, found

by substituting { = 2 into £y — 2x = 4r’ is

4y-2x=32 or r-x-16=0

At the point (=1, —6), t = —1. Substituting t
equation for a normal to the curve 2y + x = £ + 121, gives

Zy4x=-13 or 2y+x+13=0

points and second

1 into the general

The second derivative & of a parametrically defined curve is found by
differentiating the first derivative & with respect to.x (that s, £ (49). But,
for most parameter curves, 5 will be a function of the parameter, ¢, and

notx. This means
which & is being differentiated, so that

L
dx

¥

Having found an expression for &%, it can be used o determine the nature

of any stationary points on the parameter curve.

Example 5
Find an expression for
defined curves:

a x=2+43

Solution
a f-zandf=3

- 29/

Utheberrechtlch
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1 Difforentiation Il

d(dv)_ dt Romember that
-3 £ = din s cose
_d s\

Tar\ze) Cax

5.1

b 1
B

w

b §j=-asinfand% = 2sin0cosd

» %= (:‘;)/(da)

_ 2sinfcosd
T asing
= —jcosd
dy_d
Now $r- g (%)
,i(_;m,g),

£
=1sin0x ———

-

-mno)

Enmples

Find i
of a parameer by x = t’+lum1y r‘ m Uuihasuxmddnnvnuvu
1o determine the nature of these point

Solution
=2tand§ =3 - 12

£@/©)

At stationary points on the curve g = 0.

50 =12, Solve this equation by
Bl equating the numerator
= =12 to zero,

Urheberrechtich geschitzfbierial



1 Difforentiation I

Solution
S—tand$=4-2t

&
ax
_u

2t
At stationary points on the curve, § = 0.
a-2
e

=2

So the stationary point occurs at (5. 5).

When t =2, 5% < 0, 50 (5, 5) is a maximum point.
To sketch the curve we can evaluate x- and y-coordinates for different
values of the parameter.

g what ‘points, we can produce
asketch of the curve;
)
5
+
z s o £ X

4

Urheberrechtich geschitzed
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11.6 Parametric
Differentiation
Exercise

Technique
(1] i paramoter to find ian equations of the following
curves:
a x=3y=~ d x=4cos,y =3sin0
b Ay=>L41 e
X=5cost,y = 5sint f
for $ for each of
1 b x=cos’f c
645 y=1-sin0
[3] Find the coordinates of the poi hof where
tho gradiont has the valuo indicatod:
a b ¢ x=tano
y=2+4sin0
&=t

[[@] Find the equations of the tangent and tho normal o the curve with
parametric equations x = o',y = 1+ 6%, at the point where t = 1.

[5] the curve C has paramotric equations x = £* and y = 2t ~ 1. Find a
general equation for the tangent at some point (t*,2¢ — 1) on the curve.
Hence, write down the equation of the tangent to the curve at (16, 3).

[6] Fina f points on each of
paramotrically define curvos. Find alsoan xprossio for the second
nature o

Hence, or otherwise, skotch the curve.

3t+1 b ox=r+1
—6 y=rf+t

e




So the li i value il
integal thal is correct 1o two decimal places. This approach is particularly
useful i difficult

The binomial ly bo used to

find i
functions of the form (a + x)", where n is a rational power. Functions such
and Inx can os of ascondi

powers of x using the Maclaurin series.

The Maclaurin series
Suppose (x)is some function of x that can be written as a series of .
asconding powers of x, such that Tt
1 senes expanion
J6) = g+ arx+ ax £ agx + ...+ a4 e od afler ol

Madlaur (169817

where a, is the coofficient of the " term. Assume that /(x) is a function
that can b continuously difforontiated to find f'(x), £°(x) and its higher
derivatives. It follows that
F1(0) = ay + 2050 + 3ayx + dage 4.
£!(x) = 20, + Bayx + 12a,x* + 20a5x° + ...
S"(x) = 6ay + 24a5x + 60a5x" +120a5x + ...

[9(x) = 240, + 12005 + 360a5x + 840a;x" + .. and so on.
Substituting x = 0 into these expansions,

f0)=a, = a=f(0)
S0 =ay = @ =[(0)

PO =20 =250, » a=L0
SO =60=3xa, = a=L0
F9(0) = 240, = a1 x @y = m:@

"
More generdlly; a=l"0)

where f)(0) is the value of the rth derivative of £(x) at x = 0.

into the series for f(x) gives

),
G

« Learn this result.



Example 5
Uso the Maclaurin seri fon to find i
In(1 + x). Hence find the approximate value of In(1.1).

Solution
fx)=In(1+x) = f0)=ln1=0
f®=0+x0" = fo)
f'0)=-(1+x7* = f'(0)
S(%)=2(14x)" = "(0) =2, and so on.

‘The Maclaurin series for In(1 +x) s therefore

and the cubic approximation is
In(14x) = x - 1x* + 1
Substituting x = 0.1 gives

In(1.1) = 0.1 - }(0.1)* + } (0.1)*
~0.1-0.005 +0.00033
~0.0953 (4d.p.)

By evaluating the higher derivatives of In(1 + x) when x = 0, it is possible
10 show that the Maclaurin sories for In(1 +x) is

This expansion s only valid for —1 < x < 1.

Replacing x with —x in this series gives

‘This expansion s only valid for -1 < x < 1.

Th be used to find a
because the function and its derivatives f'(x) = 1, f"(x) = ~ .
£"(x) = 4, and 50 on, are not defined for x = 0.

heberrechiich geschitztes Materia



11 Difforentiation I

11.7 Maclaurin Series

Exercise
Technique
(4] ind th i
a cosix b X < In(1+3x)
d tanx e tan'x f  e'cosx

Iz‘_ i imatic 2x obtained from

= 3x, correct | de 1l places.

[3] Find he in sori
In1 +2x) and In1 — 2x). Hence, write down a cubic approximation for
In (1:3) and, by ~olintoit,
In 1.5 to three decimal places.

Urheberrechilich geschitz



Consolidation
Exercise A

El Given that y = xe ™, find ,1, Hence find the coordinates of the stationary
point on the curve y = xo .
(UCLES)

[2] A curvo is dofined by the parametric equations x = £ + 3t and
ye2u-r.
a  Find & in terms of £.
b The normal the poiat P s
coordinates of P.

(AEB)
[3]”
¥ -10Ex

o 1 T 6 x

“The diagram shows a rough skotch of the graph of y = (x ~ )6~ x.

a  Find an expression for .
b By considering tho gradient of the curve at the point where x = 4,
on the

graph is less than or greater than 4.
(NEAB)

[@] A curve C s given by the equations x = 2cost + sin2t,y = cost - 2sin2t,

0 <t < = where t is a parameter.

a  Find % and % in terms of t.

b Find the value of § at the point P on C, where t = 3.
© Find an equation of the normal o the curve al P.

(ULEAC)
[5] vse i 10 show that fently small values of x,
(¥ tan xxx 436 - A0
(NICCEA)

488




(6]

11 iferontation i

A curve s defined implicitly by the equation x% + v ~ 3x ~ 3 = 0. Point
A has coordinates (1, 2) and point B is where the curve crosses the x-axis.

Show that point A lies on the curve.

d the coordinates of point B.

Calculate the gradient of the curve at point A.

Find the equation of the normal o the curve at point A

b
c
d

(AEB)
‘The parametric equations of a curve are x = ¢ — 5t and y = ¥ — 2t. Find
4 in terms of t. Find the exact value of t at the point on the curve where

the gradient is 2.
(UCLES)

The sketch shows the curve with
oquationy = =t

a Write down the equations of
the vertical asymptotes.
b Find 4 in terms of x and

hence determine the
coordinates of the maximum
and minimum points, A and
B, on the curve.

(AEB)

Itis given that y = k. Show that when x = 0, &% = 8. Find the first

three terms in Maclaurin's series for y.

a  Use the series to obtain an approximate value for [%, y dx, giving
your answer correct to four decimal placos.
b Find the first two terms of Maclaurin’s series for .
(ocsEB)

Anoil rig, 0, is situated out at sea at a porpendicular distance of 10 km
from a straight coastline. The point on the coast nearest to O is P. A
rofinery, R, is situated on the coast 10 km from P. A projoct is boing
planned to bring the oil ashoro by means of pipelines running from O
directly to a point Q on the coastline and then along the coast to R. The
project will cost £5 million per kilometre under the sea and £3 million per
Kilometre along the coast. Show that if Q is x km from P, the cost of the
project will be £C million, where C = 5v/100 + x7 + 30 — 3x. Show that

= 0 when x =7.5. Find ¢ and hence, or otherwise, determine whether
Cis a maximum or minimum when x = 7.5.

(NEAB)

489



Exercise B

[3] A curve has equation y = x* — 5. Find & and £ in terms ofx. Calculate
‘point of the
itis 2 maximum or minimum point.

(AEB)

2. v foees,

giving the first three non-zero terms.
in the first th

for

i cos2x i costx

(NICCEA)

[3] A curve C s dofined by the parametric equations x = 4t + $and y = 4t — .
a  Express & in terms of f, simplifying your answer.
b Atthe point on the curve C where { = 2:
i showthat$=3
i find the equation of the normal to the curve.

(NEAB)

[@] ‘the number of bacteria prosent in a culture attime ¢ hours aftr the
boginning of an experiment is denoted by N. The relation between N and t
is modelled by N = 10002,
a After how many hours wil the number of bacteria be 90007
b Atwhat rate per hour will the number of bacteria be increasing when
=67
(UCLES)

[5] A curve is given parametrically by the equations x = 20-+ sinz20,
¥ =2c0s%0,0 < 0 < 5 Show that = — tan 0 (given 0 # ). Find the
equation of the tangent to the curve at the point whero 0

(AB)

. [6] Given that f(x) = 2522, show that (2) = 442259 Find the two values of
the constant a for which f(x) has a stationary value when x = 2,

| (0CSEB)

m Acurve has equation x* + 7 + 2x + 5 = 9. Find an expression for & in
terms of x and y. Hence show that the gradient of the curve is never
positive.

(OCSEB)




11 Differentiation I

Applications and Activities

‘ [1] Making a cone

Cuta sector of angle 6 from
a cireular piece of card of
radius 20 cm and attach the
ight edgos together
¢ aright-circular

20cm

base radius rem.

Find an expression for the perpendicular height, h, of the cone in
terms of it base radius, .

Use this to find an expression for the volume, V, of the cone in terms
of ronly.

Use the product rule to differentiate V with respect o . Find the
exact value of r for which & = 0, and the corresponding value of V.
‘Show that this is the maximum possible volume for a cone made from
this particular picce of c

Find an oxpression, in terms of 0, for the longth of the circular edgo of
the picce of card from which the cone is made. Equating this to the
circumferonce of the baso of the cone, find the value of 0 that
corresponds to the maximum possible volume of the cone.

Repeat these calculations for a cone made from a circular pioce of
card of radius Rcm. Tn what way is the angle 0 that corresponds to

the maximun possible volume of the cone dependent on the radius R?

=

a

Summary

@ The second derivative & is used (o determine the nature of stationary
points:

dy dy

>0 = minimum po

dv v
ay ay
T <0 = moximum point

lered on either

and &% = 0, the gradient must be con
side of the stationary point to determine whether it is a maximum
point, a minimum point or a point of inflexion.

® A i int of inflexion is a p ient of the
48 1 o gt o v lbcall)‘ The tangent to the
curve at these points crosses from one side of the curve to the other.




® Types of inflexi ¥

third derivatives:
v [0 [ e /
dve [ 0 | —ve /
S T = \\
—vo | 0 [ 4w \

@ The product rule for difforentiation is:

@ The quotient rule for differentiation is:

Urheberrechilich geschitztes Material



11 Diflerentiation I

@ Afunction in x and y that cannot be written in the form y = f(x) is an
implicitly defined function. The method used to find the gradiont of
an implicit function is implicit differentiation, and relies on the
chain rule. The product rule and/or the quotient rule may also be
needed.

@ The first and second derivatives, & and &%, can be found for
parametrically defined curves using the chain rule.

® Maclaurin's th be used to find 2
standard functions. For values of x close to 0:

(0

where f”)(0) is the rth derivative of f(x) evaluated at x = 0.

Utheberrechilich geschitziag@@terial



12 Integration Il

What you need to know

@ How to integrate polynomials and basic trigonometrical functions by
reversing differentiation.

@ How to use integration to calculate areas and volumes.

@ How to differentiate standard functions and use the product rule.

@ How to manipulate algebraic fractions.

@  How 1o express rational functions as partial fractions.

@ How to differentiate implicit functions.

Review

(1] tategrate the following with respect tox:

a Fasoxil0 b (-4 c

d  cos3x e x' £ sinkx
[2] Sketch tho curvey = x* + 1.

a  Find the area under the curve between x = 0and x = 1.

b Find the volume generated when this area s rotated about the x-axis
through one complete turn.

[3] bifferentiate the following functions with respect o x:

a sin(ax+1) e lnx h I +7)
b £ oInax i

c & 8 In(2x+13) i xsin2x
d o

[5] texpress cach of the ollowing as partal fractions:
_7 Cae
Dix+3) G+

4 for each of the following using implicit differentiation:

b yi=xtix-3

Remember that
integration s the reve
of differentiation.



Example 1

Find:

a [sinsxdx b [sina - 29 dx
© ficos(3-x)dx d [%sec 2x dx
Solution

a Jsinsxdx=7§ms5x+c < Isinhdxzfim-h+c

b Iiinil—zx)dx=» cos(d—2x) +¢

-2

:%msu-mw

c J:cns (3-x)dx= [_llssn s 4)]:
= (-sin2) - (~sin3)

sin2 4 sind

~ 0768 (3dp)

I: sec’2xdx = [Jtan2x]"

= (ttan3) - (ttan0)
= (x1)-(x0) =}

Remember to ‘doubls i x or cos® x
(see Chapter 9). Sometimes the compound a-.g- formulas can be used to
transform an integral into a ‘simpler form'.
AT =i con +cn i "
R =i o s s u
[ R R o
e+ i “

Example 2
Find:

a  [sinsveos2xdy
b [sinxsindxdx




12Integration I
Solution
a  Adding formulas [1] and [2],

sin(4 + B) + sin(A ~ B) = 2sinAcos B

Now letA=5xand B=2x

Then  sin(5x + 2x) + sin(5x - 2x)
= sin7x+sindx = 2sin5xcos2¢
= Y(sin7x +sin3x) = sinxcos2x

two trigonometrical functions, which can be integrated.
Jﬁnsxcnﬂxdx: J;(.m”.max)dx

= gjmn 7x +sinax) dx

= }[-}oos7x —deosax] +¢
= —Jcos7x — cosIx +¢

-

Subtracting formula (4] from formula [3],
cos(A + B) — cos(A — B) = —2sinAsin B
LetA=xand B=3x. Then

cos(x +3¥) - cos(x — 3x) = — 2sinxsindx
~ Jfeos ax — cos(~2x)] = sinxsin3x

Recall that cosine is an even function, so that cos(~2y) = cos 2x.

S0 sinxsindx =~} (cos dx - cos 2x)

“ .
Now ]' linxliuxxdxzrl ~J(cosx - cos 2%) dx
o o

=_;f"(mm-mzx)dx
A

—-1[(lnm—1m,) (4sin0 — 1sin0)]
= 4(x0-}x1-0+0)
=-i-D=

497
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The exponential function
Remember that one important
feature of the exponential
function is that its gradient
function s equal to the function
itsolf. By applying the chain rulo
10 the exponontial function,
derivatives can be found
follows, and by thinking of
integration as the reverse of
differentiation we can write
down another set of standard
intograls.

4 < Learn these
L=
&) & ‘ € important results.

Example 3
Find:
a Jordr b fetdy e fotdx d ety

b le“dx:}e"+c « Using result 2], with a = 2.

e J.mnmw”-z.nc

a [ e,
=)= (1)
ot i
=1 —e) =1468 (3 dp.)
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Definite integrals involving logarithms

2
3
1
af \ v=x
2
1
% a4 &4
ol T2 3 4 x
E
2
&l

‘The diagram shows tho graph of y = 1. Tho arcas of the shadod regions are
i

equal. o area y
limits, we would expet [? 1 dx = - |7 1 dx.
'3
[T

=nz-In1
=In2

}( dx = [lnx]
=1In(~1) ~In(~2)

But we get stuck here because we cannot find the logarithm of a negative
‘number on a calculator: the logarithmic function is only defined for
positive values of x. To avoid unnecessary complications with logarithms
of negative numbers, we use the modulus function when integrating with
the logarithmic function.

In this example,

Jo5 ax=oi ‘Remember that the
- ‘modulus function te
~ a1~ In|-2| 15 o take the absolu
~In1-In2 value,
— 2

Check Example 4. N
In goneral: that the modulus
function is needed
parts but d, because
possible for /(x) < 0.
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‘The diagram shows part of the curve y = ;. Find the area of the shaded
region.

= ~2[lnf1 - ax(}}

= ~2{In|~7| - In|-3]]
2ln7 - In3]
2n(})

“Tho minus sign signifies that the ara is below tho x-axis, so tho shaded
arcais 21n(j).

Inverse trigonometric functions

functions. Begin with sin”* (%) and
tan™'(3),
allow us to establish another set of general integrals.

Recall from Chapter 11
Tow 1o differentiate sin
implicitly with respect
tox.
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12 ntegration I

Example 6
Find:
1 1
l\/‘l—x‘dx ¥ ,[Hx‘dx
Solution

a Ul’ingthn:undndmu}t"ﬁdx:ﬁn" (§)+c,wilhn=1
=

]/;_ﬁnz.m"(é)“ﬂmﬂxu
g 1 (% _
b um;\bm.nd..dmmjaufdx,nm (a)u.wnha,\/z‘

St () 4

== [

Example 7
Evaluate ]: e
Solution
i in factor of 3 outside
the integral sign and changing the 4 to 2°.
dx
.
=3|sin (¥
[ (’)]" Remember (o work in
=3fsin”'(3) —sin”'(0)] radians.
3 z
= s[E - ] =3 Recall the special anglos.
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12.1 Standard Integrals

Exercise
Technique
[1] Fina:
a [singxds b Jeosaxdx ¢ [sin(zy—1)dx
d feos1+z9dx e Jsectdxdy £ J(1+sect2x)dy
[2] evatuate:
a  [*sin20d0 b [ cos(1+20)d0
e [/ sectxdx d [ sect 2xdx
[3] Fina:
a  [sinzxcosxdx b fcos2xcosxdx
c  [7sin3xsinxdx d  [isinxcos2xdx
[4] rina:
a  [edy 4 felax g [2etdx
b fedx e feldx b Jietdx
¢ fdx £ fetdy i [3e0dx

[5] vina:

a Jlxtaemd o Ja-¢ My f fx-3edx
B2edx g

b f(1-e)dx e et de

¢ Ja+edr
[6] Fina:

a [idx b [hdx © fdy d fhde

e fshdy f fEgde g f@Rdx b [inde
[7] ina:

a [nde b [ridx o [Eddr

4 [ e [igdv [ Qe
[8] rina:

a feotxdy b [ de o fymedx
[9] Fina:

@ [glmds b [ladx o Jekede

a4 fiide e [dx [




12 Integration I

Contextual

! [ Sketch the curvey = 1.4 sin 2x for 0 < x < = Find the area bound by
the curve, the p
terms of 7.

\ 2 r

y=sin(1-x)

“Tho graph shows the curve = sin(1 - x)

. Verify that the x-coordinate of Pis 1.

b Calculate the area of the shaded region, giving your answer correct to
two decimal places.

“The diagram shows part of the graph of y = secx. Find the volume
gonerated when the shaded area s rotated about the x-axis through four
right-angles.

[@] 2 se1+1an%A = sect A o express tan® 2¢in terms of sec? 2x.
b Find [tan® 2xdx.

[B] ¢/ = 1200801 + 20) and (= = 1, find ).

Urheberrechilich geschit



[E, T digram shovws the ragh of
!~¥ Calculate the area of
skt g itag g
answer in terms of .

[7] Sketch the graph oy = 2o, Find when the arca
under the curve betwen x = 0 and x = 1 s otated about the x-axis
through one complete revolution.

[8] iz = tna for m in terms of x. Bz

Skelch the graph of y = % Calculate the area under the graph between
X=Tandx=4.

Calculate the areas of the shaded regions.




12 Integration Il

12.2 Rational Functions

A rational function is a fraction where both numerator and
denominator are polynomials (the numerator can be a constant). Some
examples are:

2x-1
Tix GHDx-2)

Recall that when the degree of the numerator is less than the degree of the
de called a proper fraction. When the degree of the
‘numerator s equal 10 or greater than the degree of the denominator, it is
called an improper fraction.

When i i i functi first check to
is proper or improper. For example, 3 is @ proper fraction and can bo

written in the form 4, where k is a constant.

2 r x) “The modulus function
~io 2 Recall | ) dx — tnif(x
‘J el 4 Ul +e. eetiaibacatise
= 1ln(1+x%) +c 1+x* > 0 forallx.
Improper fractions cannot be written in the form 418, where k is a
it To integrate an improper fraction first write it as the sum or
diference of proper algebraic fractions. Then try 10 use thelst of standard
integra
Simple improper fractions
All improper fractions can be expressed as the sum or difference of a One way of doing this s
polynomial and a proper fraction. {0 writo the numerator in
torms of the
denominator.
Example 1
Find:
b « J7 X
Solution
a Firstoxpross 1% as tho sum of a polynomial and a propor raction. Do
this 8  in terms o

507,



Now I%dx= I(f‘l'l--‘%;)dx

ol
o The integral is now
S L™ 4 — tnifix) the standard form
R J,Ax\ix <Uu[!mdx In|f(x)] +c. wh--/(x)=n—x5.E
= —x—Inji-x+c (Chock this result by

First wrile 1 as a sum involving a proper fraction.

2
=

—xrzftou <Thzfnrmj%dx.
—x+2lnpx-1]+c

_x(74x)-7x
i o

_x4x) 7

T
7

742

dx

Sl

w= [
J I Integrate each term

<=
i b separately.

g Vit
= ix’—,dex dﬂllnm]l-ﬂx—'dx,

=1 I +x) +o Check this result by
differentiation.
Partial fractions
It can be factorised, partial fracti be used to
simplify the rational function (see Chapter 6).
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© Express g7k in partial fractions.

B4
Check that P L

fermres= (- *W)""

’Ix‘zd" [de an T]h/;:_?;n:x

Inix| +Inf+1]+¢

+

Example 3

a Flndlhnvn.ln-sﬂl'anndhlfl

1 1
o dr=ghb

26% 45 + 31
b Bt [ SRS

Solution
a Notice that the denominator s the diference of two squares. That i,
4—x* = (2.4 x)(2 - x). Use this to wrile partial fractions.

1
Fees)

Check that 1= 2 hr
-, [ﬁ*«ztn]‘”‘
=}J|z+xd"+ lnz ¥

» S =
dx"szx""

Now |

J The form
L 2ex

=iMnj2+x% ~1lnj2 x|l
=1(n3-In1)~}(In1-In3)
=1In3-0-0+1ln3 <In1-0
~}in3

Now in3=inb, soa=2andb=3.

b Express the integrand in partial fractions.

26x° +5x +31 2z 8

=i
Chock thal ¢ T+ 16) ~ T+3x T 2416

510

<[fx)
(5o

Urheberrechtlich geschi
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12.2 Rational Functions

Technique
[1] tntegrato the following, first expressing sach as a sum involving a proper
fraction:
x x-1
5 b x+1 & d
[2] Find the exact value of:
12126 -1
- e b S
@ Evaluate the following integrals, giving your answers correct 10 two decimal
places:
ax %
anx‘l" v J134x‘lx
[8] vse partial fractions to find:
w47
o [eidme
x+5 wes
o fethe ¢ [T
[5] Find the exact vatuo of:
f 9-3x
= [&meme
o e 3
dx
Luwmu—x) o J;(x*A)ix*l)dX
X o [ dx
x 5
(==
1-3x ' 42v44
[ v e

. civalupof [ o224 g
Find the exact valueof [ o

Express the i asa sum involving a prope

i
the oxactvalueof [ 25X

i
b Find the value of a such that ] fx)dx = Ina+




12 Integration I

The graph shows the curve /(x) =,
3 B
a Bxpress f(x) in the form A+ .
b Calculate the area of the shaded region.

a2
“The graph shows the curve y = %

i gD
a Find the values of Aand Bify = A+ 57—
b Calculate the area of the shaded region.




Example 1

Find:

a [xe"dx b [xInxdx
Solution

a Letu=xandv'=e". Thenu'=1andv = [e* dx = ™.

Now, Juv’dx:uvflvu'dx
Jxo!-ux=xxge'*-1@g=-x|)dx

= jor [

= lxe*-ixje™+c < Factorise.

= le¥Bx-1)4c

b In this example the nhnirn ofu and v are obvious because Inx cannot

Snlaluflnxlndlelv =x. Thunu =landv =[x dx=1x

Now, Iuv’dx=uv7‘[vu'dx

S0 [ nxdc =t - [ o
- }x’l.nxfgll)(’dx
=enx-ixid 4o
= Ilx - he
= Ix@lnx-1)+c

“The graph shows part of the curve y = (2x + 1) sin 2x. Find the area under

the curve between x = 0 and x =

Utheberrechtlch

Choose which part o
integrand is u and w
is 50 that [ v dx
simpler integral thar
original. See




‘Sometimes integration by parts has to be used more than once in the same.
‘problem. Try finding [ sin x dx. Integration by parts gives

Jotsinxas = - osx-+2 [ scosxax
ot thsocond intgrand i implor prouc an tho o

one, but still cannot
integrated using integration by parts a uwnd time giving:

[ sinr = —xtcosx + 2xsinx + 2eosx e

unusual i
parts is usod twice. When integration by parts is used for a second time
the original integral appears again.

Example 4
Find [o¥sintdt.
Solution
av, du
Julpac=ue— vSra

Lotu= e and

int. Then §f = 26" and v = fsintdi = — cost.
Now Ja"‘simdl o —cost - [ costx 2ot
= —oeont s 2o costd

Uamg intogration by parts again o integrate the second integral, lot
= o and % = cost. S0 %% = 2¢ and v, = [costdt = sint.

Now.[obutin e 2 [t )

Josintar = ~ocost+ 20%sint 4 [ sinta

Notice that the integral now appears twice. The equation can be
rearranged by treating this integral as a distinct term. Adding 4 [ e sin f dt

10 both sides,
5Ja"sinldl: — e cost + 2% sint
Remember to add a
> Je“slnml = Le¥(2sint - cost) +¢ constant of integratic
Chock 1

1e¥(2sint — cost) should give the original integrand, e* sin .



12 Integration I

12.4 Integration by
Substltution

Intogration by substi form difficul

intograls into 5|mp|cra|m5 12 which e slndard integrals can be used.

How could [(1 + 3x)° dx be found quickly? We could expand (1 + 3x)°

using th binomial expansion and nterate e resuling olynomial torm - Use tha echnique to
by term. An alternative is to make the substitution t = 1+ 3x. find [(1 +3x)"dx.

Then [(14+ 397 dx becomes [ dx.

Although the integral has been simplified we cannot integrate (* with
respect 10 . We need a dt rather than a dx after the integrand,

dl

L I= Jl”dx‘ then G [1]  Recall the fundamental
theorem of calculus from
ch.o.

‘Th chain rule gives

r_dr e adx

T ata
Intogating both sides with respect to tgives,

odx
]r G

Comparing this to equation [1], we sce that d i offectively replaced by
dde
Since £ = 1+ 3x i this case, f = 3. So §  } and d is replaced by }dt.

S0 Ju +axfdy = Jx“ x1dt

I “This can now be
3 integrated.
—ixjfic Substitute ¢ ~

—H043 fe

Notice that the substitution makes the integrand simpler. The difficult
part is changing the variable with respect to which the integration is
carried out from x lo 1.



12 intogration I

Find the values of the new limits:

® whenx=1,0=1 0

@ whenx=2t=1-2=-1

S0 E(l—x)’dx:]n' f x (1)t
=_L"Mz

B!

Integgation by substitution can b used 10 cstabish other standard
integrals. For example to find f(ax + b)" dx, whero a, b and n are real
numbers, use the substitution = ax +b. Then # = a, and § = 1.
" 1
Now ](u+n) dx:lt‘x-d(
a
=2 J Pt
a
1 e
= taTte

Therefore

i i
4e «Learn this result

Look back again at Example 1 where (ax +b)” = (5x +1)%. Here a = 5,

t
so0 I(sx+1)ldx_l(_5;+_1)+c

=&6x+)itc

igher lovel 1o make
sure thal the integral has been expressed entirely in terms of the new
variable only.

Example 4
Evaluate [, xy/TF ¥ dx.

Do not worry that the
upper limit is now less
than the lower limit,

Urheberrechtich g
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Solution
Lett=1+x.Then = 1and g =1.

Whenx = —1,1=0and whenx =0, =1.

Now rxxw/l-o-x'dx:l:(t-l)\ﬂx:dt Heplectdnvittdy
+ Notice that the intogran
=[en e e

terms of L onl

— @R 3o

3x1-2x1)-(0-0)

-3
Example 5
Use the substitution u” = 5 — x to find [{'(x + 1)(5 - x)} dx.
Solution
Letu? = 5 ~ x, and differentiate implicitly with respect (o x.

Then 20l = 1 and so §t = ~2u.
Whenx=1,u" =5-1=4 = u=2
Whenx=5,u"=5-5=0 = u=0

Also.x=5-u" = x+1=6-u’

— () x —2udu

Now ]:(u 1) - xhdx

zE(s — )t du

=2 E(Gu' —u')du

2leu’” - ")y

2[(0-0) - (2x 2* —1x2%)]
216+ %)

=-2(-4)

In this case we would
evaluate 2 [3(6u* — u*)o

Choosing suitable substitutions
Try finding [ xe" d. Using a systematic approach, integration by parts.
‘may be your first choice, but the second integral is too difficult to
integrate. A good is then to try a substituti

Itheberrechtlich geschitztes Material



12Integration I

Spotting the substitution ¢ = g(x), where g(x) is some function of x, often
depends on recognising a common factor that appears in the integrand
and in g/(x).

Step @ Let £be some function of x so that a factor is created that will
cancel or simplify the integrand.
Let t=x’ < Differentiating  — x* wrix gives a factor of x,
which appears in the integrand.
Step @ Write dx in terms of dt.
dt
Sezos dx
Now Jxe’dx = un' X gt < Notice that the x will cancel.

dt

—ifetdt

Step @ Tntegrate with respet to .
[
—pe'te

Step @ Substitute for { throughout to express the integral in terms of the
al variable, x.

]x(’ﬂx:;u"n
Other useful hints

@ For integrals containing e, try ¢ = e*.

@ For integrals containing va? — X%, try x = asin 0. For example, with
VA=, usex = 2sin0.

@ For integrals containing Va7 + X, try x = atan . For example, with
VEFX, usex = 3tan 0.

Example 6

Find:

a Jdn’ﬂmﬂdﬂ b J%dx
Solution

@ Lett=sin0. « @ Differentiating ¢ ~ sin gives us a factor of cos 0.
Then 4§ =cos® = df=Lydt. <@ Write df in terms of dt.




Notice that the cos
terms cancel.

Now [sin’ 0costd0 = ¢ xcost Lt
:JHm

=1f+c <@ Integrate wr t.
=1sin’0+c 4@ Substitute for £.

=

Letp=¢". <@ Exponential functions in the i d can be
simplified.
Then® =" = dv=2dp <@ Write dx in terms of dp.

o o dx:[p»-p

1o

-

g dp

p,dp+JHP,ﬂp <@ Integrate wrt p.

- [rii]tae
tan"'(p) +1In(14p®) +¢ 4 @ Substitute
=t @) +ln(1+e)+c TP

b J‘mdx

Solution
a  Letu=2x"+1. « @ Differentiating u = 2x* + 1 gives us a factor of x.
Then§t = 4x = dx=kdu <2 Write dx in terms of du.

Whenx = 0,u=1and whenx =2,u=9
i x X
wow. [ = [ G
=4 r udu 4@ Integrate wrtu.
= jut
=12va-2v1)
=43-1)

Notice that the x tern
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12.5 The Area Under a
Parametrically Defined Curve

In Chapter § wo doveloped a tochniquo for finding the arca under a curve,
“The equation of the curve was expressed in Cartesian form as y = /(x) and
the area calculated as the integral [*f(x) dx. The limits x = a and x = b
define the boundarios of the arca along the x-axis.

What happens when the curve is expressed in parametric form? Instead of
¥ = f(x) we have y = g(t) for some parametor . Since the integrand is now
a function of the parameter ¢, we cannot use the operator dx. Instead we
have to make a substitution and replace dx by 9. Also, since the
integrand and operator are expressed in terms of the parameter, s0 are the
limits.

Example 1

Acircle can be described by the parametric equations

x=3cosh sind 0<O<2m

a  Find the area of the first quadrant
b Verify the answer to a using the rosult
“
area J“y(liatxlxll
Solution

a x=3cos0,y = 3sind, 0 < 0 < 2r are the parametric equations of a
circle, centre the origin and radius 3 (see p. 473).
area of quadrant = 1 x r*
=Ixaxa?

or.
3

-

To verify this result, notice that the first quadrant is doscribed by
parametric equations for 0 < 0 < 1.

¢ d
area = J' ¥ § Wt

“To find the values of t, and s, the lower and upper limits on the
integral in terms of the parameter £, we first need to consider the
corresponding values of x. The first quadrant of the circle is bounded
byx =0andx = 3. When x = 0, t = § and when x = 3, = 0. This
‘means that £, = and £, = 0.




12 Integration I

Arca J‘amﬂ (3cos0)do

35in0(~3sin0) do

= Drﬂn'lidﬂ

0, recall that we can
from Chapter 3. This gives

Jotntxas = 3x—goinzx e
So

area = ~9[10 — Lsin 20)]

e )

=g

Example 2

Y

x=3cos) y=2sin0 0<0<2n

=28in6,0< 0< 2r, dafinesn
—-3and

‘The parametric equations x = 3 cos),
the origi

x=+3, and crosses the y-axis at y = ~2 and y = 2.

ama =[50 § @t

Urheberrechilich gescha



In parametric form this integral becomes

d
V= [l w0 § o

So.

Volume = J: n(%)x S
- J: gl
-m]:;’,d:
]
=6an(-1+1)

=18z

Urheberrechtlich geschiitzies Material



12 Integration I

Now consider the first order differential equation & = xy. The

algebraic solution cannot be found by simply integrating both sides with
respect to x. Instead we must first separate the variables so that all the y
terms appear on the same side of the equation as &, and all the x terms
appear on the other side.

Step @ Separate the variables.

e W 1dy
Since e Pdx

Step @ Integgate both sides with respoct to.x.
1dy
J yaedr l xdx
Jar = [xax
IJ' 4

Notice that the terms have been separated so that all the x terms will be
integrated with respect to x and all the y terms with respect to

Thus Inly| =3x*+c, givingly| = e "¢
Therofore v = 0" or y ‘e

Step @ Simplify the constant (o find it if enough information is given in
the question).

Since if ¢ is a constant then o s also a constant, we can write
o

A partic lion can be found if is given. This is
allod the variable separable method o solving first ordor diffronti
equations.

replaced with dy.

Use law of indices
@ ="

IFA > 0 the curves above
the x-axis are generated.
1A < 0 the curves below
the x-axis are generated.
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Example 1

Find the general solutions to:

P b Zoor
Solution
o Aoy < Separate tho variables

y=- 35— <@ Simplify the constant.
¥

TR
“This i the goneral solution.
dy_
b Peyir
» 1 W 4@ separate the variables.
il "

1oy ,
Jzy” =[x 4@ tntegrate both sides wrt x.
fix

I(Xi

=Jar «hesom (25

)
‘Jiynd
fnjzy +1]=x+c

Inj2y +1) = 2x 420
ek

> yti=
2y41= ot ek
- 2y = A —1

¥=}Ac™ -} <@ Simplify the constant.
So the general solution is y = Bo™ ~ J, where B s a constant.

Example 2

Find the solution of the differential equation (1 + x) § = 1 - sin® y, for
which y = § when x =

(0CSEB)

Urheberrechtlich geschitzt




12 Integration I

1
Toewy d " Tx 4 © Separate the variables.

f_A idpe fd .

Jizsiy ax J1+xdx A = |
1 1
[ = [z

Jsuc’ydy - JL @

Tex
tany =Inf1+x/+¢

Whenx =0,y = .

Thus tan§=In1+c <@ Find the constant.
1=0+c

So tany=lInjix+1
y=tan~ (1 +x]+1)

Modelling with differential equations

When there i iont i ion to doscribe iable ch
with . the situati ften be modelled by a
differential equation.

Newton'’s law of cooling

This states that the rate of

change in temperature of an

object s proportional to the

difference between its

temperature and that of its —
surroundings. Newlon's law v}
can be modelled by a u

differential equation.

¥ g, Tt ! timet
inute d 18°C. a
botvween them s then 0 — 18. Then Newton'’s law gives 1o be made, In this caso.
it is assumed that the
?u_g“(”' 18) temperature of the
‘Writing this as an equation,
do
G- kO-18), whoro ke®.

Utheberrechiich geschitz B 38erial



“The nogative sign indicates that 0 is decreasing, If t ware to be omilted the
constant k would work out to be negative.
Population growth

Scientists have crudely suggested thal the populations of certain

organisms grow al a rate thal is proportional to the size of the population.
Let N'be the population at time t. Then

N _

TN

Witing this as an oquation,

w_ N e
G =k where keR

Example 3

ing to Newton's Law, the rate of cooling of an object is proportional

Accor

Hero it is assumod tk
the environment rem
constant, The model
‘probably more realis
overa short period o
time,

1o the temperature difference between the object and ts sumoundings. Graphi

Warm water is poured into a basin, and cools from 41.1°C 0 40.0°C in 5 G

minutos. Tho temperature of the room is a constant 17°C. e

& Write down a differential equation to model the lemperature of the pack
water.

b Solve the differential equation, and find tho water

after 10 minutes.

©  Find the time taken for the water to cool 10 37°C.

Solution

a  Let 0'be the temperature in degrees Celsius of the water at time (.
Then according to Newton's Law the rate of change of 0 with respect
1o time is proportional to 0~ 17.

do
Fx0-17)

0 k0~ 17). whero k is 2 constant

it
b 10 & <« Separate the variables
i-17 i :
0= [~kd <@ Integrate both sides wrt ¢
[ty ao= [-ka o
In(0-17) =~k +¢

0-17 =g Mt4¢

0-17 =0 xof
0-17 = Ae”, where A is a constant

0=17 4 Ac™

540

Remember that the
negative sign indicat
cooling.

Since 0> 17 the
modulus function
required.




12.6 Differential Equations
Exercise
Technique

[ Find the goneral solution to the following differential equations:
a F=ad+l d $=yR+2e 8 2+x=x§
b %-x-li¢ o Y=xbisinx b Jes3k-1
F=x+e £ oxE=1-x it0f=xiil

o

[2] Find the general solution to the following differential equations.

E

E]

@ ‘The variables x and y satisfy the differential equation $ + y tanx = 0.

Find [xo"dx.
b Uso your result 0 a to find the general solution to ¢~

a  Find the general solution.
b Find a particular solution where y = 1 when x =

[5]a  Find the goneral solution o 4
b Find apartiulas slution where  — 4 when x

Contextual
[4] An obiect cools from 100°C to 70°C in 34 minutes. Assume Newton's law
i i ing air temp i5 20°C.
a  State Newton's Law of cooling.
b IfTis the temperature of the body at time ¢ minutes, write down a
differential equation that describes how the body cools.
¢ Solve the differential equation to find T in terms of t and use it to find

the temperature after 45 minutes.
d  How long will the body take to cool to 50°C?

[2] e rato of increase of the number of acteria present i culturo is
proportional to the number present at tha time.

a  If N represents the number of bacteria after t hours write down a
differential equation connecting N and .



Consolidation

Exercise A
[ ntegrate the following with respect to.x:

a3 e sinsxsinx i cotax

b acos(2x+7) fo14e™ i oww

¢ sinzeicoslk g & .

h

5 s # 1o
[2] usei parts to find the i Sx'lnxdx.  (SMP)
[3] Evaluate g xe™ d. wLEAG)

[8] show that [} ity de = Ina, whero s arational numbes to
be dotermined. ]

[5] rnd thevatuesofaand i |

[6] Use tho substitution u = 1+ 3sin 010 evllun(er 0. (smp)

cos
AV ERET

[7] Find tho value of £ x(x - )" ax. wLeAG)

Find y in terms of x given that & = ye* and that y = 1 when x = 0.
(ULEAC)

A balloon is expanding and at time ¢ seconds its surface area is scm.
ion is such that the rate of i i
& When is 900 cm?, it is increasing at

a  Show that g = 180,
b Solve this differential equation given that s = 400 when ¢ = 0.
© Find o the nearest second the time at which s = 900 cm.
(NEAB)

Attime t hours the rate of decay of the mass of a radioactive substance is
proportional to the mass xkg of the substance at that time. At time { = 0
the mass of the substance is A kg.

a  Byformingand integrating a differential equation, show that
x =A™, where kis a constant.

b Itis observed that x ime £ = 10. Find the value of ¢ when
x =14, giving your answer to two decimal places. (ULEAG)




12 ntegration I

Exercise B

[ the curva showwn has parametric
equations x = 4cos 0, y = 5sind,
0<0<2n

The straight line PR is a tangent to
the ellipse at P, where 0 = 5. Find the
area of the shaded region, bound

by the curve, the x-axis and the
tangent PR.

[2] evatuatethe following integrals exactly:
f inx cos ax dx b J"

[3]a use integration by parts to find fxe~*dx.
b

yele+ Deosx

“The graph shows part of the curve y = (x + 1) cosx. Calculate, correct
10 two decimal places, the area of the shaded region.

- L B
[4]a e s ) e o A+ o Usethisto
e juu +1
x+1)2x - 1)
3¢ 43xtd
b Express =Ty

3 435+ 4
J Xoora)

in the form ? +

x‘+ € Then find

(13 - 3x)
¢ Evaluste Lmdx

[5]a By means o thesubtittion u =6 - rathrwise,show tat
Shrdx=—In[6 x| +c.

Urheberrechilh geschitztes 194 a
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-

As a mathematical model for my regular 6 km morning jog, I assume
that my speod is proportional to the distance that 1 still have to go to
reach tho end.

1f 1 start off at a speed of 8kmh ™", and after t hours ha
travelled xkm, explain why 4 = k(6 — x), whero kis a
constant.

Show that k

© By solving the differential equation & = 1o find the time taken for
me to complete 4 km of the og, and state my predicted speed at the
time.

d By considering the predicted time taken for me to complote the jog.

comment on the suitability of the model.
(SMP)

[16] Water flows out of a tank through a pipe at the bottom, and ata timo ¢

‘minutes the depth of water in the tank is x metres. At time t = 0 the depth
of water in the tank is 2m. After 10 minutes the depth is 1.5 m. It is
desired to find the time T, correct to the nearest minute, at which the
depthis 1m.

a  Inasimple model the rato at which the depth of water in the tank
docreases is taken to be constant. Find T using this modol.

b Inamore refined model the rate at which the depth of water
remaining in the tank is decreasing at any instant is proportional to
the square root of the depth at that instant.

i Explain how the more rofined modol loads to the differential
oquation — & = k&, where k s a positivo constant.

Find tho goneral solution of the differential equation in i

Find T using the more refined model.

(UCLES)
model for the popul
assumes that the country has a constant birth rate of 22 per thousand and
a constant death rate of 7 per thousand. The population of the country at
the end of 1995 was 4.80 million and the population of the country at time
tyears later is denoted by x.

a  Show that § = 0.015x.
b Find xin terms of .
Use the mathematical model to estimate:
¢ the population of the country at the end of 1998
d  the year in which the population of the country will exceed 6 million.

WIEC)



12 ntegration I

Applications and Activities
[1] cooting

Fill a container with hot water. Note the room temperature and place a
thermometer in the hot water and wait untl it has adapted to the
temperature of the water. At this point begin (o note the water

inutes. Record your results in a table similar to the

temperature overy 2}
one below.

e | o

Temp. () |

a  Write down Newton's law of cooling

b Write down a differential equation that will model the temperature of
the water.

©  Solve the differential equation and use the first and third enties in
the table to find 0 in terms of ¢

d Investigate how well your differential equation models this situation.

e Investigate Newlon's law of cooling for different shaped containers,

[2] integration spotting
‘The fundamental theorem of calculus states that differentiation is the
reverse of integration. In this activity an integral in the form [ (x)g(x) dx
must be made by selecting two function from the box below.

The answer must contain a combination of terms from the second box,
below.

RN

One oxample is [ x x* dx = .
A moro complex exampl s ¢ JEk .

(e +¢) = 2xe*
How many diffe

nt integrals complete with answers can you spot?

549



Summary

@ Standard integrals that are the reverse of differentiating standard
functions are:

° has cos”x o sin® x terms, d
formulas before integrating.

. isa product of functions, use the
compound angle formulas o transform the ntegrand nto  um of
trigonometrical functions.

. in

ions
form and then use partial fractions if required.

Use integration by parts to integrate a product of functions:

“The area under a paramtrically defined curve is given by

[ ¥() § (x)dt, where t, and , ar the values of the parameter {
corresponding to the lower and upper values of x.

@ Solvea differential

ageneral solution or a p-rllcuhr solution.

o find either

Nowton's i ion are both
modelled by differential equations.

Urheberrechtich geschitztes Material
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13.1 Approximate Solutions of
Equations

Try solving the x+3. 1 you tried to
solve them using algebraic techniques the temptation up and say
the equations cannot be solved. However, graphical, or iterative methods
an be used 1o find an approximate value for the solution o these
equations. These techniques generate numerical values of increasing
accuracy. They aro based on ropeating a procedure or algorithm until
sufficient accuracy has been achieved.

juations 2.cosx — x + 1 and ¢

Graphical methods

The rool(s) of any equation of the form f(x) = 0 can be found by drawing

the graph of y = f(x) and reading off the approximate values of x for which /() = 0 where the g
y=0 crosses the x-axis.

Example 1

Construct a table of values for y = 2% — 12x + 11 with 0 < x < 6. Draw.
the graph of y = 2x* — 12x + 11 in that range, and use it to find
approximate solutions of the equation 2+* — 12 + 11 = 0, 10 one decimal
plac

Solution

21211

oot at +1.1




he graph of y = 2cc
is periodic, oscillatin

and -2 respoctively.
graphofy =x —1is
straight I

There s only one point of intersection. Since the graphs of y = 2 cosx and
v=x~1dono intersect anywhere else, the equation 2 cosx — x +1=0
s anly one sl . The xcourdina althepoi of nersection f
about 1. of the root to this equation is x =
(dp

Use a graphical calculator o plot the graphs of y = 2cosxand y =x— 1 Investigate whether
on the same axes, and use the TRACE function to confirm that x = 1.4 s caleulator has an

the approximate solution of the equation 2.cosx = x — 1. Remember to mmswmmm.m
work in radians. will find values.

nmmmm

Locating roots by a ‘change of sign’

b

Suppose f(x) is a continuous function, defined for all points between
d x = b.16f(a) and £(b), the values of the function at x = a and

y=rm

X = b, respectively. are opposite in sign to each other, then f(a) < 0 and
J(b) > 0, or vice versa. This is illustrated in the diagrams above. Since the
graph changes from negative to positive, or from positive to negative,
somewhere between a and b, there must be a solution to the equation
f(x)=0in the interval a < x < b.

So by laoking for a change of sign in the value of f(x) between nearby
values of x, the approximate location of the roots of the equation f(x)
can be found




This means that

where pand q are the absolute values of /(a) and f(b), and x, is the
ta.

x, the subject.

(—ag=(b-x)p

x(p+q) =aq+bp

m « Learn this important result.

Thi wsed to find tho first
approximation to the root of the equation.

Example 5

The equation x* + x — 7 = 0 has a root in the interval 1 < x < 2. Use linear
to find this 1, 110 two.

decimal places.

Solution

Let f(x) =" +x — 7. Check that f(1) = -5 and f(2) = 3.

Now use the formula x; =% witha = 1,b = 2,p = 5 and q = 3. This
will calculate the value of x, at which the interval 1 < x < 2 is divided in
linear proportion,

Jrheberrechiich geschiltzles Materia



13 Numerical Methods

(1x3)+(2x5)
L

Notice that there is a change of sign in the value of f(x) between x = 1.625
and x = 2. This means that the root lies in the interval 1.625 < x < 2, 50
‘now repeat the process using the same formula, with @ = 1.625, b = 2,
Pp=10840and g =3.

1625
1 108101|/ X 2 x

1y = {1625 % 3) + (2 x 1.0840)
i 10840 +

=17245 (4 dp)
Now f(1.7245) = ~0.1470 (4 d.p.)

‘There is a change of sign in the value of the function /(x) between
X=1.7245 and x = 2 50 the root lies in the interval 1.7245 < x < 2.

Repeat the process again, using the formula, with a = 1.7245, b = 2,
p=01470and g =3.
17245
1625
T11701% T %

(17245 x3) + (2 x 0.1470)
= 70 +3

=17374 (4 dp)
Now f(1.7374) = ~0.0182 (4 d.p)

There is a change of sign in the value of function f(x) between x = 17374
and x = 2, 50 the root lies in the intorval 1.7374 < x < 2.
"

how
algorithm narrows the interval within which the root can lie. Recall that
f(1) is negative and f(2) is positive.

Urheberrech
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13 Numerical Methods

2<x<25 X =21175 f(21175) = 0.0800
21775<x<25

21920 <x<25

21936 <x <25
Since the value of £(x) at x = 21936 is so close to zero, the roo is
probably very close to.x = 2.19.In facl, f(2.195) = ~0.0066, so there is a

change of sign in the value of /(x) between x = 2.1936 and x = 2.195. This
means the root must e in the interval 2.1936 < x < 2.195, and can be
taken to be 2.19 (2 d.p.). The graphs of y = sinx and y = x* 4 therefore
intersect at x = 2.19 (2d.p.).

‘The Newton-Raphson method

The Nzwlan~hphswn mathod i flen smply alld Newmn 's method. It
rges the form f(x) = 0. Tt

1o quicker than both the Intrval bl.w:llon ‘method lnd s interpolation.

Suppose x = X, is a first approximation (o the root a of the equation

J(x) = 0. A tangent drawn 10 the curve y = f(x) at the point where x = X,

can bo extended to meet the x-axis at the point where x = x,.

In most cases, x, will be a belter approximation to the root a than xp. By tho linox = x,.
considering the gradient of this tangent, it follows that

(x)
S(x) = e
Now the subject of
i “m
- L),
)

1658 er



“The process can be repeated, with a tangent drawn from the point on the

curve where x = x,. Th the x-axis at x = x,. y
aneven 1o the root a. By of
this tangent, we find that

P 5]

S

This process can be repeated as often as required.

yef)

XX

In general, ifx, is a good approximation to the root of an equation of the
form f(x) = 0, then a better approximation, x, , ;. can be found using the
iterative form

t')' «Learn this important result.

Here f(x,) and f'(x,) are the values of the function f(x) and its derivative
fix)atx
The Newton-Raphson method makes repeated use of this iterative
formula until the required level of accuracy is achieved.

places, the root of
the equation ¢° — x — 3 = 0 that lies betwoen x = 1and x = 2.
Solution
In

done 10 at least two more decimal places than are required in the final
answer. So in thi I be carried out 10 six dy
places.

Let  f(x)=¢'-x-3
Then f'(x)=e" 1

Urheberrechilch




13 Numerical Methods.

Take x, = 1 as a first approximation 1o the root.
Using Newlon's method,

)
o)

N=x—

G
=1.745930 (6 d.p)
Jx)
Then X = —pit
R T)
priso0_ -
= 1745030 - 0=t

= 1537676 (6 d.p.)

oy L)
and n=n -
= 1537676 -

= 1505904 (6 d.p.)
Chock that x, = 1505242 (6 d.p.)
and that x5 = 1.505241 (6 d.p.)

Notice that the value of x, has only changed in the sixth decimal place
during this last iteration. So the value of the root of the equation

e ox-3 —nmuslhnx—lsoSZ[d
Wo could have taken x, = 2 2 afirt approximation t the ool. Verif;
usng Newiots o, tht the sl of subsequent terations are:

X =1626071  x,=1513974  x, = 1505290
X =1505241 x5 = 1505241

‘Again the conclusion i thal the root of the equation is x = 1.5052 (4 d.p.).

Itis possiblo ing the last

facility hical calculator. thod,
you would first enter the value of the first approximation x,. The value of
%, can then be found using the expression:

™S _ANS-3

ANs-T =t

Using the last entry can be
tered agai thi %, 10 prodh

and in th
same way. Prssing the EXE or ENTER key givos thosuccossivo values Notice that ANS
2.5,y This method has the advantage of using the maximum replaces x, in the.
number of decimal places available on the calculator in working out Newton-Raphson
successive iterations of Newton's method. terative formula,

vechiich geschitzicB®ieria




We have solved the same equation in Examples 4 and 7, Using the interval
ction method it took five bisections to find the value of the root correct
10 just one decimal place. After five iterations, Newton's method produced
a value correct to at least four decimal places. This illustrates how quickly
the Newton-Raphson method usually converges to the root of an

the Newton-Raphson method ‘fails' and instead produces a
sories of values ., X, .. that cither diverge, or converge to a different
root of the equation to that expected. These two different types of
behaviour are illustrated in the following diagrams.

¥ Notico how the valu
y=fx) X9, X1, X, .. diverge
away from a.

L7 Notice how the valu

equation.

“The main reason for these failures of the Newlon-Raphson method is that  Notice that the same
the value of xy chosen as the first approximation is not close enough (o the tive formula can

root for convergence 10 occur. Fortunately there are other iterative used to locate differe

‘methods that can be used if a different choice of x, sill proves roots provided that

unsuccessful. suitable starting poir
are used.

Fixed point iterative methods

le o express an equation f(x) = 0 in the form x = g(x).
is ype of equation can be found graphically by reading off
the x-coordinate at the point of intersection of the y = x and y = g(x)
graphs




Xai1 =100 -5)

Tasr =

‘However, [¢/(a)] > 1 in each of these cases, so the results of successive
iterati ahiis Instead they
diverge. Check this using a graphical calculator.

Urheberrechiiich geschitzles Material



13 Numerical Methods

131 Apprommate Solutions of
Equations

. Exercise

H Technique

g Show that the equation x* — 3x — 5 = 0 has a root in the interval

i 2<x<3.

Use linear interpolation o find a first approximation for this root and
state the interval that contains the root. Give a reason for your

=

r.

Find the consecutive integor values of x betwoen which the equation
«* —3x* +-10 = 0 has a root.

Use the interval bisection method to find the value of this root,
correct 1o one decimal place.

¢ Taki o use the
Newton-Raphson method to find the value of this roo correct to four
decimal places.

3] ,

Xos1 = VAR, L, with. %o =3, converges toa value a. Use this formula to

find the value of e

satisfied by a.

[@] 0 167) = xe* - 5x 6. find am expression for  x).

b Show that the equation xe* “+ 6 has two roots. Show that one is.
in the interval -2 < x < —1. The other is in the interval @ < x < b,
where a and b are consecutive positive integers. Find a and b.

©  Taking X, = —2 as an initial approximation, use Newton’s method to
find the value of the negative root. Write your answer correct to four
decimal places.

d Use linear interpolation to find a first approximation for the value of

the root that les in the interval @ < x < b. Give your answer to two
decimal places.

Show that the equation 2x' — 3x +17 = 0 has a root in the interval

-3
b Decide which two of i be used to
find the root of this equation:
7 _w
M=y X =35

5 o1
=R -17) G ={T




©  Takingx, = ~2 as an initial approximation, dotermine which of these
i ol

this value correct to three decimal places.

Contextual

[ show tht h i s 5+~ has oot thnfera
a<x<
b Tl.klngx., = 4.as an initial approximation:

use the iterative formula x, ., n(m +3 1o find the value of
this root, correct 1o two decimal places

use the Newton-Raphson method to u]cullle its value, correct
1o four decimal places.

© Comment on the differences in the efficiency of these two methods.

[2] he diagram shows
the graph of
y=x'—2x+3cosx.

y=xi-2x 4 dcosx

a  Show that point A is located between x = ~2 and x = —

b Using the Newton-Raphson method, calculate the xcoordinate of A,
correct to three decimal places.

©  Explain why the x-coordinates of B and C satisfy the equation
3x* —2 ~3sinx = 0. By taking x, = 1 as a frst approximation, use
the Newton-Raphson method to solve this equation. Find the
coordinates of B correct to threo decimal places.

d Show that 3x* — 2 - 3sinx = 0 can also be solved numerically using.
the iterative formula x,.,, = \/3 + sin 8 %) = 1as a first

jon, find Ccorrect

places.

[3] he depth, b metves, of water in a harbour ¢ hours after midday, is given
by D = 5+ sin(0.481) — 2 cos(0.48t).

a  Show that when D = 6.5 metres, time ¢ must salisfy the equation
$in(0.481) — 2cos(0.480) ~ 15

b Show that the water first eaches a depth o 6.5 mtres between 3 and
4 oclock in the afternoon.

©  Use Newton's method o find this time to the nearest minute.

s Materia
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