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TOPIC 4/6: Differentiation 1

Competency: The learner applies differentiation techniques to solve problems in calculus and
interpret their significance in real-world contexts.
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Differentiation from first principles
Consider point A(x, y) lying on a curve drawn
below, if another point B(x + 8x, y + y) lies in
the same curve, where 6x and 8y are small
increments in x and y respectively, the straight
line AB, drawn through the curve is called a
chord of the curve.

yﬂ\
VARS) Bt L bty g(xwx, y+0y)
Sy
yr- #)
0 7X x+0Xx, X

As the distance 6x becomes smaller and
smaller, point B moves close to A and the chord
AB approaches the position of the target at A

Direct differentiation of explicit functions

Explicit functions are functions where one
variable is expressed in terms of the other
variable. Examplesy = X%, y = x* + 2x etc.

Given the function x = x", the derivative of y

. . dy .
with respect to x, denoted by either y’ or é is

dy n-1

given by y’ = = X

This result applies for all rational values of n.
this means that multiply the term given by the
give power index and then reduce the power
by one.

Note: If
(i) y="f(x)+g(x) +h(x), then

dy d d d
= Ix (F(x)) + - (g() + - (h(x))

(i) Ify=a, thisis writtenasy = 0a°,
dy _ -1y _
= O(ax 1) =0

. y+6y-y
Now, Gradient, Mg = ———
’ P AR T sx—x
_Sy
MAB - Sx

As &x tends to zero, i.e. 6x 0.

% approaches the value of the gradient of the

target line at A. This value is called limiting
Sy . . . sy
value of S and is written as limg,._,¢ o

L 5y . . .
The limiting value of é is called a differential
coefficient or first derivative of y with respect to

x which is denoted by Z—z.

Note: the process of finding this limiting value is
called differentiation.

Example 1

Find the derivatives of the following with
respect to x

(@) y=x
Solution

LY — 3x3-2 = 32
dx

(b) y=2x*+3
Solution

y= 2x° +3x°

D — 4 (92 + i(3x°)

dx dx dx
=2(2x>"H) +0(3x"1
=4x+ 0 =4x

1
(c) y=-

Solution

y=x"

Yo Q11— _y2__21

dx x2
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(d) y=vx y = 3x75— 25

Solution
1 1 1
y = R CERE Ca)
1 1 dx 2 2
dy 1 14 1 _1 1 1
— = —-X2 =—-X 2= I = —
dx 2 2 axz 2V 3 =3 1 3,1
-2 —ExZ—x 2=__Z+_1
(e) V—T 2x3  x2
Solution _
9 (h) y=x4(x+1)
Zyz “2X X solution
E: —2(—1X_1_1) = ZX_Z :F y:)(‘r’+)(4
Z—z = 5x571 4 4x%71 = 5x% 4 443
_ b 2
(f) y=x F3H2 (i) y=6vVx(x2—2x)
Solution .
Solution

y=x"+3x +2x° 5 3
y = 6x2z —12x2

ay _ 4. 4-1 2-1 0-1
= =4x*"1 4+ 2@x*"H) + 0(2x"Y) .
T D% (oxat) -2 (122077
=4x" +6x+0 dx 2 2
3 3 1
=4x + X 15xz — 18x2

3
(8) y=72 - 2vx
Solution
Revision exercise 1

. . . . . [ 1
Find the derivatives of the following with (g) y=x _3]
respect to x L4xa
h) v=— 2
(a) y=3x [6x] (h) vy=57% o
(b) y=2x"+2 (8X] i y==* 2
(c) y=b[0] Vx s
-2 _ 27 ) 6vVx(x3—2x+1
(d) y 2x3 [ 2x4] O \/_( ) 5 L
(e) y=2x" [-4x7) [2 1xz — 18x2 + 5
-3 3 x2
M y=i 7]
Direct differentiation of explicit functions from first principles
There are four basic steps followed when (iii) Divide the function in step (ii) by &x
differentiating functions from first principles. e &y _ [&xH80)-F(x)
T sx 8x
Given the function y = f(x), the steps are (iv) Find the limit of the above quotient when

6x->0. This is the derivative required
(i) Add small changes in x and y to the function

y =f(x) i.e.y + 8y = f(x + 6x) Example 2
(ii) Subtracty = f(x) from the established

function in step one above i.e.

8y = f(x+6x)- f(x)

Differentiated y = 2x respect to x from first
principles

Please find free notes, tests and marking guides of physics, chemistry, biology and mathematics from:
digitalteachers.co.ug Page |3



Solution Oy = 2(x + 6x) — 2x

y:2x 5y=26X
y + 8y = 2(x + 6x) _y
6x

Differentiation of polynomial functions from first principles
These are functions in terms of y = ax" where n Lady 1

is both rational and irrational numbers. ) dxl_ 2Vx
(€ y=2
Example 3
Differentiated the following with respect to x Solution
from first principles y= 1
X2
(a) y=x* =
y+dy-=
Solution Y (’1‘ +6x)?
2 — —
y=X 6)1 (x + 6x)2 y
y + 8y = (x + 6x)’ Sy=—L__ 1
8Y = (X + 8X)2 = X% e (i) (9;+ 8x)? sz
Eqgn. (i) is difference of two squares Sy = ¥ -+ 807 Getxtdx)(x-x—dx
. x2(x + 6x)2 x2(x + 6x)2
expression
By = (x +6x +X)(x + 5x = x) (2x+6%)(=6%)  —2x6x—(5%)2
8y = (2x + 8x)x = 2x6x + (x)° OV = ot~ et o0y
5
é = 2x + 6x Dividing through by 6x
% = maxgy_o % =2x
Sy —2x—6x
dy I A it B
e 2x Sx  x2%(x 4+ 6x)2
% — max dy _ —2x _ =2
6_ - §x-0 d_ =" 4 — 3
(b) y=vx Ty
Solution Tex B
y=vx ;
y+38y =+Vx + 8x (d) y=2x
0y =vx+ox—y Solution
85y =Vx +6x —Vx
Dividing through by &x y= 2x°
dy _ Vx+6x—/x 5
dx 8x y+d8y = 2(x + 6x)
Rationalizing the numerator on the RHS 3 3
8y _ Vxadx—Vx ((mwz)) 8y = 2(x + 6x)° — 2x
sx & Vx+8
§ B xf&x—x ( x: x+\/§)5x 8y = 2x% + 6x%6x + 6x(6x)% — 2x3
sx  Sx(Vx+ox+vx)  Sx(Vx+dx+yx) 9 2
Sy A 8y = 6x°6x + 6x(5x)

ox (Vx+8x+vx) &y _ . o
dy 1 1 s 6x° + 6x6x

y
— = max T W
5x 8x=0 g T (Vx4+Vx) | 2V
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Sy dy 2
— = max — = 6x
Sx 6x20 g

d
Y= 6x2
dx

(e) y=

1+x2

Solution

_x
1+x2

y:

x+6d

v+ 6y = 1+(x+6x)2

5}7 _ x+8d _ X

T 14 (x+6%)2 1+x2

(48 (14x2)—x(1+(x+6x)?)
- (1+x2)(1+(x+6%)2)

8y

x+x3+8x+x26x—x—x3-2x28x—x(65x)>?

oy =

(1+x2)(1+(x+6x)2)

_ Sx—x28x—x(8x)?
oy = (14+2x2)(1+(x+6%)2)

Sy _ 1-x2-x8x
Sx  (14x2)(1+(x+6x)2)

dy 1-x2 1-x2

= max -
ox 6x0 4y

Revision exercise 2

Differentiated the following with respect to x

from first principles

(@) y=3x [6x]
(b) y=2x"+2 [8x°]
(c) y=b[0]
(d) y=—5 |- =
(e) y=2x? [-4x7]
(0 v=1s H
(@) v= V& 4]
4x4
__4 2
() y=5% =

T A (1+x2) | (1+x2)?

dy  1-x?
T dx (1+x2)2

(f) y=x"

Solution

n

y=X
y+6y=(x+x)"
Sy = (x + 6x)" — x™

Since n is assumed to be positive, we
expand (x + &x)™ using binomial expansion

Sy =x"+ (711) x"18x + (721) x"2(6x)% + -+ —x™
Sy = nx"16x + (YZL) x"2(6x)2 + -+ (6x)

B (M _
éznx" 1+(2)x” 25x + -+ (6x)" 1

Sy dy n-1
— — Imax — =nx
5x 6x-0 dx
d _
P nan1
dx
. -6 2
i) y=5= -
Wy=g [ %]

X

G) y=6Vx(x3—2x+1)
5 1
[21x5 —18x2 + il]
2

(k) y=X+x [3x° +2x]x

() y=—2 =
NeTD) Nezo)

(m)y = 4x + 2x? [4 + 4x]
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Differentiation of product and quotient of a function
Given the function y = uv and that u and v are functions of x, the derivatives of y with respect to x is
done from first principles.

Let &6x be a small increment in x and let u, 6v and &y be the resulting small incrementin u, vandy
y=uv
y+ 6y = (u+déuw)(v+ 6v)
6y =w+duw)(w + 6v) —uv
= udv + véu + Sudv

Dividing through by dx

6_y _ uc‘i_v vS_u Sudv
5x 6x Sx ox

Asb6x - 0; 6u—>0;6v—>0and by >0

Sy dy oéu du &v dv Sudv
2 == —->—; —>—qand -0
Sx dx’ &x dx’ &x dx ox
d dv du
R ARy +v—
dx dx dx

This can also be expressed as (uv) = u’v + uv’

Example 4

Differentiate the following functions with respect to x.
(@) x*(x+2)?

Here u=x*and v = (x+2)*

du _ dv _ 2
ol 2x and o 3(x+2)
d d
But—y=u—v+vd—u
dx dx dx

& = 2x(x + 2)3 + 3x%(x + 2)?

5x
= (x + 2)%(2x? + 4x + 3x?)
= (x + 2)?(5x% + 4x)
= x(x + 2)?(5x + 4)
f e (F2(x+2)* = x(x + 2)2(5x + 4)
(b) (x+2)°(1 —x)*
u=(x+2)3andv= (1—-x?)*

U — 3(x + 2)2 and

dx
d

d—z =4(1 — x2)3(=2x) = —8x(1 — x2)3
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d dv du
But =X =y Z +v—
dx dx dx

2= —8x(x +2)°(1 — 22)° + 3(1 — x2)*(x + 2)?

=(1—x2)3(x+2)? [-8x(x +2) + 3(1 — x2)]

= (1 —x%)3(x +2)? [-8x% — 16x + 3 — 3x?]
=(1—-x%)3(x+2)?(3—16x — 11x?)

%{(x +2)3(1— %)% = (1 —x2)3(x + 2)% (3 — 16x — 11x?)
(c) 7x*vVx2 -1
1
u=7x%andv=(x?—1)z
au _ W _ L2 _ 1) 3(2x) = x(x% — 1) 2
= 14x and =3 (xs =1 z22x) =x(x*—1)"2
dv d_u

dy
But—=u—+v
dx dx + dx

d -1 z
d_z = 7x2 [x(x2 K ] + 14x(x? — 1)z

1

= 7x2 [ ad 1] + 14x(x%2 — 1)z
(x2-1)2

_ 7x3+14x(x%-1)  21x3-14x) _ 7x(3x%-2)

1 1 1
@2-1)2 @2-17  (x2-1)2

.S 2.7 _ 7x(3x2-2
f (VA2 - 1) = T5

(d) 2x*(3x% —6x +2)3
u=2x*andv = (3x? — 6x + 2)!

au _ o 3 v _ 2 _ 3 _
o, = 8x” and dx—3(3x 6x + 2)°(6x — 6)
v _ &,
Buta—udx+vdx
y _ . 4 2 2 32,2 3
E—Zx [3(3x% — 6x + 2)*(6x — 6)] + 8x°(3x* — 6x + 2)

= 4x 3 (3x% — 6x + 2)? {9x% — 9x + 6x2 — 12x + 4}
= 4x 3 (3x% — 6x + 2)? {15x2 — 21x + 4}

%(2x4(3x2 —6x+2)3) = 4x 3 (3x% — 6x + 2)? (15x2 — 21x + 4)
(e) \/(6 + x)\/(3 — 2x)

1 1
u=(6+x)2andv = (3 —2x)2

du 1 -1 dv 1 _1 1
E_E(6+x) 2 and E_E(B_ZX) 2(—=2) = —(3—2x)z
But =y &4, &

dx dx dx
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dx ~ V3=2x = 2J(6+x) 2V3-2x/(6+x)  2v3—2x/(6+x)
—(9x+4)

dd_x(\/(6 +x)\/(3 - Zx)) = PN TN GT)

y _ ) J(B—2x) _ —12-2x+3-2x _  —(9x+4)
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Quotient rule in differentiation

This is an extension of the product rule _ 2(ex?-7x-x%-6) _ 2(x?-7x-6)
(2x—7)2 (2x-7)2
. . u 2 2_ —
Given the functiony = - i(x +6) _ 2(x*-7x-6)
v dx \2x-7 (2x-7)2
Then
dy _ v%_u% uw\’ _ vu' —uvr (b) X
ax | w2 or (;) T o2 (x2+4)3
u=uandv=(x?+4)3
Example 5 du _
dx
. . . . p
Differentiate the following with respect to x d_l; = 2(x2 + 4)2.2x = 6x(x? + 4)2
2 du dv
(a) x2+6 dy R
2x-7 , ol B
: =x“+6 a(r;d v=2x-—7 | (x2+4) —6x2(x244)
ﬁ = 2x and d—z =2 - ((x2+4)3)2
du _dv — (4—5x%)
& _ Vo Y (x2+4)6
dx v2
_ (@x-7)x—(x%+6).2
- (2x—7)2

Revision Exercise 3

1. Find the derivatives of each of the following

a. 2x+1 I —11 ] VR _ . ]
3x—4 :(3x—4)2 g. 1 » _\/;(\/}_1)2
b e ] 2 2
Y 2x+1 | (2x+1)2 h, 22X 2]
x?-3 (—2(x2+1+3) Vx+1 | (vx+1)
C 2t | (2x+1)? L oxt [3x —2x—3]
A [—2(x2+1+3) To3x-1 | (3x-1)2
i L (x2-3)2 o x(x-1)3 [3(x2—4x+1)(x—1)2]
3 VE(x-3) e a2
& ¥ | 2VxZ-1 2. Show that
f 34X [—11 ] (a) i( x(x-3)° )2=2x(x—3)5(x3+27x2+69x—45)
) 2-3x 2,/(3+x)/(2-3x) dx \(x+3)(x+5)? (x+3)3(x+5)5

Differentiation of functions by use of chain rule
Chain rule is a rule used to differentiate a Example 6
function of a function i.e. if y is a function of u

. dy . . .
and u is a function of x, then Find — of each of the following using chain rule

dy _dy du (a) (x +5)3
dx du dx
Let u=(x +5); thusy=u®
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d du
2 =3uland Z=1
du dx

dy du

. . dy
Using chain rule; — = —.
g "dx  dudx

2 _ 32,1 = 32
dx

Substituting for u

ay _ 2
dx—3(x+5)

. a 3 _ 2
..dx(x+5) =3(x+5)
(b) (2x —5)*°

letu = 2x — 5so thaty = u'®

du d
2 =2and £ =10u°
dx du

a dy du
But, _y — _y__

dx du dx
d

2= 10u2 = 20u°
dx

Revision exercise 4

1. Differentiate each of the following with
respect to x using chain rule

(a) 2(1-x)° [-10(1 — x)*]
(b) (x? + 3)* [8x(x? + 3)3]

(c) 3—17x [(3—77x)2]

(d) V6x + 1 [ %%]

(e) (6x?—5)* [48x(6x% — 5)3]
(f) 2x—-5)73 [-6(2x — 5)7*]

(g) Bx+2)7*
(h) (x?+3)72
(i) (5—2x3)71

[-3(3x +2)7?]
[—4x(x? + 3)73]
[6x2(5 — 2x3)7?]

(1) 3+14-x [(3-!-_44x)2]

Differentiation of parametric equations

Substituting for u

2 _ 20(2x — 5)°

dx =
.4 _=\10 _ _e\9
. (2x = 5)*Y =20(2x —5)

(© (x2+x—-1)*
letu=x2+ x — 1sothaty=u*

du d
Z=2x+1and 2 =43
dx du
dy dy du
B —_— == —
ut, dx du’dx

L= 42x + D%+ x — 1)3

E_

d
a(x2 +x—1D*=4Q2x+ D(x?+x—-1)3

1 1
(k) (2x— 1)z ——
1 [ 1
(l) (6—X)3 2
:3(6—x)_§
2 2
(m) (3 = 2)3 =
[(6—x)3 ]
_1 [ o
(n) (4—x°)7s 3
[ (4—x5)5
Ja3 = [3(x*-2)
(0) x 6x _2\/x3—6x]
(o) 1 [ 3-2x2 ]
P x2-3x+5 :(x2—3x+5)2
() 3x-1 x+3
q Vx2+1 _(x2+1)%
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Parametric equations are expressed in terms of

a third variable say t such asy =t and x = 2t +1,

here the parametric variable is t. Chain rule is
often used to find the derivatives of these
equations.

Example 7

Find the derivatives of the following in terms of
parameter t.

(@) y=3t7+2t, x=1-2t

2y—6t+23nd—= -2

dy _dy dt

dx  dt dx
=(6t+2)._i2
=—(3t+1)

(b) y=(1+2t) x=t>

dy _ 2 ax _ o2
o = 6(1 + 2t)* and o = 3t
dy _dy at
dx  dt ' dx

Revision exercise 5

Find Z—zfor each of the following

(@) x=2\t,y =5t — 4 [5\/—]
(b) x=4vVE —t,y = t2 — 24/t [2”3—

_ ,— 3[(3t—4)*
() x =37 T 6t +1 [\/ (6t+1)2]

(d) x=t+5,y=t-2t [2(t—1)]
(e) x=t° y=6t2=5  [3t73]

f) x=Vt—1,y = 1 [-Nﬁ]

t t2

(g) x=t?>QBt—1),y=+/3t+4

B

(c)

(d)

_6(1+28)2 _ 2(1+2t)?
T3z T g2
X= tz, y =4t-1
dy d_x _
i 4 and i 2t
dy _ ay at
dx ~ dt dx
_ 4 _2
2t ¢t
2
e Yo Vt
1 _1
x=2 (3 + tE)
-2
dx 1 1 1 -1
w=2(3+e) Srr=—y
(3+t2) t2
dy _ 1
dt 24t
dy _ ay dt
dx  dt dx
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Differentiation of implicit function

The functions given in the form y = f(x) such as y
= 2%,y = X + 3x etc. are known as explicit
functions whereas functions that cannot be
expressed in the form y = f(x) such as y*+2xy =
5, X*+ 5xy + y* =4 etc. are known as implicit
functions because y cannot be expressed easily
in terms of x.

When differentiating such functions with
respect to x or y, we consider each of the
individual terms in the equation given

Example 8
Find % for each of the following functions.
(@) x2—6y3+y=0

6D -+ =0

2x - 18y?2+2 =0

ay 2 _ 1) —
™ (18y* —1) = 2x

dy _  2x
dx  18y2%-1

(b) x%y =5x + 2
a2 N_4d a
L x2y) = L0 +L2)
% (x2y) is done by use of product rule
24 42y = 4 a
xf— )y~ (%) = —(5x) + - (2)

dy

2 —
xc—+2xy =25
dx + Y

dy _ 5-2xy

dx x2
Revision exercise 6

1. Find Z—z for each of the following functions

x3 3x2-2
(@) 755 =2 =
3 2-3y
(b) 2x —y 3xy [3x+3y2]
6 3 6x5-y2-9y
(c) x* = 5xy* = 9xy [3x(3+5y3)

() (x+y)>=7x2=0
a s5_ 452 _
dx(x+y) dx7x =0
5(x+y)4%(x+y)—14x=0

5(x + y)* (1 + Z_i) = 14x

dy _ 14x
dx  S5(x+y)*

_ 14x-5(x+y)*
T s(x+y)*

(d) y2+x3—y3+6=3y

4248, 43,954
dxy +dxx dxy +dx6 dx3y
y 2 _ 3,2 —3Y

Zydx+3x 3y dx+0 de

3x2 = %(3;12 —2y+3)

dy 3x?

dx  (3y2-2y+3)

(e) y2+x3—xy+cosy=0

%yz +%x3 —x%y—y;—xx+;—xcosy =0
2y3—i+2x2 —xZ—z—y—sinyZ—z:O
Z—z(Zy—x—siny) =y —2x2

dy = y-2x?
dx (2y—-x-siny)

() 2 =2x ]

(e) xz—y7y3 =x° 79611(;1;;55323)]
() VI + .y A
it
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(h) x2+xy+y?—3x—y=3
[3—2x—y]
x+2y—1

(i) y*—5xy+8x?%=2

5y—16x]

[2y—5x_

2. For each of the following find the gradient
of the stated curve at the point specified,

2 _ gy = L
(@) xyc—6y =8at (2,1) :10]
(b) 3y* — 7xy? — 12y = 5 at(—2,1) ﬂ

Second derivative
Suppose y is a function of x, the first derivative

. ) d
of y with respect to x is denoted as ﬁ or f'(x)

. o dy .
The result of differentiating d—z with respect to x

. R a?
is the second derivative denoted by d_xJZ/ or f”(x)

d?y . .
Note that If d—szl is used to determine the

natures of stationary points

A stationary point on a curve occurs when

Z—z = 0 Once you have established where there

is a stationary point, the type of stationary
point (maximum, minimum or point of
inflexion) can be determined using the second
derivative.

d%y . . . .. .
Ifd—szl is positive, then it is a minimum point
d%y . . _ . .
If — is negative, then it is a maximum point

d? . . .
Ifd—x)z/ =0 then it could be maximum, maximum

or point of inflection

Example 9

Determine the second derivative of each of the
following

(a) x*

LY _ 43

dx

x2
(c) E = 8at (4,2)

2 5 1
(d) ;+;—2xyat(2,5)

[
[
(e) (x +2y)* = 1at (5,-2) [
(f) x?+6y? =10at (2,—1) [

[

(8) x3+4xy =15+ y?at (2,1)

4%y _d (4.3) = 12,2
oz mgy (4x7) = 12x

(b) x2(1 — x)?
x?(1—-x)2 =x?(1 —2x+x?)
=x%—2x3 +x*

D — 2x — 6x2 + 4x3
dx

ay o, 2
Tz = 2~ 12x+12x

2 —v2 =3 find @ang &2
(c) fx*+3xy—y==3,find dxand Tz at the

point (1,1)

W,
2x +3y+3xdx Zydx—O

d_y _ 2x+3y
dx _-Zy—3x
At (1,1)

dy _ 2()+3(1) _
dx ~ 2(1)-3(1)

azy _ (2y—3x)(2+3%)—(2x+3y)(2%—3)

dx? (2y-3x)2

Substituting for x =1, y= 1and Z—z =-5

d?y _ (2-3)(2+3(=5))-(2+3)(2(=5)-3)
dx? (2-3)2

_ (=1)(=13)=(5)(~13)
- (-1)2

13+65
= " =178
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Example 10 (parametric equation)
. ,d%y. .
Find—in terms of t if
dx

(a) x =a(t>—1)andy = 2a(t + 1),

dx

— = 2at
dt

dy

— =2a
dt

dy _dy dt
dx  dt dx

Revision exercise 7

2
1. Find % of each of the following

(a) % [(1+2x)3]

. ,d?%y. .
2. Find—s5in terms of t or 6 if
dx

@ x=12, y =2 —4( = )3]

1-t’ 7 7 1-t 1+42¢—t2
(b) x=t+3,y=t>+4 [2]

Differentiation of exponential functions
An exponential function is the function given in
the form y = e*, where y is said to be an
exponential function of x.

These are differentiated using product and
guotient rules.

Example 11

Differentiate each of the following with respect
tox

(a) e*
d
L=
2
(b) e3x
Letu = 3x%and y = e“
d d
E - bxand 2L =et
dx du
d dy d
Y =D gy e
dx du dx
= 6xe3%
(C) e3x

Differentiation of logarithmic functions
Logarithms of numbers to base e is called
natural logarithm or napeilian logarithm.

2a 1

T 2at ¢t
d’y _d (dy) dt
dx2  dx \dx/  dx

d .. _qy dt

=)
dx dx
1

—2_942 =1 3
(c) x=3-2t%y= t [16t5]
3
4(t+1)
3. Given thaty = cot5x, show that
@ oy =
Txz + 10y o 0

4. Giventhatx = 1 —sintandy = 1—

(dx=t>+2t,y=t*-3t [

2 d%y
cost show that y ezt 1=0

letu = 3x=>y =¢e"

du d
Z-3and L =ev
dx du
dy dy du u
2 =2 =3
dx du dx

= 3e3¥

(d)y = 2pXx%+1
letu = x2+1=>y = 2e*

du d
2 =2xand 2 = 2e"
du

dx
d dy du
D2 geu 2y
dx du dx
= 4xe*’*1
1
e_?/}
(&)
2d —E__—ivxd,
dy X‘ge 27-e 2 ;(x)
dx x*
1 2
——ﬁ(x_ Z_x)
_ ez 4\/E+ 1
=—
1
_ e_fﬁ(x+8\/§)
= 7
4x3

The natural logarithm of a number say x is
denoted by log, x or Inx
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Lety =log, x da _1 dy
dy y dx
e¥ =x (g) 2*
d d Let y= ZX
a(ey) = E(x) Iny =In2*=xIn2
1dy
—=—==[n2
dy a0 e yax ="
Y _ax ) i
d y y = — — 27X
*xoe € - = yIn2 =2%In2
Example 10 (h) 2x?
— x? _ 2
Differentiate with respect to x {7;3’ = In2% = x*In2
=2 = 2xInx
(a) Inx z;x .
Lety = Inx = y2xInx = 2% 2xIn2
dy _ %(x) 1 (i) 3x2.3%
“ ¥ ¥ Lety =3x2.3%
(b) In(1+2x) Iny = In3x?.3%

Lety =In(1+2x)

ay _ L(1+2x) 2
dx ~  142x  1+2x
(c) In(1-x)
Lety =In(1—-x)
dy _ (=0 _ -1
dx ~ 1-x  1-x
(d) In(4x?) (i)

Lety = In(4x3)

dy _ L@x®) 122 3
dx ~ 4x3  4x3  «x
(e) 2y?
letq = 2y?
Ing = 2y%=2In(2y)
d
1dt _,m®) _2
qady 2y y
dq 2q 4y?
—_—=— = —— = 4
dy y y Y
dq _ dq dy
But dy ~ dy ax
dq ay
dx dx
(f) Iny
Let g =Iny
dq _ 1
dy y
put 44 — 44 &
dy dy dx

= In3 + Inx? + In3*

= In3 + 2Inx + xIn3

1d 2 2+xInx
=~ =2y = T2
y dx x

dy

2+xInx 2+xInx
oy g 3

= 3x.3%(2 + xInx)
3|x+1
x—1
3 |x+1
Lety = ’;

Iny3=In(x+1)—In(x — 1)

3yldy _ 1 1 -2
y3 dx  x+1 x-1  (x+1)(x-1)
dy _y -2
dx 3 (x+D(x-1)
1
_ (x+1)3 -2
= <.
3(x—1)3 (x+1)(x—-1)
_ -2
- 2 4

3(x+1)3(x—1)3

)
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Revision exercise 8

1. Differentiate with respect x

(a) e?

2
(b) 4x? +e7
(c) xe™™
Vx2+1
(d) (2x-1)2
2

x%e*

(x—1)3
(x-1)(2-3x)

(f) (A+x)(x+2)

(g) In(1+ x?)

(h) In(x3—2)
(i) In(e*+4)
(i) In(vx)

(k) (3 —2Inx)3
() x%Inx

(m) xIn(1 + x)
(n) x2In(3 + 2x)
(0)

Inx

(p) 7%
(q) 2*°
(I") 32x—1

(S) elnx

_ZeZy d_y]
L dx
[ 4x
8x - 25|

[e™* — xe™*]
2x%+x+4 ]
_(x2+1)%(2x—1)3
'xex(xZ—Zx—Z)]
(x—1)*
'2(8—4x—7x2)]
L(1+x)2(x+2)?

[ 2x ]
| 1+x2
[ 3x2 ]
| x3-2
o ]
leX+4
[ 1

[2x
[—6(3—2Inx)?
L X

[x(1 + 2Inx)]

[1% +In(1+ x)]

2x2
|2+ 2xIn(3 + 21)]

o]

[7* Inx]
[x2%° In4]
E (32x)1n3]
[1]

10.

11.

Revision exercise 9 (mixed exercise on diffeerentiation)

1. Differentiate the following with respect to x

(a) m
(b) (x—0.5)e*

| (1—2x2)
[2x e%X]

3x2%-4x*
3
2

(x+1)2 [(5—x)(x+1)
(c) (x+4)3 (x+4)% ]
(d) 3x+4 —(7x+4)

V2xZ+3x—2 _(2x2+3x_2)§

1
1+x\2 [ 1

(@) loge (1) [
(f) eax2 [zeaxz]

Given that y = xe?¥, show that

dy
X——= (2x+ 1)y

X
Giventhaty = ej— show that

+1’
(1+ex)%—y=0

2

x
Given thaty = 37, show that

dy _ 2% -y

dx x

Given that e* — e™*, show that

(& - -

Given that Ae** + Be~**, where A and B

dZ
are constants show that d_xJZ/ —16y =0

Given that y = In(Inx), show that

d?y 1dy 1
(ITLX) dx? + x dx + x2

=0

Giventhaty =In (it—i), show that

AN A
(1 x)dx 2=0

Giventhaty = m(;x)
2y -
x dx + ny T 1+x

, show that

Given that y = In(I1 + e*), show that

d’y ex(
dx?

dy)2
dx

Given that y = e3*sin2x, show that

2’y — e
S+ 13y =62

@ 1-207 |

2x ]
1-2x2

. ]
(h) (x+ 1)z(x + 2)2 W}
2(x+1)2
(i) 2x%+3x [(x—4)(4x+3)—-2(2x%+3x)
Ve )P
() 3x—1 x+3
Vx2+1 _(x2+1)%_
1+2x)2 [2(1+2%)]
(k) ( 1+x ) L (1+x)3 |
2. Ify =+x showthatZ=—L _
dx  J(x+8)+Vx
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3. Ify = V(5x2+), show that

dz dy\ 2
£ 4 (—y) =5
dx? dx

1

4. Giveny =1In (1 — %)E, 2u = (x — %), show

d_y _ (x+1)
that o2 = (x2+1)(x-1)
5. Ify =e tcos(t + B), show that

d?y dy _
dx2+2dx+2y—0

Application of Differentiation

Differentiation is helpful in various application
including

- Displacement, velocity and acceleration
given as a function of time
- Rates of changes

6. Giventhatx=

6 (1+t3\3
[? (2— t3) ]
7. Differentiate y = 2x* + 3 from first principles
[4x]

t2 t3 . ,d%y
and y =——, find—.
1+t3 y 1+t3 dx?

- Small angles

- Tangents and normal

- Turning points and stationary points
- Maclaurin’s theory

- Curve sketching

Application of differentiation on Displacement, velocity and acceleration

Displacement

Displacement is the distance covered by a
particle/body in a specified direction.

The displacement ® of a particle is said to be
. - d .
maximum or minimum when E(r) = 0 this

enables us to obtain the time when r is
maximum or minimum. Hence

Tmax or rmin S the value 7|
Velocity

This is the rate of change of displacement or

d -
v= E(r) where r is displacement.

The velocity of a partice is maximum or
- d .
minimum when = (v) = 0, this enables us to

obtain the time when v is maximum or
minimum. Hence

Vmax or vy, 1S the value [v]

Acceleration, a

. . d
This is the rate of change of velocity ora = d_Z'
The acceleration of a particle is minimum or

. d
maximum when E(a) =0

Example 11

(a) The distance, s meters of a particle from a
fixed point is given by
s = t2(t? +6) — 4t(t — 1) (t + 1), where
tis the time in seconds.

Find the velocity and acceleration of the
particle when t 1s.

Solution
s = t2(t?+6)—4t(t—-D(t+1)
=t* + 6t% — 4t(t? - 1)
=t* + 6t% — 4t3 + 4t
d

Velocity =T: = 4t3 + 12t — 12t2 + 4

Whett=1
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v=4412-12+4=8ms?

. dv
Acceleration = =

12t2 + 12 — 24t

Whent=1
a=12+12 —24 = Oms2

(b) A particle moves along a straight line OX so
that its displacement x meters from the
origin, O at time t second is given by

x = 4t3 — 18t% + 24t
Find
(i) when and where the velocity of the
particle is zero
x = 4t3 — 18t% + 24t

v =% 1262 _ 36t + 24

dc

Forv=0

12t> — 36t +24 =0

t2—=3t+2=0

t-1D(E-2)=0

Eithert=1ort=2

~ velocity = 0 when

t=1sort =2s

Whent =1s

x =4(1)3 —18(1)% + 24(1)

x=4—-18+24 = 10m

When t= 2

x = 4(2)3 —18(12)% + 24(2)
x=32—-—72+48 = 8m

(ii) its acceleration at these instants
dv d
a=_= a(th2 — 36t + 24)
= 24t — 36
Whent = 1s,
a = 24 —36=—12ms?
Whent = 2s,

a = 48 — 36 = 12ms?

(iii) its velocity when its acceleration is
zero.

. . dv
Acceleration is zero whenE =0

24t —-36=10
36 3

t===Zs
24 2

Velocity v

32 3
~12(2) -36(3) =24
= —3ms~!

i.e. the particle is moving in

opposite direction.

(c) A particle of mass 5kg moves such that
_ (2 - cosSt)
6sin2t
(i) Show that the particle never crosses the

y-axis
For any point on the y-axis , x=0
2—cos3t=0
cos3t=2
3t = cos™1(2)
t= écos‘l(Z)
Since cos‘1(2) has no value, the
particle does not cross y-axis
(ii) Find the velocity of the particle when

t==
v zgzi(Z—COSBt)
dat  dx\ 6sin2t
_ ( 3sin3t )
12cos?2t
Att =12
6
3w
3sin—
_ 6 _ (3 _
v = on | = (6)ms 1
12cos?

(d) The acceleration of a car t s after starting
75—10t—t?
20
when this expression vanishes. After this

instant, the speed of this car remains

constant. Find the maximum acceleration.

from rest is ms ™2 until the instant

Solution

A is maximum when % =0

d (75+10t—t2) _10-2t
dt 20 T 20

. . 10-2t
A is maximum when o = 0

t=>5s

75+10(5)—(5)? 100 _
. = I5H106)=()" 100 _ o -2
max 20 20
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(e) The distance s m of a particle from a fixed
point is given by
s = t2(t? + 6)) where t is the time. Find
the velocity and acceleration of the
particles when t = 1s
Solution
s=t%(t*+6)

= t* + 6t2

_46) _ d 4 2
v=— _dt(t + 6t4)

= 4¢3 + 12t
att =1s
v=4(1)3+12(1) = 16ms!

4@ _d 4.3
a=— _dt(4t +12t)

=12t% + 12
att =1s
a=12(1)>+12 = 24ms~?

Revision exercise displacement, velocity and acceleration

1. Aball isthrown vertically upwards and its
height after t seconds is h m where
h = 25.2t — 4.9t?
Find
(a) its height and velocity after 3s
(b) when it is momentarily at rest
(c) the greatest height reached
(d) the distance moved in the 3™ second

(e) the acceleration whent = 2%
() 31.5m,—4.2ms™ %

(b) t = 27; (c)32.4m; (d)2.5m;
(e) — 9.8ms?(constant)

2. A particle moves along a straight line in
such a way that its distance s m from the
origin after t s is given by s = 7t + 12t2.
(a) What does it travel in the 9" second?

(b) What are its velocity and acceleration at

the end of 9" second?
[(a)211s; (b)223cms ™t (¢)24ms?]
3. A point moves along a straight line OX so

that its distance x from the point O atts is

given by s = t3 — 6t? + 9t.Find

(a) at what times and in what position the

point will have zero velocity.

(b) its acceleration at those instants

(c) its velocity when its acceleration is zero.
[(a)ls, 3s,4cm, 0; (b) — 6,6cms™2;

(c) —3cms™?

A particle moves in a straight line so that

after t sitis 5m from a fixed point O on the

line wheres = t* + 3t2. Find

(a) The acceleration whent=1,t=2and
t=3s.

(b) The average acceleration betweent=1
and t =3s
[(@)18,54,114ms™1; (b)58ms 2]

A particle moves a long a straight line so

that after t s, its distance from a fixed point

O on the lineis 5m where s = t3 — 3t? +

2t

(a) When is the particle is at O?

(b) What is the velocity and acceleration at
these times?

(c) What is the average acceleration
betweent=0and t = 2s.

(a)after 0,1,2s;(b)2,—1,2ms™1;
—6,0,6ms™2; (c)0ms™1; (d)0Oms™?

Application of differentiation on rates of change in measurement

This deals with aspects that vary with others.

Example 12

(a) The side of a cube is increasing at the rate

of 0.3ms™.

Find the rate of volume when the length is

5m.

Solution
Let L = length of each side of the cube.
v=1L3

av _ 312

dL

4 _on3

dt

dv_dv dl _ 312 03 = 0912
dt dL dt
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(b)

(c)

(d)

When L= 5m
dv

ev_ 2 _ 3.-1
It 0.9(5) 22.5m3s

The volume of a cube is increasing at the
rate of 2m®s™. Find the rate of change of
the side when its side is 10m.

v=1L3
v _ 312
dL
dv _ dv dL
dt ~ dL'dt
ButE =

dt
2=312.%

dt

aL _ 2
dt ~ 312
When L= 10m
a _ _ 2z _ -1
prialrersrie 0.007ms

The volume of a cube increases uniformly at

a®m3s~1. Find an expression for the rate of
increase of the surface area when the area
of a face is b®m?.

Solution

Let L = side of the cube

A = surface area

V = volume of the cube

v=IL3
dv
— =32
dL
dv _ dv dL
dt ~ dL’dt
dv
But — = a?
dt
dL
2 =3L%=
dt
dL _ a®
dt ~ 312

For face area = b? = L? since L=b
Surface area of a cube = 6b?

A=6L2
4 _ 121
dL
dA dA dL
But E = d_LE
3
=12l =" =
3L L b

A spherical balloon is inflated at a rate of
5m>s™. Find the rate of increase of radius
when the radius is 3m.

Solution

(e)

If vand r are the volume and radius of the
sphere at time t, then

VUV =-—-Tr
dv
— = 4nr?
dr
dv
dr
dv dv dr
But—=—.=
dt dr dt
dar
5= 4nr?. —
dt
dr 5
dt ~ 4mr?
When r=3
dr 5 5 1

—= =—ms
dt  4m(3)2 361

A hollow can of semi-vertical angle 30° is

held with its vertex downwards. Water is
poured into the cone at the rate of 3m’s™.
Find the rate at which the depth of water in

the cone is increasing when the depth is

5m.
Let the depth of water in the cone be h m

=/

From the diagram above

tan30 = =
h

1 r

N

h

r=—

V3

The volume v m® of water in the cone is
. 1

given by v = gnrzh

Substituting for r

2 3
1 h h
v=§n(—) h=—

V3 9

dv _ mh?

dh ~ 3

dv dv dh
dt dh'dt
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(f)

dh _ 9

dt ~ mh?2
When h=5
dh _ 9 9 1

=——=—ms
dt mw(5)2 257

~the rate of change of height is %ms‘1

An inverted cone with a vertical angle of 60°
is collecting water leaking from a tap at a
rate of 2m®s™. If the height of water
collected in the cone is 10m, find the rate at
which the surface are of eater is increasing.

=/

tan30 = =
h
iA_r
V3 n
r—l
T3

The volume v m? of water in the cone is
. 1
given by v = gnrzh

Substituting for r

2 3
1 h mh
v=5n(—) h=—

V3 9
dv _ mh?
dh = 3
Let A = surface area
A =nr?

Substituting for r

V3 3
dA 2
— =-mh
dh 3
dv dv dh
But—=—.—
dt dh'dt
nh? dh
2=—.—
3 Tdt
dh 6
dt mh2
dA dA dh 2 6 4
Also,—=—.—==th.— =-
’dt dh'dt 3 mh?2 h

Substituting for h =10

dA 4 _
— =—=04m?s71

dt 10

~the rate at which the surface area is

changing is 0.4m?s~1.

A hollow circular cone with vertical angle
90° and height 0.36m is inverted and filled
with water. This water begins to leak away
through a small hole in the vertex. If the
level of the water begins to sink at a rate of
0.01m in 120s, and the water continues to
leak a way at the same rate, at what rate is
the level sinking when the water is 0.24m
from the top?

Solution

When water is full

w 0.24m
0.36m o X
V 0.12m
Vv W
0_T
tan 45" = N
T
1=
r=nh

The volume v m® of water in the cone is
given by v = %m’zh
Substituting for r
3
v= gn(l)zh = %
Z—Z = mh?
dh _ 001

Substituting for h
w_ 2 001
ol 1(0.36)%. 126
When water level is 0.36-0.24 =0.12m
% =(012)2. % (ii)
Equating (i)and (ii)
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2 001 _ 2 dh
7(0.36)2.— = m(0.12)2. 5

dh _ (0.36)% 0.01
dt — (0.12)2°120

= 75x10"*ms™1

(h) A hollow right circular cone of height 10m
and base radius 1m is catching the drips
from a tap leaking at a rate 0.002m>s™. Find
the rate at which the surface area of water
is increasing when water is half way up the
cone

Solution

Let h and r be the height and radius of water
level at time t

V4

\%4

Expressing r in term of h, from similarity of
figures,

h—
10 1
h
r=—
10

1
Volume, v of a cone = Em'zh

2
1 h
=-7 (—) h
3 10
h3
300
dv _ mh?
dh 100
dv dv dh
But—=—.—
dt dh dt
mh? dh
0.002 = —.—
100 " dt
dh 0.2
dt mh?

Surface area, A = tr?

Substituting for r

2 2
h Th
A=T[(—) =—
10 100
dA _ mh
dh ~ 50
dA dA dh wh 02  0.004
Now — = —.— = — =—

dt  dh'dt 50 wh?  h
When water is half way up, h=5m

dA _ 0.004

_ 2.1
priae 0.0008m=*s

Revision exercise rates of change in measurements

1. The side of a square is increasing at the rate
of 5cms™. Find the rate of increase of the
area when the length of the side is 10cm.
[100cm?s™]

2. The volume of a cube is increasing at the
rate of 18cm’s™. Find the rate of increase of
the length of a side when the volume is
125cm?>. [i cms‘l]

25

3. The radius of a circle is increasing at the

rate of% cms~ L. Find the rate of increase of

the area when the radius is

10 —
5cm.[T cm?s 1]

4. The volume of a sphere is increasing at a
rate of (12m)cm’s™. Find the rate of increase
of the radius when the radius is
6cm. [1—12 cms‘l]

5. The area of a square is increasing at the rate
of 7cm®s™. Find the rate of increase of the
length of a side when this area is

7 _
100cm2.[— cms 1]
10
6. The area of a circle is increasing at the rate

of (4r)cm?s™. Find the rate of increase of

the radius when this radius is %cm. [4cms™]
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The surface area of a sphere is increasing at
a rate of 2cm’s™. Find the rate of increase
of the radius when the surface area is

(100m) cm?? [L cms‘l]

20w
A boy is inflating a spherical balloon at the
rat of 10cm®s™. Find the rate of increase of

the surface area of the balloon when the
radius is 5m.[4cm’s™]

Application of differentiation on Small changes
Suppose a function y = f(x) and 8y and 6x are
increments in y and x respectively

Thenaséx%O,‘s—yzd—y
ox

dx

= 6y=%.5x

The above expression is used to find small
changes in the variable x.

Example 3

(a)

(b)

If y = x>, find the approximate percentage
increase in y due to increase of 0.1 percent

in x.
y=x°

d

2 — 5yt
dx

But 8y = Z—z.(?x = 5x*.6x

8y  5x*.6x 8x

—_ = P = 5 —_

y x x
ox

But - 0.1%

%y = 5x0.1% =0.5%

An error of 2 %2 % is made in the
measurement of the area of a circle. What
percentage error results in
(i)  Theradius

A= nr?

A hollow cone of semi-vertical angle 45° is
held with its vertex pointing downwards. It
receives water at a rate of 3cm’ per minute.
Find the rate at which the depth of water in
the cone is increasing when the depth is

3 o
2cm. [—cmmm 1]
an

dA

— =27r

dar

dA
0A =—.0r
dr

= 2nr . or

SA 2nr Sr

— — _. 67" ol —

A Tr2

1 6A _ or

2°A  r

or 15 5 1

d_-2_2_-1=20

r 22 4 4 /o
(ii)  The circumference

c =2nr

dc

— =27

dr

oc = E.&r = 21ér
dr

éc _ 2mér _ 6r

c 27r r
éc 1
Z=1-%

c 4

One side of a rectangle is three times the
other. If the perimeter increases by 2%.
What is the percentage increase in area?
Solution

Let the width of the rectangle = x

The length of the rectangle = 3x

X

3x
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Application of differentiation on Curve sketching (A-level)

The procedures of curve sketching depend on
the nature of the curve to be sketched

Graphs of y = f(x) (Non rational functions)

For any graph of the form y = f(x) where f(x) is
not linear, some or all the following steps are
followed.

(a) Determine if the curve is symmetrical about
either or both axes of coordinates.

- Symmetry about the x-axis occurs if the
equation contains only even powers of y.
here equation will be uncharged when (-
y) is substituted for y. this applies to
graphs of the type y*=f(x)

- Symmetry about the y-axis occurs if the
equation contains only even powers of x.
Here the equation will be uncharged
when (-x) is substituted for x. Here the
graph is said to even i.e. f(x) =f(x). For
example the graph of y = x*. Note if there
are odd powers of x and y then there will
be no symmetry.

(b) Determine if there is symmetry about the
origin. Here symmetry occurs when a
change in the sign of x causes a change in
the sign of y without altering its numerical
value.

(c) Find the intercepts i.e. the curve cuts the x-
axis at a point when y = 0 and cuts the y-
axis at the point when x = 0.

(d) The curve passes through the origin if (x, y)=
(0, 0)

The behaviour of the neighbour of the curve
through the origin is studied by considering the

ratio of 2.
X

- If this ratio is small, the curve keeps close to
x-axis near the origin.

- If the ratio is unity, the direction of the
curve bisects the angle between the axes.

- If the ratio is large, the curve keeps near the
y-axis.

Or:

. . d
We consider the behaviour of ﬁ near the

origin.

- If% is very small, then the curve lies near
the x-axis.

- If% is large, then the curve lies near the y-
axis.

- If% is near unity, then the direction of the
curve (tangent at origin) bisects the angle
between the axes.

(e) Examine the behaviour of the function as
x=>100 and y >+oo (if any)
(f) Find the turning points and their nature as

well as points if inflexion (if any)
Use the second derivative

F . . oodiy
- For min point, i +ve
., d?
- For max point, —321 = —ve
dx

2

. . . d
- Point of inflexion, —32/ =0
dx

Example 1

(a) Sketch the graph of y=5 + 4x — %
Steps taken
- Finding intercepts
x—intercept; y=0
0=5+4x—x%.
5+5x—Xx—x"=0
5(1 + x) —x(1 +x) =0
(5-x)(1+x)
Either5—-x=0;x=5
Orl+x=0;x=-1
Hence the curve cuts the x-axis at point
(-1,0) and (0, 5)
y —intercept, whenx=0,y=5
Hence the curve cuts the y-axis at point
(0, 5)
- As x->+00, y =-00 and x->-00, y >+
- Finding turning point

W _ 4 2x
dx
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At turning point% =0 X’ —5x+6
2x—4=0;x=2 — = x
Whenx=2;y=5+4(2)-(2)’=9

Hence turning point = (2, 9) 3x+6
Finding the nature of turning point — 3x+6
g2y -
dx 0+0
a2y _ _

dx?

72 = X¥-x-5x+6=(x-2)(x24+x—-3)=0
. y . .

Since ez < 0, hence the turning point
Solvingx?+x—3=10

is maximum.
1 59 x = —lixgm _ —1;3.6
8 x=13o0r-2.6
/ \ Hence the x- intercepts are (2, 0), (1.3, 0)

/ \ and (-2.3,0)

Finding turning points

/
/4 \ y =x3-x%-5x + 6

\ 2 _ 3x2.92x-5

dx

5,0)

. L. dy
At turning point T 0

3x2-2x-5 = (3x—5)(x+1) = 0

— 3 _v2_
(b) Sketch the curvey=x"—x"—-5x+6 Either3x—5=0x=§

Steps taken

Orx+1=0;x=-1
Fory—intercept; x=0,y=0 5

When x = >
Hence the y — intercept is (0, 6)

5\3 5\2 5 -13

For x —intercept, y =0 y = (5) - (5) - 5(5) +6=—-
X =x*=5x+6=0 When x = -1
error approach is used to find the first factor i.e. y = (13- (-1)%2-5(-1) + 6=9

(x-2), then other factor is found by long division
. . 5 -13
Hence turning points are (5;?) and
(-ll 9)

2
x“+x—3
Finding the nature of turning points

(x=2))=x*-5x+6 d
2 = 3x2.2x-5
X -2 x
2
Y~ 6x—2
dx?
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2=6()-2=8(>0)

(—;—3 )is minimum
3’ 27
For (-1, 9)

d?y

27— 6(-=1) —2 = -8 (< 0)

dxz

~ (—1;9)is maximum

10 T

(c) sketch the curvey=x>—8
y= -8
Intercepts
Whenx=0,y=-8
Wheny=0,x=2
(x,y)=(2,0)

. .. d
Turning point: z— 3x?

d__

&= 0x=0

Point of reflection= (0, 8)

|x<2| X>2

vl

25 q

20 A

15 4

10 A

-20 4

_/Z ’

-15 4

(d) Sketch the curvey = x?(x — 4)

Steps taken
- Finding the intercepts

y —intercept, (0,0)

hence y —intercept is (0, 0)

For x —intercept, y=0
=>x%(x —4) =0

Eitherx=0orx=4

Hence x-intercept are (0, 0) and (4, 0)

- As x>+, y 2+00 and Xx—>-00, y 2-00
- Finding turning point(s)

y =x%(x —4) = x3 — 4x?

d
& = 3x2 — 8x
dx

. . dy
At turning point, T

0

= 3x2-8x=x(Bx—-8)=0

Eitherx=0
Orx:E
3

When x = 0; y=0

When x =§; =3 (2)2 -

8() =%
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Hence turning points are (0,0) and(g,%) Substituting for x = 2

_ (2)2-6(2)+5 _ )

- Finding the nature of turning points y 2@)-1)
Y _ 352 _ gy
dx
2
a=6x-8 o .
dx 2 Investigating the nature of turning
For (0, 0); d_x}; =6(0)-8=-8(<0) point
H . .
enc: ((_),2;)6) is r;zammum8 For (-1, -4)
For(—,—);—i’: 6(—) -8=8(0)
37 27 dx 3 X 22 1 0
8. . .
Hence = is minimum
3
dy + 0 -
y-axis 309 dx
20 - Maximum

Investigating the nature of turning point

; For (2, -1)
3
X 1 2 3
dy - 0 +
dx
o ) Minimum
(e) Determine the nature of the turning
2_ .. .
points of the curve y = x(zxe_xgs_ Sketch Finding the intercepts
the curve for x = -2 to x = 7. State any For x- intercept, y=0
asymptotes
ymp x> — 6x+ 5 =0
Solution
(x=5)(x—1)=0
A . L dy 0
turning point - = Eitherx=5o0rx=1
o @ _ @x-1)@x-6)~(x*-6x+5)(2) _ 0 Hence x-intercepts are (5, 0) and (1,0)

dx (2x—-1)2

F -int t,x=0
(2x - 1)(2x — 6) — (x* — 6x+ 5)(2) =0 or y- intercept, x

® y=-=-5

By opening bracts and simplifying y=o7=

Finding asymptotes

Vertical asymptote, 2x—-1=0

1

(x+1)(x=2)=0 X=3
Horizontal asymptote
(2x—1)y =x*—6x+5
Substituting for x = -1 x> — 6x+ 5 -2xy +y =0

(-1)*-6(~1)+5 X' = (6 +2y)x+ (5 +y) =0
y :WL For real values

X*=x—-2=0

Eitherx=-1orx=2
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(6 +2y)> > 4(5+y)
4y’ +20y + 16 =0
Yy’ +5y+4=0

(y+1)y+4)=0
Eithery=-lory=-4
For slanting asymptote

x 11

2 4
(2x-1)(x*-6x+5

X
X ——
2
11
—x+5
2
11 11
2 2
Hence the slating asymptote is y = ’Zﬁ — %

Investigating the range of x where the curve lies

Investigating the range of y

X X<% | Va<x<1l | 1<x<5 | x>5
x-1 - - + +
X-5 - - - +
(x-1)(x-5) |+ + - +
2x-1 - + + +
y - + - +

Revision exercise for curve sketching

1. Sketchy = x — %, show any asymptote.

2. (i) Find the Cartesian equation of the

curve
_ 1+t _z2e_ [ _ 1
x= 1_tandy— 1-t [ T 14x ]
. _ _x(x-3)
3. Giventhecurvey = o Lyom—

(i) Show that the curve does not have
turning points.

Y<-4 4<y<-1 | y>-1
(y+1)(y+4) | + - +
x%—6x+5
Graphof y = o)
N
47T X2 - 6X +5

(ii) Find the equation of
asymptotes. Hence sketch the
curve [vertical asymptote, x=4,
horizontal asymptote, y=1]

(iii) Sketch the curve
4(x-3)
x(x+2)

4. Sketchagraphy =
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Thank you

Dr. Bbosa Science
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