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STATISTICS ) ]
This & a branch of mathematics dealing with collection, presentation, analysis and interpretation of

data.

Types of data
(=) Discrete data _
It Information ¢collected by counting and usually takes integral values that do not lie within @
given range
(&) Continuen; data
Its Information that takes on values within a given range

DISCRETE OR UNGROUPED DATA
(1) Meajure of central tendency
These are values of the distribution that tend to locate the central value. They include mean, median

and mode
(=) Mean or average

Ix
n .
Where x is variable given and n total number of the variables
If assumed mean{ working mean) A is given then

f=A+Z—n‘i Whered =x— A

it is denoted by ¥ and defined os | % =

Ifthe frequency, f is giv.en then|X = % Orix=A-F EE—’::{
(k) Mede :

This is the value of the distribution that appears most

() Median

This is the middle value of the distribution obtained after the values have been arranged either in
ascending or descending order.
adian= {2V nat
median= (;) value
Examples
1. Given the following sets of values
2.1,3.4,5,67.8910,3,4,67,6.8,9,63.2

(@) Form o frequency table of ungrouped data

(b) Use your table to find the mean and mode

(¢) Find the medion value:

Sclution
a3 _ % 109
. ; . o (b) mean, ¥ = %ff— == 5.45
7 1 )
3 > i 3 mode= 6 ( appear most)
4 ?’2 g § (©) median= (N)th 20\ th ih
_g‘ ‘1%’ .%g £ ian= () = (? = 10" value from cf
5 2 2 13 Median= 6 .
1o z 18 %
=20 T e =109 -
2. Given the information below -
x 10 11 12 13 14 15 | 18 17 18
f Py 2 5 3 7 Z 1 2 2
Find B
(@) Mean value (b} Modal value () Median
5
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Selution T
X f fx 4C.f (b) mean, f—-%:%_’_‘_ - 13.34
] 40
1}?;‘? 2 L P Modal value= 14 (appear most)
}g g Sg ;232 (¢) median= (ng_) = (—z— = 145" yalue from c.f
‘ 8 7
18 4 1§ 33 Median= 13
18 ) __38 50
= - f10
3. The following are marks obtained by 30 students in @ mathematics test marked t;ut 01 L
arks (=) i B
Fh:aq:ﬂrlcy N __% = g g & 54 55 =2 bl = =
(@) Find the mean using a working mean of 5 E
(b) Find the modal value and median
Jelution :
- Yfd 5 ;
x de=x-A F.d c.r = DI = — = 5167
(1] 2' .; =0 P (ﬂ) X A+t Yrs 5+ 30
3 5 3 X iy (b) Modal value= 6 X
3 = -4 9 th t)
g 2 g 6 1% median= (ﬁ) = (E) = 15" palue from c.f
& 5 i 5 21 2 2
3 2 2 4 23 Median= 5
8 3 4 ?
10 3 5 1z 30
xf=30 . Zid =5
(H) Meaiure of dispersion
These are measures used to find how the observations are spread out from the mean
(a) Ramnge
This is the difference between the larges value and the smallest value.
Examples ; b
Find the range of the following set of values 45 64, 54,76, 86 : I,'
Selotion | !
range = 86 — 45 = 41 k
(k) Varlance of @ popnlullon
The variance of x denoted by var(x) is defined a\s\ if the frequency is given then:
, _Ex*  (EX _ Lt (Trx\?
var() = B2 ()| or var) =5 -(57) | o
Z'
Var{x) = Ix _ 3 Var(x) = E};; = 52
(<) Standard dwlutlol
_ - _ [z Ex?| o [Bfx?_(Lfxy?
= Jvar(x), |s.d= - (n) Or|s.d = o Sf)
Exampiss
1. Find the variance and standard deviation of the following; 45, 54, 64, 76, 86
Solation
X x= ¥ 2
45 2025 - Var(x) = §__ - Ex
54 2916 22209 n
64 4096 _ 9 (3252
76 5776 Var(x) =——- (—5—) ~216.8
a5 7396 _ e
¥x=325 | 5x*=22209 s.d=yVar(x) =+2168 = 14,77

h--..
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(2) Parzentiles

2 The frequency distribution table shows the marks of some students from st MNoa girls school

F_'L__SZS—I_%B—"‘TE 56 } ] I 72 { 75 I 80 I
Cailculated the standard deviation
Selutien
tx = _
55 2‘f 110 Ix'ﬁnsm s = T fx? (fo)z
) 2 126 7838 : 5 Lr
W s 12473 100587 _ (1411)?
65 1 66 4356 s.d= ( 30 )
70 | 2 140 980D 20 P '
2 | 2 raa ' 70368 s.d = B.49marks
75 4 300 22500
) 3 240 18200
g0 1 80 B1D0.
1=20 Efx=1411 EBF=100587
Using sstumed maean te get varlance ond standard deviation
V‘ar'(x) _ Zfdz _ (2 fd) fd = Efd? (Efd) whered =x— A
| ¥f \Zf £/

Example
The frequency distribution table shows the height of some students ‘ot Standard high school

Height 154 155 160 164 171 180

Frequency 4 6 8 5 4 3
Determine the variance and standard deviation of the data using o working mean of 160

Solution

X f d=x-A fd [ 42 d\*
154 T 5 2 144 Var(x) =£f'_4_(_2f )
185 6 5 0 160 Tf. \XZ[f.
A ‘ 190 0 Var(r) = 2020 (70)2 63.156
164 2 ar(x —|] =63
171 4 1" 44 484 30 30
180 K] 20 60 1200 §.d = +Jvar x = V63.156 = 7,95
5=30 Thi=70 | Ti0°=2058
(d) Quartiies

A quartile is @ value that divides given values into four equal parts
q, is the lower quartile and its defined by:

= th
gy = GN gfaiue where N is the sum of all the variables
g4 Is the upper quartile and its defined by;
SO
gz = G N) valie where N is the sum of all the variables

A percentile is a value that divides given values into 100 equal parts
P, is the 10™ percentile and its defined by;

; ‘:h 1
Pg™= (ET':; N) value where N is the sum of all the variables

Pgs is the 85" percentile and its defined by;

. p th
Pyz = (% N) value where N is the sum of all the variables
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(1) Decles oot
A decile is a value that divides given values into 10 equal pa
Dy is the 7 decile and its defined by:

th
D; = (iN ) value where N is the sum of all the variables

10
Examples _ out of 20
1. The table below shows the marks obtained by 20 students in a test marked
miarks 0 1112 13 1151617 18 19 20
number of students 1T 22 2 2 4 21 2 1 1
find: .
(a) Mean mark (© o™ perceptlle .
(b) Standard deviation (d) Interguartile rang
Selution
f Cr- i i’
" ) 3| w W a= (270 _ a7z =2722
1 2 3 27 247 sd= = 0
ARENIEIE .
% 3 19 28 5’302 () 60" percentile= (1—0;1‘20)
15 = — \
16 2 15;'3i G% 512 = 12%value frome. f
;g :)1 8 % zgfs 60" percentile= 15 L .
. : th
b K 1 3 51 @ gy = (3220) = 5%arme from¢.f
L 3f=20_J =794 | Ifx‘=4 gy =12
s Zfx _ 294 . , th _
(@) mean, x = 27 20 -7 Gs = zeﬂ) = 15""palue fromc. f
‘ = [ere ey 9z =16
®) d Lf (2 s ) Interquartile range= 16 — 12 = 4

2. Given the following scores
7B 68 9 1064 56 4
4 6 B7 108 6 1 12 8
(@) Form a frequency distribution table of ungrouped data
(b) Find the standard deviation
(©) Calculate the semi interquartile range
(d) Deterrmine the range of 45" and 90® percentile

Solutiom
T o R
i ) : 7 i s am BT 6
5 1 5 2 =2
S ] s | 5 = | aa=(3x21) " = 15250 pgp, frome. f
7 2 11 14 98 —
5 5 16 40 170 Gz =8
2 g & %q 52100 (©) Semi-Interquartile range= B by
11 1 121 .
12 1 3 12 144 (d) 45" percentile= ("—‘r’,xz1 -
T TR=153 | The=1217 b.tx mwo!
= vaiue from
: = I/ (irxy? 45" percentile= ef
@ s.d=_[BX ):1) mne tile= 7 9 X
z 90" percentile= (22
s.d= fﬁ_ iﬂ) =221 ¢ (10-0"21 =
7o th = 189%value from . f
®) g, = (lxz:l) = 5.25"value fromc. f 0% percentile= 19 '
* Range=10-7 =
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CONTINUOUS OR GROUPED DATA
This is data whose scores or values are said to be continuous and take interval value

En-nlplc

‘ | 20-25130-39 [40-49 [ 50-59 [ 60~ 70-7 =

[ Nmpg[of s-!udems] 4 | 5 7 } 3 { 569 { Al 7 a{ 80189 {
Drow a frequency table '

folation
; i—reuuencv C W

=l

&
&

= DO
INUNSS
L O OO

Termu ased
(a) Class mterval (ciais)
These constitute the closses of the distribution. In the table above, the closses are
20 — 29,30 — 39,40 — 49,50 — 59,60 — 69, 70 — *79,80 — B9.
(b) Class mork (mark)
This is the mid value of the class interval. It is normally denoted by x. inthe above table. Class mark is
245,345,445 ... ...
(c) Clas Foundary
These are values that make classes continuous. In the above table the first class boundary is
(20 — 0.5) — (29+ 0.5) = 19.5 — 29.5. In this case the lower class boundary is 19.5 and upper class
boundary is 29.5
For class interval of 2.0 — 2.9, the class boundary is (2.0 — 0.05) ~ (2.9 4+ 0.05) = 1.95 — 2.95

(d) €las width
This is the width of each class boundary, It is given by
class width = upper class boundary — lower class boundary
Examples
1. The data below shows the heights in centimeters of 70 students
Height (em): 130-135[135-140 | 140-145 | 145-150 | 150-160 | 160-170| 170-1B0
Number of students 10 12 ‘8 ] 11 15 5
Construct a frequency distribution for the above datao.
folution
Height Class boundary Width x f
— 130-138 | 3130-135 5 1825 10
135-140 d 135-140 5 137.5 12
o 140-145 140-145 5 1425 8
~ 145-150 145-150 5 147.5 )
=] e | s 18 128 3
}?8.173'8 170-180 10 175 =
2. Use the data below to construct a frequency distribution table
Marks 20-<30 30-<40 40-<50 S0-<60 60-<70 70-<80 | B0-<90
Number of students 10 14 g 18 4 3 2
$olution
marks Class boundary | Width x f
20~ 20-30 0] Z5 il
50-<20 50 40 10 35 1%
40-<50 40-50 10 45 <]
50-<B0 50-60 10 55 18
R g e :
£R-<88 4088 0 A& 2
3. The table below shows the ages of 35 people
Age 0= 5. 10- 15 0= [ 30 | 40-

equency

Draw a frequency tabie for the data
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Age Class boundary Widih X ;
. ) 2.3
A : :
10- 10-15, 5 123 5
15 15-20 7. B
20- 20-30 2 ] 5
# %0 5| & ;
‘Metes The last class width is 5 since it's the/most common
4. The table below shows the marks of 40 people

[_mark =20 | 30 | 40 | -5 1?0‘[*—63;;2%

‘ Freauegc:v 8 1 a T 7 1 % =2 [ 2 7

Draw a frequency table for the data

Sslution

marks Class boundary Width X 1

-20 T0-20 T0 15 g
-30 20-30 10 25 4
-40 30-40 18 35 7
=50 40-50 45 10
-60 50-60 10 55 2
- 60-65 5 62.5 2
-58 685-70 5 67.5 7

Mete: The first class width Is 10 because it's the most common

5. The data below shows the length in centimeter of different phone calls made by Airtel clients

Length (minuies) <20 =30 =35 =40 <50 =60
Cumulative frequency: 4 20 32 42 48 50
Construct a frequency distribution table
Solation
l_e'ngm Class boundary Width % f
=Z0 l 20 10 75 -}
<30 0-30 10 25 16
<35 30-35 32.5 12
243 3533 B 37.8 16
<50 40-50 10 45 (3]
<B0O 50-60 10 55 2

Measmre of contral tendencies
(a) Meapure of Mean or average, <
The mean of grouped data is given by;

__Zfx
Y
Where f —frequency
o x —=mid point value
(k) Medion

Median of grouped data is defined by

median = L +

Ly= lower class boundary of the median class

Exomples
The ages of people in the town were as follows

C = class width of the median ¢lass

f = frequency of the median class

¢. fp = cumulative frequency before that
one of the median class

0=<5

Calculate;
(i) mean

age

(ii) median age
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$olution . £f
Age % X fi Cf | Classboundary %= fo ;
f-¢h 25| M 10 # 0-<§ median = Ly + 7
Lkl | g | B RS A
< ‘ ) | : 21
g':?g gg 19485 YO S0 }7{2« gg«%ﬁ«» f‘%f;;r Ez_f = 55- = 260.5
-€ K .
f<f) 184 3160 A 1080 median dass boundary is 30— < 50, f =146
=521 | The=i4T625, o . .
Tfx 1B7625 Gl =20 5230
X= - = = 36.012years median = 30 + (——'146 )20 = 34.178 years
v/ 521
() Mode _
Mode of grouped data with equaol class width is defined as _
™ € = dass width of the modal class
mode = Ly + (—‘—) C A, = modal frequency ~frequency before
A ]+ |4z A;= modal frequency ~frequency after
Ly = lower class boundary of the modal class
Exampley
The table below shows the weight of 250 students at Kennedy secondary school
\Weight (kajl44 0 —47.9] 48.0 - 51.9/52.0 - §5.9/56.0 - 59.9|60.0 ~ 63.9/64.0 - 67.9 |68.0—~71.9 |72.0-75.9
Frequency| 3 17 50 45 46 57 23 9
Find; )
- () Average weight | (i) Median weight l (iii) Medal weight
Solutlon
Ciass boundary] X { x c. E_f = ?E]_ =125
43085-47.05|4586| 9 137.85 3 2 . 12
-4785~-5195/4885| 17 84915 20 median class boundary is 59.95 — 63.95,
51,95 65.95| 53.95| 50 28975 |70
5595 69.95( 57.95| 45 ggu_;;s b ;s f=46andC =4
38 283, .95 49, 1€ .
S e 6res|esas| st | arseas |z1a median =59.95 + (222%) 4 = 60,82 kg
67.95 —71.05|69.95] 23 1608.85 |241 | 46 . _
| 71057595 |7395| 8 | 66585 |250 (iif) Modal class boundary is 63.95 — 67.95, since
TI=250 [3fx=15175.5 . . :
. If¥ 151755 57 is the highest frequency and € = 4
(i) £ = e 60.702kg 0,=57-46= 11, A,=57-46= 34
lu'.'.f oy — % L
(fi] median = L'b + ( 2 7 b) C mode = 63.95 + (m) 4= 64,93kg
Mode of un equal clols width

Mode of grouped data with un equal class width is

|f.dy]| ) c
- dal + If-dy)
Modal class js determined from the highest
frequency density

mode = L, + (

defined as
Ly = lower dass boundary of the modal class
€ = class width of the modal class
f.dy = modal frequency density ~frequency
density before
f+d; = modal frequency density —frequency

frequency .
requency density = —=————— density after
freq yaensity class width
Examplee -
Given the data below
Marks (x) 10-19 20-24 25-34 35-39 40-54 55~ !

Frequency (f) 4 5] 7 3 B 5664 85-?6'9
Find the mode
Solntion

o ——— 4§ o c——

11 ’ FLUS Twl vt SO
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o If-dy )
‘ dens de = + 1 C
[ Costanday [ Cusdh | 1 Jrewerd 0950 mode = Ly (_If. a1+ If ;]
195 245 5 f 3% 1.2 — 0.4] 5
LT y é 0§ mode =195+ | ;T3 041+ 12~ 07
195545 15 = 0.53 ‘mode = 22.58
54.5-64.5 10 6 08 B
b45-T795 15 b 04
=4
Exearclte
1. The table below shows the weight (k) of 150 patients who visited a certain h;g}_t;igcentre 558
Weight (kg) 0-9 1019 | =20-29 30-39 4%—;9 - 2
Frequency () 30 16 24 32
Calcuiate __
0] Mean | (i  Mode | (i)  Median
An( 29.97ky, 36.17Thy, 29.20ky) '
2 The table below shows the expenditure of examiners in thousands of shillings during A’level marking
exercise
10 11 10 12 14 18 gg %g
G 0¥ £ # B 8% =2 &
ie 13 32 3 26 38 53 40
(a) Form o frequency distribution table with class interval of 5,000 shillings, the lowest class
limit being 10,000
(b) Calculate the;
(i) mean expenditure and | (ii) standard deviation
An(30.75, 13.64)

{c) Drow a histogram to represent the above data and use it to determine the mode

3. The information below shows the amount of money in millions given to some districts in Uganda during
Kisanjja akuna muchezzo

Amount | 25-<30 | 30-<40| 40-<50 | 50-<60 60-<80
frequency < 10 .32 3 5

® Use the above information to draw a histogram
(D) Use your histogram to estimate the mode

Measore of dispersion
(=) Varlance of a pepulatisn [
The variance of x of grouped data denoted by var(x) is defined as
L (5fxY _IEE o _ z
@ =S -(57) | | TR Varge < 214" _ (114
LS \XIf v~ (57)
or whered =x— A
(b) $Standard devistion
= ,/var(x) Yre? (T2
s.d= [2—_ (22X 2
Laf (Ef o s.d= ML (Zfd
> JIF \ZT,
Exemples -
1. The table below shows the number of crimes committed by students
Number of crimes 5-<10 M0
Number of students 5 1<520 20 - E 5< 30 30;; 50 502; 100
Calculate the variance and standard deviation for the n be
Solution urmber of crimes committed
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, o, 2
Nmberolomes] x| [ | & i Vet _Xfx” fx)

s | 15 | 0|5 W5 Q=S \ET

0<n | 8§ |6 | % 3575 224187.5 (4400\° _ oo
0 | B | & |6 e Var(x) == -5 =) = 48556
il B B e B0 5.d = /var(x) = V4B5.56 = 22.04
§0-<100 1% [ 160 14065

TefTS | S | DN

2. The table below shows the weight of 250 students ot St Noa girls' school

Weiqht (kg)|44.0—47.9|48.0 — 51.9|52.0 - 55.9|56.0 — 59.9 50.0-63.9/64.0-67.9 68.0—71.9 1720~ 75.9
[Frequency | 3 17 50 45 | A6 57 1 23 2
Using assumed mean of 57.95, find;
(a) Average weight | () Voriance | () Standard deviation
$elition
_ T/d _ o, 6885 _
Weight | X | P |d=xA fd i () T=4+%; 2- 57.95 -|-2 Zo = 60.702kg
s 47o5|685| 3 [92| % | 4z | ®YVar()= S (%‘1)
47.95-519540.95 17 | 8| -136 | 1088 12320 /6885
5105 -5595|5395| 50 | 4 | 200 | 800 Var(x) = —g5=~ ( 250) =41.71kg
&5.05-50.05/5795( 45 | O | O 0 _ . _
59956305 |61.85| 46 | 4 | 184 75 s.d =~var V4171 = 6.46kg
63.95-6795|6595| 67 | B | 436 | 3648
6795 —7195|6985| 23 | 12| 276 1312
71.95-75:95 [7395 9 | 16| 144 | 2304
TEZ5] (%id=688] £fd™=12320
Exerciie
1. Use the frequency distribution below
Tirme (min) D-=<1 1-=<22 2-=3 3-=<5 5-<10
Frequency 10 15 25 40 25

Calculate the variance and standard deviation. An{4.99, 2.2)
2. The frequency table shows the height of 80 students to nearest cm
' Heiaht (cm). | 150 - 154[155- 158 | 160 <164 165 - 169 170-174] 175-179 180-184[185-189
Number af students| 3 7 10 15 25 12 & 2

Calculate the mean and standard deviation. An(169.625¢cm, 7.044¢em)

3. The table below shows the amount of money in millions.given to some districts in Uganda
Number of crimes 25- <30 |30-<40[40-<50|50-<60| 60 -<80
Number of studenis <& 10 4 3 5
Find the mean and standard deviation An(44.423 millloms, 14.73 millions)

4. A certain factory produces boll bearings in a certain month according to their diameter as shown
below

Aometer | ©1-93 | 9496 | 67-96 | 100-102 | 103-105] 106-108 109111

Calculate the mean and standard deviation using assumed mean of 98. An(1535.2, 39.18)

Percentlle; and Quartiles
(@) Percantiley

A percentile s a value thot divides a given distribution into 100 equal parts.
The 60™ percentile denoted by Py is defined as

13
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60 ‘
100/ ¢/ c
f
Ly, = lower class boundary of the 60" dass

Pep = Lp ¥

(b) Quartilas
A quartile is o value that dividesa g

The lower quartile derioted by g is defined as

!E—cf
‘h=f-a+(‘f -”)c

L, = lower dass boundary of the g, class

i

The upper quartile denated by g3 is defined a

3 .
gt —cho
QB=LE!+ 4 f C

L, = lower class boundary of the g5 class

C = class width of the 60" class
f = frequency of the 60" class |
¢. f = cumulative frequency before that one of

the 60" class

jven distribution inted equal parts.

€ = class width of the g, class

f = frequency of the g, class

c. f, = cumulative frequency before that
one of the g, class

C = closs width of the g5 closs

f = frequency of the g5 class

c. fp = cumulative frequency before that
one of the g4 class

[Inter quartile range = s — ¢ semi — Inter quartile range = I ;h
Examples
1. The following table shows the marks obtained by 400 students in o physics test marked out of 100
MMark= (%) 20-28 30-39 4049 S0-59 BO-68 7O-78 8c-89 g0 - 58
Number of students| 4 153 2 £ Ed B S a
Find
® Mean (iv) Semi interquartile range
(i) Standard deviation W) 40" and 85" percentile range
(i) Medlan and mode
Selotiem
e L e
19.5-295| 245 3 59 201 | 4 jan = L. : i
295-305| 345 B 207 7142 | 104 miediai. = Jy, + f c
39.5-495( 445 2 8a 3961 124
495535 545 5 272.5 14851 17 £Ef 40
595695 645 7 4515 20122 | 24 — = — =
89.5 -79.2 g:g g gas 44402 | 3z I bg g 2
78.5- 89 . 4225 35701 | a7 median ‘ i - £ =
895-995| 945 3 2835 | 26791 | 40 C=10 ass boundary 60 — 69, f = 7 and
T1=40 | 5tx=2420 |1h'=164370 20— 17
_ XJfx 2420 , median = 59.5 +‘( — ) 10 = 63.786%
I=—m—=——=605% 7
Zf 40 1£f-_5.fb
L2 _ (LY © @=Lyt (_f_ €
(@) s.d = |7 — (—)
zf zr Ef 40
_ [164370 , ] 771
s.d = 20 (60.5)% = 21.19% g, class bo.undlary is30~ 39,f =6and € =10
- — 4y
(b) mode = L, '+( lagl N ¢ 9y =295+ ( )10 = 39.5%
185 |+, 3
18 = 7] TEf —c. fi
! = 9. - 10= 729 = 4 "Jb
mode 695+('B_7|+l8_5[ 72% Q3"Lb+

14
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0_59,‘f=5andc=10

E P, class boundary is5
3_?. - %xd.[) =130 wclass > (16 = 12) A
g5 class boundary is 70— 79, f = 8and Pao = Bg
C=10 30 — 24 ; -E—U-Ef-‘f.fb c
R e T 2
q3=69.5+( )‘10=77% Fos =1Lyt f
q -— !
semi — Inter quartile range = 2 > ek Es_gf = _%56140 =34
_ ' 100 ~ 100~ | B
S.IL.R =L23i5 = 18.75% Py class b.ounggryaf; 80— 89,f =5and C =10
LI . =795 +( ) 10 = 83.5%
(@) Py =1L+ M)C Pgs =17 5 i
d 40" and 85% range= 83.5 — 57.5 = 26%
40 40 ,
Tﬁa Ef = mxlio =16

2 The height in centimeters of 50 flowers were recorded and gave the following results ,
g6 101 M4 me 87 92 93 105 102 97 93 101 M 96 100 106 N8 101

107 96 101 104 92 99 107 98 105 N3 103 108 92 {09 95 100 103 n3
99 106 116 101 105 83 108 92 1160 N7 102 100 110 88 o i
(o) Comstruct o frequency distribution table, using equal class intervals of width of 5em taking the first
interval as 85-89
(b) Use vour table to find

(i) Mode and medion (iity 70" percentile
(ii) Semi interquartile range
Solution i
1
Height (cm] Class boundary| x i | cf ®) gy =Ly + (_;e;—»c.rb) C
85.80 |B55-895 245 3 ] ' S
90-94 |89.5-045 345 & 10 50
g5- 99 |945-99.5 445 7 17 —-=10
100 - 104 |99.56-104.5 54.5 13 30 g1 = 945 + 5 = 96.29cm
105 - 109 [104.5-109.5 |64.5 D 40
110-114 [1095- 1145 |[745 5 45
115-118 |114.5- 1195 |84.5 5 50 . 3£ -
550 (FEf —c.fo
(3) mode = Ly + (I e Azl) ¢ !
113 =7] '
mode =995+ _ x50 = 30
(|13 - 7]+ 113 -10|/ g; = 1045+ 41—0 5 = 108.25
mode = 102.84cm ,
Ef 108.25 — 96.29
—=——c.f =— =
median = Ly + Z_f_fb C S.I.R 2 = 5.98cm
) ﬂ{,f_ ’
750 ‘ (€) Pyo=1Ly '(Q)C
—_—=17
P : 2 _ 7
median = 995 +| £—— |5 = 102.58cm T(?—o'xso — 30

3. Given the information in the table below

classes [1.0-19]2.0—2.9]3.0—39]4.0— — ~
e = 190 - 3.0 E'3 3[4.0 5 49 5.0155.9 6.0 —56.9 7.0 -67-9 BO-89
find ' : =
(a) ;‘he_atmeqn value and Standard {c) Medion
eviation using assumed mean of 4.45 i ;
(b Mode (d) Interquartile range

(e) 50 percentile

15
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folution \poof

’—““q*—' ] f-clv
Class bsunda x i d| fd fid® C.i (iii) 4 = Lb + (4 . )C

55195 | 145 3| = | @ zr 3

l13.9«5 a5 | 248 7|2 |14 |28 10 EJ_‘ _ §E - 125

295-395 | 345\ B |1} B | 8 18 T X

395495 | 445 210 | O 0 20 Hs 210

495505 | 545 15| 1| 15 |18 35 5,95 + (o= ) 1 = 2.64

595695 | 645 5| 2| 10 20 40 G = ‘—-—_——B

ce5.705 | 745| 6| 3| 18 |54 46 ; 3

Soe.gs |Bas | 4|4 10 J&a _ 1 S0 & if —cfo\

£=50 TTd=28 | id =216 ga = Lo + c
() x—A+§§—445+?£=5.01 f
2) 3
_pre (LY 26 (Y _ 4064 3Ef _3450=375
® Var(x) = Tf (Ef) ~ 50 ‘(so) ' 3 -
=fvar x = V4.0064 = 2.002 qz =595+ (—————-15 1= 645"
() mode =495+ (;571%_—5)1 =552 Inter quartile range = 645~ 2.64 = 3.81
e 20 gr-cfn
@iy median = Ly, + (1 Jf"’ ".) c (iv) Psp = Lp + (—-————‘ — C
| 50 50
20 2 gf =——x50=25
25

| Eregui
Find ;

(a) Mean value () Mode (e) Interquartile range
(b) Standard deviction (d) Median () 90" percentile
Seimtlion
Class boundany Class width * 1 F.d x x* C.i
19.5—28.5 10 245 | = o5 | 1225 3001.25 5
29.5 - 34.5 5 3z 5 A 180 5120 10
345445 10 395 | 12 1.2 | 474 18723 22
445 - 645 20 515 | 20 1 1090 59405 42
B4.5 — 74.5 10 69.5 | 10 1 695 4B302.5 52
74.5— 845 10 7556 | 8 08 | 636 50562 60
=60 Tix=3177.51 Efx*=185113-75
o _ Lfx _ 31775 _ ' 60
=5 e ~ 7 gy = 345+ | 2—— |10 =38.67
_ = 3% 10 = 38.
(b) s.d = |22 (5296)7 = 1675 e
(¢ mode =Lb+( )C -%'Ef—c.fb
A-I-lez 4 qasz+4_f‘_ C
de =345+ )10=39.
mode 5+ 1.%}_14_1'2_1 10 =395 2
. ==c.f5\ —x60 — 42
(d) median =L+ ('Lf—) ¢ g3 =645+ 4T 10 =675
median = 445 + | 2- 20 = 525 nter quartilerange = 67.5 —38.67 = 28.83
20 = 2 ' —£Ef=-c.fy
(Vl) P‘JO = Lb Uy B Ll -
Z£f—cfp . !
W) q=Llp+|—)C 90
r _ 100 =—==x60 — 52
Pgp = 745 + 3 10.= 77
16
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Exerclse

1. The data below gives the weight of some students from a certain school =5 T—70-73 ]
e — 30 44 | 45-40 | 50— = = | . t =
requency | 3 I 30 | 28 | 33 I 13

Draw an ogive and use it to estimate
{a) Medion mass
(b) 10— 90 percentile range
(c) Interquartile range
. An(33.29, 45,83, 15,21, 9.08, 93 stadents)
3. The table below shows the wages of 40 workers of a certain factory in

{d) The number of students who weigh
above 47kg

thousands if shiliing per day’

20 =241 20 =22 64 26 3.0 35

3.1 33 23 =27 =28 34 40 22

3.7 4.5 5.0 5.4 4.9 6.0 5.4 63

54 47 a6 a9 62 B2 B7 25

6 =289 44 53 48 48 63 50 ’ -
(a) Form a frequency distribution table with interval of 0.5 th usands shillings starting w

thousand shillings

(b) Calculate the
0] Mean wage (i) Modal wage

@i Standard deviation wage (iv) Median wage
An(4187.5 /=, 1403/=, €219.23/=, 4200/=)

Graph)
(a) Greuped data with equal clas width
() Histegram
This is a graph consisting of vertical bars plotted for ciass frequencies against cass boundary.
Histogram is used to determine the mode

Exomples

Given the data below
| Marks | 20 - 29| 30 - 2S5 [40 -48[50-59|60-69| 70- 79
| Freguency | P 3 1 = | i2 | =8 I i I 3 |
Draw a histogram and use it to determine the mode ’

Selutlan

—

Mode=398.5+6=45.5

.

frequengncy ‘

it

LTy

1
{1

2
0,

v LT
)
H

AT

"“Class boundary
(i) Cumulative frequency curve(ogive) -

This a turve of cumulative frequency against dass boundary the ogive is used to determine median,
quartiles, percentiles and deciles

Neate The values of_ cumulative frequency must be plotted against upper class boundary and first value
of the lower ¢lass boundary must he plotted against cumulative frequency zero.

17
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Examples

Civen the data below ol
Marks z0 - 29| 30 - 29 |40 - 49 S0 - 59 |60 - sg. 70 - 7€
7 3 \
Frequency - s 1= s
Draw an ogive and use it to determine ; _ th ntile
(o) Median (b) Interquartile range (c) 10% percent]
Solutlion ¢
—78.5
Class hos 298 206-395| 39.56—49.5| 48.5—-59.5 595 —69.5 | €9.5—78 ]
boundary " .
c.f 4 10 22 o 27 o
471: LRI craeshs: EEH £ -+ FE-3 5431 ] [y %x ':r
20 e s £ = it
HE e # : :
35 L e ases . §E3E23E ]
S e e e
30 B 2 FEreE ) Median=48.5 33381 3
Cf HEEEE 3352252t = - = Q,=39.5 iIRESEESifiaissases
25 25 g e Q:=59.5 sggEiEisissiiis
e Ds Bie TEHEEE |nter quartile range=569.5-38.5=2
20 E = zooia: iEis -"f.;::--'ﬁg:,,- 2 Dg=51 r("‘ FOEEEE
: SE R 3 :&; L Py=29.5 ] : = z:
15 = L EEEE = == =a
10 4llﬂ EE =22nE2 H E= m---n -ty :’ 3 - = 3 5
5 HP, £E ey : . i S5 ;.t' : gazcssasisizsssic: : . 2
gl T H = : :
o RS i i 4 iz =
18.5 295 39.5

495 classs?'ﬁom t?agr‘,? 795 895
Mere examples

1.  The table below shows the marks cbtained by 60 students in a mathematics test of a certain school
Marks T0-24[25- 20 30-34[35-309[40-44] 45-49]50-54[55-59[ 60 - b4

Number of students | 10 6 .| 10 15 2 3 4 3 4

(a) Drow a histogram and use it to determine the mode
(b) Draw a cumulative frequency curve and use it to estimate

0] Median (v)  The poss mark if 20 students
(D] Interquartile range failed
iii) 69“‘ percentile (vi) The middle range of 40% of the
(iv)  Pass mark if 50 students passed students who did the test
Jelutiom
Class boundary T C.f
l g.s — 23-5
24.56 - 295 s e
- 296 —34.5 10 26 -

34.5 — 39.5 15 41

39.5-44.5 5 46

44.5— 48.5 3 49

495 — 54 .5 4 53

54.5 — 59 5 3 56

5859.5—64.5 4 60

(a) Histogram

18
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14
‘?12 . ‘ : ; Mbde=36
o _
z10
‘: .-
. ]
6
2 £ ase E
Q05 285 295 945 .5‘ 4 ,EE 65 54.5 9.5 645
Class boundary
(b) Qgive
60 ; : _irii:”j'”l
cf : :
50 = _ -
qs HHE anas 1S T _ o
e T Median=30"=35.5
B = - Qye18" =28
40 o™ [T ‘ ; il
nlf:: » E 03245 343
3 M s l—: S. ] R= 43—23 -5
30# — ﬁu S any . 2
biies B e HHHE If 40 students passed, then students who
20 E gﬂ' LR e failed=60-40=20, pass mark 20" value=32
AN HLIEE Limss $ T 25 students failed pass mark 25" value=34
10 B hliz: Vaghans HEEE 42th value=41
. metli 14 : 18" value=30.5
K e o Middle 40% range=41-30 5=10.5
o B 4 i i Lé) R A R R AR R T
19.5 245 34 5 395 445 495 545 68595
29 . Class boundary 64.5
middle 40% of students= lio%xéo = 24 students

. 60-24 . .
= remainder of the students= —= 18 on either side
we have to get 18" value and (60 — 18) =42
2. The table below shows the marks obtained by students in a certain school

Class 30-<40 | 40-<50 | 50-< 60 60-<70 70-<80| BO-<Q0|90-< 100
Frequency 4 6 8 12 10 7 3
(a) Plot a histogram and.use it to estimate the mode

(b) Plot an ogive and use it to estimate

(i) The median (iii) 20" percentile
(i) Interquartile range (iv) Pass mark if 15 students passed
Solutiom
19
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ognNe
@ Histogram b - ! .
1 T py prEwaVEERE BERRTE et i E r; ‘}j";ﬁ;.l 7t
>0 et que:m H |d B Dm-' i
g * ﬁ ; Baazmunuan 0 T it
g it B agian=25'=56
=8 : KL
E HHE : i Py=40" vakie=80
3} b ki ‘ i
it s Sl G i I " e RS 1 16 sden's passed, en Sdents who
) SR S HED S sinn SR e i ried=50-16=35, pass mark 38" vabes?
2 2 - : HEE i ‘h' 10
Sl D e | , |
0 50 60, 7 0 4 5 60, 7T 80 100
’ 40 ' Class gounc?aory %0 oo Classgwnﬂugfv R
3. The table below shows the time taken by parents to travel to school during visitation doy —
Time aken (minuies) | <5 | <10 <15 =20] <25 | = 30 [ =35 <940 "o
[ Cumulative frequency | 28 45 78 143 280 340 375 385

(a) Draw an ogive and use it to find
@ The median time (i Interquartile range of the time
(iif) Number of students who spent less than 18 minutes.

(b) Draw o histogram and use it to find the modal time

A

400 S | .::*n!fhdr
350 e HEE 353855 £ i
L) T Q4
300 & s 3
cf ]
250 Fads o
200 T
_ saaz 115 sludents took
: : ipSERERREIASsooasid less than
450 it ' : ; 18minutes
100 § e Ziis Q=165
£ sn: Rl s seesagens 5 [3sts
HET & E T IEEES: HEEREEEa
50 ssizai iEEiEi i 3
i f = ,_:V:ET 52153 1288 1B e aam # Median=21.5 | &=
14 ; - H EEEEas smmamans: Q;=28
o HEth } i P e e I
D 5 10 15 20 STttt -} }{{%}i}-:{‘!“i r
Class boundgrsy 8t 35 40
Histogram
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140 b : S H =Ez s
Bmass é;: 2 i!,t: , S yieasias I B im & ¥4
120 == 2E R e = Esggec E‘?!! :
_y-s E i !‘::r:: ].'L It E' :’: i o : -
5 190 - = & o iias Sizz H Siiac
5 B EF 5 5 | 2 5 i 358 EE
=4 - 333 1 EEEI [2R.panEl] (22 : ; 3
£ so saiis :_ _ﬂ‘ 15 £ i i o #.
, SEiiiicisaayeeasacsin EImioze H =
60 ¥ Q: = il | = =
= PR R e R
40 %! i z=1 28!  sEsgassss - =
izEs ¥ . | EESET jEES] jesE: . 5 i H
 iagsasiasl | i S2 558 i T
20 i =ES22i2 = sas anaoed 1aEs
2ss2as 2ass ¥ 2 ES2pess
Q ERERERI (283 ¥ é 2 =
20 39 3
o 10 Class boundgrsy
GEROUPED DATA WITH UN EQUAL CLASS WIDTH
() Hitegram

This is a graph of frequency density against class boundary

(i) Oglve

This a graph of cumulative frequency gaainst class boundary

Examples

¥

1. The data shows the length in centimeters for different calendars produced by a printing press. A

cumulative frequency distribution was formed

= 20

< 30

< 35

=40

<50

< 60

Length (cm)
| Cumulative frequency

A

20

32

42 -

48

S0

{a) Construct a frequency distribution table
(b) Drow a histogram and use it to estimate the modal length. An(33)
(¢) Find the mean length of the calendar An{32.1)
2. The table below shows the ages of employees in a company

Age (years)

=15

= 20

= 30

=40

=50

= 80

= &85

| Cumulative freqgquency

0

17 39

69

87

92

|8

{a) Construct o cumulative frequency curve
(b) Use the curve to estimate the semi-interquartile range An(9.8)
(c) Calculate the mean age of the employees An{43.26)

Emercise 1

1.  The table shows the number of people in millions in the different age groups in a certain country

Age Below 10 [10 - under 20| 20- under 30 |20- under 40| 40- under SC |650- undar 70| 70 gngder 90
Fopulation| 5 B 10 14 o 5 ‘
{million) 1
Calculate the: Unab 1988 P1 Ne i3
(i) Meanage (i) Mode (iti) standord deviation

(iv) = Draw a histogrom to represent the above dota Am (i) 33 (il) 33  (Hii) 1308 ~

2 The frequency distribution table shows the weight of 100 children measured to the nearest kg

weight

10 - 14

T5-718

20 - 24

25 -

<4 | 30 - 34

35-35

40 - 44

Z5 - 49

Number of children

5

2]

12

18

25

15

10

{a) Calculote the mean and standard deviation Unek 1989 P1 Ne.ié
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. ate
(b) Draw a cumulotive frequency curve and use it to estim

Median .
g?) Nurnber of children with weight above 37Rg (i) =3
An (=) 30.25kg and s.uﬂmht(l)f:::':m"en easured to the nearest cm
; | 50 —e—1 7O B0~ TBZ B
3. The frequency d!stribu]t:c;r:] EGEE r:'hboqis the heig_ et = —{-;-5—1791 - BT THS >

Height
FNUmber of pnsoners | 3
(a) Calculate Uneb 1990 Pi1 Ne.4
the mean height . )

g?j sandard deviation for the height of the pns?ners R
(b) Draw o :umhlo{'iue frequency curve and use it to estimate sem ;

o o . (“:I':.’l’“- g:n)ir:: in thousands of shillings during the year 1987

4. The table below shows the expendi ure on exam

. s 44
ordinary level marking exerCISi :’ meb ::n.' "1' 2“ ot 14 16 20 25
2% 22 as a7 18 24 20 ==
=7 as 40 a4 39 50 54 e
22 37 = B8 852 S1. 57 0
16 15 34 43 26 a8 53

(a) Form a frequency distribution table with interval of soco‘shiliings starting with 1?;000 shillings
(b) Drow a histogram to represent the above data and superimpose a frequency polygon
(©) Calculate:
® The mean expenditure
(i) Standard deviation An (1) 30.73 (i) ll-.” - |
5. The table shows the weekly earnings of a random sample of workers in a soap factory in Kampala

Weekly eamings Number of workers
Under 1500 1
1500 and under 2000 4
2000 and under 2500 28
2500 and under 3000 42
3000 and under 3500 33
3500 and under 4000 18
4000 and under 4500 13
r 5000 _o
5000 and above 2

Calculate the; Unelk 1992 Pl Neddd
() The percentage number of workers earning shs. 3050 and above
(i) Mean weekly eamings ond standard deviation of the distribution
(iii) If the wages are increased by 10%, determine the new mean weekly wage and the new
standard deviction Am (i) 43% (if) 3133.338  (lil) 3846.667, 879.30

6. The table below shows the marks scored in general j i '
. ! ‘ paper by some students in from a
certain school Umeb 1988 No.14 mock examiners fro

Marks 31-40[41 - - =
oo = 4 1850 511460 61 870 71 éBO 81 éQO
(2) Drow a histogram and use it to estimate the modal mark. Am(46.3)
{b) Find the mean, median and standard deviation An(32.233, 30.5, 13.646)
7. The table below shows the weight of some fresher's who under went r'nedicc:l ex.arrﬁnation in o certain

university
Weight (kg) [ 40-44 [ 45-49 | 50 -5
- : -54 [ 55-59 [ 60~ .
Numberof students | 3 10 16 10 4 o4 555 €9 70-74T 75-79 BD—‘E:{
: 4
(a) Calculate Umeb 1994 P1 No.14 ° 1

0] the mode " )
(b) Draw a cumulative frequency curve . (i)  median and mean weight of the students

An (@) (i) 325y (il) 33ky, 57.984ky (b)e :t.t::’tim“te semi interquartile range

22

Scanned by CamScanner



. The table below shows the amount of cotton (100°s of bales) produced by g Grower’s Union over o
period of time Unekb 1993 No.14

30
70 41 34 55 a5 66 73 77 80

50 45 T2 30 27 70 55 70 gg g?
30 50 60 53 40 45 35 5g 29 83
25 51 35 62 60 50 45 34 39 o9
53 23 28 65 68 50 656 3

(@) Form a frequency distribution teble starting with 20 — 29 class and using equal class intervals
(b) Drow a cumulative frequency curve for the data and hence estimate the median production
(©) Calculate:

M The mean production I
(i) Standard deviation of the production Am (k) 3450 kales (¢) 5370 bales, 1798 bales

9. A certain factory produces ball bearings. A sample of the bearings from the factory produced the

following results Umelb 1996 No.1s
Diameter of beanngs (mm)| 90 - 93| 94 - 96 o7 - 99 [100 - 103

103 - 105| 108 - 108

Frequency < = 34 40 13 3
(a) Determine the mean and variance of the diameter of the sample bearings. An(99.83mm,
9.341imm?)

. 2
(b) Estimate the median surface area of the bearings produced in the factory Am(31293mm*)

10. The frequency distribution table shows the heights of 5.1 students measured to the nearest cm
[T5T - I53[155 - 156[157 - 155160 - 182[ 163 - 165 166 - 1668 |

=1gint =
L frequency | = i i i T3 T T3 i = | i )
(o) Calculate Unelb 1997 Pt No.it
0] the mean height (i) standard deviation for the height of the students

(b) Draw a cumulative frequency curve and use it to estimate the median and interquartile range
An (2) (1) 139.133¢m (i) 3.222¢m (b) 158¢m, 3.2cm
1. The table below shows the ages of people in a certain town Uneb 1098 P1 No.13

Age 0-<5 5-<15 [15-<30 | 30-<50 | 50-<70| 70- <90
Number (thousands) 4.4 8.1 10.5 14.6 2.8 4.7
(2) Plota histogram and use it to estimate the modal age interval
(b) estimate '

() average age of the town .
(i) number of people below the age of 18 years
(i) median An (a) 0—< 5 (b) 36.013 years, 14600 year), 34.178 year

12. The frequency distribution table shows the weight of 150 patients measured to the nearest kg
weight 0-19 |20-29[30-30[490 -495 50 - 589 60—69‘70—79

Number of patients 30 16 249 32 28 12 a8
(o) Calculate the mean and modal weight Uneb 2001 Neo.12
(b) Plot an ogive and use it to estimate
0] Median and semi inter quartile range for the weight of the patients
(i Probability that patients weighing between 13kg ond 52.5kg is chosen
An (a) 28.333kg and 46.167kg (b) (i) 41.3kg,14.75hg (i) ©.373
13. The table below shows the cumulative distribution of the ages (in years) of 400 students
Age (vears) <12 ]| <13 <14 [ <15 <16 | <37 =18] <18
Cumulative frequency | 0 | 27 85 | 215 [ 320 [ 370 | 3856 400
{a) Construct a cumulative frequency curve Umeb 2002 No.7
(b) Use the curve to estimate the:
0] Median age Am(14.3) (i) 20" and 80"™ percentile range An(2.1)
13. The tablg below shows the time taken by students to solve a mathematics problem Umeb 2002 Ne.14

| Time (min) S-9 [10- 14 15 -19120.- 24 - 300 =
[Freqdency 5 i3 30 17 251 129 =0 3 =

(a) Draw a histogram and use it to estimate the modal time An(17.3)
(b) Find the mean time and standard deviation of solving the problem An(18.5min,
3.9896mixn) '
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15.

16.

18.

19.

hts of 5.6 students measured to the nearest ¢m
(T - 164 =7

distribution table shows the heig BO-172 [173- 178 )
o fr%qg;giy A9 - 152153 - 156157 - 160] 115 _|__© 2
frequency 5 17 =
(o) Calculote Unel 2004 Ne.14 (i) standard deviation for the height of the students

()  the mean height ‘ e the mean and range of the height
(b) Draw o cumulative frequency curve und(l-l-i; :I;U;:it::t- (1) 3.3878cm (b) 161.1cm, 10em

of the middle 60% of the candidates ‘st-ude"t’ trom a certain school Umels 2005 Ne.13

The te?lg b?'::” )shows t:ﬁ ?:;ght is_«;r?e 5558 —57 [ 62-65 | 66- 60 70; 73 74 g 77 731- 81
Num'b:?@:f stidents 3 B - 18 =
(@) Calculate ) Standard deviation of the students weight
© Mean | use it to estimote

(b) Drow o cumulative frequency curve and
i Median weight
((I?) Number of students who weight between 58.9kg and 66.7kg

i) 29 students
An (a) () 63.1kg (i) Sky, (b) (1) 83.1kg (i) 20 stud | |
The table below shows the weight of some animals from a certain firm Unmeb 2006 Ns.12

= = 5T-65 [ BB - 74 )

ZT=25 ] 26 -30 | 31 -35 | 36 -40 [ &1 =201 I =

Num“l‘;v:rlgfnsmg)ems I 10 | =20 | T2 1 TO | Su i 1 —
a) Calculate o

= 0] Mode (i) standard deviation of the students weight

(b) Drow a cumulative frequency curve and use it to estimate semi interquartile range
An (a) (i) 28.388kyg (II) 11.772kg, (b) 12ky _ |
The frequency distribution table shows the amount of money in thousands of shillings that was paid to

teachers during a work shop. Uneb 2008 No.9
Amounl (sh 000S) JTT0 =TT [ 115 - 119 120 - 129 T30 - 134 | 135 - 144 | 145 - 159

frequency 13 Z0 3z T7 16 T2
(o) Calculote
D] the: mean amount (i) median omount

(b) Draw o histogram and use it to estimate the modal amount
An (w) (1) 126373/= (i) 128,000/= (k) 118,000/=
The table below shows the wages of 40 workers of a certain factory in millions of shilling per annum

1.0 1.1 1.0 1.2 5.9 E
2.1 22 1.3 1.7 1.8 %-E %Zg %g
2.7 35 40 4a 3.9 £.0 5.4 5.3
4.4 3.7 36 3.9 5.2 S.1 5.7 1.5
1. 1.9 3.4 a3 26 a8 Ea 4.0
(a) l;:;:;m a frequency distribution table with interval of 05 million shillings starting with 1 million
shillings ‘ |
(b) Calculate Umeb 2009 Ne.i1
M Mean income

{c) Draow o histogrom and use i

An () (1) 3,173,000/=

20. The table below shows the marks obtained by studerits in

@i Standard deviation

to estimate the modal income

(H) 1,413,902.574/= (<) 5,200,000/=

o physics test, Unel 2010 No.1io

Arks{7a} - 30T =

Nombeof e e LT 451-0 3G wilEL L 4:;1-3 22 S0 54 155 =59 B0 - BaT 655570 74|

(a) Calculate = = — H B
0] Mean .
(b) Draw a histogram and use it to estimate moggl rm:'.l-;rtlf:ej ndord evition of the stuudernts mark
2 T JA- (=) (1) 49.483% (i) 12.424% (5) 2.8 8
1. - 2
' tabn:ab:lo;ghow‘ the marks obtained by 200 students in an examinati '
Numberroit:nzie s 1?&; ST 2025 10— - ination. Umel 2012 Ne.®
n I : B 5059 [ &0-65 T 70-7g Erig % l
(a) Calculate —= [ #2 10 — 6

0] Mean mark

24 |
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(b) Draw a cumulative frequency curve for the data and use it to estimate the lowest mark for a
distinction one if the top 5% of the candidates qualify for the distinction
An (a) (1) 40.2% (i) 35.5% (k) 73 %

22 The time taken for 55 students to have their lunch to the nearest minute are given in the table below
Time (minutes) 3-4 5-9 i0- 19| 20-29 | 30 - 44

Numiber.of children 2 7 16 21 =)
(@) Calculate the mean time for the students to have lunch Unelb 2017 No.i2
(b) Draw a histogram for your data and use it to estimate the modal time for the students to have
lunich An((E) 20.65, (ii) 22minutes)
23. The frequency distribution below shows the ages of 240 students admitted to a certain University.
Uneh 2018 Ns.9

Age (years) TE-=T0 |i9- <20 | 50 <24 | 24 -<26]26 -<30 | 30-=32
Number of students 24 ~ 70 | L?E a8 16 =3
(a) Calculate the mean age of the students. An(22.1458years)

(b) ) Drow a histogram for the given data.
(i) Use the histogram to estimate the modal age. An(19.58years)
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A price index is o statistical number which represents a change in price

environment and other characteristics.
Baje pear

This is the year or period against which all other years or pe

This is the year or period for which the index is to be col

Types of price Indlces
< Simple price indices
Simple Aggregate price indices

LR, R, )
..0 et 5o .

() Simple price indices

Its given by simple price index = i—;xlﬂo%

Weighted aggregate price indices / co :
Average weighted price index/ cost of living index

PRICE INDEX

with respect to time,

riods are compared

culated

mposite price indices

Where P, — price in the current year and Py — price in the base year

the price relative in 2014,
Selution

A loaf of bread costed s#. 1200/= in 2008 ond sh. 1800/=in 2014. Taking 2008 as the base year, find

P 1800 |
price index = —x100% = ——x100% = 150

Py

1200

In 2016, the price index of a commodity usihg 2015 as the base was 180. In 2017, the price index using

2016 as the bose year was 150. What is the price index in 2017 using 2015 os the base year.

Z
Seintion
P 3
2016 +100% = 180
Proas
2016 i
=18.....(0
Proas @
297 £100% = 150
v Pao1e
2017 o 1.5 e (id)
Prois

(£)x(id)
Pooie P
2016, _2017 _ 1.8%1.5
PZOIS P2016

2017 _
Pyoys
x100% = 2.7x100 = 270

2.7

P17

PZOJ.S

3. Thewages of _nu‘rses in Uganda in 2010was 350,000/= the wage of the nurse in 2015 was increased by
150,000/=. Using 2010 as the base year calculate the nurses wage index in 2015 "

Selotien

W_ «
Wage index = —lxlﬂo% o
W

500000
350000

x100% = 1429

4. The table below shows the price and quantities of selected items consumed in the period 2013 ~ 2015

Price (shs) per kg quaniities (@) B.yé ;lsingTima as the base year, find;
‘ : - i The price relative of all the items in
lem | 2013 | 2014 | 2015 |2013 2014 2015 2014 the
I;s:; 1000 | 1500 | 1900 [200 &0 7 (D The simple quantum index of all the
5000 | 8000 | 10000 | 300 7 ems in 2015
Goats Meat | 7000 | 9000 | 12000 | 250 700 :ﬁ () By using 2013-2014 as the base yqgr, find the
Beans | 3000 | 0% | 5500 | 5o = simple price index for all the items in 2015
Solmtion

26
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; - o — Pzors 0
(o) (i) price price -~ :;1:)0/6 M
For salt : price index = %XIDO% = 150
For beef: price index = 222 x100% = 160
For meat: price index = ‘;‘g%me% = 128.57
5000

For beans: price index = 000 X100% = 166.67

. : : Qz014
" it 5 =
(i) simple quantum inde =

x100%

For salt : quantum index = ;—OOEXIOO% = 40
For beef: guantum index = %xwo% = 23.3
For meat: quantum index = ;—gxioﬂ% = 40

For beans: guantum index = :—:—2;(1 00% = 80

(b) Since the base year is 2013 — 2014, then we will get the average prices for 2013 and 2014 which will be

taken as the base year

P2015

price price = x100%

F2013-2014

Forsalt: P.] = 190:0/(1000”500) x100% = 152
2
‘ 2

(b) $Simple aggregate price index

Its given by simple aggregate price index =

F

For beans: P./ = 2300 /(50,,0+3000) x100% = 137.5
2

P

)
37y x100%

Where P, —price in the current year and P, — price in the base year

Using 2000 as the base year, find,
(a) Price relatives of each commodity
(b) Simple aggregate price index

®) S.A.P.1 =ZP 1000
1200 + 4500
SAP.I =( <

— 0% —
700+2500)1100A) 178.13

E-nnpl_n
1. The table below shows the price of beans and meat per kg in 2000 and 2008

I Year
ntem 2_292. “hds
Besrs 700 1200
Meat 2500 4500

Solntion
(a) price index = %1100%
(1} .
For beans - P. R = —-=x100% = 171.43
: 4500
For meat: P.R= ﬁXlUU% =180

2. In 2014 the prices of a shirt, a dress and a pair of shoes were 20,000/=, 35,000/= and 45,000/=

respectively. Given that in 2017 the prices were 25,000/=, 50,000/=

the aggregate price index was 130.
Selution

simple aggregate price index = 2297 1000,
( 25000 + 50000 + y o
20000 + 35000 + 45000) x¥100 =130

and y /= respectively. Find y if

y = 55,000/=

(¢) Welghted aggregate price Indices / compesite price Indices

" -  Weighted aggregate price index = L Pw x100%
h--lﬁl /‘} Y Pyw =
1. The table below shows the pri '
208 shows the pnces(shs-)' and amounts of itemn bought for asembling a phone in 2012 and

27
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Price (shs) guantities
015
item 2012 2

fransistor 2000 ‘12%%%% 282
e 2 17000 <]
Capagror ; 600 18000 2

[E"loae Of
Circuit 20000 25000 1

Calculate the composite price index for the phone taking 2012 os the base year

jolatlen o % B
Weighted aggregate price index = Py w

x100%
0

18000x8 + 21000x22 + 17000x9 + 18000x2 + 25000x1

Weighted aggregate price index = Toanm o ee00x22 + 15000x9 + 16000x2 + 20000x1
Weighted aggregate price index = 127
The table below shows the prices(shs) and amounts of item bought weekly by o restaurant in 2005 and

2006

x100%

2a

Price (shs) amoaoaunt

Item 2005 2006
BTU “~

4
= 5
Siioee , 3
orghum 2 pa 1 1

Calculate the weighted aggregate price index taking 2005 as the base year
felntien

 Pyw
Weighted aggregate price index = g PJ " x100%

0 ,
8000x2 + 7000x4 + 5000x3 + 3000x1

igh ice indices = ———— 1009
Weighted aggregate price indices = oo e 00x4 + 6000x3 + 2500x1 002

Weighted aggregate price indices = 145.88
3. The table below shows the prices(shs) and amounts of item bought for making a cake in 2005 and

2006
Price (shs) arhount (a) Calculate the weighted aggregate price
ltem 2008 2000 index taking 2008 as the base year
_glour per kkg gogu 7800 3 (b) In 2009, the cost of making a cake was
ugar per 000 ‘ i ¥ ;
Mi%gr e 1000 1;%%0 12 80.'00.0/ =. Using the weighted agaregate
Eqgs peregy 300 200 8 price index above, find the cost of the cake in
2008
Selwmtion
(a) Weighted aggregate price index = % x100%
oW '

78003 + 4000x1 + 1500%2 + 300x8
600023 + 5000x1 + 1000x2 + 2008 ~ 100 % = 123.3083

Weighted aggregate price index =

() 2—;::100% =123.3083

80,000
—p, *100% = 123.3083

Po = 64,878.033/=

(d) Average Welghted price indexn/ cost of living Index

- b3 A w
Average weighted price index — ; C x100%
When the price relative (P, R) is gi "
» given then: i price i
i en: Average weighted price index = gf;—w“-‘ﬂ
28
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below

Caleulate the average weighted price for year 2002 taking 2000 as the base for the information

Price (shs) amount ¥ (%— w)
ftern ; i ice i =—0 " x100%
2000 2002 Average weighted price index T x G
Food 55000 60000 4 60000 52000 20000
Flousing 48000 52000 2 =Egon~+ * 78000 %2 ¥ 18 o0~} 0
Transport 16000 20000 1 AW.P.1= ' : x100%
442+1
S$alution =111%
2. The table below shows the expenditure (Ug shs) if a student during the first and second terms
endi Using the first terms expenditure as the base,
Expendit
ltem - idal '::re amount find the average weighted price index
‘ 1% term 2" term sclution
Clathing 46,500 49,350 5 49350 _. 37500 97500 8
Pocket maney | 55,200 37,500 3 WPl = 46500"{5 + 55200 x5+ 80000 ~ x100%
Books 80,000 97,500 8 AW 8.1 = 54+3+8 '
- = 106.841
3. The table below shows the price relatives together with their weights for a certain family
ltem weight Price relatives
food 172 120
water 160 1249
housing 170 125
Electriciby 210 135
Clathing 140 104
Find the cost of living
Solution
+ of living = E(P Rxw) _ 120x172 + 124x160 + 125x170 + 135x210 + 104x140 122.82
$vst of lising &=, = 172 + 160 + 170 +.210 + 140 = es
Laspeyre and Pasche aggragate price index
When base vear and current year have different quantities, then we use;
W,
Laspeyre aggregate price index = 2 Py Wy x100%
2 Py W
. P Wy
Pasche aggregate price index = 5 x100%
LP W,
Exomples
1. The table below shows the items consumed by a certain family in year 2001 and 2002
2001=100 2002 Using the table above, find
frem Prize (ahe)| Quantiy (kg) [Pricetshs)] cuantiy (kg) 0 Laspeyre aggregate price index
7 SF & e TR (i) Pasche aggregate price index
MlET 7500 10 1500 0
Beans 2000 5 2500 70
Selution
. X RW, 3200x20 '
Laspeyre nggregate price index = 10 100% = — %20 § 1700710 + ZSOOxS x100%
¥ Py Wy 2800%x20 + 1500x10 + 2000x5
=117.9012
_ L P, W. 3
Pasche aggregate price index = LW, x100% = 200x3q hs 19001_10 * 25001‘70::100%
ZPoW,” "7 2800x30 + 1500x10 + 2000x70
= 121.3389
29
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FPrce (shs)
Component | VWelght 1998 2005
A 3 35 60
B 5 70 135
C a 43 i0s
D 2 180 290
E 1 480 800
Taking 1998 as the base year;

(a) Caleulate for 2005 the;

8. The toble below shows the prices ( in.Ug 5hs) of some food items in January,

together with the corresponding weights.

® Simple aggregate price index
(i) Price relatives of each component
(i) Weighted aggregate price index

(b) Using the price index in (a)(ii) estimate the cost
of an engine in 1998 if its cost in 2005 was
1600 US dollars
An((l) 172.03, (i) 1714, 1929, 2448.2, 165.1,
168.7, (iil) 182.73, (b) 873.61)
June and December

Taking January os the base month, calculote the;
@ Simple aggregote price index for June

(i) Weighted aggregate price index for

December

An((I) 38.72, (ii) 116.61)

Price (shs)
item Weight | Jan Jun Dec
Matooke (1 bunch)] 4 15,000 13,000 18,000
Meal { 1kg) 1 6.500 goo0 | 7.180
Posho ( 1kg) 3 2,000 1,800 1,600
Beans ( 1kg) 2 2,200 ‘2,000 2,800

9. The table below shows the price of beans and meat

Price
Hem 2000 2070
Beans. 3000 5000
Meat 5000 7000

per kg in 2000 and 2010
Using 2000 as the base year, find,
(a) Price relatives of each commodity
(b) Simple aggregate price index
An((a) 166.67, 140 (B) 130)
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CORRELATIONS AND SCATTER DIAGRAMS
mu CO“ILI“ONI i = between two Vﬂﬁﬂble;
This is the approach used to determine the degree of the relationship by
ranking thern.
Rank correlation is determined using _
i. Spearman rank correlation coefficient (2)
2. Hendall's rank correlation coefficient (r)

Commeanting on the rank correlation coefficient

The tobie below is used " . P
[ Correlation coeMoient ‘ ation

0.2 — 0.39 Vﬁ.’E\f\F’S’oﬁ%’faetl:?'i’gion

03053 Mogerate cofreiatior

%6 . 1‘709 Very Bigh ]
Rk ible for th
The sign associated with the correlation coefficient will be the one responsible for the type of
correlation

Eg, —0.84 is g very high negative correlation?

Spearman rank correlation coeficient (p)

y _ 4 _ 6Yd’
Itsgivenbyp =1 1)

Where d — is the difference between the ranks?
7 — Total number of pairs

Examples

1. Given the following score 45, 70, 30, 60, 42, 920, 80, 27, Rank them with the highest score toking rank?,
Selntion
o Ssye g5 79 3 eg 4z g go zg
2 Giuzn the following score 45, 50, 70, 45, 50. 48, BO, 50, 65, 90. Rank them with the highest score taking
rank 1. '
felatlion
For case of ties, give positions to the scores and then add the positio vide
n
Himes Ehve scoe . pO! s and divide by the number of

S o P TP 33 5% 43 = sg e go
% Two examiners marked the scripts of 8 candidates. The table shaws the marks awarded by each

éxaminer.
Examiner

v & 58 88 1§ %8 B =g, o4,

Calculate the ranks correlation coefficient and comment on your result

Solumilen
F; re=e= 4.:|2 ¢ 2 ‘ ;
A > . 6¥d 6x18
=1z 3 =1-—=2 _ ., _6x18 _ oog
2 2 1 n(n? — 1) B(8Zz-1)
5 s 5 There is & high positive correlation
J 2 1 - between x ang Y

4. The following shows the marhs obtained by 10 students in mg
hy athemati :
m]ghhy%r'nauc.s S0 g0 18 88 s, 80 68, 9%0[‘:; gr;d P%ﬁlcs exams

5
Calculate the ranks correlation coefficient and comment on your resyjp S
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»

jslntien 6%, a2

[ R | Rao i
4% | 1o —:325%__] p=l-7r7-1)
& 6.5 | 0.25 6x211.5
2 | 28 | =237 oo 2 = 0282
A ol B p=1"T5a0 - 1) _
2 gg 8%% There is a very low negative correlation
161 6.",5 3025 ‘between mathematics. and physics
Fd=211-5 -
5. The following table gives the order in which six candidates were ranked in two tests X andy
] x E c B E g é
- v F A~ (= E
Calculate the rank correlation coefficient and comment on your results.
B 6% d” 6x14.5
R LR i .p=1—-———-——'—=1-———--———=——0.586
- =1 66— 1)
2 4 % There is a moderate negative correlation
3 2?5 2.25 between mathematics and physics.
1 25 | 225 — _0.614
Sa2=14 An(p )
Exercise

1. The foliowing shows the marks obtained by 9 students in Biology and Chemistry exams
CHEms 7o £2 3 88 &8s ¥ 8o 9%e "Ba
Calculate the ranks correlation coefficient and comment on your result An(p = 0.57))
2. The following shows the marks obtained by 7 canididates ina job interview consisting of oral and
aptitude.
Agtityde (3 E & B % © Ea
Calculate the ranks correlation coefficient and comment on your result An(p = —0.036))
3. The foliowing shows the rarks obtained by 10 students in Beginning of term and End of term exams
Bor 15 22 38 33 31, 33 380 °%2 “%0 s
Calculate the ranks correlation coefficient and comment on your result Am(p = 0.84,)

4. The following shows the marks obtained by 10 students.in history and geography exams
Histo 15 20 54 36 40 1 3 1 4
Gensid¥y 210 16 40 35 16 3% 193 %S0 "80 s
Calculate the ranks correlation coefficient and comment on your result An(p = 0.38))

8. The following shows the grades ohtained by 8 students in mock and national exams

Mock A B A D (@] D B F_-
Naticnal C B C E E C A =

Calculate the ranks correlation coefficient'ond comment on your result An(p = 0.7 08y

Kendall's rank correlation coefficient (1)

, 25
Its given by T =~
Where s — is the total score of the agreements and disagreements

n — Total number of pairs

Prazedare

% Arrange the first row with ranks in ascending order

% Arrange the second row according to the ranks of the first row

For the first rank in the second row, count to only the right hand side the number of ranks
greater than the first rank and take them as positive (agreements). Similarly count to only
right hand side the number of ranks less than the first rank and take them as negative
(disagreements) '

Add agreements and disagreements to get the total, s

Repeot the procedure for the remaining ranks in the second row

»,

»
.

o,
...

2,
et
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Exmmples
ades
%= Two examiners marked the scripts ol; 8 studg:ts and E?aue 1:28 folln:wging gr1G -
Examiner 1 sg ] Z 4 o - > .
Caﬁn&e kendall's ranks correlation coefficient for the two examiners
selation - 2¢
G 0 A E H C_F rT=s ——
aminer 1 2 3 g Sb '14 88 5 ,;én_. 1)
Bamner? |2 1 5 ‘ % -
Aqeemens | o 6 3 4 2 1 1 T=—e—=0.
TNisagreements; -1 S S 8(8—1)
s 5 T 4 1 0 1 =18 -
ocal leaders in different areas in kampala whether

2 Consultation meeting was held to find out from the |
they are supporting (kwatako) or not supporting (to
the removal of age limit. Results were as follows.

gikwatako) the amendment of article 102 (b) for

A = c D E E = = Le
Sk 46 18 e 38 32 55 38 oo =s
Calculate kendall’s ranks correlation coefficient for the dota and comment on your result
0 E 1 _F G AT =S
Kwelako 1 2 4 4 3% 7 g n(n—1)
lelake |5 T &7 0§ 3 257
ggreements & 7 4 7 0 1 0 1 7 = ——= 0.056
apeenenis. 4 0 73 ) 99— 1)
5 07 2 -1 4 4 -2 1 )2 There is a very low positive correlation

3. The table below shows marks obtained by 10 different students in bwo sets of exams

Set 1 :3AD 2% 2C4 2?3 355‘ ":_40 g? '5'0 '35 "114
Set =2 27 26 28 25 320 43 32 35 a2 <42
Calculate kendall’s ranks correlation coefficient for the data
Selatien
3T 1 [1J g 38 sz ﬁl 7E BG ‘Ilil = zs
ST #1717 3§ 5 f U5 g = 1)
T I ~ 530 e
8] - 4 U0 _ -1
s 3 1 5 0 3 2 0 T8

SIGNIFICANCE OF RANNS CORRELATION COEFFICIENT

.
‘.ll

If the p. > p;. asignificant relation exists
< Ifthe p. < p;, nosignificant relation exists

Where p. — calculated spearman correlation coefficient
Pr — table spearman carrelation coefficient ot either 1% or 5% level

Examples

1. The following shows the marks obt

ained by 8 students in mathem

atics and physics exams

TRRERSTC S 88 Z8 I8 75 88, 8%s
Calculate the rariks correlati ici ' -
Selmtion ion coefficient and comment on the significance of your result ot 5% level
e | = gz
- 7 5 _61?: L;—ZD 6 E dz
a5 | 85 |20 =T ms
4.5 1.5 3 Tl('ﬂ. - 1)
13.5 4.5 2.25 p= l _ 6)?21 )
a8 | 45 | 757 . 8@z —1) O’
Id=21 ince p.(0.75) > p.(0.71). q siamific
relation exists i ). @ significant
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2. The following shows the mid term grades and end of term marks obtained by 8 students in mathematics

MOT -~ < D =] P c (=1 = =
EOT az v d= G3 S5a ag =25 34 7 level
Calculote the ranks correlation coefficient and comment on the significance of your result at 5% lev
Selution . ,
e Re a= i 6d
] 7 (e} pERLl-——r0r
3.5 2 2.25 6 515(’;2 -1)
x25.
> b a p=1— e = 0,696
7 5 4 B(B = 1) )
3.5 & | B=5 Since pc(0.696) < pr(0.71), no significant
: ; ; relation exists
=d*=25.5
Scatier graphs
It's @ graph showing the relation between two variables
FPaosiilve correlancn Negative corralation
» b 4
Examples
1. Giventhe information in the table below
x 10 15 20 15 30 35 40 45 50 60
y 16 20 35 40 35 50 55 40 55 60
(a) Represent the above information on a scotter diagram and comment on the relationship
betweenx andy
(b) Drow the line of best fit
{c) Use your graph to find
0] The value of y when x = 25 (i) The value of x wheny = 73
Selutien
b4
Bo & - am e
3 = II:.‘: :Illl#;m L ﬁ%: ------- Comment
sEEEzEnes i & gi3sass saszizas . faesd saas There is a positive
HEEEE Y=32 when x=25 HF FErea e corelation between x and y
60 : I :  EEERINISS:
: i i IR i -,=‘EEal:;::=::Tﬁ:.
40 : ' Z = = =22 - Fises
: x :# £ ¥ 2 Sz:issis *=7G pihen y_7:_‘;
30 [t = i 3 :
20 | Amm e - H 3 E: i - I+ EEE i :
g 2 : : ; ¥ : = : Fj;: f
10 == T 1 +3
0 ,ﬂ;ﬂdir"'x ‘ :ﬁr: i ‘-fv . o s
10 20 30 < 50 60 70 8 «
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‘ ; i chemistry tests
2. The table below shows marks obtained by 10 students in PhosICS and 78 65 54 6
75 6599 25 BB 76 78 73 9
SRy 70 88, 9 g0 92
(a) Represent the above information on d scatter diogram
(b) Draw the line of best fit

() Use your graph to find if the student got 76% in physics

M The mark scored in chemlst_l'v i , amish
()  The mark scored in physics if the student got 48% in ch v
Selwtion
Foizss:saszisssiiiseasi: AT .
100 L ‘ 53 e e seaereane e
SRS G S s S e
w 95 8§31  £22E t ' S sizszsiass!
2 2 sk - =" =
é‘ a0 Physics=76% |aboirdder e e §
: E when chemistry is FrH 222 HE e
85 3K e et
80 2 et P
&1 ER T e L ESzRdes
- : E 22 E2EE £
70 = - HE :? T : gEcgzast =
R s i i :
65 ¥ B z = ]
i peae i i
60 b R
55 : sSEEEISEIEISSTIEL : . s onnnE aat Chemistry =64% when i ﬁ:::::ﬁ::: :
: e physics is 48%
50 = 15553 : : : e 5i: pEaaad
45k : T : i
40 : . HEHEEH : ""'."E:::“ = = E2ss $ -+ FEzzasizil
60 65 70 75 80 T < i 3 IESEIEEEEiSienn
55 90 w3 ch‘emi,stry:ﬂ’*

Distance, d (km) . 40 8 '
: ‘ 17 20 24 ~
Price, P(shs) 22000 26000 24000 23000 23500 23%00 o 8 1% o
® Plot a scatter diagram ¢ 25000 23000 24500 22500

(i) Draw the line of best fjt

(i) Estimate the price of matooke when d =
oo end =5, An(lll)
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'g - < T T 55 a3
2 : - S SETEEIIZCisefniyet z =
26000 [ : sgEsiist casas it e
25500 : it
3 i P=25850 when 215 : :
25000 : : g=6  BE SERi s EIEiEe
24500 S i 21 e BT
24000 = e £ % 3 Comment :
HETHE R : e B There is a negative 4
: o5 SEEaizas 3838 SR corelation between p.and. | _
23500 St e HE N d sEREEEEs:)
BETEIo] moasaRiay : EEEsEEancoac ES5, igEIISSSEdsRicdiEIESisciiiiificans  fssigmessiazaazac
22500 : ""- . 3 E“ ; : ‘””’ s : Eé.‘ EI%»«—- H = = ane If 1 £22 %
BEEZs iEResiasae: o : : S : e 22 o :$F:: $i3E=s
22000 Bt S e fiigma ssmmnniny T, AREREEEE b
21500 e n St S
E S fEEEE : i |
21000 = i SSifpas s L SEHEEE
L T i i L e e
ELEEsE i B s 5 3 £ 8 t s gicieees 3 .
20000 f R {1 R T T 55 30 a5 40 45 distance X

Exercise B _
1. Eight candidates seeking admission to a university course sot for written and oral test. The scores were

shown below.

Wiritten (x) 55 54 35 62 87 53 71 50
Oral {y) 87 60 47 85 a3 56 74 @3
(a) Plot the results on o scatter diagram. Comment on the relationship between the written test
and oral test

(b) Drow the line of best fit on your grcxph and use it to estimate y when x = 70 An(T1)
(¢) Caleulate the rank correlation coefficient. Comment on your result An{p = 0.833)
2 The pair of observations have been made on two random variables X and Y. The ten (x,y) values are.
(0,20), (-7.12), (10,15}, (-12,22), (-17,5), (-30.-5). (-32.13), (10,30), (15.40) and (-12.8)
(a) Plot the results on a scatter diagram UNEB 19290 Noi2
(b) Draw the line of best fit on your graph
(c) Estimate the expected value of Y corresponding ta X = —7 An{15.7)
(d) Calculate the rank correlation coefficient and comment on the significance of the results at 1%
significance level. Am(p = 0.894,7 = 0.778)
Three examiners X, ¥ and Z each marked the script of ten condidates who sat for a mathematics
‘examination. The table below shows the examiners' ranking of the candidates UNEB 1991 Ne12

Examiner A B8 C D E F le H i J
- X 8 5 9 2 10 1 7 5] 3 4
v 5 3 6 1 4 7 2 10 8 9
b (<) 3 T 2 5 4 1 10 =) 8
Calculate the coefficient of rank correlation of the rankings
)] Xand¥ Am(p = —0.127) (i) Y and Z Am(p = 0.903)

(i Comment on the significance of each ot 5% significant level
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market were used to weigh 1 b

S a
an w, X and Yinar ' . One of the scales way g,
i trom three different shops ¥ © . the table below. Ny,
3. Thres Gl to sTule:' the results in (Rg) Were ges
beans A, B. | S an e J 1992 Heoi® a H i J
be in good working cond;tic::. IINE: - :4 6;; S 72 : i ;a
cal A ' 3 : : 7 &
Sw s 65 68 70 go &5 60 7; 70 &7 7o
x 63 58 68 75 a4 73 7 .
83 74 e ance of the sca
Y clation coefficient for the perform Gy Xand¥ An(p = 0.185)

' ke corr .
Determine the ran g conditions

M W and X Am(p = 0.8) W X and ¥ were in good workin

: . scales. . - ning errors. A test was designed to
o @ o e i ok TP T e T AL B L
s i , 1 ee . i
T .th:[ mIa:bmhlpt::ttt::te'};i?:glzpbeIow shows the ranlz;ﬂﬂgsf":‘:‘tﬁf: ‘u ceording to spe
- o .. - - c ! q
s:geecrir :; r;r; do:zN.BtY:We‘t ranking in errors implies Ie:st errcgs) y : p < )
i £

Typist A B C 7 & 11 10 & : 25 s

speed g ; p q 10 o 8 3 , 7 19

e rank correlation of the rankings Am(p = 0.8182,7 =0.67)

® Colculate the coefficient of - bt
ii Comment on the significance at 1% significance e.u )
() (';l)ie cost of travelling a certain distance away from the city centre is fOU_nd to depend on the route
and the distance a given place is away from the centre. The tabie below gives the average rates of
i travelled away from the city centre |
travel charged for distances tc; be e e y on it re s e ao N
1450 1200 1350 1250 1400 1750 1600 2000

f best fit through the paints of

Distance, S(km)
Rate charged, r(shs) 750 1000

0] Plot the above data on a scatter diagram and draw a line o

the scatter diagram _
if) Estimate the expected value of r corresponding to 5 = 40km An{(1601)

5. (a) Jn a certain commercial institution, a speed and error typing examinations was administered to 12
randomly selected candidates A, B, C.........L of the institution. The table below shows their speeds (v) in
seconds and the number of errors in their typed scripts (x) UNEB 1993 Noi3

, , A B c D E F G H 1 J K L
MNo. of errors ()} 1z 24 20 10 3z 30 58 )
Speed (y) in seconds~ 130 138 124 120 153 160 155 11452 11485 14;?2 12470 13557
()] Calculate the coefficient of rank correlation of the ranki
e rankings Am(p = 0.84,7 = 0.7
(in Comment on your result 9 (o =084,7=07)
(i) Plot the above data or iai - ;
n a scatter diagram and draw a line of best fit through the points of

the scatter diagram
6. The following table gives the marks obtained in C i
Calculus 72 50 ::,Cdcgl_: 5. Physics and Statistics by seven students
Physics &1 ss 70 so e 28 &=
Statistics s0 40 62  »o 22 50 73
Determine the rank correlation coefficie o o0
nt for the perfo ce o
0 Calculus and Physics Am(p = 0.9) rr?f:nce of the students in; UNEB 1996 No16
7. Given the toble below UMEB 1999 Nos ) Calculus and Statistics Am(p = 0.6
= 80 75 86 V S0 75
Detenmne:he ra 6: € } Isa. it r °e 252’ g? aa o 7o
m Nk correlation coefficient between the ygri o &0 7o
Am(p = 0.715) ariables x and y, comment on your result
8. The tll:gi :elot\g shows the per;::ntuge of sand y, in the sgij ot diff -
e >, (Crmi
Yo ‘;f san(d, y? 86 32 zi 2 a5 e;gnt depths X, (in Cm)
20 ' :
(d) Plot the results on a scotter diagram, Co 82 7® @a se Z: : ig

. _ mMment on t .
soil and the percentage of sand in the soil pNEgy 202‘;";:':: nship between the depth of the
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Of
(e) Draw the line of best fit on your graph and use it to estimate
) the percentage of sand in the soil at depth of 31cm Amn(.:%)
(in depth of the soil with 54% sand Am(9&cm)
(i) Caleulate the rank correlation coefficient. Am{p = —0.949)
9. Eight applicants for.a certain job obtained the following marks in aptitude and written tests

Applicant A B Cc D E F (e H
Aptitude test a3 45 18 42 a5 35 40 4_8
Written test 57 60 40 75 58 48 54 58
0] Calculate the coefficient of rank correlation of the applicant’s performance in the two tests

(in Comment on your result Am(p = 0.78) UNEB 2004 No’r_
10. The table below shows the marks scored by ten students in mutzematngnnd Fine art tests
F-s (=3 L=

= = =] [ o
Mathematics a0 as rg-=] 26 S5 IS o7 O SO =0
Flo= Art sa &= ea 47 as Y=} &3 =0 55 &7

Calculate the coefficient of rank correlation for the students’ performance in the two subjects and
comment on your result An(p =) UNEB 2005 Ne7

11. Below are marks scored by 8 students A, B, C..........H in mathematics, Economics and Geography in the
end of term exomination UNEB 2007 Nei2

A B [ D = F S =
Math 52 75 4 80 81 31 85 52
Economics 50 S0 3s 65 &6 as [=1=) 48
Gepography 35 40 80 54 63 40 55 72

Determine the rank correlation coefficient for the performance of the students in; | 7

(i math and Economics Am{p = 0.851) (i) geography and math An(p = 0.191)

Comment on the significance of math in the performance of economics and geegraphy. (p = 0.86,7 =
0.79 based on 8 cbservations ot 1% level of significance)
12, The heights and masses of ten students are given in the table below UNEB 2011 No12

Height (eém) 156 151 152 146 160 157 149 142 438 1419
Mass (kg) &2 s8 63 58 70 &0 55 57 &8 s6

{a) Piot the data on a scatter diagram.

(b) Drow the line of best fit on your graph and use it to estimate the mass corresponding to o
height of 155cmAn(65kg)

(c) Caleulate the rank correlation coefficient for the data. Comment on the significance of the
height on masses of students. (p = 0.79, 7 = 0.64 based on 10 cbservations ot 1% level of
significance) Am(p = 0.87,1 = 0.71)

13. The heights and ages of ten farmers are given in the table below UNEB 2913 No9

Height (cm) 1586 151 182 160 148 157 149 142 458 140
Age (years) 47 38 44 55 45 49 45 30 45 30
(o) Plot the data on a scatter diagram.
(b) Draw the line of best fit on your graph and use it to estimate
() Y when x = 147 An(37) (ii) X when y = 43 An(151)
() Calculate the rank correlation coefficient for the data. Comment on your results &An{p =

0.752,7 = 0.6)

14. The table below gives the points awarded to eight schools by three judges /,,

competition. j; was the chief judge WNEB 2013 Neiz
J

J2 and J, during a music

o 72 s0 S0 55 3s as 82 72

2 60 s5 70 so0O 50 s0 73 70

. J 5 so 40 62 va 40 a8 &7 &87
(a) Determine the rank correlation between the judgments of _
® J1 and ], Am(p = 0.744) ()  Jyend]; An(p = 0.702)

(®) Who of the two judges had a better correlation with the chief judge?. Give a reason
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PROBABILITY THEORY rring or not occurring
Probability is the measure of the chance of an event occt

Sample space L an experiment
A sample space () is the set of all possible outcomes of

- p in is tossed once, s = {H,
When a die is rolled once, 5 = {1,2,3.4, 3, 6} 2. Whenacoini (H,1)

EVENTS |
An event (E) is asubset of a sample spoce |
When a coin is tossed twice s = {HH, HT,TT,TH }
When interested in getting one head, E = { HT,T H}

Prebabllity of an svent
Given an event E over a sample space $
p(e) =&
° n(s)
Exemples .
Find the probability of getting a head when an ordinary coin is tossed once
Selstion £ 1
_ n
§={H,T} P(E) =_(_).=_
E = {H} n(s) 2
Find the probability of getting two heads when an ordinary coin is tossed twice
Solution
S = {HH,HT,TT,TH } n(E) 1
| E={HH) NG
Find the probability of getting two heads when an ardinary coin is tossed thrice
Selatienm
S ={HHH,HHT,HTH,H TT, THH, THT,TTH,TTT|} n(E) 3
E = (HHT,HTH, THH) P(E) = n(s) 8
+ Find the probabiliity of getting a number less than 3, when an ordinary die is tossed once
Selation
§=1{123456} By -
E ={1,2) pey="4E)_2_1
Intersection of eveniy ns) 6 3

For any twa events A and B, the probability that A and B occur together is P(4 n B)

Unien of eve
For any two events A and B, the probability thet e A-m

- - e orB or both is Pl
[P(AUB)=P(A)+ P(B)— P(An B or occurris P(A U B)
Example "2 | P B =P+ P(B) - P@

The probability that a student passes Econormijes is

2
< the
the probability that he passes at least one of them:‘ais
Selution

P(E UM) = P(E)+ P(M) — P(En M) ’

Probability thot he passes mathematics & 7 :

4 -
P Find the DI'Obei]ity that he passes both subjecﬂ

124
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14

Complement of avent;

A' Denotes event A does net occur
For events A and B

0] P(A)+ P(A") =1 Gi) PAnB)+P(AnB)' =1
(i P(B)+P(B) =1 (iv) P(AUB)+P(AUB)' =1
Venn diograns
Cane (A = @) P(4) = P(AnBY)+P(AnB)
i) P(B) =P(BnA') + P(An B)
(A LIESY
Contingency tuble
A ) () P(A)=P(AnB")+P(AnB)
A P(AnB) | P(AnB") | P(A) (i) P(4) =P(A*nB)+P(A'nBY)
Al P(A'rB) | P(A'nBY) | P(A) @iy P(B) = P(Bn A') + P(AnB)
PE | P@B) 1 (iv) P(8Y) = P(An B) + P(A' n.B")
Demergan’s rule
M P(A'nBY) =P(AuB)* =1-P(AuB)
P(neither Anor B) = 1— P(Aor B)
(i) P(A* wB)) = P(AnB)' =1—P(AnB)
Types of events
<« Undefined events % |ndependent everts
| <  Mutually exclusive events & Exhaustive events
Dudefined events
For undefined events, there is no restriction on P(An B)
Examplat
1 Events A and B are such that P(4) = 7. P(B) = Zand P(AUB) = . Find
() P(AnB) (v) P(A*UB)
()  P(A*nBY) (v) P(AnBY)
(i P(A*nRB)
Selution
@ P(AUB)=P(A)+P(B) P(AnB) P(AInB) == ——==—
$19.2 ptanp) I
5 30 5 - (v) P(A'UB)=P(A")+ P(B) - P(A'nB)
P(A )=~ P(A' U B) = -2 N IO
n8) =35 Pl “U')"( 30) 5 6 5
() P(A'nB*) = P(AuB)* =1— P(AuB) @) P(AnBY) = P(A)—P(AnB)
P(Ainﬁl)—1~i}—1 P(A Bl)_}z_lzg
17575 \an 30 30 5
(i) P(A'mB)=P(B)—P(AnBE)

2. Events C and D are such that'P(C) = 0.3, P(D) =

0 P(DY)
@  P(CnDY)
Gy P(C*nD)

0.4 and P(C n.D) = 0.1. Find
(iv) P(C*n DY)
(v) pP(ctu DY)
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jalotien 5406 = (1-03)—03=04
@ PEH=1-P@)=1-0% " & p(clubY) = P(CnD) =1-P(CnD)
an p(cnDY) =P = p(Cn D) =03~ 01 -E.ﬁ . ( Z 101209
@iy P(C'nD)= P(D() " P(C}') ?Clg) - 0.4— 0,1 = B
Gu P(C nDY=P(C) = PR v = 0.1 and P(AU B) = 09.Find
3, Events Aan: ?Bt;m -uch that P(4) = 0.4, P(AT B) oo (A Bi ;
Solution ) o _
o PAUB) =P +PE) ~PANE) (i) P(f; “ ;1‘)3’_3 . A B)
. =,+PB'—01 v mh T
02 2(45) =(o_2; (v) P(AUB)= P(A) + P(B") —P(An BY)
G)  P(AnB)=P(E) - PlAn B) paU By =04+(1- 0.6) - 03 =05
pP(A*nB)=06—01=05 e
4. Events A and B are such that P(a) =07, P(AnB) = 0.45 and P(A' n B*) = 0.18. find UNEB 2010
Ne.10
..(i) P(B') (i) P(AorB, but not both A and B)
Solution )
p(AY) = P(A* n B) + P(A' n B) p(B*) =043 |
1—0.7 = P(A*nB) + 0.18 P(A or B,but not both A and B)
=p(AlnB)+P(An BY)

P(A*n B) =012
P(B) =P(BnA)+F(AR B)
1—pPBY)Y=P(Bn AY)+ P(An B)
1 - P(BY) = 0.12 + 045
5. The probability that Anne reads the new vision is
vision and not the Daily monitor is
the probability that she reads daily monitor
Seluiiom
P(N) = 0.75,P(N nD*
P(PY)Y=P(Nn pY + P(N'n DY)

5. Events A and B.are such that P(A?

) = 0.65,P(N nD*) = 0.1F

nB)=3x,P(AnBY)=2x, P(A'n B')

— 012 + P(A) — P(AnB)
— 0124 07— 045 =037

0.75 and the probability that she reads the New.

0.65. The probability that she reads neither of the papers is 0.15. find
UNEB 2008 Ne.l

1— P(D) = 0.65+0.15
P(D) =02
= x and , P(B) =%.Useo

venn diagram to find the value of UNEE 2011 No.4

0]
felntiom

X

(i)

P(A U B) = P(AnB") + P(B)
1-PAUB)! =

4
Pt
Ty

Bxercise 4
Events C and Dare such that P(C) = 0.5,
P(D) = 0.7 and P(Cu D) = 0.8. Find
() P(CnD) (i)P(CnD?
Am (i) =04, (i) =01 )
\

P(An B)
1—x=2 -l—4
= 2X -';
1
x=§
P(AnB) = P(B) — P(A'nB)
4 1 1
P(AnB)=—— ) = -
( ) 7 3(7) 7

2. The probability that two events A and B occf
together is —12—5 and the probability that either of

both events occur is % Find (i) P(4) (iD) p(8)
Am P(A) = 0.4,P(B) = §
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F ; 2
3, Events A and B are such that P(A) = 0.36, 5. Events A and B are such that P(4) = 3,
p(B) = 0.25 and P(A’ n B) = 0.24. Find S oy PeAwB) = Find
() P(AY (i) P(AnB)  (iii) P(AuB) P(AnB) =55 an (Au 3 :
(iv) P(AnBY) (v) P(AuB") (i) P(8) (‘u) P{A"n )
Am (i) = 0.64, (i) = 0.01, (iii) = 0.6, An (i) =05,() =5 |
() = 035, (v) = 0.99 7¥ Events A and B are such that P(4) = P(B),
4. Events Cand D are ’”{h ”‘“; Ricy =% P(An B) = and P(A uB) = 1 Find
cnD) = 0.3 and P(C u D) = 0.9. Fin _ 0
" ?i))P(D) (if) P(Cn DY) (@) I__’(A)D (i) ﬁ(gl;—t B)
(iii) P(C*nD) (iv) P(C'n DY) Am (i) = '4f (ii) = 0.7, | -,
Anm (i) = 0.5, (iD) = 0.4,(iif) = 0.2, (iv) = 0.1 . Events A and B are such thc:t P(A) =
5. Events A and B are such that P(A*) = -;-, P(B) = % and P(An B) = > Find
: =LA ) P(AuB i) P(An B
P(B) = and P(An B) = . Find (l) _Pl(f u )_-1_1 (i) P( )
(i) P(AuB) (i) P(AnBY) An () =T, (D=7
As (i) = 0.75, (ii) = 0.25,

Muiually exclusive eveniy ,
Two events A and Bare mutually exclusive if they do not occur together ie. P(AnB)=10

[P(aUB) = P(A) + P(B)] nb)=

Exeamples
1. Events A and B are mutually exclusive such that P(B) = % P(A) = %find-
0) P(AU B) Giy P(A*nR) Gi) P(A*nBY
$olotion .
0] P(A U B) = P(A) + P(B) P(A'nB)=05-0=05
P(AUB) =05+ 04=109 (i) P(A*nBY)=PAUB)} =1-P(AUB)
(i) P(A*nB)=P(B)—P(AnB) - =1-09=01
2 Events A and B are mutually exclusive such that P(A U B) = f—ﬁ, P(A) = % find
® P(B) (iv) P(A*nBY) wi) P(A*uB)
() P(A'n B) W) P(A' uBY)
(i) P(AnBY) L (w) P(AuBY) a
Selution .
() PAUB)=P(A)+P(B) =1-0.7=03
0.7 = 0.6 + P(B) W) PMA*UBY)=P(AnBY=1—P(AnA)
P(B) =01 o =1-0=1
() P(A"nB)=P(B)—P(AnB) (u) P(AUBY =P(A) +P(B*)—-P(AnEY)
P(A'nB) =01—0=01 =0.6+0.9—06=09
(i)  P(AnB') =P(A)- P(AnB) i) P(A'UB)=P(A")+ P(B)—P(A'nB) |
- P(An B)=06-0=06 =04+01-01=04
(V) P(A'nBY)Y=PAUB}=1-P(AUB)

3. Inan athletics competition in which there are no dead heats, the probability thet Kipsiro wins is 0.5, the
probability that Bekele wins is 0.2, the probability that Chellimo wins is 0.1, Find the probability thot:

M Bekele or Kipsiro wins (i)  Neither Kipsiro nor Chellime wins
S_olltloll -
0  P(BUK)=P(B)+PK) i) P(K!n CY)=P(KUC) =1—-PKUCL)
P(BUK)=02+05=07 =1-(0.5+01)=04

Exerclie 4b

43

Scanned by CamScanner



1 Events A and B are mutually exclusive such that
P(B) =2, P(A) =3 find Umels 1991 Ne.t

() P(AYB) (i) P(AnBY) (it) P(A' nB')

Am (i) = 0.9, (if) = 0.4 (i) = 0.1
Events A and B are mutually exclusive such
that P(B) = — P(A) = -:-, find |

s 1
(i) PAUB) (i) P(4*) (i) P(A'nB)

An () =09, (i) =04, (iti) = 0.3
Events A and B are mutually exclusive such
that P(B) = 0.4, P(4) = 0.5, find

(i) P(A* 0 B) (i) P(B') (ili)P(A" n BY)
Am (i) = 054 (ii) = 0.6, (iil) = 0.1
4. Events A ond B are mutually exclusive such
that P(A U B) = = P(4) ==, find

—— -
Indepemdent evenls

(i) P(B) (iDP(A*nB) (iii))P(AnB')
(iv) P(A' nB") (v) P(AuB") (m’)P(Ai u B)
Am (i) = 0.4, (if) = 0.4, (iii) = 0.4, (iv) =
0.2,(v) =056, (vi) = 0.6
Events A and B are mutually exclusive such
that P(A' n B) = 0.3, P(A' u B) = 0.45 find

(i) P(B) (ii)P(A) (iii)P(AnBY) )
(iv) P(A*nB') (v) P(A"uB*) (vi)P(A*u B)
An (i) = 0.3, (ii) = 0,55, (iii) = 0.55, (iv) =
0.15,(¥) = 1,(wi) = 0.45_

6. Events A and B are mutually exciusive such

that P(A U B) = 0.9, P(AU BY) = 0.6 find
(D) P(B) (i) P(A) (iif)P(A? U B)
(iv) P(A*nB') (¥) P(A 4 BY)

lan () = 0.4, (i) = 05, (iit) = 0.5, (iv) = 0.1, (v) = 1,

Two events A and B are independenit if the occurrence of one does not affect the cther

P(An B")
P(A'n BY)

P(4n B") = P(A)x P(B*)

(i)
P(A' n BY) = P(A")x P(BY)

(iv)

P(AuB")
P(A* uB)

V)
(vi)

® P(An B) = P(A)x P(B)
(i) P(A'nB) = P(AY)x P(B)
Examples
. Events A and B ore independent such that P(A U B) = 1%. P(A) = % find
® P(B) (iii)
(i) P(A*n B) (iv)
Solntion

) P(AU B)=P(A)+ P(B) - P(A)xP(B)
' 08=05+y—-05y
¥y =06 ~P(B)=06
@) P(A'nB)=PAYx P(B)
P(A'nB)=(1-05)x0.6=0.3
(i) P(An B') = P(A)x P(BY)
P(AnB') = 0.5x{1 - 0.6)=02

2. Events A and B are independent such that P (AnB) =

0}

(i)
Selmtien
®  P(AnB) = P(A)x P(B)

1

Zxp
37X (B)

P(B)
P(AUB)

12

P(B) = %
(D P(AURB) = P(4) + P(B) — P(A)xP(B)
3. Events A and B are independenit UNEB

0] Show that the events A an

(i) Find P(B ) given that p(4
folution

D PAnB")=P(A)-PAnE)

| Gv) P(A n BY) = P(AY)x P(BY)

P(A'nBY) = 0.5x 04 = 0.2

(V) P(A' U B) =P(A') + P(B) - P(AY)xP(B)

=054+06-02=09

() P(AU B = P(A) + P(BY) — P(A)xP(B")

=05+04—-02=07

1 pian 1,

(i) Show that 4! and B are independent
1 1 1
P(AUB) ='3-+E—’ﬁ= 0.5
(i) P(A*nRB)=P(B)— P(AnB)

2009 Neo.9

d B! are also independent
)} = 0.4 and P(AUB) =03

|

44

P(A'nB) = P(B) ~ P(A)xP(B)
P(A*n B) = P(B)x[1 - P(4)]
P(A'nB) = P(B)xP(AY)

P(AnBY) = p(4) - P(4)xP(B)
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P(AnB')= P(A)x[1 = P(B)] (M PAUB)= P(A) + P(B) — P(A)xP(B)

P(AnBY) = P(A)xP(B*) 08=04+y~— 0.4y
y = 0667 -~ P(A)=0.667

4. Events A and B are independent such that P(AUBY) = 1%, P(A) = % find

; P(B) (i)  Showthot A* and B are independent
@m PAUB)
Seliution .
M PAUB)=PA)+ P(BY) — P(A)xP(B") =1—[P(A) + P(B) — P(A)xP(B)]
09 =04+y- 04y =1 — P(A) — P(B) + P(A)xP(B)
5 . P(B) 1 = p(A") — P(B)[1 - P(A)]
Y=% " ~ 6 = P(AY) — P(B)[P(A")]
a) P(AU B) = P(4) +P(B) - P(A%xP(B) = P(A‘)l[l - P(]B)]
P(AU B) = 04+~ 0.4x7 =05 = P(41)xP(B")
@i P(A* nBY) =1—P(AuB)

5. The probability of two independent events A and B occurring together %. The probability that either or
both events occur Is -z— Find UNEB 2004 No.2

® P(A) @@  PB)
Selution |
PAUB) =2, P(ANB) =3 5.1 .y-2
P(An B) = P(A)x P(B) 8 8 - ©
1 8y?—6y+1=0
§=1'3’ y=050ry=025
1 x = L 0.25
x=§§(1) _By_BxO.S— y
P(A U B) = P(A) + P(B) — P(A)xP(B) e
5 1 8y 8x0.25
F=xFy =g () P(A)=025P(B) =05
solving simultaneously Or P(A) =05,P(B) = 0.25

6. Abel Bob and Charles applied for the same job in a certain campany. The probability that Abel will

F—
take the job is 2, the probability that Bob wil take it is % while the probability that Charles will take

the job is 2, what s the probability that UNEB 2004 No.9a

(i None of them will take the job (i) One of themn will take job
Selution
. 111 1
: N = T Bl = — Y = = = —
P( None takes) = P(A'nB'nC?) 253%3° %

P( one takes) = P(AnB'nC*) + P(A*nBnCY) + P(A'nB'nC)

_(3 1 1)+(l 1 1)+(1 1 2)_1
={z*37%3) *\§*2%3) T \3* 773/ "

Enerclse d¢
1. Events A and B are independent such that Am (i) = 0.15 (ii) = 0.65 (iii) = 0.35
P.(A) =04, P(B) = 0.25. find 3, Events A and B are independent such that
() P(AnB) (i) P(AnBY) (iii) P(A' nBY) P(A) = 0.4, P(AUB)=0.7.find
Am (i) = X (if) = = (iii) = 045 () P(B) (i) P(AnB) (iit) P(A* nB)
. o~ 10 Am (i = 0.5 (ii) = 0.2 (i) = 0.3
2. Events A and B are independent such that m (@)= 0. '
P(A) = 0.3, P(B) = 0.5. find 4. Events A and B are independent such that’
. : 3 . ] TH g
(D PAnB) (i) P(AuB) (i) P(A*n BY) P(A) = %l P(B) = " find the probability that

45
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(] both A and B oceur T
(i) only one occurs Am (i) = ¢ (i) = 43

l tera

d her daughter. both en B
competition. The probability thot the mother wins
o prize s, and the probabillty thot her doughter
X suming thot the two events are

i d the probability that
|ndeperéti:|t:|r;§. tfti::a mother or the daughter but
not both wins a prize ]
(i) At least one of them wins a prize
5 .o 17
D=4 (i) =73 |
Two athletes, Kiprotich and Chebet are
attempting to qualify for Olympics games. The
probability of Kiprotich qualifying is 0.8, and the
probability of both Kiprotich and Chebet
qualifying is 0.6. given that the probability of the
athletes qualifying are independent events, find
the probability that only one of them qualifies
Am (i) = 0.35
The probability of two independent events A and
B occurring together —. The probability that

either ar both events occur is 18;0' Find
(@ P(A) (i) P(B)

Am. P(A)=0.77,P(B) = 013
OrP(A)=013,P(8) =07
The probability that a certain type of computer
will break down on the first month of use is 0.1. If
the school has two such computers bought at the
same time, find the probability that ot the end of
the first month, just one has broken down.
Assuime thot the performanice of the two
computers are independent. An= 0.18
Three teachers enter a marathon race. The
respective probabilities of them completing the
race are: 0.9, 0.7, 0.6. Assuming that their
performances are independent, find the
probability

(D They all complete the race

(i) At least two.complete the race

(i) = 0.378, (iii) = 0.834

10. The probability thot two twins pass an.

interview are 31 and é respectively. Assuming

thot their performances are independent, find

the probability that

(i) They all pass the interview
(i) Only one passes the interview

; 2 ..
An (i) = 1, (i) = -

5, A mother an
. 2 As
wins a prize 5 2.

An

Aw

The probability that Angela can solve o certain
number is 0.4 and the probability thot Jane can
solve the same number is 0.5, find the probability
thot the number will be solve if both students try
the number independently Am= 0.7

Three target men take part in a shooting
competition, their chances of hitting the target
are %. é and -;- Assuming that their performances
are independent, find the probability thot

() Only one will hit the target

(i) Target will be hit Am (i) = g (if) = %
Three football teams Noa, Kitende, and Budo are
playing in nationals. The probability that Noa,
Kitende and Budo will qualify for the finals is ; g

and i Find the probability that only two teams will

qualify for the finals. An = %

. Three Athletes Kiprop, Chebet, and Aloysious are
‘competing for a place in Olympics games. The
probability that Kiprop, Chebet, and Aloysious will

qualify for the Olympics games is % ‘2- und%. Find
the probability that only one cthlete will qualify for
the Olympics games. An = :z
3. The probability that three girls Faith, Jane, and
Angella will pass exams is % E and %
respectively. Find the probability that:
(@ All the three will fail
(i) All three will pass (i} Only two will pass..
An (i) =, (i) = £ (i) = =
16. The probability of two independent events A and
B occurring together % The probability that:
either or both events occur is =. Find UNEB 1998
NowMe. (i) P(A) (if) P(B)
An. P(4) =,P(B) =% OrP(4) = 2P(B) =1
7. The interview involves written, oral and procticol
tests. The probability thot an interviewee passes
written is 0.8, oral is 0.6 and practical is 0.7.

What is the probability that the interviewee will
pass; UNEB 2009 Ne.13b

() The entire interview
() Exactly two of the interview test
Awm (i) = 0,336 (ii) = 0.452

#8. The probabilities that three players A, B and C
score in a net ball game are R and 2
" 4 3

respectively. If the player together ira g
A a game,
find the probability that UNER 2010 ;’ll-ﬂ'

1,

FB-

JI‘
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(i) independent events

Only C scores
(ii) At lecst one player scores (i) mutua“y exclusme events
(i) Two and only two players score Am (i) = (ll)

Am = UNER 2012 llo.:l

19, Events A ond B are such that P(4) =
P(B) =7 ﬁﬂd P(A U B) when A and B are

c..dhlml probabliRy
if A and B are two events, then the conditional probability that A occurs given that B has already

occurred is P( / B)

P(AnB) B)
( /B) - P(B)
similarly the conditional probability: that B occurs given that A has already occurred is P (B / A)
P(A n B)
Exemmaples
1. Everts A and B are suchthat P(4) = ¢ P(B) = and P(A/B) == Find
O PAnB) - w  PCLy)
M PAUB) g
Selution
‘ fAnE) P(AUB)—-OZ-!—GZS 01=035
P
© ) = "o~ @iy P(B/)="8rR =2 =05
P(AnB) = 04x0.25 =01 A p(a) oz

(i) P(AURB) = P(A) + P(B) — P(AnB)
2 Events A ond B:are such that P(4) = - P(A nBY) = —cmd P(A/B). = ;sz' Find

® P(An B) (m) P(A u B) (v) P(A*'nBY)
(i P(B)
Sslution
M P(AnB)=P(A)—-P(AnB") —-—%:% (i) P(AUB)= P(f) +P(B) P(AnB)
n _ AUB)——+—--——1
iy P PAnD) ( a) =2 P( 7 3 21
(15 = PE () W) P(A'nB)=1—-P(AUB)=1-1=0
3. EventsA ond B are independent. Given that P(4n B ) = zand P ‘(A‘ / B) = : find UNEB 2004 No.9
M P(A) (i) P(AnB) (iv) PlAuB)!
(i P(B)
felution
p (A P(4'nB) 3 7
O P(#A/g)= " P(BY) ==, PBY =15
%: Eci;c%@ i) P(An.B) = P(A) — P(An BY) —g—-} -z
. o _ _ 7
P(Al) _1 P(A) = 5 ulr P(AnB)= P(A)x-P‘(_B) = E = = |
o 1 6’ 6 (v) P(AUB)=P(A)+ p(a) P(A n B)
Ul P(A nB ) =— 5 7 ro 27
1 P(AUB)=¢ 1—0"12”20
P(A)xP(Bl) = 1. B_3
P(AuB) =1 ~20" 20
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Exerciie ad ;
Events X and ¥ are such that P(X?) = -

P (Y/x1) = Sand P (Yl/ X) =3 Find
: o o (X!
M P @ P(*'/y)
An (i) =2 (ii) =
Events A and B are such that P(A) = é
P(A/) =3 and P(B/,) = % Find
()P(AnB) (i) P(B) (iii) P(AU B)
Am (i) = = (i) = ;¢ (i) =7
Events A and B are such that P(4) =
P(B/4) = ond P‘(Bl/m) =2, Find
@ P(B'/,) @ P(ARE)
(iit) P(B) (iv)P(A U B)
Am () =3 (i) = 37 (i) = 5 @) =
. Events A and B are such that P(4) = ;i;
P(8) =3 and P(A n B*) = 2. Find

3
(i) P(A/p)

[ =

L7

(i) P(A*UBY)
1

Am (i) =2 (il) =

2.
. Events A and B are suchthat P(An B) = :—2
P(B/,) =5 ond P(B) = % Find
@ P @) P(Afg) iy P ()

Am (i) =0.25 (ii) = 0.5 (ii))=0.2
Events A and B are such that P(4 U B) = 0.8,
P(4/g) = 0.2 and P(A* n B) = 0.4. Find.

(D PAnB) (i) P(B) (i) P(A)

@P(#p) 0 P(Fp)
Am (i) =0.1 (ii) = 0,5 (iii) = 0.4
(iv) = 0.6,(v) = 0.4
. Events A and B are independent. Given that
P(A) =02 0nd P(R )= 0.15, Find

) P(anB) (i) P(A/g) (i) P(AUR)

Am (i) = 0.03 (ii) = 0.2 (iii) = 0.32
Events A and B are such that P(4) = 0.2 .
P(#/g) = 0.4 and P(B ) = 0.25, Find
() P(4nB) (i) P(Bf,) (i) P(AUB)

An (i) = 0.1 (ii) = 0.5 (iii) = 0,35
Events A and B are such that P(4) = L

3
P(B) = % ond P(4 /g) = % Find

opruanB @PE/)
1,4 3
An (i) = (i) =35 .
k0. Events A and B are such that P(4) = e
P(B) = ; and P(A/g) = g Find the;

(i) probabilities that both events occur
(i only one of the two euents occurs

(i)  Neither events occur
An (i) =32 @) =22 @i = ¢
K. Events A and B are such that P(4) = =,
P(B) = +and P(4/g) = Find
® PAnB)  GHPE/

An () =5 (D) =3
x2. Events A and B are such that P(B) = ‘;
P(A) = %and P(AnB") = % Find.

® p@usy @r(8 /)
An (i) = 2(iD) =§
13. Events A and B are such thot P(4) = =,
P(B) = %und P(4 /B) = -:—2 Find
@pane)  @P(B/,)
UNEB 2005 No.1 An (i) = . (ii) = —

14. A and B are intersecting sets as shown in the
Venn diagram below. Unels 2003 ¢a

s D =5

Given that P(4) = 0.6, P (4" /) = £ ang
P(AUB) = 0.85. Find ’

() thewvalue of %, y and z

@ P(A/5) i) p (4/ 1)
Am (D2 =05y =01,2= 025 (i) =2 () = 10
15. Events A and B are independent with ;A fwice .
as likely to occur as B; if P{A) =05, find

OPAUB) ) p(AnBy )
UNER 2006 Ne.1 An (i) - % (i) =2 !
- 8

16. Events A and B are such th

ot P(4) =2,
P(4/g) = 13,, and P(An g1y < 1, Find:’
O PAnB) (i) pigy
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iy P(B/,) () pau B 7.
ONED 2014 Ne.9k A (i) = % (i) =3

(i) = = () =1

COMBINATIONS

Two events A and B are such P(4/,) = 2/ 5o
P(B) = ; and P(4) = . Find: UNES 2018 No:2

(@) P(AnB) (b) P(AuB)
(b) Am (i) = 0.1 (ii) = 0.35

The number of combinations of r objects from n unlike objects is n;_where

g

Ezsamples
Find the number of ways of selecting a football team

nl

+ = G

from 15 players,

15¢,;, = 1365 ways

A committee of 4 men and 3 women is to be formed
can the committee be formed.
Selution

from 10 men and 8 women. In how many ways

10, %8¢, = 210x56 = 11760 ways

A group of 9 has to be selected from 10 boys and & girk. It can consist of either 5 boys and 4 girls or 4

boys and 5 girls. Find how many different aroups can be chosen,

$slution

10¢,x8¢, + 10, x8., = 252x70 + 210x56 = 29400ways

A bag contains 5 Pepsi and 4 Mirinda bottle tops. Three hottle tops are picked at random from the
bag one after the other without replacement. Find the probability that the bottle tops picked are of

the same type. Uneb 2016 No.8
Selutlon
n(s) = 3 tops from the 9 = 9., = 84ways
n (E) = 3 pepsi from 5+ 3 mirinda from 4
= 5S¢, x4, + 5, %4c,

=10+4 = 4ways
14

-—

P(same type) = il

In a group of 12 intemational referees, there are 3 from Africa, 4 from Asia and 5 from Europe. To officiate
at a tournament 3 referees are chosen at randem from the group find the probability that:

(i) A referee is chosen from each continent.
(i) 3 referees are chosen from the same continent
feltisn
n(s) = 3refs fromthe 12 = 12 = 220ways
n (E) = 3, x4¢ x5., = 60ways
3

P(1 fromeach) = ﬁ =11

(ii) n (E) = 4, x3¢,x5¢, + 4¢,X3¢,%5¢,
= 18 + 30 = 4Bways

(i) Exactly 2 referees are chosen from Asia

12

48
P(2 from Asia) = 533~

(i) n (E) = 4¢,x3¢,x5¢, + 4¢, %3¢, %5¢,
+4cox3cox5c3
=4+41+410 = 1Sways
15 3

—

P(3 from same) =

220 44

Box P .contains 4 red and 3 green sweets and box Q contains 7 red and a green sweets. A box is randomly
selected and 2 sweets are randomly picked from it, one ot a time without replacement. If P is twice @5

likely to be picked as Q, find the probability that both sweets are

Same colour

@
Selotien

of different colours,

(i)

(i) from P given that they are of different colours.
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et g Z_C_Q_gg] — 0.4494 !
Fa, - x3 1 z&i—ﬂ + ;[ 1icz
3r 2 450X3-Cz]+-_'[ lcg
() P(both balls same colour) = %[4—‘3.;‘—25] 3 "52: T ' Oc 5506
3¢;] 4 1]25 1] =
(i) P(both balls dif ferent colour) = é[ﬁ%z‘c— t3 I—Tl::
- z_c,fﬁl] -
, (from P = L e l=069
(i) P( /different colour) 0.5506 :
| obability of
PROBABILITY TREE DIAGRAM? ghurts, the pr Y (

1. A factory makes yoghurts. When an inspector tests @ mn.chTwo of the yoght!

any yoghurt being contaminated is 0.025. if a student buy
the probability
(i Both yogurts are contaminated -
contaming
@  Plboth _ 0.025x0.025 = 0.00063

- )= P(CnC") + P(Cigy
ontaminated) = P (Cn n()
P(Oiecf 835x0.9-75-+ 0,975x0.025 = 0.0488

s made the factory, Finy ‘

(i) Only one i contaminated |

2. A box contains 3 red balls and 4 blue balls, Two balls are randemly drawn one after the other without
replacement. Find the probability that

@) 1 ballis blue (iv) Both ball are of the same colour
(i 2™ ball is red (v) Different colour
(i) 2™ ball is red give thot the 1* was blue
Solution
kb P(1° ball blue) = Sx2+2x2=05714
(i) P2 ballred) =Zx2+2x2=0.4286 |
di g ' 4 E)
(Gii) P(Z“ ball red/ st )= (-,-xa _
15t ball blue (;xgwd,?%)
=05
(w) P(both balls same coloury =23 13,2
776 776
=10.4286 '
(v) P(both balls dif ferent colour) = 1 —%
] = 0.5714
3. A Bag contains 8 red pens and 3 green pens, Two pen are randomily pj '
the probability of drowing two pens of different colours, if the ¥ Picked one after the other, find
()] First pen is not replaced i § '
$olutien ) First pen is replaced
P F
I(') (both dif ferent coloury= 8 _3 3 8
. \%‘ 10 11 10
P (RY 24
8R i P(L y T EBE
36 | e Ten st i P(botn dif ferent colour) = -8—553 L
7 26 [== n Xt
YO 48
=3 = —_—
121
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4. Box A contains 6 red and 8 green sweets and box B

contains 9 red and 7 green sweets. A box is randomly

selected ond 2 sweets are randomly picked from it, one at a time without replacement. If A is likely to
be picked as B, find the probability that both sweets are

(i) Same colour

(i) of different colours,

(i) from B given that they are of same colours.
Solution e s e
7\?‘36 \(l) P(same calour)=§x§x1—3+5x§xl—3+
Bags L rem et lee [T s 216”15 "2 16" 15
e 3 = 0.4
WA LeG BR | p(R) = < . - 3831
A lr /53 b i) P(both balls dif ferent colour) =1 — ai
Iy c -
K : = 0.5262
B d’; . { QBR P\R‘:;Té : f-rtomB ~
e I > P( /same calour) -
@\{
o 6.5 1 8 17

1
5% XagtsXs7 X35

(0.4738)

5. Bag A contains 8 red pens and 5 green pens. Bag B contains 6 red and 10 green pens. A pen is

randomly picked from bag A and placed in bag B. A pen is then randomly picked form bag B, find the

probability that it will be red

1. A box contains 15 red bails and 5 black balls. Two 3

2. A box contains 4 red balls and 6 black balls. Two

‘Solution
B
A 7R
100G
BR
B B
5e &R
11G

Exervclie 4@

balls are randomly drawn one after the other
without replacement. Find the probability that:
() Both are red
(i} Are of different colour
(iii) Both are black, given that the second ball
. - 15 ,.... 20
is black Am (i) = F (i) = % (i) = T
balls are randomly drawn one after the other
without replacement. Find the probability that:
() Second ball is red, given that the first
ane ball is red
(i)) Both balls are red
(iii) Both balls are of different colours

Am (i) = 2 (i) = = (ifi) = 2

p(Red _8 7.5 6 86
P(Redpen)=ox s +md 1= = 557
= 0.3891

. A box contains 3 black balls and 5 white balls. Two

balls are randomly drawn one after the other
without replacement. Find the probability that
(i) Second ball is white

(ii) First ball white, given that the secand
ball is white Am (i) = g(gi;) = ;

@ A box contains 3 red sweets, 8 blue sweets and 7

green sweets. Three sweets are randomly drawn
one after the other without replacement. Find
the probability that;

() ail sweets are blue (ii) all sweets are red

(iii) one of each colour

Am (i) = = (i) = -~ (i) =~

102 816 34
5. A box contains 3 red pens and 6 black pens. Three
pens.are randomly drawn one after the other
without replacement. Find the prebability that;
() 3redpens
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(i) Two red pens and one black pen
(iii) More than one black pen
19

An (i) = = (i) = 2 (i) = =

&. A box contains 7 black sweets and 3 white sweets.

Three sweets are randomly drawn one after the

other with replacement. Find the probability that;

(0] All three sweets are black
(i) A white, black and a white sweet in that
order are chosen
(iii) Two white and one black sweet drawn
() Atieast one black sweet drawn
An (i) = 0.34 (ii) = 0.063
(iil) = 0.19 (iv) = 0.97
7. Adie is thrown three times. What is the
probability of scoring a two on just one occasion
An (i) = ’j—:
8. A coin is tossed four times, Find the probability
< 5
of obtaining less than twe heads An (i) = 1z

9. The probability that | have to wait at the traffic
lights on my way to work is 0.25. find the

probability that, on two consecutive mornings, |

. i 7
have to wait on at least one moiming. An = v

10. The probability thot | am late for work is 0.05.
Find the probability that, on two consecutive

mornings;
0] I am lote for work twice
(i) | am late for work once

an (i) = 0.0025 (ii) = 0.095
. Box A contains 3 red balls and 4 brown balls
while box B contains 3 red balls and 2 brown
balls. A box is drawn randomly and one ball is
rondomly drawn from it. Find the probability
that the ball;

(). The bollis red Am (i) = 22 (if) = >

(i) The ball came from box A, given that it is red

12. A bag contains 10 green balk and 6 black balls,

Two balls are randomly drawn one after the other

without replacement. Find the probability that
() Black given that the first one was green
(i) white UNEB 2000 No.3
An (i) = 0.4 (ii) = 0.375
13. Box P contains 3 red balis and 2 blue balls while

box Q contains 2 red balls and 3 blue balls, A box i

. drawn randomily and two balls are randomiy
drawn from it, one after the other with out

replacement, Find the probability that the halls c:rej

of different colour UNEB 2001 No.10 An="

14, Abox contains 4 white balls and 1 black ball.gﬁti
second box contains 1 white ball and 4 black

L

he first
from ¢
balls. A ball is drawn at randoﬂl‘:in o the

bag and put into the first bag- | pe picked
probability that a white ball w) first bad:
when a ball is selected from the !
UNEB 2005 No.9 An = ;g ¢ blue balk,
15. (a) A box contains 7 red.bc.xlls ng without
Three balls are selected at i'Cl‘_ﬂ__rt that:
replacement. Find the pro-bdb'l:;‘:r
(i} They ore of the SOLYI\EECO
i) Al most two.are ; -
(h) T(w)o boxes P and Q@ C?ntﬂln 'U{h'te :3‘1
' brown cards. P contains 6 white @
brown. O contains 2 white and 3 brown. A

box is selected at random_ﬂ"d acard is
selected. Find the probability that:
() A brown card is selected |
(ii) Box Q is selected given that the card s
white UNEB 2007 No.i3
An (i) = 0.1923 (i) = 0.9301,(b)(i) =
0.5, (ii)y = 0.4
16. A box contains two types of balls, red and
black. When d ball is picked from the box, the
probability that it is red is / /17 Two balls are

selected at random from the box without
replacement. Find the probability that
(i) The second ball is black
(i} The first ball is red, given that the
second one is black
UNEB 2009 Ne.13a An (i) = 5/, (i) =7/,
17. A bag contains 20 good and 4 bad oranges. If
5 oranges are selected ot random without
replacement. Find the probability that the 4

are good and the other is bad. UNEB 2012
“0.'“ An =

A bag contains 30 white, 20 blue and 20 red
bc}"ﬁ-‘Three balls are selected at random
without replacerrient, Find the probability
that the first ball is white and the third ball 8
also white. UNEB 2014 No.9a An = 0.15

A box A contains 4 white and 2 red ballks. Bo¥
B contains 3 white and 2 red balls. A box i
sglected at random and two balls ore PiChed
one after the other without replacement.
@ Find the probability that the two bl
__ Picked are red
(@) Given that two white balls are picked
What is the probability thet they ore
_ from box B UNEB 2013 No.16
Am (i) = 0,1333 (if) = 0.3333

i8.

19.
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CONDITIONAL PROBABILITY USING A TREE DIAGRAM / BAVE'S RULE
h-mpl&l .
During planting season a farmer treats go.f his. seeds and % of the seeds are left untreated. The seeds

which are treated have o probability of germinating of 0.8 while the untreated seeds have G
probability of germination of 0.5. find the probability that a seed selected ot random

)] will germinate
)  hodbeen treated, given that it had germinated
Solutiom

()  P(G)=P(TnG)+P(T'nG)

'a
P LGA1 22 2 1 -
T<_ArG? ==-x0.84=-x05=0.7

2
@S T, y_ Plrng) _ %08 _ '
a (i) p( /G) =@ = 57 0.762

The probability that a golfer hits the ball on the green if it is windy as he strikes the ball is 0.4 and the
corresponding probability if it is not windy as he strikes the ball is 0,7. The probability that the wind
blow as he strikes the ball is 1—30-. Find the probability that

(i) He hits the ball on the green

(i) It was not windy, given that he does not hit the ball on to the green
Solution ' |
@ PS)=PWnS)+ PW'n.$)

= 0.3x0.4 + 0.7x0.7 = 0.61

7

(Wi _rovinsy _ (G508) _ o«
P (/51 = 2 = = 0.5385

When students were to go for a geography tour, the school hired three different types of vehicles, buses,
coasters and taxis. OFf the hiring's 40% were bises, 50% were coasters and 10% were taxis. For bus hired,
9% arrive late, the corresponding percentages for a coaster and a taxi being 6% and 20% respectively.
Find the probability that the next vehicle hire

(i) Will be a bus and will not arrive late (i) Will arrive late
(i) Will be a cooster given that it will arrive late
Jelution
(H P(Bnl*) = 0.4x091 = 0.364
Gi) P(L) = P(BnL) + P(CaL) + P(TnL)
= 0.4x0.09 + 0.5x0,06 + 0.1x0.2
= 0.086
(C/ N _ PlEnL) _ {0.5x0.06)
() P(C/p) == = omss - 03488
Exerclie 4¢ - )
Mo, Salah has an injury. When he is playing, the probability that Liverpoel will win the
the probability that Liverpool wins is 0.75 but mictch, Am= -
otherwise it is only 0.5. The probability that he " 55% ; 1-:h ' ke ::; ot SEN le. 30% of
will b fit o o b - ’ of the teachers oa are rrole. 30% of
fit to play this weekend is - Determine

the male teuchie;s,_ teach'sciences and 5% of the.
3 '\

Coggy L *"\
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Data from electoral commission showeg y,

hert i B. . K Cltm
. _If a teacher is . jection, of all the Kampala b
female teachers teach ;‘:f;cf;e probability Prer'or:l,seitary contestants, 70% were NR Wy )
selected ot random, Wh ET:F D.C and 10% were independent. g, %
that; e = i ‘
(i) Teaches sciences st bemeh N.RM contestants won electl;»r;; ;5:? tohf the kg
(i) She is female given that 5*!? © 62 contestants won electnq_ns an e
sciences An(i) = 0.1875(ii) = 0.52 independent won elections. lf a contestant js ¢, ‘
The probability that a golfer hi_ts the ball ?'n ot random, find the prob(}lbl'lty that Fhe Pern
the green if it is windy as he‘t"he’,the .bq s () won election An(i) = 0.25 (ii) = 4
0.4 and the corresponding probability if is not (i) An F.D.C won an election
windy-as he strikes the ball is 0.7. The dent travels to school by route A or route
he wind bl he strikes the ~ P- Astuden , i
probability that the wind blow as he stri B, The probability she uses route A is 0.25. The
ball s 75 Find the pm‘b Gb“:y that probability that is late to school if she uses
() He hits the ball on the green 2 ‘ rresponding probabili
@ii) it was not windy, given that he does not route. A s 3 ord theico po ap d
hit the ball on to the green Am(i) = if she uses route B is 3
0.61 (i) = 0.5385 (i) Find the probability that she will be late |
4.In a restaurant, 40% of the customer’s order for to school An (i) = 5 rov 3 I
chicken, If a custormer orders chicken, the oY ()= 12 (ii) = 5 |
probability he will take juice is 0.6. If he does (i) Given that she is late, what is the |
not order chicken, the probability that he will probability that she used route B
take juice is 0.3. find the probability that a 10. A student is to travel to a school for an
customner picked at random will order interview. The probability that he will be in
0} chicken and juice  (ii) juice time for the interview when he travels taxi and
An(d) = 0.24 (ii) = 0.42 boda respectively are o1 and 0.2 respectively.
Phone screens are inspected for defects. The The probability that he will travel by taxi and
probability that a phone has air bubble is.0.02. If da are 0.6 and 0.4 respectively
a phone has air bubbles the probability that it is () Find the probubility that he will b time
cracked is 0.5 while the probability that a phone (i) Given that he j not time th ehon r
free of air bubbles is cracked is 0.05. What is the probability that he travel “r.; ;t b
probability that a phone chosen at random is An(i) = (14 (i -_e oy boda
cracked? Am= 0.059 N. 64% of the students ot A 0'372
6. Whether or not the girls in a certain school go for ond 36% tahke science subjsztel tqhe- Arts subjects :
morning preps depends on whether they are an arts student Passing i« 2 5. The probability of
woken up in the morning by preps masters. For .5 _ 9B -andq science student:
85% of the mornings girls are woken up and the Passing is ~. Find the Prababilj .
other 15% of the mornings they ore not woken up: chosen ot randem fgil ed ' Ythat q student
If the girls are wohen up, they go for morming 12. Of the 9roup of stude, A EXams Koy 0.22
preps 90% of the mornings. If the girls are not school, 56% are boys Q'I" ;Studying A-level in o
woken, they do net go for morning preps 60% of probability that o boy]:, £ 44 e Girls, The
the momings. On what proportion of momings do chemistry is X ang " this , U is sty
girls go for moming preps. An= 0.825 5 e pmbﬂbil-ity that _ymg. .
7. Inafactory, there are two different machines A group is studying chemistry, js 1 7 9irl of fhis
and B. ltems are produced from A and B with () Find the Probability ¢, 117
respective probabilities of 0.2 and 0.8. It was at random from this g,,ut Q st ent selacs
established that 5% and 8% produced by A and B chemistry CUp is o Girl stug-cted
respectively are defective. If one item Is selected (i)  Find the probability that ving
randomly, fi d the probability that - at random from this gmu“ §tudent selact
(D Itis defective chemistry P not Stugy, ed
() Itis produced by A given that it is (i) Find the probability theot o ch ng
defective. Am(i) = 0.074 (ii) = 0.1351 selected at random from thj, Em;,tw stug
An(i) = ‘L(ii)‘ _ 106 (i_.ﬂrol;p IS iy dent
25 ¥ T g W) < 14 Qle
13
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chool wants to buy chalk, the school
phones three suppliers A, Bor C. of the phone’
calls to them, 30% are to A, 10% to'B and 60%.
to C. The percentage of occasions when the
liers deliver chalk ofter a phone call to

i
th:rz are, 20% for A, 6% for B and 9% for C.

(i) Find the probcbi[ity that the sgpp‘lier
phoned will not be able to deliver chalk
on the day if phoning
Given that the school phones a supplier
and the supplier can deliver chalk that,
find the probability that the school phoned
supplier B An(i) = 0.88 (it) = 0.05
14. In @ girl's schoal, it is known that the probability
of selecting a girl wha is pregniant is 0.02. if the
probability of @ nurse correctly testing a
pregriant girl as being pregnant is 0.7 and the
probability of incorrectly testing a girl who is
not pregnaont as being pregnant is 0.05. What
is the probability that?
(i) o girl’s tested as being pregnant
(i) a girl is tested as being pregnant given
thot she is not pregnant
(i) @ girl is preanant given that she is tested
pregnant
(iv) @ girl is not pregnant given that she is tested
pregnant. An(i) = 0.063 (ii) = 0.05
(i) = 0.2333 (iv) = 0.0171
. In Kompala city, 30% of the people are F.D.C,
50% are N.R.M and 20% are independent.
Records show that in the previous election, 65% of
the F.D.C voted, B5% of the N.R.M voted and 50%
of the independent voted. A person is randomly
selected from the city.
() Find the probability thot the person voted
(i) Given thet the person didn't vote,
determine the probability that he is an
F.D.C An(i) = 0.72 (i) = 0.375
16. Three girls, Annette, Brenda and Sauron pack
biscuits in o factory: From the batch aliotted to
then Annette packs 55%, Brenda 30% and Sauron
15%. The probability that Annette breaks some
biscuits in a packet is 0.7 and the respective
probabilities for Brenda and Sauren are 0.2 and
Q1. What is the probobility that o packet with
broken biscuits found by the checker was packed
by Annette? An= 0.827

13. Whenai

(ii)

17.

i8.

19.

55

A shop stocks two brands of tooth paste,
Colgate tooth paste and Fresh up tooth paste,
and of two sizes, lorge and small. Of the stock
70% is Colgote, and 30% is fresh up. Of the
Colgate, 30% are small size and of the fresh up,
40% are small size. Find the probability that;
(i) Atooth paste chosen at random from the
stock will be of small size
(i) Small tooth paste chosen at random from
the stock will be of Colgate )
An(i) = 0.33 (i) = T
At a bus park, 60% of the buses are of Teso
coaches, 25% are Kakise buses and the rest are
V.V buses, Of the Teso coaches 50% have TVs,
while for the Kakise and Y.Y buses only 5% and 1%
have TVs respectively. If a bus is selected at
random form the park, determine the probability
that UNEB 1999 NO.7
(i IthasaTV
(if) Kakise bus is selected given that it has a
TV An(i) = 0,0315 (if) = 0.0398
On a certain day, fresh fish from lakes, Kyoga,
Victoria, Albert and George were supplied to a
market in ratio a 30%, 40%, 20% and 10%
respectively. Each lake had an estimated ratios
of poisoned fish of 2%, 3%, 3% and 1%:
respectively. If a health inspector picked a fish
at random. UNEB 2002 NO.1
(i) What is the probability that the fish was
poisoned?
(i) Given that the fish was poisoned, what is
the prohability thot it was from lake
Albert. An(i) = 0.025 (ii) = 0.24

. The chance that a person picked from a

kampala street is employed is 30 in every 48.
The probability that a person s o university:
graduate is employed is 0.6. Find:. UNEB
2002 No.4
(i) the probability that the person picked at
random from the street is a university
graduate and is employed.
(i) Number of people that are not university
graduates and are employed from a aroup
of 120 people. An(i) = 0.375 (ii) = 30
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| VARIABLE
PROBABILITY DISTRIBUTIONS 1- mscn!_r!. u::);l:pedﬁc Calues
A probability density function (p.d.f) is discrete if it take

: bability density functions
Preperties of discrete pr(; Z:’ B DR Bf(s) =1
(i PX=x)20

Elulllp'tl cxz X = 011: 21 3I4
A discrete random variable hes a probability function P(X = x) = { 0, otherwise
Find the vaiue of ¢ and draw the graph of P(X = x)
Soluti .
PX=x)=1 1
€0%) + e(1)* + c(2)2 + c(3)2 4 ¢(4)? = 1 ‘T30
A discrete random variable has g probability function
flx) = kx, ¥=1,23,14
Lo, otherwise
Find the vdlue of k and draw the graph of f(x)
Solution
Zf(x) =1 k= i
k-+2k+3k+4k=1 10

graphof P(X = »
ZP(X=X)= 0.2+U-.1+U.1+C‘+_C=1 c=03
A discrete random variable has @ probability function
2 X
POt =x) =k (3) . ¥=0123... .
0, otherwi
Find the value of e
Solution
2\° 24! 2y2 243
k(é‘) +k(§) +k(§) +k(§) var miag .= ] % 1
e 2)’ (22 AN L 2/=1
+(3 + 3) +(§) +'“..-...)'——1 31
s pe o . a 2
Sum to infinity S == k = 3
Finding prebabilities _
A discrete random variable ¥ has a probability distribution
v -3 -2 [ = [ ) ) .
PYsy] 1 01 D55] m:.ﬁimﬁg
Find
(i) The value of a i) P(Y > =1 W) -
(i) P(=3<yv < (iv) P(-l1<y<« 1) Moge
Selution

m 2P(F=y)=]_ l

0.1 + 025 +0 a
S N 0‘15
56 Sug_

1
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a=02
p(-32¥<0) =P = =3)+
P(Y ==2)+P(Y =1)
=0.1+025+03 =065
@iy PY>-1)= P(¥=0)+P(¥=1)

(i)

= 0.15 + 0.2 =0.35
P(-1<Y<1)=pP¥ =0)=015
Mode is the value of y with the highest
probability, mode is = —1

(iv)
(v)

2. A discrete random variable X has a probability distribution

X 1 2 3 4 5
P{X=x) 015102010151 ¢ Q.1
e lue of ( X>2
) The value oi ¢ i) PX <4 ) P( fit < a)
M PE<H W) P2=X<4) i Mg
Solution
m TPX=x)=1 =02+015+ 04 =075
0.15+0204+015+c+01=1 XS>?2 ) _ P(X>2 nX<4)
©} P( /X < 4) T p(x=4)

c=04

) PX<4)=PX=1+
P(X =2)+P(X=3)
=015+ 020+ 015 =05
@ PX<H=PX=D+PX=2+

+(X=3)+P(X =4)
= (.15 + 0.20 + 0.15+ 0.4 = 0.9
(V) PREXs4)=PE=2)+PX=3)+

B PX=3)+P(X=4)
TPX=D+PX=2)+P(X=3)+P(X=4)

015+ 04
= ——9——* =06111

0.9
Mode is the value of x with the highest
probability, mode is. = 4

(i)

P(X =4)
Y _ . PP _ (kx,. x=1,2345
3. A discrete random variable X has a probability distribution f(x) = { 0, otherwise
Find
(i) The value of k - (i) P(X =3) v) P(i <X <3)
(iiy P(X =3) (iv) P(X£3) (vi) P("{ = 1/X - 4)
$olution
(@ rix)=1 _ 6
k4 2k + 3k + 4k + 5k = 1 =g 2k SkeblbS g
K 1 W) PA<X£3)=PX=2)+PK=3)
ff o mm— 1
15

- (i) P(X=3)=3k-=%=l

i) PX=3)=PX=23)+ PE('X =4) +(X = 54)

= 3k + 4k + 5k =12k =¢

(W) PX<)=PX=1)+P(X=2) +X=3)

Exerciie 3

=2k = ==
2k +3k =5k 3

(X222 _ P(XzZnX<4)
P( /X < 4) T Pla<a)

CP(X=2)+P(X=3)

SPX =1+ PX =2)+P(X =3)
2k+3k 5k 5

“k+2k+3k 6k 6

(vi)

1. Adiscrete random variable X has a probability distribution

[ X 1T 1 2 1. 3 [ a [ 51
[ FPX=x) 0.2 10251 04 | 2 1 005]
Find -
() The valueofa [y PX>2) (v)  Mode
(M PrPa<x<3) (v) P(2<X<5)
An(i = 0,1, ii = 0.885, iii = 0.55,iv=0.%5v=3)
2. Arandom varioble X of a discrete p.df is givenby P(X =x) = kx, x = 12, 13,14

—
57 / L —
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a=20.2 =0.15+0.2 =035

(i) pP(-3sY<0)=P¥= -3)+ (iv) P(-1<Y <1)=P(Y =0)=0.15
P(Y ==2)+P(Y =-1) (v) Modle is the value of v with the highest
=0.1+0.25+03=065 probobility, mode is = —1

Gy P(Y>-1)= P =0+P¥=1) -
2. A discrete random variable X has a probqbu_]ty distribution

X | Z 7 5
PIX=x) 1 0151020 015] ¢ | 01
Find v .
@  Thevalueof ¢ Gy PX<4) @  PET Yy <y
G PX<4) ) PR<X<4) w)  Mode =
Solutien
@ IPX=x)=1 =02 +0.15 +0.4 = 0.75
. _ ‘ ; _ P(x>2 nXs4)
0.15 + 0.20 t(ilg:— c+01=1 w) P (X > z/x < 4)‘ =
o ‘X = =4
(i) P(X<4)=PX=1)+ = P(X =3)+PIX =4)
P(X=2)+P(X=3) PX=1)+P(X =2)+P(X =3)+PX =4)
= 015 + 0.20 + 0.15 = 0.5 _ 015404 heia

@i PELH=PX=1)+PX=2)+
+(X =3)+P(X =4)
=015+ 0.20+0.15+0.4 = 0.9
V) PRSX<4)=PX=2)+PX=3)+

(ui) Mode is the value of x with the highest
probability, mode is = 4

P(X = 4)
3. A discrete random variable X has a probability distribution f(x) = {k’é x t:ei'ffssé 45
Find | |
()  Thevalueof k - (i)  PX=3) (7)) P(1< X <3)
(ii P(X=3 1 < | X =
i) ( ) (iv) PX<3) ey P& l/X <2
Solation ,
0] Yfx)=1 e | 6
k + 2k + 3k + 4k + 5k =1 =k+2k+3k=6k=—
P V) PA<X=<3N=PX=2)+PX=3)
15 1
(i P(x=3)=3-;<=.135.=§ X>k2+3k sxc”3
- ; Xz22n X<
(i) P(X 23)=PX =23)+PX =4) +(X=5) w p(*= /x<4)’='(rcx—14:q)
| 4 C PI¥ =) 4 PIX =
=3k + 4k + Sk=12k=¢ _ PX=2)+PX =3)
, , P(X=1)+P(X =2 =
W) P(X<3)=P(X=1)+P(X=2) +(X=3) =1+ PE=2D+PE=3)
. “k+2k+3k 6k 6

Exercise 3a
1. Adiscrete random variable X has a probability distribution
x

Find -
)  Thevdlue of o (i) PX>2) (V)  Mode
@  Pasx<3) W) PE<X<5)

, Aw(i=0,1,ii = 0.85,iii = 0.55,iv = 0.5 v = 3)
- Arandom yeriable X of a discrete p.df is given by P(X = x) = kx, x=12,13,1%

~—
c /.le:s'\\
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3.

he value of the constant k.
1

Write out the probability distribution and find t i
An [ _ X 12 | 13 k=2
—prX=xy__ [ 12k | 13K . R |

A random variable ¥ of a discrete probability distribution I glUOEZS Y p(y = 8) = 3P(Y = 10)

Find P(Y = 10). Am= 0.1

4. A discrete random variable X hos @ prob?b:ﬂity dIiStriSUH?n %
03 | K

7.

10,

1n.

[F_ F’()?=><‘) | 011 ]
Find
(i  Thevalueofk @Gy PX<1)
Gy PX=4) C(v) PR=X<4)

An(i = L ii = 3, iii = 0,iv = %—3.)
Write out the probability distribution for each of these variables
(@) The number of heads, X obtained when two fair coins are tossed
(b) The number of tails, X obtained when three fdir coins are tossed
A (a)

X 0 1 2 (b) X ] _ 1 2 3
P(X=x) | 0.25 05 0.25 PX=x)10125 0375 0375 0125
A drawer contains 8 brown socks and 4 blue socks. A sock is token from the drawer ot random, its
colour is noted and it is then replaced. This procedure is performed twice more. X is the random
variable for the number of brown socks taken. Find the probability distribution for X

An X 0 1 2 3
- 1 2
The discrete random variable R h p.difisqi =) =
Hres e R has a p.df is given by P(R r)=¢(3 -7), = 0,1,2,3
® The value of ¢ D) P(1<R<3)

An. (i =§ i :‘5)

/A game consists of throwing tennis balls ints a bucket from g o
; - . i : a diven di ]
Bridget will get the tennis ball in the bucket is 0.4. A tumn consists of 3“;;“':&' The Probobility that
(@) .c°mttmd a probability distribution for X, the number of tenn?snl:':lﬁs that |
in atumn hat land i
(b) Bridget wins a prize if, at the end of her N the bucket

: turn, if tk
bucket. What is the probability that she doo. . here are 3 g

: mor
does not win-q prize ®ten

nis balls i the

An (@) [ T 10 ]
[ PFIX==110.726 0.432 B.288 g 064 Uy
J o =0.84g
A discrete random variable has a probability function P(¥ = x) = {k (E)I
" Find the value of k. Ank =2 B herwe
| | : erwise
The number of times a phone freezes in a week follows a discrete ‘
" rﬂndom Uql—iubl .
function P(X =x)= (I) ' =01,2,3......... ® Withq Pro|
“ Fobapbility
) N 0, otherwise
fnd the probability that a phone freezes not more than twice in gy,
Lisa plays o' gome in which she throws 2 dice. If she gets two sixes, sha eE.h. An= 0.984
she wins 10,000/=, otherwise she wins nothing. She pays 5,000/ to enl:» r by 000/
szl?“blltty distribution of X, the amount she gainsinameturn o the 9ame “i: oy Jets.g
: 2 nolX * Writa .. Ne six
POy |00 500015000 " oun the
36 W 35
58
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EXPECTATION OF X, E(X) OR MEAN
The expected value of x is given by
E(X)=2YxP(X =x)

Examples
A discrete random variable X has a probability distribution
[ X 2 1 1 T O T 1 1 2 ]
CPX=x) 103 01 10151 04 10051
Find Expectation, E(x)
$olution

EX)=XxP(X =x) = (-2x0.3) + (—1x0.1) + (0x0.15) + (1x0.4) + (2x0,05) = —0.2
The discrete rondom variable Y has @ probability distribution is given by
P(Y=y)=cy, y=1,2,3,
PY=y)=c(B=y), y=4,567

Find
0] The value of ¢ (i) mean, l
Solution

— I =z 3 : 5 (5] 7 -
[ PY=v) | ¢ 2c 3c 4c 3¢ Zc c |

® LP(r=y)=1

c+2c+3c+4c+3¢+2c+ec=1
1

=—
16
(i) E(Y)=FyP(Y =y) = (1xc) + (2x2¢) + (3x3¢) + (4x4c) + (5x3¢) + (6x2¢) + (7xc)
Hp=4=064c= 64x1—16-=

A fair coin is tossed three times, write out the probability distribution for the number of heads, X
obtained and hence obtain the expected number of heads

|"o

Solution
' 1 2 3 1 3 3 1
P‘():=x) - 2 El - = (Oxg) + (1x§) + (ng) + (3;: E) = 1.5

3

H 8
E(X) =X xP(X =x)
A family plans to have 4 children. Given that X is the number of girls in the family. Find the expected
number of girls
Sclutien

1
a4

3 4
+ ]
it

&

RI&N

x 9]
= 1
P(X=x) —

f s

— — ) = ey d LN L 2N o
EON =ZxP(x =) = (0x 1) + (1) + (2« =)+ (3r) + (4x =) =2
A_ box contains 5 red balls and 3 blue balls. Two balls are drawn one ot time without replacement.
Find the expected number of blue balls

Selution
X 0 1 2 (0 20) + (1 30) I (2 6 n
= 20 A0 [ - — —_ —_— =
. 'LX il 5 e . 56 ( *5e) TX 5_6)- I3
E(X) = X xP(X = x) -

At 5t Noa , movie night fo:l!lows a discrete random varioble. Three girls; Jolly, Cathy and Sheila watch
it ) - 1 1 2 }
with probabilities of 31 313 respectively. Write out the probability distribution X, for the number of girls

who watch the movie and determine the number of girls who watched.
Solotion
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3 2 3 ;
112 1 P(X=0)=PU”C"S)=315x§=ia
= = PUn nS | p(x=x) f— 20 11 3
R H-2 | Fn=ExPr=x) 13
(i) (e (o) gy | FOSEEOD
4 35 4 3 5/ \4 3 e E o _ Ox—)Jr (lx——- * x60 1\):0
P(X =1) = P(nCnS ) + P(JnCnS )+ P(JnCnS )| = 10/ A 20/ 0\ 30/ %0,
12 3\ 31 3)+(§xgx§)=_‘-’_
=(2"§".§)+(zx§"s 4°375) " 20

; " = if he gets either all heq
A gambling game consists of tossing 3 coins. A participant is paid 5,000/ fhe g dor

7. " i toss
all tail, otherwise he pays out 3,000/= What is the participants expected gain per
"I‘I‘i.ll 2 i 6
- 3000 ;& _ e =_1000 -
eI o = (5000x 8) + ( 3000x 8) )/
E(X)=YxP(X = x)

8. Box P contains 4 red and 3 green sweets and box Q contains 5 red and 6 green sweets. A box is _rqnc!omly
selected and 2 sweets are randomly picked from it, one at a time without replacement. If P is twice g
likely to be picked as O, find the probability that both sweets are UNEB 2011 NO15

() of the same colours, () from P given that they are of same colours,
(i) expected number of red sweets removed

Exercise 5b '
1. A d_ifcr'et-e random variable X has a probability 5. Find the expected number of heads when
dlstribl:tlon . : gy ‘two fair coins are tossed. An £ (=1
Py e = 6. A family plans to have 3 children, Given that X
2 5 is the nqmber of boy in the family. Find the
Find £(X). Am E(x) = 2.5 X s umber of boys Am £ (x) = 1.5
- 7. W Xisthe random variable for the product of
2. 3 ‘:,? ;':tt.e random variable X has o probability the‘scorgs on two tetrahedrq| dice, where the
distribution

: r on which the die lands,
PrR=my - T 3 < find the expected score for the thro, .T
T 1 i W T E(x): 6'25 ‘ W "
Find the mean An p=17 Ab i

3. A discrete randomdy?rg:ble X has o probability one ot u.tir‘::z ;cia;:;tztm ur'T drawn clt random,
istribution g replacerment k:
,':p,,’(;,, f 01@ E% expected Number of red count =¥ Find the 12
d 9. An un biqsed tetral | o ers, A“ E(I) 1
Find . th 5 o i
(i) The value of the constant & h 0

(i) Expectation, E(x)
Ank =03,E(x) =29
4. A discrete random variable X has a
probability distribution

X J ] 1 2 =
(X=X} [ ¢ c* 4 e 3P+ 2c

Find ~
@ The value of the constant ¢
(i) Expectation, E(x)

Amc =0.2E(x) =208
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An () =03, (i) =0.2 Find the;
12 The discrete random variable ¥ has a 0] value of k.
probability distribution is given by (i) mode, (iii) mean of X
P(yzy) =Cy, y=1021_3t4 Ank——'_]‘ mode?=1 ='I‘:H
Find ” A 32 M 32
N The value of c, (ii) mean, . 4. discrete ra_?;:!;;h uunablex h:s ch1 12:.372 c
Anc=01E(x)= P ] = [ 0, otherwise
13. A discrete random variable hcls ap.d.f Find the
(1)" @ value of k, (i) meanof X
L el I x=1,2,34,5 X< 4
P(X =x)=1'2 e (i) P(* =%y 5 1)
| k, x=6 Ank =— ,,.u—S(m)—
0, otherwise 127
Propertie; of the mean
@ E(a)=a (i)  E(ax+b)= aE(x)+b
(i) E(ax) = a E(x) (iv) E(ax—b)= aE(x)—b
Where a.and b are constants
élmplez
1. Arandom variable X of a discrete probability distribution is given by
E Pr>>q<=xx } 011 : 0?2 } '033—1I
Find
M E>) _ (M  EGx) i)  E(4X + 6)
$olution E(X) = (1x0.1) + (2x0.2) + (3x0.3) = 2.2
M  EX)=YxPX = x) ()  E(5X)=5E(X) =5x22=11

(i) E(4X + 6) = 4E(X) + 6 = 4x2.2 + 6 = 14.8

2. A random uariuble X of a discrete probc:bmty distribution is given by
(0] = )

| F'(X—x) l Q. 25 0.10 0. 45 0.20 |
Find
(0 P(-1<X<1) (i) E(X) (i  E(6Xx —2)
$olution (i EX)=YxPX=x) 7
M P-12sX<1)=PX=1+PX=0) = (—1x0.25) + (0x0.1) + (1x0.45) + (2x0.20)
=0.25+0.10=035 E(X) =06

i) E(6X —2)=6E(X)-2=6x06~-2=1.6

Variance, Var(X)
Var(X) = E(X?) — [E(X)]*
| Where £(X?) = ¥ x?P(X = x)

Examples
L Adiscrete random variable X has a probability distribution

_ | il =2 1 3 1T a4 1 S |
F P())((=x3 Co1T o3 102 1 03 1 07 1

Find -
(0] The mean (i) The variance
Solution |
M EX) =Yxr(x =x) = (1x0.1) + (2x0.3) + (3x0.2) + (4x0.3)
+ (5x0.1)
E(X)=3
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250.0) + (22X03) +3§3;J225230 1
= (1220 42x0. 5 x0.
(i) gaT(X)?E(XZ)—[E(X)]Z E(XZ)-L(IU:“* ’
E(X?) = Lx?P(X = x) var) = 104 =B = i

. pution s given BY.
2. The discrete random variable Y has o probabuht_y distnbuiton: oL
Py =y)=clyl, y=-3"4""

e

0] The value of ¢ (i) mean, { : =0 .
$olution E(I’/‘{t)IT(X) - E(x?.) = [E(X)]z
Gt T T E 0 | unopcP=0, o
® ZP¥r=y=1 — (=3)%x3¢) + (=2 x2c) + 1)
3c+2c+c+04+c+2¢+3c=1 - +((2)2x2f:1)+((2) x2c)
1
‘ =_1_§. E(X_z)___-zzc.:?zxri—é-: 6
@  E(X)=TxP(X =x) ) yar(X)=6-[0)° =6
= (—=3x3c) + (—2x2c) + (—=1xc) + (1xc T
+ (2x2¢) + (3x3¢) 5= V6 = 245

3 red marbles and 4 white

. { ithout ) nt from a box containing
3. Two marbles are drawn without replacemen ble for the nurnber of red matkie

marbles. The marbles are drawn ot random. If X Is the random varia

drawn, find .
()] Expected number of red marbles | (ii)  Thestandard deviation of X
Solution

PO T = = = E(X*) = zxzp_(zx = x) . -
®  ECO=XxP(X=2x) - (ozxf) + (12x_) +(22x_) =2
—02+14)+(3 1)—6 ’ 8762 v

_(x_f) (I'Z *7)=7 Var(X).—_—-[_] :_2_0

M)  Var(X) = E(X?) - [E(N]* 7 17 49

4. Avendor stocks 12 copies of o magazine each week and the probability for each possible total number
of copies sold is shown below

[ Mumber of copies | ale] 11 12
Probability 1O

(a) Estimate the mean and variance of the number-of‘copies sold
(b) The vendor buys the magazine at 8,500/= and sells ot 14,500/=
destroyed. Construct a probability distribution table for the ye

- Any copies not sold are

find the expected weekly profit ndors weekly profit and hence
| Sclution (@ Profit=5p—¢ p
(u) E(l‘.’) =EXP(X=XJ 9copie;l P'raf‘_t 297-.
= (9x0.2) + (10x0.35) + (11x0.3) + (12x0.15) | 10 copies, Profi; :,ﬁ:f O~12x8500 = 28500
E(X) = 10.4 4500-12x8500= 43000

W copies, Profit =y
Var(X) = E(X?) - [E(X)]? 12 copies, Proff[:t TSN
E(X?) = T x?P(X = X) - —12X14500
= (9220.2) + (102x0.35) + (11%x0.3)
+ (122x0.15)
E(X%) =109.1
Var(X) = 109.1 — [10.4]2 = 0.94

5. The table below shows the number of red and green ball
UNEBD 2018 Ne.15

7 E(Y) = 4800
- - 0
Put in three identicq| boxes A.BandC
13] »
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Boxes A B (=
Red balls 4 53 3
Green balls = 7 5

A box is chosen at random and two balls are then drown from #t successively without replacement. If the

random variable X is “the number of green balls drawn”,
(o) draw @ probability distribution table for X.
(b) calculate the mean and variance of X

$clution . c 1
px =0y = L [ferPe | baXla ST _ g 933
3 7C2 13c2 862 d
] : c
pix = 1) = L [fade , ba¥Te | Ja X | = 05358
3 L 7Cz 13(:2 BCZ z
pix = 2y = L[RaX3a | batTe | 3atdal _ ga350
3 | 7C2 13’:2 862 J .
% 0 7 z E(XH) =Y x?P(X = x)
P(X=x) 0.2332 0.5358 0.2310 — (02x02332) + (12105358) +c22x0‘231)
B EX)=XxPX=x) 7 E(X?) = 1.4598
E(X) = 09978 i
(i)  Var(X) = E(X?) — [E(X0)]?
Properties of the Variancze
0] Var(a) =0 (i) Var(aX + b) = a®Var(X)
(i Var(aX) = a® Var(X) (v) Var(aX —b) = a*Var(X)
Where a and b are constants
Examples
1. A discrete random variable X has a probability distribution
e 1 =3 3 A
=3 2
Find
() Themean (ii) The variance (lil) Var (3X = 2)
Selution ‘
() EX) =XxP(X =x) = (1%x0.2) + (22x0.25) + (3%x0.4)
= (11’02) + (2](025) + (3X04) + (421‘01) + (SZXOUS)
+ (4x0.1) + (5x0.05) E(X?) = 7.65
E(X) = 2.55 . Var(X) =7.65 — [2.55]% = 1.148
(W) Var(x)=EX*) - [E(X)]? (v)  Vor (3X = 2) = 32Var(X) = 9x1.148
E(X?) = Tx*P(X =x) = 10.332
2.. A random variable X of a discrete probability distribution is given by
: 10 z ,
{( X=x N i
Find () The mean (ii) The vari (iii "
Solutien (id) ariance (ii)Var (4X + 3)
M~ E)=FxP(X =x) =(10%x0.1) + (20%x0.6) 2x
B p =1 0.1 0°x0.6) + (30x0.3) = 520
i) v= ((10x0-1) +é(20x0.6) +(30x0.3) = 22 Var(X) =520 — [22)? =3.3)5
ar(X) = E(X?) — [E(X)]? () Var (4X + 3) = 4%Var(X) =
: , =4 = 16x36
E(x*) = Lx*P(X =x) =576 )
63
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Exerclie 3¢
§. A randomn varia

distribution i given by
= =x) | 0.2 | -ﬂltilll-‘-

ble X of a discrete probability

Find 7
ey Gy B i) var (X)
An Efﬁi = zgf)s(x?) =5.9,Var(X) = 0.61

3. A random variable X of discrete probability
distribution is given by

je]

FF'(QEO_IL D._215 0.10 0.45 0.20
Find

® P(-1€X<2)

(i) E(X) (i) E(2X +3)

An (i) =08, (i) = 0.6, (iii) = 4.2
3. A random variable X of a discrete probability

distribution is given by: P(X = 0) = 0.05,
P(X=1)=045 P(X=2)=05

Find;

M EX) (i) EWX?) (i) Var(X)

Awm E(X) = 145,E(X%) = 2.45,Var(X) = 0.348
4. A random variable X of a discrete probability
distribution is given by: P(X = 1) = 0.1,

2r+1

-———'—'_"' T= 0r112;3
R=r1)= 20
P(R= 1]—27', y =45
200
Find

. T R)
(i E(R) (ii) Var(

A?ll JE(R) = 2.55, Var(R) = 1.45

8. The discrete random variable X has o

ility distribution is given by
probability dis o s g .3,4,5

PO =) = (10— x), %= 67,89

Find
()] Constant k
i  EX) (iii) Var(X)

An k = 0.04,E(X) =5, Var(X) =4

. The discrete random variable X has a

probability distribution is given by
PX=x)=kx, x=12,3.....n

Where k is a constant

2
show that k = revery

hence find in terms of n, the mean of X.
An= % (2n + 1)

P(X=2)=02,P(X=3)=03,P(X = 4)) = 0.%40., A random variable X of a discrete probability

Find:
O EX) @) Var(x)
wn pE=2/ )
An E(%) =3, Var(x) = 1,(iif) = 2
5. The discrete rondom variable ¥ has o
probability distribution is given by
PY=y)=k y=123456

Find;
0]} mean, () EBX +4)
(iif) E(x?) (iv) Standaord deviation
Anm =35, (if) = 152, (iii) = 14.5,6 = 1.708
€. The discrete random variable
scr R ha
probability distribution is given by e

N _Ar+1
P(R=7v)=
(R 7') = 27 r = 0|1,2,3

Fing;
®  meanyu (i) (3
(i) E(R?) (i) E(3R-2)
Am gy -2t
#E ER) =T EGR -2y = 80

Ts The discrete randg 1

Te m variabl
probability distribution js gi.\:r? l:‘: e

distribution is given bys
P(X=2)=01,P(X=4) =03,
CP(X=86)=05 P(X=8)=01
Find Var (X). An= 256 |
(118 A' random variable X of a discrete probability
distributi_on is given by:
P(X = 0_)PTXP(X =1)=01LPX=2)=02
Find Vor (X). An3=) 1.62(){ - H=03
2. A biased die is tossed once. X is the random
variable for the number which appears u;ﬁper

most. Th ; e ep
follows, & probability distribution of X is as

Find
®  EW) () By
(i) E(x?) (iv) VEJ.-TX(X)S)

13 .:_n () =35,(i)) = 5
- Adiscrete random
distribution

=, (i) = 14, (jy) = 1.7
riable X has a probabilty

Find the value of ¢ when;

64

Scanned by CamScanner



(i) E(X) =03 (i) E(X*) =18
An () =2,(i)=30r -3

14. Find the variance of each of the following
probability distribution

X 3121 07 2 3
PX=103103102]01104

(b) x [ 1 5
P(X=x)| L

(a)

~J
= |-w

s:.,— (%]

T L
3 3

W x][0[2]5]6#6
(X=x]0.11]0.35[ 0.46 0.08

An (a) =42, (b) = 7.33 (¢) = 3.67

15. An unfair die is tossed ance. X is the random
variable for the number which appears upper
most. The prebability distribution of X is-as
follows.

y

5\"— N

3! 4 5 6
L =

l?-l-' 4

X
P(X=x)

Find; (i) Valueofy (i) £(X)
(iif) Var(X) (iv)Var (4X)
Any =21 (i) =35, (it) = 22 (iv) = 47
16. Two pens are drown without replacement from
«a box containing 3 red pens ond 4 blue pens.
The pens ore drawn ot random. If X is'the
random variable for the number of blue pens
drawn, find;
®  EX) () EXH
(i) var(X) (iv) Var (3X —4)
am () =2,G) =2, @ =3.(M="73
17. If X is the random variable for the sum.of the
scores.on two tetrahedral dice, where the score
is the number on which the die lands, find;

()] E(X) (i) Var(X)

(iif) Var(2x) (iv) Var (2X +5)
An (i) =5, (i) = 2.5, (iii) = 10, (iv) = 10
8. A random variable X of a discrete probability
distribution is given by

- i = 3

Find Var (2X + 3). Ar= 144
19, A discrete random variable X has a probability
distribution

[ X 1T 1 2 [ 3 [ 4 1 5 ]
CEiX=x1 | Kk I 2k | 3k | 4K | Bk |
Find

(i) Constantk  (ii) Mean

(iti)  Standard deviation (iv) P(2 < X <4)
Amk=—,0=",=1247
20. A discrete random variable has a probability

function
_ {kx, 2=1,2,3, 6w el
PIX =x)= { 0, ~ otherwise
Where k s a constant and E(X) = 3, Find the:
(i) value of k and n.
. S x = 2 \

(it) varionce of X, (iii) P( ‘/X > 2)

Amk == n =4, Var(X)=1,(iii) = 5-

21. A discrete roandom variable hos o probability
function

e ={
Find the
[0) value of b, (ii) E(X)
(iii) mode (iv) P (X = IZ/X 5 2)
An k==, (if) = 28, (i) = 4, (iv) = -110

k(x®+ 4), x=0122314
o, otherwise

Cumulative distribution fumckion, F(X)
F(x) is given by F(x) = X P(X =)x
Nete F(+0) = 1 where +¢o is the upper limit

Exemplas

. A discre_te random variable X has a probability distribution

2 1 3 T a4 17

5 ]

3 -
L PX=xy [ 02 |025] 04 | 01

| 0.05 )

Find the cumulative distribution function
Jalutlem

E—r&——TF e Tnastobstoiet—9

2. The random varigble X has a cumulative function below'

=1

< |

=5 o) 1
0.25 0.35 0.80

1 |

B5
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function

Find the probability distribution

umulative distribution

, ioble X has @ ¢ —5 |
3. Adiscreterandom PO0 5 A
ﬁﬁm:ﬁlm
Find s (i) P(X=23)
; i bution
0 52-‘2’?2‘.-’."*’ - @iy PX>72)
felation " x=3) = 0.35 (iii) P({X>2) = D.68
. &5 @ &
. ﬂ-ﬁ:‘%&ﬁm
4. The random varigble X has cumuluti'ue‘function below
o o o) 0 80 i
Findﬁt)he- . Gy  Var(X) @iy ~ mode
oluton 7z 3 p: S E(X*) = Exngx = %) 2
FF"({?XHl (111 0.40 0.30 0.20 | = (12x0.1)+ (22x0.4) + (32x0.3) + (4°x0.2)
M EX)=ZxP(X=x) E(X?) =592 2
CE(X) = (1x0.1) + (2x0.4) + (3x0.3) + (4x0.2) Var(X) = 592 — [2.6]* = 0.84
E(X)=126 (ili) mode=2 b
an  var(x)=EX?) - [E()
Exercises 5d
1. A discrete randem variable X hos a cumulative (i) Var(X) An(0.9724)
distribution - - . - . @« A discrete random variable has a cumulative
F(x) 01 |03 | o6 | o8| 1 probability function. F(x) = ‘%, =123
Find § £ Find the
« A 0  F@.
(i) Var(X) (iii) Var(6X +2) a PO =2) (i) E(2X— 3)

An (i) = 15.2,(ii) = 1.56, (iii) = 56.16
2. The random variable X has a cumulative

An (i) = g, (i) = .;:" (iii) = %

4

fun ctio o bﬁlbw _ _ _ B. gr:g;r;ﬁ ;}".‘d;‘f" uur;;::ble has a cumulative
‘ - 7 unction. = =121
F)} | 0.13 054 o075 1 Find the Wiakn = 112"3
0] constant k (i) P(
_ ’ stant k X <3
Fmd(') | | (iil) Standard deviation ( 4
l(m) P&U;-—; 2) )P >1) Bnk=P(x<3)=2 5= 0816
- 1 i d N 3 ! L = :
An () =041 (ff)) - '(w)P(.}.{.' <2) (MEX) o A discrete rand i '
. ] ! - 0.8'7_1 (l“-) = 0‘.4‘6, probubA"t f Otn Uurlﬂble hﬂS a Cumulatiue
- i (";) =0.13, (v) =258 : ity Tunction,
e ran i ; )= sy
distribution o veriableX hos o cumulotive Find LR 1_ (1 h Z) X=1234
T x T = nd the
Fix) TR |
- O O F@. ar).
® Probability distribution function AmF(2) =% (3) g.llll)/Va(T(X)
' 64' " VW =T Var(X) = 0,547
é . r
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BINOMIAL DISTRIBUTION

A binomial distribution is a special type of a discrete random variable in which an experiment gives rise
to only two out comes either success or failure
Condition for a binomisl distribution
0] The experiment has a finite (repeated) number of trials, n
(i) The trioks are independent
(iii) The outcome of each trial is either a success or a failure
(iv) The probability, p of a sucecessful outcome is constant for all trials

If a discrete random variable X is the number of suecessful out comes in # tricls and satisfies the above
conditions, then X follows a binomial distribution written os
X~ B (n,p)or X~ Bin(n,p)
Formula for a binomial distribution
If X~ B (n,p), the probability of obtaining, rsuccesses in n trials P(X = r) where

Px =r)= "CpTq" | for r=10,1,2,3 e et T
Whereg=1-1p
Examples
The random variable X is distributed B (7 ,0.2). Find:
0] P(X =3) (i) Pl<X<4) (i) P(X > 1)
Solution

'0) n=7p=02¢g=1-02=08
P(X=3)= ";02%°0.8% = 0,115
M PA<KX<H=PA=2)+P(X=3)+P(X=4)
P(L<X<4)= 7C,x0.22x0.8° + 7C3x0.23x0.8* + "C, x0.2%x0.8
P(l1<X<4)= 0275+ 0115+ 0.029 = 0.419
@ PASD=1-PA=)=PX>D=1-[PX=0)+PX =1)]
PX>1)=1-[ "Cox02%x0.87 + 7, x0.21x0.8°]
P(X>1)=1-[0.210+ 0.367] = 0.423
At freedom city supermarket, 60% of the custormer’s shop on Saturday. Find the probability that in a
randomly selected sample of 10 customers
M Exu;tly 2 shop on Saturday (i) More than 7 shop on Saturday
Solution
0) n=10,p =06,g=1-—06=04
P(Xx =2)=1°C, 0.6%0.4® = 0.011
()  PX>7)=PX=8)+PFX=9)+PX =10)
P(X > 7) = 1%C3 x0.6°x0.4% + 1°C, x0.6°x0.47 + 12¢,, x0,62050.4°
The prohobiy tht e P(X >7)= 0121+ 0.040 + 0.006 = 0.167
abi ' - ‘ isredi '
ban et h:prob :bli-;;tt;rthit ;’tazﬂnl g; r:'?;l:?m from a box is red is 0.4. If a sample of 6 marbles is

() No red marble (i) 5or6red marbles fi) L
v (ii) Less than half red marbles.
O n=6p=049=1-04=06
P(X=0)= °C,0.4°0.65 = 0.047 -

@  P(BOr6)= P(X=5)+PK=06)
P(50r6) = °C50450:6" + ©C,0.450.6° = 0.037 + 0.004 = 0.041
(iii) P(X<3)= PX=0)+PX =1)+P(X = 2)

P(X<3) = ®Ci04°0.65 + ©C, 04'0.6° + ©C,0.420.6%
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4. A biased coin is such t

@

5.

= 0.047 + 0.187 + 0.311 = 0.545
hat the chance of o head appearing uppermost when tossed is twice the chay,
the coin is tossed 10 times. Find the probability thot ®

of a tail appearing uppermost. If
(i) Between 5 and 8 heads will OPpe
0

() Exactly 6 heads will appear
Solation _
P(H)Y+ P(T)=1 v en 0~ (2N

“w 2x+x=1" PLX = 6)‘_ Co (3) (3) =022
1 (ii) P(5 <X<8)= PX=6)+PX =7
X=z 10 36“?_'4 0= {2V 790

32 1 - Ce (3) (3) _+ _C"' (5) (;J

n=10,p = 30953 =0.228 + 0.260 = 0.4g8y

A box contains a large number of pens. The probability that o pen is faulty is 0.1, How many peng
would you need to select to be more than95% certain of picking at least one faulty pen

Solution
n =7,p =01,q =09 ~1301 > —0.045n
P(X=1)> 095 —-1.301
P(X>1)=1-P(X =0)>095 004 - "
1— "C, 0.1°0,9" > 0.95 n> 289
0.05 > 0.9" Least value of nis 29
Introducing logs : log 0.05 > nlog 0.9

Using cumulative binomial probability table

The tables give values P(X = x) for values of n and P

For values of
(i PX<x)=1—-PX=x+1) II
(i) PX=x)=PX=zx)— P(X=2x+1) .

Examples

The randem variable X is distributed B(5,0.3). Find ;
M  PX=3) () P(X<3)
M P> @ PX=2)
i)  P(X <4)

Solution

n=5,P=03
0] P(X = 3)=0.1631
(i) P(X>1)=PX=2)=04718
(iii) PX<£4)=1-P(X=25)=1-0.0024 = 09976
(iv) PX<3)=PX<2)=1-P(X23)=1-0.1631=0.8369
() P(X=2)=PX=22)- P(X=23)="04718—-0.1631 = 0.3087
An unbiased coin is tossed 15 times. Find the probability that:
(i) Exactly eight heads will appear upper most
(i) Between 6 and 10 heads will appear
(i) Between 6 and 10 heads inclusive will appear
Solution
n=15,P =05
() P(X =8)=P(X =28)— P(X=9)=05000-03036= 0.1964
(in) P(6<X<10)=P(7=2X<9)=PX2=2 7)— P(X = 10) = 0.6964 — 0.1509 = 0.5455
i)  P(6<X<10)=P(X >6)— P(X 2 11) = 08491 - 0.0592 = 0.7859
A student attempts 20 objective questions by guess work. Each question has got four possible
alternatives out of which only one is correct. Find the probability that he gets;
) Exactly 9 correct answers (i) At least 12 correct answers
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Gii) At most 6 correct answers

(iv)  Between 6 and 14 correct answers
inclusive
$olution

For correct answers, n = 20, P = 0.25,q = 0.75

Exactly 7 incarrect answers

(v)

)] P(X=9)=P(X 29)— P(X = 10) = 0.0409 — 0.0139 = 0.027

(i) P(X=12)=0.0009 ,
Gin PX<6)=1-PX=7)=1-02142 = 0.7858
(iv)

For incorrect answers, n = 20,P = 0.75.q = 0.25
®  PX=7)=0002

Exercise 6a

A biased coin is such thota head is three times
as likely to occur as a tail. The coin is tossed 5
times. Find the probability that at most two
tails occur. UNEB 2018 No.8 An  0.8965

Tom's chance of passing an examination is 2/3.
If he sits for four examinations, calculate the
probability that; UNEB 2014 NOo.4
0] Only two examinations
(i More than half of the examinations
An (i) 0.2963 (ii) 0.5926
A fair die is rolled 6 times, calculote the
probability that; UNEB 2001 NG.10
0] A 2 or 4 appears on the first throw
(i) Four-5's will appear in the six
throws Anm ()3 (i) ©.008
The probability that Alex wins a chess game is
%. He plays 8 games, what is the probability
that he wins UNERB 1998 Nov NO.7
(i) Atleast 7games (ii) Exactly 5 games
An (i) 0.1951 (i) ©0.2731
Usain Bolt makes § practica runs | the 100m
sprint. A run is successful if he runs it in less than
11 seconds. There are 8 chonces out of 10 that he
is successful, Find the probability that;
(i) Herecords at least no success at all
(i) He records at least 2 success
@iil) If he is successful in 5 practice runs, he makes
two additional runs. The probability of success
in either of the additional runs is 0.7. Determine
the probability that Bolt will make 7 successful
runs in total. An (i) ©.0003 (ii) 0.9933
(iif) e.1606 UNER 1993 Na.13

In a test there are 10 objective questions each 12.

Wit!"l"d choice of five possible alternatives out of
whxh only one is correct. If a student guesses
each of the answers, find the probability that

69

10.

P(6 <X < 14) = P(X = 6) — P(X = 15) = 0.3828 — 0.000 = 0.3828

he gets at least two answers correct UNEB
1991 No.11. An ©.6242

30% of the students in the school are day
scholars . form asample of 10 students chosen
at random, find the probability that:
()] Only 3 are day scholars
ii) Less than half are day scholars
An (i) ©0.267 (ii) ©.830

The probability that a shopper buys a cake is
0.25. Find the probability that in a random
sample of 9 shoppers,

(i) Exactly 3 buy a cake

(ii) More than 7 buy a cake

An (i) 0.234  (ii) 0.0001

A bag contdins cotinter books of which 40%
are blue and the rest are black. A counter
book is taken form the bag, its colour noted
then replaced. This is performed 8 times inall.
Calculote the probability that;

() Exactly 3 will be blue

(D] At least one will be blue

(iii) More than half will be black

An(i) 0.279 (i) o0.983 (iii) ©.59a

At a certain school, the records token form
admissions office show that the ratio of male to
female 5.5 applicants is 4:6. Basing on this
experience; what is the probability that will be
more femgle applicants in a rondom collection
of a dozen upplicants. An 90,6652

1. The random variable X is B(6,0.42). Find

0] P(X =6)
(i) P(X <£2)

An (i) _9.20539 (ii) 0,157 (“D 0.503

During printing of report cards, the computer

occasionally makes mistakes. In-a batch of 20

cards, 5 are found to have mistakes. A sample:

of 3 of this batch is taken and examined. What

is the prabahility that:

(i) P(X = 4)
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It contains a mistake
(ii) Exactly one contains a mistake
An () O0.5781 (i} ©.4219
13. An un biased die is thrown seven times. Find
the probability of throwing at least 5 sixes. Am
©.002 ‘
In a family a couple is equally likely to
produce a girl or a boy. Find the probability
that in a sample of 5 children there will be
more boysthan girls. An 8.3
The probability that it will rain on any given
day during examination period is 0.3. calculate
the probability that in a given week during
examination period, it will rain on;
() Exactly2days (i) Atleast 2 days
(i) At most two days
(i) Exactly three days that are consecutive
An (i) o.m8 (il) 9.611 (i) o.647
(iv) o0.0324
16. A fair coin is tossed 6 times. Find the probubllrty
of throwing atlleclst four heads. An ©.344
7. The random variable X is B(4,p) and P(X =
4) = 0.0256.Find P(X = 2) An 0.3456
18. In Agriculture lab, Sylvia plants bean seeds und the
probability that they germinate successfully i |s =
(a) She takes 9 seeds. Find the probablluty that:
0] More than five seeds germinate
(ii) At least three seeds germinate.
(b) Find the number of seeds that she needs to
take in order to be 99% certain that ot least
one seed germinates
An (a) (I) - 0.0424 (ii) o0.632 (b) 12
19. In a shooting competition, the probability of
hitting the target with a single shot is 0.6, if 7
shots are taken find the probability that the
target is hit more than twice. Amn ©,010%

0]

14,

15.

24

21.

-

26.

bo. In mass production of shirts it is found that 59,

are defective. Shirts are selected at random
and put inte packets of 10.
(o) A packet is selected at random. Find th,
probability that it contains
(M Three defective shirts L
(i) Less than three defective shjjy,
(b) Two pockets are selected at random. Fing
the probability that there are no defectiy, 1
shirts in either pockets.
A biased coin is such that it is twice as likely ¢
show a head as a tail. If the coin is tossed 5
times. Find the probability that
() Exactly 3 heads are obtained
(i) More than 3 heads are obtained
An (i) ©0.329 (i) ©.461

i

the least number of shots which should be fireq
if the probability that the target is hit ot legst
once is greater than 0.95. An 9
1% of the light bulbs in a box are faulty. Find
the largest sample size which can be taken if it
is required that the probability that there are
no faulty bulbs in the sample is greater than
05. An 68
In a test there are 10 multiples choice questions.
Each question has got four possible alternatives
out of which only one is correct. If a student
guesses each of the answers, find the
probability that he gets;

(i) More than 7 correct answers

/

|

|

I
22, The probability that atarget is hit is ©.3. Find i :

(i) More than half correct answers Am
(i) o.0004 (fi) o.0107

. X~B(n, 0.3), Find the least value of n such that

PX=21)=08. AnS
The random variable X is B(n, 0.6). Find the
value of nsuch that P(X < 1) = 0.0256. Ané

Expectation and variance of a binomial distribution

If X~B(n, p) then

lE(x) =np| and

Examples

Var (x) =

- npq

S$olution
E(x) =np
E(x) = 4x0.8 =32

Mean = 3.2

whereg=1—p

Var (x) = npg
In kampala city, it is known that g of the voters support F.D.C party, in a sample of 6 voters, what is

The random variable X is B(4,0.8). Find the mean and the variance

Var (x) = 4x0.8x0.2 = 0.64
variance= (.64

the expected value and standard deviation of the number of F.D.C's.
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|

4.

Solutlen
E(x)=np= 6x0.6 = 3.6
The probability that, it willbea
and also find the standard deviation
selution
E(x) =np=7x04 =28

X is B(n,p) with mean 5 and standard deviation 2.

- $olution
E(x)=np
5.d = ,/npg
2 = fnpq
* & == PG s sipss s s el L)

(i) divide with (i)

Meode of the binomial distribution

5.d = Jnpg = V6x0.6x0.4 = 1.2

sunny day is 0.4. find the expected number if sunny days in a week

S.d = /npg = V7x0.4x0.6 = 1.3

Find the value of n and p.

The mode is the value of X that is mest likely to occur, The value of X with the highest probability

and its close to the mean gives the mode.

Examples

The probability that a student is awarded a distinction in the mathematics examination is 0.15. In a
randomly selected group of 15 students, what is the most likely number of students awarded a

distinction,
folution
E(x) =np
E(x) = 15x0.15 = 2.25
P(X=2) = 3¢, (0.15)2(0.85)"3 = 0.286

P(X = 3) = 34 (0.15)*(0.85)'% = 0.218
The most likely number of students owarded a
distinction are 2

In a'school, 80% of the students find difficulties in Physics. If a samiple of 12 students is chosen.
(i) What is the most likely number of students who find difficulty in Physics
(i) Find the probability that fewer than half find difficulty in Physics.

$olation
0) E(x)=np
E(x) = 12x0.8 = 9.6
P(X = 9) = *2¢, (0.8)%(0.2)7 = 0.236

Exercise 6b
10% of drugs ot a certain Pharmacy ore expired. A
sample of 25 drugs is taken. Find the expected
number of expired drugs and the standard
deviation. Am 2.3, 1.5
The probability that a student scores above 60%
in o mathematics test is 0.5. In @ random sample
of 15 students, whet is the most likely number of
students who will score above 60%. An 7T and 8

.. The probability that an apple picked ot random

from a sack is bad is 0.15,

(@) Find the standard deviation of the number of

bad apples in a sample of 15 apples

P(X = 10) = "€y, (0.8)1°(0.2)% = 0,284
The most likely number is 10
()] P(X < 6) =0.0004
v
(b) What is the most likely number of bad apples

in a sample of 30 apples
An (a) 1.38 (b) 4

A. The random variable X is B(n,0.3) and

E(X) = 2.4. Find n and the standard deviation
of X.Am a8 s 1.30
In a group of people, the expected number
who wear glasses is 2 and the varionce is 1.6.
find the probability thet;
() A person chosen at random from the
‘group wears glosses
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10.

1.

expect to sell per day. An 2500

the group wear glasses. Am

(i o.2 (i) 0.00551 o
New vision publishes a governance article in its
newspaper each day of the week, except
sunday. A man is able to read on average 8

out of 10 articles. |
() Findthe expected value and the standard

deviation of the number of read articles in a
given week
(i) What is the probability thot he will read at
least 5 articles in a given week
An (i) 4.8 (ii) o.98
The random variable X is B(10,p) where p < 0.5.
The variance of X is 1.875. Find;
0] Thevalueof p  (il) E(X)
(ill) P(X = 2)
An () 0.25 (ii) 2.5 (iii) o.282
A die is biased and the probability, p. of throwing
@ six is known to be less than %} An experiment

consists of recording the number of sixes in 25
throws of the die. The standard deviation of the
number of sixes is 1,5. calculate the;
() wvalueofp
(i) Probability that exactly three sixes are
recorded during a particular experiment.
An (i) o (ii) ©0.23
In a bag there are 6 red pens, 8 blue pens and 6
black pens. An experiment consists of taking a pen
at random form the bag, noting its colour and
then replacing it in the bag. This procedure is
carried out 10 times in all. Find;
(i) Expected number of red pens drawn
(i) Most likely number of black pens drawn
(iii) Probability that no more than four blue pens
are drawn Am () 3 (i) 3 (iii) 0.633
The random variable X is distributed
binorially with mean 2 and variance 1.6. find
() The probability that X is less than 6
(i) The most likely value of X.
An (i) o.99a8 (ii) 2
Each day a bakery delivers the same number
of loaves to a certain shop which sells on
average 98% of them. Assuming that the
number of loaves sold per day has a binomial
distribution with standard deviation 7, find the
expected number of loaves the shop would

(ii) 6 peoplein

2. On average 20% of the bolts produced by o
machine are faulty. Samples of 10 bolts are tgy
be selected ot random each day. Each balt yy)
be selected and replaced in the set of bolts
which have been praduced on that day.
() Find the probability that, in any one
sample, two bolts or less will be faulty
(i) Calculate the expected value and
varianice of the number of bolts ina
sample which will not be faulty. Amn ()
0.68 (ii) 8, 1.6
13, An experiment consists of taking 12 shots at a
target and counting the number of hits. The
expected number of hits was found to be 3.
‘Calculate;
(i) The probability of hitting the target withq
single shot
(i) The stand ad deviation of the number of hit
" in an experiment. An (i) ©.25 (i) 1.5
4. In a certain a family, the probability that they
will have a baby boy is 0.6. If there are 5 children
in a family determine; UNEB 1988 No.10
(a) The expected number of girls
(b) The probability that there are at least
three girls
(c) The probability that they are all boys
5. The probability of winning a game is 0.8. Ten
games are played. What is the; UMNEB 1997 No?
(@) Mean number of success and variance
(b) Probability of at least 8 success in the ten
games An (a) 8, 1.6 (b) 0.6778
16. In a test there are 10 multiples choice questions.
Each question has got four possible alternatives
out of which only one is correct. If a student
guesses each of the answers, find the;
(i) Probability that ot least four answers
are correct UNEB 1998 mar No.12
(i) Most likely number of correct answers
An (i) ©.2241 (i) 2
7. A biased coin is such that a head is twice s
likely to occur as a tail. The coin is tossed 15
times. Find the UNEB 2001 No.4

() The expected number of heads
(i) probability that at most twe tails oce™
An (i) 10 (i) 0.0793
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‘ PROBABILITY DTRIBUTIONS 2- CONTINUOUS RANDOM VARIABLE

A probability density function (p.d.f) is continuous, if it tokes on values between an interval
Properties of a continuous probability density functions

| M [fdx=1 | M  fo)=0

Examples

kx, 0<x<5

: 1. A random variable X of a continuous p.dif is given by f(x) = [ 0 ! he
' ; else where

i Find the value of the constant k
Solution

I3 "
52 g2 2
kadx:l k(?—?)=1 kzz_s'
o 25

2753 k—=1
E- 2
0

kx, 0sx<2
| 2 Arandom variable X of a continuous p.d.f is given by flx) = 52!{(;( - 1), 2<x<4

I 0, else where
y Find the value of the constant k

I Solution

‘ 2 4 92 2 42 22
! kad+f2k(2x—1)dx=1 k(7*7)+2k{(3—4)—(?—2)]=1

‘ L Z 2k+8k=1
b _[=? ¢ 1
! k[?L-l-Zk[?—xL:l k_l—D

/ Sketching f(x)
¢ Find the initial-and final points of f(x)
® Join the initial and final paints of f(x) using a line or o curve
Note
» Alineisintheformofy =mx +¢
> A curve has o power of x being 2 and above or fractional power eg y = x2
> A curve with o positive coefficient of x? has a minimum turning point while a curve with a
negative coefficient x2 has @ maximum turning point

Examples.
kx, 0<x<3

1. A random variable X of a continuous p.d.f is given by f(x) = [0 else where

IJ Find the value of the constant k and sketch f(x)

] Solution

3 2

f kxdx =1 kz_ 9

L 0 3 When x = U,f(x) = ;xo =0
[‘ k[’% =1 When x = 3, f(xT= §x3=§
' 4 f(xy &
1 2 2 J

3 0 e ‘
| (7-%) ]
I 2 g '0- :.3 =
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2. A random variable X of a continuous p.d.f is given by f (x) = I

Find the value of the constant k and sketch f(x)
Inlutmn

kadx+fk(e Ndx =1

kxz
2

3

+k

&
xz
GX'—TZ'] =1
4} 3

k=

WO

3. A random variable X of a continuous p.d.f is given by f(x) = { k(Z — x),

Find the value of the constant k and sketch f(x)

$olution
0 r'4
Jk(x+z)dx+fk(z—x)dx=1
-2 0
x* Y £2*
kl—+2x| +k|Zx——| =1
2 2.
-2 0
(1
T4

kx , 0=x=3
k(6 — x), IJ=Z=x=6
. else where

Whenx = 0, f(x) = k(0) =0
Whenx = 3, f(x) = k(3) = 3k
When x = 6, f(x) = k(6— 6)=10

f(x)
3k ‘TM—)@
[e) 3 6 %
kE(x+2), —-2Z2x<)
0<x<2
0, else where

Whenx = -2, f(x)= k(-2+2)=10
When x = 3, f(x) = k(0 + 2) = 2k
Whenx =2, f(x)= k(2-=2)=0

=)= Kix+23—

Finding probabilities

Examples

1. A random variable X of o continuous p.d.f is given by f(x) = {

Find
(i} the value of the constant k
(HPX>4)
@in) P(X < 3)
Solution
[ kxdx=1
2 &
x

e =1

20

.62 02
"(?_?)21
k=1
18

® Bx>4)=2[f xdx———[—]

1 (67 42._ — b
= \Z 2 —9—-‘.556

P <3)=1 [ixde=2[F]

(D)
k

3
(i)

0

74

kex, 0<x<6
0, else where
(iv) P(l<X <3)

OR{Gle Z/Xs 4)

1 /32 02 1
18 2_7 —1—0.25

243

— e x*T
(iii) P(1<X<3)———~f1 xdx.= % [?.L
q1 32 17 _2 -

( X >2 P(X>2 n X24)
@ PCYx < )”W«T

T OP(x<4)
( ) ﬁfoxdx

3

T4
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p—— - - -

. _ [
2. Arandom varioble X of a continuous p.d.f is given by f(x) =

Find
(i) the value of the constant k and sketch f(x)
MPX <4)
$olution
. 10 N\ .
® [k(1-5)ax=1
] b 10
- =1
33,
102 02
—— )= 0-5= ] =1
f{(10-35)-(-5)
k=<
5
.. 1 4 X _ 1 ;.2 4
W Px<a) =1 (1-5)dr =[x~ 5|

3. A random variable X of a continuous p.d.f is given by f(x) = {
+ Find

(i) the vdilue of the constant k and sketch f(x)
$olution

J3 kx(6 = x)dxe =1

, 2
k13x 3 1
0

/ 63 03
Y6t — — | — 2 __j8=1
g {(3"6 3 ) -(on 3 )} G

1
k==
36

When x = 0, f(x) = —x0(6—0) =0

(@)

Find
(i) the value of the constant k and sketch f(x)
Solution
@ _]’: kxtdx =1

373
-
0
43 03 -
"[T?}_:l

3
k=2
64

M) Pa<x<3= ﬁ J; x?ddx

4. A random variable X of o continuous p.d.f is given by f(x) = [

75

=X, 0<x<10
10
0, else where
(i) P(2<X<6)

_1{(5_
B
0.48
Whenx =0, f(x) = 2x(1-15) =3

When ¥ = 10, f(x) = Ex(; -2)=0

(%)
! 1
) S e 52

o' ic >
kx(6 — x), 0<x<6
0, else where
(i) P(X = 5)

When x = 6, f(x) = ixe(e— 6) =10

ﬂx-f_@)\/_;%ﬁ—@

Q' [5 x

PX 2 8) = =[5 x(6 —x)dx = o [3x% -

5
1 62 53

2 _ - 2" W
=3 6{(33:6 3) (3x5 : 3)} 0.074

kx?, 0<x<4
else where

Jz'3 B

L0, -

(i) P(1 < X < 3)

1 x33:_ 1 (3% 13
“36|3), 36|33 04083

Whenx = 0, f(x) = :—4x02 =0
henx = 4, f(x) = X4 =~

I(x
1' f(x)—/a

)
¥
b
b
4 X
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. L (k(x*+ 1), 0<x<3
5. A random variable X of a continuous p.dfis given by f(x) = [ 0, else where
d ; v N
g-‘;n the value of the constant k and sketch f(x) | (i P(1<X<3)
Solution o s 0
M JokG?+1dx =1 Whenx =3, f(x)= (3*+1) =
k==
T a2 L s
i) PA=X<3)=x% [f(x*+1)dx
1 )P
=—|5 = 0.8889
=55t i
Whenx =0, f(x) = —(0* +1) = -
ke, 0<sx<2
6. A random variable X of a continuous p.df is given by f(x) = {k(2x — 3), 2<x<3
0, else where
Find | |
() the value of the constant k and sketch f(x) (i) P(X > 2.5)
PP W POSXSZy

Solution
®  [Jkdx+ [ k(2x—3)dx
klx]§ + kIx* - 3x]3 =1
1

4

Whenx =0, f(x)= k=
Whenx =2, f(x) = k=4.
Whenx =3, f(x) = %1(213 —3)=4

[ | &=

-
W
a

X

o &= M= s
|

Wh===——= e

.7 Arandom variable X of a continuous p.d.f is given by f(x) =

Find
()  thevalue of the constant k and sketch f(x)
(DP(—1<X<1)

folution
0 - 2
B kx+ Zo)zdx + [y 4k dx
+2)*
k[(x : )] +4k[x)E =1
~2
k=1

When x = -2, f(13 = k(-2+2)’ =0
When x = 0, f(x) = k(0 + 2)? =2

2

(i) P(X < 1) =§ fui dy = % [x]3 =%
Gi) P >25) :i fz?s(ZX —3)dx

1
=3 [x2 — 3x]3 5 = 03125
. 0<X<2 __ P(DSX22mX21)
W) & == P(X21)
1 .2
_Pl<X<2) 7 Jg dx
P(X=21)

1 2 1.3 iy
Z"; dx +Ef2 (2x—3)dx

[
=
Pl
Bl
+
B =
N
I
W] =

ke(x + 2)?, —2=<xx1
0, else where
(i) P(X > 1)
When x = 4/, f(x) = 4k =1
- 5 ot rm-y
E I o
. @4\\%? a i
< Q Y ?x
P(-1<X <1) =k [° x+2)%dx + [} 4ht¥
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0 4 4. 1
(x +2)° e = 1 119 i) POX>1)=[ Pakdx=1[x],? ==
— = ; =4+ —=— : |
=k 3 —1‘*'4}{[1]0 T T | 2 6
Finding the constant from a shetch graph
A random variable X of a continuous p.d.f is given by f(x) = {kx, 0xx<4
L a ' o 0 else where
(a) sketch f(x) and find the value of constant k (i P(X £1)
(b) Find ; (i) P(1<X<2)
Solution
(a) , N k=1
When x = 0, f(x) = kx0 = | 8 Lo L ey
Whenx = 4, f(x) = kx4 = 4k ® PE<D=3fxdc=] [7]0
| i e T £ S TS
| /' g\z 2/ 16
— ' - N 1 (2 1 [x212
‘ "o . 4 x (i) P(1<X<2)=§flxdx=aﬂ[?]
Sxdxdl = 1 =l(j_1_z)=_3_
gr = 1 g\2 2z 16
kx, 0<x=2
! 2. A random variable X of a continucus p.d.f is given by f(x) = {k(‘l —x), 2<x <4
| 0, else where
' (o) sketch f(x) and find the value of the constant k (ii) P(X > 3)
‘ (b) find; (i) PL=<X<3)
/ (i P(X < 1) (iv) P'(X = I/X < 3)
| Solution
] (@) 1 1 P
T Whenx =0, f(x) = kx0=10 (i) PX>3)== |[(4—x)dx =+ [41‘ ——]
‘ When x = 2, f(x) = kx2 =2k 4] 4 2,
When x = 4, f(x) = kx(4 - 4)=10 =0.125
f{x} i 2 1 3
2K 43 )
®,** It it (i) PO<X<3)= Z j -Zl' J' — x) dx
G . a3 x 2 1 T z
. 2 ' 1 [x? N 1 . 2" 3
Sxaxzk =1 T4l2] 4 2], 4
=1 W) PO =y <D ="px=3
3 L P(1< X<£3)
1 =T oy <2y
() P(X<1)-—— xdx-* [ ] 3P(X53) ;
- s _ 1/7 _§
2 3 7
- Fhxdx+z4<xdx /g
k, 2=5xs3
3. Arandom variable X of a continuous p.d.fis given by f(x) = {k(x - 2), 3<x<4
. 0, else where
() the value of the constant k and sketch f(x) | (i)  find P(|X —2.5| < 0.5)
Selution
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Whenx = 2. f(x) = k
Whenx =3, f(x) = ”:

When x = 4, f(x) (4—2) =2k

+;T> (iii)
Hx P
2k el :
xX)=k H
k ; ! S
|0 '1 2 3 4 x

Finding p.d.f from o shetch graph
. A randomvariable X of a continuous
1

p.d.f is given by

(a) Findthevalue of k
Solation
(a) Area=1

1
ExSxk =1

=2
3

(b) Forinterval; 0 < x <1
(0,0) and (1,k)

.3-0
3

-0
grad= =

x=0

_Z,
Y=3

Forinterval 1< x <3
2. A random variable X of a continuous

t
K

=) q 3 *

| (b) Find f)

(3,0) and (1, l:)

_y0_ 3"

grad= 1.1‘-3 =ia

¥ = —;(x— 3)
2

_x‘

3
fe=4_1

p.d.f is given by

Find ;: Uneb 2012 Neo.12
(a) thevalue of k
(b) Find f(x)

3. The life time, T of @ fully charged phone

by

l'o 1 2‘-;2

3 |
2 2 2
P(z<x<3)=-§f dx=*lx]%='§
2

' 1
2

5 |
P(Xx—25]< 0.5-)'\%—-
= P(—05< X —25<05) t

5

1=<x<3

else where

© PX<15/y . 4s) |

M~

Find ; Unek 2007 Ne.9
(a) the value of b
(b) Find f(t)

An; (a) = %,(c) =05, (d)= 5

Fiey =

e =y 30 Tt
I ) PAsX <)
1
=L 0<t<s
’ |
510 ~10), 5<t<10
0, else where
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Exercise 7a

1

1. A randomvariable X of a continuous p.d.fis Giventhat P(X < 0.5) = ¢
) v {kxz, 0sx<2 () Find the value of the constant k and ¢
given by f(x) =1 else where (i) sketch f(x) Amec =1, k=14 )
) (a) Find the value of the constant k 6. A random variable X of o continuous p%d.f is
L {(b) sketch f(x) _ ) o (lex, 0<x<4
b (© find (1) P(X 2 1) (if) P(0.5< X <1.5) given by f(x) = {g, else Whereh
An. (a) = g (c) (i) =% (i) = E 0] Find the valyeao; Elze ;a:;lsio;ts)
2. A random variable X of a continuous p.d.f i (i) shetch f(x) (!'0_ DI;‘ 75 (iiﬁ _ 6’_3 28
givenby f{x)= { 0, else where 7. A random variable )l(( ofa contm%of;z 25
G  Sketch f(x) k, <x<
(i) Find the value of the constant k given by f(x) = {k(2x — 3 2=X 5 3
Gi)  find P(~16 <X <2.1) o elffhw’wre
An. (if) =< (i) = 0.74 (@) Shi:hr:f‘g and find the value 0T the
: a
| 3. A random variable X of a continuous p.d.f is () :i(r’w d
givenby f(x) = {k(4 —x). . S 3 S_‘B (i) PX¥ <1) (ii) P(X > 2.5)
| 0, else where (i) Gil) P(1<X<23)
I () Find the value of the constant k Ny 1 e
{ (i) sketch f(x) (iii) find P12 < X <24) (D] Am(@)=7 (=7 (i) =
= An. (i) =} (iit) = 0.66 03125 (iii)=03475 g
1 4. A random variable X of a continuous p.d.f is 8. Arandom variable Xad a contgl io;s 3 '1'515
given by f(x)={k(x+2)2' £ 25 ¢ : . d o is< .<2
s ' Lo, else where given by f(x) = {75 (2 —x), 15<sx =
(@ Find the value of the constant k ' 0, else where
(b) shetch f(x) Find the Uneb 2000 No.14 a
. @ find (HPO<X=1) (i) PX=1) () Valeofa (i) P(X < 1.6)
' An. (D) == (i) =2 (iv) == Na=18 (i
5. A random variable X of a continuous p.d.fis
A _ (kex3, 0<x<c
:' given by f(x) = {0 else where
"Expectation or mean of X"
For o continuous random variable with p.d.f, f(x): E(X) = [ x f(x)dx
ﬂu!ﬂ-i Examples
i 1 2
1. A random variable X of a continuous p.d.f is given by f(x) = {kx ¢ 0=x=<3
) L0; else where
Find
(i) the value of the constant k and sketch f(x) iii) PX<w
(i) u, the mean of X
Solution
" 3
B [ kxtdx=1 Whenx = 3, f(x) = ~x3% = 1
x3 3 - (= ?
i 1 !
I k = ; o' 3 x
x=0,f(x)= 5x02=0 i) EQO =3 f3xtax =[] =225

o}
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225 3 2.25 - 0.42
POX <) = f x%dx = 2|
A =17y 93],
‘ | 3 <x<?
2. A random variable X of o continuous p.d.f is given by f(x) = {kx ! ‘D =SX= ‘
0, else where
Find
0] the value of the constant k (i) PX<1)
(ii) the mean of X
Solution
2 ‘ 2
ii kx3dx =1 g _d 2 gy 1[x%]° _
Gy |, Lt (if) E(X)-!‘J;x dx-4[5]n—-1.6
1
k7| =1 1 1[x*]
4]0 (i) P(X < ]):—jx:;dx:— E...
24 04 4 & 4| 4 &
k{?_ T} =1 = 0.0625
1
k= : 2 |
_ . : . . k(4x — x*), 0=x<2
. Arand b : . =
3. A random variable X of a continuous p.d.f is given by f(x) { 0, olse where
Find
() thevalue of the constant k (i) P(X <1)
Gi) E (X)
Solution
@  Jyk(x—x)dx=1 _2 4_"3_.3"_42—025
2372 1603 4
k 21_2 —?jl =1 3 1
23 ¢ NE (iii) P(X<=1)= 2z j(4x —x%)dx
k{l2(2)? ——=| - [2(0) ——[{ =1 4
3 3 3 [4x® %]
3 _
= = —|———| =0.3125
M 6|3 4 L
(if) E(X) = Jo x(4x — x*)dx '
_ . . - _(3x%, 0<x<1
4. A random variable X of a continuous p.d.f is given by f(x) = { 0 else where
Find
() the value of the constant k (i) E (X) ki) The value of a suchthat P(X < @) = 0.5
$olution
. 1, . 1
@ [, 3fdx=1 @)  E() = [ x(3xVdx =3 ["_"] =075
1T 3 4o
3 =
k+ 1]0 (iii) P(X <a)= 3](x2')dx
P+t gk . 4
3{k+1_k+1]=1 0.5=[x*]§
3 a® =05
kr1 L a = 0794
k=2
i 0<x<2
5. A random variable X of a continuous. p.d.f is given by f(x) = (1 _ 5) ' 2< <4
0, else where
80
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of

sketch () and find E(X)
$olution

Whenx =0, [(x) = 7x0=10
Whenx =2, f(x) = %xZ: 0.5
Whenx =4, f(x) = (1-%):0

(A
oS5

. 2 4 ,
x
E(X)=Efx2d-x+ f(x—T) dx
0 2

6. A random varioble X of a continuous p.d.f is given by flx) = {

)] shetch f(x)
(i) find the value of k

Solution
() Whenx =-1f(x)= k(=1+2)=k
Whenx =0, f(x) = k(0+2) =2k
Whenx =1, f(x)= 2k(1-1)=0

1 1 .
-z-xlx(k + 2k) +51112k =1

k=2
5
_ P(0< X <0.5)
iy P(O <X <05/y ar= e
Properties of the mean
(i) E(a)=ua

(ii) E(ax) = a E(x)
Where a and b are constants

Examples

1. A random variable X of a continuous p.d.f is given by f(x) =

(i) Sketch f(x)
(ii) Find E (X)
Solution
@  Whenx =0, f(x) = 5;(0+3)= sja

When x = 4, f(x) = %(4-_;. 3=+

4

x? 1
o — === 0.125
I4x 5 L B

| =

£

kix+2), -1<x<0
2k(1 —x)_f O0=x = 1
0 else where

(iii) P(O < X < OS/X > 0)
(iv) find E(X) Uneb 1997 No.10
xz u--ri
%foos(l—x)dx_ [x 2]0 =§/l
4’ 1.,. - z 1 A
5 h(—x)dx [x—%—]o 2
0 1

(iv) E(X) =§- jx(x-i— 2)dx + gjx(l —x) dx
-1

0
2 x3+ 20 +4 x* x31_ 2
R R P G

= 0.75

(iii) E(ax+ b) = aE(x)+ b
() E(ax—b)= aE(x)-b

0, else where
(iif)  Find E(2X +5)
5
f.gx')_,‘ir_ }/k_“ = - -
ETIE y
) ’4 —"%
s
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? : 3 ge27*
1 1 |x 3x
(if) E(X)zfafx(x“‘.?)dx;ﬁ ?+ > L

0
= 2.266

2. A random variable X of a continuous p.d.f is given by f(x) = - 6 —x),

(i sketch f(x)
()  find P(X < 4)
Solution
Whenx =0, f(x) = *3—'(0)2 =
3

Whenx = 2, f(x) = 33—2 (2)* = 5

Whenx = 6, f(x) = —33;(6 -6)=20 3 [xa]z 3 [ x2]4 13
f(x) & 32 32 2f, 16
El ~_ T, ;: 2
8 > A SN 3 — — 2
57 _?3(5\ (iit) E(X) fx dx + 3ZJ(G %) dx
™M +) 0
‘s@ : ' 3 [x* 3 x31°
D. r2 " .be =§[ ] +32 3x2~?] = 2.875
2
' (iv) E(100X —20) = 100x2.875 — 20 = 27y
Exercite 7b
1. Sketch f(x) and find E(X) for each of the following continuous random variable
kex3, 0<x<2
(@) f(x)= { &+, f=x=1 (@) fx) = {Ox else w;ere
\ else where "3 2oy
3 _ 2 2y
: ~x(2 - x) 0<=x<2 . 8’ 3T 77
b )= 4x( ’ Y — o
Go { 0, else where (e) fx) = "%x(fl —x), 2<x<4
© f(x) = {1_13 (6 —x), D<x<6 0, else where
0, else where

Ar. (0)=— (b)=1 ()=2 (d)=1.6 (e)

16
2. A random variable X of a continuous p.d.f is
I, 0<sx<1
. o ) K 1=x<3
gvenby ) =944y, 3<x<4
"0, else where

0] sketch f(x)
(i) find the value of & (£it) find E(X)

An. (i) k = ; (iii) = 2
3. A random variable X of a continuous p.d.f is
)
given by f(x):{’:; ! Osx<4

else where
(i)  Sketch f(x)
(i) Find E (X) (iii) Find E(ZX'+5)
Am, (ii) =3 (i) = 11

(iit) E(2X +5) = 2x2.266 + 5 =953, |

= x2, 0<x<?
32
3
2<x<6
0, else where

i find ECQ)
(v) find E(100x — 20)

2
(it) P(X < 4) —% fxzdx+~ j(ﬁ ~ X) dy

=2.042
4. A random variable X of a continuous p.d.fis
. kx?(10 — x) D<xs<d
by f(x)= " “
gwen by f(x) { 0, else where
§)) Find k
(i) Find E (X) (iii) Find E(3X — 4)
Am. (D k= (ii)=6 (iii)=14
5. A random variable X of a continuous p.d.fis
- kx 55x<10
ivenby f =q -
H _ 4 f(x)‘ {0, else where
m(l) Sketchf(x)  (ii) Find k
(iif) Find E(X) (iv) Find P(X > 8)
An. (i) k=== (i) =22 (i) = 0.48

6. A random variable X of g contlnuous p.dfis

2 <]
given byf (x) = {kllﬂ &2 t]?'lse ;fel:e

¥
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2,

() Find R
(i) Sketch f(x)  (iif) Find E(X)
An. (D k=3 (ii)=2
7. A random variable X of a continuous p.d.fis
. (kx(5 —x), 0€x=<5
given by f (x) : { 0, else where
(i) Find k 7
(i)  Sketch f(x) (iii) Find meanof X
An. (D) k=—- (ii)=25
8. A random variable X of a continuous p.d.fis
. . _(k(Q+cosx), O=x=T
given byf (x) = { 0, else where
() Findk
(i)  Sketchf(x) (iii) Find mean of X
An. () k== (fii) = 0.9342
9. A random variable X of a continuous p.d.fis

) ?
Exl 0 S x =< 3
givenby f(x) =14 i 3<x<i
\0 else where

M sketch o)
(i) find k(i) find E(X)
(iv) find of € such that P(X > c) = 0.85
Anc (i kst (i) = 2.6v(1) .:5/1. 5
10. A random variable X of a continuous p.dtis

1
e(x —= <y <
given by f(x) = [k (x a), 1€£x<3
0, glsewhere
Given that P(X > 1) = 0.8, Find: Uneb 2001 NHo.15

(i) Values of aand k
(ii) Probability that X lies between 0.5 and 2.5
(iii) mean of X
An. (i) k= 2,2 =1 (if) = 0.6667,(iii) = 1.8
11. A rendom variable X of a continuous p.d.f is

k(x+2), —1=x=<0
. 2K, 0<x<1
given by f(x)z E(S_'x) 1<x<3

- ) <x<

0 else where

(b) Find the value of k and meon of X

2 12
Ana. (i).k = E (Il =E
A random variable X of o continuous p‘,d;f is
A 2kx, o0sx=<1
given by f(x) = (3 —x): 1<x<2
\O, else where

Uneb 2005 No.11 '
(@) Sketchthe function () _
(b) Find the value of k and mean of X

An. () k=7 (i) = i

13. A random variable X of a continuous p.d.fis

. ki3
a(1 — cosx), 0sx<7
i3
guenby f() =1 asinx, ~ FEXET
0, else where

Find the Uneb 2008 No,i12
(i) Valueof a (ii) Mean , 4

wp(E<r <)
(m)P(—i 7

An. () @ :,Er (i) =1+3 (i) = 0.6982
14. A random variable X of a continuous p.d.fis
K, x, 1<x<3
given by f(x) = {kz(r} —-x), 3sx<4
0, else where
(a) Show that k, = 3k, Uneb 2011 No.9
{(b) Find
0] Value of k; and k,
(i) Mean, it

An. () k, =k, = (ii) =

15. A random variable Yof a continuous p.d.f is
y+1
i 1<y=<k

given by f(x) = { 3’

0, else where
Find: Uneb 2015 No.9 '
(i) Valuesofk
(ii) Expectation of ¥
(i) PA =Y £1.5)
An. () k=2, (i) =1.6667,(iii) = 0.2813

{a) Sketch the function f(x) Unek 2004 Ne.11

Variance of X
For a continuous random variable with p.d.f, f(x)

[Var(n) = EX®) — [ECOT|_or[Var() = E(X®) - ]

Where E(X?) = [ x? f(x) dx and 4 —Mean

Propertie) of the Varlance
0] Var(a) =0

i) Var(ax) = a® Var(x)
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Gin  Var(ax+b) = a*Var(x)
Where a and b are constants

Examples

Uneb 1992 No.10a
the value of the constant k

E (X)
Solution
®
k
k=15

) E(X) =15 f) x(1—x?)dx =15 [% - XT]O
3

8

Find
M
@i
Jy k(1 —x%)dx =1
%3
¥ —

3],

=1

2. A random variable X of a continuous p.d.f is given

Find
M EX (i) Var (X) | (i) standard deviation,o (iv) Var(3X +2)
Solution
. T TP 1 £ 5l A Var(X) = 8 — (2.667)* = 0.887
® B0 =3 x@dx =[5 ]0 “2"6674 (i) o= 0BB7 = 0.942
@ B =ifPedc=;[5] =8 (v) Var(3X+2) = 9x0.887 = 7.983
4 . .
3. A random variable X of a continuous p.df is given by f(x) = {E (5 —2x), 0=x%23
0, else where

A random variable X of a continuous p.d.f is given by fx) = {

iv) Var(ax —b) = a®Var(x)

0sx<1

k(1 —x2),
else where

0,

I(m) Var(X)

1
E(X?) = 1.5[ x2(1— x?)dx
0

(1
PR

by -f(x)={0

0<x<4

else where

Find
)] mean, i | (i) standard deviation, o
Solution
() EX) == x(5 - 20)dx I
e P NS EREY Mk
=% —_3‘]0 =10.933 Var(X) = 1.041 - (0.833)? = 0.347
@ B =gy x5 = 2xdx =¥0347 =059
i - ' S(1+x7) 0<x=1
4. A random variable X of a continuous p.d.f is given by f(x)-= {4 d Sx=
' , else where
Find
® meim,,u | (i) standard deviation, o | i) P(X—pl <o)
Solution
. 1 ,
() ,u=§f0x(1+x2)dx _3x3+x-“‘1 o4
—3x2+x4]1—0'5625 43 5L
G Var(X) = 0.4 — (0.5625)% = 0.0835
(i) E(x?) =21 2% (1 + xDdx ~ o =/0.0835 = 0.289 |
¢ @il) P(IX — | < o) = P(JX — 0.5625| < 0.289)

1
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X+

3708515

Dfs(j(_;.zns <X<0 ) _3. X — 0583
3 4 0.2735
=2 | a+xdax
02735
Exercise 7¢ o , )
. Find E(X) and standard deviation for each of the following continuous random variables
; : , ot 0<x<2
; )= { xZ, D<x<2 2’
@ fix0= else where (vi)f(x) = %(Zx —3), 2=x<3
~2<x=3 0, else where
x -
@) () = { else where % x+2)%, —-2<x<0
o k 4 X 1<x<3 . §
(i) f(x) = { ( ) else where (wii) f(x) = %’ Dsx=j3
. k(x ¥ 2)"’ 0<x<?2 0, elsewhere
() f(x) = { else where
ka3, 0sx<1
(v) fO) = { else where

An. (a)——15 0.387 (b) =0.5,1.44 (c)=1.833,0553 (d)=1.214,0.545 (e)—080163

() =1.792,0912 (g) = 0.278,0.672
2. A random variable X of a continuous p.d.f is

. rron _ (kx?, 0<x<4
givenby f(x) = {0, else where
Find
3, A random variable X of a ¢ontinuous p.d.f is
ko, D<x<=1
given by f(x)=1k(2—x), lsxs2
L0, else where
Find
@ Constant k (i) E (X)
(i) Var (X) (iv) P(0.75<X <1.5)
(v) mode
Am. () k=1 (i) =1 (iif) = () = %
() =1
4. A random variable X of a continuous p.d.f is
L2, 0<x<3
‘ 27
given by f(x) =41 3 < x <5
g ,
\ 0, else where

() Sketch f(x)
(i) Find E (X) (iiii) standard deviation
Am. (ii) =3.417 (iii) = 1.008
5. A random variable Xkof a continuous p.d.f is
={x(4—x)' Isx=3
- \0, else where
0] Show that k = —

given byf(x)

In3
(if) Find E (X) qnd Var (X)
Am. (ii)=2, 4-—
n

() The value of k and sketch f(x)
(i) E (X)and Var (X)
(iil) POA<X< 2)
An. (D k= % (i) = 3, = (i) = 614
6. A random variable X of a co_?tlnuous p.dfis
given by f(x) = [k&u o elsgi:fhzri ?
(@ Show that k = ——
(i) Given that E (X) = 1, find the
value of @ and k
(iii) For the above values of a and k,
find Var (X)
Am.(ii)a=2, k=075 (ii)=0.2
7. A random variable X of a continuous p.df is
given by f(x) = {12(x2 —x), 0=x<1
0, else where
Find mean and standard deviation
An. t=0.6,0=0.2
B. A random variable X of a continuous p.d.f is

K
given by f(x)={§' OEXSE
0

] else where
M Show that k& = 1
(i)  Find the mean and standard

deviation, in terms of
o B -
An. (iDu==, o= P

9. A random variable X of‘ a continuous p.df is

1
givenby f(x) = {5 (x + 1), 2=x<4
0, else where
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Find .
(i) E(X) (i) Var (X)
(iii) P(25 <X < 34)7

Am. (i) =2 (i) =, (i) =0.234

0. A random variable X of a continuous p.d.fis

k(1-x)?, 2<x<4
givenby f(x) = [ 0(, else where
Find
() Constant k  (if) Mean

(iii) standard deviation
An. () k=— (i) = (i) =0.194
1. A random variable X of a continuous p.d.f is

kx, 0<xx2
giuenbyf(x)={k(4—x), 2<x<4
0, else where
Find
Mode

(i) Constantk (il) E (X)
(iii) Var (X) (iv) PgX < 1)
(7)) P(2 < X <3) (vi) };(1 <X g
am. () k=1 (i)=2 (D) =3 |
1 3

(im)=g =g i)

12. Aman leaves at a point whm_h i5 20 minygy, |
walk from the taxi stage. Taxis arrive at
stage punctually. If the p.d.f for getting q ta
P bf(x)—{ 2—10, 051’520
is given by | 0, else whey,

Find Uneb 1999 No 10b

(i) Expected time it takes to wait for a taxi

(i) Variance of the time it takes to waitlgor Qtoy
0

An. (i) = 0.05mins (&) = =~ mipg

3
(vi) = 3

This is the value of X for which f(x) is maximum in the f(x) given range of X

(i) The mode is obtained from % f(x)=10
~H2
The maximum value is confirmed if :—x{ f(x) = negative

(i) When a sketch of f(x) is drawn, the value of X for which f(x) is maximum gives the mode

Notes For any line the mode can only be determine fram a sketch of f(x)

Examples
1. Arandom variable X of a continuous p.d.f is given by f(x) = {k (24 x)(4 —x), 0sx<4
: 0, else where
Find
(0 The value of k and sketch f(x) | (i) mode

Solution

(D f4k(2+x)(4—x dx =1 - A oo

: . M G1@ =0
0 3
‘ 3t 3 f— (2 = 2x =0
k[8x+x2—%] 1 80 x_l)
3 0 Mode = 1 '
k==
BO
2. A random variable X of a continuous p.d.f is given by ) = {Trlj'ﬁ'x(ﬁ ~ %2, O0<x<6
Fleid (.) M 0, else where
I ean i) St P .

Solution (i) Stomdard deviation (ii) mode

. _ 6 1

N n=] o5 ¥7(6 — x)2dx -

= !m(BGXE — 12x3 + x“')dx
86
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) 3}

i

5

! 2 3 +x
= —|12x% — 3x* 5

108
Giy E(x*)=

-[a

Jf—ﬂ 108

6
=24
0

= x3(6 — x)%dx

108

— (36x3 — 12x* + x®)dx

=J72-242=12
@) o[ =0
d 1

— —(36x— 12x2 +x7) =10
dx 108

L (36— 24x+3x%) =0

108
(6-x)(2-x)=0

by

- — e ——— e —

1 . 12x° x56 x=2o0rx=6
= 108 9x™ — 5 5 . Mode = 2
=72 _ - (ksinx. osxsm
3. A random variable X of a continuous p.d.f is givenby f(x) = 0, else where
Find d
(0] Value of k @) Meon | () mode
(ii) P(x > %) {iv) Var(X)
Solution
(i) fu"_ksinx dx =1 cion |
k[—cosx]§ = 1 +
k(—cosm — —cos0) =1 +
1 =
k = E 1 2 _ 4
(i) p (x > g) = %L. sinx dx = % [—cosx]F = E[—xzcosx + 2xsinx + Zcosx]g = —
| _33( . __cosn)_"‘_ _w?—4 m? m*-8
= COST 3) =& Var(X) 2 - (—2-) = 2
1 pre 5
i E(X) == |= xsinx dx “ =
(i)  EX) =3l e ) @)=
siEn | derivative | a‘r;.t_lﬁgral d 1
| = =m gt =0
1 T
=5 [~xcosx + sinx]f =3 5 (cosx) =0
. 2y = L™ 2oty dx x = cos™ 0
(iv) E(X?) 2fgxsmmr X = 90°
Mode = =
-'ki 0<x<6
4. A random variable X of a continuous p.df is given by f(x) = { 0, else where
(a) sketch f(x) (c) mode
(b) find the value of constant k
Solution
(a) When x = 0, f(x)z :0
When x = 6, = = 6k 1
2 fx) Zx6x6k = 1
(< 2
Bi< . . 1
: 18
'e g e Mode = 6
7 - 10kx?, 0<x<06
5. Arandom variable X of a continuous p.d.f is given by f(x) = 9k(1 - x), 0.6 <x<1.0
Find 0, else where
(O The value of k and Sketch f(x) ’ (i)  Expected valu of X

() Most likely value of X (v)  PX>08)

87
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v)
Solutlon

f,, 10kx? 4 f; 9%k (1 —x)dx = 1

P(0.4 <X < 0.8)

z5

jil) E(X) = ®10x® dx + 3ef069x(1"x)d

3 06 Iz 1.0
10k [3 ]0 + 9%k [x '—?]0 =1 B 250 4 ﬂ.ﬁ 225 x3. 1
P "~ 36 4‘0 ﬁj_?%:U.Sgl
36 ‘ ;
When x =0, f(x) = ﬂ( )2 =0 i | (WPX>08= %fo,a*)(l — x) dx
i
whenr—o.s,f()=ﬂ(oe)2—zs I L
When x = 1.0, f()—ﬁu—n—o 36 222"’06
(i) | (W P04<X<08)=—[ 10x"dx+
F<) - _— 7 36
2.5 S N 5, f 9(1 -~
= 250 [x ]""" 225 xz]”
' ! = . = e t——ix—5| =013
0 0.6 1.0 X 36 0 36 2 06
(i) Most likely value of X= 0.6
Median
This is the value of X for which : j"zm f(x)dx =05
Where m is the median and a isthe lower limit -
Examples
|
A random variable X of a continuous p.d-f is given by f(x) = {5 X 0554
0, else where
Find the median
Solution
m 1 ] P
f—xdx=0.5 ™ =03
18 m = +2.828
1 ™ Median is 2.828 since it lies in the range
[—xz =0.5
16 Up
2(x+2), —1<x<0
A random variable X of a continuous p.d.f is given by f(x) = 3(1 —x), 0<x<10
0, else where
Find the median
Solution

‘We need to first integrate the first interval if its

> 0.5. if its less, then the median lies in the
second interval

0
]5(x+2)dx— [—+2xl =06

Then the median lies in the interval —1 < x <0

2
Jg(x+2)dx=0.5

-1
A L
5|2 -7
m=—0.129 orm = —3.871
Median is —0.129 since it lies in the range

m

=05
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3. A random varioble X of a continuous p.d.fis given by f(x) =

Find the median
$olution
We need to fint integrate the first interval if its = 0.5.
if its less, then the median lies in the second interval

Q2 2 [x? |
—(x+1 =—|—4x| ==
JB(T‘*' ) dx S[Z-I-).] 9
-1
Then the medion lies in the interval 0 < x < 2
m

1+[1(2 ) dx = 0.5
'é‘ 3 x)ax =

0

Exercise 7d
1. A random variable X of a continuous p.df is
N _f(kx(4—x*), O0sx=2
given by f(x) = [ 0, else where

Find
(i) the value of the constant k (i) Median of X
(iii) meanof X (iv) Standord deviation
An. (i) k=0.25 (ii) =2.613
(iii) = 1.067 (iv) = 0.442
2. A random variable X of o continuous p.d.f is

lex, D=x<1
given by f(x) .r-{'k(Z—x), 1=x=2
0, else where

Find
(i) Constant k
(i) Median of X (iii) mode
Anm. (Dk=1 (ii)=1 (ii)=1
3. A rondom variable X of o continuous p.d.fis

cx, 0<x<1
giuenbyf(x):[c(z—x). 1=x<2
0 else where

(0] Sketch f(x) (i) Find Constant ¢
(iit) Medianm  (iv) mode
Uneb 1992 No.12
An. (iDec=1 (ii)=1 (iv)=1
4. The continuous random variable X has a
probability density function

) ={kx(4—x2) 0=x<2
L 0 else where
Find Uneb 1298 Ne.it1
0] Constantk (i) Median

(if7) Mean (iv) Standard deviation
An (Dk =3 (i) median = 2.6131
() E(x) = 1.0667, (iv)§ = 0.4422

Z(x+1), -1=x<0
3
é(z-:;), 0<x<2
0, else where
1 x2]™ 1
3172, "6
) m? 1
T2 T2

m = 0.268 orm = 3.732
Median is 0.268 since it lies in the range

5. A random variable X of a continuous p.d.Fis

a, 2<x=<3
givenbyf(x):[a(xAZ), 3<x=4
0, else where

() Sketchf(x) (i) Find Constant a
(i) Medionm (iv) P(2.5<X < 3.5)
Unechb 2006 No.15
An. (i) a=2 (iii)=3.225 (iv)=0.65
6. A random variable X of a continuous p.d.fis

g, 0<x<2
given by f(x) = {ﬁ(&’ - x), 2<x<3
0, else where
Find the
() Value of 8 (ii) Mean, u

(ifii) Median m (iv) Standard deviation, o
(v) P(X < u—o)
An. () B = % (if) = :—: (it)) =3

(iv) =0.75 (v) = 0.207

7. A random variable X of a continuous p.d.fis

xZ, 0<x<1
given by f(x) = %, 1<x<k
0, else where
Find the
(i) Sketchf(x) (ii)Valueof k
(iii) Mean, u  (iv) Median of X

Am. (i) k=7 (i) =3 (w)=;

8. A randomvariable X of-a continuous p.d.f is

_ kx, Dsx=<1
givenby f(x) =1 k, 1<x<2
0, else where

Find the

() Sketchf(x) (i) Value of k

89
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(iii) Mean , i (iv) Median of X 5. A random variable X of a continuous p gy,
(v) P(X — m| > 0.5) o Zk’(g;- 1)), ~1<4r,
o 2 i) =2 givenby f(x) =1 fle—X) 0Ly
Am, (i) k=3 (iii - . | 0, else whes,.z
(iv) = 1.25 (v) =—= (i) Find Sketch f(x) and find the value of |, :
48 () E() and Var(X) Yo
(jii) mode
np ey =1 =32 (i) =
An. (i) k 3 (ii) =318 (ii) =0

CUMULATIVE DISTRIBUTION FUNCTION, F(x)
The cumnulative distribution function F(x) is defined by F (x)= f: flx)dx

ion from @ lower to x with respect tox
d carry it forward to the next interval

& Substitute the upper limit in the integral an
limit has been substituted to a1

& Continue the process until when the last upper

Examples
1 .
L A random variable X of a continuous p.df is given by f(x) = {E (x +1), 1<x=<3
p else where
Find F(x)
Solution
[2 1 (x? 3
F(X)=JE(-x-k1)dx F@=z|5+*"3
1 . &
x 1/3 3
L[ F(3)=—(—+3—'—)(=1
~%6 {7 * "] 6\2 2
' g, x<1
= l ﬁ +x 17 1 [x? 3
6 2 X |- .E"*'l F(x) = .6 (?_'-x_é')n ) 1_<_:X,_"§j
3 L, xz3
2 Arandom variable X of a continuous p.d.f is given by f(x) = {2-5 (1—x)?, 9 x<d
Find F(x) SV else where
Solution
X
Feo = | 301 -2 3 X2 2
= | 3(1 —x)%dx F(x)=% x_xz_l_?_g
yi2 b )
2
X ‘ 3 43 2
3 F 4 —F—9 A2 _ -
=j2—(1—2x+x2)dx (4) 25(4 4 +3—§)-—1
: B x<l
=—|x—x?+— Fix)={—|x-x* +=—~— ¢
26[1: x +3L ) Zﬁ(x x4+ 5)} 7 <%
3 ‘ 13 23 1 ’ » ]
= = 4 S _ _ jed = | P4
26{(x * +3) '(2 2*3)}
3, A random variable X of a continuous p.dfis given by f(x) = i (2"*_ 0 0 15 j < i .2
' ’ l=x <

20
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’.Im'“ 1 xz 1'2 ‘
ForD<x<1; F(x)=I:xdx ==+ {(2;:——)—(?11—-—)}
x 2 2 2
x2 ; 5
B bl x
[Z]Q F(X).— (21\'—"—‘)"_1
B .1'2 02 g
"1z 2 F(2)=(2x2——)—1=
xz <0
PR =5 * '
171 r p0<x<1
F)=—== '
(1) 2] 2 F(x) =14 7 )
For1<x<2; F(x)—z»f( — x)dx (zx_._z_)—L 1€x£2
1 Xz X l x = 2
== — 1, =
> + [Zx 5 ]1
) 0 <2
Sf
A random variable X of a continuous p.df is given by f(x) = %(3 — %), 2<x<3
2
0, else where
Find F(x)
$olation ) | )2
For0<x<2; F(x)= :%dx ___f+z (3x—£—)—(3x2——)}‘
2 5 5 2 2 7
—E{x—O} F(x)—g T
5 F(3)-2(33 32) 4-—1
F(x) = =x s\ 72/ s
(2)==@) =% 2
F@2 (2) gx, D<x<2
For2<x<3; F(x)——+f2—(3 x)dx F(x) =43 2\ 4
¥ - iy P 2<x <
=f‘.+_2_[3x_x_] 5(3" 2-2) 5’ £2X3
5 5 2], 1, x>3
Finding the median, quartiles and probabilities from F(x)
The median s the value of m for which F(m) — F(a) = 0.5
The lower quartile isthe value of g, for which F(q,) — F(a) = 0.25
The upper quartile is the value of g for which F(gy) — F(a) =0.75
Where a is lower limit
Example
The continuous random varioble X has o cumulative distribution function given below
0, x<0
P =15 -
x)=4{— <x <
16 0<x<4
1, x =4
Find;
) P(03=<x<18) (i) Interquartile range
(i Median m (iv) Sketch F(x)
21
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Solation |
M P03<x<18)=F(18)- F(0.3)

52
187 03" _ 0502500056 = 0.197

—— . —

16 1
(i) Median m, F(m) — F(0) = 0.5

m? 0%

16 16
m2=8

m = 12.828

median = 2.828
(i) F(g) — F(Q) = 2.25 .

¢ 2
2 The continuous random variable X has o cdf F(x) = {Zx =X =

Find: .
@) P(x<05) |
Solution
() P(x < 05)=F(0.5)— F(0)
= (2x0.5 — 0.5%) — (2x0 —0%) = 0.75
(i) Median m, F(m) — F(0) = 0.5
(2xm — m?) = 0.5
mZ—-2m+05=0
m=1.71
or m=0293
median = 0,293
(i) F(g,) — F(0) = 0.25
(2xq, — g,%) = 0.25
q12 - 2(]1 +0.25 =0

3. The cumulative distribution function is given below F(x) =

Find: '
() P(1<x<25)
Selation
) P(A=<x<25)=F(25) - F(1)
(25)2 12
= - 3 +2x25-2 ——
gL 0.75
| = ﬁ — == U/
(iy~Median m, 6
POsx<2)= F(2) - F(0)
22 0 2
6 6 3
Exerclie 7o

(ii) Median m

92

g = +2

qy =
Flgs) — FZ(_O) = 0.75
2

g3 = +3.464
Gz = 3.464

Interquartile range= 3464 —2=15
(iv)

F_‘(xT

[}
i
!
4
0, x<0

ak
0<sx<s1
1, x=1

l (i) Interquartile range

g, = 0.134

Or gy = 1866
Lower quartile is 0.134

F(g5) — F(0) =10.75

(2xq3 — q3%) = 0.75

qs°—2g3+0.75=0

gz = 0.5

Or g3 =15
Upper quartile is 0.5
Interquartile range= 0.5 — 0.134 = 0.366

0, x <0
xZ
" 0<x<2
x2
—?+2x~2 2<x<3
1, x >3
(i) Median m

. z
Since 3 = 0.5 then median lies between
07 fx<2

F(m)— F(0) =05

& =05

m? = 3
m=+173
mediam = 1,73
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4. The random variable X has a probability

3
density function f(x) = { Exz x<2
0 else where
Find
() Cumulative mass function, F(x)-and
sketch F(x)
(i) The median, m
0 x<0
Am () F(x) = %xs N<x<?
1 x>0
(ifym = 1.59

3. The random variable X has a probability density
] ' 0
functienf(X)={I(4'x) l=x=3
0 else where
Find
(i) Cumulative mass function, F(x) and
sketch F(x) __
(@ PQA5<sx< 2) (iiii) The median, m
0 x<0
Am () F(x)={z(Bx—x*-7) 1=<x<3
1 x=3

9
1 < x < -
(i) P(1L5<x<2) 37

4. The random variable X has a p.d.f

_[k 1=x<6
fE) = {0 else where
Find

() Value of the constant k
(i) Cumulative mass function, F(x) ond
sketch F(x)

(iii) Interquartile range

aAn (D) k= 1
. ,5 ‘
0 x<1

(i) Flx) =z (x = 1) 1<x<6

(iii) 25
5. The random variable X has a probability density
1 0<x<2
4
function. f(x) ={2(2x—3) 2<x<3
4
0 else where
Find B
) Curnulative mass function, F(x) and

sketch F(x)
(i) Median, m

x 0sx=2
4

An FO =312 3x44) 25253

""1 x=3

m =

0 x <0
function F(x) = {x"‘ 0<sx=1
| x=1

Find
M P(0.3<x<0.6) (if) The median, m
(iii) The value of a such that P(X>a)=04

An (0.1213, 0,841, 0.830)
%- The continuous random variable X has o p.d.f

1
= 0<x=3

o =1
0 else where

Find

0] E(X) (i) Var(X)

(i) Cumulative mass function, F(x) and
sketch F(x)
(iv) P(x=18) (v) P(L1=x= 1.7)
An (i) = 1.5,(ii) = 0.75 (iv) = 04,(v) = 0.2

0 x<0

1
F(x) = gx D<x<3
1 x=23

8. The continuous random variable X has a
probability density function.

~ _ (kx® 1l<x<g?2
f) {0 else where
Find
)] Constont k and Standard devigtion, o
(i) Cumulative mass function, F(x)

(iii) Median, m
An (Dk=2,8=0272(iii) = 1.65

0 Xx<1
’ 1
F(x) = 5(}43—1) 1=x<2
1 x=2

9. The continucus random variable X has o
probability density function
0 else where

Find

(D)) Constant ik

(iif) E(x) and Var(X)

(iv) Cumulative mass function, F(x)
(v) Median, m (v) P(0.69 < x < 0.7)
Am (k=2 (i) E(x) =5, var(x) =5

93
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0 x <0
1
] = {— _——x3 OsxSZ
F(x) T
1 x=2

(iv)m= 0.695 (v) = 0.007
18. The continuous random variable X has a

probability density function
x 2

N 2<x<3
3 3
f)={ & 3<x<5
2— Bx 5<x<6
0 otherwise

Find
0] Constant & and '
(i) Cumulative mass function, F(x)
(i) P(2=<x<35) (iv) P(x 2 5.5)
1

1
Ana=§and ,5’=§

( 0 x <2
x* 2x 2 2 x<3
6 3 '3 =x=
‘x5
Fey=4{ 2.2 3<x<5
(x) 37 X
2
ZX*'E—S 5SX<6
! 11 xlzﬁ
(i) = 3 (iv) = >

#1. The continuous random variable X has o
probability density function
1+ x

f(x) = i 6

() Sketch f(x)

(ii) Find the mean of X

(i) Determine Cumulative meiss function, F(x)
and sketch F(x)

(iv) Find m such that P(X < m) = 0.5

1<x<3

otherwise

An (ii) mean =1g—9 (iv)m = 2.16
0 x<1
1 1 1
(x) 5x+12x 3 1<x<3
1 x>=3

12. A factory is supplied with flour ot the beginning
of each week. The weekly demand, X thousand
tones, for flour from this factory is a continuous
random variable having a probability density
1 _ )4
function f(x) = [’f(l x) 0<x<1
0 otherwise
Find

(i Constant K

(i) the meanof X  (iii) Variance of

An (k=5 (i)=%

#3. A continuous random variable X has o
probability density function
1

(iii) = 3

y 0=x<1q
fx) =9x3
5 I1=sxg?
0 else where
Find
() Cumulative mass function, F(x) ang |
sketch F(x) |
@) Median, m (ili) .|nterquqrti|er !
0 X< g
ix 0=x<
An F(x) =1 M '
st 1<x< |
1 x>7?2 |
(i) = 1.565 (iiii) = 0,87,

4. The continuous random variable X has o
probability density function

_ [k(x+3) —3<x23
flx) = [ 0 else where
(6) Show that k = 1]_3
(b) Find

(i) E(x) ond Var(X)
(i) The lower quartile
(0 Given that E(ax + b) = 0 and
var (ax + b) = 1, find the value of the |
constants a and b where a > 0 \

AnE(x)=1,Var(x) =2, g, =0, a=bh=1 "

15. A continuous random variable X has a
probability density function

kex 0<x<8

fx) =18k 8<x<9

o else where
() Sketch f(x) '

(i) Show that# = 0.025 |
(i) Find F(x) (iv) Calculate P(X > 6)
.

x <0 ;
0.0125x2 D<xs
AnFl) =1 020~ 08 g <x¢!
1 x>9
(iv) = 0.55

6. The continuous random variable X has @

probability dersity function.
: — bx? <2
f(x) = {ax bx 0 <x s

0 else where
If E(x) = 1, find

(i) Thevalue of the constants a and b

(i  Var®) (i) F)

94
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A' a= 1.5,b == 0- 75' VaTx = 0.2

0
F(x) = [0-75I'2
1

— 0.25x%

x<0
D<x<?2
x=2

17. The continuous randomn variable X has a
probability density function

1<x<9

flx)=
0
Find

else where

(i) The value of the constant k and

median value

(i) Mean and Variance of X
(iii) F(x) and sketch F(x)
(iv) The median, m

Ank=0455m=3

i = 3.64,

0

] 1
F(x)=4¢ — Inx

In9
1

Varx = 4.95

x<1
1< x<9

x=29

18. The continuous random variable X has a
probability density function

20

f(x)__ 55lt'l;’ (5 W) 0<x<5
0 else where
Find
(0 F(x) and sketch F(x)
(i) P2<W <4)
(i) Mean and Variance of X
(iv) The mode
An (ii) = 0.650, (iii)p = 3.33,
Varx = 0.794 (iv) = 3.5
f 0 w<i
w
F(x) = ?(zs—w)_ 0<w<5
1 w2225

19. A continuous random variable X has a
probability density fuhction
(kx (3 —x)

flx) =1k(4—x)

0
Find Umels 1994 No.1i

D<x<2
2<xr<4
else where

() Valueof k and Mean
(i)  F(x), cumulative distribution function

(iii) P(15 <x <3

An F(x) = 15(

3

—x_—

4

3

32°
1

2

<
X !
—?) 0<x<2
-5 2<x<4
x=4

E

5 1
(Dk = Tk = 1.75, (iii) =

2. A continuous random variable X hus a

probability density function
—'—2— (x + a) —a<x<0
3a
f=11a-n 0<x<2a
3

0 else where
Find Uneb 1995 Ne.12
0] Value of a (il) Median of X
iy PeX = 15/x 5 o)
(iv) F(x), cumulative distribution function
0

r < — 1
lxt42x+1) —1=xs0
aAm F(x) = %(2_;.4;;—12). 0<x<2

1
(D) =1, (ii) = 0.2679, (iii) = = 0.9375
21. A continuous random variable X has a
probability density function

kx D=sx<1
f(xX) = k(4 —x%) 1sx<2
0 else where

Find Uneb 1998 No.13
0] Value of k
(i) EX) andvar (X)
(i) F(x), cumulative distribution function
0 x<0
| 2 x2 0<x<1
AnF(x) =4, " _
E(Z4x—2x3 -19) 1=<x<2
1 x =2
(D)== (u) = 1.1923, (iify = 0.1399

22. The probabtluty density function f(x) of a
random variable X takes on the form shown
in the diagram below

f(x)
1 N
' re

1

0 2
Find Unels 2000 No.14b
(i) Expression for f(x)
(i) F(x). cumulative distribution function
GiiD) Mean and u'dnunce of X

Am (iil)p = .var(x)

"ZUE:'"W :
95 Ln "”’ S wM. |
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Finding (=) from F{=)
f(x) can be obtained from; flx) == F (x)

Example 0, %<0
X3 ~
1. The continuous random variable X has o cdf F(x) = {E 0<x<3
1, xz3
Find the probability density function, f(x) and sketch f(x)
Solution
[ a i 0<x<3
fCx) =E;F(X) F0) = {T;_‘ £x<
d (x*\  3x* x? 0 else where
f() d_ﬁl—z"?—g fflx) .
o i '3 =
0, x<0
2 The continuous random variable X hos.a c.df F(x) = {k_x?’ 0<x<4
! x=4
Find the _
0) Value of the constant k I (in) probability density function, f(x)
Selution
() F@)=FO) =1 L (x* 3%
k(43-—03)=1 f(x)—a vl vy r
k= 32 0<x<4
N F6=1%s" s
() fx)= EF(—I) 0 else where #

3. The continuous random variable X has a cumulative distribution function F(x) where

O.p X S _2
1 6 '
F(x) = k(4x~§x -’r%) —2<x<£2
1, x=2 t
Find the
0] Value of the constant k (i) probability density function, f(x)
(i) P(-1<x<13) (iv) Variance of x

Solution
(i) F(2)=F(=2)=1

‘ 3
R
3 '3—
b
32

(ii) P(-1<2x<13)=F(13)-F(-1)

. 3 16 16y 3 5\ -
32{(41(13——(13)3 3) (4x—1—-( 1+ 3)} ﬁ(9.801—§)=0.762t’a
(i)  flx) ——F(X)

3d( _13 16) 3

fO=gm\* 35t

96
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1
0, x<0 g(x—l) 1<xg3
2x — ,
5 e 0o 0 ssxs
T4k 1<xs2 0 else where
3 > 2 6. The continuous random pariqble Xhasa
L r= cumulative distribution function F(x) where
Find the : 0, xr<1
() Valueofk 2_1q
(i) Probability density function, f(x) and X X 1<x<)
sketch it | Foy=1 2 =
Gi) Meanpg (V) standard deviation ¢ ‘ x? ) < r<
(v) P(X-—-ul<a) 31—7 <x<3
An () k=1 (i)p=3, @)= 05528 (v) = \ 1, >3
0.608 | Find the Uneb 2003 NO.10
2 M Probability density function, f(x)
3 0=sx=1 and sketch it
fx)=<1 (i) P(12<X <24)
3 l=sx=<2 (i)  Meanof x
0 else where All‘(if) - =08 (ii)pu=2
The continuous randem variable X has a 7. The continuous random variable X has a
cumulative distribution function F(x) where curulative distribution function F(x) where
¢ 0, x<1 0, x<0
(x—1)? | g3 ax 0<x<1
SX =3 F(x) = X
12 -
F - + 1<x<2
(=19 (14x — x2 = 25) 3TF
>3 3<x<7 1L x=2
' . ‘ Find the
\ 1, x=7 ;
Find the (0 Value of @ and
() Probability density function, f(x) and (ii) Probability density function, f(x)
sketch it and sketch it
(i) Meanofx (i) Variance of X iii) Mean of X and variance of X
(iv) MedianofX (v)P(2.8 <x<5.2) (iv) p.(X <15 / )
An (i) p=2 i) =2 (v : 2 1X >1
m = 3.45, (v) = 0.595 ' 19 &
- Var(X) = 3¢ (iv) = 0.4998
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UNIFORM OR RECTANGULAR DISTRIBUTION ‘ ‘ db, if the o,
A continuous random varioble X is said to be uniformly distributed over the interval @ an |! :
p.d.f is given by §
1 agx<bh 7 —} o
f)={b—a =07 S ! ':
] else where , H L o
Graph of f(x) ° 5
Examples ;‘:;
1. X isuniformly distributed between 6 and 9. i
(i) Write the probability density function (i)Find P(7.2 < X < 84) i
$olution _ 2 1 %?.'
o foo= [ = 6<x<9 =B =5@4-72) it
(0 elssg ;vhere P(7.2<X <84) =04 ﬂ;
()  P72sX<84)= [ dx . =
2. X is uniformly distributed between 0 and —. L:
() Write the probability density function (i) Find P (% <X < %) '!;':
_ -
$olution i .
e 0<xs? =2(E-0)=3 s
M f)=4z" o n\z 3/ 3 =
0 _ else where_ u-:r
i b (T ™Y _ (224, = 21572 5
(i) P (5 X< 2) = f§ Tr.dx 2 [x];_, lz'ﬂ
Expectation of X, E(x) r:
. o __ 1 21b :

E(x) = f xf (x) dx =shog*

b, -1 (b—a)(b+a)
x () dx =W—(bz—02)= -
b—al b—a) , b-a)
a ' (b+a)
E(x) =

2
Variance of X, var(x)

b
var(x) =j x2f(x) dx — [E(x)]*

_(b-a)p?+ab+a?) [(b + a)r
1 2

3(b —a)

J'bz( 1 )d [+ ) _(b*+ab+a®) b?+2ab+a?
T \p—a/™ 2 - 3 4 '_

1 b + @) _ 4b® + 4ab +40® —3b% —6ab —3a® b%—2ab+ a’|y
— T [+431P = = .
EED N [ 2 12 b — a)? 12

1 | (b +a)]’ Var(x) = ———
Ry (Gt i 12
- Examples

1. X'is a rectangular distribution between —E,und %
M Write the probability density function
(1) Sketch f(x)
Solution

‘ ‘
[ (iii) [/~ Findthe mean and variance

=3
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2 A random variable X is uniformly distributed over the int

)

1 =

0] fx) = g_g';)

mn
< -
<x =5

~ R

else where

0 Find P(—-2 £ X € =1.5)

()] Find the mean and standard deviation

Solution |
P(-25X<-15) = [ ;dx

s 15——2)=l
=§[X]_2' = (_ . 4

NS IeE

Exercise Tg
X follows a uniform distribution with
probability density function

reo={%

3<x<6
else where
Find
@ K (i) E() Gif) Var(x)
1
(iv) PX > 5) Am (i)g (if) 4.5
@) o5 (iw) ;
2. X i distributed uniformly over =5 < x < —2.
Find
(@) P(—43<X<-28) (b) E(x)
(c) Standard deviation of X Am (i) 0.5
(ii) -3.5 (iii) o.s66
The continuous random variable has o
probability density function
1
flx) = {Z

0 else where

1<sx<sk

Find
® K @) PR1<X<34)
(i) E(x) (v) Var(x)
An ()5 (i) 0.325 (i) 3 (i) 11
The continuous random variable has a

probability density function
1

f) = { 5
0 else wher,
Find the probability that v lies within onw;.'2

standard deviation of the mean Am 0.577
The continuous random variable X has o
cumulative distribution function

32<y<37

B

(bt+a) _. (_7_2'_)_'_'_%) = 0Var |
(i) E(x) =—; 2 )< |
G-y v
(b-a)* _\z" 2/ _—
1z 12 1 |
ENOIHSSX‘-‘—_]" I
) _ (-1+=3)
0, E(x) = (b:a == - ¢
‘ _(p=a)® _ (-1=-3) =3
(i) Var(x) =3 12 3
0 xr <2
x—=2
1 x>7

Find E() and Var(x) Am4.8 2 %
The continuous random variable X is uniformy
distributed in the interval a < x < b. The lowg
quartile is 5 and the upper quartile is 9, Find;
0] Valueof aand b
(ii) P(6<X<7)
(i) Cumulative distribution function F(x)

An(d)a=3, b=11 (i) o.128
. 0 x <3
X — 3
F(x) = x8 3<x<U
1 x> 11

During rush hours, it was observed that the
number of vehicles departing for Entebbe from
Kampala old taxi park take a random
variable X with a rectangular distribution over
the interval (X3, X,). If in one hour, the
expected number of vehicles leaving the stage
is 12 and variance of 3, find the;
0] Value of X; and X,
(i) Probability that at least 11 vehicles
leave the stage
Uneb2002No.mAn () ¥, =, x, = (i)

The number of patients visiting a certain

hospital is uniformiy distributed between 150
and 210 ; Uneb 2014 No.1

() Write down the probability density fundio’

(p.d.f) of the number of patients
P(170 < x <« 194) Am

(D] (i) 0.4
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NORMAL DISTRIBUTION

A normal variable is a continuous variable which f

variance, a2al

] 1
lts p.d.f is given by f(x) =—=

ollows o normal distribution with mean

I ond

e 207 —oo < x <

(=)

I

fhetch of f(x) gives a normal curve

f(x

properties of the curve
& It is bell shaped
it is symmetrical about i
It extends from —co to ¢
The moximum value of f(x) is gy
The total are under the curve is 1

-
‘..

)
o

&
e

>

L)
“

How to read the cumulative normal distributlon table
(D Between O and any Z value
(@ P(0<Z < Z)=®(Z) =regionP

() P(-2, <Z<0)= P(0<Z<

s |

=24 8]

e,
L

z

7,) = ®(Z) = region P
by symmetry

o Zy Z

The cumulative normal table reads the region P which is given as P(0 < Z < Z,)

(i) Less than any pesitive I value
(@) P(Z<Z)=05+P(0<2<Z)=05+d(2)

) P(Z>-Z)=P(E <Z)=05+P(0<Z<Z)=05+D(Z)

P

.

-~ Z,

(i) Greater than ony pesitive Z value

o]

: o

z

symmet ,’ -
=

[9] Z4 Z

(@ P(Z>2Z)=05-P(0<£2Z<2Z)=05-D(2)
(b) P(Z<—2))=P(Z>Z)=05-P(0<Z<Z)=05-(2)

=2y D
Examples
1. Find
M P(Z < 0.16)
(i) P(Z <2)
Selution

by symmetry ~ : P
~> oz =
(i)  P(Z <0.345) ) P(Z>15)
(iv) F(Z > 0.85) (i) P(Z > 1.36)

M P(Z<0.16) =05+ ®(0.16) = 0.5+ 0.0636 = 0.5636

gq) P(Z <2) =054 ®(2) =05 + 04772 = 0.9772

i) P(Z <0.345) = 0.5+ ®(0.345) = 0.5+ 0.1331 + 0.0019 = 0.6:
(W)  P(Z>0.85)=05—®(0.85) = 0.5 - 03023 = 01977 6350

2. Find
M PEZ<-025)
W prPz<-2)

()
()

(v) PZ>15=05-®(1.5)=05- 04332 = 0.0668

P(Z > ~2) (W) P(Z<-1377)
P(Z> -1.377) () P(Z>1377)
101
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0]

(i)
i)
(iv)
(v
(vi)

Solution
P(Z < —0.25) = P(Z > 0.25) = 0.5— @(0.25) = 0.5 —0.0987 = 04013
P(Z <—2)= P(Z>2)=05—-®(2)=05- 04772 = 0.0228 |
P(Z>—2)= P(Z<2)=05+P(2)=05+04772=0.9772
P(Z > —1377) = P(Z < 1.377) = 0.5+ ®(1.377) = 0.5 + 04147 + 0.0011 = 0.9158
P(Z < —1377) = P(Z > 1.377) = 0.5— ®(1.377) = 0.5 — (0.4147 + 0.0011) = 0.0842
P(Z > 1.377) = 0.5 — ®(1.377) = 0.5 — (0.4147 + 0.0011) = 0.0842

Other important results

- 24 = Z.g U Z 1 2’2 z

()] Between twe Z values on the same side of the mean :1
(@) P(Z, <2< 2Z,)=P0<Z<Z)-P0<Z<Z) '

7 (b) P(—Z, <Z<—-Z3)=P0<Z<Z,)-PO<Z<Zy)

(i) Between two Z values on the opposite side of the mean
(@) P(—Z;<Z<Z)=P0<Z<I)+PO<Z<Z) =
b) P(1Z] <« Z) =P(~Z, <Z < Z)) =2xP(0< Z< Z,)
© PUZ|>Z2)=1—-P(Z]|<Z)=1—2xP(0 < Z < Z;)

Examples
Find
() P5<Z<188) (iv) P(—2.696 < Z < 1.865) (uii) P(1Z] < 1.75Y
(i) P(0.345 < Z < 1.751) (w) P(-2<Z<-1) (uiif)P(|Z] < 1.433)
(fii) P(—25<Z<1) (wi) P(—1.4<Z < —0.6) (ix) P(|Z] > 1.433)
Solution :
(i) P(1.5 < Z < 1.88) = $(1.88) — d(1.5) = 0.4699— 0.4332 = 0.0367
()  P(0.345 < Z < 1.751) = B(1.751) — $(0.345) = 0.4600 — 0.1350 = 0.325
i)  P(=25< Z <1)=®(1)+ D(2.5) = 0.3413 + 0.4938 = 0.8351
(V) P(-2.696 < Z < 1.865) = ®(1.865) + ®(2.696) = 0.469 + 0.4964 = 0.9654
W)  P(=2<Z<-1)=®(2)—®(1) = 04772 — 0.3413 = 0.1359
W) P(=14<Z<—06) = d(1.4) — d(0.6) = 0.4192 — 172257 = 0.1935
wi)  P(Z| < 1.75) = P(—1.75 < Z < 1.75) = 2x®(1.75) = 2x0.4625 = 0.925

(ix)

@

wii)  P(|Z| < 1.433) = P(—1.433 < Z < 1.433) = 2x®(1433) = 2x0.424 = 0.848

P(|Z] > 1.433) = 1 - P(|Z] < 1.433) = 1 — 2xd(1.433) = 1 — 2x0.424 = 0.152 |

Standardizing a normal variable X
X~N(u, o?) can be standardized using the equation below and read from a cumulative normal table

Z = X—u
a
Exemples
Given that the random variable X is X~N(300,25). Find; .
0] P(X > 305) (@ P <312)
@) P(X < 291) @) P> 286) !
Solution

= 0.5 = 0.3413 = 0.1587
() P(X <291)= P (z < 2‘”;3“")

P(X >305) = P (z > 3‘“'5;3"”) = P(Z>1)

=05-P0<Z<1)

102 —r
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= P(Z < -18)
= P(Z>18)=05-P(0<Z< 1.8)
= 0.5~ 04641 = 0.0359

iy pox < 312)= Pz <220 = pz <24)

=05+P(0<Z<24)

2 Given that the random variable X is X~N (10,4). Find;

® PX<7)
(ii) P(X >12)
s$olution

M Px<7=P(2<5~
= P(Z < —15)=P(Z > 15)
=05-P(0<Z<15)
= 0.5 — 04332 = 0.0668

@ P(x >12)= P(Z> ‘2;”’) = P(Z>1)

=05-P(0<Z<1)
= 0.5 = 0.3413 = 0.1587

3 Given that the random variable X is X~N(50,8). Find;

0] P(48 < X < 54)
(iii) P(46 < X < 49)
Solution
() P48 <X <54)= P(LJ?<Z’<’£*§—‘) .
= P(—0.707 < Z < 1.414)
=P(0<Z<1414)+ P(0 < Z <0.707)
= 0.4213 + 0.2601 = 0.6814
(i) P(52<X<55)= P(SZ—J_&S—% z <22
= P(0.707 < Z < 1.768)
=P(0 < Z<1.768)— P(0 < Z<0.707)
= 0.4615 — 0.2601 = 0.2014

(i) PU6 <X <49)=P(=<z< =

=05+ 04918 = 0.9918

-300
(v) P(x>286)=7PF (Z o “'—2%53 )
= P(Z>—28)

P(Z<28)= 05+ P(0<Z < 2.8)

.Y

0.5+ 0.4974 = 0.9974

Gy PI<Xx<12)
v) PO<X<11)

7-10 12-10°
Gy P(7 < X < 1y =r(Er<z<3 )

=pP(-15<Z< 1)
=P(0<z<1,5)+P(0_<2 <1)
= 04332+ 0.3413 = 0.7745

; i 9-10 11-10
(iv) P(9< X <11) =P(T<z < )
= P(=05< Z <0.5)
=2xP(0< Z< 0.5) = 2x 0.1915 = 0.3830

() P(52 < X < 55)
Gv)  P()X —50] <¥8)

= P(—1414 < Z < —0.354)
=P(0<Z<1414)-P0<Z< 0.354)
= 04213 -0.1383 = 0.283 |
W) P(1X —50] <V8) = P(—VB < X — 50 < V8)
= P(—V/B +50 < X < V8+50)
(—Jﬁ+50—50 \/§+50—50)
=P <L ——
V8 V8
_ =P(-1<Z<1)
=2xP(0 < Z < 1) = 2x0.3413 = 0.6826

4, A random variable X is noimally distributed with mean 65 and variance 100, find the probability thot

X assumes a value between 50 and 70
Solutiom

P(50 < X < 70) =P(
=P(-1.5< Z < 2.5)

50—65
<

10

70 — 65)_

=P(0<Z<15)+P(0<Z<25)
= 04332 +0.4938 = 0.927

5. Lengths of metal strips produced by a machine are normally distributed with mean length of 150cm
and standard deviction of 10cm. find the probability that the length of a randomly selected strip is

) Shorter than 165cm
Selution
() P(X <165) = p(z <-‘651'0”°) = P(Z < 1.5)
« =054+P(0<Z<15)

, =05+ 04332 =0.9332
(i) P(150-5< X < 150+ 5)

(ii) Within 5¢cm of the mean

= P(145 < X < 155)
_ (145 150 _155-150
10 ST )
=P(-05<2Z <05)
= 2xP(0 < Z < 0.5) = 2x0.1915 = 0,383

6. In end of year exams, the marks are normally distri i
‘exams, the , lly distributed with @ mean 50 and stand iati |
0 mark of 45 is required to pass the exam, what percentage of the sfudénts fuil‘edr;h:r:i:: fation -1
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7. A bakery supplies bread to th

45— 50 _
px < 45) = P2 <— )= Pz < ~10)
= p(z>1.0)
—05-P0<Z<10)

e shop every day.
distributed with mean 12 minu
during the year when he takes.

() Longer than 17 minutes
Selution

tes and o standard deviation

(ii). Less than 10 minutes

P(X < 45) = 0.5 — 0.3413 = 015g;
g of students who failed= 01587x100%, :
= 15.87%

I

The taken to deliver bread to the shop is normall,

of 2 minutes. Estimate the number of day, |

(i) Between 9 and 13 Minute,

, ' 1712 =0.5— 03413 = 0.1587
0 PR 217) = P'(.Z > _ ; )2—5P(2 > 3.5) Number if days= 0.1587x365 = 58 days
ol S00e2 G P <X <13 =P(5T<Z<Y
Number if days= 0.0062x365 = Z days © = P(I—;l).ﬁ <:P.'E'0< O.ZS) .
) . _ 10-12 =pP(0<Z<15)+ <Z<05
@ <10 =p(2<550) — 04332 + 0.1915 = 0.6247 )
= (féz_j) (—01?:2 h (i)") 1) Number if days= 0.6247x365 = 228days
Exercise 8a
1. Given that the random variable X.is M P(BO <X <89)
X~N(2,2.89). Find; P(X < 0) Uneb 2011 NO.7 i) P(X <79 or X >92)
2. Given that the random variable X is (iii) P(76 < X < 82)
X~N(300,25). Find; ) P(X —84|>29)
(i) P(x>308) (i) P(X >3115) _{v)  P(87 <X <93)
(iii) P(X < 294) (iv) P(X < 290.5) An (i) 0.8014 (i) o.085 (iii) ©.am
(v) P(X > 302) (vi) P(X > 312) (vi) 0.4028 (v) ©.18862
An (i) o.0348 (ii) 0.0107 (iii) 0.8849 8. The masses of packages from a particular
(iv) ©0.9713 (v) 0.6554 (vi) 0.9918 machine are normally distributed with a mean
3. If X~N(50,20). Find; of 2009 and d standard deviation of 2g, find
M PX>603) (ii)P(X <47.3) the probability that a randomly selected
(iii) P(X > 48.9)  (iv) P(X > 53.5) package from the machine weighs
(v) P(X <598)  (vi) P(X <62.3) () Lessthan197g
An (i) ©.0106 (i) 0.273 (iii) 0.5972 ()  More than 20059
(lv) 0.2168 (v) ©.9857 (vi) 0.99702 (i) Between 985y and 19959,
4. M X~N(-B,12). Find: An (i). 0.0668 (ii) ©.4013 (iii) 0.1747
0 P(X < —98) (i) P(X>0) 9. T1_1e helghts of_boys at a school follow a normal
({iD) P(X < —3.4) ()P > —5.7) dlStl’lbu‘t-IOl"i wltl1 mean 150.3cm and variance
‘ . 25cm., find the probability that a boy picked at
) P(X <—108)  (vi) P(X > —16) random form th Y o B
An (i) 0.3018 (i) ©.0108 (lii) 0.9079 (Sm orTessiﬁgggfgat: a height;
(iv) 0.2533 (v) 0.2097 (vi) 0.0323 (i)  More than 158cm
5. WX~N(a a?). Find; (i)  Between 150cm and 158cm
M PX<0) (i) P(X > 0) (iv)  More than 10cm difference from
(iii) P(X < 0.5a)  (iv) P(X > 1.5a) the mean height
An () 01587 (ii) 0.8413 (iii) 0.6915 (vi) 0.3085 An (i) 0.7054 (ii) ©.0618 (lii)
6. If X~N(100,80). Find 0.4621 (iv) 0.00456
() P(85<X<112) (i) P(105 < X < 115) [O The masses of a certain type of cabbage ore
(iii) P(85 < X <92) (i) P(IX— 100] < m normally distributed with mean of 1000g and
An () 0.8634 (i) 0.2413 (jii) O.1388 (vi) 0.6826 a standard deviation of 0.15kg. In o batchof
7. If X~N(84,12). Find: 800 cabbages, estimate how many have a
mass between 7509 and 12909. Am 740
104
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i« The number of hours of life of a phone battery
is normally distributed with a mean of 150
hours and o standard deviation of 12 hours. In @
quolity control test, two batteries are chosen at
random from o botch. If both batteries have o
fife lass than 120 hours, the batch is rejected.
Find the probability that the batch is rejected.
An 0.00003344

2. Cartons of milk from quality supermorket are
aduertised as containing 1 litre, but in fact the
volume of the content is normally distributed
with a mean of 1012ml and a standard
deviation of sml.

(i) Find the probability that a randomly
chosen carton contains more than 1010ml.

(i) In o batch of 1000 cartons, estimate the
number of cartons that contain less than
the advertised volume of milk. Am (i)
0.653%4 (ii) =

13. A random variable X is such that X ~N (=5, 9).
Find the probability that;

(i A randomly chosen item from the
population will have a positive value
(i) Out of 10 items chosen randomly, exactly
4 will have a positive value.
An () o.0478 (ii) o.000817

14. The life of o laptop is normally distributed with
a mean 2000 hours and a standard deviation
of 120 hours. Estimate the probability that the
life of such a laptop will be.

(i) Greater than 2150 hours

(i) Greater than 1910 hours

(i) Within a range 1850 hours to. 2090 hours
An (i) o.a038 (l) o.7734 (ill) 0.6678

15. The weight of sim-sim paste supplied to a shop
have a normal distribution with mean 1.5kg
and standord deviation 0.6kg. The paste has
three sizes.

’ Size 1,under 0.9kg.
Size 2, from 0.9kg to 2.4kg,
. Size 3,0ver 2.4kg
() Find the proportion of paste in the three sizes
(i) The prices of paste are 1,600/= for size 1,
4,000/= forsize 2 and 6,000/= for size 3. Find
the expected total cost of 100 sim-sim paste
chosen ot random from those supplied
An (D o0.139, 0.775, 0.067 (i)
373,640/=

16. :: rzndom variable X is such that X~N(8,25).
n

® P(X -8} <62)

17

18.

105

20,

d
3 random observations of X are mad;ig:s il
the probability that exactly 2 obseg«lo i)
lie in the interval defined by |X - ’
Aan (1) ©.78% (i) ©.397 | 5
The manufacture of a new model car sto;:: i
that, when the car is travelling at 100RM 'I' ;
petfol'consumption has o mean of 32.4 i e
per litre with standard deuiati?n 9f 1.4'1 ml?'asd
'per litre. Assuming a normial distribution, 1o ;
the probability that a randomly chosen tfcr o
that model will have o petrol con‘sumptlon'
greater than 30 miles per litre when travelling
at 100 km/h. An 0.937
A certain maize firm sells maize in bags of
mean weight 40kg and standord deviation
2kg. Given that the weight of the bags are
normally distributed, find the Uneb 1989

Ne.i4

(i) Probability that the weight of any bag of
maize randomly selected lies between
a1.0and 42.5kg

(i) Percentage of bags whose weight
exceeds 43kRg

(i) Number of bags that will be rejected out
of 500 bags purchased for weighing
below 38.5kg 7
An (§)=0.2029, (ii)=6.68%, (iii)=113

(i)

. ‘A sugar factory sells sugar in bags of mean

weight 50k g and standard deviation 2.5kg.
Given that the weight of the bags are normally
distributed, find the Uneb 2000 N©.15
(i) Probability thot the weight of any bag of
sugar randomly selected lies between 51.5
and 53kg
(ii) Percentage of bags whose weight
exceeds 54hg
(iii) Number of bags that will be rejected out
of 1000 bags purchased for weighing
below 45.0kg '
An (i)=0.1392, (il)=3.48%, (ili)=23
In a school of 800 students their average
weight is 54.5kg and standard deviation 6.8kg.
Given that the weight of the students are
normally distributed, find the Uneb 20038
No.13

() Probability that the weight of any

itudent randomly selected is 52.8 kg or
ess

(i) Number of students who weigh over
75kg '

(iii) Weight of the middle 56% of the students
Am ())=0.4013, (i)=1 (iii) 49.251 < X < 59.750
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Hew to shtain

If you are interested in finding the Z-valu

Z-values from a given probabil

e whose pro

ity

bobilities are given, it's important to note he,, |

that the Z-value may be positive Zirgr:‘egctlv& =" ———
- — Q .5 -
— — o .5 -
— — 0o .5 +
— —= 8] s *
i
Examples
1 8 P(Z<21)= 0.25;ﬁnle
Solution | '
Z; = —0.674(negative since 0.25 < 0.5) reqy

P(Z <Z)=0.5-0.25=0.25

Solution
P(Z<Z,)=0.5-0.0968 = 0.4032

3 P(Z<Z;)=0.05,findZ,
Solution
PZ<Z;)=05-0.05=0.45
Z, = —1.645(negative since 0.05 < 0.5) read
directly from a critical table
Or using a cumulative normal distribution
P(0<Z<Z,)=0.45
From the table 0.45 lies between 0.4495 and
0.4505. Since the extra information to the right

4. P(Z<a)=10.787,finda
Solution
P(Z <a)=0.787 — 05 =0.287
using a cumulative normal distribution
P(0<Z < Zy)=0.287
From the table 0.287 lies between 0.2852 and
0.2881. Since the extra information to the right
hand side is-adds« So we consider the smallest
value ie 0.2852 but 0.2852 corresponds to 0,79,
5. P(Z<b)=0.01,find b
Solution
P(Z <b)=05-0.01=0.49
6 P(Z>b)=0.01,find b
tolution
P(Z > b)=05-001= 049
7. P(Z>a)=0.812,finda
Solution
P(Z>a)=0812-0.5=0.312,

1. [FX~N(100,36) and P(X < a) = 0.8907, find the value of a.

Selution

directly from a critical table

Z, = —1.3(negative since 0,0968 < 0.5)
read directly from a critical table

hand side is add. So we consider the smallest
value ie 0.4495 but 0.4495 corresponds ta 1.64,

To get the next.
__0.4500

So we look for 0.0005 in the add

column which gives 5
~1.644 0.005 = —1.645

| To get the next.

__0.2870
_0.2852
0.0018

So we look for 0.0018 in the add column which

gives &
~a=0.79 4+ 0.006 = —1.645

| b = —2.326 (negative since 0.01 < 0.5)
| b= 2326 read directly from a ariticai toble

| @ =—0.885 read directly from a critical table

106
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P(X < @) = 0.8907

a—100

p(z <%=2%) = 08907 - 0.5 = 03907

2. I X~N(24,9) and P(X > a) = 0.974, find the valu
Solution
. PX>a)=0974
p(z> %) = 0,974 - 0.5 = 0474

a— 100
1.23 = 5

a=107.38

eof a.

a— 24

a= 18171

3. If X~N(70,25) and P(|X — 70| < @) = 0.8, find the volue of a and hence the limit within which the

central 80% of the distribution lies.
Solution
P([X —70] <a) =08
Pl—a<X-=70<a) =08
Pl—a+70<X<a-+70)=08

r—a+ 70— 70 a—+ 70— 70
p( <Z< )‘=D.8
5 , , 5
P(=<z<2)=08
5 5 ~—1 .

2xP(0<Z<§)=0.8

a
—] =04
P (0 <Z< 5)
From table z = 1.282

282 = =
1. 5
a=641

But P(—a+70< X <a+70)=08

P(63.59 < X <7641)=038
Central 80% of the distribution lies between
63.59 and 76.41

4. The height of flowers in afarm is normally distributed with mean 169cm and standard deviation 9<m. If
X stands for the height of flowers in cm. find X values for

(@) P(X <a)=08
Solution
P(X <a)=08
‘ a—169 ,
P(Z< - )=0.8—0.5=‘0‘.3

a— 169
0842 = 3

(@)

®) P(X > b) = 0.6

®  PX>B) =06
| T p—169
P.(Z > ) = 06—05=0.1
' - b=169
~0253 ==
b= 166.72

8. The marks of 500 students in a mock examination for which the pass mark was 50%. Their marks are
normailly distributed with mean 45 marks and standard and deviation 20 marks.
(a) Given that the pass mark is 41, estimate the number of candidates who passed the

examination

(b) If 5% of the candidates obtain a distinction by scoring X marks or more, estimate the value of X
() Estimate the interquartile range of the distribution

Jolution .
® Px241)=p(z222)= Pz = -02)
TN
4:551 o 0.053

P(Z>-02)=05+P(0<Z<02)
= (0.5 + 0.0793 = 0.5793
Number of candidates who passed
= 0.5793x500 = 290
(i) PX > X;) =05
p qu45 . _ . AL
(z>%2%) = 05— 0.05 = 0.45
peas =X B
20

XU=78

1

(i) interquartile range = g5 — g4
g3 — 45
P( <ZL< ) =0.
0 50 ) 0.25
go7a =82
20
Q3 = 58.48
g, — 45
P( ) =02
20 '<Z <0 0.25 )
0674 =12
20
q; = 31.52
interquartile range = g3 — g,
= 58.48B — 31.52 = 26.96

o7
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6. (a) Ina certain athletics competition, points are awarded according to level of performance. The

average grade was 82 poin

ts with a standard deviation of 5 points. All competitors whose grades

ranged between 88 to 94 points received certificates. If the grades are normally distributed and g
competitors received certificates, How many participants took part in the competition |
(b) If certificates were to be awarded to only those hauing between 90 and 94 points. What proportio, o

the participants would acquire certificates

Solution |
() P(BB<X<94)=P (33;92- <7< 94.-5—32) _8
=P(12<Z<24)
= P(0<Z<24)—PO<Z<12))
= 0.4918 — 0.3849 = 0.1069

8
0.1069 = —
n

n = 74.84

n

() P(90 < X < 94) =P (90"32 <zZ< 2‘1‘_“3):

Hence 74 paorticipants took part

5 5
=P(l6<Z<24)
=P(0<Z<24)=P(0<Z<1g)
= 0.4918 — 0.4452
P(1.6 < Z < 2.4) = 0.0466
= 0.0466x100 = 4.66%

= e

7. A random variables X follows a normal distribution with mean 40 and standard deviation 6.

Determine.
(i) The area below X = 34
(iii) The area between X =43 and X = 52
(iv) The X-value that has 45% of the area below it
Sclution
34-40

@ P(x<34)=pP(z<= )= Pz <-1)

=05-P0<Z<1)
= 0.5—0.3413 = 0.1587

@ P(x>38)=P(z> #A) = p(z > -1)

=05+P(0<Z<1))
=0.54+ 0.3413 = 0.8413

(i) P(43 <X <51)=P (_43‘649 <7< 51;40)
=P(0.5 < Z<2)
=P0<Z<2)—PO<Z<0.5))

= 0.4772 — 0.1915 = 0.2857

(i) Area above X = 34
(v) The X-value that has 13% of the are above it

(V) P(X < Xg) = 0.45

XO “'4
p (z <——)=05-045=005
XU - 4’0
—-0.126 = 3
Xy = 39.244

() P(X > X)) =013
p(z. > "—j‘i") = 0.5 — 0.13 = 037

8. The period of a certain machine approximately follows a normal distribution with mean of five years

and standard deviation of one year. Given that the
machine that fails under guarantee, determine the;

manufacturer of this machine replaces the:

() Length of the guorantee required so that not more than 2% of the machine that fail are

replaced

(i) Proportion of the machine that would be replaced if the guarantee period was four years

sSolution
@) P(X <Xg) =002

X —
P‘(Z< 0

) =0.5-0.02 =048

Xo—5
~2.054 = =

Xo = 2.946

Exercise 8b
4. Find the values of a in the following
0] P(Z < a)) = 0.506 (i)
(i P(Z < a)'): 0.787 (iv)

P(Z < a)) = 0.0296
P(Z < a)) = 0.325

CGuarantee period is 2.946 years
i) P(x <4)=P(2<=)=P(Z<-1)
P(Z<-1)=05-P0<Z<1))
= 0.5 —0.3413 = 0.1587
P(X < 4)=15.87%

P(Z > a)) = 0.713
P(Z > a)) = 0.15%

V)
(vi)

108

Scanned by CamScanner

———




- , = 0,097
i) P(Zl<a) =06 (0 Pz >a) =082 E:ﬂ',% 235: z ZB =05 |
(vi'i'i) P(Z < a)) = 0.9738 (xi) P(_Z > a)) =_?§2§:;2 (xv) P(|1Z] > a)) = 0.0404

An (i) 0.015 (ii) 0.796 (iii) -1.887(iv)

2. Find the value of a if
@ PZ<a)=09693
(i) P(Z >a)= 03802
i) P(Z > a)= 07367
An [(D) a=1.87, (ii)a=0.305, (iii)a=

3. 1 X~N(60,25), find a if
@ P(X>a)=02324 (ii) P(X > @) =0.0702
(iil) P(X > @) = 0.837 (iv) P(X > a) = 0.7461
An (i) 63.66 (i) 67.37 (iii) 55.09(Iv) 56,69
4. If X~N(45,16), find a if
() PX <a)=00317 (i) P(X < @) = 0.895
(iii) P(X < a) = 0.0456 (iv) P(X < a) = 0.996
An (5) 37.57 (ii) 50.01 (jil) 38.24 (iv) 55.61
3. If X~N(400,64), find & if '

() P(X—400] <a))=0.75

(i P(X —400| <a))= 098

(i) P(|X — 400] < a)) = 0.95

(iv) P(]X —400] <a))=0975

(v) The limit within which the central 95%

of the distribution lies

(vi) Interquartile range of the distribution

An (i) 9.2 (i) 1B.61 (i) 15.68 (vi) 17.92
(v) 384.32 < X < 415.68 (vi) (394.61,405.39)
5. If X~N(80,36), find a if
P(]X — 80| < @)) = 0.9 and hence find the limits witl
which the central 90% of the distribution lies An 9.87
70.13 < X < 89.B7
Bags of flour packed by a particular machine
have masses which are normally distributed with
mean 500g ond standard deviation 20g. 2% of
the bags are rejected for being underweight and
1% of the bags are rejected for being overweight.
Between what range of values should the mass of
a bag of flour lie if it is to be accepted. An
(458.92,546,52)
The masses of mangoes sold ot @ market are
normally distributed with mean mass 600g and
standard deviation 204,
() If a mango is chosen at random, find the

probability that its mass lies between 570¢
ond 610g

(i) Find the mass exceeded by 7% of the
mangoes

(ii)) In one day, 1000 mages are sold. Estimate
how many weigh less than 545¢g

i

109

-0.454 (v) -0562 (vi) 1.019
-0.915 (xi) 0.722 (xii) 0.91 (xii)) 1.66 (xiv) 0.674 (xv) 2.05

—0.633,(ina=-141,(v)a=1 645]

8. The length of metal strips are normally

n

1O,

s 1

L e o B .

(i) P(Z < a)=0.0793
) P(1Z] <a)=09

An (i) ©.6247 (ii) 629.529 (iii) 3

distributed with a'mean of 120¢cm and stondard
deviation of 10em.
(o) Find the probability that a strip selected
ot random bas a length
(i) Greater than 105cm
(i) Within 5cm of the mean
(b) Strips that are shorter thon Lem are
rejected. Estimate the value of L, if 9% or
all strips are rejected
(©) In a sample of 500 strips, estimate the
number having a length over 126cm
An a) () 09332 (i) ©.383 (b)106.6 () 137
The number of shirts sold in a week by a
boutique are normally distributed with a mean
of 2080 and standard deviation of 50. Estimate
() The probability that in a given week fewer
than 2000 shirts are sold
(i) The number of weeks in a year that
between 2060 and 2130 shirts are sold
(iii) Interquartile range of the distribition
(iv) The least number n of shirts such that the
probability that more than n are sold in a
given week is less than Q.02
An () o.0548 (i) 26 (i) 67.4 (iv) 2183
Batteries for a transistor radio have a mean life
under normal usage of 160 hours, with o
standard deviation of 30 hours. Assuming the
battery life follows a normal distribution
(i) Find the percentage of batteries which have o
life between 150 hours and 180 hours
(i) Calulate the range, symmetrical about the
mean, within which 75% of the battery lives lie
(iil) If the radio takes four of these batteries and
requires all of them to be working, find the
<probability that the radio will run for ot least 135
hours
An () 37.8% (i) (125.5,194.5) (i) 0.405
The length of type A rod is normally distributed
with mean of 15em and a standard deviation of
0.1cm., the length of onother type B rod is also
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ii ! di
- +h rmean of 20cm and @i 1f15% of the can lc;lqates f‘:‘-‘iled, "
normally distributed with me A rod to be the minimum mark required . ™,

d deviation 0.16cm. For type e b o
::t:cr:;?;ble, itls length must be between 14.8cm (iii) Calcu p y Ott%%

ic osen at ra N
and 15.2cm and type B rod, the length must be ;‘;::jelgatfi ::amj?‘luticrmndam bay |
betw_eeru:(gtcmr:n :rfigrf cl:)rfnl;ype A rod is of An ()23 (a7, (Hif) 0722y ‘.
() accept?‘-l b‘lz length? ‘ {|4. The burning life tin:Ie f:rf a_bulb _oppmxim%
(i) What is the probability that one of them follows a nprmul dlstnbt_ftm?n with meqp ,,
| is of acceptable length? hours and standard deviation of 125 hoy,

An (i) 93.44%, (ii) 0.7528, ©.2375 (i) What the probability that the by, e |

at random will burn for more the, 156?“:

12. The life time of a bulb approximately follows a o

mal distribution with mean of 800 hours and o N
:‘tz;dard deviation of 80 hours, Given that the (i) Given that the l';':j‘;;‘:;%‘:“;‘:ff Suarary, |
manufacturer guarantees to replaces the bulbs to replu;e oni ot oercant ns ;or legg ty
that blow below 660 hours, UNEB 1993 NO. 12 193%23:‘:;”;@ relglzrceg age of the by, '|

i ulbs will he have: wi epla
® gt:;lzi:zgtgegretﬁ; :‘:a}::nt:g?l @iii) 1f two bulbs are installed at the sam,

. ‘ e tim,
(i) The manufacture is only willing to replace what is the probability that both wij

a maximum of 1% of the bulbs. What {‘:’ut?an 1400 hours but more than g,
g‘jﬂd be the guaranteed life time of the An (i) 0.0548, (i1)2-28, (iil) 0.3320
(i) Instead of reducing the guaranteed life 8. The volume of a soft drink bottles by o certapy
time as in (i), the mean life time was company is approximately normally distribite
increased by superior technology. What with mean 300ml and standard deviation 2,
should be the new mean so that only 1% determine the probability that in a sample iy
are replaced if the guaranteed life time bottles at least two contain less than 297.4m),
remains at 660 hours but the standard UNEB 1988 NO. 12 An 0.2513
deviation is reduced to 70 hours 6. The marks in an examination were foundtobe
An () 4.01%, (i)613.92 hours, (i) 822 hours normally distributed with mean 53.9 and
13. The marks of 1000 students in an examination standard deviation 16.5. 20% of the candidate
were normally distributed with mean 55 marks who sat this examination failed. Find the pas
and standard and deviation 8 marks. mark for this examination UNEB 2015 NO.1
(i) If a mark of 71 or more is required for A- An 40.007 '
pass, estimate the number of A -passes
awarded

Finding the values of 4 OR ¢ OR BOTH
1. fX~N(100,0%) and P(X < 106) = 0.8849. find the value of the standard deviation,o

folution .
P(X < 106) = 0.8849 106 — 100
P (z < “""“’“) = 0.8849 — 0.5 = 0.3849 o ~12

2. The length of a certain item follows a normal distribution with mean pem and standard deviation

6cm. it is known that 4.78% of the items have length greater than 8B2em. find the value if the mean#
Selution

P(X >82)=0.0478 2—pu
82 — _ | = = 1.667
) = 0.5 — 0.0478 = 0.4522 &
| | | u=72cm
The masses of boxes of oranges are normally distributed such that 30% of theim are greater than

:-'(;:3:'9 and 20% are greater than 4.53kg. estimate the mean and standard deviation of the moss®
elution

P(Z >
3.
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P(X>4)=103
4- |
p (z > T) =05-03=02
4—j
2R 0524

a
4=+ 05240 oo D)
P(X > 4.53) = 0.2

4,53 = gr
' ”)=0.5.—0.‘2=0.3

p (z >

433 7H _ o842
a -
453 = U+ 0.B42G oo ir corir == (Li)
(ii) —(i): 0.53 = 0.3180
o= 1.67kg
Also 4 = i +0.524x1.67
u=313kg

o - _
4. The speed of cars possing a certain Entebbe high way can be taken to be normally distributed. 95% of

the car ear travelling at less than 85m/s and 10% are

traveling at less 55m/s

)] Find the average speed of the cars passing through the high way
(D) Find the proportion of the cars that travel at more than 70m/s

$olution
M P(X < 85) =095
85=pu
P (z <= ) —0.95— 0.5 = 045
85 —
. H_ 1645
85 = s+ 16450 . v o (D)
P(X < 55) = 0.
55 —u ‘
P(Z e ) —05-01=04

> TH_ 1282
a -
55 = p— 12820 . oo oo vni i (it)
(i) = (i) 30=29270
o = 10.25m/s
Also 85 = i + 1.645x10.25

p=6814m/s

.. _ 70-68.14Y _ ,
@ P >70)=P(z>20220) = P(Z > 0.182)

=05-—0.0722 = 04278

5. The masses of orticles produced in @ particular shop are normally distributed with mean g and

standard deviation g, 5% of the articles have masses
25q.
0] find the value of y and @

(ii) Find the symmetrical limit, about the mean, within which 75% of the masses lie
Solution 4 =513
, 7 g
(M P(X>85)=0.05 (i) P(|X —51.3| <a)=0.75
85 — o P(~a+513<X <a+513)=0.75
P(Z< p ')=0'5—0-05= B> (—a+51.3—51.3 @+ 51.3 — 51.3\
i ——) =075
. 1645 205 - 20.5

P [— — )=

85 = 1+ 1.6450 v v oes v () (s <2< 22._5) ®75

P(X <25) =01 22P(0<Z < —=)=¢
b ) (0«1 30'5) 0.75
P(z< 5 )—0-5“0'1“”*4 P(0<z<—)=o.375
a
p =—1.282 —=1,15
' ] 25 =pu— 12820 . cvr ven v o (N.) zao=523575
(1) —(;:); 26005= 29270 Lower limit= —23.575 + 51.3 = 27.73
= =9 I S -
_ per limit= 23.575 3=
Also 85 = p + 1.645x20.5 P #5123 = M

greater than 85g and 10% have masses less than

@. A total population of 700 students sat a mock examination for which the pass mark was 50%. Their
marks were normally distributed. 28 students scored below 40% while 35 students scored abov‘e 60%
(0) Find the mean mark and standard deviation of the students UNEB 1995 No. 13 .
(b) What is the probability that a students chosen ot random passed the exam
() Suppose the pass mark is lowered by 2%, how many more students u)ill pass

111
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10.

1.

= 1750 = 40 e e ()
P(X > 60) = — = 0.05
60-#) — .5 — 0.05 = 0.45
P(z > = ) 0.5

60—
1.645 ="
ag

4 16450 = 60 i
u=503,0=5889
) P(x=50=P(z2 —5‘9739‘)
= p(Z = —0.051)

Exercise 8¢
X~N(45,0*) ond P(X >51) = 0.288. Find
o An 10.7
X~N(21,6%) and P(X < 27) = 0.9332Z. Find
g Anéd

X~N(u,25) and P(X < 27.5) = 0.3085. Find
p Am 30

X~N(p,12) and P(X > 32) = 0.8438. Find u
Am 333

X~N(p,a%) ond P(X > 80) =0.0113,

P(X > 30) =09713. Find ¢ ond p An 52.73, 1.96
X~N(p,0%) and P(X > 102) = 042,

P(X <97)=025Find o and ¢ An 1008,5.71
X~N(p 0%) and P(X < 57.84) = 0.90,

P(X < 50) = 0.5 Find o and pt An 50, 6.12
X~N(p.6*) and P(X < 35) = 0.20,

P(35 < X <45)=065Findoand i An
39.53, 5,32

length of rods produced in a workshop follow o

normal distribution with mean ¢ and variance

4. 10% of the rods are less than 17.4cm long. Find

the probability that a rod chosen at random will

be between 18cm and 23cm long. An @.7725
The length of a stick follows @ normal distribution. 12
10% are of length 250cm or mare while 55% have
a length over 240cm. find the probability that a
stick, picked at random is less than 235cm long.
An 0.203 -
(a) The diometer of bolts produced by a
particular machine follows a normal distribution
with mean 1.34cm ad standard deviation 0.04cm.
A bolt is rejected if its diameter is less than 1.24cm

112

=
1
1

—;_651 Q 0.051
p(Z = —0.051) = 0.5+ P(0<Z< 0|051.)
| — 0.5 + 0.0203 = 0.5203 -

——

—

(b) The setting of the machine is altered so that

12.

48-50.3
(i) PX 2 48) = P (Z Z 5889 )
= p(Z = —0.391) .
P '
— 1 A
0391 O 0391

p(z = —0391) = 0.5+ P(0 < Z <039
_ 054 01521 = 0.6521
More proportion = 0.6521 — 0.5203 = 0.1314
More students = 0.1318x700 = 92

or more than 1.40¢m. Find the percentage of hofi
that are occepted. ‘

the mean diameter changes but the standard
deviation remains the same. With the new
settings, 3% of the bolts are rejected because
they are too large in diameter. Find the:
() new mean diameter of the bolts
produced by the machine
(i) percentage of bolts which are rejected
because they are too small in diameter.
An (a) 92.7% (b) (i) 1. 32 (i) 1T%
A certain make of car tyres can be safely used for |
25000km on average before it is replaced. The
makers guarantee to pay compensation to
anyone whose tyre does not last for 22000kmM:
They expect 75% of all the tyres sold to qualify for |
compensation. If the distarice, X travelled before®
tyre is replaced has a normal distribution.
() Find the standard deviation of X
(i) Estiméte the number of tyres per 1000
which will not have been replaced when
they have covered 26500km
An (i) 2080 (ii) 236
A cutting machine produces steel rods which ﬂ"”’:j
not exceed 100cm in length. The mean Iel‘"_i!’d_1 of
large batch of rods taken from the machine®
found to be 99.80cm and the standard deviat®”
of these length is 0.15em. _

() If the length of the rods are normally
distributed, find the percentage of rod$
which aretoo long

(i) The position of the cut can be adjusted N
without altering the standard deviot®" "
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14.

15.

16.

17.

18.

12

20. A sample.of 100 apples is taken from a load. The

the length, find how small the mean length
should be if no more than 2% of the rods are
to be rejected for being longer than 100cm.
@ii) i the mean length is maintained at
99.8crn, find how much the standard
deviation must be reduced if no more than
4% of the rods are te be rejected for being
longer than 100cm.
The continuous random variable X is normally
distributed with mean i and standard deviation
g.lf P(X < 53) = 0.04 and P(X < 65) = 0.97,
find the interquartile range, Am  4.46
Tea sold in packages marked 750g. the masses are
normally distributed with mean 7609 and
standard deviation g. What is the maximum
value of g, if less than 1% of the packages are
underweight. An 4.299
In an examination 30% of the candidates fail and
10% achieve distinctions. Last year the pass mark
(out of 200) was 84 and the minimum mark
required for a distinction was 154, Assuming that
the marks of the candidates were normally
distributed, estimate the mean mark and
standard deviation. An @ =104.31, ¢ = 38.76
At st Noah junior, the heights of students are
normally distributed. 10% are over 1.8 meters
and 20% are below 1.6 meters
(¢) Find the mean height, 4 and standard
deviation, o of the students
(b) Find the inter quartile range Am (a)
1 =168,0=0.09, (b) 0.13
Observation of a very large number of cars ot a
certain point on a motor way established that
the speeds are normally distributed. 90% of the
cars have speeds less than 77.7km/hr ands only
5% of cars have speeds less than 63.1km/hr.
Find the mean speed,  and standard deviation,
o. Am yp=71.305,0 =4.988
- The diameter of a sample of oranges to the nearest
an were: Unels 1998 march No.11

[ Diameter fom) 9 T 10 [ 11 [ 42 [13
__Freguen ] 15 | 21 32 | 19 |13

() Colculate the mean and diameter
(i) Assuming the distribution s normal, find the
minimum diameter if the smallest 10% of
the oranges are rejected for being too small
An () ¥=11,0 = 1.6633 (i) 8.703

N

14
11

ﬁpplgs have the following distribution of size
Diameter cm) B 7 8 5]
Frequen 11 1 21 [ 38 [ 37 ]

10
13

113

21,

24.

6.

27,

Assuming that the distribution is apprmfirr!otely
normal with mean y and standard deviation 9
() Determine u and o
83) Find the ranf_;e of size of apples for packing,
if 59% are to be rejected as teo small c.md 5%
are to be rejected as too large Am (i =
8 o= 1.16 (i) (6.10,9.90)
The volumes of soda in bottles are normally
distributed with a mean of 333ml. Given that
20% of the bottles contain more than 340ml,
find the;
(i) standard deviation of the volume of
drink in.a bottle .
(i) Percentage of bottles that contain less
than 330ml. An (i) 8.31, (ii) 35.9%
The heights of 500 students are normally
distributed with a standard deviation of
0.080m. if the height of 129 of the students are
greater than the mean height but less than
1.806m, find the mean height. An 1.7%

. The masses of boxes of apples are normailly

distributed such that 20% of themn are greater
than 5.08kg and 15% are ‘greater than 5.62kg.
find the mean and standard deviation of the
masses. An 2.74, 2.78

The masses of packets of sugar are normally
distributed. If 5% of the packets have mass

-greater than 510g and 29 have mass greater

than 515g. Find the mean and standard
deviation of this distribution Am 4909, 12.29

. On a particular day, 50% of the teachers had

arrived at work by 8.30am, and 10% had not
arrived by 8.55om. assuming the arrival is
normally distributed,
(i) Find the standard deviation of the arrival
time in minutes
(i) 80 teachers are selected at random, Find
the expectation of the number of these
teachers that arrived between 8.30am
and 8.55am An (i) 19.5¢ (ii) 32
Sugar packed in 500g packets is observed to
be approximately normally distributed with
standard deviation of 4g. If only 2% of the
packets contained less than 500g of sugar. Find
the mean weight of the sugar in the packets,
Uneb 2008 No.4 An 503.216g
Sixty studentssct for o mathematics contest
whose pass mark was 40 marks. There scores in
the contest were approximately normaily
distributed, 9 students cored less than 20 marks
while 3 scored more than 70 marhs. Find the:
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28.

29,

() Mean scored and standard deviation of
the contest
(i) Probability that a student chosen at
random passed the contest
Uneb 2008 No.13
Am u=39.32,0 = 18.65,0.4856
The marks in an examination were normally
distributed with mean u and standard deviation
@. 10% of the candidates had more than 75 marks
and 20% had less than 40 marks. Find the values
of p and . Uneb 2014 No.6 An 53.87, 16.48
The number of cows awned by residents in
village is assumed to be normally distributed.
15% of the residents have less than 60 cows.

59%of the residents have over 90 cows. Umgy
2017 No.15
(a) Determine the value of the mean and
standard deviation of the cows
(b) If there are 200 residents, find how mapy
have more than 80 cows
Am = 71.5926,0 =11.1899, 45
30, A random variable Xhas a normal distributig,
when P(X > 9) = 0.9192 and
P(X < 11) = 0.7580. Find: Uneb 2018 No,j
(@) the values of the mean and standard
deviation.

(b) P(X>10)

An u=10.3333,0 = 0.9524, 0.6386
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NORMAL APPROXIMATION TO THE BINOMIA _
Under certain conditions, the normal distribution can be used as an approxim

distribution.
Condition

The Z value is obtained fram Z =

L DISTRIBUTION B
ation to the binomial

, . isn > 20
(i) The number of trials of the binomial experiment should be Iqrge ism > 2
(ii) The probability of success not to small or too large ie P constant d

X+D5—p _ X405-Tp

nd very close to 0.5

ynpq

Where +0.5 is used to make the binomial distribution continuous

Note; 0.5 must be subtracted from the minimum value and added

. _ - = (X=05)-np
O PXzx)=P(zzE2H )

X=0.5)—
Gi) POy sX<x)=P(YTEc

Examples

(X+0.5)—np
M PX<x)=P(Z< _ﬁ_ﬁ—-)

to the maximum value

< (X+o.s)-np)

N

1. Among spectators watching a football match, 80% were the home team supporte_rs whiIeIZO% .u-Jere
the visiting team supporter. If 2500 of the spectators are selected randomly, what is the probability
that there are ot least 541 visitors in the sample. Uneb 2006 No. 11

$olution

(541 — 0.:5) — 2500x0.2

P(X>541)=P|Z> _
\ \[2500x0.2x0.8
= P(Z > 2.025)

P(Z = 2.025) = 0.5 — P(0 < Z < 2.025)
P(Z = 2.025) = 0.5 — 0.47 = 0.0215

2. During elections of head a girl in‘@ school, 40% of the students supported Gillian. 150 students were
randormly selected. Find the probability that more than 55 supported Gillian.

Solution

P(X > 55) = P(X = 56)
5 150x0.4
( 5 955 — 190 )=p(zz—o.75)
V150x0.4x0.6

P(Z<0.75)=05+P(0<Z <0.75)
= 05402734 =0,7734

3. In o box containing different pens, the probability that a pen is red is 0.35. find the probability that in a

random sample of 400 pens from the box.
@) Less than 120 are red pens

(i) More than 160 are red pens

(i) Between 120 and 150 inclusive are red pens

Solution
n=400,p = 035,94 = 0.65
Mean u = np = 400x0.35 = 140
o= Jnpg = V400x0.35x0.65 = V91
M  P(X <120)=PX < 119)
119.5 — 140 |
=p(z< —— ") = Pz < ~2149)

YCT.
=P(Z22149)=05-P(0 < Z < 2.149)

=0.5— 04821 = 0,0158
@ PX>160) =P(X 2 161) _

4. If an unbiased cain is tossed 100 times, what is the probability that;

()  There will be more than 60 heads

p (Z - 160.5 — 140) P(Z>2 ,
=PlZz———)=PZ =21
Vol =2149)

=05—P(0 < Z < 2.149)
=0.5— 0.4821 = 0.0158
(i) P(120 <X < 150)

(119.5 — 140

£ g o 1505~ 140).

ver T T Vo1
=P(-2149 £ 7 < 1.101)

=P(0<Z<2149)+P(0 < Z < 1.101)

= 04821 + 0.3645 = 0.8466

(i) There will be less than 43 heads

(i) There will be between 45 heads and 55 heads inclusive

$alution
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n=100,p=05¢=05
Mean,u =np = 100x0.5 = 50

npg = V100x0.5x0.5 = 5

0] P(X > 60) = P(X =2 61)

- P(z > (61— Oj) _ 50) =P(Z 22.1)

P(Z221)=05-P0<Z<21)
P(Z > 21)=05—04821= 0.0179

(i) P(X <43)=PX = 42)

500 viewers chosen at random

() More than 350 watch news
Gii) Exactly 350 watch news
$olution
() PX>350)=P(X 2 351)
(351 -0.5) - 500x0.72)

=p(z>

=P(zz

V500x0.72x0.28
350.5 — 360y

10.04

) = p(Z = —0.946)

P(Z > —0.946) = 0.5 + P(0 < Z < 0.946)

P(Z = —0.946) = 0.5 — 0.328 = 0.8280
Gi) P(X < 340) = P(X < 339)

Y (339 — 0.5) — 360"
B 10.04

(424 0.5) - 50\ _

=P(Z_<_ = =Pz 5~y
P(Z<-15)=05-P(0<Z< 15)

= 0.5 — 0.4332 = 0.0668

P(45 < X < 55)
44,5 = 50

— P(—g— <Zs<
Pc11€2<11) =22PO0<Z<11)

= 2x0.3643 = 0.7286

(i)
55.5 -5
-

5. It is known that 72% of NTV viewers watch news at 9pm. What is the probability that in a sampje of

(i) Fewerthan 340 watch news

= P(Z < —2.042)
P(Z < —2.042) = 0.5 — P(0 < Z < 2.042)
P(Z < —2.042) = 0.5 — 0.4794 = 0.0206
(i) P(X = 350) = P(349.5 £ X < 350.5)
349.5 — 360 350.5 — 360
( 10.04 _1T.04_")
= P(~1.046 < Z < —0.946)
P(—1.046 < Z < —0.946) = 0.3522 — 03280
P(X = 350) = 0.0242

6. A pair of balanced dice, each numbered from 1to 6 is tossed 150 times. Determine the probability that

a sumn of seven appears at least 26 time
$elution
6 1

PGumof)=p ==+

(26 — 0.5) — 150x~

1 5
150x6x6

P(X>26)=P|Z2

z

= ¢( >25'5_25)—P(z>011)
C\" T 456 /T

P(Z = 011) = 0.5 = P(0 < Z < 0.11)
P(Z > 0.11) = 0.5 — 0.0438 = 04562

7. Two players play a game in which each of them tosses a balanced coin, The game ends in a draw if
both get the samme result. Determine the probability that in 100 trials, the game ends in a draw.

(i) Atleast 53 times
Selution

P(draw)=p = i— -

(53 0.5) — 100x0.5
P(X 2:53) =
' V100x0.5x0.5
52.5
=p(zz2 ) P(Z = 05)

)

(i) At most 53 times
P(Z>05)=05-P(0<Z<05)
P(Z =2 0.5) = 0.5 — 0.1915 = 0.3085
P(X £53) = P(z < g) = P(z<07)

PZ=07)=05+P(0<Z< 0.7)
P(Z <0.7) = 0.5+ 0.2580 = 0.7580

8. Ina certain book, the number of words per page follows a normal distribution with mean 800 words
and standard deviation 40 words. Three pagessare chosen at random, what is the probability that
() None of them has between 830 and 845 words
(i) At let two pages have between B30 and 845 words
Selutien

® P(830<x<845) =P (B0 <7 < 280 = p(075 < Z < 1.25)
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P(0.75 < 7 < 1.25) = 0.3522 — 0.3280 = 0.0962
P(X = 0) = (g) (0.0962)°(0.9038)% = 0.7383
(D P(X=22)=PX=2)+P(X=3) o
= (3)(0.0962)%(0.9038)" +(3) (00962)(0.9038)° = 0.02509 + 0.00089 = 0.02598

Exercise 8d
The random variable X ~8(200,0.7). Find
(M P(X=2130) (i) P(136 < X < 148)
(iii) P(X < 142) (v) P(X = 152)
An((i)0.9474, (ii) 0.6325, (iii) 0.5914,
(iv) 0.0111)
An ordinary unbiased die is thrown 120 times. Find
the probability of obtaining at least 24 sixes
An{0.1958)
A pair of dice is tossed 144 times and the sum of
the outcomes recorded. Find the probability that
o sum of 7 occurs at least 26 times An{0.3688)
Records form Uganda police traffic department
shows that on weekend nights, one out of every
ten drivers on the road is drunk. A random sample
of four hundred drivers is checked on a weekend,
Find the probability that the number of drunk
drivers is at least 35 but less than 47. Uneb 1990
No.14 An(0.6807)
Records from Mulago hospital show that, on
average 80% of patients have malaria. If a
sample of 200 patients is randomly selected, find
the probability that:

(i) More than 170 patients have malaria

(i1 At least 155 patients have malaria

One-fifth of Acholi have Nodding syndrome.
Find the probability that the number of Acholi
people with the syndrome is; 7
(i) More than 20 in a random sample of 100
people
(i) Exactly 20 in a random sample of 100
people
(i) More than 200 in a random sample of
1000 people _
An((i)0.4502, (ii) 0.0996, (iii) 0.484)
10. If a fair die is thrown 300 times, what is the
probability that
(i) There will be more than 60 sixes
(i) There will be fewer than 45 sixes
An((i)0.0519, (ii) 0.1971)
A coin is biased such that head is twice as
likely to oceurs as a tail. The coin us tossed 120
times. Find the probability that there will be;
(i) Between 42 and 51 tails inclusive
(i) 48 taik or less
(i) Less than 34 tails
(iv) At least 72 and at most 90 heads
An((i)o.3729, (ii) 0.92501, (iii) 0.,1039,
(iv) ©.9296)

n

7 ‘ 12. 400 students sat o test which consists of 80
An((i)0.0138, (ii) 0.8345 . ;
In a school 459: (o?the bOy: are r.i'rcumc;ed. Find Itrue o ful;e fquesthns. None of the candidates
the probability that, in a group of 200 boys more an%wslfoaf of the csers and s guesses
than 97 are circumcised. An{@.1432) ( cc’nd?d‘:t};s.‘— r;g;?ésbzs;:e;udrgg rtw o
7. 10% of phones imported to Uganda are 1-phones, (i) What should the new p(l:ss mnrhci:) ::Slss
?h;asitz:a'l I::ﬁi?;i'lf uotf"ooo phones is taken. Find decided that only 115 candidates pass
it; An((i)28s5, (ii )
(i) Less than 80 are I-phones 13. A lorry of otatf)( 5) Vh (i) 43)
(i) Between 90 and 115 inclusive are l=phones el p ‘ = 1S AN Querage one rotien
(i) More than 120 or more are -phones potato in Six. A green grocer tests a random
An((1)0.0134, (if) 0.815, (iil) 0.03) sample of 100 potatoes and decides to turn
CInALIIS. ’ ’ . away the lorry if he finds miore than 18 rotten
8. During Christmas season, the probability that @ potatoes in the sample, Find the probobilify
message is sent-on phone successfully is 0.85 : ‘ " ‘ ;
(/) When 8 messages are sent, find the gmt he ccc‘epts the ‘co: lanment. An(0.6536)
probability that ot least 7 are successfully 14. ' On a certain fc'lrm. 2(}_ Yo of all the cows are
- infected by a tick disease. Find the probobility
(i) When 50 messages are sert. find the that in a sample of 50 cows selected at random
probability that at least 45 are successfully not more than 10% of the cows are infected.
sent. Am((1)0.657, (ii) 0.2142) Uneb 2000 No.6 An(0.0558)
117
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15. A pair of balanced dice, each numbered from 1

16.

7.

18.

to 6 is tossed 180 times. Determine the
probability that a sum of seven appears;

() Exactly 40 times
(i) Between 25 and 35 inclusive times

Uneb 2002 No.10 (i) ©.0108, (ii) 0.7286
On average 20% of all the eggs sold in supplied
have cracks. Find the probability that in a sample
of 900 eggs supplied by the farm will have more
than 200 cracked eggs. Uneb 2004 No.5

An(0.0439)

On average 15% of all boiled eggs sold in a
restaurant have cracks. Find the probability that
in @ sample of 300 boiled eggs will have more
than 50 cracked eggs. Uneb 2005 No.4

An(0.215)

A die is tossed 40 times and the probability of
getting a six on any one toss is 0.122, estimate the
probability of getting between 6 to 10 sixes. Uneb

2007 Neo.1 An(0.113)

19. In an examination which consists of 100 Questiq,
a student has a probability of 0.6 of getting o, .
question correct. A student fails the exammqtm“
he obtains a mark less than 55, and obtain; 4 !
distinction for a mark of 68 or more, Caleulete

() The probability that he fails the
examination

(i) The probability that he obtains a
distinctiorin Uneb 2012 Neo.15b
An((i)0.1308, (ii) 0.0629)

20. A research station supplies three varieties of
seeds 53, S, and S; in the ratio of 4: 2:1. The
probabilities of germination of 5;, §; and S, qre
50%, 60% and 80% respectively.

(i) Find the probability that a selected seed
will - germinate

{ii) Given that 150 seeds are selected ot
random, find the probability that less 90
seeds will germinate. Uneb 2013 No.16
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" ' OMN
DISTRIBUTION OF SAMPLE MEAN OF A NORMAL DISTRIBUTION P °'"u?ucri once 7.
if a random X of sample of size n taken from a normal distribution with meznwlfm:f:n ean 41 and
then distribution of the sample mean X is also said to be normally distribute !

a’ - a’t
variance — such that & =~ (,u, —n-)

X—y
[

Vn

Z =

Exaniple - d standard
1 At a certain school, the masses of students are normally distributed with mean 70kg and sta

deviation 5ka. If 4 students are randomly selected, find the probability that their mean mass 15 less 65kg.
solutien

pP(Z>2)=05-P(0<Z<2)

% 65 —70 ¥« £5) = 0.5 — 0.4772 = 0.0228
P(X<65)=P|Z<—— |=PZ<-2) P(X < 65)

V4

2. A random sample of size 15 is taken from a normal population with mean 60 and standard devigtion
4. Find the probability that the mean of the sample is less than 58

$olation |
= P(Z < —1.936)
7o cay — 58 — 60 P(Z > 1.936) = 0.5 — P(0 < Z < 1.936)
FUf <38} =F) &< 4 P(¥ < 58) = 0.5 — 0.4736 = 0.0264
V15

3. The height of students are normally distributed with mean 164cm and standard deviation 7.2cm.

. calculate the probability that the mean height of o sample of 36 students will be between 162cm and.
] 166cm.

Solution
& o[ 162-164 166—164 =2xP(0< Z < 1.667)
P(l62 < X < 166)—P( % <Z< ,;_3_% ) — 2x0.4522 — 0.9044

= P(—1.667 < Z < 1.667)
4. The height of a certain plant follows a nermal distribution with mean 21cm and standard deviation

V90cm. A random sample of 10 plants is taken and the mean height calculate. Find the probability
that this sample mean lies between 18c¢m and 27cm

$olution
i ) L =PO0<Z<1)+ P0<Z<2)
. i8-21 27-21 :
P(18 < X < 27)=P (—ﬁ <Z< _"’L_"—) =0.3413+ 04772 = 0.8185
Vi Vb
=P(-1<Z<2) '

5. Alarge number of random sample of size n is taken from a distribution X where X~N(74, 36) and the
sample mean X for each random sample is calculated. If P(X > 72) = 0.854, find the value of n

Solution
t . - 72 — 74 Fromtable Z = —1.054
PX>72)=P|{Z>—F = 0.854 _ |
= — = ~1.054
N 3
_ - n=10
=yn
: PlZ> = = 0.854
i
|

6. The distribution of a random variable X is X~N(25, 340
sample is calculated. If P(X > 28)

) and the sample mean X for each random
ielution

= 0.005, find the value of n
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4

28 — 25
V340
vn

P(X>28)=P| Z> = 0,005

Exercise 8¢
If X~N (200, 80) and a random sample of size
5 is taken from the distribution, find the
probability that the sample mean,

(i) Is greater than 207

(i) Lies between 201 and 209

An((i) 0.0401, (ii)0.2891,)

If X~N(200,10) and a random sample of size
10 is taken from the distribution, find the
probability that the sample mean lies out side
the range 198 to 205. An(0.3206,)
If X~N(50,12) and a random sample of size 12
is taken from the distribution, find the
probability that the sample mean,

0] Is less than 48.5
(i) Is less than 52.3
(iii) Lies between 50.7 and 51.7

An((f) 0.0668, (ii)0.9893, (iii) ©.1974)

Biscuits are produced with weight (W g) where
W is N(10,4) and are packed at random into
boxes consisting of 25 biscuits. Find the
probability that:
(i) A biscuit chosen at random weighs
between 9.25g and 10.79
(ii) The content of a box weighs between 2459
and 2559
(i) The average weight of the biscuits in the
box lies between 9.7g and 10.3g
An((l) 0.2924, (ii)0.0796, (iil) 0.3468)
A normal distribution has a mean of 40 and a
standard deviation of 4. If 25 items are drawn
ot random, find the probability that their
mean is;
0] 41.4 or more
(ii) Between 38,7 ond 40.7
(i) Lessthan395
A random sample of size 25 is taken from a
normal population with mean 60 and
standard deviation 4. Find the probability that
the mean of the sample is
() less than 58
(i) Greater than 58
(iii) between 58 and 62
An(0.6062, 0.9918, 0.9878)

h;.ﬂ

F

F. At st Noah junior, the marks of the pupils ¢,

5.

1. In an examination, marks are normally

3vn
P (Z > ) — []005
V340
From table Z = 2.576

3‘/%—257
Nerr
n= 250

be modeled by a normal distribution with
mean 70% and standard deviation 5%. If {o,,
pupils are chosen at random. Find the
probability thot the mean mark is
(i) less than 65%
(i) Greater than 65%
(iii) Greater than 75%
(iv) between 72% and 75%
An(0.9772, 0.0228, ©.0228, 0.1891)

The volume of soda in bottles are normally
distributed with mean of 758ml and a standard
deviation of 12ml. a random sample of 10 bottle
is taken and the mean valume found. Find the
probability that the sample mean is less than
750m!. An(0.0176)

0. The height of cassava plants are normally
distributed with mean of 2m and a standard
devigtion of 40cm. A random sample of 50
cassava plants is taken and the mean height
found. Find the probability that the sample meo |
lies between 195¢r and 205¢cm. « An{0.6134)

distributed with mean 645 and variance 64. The
mean mark in @ random sample of 100 scripts i
denoted by X. Find
0] P(X > 65.5)
(ii) P(63.8 < X < 645)
An((i) 0.1036, (if)0.3092)

2. The marks of an examination were normally
distributed. 20% of the students scored below
40 marks while 10% of the students scored
above 75 marks 7

(i) Find the mean mark and standard
deviation of the students
(i) 1f 25 students were chosen at randorn fro™
those who sat for the examination. wh
the probability that their average mark
- exceeds 60 od
(i) }f a sample of 8 students were chosen, fi
the probability that not more than3
scored between 45 and 65 marhs
An((a) y =53.87, 0 =16.473, (b) =0.0313,
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13, The life time of batteries produced by a certain
“ factory s normally distributed. Qut of
10000 batteries selected at random, 668 have
life time less than 130 hours and 228 have life
time more than 200 hodirs,
(i) Find the mean and standard deviation of
the battery life time
(ii) Find the percentage of the batteries with
life time between 150 and 180 hours
(i) If the sample of 25 batteries is selected at
random, find the probability that the
mean of the life time exceeds 165 hours
An((a) 1 = 160,0 = 20,(b) = 53.28%,
(€) = 0.1056)

14. If a large number of samples, size n are token
from a population which follows a normai
distribution with mean 74 and standard
deviation.

(i) Find nif the probability that the sample
meon exceeds 75 is 0.282

(i) Find n if the probability that the sample
mean exceeds 70.4 is 0.00135
An(() 12, (ii)25.)

15. A normail distribution has a mean of 30 and o
variance of 5. Find the probability that:

() The average of 10 observations exceeds 30.5
(i) The average of 40 observations exceeds 30.5

121
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(iii) The average of 100 obsemaf:;i?ns exceeds 305
(iv) Find n such that the probability that he

i «ceed 30.5 is less
average of n observations excee
than1% An((i) 0.2399, (i)yo.0787, (i)

0.0127 (iv) n > 108)

LG. The random variable is such that X ~N(u,4). A

random sample, size n is taken from the
population. Find the least n such that
P(|X —pl < 05) = 095 An(62)
Boxes made in a factory have weights which are
normally distributed with a mean of 4.5kg and a
stondard deviation of 2.0kg. If a sample of 16
boxes is drawn at random, find the probability
that their mean is: Uneb 1998 mow No. 14

() Between 4.6 and 4.7 kg

(i) Between 4.3 and 4.7 kg
An((i) 0.0761, (li)0.3108)

kl_. The masses of soap powder in a certain packet

are normally distributed with mean 842g and
variance 225 g2, Find the probability that a
random sample of 120 packets has sample
mean with mass. Uneb 2009 No. 15

(i) Between 844 g and B46 g

(ii) Lessthan 843g
An((i) 0.0702, (ii)0.7673)
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ESTIMATION OF POPULATION PARAMETERS
Statistical estimation is used to describe the unknown characteristics of the population (populatigy

parameter) by using sample characteristic.
A sample is a representation of a population parameter such as population mean, u and POPUlatg,

variance ¢*.
Types of parometer estimation
* Point estimates
» Interval estimates
(a) Peint estimates
(D The unbiosed estimate of the population mean, y is

= Eni or x= Zz—f;‘ Where x is sample mean

(i)  The unbiased estimate of the population variance, a? is % where

~ n X » . )
GE= — 52 Where s? is sample variance

n— )
orot == (5 ) ] or =i - G )]

Examples
1. Findthe best un biased estimate of the mean u and variance o of the population from whjch

each of the following sample is drawn
(i) 46, 48,50, 45,53, 50, 48, 51
T e o e £ m—  Jm— 1 — i< e
(i) ¥x=100,Yx%=1028,n=10
(i) ¥ x = 120, ¥ x? = 2102, n = 8 An(15, 43.14)
(iv) ¥ x = 330, £ x% = 23700, n = 34 An(9.71, 621.12)
(V) T x =738, T x% = 16526, n = 50 An(14.76, 112.96)

Ll

$olution
S T _1 B %%5 The unbiased estimate pf thi population ;guriunce,
1 116
48 2 | m 4508 gr= B (21X
= Plow | e S R A
- TE | Thoaer [TRCo15158 52 = 8 (19159 (391 )2 - 6982
Unbiased estimate for the mean 8—1| 8 8 o

e /X _391_ ears

== =g
5‘3 f144 - - s2_ B [46901 (2051 %
2 4 G " E — = =
22 7| 8228 8—1|2051 \ 90 )
;5. 20 380 13530 . ) &* = 1.809

] mi?o_'{’; e %53529501 (o) Unbiased estimate for the mean
Unbiased estimate for the mean ¥ = _Z_x = 1_00 =10
_ Y fx 2051 X n 10
i =.§ = N Tha 22.789 The unbiosed estimate of the population variance:
The unbiased estimate of the population variance, 62 = n lz Ll - (Z X )2
52 _ " .zfXZ_ fo 2 .71"'1 n n -
n-1| Lf \Xf, 5210 [1028 (100 z ”
10-1| 10 (10 ) 7

2. The fue! consumpti?n of  new car model was being tested. In one trials 8 cars chosen ot random
were driven under identical condition and the distance x km covered on one litre of petrol wos
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061

recorded. The following results were obtained, ¥ x = 152.98, ¥, x* = 2927.1. Calculate the
unbiased estimate of the mean and variance of the distance covered by the car

Solution
Unbiased estimate for the mean 2 [Txz (Tx B
__Xx 15288 52 = ___(_
X=T= 8 =19.1225 n—1| n n
- , 2
The unbiased estimate of the population variance, o 8 |2927.1 (152.98) ] — 0.25
a—l— = e—— = - -
8—-1| 8 8

(k) Interval estimate
Here we are interested in obtaining the interval over which the true population lies (confidence

interval)
Confidence intervals
The unbiased estimate of the populgtion (— ' =&
mean, p is ¥ P( day, S 2= Z“/z) /2
X—p : =
Z = =~ Where n is sample size X —H _
n P —Ztl/z < a <Za/2 _0!/2
Z is the area under the normal curve leaving 7—;
an area of = on either side of the curve S o - 7Y _a
2 — P(XHZH/2ﬁ<#<1+Za/Zﬁ)_ /2
_ . _ = -3 ; = @
? Confidence intervals [X—Za/‘z FESH<EF Za/Z ﬁ]
L/ L Teatl Y — i : Y ‘ .1
=0 5 Confidence limits (x {2;';:./2‘/E Lp<x+ Za/z Jz‘z)
2 2 = ¥ - —_
Ooruy=x%+7a T

(I) Confidence interval for population mean, u
% of a normal Or non-normal population
% with known population variance g2 or standard deviation &
‘ < Using any sample size, n large or small
The confidence interval is obtained from
U=%+Za /2% Where ¥ is sample mean
Examples

The length a bar of @ metal is normally distributed with mean of 115¢m and a standard deviation of
3cm. find the 95% confidence limits for the mean length of the bar

Selution
a 095 e X Lower limit = 109,
- =——= 0475 p=XtZa iy ke
5 =3 /2 Vi Upper limit= 120.88
£ay, =196 W=1154196x~

The mass of vitamin E in a capsule is normally distributed with standard deviation 0.042mg. a random
sample of 5 capsules was taken and the mean mass if vitamin E was found to be 5.12mag. calculate a
symmetric 95% confidence interval for the population mean mass.

Solution
a 095 - g Lo limit = 5.0
—=—=0475 H=X*Za) — wer lim .08
2 2 /2 \'/Oﬁo - Upper limit=5.16
Z"/z =196 4 =542+ 196x

It i known thot an examingtion paper is marked in such on way that the standard deviation of the

n;urbs is 15.1, In'a certain school, 80 candidates take the examination and they have an overage mark
of 57.4, find

(i) 95% and
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(i) 99% confidence limits for the mean mark in the exam

Selution
(@) § ==5° = 0475 i = 574+ 196x 2 U= 57.4 4 2575 151
Zap, = 136 (54.091, 60 709\48—0 T C
3 a +.091, 60. ower limit = 53.053
r=ZtZiay, = @ == % = 0.495 Upper limit= 61.74¢
Za; = 2.575

4. After a particular rainy night, 12 worms were picked and their length in cm were measured:
9.5, 95, 1.2, 10.6,9.9, 11.1, 10.9, 9.8, 10.1, 10.2, 10.5, 11.0.

Assuming that this sample came from a nermal population with standard deviation 2, find the o5y,
confidence interval for the mean length of all the worms.
$olution
g 2x 95+495+11.2+10.6+ 99+ 111+ 109498+ 10.1+10.2 +109+11.1
n 12 = 10.39
a—0'95—0475 pH=xtZa = = 10.39 + 1.96x
Zar/2 =196 : [9.26¢m, 11.52¢m)|

5. In a certain school, 10 students sat for an examination .The student marks were 29, 92, 38, 87, 32, 46,
71, 75, 59, 51 . Assurming the sample was taken from a population where the scores follow a normal
distribution with variance 210.

(i) Calculate the sample mean mark
(i) 95% confidence limits for mean an mark in the exam

Solution i
_ Tx 29+92+38+87+87+75+32+46+71+59+51 _
T);s o ¥ o )
a .95 210
Z“/z = 1'960 Lower limit = 49.018
=%+ Za;, — Upper limit= 66.982
HEXTLS T

6. The height of students are normally distributed with mean, u and the standard deviation, . Onthe
basis of the results obtained from a random sample of 100 students from the school, the 95%
confidence interval of the mean was calculated and found to be (177.22¢m, 179.18¢m). Calculate;

(i) The value of the sample mean I (i) The value of standard deviation
(iii) 90% confidence interval of the mean,

Solation
M  2=22=10475 %=1782
za./z = 1.96 (II) 17722 = 178.2 — 196ﬁ
_ o o=>5
w=xtie, @y Z=22=045
= . g _ A
17722 =X — 1.96@ ......... () za‘/_2 = 1__5455
179.18 = ¥ + 1.96 —=-c......(il)
Y100 - p=1782 £ 1,645x —=
adding | /100
2x = 356.4 [177:38cm, 179.02cm]

7. A plant produces steel sheets whose weights are known te be normally distributed with o standard
deviation of 2.4kg. A random sample of 36 sheets had a mean weight of 31.4kg.
(i) find the 99% confidence fimits for the population mean.
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(i) Find the width of the 99% confidence limit

Solution \ )
59 . . o
M 5= 22 = 0495 y=3144 2 AT Or width = 2xZaj, =
Zaf, = 2375 , e _ 2x2.575x b
g ~ (30.37,3243) e
u=3xtZa 7 (i) Width = 32.43 — 30,37 — 2.06kg
" ~ 2.06kg

8. The marks scored by students are normally distributed with mean i and standard deviation 1.3. It is

required to have a 95% confidence interval for i with width less than2. Find the least number of
students that be sampled to achieve this.

Solution 2

a 095 a 13
= e ‘ idth = 2xZay — < 2 2x1.96x— < yn
% 2 e ) a/zl‘éH ’ 6.49 i
Za;. =196 L : n

/2 2x1.96x7_; <2 n > 6.49

Least number should be 7
(i) Contidence interval for population mean, i

%+ of a normal or non -rnormal population

<+ with un known population variance o or standard deviation ¢
% UWsing a large sample size (n> 30)

If the population variance, o? is not given or unknown, th_en the confidence interval is obtained from

g
#=fi2a/2“/—z

s? — sample variance
gx? (Zx Y’
n n

The fuel consumption of a new car model was being tested. I oné trialk 50 cars chosen at random
were driven under identical condition and the distance x km covered on one litre of petrol was

recorded. The following results were obtained, ¥ x = 525, ¥ x? = 5625. Calculate the 95% confidence
interval for the mean petro) consumption, in km per litre of cars of this type.

3 n
Where 62 = —5?

22 n

n—1

Solution .o, 50 [5625 5
Unbiased estimate for the mean o T%0—1l50 ~ (10.5) ]
__Lx_ 3% & = 1,515
F= =5 ~ 100 ¢ 095
The unbiased estimate of.the 253 < 0475
population variance, . ' Zay =196
oo |EX (Zx) 1.5
Uz:n—-'l[ n ‘—(T)] =105+ 1.96x 15

| (10.08km/litre, 10.92km/litre]
2. The height x cm of each man in a random sample of 200 men living in mbale district was measured.
The following results were obtained ¥, x = 35000, 3, x = 62000000

(0) Calculate the unbiased estimate of the mean and variance of the heights of men living in
snbale

(b) Determine the 90% confidence interval for the mean height of men living in mbadle

Selution
(a) Unbiased estimate for the mean The unbiased estimate of the population
_ Yx 3500 175 variance,
“m 200
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. a _ 090 _ : |
a [g22 Xz ®) I=--=045
== |\ = Zay, = 1.645
—
., 200 [62000000 s )2] oo 175 1 1 V376884
772 | - 200
200 —1| 200 _
g7 = 376.884 [172.742cm, 177.258¢m]

3. A random sample of 100 observations from a normal population with mean, p gave the fallowing

results ¥ x = 8200, ¥ x? = 686000
(o) Calculate the unbiased estimate o

mbale
(b) Determine the 98% confidence interval for the mean

() Determine the 9% confidence interval for the mean
Solution

f the mean and variance of the heights of men living in :

(@) Unbiased estimate for the mean o 6=11.72
__Z'x_8200__82 ) §=T=°-49
= T 00 7 | Za; = 2.326
The unbiased estimate of the population 2 1172
variance, u==82+2326x
. no [T [Zx ) v/100
0" =— i "\ [79.274cm, 84.726cm]
" " | (© [78.981cm,85.102¢em]
100 686000
= — (82 2]
¢ J;O —3 100 %)

4. The mean and standard deviation of a random sample of size 100 is 900 and 60 respectively. Given
that the population is normally distributed, find a 96% confidence interval of the population mean,

Solution
‘ =72 60.302
) 100 Zay, =2 05‘{ 1 =900 + 2.054x
G = (100 l)xsuz = 60.30 ¢ 420, 2 Y100
- H=XT bay, —= B887.614,912.386
a 096 B 24n [ ]
2 2
Enercise 8f
1. The concentration, in mg per litre of a trace standard deviation 18g. A random sample of
element in 7 randomly chosen samples of water 25 cans is found to have a mean of 4584.
from.a spring were, Find the 99% confidence interval for the
240.8,237.3,236.7,236:6,234.2,233.9,232.5, population mean mass of a can of meat
Determine the unbiased estimate of the mean . produced at the factory. An(448.7, 467.3)
and the variance of the concentration of the 4« A tennis ball is known to have a height of

trace element per litre of water from the

bou vich i e 3
spring.  An(236, 7.58) unce which is normally distributed with

standard deviation 2cm. A sample of 60 tennis

2. Cartons of orange are filled by a machine. A balls is tested and the i
_ e, ‘ mean height of hounte
sample of 10 cartons selected ot random from the of the sample is 140cm. Find
production contained the following quantities ( in () 95%
mm) 201.2,205.0, 209.1, 202:3, 204.6, ' (i) 98% confidence interual for the mean
| 206.4:2 10.1,201.9,203.7,207.3 height of bounce of the tennis baill ’
Calculote unbiased estimate of the mean and An(139.5, 140.51) (139.4, MO.‘)

variance of the population from which the 8. A random sample of 100 is taken froma

sampl
. :::t was taken. An{2058.16, 9.223) population. The sample is found to have @
2 tory produces cans of meat whose mean of 76.0 and standard deviation 12.0-
masses are normally distributed with find
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B,

13.

14."

0] 90% (i) 97%

(i) 99% confidence interval for the mean of
the population An(74.02, 77.98)
(73.38, 78.62) (72.89,79.11)

150 bags of flourof a particular brand are
weighed and the mean mass is found to be
748g with standard deviation 3.64. find

(i) 90% (i) 95%.

(i) 98% confidence interval for the mean

mass of bags of flour of this brand

An(747.51, 748.49) (747.42, 748.58)
(147.!!,748-69)

A random sample of 100 readings taken from
a normal population gave the following data:
x=82,% x* = 686800. Find
(i) 98%
(i) 99% confidence interval for the population
mean An(79.19, 84.81) (78.89, 85.11)
80 people were asked to measure their pulse
rates when they woke up in the morning. The
mean'was 69 beats and the standard deviation
4 beats. Find -
M 95% (i) 99%

(i) 97% confidence interval for the
population mean An(68.12, 69.88)
(67.84, 70.16) (68.0, 70.0)

The 95% confidence interval for the mean
length of o particular brand of light bulb:is
[1023.3h, 1101.7A]. This interval is based on
results from a sample of 36 light bulbs. Find the
99% confidence interval for the mean length of

The distribution of measurements of masses of a randem sample of bags packed in a factory is shown'

‘below,

Mass (kg) 72.5 77.5 825 B7.5 925 975 102.5 107.5

Frequency 6 18 32

() Find the mean and standard deviation of the masses
(i) Find the 95% confidence limits Am((if)90.5,92.2)

The age , X in years of 250 mothers when their first child was born is given below  *
e 18- 20- 2z~ 24 - 26 - 28- 30-
MNumber of mothers 14 36 az 57
(i) Estimate the mean and standard deviation of X
(i) If 250 mothers are randomly selected form a large population of methers, find the 95%
confidence limits for the mean age of the total population An((i)25.3, 3.6 (if) (24.9, 25.9))
. The life time of 200 electrical components were recorded and classified in the frequency distribution
Life time 0- 100- 200- 300- 400- 500- 600-
frequency Bo 48 30 18 10 = 5 4 3
0] Estimate the mean and stondard deviation of the distribution
(i) find the 90% confidence limits for the population mean using a suitable normal
approximation for the distribution of the sample mean An(il)(173.5, 214.5)

life for this brand of light bulb, assuming that

the length of life is nermally distributed.

An(1011,1118)

10. A random sample of 6 items taken from a
normal population with variance 4.5cm? gave
the following data:
12.9¢cm,13.2cm, 14.6cm,12.6cm, 1 1.3cm, 10.1cm

(i) Find the 95% confidence interval for the
population mean
(i) What is the width of this confidence
interval An(10.75, 14.15) (3.4)
11. An efficiency expert wishes to determine the
mean time taken to drill-a number of holes in
a metdl sheet. Determine how large a
random sample is.needed so that the expert
can be 95% certain that the sample mean
will differ from the true mean time by less
than 15 seconds. Assume that it is known from
previous studies that the population
standard deviction is 40 seconds. An(28)
12. A random sample of 60 loaves is taken from a
population whose mean masses are normally
distributed with mean u and standard
deviation 10g
() Calculate the width of 95% confidence
interval for u based on the sample
(i)  Find the confidence level of o 95%
confidence interval having the same
width as before but based on a
random sample of 40 loaves An((i)
5.06g, (ii)89%)

57 102 51 25 o

i 32 - 34- 36- 3B-
48 Z26 17 7 2 o 4

700- 800- 900- 1000~
2 0 0

7 e

12 l Y -

| 5 r'v:u A S
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NUMERICAL METHODS, ERRORS AND FLOW CHARTS
ERRORS

An error is the difference between exact and approximate value

Types of errory
(a) Rounding errors

These are errors that arise as a result of simply approximating the true value of different

Example timbery
Round of the following number to the given number of decimal places or significant figy
0] 3 896234 to 4 dp. An(3.8962) (v) 1.0457162 to 3s.f. An(3.03) e
(ii) 5 to 3 dp. An(0.667) (vi) 0.00652673 to 4s.f; An(0.,006527)
(iii) 0.00639 to 4dp. An(0.0064) (vii)  7.00214to 4 5.f. An(7.002)
(iv) 5.00257 to 3:.f. An(5.00) (iii) 5415678 to 3 5f. An(8420000)
(b) Truncation errors
These occur when an infinite number is terminated at some point
Examples
Truncate the following numbers to the given number of decimal places (d.p) or significant figures, sf
(i) 456172 to 2dp.An(4.56) @i g to 3dp.An(0.666) (i) 1.345618 to 4sf. An(1.34y)
Commeon terms used
(a) Error or absolute error
If x represents an approximate value to X and Ax is the error in approximation
lerror| = |exact value — approximate value|
|Ax| = |X — x|
Examples
Round off 32.52632 to 2dp ond determine the absolute error
Solution
X=32.53x=32 |Ax| = |32.53 — 32
|Ax| = |X — x| |Ax| = |-0.53] = 0.53
(k) Relative error
] absolute error  |Ax| |[X — x|
Relative error = = =
exact value X X
() Peuenlcqe error or percentage relative error
;ue.rcentage Relative error = absolute err Orxr 100% = wxl 00% = X = ] x100%
exact value X
Example
Find the percentage error in rounding /3 to 2dp
Jolution
— > I F — s L) —
X =3 =1.732050808 —xxl_ 1.73 % error = |1.73;2703o;§;:38081,?3|xmo%
percentage error = x100% X -

percentage error = 0.118%

(d) Maximum possible error in an approximated number
This depends on the number of dp the number is rounded to
, If the number is rounded off to n dp, then the maximum possible error in that number is = 0.5% 107
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1 [fastudent weighs 50kg. Find the range where his weight lies

Solution
= 0dp,e = 0.5x10°°% = 0.5
minimum value = 50 — 0.5 = 49.5kg

Maximum value = 75-’0 -+ 05 = 50.5kg
Range of value = (49.5, 50.5)

2. If xis given to stated level of accuracy state the lower and upper bounds of x

(o) 6.45
Sclution
(@) n = 2dp,e = 0.5x1072 = 0.005
lower bound = 645 — 0.005 = 6.445
upper bound = 6.45 + 0.005 = 6.455
(b) n = 3dp, e = 0.5x107% = 0.0005
lower bound = 0.278 — 0,0005 = 0.2775

(b) 0.278

(c) 4.0

upper bound = 0.278 + 0.0005 = 0.2785
o n=1ldpe=05x10""=0.05

lower bound = 4.0 — 0.05 = 3.95

upper hound = 4.0 + 0.05 = 4.05

3. Avalueofw = 150.58m was obtained when measuring the width of the football pitch. Given that
the relative errorin this value was 0.07%,find the limit within which the value of w lies

$elution

A
% Relative error = [—Wlxlt)()%
w

[Aw]

0.07 =
0 150.58

x100%

|aw| = 0.105
lower limit = 150.58 —0.105 = 150.475
upper limit = 150.58 + 0.105 = 150.685

Abjsclute errer in an operation
When the minimum and maximum value is known then;

1 -
Absolute error = 3 [maximum value — minimum value |

() Abjolute error in addition

Given two number o and b with errors Aa and Ab

(a + b) max = @max + binaxr = (@ +Aa) + (b + Ab) (a+ B)min = @Qmin + bmin = (a— Aa) + (b — Ab)
(i) Absolute error in yubtraction

Given two number a and b with errors Aa and Ab

(a+ B)max = Cmax — bmin = (@ 4 8a) = (b - Abj (@+ b)min = @min — bmax = (a —Aa) — (b + Ab)

Examples
4, OCiventhota = 2.453. b = 6.79. find the limits and hence the absolute error of

(i a+b (i) a—b
Solutien _
a = 2.453, Aa = 0.0005, b = 6.79,Ab = 0,005 () (a—b)maximum = Cmax = Brmin

M (a + b)masximum = Gmax + Pmax

(@ = b)max = (2453 +0.0005) - (6.79 — 0.005)

(@ + B)pax = (2.453+ 0.0005) + (6.79 + 0.005) = —4.3315
= 9.2485 (a b)mmumum - amm bmnx
(a + b)minn’mum = Qyin + bmin b)mm - (2 453 - 0. 0005) - (6 79+ 0. 005)
(@ + b)in = (2.453 — 0.0005) + (6.79 — 0.005) = —4.3425
= 09,2375 lower limit = —4.3425 -

lower limit = 9.2375
upper limit = 9.2485
Absolute error = %[9.2485 —9.2375)] = 0.0055

upper limit = —4.3315
1
Absolute error = 5 [-4.3315 - —4.3425]
= 0.0055

125

Scanned by CamScanner




(i) Abselute error In multiplication

Given two number a and b with errors Aa end Ob

(ab)pmaximum = maxPmax

Examples
1. Given that a = 4.617, b = 3.65. find the;
() the maximum possible error in a and b
Solution

() a=4.617 Aa=0.0005 b= 3.65,4b = 0.005

(i) (ab)maximum = amazbm‘ax
(ab)maxi = (4.617 + 0.0005)(3.65 + 0.005)
= 16.87696
(ab)mim'mum aminbmih
(ab)min = (4617 — 0.0005)(3.65 — 0.005)
2. Giventhat a = 4.617, b = =3.65. find the:
(i) the limits of values where ob lies
(i) the interval of values where ab lies
$olution

a=4.617,Aa = 0.0005 b = —3.65, Ab = 0,005

® (ab)maximum = AmaxPmax

(@h) gz = (4.617 + 0.0005)(—3.65 + 0.005)

= (a +ba)(b +Ab) |

Absolute error

(ab)minémum = Qpinbmin = (a— Aa)(b « MJJ

(i) the absolute error ap
= 16.82853
%[max — min])

1. o
Absolute error 3 [16.87696 — 16.82853]
=0.02422

(iii) the absolute error in ab

‘lower limit = —16.87331

upper limit = —16.83079 7
Interval of values = [-16.87331, ~16.83079)

7 —16.83079

(@b)minimum = rin Dmin -
(@b)pmin = (4617 — 0.0005)(—3.65 — 0.005)
—16.87331

Absolute error = =[~16.83079 — —16.87331]
=0.02126

(iw) Abiolute error in division
‘Given two number a and b with errors Aa and Ab
(E) _ Orpox _ (a + Aa)

b muaximum bmin (b - Ab)

— Bmin = (a-4a)
(b+ab)

;)
l (b minimum  Dmax

Examples
.. Given that ¢ = 1.26, b = 0.435. find the absolute error of

M Find the maximum pessible errors in a and b
(i) Range of vaiues where % lies {ID) Absolute error in 2
Solutlon ' ’
M Aa = 0235_ 0,005 (E) _ Aonin _ (1.26 — 0.005)
. - ‘( 1,264,005 b/ minimum  bmax (0435 + 0,0005)
@ (2 = fmax _ _(1.26 +0.005) = 2.88175
b maximum bm[‘n (0435 - 0;0005)

Range of values = (2.88175,2,91139)

(iii) Absolute error = % [2.91139 — 2.88175]
= 0.01482 |
given number of dp. Find thé

) can be expected to lie

= 291139

2 The numbers 2.6754, 4.8006, 15.175 and 0.92 have been rounded off to the

range of values within which the“exact value of 2.6754 '(4.80 06 —
Solution

15475
0.92

Maximum value = 2,67545 (4.80065 _ 1:;.;;:5

)= 31529
minimum value = 2.675445 (4.80055\—

15.1755
“oszs ) = —31.045
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Range of values = (—31.529,-31.045)
3. Obtain the interval of values within which the exact value of 1—5'%’:—3‘7:0—_:3:6—72 lies

15.365+27,15-1.6715 interval of values = [16.505,16.920]

15 3525{352%?504257

Y o aa. + i B

Minirmum value = 0514788
2.365x1.0435

. 12.4 ;
#. Giventhat N = —— 10.8¢
4200 6124

(a) Write the possible error in each of the values given ‘
(b) Estimate the range of values within which N lies. Hence estimate the absolute error in N
Solutlon Range of values = (1.1725,1.2052 ), Absolute error = 0.0164

= 16.920
= 16.505

Maximum value=

Other examples
2. The dimensions of a rectangle are 7.4cm and 6.25¢m,

M State the maximiim possible error in each dimension
(@ii) Find the range which the area of the rectangle lies
Solution
)] l'=7.4cm, AL = 0.05 Apax = 745x6.255 = 46,5998
w = 6.25cm, Aw = 0.005 Ay = 7.35x6.245 = 45.9008
(ii) A=lw Range of values = [45.900,46.5998]

2. The numbers ¢ = 24.57, b = 12.49 and ¢ = 7.2 are calculated with percentage errors of 5, 3 and 1

respectively. Find the limit to two decimal places within which the exact value of the expression ab — %

lies.
Solution
Sx24.57 3x12.49 1x7.2
ba = = =1.229 Bb === =0375 Ac =~ = 0.072
lower limit = (2457 — 1.229)(12.49 — 0.375 (12'49 * 0'375) = 28297
ower limit = (2457 — 1.229)(12.49 — 0.375) - TN )
12.49 —0.375

Upper limit = (2457 + 1.229)(12.49+ 0:375) — (W) = 330.24

3. A mobile money business man makes an annual profit of 8 million with a margin error of £5% and an
annual loss of 2 million with @ margin error of +3%

(i) Find the range of values corresponding to his gross income
@i If his annual income tax is 1.5 million, what percentage of the gross income goes to tax, giving
your answer as a range of values.
j$olution
() Max profit= 8x105% = 8.4m Min income= min profit — maxloss
Min profit= 8x95% = 7.6m Min income= 7.6 — 2.06 = 5.54m
Max loss= 2x103% = 2.06m Range of income = [5.54,646]
Min loss= 2x97% = 1.94m { )  Lowerlimit=—>x100 = 23.22%
Max income= max profit — min loss T -
Max income= 8.4 -p1.9{1 = 6.46m Upper limit = ~= x100 = 27.08%
Range of values = [23.22%, 27.08%]
Exerclse 9a
1. Two numbers A and B have maximum possible (b) IfA = 2.03 and B = 1.547, find the maximum
errors €, and e, respectively. UNEB 2018 No.6 possible errorin A + B. An (0.0055)
(a) Write an expression for the maximum 2. Giventhaty = % + x and x = 2.4 correct to
possible errors in their sum. one decimal places, find the limits within which
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y lies. UNEB 2017 No.6 An (lower
Iimit=2.8755%, upper limit=2.7582)
3. The numbers A = 6.341 and B = 2.6 have been
ronded to the given number of decimal places.
(a) Find the maximum possible error in A}ZB
(b) Determine the interval within which %
can be expected to lie. Give your answer
correct to 3 decimal places
(i) Given the numbers x = 2.678 and y = 0.8765
measured to the nearest number of d.p indicated
a} State the maximum possible error in
xandy
b) Determine the maximum possible error
in xy
c) Find the limit within which the product
xy lies, correct to 4 dp
An((a) Ax = 0.0005,Ay = 0.00005,
(b)0.000572, (c)(2.3467,2.3478)
(i) The radius of a circle is measured as 5.34m to the

4,

nearest cm .calculate the lower bound of its area,

correct to 3 significant figures. An(89.4m”)
(a) Determine the maximum absolute errorin

x;fj? given that x = 2.4,y = 5.4 and
z = 1.8 all numbers rounded.

(b) The variable v, r and h are related by the

72

T 5

In an experiment, the value of r and h
were found to be 4.1 and 40.8
respectively .calculate the lower and
upper limits of v correct to 3 dp
An((a)0.000123 (b) (5.134,5.141))

6. (a) A company had a capital of shs.500million,
the profit in certain year was shs 25.8millian in
section A of the company and shs 14.56 million
in section B of the .company .There was possible
error of 5% in section’ 4 and an 8% error in
section. Find the maximum and minimum vailues

of the total profit of the section as a percentage of
the capital.

(b) Given that @ = 42.326,b = 27.26 and
== 12.93 are rounded off to the given d.p.
Find its range within which the exad value of
the expression , ﬁc- lies where. 4, B and C are

rounded offto a, b and ¢ An((max=8.56%; ,
min=7.58% (k) (-2.95137,2.93576))
7. (@Whenx =08 ¢*=227255 and
e™* = 0.4493 correct to 4dp
() Round off the value of e* and ¢~ tozdp

5.

—

formula. V

o
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10.

(b) Given x = 2,2255, y = 0.449 correct to the

12.

(i Truncate the values of € and ¢~* to 3g

(iii) If the maximum possible error in the val, n
of e*and e ¥ is 1+ 0.0005 what qpe the
corresponding maximum Snd minimyy,

values of the quotient perl Cive vour
answer to3d.p  An((i)2.23, 0.45, (W)
2.22, 0.44, (iii)4.954, 4.933)
{b) Given x = 3,y = 12,z = 6 allto the
nearest integer, find the maximum yqjye, ’
® = @7 Gy =¥
An((1)0.8696, (11)7.9345, (ili)-1.4649)
If the error in each of the values of e* and o-x
is + 0.0005. Find the maximum and minimyy,
values of the quotient Te_x; When x = 0,04,
give your answer to3d.p An(1.084 and
1.082)
The numbers a = 26.23, b = 13.18 and ¢ =
5.1 are calculated with percentage errors of 4,

3 and 2 respectively. Find the limit to two
decimal places within which the exact value of

the expression ab — % lies. An(319.21, 367.87)
The length, width and height of water tank al|
rounded off to 3.65m, 2.14 and 2.5m
respectively. Determine in m? the least and
greatest amount of water the tank can
contain. An(19.066,19.992)
(o) Given that the values x = 4,y =
6 and z = 8 each has been approximate to the
nearest integer. Find the maximum and
minimum values of

¥ : zZ—x
An((i)1.85714, 1.22222,
(i1)0.909091,0.46134 (iii)93.5, 67.5)

@iy (x+y)z

given no of d.p.state the maximum possible
error in the value of x and y hence
determine, the

(i) Absolute error
(ii) Limit within which the value of
quotient ;—c lies giving your ans to 2d.p-
An((i) Ax = 0.00005, Ay =
0.0005,0.01, (ii)(4.95, 4. 96))
(a) Given that x = 25,y = 14,2 .z =81dl

the values given corredt to one d.p find the

maximum value of

o X ; - !
M =2 m =2 (i) & + %’;
Comectto3d.p Am((i)0.259, (i)-1.478 (iii)03"’)
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(b) Given the number x = 2,678 and y =
0.8765, measured to the nearest
number of d.p indicated

(i) state the maximum possible error in

xandy

(ii) Determine the absolute error in Xy

iii) Find the limit within which the product xy

lies correct to 4 d.p
An((i) Ax = 0.0005,Ay = 0. 00005,
({)0.000572, (iii)(2.3473 + 0.000572))
13. Given the numbers a = 23.037, b = 8.4658
measured to the nearest number of d.p
indicated.

(i) Determine the absolute error in s

(ii) Find the limits within which % lies,

correctto 4 d.p
An((i) 0.00007513, (ii)(2.7211,2.7213))
4. A soda company makes an annual profit of
1080 million with a margin error of +10% and
an annual loss of 560 million with a margin
error of +5%

() Find the range of values corresponding

to his gross inceme
If his annual income tax is 75 million,
what percentage of the gross income
goes to tax, giving your answey as a
range of values.
An((i) 384 to 656 million,(ii)11.4% to 19.5%)

@i

ERROR PROPAGATION

Triangular inequality

It states that |a + b| < |Aa] + |Ab]

(i) Addition

Consider two numbers X and ¥ are approximated by x and y with errors Ax and Ay

|exsy| = [[(x + 82 ) + (v + Ay )] = (x + )|
|exsy] = 8% + Ay|
|lexsy| < 18x] + |Ay]
emax = |AX| + [Ay]

Ax Ay
R.Eax = | I l ]
max = x4 yl + x+y
Alkernatively
Examples

|
within which (x 4 y)lies
Solution
Ax = 0.0005, Ay = 0.005
xsy = Ox + Ay = 0.0005 + 0.005 = 0.0055
Working value= x + y = 7.824 + 2.36 = 10.184 .
upper limit = 10,184 4 0.0055 = 10.1895

absolute error = 5 |max — min|

~([Oxvlix Yr(rby Y-[x-Dx Jo(-By D)
lexsy| = 16 + Ay
|lexsy] < [A%] + |AY]

Ermax = |gXI + lAyIA
il B 4

RE =|
max x+y|+|x+y

Given numbers x = 7.824 and y = 2.36 rounded to the given number of decimal places. Find the limit

lower limit = 10.184 — 0.0055 = 10.1785
Alternatively
(x 4 V)max = 7.8245 + 2.365 = 10.1895
(X + Y)imin = 7.8235 + 2.355 = 10.1785

2 If x =4.95andy = 2.2 are each rounded off to the given number of decimal places. Calculate;

0]
(i)
Solution
(i) Ax = 0.005, Ay = 0.05
| Ax Ay
% error = [l I 4 l - ”xlOO%
x+y x+ yl.
0.005 ‘|+ l 0.0
495+ 2.2 495+ 2.2
% error = 0.769
ARermatively
Working value= x + y = 4954+ 2.2 = 7.15

The percentage errorin x + y

” x100%

% error = [

the limit within which (x + y) Is expected to lies. Give your answer to two decimal places

[ g

% error = 7 e x100% = 0.769
(ii) upper limit = 7.15 + 0.055 = 7.21

lower limit = 7.15 — 0.055 = 7.10

Alternatively
(x4 Vmax = 4955 + 2.25 = 7.21
(x + V)min = 4945 + 215 =710
133
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) Subtraction imated by x and y with errors &x and Ay

Consider two numbers X ond Y are opproxi :
ex—y = ll(x + ax) = (v + By N ==yl absolute erraor = Elmax ~ min|
= |[Ax = A »
[,Ifx ’i'< ,L,j N Ay,ll = 2(10etbx )~ (y-by YLD )~y D))
e::zaz IMI + |8yl _!e'x—yl = .le + Ayl
_ I | A? |ex—y| < I8x] + lA¥]
R.Epax = ‘x y lx - emar = |0x| + [By] |
Alternatively oy _ I Ax |+l Ay
- “max ¥ — y X — y

Example)
Given numbers ¥ = 6.375 and y = 4,46 rounded off to the given number of decimal places. Find the
limit within which (x — y)lies
$elution
Ax = 0.0005, Ay = 0.005 tower limit = 1.915 — 0,0055 = 1.9095
|ex=y| = |Ax| + |Ay] = |0.0005] -+ |0.005| = 0.00%5 | Alternatively
Working value= x —y = 6.375 —4.46 = 1.915 (X — ¥max = 6.3755 — 4.455 = 19205
(x — ¥)min = 6.3745 — 4,465 = 1.9095

upper limit = 1.915 + 0.0055 = 1.9205
2 If x =1.563 and y = 9.87 are each rounded off to the given number of decimal places. Calculate:

(i) The percentage errorin x — y
(i) the limit within which (x — ¥) is expected to lies. Give your answer to three decimal places

1

$olution
0) Ax = 0.0005, ﬁ;v 0.005 lex—y| = |ax| + |Ay| = |0.0005] + [0.005] = 0
, x Ay 0.0055 1
% error = “x y{ ”xlOO% % error = %x100%= 0.0662
B errer = [ 0‘.00057 " 07005 ]xlﬂ( o (i) upper limit = —8.307 4 0.0055 = —8.302
1.563 — 9.87 1563 — 9.87 lower limit = —8.307 — 0.0055 = —8.313
% error = 0.0662 Alternatively
Alernatively 2t _ o
T : ] xX — may = 1.0635 — 9, = —B.30;
Working volue= x — y = 1,563 — 9.87 = —8.307 Ex __i?)m‘f" _ ; 522355 _ 388555 - 88 §f§
min — &, 4 « U - Q. d

(1) Multiplication
Consicler two numbers X and Y are approximated by x and y with errors Ax and Ay
Ieiy | =[x+ 8x )(y + by )] — (xy)) Alternatively
= |xy + yAx + xAy + AxAy — xy|
Slnce Ax and ]Ay cl:re \;ery small, then AxAy ~ 0
exy| = lydx + xAy| —
pon e =500 +80) 0+ 23] — [(x — Ax )y - )
Cmax = |yAx| + |xBy|

1
absolyte error = 5 = |max — min|

=

lexy| = lyax + xay|

R.E yﬂxl ,xﬂy Iex_'yl < lyAx| + |xAy|
g = Cmax = Iyﬁxl + |xAy|
A xi
w51 -
R.E gy = I |
Examples

1. Given numbers x = 6,375 and y = 4.46 rounded off to the it b
limit within which (xy)lies off to the given number of decimal places. Find the
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Selution

Ax = 0.0005, Ay = 0,005 [e,y| = |yAx] + [xdy|| lower limit = 28.4325 — 0.0341 = 28,3984

|exy| = 14.46x0.0005) + |6.375x0,005| = 0.0341 A e 665
Working value= xy = 6.375x4.46 = 284325 (X))maz = 6.3755x4.465 = 28.3984
upper limit = 284325 + 0.0341 = 284666 (59 )min = 6.3745x4.455 = 25

2. If x=1.563 and y = 9.87 are each rounded off to the given number of decimal places. Calculate;

() The percentage error in xy
(i) the limit within which (xy) is expected to lies. Give your answer to three decimal places

Solution |
@)  &x=0.0005, Ay = 0.005 lexy| = 19.87x0.0005] + |1.563x0.005] = 0.0128
Ax] A | 0.0128
% error = [l?l + ll ] x100% % error = 15 4268;(100%) = 00826
y : ,
_ _ [|0.0005) 0.005y (i) upper limit = 15.4268 + 0.0128 = 15.440
Y error = ” 15631 1987 ‘]"100% lower limit = 154268 — 0.0128 = 15.414
% error = 0.0826 Alternatively
Alternatively (Y )max = 1.5635x9.875 = 15.440
Working value= x = 1.563x9.87 = 15.4268 (Y min = 1.5625x9.865 = 15414

|exy| = [yax| + |xay|

(iv) Division
Consider two numbers X and Y are approximated by x and y with errors Ax and Ay

| (x + Ax) (7() -Allemcl;vely
ex; | = [——=— |- ’
Ty +ay) " Y absolute error = = |max — min]
|EX/y|:.xy+yAZX+—xAy—xy 1 +4x)  (x—Bx)
T “2|y-dy) (y+ay)
yAx — xAy xAy + yAx
|ex/37| = - Ay exp, = l y2 — Ay? l
_ 5 By 3 Az |
Y (1 Y ) Since Ax and Ay are very small, then Ay? = 0
Ay _ ‘
Since Ax and Ay are very small, then 7 0 le'x/yl _ yﬂx—: Ayl
Jexs| = 5] lydx] + x|
ly 2 x| < byt bt
Iex | < ________]yAx[«i—\IxAyI |yAx| + [xAy|
HE Ty e =
€max = yaxl +z e lyAx| + |xAy| x
max Iy R Emax =——pr— %3
|yAx| + |xAy] X A
E. = _ y
F- Ema ’ R.Eqar=|—|+|—
ly#1 y = =
Ax Ay
R.Emax |—x—l + l'}-
Exomples

1. Given numbers x = 5.794 and y = 0.28 rounded off to the given nurmber of decimal places. Find the
fimit within which (_—;—)lies
$elutionm

Ax = 0.0005, Ay = 0.005 | _ lyAx| + |xAy|

T A

Ex/y
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15.794x0.005] Alternatively

0.28x0.0005] + 15.794xU. — 0.3713 _ 5.7945 _

expy| = " [0.282] 03 Chy) e = 5/ 0.275 = 21.070q
5,793 -7

Working value= x/ = 794/0 = 20:6923 (x/y‘)mm /0 285 0.328

upper limit = 20.6929 + 0. 3713 = 21.0642

lower limit = 20.6929 —0.3713 = 20.3198

If x = 7.37 and y = 2.00 are each rounded off to the given num
()] The percentage error in % /y

(i) the limit within which (* /y) is expected to lies. Give your answer

ber of decimal places. Calculate,
2

to three decimal plagg,

$olution a3y
@  Ax = 0005, Ay = 0.005 Working value= */y = "'/ g = 3.685
Ax) Ay 0.0117 .
% error = “—‘ + ‘-‘y—”me% % error = oo x100% = 0.318
x .
0.005)  0.005 oo | i) upper limit = 3.685 + 0.0117 = 3.697
Yo &1y = “ 7.37 I * 1200 ”me% =0.318 lower limit = 3.685 — 0.0117 = 3.673
Alternatively Alternatively
Ax| + |x4 x _ 7.375/ -3
Jexs| = e I,yzll g ) nax ; 355/ 1.995 = 3697
|2.0020.005] +17.37%0.005| _ .. 1) =72%5.005 = 3673
ex/yl = |2 002] =10.01

3, (c) The numbers A, B and C are approximaoted by a, b and ¢ with errors e;, e; and 63 respectively,

a
Show that the maximum possible relative error in taking the approximation of -B—C as is

& 2 | 4 | &
al ' lbtel T |b+e
(b) Given that a = 40,235, b = 14.15 and ¢ = 2.45 are rounded off to the given decimal places. Find

the range within which the given range if the approximation ﬁ lies

Solation
(@) &+ ¢ = d with an error of e, such that |dey | + |aey| a ed
e, = g5+ R Emay = ———— =+ I |;_
d 2 5_"3_' , |d2|
. _[a 91) _a \
€= (d +eq/ d () R. Emax —e— b+c |b+c 3
ad + de, —aeg —ad  de, — aey e = “_1 I | ] e
e = max
> btcl b+l btc
d? + deg dZ( E‘) . 10,0005 0.005 |
Since e; and ¢, are very small, then ~ =0 " 140235 ll‘l' 335"' 2.45 40.235
_ aegy : itk
le] = T— 1415+ 28 ]x14.15+2-45
le| < 1961 * laeg] . = e
= |d7] ange= m_ﬂﬂﬂ]‘q-g
. _ldeil + laey] [2.4223,2.4252]
max — T 1331
|d?]
ERROR IN FUNCTIONS

Given a function f(x) with a maximum possible error Ax.
Absolute error, |e] = |Ax|f1(x)

Maximum possible relative error, R. E = '—’WJ’Q
Exemple 76
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1. Find the absolute error and maxim

i um relative error in each of the functions '
(i) y=x i) 3 @iii) y = sinx
| = ¥2
Solution y=x
M lel = 1AxIf(x) = 43| Ax| s dias
_ 42%0x] _ alax RoE = 2 _3iax
RE=—3"= Tx K& 2 2 x

. 1 Xz
) lel = 18x]f2(x) = 2xzjay|| T lel = JAxIf1(x) = cosx [Ax]|
z ‘ R.E = Sosx |Ax| ,
GE=— == |Ax||cotx|

2. Given that the error in measuring an angle is 0.4°, Find the maximum possible error and relative error
in tanx if x = 60°

Solution
le] = 18x|f*(x) = (1 + tan®x) |Ax| R.E = 20280
0.4 ‘
e| = (1 4+ tan?60 |— I:
) le] = ( ) e 0.0280

= 0.0162

tanel

Error in a function that hay more than one variable
Given a function f (x, ¥) with a maximum possible error Ax ond Ay respectively .
Absolute error, |e] = |Ax|f*(x) + |Ay|f*(v)

Maximum pessible relative error, R. E = 22U 1_(;3:!2”1’ ')

Examples

1. Two decimal numbers Xand Y are recorded off to give x and y with errors Ax and Ay respectively.
Show that the maximum relative error recorded in x*y is given by 4Ii—x| + |ﬂ?y|

Solution :
le] = 1axf?(x) + ayf* ()l ) 4]x3y||Ax| + |x*]|Ay]
le] = |Ax4x3y + Ayx*| RE= x*y
lel < 4lx?y|lAx| + [x*||Ay] | Ax| |By
lemax| = 4lx3yl|8x| + |x*]|ay| R.E =4|7 + 7|

2. Two decimal numbers x and y are recorded off to give X and Y with errors Ax and Ay respectively.
1 1
Show that the maximur relative error recorded is approximating x2y> by XzY?3 is given by
_ 2| x ¥
$olution
le| = [axf*(x) +8yf* (D)

1 4 1
1 1 1 . %‘X_5Y3||Ax|+3|){i¥2|my]
|e|=|Ax—X—fY3+Ay3X2Y R.E =
2

1

: 1A .
Xiy2||Ay| PO ol I_y_
2 1 RE=35|5|+3|7
e maxl =E|x‘§Y3| |Ax| + 3 \XfYZ [Ay]

3. The volume of a cylinder is given by v = wr2h. The radius r and height h of the cylinder are measured
with corresponding errors Ar and Ak respectively. Find the absolute error and range of values within
which v lies if 7 = 4.6cm ond height h = 15.8cm

|Ax| + 3

11 1
< — —X-2Y3
lel < zlz

Selution ) Worki ' ]
e| = |Ar|f2(r) + |aR)f7 (h) _ orking value= 7r?h
| Ilel = 2nrh|Ar| + wr?|BR] Working value= nx4.6°x15.8 = 1050.322
le] = 2mx4.6x15.8/0.05] + nx4.62]0.05] Range = 1050.322 + 26.157
le] = 26.157
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Emercise 96
The numbers x and v approximated by X and
Y with errors of Ax and Ay respectively.
(a) Show that the maximum relative error in
XY is |21+ |2
(B)If x = 495 and y = 2.013 are each
rounded off to the given number of decimal
places, calculate the
(i) Percentage errorin xy
(i) Limits within which xy is expected to
lie. Give your answer to three
decimal places.
The numbers X and Y are approximated with
possible errors of Ax and Ay respectively.
(a) Show that the maximum absolute error in the

NP | )
quotient is given by || |Ax|+ylxl | ay|

(b) Giventhat x = 2.68 and y = 0.9 are
rounded to the given number of decimal
places. Find the interval within which the
exact value of % is expected to lie. An

[2.8158,3.1588]

3. The numbers x and y are approximated with

possible errors of Ax and Ay respectively.

(@) Show that the maximum absolute error in the
quotient ; is given by BARELS :2|x| |ay]
(b) Find the interval within which the exact
- 258, .
value of 22 8 expected to lie.

4. The numbers x and y are approximated with
possible errars of e, and e,, respectively.
(@) Show that the maximum absolute error in the
N S x Ex ey
quottent;ns given by I;l {| ~ | + I v |]
(b) A car covers a distance of 75.6km with an
average speed of 36.5kmh™?, where the
quantities are rounded off to 1 decimal point,
find the range within which the time the car
takes in travel lies.
(a) Two decimal numbers x and y are
recorded off to give X and ¥ with errors E; and
E, respectively. Show that the maximum
relative error recorded is approximately x*y by
X2y isgivenby 2| 2| + ||
(b) Given that Y and Z are measured with
possible errors Ay and Az respectively. Show
that the relative error in the product YZ is
2| ay|+y|az]
YZ

6. (o) Two positive real numbers N; angd p.
rounded off to give n; and n, respectjy, él Ure
Determine the maximum relative error Iny' |
nin, for Ny N,. State any assumptions mq:smq
(b) If Ny = 2.765, N; = 0.72, determine the'
range within which the exact valyes Gf'e
(D) NN (N =N, ) (i) et

N
are expected to lie. Give your answers Eozthr@

decimal places ANS (i) (4.03,4. 111,
(ii) (—1.037,-1.017)

7. (a) The numbers X and ¥ were estimateq Wit
maximum possible errors of Ax and Ay
respectively. Show that the percentage relatiye

[ A?xl 4 IATy |]x100

(b) Obtain the range of values with in which gy

exact value of 3.551 % 2.71635 lies
ANS (9.6444,9.6471)
(@). Two numbers A and B are approximated by,
and b with errors x and y respectively. Show thy
the maximum percentage error in approximatiyg
g-is given by [l xz | + | % |]x100%. Herice find th

52

3

errorin XY is

a

maximum percentage error in T

(b) A cylindrical pipe has a radius of 2.5cm
measured to the nearest unit. If the relative
absolute error made in calculating its volume is
0.125, find the absolute relative error made in
measuring its height

ANS ((a)0.32,(b)O. 000211)

The volume of a cone is given by v = %m’ *h

The radius r and height h of the cone are
measured with corresponding errors Ar and Al
respectively show that the maximum possible
relative error in the volume is

ar| . |AB

3% +[3]
0. Giventhat 4 = |xi|y|sin@ r
(@) Deduce that the maximum possible relotive &

in A is given by | % | + | —A;Z | + cotB|Ad]

where Ax, Ay and A8 are small numbers
compared to x, y and 8 respectively
(b) find the error made in the areg, if x andY
are measured with errors of +0.05 _ﬂnd
angle with an error of +0.5% given thot
x =2.5cm,y = 34cmand 8 = 30°
ANS (0.212)

Miscellaneous exercises 1
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1. Avalueof P = 67316 was obtaij
experiment. Given that the relatj
measurement of this value js 0.01%, fi & Ty
within which the value of p ef;:;:’;i:’hl;'lmlts

2. The relative ertor obtained in defermining tl-;e
value of T=873.16 is 0.029%, find |

()  The error in the measurement of this value
(i) The value within which T lies
3. Giventhot T =297°Cand M = 48lg
() Write down the possible errors in each value
(i) Write down the ranges within which each
value lie '

4. Given two porcels, with A having a mass of 2kg
and B having a mass of skg, each mass being
rounded off to the given decimal places. Find
the interval within which the total mass lies

5. A student measured the length and the
breadth of a rectangular sheet of iron as 3.6m
and 2.3m respectively.

() Write down the maximum possible error
in each measurement

(i) Find the limits within which the area of
the sheet lies

; 40542,
6. Giventhat M = 205+2.023
5.67-4.9312

(i} Write down the maximum possible error
in each of the values above
(ii) Find the range of values within M lies
(iii) Estimate the maximum percentoge error
inM
7. Find the interval within which 47 is expected to
lie, if the measured of x = 2.4
8. Given A = 3,B = 12,C = 16 all to the nearest
integer, find the maximum values of:
ORI O i) 52
9. Three adjacent blocks of sugar cane with areas
400 ccres, 600acres; 900 acres to the nearest
fifty acres. What
() The possible error in each measurement
(i) The greatest total area of the blocks
(iii) The least possible area of the three blocks
10. Find the range of values within which

ned in a certain
Ve error in the

% + 250 lies, if the numbers.are rounded off
. 2.14

to the given number of decimal ploce.

11. Given that X = 2.7654,Y = 3.80, state the
maximum possible error in X and ¥, herice find
the interval within which the following are
expected to lie

o X
M X4y @) X-y (i) 3
X+Y X
‘ x(r-%)
(iv) =7 (v) ™
12. The numbers X and V¥ are measured with
possible errors of AX and AY respectively. _
(a) Show that the maximum relative error in

< |ax|y+ [aY|x
XY is —

(B)If X =642 and Y = 29.3 are each
rounded off to the given number of
decimal places, calculate the

(i) Write down the maximum possible
error in X and ¥ _
(i) Find the interval in which the product
XY lies.
13. Find the range of values within which

1.362(7.54—13.2) .. ..
+) lies, if the numbers are rounded

off to the given number of decimal place.
14, Find the maximum absolute error.in the

expression Bﬂz giventhat 4 = 2.8, B = 6.4

and ¢ = 3.4 .all rounded off
15, Giventhat Z = |x||y|sin®
(=) Deduce that the maximum possible relative
error in Z is given b_y_l A?x I + l Ay—y | + cot@[AB]

where Ax, Ay and A8 are small numbers
compared to X, y and # respectively
(b) find the maximum percentage relative
error in Z, given that x = 5.5cm, y =
6.8cmaond @ = 45°
16. Given that the area of a triangle whose
adjacent sides are-of size a and b, and the angle
between the sidesis @ A = |a||b|sin® given
that a = 2.5cm, b = 3.4cmand 8 = 30°
(a) Write down the possible errors in each:
measurement
(b) Error made in the area
() Value within which the area is expected to lie,
17. Find the range of vialues within which the exact

value of 2,6954 (4.60‘06 - ‘g:;:s) lies, if the

numbers are rounded off to the given number
of decimal place,

18. Giventhat A = 25,8 = 1.71, C = 16.01, state
the maximum possible error in A, B and C,
hence find the limits within which the following

are expected to lie

0 5 @

Give your answer to 2 decimal places
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Ro. Given that A = 3.3366, 8 = 0.559, state
maximum possible error in A and B, heng,

(i) Absolute error in the quotient %

19 The numbers x and y are approximated by A
and B with possible errors of
e, dnd g; respectively.
(o) Show that the absolute relative error in the
5 X . . i E‘_] ﬁ_
quotient 5 b glven by] = | + l =

(b)If A = 4.67 and B = 1.813 are each
rounded off to the given number of decimal
places, calculate the

(i) Write down the maximum possible
error in A and B
(i) Find the absolute relative error inthe
quotient 267,
1813

(iii) Find the limit within which the
Jotient 6T lies
QU 1.813

tha
ﬂnq

. L AL
(ii) the limits within which 3 18 expected tq li

Give your answer to 3 decimal places
21. The numbers M and N dre approximated Wit
possible errors of e; and e, respectively,

(a) Show that the maximum absolute ey

S | N+
quotient MN is given by IEL—M—:fﬂ

(b) Given that M = 6.43, N = 37.2, write
down the maximum possible error in M gy, g
N. Hence find the interval in which
(0] Product MN lies

(i)  The quotient % lies

Orip the

$olutions
1.An P e = 673.09, Prypper = 673.23
2 An(je| = 0.175,[873.985,873.335]
2. An(({)|AT| = 0.05,]AM| = 0.5,
(ii)[29.65,29.75],[47.5,48.5]
4. An((i)[7.0,9.0], 5. An((i)|Al| = 0:0S, |Aw| = 0.05
(if) Ajower = 7.99, Atupper = 8.58
6. An( (ii)[8.16,8.28] (iii) = 0.73%
7. Am [25.93,29.79], 0 [25.99, 29.86]
8. An( (i) = 1.739, (i) = 2.823, (iii) = —0.393
@. An( (i) = S0acres, (i) = 2050, (iii) = 1750
10. An (0225,0.233],
1. An(]AX| = 0.00005, |JAY| = 0.005, (i)[6.560, 6.570]
(10)[-1.0397,—1.0296](ii)[0,727,0.729]

(iv)[0.623,0.626] (1) [8.479,8.514]
12. An(|AX| = 0.005,]AY] = 0.05, (1)[6.560, 657
13. An[—1.675,—1.607], 14. An 7.15x10"%
15. An 2.25% 16. An{(i)|Aa| = 0.05, |Ab| = 0.5,

(ii) = 0.211, (iii) limit = 4,0382,4.4618
17. An[—41.097, —40.443],
W8, A (1)limits = 10.76,10.89, (if) limits = 0
192. An((i)]|AA| = 0.005, |AB| = 0.0005,

(ii) = 0.00347, (iii) limit = 2.572,2.579
20. An(|AA| = 0.00005, |AB| = 0.0005,

(i) =0.053, (if) limit = 5916, 6.022

22. An(|AM| = 0.005, |[AN| = 0.05,
23. (i) = [238.69,239.70), (i) = [0.172,0.173)

=

LINEAR INTERPOLATION AND EXTRAPOLATION
(a) Linear interpolation

This deals with computation of values that lie within given values
Example;
1. The table below shows the values of a function f(x)

, X 1.8 2.0 2.0 )
f(x) 0.532 0. 484 D.436 0.384
Find the value of
(D £(1.88) (i) X corresponding to f(x) = 0.4
Solution
(i) 1.8 1.88 2.0 (i) 2.2 o 2.4
| 0.532 v 0.484 0.436 0.4 0.384
y-0.532 _ 0.484-0.532 Xg—2.2 24-2.2
1.88-18 = 2.0-18 0.4~0436  0.384—-0436 -
) y=0.513 Xg =234
2. Given the table below |
> S 10 11
(<) 2.66 2 a0 Z.18 11.32

Using linear interpolation find

140

Scanned by CamScanner



® f(x) when x = 10.15 (D) f1(2.02)

Solutlon
) 10 1095 T 99 .
' 242 —=—=5— () 11 Xa 12
y-242 _ 218-2.42 ——1_2.78 ] ‘ 2.18 2.02 1.92
30.15-10  11-10 Xo-11 _ 12—
y = 2.384 202-218  192-218
3, Given the table below Xy =11.62
xuu 40.0" 40.4"% : T T
e
Find :
) sin 40.5° s,
solution (i) sin~10.6445
i 40.4" o 0 ..
N W a0 X o e
y = 06481 _0.6534 — 0.6481 06428 | O o
405 - 404 — a4 2 —— —
40.8 - 404 06445 — 06428 0.6481 — 0.6428
¥ = 0.6494 Xo = 40.13
g — TU. Lo
(b) Linear extrapolation ,
This deals with computation of values that lie outside given values
Given the table below
l x 2.2 2.6 3.1
. x> 10.648 17.576 28.791
Find 3.4* )
Solution
2.6 3.1 3.4 y—29.791 29.791 — 17.576
17.576 | 29.791 y 34 31~ 31-26
v =37.12
Exercise 10a
1. The table below is an extract from the table of cosx. Uneb 1291 No.2 b
I 010’ 20" 300 40 &0
B80” | 0.7736 0.1708 0.1679 01850 0.1622 0.1593
Use linear interpolation to determine
() cos80°36" (i) cos~*(0.1685). An ©.1633, 80°18’
2. The table below shows variation of temperature with timein a certain experiment Uneb 1999 No.5
Time. (5] (8] 120 Z40 360 480 500 |
Fremperamre. (C) 100 80 _ 75 65 56 48

Use linear interpolation to determine
(D) Value of °C corresponding to 400s
(i) Time at which the temperature is 77°C, Am 62°C, 1925

3. The table below shows the values of a function In(x) for given values of x Uneb 2000 No.2

s 1.4 1.5 1.6 1.7
| Inx 0.3365 0.4055 0.4700 0.5308

Using linear interpolation or extrapolation, find
0, I1(1.66)

(i) The value of x corresponding to In(x) = 0.400. Am 0,5064, 1.492
4. The table below shows variation of temperature with time in a certain experiment Unelk 2001 No.2
0 70 15 20 =0

Temperature, 8 C 80 70.2 658 f£1.0 = i

| Time, 1(S)

Use linear irterpolation to determine

! Value of 8°C correspondingte T = 18s .
:3) Time, T at which the temperature is 8 = 60°C. Am 63.5°C, 22.55
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5. Given the table below Unels 2002 No.3
[ = [ -1.0 —0.5 4]
N 1l -1.0 2.2 3.7 |
Using linear interpolation or extrapolation to find
(i ywhenx = 0.5 An ( =4.6), (i) xwheny =-45 An (0.433 )
6. Inan examination, scaling is done such that candidate A who had originally scored 359% gets 505
candidate B with 40% gets 65%, determine the original mark for candidate C whose new mark | Ong
Uneb 2004 No.3 An (45% ) 8oy,
7. The table below is an extract of log, g x Uneb 2004 No.3
I X 80.00 80.20 B0 50 80.80
1O ox 1.9031 19042 19058 _1.90074
Using linear interpolation find
0] log,q 80.759
(i) The number whose logarithm is 1.90388 An ( (i) 1.9072, (ii) 80.14 )
8. The table below is an extract from the table of secx. Uneb 2005 Neo.2
I X = 60" _ o' 12" 24" 36" a8’
secx 2.0000 20122 20245 2.0371_2.0498
Use linear interpolation to determine
(i) sec 60°15
(Hii) angle whose secant is 2.0436 An 2.0307, 60°42"
9. The table below shows the values of a function f(x) for given values of x Unel 2007 No.lia
I xf(xl 3?235 5?1 7 513 oA {
Using linear interpolation or extrapolation, find
(@ f(2.15)
(i) The value of x corresponding to f(x) = 10.72 An 4.06, 4.68

10. The table below shows the distance in kilometers a truck moves with a given amount of fuel in litres ()

42

Distance (km)) 20 28 33
24

Fuel (1) 10 13 21
Using linear interpolation or extrapolation, find Uneb 2009 Ne.3

(0 How far the truck can move on 27.5 [ of fuel
(i) The amount of fuel required to cover 29.8 km An 52.5hm, 15.88/
1. The table below shows the values of a continuous function f with respect to t Uneb 2010 Ne.6
1 | [&] 0.3 D.S 1.2 1.6 |
I (1) | 2.72 3.00 3.32 4 .06 4 .95 |

Using linear interpolation or extrapolation, find
0] f(t)whent =09
(i) The value of t corresponding to f(t) = 4.48. An 3.69, 1.48

12. The table below shows the delivery charges by a courier company. Uneb 2011 Neo.3

Mass (gmy | 200 400 600 |
Charqge(shs)| 700 1200 3000 |

*Using linear interpolation or extrapolation, find

0] the delivery charge of a parcel weighing 352gm 7
(i) Mass of a parcel whose delivery charge is shs 3,300. An 1080, 633.33kg
13. The table below shows the cost v shillings for hiring a motor cycle for a distance x kilometers.
Distance (< km) 10 20 20 <0
Cost (shs.y) 2800 3600 4400 5200
Uneb 2012 No.7

WUsing linear interpolation or extrapolation, find o
the cost of hiring the motorcycle for a distance of 45km

®
(D] Distance mukasa trovelled if he pajd shs 4000 Am 36006, 25km
14. The table below shows the values of a function f(x) Uneb 2013 No.2
x 1.8 Z0 22 24
| (x) 0.532 D.484 0.436____0.384
Find the value of
()] f(2.08) (i) X whento f(x) = 0.5 Am 08853
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15. Given the table below Uneb 2014 Ne.s

x

606 10 20 30 j
Using linear interpolation find 2 2.9 0.1 >.9

M ¥ when x = 16 ;
! : - (i) xwheny = —1 Am (1) %1, (i) 23.2 )
1. The table below shows the ualues of a function f(x) for given values of x Uneb 2015 No.6

e T 10 17 iz
Using linear interpolation or extrapolation find 2.42 2.18
0 £(10.4)

| () The value of x corresponding to f(x) = 146 An ( (i) 2.328, (ii) 13.769 )
17. The table below shows the values of function f(x) for given values of x Uneb 2016 No.6

| X 0.4 0.6 0.8

) i ) f(x) -0.9613 -0.5108 -0.2231
Use linear interpolation to determine f1(—0.4308) correct to 2 decimal places. An ©.66

18. The table below shows how Tvaries with 5, Uineb 2018 No.3

I T 25 oy Z.0 3.1

| S 30 20 12 9

Use linear interpolation/extrapolation to estimate the value of

(@ TwhenS = 26 (b) SwhenT = 34

An ( (i) -1.78, (ii) 4.3)

Miscellaneous exercises 2
1. The table below shows the values of a function f(x)

I > | 1 = 3 ]
) | =3 a8 71 |
Find the value of
0] f(1.15) _ Giii) X when f(x) = 6.4
(i) X corresponding to f(x) =9 (iv) f(x) when x = 4
2. The table below shows the distance in ¢m travelled by a spider on the ceiling in four seconds of its
motion
i(s) | o Y 2 3 a ]
d(cm] O 5 38 a8 104 )

Use linear interpolation to estimate
(3] Distance travelled when t = 2.3
(i) The time when the distance trovelled is 100cm

3. The distance between Kajjansi and Kampala town is 20km.Seguuku, Zoana and Kibuye are 8km,
12km and 16km respectively from Kajjansi and the taxi charges are also respectively 500/=, 800/=,
1000/= and 1500/=. Nakimboowa is going to Visit her cousin brother Opio living 1lkm from Kajjansi

' (i) Find how much she will be charged in this taxi
(i) Suppose she had only 850/= and the taxi left her ot a distance worth the money;, find
how far from Kampala town the taxi leaves her

4. The table below shows the values of two variables x and y

x | 29 -0-1 2.9 |
v | a2 20 30 |
Use linear interpolation to find the value of i
- @ x when y = 16 (@ ywhenx = -1
5. The table below shows the distance, r(m) of a particle along a straight line after time intervals of 3
seconds T . = - S - l -
-’.%an 8.6 7.5 4.6 2.1 2.8 2.3 1.8 I
Use linear interpolation of extrapolation to estimate |
0 Distance travelled when t = 11.4s Gi)  rwhent=21s
()  The time whenr = 6.5M (v) twhenr = 1.0m
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10.
.

12,

13.

14,

The table below shows the values :f P and @ _ = = -
r = 92 6.0 4.4 15
Use linear interpolation to find, @ P when Q = 5.0

0] Q when P =15

The table below shows the values :f: l - — — 1
( 1 [ 13 25 39 s&6 |

se li interpolation to find, _

Use linear interp - x when y = 48

0] t when x = 12

able below shows the values of;
Thet =] _ o 5" T2 =N 247 .
Sinio” 0.1736 01754 01771 0D.1788 0.1805 o185
Use linear interpolation tao find, X
(il) sin™"0.1747

(i) sin10°16?
The table below shows the values of a function f(x)
x 10 20 30 40
’ (%) 0.1708 0.1679 0.1650 __ 0.1622

Use linear interpolation the value of;

0] f(36) (i) X when f(x) = 0.1685
I £(0.120) = 1.7652, £(0.125) = 1.7666, find £(0.123)
A body freely moving from rest is acted on by some variable force F(N) as shown in the table below

Distance (m)] Q 4 10 15 20 25 21
Force, F(N) | 5 8.0 11 12 12.6 i0.5 5
Find; )
® The force when the body has travelled a distance of 25m

(i) The distance when a force F = 12.8N is acting on the body
iii) The force when the boy has travelled a distance of 34.7m

The table shows values of x and #(x)

l X ] 0.8 0.9 1.0 .1 1.2 i3
<) | 0.28 0.260 0.241 0-218 0.192 0172
Find;
(i) The value of f(1.07) i) The value of £(1.4)
(i) The value of x when f(x) = 0.231
Given the table below
’ T { 1 =2 =] < 5 S
() [ [ 17 34 57 85 10S
Find;
(f) The value of D when T = 4.6 (i) The value of T when D = 70
(i)  The value of D whenT = 7 -
Given the table below
l = —— gy i —— T —
Find:
(Ti) The value of‘ € when T = 3704.6 (iii) The value of § when T = 720
The tu(ll:ol)é belo-:-::fh\::a'uet:f Twhen 6 = 70.2 (V)  The value of T when § = 38
ey Ws s e tempezcgur_e (°0) u; g‘if‘ferent times for a certain oven
—=melo l 39 80 160 S5 gaaTe) e -
Find;
E‘i')) ;ime when temperature will be at 53°C
I emperature aft inut :
after 54 minutes (i)  Expected temperature after 70 minuté!
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16. The charges of sending parcels by a certain distributing company depend on the weights of the parcels.
For the parcels of weight 5004g, 1kg, 1.5kg, 2kg, 3kg ond 5kg, the charges are 1000/=, 2000/=, 3500/=,
4000/= respectively. Estimate

() What the distributor would charge for a parcel of weight 27kg
(i) If the sender pays 6200/= what is the weight of his parcel

17, Show that the linear extrapalation formula for approximating a value f(c). can be given by f(c) =
f®)+(G2) () - F(@)

18 The diameter, d(mm) of an egg produced by a hen of a certain farm depends on the mass (gm) of the
layer’ mash ratio it is fed as shown below

Food ratia,m(grm) 200 290 330 410 440 S00
Diameter, d(mm) 30.2 342 36.2 40.1 41.0 46.2

Assuming the egg to be spherical; |
0] The optimum amount of the food the hen should be given if it is to produce an egg of
average diameter of 38.2am
(i) The radius of an egg if the food ratio supplied is 540gm
19. The table below shows the values of:

% ] 5 10 15 |
, T | 13 241 328.7 |
Use linear interpolation or extrapolation to find,
0] twhenx =8 (i) xwhent = 44
20. The table below shows the variation of temperature (°C) with time in a certain laboratory
experiment
Time (s) | 0 120 240 360 480 600 |
Temp (CC) | 100 80 75 65 56 48

Use linear interpolation or extrapolation to find:

() Time when temperature will be at 76°C (iii) Expected temperature after 620¢
(i) Temperature after 400 s (iv) Time when temperature will be at 40°C
Solutions
1. An(i) =29, (i) = 2.33(iii) = 1.73 (iv) = 14 2. An(i) = 12.36N, (if) = 17.5(iii) = 1.61N
2 Am(i) =47, (ii) = 3.89 3. Am(i) = 0,2249, (ii) = 1.043(iit) = 0.152
3. Anm(i) =725/= (ii) = 7km 4. An(l) D = 738, (i))T = 4.46(iii) = 125
4. Am(i)x = 1.4 (ii)y = 23.2 15. An ()Q = 64.25,(il)T = 297.6 (1i)Q =
5. Am (iii) = 1.3m (iv) = 22.8s 40 (iv) T = 750
6. Am(i)Q =3.3125(i)P = 105 16. Am (i)D = 3.25min, (i) = 240°C (iii) = 400°C
7. Am()t = 30.6 (iDX = 6.33 17. Am (i) = 3875/=, (if) = 5.93kg
8. An()Y =30.6 (i))X = 6.33 18. Am (i) = 371.01gm (&i) = 24 46mm
9. An(i) = 0.1782 (ii)y = 10°4! 19. An(¥) = 19.66 (iiy=16.82
10. An(i) = 0.1633 (i)X = 17.93 20. An(i) = 216s, (ii) = 62°C (iii) =
1. Am= 1.7657 46.67°C (iv) = 7205
TRAPEZIUM RULE
I[ta ',-sbtiSEd for estimating an integral area under a curve of a continuous function over o given interval
Iy =f(x) LUsing several strips between x = g and % — b

4]
e - of equal width, trapezium rule can be used to
A= fa ydx determine the areq
1

A= E.h[(ﬁrst. + last ordinate) + 2(sum of remaining ordinateﬂl
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b-a
subinterval

Where 1 =
Nete:

(i) Sub-interval, sub~division and strips are the same

(i) Sub-interval =(ordinates—1)

n
2. Use trapezium rule with 4 sub-intervals to-estimate to 3 decimal places fﬂl cos x dx

Examples
1. Use trapezium rule with 4 sub-intervals to estimate to 2 decimal places fg
Solution UNED 2014 No.3
1—-0.2
==
2 x + 1
x 2
X .
0.z 5.833
0.4 3214
0.5 2.292
0.8 1.806
1.0 1.500
suUm 7.333 7.312

Solution
% T(x) =cosx
(e} 1.0000
T1
=" €.9239
2T a.7071
e 0.3827
g 0.0000
sum 1i.0000 2.0137

3. Use trapezium rule with 7 ordinates to estimate | 031%;: dx correct to3 dp UNEB 2006 No.3

Solution
1
% ]
1+ x

=] 1.0000

0.5 0. 6667
1.0 0.5000
15 0. 40
2.0 0. 3333
2.5 0.2857
3.0 0,250
Sum 1.250 2. 1857

(ii) find the error in your estimcltion

Solutlon
X
1 2
> 040000 |~
27 037677
24 0.35503
28 0.33505 |
28 031674
.0 030000
Sum 0.70000 | 1.38353
(@) h= 3;—2- =0.2

146

®) [ izdx = L1 +x2)] = 1(in10 - In5)

102x+1
2 x? +x

1.0 1
] 2t L e, 2[7.333 + 2(7312)]
02 X2+ X 2

=~ 2.20

iz[‘: 1
f cos x dx ~—x=[1+ 2(2.01137)]
=~ (.987

3-0
e
i 1
T3 ~3%05(1.25 +2(2.1857)]
0 -
=~ 1.405

intervals correct to 3dp:

(i) Suggest how the error may be reduced

[
2 1+x?

1
dx ~ Exo.2[0.7 + 2(1.38353)]
~ 0.3467

- = 0.3466
error = |exact value — approximate valuel
error = |0.3466 — Q. 3467| = 0.0001
W) Error is reduced by increasing the
number of sub intervals
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(b) (i) find the exact value of [, x?e* dx
(i) find the error in your estimation.

f$olution
(@ h= 1—;‘1 =02
x e
0 0
0.2 0.0489
0.4 0.2387
06 0.6560
0.8 1.4243
1.0 2.7183
Sum 27183 | 2.3679

Exercise 10b
Use trapezium rule to estimate the approximate  p.

11 . .
value of fo —— dx using 6 ordinates correct to 3

decimal places An[ ©.784] UNEB 2000 No.5
2. Use trapezium rule with six strips to estimate

f: 19 dx correct to 4dp. Determine the
2x+1

percentage error in your estimation and suggest
how this may be reduced. An(2.9418, 0.098%) |
UNEB 2001 No.9b
3. (a) (i) Use the trapezium rule to estimate the area
of y = 5% between the x-axis, x = 0, and Using
five sub intervals. Give your answer correct to 3dp.
UNEB 2004 No.12

(ii) Find the exact value of joi.Szx dx
(i) Find the percentage error in the calculations
in (a) i) and (a) i) above
‘(b) Show the equation €* + x — 4 = 0 has a real
root between 1 and 1.2. Use the NRm to find the
root of the equation correct to 3 significant figures
Ans[a )1)=7.712, I1)7.4560, ili)3.43%, b=1,07]
4s (B} use the trapezium rule to estimate the area of
y = 3* between the x-axis, x = 1 and x = 2 using
five strips . give your answer correct to 4s.f UNEB
2003 Ne.i0

(i) findthe exact values of ff 3% dx
(i) Find the percentage error in calculation (i)

=~
s

v

An((i)=5.483, (I1)=3.461, (li})=0.403%)

147

1.2
5. (0} use trapezium rule to estimate the integral value of fo x“e

and (ii) above 10,

* dyusing five sub-intervols correct to 3dp.

A 1 , -
j xleXdx = ExD.2[2v7183 +2(2.3679)]
0

~ 0.74541 = 0.745
(b) fol xZeX dx = [x%e* — 2xe* + 2e* ]}
= (1%e! — 2x1e’ + 2e*) — (0%e® — 2x0e" + 2¢°)
=0.718
error = |exact value — approximate value|
erior = ]0.718 — 0.745] = 0.027

0.027
E = = 0.038
LL 0.718 '

6. Use trapezium rule with six strips to estimate fg xsinx dx correct to 2dp. Determine the percentage
relative error in your estimation. An(3.07,3.14,2%) UNEB 1599 No.9b

(a) Show that the equation f(x) = x* + 3x —
9 has a root between x = 1 and x = 2. Using
the newton raphson formula once, estimate the
root of the equation rounded off to 2 s.f.

(b) Use the trapezium rule with 7ordinates to

find the value of foﬂ (1 + sinx)dx correct to
2dp UNEB 2007 No.8 An [a=1.6, b=2.98]
Use trapezium rule with 6 ordinates to
evaluate ful e~ dx correct to 2 decimal places
UNEB 2008 No.5 An[ 0.74]
Use trapezium rule with 6 ordinates to
estimate |, 1_2 me dx correct to 3 decimal places
UNEB 2009 No.&6 An [0.237]
Use trapezium rule with 5 strips to
approximate fol # dx correct to 1 decimal
places UNEB 2010 No.3 An [0.7]
() use traT;[:ezium rule to estimate the integral
value of /3 tanx dx using five sub-intervals
correct to 3dp. An(0.704)

(t:;r) (i) find the exact value of

Iy 3 tanx dxAn(0.693)

~ (i) find the percentage error in your
estimation and suggest how to reduee the
error UNEB 2011 No.11 An(1.587%)

Use trapezium rule with 4 sub-intervaols to
w
— 1 ) )

evaluate [ —— dx correct to 3 decimal

places UNEB 2012 No.3 An(1.013)
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Use trapezium rule with 6 ordinates to

2 1 .
evaluate [ — dx correct to 3 decimal places

UNEB 2013 No.5 An(1.103)
Use trapezium rule with 5 sub-intervals to

evaluate f; Ti_; dx correct to 3 decimal places
UNEB 2015 Ne.2 An(2.559)

13. A student Used trapezium rule with 5 sub~
intervals to evaluate fzng_g dx correct to3
decimal places. Determine UNEB 2017 Ne.fl

(a) The value the student obtained

(b) The actual value of the integral

(c) The error the student made in the
estimation and suggest how the student
can reduce the error An(0.917, 0.896,

0.021)

14, (a) Use the trapezium rule with 6-ordinates to
estimate the value of f; /2 (x + sinx) dx, correct
to three decimal places. An(2.225) UNEB
2018 No.11

(b) () Evaluate fonf 2(x + sinx) dx, correct to
three decimal places. An(2.234)
(i) Calculate the error in your estimation in (a)
above. An(0.009)
(i) Suggest how the error may be reduced.

1.

12

5. Use trapezium rule to estimate | 11'4(x 4+
tanx) dx using five ordinate An(1.6617)

6. Using five subintervals, find the value of
f;(xze“ ) dx correct to 2dp and hence find g,
percentage error in your answer An(o.n,
4.17%)

17. Use the trapezium rule to estimote the greq of

y = ™2 between the x-axis, x = 1 and y - 2

Using six ordinates , Cive your answer correct tq

2 significant figures. Am (0.0593)

\l& Use trapezium rule to evaluate

5 ,
(@) -rz /3 x%(x — 1) dx use five sub interuals

3 dx
b
®) fz x(xZ+x)"
Give your answers to 2 decimal places. An
(a)=4.98, (b)=0.14
9. (a) Use trapezium rule with seven ordinates to
estimate [ xsinx dx correct to 2dp.

(b) Determine the percentage error in your
estimation and suggest how this may be
reduced. An({b)=2.23%

R0. Use trapezium rule with eight ordinates to
, a

estimate [ 'log,, e3* dx correct to 3dp.

An=4l-038

use five ordinotes
2
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LOCATION OF REAL ROOTS

The range where the root of an equation lies can be located using the following methods

(0 Graphical method (i) Sign change method
() Sign change
Examples .
1. Show that the equation x* — 6x2 + 9y 4+ 7 = 0 has a root between —1 and 0
Solution

: | flx) =x —6x* +9x + 2
- (1) =(=1)*-6(-1)+9(-1)+ 2 = —14
: f(0)=(0)3-6(0)2+9(0)+2=2

Since there is a sign change, then the root lies between —1 and 0

2. Show that the equation x3 — 3x — 12 has a roof between 2 and 3.
$olution

flx)=x>—=3x-12
f(2)=2%=3x2-12 = —10
fB)=33-3x3-12=2
since there is a sign change, then the root lies between 2 and 3
3. Show that the equation x? = In(4 — x) has a root between 1 and 2
Solution
fx) =x%—In(4-x)
f(1) =12 —In(4 — 1) = —0.099
£(2) = 2% — In(4 — 2) = 3,307
Since there is a sign change, then the root lies between 1 and 2

(if) Graphical method
One or more graphs.can be drawn to locate the root

(a) 3ingle graph method
When one graph is drawn, then the root lies between the two points where the curve crosses the x-axis

Examples
1. Using suitable graphs locate the interval over which [« Show graphically that there is one positive real
the root of the equuti'on sz +x—4=0lie root of the equation x3 —5x+1=0
Solution folution
_ ql fix)
14“’0 |24 0(1]2]3 "

SEIKRILR 2113 |1] 3 | 5

! 10{2

L(i) D)6{-2[4]0

\\L‘T ——t X
43 -2%/1 2 34

Root lies bitween -2 and -1, 0 and 1, N

149
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(b) Deuble graph methed
When two graph are drawn, then the root lies between the two points where the two Curyeg Mg

Enamples

1. Use a grophical method to show thot the equation ¥ — x — 2 = 0 has only one real raot by d"’Wing
two graphsof y=e*and y =x + 2 T

Solution
x -3 -2 e | O 2 3
e” |0.05|0.14| 0.37 | 2.72|7.39| 20.0
X+2 -1 O “ =2 3 4

-4

Root lies between -2 and -1

2. Given the equation y = sinx — ;—i show by plotting two suitable graphs on the same axes that the

.. . 2w Sr
positive root lies between 5 and -

Soluation
1.0~ Y-axis
. _ _Ti/ iis® 7 7 |5 T
x |00 2T AT o |04 A l% D4 /ﬁo.a =sinx
sin | -0.5| -0.87 -1 10.81-0.5| 0 |0:5| 087 1 |0.87 |05 "
>4 [0.87]-0.70]-0.52[-0.3%-0.17 0 [0.17] 0.35] 0.52] 0.70 |0.87 0.6] |
I
s |
1
0.1 y=24
3 1
0.2 ;
I
yat= 311
T T T T . T T T + '?m‘ J/gL
—n , i
L s 4 _% -4 )E n/b/ 1'% ]'% 211/3’ S% X-axis
=02 '
£0.4—
-0.8
-0.87
L 10

Exercise 10¢

% By sketching the graphs of 2x and tan ¥ show that

. 2. Show graphically that the equation x + [0g¢* -
the equation 2x = tan x has only one root between

0.5 has only qne real root that lies between 05

x = 1.1 and 1.2. Use linear interpolation to find the and 1 UNEB 1999 No.3
:ulue of the root correct to 2dp UNEB 1995 Ne.1b 3. Show graphically that the positive real root of
n=1.17,

the equation 2x% + 3x — 3 = 0,lies betweer 0
and1. Am= 0.7

150.
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4. Onthe same axes, drow graphs of ¥ =3-3x and

y = 2x” to show that the root of the equation
2x% + 3x — 3 = 0 lies between -3 and -2. An=
-2.2
5, Show graphically that the poesitive real foot of the
equation x® — 3x — 1 = 0, lies between 1 and 2
An= 1.6
6. On the same oxes, draw graphs of y=3x-—-1
and y = x* toshow that the root of the equation
x3 — 3x =1 = 0 lies between 0.and 1. An= 0.35
7. Using suitable graphs and plotting them on the
same axes, find the real root of the equation
e**sinx — 1 = 0, in the interval ¥ = 0.1 ond
x =08 Am= 044
8. Show graphically that equation e~ = x has only
one real root between 0.5 and 1.0, An= 0.56
9. Show graphically that equation e = —2x + 2
has enly one real root hetween O and 1.0.

10. On the same axes, draw graphs of y = 9x — 4
and y = x? to show that the root of the equation
x*—9x 4+ 4 = 0 lies between 2.5 and 3

1. Show that the positive real root of the equation
4 + 5x? — x* = 0,lies between 5 and 6

METHOD OF SOLVING FOR ROOTS.
The following methods can be used

(a) Interpolation

2. On the same axes, draw-graphsof y = x + 1 and
y = tanx to show that the reot of the equation
tanx — x — 1 = Olies between 1and 1.5

13. Using suitable graphs and plotting them on the
same axes, find the real root of the equation

5e* = 4x + 6, in the interval x = =2 and x = —1

14. On the same axes, draw graphs of y = Zx + 1
ond y = log,(x + 2) to show that the root of
the equation log.(x + 2) —2x — 1 = Olies
between -1 and O

15. Using suitable graphs and plotting them on the
same axes, find the real root of the equation

9log,gx = 2(x — 1), in the interval x = 3 and x = 4

16. On the same axes, draw graphs of y = 2x and

y = tanx to show that the root of the equation
2x = tanx lies between 1.1 and 1.2. Hence use
linear interpolation to find the value of the root
correct to 2 decimal places

17. Show graphically that equation log, (x) +x = -;—
has only one real root between 0.5 and 1.0. Hence
use linear interpolation to find the value of the
root correct to 2 decimal plcices

1. Show thot the equation x* — 12x% + 12 = 0 has a root between 1 and 2. Hence use linear
interpolation to get the first approximation of the root

Solution
fO0) =x*—12x* +12
f(1)=1*-12(1)*+12=1
f(2)=2*-12(2)*+12=-20
Since there is a sign change, then the root lies
between 1and 2

X 1 o 2
f(x) 1 0 —20
XQ - 1 _ 2 - 1
0-1 —-20-1
Ag = 1.05

. ‘ fx
2. Show that the equation 2x — 3 cos (5) = 0 has a root between 1 and 2. Hence use linear interpolation
twice'to get the approximation of the root of the root

Solution
X
f(x) =2x—3cos (5)
f(1) = Zx; —3cos G) = —0.633

f(2) = 2x2 — 3 cos @) = 2.379

Since there i o sign change, then the root lies
between 1and 2

X 1 Xq 2 =
f(x) [-0633] 0 [ 2379
Xp=1 2--1
0--0.633  2.379-—08633
xp = 1.2102
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1_2102) x 1.2102 X5 "

F(1.2102) = 2x1.2102 -3 COS( 3 f(x) -0.047 a 2.375
xg—1.2102 _  2-1.2102
= —0.047 0--0.047  2.379——0.047
Xp = 1.226
3. Shows that the equation 3x° + x — 5 = 0 has a real root between x = 1 and x = 2. Hence e
linear interpretation to calculate the root to 2 dp
$olution
Solution
f(x)=3x2+4 x-5 Xp = 1.1
f()=3x124+ 1-5=—1 f(11)=3x11%4+ 11-5=—0727
f(2) =3x22+2-5=09 x 1.1 Xo 2
Since there is a'sign change, then the root lies f(x) | -0.27 o) 9
between 1. and 2 p—11  2-11
X 1 Xo 2 Q—==027 9==0.27
() -1 0 g x; = 1.13
Xg — 1 2-1
0—-1 9-—-1

Assignment

1. Show that the equation e* — 2x + 1 = 0 has a root between ¥ = 1 and x = 1.5. Hence use linear
interpolation to obtain an approximation of the root, _

2. Show that the positive real root of the equation x® — 17 = 0 lies between 1.5 and 1.8. Hence use
linear interpolation to determine the root to three decimal places.

3. Giventhat f(x) = 3xe™ —1 = 0. Use linear interpolation to obtain the root of f(x) lying between
x = 0.2 and x = 0.3 correct to 3dp. An(2.58)

4. Show that one of the roots of the equation x? = 3x — 1 lie between 2 and 3. By using linear
interpolation , find the root to two decimal places An(2.62)

(b) General iterative method

This involves generating equation by splitting the original equation into several equations by making
x the subject

Examples
.. Given x? + 4x — 2 = 0. Find the possible equations for estimating the roots
Solution
Let x, ., be a better approximation
x, be next approximation )

2 [ a0 ~
Xyt 1 :x_-4 X1 = (2—41,1)

n "
2. Given f(x) = x> — 3x — 12 = (.. Generate equations inform of Xn+1 = g(x;) that can be used to
solve the equation f(x) = 0

2
2_'xn

x?’H—l = 4

Selution
Let x, ; be a better X, %~ 12
approximation Tyl =73
X, be next approximation 3
Xnp1 = (3%, +12) =

Test for convergence

From the several iterative equations obtained, the equation whose | 1 {(xz)1 < 1 is the one which
converges and gives the correct root
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Examples
Given the two iterative formulas

® =

1.

Xps1 =

() x4 = (5 +j,,_)

Using xp = 2 deduce a more suitable forrnula for soluing the equation. Hence find the root correct to 2dp

Sellltion
_ -1
Tn¥1 = 5 3
fo) =2, iy = 2
( )
Y (2)= = 2.4

Since |f1(2)] = 2 4 > 1, then it will not converge

(xn)" '

F12) = ——(z) 2) —0.0533

Since |f1(2)| = |—-0.0533] < L thenit will
conuerge so this equation gives the root

e = ( 5_+—“— lel =0.005 xp =2

(5 ¥ 23452

/ 01
2 3295 = &

le| = |2.3301 — 2.3295| = 0.0006 < 0.005
Hence root is 2.33

5+ ):23452

B =

= 2.3295

g

2. Show that the rterqtlue formulu for solving the equation is x* = x + 1 s

lutl
L

%)

1 41421

(1+ le] =0.005 x,=1

xn+l =

1+ =) =141421

(

= 1.30656

Exerclse i0d
Civen the following iterative formulas

®

(ii) Xn41 = g (I,, + 3)

Taoking x; = 5 deduce a more suitable
iterative formula for solving the equation.
Deduce also the possible original equation
Show that the iterative formula for solving the
equotion x2 — 5x + 2 = 0 can be written in two
x,-+2

5

Xn+1 = 5 _I_n_

2z

woys@s  Xpuq =5 08 Xny1 T
“n

Starting with x, = 4, deduce the more

suitable formula for solving for the equation

153

Xpye1 = f stortmg with x5 = 1 find the solution of the equations te 3 5.f

3 1.30656

=J(1+

1
Xa = J(l + 137869

le] = 11.32389 — 1,32869| = 0.0048 < 0.005
Hence root is 1.32

) = 1.32869

) = 132389

and hence find he root correct to 2dp.

An(4.56)

Show that the iterative formula for solving the

equation x> —x—1=01is Xppg = (1 + l)
Tn

hence starting x5 = 1 find the root of the
equation correct to 3s.f UNEB 1993 Ne2b
An(1.33)

(a) Show that the iterative formula for solving the
equation 2x2 —6x —3.=0s Xypy = 22, %43
4x,+6
(b) Show that the positive root for
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252 — 6x — 3 = 0 lies between 3 and 4. Find
the root correct to 2 decimal places
UNEB 1996 Noi4 An(3.438)

5, Given two iterative formulae 1 and 2 (shown

below) for calculating the positive root of the

quedratic equation f(x) = 0. 7

Formula® x,,; = 1/2 (%, 2—1)

zZ
Formula 2s Xa41 = 1/2 (xx‘:‘ jll)
Taking x, = 2.5, use each formula thrice to two
decimal places to decide which is the more
suitable formula. Give a reason for your answer
UNEB 2001 Notta
(a) (i) Show that the equation e* —2x—1=10
has o root betweenx = landx = 1.5
(ii) Use linear interpolation to obtdin an
‘approximation for the root
(b) () Solve the equation in (a)(i), using each
formula below twice. Take the
approximation in (a) (i) as the initial
value.

Formulath x,. , = 1/2 (e +1)
e*n (x,-1)41

(ii) Deduce with a reason which of the twe
formula is appropriate for solving the given
equation in (a)(i). Hence write down a b
approximate root, correct to 2dp. UNER
2012 Nott Aﬂ('o‘ﬂ, 'o“)

If bis the first approximation to the root of

the equation x? = @, show that the secong

a

they

. bt
approximation to the root is given by —z_b.
Hence taking b = 4, estimate V17 correct
3dp UNEB 2001 No.11 b An [4.123]

B. An iterative formula for solving the equatiop
h’nsﬂz

f(x)=0,10s given by X, ., =1/3(“*x-—-.?.

() Toking xo = 2, deduce the root of the
equation to three decimal places

(i) Find the equation which is solved by
this iterative formula Amn= 2.289

Show that the iterative formula for finding the
fifth root of @ number N is given %(43:'" + ‘NT;)
In'

Hence use x, = 2 to find V50 correct to 2
decimal places An= 2.19

Formula2s x,, ; =

e™n =2
{¢) MNewton Raphson Methed
Its given by
)
x =X, —————=|n=10,1,2...
n+1 n fj' (xh)
Examples

Use newton raphson method to find the root of the equation x* + x — 1 = 0 using xq = 0.5 as the
initial approximation, correct your answer to 2 decimal places.

Solution
f=x*+x-1, f{x)=2x+1
3 o
Xp X5 —1
“ﬂ=%‘0%§frg
_ xn(zxn + 1) — (xn3 +xn - 1)

X1 =

2x, +1
X _ xﬁg =+ 1
m+l T an +1
X =05, |e[=0.005

Show that the equation 5x —
method to find the root of the
Selution
f)=5x~3cas2x, flix)=5+¢ sin2x
SXn — 3 cos2x,
>+ 6sin2x, )

equation correct to

xn+1 =xn_'(

Xy = 0.5 +1 =0.563
V20541
. 0.5625% +1 0,554
27T 2x05625+1
. 0.5543% +1 0,555
| T 2x05543+1
|0.555 — 0.554| = 0.001 < 0.005
Root is 0.56

3 cos2x = 0 has a root between 0 and 1. Hence use Newtons Raphson

2 decimal places

Xn (5 + 6 sin2x;,) — (5%, 133351?‘,"/")
5+ 6 sin2x,

Xn+1
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, _6sin2x, +3 cos2x,
n+l =
S+ 6 sin2x,,

. Xg = 0.6, le| = 0.005
65in2(0.6) + 3 c0s2(0.6)

5+ 6 5in2(0.6) = 0631
_ 65in2(0.631) + 3 c052(0631)
= 5+ 6 sin2(0.631) = 0618

Xy =

X7

_ 65in2(0.6) + 3 cos2(0.6)

X3 = = 0.623
5+ 6 sin2(0.6)
%, = 6 sznz(ﬂ.ﬁ) -'f- 3 cos52(0.6) - Dgi3
5+ 6 5in2(0.6)
10.623 — 0.622| = 0.001 < 0.005

Root is 0.62

3. Use newton raphson iterative formula to show that the cube root of @ number N is given %(25(7, + %)

Hence taking x5 = 2.5 determine ""v‘ 10 correct to 3 decimal ploces

Solution
X = NI/B
=N
X3=N=0
fFOY=x*-N, f1(x)=3x?

X,-,3 - N x,,(,3,xn2) - (xn3 ~N)
Xn+1 = Xp — =

3x,2 3x,2

2%, N 1y N
BT 3(2 +§)
X = 2.5,N = 10, |e| = 0.0005

Xn4a

EXERCISE 10e

1. Derive the simplest iterative formula for the NRM
for the root of the equation e?* = 3, using vour

formula with x4 = %,‘ﬁnd the root correct to 4dp
An(x; = 0.3662)

2. Using the iterative formula NRM, show that the
reciprocal of a number N is x,(2 = Nx,). UNEB
1991 No.l a

3. Use newton raphson iterative formula to show
that the cube root of @ number N is given
‘13: (2X nt L) Hence use the iterative formula to

1"2
find /96 correct to 3 decimal places UNEB 1992
“..‘ All(‘ol” oh
4. Show that the equation 3x* +x —5=0hasa
" real root betwaeqn x = 1and x = 2 UNEB 1993
Neo.1 .
() Using linear interpolation, find the first
approximation for this root to 2dp ‘
(i) using NRM twice find the value of this root
correct to 2dp. Ams [1)=1.045, i)=1.09]
5. Show graphicolly that there is one positive real
root of the equation xe™ — 2x + 5= 0_
Using Newton raphson method, find this root
correct to 1dp UNEB 1994 Ne.d Ant [2-8]
€. Using the iterative formula for NRM, show that

va 5. F (35' +_1. L
the fourth root of the number N is 7 x5?

155

fio.

_ (o254 10)—22
X1-—-§(x. 252— .
1(2 2.5 10)—.21'554
xZ —5 XZ. +252 — L,
=X oxzs+ 10)—21544
B _5( X2 Tasr) T~
1, 10 |
| Xy =§(212.5 +ﬁ)=2.1544
|2.1544 — 2.1554] = 0.000 < 0.005
Root is 2.154

Hence show that (45.7)"/4 = 2.600 (3dp) UNEB
1997 Ne.12

On the same axes, drow graphs of y = x* and

y = 2x + 5 Using NRM twice, find the psotiive
root of the equation x¥ — 2x — 5 = 0 correct

to 2 decimal place UNEB 1998 march No.6
Ans [2.09]

(a) Show that the Newton Raphson's formula

for finding the smallest positive root of the

. . bxn-3Sin2.
equation 3tanx + x = 0 js ZXn=35MZx,
6+2 co52 xy

(b) By sketching the graphs of y = tan . y="X /3
or otherwise, find the first approximation to the

. required root and use it to find the actual root

correct to 3dp UNEB 1998 march No.10 An
[2.458]
(a) Show that the root of the equation

f(x) =e*+x*— 4x = 0 hos a root between 1
and 2

(b) Use the Newtown- Raphson method to find
the root of the equation in (@) correct to 2
decimal ploces UNEB 1998 Nev Ne.12 An
[1.22]
(i) Show that the iterative formula for
approximating the root of f(x) = 0 by NRM for
the xe* +5x—10=01is x,,, = ‘xgex"+10'
Xpetnseinyg

I-F‘l.l 0 o

Scanned by CamScanner




(ii) Show thaot the root of the equation in (i)

above lies between 1 and 2. Hence find the root

of the equation correct to 2 dp UNEB 1999
No.12 &An ['.30’]

(a) Use a graphical method to find a first
approximation to the real root of x> + 2x — 2 =0

(b) Use the Newtown- Raphson method to find the
root of the equation in (a) correct to 2 decimal
places UNEB 2002 Neo.13 An [0.77]

12. (a) Show that the equation x = In(8 — x)
has a root between 1 and 2

(b) Use the Newtown- Raphson method to find the
root of the equation in (a) correct to 3 decimal
places UNEB 20032 Ne.9 An [1.82]
13. (a) Use agraphical method to find a first
approximation to the real root of x> — 3x+ 4 =0
(b) Use the Newtown- Raphson method to find
the reot of the equation in () correct to 2
decimal places UNEB 2004 No.12
An [-2, -2.20]

14. Show graphically that equation e* + x — 4 = 0
has only one real root. Use NRM to find the
approximation of the equation correct to 3dp
UNEB 2005 Noi2 An 1.07

15. Show that the NRM for approximating the K"
root of the number N is given by

n.

1 , N
Xny1 =7 ((k - Dx, + an_]) Hence use your

formula to find the positive square root of 67
correct to 4s.f UNEB 2006 No.14 An{8.185)
16. (a) Show that the equation x* + 3x -9 =0
has o root between 1 and 2.
(k) Use the Newton Raphson method once to
calculate the root of the equation in (a)
correct to 2 decimal places UNEB 2007
Noé An=1.6
17. (&) Show graphically that there is only one
positive real root of the equation
e* —2x—1 =0, between 1and 2
(b) Use the Newton Raphson method to calculate
the root of the equation in (a) correct to 2

decimal places.
18. (a) Showthat the equation 2x — 3 cos G) =0
has a root between 1and 2
(b) Use the Newton Raphson method ta

calculate the root of the equation in (a)
correct to 2 decimal places UNEB 2009

HNeid4 An=1.23

UNEB 2008 No14 An 1.26

#9. (a) If aisthe first approximation to the oot

of the equation x° — b = 0, show that the

b
tav—
i

second approximation is given by
(b) Show that the positive real root of the
equation x° — 17 = 0, lies between 15
and 1.8. Hence use the formula in (a) aboye
to determine the root to 3dp UNER
2010 No® An=1.762
20.(a) (i) On the same axes, draw graphs of ¥ =g
andy =cosxfor0) < x < gat interval of X
(ii) Use your graphs, to find 1 decimal pf,ce an
approximate root of the equation x% — cosy o
(b) Use the Newton Raphson method to calculate
the root of the equation x? — cosx = 0,
taking the approximate root in (a) as an
initial approximation. Correct your answer tg
3 decimal places WNEB 2011 No14 An(
a(il) 0.8, (b) 0.824)
21, (a) Show that the Newton Raphson formula
for approximating the root of the equation
x* —6x* 4+ 9x 4+ 2 = 0 is given by

oo =2 [ri—sx%—l]
7 3 lxk—ax,+3
(b) Use the formula above, with an initial
approximation of x5 = —0.5, to find the root

of the given equation correct to two decimal

places. UNEB 2016 No An(-0.20)

22. (@) On the same axes, draw graphs of y = x
and y = 4sinx to show that the root of the
equation x — 4sinx = 0 lies between 2 and 3

(b) Use the Newton Raphson method to calculate

the root of the equation x — 4sinx = 0,
taking the approximate root in (a) as an
initial approximation. Correct your answer to
3 decimal places WNEB 2017 No14 An(
2.475)

23, (q) Draw on the same axes the graphs of the
curvesy=2—e *andy =+/xfor2 <x <5
(b) Determine from vour graphthe
interval within which the root of the equation
e™* ++x —2 =0 lies. Hence, use Newton -
Raphson’s method to find the root equation
correct to 3 decimal places. UNEBR 2018
Neois An( 3.921)

. Show graphically that equation e* + x —8 0
has only one real root. Use NRM to find the
approximation of x = In(x — 8) correct to 3dp
a=1.821
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. Draw using the same axes, the graphs of y = x2
andy = sin2xfor0 < x < ”/2 from vour graph
obtain to one decimal place an approximation of
the non-zero root of the equation x? — sin2x = 0.
Using NRM, calculate to 2dp o more suitable
approximation. An=0.97
. Given the equation In(1 4 2x) —=x =
(o) Show that the root of the equation aboue
lies between 1and 15
(b) Use Newton raphson iterative formula two
times to estimate the root of the equation,
correct to two decimal places. &n 1,26
. (0) An iterative formula for solving an equation
isgivenby X, = 1/(3x, + 3) n=0,1,2

(1) Find the equation whose root is being sought

(i) Show that the equation has one root and
using an appropriate starting value, find
the root correct to 2dp

(b) By drawing a graph, show that the root of
the equation 2tanx = 3x lies between
”/6 and ”/3. Hence by using NRM, find
the root of the equationto 2dp  Amng
[a=2.0, b=0.97]

8. (a) Find an approximation value of foo's(l —x%)dx,

using the trapezoidal rule with intervals of O.1. Show
by integration that the magnitude of the error in

the approximation s less than 0.001

(b) Show that the equation x = cos x — 3 has

a root between —4 and —3. Use an iterative

methed to calculate this root correct to 3dp

Ans[0=0.4778,0.4783. b=~3.794]

Miscellaneous exercise: 3

(o) Show that the equation 2x? —6x— 3 =0
has a real root between x = 3and x = 4
(b) Using linear interpolation, find the first
approximation for this root to 2dp
(c) Show that the Newton Raphson formula
for approximating the rooct of the equation
2x3+3
4x,—6
(d) Use the formula above, with an initial
approximation of x; = 3, to find the root of
the given equation correct to 2dp
(a) Show that the equation f(x) = 3xe* -1 =10
has a real root between 0.2 and 0.3
(b) Using linear interpolation, find the first
approximation for this root to 3dp
(c) Show that the Newton Raphson formula

for approximating the root of the equation
3IxFe¥n41

(d) Use the formula above, to find the roct of the
given equdtion correct to 3 decimal places.

(@) Show that the equation sinx — (5) = 0 has

2
a real root between 1 and 2
(b) Show that the Newton Raphson formula for
approximating the root of the equation

; g o _ 2(xp€osxy—5iniy,)
Sinx — (5) = 0 isgiven by Xnq 2¢005x5—1

(c) Use the formula above, to find the root of the
given equation correct to 2 decimal ploces.

() Show that the equation 2x> +3x —4 =0

has a real root between x = 0.2and x=1.0

(b) Show that the Newton Raphson formulo

for approximating the root of the equation

2x? —6x —3 =0isgivenby x,,, =

3xe* —1=0isgvenby x,., =

Z
2x? +3x —4 = Ois given by X471 = ix%:-
(c) Use the formula above, to find the root of the
given equation correct to two decimal places.
(a) Show that the equotion x}—5x—-40=0
has a real root between x = 3 and x =4
(b) Show that the Newton Raphson formula

for approximating the root of the equation
5 L 2x3+40
X7 —5x =40 is given by x,,,, = 3x2—5
(c) Use the formula above, to find the root of the
given equation correct to two decimal places.
(a) Show graphically that the root of the
equation e*sinx = 1 has a root between 0.2
and 1.2
(b) Use the Newtown- Raphson method to find the.
root of the equation in {(a) correct to 2 decimal
places
e (a) On the same axes, draw graphs of y=x-105
and y = Inx to show that the root of the
equation x + Inx = 0.5 lies between 0 and 1
(b) Use the Newton Raphson method to calculate
the root of the equation x + Inx = 0.5,
taking the approximate root in (a) as an
initial approximation. Correct your answer to
3 decimal places
8. (a) On the same axes, draw graphs of y = x
and y = ™" to show that the root of the
equation e™* = x = 0 lies between 0.1 and 0.9
() Use the Newton Raphson method to calculate
the root of the equation ¥ — x = , taking
the approximate root in (@) as an initial
approximation. Correct your answer to 3
decimal places

r.

157

Scanned by CamScanner



— 42
®. (o) On the same axes, drow graphs of y = x

and y = 2x + 1 to show that the root of the
equation x? — 2x — 1 = 0 lies between 2 and 3
{B) Use the Newton Raphson method to calculate
the root of the equation x* =2x —1=10,
taking the approximate root in (a) as an
initial approximation. Correct your answer to
2 decimal places
10. (a) Show graphically that the root of the
equation sinx — cosx = ( has a root between
Oand1 7
(b) Use the Newtown~ Raphson method to find
the root of the equation in {a) correct to 2
decimal places
(a) Show the equation e* + x — 4 =0 has a
real root between 1 and 1.2,
(b) Use the NRM to find the root of the equation
caorrect to 3 significant figures
12. () Show that the equation f(x) = x> +3x -9
has a root between x = 1 and x = 2.
(b) Using the newton Raphson formula, to
estimate the root of the equation
rounded off to 2 s.f.
13. {a) Show that the equation e*simx = 1 hasa
positive root between x = 0and x = 1.
(&) Using the newton Raphson formula once,
estimate the root of the equation rounded
offto 2 d.p.
14: (a) Show that the equation e* +x¥= 4x =0
has a real root between 1.0 and 1.5
(b) Show that the Newton Raphsan formula
for approximating the root of the equation

it

x 3 = H

e +x" —4x = Disgivenby x,,, = P

(c) Use the formula above, to find the root of
the given equation correct to 2 dp.

13, (o) Show that the equation x + 3tanx = 0 has
a real root between 2 and 3 |
(B) Show that the Newton Raphson formiula
for approximating the root of the equation

Solutions
1. Am(d) =344
2 Anm(b) = 0.258,(¢) = 0,258
3. Am(c)=1.90
4. Am(c) =0.85
T 5. Am(c)=3.9p
6. Am(b) =058
7. Am(b) = 0.766
B. Am(b) = (0567

158

e*n (x,-1)42%%,

x + 3tanx = 0 given by
3 2x, — siann)
Yt = 5( 3 + cosZx,
(¢) Use the formula above, to find the raot of
the given equation correct to 2 decimg)
places.
(a) Show that if x is the square root of 7, then
there is only one value of x between 2 and 3
(h) Show that the Newton Raphson formuylg
for approximating the square root of 7 is given

1 7
by xns1 =3 (30 +52)
(c) Use the formula above, to find the root,
correct to 2 decimal places |
(a) On the same axes, draw graphs of y = x? g5y |
y = sin2x to show that the root of the equation
x2 =sin2xfor0<x<7/5
(b) Use the Newton Raphson method to calculate
the root of the equation x? = sin2x, taking
the approximate root in (a) as an initial
approximation. Correct your answer to 2
decimal places
m8. (c) On the same axes, draw graphs of y=e*
and y = sinx to show that the root of the
equation e™* sinx = 0 lies between O and 1.0
(b) Use the Newton Raphson method to calculate
the root of the equation e * sinx =0,
taking the approximate root in (a) as an
initial approximation. Correct your answer to
2 decimal places
19. () Show that the equation e* + x = 10 hos a
positive real root between x = 2 and x = 2.5
(b) Show that the Newton Raphson formula
for approximating the root of the equation
e* +x = 10 given by x,,,, = Lo a0

exnti
(c) Use the formula above, to find the root of

the given equation correct to 2 decimal
places.

—

6.

9. An(b) =241
10. An(b) = 0.79

. b= 1.07

2. An=16

B. An=058 -
14, An=1.12

15. An=2.14

16. An= 265

7. An= 097
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FLOW CHARTS
A flow chart is a diagram comprising of systematics steps followed in order to solve a problem.
Shapes used
1 START/STOP This indicates that the new number N is
obtained by adding one to the previous N

' \
> [ REA;)'XO | /Ra},xa —

2. OPERATION/ ASSIGNMENT

3. Decision box

[ N=nN+t | S N=Ne
Y Y
Notes
All other shapes can be interchanged except for the decision box
DRY RUN OR TRACE
This is the method of predicting the outcome of a given flow chart using a table
Exampley
% Perform a dry run and state the purpose of the flow chart. UNEB 2006 Ne.10a
C_STERT 5 SOLUTION
=y B Dry run
C = — o >
—_ -1
O 3 S
4 =24
vES 5 120
T FPRINT, v _— & 7=a
— STEP -~ Purpose is ko compute and print 6!
Relationship is v = x!
2. Study the flow chart below and perform a dry run of a flow chart
- START )
~ = s N =157
I s=0 ] 1 1 No
3 (=3
[ S=S+nl | 1 ; 4y ~e
_ e 3 2= No
1S N=15 = ' 1= 49 ::2
) 3 YES 16 sS4 YES
—PENr e — Purpose is to compute and print the first 8
= =] =R square number
SOLUTION
3. Perform a dry run and state the purpose of the flow chart
SOLUTION
— == ] i R Is C =87
¥ o a ~N
[ c=l-o | | ; =2 N:
= - 4 Na
p— B > = s
2 No
~i= c = ez b3 = oa No
) YES g f:s e
P = =T a8 TSE o
Purpose is to compute and print 28
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: 3 A=
4 The flow chart below is used to read and print the root of the equation 2x°+5x—8=10

(__START _ D Carry out a dry run of the flow chart ang
Y obtain the root of with an error of 0.005
I~ n=0_ | $olution "
/ READ: _Xg=1.2 / n X,,\_/ X \X,H, ‘X‘
| - [ 4 X ]
“im<s LS 9 0 %%/ 10933 0.107
x; | 1 - 1.0867 0.0068
2 1.0867 1.0866 0.001
Root is= 1.087
-~ _PRINT, X,..~
Y
¢  STOP D
5. Study the flow chart below
C START D (i) Carry out adry run of the flow chart, taking
' N =20, x, = 4.0 and obtain the root of
[ Y"'=0 ] correct to 3 dp
(i) State the purpose
LREAD: IN' o » Solution
X = ——-‘7“_:'3 + N ‘-" o XJM-I' ! X” an__] ‘X""'l 8 an
" 2(Xm 0 4.0 4.5 0.5 |
| 1 4.5 4.4722 0.0278
7 2 44722 4.4721 0.0001
¥ YES Root is = 4.472
" PRINT.X, .~ (ii) to print the square root of a number N
C sTOoP )
Constructing flow charks
1. Draw a flow char that reads and prints the 2. Draw a flow chart for computing and printing
mean of the first ten counting numbers the mean of the square roots of the first 20
$olution natural numbers
Let 5 be sum and mn the mean Solution
1 _
= PRINT. m /7
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3. Draw aflow chart that computes and prints . Drow d flow chart that computes the root of

the sum of the cubes of the first 30 netural the equation ax® + bx +¢ =0
numbers Sclution
felution START
N=0
’ o | COMPLEX|
[ N=N+1 | : |

~ PRINT, S /

Newton Raphson and Flow charks
1. (a) Show that the iterative formula base on Newton Raphson's method for approximating the sixth

root of anumber N is given by x4 = 1 /6 (an + ;ﬁ; ) i
‘ ‘ T
(b) Draw a flow chart that; : :

(i) Reads N and the initial approximation x, of the root
(i) Computes and prints the root to three decimal places

(©) Taking N = 60, x5 = 1.9, perform a dry run for the flow chart, give your root correct to three
decimal places

Solution
(@x=N"7% ~x5=N
¥ =N=0 ,
. START
=N P = 6" CSTRT
Xpg1 = Xpn — 6x.5 Y'l
‘ n :
X (6%,%) = (X% — N) /READ:N, Xy /
. 1 N —
Sx-nﬁ + N 1 . N X,H,; = }/G[SX‘" + - 3 X — sl
xn+1 :——TZ /6 an+'? \ ) 61'" ! i
6y Xn [ n=n+1__|
- Dryrun _NO
R Xn X,H..| IXH-I-J - an -
o 1.8 1.9872 0.0872 YES
1 1.9872 1.9787 0.0085 ~ PRINT, X .
2 1.9787 1.9786 0.0001 u
Root is = 1.979 C__sToP >
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2. (a) Show that the iterative formula base on Newton Rtlphson's method for approximating the-
root of @ number N is given by x,,,1 = 3/ 4\ *n + E)
(b) Draw a flow chart that: ]
(i) Reads N and the initial approximation x;; of tt]e root
ii) Computes and prints the root after four iterations _
(© (Tc):hing ii = 39.0, x, = 2.0, perform a dry run for the flow chart, give your root correct to three

decimal places
Solution

fOurth

(o)
x=N"a “xt*=N
x*=N=0
f)=x*—N, fi(x)=4x3
x-n‘;_N) X, (42,°) — (x,* = N)

Xn+a :xn*(

4x,,® 4x,3
36, + N g ) (2
4x,,3 A\ 3x3)
Dry run

L Xn Xn+'l IXnﬂ_'X,, ’
(@} 2.0 2.71875 O.71875
1 2.71875 2 52424 0.19451 ZPRINT N, ¥,.,.~
2  2.52424 2.49938 D.02486 ‘ Y ,
3 2.49838 2.49899 0.00039 C STOP >

Rpoot =2.49%

3. (a) Show that the iterative formula based on Newton Raphson’s method for finding the natural
n == .
logarithm of a number N is given by x,,,, = -e—ggnﬂ =0, 1,2 i g
(b) Draw a flow chart that:
() Reads N and the initial approximetion x, of the root

(i) Computes and prints the natural logarithm after four iterations and gives the natural
logarithm to three decimal pleaces
(c) Taking, N = 10,x, = 2, performa d

ry run for the flow chart, give your root correct to three
decimal places

Solatien (____START
(@x=InN =N se*—N=0 ]
Y n=0
fO)=e =N, fix)=e* L :
e — N\ x,e*n —e¥a 4 N
Tnyy =Xpg — o = on
e (x, — 1)+ N ‘
xn+1 = X n= 0,1,2,3 ......
2=n
Dry run
n X" Xn-!—l ’X"*l X‘” I
0 2.0 2.3533 0.3533
1 2.3533 23039 0.04584 YES
2 23088 23028 0.0013 =
: . " PRINT:N, X .
3 2.3026 2.3026 0.0000 i wr””
Root=2.303. 'S sSTOP )
(e)
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Further examples !

A shop offers a 25% discount on all items in their store and a second discount of 5% for paying cash.
(a) Construct a flow chart for the above information
(b) Perform adry run for;

(i) A shoe 75,000/= cash (i) A shirt 45,000/ credit
Solution
| ; MP | D=0.75MP | Payment | ¢ash =0.95D Credit=D
| REAL: l
MARKE%PR'CE[MP) 75,000 56,250 Cash 53437.50 | ——
DISCOURNT: D=0.75MFH

45,000| 33,750 Credit = 33750

IS PAYMENT
CASH?

Given that a man deposited 100,000/= to a bank which gives a compound interest rate of 5% . Draw a

flow chart to compute the amount of money accumulated after 5 years, and perform a dry run for the
flow chart

$olation
[ n=0 ]
[ P=100,000 | 100.000  4pn0,000
: - 100,000 405 000

h 4
S P=P(1+0.05)

105,000 110,250
110,250 115,762.5
115,762.5 121,550.625

5 121,550.625 127.628B.1563

R

™ PRJNYT, —
< STOP___

Exercise 101

. (a) Show that the iterative formula base on the fourth root of @ number N is given by
Newton Raphson's method fo!r approximating Xpey = 3/4 (xn n Lj ) n=0,12.. ...
the cube root of a number N is given by sx3/

_ 1/ (3 +l) = 0.1.2 ) (b) anwaflowchurtthat;
Tner = /3- ( tn T2 P S (i) Reads N and the initial approximetion
(b) Draw a flow chart that: xq of the root
(i) Reads N and the initial approximation (i) Computes and prints the root to two
xq of the root decimal places
(i) Computes and prints the root to three () Taking N = 35, x, = 2.3, perform a dry run
decimal places - for the flow chart, give your root correct to
(©) Taking N = 54. X, = 3.7, performa dry run two:decimal places An(2.43)
for the flow chart, give your root correctto B, (a) Show that the iterative formula base on
three decimal places An(3.780) Newton Raphson’s method for finding the roof

2 (a) Show that the iterative formula base on
Newton Raphson's method for approximating

ofthex =N"s is given by
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sxntl - 2
Xpyd = —é::'—),n 0.,1;

(b) Draw a flow chart that; o
(i) Reads N and the initial approximation

X of the root o
(ii) Computes the root to three decimal

places |
(iii) Prints the root and the number of

iterations, n
() Taking N = 50, x5 = 2.2, perform a dry run
for the flow chart, give your root correct to
three decimal places An(2.187)
4. (a) Show that the iterative formula base on
Newton Raphson’s method for finding the root
ofthe 2 Inx —x+ 1 =0 is given by

Zinxp-1 - .
Xpa1 = Xn (_?,,—T) , n=20, | W S

(b) Draw a flow chart that;
(i) Reads the initial approximation x; of
the root
(ii) Computes and prints the root to two
‘decimal places
(<) Taking, xy = 3.4, perform a dry run for the
flow chort
5. (a) Show that the iterative formula base on
Newton Raphson's method for finding the root
of the Inx +x — 2 = 0 is given by

3—Inxy
Xpay = xn( — ) o1 =0,1,2 s

(b) Draw a flow chart that;
(i) Reads the initial approximation r of the
root
(if) Computes and prints the root of the
equation, when the error is less than
1.0x10~*
(c) Taking, r = 1.6, perform a dry run for the
flow chart.
6. (o) Show that the iterative formula base on
Newton Raphson’s method for finding the root
ofthe x = In(x + 2) is given by

e (xp=1)+2
Xpya = -T g = 0, 1, 2 Lares ki IRC Rie avE

(b) Draw a flow chart that;
(i) Reads the initial approximation x;, of
the root
(ii) Computes and prints the root to three
decimal places

10.

(0) Taking, xq = 1.2, perform a dry run fg, t
flow chart, give your root correct to three R
decimal places Am(1.146)

(@) Show that the iterative formulabase g,

Newton Raphson's method for finding the
natural logarithm of o number N is given by

eFn(xy—1)+N o
Xps1 = ——e;;—, n= 0, 1,2"...._... e

(b) Draw a flow chart that;
(i) Reads N and the initial approximatio,
xq of the root
(i) Computes and prints the natural
logarithm to two decimal places
(c) Taking, N = 45, x; = 3.5, perform a dpy
run for the flow chart, give your root
correct to two decimal places An(3.81)
(o) Show that the iterative formula base on
Newton Raphson’s methed for finding the root
of the 2x3 + 5x — 8 = 0 is given by
3
Xn+1 = (gzg—:g) , = 0, 1_,2 R
(b) Draw a flow chart that;
(i) Reads the initial approximation a of the
root
(i) Computes and prints the root of the
equation, when the error is less than
0.001
(©) Taking, & = 1.1, perform a dry run for the
flow chart. give your root correct to three
decimal places An(1.087)
A shop offers a 25% discount on all items in
their store and a second discount of 5% for
paying cash.
(a) Construct a flow chart for the above
information
(b) Perform a dry run for:
(i) A radio 125,000/= cash
(i) AT.V 340,000/= credit
AII( (i)=89.062-50, (i')=’=:l,°°°)
Given that @ man deposited 120,000/=to a
bank which gives a compound interest rate of
15% . Draw a flow chart to compute the
amount of money accumulated after 4 years
and perform a dry run for the flow chart An(
=209880.75/=)

. Study the flow charts below and perform a dry run of each flow chart
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0 0

~ PRINT. B.

13. Given the flow chart below

r READ: X, Y |
L2

[ P‘:ﬁo ]

1
(6 =x ]

Perform a dry run By completing the tables below
165
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() X=17, Y=13 (in X=50, Y=7 (iii)

AL,

14. Study the flow charts below and perform o dry run of each flow chart and state the purms?om‘
flow chart

MECHANICS

g

Hinematics

Motion in a straight line
Motion under gravity
Motion on a smooth plane
Projectile motion

Relative motion

Variable acceleration

L7
0’-‘

L
..O 0.0

*
D.O

L) L)
o0 ¢

(b) Dynamics

Force ond newton's laws
Connected particles
Work, energy and power
Linear Momentum
Simple harmonic motion
Elasticity

Circular motion

&
I.O

o S b
& 48 e b

*

L)
L

L)
L

(C) statics

Particles in equilibrium
Resolution and composition
Moments

Friction

Coplanar forces

Centre of gravity

L)
(2 l..

)
.0

@

L)
.t

\J
.'i

L/ L
e ..0
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CHAPTER 1 VECTORS

A vector is a quantity which has both ma

gnitude and direction. Eg Force, displacement, velocity,
acceleration and momentum

Representation of a vector

A vector is represented by o line with an arrow put to indicate the direction of the vector.

A
= \
Where order of the jetters shows the direction

Vecters in three dimensions

Consider the three dimensional rectan

gular co-ordinate system and let 1, f and k be unit vectors along
the x, y-and z- axes

=
O
>

RESULTANT OF VECTORS
When several vectars (V;, Vy, -+

" Vy) are acting on an object of mass m, the net vector, R is calculated
as the vector sum

N
R=V, 4 Vot Voo oo AV =Z v
r=1
Examples
1. Find the resultant of each of the following forces
(@ (2i+ 37+ 3K)N, (2 + 45 — BR)N | ) (78— 47 + 3K)N, (51 - 2j + 8RN, (1~ k)N,
Solution
2 2\ 4 _ 73 5 1 13

an-(io()-(0) | me(G)e(3)()-(2)

' -8/ \-5 3 g/ \-1/ \1o

2 The resultant of the forces (51— 2J)N, (71 + 4f)N, (af + BN, and (—3i + 2]IN is a force (5 + 57)N.
Findaoand b. Amn(a =—4,b=1) |

3 The resultant of the forces (i — 2f + 2ak)N. (2t + f + 4k)N, (bi + 2])N is (8 + Cj+ 14k)N.
An(a=5b=5c=1) 7

4  The resultant of the forces 31+ (a — ¢)j, (2a + 3¢)i + 5j, (41 + 6])N acting on a particle is a force
(107 + 12))N. Find .Uneb 2006 No.2

(i) Values of a and c. | (i) Magnitude of (2a + 3¢)1 + 57,
An(a=1.2,¢=10.2,5.83N)

MAGNITUDE OR MODULUS OF A VECTOR
This is the length of a vector “ -
() Giventhat R = xi+ ¥

lﬁ] =x?+ y2
[f-?.l =Jx% +y2 4 22

167

(i) Given that R = xi + yJ + zk
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Example
Find the magnitude of the following vectors

()] a= (g) ’ (i) =2t + 3j — 6k
Selution
la] =42 + 32 =5 | b] =27 + 32+ (—6)2 =7

DIRECTION OF THE VECTOR
Consider R = xi + yj

Examples ‘
1. Find the magnitude and direction of the resultant of each of the following
(a) (21 + 3))N, (5{— 2])N, (—3i + 3/)N 4 N
2 —6 2 (N[
(b) (4) N, (__5) and (1) (<) (3) (_5)
$olution o
-2 ” - — =-1x — [+]
(@) R= (2) 4 ( 5 )+( 3) - (4) Direction 8 = tan '3 180
T = 56N -()+()=(3)
IR| = /4% + 42 = 5.6569N @r=(3)+(5)=(5
Aﬁ?f:j - IR| = /32 + (—2)2 = 3.6056N
= SE
Direction 8 = tan~? (%) = 45° =~ 2N
The resultant force is 5.6569N at 45° above R
izontal .
thihonz:_u(Z) ¢ (—6) " (2) _ (—2) Direction 8 = tan™? G) = 33.69°
(&) T4 =5 1 0 The resultant force is 3.6056/N at 33.69°
IRl = J(=2)? + 0% = 2N below the horizontal. '

2. Four forces ai + (a — 1), 31 + 2aj, (51 — 6§)N and —i — 2] act on'a particle. The resultant of the
forces makes an angle of 45° with the horizental. Find the value of a and hence determine the
magnitude of the resultant force .Uneb 1999 Ne.2. An(8, 21.2N)

UNIT VECTOR

This is a vector whose magnitude is unit (1).

Unit vector of r denoted by 7 is given by # = erl
Example ‘

Find the unit vector of @ = 61 — 2] + 3%
Solution

6i— 2f + 3k

RN e T A A

Paraliel vecters

If @ vector a and b are parallel, then one of them is a scalar multiple of the other

168
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itue ~ i+ yj+zk
If @ vector r of magnitude |7| moves in direction xi -+ yj + zk then, r = [r]| (%)

Examples
. Find the vector which hos a magnitude of 15 units and is paralel to 167 + 127,
Solution
161 4 12§ 161+ 12j = 12i+9j
v= 16— — J
V16% + 122 15: 20 ,
2. Abody of velocity v and of magnitude 20m/s moves in the direction 67 -+ 8j. Findv
Solution
6i + 8 61 + 8f = 121 + 16§
v=20x : — 9 aill]
Vit 8 20— ’
3. A force of magnitude 12N actson a body inthe di‘rectjan‘ 23 +j + Z-E'.Find the force
Jelution
22'{'"“‘2&' - - o :8“-{-— ’+8E
v=12x / =12x21+1+2k i+ 4
V2Tt 174 22 —5

4. The force A of magnitude 5N acts in the direction with unit vector 1/c (31 + 4j) and force B of

magnitude 13N acts in the direction with unit vector 1/13 (51— 12j). Find the resultant of forces A and
B. Uneb 2008 No.3
Solution
Fa=1/c(Bi+4)) x5 =31 +4; R=®+( t;z)=(88)
FB=1/1'3(52—12)J:13=5'i—'12f |R|=‘-m=11‘-31-37ﬁ
Enxercises 114
1. Find the resultant of each of the following forces
(@) (614 2/)N, (—5i + ON, (31— 3))N
(b) (21 + 4/)N, (31— 57N, (61 + 2JIN, (=71 =7/)N
@ (20 + 3]~ 7k)N, (20 + SE)N, (3] + 4k)N
An (40N, (41 — 6/IN, (41 + 6] + 2k)N
2. The resultant of the forces (57 + 7N, (ai + bj)N, and (—~bi — aj)N is aforce (117 + 5/)N. Find a and
b. Am(a =4,b = 2)
3. Find the magnitude and direction of the resultant of each of the following
(@) (20 +5N, (+2)N, | BYE+2DN, (41-3DN | @ (Bi+2)N, (<514 jyn
An(7.07N at 98.1°), (10.05N at 354.3%), (3.61N at 124°)
4. A force of magnitude SON acts on a body in the direction 241 + 7]. Find the force
An(487 + 14).
5. Two forces F;.and F, have magnitudes N and gN and oct in the direction { — 2j and 4i + 3j
respectively. Given that the resultant of 7, and F; is (481 + 14).Find aV and BN
An(a = 85N and 50N ).
6. Ifa=3i+4j, b=4i+ 20jand ¢ = 5i — 19j. Find the;
0] Resultant of a and b (i) le]
- (if) Resultant of a and ¢ (iv) la + b -
(v)  Vectoris parallel to a and has a magnitude of 15 units
(v)  Vector is.parallel to (a + b) and has o magnitude of 100 units
An (§) (77 + 24)), (i) (8% — 157), (i) 19.6469 units ,  (iv) 25 units, (w) (9F + 172 7). (i) (281 + 96),
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7. lfa=2i+5j, b=-=7i+ 7] and ¢ = 14i. Find the;
)] Resultant of a and b (i) |b)
@ii) Resultant of a, b and ¢ (iv) la+b+c|
(v) Vector is paraliel to a and has a magnitude of 5v/29 units
(vi) Vector is parallel to (a + b + ¢) and has a magnitude of 90 units
An (i) (-5 + 12)), (i) (91 + 12)), (i) 7v2units ,  (iv) 15 units, (w) (108 + 25)), (uD) (54i + 72,
8. Wa=1-23]+2k,b=>50+4jandc = 3i+ J + 4k. Find the;
(M Resultant of a and b (iii) la|
(i) Resultant of o, b and ¢ (iv) |la + b + c]
W) Vector is parallel to (a + b + ¢) and has a magnitude of Sunits
An () (61 + f + 2K), (i) (97 + 2 + 6K). (i) VT4units , Gv) Ti units, () >/ (9 + 2] + 6k),
9. Wfa=21+7j+ 7k, b=6—3j+ 2k and c = —4j — 3k. Find the;
Q) Resultant of o and b @) |b]
(i) Resultant of o and ¢ @iv) e+ b+ cl
(v) Vector is parallel te (a + b + ¢) and has @ magnitude of 50units
An (1) (81 + 4f + 9K), (i) (21 + 3] + 4k), (i) 7units , (iv) 10 units, (v) (407 + 30k).

SCALAR PRODUCTS OR DOT PRODUCTS
The dot product of two vectors a and b inclined at an angle 6 to each other is given by

e — |2 |5 |CcOos @
Note
If two vectors are perpendicular then the angle between them is 90°and 2 ® R — O
Examples
. p=1i—2kandg=31— 3]+ k. Find
, M p-q (i) The angle between p and g
Solution

0] p.q=(0).(—3)=3+0+—2=1
—2 1

- _ 1 PO _ 1 1 = a
(i 8=cos (lpllql) cos (J12+(-232J32+(-3)-2+1?)—84'1

2. Wa=2i—j+3kandb =1+ 4j+ 3k Find the angle between a and b

Solutien
2 1
a.b= (-1).(4)= 24+-44+9=7
3 3

) a.b 7
8 =cos ! ( ) = cos”l( = 68°
lallbl V22 + (17 + (37217 + (4)7 + 32
3. If the angle between two vectors a = xi 4+ 2jand b = 37 + J 18 45°. Find the two possible values of
constant x. =

Nz Sz 122 [220 12 o
(2) (1) \/x +2 ‘\/3 +1%cos45 ' 3x+2=\/x2+4.\/ﬁ.i2_2—
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(3x+2)2=(x2+4)‘]0‘(3) X2 4+3x—4=0
4 x=—4 andx =1

4. fa=2al+7]—kandb = 3ai + aj + 3k. Find the value of the scalar a if the vectors are

perpendicular
()=
3

$olution
2a
-1
Exercite: 11D
%, Find the scalar products for each of the following pairs of vectors.
@ a=21+j, b=171-3j {vi)
(i) a=31 b=-2i+j]

(i)  a=5i+]—2kand b = 4i + 3] — 8k i) (g)and(—zg)

6a’?+7a—3=10
a= 1/3 and a = 3/2

(v) 20+ 4j—15k-and —8i + 2j — k.

) (?) and (Ez) (wiii) | g) and ( ; )
7

An(h)=-1, (il)=-s, (iil)=39, ()=7, (v)=4, (vi)=8, (vil)=8, (viii)=2
2. Find the angles between each of the following pairs of vectors.
() a=31+4j, b =5 —-12j . 6 5
() a=3i b=-2j “) (—3) 2ne (4)
(i) a =20+ 3]—6kondb = 2{+]+ 2k (oii) ( 2 and | :)1
(iv) a=i+2f—§andb=—?+2j—fé. -1 .1 |
3 1 2 2
d
) (1_) an (_2) (wiii) (2) and( 1 )
3 —1

An(§)=121°, ()=90°, (ii})=104°, (iw)=48°, (u)=82°, (vi)=92°, (vii)=120°, (wiil)=73°

3. Wa=Ai+2]—kandb = 5i - 4] + k. Find the value of the scalar 1 if the vectors are perpendicular
An(1/.)

4 Wa=20i+Aj+ Ak and b = —Af — k. Find the value of the scalar A if the vectors are perpendicular
An(0) |

5 fa=4i+5jand b = ai — .f_y Find the value of the scalar @ if the vectors are perpendicular, Am(10)

6. lfa=60-jandb = 2i + ak. Find the value of the scalar « if the vectors are perpendicular An(lé)
: A -

7. Given that (2 + A) and ( 3 ) are perpendicular vectors. Find the value of the constant 1 An(18)

3 4-1

B. Ifa=A1+8f+ (34+ Dk ond b = (1 + 1)i + (A~ 1)] — 2k. Find the value of the possible v

constant A if the vectors are perpendicular. An(2 or — 3) possble values of

171
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FORCES
A force is anything which con change a body's state of rest or uniform metion in a straight line eg
weight, tension, reaction, friction, resistance force

RESOLUTION OF FORCES
: Components of a vector
The component of a vector is the effective value of a vector along a particular direction. The
component along any direction is the magnitude of a vector multiplied by the cosine of the angle

between its direction and the direction of the component. .
Suppose a force F pulls a body of mass m along a truck at an angle 8 to the horizontal as shown

below:
/
e ~_ 8

The effective force that makes the body move along the horizontal is the component of F along the
horizontal

s K, = Fsind
: E F,=FsinB f
¥ :/_ﬁ_.j.: Resultant vector FR- = F% + F;
F.=FcosB
F
Cosf =—= 1 (F
' F Directionat = tan™! (—y)
F, = Fcos@ Fy
"
Sin6 P
Hints
When a vector is inclined at an angle 8'to the horizontal then;
e Along the horizontal, the component of the vector is cos@
o Along the vertical, the component of the vector is sin #
When a vector is inclined at 8 to the vertical then;
* Along the horizontal, the component of the vector is sin &
« Along the vertical, the component of the vector is cos@
E;unlplﬂ
Three forces are applied to a point as shown below
Calculate
a) The component in directions Ox and Qy
s respectively
Tar ™ b) Resultant force acting at O
Solution
Components along Ox 5 .
Fe = 14 — 6cos45 — Bcos45 = 4.10N Fr= B+ Ff= J412 + (—141)2 = 4.34N
Component along Oy 1 (P '
- 0 — —_ b _ = 1.43 _ o
F, = 6sin45 — 8sin45 = — 141N Direction & = tan (F:) = tan™" (4_1) =190
BFF’*_JN Resultant force is 4.34N at 19.0° below the horizontd!
Foa Fy=1.41N =
Forces of 2N, 4N, 3N, 6N, and 7N act on a particle in the directi @
; e X ection 0%, 30°, 120°, 270° and 330°
;esr:tcltluely. Find the magnitude and direction of a single force represented by the above forces
olutien ‘ ' )
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Note: the directions giyen involve 1.2 and 3
digitsrth.ere fore they are angles and must
be ,’ecd anticlochwise starting fronﬁ the
positive x-axis

N

SNy

Resultant component along x-caxis

Fr = 2+ 4c0530 + 7co530 — 3cosbl) = 10.03N§

Resultant component along y-axis

Forces of 2N, 3N, 4N, 5N, and 6N act on o

respectively. Find the resultant force.
$olution

Nete: the directions given involve 3 digits there
fore they are bearings and miust be read
cdlockwise starting from the positive Y-axis

Resultant along the x-axis
F, = 3 + 25in30 4+ 4cos30 — Scos30 — 6cos60
P 1.964N
Resultant along the y-axis

NBO°E and S40°W, respectively. findthe resultant
Solution

F.=10.03N

~
F,=4.90N
Fr

Fp= 4/10.03%2 + (—4.90)% = 11.16N
) = tan 1 (2 = tanH (22 ) = 26.04°
g = tan (Fx) tan ( )

_ 1003
The resultant force is 116N ot 26.04° below the
horizontal.

particle in the direction 030°, 090, 120°, 210°, and 330°

F, = 65in60 + Zcos30 — 5c0s30 — 45in30
F, = 0.598N

Fr= /'sz + Ff = v1.964% + 0.598% = 2.053N

Direction @ = tan™! (?) = 16.9°
The resultant force is 2.053N at 16.9° above the
horizontal

Forces of 6N, 5N, 7N, 8N, 5N, and 9N act prn a particle in the direction N30°E, N30°W. §50°E, N60°\W,

force.

Fp = af;?-l* Fy2=

Scos10 + 6sin30 + 7s5in50 — 95in40 — 8cos50 — 55in30 = —1.927N
5c0530 + 600530 -+ 5sinl0 — 8sin30 — 9¢cos40 — 7cos50 = —4.999N

J1.9272 + 49992 = 535N
4999

g = tan™’ (%) = tan™ (1.927) = 68:9°

-

Resultant force is 5.36N at 68.9° below horizontal

5. A particle at the origin 0 is acted upon by the three forces as shown below. Find the position of the

particle ofter 2 seconds of its mass is 1kg.
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g o

1
]
au_‘i(_(ég:___
4N

$olution
Resultant along horizontal Fr= [F+ F;’z =057+ 2,067 = 2124
Fr= =3+ 7cos60 = 05N ButF; = ma
Resultant along vertical 2,12 = 1a
By, = 7sin60 — 4 = 2.06N a=212ms™?
F From § =ut + Y at?
i }y u=0t=2s a=212ms™?
- S=0x2+ % x212x2% = 4.24m

6. Find the resultant of the system of forces below

(@)
3N 4 =
_ B0 =l ° 2
&N
$olation
4c0530 Tcos30 P :
= : Fo= 10.03%2 4+ 490%2 = 11.
Fr ( ) 45in30 ( 75in30) R {F _y 490 Len |
( 360560) " ( 0 ) 8 = tan~ = = tan —0 5 =26.04°
1-8365}60 —6 The resultant force is 11.16Nat 26.04° below the
fp= (_ 4.90 horizontal. q
__ F.=1Q.03N
F,=4.90N
(b)
folution
_ 2s5in30 4cos30 _ z Rz ’
Fr (0) (260330) ( 4317130) Fp= 1964 j 0.398% = 253N :
( 5cos30) (-ecosao) Direction 8 = tan"’F—y 0 =16.9°
1964 —55in30 - 651160 The resultant force is E.OSBN at 16.9° above
Fg = (0.598) the horizontal
F
Lﬂ Fy
Fu
7. A body of mass 1kg is acted upon by the forces shown belouy, Find;
(0] Magnitude of the resultant force
(II) Acceleration Bf the bOdy (ﬁi) Distance moved in 28
an | = em;,j '
Aary - |
Solutiom
174
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Resultant along horizontal

-3 7cas60 0 0.5
Fr = I+ ; + _ 5
R ( 0 ) (7517160 ) (-—4) (_2.06 From § = ut + %at*
ﬁ Fy = 0.- t = 251 a= 2127729‘—
Fx §S=0x2+ Y% x212x2°
s = 4,24m from the origin
Fp=0.5% + 2.06? = 212N |

ButFp = ma |

212 = 1la
a=212ms™?

2

EXERCISE 11D '
1. A force of 3N ads at 60° to o force of 5N, find the magnitude and direction of their resultant E
An(7N at 21.8" to the 5N force) i
2. A force of 3N act at 90° to a force of 4N, Find the magnitude and direction of their resultant
An(5N at 37° to the 4N force) [
3. Two coplanar forces act on a point 0 as shown below
y
10N f 2
__85% AU B0Y e x
Calculate the magnitude and direction of the resultant force
An[12.3N at 62.0° above the horizontal]
4. Find the magnitude and direction of the forces in each of the diagrams given below

@) v (b) y 55N (3] 8 4?.01”4
| : ¥ 10N : L)
, i B BOON
! 1 £ B0° \ LAY ox o
\; T BN—"’X 5N O 50.0
i !
(d) (&) .ON
i AN sy O )
50N | Ag0° 0| ~<30°
:

5“
\JGON

An[(a) 13.6N at 33.7° to the horizontal,
(k) 5N ot 90" to the horizontal]

(©) (40.6N ot 61.0" ts horizontal)

(d) An(34.IN at 20° belew the horizontal)

6%

4 0N

(e) An[1.07N ot 15.3° above the
horizontal]
(1) An[3.4N ot 73.1° above the horizontal]

5. Find themagnitude and direction of the resultant of each of the following systern of forces

SN
(a) B:N ?/
TG_TJE?_-.\- a0 -

Lo

An (6N at 79° above positive x-axis)
PN

() 2w

SN

An (299N at 47.9° above positive x-oxis)

200N

() 300N
= §9°:_\% 530" 100N
400N

An (97.34N ot 52,1° below pasitive x-axis)

() /2 N
- D T
an &N
Am (6.851N at 319.3%)

6. The resultant of two forces PN and 3N is 7N. If the 3N force is reversed, the resultant if VI7N. Find the

‘value of P and the an

gle between the two forces. An(2V6N, 57.02° )
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7.. Forcesof 2N, 3N, 4N, 5N and 6N act on a particle in the direction 030°, 090°, 120°, 210°, and 339+
respectively. Find the magnitude and direction of the resultant force. An(1.92N at 7.8° te the
horizontal)

8. Forces of 7N, 2N, 2N, and 5N act on o particle in the direction 060°, 160°, 200 ° and 315° respectively
Find the resultant force.  An[4.14N at 52.36" below the horizental] '

9. Find the mognitude and direction of the resultant of the farces 10N, 15N and 8N acting in the directioy,
030°, 150°, and 225°. An(12.1N at 55.6° below positive x-axis)

10. Forces of 2N, 1N, 3N and 4N act on a particle in the directions 0°, 20°, 270° and 330° respectively, Fing
the magnitude and direction of the resultant force. An[6:77N at 36.2° below the horizontal)

1. Four forces (af — 1))N. (31 + 3aj)N, (5 — 6/)N and (-1 — 2j)N act on a particle. The resultant of
the forces make an angle of 45° with horizontal. Find the value of a and hence determine the
magnitude of the resultant. Am(a = 8,R = 15v/3)

12. A body m of mass 6kg is acted on by forces of 5N, 20N, 25N and 30N as shown above, Find the

acceleration of m. An[5.5ms™]
¥
IONM™ T 25N
- z02
- >
T = N I

|
o |
Q
Z |
AR

a

13. Three forces act on.a body of mass 0.5kg as shown is the diagram. Find the position of the particle

after 4 seconds.
An[3.44N, 55.2m]

Resultant of two forces
Consider two forces A and B inclined to each other at an angle 8

=

B

) O is right angled (6 = 90°)

A I ? : Resultant R is obtained from, R2 = A% + B?
. _ -1 (B

5 Direction of resultant , § = tan ( )

(i) 9 ls acute (0° < 6 < 90°)

A

sinfi _ sin(180-8)

Direction of resultant , =
A sin(180 - 8)
. : B = sin’l( )
Resultant R is obtained from, R
R? = A% + B® — 2AB Cos(180 — 6)
(ill) O is obtuse (90° < 8 < 180°)

——— e — —— =

sinfl _ sin(180-6)

S e & Direction of resultant, p =
- Asin(180 — @)

- Resultant R is obtained from, p = sin - R

R? = AZ + B* — 2AB Cos(180 — 8)

Examples
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Two forces of magnitude 5N and 122N act o . . o g e oo ind
! i2 . . ° F th
agnitude and direction of the ; n.a particle with their direction mc_lmed_at 90°, Fin e

esultant,
Selutlon
R =52 4 122 5
f=13N p=tan” (53)

f =722.6"to 12N force

Forces.of 7N and SN oct on.a particle at an angle of 60° between them. Find the magnitude and

direction of the resultant
Solution

. - sinf sin(120%)
— Direction of resultant, % ™ y7ed

7N .y [9sin(120°)) .
R?=17%+9% - 2x7x9 Cos{120°) B = sin b3 )= 34.13
R =13.89N i '

Resultant is 13.89N ot 34.13° to the 7N force

Find the angle between a force of 7N and 4N their resultant has o magnitude of ON
Solution

. 2
: _ a = cos” (— ?) = 106.6°
e = B 6 =180 — 106.6 = 73.4°
9% = 72 4+ 4% — 2x7x4 Cosa

Forces of 3N and 2N act on o particle at an angle of 150° between themn. Find the magnitude of the
resultant force and its direction

3clation
— Direction of resultant, g = %;j
T . 1 {2sin(30°)
R? = 2% + 3% — 2x2x3C0s(30°) f =sin (T) = 38.3°
R=161N

Resultant is 1.62N at 38.3° to the 3N force
Exercise 11C

Two forces of magnitude 7N and 24N act on o particle with their direction inclined at 90°. Find the
magnitude and direction of the resultant An(25N, at 16.26° with 24N force)

Forces of 5N and 8N act on a particle at an angle of 50° between them. Find the magnitude and
direction of the resultant An(13.9N, ot 19° with 8N force)

Forces of 4N and 7N act on a particle at an angle of 25° between them, Find the magnitude and
direction of the resultant An(10.8N, at ° with 7N force)

Forces of 4N and 6N act on a particie ot an angle of 60° between them. Find the magnitude and
direction of the resultant An(8.718N, ot 23.4° with 6N force)

Forces of 9N and 10N act on a porticle at an Engle pf 40° between them. Find the magnitude and
direction of the resultant An(17.9N, at 18.9 with 10M force)

. , P . )
Forces of 2N and 10N act on a particle at-an angle of 105° between themn. Find the magnitude and
direction of the resultant An(13.5N, at 45.7° with 12N force)
‘ : : rti le of 160° between them. Find the magnitud -
Forces of 8N and 3N act on a porticle at an ang gnitude and
direction of the resultont An(3.28N, at 11.2" with 8N force) ) |
Find the angle between a force of 10N and aN their resultant has a magnitude of 8N An(120.3%)
The angle betwe‘en aforce of PN and o force of 3N is 120°. If the resultant of the two forces has a -
magnitude 7N, find the value of P. Amn(SN) ) 7
. The angle betweeri a force of ON ond @ force of 8N is 45°, If the resultant of the two forces has o
magnitude 15N, find the value of O An(8.24N)
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FORCES ACTING ON A POLYGON
For any regular polygon; - -
» Allsides are equal An exterior angle = 2= wherg |
3 All interior-angles are equal
s All exterior angles are equal
Examples ‘ |
= PORS is a square. Forces of magnitude 60N, 40N, 180N and 40N oct clong the line PQ, OR, Rprﬂnd
SO respectively in each case the direction of the force being given by the order of the letters. Given thy
SR is horizontal, determine

is number of sides

() The magnitude of the resultant force (i) Direction of the resultant with S
$olution
s R R = /(—38995)% + (—115.563)% = 12196y
45" 457 32 995N
“e 180N 40N 115.563N 7 ‘:R
P ~6ON Q 115563

60\ , (0 180cos45) | ( 40cos45 Direction 8 = tan™" (5757 ) 6 = 74
- ' —180cos Cos4 _ 995
R = (-0 )‘+ (40)'+ (—1‘803in45) A (_40557145) The resultant force is 1.21.96N ot 71.4° below
R = (38995 the negative x-axis
B ‘(—115.563) _ |
2. ABCD is a square. Forces of magnitude 4N, 3N, 2N and 5N act along the line AB, BC, CD and AD

respectively in each case the direction of the force being given by the order of the letters. Given that AB
is horizontal, determine

(i) The magnitude of the resultant force @ii) Direction of the resultant with AB
$olution A
sred =ra 1=
-~ 2N
e a1 =
‘ R= /(2)? + (8)% = 8.25N
_ (A L (O, (=2\ , (Oy _ (2 o

R= (0) + (3) +'( 0 )+ (5) - (8) Direction 8 = tan™? (g) 8 = 714°
The resultant force is8.25N at 71.4° to the
horizontal

3. ABCD is a rectangle with AB =-4cm, and BC = 3cm. Forces of magnitude 2N, 1N, SN, 6N, and 7N adt
along the line AB, BC, CD, AD, and AC respectively, in each case the direction of the force being given
by the order of the letters. Given that AB is horizontal, determine

() The mognitude of the resultant force (i) Direction of the resultant with AB
Solution
5N — &2 ' 2 = '
D h _ G 3 R= J(8:6)* + (5.2)2 = 10.0499N
tana =—
6N 4 N 11N 4 F
= & =36.87° ' 5.2N
A 2N 5 8.6N
_ {2 0 -5 6 7c0536.87
R= . _
ag%)o+ (_1_ +‘( 0 _)+ (0)'+ (75;;;13{,_37 Direction 8 = tan™* (E) 6 = 31.16°
R= 5 2 ) The resultant force is 10.0499N ot 31.16° to
v - the horizontal

4. ABC is an equilateral triangle. Forces of magnitude 12N, 10N a ‘ i
an ex gle. , nd 10N oct al | d
CA, respectively, in each case the dire o byt ok

ction of the force being gi - ters, Gi
that AB is horizontal, determine e being given by the order of the letters. Given

() The magnitude of the resultant force 0] Direction of the resultant with AB
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Scanned by CamScanner



8. ABCDEF is a regular hexagon. Forc

[

Solution

1o~ . 1On
A = 50;’ £
124 —10cos60 12‘1 10cos60 | BZ
R= (0 ) + (—105in'60 + ( 1060 ) - (0)
R= J(2)?+ (0)2 = 2w

BC, CD. DE, EF and FA respectivel
the letters. Given that AB is horizo
the resultant with AB

Solution

F
ON

2N

Direction 8 = tan™? (g) 8 = 0°
The resultant force is 2N parallel to AB

es of magnitude 2N, 5N, 3N, 4N, 3N and 1N act along the line AB,
Y. in each case the direction of the force being given by the ord?r of
ntal, determine the maanitude of the resultant force and direction of

| 300560\  /—4
e )+ (520« (2o + (5
+ C?Zfﬁso) # {1 simtiv

_ [ =2
R= (3.4541)
|R] = J(=2)% + (3.4641)2 = 4N
3.4641
6 =tan™! ( ) = 60° to AB

ABCDEF is a regular hexagon. Forces of magnitude 3N, 4N, 2N, and 6N act along the line AB, AC, EA,
and AF respectively, in each case the direction of the force being given by the order of the letters.
Given that AB is horizontal, determine the muagnitude of the resultant force and direction of the

resultant with AB
Sclution
o
F BN Y 2y =
—an® $N (1=}

0% o . , . =
)+ (o) 4 () + (oo
3

R=( \/_4sin30
= @@)

Exerclie 11E

ABCD is o square. Forces of magnitude 6N, 4N
and 2v/2N act along the line AD, AB and AC
respectively in each case the direction of_ the force
being given by the order of the letters. Given that
AB is horizontal, determine the magnitude and
direction of the resultant force. Uneb 1998
mov/dec No.3 An(10N at 53.1° with AB)
ABCD is a square of side a. Forces of magnitude
2N, 1IN, V2N and 4N act along the line AB, BC,
AC and DA respectively in each case the direction
of the force being giveri by the order of the
letters. Given that AB is horizontal, determine the
magnitude and direction of the resultant force.
Unek 2003 Ne.? An( 3.6IN at 33.7° below AB)
In @ square ABCD, three forces of magnitude 4N,
10N :nda‘IN act along the line AB, AD and CA

e

178

= ~
I3

23

R= J(z@z + (3V3)" = 6.245N

3V3 _ 5
275) 6 = 56.3

The resultant force is 6.245N ot 56.3° above
the positive x-axis

Direction 8 = tan™!

respectively in each case the direction of the force
being given by the order of the letters. Determine
the magnitude of the resultant force. Uneb 2017
Ne.4 All( 5.'3”")

In an equilateral triangle POR, three forces of
magnitude 5N, 10N and 8N act along the sides
PQ, QR and PR respectively. Their directions are
in the arder of the letters. Find the magnitude of
the resultant forces, Umeb 2018 Ne.7
An(16.0935N)

ABCD is a rectangle. Forces of magnitude 6V3N,

2N, and 4V3N act along the line AB, CB, ang cD
respectively in each case the direction of the force
being given by the order of the letters. Given that
AB is horizontal, determine the mognitude and
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T+ ABCD is a rectangle. Forces of magnitude 8N, 4N,

direction of the resultant force. Am(4N at 30° to
AB) .

ABCD is a rectangle with AB = 4m, and BC =
3m. Forces of magnitude 3N, 1IN and 10N act along
the line AB, DC and AC respectively, in each case
the direction of the force being given by the order
of the letters. Given that AB is horizontal,
determine the magnitude and direction of the
resultant force.  An(13.4N at 26.6° ke AB)

10N and 2N act along the line AB, CB, CD and AD
respectively in each case the direction of the force
being given by the order of the letters. Given that
AB is horizontal, determine the magnitude and
direction of the resultant force. An({2.83N at 45°
te AB)

8, ABC is an equilateral triangle. Forces of magnitude
10N, 10N and 10N act along the line AB, BC and
AC respectively, in each case the direction of the
force being given by the order of the letters. Given
that AB is horizontal, determine the magnitude of
the resultant force. An{20M at 60° to AB)

9. ABC is an equilateral triangle. Forces of
maanitude 5N, 9N and 7N act along the line AB,
BC and CA respectively, in each case the
direction of the force being given by the order of
the letters. Given that AB is horizontal, determine
the magnitude and direction of the resultant
force. An{2V3N at 30° with AB)

10. ABC is an equilateral triangle. Forces of
magnitude 4N, 4N and 6N act along the line AB,
BC and AC respectively, in each case the
direction of the force being given by the order of
the letters. Given that AB is horizontal, determine
the magnitude and direction of the resultant
force. Am(ION ot 60° with AB)

e

11. ABCDEF is a regular hexagon. Forces of
magnitude 2N, 5N, 3N, 4N, 3N and IN a¢ alon
the line AB, BC, CD, DE, EF and AF respectiUely
in each case the direction of the force being -giué

by the order of the letters. Given thot ABjs
herizontal, determine the magnitude and
direction of the resultant force

An(6N at 60° with AB)

i ABCDEF is a regular hexagon. Forees of
magnitude BN, 7N, 6N, 4N, 7N and 6N act along
the line AB, BC, CD, DE, EF and FA respectively,
in each case the direction of the force being giyep,
by the order of the letters. Given that AB is
horizontal, determine the magnitude and
direction of the resultant force

An(12.5N at 76° with AB)

13. PQRSTU is a regular hexagon. Forces of
magnitude 4N, 5N, 2N and 6N act along the line
PQ, PR, PT, and PU respectively, determine the
magnitude and direction of the resultant force
‘with PQ An(11.065N ot 61.2° with PQ)

ABCD is a square. Forces of magnitude

10N, 9N, 8N and 5N act along the line AB, BC,

'CD and AD respectively in each case the direction

of the force being given by the order of the

letters. Given that AB is horizontal, determirie the
magnitude and direction of the resultant force.

An(2V/5N at 63.43° with AB)

15, ABCD is a rectangle with AB = 4m, and
BC = 3m. Forces of magnitude 3N, 10N, 4N, 6N,
and 5N act along the line AB, BC, CD, DA, AC
respectively, in each case the direction of the
force being given by the order of the letters.
Given that AB is horizontal, determine the
magnitude and direction of the resultant force:
An(7.62N at 66.8° with AB)

Scanned by CamScanner




EQUILIBRIUM OF FORCES
if there are several forces acting on a particle in equilibrium, then their resuftant is 2quicl to zefo.

= (0

_ Examples
1. It each of the tfollowing sets of forces are in equilibrium find the values of @ and b in each case
0] (61 + 4N, (=21 = 5PN, (af + bj)N
() (5T+ 47N, (31 + )N and (ai + bN
@iii) (ai+ 37)N, (2{ — 5j)N and (=714 bj)N
(iv) (ai — 3b))N, (bi — 2ajIN and (=37 + 8/)N
) (=304 2]IN, (4% + 7))N, (—8i + 5/)N and (ai + bj)N
() (47437~ F)N, (i — 57+ 2k)N and (ai + bj + ck)N
i) (=274 3k)N. (4 — 7k)N and (af + b + ck)N
i) (5+ af + ck)N, (bi — 6] — k)N and (—3i + 2 + ck)N

$olution |
o (+CD+G=Q) | 2=, _, , =1
6—-2+a=0
(ii) a=-8 b=-5 () a=7,b=-14 (iii) a=4, b=-2,c=0

(iif) a=5 b=2 (vi) a==5 hb=2,c=~-1
@iv) a=1 b=2 (vii) a=2 b=-4c=4
2. For each of the diagrams below, the particle is in equilibrium under the forces shown below. Find the unknown

forces and angles

(=) Q = (B)
4-J3I N 30° _ o «
5
() ;N ()
— —;‘jl*— -1
(=) I
= '
$olutkion
1] Pcos30y , ¢ 0 —4+/3Y _ 0 P =8N
(@) (Q) t (Psin30 ) * (—6) * ( [)‘-/—) - (0) l Q@+ Psin30—6+0=0
0+ Pcos30+0—4vY3=0 Q =2N
(b) P = 10N,Q = 5VIN (d) P = (5v3 + 4)N,Q = (5 + 4V3)N

(c) P:SN,6=369° .
3. Each of the following diagrams shows a particle in equilibrium under the forces shows

@ X (b) W P
! \ﬁ>'> = — —‘-.-S\ﬂkT(_.et =
T r
Prove Ptan®=W Prove than tan©= 2+/3
Exercise 1D -
1
2R Diagram below shows three coplanar forces of
~ o 3N magnitude 2N, 3N and PN oll acting ot o point O
——a~t in the direction shown. Given that the forces ore in
B equilibrium, find the value of P. Amn {4.3589N)
181
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(i) If the resultant of the forces is TON due ny,

an An ((i)9.4354N,32°(ii)17N, 61.927)
_ 6. Force of acting on a particle are (21 + 3j)N,
T T 40 I'20° (41 — 7N, (=51 + 4/IN and (i = J)N, find
PN =or (i) The resuitant of the forces
(i) The diagram above shows three coplanar forces (i) The fifth force that should be Cldt::led to the
in equilibrium. Find the value of P .and Q system of forces so that they are in
(i) f the direction of Q is now reversed, find the equilibrium o
magnitude and direction of the resultant of Uneb 1988 No.6 Am. ((2{ — [N, (-2 - j)N
the three forces. Am((i) 24.5N, 22.6N, (if) 7. Forces of 6N, 5N, 7N, 8N, 5N and 9N act on
43.2N) particle in the direction N30°E, N30°W, S50°E,
3. Three forces Fy, Fz and Fz act on a particle and Neo°W, N8o°E and S49°W rESPECﬁ_VBly- Find the
F, =(=3i+ 7))N,F, = (i = )N and additional fo'r_ce'.t_;hat will keep the system of
Fy = (pf + gjIN. forces in‘eqmllbrlqm. . L |
(a) If the particle is in equilibrium, find the An(5.358N ut 68.92 ﬂh"? the Pﬂi-hln amiy)
value of pand q 8. Forces of 7N, 2N, 4N and 5N act on particle in
(b) Find the magnitude of the resultant of F; the direction 060°, 160°, 200° and 315°
and F, and determine the direction of that respectively. Find the additional force that will
resultant keep the system of forces in equilibrivm..
An ((a) 2,—6, (B) 6.3246N,71.57°) An(2.3125N at 37.18" below the negative axi)
4. The diagram below shows three forces FN, 4N 9. Forces of 2N, 1N, 3N and 4N act on particle inthe
and 8N acting on a particle direction 0°, 90°, 270° and 330° respectively,
— S Find the additional force that will keep the

system of forces in equilibrium.
An(6.8N ot 36° above the negative axis)

10. Forces of 6N, 5N, 7N, 4N, 3v2N and 72N act in
direction AB, CB, CD, DA,CA and DB respectively

If the forces are in-equilibrium, find the value of:

(i) 7] on a square ABCD. Find the magnitude and
(ii) F An (6.928N,60°) direction of an additional force that will keep the ' ¢
5. The diogram below shows three forces PN, 8N system of forces in equilibrium.
and 5N acting on a particle An(19.2N at 81° above the negative axis) |
7 . I. Forces of 8N, 7N, 6N, 4N, 7N and 6N act along .
By ‘_T_<:-:F; the sides of @ regular hexagon ABCDEF in the
l direction AB, CB, CD, DE, EF and FA respectively.
= Find the magnitude and direction of an
Find the value of 8 and P ;c:fitlc.:nu[ fcﬁﬁf t hat will heep the WSteT of
(i) MK the forces are in equilibrium, & In equiliorium. An(12.49N at 76 cbeve

AB) .

EQUILIRIUM OF THREE FORCES (LAMI'S THEOREM)
For any three forces acting on a
theorem is applicable.

P, S
B P s R
R

- sinf  sina  sin@

particle in equilibrium where nore of them is parallel to each other, 10 ‘
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Sclution

8 = 90°
Similarly 8 = 16.26° and & = 73.74°
& _ 2 Ty = 13.72N
! sin(90 + 73.74)  _sin90 ' 7
49 T:
- g — = — 2 aTy = 47N
By cosine rule: 752 = 212 4 792 _ 2x21%72¢050 5in90  sin(90 + 16.26)

2. Mass of 30kg h . .
& Hhiat thelist!rin?g:u\):erstl;g!y at the end of the light string. If the mass is pulled aside by the horizontal force P

: with the vertical, Find the magni | | ion i i
so that the particle remains in equilibrium e'magnitude of the force P and the tension in the string

Solution
T _3098 . 7= 3339478
sin(90) sin120 '
e 30x9.8 P
% P =169.74N

° . . 309N | sin120 sin(90 + 60)
3, r':Je.end of a light in extensible string of length 75cm is fixed to a point on a rigid pole. The particle of weight
12N is attached to the other end of the string. The particle is held 21em-oway from the pole by horizontal force.

Find the magnitude of this force and the tension of the sting so that that the particle is equilibrium -
Solatien Uneb 1996 No.1

= L s 2 ) 21 )
, cosf =—, @ =73.74°
75
= 12 T =125N
B sin(90)  sin(180-6) T %
12 _ P p
sin(180 —8) sin(90+8) = 3.5K

4. A light inextensible string AB whose end A is fixed has end B attached to a particle of mass 5kg. A force P
acting perpendicular to the string is applied on the particle keeping it in equilibrium with the string inclined at
60° to the vertical. Find the value of P and the tension in the string

T Taoa T _ 5x9.8 -
sin(90 + 60) ~ sin(90) «T = 245N
5x9.8 N P
5gN sin(90)  sin(90 +30) 1 = 4244N

5. A non uniform beam of mass 5kg rests horizontally in equilibrium supported by two light strings attached

to the ends of the beam.
- 30° 40D

The strings make angles of 30° and 40° with the beamn as shown above. Find the tension in the strings .
Selution
— =% 0.88467,xsin30 + T,5in40 = 5x9.8
T; = 45.159N
(=) Tycos30 = T,c0540 ~ N |
7, = 0.8846T, T; = 0.8846x45.159 = 39.947N

6. Asphere of weight 20N and radius 15¢m rests against a smooth vertical waL A sphere is supported in its
position by a string of length 10cm attached to a point on the sphere and to a point on the wall as shown.

S

@@am
¥~
T~
™~

e~

i)  Calculate the reaction on the sphere due to the wall

183
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7. A particle of weight 20N is held at equilibrium on smooth plone incined at 30° to the horizontal by o

1.

Find the tension in the string

ii)

Solution Using Lami's theory
= 25N
R 20
Sin143.13 = Sinl12687
7 R = 15N
s 20 T
Cos = 55 0 =531 Sin126.87  §in90

horizontal force P.

(i) Find the value of P and the reaction between the particle and the plane. _
(i) If the force P is removed and the string parallel to the plane is used to hold the particle, find the

tension in the string and the new value of
Solution
156° 120°
i
: ON
¥ 2on
P R 20

sin(150)  sin(90)  sin(120)
R = 23.09N and P = 11.55N
Alternatively

By resolving

Psin30°

208iN30% o oSS ‘W 20cos30°

¥ 20N
Parallel to the plane: Pcos 30 — 20sin30 = 0

8. A light inextensible string passes over a smocth fixed pulley at the top of a'smooth plane inclined at 30° tolf

horizontal. A particle of mass 2kg is attached to one end of the string and rests vertically in equilibrium whf

a particle of mass m resting on the surface of the plane is attached to the other end of the. Find:

(i) The normal reaction between m and the

(i) The tension in the string and the value of
Sclution

T—-2g=0
T=2x98=19.62
T mg R

sin(150)  sin(90)  sin(120)
m = 4kg andR = 33.98N
Alternctively; By rejelving

A r:)urticle p of mass 2kg is suspended from a fixed
point O by means of a light inextensible string. The
string is taut and makes an angle of 30° with the

the reaction
P =11.55N
Perpendicular to the plane; 7
R — Psin 30 — 20C€0530 =0
R = 23.09N
i "
\0'3’(:_"" Z0cos30°
’LQ% *ZON
Parallel to the plane: T — 205in30 = 0
T = 10N
Perpendicular to the plane; R — 20C0S530 =10
R = 173N

Or by iami’s theorem
T R 20
sin(150)  sin(120) ~ sin(90)
R=173Nand P = 10N

plane.
m

For 2kg mass: T — 2g = 0
T'=2x98=19.62
Parallel to the plane: T — mgsin30 =0
m = 4kg .
Perpendicular to the plane; R — mgsit
R =3398N =

30

downward vertical through O and the portide if:e
held in equilibrium by means of a horizontal ff
of magnitude F acting on the particle.

184
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2,

6.

7.

() Thevalueof F (ii) The tension in
An([i] 11.3161N [ii] 22.6321N)

A particle of mass 3kg lies on a smooth plane
inclined at an angle « to the horizontal, where

3 . .
tona =~ The particle is held i equilibrium by a

horizontal force of magnitude PN, The line of
action of this force is in the sume vertical plane as a
line of greatest slope of the inclined plane, find the
value p An(22.05N)

The figure below shows a light inextensible string
ABCD which is fixed ot one end A. A small weight
of 30N'is attached at B and the other end a
weight of 45N is freely running over q smooth peg
at C.

the string

TN 46
Calculate the value of T) and T, if the system is
equilibrium. Am (T} = T, = 45N)

The diagram below shows a bedy of weight 10N

supported in equilibrium by two light inextensible

strings. The tensions in the strings are 7N cind T

and the angles the string makes with the upward

vertical are 60° and Grespectively,

G‘O,c’:- = i
W
10N
Find T and @ An (T = 8.89N,6 = 43°)
5. A particle of weight 8N s attached to a point B
of a light inextensible string AB. It hangs in
equilibrium with point A fixed and AB at an
angle of 309 to the downward vertical. A force F|
at B acting at right angles to AB. keeps the
particle in equilibrium. Find the magnitude of
the force F and the tension in the string .Uneb
1998 Mor No.4. An(4N, 4V/3N)
The diagram shows a light inextensible string with o
‘end fixed at A and a mass of 5kg suspended at the
other end.

035

N2

ne

aocm | T i 13.
30cm ‘—:z_gN
The mass is held in equilibrium at an angle 8 to
the dowhward vertical by a horizontal force P.
find -
() The value of 8
(i) The magnitude of the force P and the tension T.
An (0 = 36.9°,P = 36.75N,T = 61.25N) jy
A sphere of mass Skg and radius 63cm rests
against a smooth vertical wall. A sphere is
185

8.

10.

supported in its position by a string of length
24cm attached to a point on the sphere and to
a point on the wall s shown.
_b~° =
_—
Find the tension in the string. An(71.05N)
A sphere of weight W and radius a rests .
against a smooth vertical wall. A sphere is
supported in its position by a string of length

a attached to a point on the sphere and to.a
point on the wall as shown.

wall

Find the tension in the string. An(%’)

A particle whose weight is SON is Suspended by
a light string which is 35° to the vertical under
the action of horizontal force F. Find

(a) The tension in the string

(b) Force F An(61.0N, 35.0N)
A particle of weight W rests on @ smooth plane
which is inclined at 40° to horizontal. The
particle is prevented from slipping by a force of
50.0N acting parallel to the plane and up o
line of greatest slope. Calculate

(a)y W (b) Reaction due to the plane
An(77.8N, 59.6N)

1. A mass of 2kg is suspended by two light:

inextensible strings. One making an angle of 60°
with the upward vertical and the other 30° with
the upward vertical, Find the tension in each string.
An (= 9.8N,= 17.0N)
A heavy uniform rod of weight W is hung from a
peint by two equal strings, one attached to each
end f the rod. A body of weight v is hung half way
between A and the centre of the rod. Prove that
the ratio of the tension in the string is ks L

_ 2Wiw
A non-uniform beam AB of length 8m and its
weight of 10N acts from a point G between A
and B such that AG = 6m. The beam is
supported horizontaily by strings attached at A
and B, The string attached to A makes an. angle
of 30° with AB. Find the angle that the string
attached to B maokes with BA and find the
tension in the strings. An(60°, SN, 2.66N)
A light inextensible string of length 40cm has its
upper end fixed ta a point A and carries a mass of
2hg at its lower end. A horizontal force applied td
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the mass keeps it in equilibrium, 20cm form Fhe
vertical through A. find the magnitude of this
horizontal force and the tension in the string Am
(=11.3N,= 22.6N)

15. The diagram shows a body of mass 5kg supported
by two light inextensible strings, the other end of
which ore attached to two points A and B'on the

samne level as each other end 7m apart

A B

T. T

v =5Q'N

The body rests in equilibrium at, 3m vertically
below AB. If CBA=45°, find T: and T2 the
tension in the strings An {= 35N, = 28VZN)
16. The diogram shows a body of weight 20N
suspended by two light inextensible strings of
length 0.6m and 0.8m from two points 1m apart
on a horizontal beam.

- 1o

o.6m —12 X O.8rm
Z0MN

The body rests in equilibrium. find T: and T2 the
tension in the strings Amn (= 16N,= 12N)

17. A light inextensible string of length 50cm has its
upper end fixed at point A and carries a particle of
mass 8kg at its lower end. A horizontal force P
applied to the particle keeps it in equilibrium 30cm
from the vertical through A. find the magnitude of
P and the tension in the string Am (= 58,.8N, =
98N)

18. A particle is in equilibriurm under the action of
forces 4N due north, 8N due west, 532 N south east
and P. find the magnitude and direction of P. An
(= 3.16N,N71.6°E)

19. A particle of mas 0.3kg lies on a smooth surface
which is inclined ot « to the horizontal, where
3 . ]
tana = =. The particle is held in equilibrium by
a horizontal forces force of magnitude PN. The
line of action of this force is in the same vertical

plane as a line of greatest slope of the inclined
plane. Find the value of P Am (2. 2N)

20. A force acting parallel to and up a line of greatest
slopes_ holds a particle of mass 10kg in equilibrium
on a smooth plane which is inclined at 30° to the
horizontal. Find the magnitude of the force cmd-bf
the normal reaction between the particle and the
plane Am (= 49N, = 84.9N)

21, _Ahorizontol force P holds
in equilibrium on a sm
ot 30 to the horizont

B

a particle of mass 10kg
ooth plane which is inclined

the force and of the normal reaction betuse
particle and the plane An (= 56.6N, =
22, A force P holds a particle of mass mkg in
equilibrium on a smooth plane which is incling
30° to the horizontal.

ent
113~;"

dot

[ =4

=202 mg

If P makes an angle 8 with the plane, Find g .
R the normial reaction between the particle gng
the plane is 1.5mg Am (51.7°)

p3. A particle of mass 5kg is held at equilibrium gn

_1 (1
smooth plane inclined at tan 1 (ﬁ) to the

horizontal by a horizontal force P. Find the valy,e

of P and the reaction between the particle and

the plane. Uneb 2001 Na.5
An {(=28.3=56.6N,)
24.(a) A particle of mass of 3kg is attached to the oy, ‘ '
end B of a light inextensible string. The upper end A
the string is fixed to a point on the ceiling of a roof }
horizontal force of 22N and upward vertical force of
4.9N act upon the particle making it to be in
equilibrium, with the string making an angle a with {§
vertical. Find the value of a and the tension in the
string.
(b) A non- uniform rod of miss 9kg rests horizontallj
equilibrium supported by two light inextensible string
tied to the ends of the rod. The strings make anglesof
50% and 60° with the rod. Calculate the tension in thell
strings Umeb 2002, No.12. An( (a)41.9°, 33N, (8]
60,32N, 46-93“)

25, A particle of weight W rests on a smooth inclined
at 30° to the horizontal and is held in equilibrium
by a sting inclined at 30° to the plane. Show thot

the tension in the string is W3

A particle of mas 3kg Iying3 on @ smooth surface
which is inclined ot 6 to the horizontal is attached
to alight inextensible string which passes up the
plane, along the :line of greatest slope over a
smooth pulley at the top carries o 1kg mass freely
suspended at its other end. If the systern rests in
equilibrium, find
() Value of #
(i) The tension in the string
Yiii) The normal reaction between the porticle
and the plane Am (19. 5°,9,8N, 27.7N)

27. A 5kg mass lies on a smooth horizontal table. A
light inextensible string attached to this mass pas®

6.

al. Find the magnitude of

186

up and over a smooth pulley and carries © freely
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suspended mass of Skg at its other
the string between the mass on the table and th
pulley makes an angle of 25° with the hon'zéntaf
The systemn is kept in equilibrium by o hori’zcntol.
force applied to the mass on the table, Find the;
(i) magnitude of this horizontal force '
(i) tension in the string and ‘
(iii) normal reaction between the table and
the mass resting on it Am o
(44.4N, 49N, 28.3N)

28. The diagram below shows masses of 8kg and 6kg ly

on smooth planes of inclination @ and g respectively
. =2

end. The part of

Light inextensible strings attached to these masses
pass along the lines of greatest slopes over smooth
pulleys and are connected to a 4kg mass hanging

the upward vertical as shown above. If the systerm
rest in eduilibrium find 8 and . An(8 = 30%6 =
41.8°) |
29. The diagram below shows masses A O_l‘!d_B each
lying on smooth planes of inclination 30°

’.E.

Light inextensible strings attached to A and B

ng pass along the lines of greatest slopes, over
smooth pulleys and are connected to o third
mass C hanging freely. The strings moke anale of
6 and B with the upward vertical as shown
above. If A, B and C have masses 2Zm, m and m
respectively and the system rest in equilibrium,
show that sinf = 2sinf ond 7
cosf + 2cos@ = 2 « Hence find 8 and . An

(29.0°,75.5°)

freely. The strings both make an angle of 60° with
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CHAPTER 22 MOMENT OF A FORCE
This is the product of a force and perpendicular distance from the pivot to the line of action of the o,

The unit of moments is Nm
The moment of F about point O is= Fyy

Examples

For each of the questions below, find the sum of the mements about points A of the forces shown belg
3 16N

(@) "1 + 5N (h) T4N
6 1
= A L = o =
- 3™ =
ad SN, () 2 (1
Zgo?_' ______ A A 2802
Solution
(=) (9)
£ = 5x2 = 10Nm clockwise “ =5x0 = O0Nm
(b) (k)
A = 8x5 = 40Nm anticlockwise | C5 = (4x3) + (2x0) = 12Nm clockwise
(e) KD
; | ' . )
(A 15x16 = 24Nm clockwise ™ = (2x1) + (4x3) = 14Nm clockwise
(d) N
© % =(2x2) + (4x3) = 16Nm clockwise ® = 55in30°x10 = 25Nm clockwise
(o) Kiz)
(7~ = (4x3) — (2x2) = BNm clockwise L( (A" = 55inB0°x2 = 9.85Nm clockwise
) D
™ =(5x5)+(6x4)+(4x3)-(3x2)=55Nm clockwise | = 4sin60°x10 = 34.6Nm clockwise
MATRIX APDROACH OF FINDING SUM OF MOMENTS ABOUT THE ORIGIN
If forces (a, i+ by IN, (@zf + bofIN.e. ces e e e o (@0 + b, J)N act on the body at points (xy, ¥1),
L& 2 ARSI (Xn: Y1) The sum of the moments about the origin is;
- G=|11 a1l+ %3 a2|+"' Xn Qn -
G - b }/"1 bl y2 bz ik ek el wes e » y" I’],n
Nista 1= (byxy — ay,) + (byx; — Q2¥2) + e (B, — V)
If G is positive, the : S Wi ‘ : o o . '
cloch\:i: ive, the sum of moments will be anticlockwise and if G is negative then the sum of moments wil

188
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EPH Example:
) 1. Find the moment about the origin of a force of 4JN acting ot @ point which has pesition vector 5im
Solution
15 0 A , .
G = |0 4l = 20Nm anticlockwise
?!h‘% 2. Find the moment about the origin of a force of 4jN acting ot a point which has position vector —5im
iy Solution '
G = |_.05 gl = —20Nm = 20Nm clockwise
3. Forcesof (21 = 3])N, (4i + J)N and (5i — 3j)N act on a body at points with Cartesian co-ordinates
(1,1), (2,4), and (—1,3) respectively. Find the sum of moments of the forces about the origin is:
Jolution
=] 1 27,02 4,-1 5
3"“' 6=l Sl+; 1+ 3l
Gl G =(1x—3—1x2) + (2x1 — 4x4) + (—3x — 1 — 3x5) = —31 Nm = 31Nm clockwise
4. Forces of (2f = 3/)N, (51 + J)N and (—4i + 4j)N act on a body at points with position vectors (T4 7).
(=20 + 2]) ond (31— 4)) respectively. Find the sum of moments of the forces about the
‘Q' (i) origin
4 - (ii) point with position vector(i — J)
‘ Solution
. .1 2,12 5 3 -4
& (Q)Gh|1 -3|+|2 '1|+|—4 411 _
G=(1x—3-1x2) + (—2x1 — 5x2) + (3x4 — —4x — 4) = —21 Nm = 21Nm clockwise
. (b)
' A
=
| i =
1 — =
rdlii&‘ - 3 s
. = — — — L ) T = = a
]
T =4
wd -3 =
==
2z G = (5x3) + (1x3) + (2x0) + (2x2) + (4x3) — (4x2) = 26Nm clockwise
“ Exerclhye 12A )
:W 1. Find the moment about the origin of a force of 31 N acting at a point which has pesition vector (2T + 3D)m.
' An(9Nm clockwise)

2. Find the moment about the origin of a force of (47 + 2j) N acting ot a point which has position vector
(31 + 2))m Am{(2ZNm clockwise)

3. A force of (31 — 2]) N oct at a point which has position vector (S + J)m. Find the moment about the point
which has a position vector (I + 2])m An(5Nm clockwise)

a. Aforceof (21+J) N act at a point which has position vector (2 + 2j)m and a force of 5i N act ot a point
which has position vector (—21 + J)m. Find the sunT of moments of these forces about the origin.
An(7Nm clockwise)

5, A force of (31 + 2]) N act at o point which has position vector (57 +
which has position vector (2T + j)m. Find the sum of moments of £
position vector (i + 3])m Am(17Nm anti clockwise)

Dm and a force of (7 + I) N oct at a point
hese forces about the point which has o
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MOMENT OF FORCES ACTING ON A POLYGON
Examples
ABCD is a square of side 4m. Forces of magnitude 4N, 3N, 2N and 5N act along the line AB, BC, ¢py
and AD respectively in each case the direction of the force being given by the order of the letters, gy
that AB is horizontal, Find the sum of moments of the forces about 0

(i) « Centre O of the square | (i) Point A
Sclution
= = = T (727G = (4x2) + (3x2) + (2x2) ~ (5x2)
Lo v R 1 = 8 Nm anticlockwise
o J,_ A G = (4x0) + (3x4) + (2x4) - (5x0)
~ | — ;= = 20 Nm anticlockwise

2. ABCD is a rectangle where AB = 6m and BC = 4m. Forces of magnitude 3N, 4N, 5N, 2N and 6N act
along the line AB, CD, AD and BD respectively in each case the direction of the force being given by
the order of the letters. Find the sum of momerits of the forces about

0] Centre O of the square | (i) Paint A
Solution

D 5y G 7O = (3x2) + (4x3) + (5x2) — (2x3) +

: I (6 sin33.7°%3) — (6 €0533.7°%2)
| :—,--EAN‘-;;‘ m = 22 Nm anticlockwise

anp sz 15 A G = (3%0) + (4x6) + (5x4) — (2x0) +

Ajt——— 5m ——] (6 5in33.7°x6) — (6 c0s533.7°x0)
= 63.97 Nm anticlockwise

3, ABCD is a rectangle with AB = 4m, and BC = 3m. Forces of magnitude 4N, 3N, 5N, 6N, and 5N act
along the line AB, BC, CD, DA, and AC respectively, in each case the direction of the force being given
by the order of the letters. . Find the sum of moments of the forces-about

0] Centre O of the square ] (D) Point A

$olution
o 5Ny _C S = (4x1.5) + (3x2) + (5x1.5) + (6x2) —
T (55in36.9°x2) + (5c0536.9°x1.5)
am
o

= G = 31.49 Nm anticlockwise
36.8° L 4N =G = (3x4) + (5x3)
A ja——— am = G= 27 Nm anticlockwise

4. ABCDEF is a regular hexagon of side 5m. Forces of magnitude 2N, 5N, 3N, 4N, 3N ond 4N act along
" the line AB, BC, CD, DE, EF and FA respectively, in each case the direction of the force being given by
the order of the letters. Given that AB is horizontal, Find the sum of moments of the forces about

()  Centre O of the hexagon (i) Point A v
$olutien .

Y BN

2a

ol ~ = - ‘7 -
/ N
Mo = J(2a) - @’ L B s
g N (o

MO = ~4at - a® ) 14 2 .
Mo = a3 Lt—".im _.'..A_ By ——o |+ 5m-—"’"l
PO G=(2+5+3+4+3+8a3= 21x2.5V3 |© A ¢ = (5s5in60°x5) + (3sin60°x10) +
(4x10sin60°) + (35in60°x5)

G = 52.5v3 Nm = 90.933Nm anticlockwise |
= 55v3 Nm = 95.26Nm anticlockwis
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ABCDEF is o regular hexagon of side 2q
line AB, BC, CD, DE, EF and FA .

Forces of magnitude 3N, 4N, 2N, 1N, uN and vN act along the

e R respectively, in each cag he directi ; ; by the
der of the letters. Fir L . case the direction of the force being given by thi
O;.::lthn ind the resultant of the value of u and v if the resultant of the six forces acts along CE

F uN E o

AIO = [27!1)"‘ - ﬂ:‘
N
B = MO = Jag?- g?
& > MO = a3

Since the resultant i (1), its (=) component is zero

1‘

(=) 4—u+(2-1-v+3)cosed =0
(4=v)x05=u—4
| 2utv=12.. . ...(i)
M @+1—-v-3)sin60 =R

Exercise 128

Forces of magnitude 3N, 4N, 5N and 6N act on a
rectangle along the line AB, BC, CD and DA
respectively in each case the direction of the force
being given by the order of the letters. Given that
BC is horizontal, Find Uneb 20035 No.7
(i) Magnitude ond direction of the resultantforce.
(i) couple at the centre of the rectangle of sides
2m by am. An(2vV2N,135% to BC,26Nm
Forces of ZN, 3N, 4N, and 5N act clong the sidles of
a square ABCD of <ide 4m in the direction AB, BC,
CD. and AD respectively: Find the sum of moments
of the forces cbout
@ii) The center of square.
(iv) Point A An{8Nm, 28Nm)

. Forces of 5N, 6N, 4N, 7N, 6N, and 8N act in the

directiori AB, BC, CD, DA, AC, DB respectively of
a square ABCD of side 6m. Find the sum of
moments of the forces about

(i) The center of the square. ,

(i) PointA  Am(66Nm, 26Nm)

. ABC D is o rectangle with A8 = 8c¢m and BC =

6c. Forces of 4N, 5N, 3N, 6N, and 8N act in the
direction AB, BC, CD, AD and BD respectively of
the rectangle ABCD; find the sum of moments of
the force cbout

a) The center of the rectangle

b) Point A An(17Nm, 96.4Nm)

. ABCDEF is o regular hexagon 2m:. Forces of

magnitude 5N, 2N, 6N, 4N, 8N ond 3N act along
the line AB, BC, CD, DE, EF and FA respectively, in
each cose the direction of the force being given by
the order of the letters. Given that AB is horizontal,

181

F.

9. ABCDEF is a regular hexagon 3m. Forces of

VE]
—U?=R .,..(l!)
“ S Ra=(3+4+2+1+u+v)ay3

R=(10+u + v)V3.o(il) .
(i=Gi); 2= (10+u+v)V3

2u+3v=—20 ... (iV) |
(iv)-(0); 2v=-32 ]
v=-16 \
Also 2u-p=12 :
2u—16 = 12
u=14

Find the sum of moments of the forces about Point
A Amn (29V3 Nm)

6. ABCDEF is o regulor hexagon 3m:. Forces of
miagnitude 4N, 5N, TN, 3N, 7N and 2N act along
the line AB, BC, CD, DE, EF and FA respectively, in
each case the direction of the force being given by
the order of the letters. Given that AB is
horizontal, Find the sum of moments of the forces
about Point A Am (30+/3 Nm)

7.ABCDEF is a regular hexagon 4m. Forces of
magnitude 8N, 4N, 7N, 4N, 6N and 5N act aleng
the line AB, BC, CD, DE, EF and FA respectively, in
each case the direction of the force being given by
the order of the letters. Given that AB is
horizontal, Find the sum of moments of the forces
about Point A. Am (6413 Nm)

ABCDEF is o regular hexagon 4m. Forces of
magnitude 5N, 6N, 7N, 4N, 5N and 8N act along
the line AB, BC, CD, DE, EF and FA respectively, in
each case the direction of the force being given by
the order of the letters. Given that AB is horizantal,
Find the sum of moments of the forces about

(D Centre O of the hexagon (if) Point A

An (703 Nm, 66v3Nm)

magnitude 3N, 1N, 2N, 5N, 6N and 4N act along
the line AB, BC, CD, ED, EF and AF respectively, in
each case the direction of the force being given by
the order of the letters. Given that AB is horizontal,
Find the sum of moments of the forces about
() Centre O of the hexagon (if) Point A
Am (45v3 Nm)
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COUPLE

These are equal forces acting in opposite direction
CondiRions for forces to form a couple
Force reduce to a couple if:

%+ Resultant force is zero
< Ifthe sum of moments about a point is not zero

Examples

1. Forcesof (=51 = j) N, —3j N and (51 + 4]) N act a body at @ point with position vectors (I — j)m,
(21 + J) m and (41 — 5])m respectively. Show thot these forces reduce to a couple

Solution
o r=(D+(H+ D=0
o=l S ol

G=(1x—1——5x—1)+ (—3x2 — 1x0) + (4x4 — 5x —5) = 29 Nm
Since the resultant force is zero and G # 0, then the forces reduce to a couple
2. ABCD is a square of side 3m. Forces of magnitude 1N, 2N, 3N, sN, and tN act along the line AB, BC, €D,
DA, and AC respectively, in each case the direction of the force being given by the order of the letters
Taking AB as horizontal and BC as vertical, find the values of s and t so that the resultant of the forces

is a couple.
$olution
D an c (=) tcosd5=12
2 ,
~ o) Tm Tt = = 22N
TSN g ! cos45
T Y 3 (1) 2—s+tsind5 =0
; 0 = - ” ‘écos 45 s =2 + 22sin45 = 4N
Re= (0)+ (2)+ ( 0 ) t (—S)O+ (tgl—mg, It must also be shown that G # 0
= -'(o) A = 2x3 4 3x3 = 15Nm

3. ABCDEF is a regular hexagon of side 4m. Forces of magnitude 5N, 1N, 3N, 4N, 2N and 2N act along
the line AB, BC, CD, DE, EF and FA respectively, in each case the direction of the force being given by
the order of the letters. Given that AB is horizontal, Show that these forces reduce to a couple
Solution

D

2a (1 (1+3—=2—2)sin60 =0
M&F £G=(5+1+3+4+2)a\/§

B e = 17x2v3 '
) = fAat et G = 34V3 Nm = 58.89Nm anticlockwist
fe—— 4m ———| MO = a3 Since R = 0,and G # 0, then it's a couple
(=) 5—-4+(1—-3—=2+2)cos60 =0

4. Forces of 6N, BN, 6N, and 8N act along the sides of a rectangle A B C D where 48 = 8m and BC = 6™
in the directions AB, BC, CD and DA respectively.
a) Show that the forces reduce to a couple
b) Find the moment oMthe couple about point A An(100Nm)

5. Forces of 5N, 3N, 5N and 3N act along the sides of a square A B C D of side 4m in the direction AB: BG
CD ad DA respectively

a) Show that the forces form a couple
b) Find the moment of the couple about point A An(32Nm)
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Exercige 12C

ABCD is arectangle with 45 - -
1 6ém and B¢ = 5. A force of (3i -5) N acts at the point which has
Rasition vector (67 + 7)m and a force of (-3 7+ 5)
N acts at the point which hos position vector (47 +

a couple and find its momient. JYm. Show that the force reduce to a couple and
5 ABCD s o rectangle with Ag _-A;(leﬂm) _ find the moment of the couple. An(10Nm)

2m. Forces of 5N, 5N, XN und‘XNm OBC= b Aforceof (47 + 3J)N acts at the point which has

AD, AB and CD respectively, The diace 00" | position vector (67 + 3)m ond a force of (47 —

forces are given by the or de; of the'?:tteor: ﬁft;he 3))N adts at the point which has position vector

systern is in equilibrium _ Find x An(lsﬂj € (31 — j)m. Show that these force reduce to a

3. ABCDisasquare of side 40cm. Forces of 20N couple and find the moment of the couple

. An(7Nm)
fg;):?t?uiﬁ?i::c; ?ct?:: \Eh:c:;dc;;ﬁg ;QB’(t:hznd e} Force of (? + N, (—4i 4+ )N and (3 — Z/)N
directions of the forces are given by tl'{ e order of act at the points having position vectors (21 +

the letters . If the system i equivalent to _ 2j)m, (—f + 4/)Nand (4i — 2j)m respectively.
Find the magnitude of ¥ and the mome;'gc:‘:ﬁf . Show that these forces reduce to a couple and find
couple. An(15N, 14Nm) o the mement of the couple. An(i13Nm)

4. ABCDis asquare of side 60cm. Forces of 6N, Forces of (ai+h/)N and (6E—4j)NAaAct at the points
2N, 6N and 2N act along the sides AB CB CDand | having vectors (-2i-2/)m and (3i-]) respectively. If
AD respectively, in the directions indicated by the these forces reduce to a couple, find a and b and
order of the letters . the moment of the couple. An(~6, 4 and
Show that the forces form the couple that must be | 26Nm)
applied to the system in order to produce
equilibrium. An(2.4Nm)

LINE OF ACTION OF THE RESULTANT OF FORCES
The equation of the line of action is given by

c:‘; ﬂzxy—yx
|6 = x¥ +yX =10]

Neote
The line of action cuts the horizontal when ¥ = 0 and cuts the vertical axis whenx = 0

Examples |
1. Forces of 3N, 2N, 4N and IN act along the sides of a square A B C D of side 4m in the direction AB, BC,
CD.and DA respectively. Find the;
‘a) Magnitude and direction of the resultant

b) Equation of the line of action 7 _
c)) Dgint where the line of action of the resultant of the forces cuts AB

Solution
> s = -T— Direction, 8 = tan'l‘G) = 45° to AR
o _=ed A TF6 = (824) + (4x2) = 24 Nm anticlockwise
s R R J-_ Equationis 24 —x —y =
ayss b , © « (i) Line cuts AB when y = 0
- e = _ 24-x-0=0
- —3 0y_ (-1
(i) R=(g)+(g)+(0)+(_l)— 1) x=24m FromA
IR] = J(—1)2 + 12 = VIN

2 Forces of 2N, 1N, 1N and 3N act along the sides of a rectangle A B C D of side AB = 1.5 and AD = 1m
Inthe directfon AB, BC, DC and AD respectively. Find the;
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o) Magnitude and direction of the resultant

b) Equation of the line of action |
c)) I'Jgint where the line of action of the resultant of the forces cuts AB

Solution 4
o i e T Direction, 6 = tan~* () = 53.1° t0 AB
4:” ﬁ }:‘ =G = (1x1.5) — (1x1) = 0.5Nm anticlockwise
A ?N‘Lﬁn'\ = 0-5—4x+3y= D
. _ {2 0 1 oy _ (3 (i) Line cuts AB wheny =0
(i) R= ([)) T (1) + (0) + (3) - (4) 05—4x+0= 0
|R| = /(3)* + 42 =5N _xzém From A

3. Five Forces of magnitude 3N, 4N, 4N, 3N and 5N act aleng AB, BC, CD, DA and AC respectively of a
square of side 1m. The direction of the forces being in the order of the letters. Taking AB and AD as
horizontal and vertical axis respectively. Find Uneb 2016 Neo.9

() the magnitude and the direction of the resultant force

(i) Equation of the line of action | (iii) Point where the line of action cuts AB,
Solation
o 4 c _ IR] = J(2.54)? + 4.54% = 5.196N
% SN 4N A Im Direction, @ = tan™’ (ﬂ) = 60.8°to AB
3N 2.54
A 45° 3N B }_ A" G = (4x1) + (4x1) = 8Nm anticlockwise
= T —
- . 8—454x+ 254y =0
AN A S ¢ 5cos45 . . _
R=()+()+ () +(5)+ (o) () Line cuts AB wheny = 0
_ /254 8—454x+0=0
R = (4.54) x = 1.76m From A

4, ABCD is arectangle with AB = DC = 5cm and AD = BC =6cm. Forces of magnitude 8N, 5N, 3N,
6N and 10N act along AB, BC, CD, AD and DB of a rectangle respectively. Find
(i) the mognitude and the direction of the single force that could replace this system of forces

(i) Equation of the line of action [ (i) where its line of action cuts AB.
Solution

— = - T IRl = J/(5.64)7 +3.32% = 6.54N

t =N ;,:?N : ,_SN T £m Direction, 6 = tan ™! (%) = 30.5°to AB
A Sem ——1 © AT G = (5x0.05) + (3x0.06) — 105in39.8x0.06
4TS oo .
a = tan (;) = 39.8 = 0.046 Nm anticlockwise
_ (8 0 =3 0 10s5in39.8 0.046 —332x + 564y =10
W R= (0) + (s) +( 0 ) +'(6)’ T (—1060539._8) (ii) Line cuts AB-when y = 0
v (5-64) 0,046 — 332x =0
3.32 x = 0.014m From A

5. ABCDEF is a regular hexagon 2m. Forces of magnitude 7N, 6N, 8N, 4N, 3N and 2N act along the line
AB, BC, CD, DE, EF and FA respectively, in each case the direction of the force being given by the order
of the letters. Given that AB is horizontal, Find the:

(i) the magnitude and the direction of the resultant force
(i) where its line of action of the resultant cuts AB.

Solution
§ _p _ {7\ . (6c0S6DY . (—Bcos60y | (—
o R _(0)+(szﬁrsa&oj;;o(sgggcifegol;1(634).
2 ; 'm EN ‘;;E\Jmao '+(—-3sinao)1£—2smeo)
e} E e B= (o ran)
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IR] = V(1.5)2 + (7.794)% < 7.94p cofx X
¢ =tan | '1724)=79,11-Gm,48 e Y1.5
~= G = (65in60°x2) + (_81'n.6£)'°x4) n 57.158 = |y 7.794
(4x4sin60°) 4 (35in60°x2) 57.158 = 7.794x — 1.5y
G= 33V3Nm = 57.158Nm anticlockwise Linggpks AB whed 3 =D
6. ABCDEF is a regular hexagon 1m. £ N

orces.of magnitude 6N, 7N, 5N, 3N, 2N and 5N act along the line

AB, BC, CD, DE, EF and FA respectively, i e ‘ : _ _ ‘
of the letters, Given that AB i hor'izontt;l,"-[l—‘?nc:jc: f::e the direction of the force being given by the order

(|) the mc.gni.tude and the direction of the resultant force
(i) where its line of action of the resultant cuts AB.

$olution
= : 433
| " g =tan! (—) = 38.21° to AB
F _?N_; ______ o " 5.5
N Sy |C A G = (75in60°x1) + (5in60°x2) + (3x2sin60°) +
el P> NI Ve (25in60°x1)
e—m e i —— e i —» G= 12.5v3 Nm = 21.65Nm anticlockwise
6 , (7cos60Y , [—5cos60Y , (—3 _ Ix X
(0) (7‘31'-7160) +( 55in60 )T( 0 ) y Y
(—2(‘0560) ( 5cos60 ) 21.65 = I?f 5.5
~2sin60 —55in60 _ 433
R = (5-5) 21,65 = 4.33x — 5.5y
4.33 Line:cuts AB when y = 0
|R| = /(5.5)% + (4.33)%2 = 7.0N i 21.65 _ o
433

7. The centre of a regular hexagon ABCDEF of side 2a is O. Forces of magnitude aN, sN, tN, 1N, 7N and
3N act aiong the sides AB, BC, CD, DE, EF and FA respectively, in each case the direction of the force
being given by the order of the letters.; Uneb 2010 No.13

(i) Given that the resultant of these six forces is of magnitude 2v3N acting in a direction
perpendicular to BC, determine the value of s and t
(i) Show that the sum of moments of the forces about O is 27aV3Nm
(i) If the mid point of BC is M, find the equation of the line of action of the resultant, refer to OM
as x~axis and OD as y-axis

Solution
1 svV3 /3 10V3
2V3x= = -
2 2 YT
, 2=s5+t—10.....(ii)

t=10,s=2

{ 7 | : —t cos60
(2805302 (3)+ Sone) * (s )

S 60
+(G)+ (Theoeio)+ (Csainao

243 V3 4»+£—%— 1-35+15\["° 6=04+2+10+1+7+3)av3
7= : 3 V3 10vV3 _ G =27aVv3 Nm -
1 oSN A i ol Since the resultant-acts along the direction of OM, then
2\/§x— . 2 2 2 x - 2,\/5 Y -
g J3 3 ey 0
: 5
-2J§x——=2-'——i+1 G=’x X|=|x 23

e=1T= 8-....‘.(l‘.)
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27av3=-2+/3 ¥y |

Emercise 12D

A B C D is a square of side 5m. Forces of 4N, 6N,
8N and 10N act along BD, DC CA and CB
respectively. When a force P acts along ADand a
force Q acts along AB, the whole system is
equivdlent to a couple. Find the magnitude of P

and Q and the momernt of the couple. An(12.8N,
2.49N, 65.9Nm)
A B C D is a square of side a meters. Forces of 1IN,
4N, 3N and 6N act aleng AB, CB, DC, and AD
respectively. Calculote the magnitude and
direction of the single force that could replace this
system of forces and find where its line of action
cuts AB. An(4.47N, 26.6° to AB, 3.5a from A)
A B CD is arectangle with AB = 3m and <
CAB =30°, Forces of 10N, 20N, and 20N act
along AC, AD and DB respectively, Calculate the
magnitude and the direction of the single force
that could replace this system of of forces and
find where its line of action cuts AB. An(36N,
30° to AB, 2m from A)
ABCD is a rectangle with AB = 5m, and BC =
3m. Forces of magnitude 2N, 4N, 3N and 11N act
along the line AB, BC, DC and DA respectively in
each case the direction of the force being given by
the order of the letters. Given that AB is
horizontal, Find the;
() Magnitude and direction of the resultant
(i) Eqguation of the line of action of the
resultant
(iii) Distance from A where the line of action
of the resultant force cuts AB
An(8.6N, 11+ 7x + 5y = 0,1.57m)
ABCD is a rectangle with AB = 4m, and BC =
3m. Forces of magnitude 3N, 5N, 6N , 4N and 7N
act along the line AB, BC, CD, DA and AC
respectively, in each case the direction of the force
being given by the order of the letters. Find the:
(i) Maanitude and direction of the resultant
(i) Distance from A where the line of action of
the resultant force cuts AB An(5.81N,
7.31m)
ABCD is square of side 2m. Forces of magnitude
10N, 9N, 8N, 7N and 5N act along the line AB,
BC, CD, DA and AC respectively in each case the
direction of the force being given by the order of
the letters. Given that AB is horizontal, Find the ;
() Magnitude and direction of the resultant
(ii)) Sum of the moments about A
(ii)) Distance from A where the line of action
of the resultant force cuts AB
An(20.305N,34Nm,1.74m)

=

10. ABCDEF is a regular hexagon of side 2m.

il.

Line cuts ABwheny = - 13.54

ABCDEF is a regular hexagon 4m. Forces of
magnitude 6N, 4N, 7N, 8N, 4N and 2N act
aleng the line AB, BC, CD, DE, EF and FA
respectively, in each case the direction of the
force being given by the order of the letters,
Given that AB is horizontal, Find the:

(i) Magnitude and direction of the resultant

(ii) Distance from A where the line of action

of the resultant force cuts AB An

(7.55N,21.71m)
ABCDEF is a regular hexagon 3m. Forces of
magnitude 5N, 6N, 2N, 3N, 6N and 1N act
along the line AB, BC, CD, DE, EF and FA
respectively, in each case the direction of the
force being given by the order of the letters.
Civen that AB is horizontal, Find the;

(i) Magnitude and direction of the resultont
(ii) Distance from A where the line of action
of the resultant force cuts AB |
An (4.583N, 13.2m)
PQRSTUP is a regular hexagon 2m. Forces of
magnitude 9N, SN, 7N, 3N, 1N and 4N act
along the line PQ, QR, RS, 5T, TU and UP
respectively, in each case the direction of the
force being given by the order of the letters.
Given that PQ is horizontal, Find the ; Uneb
2000 Neo.16
(i) Magnitude and direction of the resultant
torce
(i) Point where the line of action of the
resultant cuts PQ
An (85N at 43° to PQ, 7.43m)

Forces of magnitude 2N, 3N, 4N, and 5N act
along the line AC, AE, AF and ED respectively,
in each casethe direction of the force being
given by the order of the letters. Given that
AB is horizontal, Find the;
() Magnitude and direction of the
resultant force
(i) Point where the line of action of the
resultant cuts AB An(8.84N, 57.6° to AB:
2.32m from A)
ABCDEF is a regular hexagon of side 2m.
Forces of magnitude 3N, 4N, 2N, 1N, 2N and
6N act along the line AB, BC, DC, ED, EF and
AF respectively, in each case the direction of
the force being given by the order of the letters.
Given that AB is horizontal, Find the:
() Muagnitude of the resultant force
(i) Equation of the line of action of the
resultant force An(eMN, , y = V3x)
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PARALLEL FORCES IN EQUILIBRIUM
Cendition for a body to be in equilibrium
When a system of parollel forces act ona bodyt
1. Sum of the forces acting in one direction are equal
5 Sum of the clock wise moments about a point are equa

about the same point.

hen it will be in equilibrium when;
to the sum of forces octing in opposite direction.
| to the sum of the anti clock wise moment

Examples
1. Given the diagram below in equilibrium
r T e Ee ! — " (500x% x) = (300 x3) +(50x1)
. % ' ' 950
DE y. ‘303; sON A sdoN x =_—=19m
. Findx

Solution
2. A uniform beam AB of length 6m and mass kg has a mass of 10kg attached at one _End and a mass of
3kg attached at the other end. Find the position of the support if the beam rests horizontally

Uy P-a Sy =
'M bﬁ Y _EB?y v v
l&i [ 109N 8gM 2gN
W: Solutiom _ 42 - 9m
f ) 21
P 10gxy = Bgx(3-y)+3gx(6-Y) 2m from o 10kg mass

| 10y =24—8y+18—3y
{ 3. A uniform beam of weight 50N and length 2m rests horizentally on two supports pivoted ot each end.
‘ A load of weight 500N is placed 0.5m from one end. Find the reaction on each support.

Solution 2R, = 50 + 750
Ra | R R, = 400N
8.5m = =2 Aﬁ' Also: Ry, + Ry = 500N + 50N
= obn ¥son aN 400+ Ry = 550
Ry = 150N
“B R,x2 = 50x1 + 500x15

, 4. A uniform beam of weight 50kg and length 4m rests horizontally on two supports pivoted at each end.
A load of mass 20kg is placed 1m from one end. Find the reaction on each support.

‘Sclution Rg = 30gN = 294N
‘d = a e e S fF;B AISO! RA +RRB 30': ZOQN 7'::') SOQN
‘ At’=ﬁ— - :f: A -+ g = g .
mﬂ = T~ Lo sogh Ry = 40gN = 392N
A CA pgxa = 209x1 + 50gx2
,ﬂ# 5. A non- uniform beam AB of length 4m has its weight 5N acting ot a point 1.8m from end A. The beam

rests horizontally on two supports pivoted at each end. Find the reaction on each support.

Solation
Vi £ - o f‘: Ry = 225N
—_ 3 er — =~ Also: Ry + Rp = 5
: Ry + 225 = 5.
oA Rgx4 = 5x1.8 R, = 275N

" I 6. A non- uniform beam AB of length 4m rests in horizontal pesition on vertical supports at A and B. The
centre of gravity is at 1.5m from end A. the reaction at B is 37.5N. Find the : |

0] Mass of the beam | (i Ieaction at A.

Solution

~ 4.5 == m = 10.2kg

' : Alo: Ry + 37.5 = mg
; Ry + 375 = 10.2x98 .
FAT 35x4 = mgxls R, = 62.5N
- .. 197
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Exerclie12E

A uniform beam AB of length 10m rests
horizontally on'two supports at A and B. if the
beam has a mass of 20kg, find the reactions at the
supports. (An 98N, 98N)

A uniform beam AB of length 14m and mass 20kg
rests horizontally on two supports, one at A and
the other at C which is 4m from B. Find the
reactions at the supports. (An 58.8N, 137.2N)

A uniform beam AB of length 10m and mass 20kg
rests horizontally on two supports, one at A and
the other at € which is 2m from B. If a weight of
mass 20kg is attached to the beam at a point 6m
from A. Find the pressures on the supports. (Amn
392.4N, 196.2N)

A uniform bearn AB of length 4m and mass 10kg
rests horizontally on two supports, one ot A and
the other at C which is 1m from B. where must a
boy of mass 50kg stand on the beam so that the
reactions at the supports are equal. (Am 1.4m
from A)

A uniform beam AB of length 12m and mass 12kg
rests on two supports at A and B. A particle of
mass 3kg is tied at a point 2m from A. At what
distonce must a particie of mass 4kg be tied so
that the reactions ot the supports are equal. (An
om from A)

A playground sea saw consists of a uniform beam
of length 4m supported at its mid-point. If a girl of
mass 25kg sits at one end of the sea saw, find
where her brother of mass 40kg must sit if the sea
saw is to balance horizontally. (Am ¥Sem from A)
Three uniform rods of mass 2kga, 4kg and 8kg and
each of length 20¢m are joined together in the
order mentioned to form one long rigid rod of
length 60cm. This rod is then suspended
horizontally by a vertical string attached to the
rod at a point y ¢im from its mid-point. Find the
value of y and the tension in the string. (An
8.57¢m, 137.2N)

A broom consists of a uniform broom stick of
length 120cm and mass 4kg and a broom head of

(13.

n4.

2.

mass 6kg attached at the other end. Find wherg
support should be placed so that the broom wijj
balance horizontally. (An 24¢m hom‘l‘lequl)
A non-uniform beam AB of length 4m rests
horizontally on two supports, one at A and the
other at B. The reactions at these supports are
5gN and 3gN respectively. If instead the rod
were to rest horizontally on one support, find
how far from A this support would have to be
place. (An 1.5m trom A)

. A uniform beam AB of mass 80g is pivoted at

the 30cm from A, a force of 10N is placed on
the beam ot the 80cm from end A and a string
is tied at the 40cm from end B so that the
beam rests horizontally. Find the tension in the
string. (Amn 17,.2N)
A uniform beam AB of length 100cm is pivoted
at 60cm from end B. the beam rests herizontally
when a mass at A js 35g. Calculate the mass (im)
of the beam. (Ang.14kg )
A uniform meter rule pivoted ot 10cm mark
balances when a mass of 400N is suspended
at the ocm mark. If the system is in
equilibrium. Find the mass of the ruler. (An

=10hg)
Two boys are carrying a uniform ladder of
weight BOON, if the boys hold the ladder ot
2m and 3m respectively from the center of
gravity, calculate the weight that each boy
support.

(A n Ra=480N, Rs =320N)

A painter of weight 330N trestles on a 4m
plank of weight 60N on which he is to stand
while painting a wall. He puts a tin of paint of
weight 20N at a distance of 0.5m from the left
end of the plank and stands at 1.5m from the
right end of the plank. If the trestles are ot @
distance of im from both ends. Find the
reactions at the trestles. (An R, =137.5N, R
=272.5N)

. A uniform wooden lath AB, 120 cm long and weighing 120 N rests on two sharp edged supports C and

D placed 10 cm from e_och end of the lath respectively. A 0.20 N weight hang 30 ¢m from A and a
0.90 N weight hangs 40 cm from B, Find the reactions at the support.

c
—=i OcrnE—f 20CM |y

30cm 1.
Eaet Enniach

Re
a0cm R pera

20Ccimi 1
i

VAN

‘I(-c= I.OIN,R;.:l.:I'!N)

1'?201\1 @ﬁ@ lﬁ
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CHAPTER 3, MOTION IN A STRAIGHT LINE
Dhtance and displacement

Dhl;:c; is the length between 2 fixed point Displacement is the distance covered in a specific
Hon

Speed and velocity
Speed is the rate of change of distance with time

Velocity i the rate of change of displacement with time

Average speed and average velocity

total distance | total displacem_e_nt
average velocity =

average speed =

total time total time
Examples
1. Find the distance travelled in 55 by a body moving with a constant speed of 3.2ms ™!
Solution
dlst ee [ |5 =
constant speed = t.am‘ 32— distance distance = 16m
‘ time 5
2 If @ man runs 1500m race in 3minutes and 33s. find his average speed for the race
$olution
average sosed T.distance " 1500 o
gese T, time average speed =13 e0 + 33)
3. A man walks 150m due north. in a time of 705 and then 50m due south in a time of 30s find
0] Average speed @i Average velocity
fclution
_ Toral digtance » o san]m i, — Fotal displacemnt
M average speed 1—5 0_—“%‘8 = @) average velocll,;: 5—0 Total time
L + | . —- - 1!
average speed = T30 = 2ms=t average velocity = Gors0y — 1ms™ due north

4, A.Bond C are three points in that order on a straight line with AB = 5km and BC = 4km. A man
runs from A to B at 20kmh ™" and then walks from B to C at 84mh 2, Find

(0] Total time taken to travel from Ato C
D) The average speed of the man for the journey from A to C
Solation
@ constant speed = mic;;ce (i) average speed = *—Tﬂ;zizﬁzam’fe
5 d tge =-=05h . 4
tag = 55 =0.25h and tpe =5=0. -average speed = 075 - 12 kmh™?1

Total time= 0,25 + 0.5 = 0.75h
5. A, B and C are three points in that order on a straight line with A8 = 60m and BC = 80m. A man-

walks from A to B ot an average speed-of 10ms ™ and then walks from B to Cin a time of 45 and
then returns to B. The average speed for the whole journey is 5ms ™!, Find

() Average speed of the man in the second stage of the motion (ie 8 — €). An Sms—1

(i) The average speed of the man in moving from A to C An 8ms~?

(i) The time taken for the third stage Of the motion (ie C — B). Am10s

(iv) Average velocity for the complete motion Am 3ms™

Acceleration )
change in velocity P—=u

Acceleration = e '
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EQUATIONS OF UNIFORM ACCELERATION
1" equation

Suppose a body moving in a straight line with uniform acceleration a, increases its velocity fro
u to v in-a time t, then from definition of acceleration m

v at = v—1u v=utat

a =
{
2™ eguation

Suppose an object with velocity u moves with uniform acceleration for a time't and attains a velocity
v, the distanice s travelled by the object is given by 5 = average velocity x time

S=(E;—u')t Butv = u+at _2ut+at2
_(utat+ ) . 2
= 2 ¢ S=ut + > A2 [

3™ equation

S = average velocity x time 5= vé-u®

s= (=)t Butr="* 2
 # a lv? = u? + Y, ) I— 3
"2 a

Examples

1. A car starts from rest and ciccelerates uniformly at 1.5ms— 2 until it attains a speed of 30 ms ™~ . Find the
distance the car travels during this motion and the time taken.
Solution

v? = u? 4+ 2as ~ 30% — 072 v—u 30-0

-2 — 200 t= = = 20s
S 571 300m 2 15

2. A car is initiclly ot rest at @ point O. The car moves away from 0 in a straight line, accelerating at
a4 ms—2, Find how far the car,

()] is from O after 25 (i) is from O after 3s
(i) travels in the third second
Selution
il , e — 1 12
S =ut+ g at? Whent = 35,5 = 0x3 + 5x4x3 = 18m

e 4o distance traveled in the 37 = 18 — 8 = 10m
Whent = 25,5 = 0x2 -+ 5x4x2 = 8m
3. A particle is projected away from an origin O with initial velocity of 0.25 ms~1. The porticle travels ina
straight line and accelerates in a straight line and accelerates ot 1.5 ms 2, Find
Q)] How far the particle is from O after 4s
(i) The distance travelled by the particle during the fourth second after projection

$olution
0] S=ut+ 1; at? ifWhen t = 3s, S = 0.25x3 + §x1.5:c32 = 13m
When t = 4s, S = 0.25x4 + % x1.5x4% = 7.5m distance traveled in the 474 = 13 — 7.4 = 5.5

a. Att = 0s, abody is projected from an origin O with an initial velocity of 10 ms™ 1. The body moves
along a straight line with o constant deceleration of 2ms 2.
(o) Find the displacement of the body from O after t = 75
(b) How far from O does the body come to rest and what time does it take to come to rest
$olution

(@ § = ut+ 7 at® When t = 75,5 = 10x7 + Sx(-2)x7* ="
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2 — 2 '
(b) v u + 2as T 0-10_
-2

55

= 3x_z ~¥Hm a

ok e 0 ot o T s e e s o
rood 65m ahead. The driver immedi i Res givi stant
teodationefs s ver immediately applies brakes giving the cor o const
(@) How in front of the tree does the car come to rest
(b) If the driver had not reacted immediately and the brakes were applied one second later, with
what speed would the car have hit the tree.

.

$olution
(@) v¢ = u®+ 2as distance
5= 2x—5 62.5m distance = 25m

Remaining distance; 65 — 25 = 40m
When brake were applied: v? = u? + 2as
constant speed = 2121 vl = 252+ 2x — 5x40

i v =15ms"!

6. A particle travels in a straight line with a uniform acceleration. The pdrticle passes through three points
A, B and C lying in that order ori the line, ot time ¢ = 0, t = 25, and 't = 55 respectively. If BC= 30m
and the speed of the particle when at B is 7ms~2, find the acceleration of the particle and its speed
when at A

Solution

Distance in front of the tree = 65 — 62.5 = 2.5m
(b) 1s before brake were applied;

2

For AB: v= u+ at a= 2ms”
= u+ 20 v (1) but 7= 2+ 2o o ()
For BC: s=ut+-'1-mf2 7= u-+ 2x2
? u= 3ms—}

, 1
30 = 7x3 + Exax&z
7. A taxi approaching a stage runs two successive half kilometers in 165 and 205 respedtively. Assuming

the retardation to be uniform. Find
()] Initial speed of the taxi _ '

(i) The further distance, the taxi runs before stopping
Solution

@ For AB: s = ut+ %at2 but 125 = 4u + 32a

1
500 = 16u + —?_fa(.lé)z

125 = 4u + 328 ver e no- ()
For BC: 1000 =36u+ %a(aﬁ)z
250 = 9u + 162a ..o (D)
9x (i) — 4x(ii)
—125 = 360a
a= — "—;‘Ems'z
8. An over loaded taxi travelli
25 later, the police car sets ©
traffic car travel before catching U

$elution

. 1.2
For taxi: Sy = ut + ; at

ng at a constant v

ff in pursuit , acce
p with the taxi. Uneb 1999 no.4 -

Since it moves with a constant

90x1000
veldcity a =0, U = 2 =25mys

125 =4 +32( 25)’
S il W

u= 34.028’0‘1571
(i) v:= u®+ 2as ,
0% — 34,0287
NS ——————
(_25
(-7
Extra distance = 1667.36 — 1000 = 667.36im

= 1667.36m

elocity of 90kmh~overtake a stationery traffic police car.
leroting at a uniform rate of 6ms™. How far does the

For car: 5o = ut + -;- at?

3600

g, = 25t—mmrr—=-()
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if car is to catch up with toxi then
it must travel faster i.e it will take

atimeof (t — 2)5 .
S. = Ox(t—2)+ 3 x6(t — 2)*

S, = 3212t + 12 .. .. (2)
For car to catch taxi then

5r = 5g
25t = 3t —12¢t + 12
32— 37t+12=0
_ 374¥377-4x12x3
b= 2x3
=1250r t=

s

L] e

Since the car'leaves 25 later
then time: 125 is correct since it
gives a positive value

ST = 253:
Sy = 25x12
Sg = 300m

9. A lorry starts from a point A and moves along a straight horizontal road with a constant acceleration
of 2ms 2. At the same time a car moving with a speed of 20ms™! and a constant acceleration of
3ms 2 is 4a00m behind the point A and moving in the same direction as the lorry. Find;

0]
(i)
Solation

(@) For lorry: 5 = ut + - at?
, 1
S5, = Oxt+ ixetz
S = tree—meae(t)
Forcar: S = ut + % at?

(iii)
(iv)

How far from A the car over takes the lorry
The speed of the lorry when it is being over taken

_ 3 W)
(400 +5,) =20t + E'It(vf)

g2 D
(400 + £2) =20t +5 ¥
t2+ 40t — 800 =0

= —40 J_r,-/402-4x(—800)

t =14.64s0or t = —54.64s
Hence t = 14.64s
5, = 14.64% = 214.33m
(b) v=u+ at

v=0+ 2x14.64

v =29.28ms™!

2

Emercise 13A

1. Two cyclists A and B are 36m apait on a straight

road. Cyclist B starts from rest with an acceleration:
of 6 ms % while A is in pursuit of B with a velocity
of 20 ms™ ! and dcceleration of 4 ms ™2, Find the
times when A over takes B.

The speed of a boda- boda rider decreases from
90kmh ™! to 18 kmh™! in & distane of 120m. find
the speed of the rider when it had covered o
distance of 50m. Uneb 2013 no3

(a) Show that the final velocity v of o boedy which
starts with an initial velocity u and moves with a
uniform acceleration a, hence covering o distance
x,is givenby v = [u® + Zax]1‘/2

{b) Find the value of x in (a) if v = 30m/s,

u = 10m/s ond 5m/s? Uneb 2012 nod
P, © and R are points on a straight road such that
PQ = 20m and QR = 55m. A cyclist moving with
uniform acceleration passes P and then notices
that it takes him 10s and 155 to travel between
P and Q, Q and R respectively. Find the
acceleration. Unmeb 2610 no2
A cor travels from kampala to Jinjo and back. lts
average speed on the return journey is 4 kmh™?
greatelthon that on the out ward journey and it
takes 12 minutes less. Given that Kampala and
jinja are 80km apart, find the average speed on
the outward journey. Unek 2089 »0.2

=8

202

Car A travelling ot 35m/s along a straight
horizontal road, accelerates uniformly at ©.4ms™
At the same time, another car B moving ot 44m/s
and accelerating uniformly ot 0.5ms™ is 200m
behind A

(i) Find the time taken before car B over

takes car A. An= 205

(i) Speed with which B over takes A
A car is being driven along a road at 72 kmh ™!
notices a fallen tree on the road 800m ahead
and suddenly reduces the speed to 36 ikmh ™!
by applying brakes. For how long were the
brakes opplied. Uneb 2002 no3 An(53.239)
A troin starts from station A with a uniform
acceleration of 0.2ms™? for 2 minutes and
attains a maximum speed and mouves
uniformly for 15 minutes. It is then brought to
rest at a constant retardation of —;-ms 2 at

station B. find the distance between A and B
Uneb 2003 nos An(232112.8m)

A motorcycle decelerated uniformly from
20kmh~! to 8 kmh™ 'in travelling 896m:. find
the rate of deceleration. Uneb1998 march
ne3 An(0.0145m/t") -

. A car can accelerates from rest to 30 ms ™~ ina

distance of 25m. Find the acceleration of the car.
An( 18my*)
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1.

12,

13

14.

18.

A body moves with a uniform acceleration . and
covers a distance of 27m in 3, it then moves with
a uniform velocity.and couers g distance of 60m in
5s. Find the initial velocity and the acceleration of
the body. An(6ms™! 2ms-2) ' |
The manufacturer of a new car claims that the car
can accelerate from rest to 90 kmh~! i 10 s Find
the acceleration of the car. An( 2.5ms™)

A car travelling ot 20 ms 7 retards when brakes

are applied covering a distance of 30m. what is

the retardotionzund how for long are brokes

applied An( 6-ms™, 34)
A taxi which is moving with a uniform
acceleration is observed to take 20s and 30s to
travel successive 400m. Find; |
() Initial speed of the taxi
(i) The further distance, the taxi runs before

stopping An( ‘Z—Bm*', 163.3m)
A train decreases from 96kmh ! to 24 kmh~Yina
distance of 0.8km. Find

(@) For how long the brakes are applied.

(b) How much longer it would take to come to

rest Am( 48s, 164)

A cydlist riding ot 5ms ™! passes a motor car just as
it begins to move in the sarmne direction. The car
maintains an acceleration of 0.4ms =2 for 20s, and
then moves uniformiy. How far wili the car travel
before overtaking the cyclist. An{ 133.33m)
A train passes another train on a parallel track,
the first train running at a uniform speed of
60 Janh~? and the second is running at a speed of
15kmh~! with an acceleration of 0.15ms ™. How
leng will it take before the second train catches
the first again and how far will they have 7
travelled in this interval. An{ 166.67s, 2. 78km)
A cyclist A riding ot 16 kmh~? is overtaken by

cyclist B riding at 20 kmh ™.

9.

21,

203

20.

(i) ) A immediately increases his speed with
uniform acceleration, find the speed he
catches up with B’

(i) 1f A increases his speed to 22 kmh ™! and
maintains this speed ond catches B after
covering 200m, find his acceleration Am(
24kmh™,0,0694ms™?)

A particle moving in a straight line with a
uniform acceleration passes a ms ™2 certain
point with a velocity u ms™ 1. 3's later another
particle, moving in the same straight line with

‘a constant acceleration 4/3 a ms~Z, passes the

same point with a velocity of 1/ 3U ms~*, The
first particle is overtaken by the second particle
when their velocities are 8.1ms ™! and

9.3ms ! respectively. Find the;

(i) value of u and a
(iv) Distance travelled from the point Am(
=0.9ms ',a=015ms % 216m)
P, © and R are points on d straight read such
that PQ = 2km and QR = 2Zkm. A cyclist

moving with uniform acceleration passes P and

then notices that it takes him 100s and 1504 to
travel between P and Q. Q and R respectively.
Find
(i) The acceleration.
(i) How far beyond R the cyclist travels before
coming to rest An(—0. 0533ms ™%, 820m)

Atrain is accelerated and passes successive

kilometer marks with velocities in 10kmh™t
and 20kmh ™! respectively. Find
(i) Velocity when it passes the next kilometer
mark
(i) Time take for each of these two intervals
of lkm An( 16+/7 kmh™1,240s, 154. 8s)
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VERTICAL MOTION UNDER GRAVITY
When a body is projected vertleally dewnwards , its subjected to an acceleration of 9.8ms~? je
a=g=98ms™*

Equations of motion become

1 { [ = v+ 203

h=ut+ = gt?
29

When a body is projected wertically upwards , its subjected to a retardation of 9.8ms ™2 ie
a=—-g=—98ms?2
Equations of motion become

v=u-—gt 1 2 _ 7
o] | e
Maximum/ greatest helght
When a particle is projected vertically upwards, the final velocity is 0m/s at its maximum height
v? = u? - 2gh u?
0= 1% — 2ghux hinax = 79
Time to reach maximum height
v=1u-—gt _u
f=—
O=u-—gt g
Time of flight
2u
T=—
g
Examples
1. Astone s dropped from a point which is 40m above the ground. Find the time taken for the stone to
reach the ground
$olution
1 ‘
h=ut+§gt2 . 80 -
1 = 5‘5 = Zu s
40 = Oxt + 5 x9.8t2
2. Aballis thrown vertically upwards with an initial speed of 30ms™, Calculate.
i} Time taken to return to the thrower i)  Maximurn height reached
solution
0] Fromp =u — gt But the total time ta ken to return to the
At max height 7 = 0 thrower =2t
0 =30-9.81t - =2x3.06= 6.12s
t = 3.065 (i) v* = u* —2gh
) Time tahen to reach maximum height = ot maox h3ight U=°m/5, u=3°mls,
3.06s 0% = 302 - 2x9.8hnax
Riax = 45.92m

3. A particle is projected from the ground level vertically upwards with velocity of 19.6ms™. Find
i) The greatest height ottained
i) Time taken by the particle to reach maximum height
i) Time of flight

Sclution
At greatest height v = Om/s - 0 = 19.6—9.8t
v? =u?—2gh t= 1.998s
he - 19.6% — 19.58m t = 2.05 Time to maximum height = 2.0:9
Max " 7x9.8 ' ili) Time of flight = 2x time to mox height
i) Fromv = u + gt = 2x2 = 4.0s
v = 0 ot max height

204
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4. A particle is projected vertically upwards with velocity of 10m/s. After 25 ?r!o_t,her particle is prc;:‘etéefi e
vertically upwards from the same point of projection and with the same initial velocity. Find the heig

above the level of projection where the particles meet.

$olution
Let T = time taken by the 15
T — 2 = time taken by the 2°

1
h=10T - % GT% v (D)
_ 1 _

h=10(T -2) - = g(T=2) ......(iD)

1 1
10T — 2 gTr=10(T-2) - 5 g(T —2)?

20 + 2
r-20t2
2g
| -
h=10T - E agT
1
h = 10x2.02 — E;zg.sx_(=:z.02)2

h =0.206m

= 2,025

5. A particle is projected vertically upwards with velocity of um/s. After t seconds ar_w_tl:ler parti-;le is
projected vertically upwards from the sarme point of projection and with the same initial velocity. Prove

Z

3.

o

u?-2(gt)?

. i 4
that the particles collides after G 4 s) s. Hence show that they will meet at a height of — ”

Exercise 138

A stone is thrown vertically upwards with a velocity
of 21ms ™. Calculate the: UNEB 2018 No.1
(@) maximum height attained by the stone
(b) timethe stone takes to reach the maximum
height. An (i)=22.5m, (ii)=2.143s
A particle is projected vertically upwards with a
velocity of 21ms 1. How long it take to reach a
point 280m below the point of projection, An(103)
A particle is projected vertically upwards with
a velocity of 17.5ms ™. Find »
(o) How high the particle will go
{b) What time elapses before its ot a height
of 10m. An(18.6m, 53, Z9)
A particle is projected vertically upwards with
a velocity of 24.5ms ™. Find ;
(a) When its velocity is 4.9ms™
{(b) How long it takes to retum to the point
of projection
(0 At what time it will be 19.6m above the
point of projection. An(2s, Ss,
1s and 45)
A particle is projected vertically upwaords with
a velocity of 35ms ™. Find ;
(a) How long it takes to reach the greatest
height
(b) Distance it ascends during the 3™ second
of the motion. Am(3 33, 10.5m)

‘Two objects are dropped from a cliff of height
H. The second is drapped when the first has
travelled a distance, D. Prove that the instant

1

205

fio.

when the first object reaches the bottom, the

second is a distance 2v/DH — D from the top of
the cliff

A particle is projected vertically upwards with
velocity of um/s. After t seconds another
particle is projected vertically upwards from
the same point of projection and with the same
initial velocity. Prove that the particles collide

with each having a velocity of % gt.

A particle is projected vertically upwards with
velocity of 2Bm/s. After 23 another particle is
projected vertically upwards from the same
point of projection and with an initial velocity
of 2im/s. Find when the two bodies are at the
sarme height and the velocity of each body at
that instant. An(4.9s after the first body
started, 205!, 7.4ms 1)

A small iron ball is dropped from the topof a
vertical cliff. Find

(@) how far it falls in 10show long it takes to
fall 10c0m
(b) Its velocity after falling 100m
All(l'"ll'l, 4.58, 44, 3ms'1)
._A;i‘iolne i: throw;n vertically upwards with an
initial velocity of 1 ]
by :d-. 4m/s from the top of a tower
(a) The highest point above the ground that
~ the stone reached -
(b) Speed of the stone on hitting the ground
(©) The time the stone was in air. An(4sm,
29.7ms "1, 4.55)
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CHAPTER 4: FORCE AND NEWTON'S LAWS OF MOTION _
LAW [ s Everybody continues in its state of rest or uniform motion in a straight lime unless acted Upon
by an external force.
LAW Ik The rate of change of momentum of a body is directly proportional to the opplied force ang
takes place in the direction of the force.

F = m But a= % MNote: F must be the resuitant force
F = ma
Examples
L. Find the acceleration produced when a body of mass 5kg experiences a resultant force of 1ON.
Solution
F = ma 10 = 5a a=2ms?

2, A carof mass 600kg travels a distance of 24m while uniformly accelerating from rest to 2ms.

(D Find the acceleration of the car (ii) Determine the accelerating force.
$olution
v? = u? + 2as F = ma
122 = 0% 4 2xax24 F = 600x3a
a = 3ms—2 a = 1800N

3. A body of mass 5009 experiences a resultant force of 3N. find
(a) Acceleration produced

(b) Distance travelled by the body while increasing it speed from 1ms ! to 7ms ™ An{6éms 2, 4m)

$olution
f = ma v? =u”+ 2as
3 = 0.5xa 7% = 1% + 2x6x5

a=6ms? s=4m

4. Two forces of magnitude 12N and 9N act on a particle producing an acceleration of 3.65ms™. The
forces act an angle of 60° to each other. Find the mass of the particle. Unek 2004 No.6 An(5ky)
Solution

R = 18.25N
: F = ma
12N 18.25 = 3.65xm
R% =127 4+ 9% — 2x12x9 Cos(120°) m = Skg

WHEN RESISTANCE/ FRICTION I3 INVOLVED
1. A carmoves along a level road at a constant velocity of 22ms. if its engine is exerting a forward force
of 500N, what resistance is the car experiencing
Solutlon

pms F = ma
— e —

= ;:J 500N 500 - Ry = mx0
2. A car of mass 500kg moves along a level road with an acceleration of 2ms 2. If its engine is exerting @

forward force of 100N, what resistance is the car experiencing

$olution )
= ams” F = ma
R _1100N 1100 — R; = 500x20
R, = 100N

| / / - - - - 3 -
3. Avanof moss; tt;‘\es moves along a level road against resistance of 700N, if its engine is exerting ©
forward force of 2200N, find the acceleration of the van

206
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Selution

-2 .
ams F = ma

TDDN._I;}_,RQUN 2200 ~ 700 = 2000xa

a =075ms"?

Find the constant force necessary to accelerate a car of mass 1000kg from 15m/s to 20m/s in 105 against
o resistance of 270N T

Selution
ams™ S -2
2?%_@8__’ = a = 0.5ms
L F = ma o
v=u+at Fr—270= 1000x0.5

20 = 15 + 10a Fp = 770N

Find the constant force necessary to accelerate a car of mass 600kg from rest to 25m/s in 125, if the
resistance to motion is

(a) Zero

{b) 350N An(1250N, 1600N). :
A train of mass 60 tones is travelling at 40m/s when the brakes are applied. If the resultant braking
force is 40kN, find the distance the train travels before coming to rest. Am(1200m).
A train of mass 100 tones starts form rest at station A and accelerates uniformly ot imis 2 until it
attains o speed of 30mis. it maintains this speed for o further 90s and then the brakes are applied,
producing a resultant braking force of 52kN. If the train comes to rest ot station B, find the distance.
between the two stations. Am(4050m).

CALCULATIONS INVOLVING VECTOR FORM
Find the resultant force required to make o body of mass 2kg accelerates at (57 + 2] )ms~?

Solution |
F = ma . _ (5} = (10
' | F=2 (2) ( 4 ) N

Find the acceleration produced in a body of mass 500g is subjected to forces of (4I + 2])N and
(—i+ N

Solution

= 4 —1 6 g
F (5)+( ) =05a ‘ a (6)7715

Find the magnitude of the acceleration produced in o body of mass 2kg subjected to forces of
(21 — 3] 4 4k)N and (T+ 57+ 2k)N
$olution

F = ma (1 ,5) ,
Z 1 a=| 1 |ms .
(-*3) + (5) = 2a 3
4/ \2 la] = V152 + 12+ 32 =35ms™>

Forces of (107 + 2j)N and (al + bJ)N acting en o body of mass 500g causing it to accelerate ot (241 +
37)ms 2. Find the constants a ond b. Anfa = 2,b = —0.5)

Forces of (al + bj + ck)N and (2t=37+ k)N acting on a body of mass 2kg causing it to accelerate
at(47 + K)ms 2. Find the constants o, bandc An(a=6,b=3,c=1)

A particle pf mass 25kg i acted upon by a resultanic force of magnitude 15N acting in the direction

(2i — j — 2k). Find the magnitude of the acceleration

Selution _ R |
2i—J - 2k - i Bl 2R F = ma
P =155 153 —% 1
V22 + D F = 100 - 5] — 10k -5 |=25a
—10
207
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4 — faz 1| 2 2 — -2
: al =+/842 +(—2)2 + (—4)* =6ms
az(_z)m_z ' jal = /a7 +(~2)7 + (
~4
LAW Il To every action there is an equal but opposite reactions.
1. Consider a body of mass m placed on a smooth horizontal surface
&
R = normal reaction
v Mg = gravitational pull [weight]

2. Mass m placed on a smooth inclined piane of angle of inclination &
% All objects placed on, or moving on an inclined

plane experience a force mgsing down
the plane. [It doesn't matter what direction
the body is moving)
% If the plane is rough the body experiences o
frictional force whose direction is opposite
R =mgCosé ;
| ' 9 l to the direction of motion.

MOTION ON A HCRIZONTAL PLANE

mg

NB:

Examples
1. A car of mass 1000kg is accelerating ot 2ms=. If the resistance to the motion is 1000N,
() Find the normal reaction of the car on the road surface
(i) What accelerating force acts on the car?

Sclution
. ;;‘ " R = 1000x9.8N Fr — 1000 = 1000x2
000aN R = 9800N Fr = 3000N

2. A car moves along a level rood at a constant velocity of 22m/s. If its engine is exerting a forward force
of 500N, what resistance is the car experiencing
Solution
_as0ms? But a = 0 since it moves with
constant velocity

R1ﬂb—. 500N
‘ 500-R, = 0

500—R, = ma R { = 500N
A car of mass 900kg tows a caravan.of mass 700kg along a level road. The engine of the car exerts a

3.
forward force of 2400N and there is no resistance to the motion, find the acceleration produced and
the tension in the tow bar
Iz =z 2400
s$olution 2400 = 1600a
For 700kg: 2400 - T = 700a....... (1) a=15ms™?
For 900k 7 =9004........(2) T=900a
4. A car of moss 900kg tows a trailer of mass 600kg along a level road by means of a rigid bor. The car

ce of 200N and the trailer a resistance of 300N, if the car engine exerts a

exerts experiences a resistan Le 7
duced and the tension in the tow bar

forward force of 3kN, find the acceleration pro
S000N

[For pookgs 3000 — (T +200) = 900a.....(1)

solution

208
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For GOOW T'-300 = 600 4 e s
(D +(2)¢ 2500 = 15004
a=167ms-2

(2)

A body of mass 4kg is acted upon
Find the acceleration of the body
$olution

the body and the distance travelled in the first 35
Solution

= = st ®

—< 50"

el = T1oOxg

TOgn

(=) 60cos60— 10 = 10a

Exercise 144
A railway engine of mass 100 tones is attached
to a line of truck of total mass 80 tones.
Assuming there is no resistance to motion, find
the tension in the coupling between the engine
and the leading truck when the train
(@) hds an occeleration of 0.020ms™

(b) Is moving at constant velocity
2. A body of mass 5kg, initially at rest ona smooth
horizontal surface is pulled along the surface by a
constant force P inclined at 45° above the horizontal
the first 5 secorids of motion, the body moves a dista
of 10m along the surface. Find the:

T —300=600a
T = 600x1.67 + 300 = 1300N

FORCE INCLINED AT ANGLE TO THE HORIZONTAL

by _fOfCE of 252N which is inclined at 45° to a smooth horizontal surface.
and the normal reaction between the body and the surface

(=) 24+vZcosd5 = 4a
a=6.25ms™?
(1) R+ 24/2Sin45— 49 =0
R = 14.2N

A body of mqssj_Ohg is initially ot rest on a rough horizontal surface. It is pulled along the surface by aconstant
force of 60N inclined at 60° above the horizontal. If the resistance to motion totals 10N, find the acceleration of

a = 2ms 2

t+1 e
s =ut +—a
2

. 1
5= 0x3 .—!—5';(2‘7((3)2 = 9m

(ili) Normal reaction between the body and the
surface An(0.8ms™2, 4VZN,45N)

3. A body of mass mkg, initially ot rest on a smooth
horizontal surface is pulled along the surface by a
constant force P inclined ot 8 above the horizontal.
Show that the body moves a distance in time t along

Pticosé

Zm

4« A body of mass mkg, initially ot rest on a rough
horizontal surface is pulled along the surface by a

In constant force P indined at & above the horizontal. If

Ce the mass acquire velocity v in a distance d. Show thot

mu?

the surface given by

the resistance to motion is given by Pcosf —

() Acceleration of the body
(i). Magnitude of P

MOTION ON AN INCLINED PLANE

A body of mass Bkg is releas
is IN, find the acceleration ©
folutiom

) f the body and the spee

ed from rest on the surface of a plane inclined at 1 in 40, If the resistance to motion

d it acquired after 6 seconds.

F =ma
Bgsing — 1 = 8a
a=0.12ms"?
v=u+uat
v=0+012x6 = 0.72ms"?!
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2. A body of mass 5kg is pulled up a smooth plane inclined at 30°

acting parallel to the plane. Find
a) Acceleration of the body
Solution

~
= 5gCos30
"SQN

(a) Resolving porallel to the plane: F = ma
40 - 5gsin30 = ma

to the horizontal by a force of 4g)
b) Force exerted on the body by the blane

40 - 5x9.815in30 = 5xa
1.5.475 = 5a
a =3.095ms™?
(b) Force exerted on the body by the plane i the
normal reaction
R = 5gcos30
R = 5x9.81cos30 = 424N

3. A lorry of mass 3 tones travelling at 90km/hr starts to climb an incline of 1in 5. Assuming the tractive
pull between its tyres and the road remains constant and that its velocity reduces to 54km/h in a

distance of 500m. Find the tractive puli
Solution
90x1000
U =90km/h = ———— = 25ms !
/h=—goon - 2oms

_ 54km  54x1000

1

v = = = Tz
h 36000 15ms
__EE'_‘-'?:—"' Fr_
oS - ~ |

2000

T q 3000gCose

3000gN
Resolving along the plane

F —3000gsin@ = 3000a
1
F o= 3000x9.81x§ = 3000a

F - 5886 = 3000a.ummmn(i)
But vZ = u® + 2as
152 = 25% + 2ax500
a = —0.4ms™
put into (i): F - 5886 = 3000a
F = —3000x0.4 + 5886 = 4686N
The tractive force is 4686N

2

4. A traintravelling uniformly at 72km/h begins an ascent on 1 in 75. The tractive force which the engine
exerts during the ascent is constant at 24.5kN, the resistance due to friction and air is-also constant at
14.7kN, given the mass of the whole train is 225 tones. Find the distance a train moves up the plane

before coming to rest.
Solution

. 1
1in 75 means sin@ = =~ 8=076°

F = (mgsin@ +R, = ma

24500—(225000x9.81x —— + 14700) = 225000
a = —0.087ms™?
v? = u? + Zas [v = om/scomes to rest]
w = 72kmfh = 222000 _ 5oms1
= m = . = f
| 36000 ms
02 = 20% + 2(-0.087)s
—400 = —0.174s
S = 2298.85m

5. The resistance to motion of the car is % of its weighrt: If the car starts to climb a hill of 1 in 150 ot 72km/h
with the engine turned off. Find how far the car will go up the hill before it comes to rest

Resolving along the plane
Fy—(Ry +mgsin®) = ma

1 1
0= (go—mg + mgxﬁ) = ma
200298 _ o
= ""g000 ™

But v = u? + 2as

0% = 20% — 2x0.229s

= 400 = B73.36m
S=ox0229 0

210
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1.

Exercite 128

A mass S-k'g is initially ot the bottom of o smooth
slope which is inclined at sin—! (z-) tothe
herizontal. The mass is pushed u
horizontal force 50N, find
(0] :Ee normal reaction between the mass and
e plane
(u) cclc‘ulnte‘the acceleration up the slope
(iii) how ’fﬂf up the slope with the mass travel in
| the first 4s. An(69.2N, 2.12m3™*, 16.96N)
A body of mass 100kg is released from rest at the
top of a smooth slope which is inclined at 30° to
the horizontal. Find; N
(i) Velocity of the body when it has travelled
20m down the slope |
(i) Velocity, if the mass of the body was S0kg.
An(idams™”, 14m;s™)
A body of mass 20kg is released from rest at the
top of a smooth slope which is inclined at 30° to
the horizontal. If the body accelerates down the
slope at 3ms?, find the constant resistance to
motion experienced by the body An(38N)
A body of mass 20kg is released from rest at the
top of a rough slope which is inclined at 30° to the
horizontal. 6s later the body has a velocity of
21ms™ down the slope, find the constant resistance
to rotion experienced by the body An(28N)
A car of 1 tonne accelerates from 36kmh to
72 kb~ while moving 0.5kmh ™! up a rood
inclined at an angle of & to the horizontal, where

sina = 51'_) if the total resistive force to its motion is

0.3kN, find the driving force of the car engine
An(1009N). :

A railway truck of mass 6.0 tonnes moves with an
acceleration of 0.050ms™ down o track whichis
inclined to the horizontal at an angle a where

sina = 1 Find the resistance to motion
An(2.0x10°N).

A body of mass 5.0kg is pulled along o smooth
horizontal ground by means of force of 40N

p the slope by o

‘acting at 60° above the horizontal. Find

(o) Acceleration of the body
(b) Forcethe body exerts on the ground
An(4.0m1™, 15:4N). o
A body of mass 3.0k slides down @ plane which is
inclined at 30° to the horizontal. Find the

9. A car of mass 1000kg tows a caravan of mass

600kg up a road which rises Im vertically for
every 20m of its length. There are constant
frictional resistance of 200N and 100N to the
motion of the car and to the motion of the
caravan respectively. The combination has an
acceleration of 1.2ms* with the engine exerting
constant driving force. (Take g = 10ms?)Find

(a) Driving force

(b) Tension in the tow- bar An(3.02kN,

1.12kN).

10. Find the time interval between a particle
reaching the bottom of a smooth slope of length
5m and inclination 1in 98, and another particle
reaching the bottom of a smooth slope of length
6m and inclination 1in 70. Both particle are
released from rests at the top of their respective
slopes at the same time An(0.743)

A body of mass 5kqg is pulled along a rough slope
which is inclined at 30° to the horizontal by a
force of 50N. The mass starts from rest and after
4s the pulling force ceases. If the resistance to
rootion is 20N throughout, find the total distance
travelled before the mass comes to rest again
An(10m)

12. A body of mass mkg is released from rest at the

top of a smooth slope which is inclined ot 8 to the
horizontal. Show that its velocity, when it has
travelled a distance s down the slope is given by

J2gsin@

13, A body of mass mkg is released from the top of a

rough slope which is inclined at & to the horizontal.
After time t, the mass has travelled a distance d
down the slope. Show that the resistance to
motion experienced by the body is

%(gtzsme —2d).

14. A body travels along a line'of greatest slope of a

smooth plane inclined at angle @ to the
horizontal, where sing =(§) The particle starts

from o point P where it is given an initial speed of
15ms™ up the plane to point Q. given that PQ is
1Zm,
(i) Colculate the speed of the particle when it
first passes Q ‘
(ii) Calculate also the time for which the particle
s above the level of Q An{®ms™, 33)

accaleration of the body . if: 15. The pull exerted by an engine is 1/80 of the weight
(a) The plane is sn_'tooth R 80N of the whole train and the maximum brake force
(b) Thereisa frifthl'lCl] resistance ol 2 which can be exerted is 1/30 of the weight of the
‘I(’.ﬂl-" s 2.0MR8= J=
211
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16.

17.

train. Find the time in which the train travels from
the rest up a slope of 1in 240 and 4800m along, if
the brakes are applied when the engine is
switched off.  An(3793).

The resistonce to the motion of the train due to
friction is equal to 1/160 of the weight of the train,
if the train is travelling on a level road at 72kmh™
and comes to the foot of an incline of 1in 150 and
steam is then turned off, how far will the train go
up the incline before it comes to rest.
An(1579.99m)

A carton of mass 0.4kg is thrown across a table

with a velocity of 25ms ™, The resistance of the
table to its motion is SON, Uneb march 1998

Ne2
0] How far will it travel before coming to rest
(i) What be the resistance if it only travels 2m.

An(2.5m, 62.5N)

8. A particle of mass 5kg resting on a smooth
a1 .
plane inclined at tan™* () to the horizontal,

Find the magnitude of the horizontal force
required to keep the particle in equilibrium
and the normal reaction to the plane. Uineb
2001 No.5 An (56.58N)
The engine of a train exerts a force of 3,500N
on a train of mass 240 tonnes and draws up o
slope of 1in 120 against resistances totaling to
160N per tonne. Find the acceleration of the
train. Uneb 2008, Noé An(0.00417ms3)

. A car of mass 2.5 metric tonnes is drawn up a
slope of 1in 10 from rest with an acceleration of
1.2ms~* against a constant frictional resistance

ofﬁlo of the weight of the vehicle using a cable,
Find the tension in the cable. Uneb 2006, Noé&
An(5695N)

—

9.
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o CHAPTER 5: FRICTION
This is a force that opposes relative motion or attempted motion between two bodies in contact
Frictional force is given by
At limiting equilibrium, the body is on the poinit of moving (slip or slide) and frictional force is maximum

) Angle of triction
This is the angle between the resultant force and the normal reaction force

= R
_ur * tan A = ER—
e [ani=s]
| A HORIZONTAL PLANE
()] At limiting equilibrium (about to slip or slid)
T P = uR
HR, trkg iy P = pmx9.8
vy mghiN
(i) - Inmotion
= S F=ma
BR  [Thkg BN P—uR =ma
- ¥ mgN P — ux(mx9.8) = ma
Examples

Calculate the maximum frictional force which can act when a block of mas 3kg rests on a rough
horizontal surface, the coefficient of friction between the surface being 0.2

Solution
o.5= [_.,L F =uR
E=rTY F = 0.2(3x9.8) = 588N

When a horizontal force of 28N is applied to a body of mass Skg which is resting on a rough horizontal
plane, the body is found to be in limiting equilibrium. Find the coefficient of friction between the body and
the plane

Solution
= 28 = uR
BR e 28 = u(5x9.8)
s5gh u =057

A block of mass 20kg rests on.a rough horizontal plane. The coefficient of friction between the block and
the plane is 0.25. If a horizontal force of SON acts.on a body, find the acceleration of the body
Solution
= A

ams, 50 — uR = 20a
LR l_zETHI———EQ-N 50 — 0.25x(20x9.8) = 20a

—— a=0.05ms™2

F=ma
A block of mass 2kg sliding along a smooth horizontal surface ot a constant speed of 2m/s. When the mass

encounters a rough horizental surface of coefficient of friction 0.2, it comes to rest. Find the distance the
body will move across the rough surface before it comes to rest.

folution
B amss . —0.2x(2x9.8) = 2a
ue, Czia -0 a=~1.96ms"2
E At S et i
. —Fu—; ztfzoa 2a 2x-196  n0Zm

A car of mass 1000kg moving along a ;truigl'jt road with Prspeed of 72kmh™ s brought to rest by a speedy
opplication of brakes in a distance of 50m. Find the coefficient of kinetic friction between the tyres and
the road.

Selution
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_ 72x1000 ‘
= T3g00 - 20m/s
£ s gmsT
1000k VA
1doogN

v =u? + 2as
0= 20% 4 2ax50
a = —4ms 2
F =ma
Exercise 15A

When a horizontal force of 0.245N is applied to a
boc!y of mass 2509 which is resting on a rough
horl.zontal plane, the body is found to be in limiting
equilibrium. Find the coefficient of friction between
the body and the plane. Am(0.1)

A body of mass 40kg is resting on a rough horizontal |8, When a horizontal force of 37N is applied to the

p‘lqpe and can just be moved by a force of 98N acting
horizontally. Find the coefficient of friction An{@.258)
A block of mass 0.5kg rests on a rough horizontal

plane. The coefficient of friction between the block and

AN INCLINED PLANE

()] At limiting equilibrium (about to slip down or slid down)
NG mgsind = uR
Ao SN2 : = mgsin® = pmcost
— mgcose @ = tanf .
(ii) A force P applied parallel to-and up the plane to just move the particle upwards (prevent it
from moving upwards)
R Normal to the plane: mgcos@ = R

=]

(i) A force P applied parallel to and up the

B downwards (prevent it from moving downwards)

a P

=wge = —

(iv) A force P applied parallel to and up the
R

ma = uR
4x1000 = 1000x9 8 i
=041
AITy Work done against friction=tos; i, he

p(m)gxs = %(m)uz

. 1 _
wx9.81x50 = -_2~x(20)2
n= 0408

the table is 0.1. When a horizontal force of 1N acts
the block, find; ?
() Frictional force experienced by the block
(i) Acceleration with which the block will meye,
An(0.49N, 1.02ms™?)

body of mass 10kg which is resting on a rough
horizontal surface, the body moves along the
surface with on acceleration1.25ms ™2, Find the
coefficient of friction between the body and the
surface An(0.25)

parallel to the plane: mgsin® + uR =P
P = mgsin® + pmgcost

plane so that the particle is on the point of moving

Normal to the plane: mgcos® = R
Parallel to the plane: mgsind = P + uR
P = mgsinf — umgcosd
plane move the particle upwards
Normal to the plane: mgcosd = R
parallel to the plane: P — (mgsin® + pgR) = ma
P — mgsin® — umgcosd = ma

Examples
" inclined at 30° to the horizontal and is just about to slip:

1. A particle of weight 10N rests on o rough plane
Find the value of coefficient of frict
$olution -

=

A < ; S\
ALY -
AOST = 1o0Cos30

At limiting equﬁibrium

214

ion between the plane and particle

R = 10cos30

uR = 10 sin30

u(10c0s30) = 10 5in30
p=05774

Scanned by CamScanner



2. Abody of mass 5kg lies on a rough plane which is inclined ot 35° to the horizontal. When a force of 20N is
applied to the body parallel to and up the plane, the body is on the paint of moving down the plane. Find
the coefficient of friction between the body and the plane

$olution
o - R = 5gcos30
’ 20 + uR = 5g sin30
20 + u(5gcos30) = 5g sin30
At limiting equilibrium p= 0106

3. A block of wood of mass 1509 rests on an inclined plane. If the coefficient of friction between the surface of
contact is ©.3. Find the force parallel to the plane necessary to prevent slipping when the angle of the
plane to the horizontal is 30°,

595\“30 . b “R
= [a} SgCoas30

Solution
= - but R = mgcos30
oSS , o P+ uR = mg sin30 7
maCas30 P +0.3x0.15x9.8cos30 = 0.15x9.85in30

At limiting equilibrium P = 0.353N
4. A body of mass 2kg lies on a rough plane which s incline at sin™? (;55) to the horizontal. A force of 20N is

applied to the body, parallel to and up the plane. If the body accelerates up the plane at 1.5ms™?, find
the coefficient of friction between the body and the plane

Solution
acal=, = Zor F'=ma
=l = 20— (2gsind + pR) = 2a
_ — | 2x9.8x — 8x —| = 2x1.5
Sin @ = i cosh = = #0 ( x5 13 * aplex 13) X
1 % ’ = 0523
R = 2gcosé u=0.

5. A body of mass 5kag is released from rest on a rough surface of o plane inclined at 30° to the horizontal. If the:
body takes 2 i—, s to acquire a speed of 4ms™ from rest, find the frictional force and the coefficient of friction

$olution
1 icti —
. R 4=0+ax2— an,oqu force= 16.5N
@ PSa— _ 2 pR = 16.5N
Eg:_;\(\ ; W 5gcos30 F=ma = W = (0.243
SaN 5gsin30 — uR = 5x1.6 |
v=1u-+tat uR = 16.5N

6. A car of mass 500kg moves from rest with the engine switched off down a road which is inclined at.an

angle 49° to the horizontal
a)Calculate the normal reaction | i |
b)if the coefficient of friction between the tyres and surface of the road is 0.32. Find the acceleration of
the car

$olutlon
R= 500x9.8¢c0s49 = 3217.97N

a) F = ma

mgsind9 — uR = 500a
500x9.85in49 —0.32x3217.97 = 500a
a@=534ms~2,
bs & plane which is inclined at 30° to the horizontal. The speed of the car ot the

1 if the coefficient of friction between the plane and the car tyres is 0.3 and
far up the incline does the car move in 557

R = mgcos49
7. A car of mass 1000kg clim
bottom of the incline is 36kmh
engine exerts a force of A4000N how
$olution

215
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. ain]
oS 420
oS

o uR mgqCos30

u = 36kmh-1 = 36x 1000
3600

= 10ms™?

HORIZONTAL FORCE ON INCLINED PLANES

F = ma
4000 — (1000x9.85in30 + 0.3mgcos3g
a= — 3.45ms?
S=ut + Y%at?

)='1ﬂ(]|]q

1 .
S=10x5+ Ex —’3.451’52 = 69771

(i) A horizontal force P required to just move the particle upwards (prevent it from moving UpWareds)

R

=~y
= gl - ¥
' a mgCosa

Normal te the plane: mgcos8 + Psin = g
Parallel to the plane: mgsin® + uR = Pcosd

(i) A horizontal force P required to prevent the particle from moving downwards

R
2N 5
" R
w3 =) mgCose

Examples

Normal to the plane: mgcos€ + PsinB= R
Parallel to the plane: mgsin® — uR = Pcos@

1. A body of mass 2kg lies on a rough plane which is inclined at 30° to the horizontal. When a horizontal
force of 20N is applied to the body in an attempt to push it up the plane, the body is found to be onthe
point of moving up the plane. Find the coefficient of friction between the body and the plane

. T
2gCos30

At limiting equilibrium
R = 2gcos30 + 205in30
20 cos 30 = uR + 2g sin30
20 cos 30 = u(2gcos30 + 208in30) + 2g.5in30
u=0279

2. A horizontal force of IN is just sufficient to prevent a brick of mass 600g sliding down @ rough plane which

is inclined ot Sin™? (%) to the horizontal. Find the

Solution

o
0.6gCose

12

Sing = 1—53 cost = —
3. A body of mass 5ka is initially at rest at the bottom

inclined at 30° to the horizontal and coefficient of friction between the body and the plane is

coefficient of friction between the brick and the plane

At limiting equilibrium
R = 0.6gcos@ + 1xSinf
1xcos @ + uR = 0.6g sinf
1x cos 8 + u(0.6gcost + Sind) = 0:6g sind
p=0.23

of @ rough inclined plane of length 6.3m. The plane is

Y 23 A

constant horizontal force of 35v/32 N is applied to the body causing it to accelerate up the plane. Find the
time taken for the body to reach the top and its speed on arrival.

Solution
=
35 \; 3
30_ et
595\“3D 5gCos30

=20

R = 5gcos30 + 35V3Sin30
35v3 ros 30 — (uR + 5g sin30) = 5a

a=139%9ms?

s=ut+ 1/2 at?
6.3 = Oxt + 1/5x1.39¢2
t=3s
v=u-+at
v=04139x3 = 417m/s

216
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of the sting makes angle 8 with the vertical

A

an°

5. Particle A of mass 0.4kg and B of mass 0.2kg are attached to the end of a light inextensible sting. Particle
A rests in equilibrium on o rough plane which is inclined at 30° to the horizontal. The string passes over a
smooth pulley X at the top if the plane, and the part AX of the string is parallel to a line of greatest slope
of the plane. Particle B is held in equilibrium by means of a horizontal force, P in such a way that, part XB

horizontal force P
Solution

At limiting equilibrium
0.4kg mass: R = 0.4gcos30
T = 0.2gsin30 + 0.3R |

6. A body of mass 5kq is placed on a rough plane inclined at an angle of 30° to the herizontal. The
coefficient of friction between the plane and the body is 0.4. Find the maximum force that can be
applied to keep the body in equilibrium, if the force acts upwards ot an angle of 30° to the line of
grectest slope

Seolution

At limiting equilibrium

Exercises 13B
A body of weight W is held in limiting equilibrium

a force P at an angle of 30° to the slope. The
coefficient of friction between the body and the
surface is 0.2. show that P = W

A body of mass 5kg is placed on a ruugh plane
inclined at an angleof 30° tothe horizontal. The

20°. Find the maximum force that can be applied

up the plane, if the force acts upwards at an angle

of 30° to the line of greatest slope. An(38.91N)

3. A body of mass 4kg lieson @ rough plane which is

inclined ot 16° to the horizontal. A force of IN

.applied parallel to the plone is just sufficient to

prevent the body sliding down the plane.

() Find the coefficient of friction between the
body and the plane.

(D] Wit!P: the body at the top of the pla_ne_, the |
applied force is removed. Find the time taken
for the body to reach the bottom of the plane,

on a rough slope inclined at 60° to the horizontal by

angle of friction between the plane and the bedy is

to make the body to just be on the point of moving

—

The points A, X, B lie in the same vertical plane. The coefficient of friction between A and the sloping
plane is 0.3. Given that A is about to slip up the plarie, find the value of 8 and the magnitude of the

217

T =0.2gsin30 + 0.3x0.4gcos30

T =2.98N
0.4kg mass: Tcosf = 0.2g
L D.2x9.8) 4897
(1) @ =cos ( ) =8
(=) P =Tsind

P = 2.98sin48.9 = 2.245N

R = 5gcos30 — PSin30
P ¢os 30 + yR = 5g 5in30
P cos 30 + u(5gcos30 — PSin30) = 5g sin30
P{cos 30 — 0.45in30) = 5g sin30 — 0.4x5g cos30
P =11.3N

if the length of the plane is 2m An () = 0.26,
41)
A force F acting parallel to and up a rough
plane of inclination 8, is just sufficient to
prevent a body of mass m from sliding down
the plane. A force of 4F acting parallel to and
up the same rough plane causes the mass m to
be on the point of moving up the plane, If  is
the coeffienect of friction between the mass
and the plane, show that 54 = 3 tan@
A body of mass 3kg is released from a rough

surface which is inclined at Sin ! @) to the

horizontal. If after 2.55 the body has acquired a
velocity of 4.9m/s down the surface. Find the

coefficient of friction between the body and the
surface Am () = 0.5)

A particle of weight 4.9N resting on a rough
inclined plane of angle equal to tan=1 '(1—55) is acted

upon by a horizontal force of 8N. Jf the particle is
on the point of moving up the plane, find
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7.

10,

n

12

3.

coefficient of friction between the particle and the
plane, &An (§ = 0.72)
A particle of weight 10N rests in with a rough plane
inclined at 30° to the horizontal an is about to slip.
Find the value of coefficient of friction between the

plane and the particle An (u = %)

A particle of mass 12kg slides from rest down a
plane inclined at 50° to the horizontal. If the
coefficient of friction between the particle and the
plane is 0.4, calculate the acceleration of the
particle An (4.99ms™?)
A box of mass 2kg rests on a rough inclined plane
of angle 25°. The coefficient of friction between the
box and the plane is 0.4.. Find the least force
applied parallel to the plane which would move
the box up the plane.  Uneb 1997 No.6
An[15.39N]
A particle of mass 0.5kg is released from rest and
slides down a rough plane inclined ot 30° to the
herizontal. It takes 6 seconds to go 3 meter. Uneb
1297 Ne.14
i.  Find the coefficient of friction between the
particle and the plane
What minimum horizontal force is needed
to prevent the particle from moving?
An[0.557, 0.064N]
A particle of weight 10N is placed on a rough
plane inclined at 30° to the horizontal, the
coefficient of friction between the particle and the
plane is 0.5. Find the horizontal force required;
i. To prevent the particle from sliding down
ii. To make the particle just about move ups
An[0.6N, 15.2N]
A parcel of mass 2kg is placed on a rough plane
inclined at 45° to the horizontal, the coefficient of
friction between the parcel and the plane is 0.25.
Find the force that must be applied parallel to the
plane so that the parcel is just.
i. Prevented from sliding down the plane
ii. On the point of moving up the plane.
An[10.39N, 17.32N]
A box of mass 6kg is placed on a rough Plf‘f‘e
inclined at 45° to the horizontal, the coefficient of
friction between the parcel and the plane is 0.5.

Find the horizontal force that must be applied to g
the plane so that the box is; _ - |
i, Just Prevented from sliding down the plqne
ii. Just On the point of moving up the planes
218

14,

15.

16,

17.

18. A vehicle of mass 2.5 metric tones is drawn up aslope:

ili. Moves up the plane with an occelerction
of 22 ms~? An[19.6N, 176.4N,
224.4N]
The length of an incline plane is 5m and the
height is 3m. A force of 49N acting paralief the
plane will prevent a mass of 10kg from sliding
down. Find the coefficient of friction An(o.123) # ‘
A 2kg body lies on a plane of inclination s0°. '
The coefficient of friction between the body i
and the plane is 0.25. find the least horizontal
force which prevents the body form sliding
down the plone An{20.27N)
A force F acting parallel to and up a rough
plane of incdlination 8, is just sufficient to
prevent a bedy of mass m from sliding down
the plane. A horizontal force of 4F acting on w
the same rough plane causes the mass m to be
on the point of moving up the plane. If z is the
coeffienect of friction between the mass and ‘|
the plane, show that
Sutan®@ — 3(u* + 1) tand + Sy = 0
A particle of mass 2m rests on a rough plane
inclined to the herizontal ot an angle of rests on a
rough plane inclined to the horizontal at on angle
if tan™" (34) where p is the coefficient of friction
between the particle and the plane. The particle is
acted upon by a force of P Newton's.
(a) Given that the force acts along the line of

greatest slope and that the particle is on

the point of slipping up, show that the

maximum farce possible to maintain the

. . I . Bumg
particle in equilibrium is B, = ;

- J1+6u?

- oama e e g e

(b) Given that the force acts horizontally in a vertical

plane through o line of greatest slope and that |
the particle is on the point of sliding down the
plane, show thqt the minimum force required to
maintain the particle in equilibrium is |
4umg

min = Ty 3,

1in 10 from rest with on acceleration of 1.2ms™ agaif
constant frictional resistance of %5 of the weight of the
vehicle using a cable. Find the tension in the cable
An(s5695N) (Uneb 2006 On 6)
A particle of mass mkg is projected with a velocity @
10m/s up a rough plane of inclination 30° to the
horizental. The coefficient of friction between thﬁe
particle and the plane is 0.25. Find how for up t
plane the particle travels

An(7.12m) (Unek 2007 O 16)
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. A body of muass Bl .
2 at 0 t: the horizonzc;e S|Ecstc|:n ° rOL{g_h plane inclined friction between the carton and the plane is 2. Find @
;  soliiclent afhriction I horizontal force that should be applied to mzhe the

. find the least horizontal force in terms of u,8
and g which will hold the body in eq‘uilibriun':_' cartoon just about to move up the plane. An(33.16N)

(Uneb 2009 Qn 5) (Uneb 2010 On 5)
8%{%’:—;—") 22. A particle of mass 2kg rests in limiting equilibrium
on a rough plone inclined at 30° to the horizontal.

2. A:q;toln o: r;(;:‘i:ss 3kg fests.on o rough plane inclined atFind the value of coefficient of friction An({0.577)
an angle o to the horizontol. The coefficient of {(Uneb 2016 On 7)
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1.

CHAPTER 6: CONNECTED PARTICLES

SIMPLE CONNECTIONS

When two particles are connected by a light inextensible string passing over a smooth pulley and
allowed to move freely, then as long as the string is taut, the following must be observed,

» Acceleration of particles is the same

e The tension in the uninterrupted string is constant
» The tensions in interrupted strings are different.

Examples

fixed pulley. Find;
(i) Acceleration of the particles
(i) The tension in the string
Solution

v
F=ma

ForShg massy 50 -7 = 5. (i)

For3kg massn T — 39 = 34 .....(i)

Adding (i) and (ii)

Two particles of masses 5kg and 3kg are connected by a light inelastic string passing over a smooth

(ii) The force on the pulley

2g = Ba
a =22 = 2.45ms™?
i)T-3g =3a

T = 3x2.45 + 3x9.8 = 36.78N
iii) Force on the pulley
=
E e
R = 2T = 2x36.78 = 73.56N
Force on the pulley is 73.56N

An inextensible string attached to two scale pans A and B each of weight 209 passes over a smooth

fixed pulley. Particles of weight 3.8N and 5.8N are placed in pans A and B respectively, if the systemn is

released from rest (take g = 10ms™%). Find the:

(i) Tension in the string

(i) Reaction of the scale pan holding the 3.8N weight

Solution

-

-
§ + ams™>
B Al
0.6gMN

Mass of scale pan = 20g = 0.02kg
Total mass of A= % +0.02 = 0.4kg

Total mass of B= -‘;”—: + 0.02 = 0.6kg

25
ams™ *
A

o.aghl

2

: F=ma
For 0.6hg mass: 0.6g -7 = 0.60.cccvccn M
For Oudbg masne T — 0.4g = 0.4 ......(il)
Adding (i) and (i)): 0.2g = a
a = 02x10= 2ms 2
T- 04g =04a .
T = 0.4x2 + 0.4x10 = 4.8N
Forthe scale pan A; R> —3.8 = 0.28a
R, =38+ 2x3.8 = 4.56N

A mass of 9kg resting on a smooth horizontal table is connected by a light string passing over a smgoth
pulrley‘ at the edge of the table, to the pulley is a 7kg mass hanging freely 1.5m above the ground; find

(i) Common acceleration

(i) The tension in the string

(iii) The force on the pulley in the system if its aliowed to move freely.

(iv) Time taken for the 7Rgmass to hit the ground

N $olution
R P
ﬁ;ru [ 17 yams®
EE

220

F=ma
For 7Thg mosst 7g — T = 7@ )] .
For Shg mass: T = 9 J— (i)

)+ (0): 7g = 16a
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_ 7B

16

7x9.8

16

= 4.29ms™?

(i Tension: T = 9a = 9x 4729 = 3861N
(iii) The force on the puliey
o = F

o0°]
T

FZ=JTZ + T2 =T2 = 38.61v2
Force on the pulley = 54.603N
() § = ut + %at?
1 )
1.5 =0xt + —2—x4.29xt2
t = 0.84s

3. A mass of 90g resting on a rough horizantal table is connected by a light inextensible string passing
over a smocth pulley at the edge of the table attached to a 50g mass hanging freely. The coefficient of

friction between the 90g mass and the table s -:: and the system is released from rest, find

() Common acceleration
folution

BR o Sagv pe
0.05gN
F=ma
For 50g masss 0.05g — T = 0.054........... ()
4.
(= 20Kkg =]
| ' I
[ Bkg] [16kg

The figure shows a block of mass 20 h'g‘rest,ing on
a smooth horizontal table. Its connected by
inelastic strings which pass over fixed pulleys at

Solution

'
16gN
16Q s [1_]

BgN
For 16kg man 16g-T7, =

Adding1and2: 169 — T» = 360..en]X]
And3cndx: Bg = 44a
Bx98 . a = 1.782Zms™2

ii) Tension in each string

44

6. 5
= 20Kg 7 ==
1

The figure shows a block of mass 20 kg resting
on a rough horizontal table of coefficient of
friction 0.2 1. Its connected by inelastic strings

Selution
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(ii) The tension in the string

For 90g mass: T — uR = 0.09a
T = 2(0.09%9.8) = 0.090.ccmnnil)

@) + (): 0.05g —3(0.099) = 0.14a

_ 0.02g = 1.4n I.-—2
0.14 :

(i) Tension : 0.05g — T = 0.05a
T =0.05x9.8—0.05x14 = 042N

the edges of the table to two loads of masses
8lkg and 16kg which hang vertically. When the
systemn is released freely, Calculate;

(i) Acceleration of 16kkg mass

(i) Tension in each string

(iii) Reaction on each pulley

leg-T,; = 16a
T, = 16x9.8- 16x1.782 = 128.291N
T‘z = Bg = Ba
T, = Bx1.782 + Bx9.8 = 92.656N
i) Reaction on each pulley

T R4
: :iTa
"RI=T{+TE=T2
Ry = 128.291xv2 = 181.431N
2 T:z
T

R: = TyV2 = 92,6562 = 131,035N

which pass over fixed pulleys ot the edges of
the table to two loads of masses 8kg and
16kg which hang vertically. When the systemn
is released freely, Calculate: \
(i) Acceleration of 16kg mass
(i) Tension in each string
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8N

| 16gN

For 16kg man 169 -7 1= 164a........[1]
For 20kg man T, -T 2~ 20gu = 20a........[2]
For 8lhg mas; T, — 8g = 1o SN i || .

Exercise 164

Two particles of masses 7kg and 3kg are
connected by a light inelastic string passing
over a smooth fixed pulley. Find:
a. Acceleration of the particles
b.  The tension in the string
c.  The force on the pulley
An(3.92ms™ , 41.16N, 82.32N)

2. Two particles of masses 6kg and 2kg are
connected by a light inextensible string passing
over a smooth fixed pulley. With the masses
hanging vertically, the system is released from
rest. Find;.

(i) Acceleration of the particles

(i) The tension in the string

(iii) Distance moved by the 6kg mass in
the first 2 seconds of motion
-An(4.9ms™ , 3N, 9.8m)

3. A man of mass 70kg and a bucket of bricks of
mass 100kg are tied to the opposite ends of a
rope which passes over a frictionless pulley so
that they hang vertically downwards

(a) what is the tension in the section of the
section of rope supporting the man
(b) What is the acceleration of the bucket
An( 807.06N, 1.73ms™)

4. Two particles of masses 2009 and 300g are
connected to a light inelastic string passing over
a smooth pulley, when released freely find;

(i) Common acceleration
(i) The tension in the string
(iii) The force on the pulley
An[1.96ms™] [2.35N] [4.7IN] .
5. The diogram shows a particle of maiss 8kg
’ i n by a light
connected to a light scale pan "
; i ' hich passes over a smoo
inextensible string Which I
fixed pulley. The scale pan
B of mass 3kg and 4Ry respe

on top of A

holds two blocks fond
ctively, with B resting

B.

222

Adding 1 and 2 l6g ~ T, —~20gu = 3¢
T 2bay,,..,

And 3 and x:8g — = e
a= Bx 9A81-2§g3.8x02.201gﬂ = 44a m
vy L= 0.846m5-2
i) Tension in each string
l6g=T, = 16a
T; = 16x98 - 16x0.846 = 128.416N
T z Bg = 3(1

T, = Bx1.784 + 8x9.8 = 927528

if the system is released from rest, find:
() Acceleration of the system
(i) The reaction between A and B
An(0.653ms™ , 41.813N)
A mass of 5kg is placed on a smooth horizontal
table and connected by a light string to a 3kg
mass possing over a smooth pulley at the edge
of the table and hanging freely. If the system is
allowed to move, calculate:
a) The common acceleration of the masses
B) The tension in the string
€) The force acting on the pulley
An[3.68m/1*,18.4N, 26N]
A mass of 3kg resting on @ smooth horizontal
table. It is attached by a light inextensible
string passing over a smooth pulley at the edge
of the table, to another mass of 2kg hanging
freely 2.1m above the ground; find
() Common acceleration
(i) The tension in the string _
(ii) The force on the pulley in the system if its
allowed to move freely. _
() Velocity with which the 2kg moss il
hit the ground
An[3.92ms ", 176N, 16.63N, q.oimh] |
A mass of 5kg rests on arough horiz‘ontol t.ab e
and is connected by a light inextensible 5"“3'18
passing over a smooth pulley at the edge of
table to a 3kg mass hanging freely. The .
coeficient of friction between the 5”‘-‘_’ ml:ease p
and the table is 0.25 and the system is €
y rest, find
fror(?) ret.':zmnmn acceleration

 The tension in the s-tring |
® An[z.144mi 3, 22.97H
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g. A mass of 1kg rests on a rough herizental table
and is connected by a light inextensible string
passing over a smooth pulley gt the edge of the
table to a 500g mass hanging freely. The
coefficient of friction between the kg mass and
the table is 0.1 and the system is released from
rest, find
(i) Common acceleration
iii) The tension in the string

An[2.61m37, 3.593N]

10. Two objects of mass 3kg and 5kg are attached
to the ends of a cord which passes over a fixed
frictionless pulley placed at 4.5m above the
floor. The objects are held at rest with 3 kg
mass touching the floor and the Skg mass at
am above the ground and then released, what
is;

(i) The acceleration of the systemn

(i) The tension of the card,

(i) Time will elapse before the 5kg object
hits the floor
An(2.45ms™”, 36.75N, 1.815).

| A
The diagrom shows a particle A of mass 2kg
resting on a rough horizontal table of
coefficient of friction 0.5. It is attached to
particles B of mass Skg and C of mass 3kg by
light inextensible strings hanging over light
smooth pulleys. If the system is allowed to
move from rest, find the common acceleration
of the particle and the tension in each string.
An[0.98ms ™, 32.37N, 44.15N]

12.

1 n | G—

o | T ke
The diagram shows a particle A of mass 3kg
resting on a rough horizontal table of
coefficient of friction 0.5. It is attached ta
particles B of mass 4kg and C of mass 6kg by
light inextensible strings hanging over light
smooth pulleys. If the system is allowed to
move from rest, find the commen acceleration
of the particle and the tension in each string.
An [0.754m3 7, 534.277N, 31.662N]

13.

— X =

The diagram shows a particle A of rass Skg
resting on a rough horizontal table. It is
attached fo particles B of mass 3kg and C of
mass 2k g by light inextensible strings hanging
over light smooth pulleys. If the system is
released from rest, body B descends with an
acceleration of 0.28ms~ find the c coefficient of
friction between the body A and the surface of

the table An[ > ]
14.

B

The diagram shows a particle A of mass 10kg
resting on o smooth horizontal table. It is
attached to particles B of mass 4kg-and C of
mass 7k g by light inextensible strings hanging
over light smooth pulleys. If the system is
allowed to move from rest, find the common.
acceleration of the particle and the tension in
each string. Am [1.d4m3$™, 44.8N, 58.8N

CONNECTED PARTICLES ON INCLINED PLANES

Examples

1. A mass of 2kg lies on a smooth plane of inclination 1in 3. One end of a light inextensible string is
attached to this mass and the string passes up the line of greatest slope, over'a smooth pulley fixed at
the top of the plane is a freely suspended mass of 1kg at it's other end. :

If the system is released from rest, find the;
() acceleration of the masses

(i) Tension in the string

(i)  distance each particle travels in the first 2 seconds

Solatiem

1
sinf = 3 F=ma
For 2kg masa T — 2gsinf = 2q..n..... Q)]
For tlhgmass: 1g —~T = 1@, (i)

223
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a = (as-zx:.sx“/s.) — 1.089ms™2 Gi) s =mut +%c;tl.‘2 1
(i) Tension: 1g — T = la § = 0x2 + =x1.089x2% = 2.178m
T =1x9.8 — 1x 1.089 = 8.711N z
9. A mass of 12kg lies on o smooth incline plane 6m long and 1m high. One end of a light inextensible string
is attached to this mass and the string passes up the line of greatest slope, over a smoeth pulley fixed at
the top of the plane is a freely suspended mass of 4kg at it's other end.
If the systern Is released trom rest, find the;
(i) acceleration of the system (i) Tension in the string
(i) Velocity with which the 4kg mass will hit the ground
(iw) Time the 4kg mass takes to hit the ground Uneb 2013, No 10

Solution

& .12 1
i = (4x9.8 1-2:49,83 /e) — 1.225ms=2

16
(i) Tension: 4g — T = 4a
: T =4x9.8 — 4x 1.225 = 34.3N
(i) v%=u”+ 2as

1
sinf = 3 F=ma v =02 + 2x1.225x1 = L.57m/s
For 12kg masse T — 12g5inf = 120uunns 0] v=u+tat
For dhg mass: 4g — T = 4Qeewermrirrererens (i) 157 = 0+ 1.225x¢
() + (): 4g — 12gsiné = 16a t= 1285

3. Amass of Tkg lies on a rough inclined plane coefficient of friction 0.25. One end of a light inextensible
string is fastened to and 1kg mass and passes up the line of greatest slope over a smooth fixed pulley at
the top of the plane and the other end of a sting is tied to a mass of 4kg hanging freely. '

The plane makes an angle # with the horizontal where sin § = i- When the system released from rest,

find:
0] The acceleration of the systern | (i) Tension in the string
(iii) Velocity with which the 4kg mass hits the floor.

Solution

)+ (@): 4g — lgsinﬁ — 0.25x1gcosf = 5a
Q= (4x9.8-1x9,3x3i5-o.‘25x9.3x4/5) — 6.272ms™
(i) Tension: 4g — T = 4a

3 T =4x9.8—4x6.272 = 14.112N
sinf = 5 F=ma - (i) v?=u?+ 2as
For kg masss T — 1gsing — 0.25R = 1a....(i) v =+0? + 2x6.272x2.5 = 5.6m/s

For akg mass: 49 — T = 40uumessnns(ii)
4. A particle of mass 2kg on a rough plane inclined at 30° tothe harizontal is attached by means of o

light inextensible string passing over a smooth pulley at the top edge of the plane to a particle of mass
3kg which hangs freely

distance of 0.75m before it attains a speed of
2.25m/s. Find the;
()  Acceleration of the system -
(i) Coefficiert of friction between the plane
If the system is released from rest with above and the 2kg mass
parts of the string tout, the 3kg mass travels o (i) Tension in the string. Unelb 2003,
Neo1t
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Solution

(if) F=ma

For 2kg masss T — 2gsinf — uR = 2a...(D

For 3kg mass: 3¢ — T = Bfl.cerceimenn(il)

(i) + (): 3g — 2gsing — ux2gcost = Sa
(2%9.8-2x9.Bx5in30:5x3.375) — 0461

qCosa

=1
o

(i) v? = u® + 2as ’ 2%9.8 cos30 2
2.25% = 02 + 2x0.75 (iii) Tenslon : 3g — T = 3a .
a= 3937Sm:“2 s T" = 3x9.8 — 3x3.375 = 19.275N
DOUBLE INCLINED PLANES

1. The diagram below shows two smooth fixed slopes each inclined ot an angle & to the hor izontal where
5inf = 0.6. two particles of mass 3kg and mkg, where m< 3 are connected by o light inextensible
string passing over a smooth fixed pulley.

3k mkg

8 (=1

The particles are released from rest with a string taut. After traveling a distance of 1.08m, the speed of
the particles is 1.Bm/s, calculate;

(i) Acceleration of the particles (i) Tension in the string
(iii) Value of m
Solation

(ii) F=man
Foi 3kg masss 3gsind —T = 3a
T = 3x9,8x0.6 — 3x1.5 = 13. 14N
) ; (iii) For mhkg mass: T— mgsind = ma
U 13.14 = m(9.8x0,6 + 1.5)
1.8% = 0% + Zax1.08 m = 1.78kg
a = 1.5ms™*
2. Two rough planes inclined at 30° and 60° to the horizontal and of thee same height are placed back
to bdck. Masses of 4kg and 12kg are placed on the faces and connected by a light sting passing over a

smooth pulley at the top of the planes.
akg .

12kg
"-lﬁ(" SDB —
If the coefficient of friction is 0.5 an both foces , find the; .
() _ Acceleration of the system (i) Tension in the strings

Solution

(i) + @
12gsin60 — 4gsin30 — ux(4gcos30 + 12¢os60) = 16a
_ a=225ms™2
i) F=ma (i) Tension : T — 4gsin30 — R, =4a
For 4kg masss T — 4gs5in30 — uR, = 4a...0) ; : igéﬁi*— 4x9.85in30 + 0.5x4c0530
3kg mass: 12gsin60 — T — pRyz = 1280 (i) :
3. The diagrom below shows a 12kg mass e a horizontal rough plane. The 6kg and 4kg masses are on
rough planes inclined at angles of 60° and 30° respectively. The masses are connected to each other by
a light inextensible strings passing over a light smooth fixed pulleys A and B Uneb 2013 No.11
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LY i d fro i
The planes are equally rough with coefficient of friction of 1. If the syster & released from rest, find
the;

0] Acceleration of the system.
Solution

F=ma
For 4kg massi T, — 4gsin30 — uR,; = 4a....()
12kgmass: Tg — Ty — uRyy = 120mu(i)
6kg maossy 6gsin60—T, — HRg = 6a.wmmun... (i)
@i + @
Tg — 4gsin30 — px(4gcos30 + 12g ) = 16a
Te —2g — ux(2gv3 +12g ) = 16@uun...(iV)

Exnercise 16B
A mass of 2kg lies on a smooth incline plane 9m
long and 3m high. One end of a light inextensible
string is attached to this mass and the string passes
up the line of greatest slope, over a smooth pulley
fixed ot the top of the plane is o freely suspended
mass of 1kg at it's other end. If the system is
released from rest, find the;
a. acceleration of the system
b. Tension inthe string
¢. Velocity with which the 1kg moss will hit
the ground
d. Time the 1kg mass takes to hit the ground
An (1.089ms > 8.711N, 2.556m/s, 2.3473)

2. A mass of 15kg lies on a smooth plane of
inclination 1in 49. One end of a light
inextensible string is attached to this mass and
the string passes up the line of greatest slope,
pver a smooth pulley fixed at the top of the
plane is a freely suspended mass of 10kg at it's
other end.

If the system is released from rest, find the
acceleration of the masses and the distance
each travels in the first 2 seconds.  Am
(3.8ms3™ , 7.6m)

3. Amass of 2kg lies on a rough plane which is
inclined at 30° to the horizontal. One end of o
light inextensible string is attached to this mass
and the string passes up the line of greatest
slope and over a sooth pulley fixed at the top
of the slope, a freely suspended mass of 5kg is
attached to its other end.

(i) Tension in the strings

(i) + (v) |
6gsin60 — 2g — wx(2gV3 +157) = 160

1
3gV3~2g —ﬁx(zﬂﬁ +159 ) = 16a

a = 0.738ms™2
(ii) Tension : . |
Ty — 4gsin30 — -1—2x4gr:033.0 = 4x0.738
T, = 25.38N

T, — 2g — pux(2gV3 + 12¢ ) = 16a
Te — 29 — %x(Zgw/g + 12g ) = 16x0.738
T6 = 44-04N

The system is released from rest asthe 2kg
mass accelerates up the slope, it experiences a
constant resistance to motion of 14N down the
slope due to friction. Find the tension of the
string An(31N)

A mass of 10kg lies on a smooth plane which is
inclined at @ to the horizontal. The mass is 5m
from the top, measured along the plane. One
end of a light in extensible string is attached to
this mass, the string passes up the line of
greatest slope and over a smooth pulley fixed
at the top of the slope. The other end is
attached to a freely suspended mass of 15kg.
This 15kg mass is 4m above the floor. The
system is released from rest and the string first

goes slack 1 %s later, Find the value of 8
An(30°)

One of two identical masses lies on a smooth
plane, which is inclined at sin™?(2 ) to the
horizontal and is 2m from the top. A light
inextensible string attached to this mass passes
along the line of greatest slope over a smooth
pulley fixed ot the top of the incline, the other
end carries the other mass hanging freely 1m
above the floor. If the system is released from
Test, find the taken for the hanging mass to
reach the floor An(0.6633)

6. The body A of mass 4kg lies on a smooth slope

and body B of mass 3kg is freely suspended.

226
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The pulley is smooth and the string is light end
inextensibie : '
2

With £=30°, a body A will accelercite up the
slope. lIf y = 3m and x = 2.8m find the
velocity with which A hits the pulley

. A particle of mass 2kg on a smooth plane
inclined at 30° te the horizontal is attached by
means of a light inextensible string passing over
a smooth pulley at the top edge of the plane to
a particle of mass 3kg which hangs freely

et [ 3kg |

If the systern is releaised from rest with above parts
of the string taut, find the speed acquired by the
particles when both have moved a distance of 1m
An(2.8 ms™)

A body A of mass 13kg lying on o rough

inclined plane, co-efficient of friction, i. From

A, o light inextensible string passes up the line

of greatest siope and over a smooth fixed
pulleyto a body B of mass m kg hanging

freely, the plane makes an angle, # with the
horizontal where sin 8 =

5

13

= a8
When m = Tkg and the system is released from
rest, B has an upward acceleration of ams™
When m = 11kg and the system released from
rest, B has a down ward acceleration of ams™
Findaand & An(1.96ms™, 0.1)

A particle a of mass 2kg and B of mass 1.5kg.
are connected by o light in extensible string
passing over a smooth pulley The system is
released from rest with A at height of 3.6m
above the horizontal ground and B at the foot
of o smooth slope inclined at an angle @ to the

. _ , 1
horizontal where sin 8 = z

(i) thespeed with which zA reaches the
ground. An(3:94m:™)

10. The diogram below shows two smooth fixed

slopes each inclined at an angle B to the

. 3 .
horizontal where sinf = - Two particles of

mass 5kg and 15kg are connected by a Ii?l'it
inextensible string passing over a smooth fixed

pulley.
Sk 15kg
The particles are released from rest with a
string taut. calculate;
(i) Acceleration of the particles
(i) Tension in the string
An(2.94m1" ; 44.IN)
1. The diagram below shows two smooth plane
and a rough plane both inclined at 45° to the
horizontal, Two particles of mass 1kg and 3kg
are connected by a light inextensible string
passing over.a smooth fixed pulley.

ocugh plane

A58

The particles are released from rest-with a
string taut. Calculate;

[0) Acceleration of the particles’
(ii) Tension in the string
(i) Coefficient of friction

An(1.4ms™, 8.48N, 0.4)

12. Inthe diogram particles A and B ore of masses
10kg and 8kg respectively and rest on planes as
shown below. They are connected by a light in
-extensible string passing over a smooth fixed
pulley at C

Find the acceleration in'the system and the
tension in the string if,
() The particles are contact with smooth
planes
(i) The particles are in contact with rough
planes with coefficient of friction 0.25.
An(3.08ms™, 30.8N, 0.95m;™ ¢ 33.98N)

13. Inthe diagram particles A and B are of masses
3.6m 2.4kg and 3.6kg respectively. K'rest on a rough
| horizontal plane (coefficient of friction 0.5), it i
Calculate ot o connected by a light in extensible string ptzl;s'li'n'ls
()  the magnitude of the particle oueras L 7 B
e mogek mooth fixed pulley ot C to a particle B
227
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resting on a smooth plane inclined at 30° to the
horizontal

WN
a0
_ When the system is released from rest, find the
() acceleration in the systern and the tension in
the string
(i) The force on the pulley at C
(iii) The velocity of the A mass after 2 seconds
An( 0.983ms™*, 14.112N, 7.3049N, 1.96ms™)
%4. The diagram below shows a 4lg mass on G
horizontal rough plane with coefficient of
friction 0.25. The 4+/3 kg mass rests on d

smooth plane inclined at angles of 60° to the
horizontal while the 3kg rests on a rough plane

inclined at an ongle 3!13" to the horizontai gy
coefficient of friction oy The masses are
connected to each other by a light i"e"tﬁnsible
strings passing over a light smooth fixed Pulley
BandC

B
A =580°
(a) Find the
(i) Acceleration of the system
(i) Tension in the strings
(b) Work done against frictional forces when the
particles each moved 0.5m

An({ 1.407ms™, 49.051N, 33.622N, 12.23))

ak

MULTIPLE CONNECTIONS
¢ Acceleration of o particles moving between two portions of the string is equal to half the net
acceleration of the particle(s) ottached to the end of the string
» The tension in the uninterrupted string is constant
s The tensions in interrupted strings are different.

1. The diagram below shows particle A of mass 0.5kg attached to one end of a light inextensible string
passing over a fixed light pulley and under a movable light pulley B. the other end of the string is fixed

as shown below. Uneb 1997

- e

D
B 3
A (O EEg]

()  What mass should be attached ot B for
the system to be equilibrium
Solutlon
a. Atequilibrium: T = 0.5g
mg = 2T
mg = 2x05g = 1kg

(i) - - =

—

ams™ ‘ A

0.5gN

F = ma
For 0.8kg masss 0.8g — 2T = 0.8x %(I')

(ii) |t Bis 0.8kg, what are the acceleration of
particle A and pulley B
(iil) Find the tension in the string

For 0.5kgmass: T — 0.5g = 0.5 i)
T =05g+ 05a
0.8g — 2T = 04a
0.8g — 2(0.5g + 0.5a) = 0.4a
0._2g_ — 0.2x9.8 — 1.4‘7’713—;2
1.4 1.4
acceleration of particle A is 1.4ms ™2
acceleration of pulley B is 0.7ms ™2 (i)
Tension: T = 05g + 0.5a
T = 05x9.8 + 0.5x14 = 42N

2. A particle of mass m, on a smooth herizontal table is tied to one end of the string which passes over @

fixed pulley at the edge and then under a movable pulley of mass m,, its other end being fixe
the parts of the sffing beyond the table are vertical

d so that

e T T e

m-,kg

el
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Show that m, descends with an acceleration of ——-
4my M2
Solution a
ng =27 = My ’2-
a
mag — Zmja = mZE
ma -+ 4m;ya
Zm
F=ma B, = ——;ZE-—
For m; kg masss T = 1 Qe _ iﬁip_ T?“zgg
For mykg mass: myg — 2T = My meeene. (i) Acceleration of m; =5 = 7

2

3. Astring hos o load of mass 2kg attached at one end. The string passes over o smooth fixed ;;;Jtll?:mad o
under a movable pulley of mass 6kg over another fixed pulley and has a load of mass 3kg

its end

Iy

%

Find the aeceleration of the movable pulley and the tension in the string.
$olation

For 2kg masss 29 — T = 283 cummsccsuses §)]
For 3kamass: 39— T = 3az.nn(2)
For 6kg mass: 2T — 6g = 6x 1/2 (@, + az)-.-A3)

(2) = (D g = 3a; — 285 e wivcorve-s (D)

2x(2) + (3): 0= 9a; + 3y oo enm v (H1)
3x(D) — (i) 39 = —9a4

a; = _51 = —3267ms?
0 = 9a, + 3(—3.267)
az = 1089 ms—z
acceleration of pulley = 1/2 (a; + az)
=1/,(~3.267 + 1.089) = —1.089ms ™2

(i) Tension: T = 2g — 204
T =2x98— 2x —3.267 = 26.134N

4. In the pulley system below, Ajsa heauy.lguﬂgy u‘ihicdlj is free}o move.

= 3

3 rest
f$olution

///////44

4 F=ma 7

f For skgmasss 6g — T = 6a1....‘..,......,(1)

‘ For 3kg mass: 38 — T = 3 az........-.....(l)
:, For mkg mass: 2T —mg = Oueee(3)

1/5(as + az) =0

e

(Ekg]

Find the mass of pulley A if it does not move upwards .or downwards when the systemn is released from

a1 = _'az
69 =T = =603 wovrey s eens (i)
3g—T = 3ay ccouee e v (i)
(1) = (iD)
39 = “'9&2
a, = Tg = —3.267ms™2
3g—T = 3a,
T =3x9.8 — 3(-3.267) = 39.201
2T—mg =0
. 2x39.201 ok
T o9g "B
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5. The diagram shows o fixed

at one and a mass of 2kg ot the other

end

Solution

pulley carrying a string which has @ mass of 3kg attached ot one end and o
light pulley A attached ot the other end. Another string passes over pulley A and carries a

Mass of 6l

Find
() Acceleration of pulley A
(i) Acceleration of 2kg, 6kg and 3kg Masse
(iii) The tension inthe string

2xeq (3) —eq(ii):—g =4a, -7 ay ... e ()
eq (iii) — eg(i): —18a; = —6yg
S

@ = ? =3.27ms2

4g = 8a, + 4a4

9.8-3.27
2 =5 =327ms™?
Acceleration of pulley A = 3.27ms 2
Acceleration of 2kg = 3.27 — 3.27 = (Oms~2

a;

. ion of =327+327 =65 2
For 3kg masss =3ps= 3371...'..........;(1) Aiii:::;t?oz ai? ';ig = 3.27ms~2 >ams
For 6kg mass: 6g—T; = 6(a, + @ Yernerrenneens(2) T - 39 = 3a,
For 2kg mass: Tz —2g = 2(a, - [+ ) I ) T, =3x3.27 4 3x9.8 = 39.21N
For Pulley A: 2T, — T; = 0xa, ... (4) 2T, —T, = Oxa,
eq (2) +eq(3):4g = Ba, +4a; ........... () 39.21 :
eq (1) + eq(4): 2T, — 3g = 3@3 oo vrevn . (i) 2= =19.61IN

The diagram shows « fixed pulley carrving a strin
light pulley A attached ot the other end. Anothe
at one and a mass of 1kg at the other end

For 4kg masss 48 — T; = 4a;.ceeicn(1)

g which has a mass of 4kg attached ot one endanda

rstring passes over pulley A and carries o mass of 3kg

Find
(i Acceleration of pulley A
(i) Acceleration of kg, 3kg and 4kg masses
(iii) The tension in the string

eq (i) = eq(i): 7a, =g
9.8

a; =—= 1.4ms2
g = 2a; —q
14+ 98 .
8y =~ — = 5.6ms™

Acceleration of pulley A = 1.4ms—2
Acceleration of thg = 5.6 + 1.4 = 7ms ™2
Acceleration of 3kg = 5.6 — 1.4 = 4.2ms™?
Acceleration of 4kg = 1.4ms—2

nass: 3g — T, = 3(&2 = a]_).. ........... (2) 49 -T, = 44,
F':’l;::f?h'; rnt:lss:-g'r2 _2 g = Gz + @unsiesienns (3) = T, =4x98 - 4x1.4 = 33 6N
For Pulley A: T1 = ZTZ = Oxal_ ............. (4) Tl H323T26 = 03(31
eq (2) +eq(3):g = 20, — @y oo (1) 1 =335 o
eq (1) +eq(4):4g — 2T, = 4ay wooeon (1) >

2xeq (3) + eq(ii): 2g = 2ay + 6@y .. oo ... (ilD)
230
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4. Two particles of mass 3kg and 6kg are connected by

Exercise 16C

pulley of mass 2kg, over g fixeq Pliiléy andt et
5kg mass at its other eng ~HlSwend cares o

A CHEg

Find the acceleration of the movable pulley and

the tension on the string.
An( 3.56ms™, 13.36N)

2. A string with one end fixed Passes under a movable

pulley of maiss Skg, over a fixed smooth pulley and
carries 0 7Rg mass at its other end

—_—

Find the acceleration of the movable pulley and the
particle. Am( 2.673my™, 5,148 ms™)

3. In the pulley system below, A is a heavy pulley
which is free to move.

ey

Find the mass of load B, if it does not move upwards

or downwards when the system is released from rest,
An(lkyg)

a light inextensibie string passing over two fixed
smooth pulleys and under a heavy smooth movabie
pulley of mass 2kg, the position of the string not in
contact are vertical

(EKg]

if the systern is released from rest, find
Acceleration of the movable pulley
Tension in the string
An(5.38 m3~, 15.68N)
Two particles of mass 3kg and 5kg are connected by
a light inextensible string passing over two fixed
smooth pulleys and under a heavy smiooth movable
pulley of mass 6kg, the position of the string not in
contact ore vertical

— e e

= 3

- (5Kq) g—:

[3Kkg]

0]
(i)

if the system is released from rest, find
() Acceleration of the movable pulley
(ii) Tension in the string

An( 1.089 ms™~, 32.667N)
6. The diagram shows a fixed pulley carrying a string
which has a mass of 7kg attached at one end and a
light pulley A attached ot the other end. Another
string passes over pulley A and carries a mass of 4kg
at one and d mass of 2kg at the otherend

Find
() Acceleration of 4kg masses "
(i) The tension in the string An{ Z.38ms™,

59.33N, 29.66N)

7. Thediagram shows o fixed pulley carrving o string
which has @ mass of 7kg attached at one end and a
light pulley A attached at the other end. Another
string posses over pulley A and carries a mass of 4kg

-at one:and a mass-of 2kg ot the other end

Find
(i Acceleration of 1kg masses
(i The tension in the string

An( 8.2923ms7, 18.0923N, 36.1846N)
8. For each of the systemns below: all the strings are
light and inextensible, all pulleys are light and
smooth and all surfaces are smooth.
In each case find the acceleration of A and the
tension in the string -
fil

An(() 7:127m1, 13.364N, (1) 1.547m1,

24.758N, (ili) 3.364m;™, 10.691N, (Iv)
4.731my

231
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Wl- » CHAPTER T: WORNK, ENERGY AND POWER -
WORK DONE BY A CONSTANT FORCE |

‘ to ancther
Wark is said to be done-when energy is transferred from oné system

When a block of mass m rests on a smooth horizontal .

' _ e work done by F is gi ,
When a constant force F acts on the block and displaces it by s, then the wor by Fis given by

w=Fs
Example; ’ o
I.  Find the work done against gravity when a body of mass 5kg s moved through a vertical distance of 2m
Selmtlien af
W = Fs = mgs W= 5x9.8x2 =9 . . ‘
2. A man buiiding a wall Iifi 50 bricLs through a vertical distance of 3m. If each brick has a mass of kg,
how much work does the man do against gravity o
Selution |
W=Fs=mgs | W=50x4x98x3=5880) |
3. A body of mass 2kg is moved vertically upwards at a constant speed of Sm/s. Find how much work is
done against gravity in each second
$olution ,
. W =Fs=mgs | W = 2x9.8x5x1 = 98] l T
4. A box is pulled a distance of 8m across a horizontal surface against resistance totaling 7N. If the box
moves with uniform velocity, find the work done against the resistance.
Solution
W = Fs | W = Bx7 | w = 56
5. A horizontal force pulls a body of mass 5kg a distance of 8m across o rough horizontal surface, coefficient s
of friction 0.25. The body moves with uniform velocity, find the work done against friction
Solation
W = uRs | W =0.25x5x9.8x8 | w = 98|
6. A block of mass 5kg is released from rest on a smooth plane inclined ot .an angle of 30° to the horizontal
and slides through 10m. Find the work done by the gravitation force.
Selution
- = W = mgsin30xd n
msm?fi— s g W = 10x5x9.815in30 = 245.25] ;
7. A rough surface is inclined at tan™? (214) to the horizontal. A body of mass 5kg lies on the surface and is

pulled at a uniform speed a distance of 75¢m up the surface by o force acting along a line of greatest
slope. The coefficient of friction between the body and the surface is =
) Woark done against gravity 2

Find:
& Work done against friction

Selution
Vg = un;%cosﬂd
= 13 %555 ¥9.81cos16.3 = 147V
, b) Work done against gravity
6 =tan™? (;) =16.3° W = mgsin 8xd {

a) Work done against friction

W =uRd Buk R =mgcosd

Enercite 17A
%. Find the work done against gravity when o bady
of mass 1k Is roised through a vertical distance of
am. An(29.4))

SRS v | S5

| 75
W = 5x9.81sin16.3x — = 10.35/
Sinl6.3x 100

Fi por®
ind the work done against grcv‘itvwhg”‘ﬂ-

of mass 8okg ¢f imbs a vertical distance of
Al(lutﬂl)

fi= T Mambme A e T et
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A body of mass 200g is moved vertically upwards at
o constant speed of 2m/s. Find how much work i
done against gravity in each second An(3.92))

. A bedy of mass 10kg is pulled a distance of 20m

ocross o horizontal surfoce against resistance
totaling 40N. If the body moves with a uniferm
velocity. find the work done ogaoinst the
resistonce An(800])

A herizental force pulls a bedy of mass 3kg a
distance of 20m across a rough herizental surface,

coefficient of friction % The body moves with a

uniform velocity and the only resitance is that due
to friction. Find the work done. An(168])

A horizontal force drags a bedy of mass 4kg a

distance of 10m across a rough horizontal floor at
a constant speed. The work done against friction
is 49). Find the coefficient of friction between the
boedy and the surface. An{0.125)

A block of mass 15kg rests on o smooth plane
inclined at an angle of 30° to the horizontal. The
block is pulled at @ uniform speed a distance of
10m up the line of greatest slope. Find the work
done by the gravitation force. An(735])

A surface is inclined at tan™! G) to the horizontal. A

body of mass 50kqg lies on the surface and is pulled
at a uniform speed a distance of 5m up the line of
greatest slope against a resistance totaling to 50N.
Find;
a) Work done against gravity
b) Work done against friction
An(1470], 250))

A rough surface i inclined at tan™? (;5;) to the

horizontal. A body of mass 130kg lies on the:
surfoce and is pulled ot a uniform speed a
distance of 50m up the surface by a force acting
along a line of greatest slope. The coefficient of

friction between the body and the surface is -27-
Find;
a) The frictional force acting

WORK-ENERGCY THEOREM

b) Work done against friction
¢) Work: done against gravity
An(336], 16800]), 24300])

10. A rough surface is inclined at 30" to the

horizontal. A body of mass 100kg lies on the
surface and is pulled at a uniform speed a
distance of 20m up the surface by @ force acting
along a line of greatest slope. The coefficient of
friction between the body and the surface is 0.1,
Find;

a) Work done against friction

b) Work done against grovity

An(1700], 9800])

13
11. A roughsurface is inclined at tan™? (;) to the

horizontal. A body of mass 50kg lies on the surface
and is pulled at a uniform speed a distance of 1I5m
up the surface by a force ading along a line of
greatest slope. The coefficient of friction between

the body ond the surface is § Find the total work
done on the body. An(6370])

12. A rough surface is inclined ot an angle Oto the

horizontal. A body of mass mkg lies on the surface
and is pulled at a uniform speed a distance of x
meters up the surface by a force acting along a line
of greotest slope, The coefficient of friction between
the body ond the surface is p- Show that the total
work done on the body is mgx(sinf 4 ucosd)

. A particle of mass 15 kg is pulled up @ smooth

slope by a light inextensible string parallel to the
slope. The slope is 105 m leng and inclined

of sin~! G) to the horizontal. The accelerction

of the particle is 0.98ms 2. Determine the:
(o) tension in the string.
(b) weork done against gravity when the
particle reaches the end of the slope.
UNEB 2018 No.4 An(98.7N, 832])

It states that the work done by the net force acting on a body is equal to the change in its kinetic energy.
Consider a body of mass m accelerated from velocity, u by a constant force, F so that in a distance, s it

gains velocity v
. vi-u?
a= o : b [1]
m(vz—uz)
25

resultont force F = ma =
But work done = Fxs

Exemples

233

W = m(uz_HZ)S _ m(vi-u?)
25 2

1 2_1 2
W= MU = —mu work-energy theorem,
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A ond B are two points 4m apart on a smooth horizontal surface. A body of mass 2keg is initially
A.und is pushed by a force of constant magnitude acting in the direction from A to B. The body * rey @
with speed of 4m/s. Find the magnitude of the force. (t3ch, B

Selution ]
i = ul 42 —- 02 . 1
a = = = = ==X 2
s oxd 2ms Fx4 = 5 xZx(4? — (?)
F =ma=2x2 = 4N F=4N
ARernatively s W = %m vi= %muz
- 9.
A car mass 1000kg moving at 50ms™ skid to rest in 4s under a constant retardation. Calculate the
magnitude of the work done by the force of friction
Selation
a) Wsingv =u+ at $=ut+ Yat? ARermatively
0 =50+ 4a S =50x4+ Yox — 12.5x4% 1 .1
a=—12.5m/s? S = 100m W=gmv’ —omy?
Fﬁc‘\‘iignul force = ma W= Fx§ = 12500x100 W= Zx1000x502 -2 x100p,g2
= 1000x — 12.= 12500N = 6 € 2
| Work done = 1.25x10°) Work dofié = 125210 .
A constant force pushes a mass of 4kg in a straight line ocross a smooth horizontal surface. The body pasges
through a point A with o speed of 5Sm/s and then through a point B with a speed of Bm/s. B is 6m form A,
Find the mognitude of the force acting on the mass.
Solutiom
a_v'2“u2_82—52 395md-2 F =ma=4x3.25= 13N Fxt = Ly (82 - 51
2xs  2x6 oo OR W =1mp? — 1my? S g e =5)
2 z F=13N
A body of mass 4kg is moving with an initial velocity of 5Sm/s on a plane. The kinetic energy of the body
reduced by 16} in o distance of 40m. Find the deceleration of the body. Uneb 2018
Solutlen
1 1 2 = = - -2
— —o1? — = g2 v: =17 , a=-0.1ms
W %m” 2 M _vi—u? 1752
16 = Sx4x(5% — v?) T T 20

A body of mass 5kg moves in a stroight line across a horizontal surface against a constant resistance of
magnitude 10N. The body passes through point A and then comes to rest ot point B, 9m from A. Find the

speed of the body when it is at A

Selution
F=ma 0? = u? + 2x — 2x9 1.5 o
- = Zx5x(u? -0
—10 = Sa w = Gmis=" 10x9 _sz;c(u1 )
a = -2ms? OR» W =-mv? - %mu2 u = bms”
2 "

2 2
ve=u +.2as
. A body of mass 5kyg slides over a rough horizontal surface. In sliding 5m, the speed of the body decrease
from 8m/s to 6m/s, find

() Frictional force (i) Coefficient of friction

Soimtion
1 1 = ] 2 _ p2 ‘ _
W = —mv? — —mu? €4 “R a= 6 8 = —2.Bm§ :
£ 2 = —=0286 2x5 W
FxS = 1151(32 — 67) B =598~ ' F = ma = 5x28=1
27" | ARernctively v’ = u? + 2as
F=14N
A bullet of mass 159 is fired towards a fixed wooden block and enters the block when travelling
horizontally at 400m/s. It comes to rest after penetrating a distance of 25cm. find the
(D work done against resistance of the wood (i) Magnitude of the resistance
Salmtiam
234
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u’ = ':“ll"

()

-

L@
~ —mu
I

1
W = ;—,\U.Olﬂ.\'[-ﬂm“‘ - 0%) = 1200/

W = s
1200 = F25
)= ABDON

(0

A particle of mass 2lxg is released from rest and falls freely under gravity. Find its speed when It hes {allen

a distance of 1I0m
$olution

1 1
W= ;m:"’ - Zmu?

. L
2 2x9.8x10 = E.\Z.\‘(ts‘ -0%)
A particle of mass Skg folls vertically against a constant resistance. The pa

P 1Am/s

rticle passes through two polnts

A and B 2.5m apart with A above B, Its speed is 2m/s when pasing through A and emifs when passing.

through B. Find the magnitude of the resistance
Selution

1 1
W=-= m,z —=—mu?
2 2™

Incline planei

1 .
l (5g - R)x25= ExSx(ﬁ"' -2%) ‘

R = 17N

A rough slope of length 5m s inclined at angle of 30" to the horizontal. A body of mas 2kg Is released from
rest ot the top of the slope and travels down the slope ogalnst a constant resistance. The body reoches the

bottom of the slope with speed of 2mfs, find the magnitu

solution

de of the resistance

1
W= %m—uz - -irnuz

1
(2gsinf — R)xS = Exe-(Zz - 0%
R=9N

A car of mass 1600kg slides down @ hill of slope 1in 25. When the cor descends 200m along at the hill, its

speed increases from 3ms~! to 10ms~ L. Calculate
(i) The change in the total kinetic energy

(i) Average value of resistance to motion UNEB 1992, No.6

$olution
0] Ak.e = %mvz —‘-;-mu2
1 .
= E-xlﬁDO(lUZ — 32y = 72,800/
= R ;
E i Rin0=5z
. 16004gcose
v? = u® + 2as
0z — 22
as= }—q——-— = 0.228ms™?
2x200
Exercite 17B

w

A carton of mass 0.4kg is thrown across G table with
a velocity of 25m/s. The resistance of thg'tnble to its
motion is 50N. How far will it travel before coming
to rest. What must be the resistance if it travels only
2m. An(2.5m, 62. 5N)

A and B are two points 3m apart ona smooth 4,
horizontal surface. A body of mass kg is initially ot
rest at A and is pushed towards B with a constont
force of 9N. find the speed of the body when it

reaches B. An{3ms ')

235

using F =ma
1600g sinf = R, = 1600a

, 1
Ry = 1600x9.8x5§— 1600x0.228 = 262.4N

‘ 1 1
OR W= -z-mvz —‘l-muz

1
(1600gsing — R)x200 = Exleoouoz —32)
R = 263.2N |

A constant force of magnitude 8N pushes a body of
mass 4kg in a straight line across a smooth harizontal
surface. The body passes through a point A with a
speed of 4m/s and then through a point B 5m form
A. find the speed of the body ot B« An{3ms_!)

A pc’:rticle of mass 100g moves in o straight Ii;e
across a horizontal surface against a resistonce of
constant magnitude, The particle passes through

a pt?int A with o speed of 7m/s ond then through

B with a speed of 3m/s, B being 2m form A. find
the magnitude off the résistance. An(1N) :

/PTU?E:“--—-._
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10,

1.

12.

14,

16.

A and B are two points 15m apart in the same )
vertical line, with A above B, A body of mass 5kg is
released form rest at A and falls vertically against @
constant resistance of 25N, Find the speed of the
body when it passes B. An{12ms~')

A particle of muass 6kg is released from rest and falls
freely under gravity. Find its speed when it has
fallen a distance of 90m An{42m/s)

A particle of mass 6kg is released from rest and falls
freely under gravity: Find the distance it has fallen
when its speed is 7m/s Am(2. 5m)

A body of mass 3kg is projected vertically upwards
from @ point A with speed 4m/s. The body passes
through-a point B 5m below A. Find the speed of
the body ot B. An(10.7m/s)

. A body of mass 10kg is projected vertically upwards

from o point A with speed 4m/s. The body reaches
its highest point and then falls, passing through a
point B 5m below A. find the speed of the body at
B. An{10.7m/5)

A particle of mass 2kg falls vertically against a
constant resistance of 14N. The particle passes
through two points A and B with a speed of 3m/s
and 10m/s respectively. Find the distance AB
An(16.25m)

A bullet of mass 8g is fired towards a fixed wooden
block and enters the block when travelling
herizontally at 300m/s. How far does the bullet
penetrate if the wood provides a constant resistance
of 1800N An(20cn)

A bullet of mass 50g travelling horizontally at
100ms™ strikes as stationary block of wood and
coming to rests through a distance of 5m. Calculate
the average resistance of the block to the motion
of the bullets. An[50N]

A bullet of mass 50g travelling horizontally at
500ms™ strikes as stationary block of wood and ofter
travelling 10cm, it emerges from the block travelling
at 100ms™. Calculate the average resistance of the
block to the motion of the bullets AII[GGOQON]
A bullet of mass 20g travelling horizontally at 210ms-
strikes as stationary block of wood of thickness 0.lm
and emerges from the block travelling ot 50ms™,
Calculate the average resistance of the block to the
motion of the bullets An[4160N]

A smooth slope is inclined at tan™! G) to the

horizontal. A block of mass akg is released from
rest ot the top of the slope and tvels down the
slope, reaching the bottom of the slope with speed
of 78m/s, find the length if the slope An(4. 17m)
Point A s situoted ot the bottorn of g smooth

horizontal. A body is projected f-orm A With o
speed of 14m/s along and up a line of greet -
and the body first comes to rest at @ poing A,
Find the distance AB An(ufrrl) ‘
A rough slope of length 10m is 1nc||r1ed ot angh
of tan™? (z_) to the horizontal. A block of mey

50kg is released from rest at the top of the s o
and travels down the slope, reach|ng the bote
of the dope with speed of Bm/s: find the
() magnitude of the frictional force
(i) Work done by the frictional force
(iii) ‘Coefficient of friction
An(134N,1340/,0.342)
Point A is situated at the bottom of a rough
slope of length 10m is inclined at angle of

tan™? C—) to the horizontal. A body is projected

form A with a speed of 14m/s along and up a Jirg
of greatest slope. The coefficient of friction
between the body and the plane is 0.25. The
body first comes to rest a t a point B. Find the.
distance AB An(12. 5m)

Point A is situated at the bottom of a rough
slope of length 10m is inclined at angle of 45° k¢
the horizontal. A body of mass 0.5kg is projectes
form A with a speed of 14m/s along and up a lir
of greatest slope. The coefficient of friction

between the body and the plane is % The body

first comes to rest at point B a distance 4+/2 m
from A, before returning to A find:
() Work done against friction when the
body moves from Ato B
(i) The initial speed of the body
(iii) Work done against friction wher the
body moves from A to B and back to Al
(iv) Speed of the body on return to A
An(8.4/,10.58ms"1,16.8/, 6.69ms™")
20. Point A is situated ot the bottom of a rough
siope inclined at angle of 8 to the horizontal. A
body of mass, mk g is projected form A along &
Upa line of greatest slope. The coefficient of
friction between the body and the plane is #-
body first comes to rest at point B a distance £
_ from A, before returning to A show;
() Work done against friction when the body
moves from A to B and back to A is given ¥
2umgx cosg
(i) The initial speed of the

bogl'y\-/?_gx (sind + pcosd)
(iii) Speed of the body on retum to A M

18.

19,

slope inclined ot angle of tan=? (%) to the

236

V2gx (siné — ucosd)
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5. A car of mass B0Okg is driven along a

POWER
It’s the rate of doing work.

. _ Waork done
P—owerr— — p=Fx 2 o P
Fxd ot =
P= S P = Fxv
Examples

Whot is the average rate at which work must be done in lifting @ mass of 100kg a vertical distance of Sm
in7s

Solution

P= F"Td_ | p— 100x9.8x 5 P = 700W
) . 7
Whjdt is the rate at which work must be done in lifting o mass of 500kg vertically ot a constant speed of
Imi/s

folution
P= -@ ] P= 500x9.8x 3 I P = 14700W
Motien of cars

Consider a car being driven along @ road, the forward or tractive force Fy moves the car is supplied by the

engine working o constant rate of P watts

Work done P= F d P
‘ time =X ¢ Fr= -1_::
P= FT:C d P= FTXV

Numerical examples
A car is driven olong a level road against a constant resistance to motion of 400N. Find the maximum
speed at which the car can move when its engine works at a steady rote of 4kW.
$olution
F=ma ot constant speed a = Oms ™2 4000 00 = mxd
FT - R = me

Power =

v = 10m/s
A car is working ot 5kW and is travelling at.a constant speed of 72km/h. Find the resistance to motion
jolutiom Uneb 2007 Noi6

v = 72km/h = 20m/s 5000 . _
F=ma aotconstant speeda = Oms™ 20
Fr —R =mx0, R = 250N

A cyclist travels along o level road ot a constant speed of 8m/s. If the resistance to motion is- 50N, find the
rate at which the cyclist is working

Selution ., ;
F=ma ot constant speed a = 0ms - 5020
FT—R‘=mID, 8 oo
A car of mass 900kg is driven along a level road against a constant resistance to motion of 300N. with the
engine f car working at steady rate of IZh-W, firjd- _

L0 Acceleration of the car when its speed is 10m/s

()] The maximurm speed of the car

gelution
® F=ma (if) ot moximumspeeda = Oms—2
Fp —R=ma Fr =R = mx0
e 300 =2900a = 300 = mx0
10 a= 1ms-*2 » = 40m/s
jevel road against a constant resistance to motion of 200N, With

; he
i king ot a steady rate of 14kW Find t
the :;gme u::ce‘legr'ation of the car when its speed is 10m/s

237
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(ii) maximum speed at which the car can move -
Selution F=ma at constant speed a = Oms ™2
F =ma Fr— R = mx0
14000 v '
T 200 = 800xa y = 70m/s
a=1.5ms™? with a velacity of 10M/s. The rate at which

A force on @ particle of moss 15kg moves it along @ ;trqight line D e the time it takes o move o
work is done by the force is SOW. If the particle starts from rest. &€
distance of 100m

Solution Uneb 2000 No7 _3 i
Fr = ma a = 0.33ms 100 = 0t + 5x(}.33xtz
1
ﬂ: 15a 5 = ut +§at“ t = 24.51s
10 ‘
. 5 h X
A car of mass 500kg has an engine of maximum power 2.5 h‘:n + i travelling ot its maximum speed of

(a) Cakulate the force resisting the motion of the car w
72km/h on a level road .

(b) If the resistance remains unaltered, find the acceleration
level road with the engine working at the same rate

of the cor when traveling at 36km/h on g

Solution
0] V =72km/h=20m/s R =125N
: F=ma (i) Ffr=R= Bnﬂx(l
o 25
- fi=ma ~ 125 = 500xa
720' — R =500x0 5 = 0.25ms~2
inclined planes

A train of mass 20000kg moves at a constant speed of 72kmh™ up a straight incline against a frictional
force of 128. The incline is such that the train rises vertically one meter for every 100m travelled along the
incline. Calculates the necessary power developed by the train.

solution

2 Fu a = Oms~? constant speed

R 1
—— (20000x98x—— + 128) =0
3 ( X xIOO 28)

P
== = 2088N

20

_ Power= 41760W

A cor of mass 1.5 metric tones moves with a constant speed of 6m/s up a slope of inclination sin " (l)
Given that the engine of the car is working ot @ constant rate of 18kW. Find the resistance to the m;{ion

Fr — (mgSin@ + R,) = ma

Selution :
v
2o L o 1$a 0‘-’°mt0"t speed
o sing =L 00 1
= 1500gcose 7 . (1500x9.81'-7- +R)=10
Fr — (mgSin® + R,) = ma Ry = 900N
A car of mass 800kg with the engine working at a const o .
cgalnit econstant reskEantstomation of 430N, Find t‘jh znt rate of 15kW climbs a hill of inclination 1in.98

(i) Accelerotion of o car up a hill when travellin

(v) Maximum speed of the car up the hil 9withaspeed of tomys _

jeiution
DR = Fr ~ (mgSing
= ing = T — (Mgiing + R;) = ma
= 5. " 800ftose =5 E@ 1)

10 (80019.81-9% +420) = 8004
238
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a=125ms"?
(il Fr— (mgSinB + R,) = ma
— c 2 ' v
a = 0ms™“maximum speed v = 30m/s

4. Acarof mass 1000kg has a maximum spe ; , _ e hing ot 32kW
against a constant resistance. peed of 40m/s on a level road and the engine is working

0) Find the resistance to the motion of the car

(i) Given that the resistance in both cases varies os the speed, find the rate at which the engine
must work for the car to ascend a slope of 1in 98 at a constant speed of 20m/s

15000

1
— {(800; — +420)=0
(800x9.8x 5z )

Selution
0 F =ma ” X = )
Fr — Ry = ma BOO
40 - R] = mx0 p
Ry = BOON Tl 1000g siné — R, = 1000a
(ii) : P 1
—— 10 8x— — 20x20 = 1000x0
255 o = 5p ~ 1000x98x 55 3 x o)
S = — — f
Rig 000gcose i 28

5 Acar I:f mass 1000kg has a maximum speed of 150km/h on a level rough road and the engine is waorking
at 60kW. .
0] Find the coefficient of friction between the car and the road if ail resistance is due to friction
Gi) Given that the troctive force remains unaltered and the non-gravitational resistance in both
coses varies as square of the speed, find the grectest slope on which a speed of 120km/h could
be maintained
Solution Uneb 2003 Noi3b

D) V = 150km/h = 41.67m/s _ 4 “Roiokgvzs
P‘ = ma U.l 1'1 1X3. -
, = . . = 0.8297
 Fp—pR=ma = aen
60000 ‘ u = 120km/h = 33.33m/s
2167 px1000x9.8 = mx0 60000 .
‘ 4= 0.147 a7 1000g.sinf — R; = 1000a

) | 60000
4167

—~1000g sinf — 0.829x(33.33)% = 1000x0
8 = 3.04°

R4y gpO0gcose

6. A car of mass 900kg with the engine working at a constant rate of 7.35RW climbs a hill of inclination 1 in
. i ' i ind the
63 constant resistance to motion. Find the
u?l')ml-gte:i’stcnce to motion when the car is travelling with a constant speed of 15m/s
(i) Moximum speed of the car when travelling down the same slope with the engine working at the
same rate as before and the resistance to motion unchanged.

l-(l:;ll.n 2, =250
(i) F-]' + (mgSine - Rl) = ma
a = Oms™?maximum speed
7350+ (900x9.8 ! 3
- x9Bx — — =
Fr— (mgSin@ + Ry) =ma D x & 50) =0
7350 - 1 — 900x0 v = 35m/s
 — (900x9.8x g7+ Ry) = 300X
15 irne which works at @ constant rate of 2H kW. The car has a constant

T ‘mhg has an eng
A car of mass mkg 1l roath

spée(d ;fF\_)r:;[.s- T::ni,ao??:z:{nu and @ the acceleration o; the car when travelling
a) Find in Lo y . =i
@  Up aroadof indination & with o speed of 2/, V ms
239
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-1 the resistance t0 the motion of the

3 ms
(i) Down the same road with a speed of /s V- ' contant .
car apart from the gravitational force; b_e!n_g 5 above, find the angle oof inclination g p
(b) If the acceleration in 0/9ii/0 above is 3 times that of ali . L
of the raod above, who that its maximum speed is
(<) If the car continues directly up the road, incase a(D ’
12/13 Vms ! Unehk 2004 Not3 it 5
. 2000H—3mug sinf . - _ 4000H+ 3mvg STC I
An (l) a= Py (li) a= Iy 1‘
¥
Exercite 17€C , ) : the rate of workin
%. A man of mass 75kg climbs 300m in 30 minutes. (i With the reﬂ's-t-a: :f\: ;dcxim‘um speed the °
- . ' unchanged, fin o e lo s aanis e
At what rate is he working An[125W] cyclist con oscend @ slope of inclination 1in 15 ! A
2. A crane lifts an iron girder of mass 400kg at o An(10m/s, am/1) Ve
¥ =] H - ' 1
steady spe :d of‘lno[::g:‘t‘;;hat rate isthe g0, A car of mass 900kg moves on @ Ietuel road at
- t:;:;n; w:l: o r output of a cyclist moving o MGKITWrS spe:i of demis eqainst & coman
is the power outp istonce of 350N.
at a steady speed of 5.0ms” along a level road 'r:smtaFind the rate at which the engine is working
e, | § i o
4. A caris driven along a level road against a unchanged, fin e maxi eed
constant resistance to motion of 400N. Find the car can ascend a slope of inclination 1in 18
maximum speed at which the car can move when An{16.80W, 20m/3)
Jf:’ engme ?:]O'hs at o steady rate of 8.8kW h1. A car of mass 100 metric tones moves with a
3 w'}:[c:t ] ﬂ: : . doohich @ car can _constant speed of 654km/h up a slope of
. is the maximum speed whi

travel along road when its engine is developing
24kW and there is a resistance to motion of BOON
An[zoms™]

8. A car is working at 14kW and is travelling ot
constant speed of 75m/s along a level road.
Find the resistance to motion An[400N]

7= A car of mass 1000ka is driven along o level

road against a constant resistance to motion
of 200N. with the engine f car working at
steady rate of 8kW, find
(0 Acceleration of the car when its speed is
5ms
(i The maximum speed of the car
An(1.4m/s", 40m/s)

® A train of mass 100 tonnes has on engine of
maximum power 60kW.

(a) Colculate the force resisting the motion of
the car when it is travelling at its maximum
speed of 108km/h on a level road

(b) If the resistance remains unaltered, find
the acceleration of the car when traveling
at 54km/h on a level road with the engine
working at the some rote An(2000N,
©0.02m/y") =

9. A cyclist of mass 75kg moves on a level road
and working ot a rate of 210W against o
constant resistance of 21 N.

() Find the maximum speed that the cyclist

can attain

inclination sin™? (;15) Given that the engine of

the car is working ot @ constant rate of 369kRW.
Find the resistance to the motion An[35000N]

12. A man of mass 70ka rides a bicycle of mass 15kg
at a steady speed of 4,0ms™ up a road which rises:
1.0m fro every 20m of its length. What power is
the cyclist developing if there is @ constant
resistance to motion of 20N« An[230W1]

13. A lorry of mass 2000kg moving at 10m/s ona
horizontal surface is brought to rest in a
distance of 12.5m by the brakes being applied.

(o) Calculate the average retarding force

(b) What power must the engine produce if the

lorry is to travel up a hill of tin 10 ot a
cor_lstunt speed of 10m/s, frictional resistance
being 200N. An[s000ON, 22000W)

14. A car of mass 2 tones moves from rest down. A road

P 1 i
of inclination sin™ ('z—.u) to the horizontal. Given that
the‘en;glne develops a power of 64.8kW when it i |

Erawe lling at o speed of 54kmh™ and the resistance 8

motion is 500N, find the acceleration. Am[2.4m/t}

18 A car is driven ot a uniform speed of 4gkmh”

;‘lp @ smacth incline of 1 in 8. If the total mass of
he I(:t:ur 's 800kg and the resistance are
Eeg ec;.ed calculate the pawer at which the car
L. WW"( ing. An[1.31x10"'W)
4 ;E: “'}ti engine working ot a constant rate of
R @ car of mass B00kg can descend @

240
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i o

U = -
Jope of 56 at stead

“"" mﬁeﬁﬁwnt;(ﬁ the resi : eedthat wrstmresémefor.ceo_fl.oeohl. The lorry

X, motion remaini sc:me‘ to ascends a slope of inclination & to the )

h e ucte of the rome heough & Find horizontal, If the maximurn speed of the lorry is
the mogn - resstance mthe o . : i P
1 scent An[420M, T7.Sm/s] peed 20ms>. ol of £ Umeb 2077 NeS.

g7, The engine of a lory of mass 5,000kg i .

working at o steady rote of 350BW against o

\ PUMP RAISING AND EJECTING WATER.
"\‘ Consider o pump which & used to raise water from a source and then eject it at o given speed.
The work done per second gives the rate (power) at which the pump is working.
work done per second = P_E given to water per second + K. E given ta water per second|
| '
5., i, A pump rases water through a height of 3.0m ot o rate of 300kg per minute and delivers & with
*'fw velocity of 8.0ms . Cakulate the power output of the pump

A

Selstion

:q. Power = P.E given to water per second + K. E given to water per second
- 7
M~| work done per second = (mass per secondxg xh) + (E xmass per seccm_dxuz)

' 300 1 300
e, work done per second = (?619.81;:3) + (Exﬁx(s)z)
- work done per second = 310] :
sy, 2 Apumpdrows 6m>of woter of density 1000kgm = from a well 9m below the ground in every minute,

- and Esues t ot a speed of 12 ms . Find the rate at which the pump is working

By Selution
ki power = P.E given to water per second + K.E given to water per second

| 1
et work done per second = (mass per secondxgxh) + (Emass per secondxvz)
pp 7

6 , 1 b6 ‘
L work done per second = (—x1000x9.8x9) + (—x — x1000x’122)
e 60 2 60
Power = 16020W

b

3, A pump raises 2mi>of water through a vestical distance of 10m in ene and half minutes, and discharges
ﬂ ‘ i ct o speed of 26m/s. Show that the power developed is approximately 225\, Uneld 2005 Noila

4 08 Solmtion

2" Power = P.E given to water per second + K_E given to water per second
‘ | 1
-”: Power = (mass per secondxgxh) + (5 xmass per.secand_-xvz)
y _ _ 2x1000 1 2x1000 .
s Powerwork done per second = ( = 1'9_8110) + (E x2S )
;’J Power = 2247.22W = 2.25kW
M ' 4 A pump drows 3.6m°of woter of density 1000kgm ™2 from a well 5m below the ground in every
}’" m-urwjmuesﬁdgmund level ra pipe of ooss—sectional area 40cm?2. Find
=7 ’ @  Thespeed with which woter leaves the pipe
fﬁ" - (i) Tl“lerateutwhﬂthemmp‘ﬁwo«:hmg
b"" @in) if the pump s only 80% efficient, find the rate at which &t must work
i (v) Find the power wasted
"- : $eiskion -
#-rf'- i volume per second = areax velocity
s 3.6 »
T 60 _1
&4 p=15ms - 16
#5 ) Mass per second = volume per second xp =—-x1000 = 60kgs !
d / 241
j |
nf A
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second + K. E given to water per second
per Se E

.l oy 4
econdxgxh) + (E XAass

1 2
—x60x15 )
(2"

. » _ iven to water
work done per second = P.E given to per secondxvz)

work done per second = (mass per s

work done per second = (60x9.81x5) +

Power = 9693W
power outpul ¥100%

i) Efficiency = sawer npul
9693 o
BO% = e — x1002/;W
ower input = 12116. .
iv) gower w:;tedz power qutput - power ;;}put
Power wasted= 12116.25 — 9693 = 2423.25
EXERCISE: 17D . . .
A pump with a power output of 600W roises water the rate at which the pump i working
from a lake a height of 3.0m and delivers it with-a An[4a6W] - 3
velocity of 6.0ms™. What mass of water is removed |7, In every minute a pump draws 2-47_" of \'Huter
from the lake in one minute An[7500kg] from @ well 5m below grcgund,.and ISSUQS_lt ot
In every minute a machine pumps 300kg of water ground level through a pipe of cross-sectional
along a horizontal hose from rest ot one end to eject are 50¢m?, Find the
at a speed of 4m/s at the other. Find the average (i) Speed with which the water leaves the
rate at which the machine is working An[40W] pipe
3. Inevery minutea pump draws 6m? of water from (i) Rote at which the pump is working, if its
a well and issues it at o speed of 5m/s from a only 75% efficient An[8m/3, 3.24RW]
nozzle situated 4m above the level from which the [8. In each minute a pump working at 3.48kRW
water was drawn. Find the average rate:at which raises 1.5m° of water from an underground
the pump is working An[5.1ThW] tank and issues it from the end of a pipe
4. Inevery minute a pump draws 5m3 of water from situated at ground level. The water leaues the
a well and issues it at a speed of 6m/s from o pipe with a speed 10m/s and the pump is 50%.
nozzle situated 6m above the level from which the Find ,
woter was drawn. Find the average rate at which () The area of cross-section of the pipe
the pump is working An[6.4kW] (i) The depth below ground level from which
5. A pump draws water from a tank and issues it the water is drawn An[25¢m”, 2m]
ata speeFI of 8am/s from t?e fand of a pipe of 9. In each minute a pump working ot 825W
cross-sectional are 0.01m”, situated a 10m draws 0.3m? of water from a well and issues
git::ive the level from which the water is drawn. t?nl:::huﬂr:ozzletsituoted 5m above the level from
he , .
(i) The mass of water issued from the pipe in 60%. Fincl\iucx er wos drawn, If the pump s
each second i ; . . _
(i) Rate at which the pump is working ® :j:,itiﬂOClty with which water was
6 A An[30kg, 10.4EW] ‘ _ (i) The area of cross-section of the nozzle
. A pump :m;us wc;tef: fron:lm.. a t_cu;h ;:nd Issues it An[10m/s, Sem™]
at a speed of 10m/s from the end of a pipe of 10. A ises 7 " —_—
cross-sectional are 5¢m?, situated a 4m above ofg;rqpir:c::?ezshg Of‘rwater a vertical distance
the level from which the water is drawn. Find hich the ones fmd_ the average rote at
which the pump is working, Am
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CHAPTER s, LINEAR MOMENTUM
body and its velocity

Mmonetum = mass x velocity

This is the product of mass of g

Ceolllsions
Cose 1

nsider two bodi ith be
Consi odies A and B with body A having a mass of M,,, initial velocity U, . and body B having

a mass of Mp, initial veloc e !
velocity Vg ’ ocity Us, after collision body A has a final velocity V,; and bedy B has a final

%Uﬂ + MplUp = MV, + MpVp|

1
2

. 1 1 1 ,
! = |= 2 2 /
ossink.e (.ZMAUA +5MUp )—(EMAVAZ + ‘MBVBZ)

-

Case 2
Consider two bodies A and B with body A having a mass of M,, initial velocity U, , and bady B having

a mass of Mg, initial velocity Ug, after collision body A and bedy B stick together and move with a
common velocity V.

lMA'UA +MBUB = (MA +M3M

o 1 1 2
loss in k.e=E(MﬁUA +MBUB)—§(MA + MgV

Examples
Atrolley of mass 3kg travelling at o velocity of 4m/s collide with another trolley of mass kg which is at
rest . At what velocity do the two bodies move together after collision

$elmtion
=4m/s  ug =Qm/ _ v (3x4) + (1x0) = (3 + 1914
() 12 =4V
) Before collision After collision 12
V = T = 3ms~

MU, + MUy = (My + M)V
An object of mass 10kg collides with a stationery object of mass 5kg. If the objects stick together and
move forward with a velocity of 4m/s. What was original velocity of the moving object?

Solution |
(10xU,) + (5x0) = (10 + 5)4

= Be =0/ ~4m/s
@ 10U, = 150x4
After collision __ B0O 60?11/.9

Before collision Uy = ?}_ =

1

MyU, + MglUp = (My + Ms)V -
N A Tfu o bo gj ef of ngasﬁes zoc}:hg and 100kg travel towards each other with velocities of 20m/s and 25m/s

respectively and join to form one body on collision. Find the comimon velocity.

Solation -
Before impact er impact
ug,foosh 20Gkg (1 00ks
' : = (Ma +Mp)V V = Sms™?
e e 3(200 + 100)v Commen velocity is Sms™*

—-25)=
(200x20) + (100x ) o horizontaly at 80m/s hits ablock of wood of mass 10kg resting on a smooth

og travellin . ‘ . - "
:01;:;2?; ::;f ;1:;: sif?;h o bullet emerges with @ speed of 50m/s, ifnd the speed with which the biock moves

$elution Uneb 2016 Ne 8
MqUs + MgUp =

MuVa + MpVs \ v=015m/s
0.05x80 +10x0 =

0.05x50 + 10xv
243
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8. A particle of mass 2kg moving with a speed 10m/s

. ions. Find the loss in linectic .
after impact. the particle move with the some speed but in opposite direction: Fin enerm;

o 1e of mass 7kg. Imm
collides with a stationary porticle o — "(.5:0

Umel 2607 Ne 4

$elution 1 , 1 ,
MAUA +M§UH =MAVA +M3V5 k_eaf[er:ixzx4 +§I7X~4 =72
2x10 + 7x0 = 2x — v+ 7xv ’053'.”"'8:___100__72:28].

v="4mys
1 1
k.e before = ix?_xloz -1-‘2—.1'-‘:'3r02 = 100]

6. Two particles ore moving towards each other along o straight line.
moving with a velocity 4m/s and then the second hass o mass of 0.4kg

The first porticle hasss a mass of 0.2kg anc
moving with a velodity of 3m/s. on E

collision, the first particle reverses its direction and movees with o velocity of 2.5m/s. find the percentage loss i bllllet

kinecti energy Unels 1987 NG | igom/’ |

$elution g sy

. = ' & v befome

ua g @ " @ . with wh

' Belore |l;npacl After impact ".(3'|

; t

Maly + Mgy = MV, + My, e ooz 4 Logacpgse 1 A2R°

0.2 +AD.I;.1' i 3& =u 0.2x4— 3.5 N 0.4iv k.eafter = 5 x0.2x( 2.5)— + 5 x0.4x0.25 olides &

v'=0.25m/s = 06375/ -~ gms" 0

= 2 4 1 ((—3)% =3 Woloss ink.e =wﬂﬂﬂ%=£6—2' complet

k.e before = 510.2,1'4 + 2 x0.4x(—=3)" = 34/ il : 32 33 pinetic ¢

= B1.25% y Apartic

8. A bullet of moss 20g is fired into a block of wood of mass 400g lying en a smeoth horizontal surface. If smooth
the bullet and the wood move together with the speed of 20mis. Calculate

m The speed with which the bullet hits the wood of moss

(i)  The kinetic eneray lost speed v

Solution collision

20m/s = The original velocity of the bullet was a20miis speed ¢

ug =0m/

@ Initial &, = Lh0,103 L My Uz hietic
Before collision After collision liom/

1 ‘ 1 .
_ koe;= = v 0.02x 420° + —x04x0% = 17 L
By the law of conservation of momentum T2 e 2 x0:4x0 1764/ Twio b

MU,y + Mplly = (M, + M)V Final k.g = < (M, + Ma)V? '“Wil:
(0:02xU,) + (0.4x0) = (0.02 + 0.4)x20 X _ ! Ao v _ 'e"PE
0,020, = 04220 Llne "(3'02 + 0.04)x(20)° = 84/ direct;

= 3% _ 472 ostIn kinetic energy = k., - k.e il
U= g = 420m/s ~ 64 = 54 =t 168(;] i
Gun and a bulle? '

When a bullet of mass M,, is fired with @ muzzle velocity of V), from @ gun of mass My, the gun jerks H TWQ ‘
back ward with a recoil velocity of Moy
MH ‘{9 = Mh Vh
1. A bullet of mass 15g is fired from a rifle of mass 3kg with o muzzle vel i B"ﬂ
velocity of the rifle. velocity of 100m/s. Find the recoll b'\ls
inluklon - jiy;
MV, = MV, 15 . hi

a‘a 24" V== = Py
3V, = 15 x 107%x100 4=y =0ontfs y Sl

2. A gun of mass 3000kg fires horizontally o shell ot an Initial velocit .'A"h
brought to rest by a constant opposing farce of 9000N In 2 SQcof-\ : ::igou?rls. If the recoll of the gun is 'hq:

' Uy
244 u::
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@ @ initial velocity of the recail gun
gl?) mass of the shell
(i Gain in kinetic energ f th
®) E?) diplocement ofthe - :.1;5; of the shell just after firing
saiuiion ") work done against the opposing force
(@)() F = ma M, = 60k
—9000 = 3000a e g 1 22 2
Q= —3mg-2 (iii) Gainin ke= EM”V" = ;.1'60’300
_ = 2.7x10%]
v=u+ at '
0=u-3x2 ®) () v*=u’+2as
u=6m/s 0= &7 = Beds
() MgV, = Myb, 8 =G

3000x6 = M,x300
Exnercise; 18

1. Abullet of mass 0.1kg travelling horizontally at
420m/s hits a block of wood of mass 2kg resting
on o smooth horizontal plane. If the bullet
becomes embedded on the block, find the speed
with which the block moves after impact.
An(20m/s)

2. A 2kg object moving with a velocity of 8m/s
collides with a 3kg object moving with a velocity
&ms™ along the same direction. If the collision is
completely inelastic, calculate the decrease in
kinetic energy collision. An [2.4]]

3. A particle A of mass 150g lies at rest in a
smooth horizontal surface. A second particle B
of mass 100g is projected along the surface with
speed um/s and collides directly with A. on
collision the masses coalesce and move on with
speed 4m/s. Find the value of u an the less in
kinetic energy of the system during impact An
[vom/s, 3]]

| 4. Two bodies A and B of moss 2ka and 4kg

‘ moving with velocities of 8mj/sand 5m/s
respectively collide and move on in the same
direction. Object A's new velocity is 6rm/s.

i. Find the velocity of B after collision
i Calculate the percentage loss in Rinetic
energ*y_ Aﬂ(‘ml‘, s'”qf)

5. Two smooth sphere A ond B of equql radii and
masses 3kq and 1.5kg respectively are travelling
along the same horizontal line in opposite
direction. The speeds of A and B are smis and
2m/s respectively. The sphere “?“‘ide and aft?rh
collision B reverses its direction and moves wit
a speed of am/s. Find the velocity of A ofter
collision, Am(3m/s) I

M. A bullet of moss 20g  fired from a rifle ha
mass 2.5k g. The bullet leaves the gun wit :
UElbcitv of s500m/s. Find the recoil velocity @
the rifle. Am(4ma/s)

(ii) w = Fs = 9000x6 = 54,000]

Two smoocth spheres A and B of equal radii and
masses 180g and 100g respectively are
travelling along the same horizontal line. The
initial speeds of A and B are 2m/s and ém/s
respectively. The spheres collide and after
collision both spheres reverse their directions
and B moves with o speed of 3m/s: Find the
speed of A after collision and loss in kinetic
eneray-of the system. An(3m/s, 0.9))

A particle of mass 2kg moving with speed

1oms™ collides with a stationary particle of mass

7ka. Immediately ofter impact the particles
move with the same speeds but in opposite
directions. Find the lass in kinetic energy during
collision.  An(28))

Two identical rail way trucks are travelling in.

the same direction along the same straight

piece of track with constant speeds of 6m/s and
2m/s. The faster truck catches up with the other
one and on collision, the two trucks couple
together, Find the common speed of the trucks
after collision An(8m/s)

A 2kg object moving with a velocity of 6ms™

callides with astotionary object of mass 1kg. If

the collision is perfectly elastic, calculate the
velocity of each-object after collision.

An[2ms”, smy™]

10. A van of mass of mass 1200kg and a lorry of
mass. 3200 kg collide. Just before the crash
they are moving directly towards each other
and each has a speed of 12m/s. Immediately
dgfter the crash they move withthe same
velocity. Find the loss in kinetic energy.
An(231,000))

12. A bullet of mass Skg is fired from a rifle of

mass 2000kg. The bullet leaves the gun with a

velocity of 400mi/s. Find the recoil veloci
the rifle.. Am(im/e) ty of

-
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CHAPTER 91 PROJECTILE MO ‘I'Iolﬂit moves freely under the
‘This is the motion of a body which after being given an initial velocry

influence of gravity.
TERMS USED IN PROJECTILES

1. Awmgle of projection 0, Angle the initial velocity makes with t-he honzont:lt.) ectie
2. MAXIMUM HEIGHT [GREATEST HEIGHT]. The greatest height (eache 1 by proj -
8. TIME OF FLIGHT [T]. Time taken for a projectile to complete motion.
Netes The time of flight is twice the time to maximum height
4. RANGE [R]. Horizontal distance covered by projectile.
5. MAXIMUM RANGE [R,,..]- The greatest horizontal distance covered.
¢. A TRAJECTORY. A trojectory is a path described by a projectile.

a. An object projected horizontally from a beight abeve the ground

& B = W e i 2) )
v \ vertical motion: u, = 0, @ = g = —9.8ms

Horizontal motion: u, = u, a = 0 y = /zgt e (3) |
5 = ut + %at? v =u+at
x = ut.... (1) By =gt (4) ‘

v =u-+at :
Examples
1. A ball rolks off the edge of a table top 1m high above the floor with a horizontal velocity 1ms™, Find;
i) The time it takes to hit the floor i) The horizontal distance it covered
iii} The velocity when it hits the floor
$slution
4 U=1m/s (ii) x = ut =1x0.4518m = 0.4518m
y=16 <] a™ Y velocity when it hits the ground

1 vy {

e T e Y |
X _ v, =gt =98x04518 = — 4.428m/s

=ims™ 8=0° y=-Im below the point of
projection v= [V2+ V= J(1)? + (—4.428)2
. » f — 1 Vi
(i) vertical motion: y 1//2 gt 2 V= 454ms~1
-1= x—98t Vo r4.428
2 = A 2LY = g1 = 0
—1= — 4932 @ =tan ( x) = fan (—1—-) =773
t= 0.4518s The velocity is 4.5ms ™ at 77.3%o the horizontal

2. A badll is thrown foerward horizontally from the top of a diff with o
above the ground is 45m. calculate
) Time to reoch the ground
ii) Distance from the cliff where the ball hits the ground
iii) Direction of the ball just before it hits the around

velocity of 10m/s, the height of o diff

Solwtion
=—»=U=10m/. ‘ —
= =y i v iv) ll) X = ul = 10x3.03m = 3.03m '
¥=45m” | o velocity when it hits the ground &
T // A A S S ,;Vn Uy =u= 10m/s L

x

Vy =gt =-98x303 = — m/s
vertical motion: y = 1 /2 gt? 29.694m/

~45=1/,x - 9,82 v= /sz + 1

t= 3.03s V' =J(10)?+ (=29.692) = 31,333ms ™
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- oci .
e (; ) = tan” (29.6:)94) =714° The velocity Is 31.333ms ™" at 71.4°to the horizontol
X 1 J
An object is projected harizontally ot 7
(o) the time of flight a speed 20 ms
(c) #s velocity on reaching the ground

“from a height 100 m. Find:
(b) the horizontal range

i Solutiom
i b = U=20m/s Horizontal motion, x = ut = 20x4.52 = 90.4m
- vEreemS \ Find resultant velocity vg

(a) Vertical motion, y =1 /5 gt? ‘ )
—100 = 1/, x — 9.8¢2 vp = /v,? + Y2 = /(2007 + (=32.7)* = 38.3ms

p, = gt = —9.8x4.52 = —32.7m/s

1

—100 = —4.9¢* U, %Y = ran~S (32—7-) = e
t= 4,525 = tam (V;) =tam %0 °8:3
Exerciier 194
1. A pencil is accidentally knocked off the edge of o 1402.5m. the aero plane is moving horizontally
horizontal desktop. The height of the desk is. ‘with a speed of 500kmh ~*. Determine
64.8cm and the pencil hits the floor a harizontal whether the bormb will hit the target. An
I distance of 32.4cm from the edge of the desk, (misses karget by 2347.2m)
What was the sp%f:d of the pencil as it left the b, A projectile is fired horizontally from the top of
desk. An[Q.9m3 ] a diff 250m high. The projectile lands
2. Anaero plane moving herizontally at 150ms™ 1.414x10°m from the bottom of the dliff. Find the
releases.a bomb at a height of 500m. the hits D) Initial speed of the projectile
the intended target. What was the horizontal i) Velocity of the projectile just before it
distance of aero plane from the target when hits the
the bomb was released? An(1500m) ground
3. A bomb is dropped from an aero plane when it An [198m/s, 210m/s ot 19.5"]
is directly above o target at @ height of

b. Objects projected upwards from the ground at an angle to the horizontal
Suppose an object is projected with velacity 1 at an angle 8 from a horizontal ground.

W
Y-axis L C s
Sian ' v
. (2] ma"‘" Vy - i
0= = = X-axis
Horizontally: u = uy, = ucos 8, a=0 v=u+at
v=u+at |y = u’smB—gtl

S=uf+1/2at2

s=ut+ 1/yat? ' :
[x= ucosét] | . Y=usm6t—igtz
Vertically: u = u,, = usin, a=-9= —9.8ms

Examples , 7 - |
1. A Particle is projected with a velodity of 30ms” ot an angle of elevation of 30°. Find

st height i) The time of flight N
D e i) Horizontal range

reached ¥ ! -
i) The velocity and direction of motion at a height of 4m on its way downwards
Selatien _
Vertically: u = ity = usin 8 2=-~g=—98ms2
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at maxheight v =10
v? =u?+ 2as
0% = (30sin30)? — 2x9.8H
H=1147m
at time of flights = 0

1
s=ut— —pt?
1

1
0 = 30sin 30t — §x9.8t2

1 ‘
0= (305in-30 - ixqm) T

Either T'= 0 or
1
30sin 30 — Ex9.8T =0
T = 3.06125

horizontally : 4 = u, = ucos 8 and a =10
s=ut+ 1/2 at?
R = ucos 8xT
R = (30cos 30)x30.0612 = 79.5329m

b
1

it ion; y = usinft — % gt*
For vertical motion ; y = usin
a4 = 30sin30t - % 9.81x t?
4905t —15t +4 =0
= 276sort = 030s

- -
= 1

‘ = ist ( time since
The value of t=0.305 15 the c_errect ;
#'s the smaller value for which the body :
moues upwards. )
= ucosd = 30cos 30 = 25.98m/s :

vy = using — gt |
v, = 305x30 — 9.81x0.30 = 12.06m/s

p= V24 yy? = ./25.982 + 12.06% = 28:64m/s |

. —1 Yy
Direction: a = tan™ " ——

Vy
a = tan~’ ﬂ;: a =24.9° to the horizontal

Velocity is 28.64m/s at 24.9° to horizontal

2. A projectile is fired with a velocity of 320m/s at an angle of 30°to the horizontal. Find |

() time to reach the greatest height

Solukion
Y-axi 320mis 7
OTA@N’//—\

P-axis

i) At max height v=0,
v = usinf — gt

(i) horizontal range :

0 = 320sin30 — 9.81¢t

_ 3205in30 - 1631

“Tos1 77
i) range R = ucos@xT
T=twice time to max height
R= 320c0s30x [2x16.31] = 9039.92m

3. A projectile fired at an angle of 60° above the horizontal strikes a building 30m away at a point 15m
above the point of projection. Find
() Speed of projection
Selutien

i) Horizontal distance at time t: x = ucosft
' 30 = utcos60
60

u
Also vertical distance at any time t

. 1,
y = usinf —‘E-gt

_ ] 60 1 602
15 =‘usm60x? - 519;81 (—-)
15 = 51.9615 — X200

4. A body Is projected ot an angle of 60° above horizontq] and

herizontal and vertical distance moved by the
jaimtieon

- ! e i "
Aoy oy | Adm 8 TE—s i ey = x
mﬂ D Yo B T YIRS A

NS T

s ‘

(i) Velocity when it strikes a building .

u = v477.74 = 21.86m/s [

iifbut sincet =22 = 60 _
) € u 21.86 2.75s

Uy =ucosé = 21.86cos60 = 10.93m/s
Vy =usinf — gt
vy = 21.81sin60 — 9.81x2.75
vy = —B.09m/s

B= sz 5'7

v =110.932 ¥ (=8.09)2 = 13.60m/s

V.
a = tan‘lﬁi = tan™1 8—09— = 36.58°
R 109
Fhe velocity ks 13.60m/s ot 36.58°to the
horizontal

passes through a net ofter10s. Find the

body after it, s Projected ot a speed of 20m/s
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10.

.

- horizontal with a speed u m/s, just clears a vertical

A stone is projected ot ‘an angle of 30° to the
horizortal with a velocity of 6om/s. Taking g =
10ms 2, calculate: |
(0) The time taken for the particle to reach
its maximum height
(b) Maximum height (C) Time taken for flight
(d) Horizontal range. Am[33, 43m, 64, 312m]
A particle is projected o velocity of 25m/s at an
angle of 30° above the horizontal. Find the
horizontal and vertical component of the velocity
2 55 after projection. Hence find the speed and
direction of the motion of the particle at that time
An[21.7m/s, 12m/s, 24.8m/s at 24° below the
eoriezontal]
A particle is projected from an origin O and has an
initial velocity of 30v2m/s ot angle 45° above the
horizontal. Find the herizontal and vertical
component of the displacement 25 after projection.
Hence find the distance of the mation of the
particle ot that time An[60m, 40.4m, 72.3m]
Calculate the range of a projectile which is fired
at an angle of 45° to the horizontal with a
speed of 20m/s . Amn [40.77m]
A particle is projected at an angle a to the

wall 4m high and 10m away from the point of

projection when trovelling horizontally. Find the
angle of projection. An [38.66°] Uneb 1998 No.15
A stone is thrown upwards from level ground

projection that would allow ]the particle to go
; ossible. An [30°
as high as paje cted with a velocity of 200ms™

is pr
> gt:.%d:.:;; of 30° above the horizontal.

ate i :
%Ic_;ine taken to reach the maximum height

() Its velocity after 165 An [10.23, 183m/y ot

19.1%] ,
14. A foot ball is hicked from a point O on a level

football just clears a
ground. 2s later the c

vertical wall of height 2.4m. If Q is 22m from
the wall, Find the velocity with which the ball
i hicked. An [15.6m/s at 45° above the

horizental]

15. A particle is projected from @ level ground in

such o way that its horizontal and vertical
components of velocity are 20ms™ and 10ms”
respectively. Find
(@) Maximum height of the particle
(b) Its horizontal distance from the point of
projection when it returns to the ground
(©) The magnitude and direction of the velocity
on landing An [5.0m, 40m, 22.4m/sat
26.6° below horizontal]

16, A particie is projected form a horizontal plane

qnd h_as an initial velocity of 49m/s at an angle
of 30° above the horizontal. For how long is

the particle at least 19.6m above the level of
the plane. An(3s)

towards avertical pole, 4m high and 30m away [I7. A particle is projected with a speed of 25ms™ at
from the point of projection. It just passes the 30° above the horizontal. Find:
pole in one second. Find Uneb 2002 No.16 (a) Time taken to reach the height point of
) Its initicl speed and angle of projection trojectory '
An [31.29m/1, 16.5°] (b) The magnitude and direction of the
ii) The distance beyond the pole where velocity after 2.05 An [1.253, 22.9m/s
the particle will fall  An [24.47m] @t 19.1° below horizontal]
A particle projected from a poit.on the level 18. A particle i : . .
ground has a horizontal range of 240m and 362?“ :E;;Fg:éegt:t:h:tSMrnls I-::O hlt a p|c;mt :
time of flight of 6s. Find the magnitude and as the point of Projecti Glf__ﬂe orizonta e\fgi
direction of the velocity of projection. (Taking angles of project] jection. Td the two possible
g = 10ms~%) An [30mls, 36.9°] 19, A golfer hit o An(15°,75%)
A particie is projected with a velocity of 30mys to land ot 22! Pall at 30m/s and wishes it
ot an angle of 40° above the horizontal plane horizont I?ment 5m away, on the some
find ; . fwo ?b evel as the starting point. Find the
@) The time for which the particle is in the qir An ‘1"’55' ole ongles of projection.
b) The horizontal distance it travels - bo (4.7 75, 3°)

An [3.95, 22.5m/s] ,
A particle is projected from ground level with
on initial speed of 28m/s and during the course
of motion & must not go higher than 1om
above the ground level. Find the angle of

'k

gy .‘,J’%m '&ﬁ'? i ,.u‘L

ol

A hammer thr,
own in athletic ’
metal sphere of hletics consists of a

ass 7.26kg with o wire handle
?ntt: EZZd'-the mass of which can be negl
velocit Q'".Clttempt it is thrown with an initial
¥ which makas an angle of 45° with the

”
oo = o
THAC LRl
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' herizontal and its fligh i

2 assumptions find: ant takes 4.00, *toting any

E M Tl_me huorizontul distance travelled

= (i) Kmetlc' energy of the sphere just 'bef

! it strikes the ground Am [80.0m e

; 2.90x10")] . |

.L. 2 Astone thrown upwards at an angle 0 to the

horizontal with speed ums™ just clears a vertical

wall 4m high and 10m from the point of
projection when travelling herizontally, Find
the angle of projection An[38.66°%]

22. A porticle is projected from a horizontal ground
and has an initial speed of 35m/s. When the ball
is travelling horizontally, it strikes o vertical wall
If the wall is 25m form the point of projection, ‘

24,

find the two possible angles f projection
An(11.8°,78.2°)

23, A particle is projected from a point O and

passes through a point A when the particle is
travelling horizontally. If A is 10m horizontally
and 8m vertically from O, find the magnitude
ond direction of the velacity of projection.
An(14.8ms~*,58%above the horizontal)
A stone is projected at an angle of 20° to the
horizontal and just clears a wall which is 10m
high and 30m form the point of projection.
Find the;
i) Speed of projection:
ii) Angle which the stone makes with the:
horizontal as it clears the wall
An[73.78m/s, 16.8"]

b. Objects prejected upward; from a point above the ground ot an angle to the horizental
Suppose an object is projected with velocity u at an angle © from a height h

Horlzontal: u, = ucosf a =10

Vertical u, = using a=—g=-98

1. A bullet is fired from o gun placed at a height of 200m wfth a velocity of 150ms™ at an angle of 30° to

the horizontal find
)  Maximum height attained
Solution

150mi/s

() At maxheightv =10
v? = u? + 2as

Ii) Time taken for the bullet to hit the ground

(ii) Time taken for the bullet to hit the ground
Vertical motion : y = usinft — % gt?
y = — 200m since its below the peint of
projection
—200 = 150s5in30T — % x9.8T72
4.9T2 — 75T — 200 = 0
75 +/(=75)7 — 4x4.9x — 200
2x4.9
t=17.61s50rt = —=2.32s
Timetaken is 17.61s

T

le of elevation of 40° with a speed of 36mys. If the point of projection is
d, it just clears a wall which is 70m on the horizontal plane from the

height reached by the particle from the point of projection

height of the wall= 27.16 + 0.5 = 27.66m
At max height v = 0

02 = (150sin30)2 — 2x9.8H
H = 286.70m
The max height attained is 286.70m from
the point of projection |
2. A particle is projected ot an ang
0.5m above the horizontal gl’:'—;‘;ﬂ g
int o iection. find; Umele 20 .
polrt.of proj(?;t o }ime taken for the particle to reach the wall
(i Height of theﬁwal!_
(i)  Find the maximum
Solution
E ( x = ucosfxt it
5 4 70 = 36(cos40)t iii)

t= 2,545 ) 2
y= usinﬁt-— ¥ gt

i) ,
h =(3s-sin(40)xz54 " 1, x9.8x(2.54)% = 27.16

v =u? 4 2a5
0? = (365in40)? — 2x9.8}
H=27.32m
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8. A particle is projected ot an angle of elevation of

5m abowve the horizontal ground, find the horizontal distonce thot £

the ground . Unele 2006 Ne.16a
$olmtion

T rmids

y = —5m since it’s below the point of projection
For vertical motion: y = usindt — % gt*

2z
—5 = 215in30T - "“‘f

49T — 1057 =5=0
;o105 J(—10.5)% — 4x49x — 5
o 2x4.9

T=25450r T= —0.405
EXERCISE 19€

. A stoneis thrown from the edge of a vertical cliff -
with a velocity of 50m/s at an angle of tan™ —

above the horizontal, The stone strikes the sea at
a point 240m from the foot of the cliff. Find the
time for which the stone is in air and the height of
the cliff An[5s, 52.5m]

A particle is projected with a velocity of 1oms” at
an angle of 45° to the horizontal, it hits the
ground at a point which is 3m below its point of
projection. Find the time from which it is in the air
and the horizontal distance covered by the
particle in this time An[1.764, 12.42m] .

3. A batsmaon hits a ball with a velocity of 17.5m/s at

an angle of tan™? % above the horizontal, the

ball initiclly being 60cm above the level ground.
The ball is caught by a fielder standing 28m from
the batsman. Find the time taken for the ball to
reach the fielder and the height above the
ground at which he takes the catch An[2s, Zm]

4. A vertical tower stands on a level ground. A
stone is thrown from the top of the tower and has
an initial velocity of 24.5m at an angle of

tan~?! G) above the horizontal. The stone strikes

the ground at a peint 73.5m from the foot of the
tower. Find the time taken for the stone to reach
the ground and the height of the tower An[3s,

24.3m]

Standard equations of projectiles

Suppose an object is projected with velocity 1 at an angle 8 from o horEzontal-ground

30° with a speed of 21ms. If the point of projection §

w

he particle travels before striking

Time of flight T = 2.54s
For horizontal motion .
x = ucostxT = 21(cos30) x2.54 = 46.19m

The horizontal distance = 46.19m

g x*( 1+tan’g
Alternatively y = xtant - _—Zuz___)
- 98 x%( 1+ tan®30)
-5 = xtan30 - XL
0.0148x% —0.5774x—5=10 |
x = 45.15m

A stone is thrown from the top of a vertical cliff,
100m above sea level. The initial velocity of the

3 -1 5
stone is 13m/s at an angle of elevation of tan™?! =

Find the tiem taken for the stone to reach the sea
and its horizontal distance from the cliff at that
time. (Taking g = 10ms~?) An[5s, 60m]

A golfer hits a golf ball with a velocity of 30m/s
ot an anagle of tan™! % above the horizontal.

The ball lands on green 5m below the level
form which it was struck. Find the horizontal
distance travelled by the ball. (Taking g =
101ms %) An[90m]
A pebble is thrown from the top of a cliff at a
speed of 10m/s and at 30° above the +
horizontal. it hits the sea below the cliff 6.0s
later , find;
a) The height of the cliff . An[iS®m, 52m]

b) The distance from the base of the diff at
which the pebble falls into the sea.

An arrow is fired from a point at a height 1.5m
above horizontal, It has an initial velocity of
12m/s at an angle of 30° above the horizontal.
The arrow hits a target at a height of Im above
the horizontal ground. find:

() Time taken for the arrow to hit the target

(i) Horizontal distonce between where the

arrow is fired and the target
(ii)) Speed of the arrow when it hit the torget
A _[1.‘:.. 13.51m, 12.30m/1]

P— . -
= L S e =

Vomxis LW ] v
B
o = 2 M
HKe-mwis
7 ;“’g: I';”Ji' _—
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f 3, MAXIMUM HEIGHTY [GREA
!,ﬁ] For vertical motion ; at i
F-- uy =usinf,a= —g.5= f;n ..
| vyt =u,? 4 2gs
0= (usin @) - 2gH
2gH = u? sin?@

2. TIME YO REACH MAX HEIGHT ]
Verticallyv = Uy, + at ot max height u=0
Uy = usind ,a=g
0 = usin® - gt
3. TIME OF FLIGHT [T]
Vertically; Sy=u, t+ % ot?
at point A when the projectile return to the
plane S,,=0,
t=T(time of flight), a = ~g u, = usin@
T2
0 = usindT — QT
E I —_ £ =
T(usme 3 ) (o)
Either T =0 or (usinﬂ — %) =
4. RANGE [R] |
Horizontally : S, = u, t + ¥%2 at?
u; = ucosd, o=0 (constont velocity), t=T

R = ucos@T + % x0xT?
R = ucosfT

ButT = 2 u;i-n&
5. MAXIMUM RANGE [R.:]

For maximum range sin26 =1, R=Rmax
2 8= sin~*(1)

(=}

28 = 90°

¢. EQUATION OF A TRAJECTORY

A trajectory is expressé T
For horizontal motion at any time t
x = ucos 6t

——

s _ |
For vuecr?ﬁcal motion ot any time t

y = usinft — %2 g't2 memmmmmme [2]
Putting t into equation 2] ,
& x
Yy = using uc::sﬂ -24 (ucosﬂ
Examples

1. A golfer hitsa ball with av

jands on the green ot a poi
was in gir..

E
F
E
2
|

’
i
E
LI
Fi

1}

5
|
q

TEST HEIGHT] [H]

u? sin%#

29
Pﬂelsinzﬂ = (sinB)* but sin?@ # sinf?

usin@

(usinH - %I) =0
using = %

_ Zu sind
g
MNote: The time of flight is twice the time to
maximum height

u? 25inf ¢os@

R =
But from trigonimetry 2sinfBcosd = sin26
_ u?Sin24
8
R = uzs;n.go
uZ
Rmax = .

d in terms of horizontal distance x and vertical distance v.

gxz

2u?cos?8

gx*Secta
2u?

g x*(1+tan?8)

2 u?

y = xtanf —

Ether |y = xtan® —

Or |y = xtanf —

elocity of 44.1m/s at an angle of sin™! (2) above the horizontal. The ball
At which is level with point of projection. Find the time for which the golf ball

252
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2. A ballis projected from a herizontal ground and has an initial ¥

elevation tan™! (%).'When the ball is traveling horizontall

W ':.\"— il "\ o i~ e agli o e
i :

_ 2 u siné

the ground level does the impact occur.

Selution
Projectile travels horizontally at maximum height
_ ufsin*@
=~

3. A particle is projected from a point on a horiz
point 360 m away and on the same horizonta

(a) angles of projections

(b) maximum heights

e

y it strikes O vertical wall. How high above

orital ground at o speed of 84ms
| plane as the point of

3
2 x44.1x§

T=.___-————=5.45

locity of 20mis at an angle of

2x9.8

~1_If the particle hits a
projection, find their:
(©) times of flight

Solution: 1 gisebps
Bar/s 844 Sin
am/s g = —= 241 m
5 e s
0 2 IBOM e-axis H _ 84 Sl‘n 15 = 335.9m
(@ R = LSm2e L
e @ F=—
(B4)* Sin 260 g .
360 = ——=—— T, =200 = 444 s
=8 = 15°75° 2x84sin75 _
® H= u? $in?8 h=—7g = 16.56 s
2g

4. A gun has its barrel set ot an angle of elevation of 15°. The gun fires a shell with an initial speed of

210m/s. Find the;

a. horizontal range of the shell.

u? 5in20 _ (210)*Sin2x15

= 2250m (i)

M R=

|

a

b.

- Maximum range
z 2
max 7 55 4500m

5. Astone thrown upwards at an angle 6 to the horiozontal with speeds umy/s just clears a vertical wall
4m high and 10m from the point of projection when travelling horizontally. Find the an gle of projection

Solution
Projectile travels horizontally
at maximum height
u? sin’@

6. If the horizontal range of a particle with a velocity u is
the equation 16gH? — BHu? + gR? = 0 ‘

Jolation
B u? Sin%é
==
, 2gH i
Sin%g = WISt (i)

8g = u® sin?@ ... .. (i)
X = ucos@xt
u sing

= ——

g
x = 'ucosﬂ(

Also

u sine)
g

gR = u”2 cos0Sin @

10g = u?cosé sind ...... (i)

(i) = (i)
tanf = 2

10
8 = 38.7°

R, show that the greatest height H is satisfied by

| (gR)*
cos = I8 cos?g = — 2 gH\
2u?Sin @ 4ut (——:")
co5%9 = (gR)? z
=e— g
4utSin? g c0s28 = TR (ii)
cos?f + Sin?8 =1
I .‘-‘?..TL;;‘ I':'-'-A nill_ﬁu:-\-ﬁhki.;::-— i L _ W B e Bl - el A e R
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gR*  2gH
BuZH + uz =1 ‘ ng + 16gH2 = Bqu

7. Aball is projected from poirit Aond 163}{2 ~BHu? + gR? = )
from A. The greatest height f 1) alls at a point which is in level with A and ot a distance of 160m
tvedear D Gt.tQi"ed 15 40m. Find the ; Unels 2015 Ne.13

Solution It attain its greatest height
L 2 ¢.2
29 cos-g =T2— Sin“g = >
. a0 = X Sin*8 2, 614656 2 /84
= ‘ Cos“f = ——— Sin<@ = g oo L
84 9 w (57) G20
Sin?8 =— ....(D) | 784 . 784
F 2 -
u cos?0 = — ... (ii) Siné = 3
u? Sin 26 u? (39.6)
R = __g__ €0s%6 + Sin%0 = 1 g = 45°
784 784 ;
9.8x160 = u?2 cosfSin @ — t— =1 f= sinf
784 w_ e g
cosf = —— u” = 1568 39.6x sind5
z
u-Sin @ u = 39.6m/s t= T = 2855

8. Aboy throws a ball at an initial speed of 40m/s ot an angle of elevation,d, Show tahi.ng g to be 10ms™
%, that the times of flight corresponding to a horizontal range of 80m are positive roots of equation
T% — 64T?% + 256 = 0 Uneb 2006 Ne.16 b

Solution
z 2 s 8 2 A 2
R = u 75:;9 cos cosf = ?(5[) . (Z) + (E) -1
g0 = A0°x2sind cosf ‘but sin?8 -k cos?8=1 STz I _
10 1 2 22 — 4—=1
sinf cos8 = 0.25 ( ) + (__) =1 64} TZ
1 4 cost T T*+256
sin@ = . 2 —=1
8 1) (2 _ 64T
x = ucai‘g?s (41'2/ ) * ("f) =1 T — 64T2 + 256 =0
80 = 40xcos@xT T

9. An object is projected from the ground making angle arc tan3 /4 with the horizontal. The particle
passes through a peint 20 m horizontally and 10 m vertically from the point of projection. Find the

speed of projection.

Selutioms 7 207 | )

tanQ=3/4,x'=203nd)’=10 1(’):20:-(——9‘>< 1+(§)
2 4 2u? 4

I

gx 2
o paal tan“f

I‘ y=xtand -3 (1 + tan®8) =u =248 ms"

| ) g int O on @ horizontal ground moves freely under gravity and hits the

| At s oo ot 0 e

:

60y = 20v’§x x2 where X and y are measured in meters. Determine the; Uneb 2068 Ne.11

a. Initial speed and angle of projection b. Distance OA
Selation - 2
' g x°(1 + tan?g)
’ a2 N _ :
(i) 393: = 2-2_ V3x — % ¥ xtan\/ﬁi T
_yi__ = V3
N h tan9=—3—
Comparing wit 0 — 30°
258
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Scanned by CamScanner



ey

S

i AtAy=0
g(a3tante) 1 ‘ 0= 20‘[‘3—/’5— x’)
2 u? 60 — 1 Yx
9———--'”&1: ) = © = 20V3m
u=19.8m/s 3om/s to pass through a

.

(ii) If these angles are a and j3, prove t
Sclution

o=l om/is
1O
=4
- == e

Fr

g x2(1+tan®6)

y = xtanf — >0
10x40%( 1 + tan?0)
10 = 40tand — e

80
10 = 40tanf — —9-( 1 + tan?8)

8tan?@ — 36tanf + 17 =0
since its a quadratic equation in tand, its
hias two roots and two values of 8 <90

#h initial speed
A particle is projected from a point O on the lguel grgund. with initial spe
point which is a horizontal distance 4@m from O an . : o
(i) show that there are two possible angles of proj

a distance 10m vertically above the level O

hat tan(a + ) = —%- take g = 10ms
.36 ;
tana + tanf = 7 wee < (1)
17 »
tanaxtanf = 5 - (i)
tana + tanf
= iii
tan(a +B) = T "tanaxtanp ()
36 36
T -
t.an_(a+ﬁ)=___1-7—__ 8_17)
1= (”8_‘ | ( 8
_ 36) " 8
N (_ET 9

tan(a + B) = —4

12. A particle is projected with a speed of 10,/2g m/s from the top of a cliff som high. The particle hits
the see at o distance 100m from the vertical through the point of projection. Uneb 1998 Neo.10

0
(i

folution

10/2gmi/s

P

] QOO
g x*( 1+tan?g)
2u?

gx100%( 1 + tan®8)

OR y = xtant —

—50 = 100tand —

2x100x2g
—50 = 100fanf — 25( 1 4 tan?#g)
tan’6 — 4tan - 1=0
4+v16 —4x1x—1
2
tand, = 2 ++/5

tanf =

Diferent pelnks of prejection
Two objects A and B are projected simultaneously
angle from point P from the ground, and B at spe
above P. If the objects hit the same poirit on the g

(@) time taken and distance from P to wh

(b) speed and angle of projection of A.
islwtion:

1

rou

from different
ed 28

. ey - =t M 3 K it B
e el N vt el o e il 0 SR
S T "F’.A‘u"nll’ﬂ‘.*'Mr’n*BL‘- e S T

Show that there are two possible directions of projection which are perpendicular
Determine the time taken from the point of projection in each case.

tangz = 2 = \/g
tanfy.tanby = (2 + \/5)(2 - \/’5_) = -1
Hence hey perpendicular
For horizontal motion

X = ucosOxt

| tan@, = 2 + V5
8, = 76.72°
. 100 9
- — =983
10,/2g (€0s76.72) °
, taTIGz =2 \[g
6, = —13.28°

. 100
T =23
10y/2g (cos — 13.28) 28

points, A i§ projected upwards at an
‘l - a
nd.r‘?isndljp rizontally from point Q 40 m vertically

ere they hit

=l SIS o e O Rk = B ol
et i Nl e S L R
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20
r=ut= 28X7= 80m

(b) ForA: x = wucosfxt

2. A particle P is projected from a

horizontal. At the same instant

from a point ot the same level

® Angle of projection of Q
Solution

x V 120-%
5= ut+ 1/2 at?
At A: h = 30sin30xt — 1/,x9.8t% ... (1)
3. Two objects A and B ore projected simultaneously from the same peint on d horizontal ground. A is

projected with speed 28 ms™ at elevation 45° and B at speed 35 ms™. The objects land at points 15 m
opart with A beyond B. Find their ranges and the two possible angles of projection of B.

point A with initial velocity 30m/s at an angle of elevation 30° to the
a particle Q is projected in opposite direction with initial speed of 40m/s
with A and 120m from A. Given that the particles collide. Find:

s Evui - iR oL AT et ATt T T i lhlow

20
80 = uAcosex77-

uycosd = 28 ... ...... (i)
=ut + 1/2 atz

2042
0= uAsian?:?—o -1/,x98 (—7_—)
Uysing = 14 ... (ii)
(ii) = ({): tanf = 0.5
8 = 26.6"
1y5in26.6 = 14
u, = 31.3m/s

(i) Time when collision occurs

At B: b = 40singxt — 1/, x9.8t% ..... (if)
(it) = (i): 40sinfxt = 30sin30xt

= 24.5°
ForA: x = 30cos30xt ........ (iii)
ForB: 120 —x = 40c0524.5xt ... ..... (iv)
120 — 30cos30xt = 40c0s24.5xt
t=19s
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() CRO3SING THE RIVER

. Caute I (vhertest route)

CHAPTER 101 VECTOR MEC

There are three cases to consider when crossing a river

HANICS

epposite to the starting point.

If the water is not still and the boat man wishes to cross d_llul B culariy), then the coune set
In order to cross point A to anather point B directly opposite A (perp

by the boat must be upstream of the river.
i B

_—W p—
u™ 2 ucosé@

oY

u is the speed of the boat in still water,
w is the speed of the running water
At point B: using@ =w

b. Case Il. The thortest time/as quickly as psssible |
If the boat man wishes to cross the river as quickly as possible, then he should
from A to B as shown, The river pushes him down stream.

=V R

\ , AB
Time to cross the river § = —

u
Distance covered downstream is = wxt
€. Case 111

o o

(= a3

Examples

1. A man who can swim at 6km/h in still water would like to swim between tus

w
Sing= = .
Yo

g = Sin~ "
@ is the direction to the vertical but the
direction to the bank is (QO;XQB)"

Time taken = "Cosb

steer his boat directly

AB
Or distance downstream = w_u-

tanf= % g = tan‘li:—

The resultant velocity downstream Vg
Vg = W? +u?

Va= Vw2 +u?

—s

Resultant velocity Vg = W + U

o directly opposite points

on the banks of the river 300m wide flowing ot 3km/hr. Find the time he wouild take to do this.

U=skm/hr W= 3km/hr
AB=300m AB =0.3km

using 28
W
u A ycose
Fa)

2. A manwho can swim at 2m/s at in still water wishes to swim a
possible. If the river flows at 0.5m/s, find the time the man tok

travels.
Selmtien

4]
Distance downstreq

Sin® = % 0= Sin~12 6 =3p°

a8 _° o3

Time = 0.058hrs = 3,f;c§;§?nute

He must swim ot 30° to AB in order to cross
directly and it will take 3.46minutes

Cross a river 120m wide as quickly as

es to cross and how far down streams he

Time taken =

U=2m/s w=05 :
=05m/s AB=
t = AB _ 120 120m
- 2 =605

m= wt = 0.5x60 =30m
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b) The course that my

for crossing thesettoa Paint exactly opposite the starting point and the time taken
Solution
G) U=3-5mls, W:2mfs AB=80m

b. U=3.5m/s, w=2m/s, AB=80

B o — =
% T —
Sing ="~
51 X _AB 80 L2
hortest time t = T T3 = 2295 8 = Sin~* = 34.8°
‘ 7 ) 35
Distance downstream BD= wt The course must be 34.8° to AB.

_ AB
_ = 2x22.9 Time for crossing Time taken = "
Distance downstrearm BD=45.8m 80 o
Time tahen = ———— = 2785
3.5C0s533.8

. Aman whp can swim at 8m/s in still water crosses a river by steering at an angle of 126.87° to the water
current. If the river is 75m wide and flows at 5mi/s, find:

(i) The velocity with which the person crosses the river
(i) The time he takes to do this

Solution Vi =82 + 5% — 2 u.wcos53.13
u=8my/s w=5m/s . AB=75m Wy = VB2 + 52 _ 2 xBx500553.13
26 37" Vr= 6.4m/s
The person crosses with 6.4m/s.
\ . " . _ AB
R il) Time taken T
y But: Vr= lJcosB
Time =2 = {1.72 d
o is not 90° ime === = 11.72 seconds
Using cosine rule

WIND BLOWING

Locate the start ond final destinations

Join the direction of the blowing wind tq the final desti_mtion |

+  Join the speed in still from start destination to the'starting point of the direction of the wind

k) 9,
(3 o.. "O

Examples e
An aircraft which can travel at 100km/h in still air is to be flown from town P to town Q. 340km apart
with O on a bearing of D60° from P. If there is a steady wind of 40km /h blowing from the west, find
the course set and the time taken for the flight.
Solutlon ‘a = 11.54°
Course N78.46°E
Veo _ 40
5in150° — 11.54°  sin11.54°
Co_PQ 380 _
—-122_ _ 40, J Time = Vro  Tizseal = 2.5642hr
5in30° atsinf.’ d of 30kmh ™. Water in the lake is moving in the north-east
e : e northat as it © = e
* :'wectmpi:nh:tu::nn:vi:oqe speed of 5kmh™*. Calculate the;
e ity of the ship :
L) g?:;:::::)ﬁ course the ship will be ofter 40 minutes

BREE T  R —

. | el DI w5 e ia L - B B e Tl
Mot R o i ST ol WSS SGr = Sy BITESERC USRS
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4.

6.

Velocity of the ship ic 33,.72kmh " due N6Q°E
Distance, d = vsindxt

30km/h .

4‘0\ Y i
d= 33.7-25[’1160":{5)- = 2.35km

v = /307 + 5% — 2x30x5¢c05135° = 33.72kmh ™"

ot
(%]
-
=
=
W
]
L _—
A
=
(=2

‘Exercise 20A .

A man who an row at 0.9m/s in still water wishes to cross the river of width 1000m a5 quickly as
possible. If the current flows at a rate of 0.3m/s. Find the time taken for the journey. Determine the
direction in which he should point the boat and position of the boat where he lands An
[1119.113, 71.57° to the bank, 333.33 downstream] 7

A man swims at Skmh™ in still water. Find the time it takes the man to swim across the river 250m
wide, flowing at 3kmh”, if he swims so0.as +o cross the river;

(i) By the shortest route An [2251]
(i) Inthe quickest time An[1801]
A boy can swim in still water at 1m/s, he swims across the river flowing at 0.6m/s which is 300m wide,
find the time he takes;
() If he travels the shortest possible distance
(i f he travels as quickly cs possible and the distance travelled downstream. [3753,180m]

A boy wishes to swim across a river 100m wide s quickly as possible. The river flows at 3km/h and the
boy can swim at 4km/h in still water. Find the time that the boy takes to cross the river and how far
downstream he travels. An [903,73m].

An aircraft which can trovel at 200km/h in still air is to be flown from town A to town B, 500km
apart with B on a beoring of 060° from A ¥f there is a steady wind of 40km/h blowing from the west,
find the course set and the time to the nearest minute taken for the flight. An [N54.3°E,2h amini].
An air croft flying at 250km/h in still air is to be flown from P to Q situated 300km form it on @
beoring of 320°. If there isa win'd of 50km /h blowing from 030°, find the course of the pilot that must
bg set so as to_ reach B and_ the time ta?aen to th:e nearest minute. An [N29.2°W,1h 19mins].

A bofrt traveling ot 5m/s in the direction 030° in still water is blown by wind moving at 8m/s fromd

bearing of 150°. Calculate the speed and the course the boat will be steered UNEB 2000 No 4

Am [111.8°Tm/1]. '

e —— e i _ _ -

el e - ] o R . ey I -,
B 0 O Ul 2 oo e el
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It comprises of; RELATIVE MOTiION

Relative velocity 2-Relat h
-Relative patl

(o) Relative velocity

This is the velocity a bod '
e movingtiodies, :Iht:uuld have o5 seen by an observer on another body. Suppose A and B

observer on B, velacity of A relative to B is the velocity of A as it appears to on
It's dencted by AWy = sy,
Note that aVs # gsVa since WVa=¥y “Va]

Numerical calculations
There are two methods used in calculations

®*  Geometric method

_ = Vector method
1. Geometrical method

In t!‘lis method make sure that the velocities of moving objects originates from a common point and
their relative velocity closes to form a triangle of velocities.
- Noke

The direction of the relative velocity must be from the observer because it's the one observing where
the other object is moving.

Apply either cosine formula or sine formula
AVa to obtain the unknown quantities
- : ie a’ =b*+ ¢* —2bcCosA and

A a b c

§ind ~ SinB  SinC

2. Vector method
Find component of velocity for each object separately
Therefore aV¥n = Wa-Vs
Examples
1. Particle A is moving due to north at 30ms™ and particle B is moving due south at 20m/s. find the

velocity of A relative to B.

Selution
aVe = Vy— VH

 o=30m/s “ 0 4 0
%/B:ZGFTI!S aVe= (39) N (_20) - (50)
/aVsl'= V02 + 507 = 50m/s due north
2. A cruiser is moving at 30km/hr due north cmfi a battleship is moving at 20km/hr due north, find the
velocity of the cruiser reiative to the battleship.

solution

0 0 ; =/
Ve (300) Vg = (200) cVa = (300) B (20) = (10) Q:):Bilo_hm(/f :uel ?u;rth
Va = Vc-Va

of (41 + 6] — Sk )m/s while particle B has o velocity of

; locity :
3. A particle A hasave find the velocity of A relative to B

( —10i — 2j + 6k) mis. 14
Selution i\ —10 = ( 31)
Ve = v.—vs=( 65)" | 2 AVe= (14i + 8j- 11k)m/s

4 Aboy at 5km/h due w st témd a girl runs 12km/hr ot @ bearing of 150°, Find the velocity of the girl
. runs -

relotive to the boy.

261

g 4 un I % I N " b . Y o)
rnciiel ittt "l gy Adg =omu Wi I by e £ s
e e T s e el et i sl o e = T el e R S T
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5. Plane A is flying due north at aokm/hr while plane B is flying in the direction

6.

i

The arrow of relative velocity s from the
boy since he is the observer -
(cVe) = Va2 - 2 Ve Vacosz0°
(cVe) = 57 + 122 — 2x12x5¢05120
(cVe)* = 229
oVs = V229 = 1513kmhr™
Method 11 (vector)

N N
‘ A
,VE=5‘ o %1%0"
30 V3=12

cVe = Ve—Va

_ -5y _r 125in30 \ _ ( —11
‘N‘*“(o) —12C0530 “(—10.4)
/Nl = J(—=11)7 + (—10.4)

the velocity of A relative to B.
S$eliution
N ™
‘AOKth E!_}/‘_" “30kmi/h
aVe=Va-Vs ,
(DY _ [ 30Sin30 \_ r—15
aVe '(‘40) —30C0s30 (14,02)

[aVs/ =/(-15)% + (14.02)

5.31
S 5in120
. 125in120
Sinf 5'11325'11120
~ ot (= =43.4°
g= s ( 15.31 A3

The relative velocity is 15.13km/hr ot 43.4°
below the western direction or 546.6°W

Vel = 15.14km/ht
11

10.4

4 f1014Y, .
6 =tan™? (—-1—1—) =434
Relative velocity is 15.14km/hr at
43 .4%elow the horizontal.
N=20°E at 30km/hr. Find

/aVs/ = 20.53km/hr

14,02
=]

5
#=tan? (1‘::2) = 43.07°
The relative velocity is 20,53 at N46.93°W

Ship P is steaming at 60km/hr due east while ship Q is steaming in the direction N60°W at sokm/hr,

Find the velocity of P relative to Q.
solution

s SOokm/n !
4 of

_ (60 _(—508in60
Ve = ( 0 ) Vo= 50c0s60 )
pVa=Vp-Vq

o _(60Y _(—508in60Y_ 103.301
wva=() (50C0560) ("7
1pVql = /(103.301)% + (-25)* = 106.3km/hr

Finding trus velocity

@ = tan~?! ( 25 ) = o
n ({gaser) = 13:60

Direction $(30.— 13.6)°E
Relative velocity is 106.3km/hr at $76.4°E

To a cyclist riding due north at Aokm/hr, a steady wind appears to blow frormi west ot 30km/hr. find

the true velocity of the wind.

Seiution
Ve= ( 40 0) wVc= (3[? ) YVw="? _
wWVe =Vw—Vc 0 "
(30) =W (40)
v, = (39
w40

1) _;&,.j_::;, : RN = 20
il e 8 i el R R i iR e o o T o 1 > 7
o e S R e M DTt el P o S Sl R i

k‘@ 4o
30
Vie = V307 + 407 = 50km/hr
6 = tan~?! (%) =53,13°
Direction N(90 — 53.13)°E = N36.8T°E
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() Find the true velocity of the wind

Solution
(0 50sin60
Vm= wVUm= -
® (40-) ™ (—50cos60 w =1
wVm =Vw—VYm
50sin60 \ ' 0
(—SOCOSEO) =W = (40)
_{—435
V’”—‘( 15 )
V, = y(—43.5)7 152
Vo = 46km/hr
8 =tan! ()= o
an et e 19.02
Direction N(90 — 19.02)°w
N71°W

$olution
—a

vm = ( 100) wm= (") ¥, =2
wVm =Vw—-Vm

(—oa) =W - (100)__ .

Ky = (10) ..... N0,
Also Vm = (—Bii?gnﬁfae)’ wVm= (g) v, =7

wVm =sVw—Vm —
(g) =, — —8sin )

8c0586Q 20
—oSin - 4
Vo=, ¢ pems cp) = (D)

the true velocity of the wind.
Soluwkien

Ve= (‘fg) wWe= (g) Vo =2
wWe=Vw—Vc

(g) =W (400)

= ()0

Also : Ve = (300) wle= (-bcos45)

bsin45) = —( D

g 30
beos57  peinas
Vw =30 + bros45

Enarchie 208

g e TS palln A et s o
b H&M%'ﬂ'ﬂxm ol e e I

Tk ot A e U T L

P | L e 1) 5

To @ motorist travelling due north of 40kr/h, a steady wind appears to blow from N60°E at 50km/A

(i) If the f“'i"d velocity and direction remains.constant but the speed of the motorist is increased,
find his speed when the wind appears to be blowing from the direction N45°E

0
46 - 71
_ sin
Vo = (—46(:0571)
wVm =Vw—-Vm

() () -()

—b‘sin45)

) W= —bhcos45

(i) Vm = (

—bcos45 .
i components: —bsin45 = 46sin71
b = 615096
j components: —bcos45 = —46cos71 —a
a = 58.47

Vm= 5847km/h

3. Toa man travelling due north at 10km/h, a steady wind appears to blow from East. When he travels in
direction N60O°W at 8km/h, it appears to come from south, Find the true velocity of the wind

‘(—a-) _ —8s5in60 )
10 b + Bcos60
a = 8sin60 = 43

10 = b + Bcos60
b=6

_ (T _ [—4V3
Vo = (10) - ( 10
Vie = \/.(4\/302 + 102 = 12.17km/fhr
6 = tan~ (=) = 55.3°

43
Direction N(90 — 55.3)°W =N34.7°W

4. Toa cyclist riding due north ot 40hkm/h; a steady wind appears to blow East wards. On reducing his
speed to 30km/h but moving in the same direction, the wind appears to come from south west. Find

(s0) = (30!:—3215;45)
40 = 30 + bcas45

b=10v2
a = bsind5 = 10

a
% = (40) = C;g
Vo = J(10)% + 402 = 41.23km /hr
8 = tan™ (X) = 75.96°
Direction N(90 = 76)°E =N14°E

e Trnmar=r=d o=

i i
e S D M e A e Y
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. CarA is moving East wards at 20m/s and car B
i moving Northwards at 10mys. find the
D Velocity of A relative to B
i} Velocity of B relative to A
An [ 10/5 mis, 105 m/1]

2. Avyatchand atrowler leave o harbor at 8am.
The yatch travels due west aat 10km/h and the
trawler due east ot 20km/h

() What is the velocity of the trawler
relative to the yatch

(i) How far apart are the boats at 2:30am
An [30km/br east, 43hm]

3. At 10:30am a car travelling ot 25m/s due east
overtakes a motor bike travelling ot 10m/s due
east. What is the velocity of the car relative to
the motor bike and how far apart are the
wehicles at 10:3tam An [15m/s east, 900m]

4. Bird A hos a velocity of (7i + 3j + 10k )m/s
while bird B has a velocity of ( 6i —17k) m/s.
Find the velocity of B relative to A. Am

(=i4 3j— 27k Ymls

5, Joe rides his horse with a velocity ( 254)hm/'h
while Jill is riding her horse with velocity

( 152)hm'lh

(i) Find Joe's velocity as seen by Jill
@ii) What is Jill's velocity as seen by Joe.
~ 0 pis 0
an (i) (), Jemi, (i) (7, Jemn
6. Ih EPL football match, a ball is moving at 5m/s
in the direction of N45°E and the player is
running due north at 8m/s. Find the velocity of
the ball relative to the player.
An[3.69m/1 ot $38.38°E].
7. An aircraft is flying at 250km/h in the direction
N60°E and a second aircraft is flying ot 200km/h
the direction N20°W . Find the velocity of the first

air craft as seen by the pilot of the second
gircraft. Am [2925m/h at §77.9°E]

8. A ship is sailing south East at 20km/h and a
second ship is sailing due west at 25km/hr. Find
the magnitude and direction of the velocity of
the first ship relative to the second. An
[41.620m/h =t $70.13°E]

9. What is the velocity of a cruiser moving at
20kmih due north as seen by an observerona
liner moving at 15km/h in a direction N30°W
An [10.3km/h ot NA6.9"E]

10. A car is being driven ot 20m/s.on a beoring of

040°, Wind is blowing from 330° with a speed

el B = N

13.

4.

15.

16.

19,

20,

osn

12,

o T T ™.

S car

B w;%
B 2 . i

i ) of the wind o
of 1omis. find the velocity
prerie‘nced by the driver of the car. An
[48.13m]s ot $18.13°W) o |
An air craft is moving at 250km/h in direction N
0°E. the second aircroft is mouing_ut 200km/h in
a direction N 20°W. Find the velocity of the first
' aircraft os seen by the pilot of the second aircraft
An [292km/h at $77.9°E]
To a pilot of a bomber aircraft travelling with

) kem /h, a fighter aircraft
200 150

appears to have @ velocity of ( 44 0) km/h.

Find the true velocity of the fighter,

To a pigeon flying with a velocity of (—2i +
3j + k Jmis, a hawk appears to have a
velocity of (i — 5j — 10k Ym/s. Find the true
velocity of the hawk. Am (—i — 2 j— 9k )mls
To a cyclist riding at 3m/s due east, the wind
appears to come from the south with speed
3+v/3m/s. Find the true speed and the direction
of the wind. Am(6m/s from S30°W)

To the pilot of an aircraft A, travelling ot
300km/h due south, it appears that an aircroft
B is travelling at 600km/h in a direction
N60°W. Find the true speed and direction of
the aircraft B An(520kmh west)

Jane is riding her horse at 5km/h due north and
sees Suzan riding her horse apparently with
velocity akm/h, N6Q°E. Find Suzan's true
velocity An(7.8tkm/h N26.3°E)

a velocity (_

.. An eagle flying ot 8m/s on a bearing of 240°

sees a chick apparently running at 5mfs on
bearing 300°. Find the true velocity of the
chick. An(1.4m/s at 262.4°)
A train is travelling at 80km/h in direction
N15°E. A passenger on the train observes o
pf:lne apparently moving at 125km/h in
dlrgdion N50°E. Find the true velocity of the
plane. An(196km/h N36.5°E)
To apassenger on a boat which is travelling
at 20km/h on a bearing of 230°, the wind
seerns to be blowing from 250° at 2km/h. Find
the true velocity of the wind h(9.64hmfh
N24.8°E)
LO an athlete jogging at 12km/h in g direction
10°E , wind seems to come from a direction

N20°W ot 15kmy/h. Find the true velocity of the
wind. Aw(7.57km/h N72.5°W)

el
G2 AR SRR
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(50i + 1707 Ymys. Find the velocities of B and
\ C. Am (2501 — 1004 )m/s, (300i + 705 Jms,
@) Find the Velocity of the wind relgt: 3. To o bird fling due east ot 10m/s, the wind
motorist A [49.2m/; o ;'e;:t';i to seems to come from the south, When the bird
b) If the motorist changes the directic; it e arection of fliht to NS0°E wih out

- s spee d-and the wi:d altering jts speed, the wind seerms to come from

. the north-west, Find the t locity of the
2:5‘3;12; :;0:; :I_lue East. What is the wind. An(;zleém/sl nfrome 52‘;;"’214?? ’
1e 1 - ] *
An[Nas.oa‘w] motorist? 24. To an observer on a trawler moving at 2km/h
; : in a direction $30°W., the wind appears to
2. ?éOBDtTti ‘;:0?")?2@;.’.0 czn}::rg;"lt;i ﬁflku{tuelocity come from N60°W. To an obersuz':') on o ferry
* : I Gppean o y & . - o L _
that B has a velocity (50i — 27 0] Ymis. To the moving at 15km/h in a direction S80°E, the

pilot of B it appears t wind oppears to come from the north: Find the

true velocity of the wind Am(26.8km/h
N33.4°w)

hat C has o velocity

(b) RELATIVE PATH

ng with Va and Vs from points with position vectors OA and OB
respectively,
Position of A after time t is
Rar= 0A + t x Va
Position of B after time t js
Ra:= OB + tx Vs

Relative path

{aRe):=Ra—Re:
(aRe)i=(0A-+tV2)+(OB +tVs)
(4Rs)i=(0A—0B)+t(Va—Vs) +f
(4Rs)i= (OA—OB) + t(aVa)
Examples
. Acar A and B are moving with their respective velocities 2i — J and [ + 3j, if their position vectors are
41 + j and 2{ — 3j respectively. Find the path of A relative t? B

) Atanytimet i) At t=2s

Solution

D v=(2) ve=(3) GRa= (3) +2 (1))

or=(3) o= () i 0
(ARe)e= (o:.-OB) ; t(aVs) o ) (1)] = (4) . (-8) = (—4)
(ARa)t.= [(1) _ (r;gs)l])::l%‘ére (l'i' 6j Ykm/hand (fi + 3/)km/h. At o certain instant, the
2 ;I;::: I:il:r::::::; gfe ::::(:n“the two ships is F (7 + 4/ Jkm. Find the: Ungb 20062 No.13a.

. : ity of ship Pto Q ,
?U)) aﬁl‘;g;z::lz: gﬁgl;cefnent between ships P and Q after 2 hours
\v a

Selution oRa= g +t @2 I
V, = (é) Vq=(—31) PRo= (4) +2x (3) = (10
pVg=Vp-Vq N 2 1oRo (£)/= [(11)2 + (10)2 = 14.87km
pVg = (é) - (—3 ) (3)

pRo = (OP -0 Q) + ﬂzﬁ;m; with velocities 20km/hr and 40km/hr respectively, Ship A
3. Two ships A and B move sim

det ine "
ert;;‘l;"he relative velocity of Ato

b) The relative path of A to B
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(8) e (222
M0 7405in60

0 —34.64
aVe= (20)' 40Sin60 =( 0 )
sVe=34.64km/hr

b)

F—‘{Oknﬁ-ﬁl
Re = (0A—0B) + t(xV6)
OB= (0) OA= 10y

e (9@ (8%)

e () 1)

DISTANCE AND TIME OF CI.OSB‘I‘ APPROACH
(SHORTEST DISTANCE AND TIMETO SHORTEST DISTANCE)
When two particles are moving simultaneously with specific velocities, time will come when they are

closest to each other without colliding

Numerical calculations
There three methods used
«» Ceometrical e

1. Geometrical

Vector K

Differential

It works when the information given is either a bearing (direction) or in two dimensions i.e. only i

ond J components

Procedure

< Draw a diagram showing the initial

positions of the particles

Consider the motion of one body

relative to another i.e. A relative to B

% Represent the velocities of the bodies on.
the diagram with their directions
specified.

% Superimpose the relative velocity to the
body being observed

£ Shortest distance is perpendicular to the
relative velocity as shown below;

¥
o

N N
A‘ : AB : B

AVB'V ol
‘$hortest distance
|d = ABsiné8|

aVs is a velocity, therefore to express it as a
distance, it becormes /aVs/ t

But cosf = % Hence  [aVs/t = ABcost
Time to shoriest distance
— A B Cos®

/AVB]

Consider particles A and B moving with velacities Va and Vs from point with positions vectors OA

aVa - aRs = @ This gives the time

2. Vecter
and OB respectively.
Then shertest distance d= /2Ry /
For minimum distance to be attained then
Ortime = 220
/AVB[%

8. Ditfavential

Where AB. 1¥5 is a dot product.

" = e ? Y d
The minimum distance is reached when — /aRa/*=@ This gives the time

Minimum distance o = /alts [

7 AR B SOt i 0 e

e - 2o, 30 s
i o LT i P e S O
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velocity of (4 - 2j). Find. u.-ebr:;lz: ';f:nt hose postion vector i  + moving with a constant
2) %{;ﬂ:‘:zhmen;of P relative to Q after t seconds
e - ,
Solution: nEand Q are closest together and closest distance at that time
p_ {3
©) ?P - (___2) Vp = (}) pVo . pRo. (t) =0 ;
00 = {4 (—3 u 2—3t -
Q (4) Vo= (_2) ( 3 ) (-6 +3t)= 0
PRo=0P — 0@ -24+18t=0
3 i} t = 1.33 units
Ro = — _ (2
e (_z) (4) = (_6) b) Shortest distance d=/oRp./
Vo = Ve -\ oRo (£) =( 2~—3t )
_ (1 (4 -3 ' —6 4+ 3t
e (1) (_2) = ; ) 2 3t=331'33 1.99
PRo(t) = (OP - 0 _ — 3x1. _[-19
Ro (6) _( 2y Q):_afp%)t /2 — 3¢ Ro () = (5 5i53) = (2o
bl (—6) M ( 3 )t- = (-6 +3t) /eRo (£)/= /(—1.99)% + (—2.01)2 = 2.83units
For minimum distance

2. A particle P starts from rest from a point with position vector 2] + 2k with a velocity
(J + k)mis. A second particle Q starts at the same time from a point whose position vector is
—11i = 2j — 7k with a velocity of (2i + j + 2k)m/s . Find:
i) The shortest distance between the particles
i) The time when the particles are closest together
iif) How fareach'has travelled by this time

Solutiom :
Method I vector
0. 0 = -3—]- oo t=6.25
= = 5
) OP = (2) ve (} m/s i) Shortest distance d=/pRo(t)/
_211 2 . 11 =2
0Q = (—2) Vo= (1)sz PRo (t) = -g + 01 t
—7 2 t=6.2 N
Vo = Vp -Vo ) . 11 -2 -1.4
_ ° 1] = 0 PRo (6.2) = | 4 +(0)6_.z=( 4 )
#Ro (t) 2 (0P — 0Q) + (pVo)t [PRo(£)/= /(~1.4)% + 42 + 2.8 =5.08m
Ro () = 2 | =2 ||+| 0 ]t i) How far each has travelled
#Ro (t) = 5] \_7) _1 Re= OB +Vst
i\ (-2 roe () (° / 0
= 4 |+ O)t o= |2 |+|1]62= (82

o (¥ ( 9 ) (-—1 2/ M 8.2
For minimum distance /Ro/= /02 + 8.2% + 8.22
pVo. sRo () = 0 . o= 1.6m -

-2 11 — 2¢ Ro= OO“fVot

0 1 4 = 0 —-11 2 1.4

YA Ro=| -2 |+(0 6.2=(4;2)

T2+ 4t+0-9+4t=0 =7 1 5.4

' ” /Rol=V1.4% + 4.22 + 5.2%= 6.8m

=l & . . N - v Ty | ,l--—‘; _ - o mm ] : 0SS kit A, iy P B = Lol
e et et ot R ot el s, o Mo R e s i - o et S 5 i
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Methed 11 (ditterantial)
2 /oRoP=0

dt

11\ /=2 11 — 2t

() ()
9/ =1 9—1t /

JeRol= (11— 2t)* + (4)2 4 (9 —1)*

[eRoP= 121 — 44t + 4t2 + 16 +81 —

18t + t*
JeRof= 218 — 62t + St

L foRoP = —62 +10¢

3. A particle P moves with a canstant velocity (2i + 3j + 8k) - Ve
11j + 4l . At the same instant particle Q passes through a point whose position vector is L —

rmoving with a constant velocity of (3i +4J — 7k).

e = e —

I
12y

2 /eRoP= 0
dt
—62+10t=0
t = 6.25
Minimum Distance d = /pRo/

11 — 2x6.2 -14 [3
)
9-62 / 2.8
d= J(—14)2 + (4)* + (2.8)% =5.08m

passes o point with position vector 6i —
2f + 5k

==

Find: Uneb 20053 HNo.14

vetoPat that instant

)} Position and velocity of Q relati
. i) The shortest distance between the particles
ii) Time that elapses before the particles are nearest each other

Solution: L

{/ 6 2 -5 1 -5+t
(9] OP=(-—11) Up———(?;) oRp=(9)+(1 )f=(9+t)
4 8 i | -15 1 - 15t
1 3 For minimum distance : oVe. oRp =10 .
0Q 2(—2) 'VQ=(4-) 1 =5 4t *
NS ~ (1).(9+t.)=0
oRe=0Q — OP —15/ \1-15¢t | 04
1 6 =5’ 22t —11=0
oRp = (— 2) - (*11 = ( 9 ) t = 0.0485 units !
Vo=V 5—\) 4 1 d) Shortest distance d=/oRe /, t = 0.0485 ol
o 03 " 2 1 =Skt —5+ 0.0485 ~495151 |
on=(4)-—(3) =( 1 ) °Rp=( 9+t )= ( 9 + 0.0485 )=( 9.0485 )
7 8 _15 1 — 15¢, 1— 1_25:_:().0485 —14.9515/ |
oRp = (OP — 0Q) + (Velt JoRe /= /(—4.9515)2 + 9.04857 + (—14.9515) |
l oRp /= 10.32units 1‘ J
4. Two particles P and Q move with a constant velocities (4i + j — 2k)m/s and (6i + 3k)m/s ,
respectively. Initially P is at a point whose position vector (is i — 20j + 21k )m and Q is) ut./ a'point .

whose position vector is (i + 3k)m. Find; Unek 2009 No.16
N Time for which the distance between P and Q is least
iiy Distance of P from the origin at the time when the di 2
i) Least distance between P.ond Q An(2.2s, 28.8m, ;E'C:;\::‘t;etween Praandi) & et
5, At 12 noon the paosition vectors r cnd velocity vectors v of two ships A and B are as follow
ra =91+ 6Dkm, V, = (314 12))kmh " s
rg = (161 + 6])km, Vg = (=97 + 3])kmh~1
i Find how far aport the ships are at 12 noon ' |
ii. Assuming velocities do not change, find the least distance between the ships in the subsequent i
que!

motion
iit. Find when their distonce of closest o i
to pproach occurs and the position vectors of A and B at thot ;
Selntiom -
— —‘9 = 3 ; =7 )
@ 0n=(3) W= | on=() e () b
3/ '

R P T
el s ol i e o

B oo R 1 3 oy .
A et R NN
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ARs = OAg— OB
() ()= (3
IaRel= \[(=25)7 g2

® o=y, pm epert
e = (12) - (—39) = (1-92)
aRs = (UA —0B) + (aVe)t
ARs = (—‘35) + (192) t
Fg; minim;lm distance aVs. R = 0
(9) (_ 59-: 2=

=300+ 144t + 81t =0
t= :4: hours

rg = (I +4])km,
Assuming velocities de not change. Find
(a) the position vector of A at 15:00 hour

() time at which this least separation oceurs

Solutions

0 04 = (200)‘ V, = (‘_92) kmh~at 14:00 hours

CRy= 0A+ Vyxt P

at15:00 hours R,= (200) + (_92)3( = (198) km
il. aVa= VA‘; Ve :

We=(2,) - (5) = (30)

aRs = (04 — 0B) + (WVslt

o = [(5) = (I+ (o) ¢

For minimum distonce

= (13 J—r ?gt)

situation to occur, Unels 1996 No,10
Selution

But AVs= 10

24

5= ()
#Ra = (04 — 0B) ;ru.vst
=[Q) - (el

ARi= (—65 + 10t

For least diszbgftce (aVs.ARs) = O

TR Y T AR L SRS

Shortest distance d=/eRo/, t = %

—25 + 12x% (_9)
9*"% 12
/nRe/= /(—9)? + 122 = 15km
(c) It occurs.at §x60 mins + 12: 00
= 80 mins + 12:00 = 1: 20 pm
How far each has travelled
Ry = O0A+ Vyxt

Ra= (—69) ¥ (_132) * % - (;25 |
RB = 0B + Vth
16

AR = ‘(—-259—; 12t) -

6. At acertain time, the position vectors r and velocity vectors v of tw
Va = (9T1=2])kmh™" at 14:00 hours
Vg = (4T+ 8))kmh™' at 15:00 hours

(b) the least distance between A and B in the subsequent motion

. Initially two ships A and B are 65km apart with B due Eqs_t of A, A is moving due East ot 10km/hr and
B due south at 2akm/hr. the two ships continue movin_g W¢h these velocities. Find the least distance
between the ships in the subsequent motion and the time taken to the nearest minute forsuch o

N R It 111 el - R m o e B ol T L 2R wu:\_
NG R T R RS S e S N (e Y et T2 L i M B

kRe

b,

Ro= (g +(_39)x§= (ﬁ))

o ships A and B are as follows

AVe. AR = 0

5\ ¢ 8+5¢
(—10) '(14 — mc) =48
40 + 25t — 140 + 100t = 0
t = 0.8 hours
Shortest distance d=/oRo/, t = 0.8
=( B8 + 5¢ )= 8+ 5x0.8 \ _ (12)
14—-10t/  M4-10x0.8/ \ 6.
laRel= \[(12)Z + 62 = 13.42km
It occurs at 0.8x60 mins + 15: 00
= 48 mins + 15: 00 = 15: 48 hours

*-

10y (—65 + 10t
*(24)‘_( 24¢ )= 0
—650 + 100t + 576t =@
-t = 096hrs
least distanced = /xRg/
AR = [(OA)-(OB)] + sVs
Ra= (—65+ [10x0.96]) = (—55.4\
24x0.96 /T (23.04-
/ARl = [(~55.4)2 + 23,042 = 60km
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s 286°. Boat A Is moving In the Nesth

}tmnnum&hm!mmboutBundlhdlmtlonfromB Det verll
: arthern direction at 10km/hr. Determing vihen
acet direction at 16km/hr and boat B is moving In the norl:hcrh.m“ i 1997 Nois

they Gre closast to sach other. What Is the distance batween t

Selmtism For relative velocity

Va= (11 gi::;ig Ve= '(100)
Ve = V;gs\i?:ats 0 11.314
Vo= (16cos4s) - (10) = ( 1.314 )

IaVe/f= V113142 + 1.314% = 11.39km/hr
4@’“314

a = tan™!? (1‘3“) = 6.62°
11.314

N(90 - 6.62)°E
Relative velocity [s n.39km/hr ot N 83.33°E
SKETCH
. A0k —:q._ } |
d = ABsin®
d = 30sin (6.62 + 16) = 30sin (22,63)
d = 11.54km
ABCos8 _ 30 Cos22.62 _
Time t = JAve, | 1139 2.43hrs
Time [s 2.43hours from noon or 2 hours and
25.8 minutes

It occurs 2:26pm at a distance of N54km

Two planes A and B are both flying above the pacific ocean. Plane A is flying on @ course of 010%at o

speed of 300km/h and plane B is flying on a course of 340° at 200km/h. At a certain instant, plane B is
40 km from plane A. plane A is then on a bearing of 060°, After what time will they come closest
together and what will their minimum distance apart Uneb 2004 Ne.16

Solution

£

300sin10 —2005in20
”“T,(gogi;’éjo) = (200e0s20)
AVBE= Va— Vg
0sin10y _ {—200sin20: 0.4985
aVe = (280:%10) - ( 2006222201=3§;11 (zlggggB
0S3W
A=(g) B= (40stn30)

aARa = (0A — OB) + aVst

_ [(g) _ 40c053g)] + t(120.4‘3‘-85)

40sin3 107.5038
Exercise 20€

1. A ship A is 8km due North of Ship B, ship A is
moving at 150kmh™ due west while B is moving
at 200km/h due N30°W. After what time will
they be nearest together and how far apart
will they be. An(2.2200m, 0.043hrs)

2. The point P is 50km west of Q. Two air crofts A
ond B fly simultaneously from p and q
velocities are 400km/h N50°E and 500km/h
N20°W respectively. Find;

() The closest distance between the air
crafts

(i) The time of flight up to this point
An(20.38km, 3.24 minutes)

)

s — (—34.‘641 + 120.4985t)
=\ 20+ 1075038t
AVs. aRe= 0
(120.4985) (—34.641 + 120,4935t)0

107.5038/\ —20 + 107.5038t
~6324.2645 + 26076.9555t = 0

t = 0.2425hrs
least distance d = /aRg/
Re= (—34.64‘1 + 120,49.85;:0.2425)

~20 4 107.5038x0.2425
_ (5.4202

_ 6.0692
/aRel = \/(5.4202)2 + 6.06922 = B.14km

3. Ship A stearns North-west ot 60km/h whereas
B steams southwards at 50km/h, initiclly ship B
was B0km due north of A, find;
() The velocity of A relative to
(i) The time taken for the shortest distance
to be reached '
(iii) The shortest distarice between A ond B.
- An(101.673km/k ot N24.7°W,
42.9minute, 33.382km)
K. Af: 8am, two ships A and B are 11km apart with
B due west of A. A and B move with a constant

velacities (~4i + 3j)km/h and (2i + 4] Ykm/h
respectively. Find the; / Gy

70

I e o
it o BN RS~
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) Leaost distance
;he' subsequemb::;z::‘ the two ships |
i) Time to the nearest minyte
this situation occurs Ap ('-O:I ::Uhich
PdTam) ’
. At 7:30am, two ships A and
with B due nol_'t.h of AA and B move with o
constant velocities (12))km /h and (=51 Yk
respectively. Find the: E)km/h
) Least distance between
the subsequent motion
i) Til:ne_t’o the nearest minute, ot which
this situation occurs An(3.08hm,
8:104pm)
A and B are two tankers at 13;00hours, tanker
B has o position vector of (4i + 8/ ) km relative
to A. A and B move with a constant velocities
(6i +9))km/hand (=3i+ 6/ Ykm/h
respectively. Find the:
D Least distance between the two ships in
the subsequent motion
ii) Time to the nearest minute, at which
this situation occurs An(6.325m,
13:40hours)
7. At 12 noon the pesition vectors rand velocity
vectors v of two ships A and B are as follows
s = (51 + km, Vo= (7T + 3 kmh™?
rg = (8T + 71)km, Vg = (2T = )kmh™?
i Assuming velocities do not ¢change, find
the least distance between the ships in'the
subsequent motion
ii. Find when their distance of closest |
approach occurs An(2.81km, 12:37pm)
8. At a certain time, the position vectors r and
velacity vectors v of two ships A and B are as
follows
ry = (3i + km, V,

Bare 8km apart

the two ships in

Assurning velocities do not change. Find |
(a) tl'?e position vector of A ut Iz:oo.ggzr; o
(b) distance between the ships at [Ld e
() the least distance between Aan
uent motion i ‘
(d) :::lr:seegt which this Ieast -sepﬂr:t:'f'z:::)
An((5i + 4j)km, S.sslem, 170 y e
9. At 2 noon the position vectors I €7 rC are os
vectors of battleships B and cruise
follows
e = (31— S))km,

v, = (31— 10DkmA”
v = (157 + 14Dkmh

= (2T + 37)kmh ™! at 11:00 &
g = (21— km, Vg = (3T + 7Pkmpt at 12:007

r VI T2 T SR IR

TR I S T R i
p = B

I Assuming velocities do not change, find the
least distance between the ships in the
subsequent motion
ii. The battle ship has guns with a range of up
to 5km, find the length of time during which
the cruiser is within range of the battleship’s
guns An(4.47km, 10minutes)
10. At o certain time, the position vectors r and
velocity vectors v of two ships A and B are os
follows
g = (=2i + 30km,V, = (121 — 4))kmh™! at 11:45 am
g = (8f + 7Dkm, Vy = (21— 14])kmh™?* ot 12:00 noon
Assuming velacities do not change. Find
(@) the least distarce between A and B in the
sttbsequent motion
(b) length of time for which A is within range, if
ship B has guns within a range of up to 2km
An( 1.41km, 12minutes)
1. Attime t = 0, the position vectors r and
velocity vectors v of two ships A and B are as

follows
_6 \
V, = ( 0 )m/s
\ 1

1
r,q = (2) T,
2
4 —5
rﬂz(—lz&)m, Va=( 1 )m/s
1 7
Assuming velocities do not change, find
(i) The positon vector of B relative to A ot
time t seconds
(i) the least distance between the ships in the
subsequent motion
(iii) Find when their distance of closest

approach occurs An[(il)% 5, 15.9m)

12, Attime t = 0, the position vectors r and
velocity vectors v of two ships A and B are as

- follows
2
0 = (B)m, Vi = ( 1 )m_/s
VE
s = (2F)m, Vg = (‘—5) m/s
1/

Where £ is a constant and assuming velocities

do not change.

Show that the leost distance between the ships in

‘the subsequent motion is f_a and their distance of
682

b, PHVE 25
closest approach is 75 meters ‘l((ll)ﬁ Sy
"l'-)

R i e o el o Y ILE e TR o T Y mﬁ; awﬁ-w AT
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8. A lizord lies in wait at point A, position vector

65
T = (40) cm. Attiemt =10 seconds a fly has

0
a position vector 1 and velocity vector Vg
37 5
) g’ruenbyrp=(16)rmand Ve = ( 2)C7ﬁ/$.
22 ~1

If the fly were to continue with this velocity,
find the closest distance it would come to the
lizard and the value of t when this occurs
An(vV374cm, T)
Two particies A and B move with constant
velocities (Bi + 3f + 30k)m/s and (4i — 2j -
15k)m/s respectively, where f8 is constant . At
time t = 0 the position vectors of A and B are
(2i +j — 15k)m and (—i + 4j + 12k)m
respectively.
(@) Find the value of § such that A.and B
will collide and the value of t when this
collision occurs
() In the particular case when g = 2, find
the least distance between A and B
An(p = —1,t=0.6,1.80m)
With respedt to a statioriory bird watcher, the
position vectors , 7 and velocity vectors V ofthea
pigeon and a bird of prey, at time t = D seconds,
were as follows

14.

is.

= (11t +38] + 11k)m
Viigeon = (31 + 6] — k)m/s
Third of prey = ‘(4‘I— 60j + BE‘;‘k)m
Vhffd of prey = (42 + 20j b 12k)m/s
(a) Assuming the above velocities are
maintained, determine the least distance
between each bird and the bird watcher,
for t = 0 and value of t for which this keast
distance occurs
(b) Again assuming the above velocities are
maintained, show that the bird of prey will
intercept the pigeon and find the value of
when this would occur
{(©) When t = 6 the pigeon suddenly changes
its velcotiy to (6] — k)m/s If the bird of
prey does not alter its velocity what is the
least distance between the birds in the
subsequent mofjon
An( (u) pigeen, V1686m, when ¢ = 0, bird of
prey 20V6m when t =4, (B) 7, (c) 2.9m)
8. Two air crefts A and B are flying at the same
altitude with velocities 180m/s due east and

Tpigeon

i g i e
AT T et e

7.

19.

. At 15:00 hours a trawler is 10km due east of @

240m/s due north respectively. Initialy B h Sy,
due south of A. Given that the aircrafts do not
change their velocities, find the shortest distance
between the air craft in the subsequent motion
and the time taken for such a situation to oceyr,
An( 3lem, 13.3331)
A road running riorth-south crosses a road
running east-west dt a junction O. Iﬂitiu“y Paul is
on the east west road, 1.7km west of O and i
cycling towards O at 15km/h. At the same time
John is at O cycling due north ot 8km/h. If Paul
and John do not alter their velocities, find the
least distonce they are apart in the subsequent
motion and the time taken for thot situation to
occur An{ 300m, 3185)
At 7:30am two ships A and B have
velocities 15km/h, N30°E and 20km/h due east 1
respectively, with B skm due west of A. Inthe )
subsequent motion A and B do not alter their
velcoities. Find the distance between AandB I
when they are closest together and the time ot
which this situation occurs to the nearest minute
An( 3.6hm, T142am)
A road running narth south crosses o road running
acist west at a junction O. Peter cycles towards O !
from the west at 3m/s as Tom cycles towards O
from the south at 4ms. Initially Peter is 600m from |
O and Tom is 250m from O. I\
(@) If Tom and Peter do net alter their
velocities, find the least distance they are f
apart during the motion and the time take
to reach thot situation. i
(b) How far and in what direction are Tom i
and Peter then from O An( 330m, 1124, *
128m neorth 264m west) ‘

Two air crafts A and B are flying, at the same

altitude, with velocity 200m/s, N30°E and
300m/s. NS0°W respectively. Initially A and B
are 2km apart with B on a bearing S70°E from A.
Given that A and B do not alter their velcoities,
find the least distance of separation between the

L =
two air craft in the subsequent motion and the I
time taken to reach such a situation An( 371, :

5.8%) |

launch. The trawler maintains a steady 1ohm/hon
a bearing 180° and the launch maintains & steody =
20km/h on a bearing 071°
(a) Find the minimum distance the boats are
apart in the subsequent motion, and the tim®
at which this occurs

2
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{b) Find to the negrest minut,
e, the len i
whidﬁ(e ‘t:;r::oqt, ae within magg; :;::T;:}::l'?s At 10:00 am, ship & and ship B are 16 bm
. A moon aship A-n:;:‘“. oury, 22 minutes) apart. Ship A is on a bearing N35" E from
) in . ; -
velocity of 20 4kmp-1 i, t?]:’ ;?e:t?::s;;gltﬁ’ S A Kirmnling o 4. Bk corn
where tan@ = % A sec ; ’

bearing §29°E . Ship B is travelling ot
17 kmh™" on a bearing N50° E . Determine
the; UNEB 2018 Ne. 16

(@) velocity of ship B relative to ship A.

(®) closest distance between the two ships and the
time when it occurs.
An(23.9964hm/h E74.9°N, 10.30Am, 5.4562km)

north of A. Ship B i moving with
Zq P Blis moy constant velocit
of 5 kmha in the direction Sa®W, where ’
tana = 7. If the shortest distance between the ship
is 4.2km, find the time to
the distance between the
2017 Ne.

the nearest minute when

ship is shortest. UNEB
18 An(0.576h, 12:35 pm,)

COURSE oF CLOSEST APPROACH

I A s ts:‘c;is as [.;:lose @s possible to B, then velocity of A must be perpendicular to the relative velocity
A A=

Examples

Two particles P and Q initially ot
Particle P moves with a constant
velocity of (57)m/s..
(a) Find;

i) The time when the particles are closest together

ii) Bearing of particle P from O when they are closest to each other

(b) Given that half the time, the two particles are moving closest to each other, particle P
reduces its speed to haif its original speed, in the direction to approach particle Q and the
velocity of Q remains unchanged, find the direction of particle P

L positions (3i + 2/ )m and (13i +2j Ym respectively begin moving.

velocity (2i + 6/)m/s. A second partide Q moves with a constant
UNEB 2003 No.16

Solutliom

@ or=(3)  Vp=()ms™
00=(%)  ve=(g)ms”

WmT TR
Vo= (¢)—(5) = (1)
pRo= (opg— 00) z+ (BValt
o = ) ()] + () =
For minimum distance
pVo.pRo = 0

2t
10t+ : )

Q) ) =0
20+ 4t+t=0
t=4s

R, = OP + Vpxt

)

E = e T ¢ "":,,.-‘..m el ¥
SR e e o o eUM lemreinonle  SREREN R e 5, o il

4
tan@ = >

6 = 63.4°
N26.6°W
. _ _ 1 -1
(© Att=2s Vp = (3) ms
[Ve/=~1% + 32°= 10m/s

Let P move ot angle @ to x-axis

(cosBy /0 V10cos8
o = VIO (050) — (%) = ( )
(smﬂ) (5) V10sing —5
If P is to approach Q, then
on. VP = 0
( V10coso ) (\/Tﬁcose) =0
V10sing — 5/ " \J10sing
10cos%8 + 10sin?8 — 5V10sing = 0
10
sind = , g = 39.2°
5V10 |
N50.8°F

273
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. A motor boot B is travelling ot a constant velocity of 10m/s due east and motor boat A is traveling af ¢
constant speed of 8mis. Initially A and B are 600m apart with A due south of B. find ;

()] Course that A should set in order to get close as possible to B

(i)  Closest distance and time taken for the situation to occur

73 Selution f0s36.9 10
L-. (i) Let A move at angle & to x-axis _ [(0) _ ( 0 )}H( cos3 9. )
Vs = (Bcosa) _ (10) _ {BcasB — 10) 0 ‘E%OGOBt 8s5in36.9
B, e T wRe=(_g00 4 4 sost)
If A is to approach B, then ——60‘ + 4.
aVe.V; =0 AVBg-, EI[?_];: 0 2603t
'Bcos@ — 10y (Beosb —3.0Uay —3 J=o0
( C:Eissinﬁ' ) '(3;;9) =0 ( 4.803 ) (—600 + 4.803-t)
64cos20 + 64sin20 — B0cosd = 0 12.982}6Bt1~82881.8‘+ 23.0688t = 0
881.
64 _ L
cosf =§i f = 36.9° t= ——_36.05'04 t = 80s
 N53.1°E least distanced = /aRs/ N
0 0 Re = ( —3.603x80 Y\ _ (—-288.-24)
@ 04 =(g) 08 = (440) ARs= | _c00+4.803x80) ~ \~215.76
ARs = (0A—0OB) + aVst /aRe/= +/(—288.24)% + (—215.76)* = 360m

3. A miotor boat B is travelling at a constant velocity of 13km/h due north and motor boat A is traveling at a
constant speed of 12km/h, Initially A and B are 5.2km apart with A due west of B. find ;
m Course that A should set in order to get as close as possible to B
(i) Closest distance and time taken for the situation to occur

i

I

—52+4612t) D‘
L 3 |

|

Solution
0] Let A move at angle & to x-axis — [(0) _ (52)] n t( 12cos67.4 )
Vs = 12cos0Y _ ( 0 ) _ ( 12cosé# ) 0 0 12s5in67.4 — 13
12 5in8 13/ \2sinf — 13 ARp = (
If A is to approach B, then —1.921¢
VeV, =0 aVa. aRe= 0 |
( 12cos8 ) '(12.:05‘9) -0 ( 4,612 )_(—5._2:-!‘- 4.612rY _ 0
12sinf — 13/ "\12sin/ —1.921 —-1.921t
144c0520 + 144sin?8 — 1565in6 = 0 3.6902t — 23,9824 + 21.271t =0 i
} 12 . 23.9824
sing = B 8 =674 249612 t =0.961h
N22.6°E least distanced = /aRs/
0 : 52 _ (—52+4.612x096 —0.7725Y
() 0A = (0) 08 = ( 0 ) s = -1.921x096 /" (—1.'3442) |
ARs =.(0A — 0B) + aVst /aRe/= {/(—0.7725)? + (—1.8442)? = 2km ‘L."

4. Two gir aaft A and B are flying ot the same altitude with A initially 10km due north of B and flying ato
constant speed of 300m/s on a bearing of 060°, If B flies ot a constant speed of 200mys. find ; d
(D  Course that B should set in order to get as close as possible to A

(i) Closest distance and time taken for the situation to occur
$olution
()] Let B move at angle 6 to x-axis (200(:056 —150v3\ [200cos6 i\!
- V= 200cosfy (3005in60) _ (ZOOCOSH — 150v3 200sing — 150 ) ’ Zobsiné) =
; 200 sin8/ ~ \300cos60 200sin8 — 150 40000cos20 + 40000sin?8 ~ 30000v3 cosé
j If A is to approach B, then — 30000 sing = 0
; Va.Vp =0 -
BVA-¥B 3sing + 3v3 cosh = 4
Using Rsin(8 + a) = 4

o ol )"- g .
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Rsing = V3. ()

Reosa =3 (i =[Oy_¢ © 200cos(—11.8) — 150v3
1 (3V3 ) [(0) (10000)]ﬂ( 200sin(—11.8) — 150 )
a = tan~1 (~_ = §0° RA = ( —64.034¢ ) i
. 3 - 10000 — 190.8992¢/
Rsin(g + a) =4 gVa. BRa= 0
6sin(@ + 60°) = 4 ( ~64.034 ) ( —64.034t ) =0
8 + 60° = 41 go —190.8992/°\10000 = 190,8992t
el 4100.353t — 1908992 + 36438.6867¢t = 0
: 1908992
, N78.2°F t= — " . p=4T1s
@ o0a=( 0 N 5 40539.03968
! = (1 0000) OB = (0) least distance d = /aRa/
sBRa= (0B - 0 _ —64.034x47.1 _ (—3.016.0014)
( A) + aVat ke (10000 — 190.8992x47.1 ( 1008.6477

/aRal= +/ (—3,016.0014)2 + (1008.64772)% = 3.18km
INTERCEPTION AND COLLISIONS

Consider two bodies A and B moving with Va and Vs from points with position vectors OA and OB
respectively.

For collision to occur Raz= Re: Re= OB + tx Vs

Pasition of A after time t is 0A + t xVa= OB + txVs
Rm= OA + t xVa (OA—OB) + t(aVs)= 0
Position of B after time t is ARs= 0 A

SHOWING THAT PARTICLES COLLIDE

Equate the corresponding unit vector form both side to show that v is constant in both directions
For vectors in three dimensions at least any two unit vectors be constant
Examples

The position vectors r, = (5i — 3] + 4k)m and ry = (71 + 5] — 2k)m are for two particles with
velocities v, = (2? + 57+ BE)m/s and vy = (—31— 15 + 18k )m/s respectively. Show thot if the
velocities remain constant, a collision will occur

Solutiom v o4
= 0F + txVe =045
® 04 5+ L= gA 0 7 f =3 Along the j direction; —8 = —20t
(—3)+(5)t=(5)+(—15)f t = 0.4h
4 3 ~& 18 . Along the k direction; 6 = 15t
-2\ (2 = 0.4h
-8 ]= (‘20) 2 ince t is constant in oll directions collision occurred
SIAT L
Along the { direcl:i?r:l; 2= i velocity vectors v of two ships A and B are as follows
2 At12 noon the postion Uec-rtoz r(? :dﬁ)kml,w Va = (61+ 2])kmh™"
rg = (67 + 4Dk, Va = (~41+ 8))kmh

— . hange, _ ,
Assu(r]r;insghuelt.’&:::'_flt‘::-SC‘;-;i-l‘is"i';"t1 fu il oceur | (i) Find the time ot which collision occcur
i) Show

f the location during collision

(i) Find the position vector ©
Solwtiem _ Along the i direction;—5 = —10¢ -
— + txVe e ¢
® o4 +txVa= 08T 0 t = 0.54
(1) + (6) [ = (4) +( 8 ) Along the j direction; 3 = 6¢ =
7\l (40) y t = 0.5h
. ) =\ 6 Since t is constant in all directions collision occurred
275
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It occuns ot 0.5x60 mins + 12: 00
= 30 mins + 12: 00
12:30 pm

How far each has trovelled
() Ry= OA+Vuxt

re= (3) +(5)05= (3)

3. At 1:300m a battle ship is ot @ place with position vectors (—61 + 12j)km and is moving with velocity

vector(161 — 47)km/h. At 12:00 noon a cruiser is ot a place with position vectors (121 —15))km and i

(i) Show that collision will occur

moving with velocity vector (8T + 16])km/h Assuming velocities do not chonge,

(i) Find the time at which collision occur

(i) Find the position vector of the location during collision

Selutiom
()] 6At12‘:?2 Ryv= 0A 6+ 05 xVa+ tx Va
_ i i
= (12 +(;4)x0'5 + (—4) L= (120) t (ii)t
0A2+ t xl\éA= 0B 1—; thaB |
(10) ¥ (—4.)_‘;; (_15); (1 6—)t
( 25 )= Go)-‘
Along the i direction; —10 = —8t

t = 1.25h
Along the j direction; 25 = 20t

4. The position vectors of two particles are r; = (4i — 2j)t + (3i + j)t* and

t =1.25h
Since t is constant in all directions collision occurred
(ii) It occurs ot 1.25x60 mins + 12:00
= 75 mins + 12: 00
1:15pm
How far each has travelled
(iii) Rag = OA+ Vgxt

ro= (2)+ ()= 2= (5)

(5i = 2j)t respectively. Show that the two particles will collide. Find their speed at the time of collision .

Uneb 2002 No.13b
Solution

w="r

4 3\,z _ /10 5
(_z)t"’(l)t '(4)_+(_2)‘
Along the i direction ; 4t + 3t* = 10 4+ 5¢
3:=t—10=0
t=2ort= —g
Along the j direction s =2t + t* = 4 — 2t
t2 = 4
t=442
Particles collide when t = 2 units
dr

p=—

dt

d )
vy = EE[(M— 2/t + (30 + )t?]
vy = (41 = 2]) + (61 + 2t
Att =2 vy = (41— 2]) + (61 + 2])x2
v, = (161 + 2j)
speed, v; = /(16)% + (2)% = V260
d
vy = o [(10i + 4f) + (51 — 2))t ]
v, = (51— 2))

speed, 7, = /(5)% + (-2)% = V29

5. At 12:00 noon two ships A and B are 10km apart with B due east of A. A is travelling N60°E ot a speed
of 20km/h and ship B is travelling due north at 10 km /h. Show that, if the two ships do not change
their velocities, they collide and find to the nearest minute when the collision occurs

N

0 Okt T 10k

A'| 10km |B

OA ¥t xVa= OB + tbxva o
5in6 1 :
(g) * @32’;63) t=( 0 )+ (10)t

(1203 o= (100) +(100)t

Along the i direction: 10v/3t = 10
t =0.5774h
Along the j direction; 10t = 10t
~ t = 34.6minutes

6. At1ipm two ships A and B.are 10km opart with B due north of A. A is travelling north east ot a speed

Selskiam

ﬁ@ ‘nf‘%}!afdéﬁi%:ﬁ-ﬂrh...jﬁmm; Sy =

‘of 18kem/h and ship B is travelling due eost ot 92 kkm /h. Show that, if the two ships do not change
their velocities, they collide and find to the nearest minute when the collsion: occurs

= o A e 1 T T

o R R
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ship A and B will collide and find the when and where the col

| ¢ ‘pasition vector of C when A and B collide and ﬁm:lhtwwfi?ﬂ'ciif".""‘a ot

{iir) When the collision occurs, C immediately changes its course but not its speed o streaing
direct to the scene. When does C arrive _ , .

5. At ©2noon the position vectors r and velocity vectors v of three ships A, B and C are as follows

2 = (10.51 + 6))km, V= (91 +.18jj-lmuh_'11
g = (71+ 20))km, Vg = (121 + 6]))kmh .
e = (107 + 15Dkm, Ve = (60 + 12))kmh

Assuming velocities do not change, .
() Show that ship A and B will collide and find the when and where the collision oceurs
(i) When the collision occurs, C immedictely changes its course but not its speed and streams
direct to the scene. When does C arrive

COURSE OF INTERCEPTION &
Suppose particle A moving with a speed V, is to intercept particle B moving with a speed Vj, then;
% Draw a sketch a diagram showing the initial position and velocities of the two partit.:les. L
% For interception to occur, the relative velocity must be in the direction if the initial displacements of t]

particles
AB
b=—nr
AVg
L Atonyinstant a body A travelling south at 10v3m/s is 150m west of B. Show that B will intercept A if B is
travelling S30°W at 20m/s and find the time that elapses before the collision occurs .
Solution |
A R 4o , Bearing S30°W J-
: - 5in90 sin(90-8) 1
1032/ -SW Ao ——= = [‘
sin90  sind AV = 20xsin(90 — 60) = 10m/s G
20 T 10V3 AR LSO
g = 60° AVy 1D

2. Ab12:00 noon two ships A and B are 12km apart with B on a bearing of 140° from A. ship A moves at 30km/h
to intercept B which is travelling ot 20km/h on a bearing of 340°, Find the;

(D Direction A should set order to interceptl B (i) Time taken for the interception o occur
Solution S

8 =13.2°
Bearing E (50 — 13.2)$
E36.8°5 or §53.2°F

'——“?‘IJITI

Selution

|

o° Alsos 5in20 _ sin(180-[20+13.2])
. T AVg
sin20  sin(@) AVg = 48.03km/h |
30 20 A 12 250k = 15miues
= = —— T = T

_ AVg  48.03 ’

3. At 9:00 am two ships A and B arg 15km apart with B on o bearing of 270° from A. ship A moves ot 50km/h oni.
a bearing of 330°. If the maximupm speed of B is 10km/h, Find the;
{))] Direction B should set order to inkercept A as soon as possible .

E (i) Time taken for the interception to occur ‘
: )

Aok 172%- Rk = 8= 25.7°
el s Bearing N (90 — 25.7)E = N64.3°E |
L v ! Also:  S60 _ sin(120-8)
5in60  sin(@) T T av,
10 5 AVg = 11.515km/h

78

T : e P Y G T e e i
LSRR e Tt s el v e e s, s e el i e

Scanned by CamScanner



part with B on @ bearing of 250° fromi A. ship A moves at akm/hon |

. Id set in order to intercept

the battleship, if its speed s 2km/h, An{ N15°

A boy hits a ball at 15mis in o direction S80°W. A gir

45m and 5650W from the boy runs at 6m/s to

intercept the ball. Assuming the velocities remain
constant, find in'What direction the girl must run to
intercept the ball as quickly as pessible and how
long does it takes her, An{N24.7°F, 2.365)

3. A helicopter sets off from its base and flies at 50m/s
to intercept a ship which, when the helicopter sets
off, is ot a distance of Sk on a bearing 335° from
the base. The ship is travelling at 10m/s on « bearing
095°, Find the course that the helicopter pilot should
set if he s to intercept the ship as quickly as possible
and the time interval between the helicopter taking
off and it reaching the ship Am(NV15°W, 92.25)

4. A life boast sets out from a harbor ot 9:10pm togo
to the assistance of a yatch which is, at_the time,
5km due south of the harbor and drifting due west
at Bhkmy/h. If the life boat travels ot 20km/h, fmdr;l

() Course the life boat should set so as to reac
the yatch as quickly as p'ﬂf‘-‘s’b'e

(i} Time when the life boat arrives

6. The driver of o speed boat trovelling at 7skm/h

Bearing N (90 — 525)E = N37.5°FE |
Also  SI170 _ sin(110-8)
7 AVg
AV =7.273km/h
AR 1

_Al-f'g_

. A coast guard vessel wishes to intercept a yatch
suspected of smuogling. At 1am the yatch is 10km
due east of the coast guard vessel and is travellinig

due north at 15km/h. If the coast guard vessel

trovels ot 20km/h,

() inwhot direction should it steer in order to

intercept the yatch

(i) when would this interception occur

An(N41.4°£,1: 45am)

wishes to intercept a yatche travelling ot 20km/h in
direction N40°E. initially the speed boat is
positioned 10km from the yatch in a bearing
§30°E. Find;
() Course the speed boat should set 50 as'to
reach the yatch as quickly as possible
(i} Time when the interception ocecurs
An(N15.5°), Ominutes and 7seconds)
7. Abatsman hits a ball ot 15m/s in a direction
SBO°W A fielder , 45m and S65°W form the
batmans, runs at 6m/s to intercet the ball,
Assumning the velocities remain unchanged,
() find in what direction the fielder must run
to intercept the ball as quickly as possible
(i) How long did it toke him,

An(523.6°W,9: 17pm)

An(N24.7°F, 2.45)

279
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CHAPTER 11 CENTRE OF GRAVITY
This Is the point where the resultant force due to attroction acts

General fermula for COG h ts with
Consider a system of particle of weight Wy, Wy, ... - "}f located ot the points w
coordinates X, Vi, XoVam we eos srenee v min w5 st wwesn X Y in the - y plare. 4
1Y1s X2Y2 n¥n T, havechGatapoth(x,)f) @

The resultant of weight W; + W; + - |
Taking mements clong the v-clh

(W +Wo + e wF WIT = Wyxg + W Xg 1o oo vt W %
_ Z Wi x;
Trw :
IWiYi
$imilarly: Taking moments along the X-anlts y = Wi
wl(y )rwz(y ) +W"()’n)) ]
Alternatively s (D ( Wyt Wat - e W) |

If the masses are given then use

( g (y]) Ml (yz) bt i@ (;:)) i

(5’) a (Mg + Ma@+ e it v m,g) 8
Note ; e
() If all particles in question lie along the x-axis, the y coordinates of the center of gravity of the
system of force is.zero e’y = 0 |
(i) M all particles in question lie along the y-axis, the x coordinates of the center of gravity of the )
system of force is zeroie® = 0 ligy
Examples
1. Find the position of the center of gravity of three particles of masses kg, 5kg, 2kg which lie on the y-axis at the
points (0,2). (0,4) and (0.5) respectively . UNEB 1996 NO.9(a)

I T

$olution |
, ‘0 5 (0 0 P
(f)z.’lg (3) +59(;) +2s(5) (f) - (32)_(0) b
iz (1g+gg+290) y/~ 8 \4
) +(50)
.V 4
2. Find the co-ordinates of the center of gravity of four particles of masses 5ka, 2kg, 2kg and 3kg which are 1
stuated at (3.1), (4,3), (5.2) and (-3,1) respectively
Selution _
3 4 3 724
2@ @)1 ) e
y (5g +2g +2g +39) (.37 T 12
(x,7)=(2,15) i
3. Three particles of masses 2kg, Tkg ond 3kg ore situated at: (4,3), (1,0) and (a,b) respechuely If the centre of
gravity of the system lies at (0,2), find the values of a and b
Solution i
4 1 (@ 9+3 -
2g(.,)+1gl,)+39 } - a a=-3 =
2 (2g+1g +39) 2/ 6 2=—F" %‘ﬁ:_.
_ 9t3a 2 i
a=2

sFirsd the co-ordinates of the center of gravity of four purticles of masses 50kg, 60 Ghﬂ |
, 60kg, 20kg and 209
at (61 + 6]), (3i+ 51). (7T + 3)), and (2i — J) respectively o Goka, 2089
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sslutien
- 509.(’2) +60g (3) +20g G) +20g (_21)

X X
(y) - (509 + 60g + 20g + 20g) (7) 150
(x,7)=(4.4,507)
5. Findthe co-ordinates of the center of gravity of four partictes of weights 6N, 5N, 4N and 7N which are situated
at (i+ 27). (21). (3)). ond (41 + 2j) respectively
Solution

) o(3) +3() +4(3)+7(3) _(38) (X%.7)=(2,173)
v/ (6+5+4+7) 22

6. Therectangle EFGH has EF = 3mand EH = 2m, burticles of mosses 20g, 30g, 60g and 10g are placed ot the

mid-point of the sides EF, FG, GH, and EH respectively. Find the distance of the centre of gravity of the system
from each of the line EF and EH.
Solatien

2 002 (1(']5) +0.03 @) +0.06 (léS) +0.01 (E) ® loe
(v) - (0.02 + 0.03 + 0.06 + 0.01) | - (_3‘;) '( : (;.ézl 1)
X,y )=(1.751,

0’.2])

——

Exerciie 218
1. Find the co-erdinates of the center of gravity of foujS. Find the position of the center of gravity of four
particles of masses 60g, 30g, 709 and 40g which ar particles of weight 2N, 1IN, 5N and 2N which are
situated at (41 + 3f), (61 + 5]), (—6I + 5)), and situated at (4, —5). (1,2). (3, —6), and (0,3)
(=51 — 2J) respectively. An(—1,3) respectively . An(2.4,—3.2)

2 Therectangle ABCD has AB = 4cm and AD = 2cm, 6.  Particles of mass thg, 2ka, and mkg which are situated
particles of masses 3kg, 5ka, 1kg and 7kg are placed at (5,2), (1,5). (1, —2), respectively. If the centre of

at the points A, B, €, and D respectively. Find the gravity of this system lies at (2, ¥). Find the value of m
distance of the centre of gravity of the system from and § Am(m = lkg,y = 2.5)
reach of the line AB and AD. An(1cm, 1.5cm) 7. Particles of moss 2kg, 1kg, and 3kg which are situated
3. Find the position of the center of gravity of four on y-axisat (0,7), (0,4), (0, —2), respectively. Where

particles of masses Skg, kg, 2kg and 2kg which must a 6kg mass be placed to ensure that the centre of
are Sit:.mted at (51-7]). (=31 + 2]), (31— 5)). gravity of this system lies at the origin. Am(0, —2)
and (T - 6j) fﬁipediveIV'- An(T - 3)) B. Particles of weight 5N, 4N, and 3N which are situated

. 4 l?ud:icles of weight 1N, 2N, 3N and aN which ore at (—5,0), (4,0.5), (—4,—3). respectively; Where must
stuated ot (61), (i — 51). 3T+ 2J), and (ai + bJ) a 7N particle be placed to ensure that the centre of

l::r:ctlogly. if the centre of gravity of this system lies gravity of this system lies at the origin. Am(3,1)
© points with position vector (2,57 — 2]). Find
the value of o and b, An(2, -4)

Centre of gravity of tome laminas and sollds

1 |
gm"faﬂla ) 2  C.0.G of 3 Solid Cylinder
B {AB AD . h
- G| — = —— by G , =
o 1R @l
' R
3 C.0.G of a girgle

4 COGofsemicircle g g lies along the ligp of
symmetry at a distanice —_ from
straight edge O 37

G ( i‘__r_., r]
in ;
TLU‘:) ‘h-.. et

-_ - S = -‘_‘—ML [Fofd Waa....
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8 C.0.Go ; 6 C.0.G of right angled triangle:
. G'at leascals wriangle C.o.g lies along the hne of i

9 the line o
symmety at a distance __from symmetry at a dig IIHQW

tance A2, . ,
straight edge AB 3 from right SyandAL
g ,459 ght angjas, 2 N

: _"’?‘J G(AB AC
A : B 2 3 ]

B ? 3 3 —
7 C.0.G of a solid i
cone. gllies alang the line of 8C.0.G of a solid hemisphere

C.0.g lies along the hne of e
symmetry at a distance %_from 1 symmeltry at a distance 3 o x
straight edge AB% : . straight edge AR® m W

o (%) ;ﬁ G[.B’S’,rj i

i 5'
1. Find the position of the center of gravity of a uniform lamina in form of o triangle whose co-ordinates are |
@ (0,0). (2,6). and (4,0). l Gi)  (0,0), (0,6), and (6,0). V)  (1,0). (50).and (0,6), :
(i) (0,3). (3,0). and (6,3). (iv)  (0,0), (0,6), and (3,0). wd  (3,0). (6,0), and (0,6), |
$olution J
PR :
G)=§(o+z+4,o+6+0) |
=(2,2) |
(i) = (3,2) (i) = (2,2) (iv) = (1,2) (v) =(2,2) (vi) =(3,2) l
CENTRE OF GRAVITY OF COMPOSITE LAMINAE AND 3OLIDS |
1. The figure below shows a lamina formed by joining together o rectangulor solid and triangular solid, Find the.
C.0.C of the composite lamina from sicdle AE ond AB
i 4-::!':11[ = = ’
-~ — Born
Solation :
|amina Area Weight DJSE&WECE of C‘G'(ignm c.0.g9 from AE; 44Wx = 12W1’10 + 32Wx4
ABDE 32cm’ 2w 4 2 ¥ = 5.64cm 8
BOC 120m? 12ZW 10 2 co.gfrom AB; 44W9 = 12Wx2 + 32Wx2
tomposite 44cm’ 44w X Y ¥ = 2¢m I

2. The figure below shows a lamina formed by joining together o rectangular solid to a semicircular solid. Find tha
C.0.G of the composite lamina from side AD ond AB

e[ > g

felution -
Wis the weight per um‘}J area | co.g from AD; 89.24W % = 19.24Wx 11.49 +70Wx5 | 4
lamina Area Weight ISEP_)CE oY .ARro = 64cm
ABCD 70cm? 7TOW 5 3.5 c.o.g from AB; 89.24W5 = 19.24Wx3.5 + 7T0Wx35
Semicice | 19.24cm® | 19.24W |, ans_ | 35 y=3.5cm
_ 3 - 1
composite | 89.24cm” | B89.24W E v ‘

3. The figure below shows o lamina formed by joining together o cylindrical solid to  conical solid. Find the CO-G of

the composite lamina from side AE and AB i

- E D i
s = ;
cm .
¥ ! ) ~c
, il T2em B Bom
Selmiiom i
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Ana 3scm. 5 Fsiicyey

| = A e —ll \ nrtbnslﬂs« of G"Sﬂﬁd hm& : o~ qm i
il > | phere ‘nf Fﬂdius r | e w g
I ] eridicalar h. The pane surf > of th M jeined to a solid right. circular cone of | Cise G

2 cone ana.khemuphere coincide and bql:ﬁ sﬁfltﬁ are. gll

bose va_f the cone l‘

L A 3y
—ar®(h+ 2r)) i'=—zrr- (iz+

(h+ 27)F = 2r (h + i‘)J«%—

| Goe | LM _ 3K% 4+ Bhr 4 3r?
T x = 77 ey B K
4(h + 2r)
Centre of grovity fromithe base=
il

ATher)

il Esercise 218

. g HTC_I”JIHE position of thecenter of gravity ofa 12 Find the co-ordinate if the centre

uniform laming inferm of o triangle whose (2,2), Iumlnc shoum below. Tc:ha Aiﬂs-the oqgm: arid AD

d {4:6). and (0,3) respectively. UNEB 2007 NO.2 AB as x and y-cads respectively. DINES 2008 §

- Lzl_n_."‘ e . .

. 9:Find .il'le positien of the center of gravity of —e = .
particles nﬂ werqht er 8N and 4N whmh dre A..@_;__—,-cm, Z.TZcm)

ABCD is a trapezium in which AE and ud; are
parallel and lengthrn andb re

3h? +Blirart
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N
AN

N

W s the weight per unit volume

pi valume Weight Dis!:gce ol C.0.G from c.0.g from AE: 414.69Wff= 7?:;4& 14 4-339.29Wx6
339.25¢cm? ) —~A8 = 14acm
cybnder sl Bl i s 3 cogfromAB; 414.69WF = 75.4Wx 3 + 339.29Wx3
cane 75.40cm’ 75aw [y |8 _ 14 3 ¥ =3cm '
composile | 414 6%cm” | a14.8awW = v
a4, Find th?ucentre of Qroulrsty of the following from line AF and AB _
X Ciky
" ke
oer . . A
o -?n—_— =Y L 3em Zam Scm —] ; P

Ana A€o, 3.791:"’)

5. Abody qf consists of a solid hemisphere of radius r joined to a solid right ¢
perpendicular h. The pane surface of the cone and hemisphere coincide

uniform material. Show that the C.0.G of the body lies on the axis of symmetry ot o distarice S

base of the cone
jelwtion

wloscis
ir

H

HKooxis

Bom
Ari{acm, 3.3crm)

ircular cone of base radius r and
and both solids are made of the same

Rz from the

8 3

W is weighl per unil yolume ~ 3r 3h2
lamina _Weiight l—.0.G from y axis—— (h+ Nx=72r (h + _8_) + T
_ / 2 X . ]
Cone lanbw T h __3h2+8h7‘+31’2
hemisphere %::r ‘I "= i xi= 4(h+ 2r)
e Ymiths2ow| % oi _ WW24Bhrsart
omposie /3,‘7r (h+ 20 X Centre of gravity from the base= P h
_ 3r? — p?
T A(h+2r)
Exerclie 218

8. Find the position of the center of aravity of a
uniform lamina in form of a triangle whose (2,2),
(4.6). and (0,3) respectively. UNEB 2007 NO.2
An(2)

Find the position of the center of gravity of
Particles of weight 12N, 8N and 4N which are
g:::d at (1,-3), (0,2).,.and (1,3) respectively
oy :; of masses Skg, 2kg, 3kg and 2kg are
(g et (31~ J), (21 + 37), (=21 + 5)). ond

2]) respectively. Find the position vector of

tentre of gravity
re below is a lamina formed by welding

~er a rectangular metal sheet and
‘emicircular metal sheet. °

<
I 1“”“‘:{ ‘IOVr_-rn
Find the ~ ; -

Positi :
kming from smg;}* centre of gravity of the

20y

12. Find the co-ordinate if the centre of mass of the
lamina shown below. Take A as the origin and AD,
AB as x and y-axis respectively. UNEB 2008 NO.8

- JGem
Jcm

A 3cm

An{a.227cm, 212cm)

13. ABCDis o trapezium in which AB and CD are
parallel and length a and b respectively

o b c
/ h 45'_\
A — = = B
Prove that the distance of the centre of mass from
ABis % h (Tf:) where ki is the distance betweasn

AB and CD'

i4. The figure ABCD below shows a metal sheet of
uniform material cut in the shape of a trapezium
AB = x.CD = y, AF = a,EB = b'qnd h isthe
vertical distance betweerl AB and CD

D

i

|

T

[
~ 1
E

Bom o

L] -
el . =

Aézg =

283
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Prove thot the distance of the centrbe of grovity of
the sheet is ot a distonce %h (_3_3‘55;’_) from side AB
15. The figure OPOR below shows a metal sheet of
uniform material cut in the shape of a trapezium
OP = a, RQ = 3a, and the vertical height of P
from RQ = a UNER 2008 NO.3
a g P
1 a a)
R — — > Q
h 3a
=

Calculate the centre of mass of OPQR An(% a, 1z‘t'l)-

16. The diagram shows two uniform squares ABFG and
BCDE joined together. The mass per unit area of

BCDE is twice that of ABFG
L]
|¢:an

mI
8 2Zmt c

A am

Find the‘distcnce of the centre of gravity of
composite body from AB and AG. An(1 :j-m, 3m).

17. ABCD is a uniform rectangular lamina in which
AB = p and BC = 3p. The points E is on AD such
that ED = 3¢g

i. Show that G, the centre of gravity of the

r b
trapezium ABCE is distant 352:% from
AB and find its distance from BC

ii. When the trapezium is suspended from E, the

edge BC is horizontal, prove that ¢ =
1/30(3-V3)

i8. Two uniform square lamina, each of side 3m are
joined together to a rectangular lamina 6m by 3m.
The squares are not made of the same material
and the mass per unit area of one of them is twice
that of the other. Find the distance of the ¢.0.g of
the composite body from the edge of the square.
An(0.5m).

19.. Two solid cubes, one of side 4cm and the other of
side 2cm are made of the same uniform material.
The smaller cube is glued centrally to one of the
faces of the larger cube as shown below

L______,‘_.-—-l j_’____-—_-—-_—_—’ Zj
Find how far the centre of gravity of the
composite body is from the common surface of the
cubes Am(1 ;m)-

20. A uniform semicircular lamina of radius 6cm s
joined to another uniform semicircular lamina of
radius 3cm. The centre of the straight edges of each
lomina coincide, but the lamina do not overlap. If
the two lominae ore made of the same materiol,
find the position of the C.OG of the compasite

22,

24,

lamnina formed. Am{On oxis of symimetry, :_:q‘ -~

the larger semidircle from common diamter),
A uniform semicirculor larmina of radius gcm j

' joined to another uniform semicircular laming of

dius 3cm. The centre of the straight edges of
Ir:minu coincide, but the lamina do not W'ﬂtln.ul?‘
the smaller semicircular is made of the materiqj
having mass per unit area equal to twice that of
the larger semicircular lamina, find the position of
the C.OG of the composite lamina formed.

4 .
An(On axis of symmetry, — cm into the larger

semicircle from common diameter).
A solid right circular cylinder has a base of radius of
3cm and a height of 6cm. the cylinder’s circular top
form the bose of a solid right circular cone of base
radius 3cm and perpendicular height 4cm, the
eylinder and the cone are made from the same
uniform material. Find the position of the C.0.G of
the composite body . An(On axis of

symmetry, 3 1—3; c¢m above the base of cylinder).

A body consists of a solid hemisphere of radius 4cm
joined to a solid right circular cone of radius 4cm
and perpendicular height 12cm. The plane surface
of the cone and hemisphere coincides and both
solids are made of the same uniform material. Find

the position of the C.O.GC of the body. Am(On axis

of symmetry, 10.8cm from tip of the cone)

A badge is cut from a uniform thin sheet of metal.
The badge is formed by joining the diameter of
two semicircle, each of radius 1cm to the diometer
of semicircle of radius 2cm as shown below

=Zcrm

Zornm O

The point of contact of two smaller semicircle & ©.
Determine in terms of 7, the distance from O of

the centre of mass of the badge. An(, 54; cm).

25, A child's toy consists, of a solid uniform hemispher®

of radius r and a solid right circular cone of basé
radius r and height h. The base radius of the solids
are glued together. If the density of the hemisphere
is k times that of the cone,
() show that the distance from the vertex °f the
cone to the centre of gravity of the toy
kr(3r+Bh)+3n?
T akriny

If the toy is suspended from a point o7 the i
of the common base and rests in iﬂ"-'"'h"":;
with the axis of the cone inclined at an 9"

of 8 to the downward vertical. Show that

hZ#-3kr2

(i)

204
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CENTRE OF GRAVITY OF A LAMINA WHOSE PART HAS B

Bramplas

. Find the centre of gravity of t i : \
1 y of the rDernumder of the rectangle ABCD if o square PORS is removed s

Solution

—

10mS-—- ¥ FE

R =

-

W is the weight per unil ares

A2cm

_ : c.o.g from AD; 87Wx = 96Wx 6 ~ 9Wx2.5
famina area Weighl e ek T .
ABCD | 9o’ 0 03 4 X = 6.36cm
oS = T 25 A c.0.g from AB; 87Wy = 96Wx 4 — 9Wx4.5
Remander|  B7cm’ 87W | X ¥ ¥ =395cm
2. Find the centre of gravity of the remainder of the square ABCD if a circle of radius r is removed as shown below
[
s
= = g :::: L=
Solation
W is the weight T ¥ =
: permtgns'zce oI C O from co.g from AD: 71.73W% = 100Wx 5 — 28.27Wx4
{amina area Weight AD AR X =53%9m
ABCD 100cm® 00 W 5 5 —
| circle 28:27¢m? 28.27'W 4 ] 0.9 from AB; 71.73W}' = -I_QOW): 5—28.27Wx6
Remander| 71.73em’ 7T173W Y v ¥ =4.61cm
3. Arectongle ABCD is of AB = 15cmand AD = 10cm . If the semi-circle is removed as shown below. Find the
centre of gravity of the remainder of the
B, £3 Bcm <
S _ ’__..___Zcm. - I‘I oo
) L ¢ T1om )
_ ~oe= TScrn B
Solution
Wistne wegniper unitares L 0.g from AD; 135.86W % = 150Wx 7.5 — 14.14Wx6.27
lamina Area wWeight AD AR ¥ = 7.63cm
ABCD 150cm? 150 W 7.5 5 _ ‘
Bemiciice| 14, 14cm? 1209V |52 97624 2 c.o.g from AB: 135.86Wy = 150Wx 5 — 14.14Wx4
Ar T
ramainder | 135.88em’ 135,86 W = Ei y =51em

4. A solid cube of side acm is made from a uniform material. From this a smaller cube of side is removed as shown

below

Find the position of the centre of gravity of the remaining body

felutien
VY o 0 wimigh) per it LvoeE _| co.gfromAD; S6Wx = 64Wx 2 — BWx2
lamina valume Weight wiance of Lo ’ £ =2cm
Big cube | 64cm’ B4 W 2 2 ‘ _ ‘ :
Small cube Bom® BW 2 3 0.9 from AB; 56Wy = 64Wx 2 — BWx3
remainder | 56 cm’ 56 W E ¥ ¥ = 1.B6cm
Exercise 21C

A circular lamina, made of uniform material has

its centre ot the origin and radius of 6cm. Two
smaller circles are cut from this circle, one of radius
o and centre (-1,-3) and the other of radius 3cm
and centre (1,2). Find the co-ordinates of the

centre of gravity of the remaining
-4 —15
shape. An (—;—‘,-;&—)
ABCD is a uniform rectangular sheet of card
board of length 8cm and width 6cm. A square

285
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.

ond a circular hole are cut off from the ¢card
board as shown above, UNED 1999 NO.16

A D
¥ lcm ; 1em
L Sk - . r
6cm ' 2en :_1cm_,‘,

c

—

8cm
Cailculate the position of the C.0.G of the remainin#

sheet Am(3.944cm, 2.825em)

The diagram shows a uniform semi-circular lamina

radius 6m with a semi-circular portion of radius 3m
missing

S :
S
o~ M
S I =
TOPPLING

Consider a body which is resting on a slop which
When the angle of the slope is

2

Find the distance of the C.0.G of the remainj
#dthe point A shown above An (—2-3)

A conical hole is made in one end of o right ci
aylinder. The axis of symmetry of th Shreuilar
that of the eylinder

of  hole at the end of the cylinder is of

of symmetry, 2 % em from undrilled end).

is rough enough to prevent slipping.

such that the weight acts through X the body will be on the point of toppline

\aml=]

Example

height 10cm centrally drilled in it

The figure below shows a uniform hemispherical solid of radius 30cm with a eylindrical hole of radius Sem and

=l —

(@) Find the distance of centre of gravity of the figure from a flat surface
(b) If the figure is placed on an inclined plane with the flat surface in contact with the plane, calculate the

angle that should be inclined, before topplin

Solution
| lamos Vokume T
[heuisphere;,-r(m}’ = 56548 668 [s6548 6R 1Y %’Ln_zs em
[ cpner | 5] xl0=785 398 185398 | som | aln
Fma‘nder 55763200 | SSIS32TOW. | T

cog from fit foce 25 — 785.398x5
J = 56548,668x11.25 — .398x
55763.277 e

A body consists ©

g occurs assuming that sliding does not occur

¢.0.g from y-axis
55763.27x% = 56548.668x30 — 785,398x30
=30

— .—-32- —_ 69.3°

‘anbé=*/5=11s

fc
f o uniform solid cylinder of mass 6m, base radius r and height 2r, attached to a plane foc& ©
e of mass 4m base radius r and height r

uniform solid con = o _ )
5 O N @ e
- s e centre of gravity of the body of
Find the posTto D;::i:fit:ith its plone face AE in contact with o horizontal table. Th'ﬂ :;’fh:“
(i) The body is now p ough to prevent the body slipping as the table is slowly tllte:»pgm
@ thetables mug:;: the table hos been tilted when the body is on the point of b
angle through W -

Scanned by CamScanner
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€ Cone isthe,am(

The cylinder is of radius 2cm and length 6cm, the €onic
hole penetrates 4cm into the cylinder ang the circylgr i

radius 1.5¢m, find the
position of the €.0.G of the remaining body An(On o

L
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c.o.g from AB;

10mg¥ = 4mgx r + 6mgar

|
y |
co.9 from AE; 10mar — r
-9{ dmgx ~+ + 6mgxr ‘
X = 1.5¢ }
.‘
|(l::ll-:il.llll UM OF SUSPENDED LAMINA i
nsider a lamina frea| -

suspension Y suspended from point A, The centre of grauity passes through the point of |
Q ; B( |

A tanf = —E

s®s AB
Examples < =
L The uniform laminae below y in |
ma!aes i Uemmle ow are freely suspended from point A. In each case find the angle that the line AB |

'y =

FTorn %3 e an
[~ = 3
o~ t= 75 L
=

ey (£ ]

Solution
W s ihe weight pér onit area
lamma area Weigh Dss!::,ce of T Oziémm
AFEP agrmy’ aw ns 2
PBCD 26m? 2 W - 1+1=2 05
Composile Gom” &W 2 3
c.0.g from AF; 6WX = 4Wx 0.5 + 2Wx2
X=lcm
co.gfrom AB; 6Wy = 4Wx 2 4 2Wx05
¥ = 1.5cm
Selution
W is the weight per unit area
laming _area Weight An° _A_af_r_n_
ADCP 6cm’ 6w 1 1.5
PC8 9em’ 9W | 2+1/3x6=4 1
Composte|  15¢m” 15 W x ¥
co.g from AF; 15Wx = 9Wx 4 + 6Wx1
x = 2.8cm

co.g from AB; 15W7 = 9Wx 1+ 6Wx15

2. The figure below shows a uniform Iano PQRS of side 21

with semi-circular lomina cut off os show below

1”_&: Z oy = ﬁ
e
" — = e ——— a8 i
1.5
tané = T = 56.3°
¥y =12cm
2¢cm
: - 47\
= Yip .
Bomy —
1.2

tan@ = fﬁ =232

-

(=) Show that the distance of the centre of gravity of the figure from PQ is
(b) The figure is freely suspended from the point R. find the angle that RS makes with the vertical

jelwtion

ES— =

P
201

3(8-m)

287
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W is the weight per unit arsa

Distance of € O G rom

lwnina Arga Waighi PO

PORS a? A w 1

; T } i a |

Serme:cirice -t 5 1w -
i o T ) o A

c.o.g from PQ: ‘(4 —; P’y = 4l%x [ - %’rizx;—,:

(8—11')___41 21

2 /Y73
(8 —‘n) _ 10 l
2 /YT 3
_ " 201

Y 3@-n

3. A uniform sloid hemisphere is kept in equilibrium in space by two in elastic strings, AB which is horizontal and ¢
which makes an angle # with the horizontal. The strings and the diometer BC lie in the same vertical plane,

¢.0.a from AB

=]

C.0.G from RS=

tan@ =

|
AA

48
(] tané = =

201 48 1— -
21 — — 6ln—201

3(8-n)  3(8-m)
_281—6ln
© 3(8—m)
281 —6lr
3B—m) 28 —6n
{ 3(B—m)
= 32.12°

(i) Tension in strings CD and AB are 36.5N and 27.5N respectively

Solutlon

tana = B/, =*§- and tanfi = 5/,. =Z—
B=a+p
tana + tanf
— tana tanf

tand = tan(a + f) = 3

3 3 3
8 + 8 =/ 48
tand = =4 ==
- ;3.3 /55755
) 64
(=) Tpc058 = Ty .ccvir-.(i)
(1) Tysinf =24 ... ... (i)
Tzsin8 _ 24 B _ 24
Tycos8 T, tang = T
24
R T
' tang = fag= 27N
55
. _ 24 24
ty = — = - = 36.5N
s sin (tan‘lgg

The uniform laminae below are freely suspended from point A, In each case find the angle that the line AB

Exercise 21D
makes with the vertical
(i) F = (i)
3Icm 2cm
3cm ot C

Je

4cm

4cm

288
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A

()

zam S - TR
- : o 1 | bam
2erv
~ K

Gory

Awm (i) = 39.5° (i) = 31° (iii) =35 (iv) = 144" (v)=38.9°

2. The figure ABCDEFGHI] shows a symmetrical
composite lamina made up of a semicircle rodius
3¢, o rectangle CDEF 2ecm by 8cm and a nother
rectangle GHIJ 6¢m by 4cm UNMER Mar 1998

NO.1é
~ = Y Jerm - e o L
Ty
acrr = F -
e e TEy
el

1 Gom
Find the distonce of the C.0.C of this lomina
from IH. If the lamina is suspended from H by
means of a peg through o hole, calculate the
angle of inclination of HG to the verticol An
6.72cm,24.1°)

3.(a) A.B,Caond D are the points (0,0). (10.0),
(7.4) and (3.4) respectively. If AB, BC, CDand
DA gre made of o thin wire of uniform mass,
find the co-ordinates of centre of grovity.
UNEB 1994 NO.6

(b)(i) M insteod AB is uniform laming, find its
centre of gravity
(if) If lomina is hung from B, find the angle AB
mokes with vertical An

(a)(5,1.5), (b)(i)(5,1-7),18. B°)

I
4.(a) Prove that the cenitre of mass of o solid cone s 2
of the vertical height from the base. UNEB 2001

) The figure ABCDE below shows o solid cone of
radius 1, height b, joined toa solid cylinder of sorme
material with the same rodius and height H.

"

St .

(i) 1f the centre of mass of the whole sohd liex in the plane
of the cone where the two solids ore jcined, find H.

(iDW insteod /1 = handr = ih. find the angle AB
makbes with the horizontal, if the body is hanged

from A An H = "T:'h,az 01°)

3. A body consists of @ uniform solid cylinder of bose
radius r and height hcm, attached to a plane
face of a uniform solid cone of bose radius r ond
height 4cm

-~

I (23

Yy L ) c
A= RCen B Co

(i) Show that the distance of the centre of gravity

of the solid from AE is T
=hel

(i) The boedy is now placed with ity plane foce AE in
contact with o rough plane inclined ot 45 to the
horizontal, it will be ot the point of toppiing.
Find the angle through which the taoble hos
been tilted when the body is on the point of
toppling. |f the rodius of the cylinder is

23/4 cm. Find the value of h

CENTRE OF GRAVITY OF THE LAMINA WHOSE AREA I3 BOUNDED
() €.0.G OF THE AREA BOUNDED IN THE FIRST QUADRANT

Element of arca

Y-axis

Y-axis

G, -

| ¥V .
- XIS

=
*  Taking moments about the y-oxis:
Alse Taking moments about the x

P(x,
G

r—}_—'?'-ﬁx s

E

wx [ ydx = W [ xydx
—axiss W Jydx =W [Fyix

Where W — weight per unit area

Enemplal

289

Scanned by CamScanner



. Find the co-ordinates of the centre of gravity of the uniform lamina enclosed by the curve ¥ = x2, the x-ais
and the line x = 4

Selutism
¥=3
B o [ . 4 4y2
X % I - Wy ydx =W de
Wx f:ydx =W f: xydx 3 :
4 4 1
- 2t i 4
fszdxzjx(xz)dx yfxdx fo dx
) 0 i
0 4 514
_ x3 4 x4 4 37 x_ :1 .x_]
13 T 1s 3_0 215
0 0 ¥=4.8

2. Find the co-ordinates of the centre of gravity of the uniform lamina enclosed by the curve y? = 9x, the x-oxis '
andthelinex = 1 and x = 4 ond lying in the first quadrant

Solution
s _ %= 2.66
L 4 4
=] ] = dx E W)?J‘ydx=Wf?dx
1 1
WfJ_ydx - foydx yJ’BJc“’dx— f“:)xdx
4 ! 4
ffo”"’ dx:Jx(Bx‘fzjdx x3f2 [_]
1 i
[x32 & x5/21* = 2 41
i —2_] =° _2_]1

(ii) €.0.G OF THE AREA BOUNDED IN THE FIRST AND FOURTH QUADRANY

Element of area
——
2y
K axis
A

Taking moments about the y-axiss WX [ 2ydx = W [ x(2y)dx
Where W — weight per unit area

1. Find the co-ordinates of the centre of gravity of the uniform lamina enclosed by the curve y* = 4x,

and the line x =9 9
Solution o J’ = W f x(2y)dx
- P xfxuz dx:[x(xuz)dx
2 J
250
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3% [x3/2 o =54
— = 5 "_‘ _ L w
b [ 2 (Z.7) = (54.0)
2. Show that the ion of €
e position of C.0.G of o uniform semi-circular lamina of radius ris ;—; from the straight
felution
I’y g = (r2 — 1/2
—r <) 1 y=@?-x%)
— glact v ' .
o === —— Em'zf= .'Zf:tc((r2 —x2)V?)dx
Area of semi circle= areq of element of semicircle lrtrzf - [_ (r? - xz):!/z]
3
1 , 0
WZT”’ J'f‘lv‘lﬂ'J‘x(Zy)d;\f 1, 2rd
R =
But a semi cycle is pc:rt of a circle of radius rwhose __ 4r
equation s x% + 92 = r? Sl

3. Show that the centre of gravity of a uniform lamina in the shape of a sector of a circle of radius r and
subtending an angle 2a at the centre O is given by g% from O.
$olution

Elernen) of area

[+ 3
1 2 1
— 2 X = — — 2
5T (2a)E =W fgrcoso (zr )dﬂ

[//\ X-ams Q@ cas @ X-gxns 1 »
’\\/ N/ ax = 3 f rcos6da
—a

The strip OPQ approxamotes a triangle and its C.0.G aF = T [sing]*a
3 =
is at o distance = 37 from O. The distance of C.O.G from __2rsina
Q is therefore, Srcosﬂ "3 g
Area of a sector= element of the area of sector For a complete semi =circle, @ = -':-there fore
o
4r

x-=§

1
Wirt e =W f xydz

CENTRE OF GRAVITY OF $OLID$ OF REVOLUTION

Elemeant of area

Taking moments about the y-axis: X Wrr [ y*dx = W [ xy?dx
Where W — weight per unit volume

Examiplies

. Find the centre of gravity of the solid generated by rotating about the x-axis, the area under y = x from x = 0

andx =3
Soluklen
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—

TWn f y2dx = Wn f xydx

2 Find the centre of gravity of the solid generated by
the x-oxis, the lines x =1landx =3 and lies in the

$elution
T/\/pé”’f’
ol=T ¥ .

wWn J yidx = Wn I xy*dx

4. Show that the position of C.0.G of a uniform solid right

rotating
first quadrant

3 3

ifxz dx=IX(xz)dx

0 ]
3 0 4 1]
% =225

(%, 7) = (2.25.0)
about the x-axis, the orea bounded by y? = 5,

f

i

3
S5x dx = fx(Sx)dx

3 ! 3
2], [5]
2 1 3 1
=217

(%,7) = (2.17,0)
circular cone of base radius r and height h is given by%

x

X

from the stroight edge
Solutien .
T Y-axis . y P Ex
h
P (.Y} r 1 S RN
I = r2h=Jx(-—x) dx
3 h
h.0) H-axis 0
1 r2\ [x4]"
Volume of a cone= volume of element of a cone f‘é‘ r?h = (F l’;]
1 . 0
W irrzh:Wzrfxyde i:E‘:—‘-
h ‘
1 From the straight edge
i r2h=ny"d:r ¢ 35 hg
0 4 4
From simi[uﬁty% .
5. Show that the position of C.0.G of a uniform solid hemisphere of radius r is 3" trom the stroight edge
Solutiom ® ’
r r
———j 2_ 4. 42
3TE =njx(r2-x Jdx
——
2, 2 x
Iz — |42
- 3" [r 7 % ]o
2 . -
- —TPX=——
3 2 4
_ 3
But x? +y2 =12 = y? =12 -x" x=7
SURPACE OF REVOLUTION
292
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1

.

1 Show that the centre of gravity of a uniform
bose. imab 2012 ".-l.
Selwiion

'l"c:c:a - o
;Lé -

ring
Surface area of a hemisphere=

2
W2nrix = Wan xydx

0
%

7
W2nr?x = Wan f (rsind xrcos6)rdo
0

element of the surface
w

thin hemispherical cup of radius r s ot & distance § from the

n

z
W2nrtz = Wnar? J’ 25in@ cosPd8
0

iL8

. 2

= Erf sin26de
0

111
F=— [— —cosze]

2 0 .
1 m iz
X = —ZT [COSZ (5) - CUSZ(O)]D

1

¥
X=—gr(-1-1) =3

2. The figure below i made up of a thin hemispherical cup of radius 7em. it is welded to a stem of length
7cm and then to a circular base of the same material and of radius 7em. The base of the stem is one-

quarter that of the cup

FOorey

\\\

P—

Tom

Find the distance from the base of the centre of gravity of the figure

Solatlion
lamina Area Weight C.o.g from base
Circular base ar? = 7x[7] = a9« 49 7 o
stemn 98 A 24 .Smw 3.5
Hemispherical cup |27r° = 22[7] = 98~ 98 = w 10.56
composite 171 .5 & 171 .8 arw 53
171.5nWx = 9BriWx 10.5 + 24 5ptWx3.5
X =6.5cm
3. Show that the centre of gravity of a uniform lamina in the shape of an arc_of a circle of radius r and
: ) g TSing )
subtending an angle 2a at the centre O is.given by = from Q.
Solution )
Element of arc lengh a
| [ Wr(2a)x = W f (rcos@)rd@
v

/ —a

o

0 aa Xaxis [ s Zax = f rcos8df
—-a
2a% = r[sin@]*%
rsina
‘ = e arc length =
Length of the arc= element of th 3 xn -
Wr(2a) =W fxdx For a semi —circle arc, a = 3 ti:re fore
<i F= _T'
mw
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¥

%

-AxIs

jolution
Sody Weigt €.0.G from O
SetDR 2 27 sin @
WwWr & Er
1 ., . 2r
Triangle Ww—r° sin2a —Ccos o
2 3
Segment wr:(a —-12— sin 2&] >

t. Find the co-ordinates of the centre of aravity of the [7.

uniform lamina enclosed by the curve y = x7, the
~-axis ond the line x = 2 Am(1.5,1.2) Find the co-
ordinates of the centre of gravity of the uniform
lamina enclosed by the curve y = 2x — x7, and the
x-axis An(1.0,0.4)
Find the co-ordinates of the centre of gravity of the
uniform lamina enclosed by the curve y = x* + 2.
the x=axis and the line x = 1 and x = 2
An(1.56,2.25)

Find the co-ordinates of the centre of gravity of the

uniform lamina lying in the first quadrant and 2.

enclosed by the curve y? = 8x, the x-axis and the
linex=2andx =18 An(5.31,3.21)

Find the co-ordinates of the centre of gravity of the
uniform lomina enclosed by the curve y = x? and
the line y = 3x An(1.5,3.6)

Find the co-ordinates of the centre of growvity of the
uniform lamina lying in the first guadrant and
enclosed by the curve y = 4 — x2,y = 3x? and the
y-axis Am(0.375,2.2) ’
Find the co-ordinates of the centre of gravity of the
uniiform lamina enclosed by the curve y = x3, the
x-axis and the line x = 3 An(2.4,7.14)

A

10.

In the figure above ABC is a segment of a cirgle of ves
r and centre O, subtending an angle 2a ok the Sthm

that the centre of gravity of Mnm\qd& il

.3

) a

by ~ ————from O.
32a-sin2a

) 1 9 )_ 5 2rsine 1 | 2

: ——sinZa |x=r"0a.3 — —rgj

4 (a 2 3 a2 Magrcosa
_ 2r(sina — cos’a sina)

£ ==

3 a-1/,sin2a

4 rsinfa
Emmmg————
32a —sin2a

The area enclosed by the curve y? = x, the x-axis,
the line x = 4 and lying in the first quadrant is
rotated about the x-axis through one revolution,
Find the co-ordinates of the centre of gravity of the
uniiform solid formed Am(2.67.0)

The area enclosed by the curve y? = x, the x-axis,
the line x = 2, x = 4 and lying in the first quadrant
is rotated about the x-axis through one revolution.
Find the co-ordinates of the centre of gravity of the
uniform solid formed An(3.39,0) UNEB 1996
NO.o(b)

The area enclosed by the curve y? = X, the x-oxis.
the line = 0, x = 2, and x = 4 is rotated about the
x-asis through one revolution. Find the co-ordinates
of the centre of grovity of the uniform solid form
An(3.39,0)

The area endlosed by the curve y = x? + 3, the X"
axis, the y-oxis and the line x = 2 is rotated about
the x-asis through one revolution. Find the ¢o-
ordinates of the centre of gravity of the unifor™
solid formed Am(1.30,0) )
The area enclosed by the curve y = x°, the y-0is
and the line x = 3 is rotated about the x-as#
through one revolution. Find the co-ordinates

the centre of gravity of the uniform solid formed
Amn(2.625,0)
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CHAPTER 12 VARIABLE ACCELERATION
Let r = displacement, v = velocity and a = acceleration,

Differential calculus

If r, v and a are functions of t: ,

5 ) dr . P . dv d“r
velocity, v = 5, Where r is displacement acceleration, g = 2 = az Where v s velocity

dif ferentiation: displacement = velocity = acceleration

Exomples
1. A particle moves a long a straight line such that after t seconds its displacement from o fixed pointisr
meters where r = 8t% — t*}, Find

(a) Velocity after t second | (b) Velocity afteris | (¢) Speed after1s
Selution
(@) v:%:%(g-tzg_taj) v = 16x1f — 4(1)%] = 16i — 4]
v = 16t1 — 4¢3] Speed |v| = /162 + (—4)? = 16.49m/s
(b) whent = 1s
2. A particle moves a long a straight line such that ofter t seconds its displacement from a fixed point iss
meters where s = 2sint I + 3cost]. Find
(0) acceleration after t second () magnitude of the acceleration aﬂ:er'—;s
(b) acceleration after 1;'5
Solution
(@ v =5 =< (2sint i + 3cost]) (b) When t = s
v = 2cost { — 3sint} = —2sin(™) 5 _ il PO
dv d i 3 o a 2;17:(2): 3c§§(2)]— Z.Lms
a= I = EE( cost1— 3.5!111‘]) (c) lal = (_2)2 + (0)2 =2ms™2
a = —2sint { — 3costf

3. A particle moves a long a straight line such that ofier t seconds its displacement from a fixed point is s

' sin2t
meters Where s = ( t+1 ) Find

cost -ir; sint
(a) Velocity when t = 25 (b) speed when t = Es l () acceleration after E-s
Solution
N .. d dr . 5 170 LT d d . ] .
(@) v= d—':— = —(sin2t T+ [t + 117 + [cast +Asmt]k) © a= ﬁ =~ (2cos2t i + j + [sint = cost]k)
v = 2cos2t i + J + [sint — cost]k a = —4sin2ti + [cost + sint]k
Wheut=§s Whont:%s
L Ty ., . T 7T _ o (TN L T my.
v = 2cos2 («5) t+j+ [smi —cos ZJ k a = —4sin2 (5) [+ [cosi—i- sin E] k
v==2i+f-k a = kms~2
®) |v| = {/(=2)2 + (1)? + (=1)? = 2.45 ms™!

4. A particle moves in the x-y plane such thot ts position vector ot any time t is given by
r=(3t? — )i+ (4¢3 + t — 1)j. Find Umeh 2002 Na.8

(@) Speedafter t = 25 | (b) Magnitude of the acceleration after ¢ — 2s
Selution -
(@ v="T=2{(3t2 ~ )i+ @43 + t — 1)) ®) a=2< L6 4 (1902 4 1)
v =6t + (12t% +1)j a=61+ 245
whent = 2s et =25. n=¢; + 2-4"21.' =614 457
v = 6221 + (12x22 + 1)f = 120 + 49f lal = VO T (A8 = g s )
Speed |v] =.,/12% + (49)? = 50.45m/s 37/ ms
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Enarciie 224

1
The displacernent of o particle after t seconds is
An 15 ms™1
A TT\G displacement of a particle ofter t seconds is
given by s= 2+/3sinti + 8cost]. Find the speed
whent =—-5 AmSms™}
3 6

». The displacement of a particle after £ seconds is
given by r = 8t31 + 2¢?]. Find the
() acceleration whent = 15
(i) magnitude of the acceleration when t = 15
Amo( 6i + 4y ms™2, 721 ms™?

4. The velocity pf a particle after t seconds is given by
v = 2t%1 4+ 6]. Find the magnitude of acceleration

whent = 35 Ame 12 ms™?

5. The velocity of a particle after t seconds is given by

v = sin2ti — costj. Find the

() acceleration when t = %s An. (—2i+)ms™%| the

(i) magnitude of accelefution when t = %s
Am. 2.24ms™ %
6. A particle of mass 6kg moves such thot its

2
displace ts=(“5).' h
isplacemen 2 _3p 42 m. Find the

(a) velocity ofter time 't Ame (2t + [2t — 3])) ms™"

{b) speed of the particle ot t = 2s Am. 15 ms™!
(¢) acceleration and hence determine the force
acting on the particle Ams (2 + 2J) ms ™2,
(12t + 12} N
7. A particle of mass 2kg moves such that its

2 =
te—4at S)m.Findthe

displacement 5§ = (tz 4t +3)

If r,v or a are functions of time &

(a) speed of the particle ot t = 25 Ams 0 mg1

given by r = 31 4+ 9¢J. Find the speed when t = 25 L (b) force acting on the particle Ame , (41 -+ 45)

A particle of mass 4kg moves such that is
displacement S = (2 — t? —4t + i+ (13—
2t% 4 3t — 7)j. Find the
(o) speed of the particle at t = 45 Am, 50.2] ms-1
(b) magnitude of the force acting on the particle ; ~
%5— Am. BN
5. A porticle of mass 0.5kg moves such that &s

displacement r = (2::;7:2_’: 1) nt. Find the

(a) velocity of the particleat £ = %s Ame (41~ jyms
(b) force acting on the particle at any time t Aw,
—8sin2ti — costf,
10. A particle of mass Zkg moves such that its
displacement 7 = (2 — cos3t)i + (bsin2t)] . Find

(a) velocity of the particle ot £ = %s Am. (31 +
6y ms™?
(b) force acting on the porticle at t = s Am. ,
—18iN
1. A particle moves such that its displacement 5 =
(Zsint + sin2t)i + (4cost + cas2t)f. . Find the
(a) velocity of the particle at t = gs An.
~-33jms™?
(b) acceleration of the particle at t = %s As. .
(=21 + 4j) ms™?

Integral calculas

velocity,p = Jadt+¢ and

displacement,r, = [ vdt + ¢

integration: acceleration = velocity = displacement

Examples

. The velocity of the particle v = 3¢2f + 10tj. Given that the displacement s 41 —4jat L = 0. Find the

distance of the body from the origin when t = 25
$elutiem

= J’ vdt + ¢
r= | {3621 + 10tf}dt + ¢
r=345% +¢

At £ = 0,r= 4i — 4]
4i — 4f = 031 + 5x0% ]+ ¢

r=(3+Di+(5t2-4)]

When t = 2s .
= (23 + )+ (522 - 4)
r=(12i+ 16'})m
Il = (27 + (16)7 = 207

c=4i—4f

2. A particle is accelerated from rest ot the origin with an acceleration of (2t 4+ 4) ms 2. Find

® Velocity ottained after £ = 25
Soluilen

| an Distance travelled ot t = 15

296
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= 1 w = ; -
v fadt+c he";=22§+4x2=12m/5 =%+2x’02+c
vtf(2t+4)dt+‘c r=[udt+c=f(tz+4t)dt+c C=23
Att Ovv=nr2+4t+c | ‘t3+212+c A
=‘_ = | r=-=
0=10%+4x0+¢ AI;-}::(}Ir:O2 Wh'e;:it:ls
c=0 * ' r=—+2112=2.33m
v=1t%4+4¢ i

3. A particle is accelerated from rest at the origin with an acceleration of (4t + 2)T — 3j. Find

() Velocity attained after t = 35
Selukleom

v=jadf+r;

v= f'{(4t +2)i— 3f}dt + ¢

v=(2t* + 20)i - 3tf + ¢
Att=0,v=0: v=(2x0% 4 2x0)i — 3x0] + ¢

(i) Speedatt=3s

c=0

v=(2t% + 2£)i— 3¢t

Whent = 3s: v = (2x3% + 2x3)i — 3x3]
v = (24t = 9))m/s

lvl = J/(24)? 4+ (—9)% = 25:63ms™?

4. A particle starts from rest origin (0,0). Its acceleration in ms™2 ot time t second is given by a = 6ti — 4],

Find its speed when ¢ = 2 second Umeb 2014 Nes2
Solution

u=[adt+-c

v= [{61?— 47}de +c =341 —4tj + ¢

Att=0,v=0: v=3x0%—4x0f 4+ ¢
c=0

v = 3t%] — 4t
Whent = 2s
v = 3x2%1— 4x2f = (121 — 8f)m/s

|7l = J(12)? + (—8)% = 14.42ms™"

8. An object of mass Skg is initially ot rest at a point whose position vectoris —2f + j. If it is acted upon by a

force F = 2f + 3] — 4k. Find

M The acceleration » 7 |
(i) Its distance from the origin after 3 seconds
Solution
D F=ma

a =—;—_(2i‘+ 3j — 4k)ms2
) v=fadt+c=1f(2i+3j—4k)de+c
v=%(2tf+3£j-4t§)+c .

Att =0,v = 0:v = (2x0i +320] — 4x0k) + ¢
c=0

v= %(Zﬁ + 3¢f — 4tk)
When t = 3s5: v = %(ZxBI + 3x3] — 4x3k)
lv| = %ﬁe)z +(9)% + (-12) = 3.23ms™
(i) r = fvdt +c

&. A particle starts from
second is given by a = -
(@ speed whent =7

(ii) Its speed after 3 second

r= f% (2ti 4+ 3¢j — 4tk )dt + ¢
r= %(tzf + 1563 — 2e%k) + ¢
Att=0r=-2i+j
=20+ =%(02i + 1.5x0% — 2x0%k) + ¢
c=—20+]
r= %([f2 — 10 + [1.5t% + 5]f — 2t%k)
Whent = 35
r= % (13% - 10]8 + [1.5%32 + 5)j — 2x3%k)
r =2 (—1+185] — 18k)m -

1
jr| = gV=D7 + (185)? + (~18)% = 5.166m

rest at @ point (2,0,0) and moves such that Its acceleration in ms™2 at time t
[lécas4ti + 8sin2t] + (sint — 2sin2t)k] ms™2. Find the: Unelb 2016 Ne.13

(b) Distance from oarigin when t = 5
2397
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Salwhiom

16cos4t
v=fadt+C=I( Bsin2t )dt-i—c
) sint — 25in2t.
dsingt
v =( —4cos2t ) +e
—cost + cos2t/
(13 4sindx0
Att=0v=0;(0]= ( —4cos2x0 ) +c
-co%() -+ cos2x0

0
c=[4
0
dsin4t
V= 4 — 4cosit
—cost + cos2t

4_5:‘114::-3 0
Whent=2: v= 4 — 4cos2x> = 4

. a,
cosx~ + costl'

2
jv| = J(O_)Z + (4)% + (—\/5/2) = 4,062ms "}
4sindt

=jvdr+c=f( 4cos?tL)dt+c
—cost + cos2

' —cos4t
T= ( 4t — 2sin2t +c
\—sint + 0.3_5§in2t

Att=0.7=
—cos4x0
(f)) = ( 4x0 — 2sin2x0
0 —sin0 +0. Ssmzw
0
0
3 — cos4l
¥ = ( 4¢ — 2sinZt )
—Smt + 0.5sin2t
When t =
— cashx >
2—cas x 4
r= 4x— — 251'!!21: =1 1.1416 )
—0.2071

—sm 40 Ssm2x

I7] = J(4)% + (1.1416)% + (—0.;1(:171)2
= 4.1649m

8. A particle of mass 4 kg starts from rest ot the origin. It acted upon by a force F = (2ti + 3127+ 5k)N.

Find the work done by the force F after 3 seconds.

Solution
F=ma

a = 2 (2114 3¢% + SE)ms ™
v= [ ade+c == [ (261 + 36 + Sk)de + ¢
v=%(tzi+'3t3j+5tﬁ)+c
Att = 0,v=0:v == (0% + 3x0% + 5x0k) +¢
€=0
= 1(zl’i + 363] + 5tk)
r-J — (621 + 3t%7 + 5tk)dt +c

_]13 3 z)
r-4(3tif+4tj+ —t‘k)+c

Att—ﬂr—
171 5
33 4 z
D= 4(3 X0+ = x01+ =x0 Jc)

Exarcise 228
1. A particle of mass 4 kg starts from rest-at a
point (2i — 3] + k)m. It moves with
acceleration a = (4 + 2f — BE)ms'z whena

c=10
1/1 3 S -
— | =33 Tadr o T L2
r 4(3£ 1+4t1+2t k)
W=F.d
2x3\ 6
Att=3s: F = | 3x3? =(27)N
; 5 3
5133-
1) 3 225
d=2 Zx3‘* = 15.1375)771
5 ‘ 5.625
5132

6\ / 225
w =27 .(’15.1875) = 451.6875]
5/ \ 5625

constant force Facts on it. Find the: Unels 2018
Nea.10

(@) forceF.
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(b) velocity ot any time £
(©)work done by the force F after 6 seconds,
16 4t
An( 8 ) N, ( 2t )m/s, 2088J
-12 -3t
7/ A particle of mass 3kg is acted upon by a force
F = (6f — 36t%] + 54tk)N at time t. At time
t = 0, the particle is ot the point with a potion
vector i — 5§ — k and its velocity is ( 31 + 3])m/s.
Determine the, Unek 2017 No.1®
i. Position vector of the particle ot atime t =
1 second
ii. Distance of the particle from the origin ot
S
time t = 1 second. An(—3) m, 6.1644m

2
3. The acceleration of a particle is 6ti + 2J. Given

that the velocity is ( 4i — j)m/s and
displacement is ( 2 + 3j)m when ¢t = 15, Find
the displacement when t = 35 Am( 30% + 5))m
4. If the velocity of a particle is 4cos2ti -+ 2sin2tj,
given that the displacement is 67 — 2] when
t= %S. Find the distance of the body from origin
whent=mns Am Sm
5. If the acceleration of a particle is 9sin3ti +
2cost]j, and the body is initially at rest. Find its
velocity when t = %s. An (3i+))m/s
6. If the acceleration of a particle is 6sin6ti +
9cos3t], given that the velocity is (I + 3/)m/s
and displacement is (51 + 2f)m when ¢ = zﬁr—s.
Find the displacement when t = gs An (-Si +
3)m
e~ If the acceleration of a particle is 6t + 6] —
2k, given that the velocity is (31 + 6] — 3k)m/s
and displacement is (2i + 5§ — 2k)}m when t =
1s. Find the;
@ - Velocity when t = 25
(i) displacement when t = 3s -
Aw (12i + 126 — 5k)m/s, (281 +29] — 12k)m
8. If the acceleration of a particle is 21 + 6] +
12¢t2k,given that the velocity is (31 + k)m/s

and displacement is (i + k)m when ¢ = 15.
Find the;
M Velocity when t = 1s
(i) displacement when t = 25
Aw (—i+3j+5k)m/s, (—37 + 8f + 19k)m
9. If the acceleration of a particle is 6t — 2k.given
that the velocity is (i + 12 — 4k)m/s and
displacement is (37 + 6j)m when t = 2s. Find
the;
() Velocity when t = 45
(ii) displacement when ¢ = 3s
An (371 + 12f—8k)m/s, (11i + 18] — 5k)m
10. The velocity of the particle v = 4¢31 ¢ 6t] —
3t2k. Given that the displacement is 141 + 6] —
3k ot ‘
t = 1. Find the;
(i) Accelerationwhent = 3s
(i) displacement when t = 0s
An (1087 + 6] — 18k)ms~2,(131 + 3/ — 2k)m
1. The velocity of the particle v = (3t? — 10t)i +
2j — 6tk. Given that the displacement is —91 +
3j — 13k att = 2.Find the;
(i) Accelerationwhen t = 55
(i) displacement whent = 3s |
An (207 — 6k)ms~?, (151 + 5] — 28k)m |
12. The particle starts from rest at the origin moving '
2cos2t + 11
with avelocity of v = ( ‘3sin3t
4
(i) Speedwhent==s ,
(i) displocement when t = "-;-s
(ii) Acceleration when t = s
An 13m/s, (1.5ni+ j — 2nk)m, (Sf)m i
i3« A particle starts from rest at a point (2,0,0) and i
moves such thot Its acceleration in ms™? at time
t second is given by a = [16cos4ti + 8sin2tj +
(sint — 2sin2)k] ms™2, Find the; ‘
(a) Acceleration whent =1 ‘
(b) Velocity when t =§
(<) Displacement from origin when t =7

Am (168)ms™2, (8f — k)m/s

) Find the:

]
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0]
(ii)

-
e

CHAPTER 13: COPLANAR FORCES (RIGID BODIES)
A rigid body is one in which distances between is various parts remain fixed

Equilibrium of a rigld bedly
Sum of Force acting in one direction is equal to sum of forces acting in opposite direction
Sum of Clochwise moments about a paint is equal to sum of anticlockwise moments about the same point

Polnts te note
When a rigid body rests in contact with o % A rigid body resting against a smooth peg or
smooth wall and a string tied at the bose, the bar, the reaction on the rigid body is
reaction on the body is perpendicular to the perpendicular to the bar
surface e =
A~ — 12 *
RI.; =S MY
w -
T < When arod is hinged, the reaction at the hinge
- When a rigid body rest in contact with a rough acts ot an angle to either the horizontal or
wall and rough ground vertical
L HMaRA = 7
o - Ra -t Raln
- ATsine
VV ) - R . ‘*’ TFTocosse =
raRa ‘

S$MOOTH CONTACTS AT THE LADDER

A unifarm ladder AB of mass 30kg rests with its upper end A against a smooth vertical wall ond lower end

B on a'smooth horizontal ground. A light horizontal inextensible string, which has one end attached to B
and the other end attoched to the wall, keeps the ladder in equilibrium inclined at 60° to the horizontal.
The vertical plane containing the ladder and the string is ot right anales to the wall. Find

()  Tension in the string | (i) Normal reactions at points A and B
Solution
~ ~— Ra F\ o ‘
= R Ry x 2lsin@ = 30gxlcos@ ..... (iii)
. Ry x 21sin60 = 30gxlcos60
() (1) Rg= 30g = 30x9.8 = 294N Ry = B4.87N
(=) Ry =T i (i) T = 84.87N

A uniform ladder AB of mass 10kg and length 4m rests with its upper end A against a smooth vertical wall
and lower end B on a smooth harizontal ground. A light horizontal string, which hos one end attached to
B and the other end attached to the wall, keeps the ladder in equilibrium ot an angle tan~1(2) to the
horizontal. The vertical plane containing the ladder and the string is at right angles to the wall. A man of
mass 100kg ascends the ladder.

() 1f the string will break when the tension exceeds 490N, find how far up the ladder the man can go
befaore this occurs

(i) What tension must the string be capable of withstanding if the man is to reach the top of the lodder
Selction
. 490 x 4tand = 20g + 100gy
_ 490x4x2-20g
y=Se—= 3.8m

@  (2) Ry=T i)

] g ‘
A D . Ra X 4sinB = 10gx2cos + 100gx4cosd
O ) Be=290N......0) R,y x 4tand = 20g+ 400g
R, x 4sin® = 10gx2cos6 + 100gycost Ry = 514.5N
R4 x4tan@ = 20g + 100gy T=1514.5N
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3. A uniform ladder AB of weight W and length 4m rests with its upper end A against a smooth vertical woll |

\

‘and rlowed r gnd Bon a smooth horizontal ground. The ladder is kept in equilibrium inclined ot @ to the
ground by a light horizontal string attached to the wall and to @ point C on the ladder. The vertical plane
containing the ladder and the string is ot right angles to the wall.

F _

If tan 8 = 2, find the tension in the string when BC is of length 3m

Sslution
A 1 S

M Rg=Ww.... (D)
(=) Rg=T ... (iD)

P

R, x 4s5in@® = Wx2co0s6 + Tx3sind .....(iii)

R, x 4tan@ = 2W + Tx3tané
_ 2W+Tx3tand _ 2W+Tx3x2 _ W+3T

Ra = 4 rané axz 4
W +.3T =7
=
T=W

4. A uniform rod AB of weight W and length | rests with its upper end A against a smooth vertical wall and
lower end B on a smooth horizontal table. The ladder is kept in equilibrium inclined at £ to the wall by o
light inextensible string OC. C being a peint on AB such that OC is perpendicular to AB and O on the point

of intersection of the wall and the table. Angle AOB is 90° UNEB 2000 No.13

= |

A
<
Find;
(i) Tension in the string
Jolution
A T—- Ra
. 2\ c
T \‘1 ] Rg
a TS
* B8

(1) Rg= W + Tsiné ......(1)
(=) R, =T cos@ ... ... (i)
Taking moments about O
Ry xlsin@ = Wx 1/2 5in@ + Ry x lcos@

(W + Tsin® isin® = W !/, siné + T cosb lcos@

{

|
5. A uniform rod AB of mass 10kg is smoothly hinged at B and rests in a vertical plane with the end A %
against a smooth vertical wall. If the rod makes an angle of 40° with the 'wall, find the reaction on the

wall and the magnitude of the reaction ot B

Seluiien
-R

e s "
—440 }

- RY
- >

-

e 10gN ¥ o> B8

- - -~ R)‘V

let length of the ladder be ZL
g = 90° — 40° = 50°
Taking moments about B
R4 x 2Lsin @ = 10g x Lcos @
Ry x 2Lsin50 = 10x9.8lcos50

| ) Reactions at A and B in terms of 8 and W |

|
: _ W (2sin8 — sin@ 1

T(cos?@ — sin’6) = ( > ) 3

7= Wsiné

" 2{cos?@ — sin?8) |

Wsing I,

R, =Tcesf = [M"E cosd | Ud
R, = Wsiné cosé |

A ™ 2(cos?B —sin?@)

RB = W+ Tsinf = W + [stzw;:!_%l sinf

_ [2cos*e -2sr'nza+sinZB] W = W(zcos*B —sin’8)

B~ 2(cos?B —5inte) 2(cos?8 —sin?e)

Ry, = 41.12N
(1): Ry = 10gN = 10x9.8 = 98N
(—') RX = RA |
:Rx = 41.12

R = JRZ + (Ry)?

R = f(41.12)2 + (98)% = 106.28N

Ry 98 ) ;

=tan™* () = tan™ = 67.24°
@=tan (Rx) kan (41.12 ]
Reaction at B s 106.28BN ot 67.24° to the beom. l

3o1
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Exarslie 20A

A uniform ladder AB of mass 10kg and length 4m rests
with its upper end A against a smooth vertical wall
and lower end B on a smocth horizontal ground. A
light horizontal string, which has one end attached to
B and the other end attached to the wall, keeps the
ladder in equilibrium inclined at 40° to the horizorital.
The vertical plane containing the ladder and the string
is ot right angles to the wall. Find
(0] Tension in the string
(i Nermal reactions ot points A ond B
An{R; = 584N, T = SB4N

A uniform ladder AB of mass 30kg and length 6m
rests with its upper end A against a smoothvertical
wall and lower end B on a smooth horizontal ground.
A light horizontal inextensible string, which has one
end attached to B and the other end attached to the
wall, keeps the ladder in equilibrium inclined ot 70° to
the horizontal. The vertical plone containing the
ladder and the string is at right angles to the wall. Find

() Tension in the string

(ii) Normal reactions ot points A and B..

An(53.3N, 294N, 33.5N)

A uniform ladder AB of mass 30kg rests with its upper
end A against a smooth vertical wall and lower end B
on a smoath horizontal ground. A light horizontal
inextensible string, which has one end attached to B
and the other end attached to the wall, keeps the
ladder in equilibrium inclined ot 80° to the horizontal.
The vertical plane containing the ladder and the string
is at right angles to the wall. Find

()] Tension in the string

(i) Normadl reactions ot points A and B.

An(23.92N, 294N, 25.92N)

. A uniform ladder AB of mass 8kg rests with its upper
end A against a smooth vertical wall and lower end B
on a smooth horizontal ground. The base of the ladder
is 1m from the floor and the top of the ladder is 2m
from the floor. A light horizontal inextensible string,
which has one end attached to B and the other end
attached to the a point on the wall vertically below:
the top of the ladder and 1m above the floor, keeps
the ladder in equilibrium. Find the tension in the string.
An(27.7N)
A uniform ladder AB of weight W and length 21 rests
with its upper end A against a smooth vertical wall

(o)

lodder is held in position by a light horizental
inextensible string, which has one end attached to g
and the other end attached to o point on the wall
vertically below the top of the ladder, keeps the
ladder in equilibrium. Find the tension in the string,

An(:7)

6. A uniform ladder AB of weight W and length 4y,
rests with its upper end A against a smooth verticq|
wall and lower end B on a smooth horizontq|
ground. The ladder is kept in equilibrium inclined of
# to the ground by a light horizontal string
agttached to the wall and to a point C on the
ladder. The vertical plane containing the lodder
and the string is at right angles to'the wall.

A

- =B
If tan 8 = 2, find the tension in the string when BC is of
length

(i) tm
@  2m An(;N,2N)

7. A uniform ladder AB of mass mkg and length 2
rests with its upper end A against a smooth
vertical wall and lower end B on a smooth
horizontal ground. The ladder held in position by a
light horizontal inextensible string, which has one
end attached to B and the other end attachedto
a point on the wall vertically below the top of the

lodder, keeps it in equilibrium inclined at angle #
to the vertical.

A~

A man of mass 4m kg stands on the ladder at o
distance of '/ 5 from the bottom of the ladder.
Find

() The tension in the rope

(i) Normal reaction at the bottom of the lodder
(i) Normal reaction at the top of the ladder.

If the maximum tension which the rope can bear
without breaking is 4mg tan8, find how far up
the ladder the man can safely climb

(b)

and lower end B on a smooth horizontal ground. The

3
An,(—'%""a., Smyg, :"‘"Hzﬂ, 71 / )

ROUGH CONTACT AT THE FOOT AND SMOOTH CONTACT AY THE TOP OF THE LADDER

f. A uniform ladder AB of mass 25kg rests in limitin
and its base on a rough herizental floor. If the la
m

g equilibrium with the top end against a smooth vertical wall

dder makes an angle of 75° with the horizontal. Find:
Magnitude of the normal reaction at the floor

(M)  Coefficient of friction between the floor and the ladder

302
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Re

Taking moments about B
Ry x 2lsin® = 25gxlcos® ..... (iii)
Ry x2Isin75 = 25gxlcos75

‘ ~ Ry = 32.824N
| M (D Ry = 25g = 25x9.8 = 2458 2450 = R,
v (=) Ra= pgRy........(i0) 245u = 32.824
2. A U"_ﬂform ladder which is 5m long and has a mass of 20kg leans with its upper end against a smooth
\-i i vertical wall and its lower end on a rough ground. The bottom of the ladder is 3m from the wall. Calculate

M the frictional force between the ladder and the ground

* (i) the coefficient of friction
h Selation
e Taking moments about B
Ry x 5s5in@ = 20gx2.5¢c0s@ ..... (iii)
R, x55in53.13° = 20gx2.5c0s53.13°
a
t Coso=l . o=saay | Fidionalfore =735
. B~
M (M Ry = 20g = 20x9.8_.= 196N 1964, = 73.5"
(=) Ra= ppRy .o (i) Hg = 0375
196“3 = Rn ‘
4 3. A non uniform ladder AB 10m long and mass 8Rg lies in limiting equilibrium with its lower end resting ona
\ rough horizontal ground and the upper end resting against a smooth vertical wall. If the centre of gravity of
i the ladder is 3m from the foot of the ladder and the ladder makes an angle of 30° with horizontal, find the
ﬁ." (i) Coefficient of friction between the ladder and the ground
- (ii) Reaction at the wall UNEB 2004 No.13
w ’."l‘l.n
o p— Taking moments about B
i Ry x 10sin@ = 8gx3cosB ..... (iii)
‘ ‘ R, 105in30 = 8gcos30
R, = 40.738N
‘ @ (1) Ry = 8g =B8x9.8 = 784N 78.4, = R,
(—)) 'RH = ”BRB T (ii) 78.4#8 = 40.738
78.4ugs = R, pg = 0.5196
#l" 4. A uniform ladder AB 10m long and mass 30kg lies in limiting equilibrium with its lower end resting on a rough
_ horizontal ground and the upper end resting ‘against a smooth vertical wall. If the ladder makes an angle of 60°
Ew with horizontal, with a man of mass 90kg standing on the laddeér ot o point 7.5m from its base. find the; :
(i Magn‘ifude of the normal reaction and of the frictional force at the ground
7 (i) The minimum value for the coefficient of friction between the ladder and the ground that would
lig enable the madn to climb to the top of the ladder
,(/ Solutlen
) A R Ry = 466.788N
'ﬂ” ' = — 1176pp = Ry
20g 30g : = 1176uy = 466,788
e fig = 0.397
ii ) = 30 = 9.8 =117 B =Y
| @ (1) Ry = 30g +90g (i1§0x9 B=1176N | Gy R, % 105in60 = 30gx5cos60 + 90gx10¢0560
) g';;ﬁia' Rty R, 105in60 = 1050gcos60
g = A = 594.093N
l jé Taking moments about B f; 760, = R
. R4 x 105in60 = 30gx5cos60 + 90gx7.5c0560 1176ﬁ8 — 594.093
in60 = B25 60 TEMB '
p‘ . R4 10sin60 = 825gcos g = 0.5052
F 303
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ROUGH CONTACT AT THE FOOT OF THE LADDER o bei o
1. A uniform pole AB of mass 10kg has &s lower end Aona rough horizontal ground an dn:r: to vertical
pasition by a rope ottached to B. The rope and the pole lie in the same vertical plane and A does not slip agpg

the ground. If the rope is ot right angles to the pole and the pole is 30° to the horizontal, find;
® Tension in the rope
Selutlion

A Ra

()] Taking moments about A

T x 21 = 10gxlcos30
2. A uniform pole AB of mass 10kg has its lowerend A on a
position by @ rope attached to B. The rope and the pole
the ground. If the rope is makes an angle of 70°

()] Tension in the rope
Solution

0] Taking moments about A
21 xT cos20 = 10gxlces30

(ii) Coefficient of friction on the ground

T = 42.44N
(i) (1) Ry + Tsinb0 = 10g
R, + 42.44xsin60 = 10x9.8
R, = 61.25N |
(=) Tcos60 = faRy s (i)
42 44¢0560 = 14x61.25
ps = 0.346
rough herizontal ground and being raised to vertical
lie in the same vertical plane and A does not slip across

to the pole and the pole is 30 to the horizontal, find;

(i) Coefficient of friction on the ground

T = 45.157N
(i (T) Ry + Tsin40 = 10g
R, + 45.157xsin40 = 10x9.8
Ry = 68.974N
(=) Teos40 = pyRy ... ... (fil)
45.157cos40 = 68974,
pa = 0.5015

3. A uniform ladder AB of length 2! rests in limiting equilibrium with its lower end A resting ona rough horizontal
ground . A poirt C on the beam rests ogainst a smooth support. AC is of length 3?‘ with C higher than A ond AC
makes an angle of 60° with the horizantal. Find the coefficient of friction between the ladder and the ground

$olution

Taking moments about A: Re x % = Wlcos60
2Wcaos60

Re = ——F—-

(T) Rq + Resin30 = W ... (i)

2w ( .
R, + 2580 oin30 = W

(3—2s5in30 cos60)W
RA =

3
(=) Rccos30 = pgRy ... . (iiD)

2Weos60 (3—25in30 cos60)W
3 cos30 = u, : )

3
2 cos 30 cos60

"a = (3= 25in30 cos60)

= 0.346

4. A uniform rod of length 2l inclined at an angle & to the horizontal rests in a vertical plane against o smooth
horizontal bar at @ height h above the ground. Given that the lower end of the rod is on a rough ground andthe
rod is about to slip. Show that the coefficient of friction between the rod and the ground is

Selution

A a -
Taking moments about A; Rp x y = Wlcos8
Wicosd © :

y
(1) R4 + Rcsin(90—8) = W ... .. (i)
R, + -“%g-cosﬂ =W

Re

1 5in%@ cosf
h—1 cos2@ sinf

-

= 2
R, = (y=tcas?8)w

Y
(=) Rt:CUS(gO —0)= #ARA e venn (iﬁ)
Wlcosg

— 1 cos?
sing = p, L1 LOTOW

_ lecos 8 sinf
#a= (y =l cos?®)
but sing = ] =—
¥ 5in8@
304
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L
ke
it |

lcos 8 sin8

(?gﬁ— lc’aszﬂ)

My =

I 5in®8 cos®
h—1cos?8 sind

Ha =

S. The diagram below shows a uniform wooden plank AB of mass 70kg and length 5m. The end A rests on a
rough horizontal ground. The plank is in contact with the top of a rough pillar at C. The height of the

pillar is 2.2m and AC = 3.5m

Given that the coefficient of friction at the ground is 0.6 and the plank is just about to slip, find the
® Angle the plank makes with the ground at A

(1) Ry + pcRcsin3B9 + Resin51.1 = 70g ... (i)
Ry = 70g — y-381,345in38.9 — 381.34sin51.1
Ry = 389.2248 — 239.46744,

Gi) Normal reaction at A and normal reaction at C
(i) Coefficient of friction ot C
Soluotion
"B
\ pillar

6 = 389°

- 2.2
sin =35

(ii) Taking moments about A
Re x3.5 =70gx2.5c0538.9
Ry = 381.34N

Exercite 23B

A uniform ladder AB rests in limiting equilibrium with
the top end against a smooth vertical wall and its base
on a rough horizontal floor of coefficient of friction. If
the ladder makes an angle of @with the floor. Show
that 2utand = 1

A non-uniform ladder AB 10m long and mass 8kg lies
in limiting equilibrium with its lower end resting on a
rough herizontal ground of angle of friction 17°and
the upper end resting against a smooth vertical wall. if
the centre of grovity is at point C and the ladder
makes an angle of 63° with horizontal, find the length
AC An(ém)

A uniform ladder of mass 30kg lies in limiting
equilibrium with its lower end resting on a rough
horizontal ground of coefficient of friction 0.4 and the
upper end resting against o srnooth vertical wall. If the
ladder makes an angle of 60° with horizontal. find the
Magnitude of the of the frictional force at the ground.
An(158.4N)

A uniform pole AB of mass 100kg hosits lower end A
on a rough horizontal ground and being raised to
vertical position by a rope attached to B. the rope and
the pole lie in the same vertical plane and A does not
slip across the ground. if the rope is ot right angles to

the pole and the pole s 20° to the horizontal, find; &

() Normal reaction on the ground

(=) Recos51.1 = 0.6R, + pcRecos38.9.. (i)
381.34xcos51.1 = 0.6R, + p-x381.34¢0s38.9
239.4674 = 0.6(389.2248 — 239.4674u,) +

296.7752u,
_ 5oy o
He= 1530088 ' _
R, = 389.2248 — 239.4674x0.0388
R, = 379.933N

(i) Frictional force on the ground An(357N, 34TN)
5.A non-uniform pole AB of mass 50kg has its centre of
gravity at the point of trisection of its length near to

B. The pole has its lower end A on a rough horizontal
ground and being raised into a vertical position by o

rope attached to B, the rope and the pole lie in the
same vertical plane ond A does not slip across the
ground. If the rope is at right angles to the pole and
the pole is 30° to the horizontal, find:
(i} Normal reaction on the ground
(ii) Frictional force on the ground An(141N, 243N)
6.A ladder 2m long and weighing 200N is placed 60°
tothe horizontal with one end B leaning against the
smooth vertical wall and the other end A on the
rough horizontal ground. Find;
a) reaction at the wall
b) reaction atthe ground Aw(37.7N,
208.2N at 73.9° te the herizontal).

7. A uniform ladder which is 5m long and hos o mass of
20kg leans with its upper end ogainst a smooth
vertical wall ond its lower end on rough ground. The
bottom of the ladder is 3m from the wall. Caleulate
the frictional forces between the ladder and ground
An(T3N) 7

A uniform pole AB has its lower end A on a rough

horizontal ground of angle of friction A ond being
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! A unifol ‘
,\l z fricts 'f“ lodder rests in limiting equillbrium with the top end against a rough vertical wall with ;
on ity and s base on o : : coefficlert of
8 with the nd rough horizontal floor with coefficlent of friction . If the ladder makes an angle of
;:., " the floor, prove thot tang = =t
) Selution N
Ns ’ A Ha R4 0
! Ra=
14 prgpin
1\ Taking moments about B
;:‘ Rs Ry x %ﬁsine + pyRyx2lcos@ ; Wxlcas® ..... (iit)
' ‘ Mz . Hz
HzRa — 2Is5iné + — 2l =
N, (1) Rg +u,R; = w...‘...(z‘)z T+ ks T onEl = Waltase
i (=) 4 Kz Ryg ... ... . (i) ¢-si~n9 = ¢os6 — — Publz €os@
Ry =H_2R‘ put into (i) 1 '2" by e f 1 +2H1#z
Ry +iR, = W $sin9 - HaHz Mtz 050
~ iRA+pR=W 1+ matta T+ mp,
‘?’124-;;‘;4.2) 174 2 jpsing = (1 —1 yiyzjcosﬂ
' TR A= W tanf = #
3. Thef horizontd the
" . :t ;cl:t U:i{;:luii;rhlilgtt; :'f 3nflll u;: rlnuss_25hg_ reslfs on u'rough horizontal s;_lrfuce while the upper end rests in
0e fror e all. The ladder being in vertical plane perpendicular to the wall. If the first rung is
- c“mr;l witrTo :‘.}Itm foo!: and the rest at the interval of 30cm. find the highest rung to which & man of mass 75kg can
a . of frictium ook ::l:seu;: ;T:_Lc:_;dder toslip. When the lodder is inclined at 60° to the horizontal and the coefficient
" lolut:ol;
i . o, 3 .
A Ry = 5 (980) = 226.154N
:’z - Taking moments dbout B
" : i - ' R, x9sin6 + 1/4'RAX9C059 = 25gx4.5cos6 +
i (=) Ry = 1/4 Ry .o (10) 226154 x 9sin60 + 1/, x226.154x9c0560 =
Rg = 4R, put into (i) #3g%4-5c0s60 + 75gycos60
i 4R +1/3Ry = 980 Number of F e
: umber = — =
e 4. A uniform ladder of length 2| and weight W rests in a vertical plqné Qit: ne o o »
and the other against a rough vertical wal, tha ol of : one end on a rough horizontal ground
UNEB 2003 Ne.16 ’ ole ol fiction being respectively tan~1(1/ 3) end tan1(1/ 2)
(a) Find the inclination of the ladder to th i ‘ | g
e horizor
p (b) !:\ man of weight 10 times that of the Indde:zl?:;%‘:: ?J':C';:tl; hmmn? equiibrium ot either end
| slips - ow farwill he clim
o Solutien » befors the loicer
[LaRA 1
7/ R, = w
34
RB RA = —3-7E
Ha = /3 and ug =1/, 4 X £ISin + /3 Ry x210050 = Wxlcoso
M Re+1fgRy= W ... M 3w = (1)
3R, weernnns (£) X 2sing-+ 1. %
) Re =1, Ry ... i) ' g, 37 X2eost = Wicosp
Rg = 2R, put into () / 7 3‘"59 = 5/7 cos@
tan@® =2
| " e /ﬁ g = 39.8°
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Yaking moments about B
R, 2lsin@ + 1/5 Ry2lcos@ = Wlcos8 + 10Wycosg
(33/, W)2lsin6+1/3 (33/, w)2lcos
= Wlcos8+10Wycosg
6-6/7 Ising@ + 15/7 lcosB = 10ycos@
Divide all through by cos@
66/7 ltan8 + 155]7_t = 10y
(5 15/ 1=
66/71(5/6) + /71 =10y
10f = 10y
y=Im

IJBR-;-
(1) Rg + g Ry = 10W + W .ooeu ()
(=) Ra=1/5Rg .o (i)
Ry = 2R, put into (i)
2Ry + /3Ry = 11W
Re=33/ow
A non uniform ladder AB is in limiting equilibrium with its lower end A resting ona rough horizontal ground
and the upper end B resting against a rough vertical wall. The ladder i in a vertical plane perpendiculor to the
wall. If the centre of gravity of the ladder is ot G where 4G = 2/3 AB. The coefficient of friction between the

ladder and the wall is twice that between the ladder and the floor. 1f the ladder makes an angle & with the wall
and the angle of friction between the ladder and the floor is 4 UNEB 1990 Ne.7

() Prove that 4tanf = 3tanZi

(ii) How far can a man of equal mass as the ladder ascend without the ladder slipping given that 8 = 45°
and coefficient: of friction between the ladder and the floor is 1/ 2 An(?/ 3 AB)

Solution
J bR
s PaRae . Re
B —— L
Py
gL
wW . ) Ra
HaRA

@4 = tand and ug = 2tand
(1) R4 +2tanARg = W ... ...(1)
(=) Ry = tand Ry ....... (i) putinto (1)
Ry + 2tand tand Ry = W
w
Ry = 1+ zean?i
Taking moments about B

Exercije 23€C

%. A uniform ladder rests in limiting equilibrium with

the top end against a rough vertical wall with
coefficient of friction 0.25 and its base on o rough
horizontal floor with coefficient of friction p. If the
ladder makes an angle of 30° with the vertical. Find
the value of ¢ Am(0:269)

A non uniform ladder AB of length 6m is in limiting
equilibrium with its lower end A resting ona

rough horizorital ground with coefficient of friction

1 / 3 and the upper end B resting against a rough

vertical wall with coefficient of friction 1/,. The

ladder is in a vertical plane perpendicular to the
wall. If the centre of gravity of the lodder isat C
where AC = 4m. If the ladder makes an cute angle

8 with the ground. Show that tan@ = 23/,

.

Ry x lsin@ = W%sine + tanARylcos6 ..., . (ill)
w

1+ 2tan®d A lcos®

, r . w
— W= a =1t A

Isin — W sin@ = tand —0
z=2tan®l ind = tand cos8
3(1+ 2tan?i) T 1# 2tan®i
3tani 3tand

2— 2tan®i  2(1 — tan?i)
3 2 tand

t - ¥ —_—
an@ xz a= tanzﬁ)]_

2
tan@ = E[ Ztand = 3 tan2d
“ala-= tanz.l)] =z

4
4tan® = 3tan2i

tan@ =

A uniform ladder AB s of weight 2W and
length 10m rests in limiting equilibrium with the
top end against a rough vertical wall with

coefficient of friction 1/ 3 and its base on @ rough

horizonttal floor with coefficient of friction 1/3. f
the ladder makes an angle of 8 with the
horizontal, such that tanf = 16/17. A man of

weight 5W starts to climb the ladder
(a) How far up the lodder can the man dimb
before slipping can eccur
(b) When a boy of weight ¥ stand 5 on the
bottom rung of the ladder ot A, the man i
just able to climb to the top safely. Find Xin
termsof W Am(9m, %)
A non uniform ladder AB of Jength 12m ond

mass 30kg is in limiting equilibriurn with its
308
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lower end A resting on o rough horizontal
ground with coefficient of friction 1/ 4 and the
upper end B resting against a rough vertical wall
with coefficient of friction 1 /... The ladder is in a
vertical plane perpendicular to the wall. If the
centre of gravity of the ladder is at its trisection
of its length nearer to A.. If the lodder makes an
angle & with the horizontal such that tan@ =

9 40 straight horizontal string connects A to &
point ot the bose of the wall, verticaily below B,
a man of mass 90kg begins to climb the ladder.
(I) How for up the ladder can the man dimb
without causing tension in the string
(i) What tension must the sting be capable of
withstanding if the man is to reach the top If
the lodder safely An{8wm, 126N)

BEAMS HINGED AND MAINTAINED IN A HORIZONTAL POSITION _ o
1. A Uniform beam AB, 3.0m long and of weight 6N i hinged ot o wall at A and is held stationary it':o a A
horizontal position by o rope attached to B and joined to o point C on the wall, 4.0m vertically above A.

Find
@ the tension T in the rope

(i) the magnitude and direction of the Reaction R ot the hinge.

tand = g— 6=53.13°
Taking moments about A ot equilibrium
TsinBx3 = 6x15
(Tsin53.13)x3 = 9
T = 375N

(T) Rsina + Tsin@ = 6
Rsina = 6 — 3.755in53.13
Rsinag = 3- : i

(=) Rcosa = Tcos@
Reosa = 3.75c0553.13

Rcosa = 2,238 : i
3 - °
i/il tana = 378 4= 53.3
Putinto1: Rsin53.3 =3
R = 3.74N
The reaction at A is 3.74 ot 53.28° to the
beam

2, A uniform beam AB of length 4m and weight 50N is freely hinged ot A to a vertical wall and is held
horizontal in equilibrium by o string which has one end attached ot B and the other end attached to o

point C on the wall, 4m above A. find
(i) the tension T in the rope

(ii) the magnitude and direction of the Reaction R at the hinge.

Selution

TQT
‘im:;l?sinn LTsinB
A;-—:E — 2m—— 8
sgm

tan3=§ £ @ = 45°
Taking moments about A

Tsin Ox4 = S50x2

Tsind5x4 = 50x2

T = 35.36N

maintained in g horizontal position by means of a chain dattached to B and to
above. If the bar carries a load of 10kg ot a point 1.

) The tension in the chain

(M:Rsina + Tsin6 =50
Rsin @ + 35.36sin45 = 50
Rsina = 24.997............................(l)
(=):Rcosa = Tecos @
Reos-a = 35.36c0545
Reos a = 25..ecimin, (in
()/(if) tan a% L= 45

Put into (ii); Rcos o = 25
Recos45 = 25

8m from A. calculote.

ii) The magnitude and direction of the reaction between the bar and the wall

Selatlisn
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G
-
1 -
1. \Raina
}"*m@
A B

20N on’
1.5
tanf = T 59 =3201°
Taking moments about A

Tsin©x24 = 20gNx1.2 4+ 10gN x 1.8
Tx245in32.01 =20x9.8x1.2 + 10x9.8Bx1.8
T = 323.87N
Tension in the chain = 323.87N
(i) Reaction at the wall

(1) Rsin @ + TsinO =20gN +10gN

R sina + 323.87sin32.01 = 30gN
Rsina = 122:63. (i)
(=) Rcos a =TcosO

Recosa = 32.87cos32.01
Reosa = 27463 cvvirnnnns(il)
@/(i) tana = 0.446528055
a = 24.1° Put a ineqgn(ii)
R cos241 = 274.63
R = 300.85N
Reaction ot A is 300.85 at 24.1° to the
horizontal

4. A uniform beam AC of mass 8kg and length 8m is hinged ot A and maintained in equilibrium by two
strings attached to it ot points € and D as shown below. The tension in BC is twice that in BD, AB =

4m, AD = 3/, AC, UNEB 2008 No.16

M
A =] =

Find;
M
(i)

Tension in the string BC

Soluition

4m T

am g ZE O o T C
a

tanfi =2, §=33.7°
tana = %. a = 26.6°
Taking moments.about A
6xTsin f + BxTsina = Bgx4
6xTsin 33.7 4 8x2Tsin26.6 = Bgx4

Magnitude and direction of the resultant force at the hinge

T = 29.886N
Tension in BC = 2x29.886 = 59.772N
(T):Rsin @ + Tsinf + 2Tsina = 8g
Rsin® = 35.0545 ... ... (i)
(=):Rcos B = Tcos B + 2Tcosa
Recos 8 = 78.3092 ... ... (ii)

. _ 350545 o .
()/Gi) tanB = Tod002 8 =2412

Put into (i); Rcos 8 = 78.3092
Rces24.12 = 78.3092Z
R = 858N at 24.12°%0 the beam

A rod AB 1m long has a weight of 20N and its centre of gravity 60cm from A. it rests horizontally with A against ¢

rough vertical wall. A string BC is fastened to the wall ot C 75cm vertically above A. find the

5.

0}

Gan Tension in the string UNED 2007 Neo.13 a
Salution

tand = ? 48 = 369°

Taking moments about A
Tsin 6x4 = 20x0.6
1xT5in36.9 = 20x0.6

Normal and frictional forces at A. if friction is limiting the coefficient of friction

T = 19.99N
D:f + Tsin® = 20
£+ 19.995in369 = 20
Y -7 P — ()
()R = Tcos 6
R = 19.99¢0536.9 = 1599N
f=uR

p= =05

15.99

5. A rod of length 0.6m long and mass 10kg is hinged at A. i center of mass is ©.5m from A, alight
inextensible string ottached at B passes over a fixed pulley 0.8m above A and supports a mass M
hanging freely. If @ mass of Shy is attached ot B 50 os to keep the rod in a horizontal position, find the

() Value of m

(ii) Reaction otthe hinge UNEB 1999 Ne.14

Seimtion
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L e

—

- Im.gb\

2Ry o, 7--' =
-  —
TQD* T i s
i 08 4 . 4 3
nf =—==2 sinf =-, cosf =
vangd 0 ¥ 5

) 5
For 2kg mass: T = mg ...... (i)
For the beam: Toking moments about A )
0.6xTsin@ = 5gx0.6 + 10gx0.5 ....... . ({i)

4
0.6xTx 7 = 5gx0.6+ 10gx0.5

—
O S

T = %g =163.33N

T =mg
163.33 =9.8m

m = 16.67kg
(1) Tsin@ + Ry = 10g+ 5g
16333x 2 + Ry = 15x9.8
Ry = 16.336N
(=) Tcos8 = Ry 2
163.33x§ = Ry

Ry = 97.998N ;
| = _ 7+ (16.336
R=J(R)? + (Ry)? = /(97.998)
( x R =‘99.35N

= 9.34°

e . 16.3-36)
o = tan- ('E;) - tan”* (57555 |
Reaction ot B is 99.35N ot 9.34° to the beam.

BEAMS HINGED AND MAINTAINED AT AN ANGLE

1. Each of the following diagrams shows a uniform rod of mass 5kg and length 6m

the vertical wall. A string attached to B keeps the rod in equilibrium. For each case,

the string and magnitude and direction of the reaction ot the hinge
_miring

(=) [4=0)

freely hinged at A to
find the tension in

=ty e

et

$slution

(=)

Taking moments about A
Tx2{ = 5gxlcos30
T =21.2176N

(1) Tsin60 + R, = 5g
21,2176sin60 + Ry = 5g
Ry, = 30.625N
(=) Tcos60 = Ry
Ry = 21.2176¢0s60 = 10.60B8N

R = J(R)? + (Ry)? = {/(10.6088)2 + (30.625)Z
R=3241N"
8 =tan™3? ( 30'625) = 70.9°
| 10.6088) = 702
Reaction is 32.41N at 70.9° to the horizontal

A~ =T
Taking moments about A
21xTeos60 = Sgxlcos30.
T'=424352N
(T Ry =5g

RT = 53 = 5x9.8 = 49N

Reaction js 42.4352N

(=) T=Ryx
Ry = 42.4352N
R = JR)? + (Ry)Z = /(42.4352)% + (49)?
R = 64.8209N
49
(42.4352) =421
Reaction is 64.8209Nat 49.1 to the horizontal

Taking moments about A :
2IxTcos30 = 5gxlcos30

T = 245N

24.55in30 + Ry = 5g

Ry = 36.75N
(=) Teos30 = RXY

Ry = 245¢0s30 = 21
= 21.2176N
= X
R=J(R)? + (Ry)? = (21.2176)2 +1(36.75)2

R =42435N"

o :mn__]( 36.75
21.21 75) = 60"

at 60° to the‘horizontul

i
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2 Auniform rod AR

1

Show that

6 with the horizontal
string which makes 90°
of 2kg ot its other end,

of mass Sk is smoothly hinged on the ground ot point A. The rod makirig on angle
ground is kept in equilibrium by a light inelastic string ottached to point B, The
with the rod passes over a smooth fixed pulley and carries o stotlonary mass m

a. cos@ =-;-

b. the magnitude of the reaction at the hinge is ?'\/]_3-"’

Sslutlon

For2kg moss: T = 2g ... .. (f)
For the beam: Taking moments about A
Tx2l = 5gxicos8 ....... (i)
2gx21 = 5gxlcosd
4

P

cosf
(T) Tsin(90 —8) +R, = 59

Tcosé 4+ Ry = 59

Exercise: 23D
A uniform beam AB of mass 5hg is freely hinged
at A to a vertical wall end is held horizontal in
equillibrium by a string which has one end
attached at B and the other end attached to.q
point C on the wall above A, The string makes.an
angle of 30° with BA, find
(] the tension T in‘the rope ‘

(i) the magnitude and direction of the
Reaction R at the hinge. An{49N, 49N
at 3¢° with AB)

The figure below shows a uniforrn beam of
length 0.8 metres and 1 kg. The beam is hinged

at A and haos load of mass 2 kg attached at B. A

= K
I .
-~ ™ Acm :B
=
b o8 =Ea)

The beam is held in a horizental position by a light
inextensible string of length 0.5 metres. The string
joins the mid-point M of the beamn to a point C

vertically above A. Find the:

W

4
ng§+ Ry = 5g

° 17 17 98_833
I Tk T
(=) Tcos(90—8) = Ry
Tsing = Ry
3
2 66 98_294
X=g8=5¥8 =59
_ (294)2+ (833)2_ 60025x13 _ 49
~J\ 25 25/) 625 5

(o) tension inthe string.
(b) magnitude and direction of the force
exerted by the hinge. UNEB 2018 Ne.12
An(81.6667N, 68.2IN at 16.70° whh AB)
A non uniform red AB of mass 10kg has s centre
of gravity ot a distance 1 / 4 AB frorn B. The rod is
smoothly kinged ot A, it it maintained in
equilibrium at 60° above the horizontal by o
light inextensible string tied ot B and ot right
angle to AB. Calculate the magnitude and
direction of the reaction ot A. UNEB 2017 Ne:
B An(a3.73N, al 68.2° te herizontal)
A rion-uniform beam AB of weight 20N and of
length am is freely hinged ot A to o vertical wall and
is held horizontal in equilibrium by a string which hes
one end attached ot B and the other end ottoched
to a point € on the wall above A. The string mokes
an angle of 60° with BA. If the tension in the string ¥
12N, find
() the magnitude and direction of the
Reaction R at the hinge
(i) distance from A to the centre of gravity of the
beam. Am(11.3N et 58° with AN, 2.00m)
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One end of a uniform plank of length 4m and
weight 100N is hinged to the vertical wall, An
inelastic rope, tied to the other end of the plank
is fixed ot & point 4m above the hinge. Find
i.  The tension in the rope’ ‘
ii.  The reaction of the wall on the plank
Au(388.9N, 302.1N ot 24.4° te korizontal)
6. A uniform diving board AB, of length 4m and
mass 40kg is fixed at A to a vertical wall and is
maintained in-a horizontal position by means of
@ light strut DC. D is a point on the wall 1m below
A and C is appoint on the board where AC =
1m. An object of mass 60kg is placed at end B,
(=) Find the position of the centre of mass of
the 60kg mass and the mass of the board
AB combined
() Determine
(i) Thrust in the strut
(i) Magnitude of the reaction at A
An(scem from B, 320\/2 g, 207377 g)
7. Two light strings are perpendicular to each other
and support a particle of weight 100N. The
tension in oneof the strings is 40.0N. Calculate
the angle this string makes with the vertical and
the tension in the other string An(66.4°, 91.7N)
A uniform pole AB of weight 5W and length 8a is
suspended horizontally by two vertical strings
ottached to it ot C and D where AC=DB=a. A body
of weight 9W hangs from the pole ot E where
ED=2a. calculate the tension in-each string
An(3.3W, 5.3W)
AB is a uniform rod of length 1.4m. It is pivoted ot
C. where AC=0.5m, and rests in horizontal
equilibrium when weighs of 16N and 8N are
applied ot A and B respectively. Calculate
(a) the weight of the rod An(4N, 28N)
(b) the magnitude of the reaction at the pivot
10. A uniform rod AB of length 4a and weight W i
smoothly hinged ot its upper end, A. the rod is held
ot 30° to the horizontal by a string which is ot 90°
to the rod and attached to it at C where AC=30,
find
(a) the tension in the string
(b) reaction at A Aw(0.38W, 0.5378W)
A sphere of weight 40N and radius 30cm rests
against a smooth vertical wall. The sphere is
supported in this position by a string of jength
20cm attached to a point on the sphere and to the
a peint on the wall. Find
(@) tension in the string

1

(b) reaction due to the wall An(3eN,
30N at 90° te the wall)

A smooth uniform rod AB of length 3a and weight
2w is pivoted at A so that it can rotate in o vertical
plane. A light ring is free to slide over the rod. A
light inextensible string is ottached to the ring and
passes over a fixed smooth peg at a point C, o
height 4a above A and camies a particle of weight
w hanging freely.

A
(a) Show thot the angle & that the rod makes to
the vertical in equilibrium is given by tan@ = g

(b) Find the magnitude of the force of the
pivot on the rod at A in terms of w
anc
13. A smooth uniform rod AB of length 3a and
weight I/ is pivoted ot A so that it can rotate
in avertical plane. A light ring is free to slide
over the rod. A light inextensible string is
attached to the ring and passes over a fixed
smooth peg at o point C, a height 4a above A
and carries a particle of weight w hanging

freely.
o ,

A
(@) Show that the angle & that the rod makes
to the vertical in equilibrium is given by
Bw
tané = W

(b) Find the smallest value of the ratio —:7 for

which equilibrium is possible An(‘g)

4. A uniform rod AC of mass 2kg and length 120¢m hangs
ot rest in a vertical plane with end A in contack with a

vertical wall. An in elastic string of length 70em is

attached to a point B on AC such that AB is 90cm. The

other end of the string is attached to the i
D. 140cm vertically above A, welkhat a poli

if the string js taut and an

i DA I o
a AngleDBA o DACI25.2°, fing

b. The tension in the strings An(1216° ¢ 53
. 0%, 653N

31l
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BEAMS ON INCLINED PLANES

a sphere of radius a and weight W rests on a smooth inclined plane supported l:’v tg ﬁ"if;iil r:t’f J:'Z'g_:' | with one
end attached to a point on the surface of the sphere and the other end fastene por e

. i Wlati)sing
angle of inclination of the plane to the horizontal be 8. Prove that the tension of the string is ———t

ViZiza]
foimtion |
2 AM =+/[? + 2al
ViZ + 2al
Wik cosp ="

= o Also Wsin# = Tcosp .
AM? = 0A% — OM? . Wsin _ W({a+ Dsind
AM = J(a + )2 — a2 = cosf VIZ + 2al

2. A uniform rod LM of weight W rests with L on a smooth plane PO of inclination 25° a5 shown in the diagrom
below

= nA

i Aa5°
25"

—

The angle between LM and the plane is 45°. What force parallel to PO applied at M will keep the rod in
equilibrium? UNEB 2007 No.13 b

$oiution

Taking moments about L
Ryxd = Wxycos20
But d = 2ysin45
Ryx2ysin45 = Wxycos20

Ry = 0.6645W
3. The diagram shows a uniform ladder resting in equilibrium with its top end against o smooth vertical wall and its

base on a smooth inclined plane. The plane makes an angle of @ with the horizontal and the ladder malkes an
angle of a with the wall.

Prove that, tana = 2tané
Solution
— Wtané = Weana
—1
= tana = 2tané
E Alternatively
Taking moments about B -
’ R,x2l cosa = Wxlsina =
Wtana - =]
RA = 2 RER. Bep. 8. (l) :. —_ = H
(1) Rgcos® =W .....(ii) Using cotangent rule for triangle
(=) Rgsinf = R, ... (iii) Lcotf ~ 1 cot90° = 21 cota
Qren . g Rpsind® _ Ry cotd = 2cota
(ici) = (i) Rpcosd > 1 2
Wtané = R,

tand tana

_ - - - P tana = 2tanf

4. Arod AB of length | has its centre of gravity Gt(? pqmt G‘where AG = 71. The rod rests in equilibriurm in @
vertical plane at an angle j to the horizontal with its ends in contact with two inclined planes whose line of

intersection is perpendicular to the rod. If the planes are smooth and equally inclined ot angle « to the
horizontal

314
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il

£ -]

Show that 2tana tanf = 1 and reaction on each
Solution

plane is

{ 0.5 cota = tanp
2tana tanf = 1
(T) Rscosa + Rycosa =w
: Rp = w— R cosm ... = (0)
(=) Rypsina = R;sina

Wsing cotongent rule for triangle

31 l 3l 1
Tcoca 3 cota = (z + Z) cot(90 — B)

Rp = Ry ... (ii)
Rg = w = Rgcosa
w

1.4 cosa

5. A uniform rod 3m long and of mass 20kg is placed on two smooth planes inclined ot 30° and 60° to the

. L
horizonta —_—

T

Find the reaction on each plane and the inclinatio
Solution

Ty
(1) Rycos30 + Ryeos60 = 20y
Rp =40g - RyV3 .....(D)
(=) Rpsin60 = R,sin30
RgV3 =Ry .... (i)
Ezerclse 23E
3. A uniform rod of length 2a and of mass m is placed

n of the rod to the horizontal when it is in equilibrium

RE = 403 - RBﬁX\Ig

R; = 98V3 = 169.74N
Using cotangent rule for triangle

1.5c0t30 — 1.5c0t60 = 3cot (90— ag)
1.5vV3 - 15— 3tand
1. —15—= n
V3
g = 30°

on two smooth planes inclined at 30° and 60° to the

horizontal. The normai reactions ot the ends of the rods have magnitude R and S

30 ﬂ?—%/

(o) Showthat R = §v7

(b) Prove that the inclination of the rod to the horizontal is cot =1 (1' + @
A uniform rod rests with its ends on two smooth planes inclined ot 30° and 60°
equal to twice thot of the beam can slide aleng its length. Find the position of ¢
rests in a horizontal position Aq(% of the length from 30° plane )

The diagram shows a uniform ladder resting in equilibrium with its top end q

its base on a smooth inclined plane, The plane makes an angle of 6 with the
an angle of & with the wall.

—

Find a when 8 is . )
()] 10° I (i 2o
Am(19.4° 49.1%) ) 30

to the horizontal. A weight
he slidding weight when g beam

goi!'nst Q smooth verticql wall and
herizontal and the ladder makes
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CHAPTER 14: SIMPLE HARMONIC qono | |
This is a periodic motion of a body whose acceleration is directly proportional to the displacernent from o
fixed point and is directed towards the fixed point.
aq—x
@ =-u'z ite directi
The negative signs means the acceleration and the displacement are always in opposite direction,

MAXIMUM ACCELERATION
Amax = —@*T where v is the occeleration

Force, F
F=ma= mw?x
Maximum Ferce, F .
F = Mayay = Mo’
VELOCITY IN TERMS OF DISPLACEMENT

Velocity of a body executing S.H.M can be expressed as a function of displacement x. this is obtained from
the acceleration

) 2.2
a=—wx Jvdv=—w?[xdx C=“’2"
dv de d 2
a=go=—— . s o A | | Put into [1]
dlg'. dx dt 2 2 > 4 3 2,2
butd— =y Where C is a constant of o= B “’2
t 3 a
v integration 7 * 52 i Wit — witx?
= i= At momentaryrest v = 0, = —7 2
vﬁl’.: — wix x = r(amplitude) |U = w(r‘*-x )]
dx 02 W2
vdv = — w?xdx = = +C
integrating both sides 2 2
Velechy I maximum when x =0
v? = w?r?

DISPLACEMENT AT ANY TIME ,t

ix_ . x = rsin(wt + )
. dr When timing begins at the centre, t = 0,x = 0
X [x = rsinwt] particle - fr
ax _ o moves away from
55 = @Vl )

centre
j dx _ J’ wdt When timing begins at the amplitude, t = 0,x =T
[ = 22 particle moves towards the

sin™? ; =wt+¢ centre
Paried T '
This is the time taken for one complete oscillation. T = 2nr
distance wr
= r=in
speed s
T=2  butv=re
Exzampilas
1. A particles moves in a straight line with 5.H.M about mean position O with a periodic time of = 5. Find the
mognitude of the acceleration of the particle when Im from O 2
Selstion
From a = —w%x 2
Negative i ignored a= (2“ /ﬂ x1 = 16ms™?
12
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A=

AN A P
::J‘-U‘gwﬁ
L

2. A particle moves with S.H.M obout a mean poskion O. When the particle is 25¢m from O, i §s oxcelercting

at 1m/s towards O. Find the;
0] Periodic time of the motion
()  Mognitude of acceleration of the particle when 20cm from O

Selotion ) )
M a=-wfx potm_2m_
1= w*(0.25) w 2 f
Wk =14 (i a=-wx

ar = Zrgds™ a = 22(02) = 0.8ms™2
3. A particle moves with 5.HM of time period -E 5 and has a maximum speed of 3m/s. Find the moximum
acceleration experienced by the particle
Solution
Vg = @WT a=—w?
=21 /,, r ' 2
z a= (zn/n) x0.75 = 12ms™?
r= 0.75m ‘ 3
4. A particle moves with 5.H.M about @ mean position O. The amplitude of the motion is Sm and the period is
8n 5. Find the

r

()] maximum speed of the particle
(ii) speed of the particle when 3m from O
$slution
$olution
()] Vay = W = gxs = 1.25m/s 2
) v? = w?(r? - x?) v = (27(/71) (52— 3%) =1ms™!
Z

5. A body of mass 200g s executing 5.H.M with omplitude of 20mm. The maximum force which acts upon it
is 0.064N. calculate

a) its maximum velocity
Solution

F = 0.064N

b) its period of oscillation

‘"mM=200g =.0.2kg
r=20mm = 0.02m

a)Vay = wr

But F = MApmay

0.064=0.20 1,

Amax = 0.32m/s®
Amay = —w?r
0.32= w?x0.02
w? =16
w =4rads™

Vigx = Wr = 4x0.02 = 0.08ms"
b) T=2
T= 2n _ 2x22

T == 1.57 seconds

6 A particle of moves with $.H.M about position O with a period of 21 seconds. It passes @ point A with o
velacity of 4m/s away from Q. Given that 04 = 4m, find;

M the amplitude of motion

an the speed ot B where OB = 3m Uneb 1989 NO.8 An(5.66 m, 4.3m/s)

Solution
7 w=2—;-=§—:=1rad/s rf=32
Using v? = w2(z2 - x2) r = 5.66m; Amplitude = 5.66m
42 = 122 - 42) (i)  v?= wi(r?- x®) = J12(32- 37%)
' 16 = (r% — v =23 = 48ms™
7. A Particle movin " —16)

equilibrium position, Find
) amplitude
Solmtieon
0 v=ams1 5 3m and
Using v2 = w2(r2 - 2y

9 with S.H.M has velocities of 4ms™ and 3ms” ot distances of 3m and 4m respectively from

i) peried,

42 - wZ(rz__ 32)
16 = w?(r? = 9)—— @)
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Ao v = 3ms~ !, x =4m
32 — wz(rz_ 42)
9 = W(r? = 16)=—-—(2)
Equation 1 divide by

16 w?(r*—-9)

9 w?(r? - 16)
16(r2 — 16) =9(*— 9)
r2=125

8. A particle moves with s.h.m about a mean position O. The parti

% m/s and just reaches a point A, 2m form 0.

(@)  Find how far the paticle is from O, 3 second
(o) How many seconds after projection is the pal

()] For the first time (i) Second time
Selution
(a) At equilibrium position, Vg, = W7
1
5 WX
L
W = " rad

x = rsinwt since particle move away from O
R
x = 2sin (ExB)- = 1.414m

i) Using ean(?)
16 =

r = 5m; Amplitude = 5m
w?(5% = 9)
2 —

=1
. w = 1lrads™*

B

25 — 6.28second

| S
ButT == 7

cle is initially projected from O with speed

s after projection
rticle a distance of 1m from 0

(i) Third time

x = rsinwt
e
) = 25in 12
— 0 = in_l 0-5
H12t sin=(0.5)
— ¢ = 30°,150° 210°
12
t = 25,105,145

9. A particle is released from rest at point A, 1m from a second point O. The particle accelerates towards O
ond moves with 5.H.M of time period 125 and O as the centre of oscillation
(a) Find how far the particle is from O, 1 seconds after release
(b) How many seconds after release is the particle at the midpoint of OA

® For the first time (i) Second time
Solution

(@) x = rcoswt since particle moves 05 = 1eas ¥
towards centre -5 = lcos z t

“T127 6 :’/‘i /s 6 :
w 3 —fF = o o

x = 1cos (gxl)' == P2 t = 60° 300

(&) x=rcoswt t=12s,10s

10. A particle of mass 2kg moving with simple harmonic i —Ciis ¥ -
origin O by a force of 32x newton's, Inttially the partide s ot ros ) e o e outec by the
() Amplitude and period of the oscillation '
(b) Velocity of the particle at any time, t> 0
() Speed when t = =5 Uneb 2016 No16
Solution
(@) F = mw?x

32x = 20%x (b) x = reoswt
w _é : ratziés V= EE(rcnsmt)
& —=— =1571s V = —rwsinwt = —20x4sindt

v = —B80sindt

w
yz = mZ(rZ - xz) ‘
(©) Speed= —80sinax™ — om/s
a

0 = 42(r% - 20%)
r=20m
M. A particle is initially released from rest ot point A and performs SH
Just returns to A during each oscillation.and 48 = 2v/2m._ If the
V2 m/s, find

M about mean position B. the particle
Particle passes through B with speed
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[0) the time when the particle is first travelling with a speed
How far from B is the particle during this time

Solution
() At equilibrium position (B).,
w2 = wx2\2
w= g— rad/s
v? = wi(r? - x%)
2 2 :
2 = [= — ol
n? = (2) ((2@ x )

x2 =4

ed of mm/s

x= 2m
(ii) X = reoswt

2= Zﬁcos; t

T 1
—t =cos™1 (—)

2 V2
Zi= 45°
2 = ’
t =0.5s

12. The points A, O, B, C lie in that order on a straight line with A0 = 0C = 6cm and 0B = Scm. A particle
performs S.H.M of period 3s and amplitude 6cm between A and C. Find the time taken for the particle to

travel from A to B.

$elution
sScm S 1o

! ] 1 |

A ‘o B &
Time for AQ:is half the period= 1.55
B is 5¢cm from O

X =rcoswt
5=6 2
= bcos—t
3

2 5
lt = cos™?! (—)

3 6/
A= 3360
3 * >

t=0.28s

Time for AB = 1.5 = 0.28 = 1.22s

A particle passes through 3 points A, B and C in that order with velocity Om/s. 2m/s and —1m/s
respectively. The particle is moving with $.H.M in a straight line. What is the amplitude and period of the

motion If AB = 2m and AC = 8m. Uneb 1988 NO.,7.
Solution

- 2Im - =2 " 8-r

L IB % EI

—

AtBiv=2ms i x=r-2
Using v? = w?(r? — x2)

2% = wir? - (r-2)?)
1= w?(r—1)———- @)

1 w?(r— 1)
1 w?(16r — 64)
(16r — 64) = (r— 1)
r=42 .
; Amplitude = 4.2m
Using1 = w?(-1) _
1 = w?(42-1)

1
AtC v =-lmsx =87 w'=32
. (_12)2 = w?(rt - (8—1)?) w = 0.56rads™
= w* (167 — 64)---=—-- (2 2522
Equation 1 divide by 2 @ ButT = %:5 = 0—';—2 = 11.24second

A Particle moving with S.HM about a mean position O has velocities of 5ms™ and 8ms” at distances of

16m and 12m respectively from Q. Find
)] amplitude ,

i) pericd Umek 1998 NO.3 Am( 47 5)

?Pﬂ"'fide is describing 5.HM in a straight line directed towards a fixed point O. When it’s distance from O
53m, its velocity is 25m/s and acceleration is 75ms 2. Determine the

g.  period and amplitude of oscillation

€ Velocky of the particle os it passes through O Umeb 1998 NO.11 /D
An( 2-?"5_,. 5.83m,0.108s,29.15m/s)

:‘ Particle moving with S.HM about a mean position O has velocities of 3v/3ms™ and 3ms™ ot distances of
m and 0.268m respectively, from the end point. Find the amplitude of the motion,

Unek 2000 No.s Ax( 2/m)

b. Time taken by particle to reach G-
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5. A mass oscillates with S.H.M of period 1second and amplitude of the oscillation is S5cm. Given that the
particle begins from the centre of the motion, state the relationship between the di;plncemtnt x of the
mass ot any time t, Hence find the first times when the mass is 3cm from its end position. Uneb 2061

No.t4 Aw, x = rsinwt , ( 0.0665)

6. A particle is performing 5.H.M motion with centre O, amplitude 6m and period 2. Points B and Clie
between O and A with OF = 1m, OC = 3m and 04 = 6m. Find the least time taken while travelling

) AtoC Am(1.403s, 1.0475)

7. A particle moves in a straight line with 5.H.M of period 5 seconds. The greatest speed is 4m/s, find the

from Umels 2004 No.1
() AtB
()  Amplitude
Q)

10
Speed when it is 2 m from the centre Uneb 2008 NO. An(—~ m,3.2m/s)

8. The velocity of a particle at any time t is given by an equation v(t) = —aw sinwt + bwcoswt

®
@)

Find the expression for the displacement x at any time given that x = 0 whentime ¢t = 0
Show that the motion of the particle is simple harmenic

Uneb 2009 N©.8 An( x = acoswt + bsinwt, ¥ = —@?x)

Execrelie 244

1o A body of mass 0.30kg executes S.H.M with a

period of 2.55 and amplitude of 0.04m.

Determine

M  Maximum velocity of the body

(i) The maximum acceleration of the body
An{0.101m/y, 0.25ms?)

A Particle moving with 5.H.M about a mean

positon O has velocities of 1.6ms™ ond 1.2ms™? at

distances of 60cm and 80cm respectively from

Q. Find

)] amplitude ,
i) Pericd , An(im, 7 5)

A particle moves with §.H.M in a straight line

with amplitude 0.05m and period 12s. Find

a) speed as it posses equilibrium position

b) maximum acceleration of the particle
An(0.026m/s, 0.014ms"2)

A particles moves in a straight line with S.H.M
about mean position O with a periodic time of
% s and amplitude 2m. Find the moximum
speed of the particle. An(8ms™1)

5. A body of mass 5009 moves horizontally with
S.H.M of time period ofg s and amplitude of
Im. Determine the magnitude of te greatest
horizontal force experienced by the body
during the motion Aw(8N)

6. A body of mass 100g moves horizontally with
5.HM about o mean position O. When the
body is 50¢m from O, the horizostal force on
the body is of magnitude SN find the time
pericd of the motion, An(_;i ). o

7. A particles moves in a straight line with 5.H.M about
mean position O with o periodic time of E s and

A

1.

amplitude 65¢cm. Find how far the particle is from 0
when its speed is 2m/s. An(60cm)

8. A particle moves in a straight line with S.H.M
about mean position O. The particle has zero
velocity at appoint which is 50cm from O
and a speed of 3m/s at O. Find:

(i) The maoximum speed of the particle
(i)) The amplitude of the motion
(iii) The time period of the motion
An(3ms™?, 50cm, < 5)

9.A Particle moving with S.H.M about a mean
position O has velocities of 3ms™ and 1.4ms™
at distances of 2m and 2.4m respectively,
from point O. Find the

o. amplitude of the motion,
b. Greatest speed aottained by the particle
An{ Z.5m,5m/s)

10.A particles is initially projected from a point A
performs 5.H.M about mean position A with a

periodic time of 3 s and amplitude 50cm.
Find the
a. maximum speed of projection
b. Speed of the particle 2 s after projection
c. Distance of the particle form A 2s after
projection. ln(; ms",%m, ? m)
The head of a piston moves with S.H.M of

amplitude ;’—E m obout a mean position ©. How

far from O is the head of the piston when it is
travelling with a speed equal to half of its
maximum speed An{ 15cm)

A particle is fastened to the midpoint of a stretched
spring lying on a smooth horizontal surface. The
particle is set in motion so that & moves with 5.H.M

about a mean position O. If one metre is the
320
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greatest distance the particle is from O during the

miotion. Find how far from O the particle is when it

is travelling with a speed equal to four-fifth of its
greatest speed Am( 60cm)

13. A particles performs S.H.M about mean pasition

O with a periedic time of 3 s and amplitude
6cm. Find the time it takes the particle to travel
from O to a point P, a distance of 3¢m from O
Am( 0.255)

14. A paitticles performs 5.H.M about mean position O
with a periodic time of 4 s and omplitude 2cm. Find
the time it takes the particle to travel from O to @
point P, a distance of vZem from O An( 0.55)

i5. A particles performs 5.H.M about mean position O -
with a periodic time of 10 s and amplitude 8cm.
After possing through O, the particle moves
through a point A which is 2cm from O to a point
B which is 6cm from O. Find the time it takes the
particle to travel from Ato B An( 0. 948s)

| 16. A particles performs S.HM about mean

position O with a periodic time of 35 and
omplitude 3cm. After passing through O, the
particle moves through a point A which is 1em
from O to a point B which is 2¢m from O,
Find the time it takes the particle to travel
from Ato B Am( 0.1865s)

17. A particles performs 5.H.M about mean
position O with a periodic time of 4.5 s and
amplitude 6cm. After passing through O, the
particle moves through a point P which s 3
from O. Find the time that ellapses before the
particle next passes through P. Am( 1. 55)

18. The points A, O, B, C lie in that order on g

straight line with A0 = 0C = 4¢m and 08 =

2cm. A particle performs SHM of period 6s.
and amplitude 4cm between A and C. Find the
time taken for the particle to travel from A to

B. An(2s)

HOOKE’S LAW AND ELASTIC STRINGS
Hooke's law states that the tension in o stretched string is proportional to the extension from its notural( un-

stretched) length

7 e
=

Ais modulus of elasticity of the string

1. An elastic string of naturai length 4m and modulus 25N. find
() Thetension in the string when the extension is 20em
(i) The extension of the string when the tension is 6N

Solution
(M T = A-f.-'
0.2
T = 25x—4— = 1.25N

2. A spring of natural len
of Im

Selution
e
T=2-

{
3. A body of mass mkg lies on a smoot
elastic string of naturgl length 60cm
about O with constarit speed of 3m/s
Selution

€ 0.3
T =A‘—= _—
] 90x 0% 45N

(i)

6):4 1.6
e = — = L
15 e

=15
T—A’

gth1.6m and modulus 20N. find the thrust in the spring when it is compressed to a length

0.6
= — =7,
T 201’1.6 SN

h horizontal surface and is connected to point O on the surface by a light
and modulus 90N. When the body moves in a horizontal circuiar path
. the extension in the string is 30cm. find the mass of the body

v? 3?
remo = e 03

m = 4.5kg

4. A smooth surface inclined at 30° to the horizontai has a body A of mass 2kg that is held at rest on the surfoce

by a light elasti ¢ string which has one end attached to A and the other to a fixed point on the surface 1.5m
away from A up to the line of greatest slope. If the modulus of elasticity of the string is 2gN, find its natural
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?ﬂrnssﬂn

e
T= ﬂ—l'
15 =}
2gsin30 = 29x—
l=1m

8. A uniform rod AB of length 4m and mass 2kg rests at 30° to the smooth vgrtical wall anfi is supp'orted with end
A in contact with the wall by an elastic string connecting to a point C on the redto a point D on thF wall
vertically above A. if the natural length of the string is 0.4m and the distance AC and AD are Im. find the;

()] Tension in the string and reaction at A
$elution

(1) Modulus of elasticity

(=) Tcos15 = Ry
Ry = 20.29140515 = 19.6N
R =J(Ry)? + (Ry)* = J(14.3482)% + (19.6)2

R = 24.291N

. i 1
Using sine rule: —— =

§in30  §in75
Taking moments about A ! =0518m
1xTcos15 = 2gx2cos60 T = 12
T = 20.2914N 0518 — 0.4 !
20.29145in15 + Ry =28 . 04
Ry = 14.3482N A = 257.58N

EQUILIBRIUM OF A SUSPENDED BODY

When an elastic string has one end fixed and a mass attached to its other end so that the mass is suspended in
equilibrium, the string is stretched by the force due to the mass.

KX
Examples

T =mg
mg = —A% At eqguilibrium

A light elastic string of natural length 65cm has one end fixed and a mass of 5009 freely suspended from the

other. Find the modulus of elasticity of the string if the tatal length of the string in the equilibrium position is

85cm
Selution
e
mg = A=

other. The modulus of the spring is 44.1N.

0.85 — 0.65

0.5%9.8 =
I 98 = A —5s

A =1593N

A light elastic spring of natural length 1.5m has one end fixed and a mass of 400g freely suspended from the

(i Find the extension of the spring when the body hangs in the equilibrium

(i) The moss is pulled vertically downwards a distance of 10cm and released, find the
acceleration of the body when released.

Selution
M mg=2i7

, e
0.4x9.8 = 44.11’-175-.

. e=0.13m

0134 0.1
15 o

F=ma

T, — T =ma

6.762 — 3.92 = 0.4a

a=711ms"?

T =441x = 6.762N
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PG e

TS

POTENTIAL ENERGY STORED IN AN ELASTIC STRING

p e?
Work done = average force x extension = A—

Examples
1.  An elastic string of natural length 6.4m ond modulus 55N. Find the work done in stretching i from 6.4mto a
length of 6.8m.
Selution ,
2 , 042
Work dOﬂE = ;{.:_!. I Work done = SSIm = 0688]

2. An elastic string of natural length 4m is fixed at one end and is stretched to 5.6m in length by a force of 8N. Find
the modulus of elasticity and find the work done.
$elution
T= 1; A= 20N

A Work done = 15 = 2025 = 6.4
B=1 - 2l T 2xa '

3. An elastic string of natural length 1.2m and modulus of elasticity 8N is stretched until the extending force is 6N.
Find the extension and work done. Uneb 1998 No.6

Solution
T = Af e =09m
! . Work done = average force x extension
6= 8x— Work done = 2x0.9 = 2.7

4. A light elastic string of natural length1.2m has one end fixed and @ mass of 5kg freely suspended from the
other. The modulus of the string is such that o 5kg mass hanging vertically would stretch the string by 15cm. The
rnass is held at A and allowed to fall vertically, how far from A will it come to rest.

Ssiution
s Ak e v = 23.52m/s
T%E %e w=ke+p.e
Z 52
e e A.e—zﬂ.l.m e
mg =17 2 2 Y

0.15 t < S

1= 392N 163.333¢% —49e — 585 = 0

= 0.769m ore= —0.468m
Atu = Om/s,s = 1.2m, g = 9.8ms~2 e = om0 _
v? = u? + 2gs Depth = 1.2 +'0.769 = 1.969m

v? =0% +2x9.8x12

Exercise 25
1. Anelastic string of notural length 1m and modulus . +An elastic string of notural length 60cm and
20N. Find the tensior in the string when the modulus 18N. Find the extension of the string when
extension is 20cm. An{4N) the tension in the string is 6N An{20¢m)
2. A spring of natural length 50cm and modulus 10N, |6.  The tension in an elastic string is 8N when extension ‘
Find the thrust in the spring when it is compressed in the string is 25cm. If the modulus of the string is |
to alength of 40cm Am(2N) 8N. Find the un-stretched length Am(23e¢mm)

3. Aspring of natural length 75cm and medulus 10N, 7. A light elostic string of natural length 20cm and
Find the modulus of the spring when thrust in the modulus 2gN has one end fixed and @ mass of

™

spring is 5N and its extension is 25cm Am(15N) 500qg freely suspended from the other. Find the -
4. When the length of a spring is 60% of its original total length of the string. An{25¢m)

length, the thrust in the spring is 1ON. Find the B. When a mass of 5ky is freely suspended from one

modulus of the spring. Am(28N) end of a light elastic string, the other end of which

is fixed, the string extends to twice its natural
length. Find the modulus of the string An(49N)
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10.

odulus 30N. When the body moves ing
A body of mass akg lies on a smeoth horizontal i?ﬁ:::t :I.ldrcular Ooth about O with constant

surfoce and is connected to a point O onthe sion in the '
surfoce by a light elastic string of natural length speed of 3m/s, find the exten string

64cm and modulus 25N. When the body moves in An(tm) .
o h::nriz:ntul circulor path about O with constant 1. Anelastic string of natural length 2m and modulus 1ON.

speed of vm/s, the extension in the string is 36¢m. Find th: e_n:;w store when it is extended to a length of
Find v. Am(1.873m/s) 3m An(2.5.

A body of mass 5kg lies on asmooth horizontal 2. An elastic string of natural '?ng-thxlmn::g I’)“yod'llui 20N,
surface and is connected to a point O on the Find the energy store when it is exte a length of
surface by a light elastic string of natural length 30cm An{@.9))

SIMPLE HARMONIC MOTION IN STRINGS

Ezample) o . _

One end of a light elastic string of natural length 2m ond modulus 10N s fixed to a DOII_"lthAI;n asmooth
horizontal surface. A body of mass 200g s attached to the other end of the string and is. el at rest ot point E
on the surface causing the spring to extend by 30cm. show thot when released, the body will move with $S.H.M.
State its amplitude and find the max speed.

Seluticn
= o o~ e T VA Since a = —w?x
_ X _ X w? =125
T—A!—IOE—SX w = Srad s
F=ma 2r 2w
5x = =0.2a T= i -5—5 and r=10.3m
a=—=25x Vpax = wr = 5x0.3 = 1.5m/s

One end of a light elastic string of natural length im and modulus 5N is fixed to a point O on a smooth
horizontal surface. A body of mass 1kg is ottached to the other end, A of the string and is held ot rest at point B

where OB = 1.25m. Show that when released, the body will move with $.H.M. Find the maximum speed and
total time taken from B to Q.

Selution
== TR e e = 0.25m
T=1 =5%_s Viax = @1 = 2.236x0.25 = 0.559m/s
7 ! 1 - distance 1
F = ma 04 = ~ozd = G5 = 1788s
5x=-—la Distance 1 . 0.25
Since a = —w?x P A8
w?=5 b X2 BT
w= 2.236rad s* _ R 1 = 05y
_m_ tos = toa + tag = 1.788 + 0.7025 = 2:491s
@ 2236 °81s

A light elostic string of natural length 2.4m and modulus 15N is str
_ , 2. . teh m
apaort on a smooth horizontal surface. A body of mass i e e wesn two polnts A and B 3m

4- - . .
Joem towarch B ondl reeenad kg attached to the mid-point of the string is pulled
()] show that the subsequent motion is simple harmonic
(if) find the speed of the body when it is 158cm from A
Ssimtion

A "I
I T, _%x == —]B

&xte+24=3

At equilibrium 1% = 122 2e; +24 =3
€ =€z ....(i) e = 0.3m
31+ep_+2.4=3 F=ma

T =Ty =ma
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A (0'3 =)- /1(—-——0'3 %) =1a
12 12 /
4.8a=—2Ax
a=—-2x15x = —6.25x
it isin the formof @ = —w?x hence SHM
w? = 625

w = 2.5rad /s
v = 0?(r? - x?)
when 158cm from A, x = 8cm
v = 3/2.5%(0.12 — 0.08%) = 0.15m/5

* i . ﬁt .
* xgﬁ:ﬂiﬁﬂ?&? :'UJN and 2mgN respectively, to points A and B on a smooth horizontal surface. The
particie is feleased form the midpoint of AB where AB = 3a. Show that the subsequent motion is simple
2 ]/2
harmonic with period T = (4;“) , Unel 2001, N.cidb
Selation
2a
| o | e als—x + %
) B i.;: e " e | ng( /361 ) mg( /:?2 =mx
At equilibrium mg - = 2mg —ag "
e, = 2¢e; ... ) x=——'gx
+ 2a=3a a
'3831 iegz 4 zaa = 3a It & in the form of 2 = —w?x hence SHM
ztTE = Y
g, =14 2 _. 3¢ L= (38) 72
’ 2(1//3 @ =g - (a)l'
T 2 2n 4nla\ 2
F =ma T === - = :
T, —~Ty =ma w (3_g) f2 3g
a
5. A particle of mass 1.5kg lies on a smooth horizontal table and is attached to two light elastic strings

fixed ot points P and Q 12m apart. The strings are of natural length 4m and 5m and their modulus are

A and 252 respectively.
(@) Show that the particle stays in equilibrium ot

a point R mid-way between P and Q

(b) If the particle is held at some point § in the line PQ with PS = 4.8m and then released. Show

that the particle performs 5.H.M and find the

0] Period of oscillation
(i)
Solution
(a) At equilibrium A%’- = 2.5,1%
& = 232 ...... ([)
e +e;+4+5=12
L 2eate;+9=12
92 = 1
At mid-point Ri ¢, + 4= ¢, + 5= 6
b
I
I = = = ﬁ} =
F=ma
Tp= Ty =ma
1-x 2+x
254(— )-A( )= 152

Velocity when the particle is 5.5m from P Uneb 2008, N.13

g A

It is in the form of a = —w?x hence S.H.M

A 2
ad un)®
T=Ef= 2n =(8n2)1/2
w | 1/2 A
2

1,72 = wz (TZ.— xZ)
when 5.5m from P, x = 0.5m

v = }%‘(1.22 — 0.52) = Y0.595Am/s
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PLASTIC SPRINGS OR SPRINGS HANGING VERTICALLY |
1. A particle of moss m is suspended by a string from a fixed point A and has natural length | If the string
is exterided from B and C where BC = e and this extension is due to weight of the body (mg). CD = x
is the length a particle is pulled vertically downward
Solution

—_—A— = 1T
4
' RE [
= Ah . e _ix
oy < ml
it is in the form of a = —w?x hence 5.H.M
Mg '
At equilibrium; T = mg Wl = A cw= A
T= ).E ml ml
iy
When pulled a distance, x: T—-T, =ma 20 2T m)
€ e+x . T=—=——=21 [+
A7- .1( 1 ) = & @ % A
ml

2. A light elastic spring of natural length 50em and modulus 20gN, hangs vertically with its upper end
fixed and a body of mass 6kg attached to its lower end. The body initially rests in equilibrium and then
pulled down a distance of 25¢cm and released.

(i) Show that the ensuing motion will simple harmonic and
(i) find the period of motion and the maximum speed of the body.
jolution
— = S _ 0.15 + .
0.5y :: T 69 —20g (T) -
e o . 196
oy < A T
- | It is in the form of @ = —w?x hence SH.M
SsghN s 2 196
@  Atequilibrium; T = mg (i) LTS
I & 1967 /2
bg = 20gx 0.5 W= (——) = B.083rad/s
e = 0.15m 3 Hor 1t
When pulled a distance, x: =— == = (0.7735
T—T, =ma w 8.083 o
e+ x Umax = @r = 8.083x0.25 = 2.021m/s
69 A( = ) s
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CHAPTER 13: CIRCULAR MOTION %“_
CIRCULAR MOTION ON A $MOOTH HORIZONTAL SURFACE

Exemples

. A particle of mass 0.8kg is attached to one end of a light in extensible string of length ‘
a point P on a smooth horizontal table. The particles is set moving in a circulor path. If

16m/s.

() Determine the tension in the string and reaction on the table.

(i) If the string snaps, when the tension in the string exceeds 100N, find the greatest angul

which the particle can travel
Solutien

OEQN

= 170.667N

mv? _ 0.8x16%

j) T=F= =

r

2 A ball is tied on an elastic striﬁg of natural length 30m to a fixed peint on a smooth horizontal table upon which a
ball is describing a circle around a peint at a constant speed. If the modulus of elasticity of the string is 100 times
the weight of the ball and the number of revolution per minute is 20. Show that the extension in the string is

approximately 4.7m
Selutien
» =
=
Mg

T =F = mwr
w=2nf = 2n(§—2)=§n andr = e+ 30

T'= m(gn) (e +30) ... (1)

R =D.8gN = 0.8x9.8 = 7.84N
(i) T = mw?r
100 = 0.8xw?x1.2
w = 10.21rads™*

A 100mg
T= 7€= 30 e;.....(u)
100mg 2 .

30 €= m(gn) (e + 30)
98x3e = 4n*(e + 30)

_ 4n?x30
294 — 42

€ = 4.6532m = 4.7m

MOTION IN A VERTICAL CYCLE

PARTICLE IN FOURTH QUADRANT

Consider a body of moss m attached to astring ( light rod) of length | and whirled in a vertical circle with
@ constant speed V. If there is no air resistance to the motion, then the net force towards the centre is the
centripetal force. The tension the string acts in the same way as the reaction R

[ ]

~ | T

t T
1 [1cBse NEris
. h=l-lcosg - = mgcose
m/s

g

At equilibrium ot B: T — mgcos@ = i
? t
T= -'"—:’— +mgcosh.......(»1)
But v2 = 4?2 4 245
a=-gs=h=]—|cosd
h,-z =u? = 2g(l - lcosﬂ—)l s (2)

When the particle comes momentarily to rest at
some point A, then v =
0 =112~ 25(1 — Icosh)
u?

cosf =1 — — :
2g1|~ )

if the particle is attached to a rod, it can
complete circles whenv > 0 and 8 = 180°
v? =u? —2g(l - lcosh)
u? —2g(l — lcos180) > 0
u? > 2g(l+1)

B> fal]...(8

2_ ™~
Put @ into(): T= m [ 29_1(1 tcast)} + mgcost

mu? — 2mgl + 2mglcos@ + mglcosé

ar velocity ot 1

]
T = ?(uz — 2g1 + 3glcos)| .. (5)

if the particle is attached to.a string, it can
complete circles when T > 0 and 8 = 180°

T =?(u2 — 29l + 3glcosb)
?(u'2 — 2gl + 3glcos180) > 0

327
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(u? —2gl — 3g) > 0 |
Exeampie,

[ > 5g1]....-(6)

ht inextensible string of length 1m, The

1. A particle P of mass 5k is suspended from a fixed point O by a "ghorizon’ldl tposd of ams. when e

particle is projected form its lowest position ot the point A, with @

AOP = 60°, Find;

(@) Speed ot P
Selution
_D\\C
Icase ™y Wiria
| ﬁ=1~lCBS = mgcose
m/s.

g
T.M.E, = T.M.Ep

kb) The tension in the string at P

1
5 (3142 ¥ 9‘810) =5 [5 xv? + 9.8x(1 - Cogﬁo)]
£ 80 = 5xv? + 49

v = 249m/s
T = ! + mgcosd
5x (2.49)*

+ 5x9.8cos560 = 555N

T =

2 Alight rod of length 2mis pivoted at one end, © and has a particle of mass Bkg attached at the other
end. The rod is held vertically with the porticle at point A, directly below O and the particle is given an

Initial horizontal speed um/s. Find ;

(@) An-expression in terms of uand @ for the speed of the particle when at point B where < AOB = ¢

(b) Restrictions on u? If the particle to perform complete oscillations

$elution

At B: v’=u?+2as
a=-g,5s=h=1-lcosh
v? = u? — 2g(l - lcosd)

—_—

v = Ju? — 2g(l — lcos8)
if the particle to perform complete circles v > 0
and 8 = 180° 2
v? = u? — 2¢9(l — lcosh)
u? —2g(t — lcos180) > 0
2
uc>2g(l+10
ut > 4gl
u? > 4x9.8x2
u? > 78.4

3. A particle P of mass 8kg is suspended form a fixed point O b i i ing i
aticl : _ Y an inextensible string if length 2m. The
particle is projected fromits lowest position A with an initial horizontal speed um/f Flnd-gth

(@) An expression in terms of u and @ for the tension
<AOB =48

in the string when the particles is ot point B where

(b) Restrictions on u?if the particle to perform complete oscil lotions

Solution
D

T

Ic:?ls.a Vmils

|® h=i-1cas
m/s

mgoosa

4 a

9
At equilibrium ot B; 7 — mgeost = mp
t

T= E!f- + mgcos@........(1)
v? = u® 4+ 205
a=—g,s=h=1-lcosp
v?=y? — 2g(l — lcosd)
v =t ~2g( - lash) .. ...... .. (2)

Put (2) into (1) ; T = M[**~200-1cos)]
[}

p + mgcosé

T = mu? — 2mgl + 2mglcosd + mylcasé
l

— 29l + 3glcosh)

m

T:?(U?

m
T'= T (1® — 291 + 3glcos)
™m
7 0% =291 + 3g1c05180) > 0
(w* — 291 - 3gD) > 0
u? > 5g}
u® > 5x9.8x2
u? > 9g
328
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PARTICLE IN FIRST QUADRANT

Consider @ body of mass rolled from the top of a sphere. The normal reaction B

Ads outwards
D m/s R
deh=l-lcose '
1 lcoss )
\“ _// Vmils
mv?

At equilibrium at C: mgcosf — R =
mu?
l

R = mgcosf —
But v2 = u® + 2as

Exomple

!

a=g,5=h=]|~|cos6

v? = u? + 2g(1 = lcosh))]....... (2)
Putting (2) into (1)

m [u? + 2g(1 — lcosB)]

- l
R - mglcosd — mu? — 2mgl + 2mglcos8

[
T _
R= T (3glcost — 2gl —u?)|....(3)

R = mgcosf —

A particle P of mass 5kg is slightly disturbed from rest on the top of a smooth hemisphere, radius 4m and
centre O, resting with its plane face on the horizontal ground.
(@) Show that the particle leaves the surface of the hemisphere at the point P, where the angle

between the radius PO and the upward vertical is cos ™ (%)

(b) Find the speed at P
Selation
= (=3

T,&hglzjc.cs-eﬂ ‘
I lcose

b m

At equilibrium at P: mgcosd — R =

m v

R = mgcost —

But v = u? + 2as

u=0, a=g,s=h=1- lcosh

v? = 2g(l — lcos@)| .......(2)

Putting (2) into (1) ; R = mgcost — mo’

m [2g(l — lcos)]
{

R = mgcosf —

my

Vs

2

l

R = 3mglcosd — 2mgl

When the particle leaves the surface of the
hemisphere, R = 0
0= 3mglcos8 — 2mgl

l
3cosf = 2

2

_ -1(Z
8 = cos (3)
v? = 2g(l - lcos®)

2
V2 = 2g (l == IXE)

- 2
vi= ggl = 5x9.8x4 = 26.1333
v=>51121m/s
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