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O Introduction

Mastering Advanced Pure Mathematics is not just another A-level text book. It
contains full explanations so that the book can be used at home as a support in
the study of a wide range of syllabuses based on the common core A-level topic
list. Throughout the book, there are a number of boxes headed DO YOU
KNOW? These contain brief reminders of ideas. If you are happy with the ideas
covered in DO YOU KNOW?, then you should be able to continue without any
problems. Any ideas in the DO YOU KNOW sections you are not sure about can
be studied in Mastering Mathematics (also in this series). So often, people try to
study topics without the necessary background knowledge. Mastering Advanced
Pure Mathematics helps you to avoid making that sort of mistake.

You will also notice boxes throughout the book headed MEMORY
JOGGER. These points are extremely important. Try to remember them, as
they will increase your level of understanding. In order to check that you have
understood the work, you can try the exercises: these have been arranged so that
you can check your progress as you go along. There are also miscellaneous
examples at the end of each chapter that you should be able to complete on first
reading. The revision problems at the ends of the chapters are more difficult and
should not be attempted until you are familiar with most of the book, because
often, questions in a chapter will contain topics covered in other chapters.

Scattered throughout the book are activities designed to broaden your
knowledge. It is hoped that these will help your enjoyment of mathematics.

INTRODUCTION ix
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@ Number

In order to study advanced mathe-
matics, it is important that you
have good skills in algebraic ma-
nipulation. The purpose of this
chapter is to deal with those aspects
of algebra concerned with powers.
You should work through this
chapter carefully, and any points
listed in the DO YOU KNOW?
section that you have not already
covered can be found in Mastering
Mathematics. Remember, people
have been studying algebra for
hundreds of years. Don’t expect to
master it overnight.

DO YOU KNOW?

(i) The meaning of an index number:

x* = x x x x x x x (x to the power 4)

x* x x3 = x*3 = x7 (add the powers when multiplying)
1+ 1* = ** = ¢? (subtract the powers when dividing).

(i) The general rules for indices that are positive integers:

3% 2T = (P1)
FREA e yo (P2)
(x™)" =x™ (P3)
x°® = 1 whatever the value of x (P4)
(xp)™ = x"p™ (P5)

NUMBER |



1.1 Negative and fractional Indices

You will already know how to work with indices when they are positive integers,
but what does 372 mean?
If Equation (P2) is to work,

then 372 x 32 =372*2 = 3% which equals 1

But since 32=9,
and because Ixi=1
then 372 must mean —

32
Since % is called the reciprocal of x, then 372 is the reciprocal of 32,

Now suppose that the power is a fraction. For example, what does 8% mean?
Looking back to Equation (P2),

gt x8ixgl—gtt_gi_3
Since 8 multiplied by itself three times gives 8, then 8¢ must be the cube root of 8

ie. 83 =v/8=2 (because 2 x 2 x 2=8).
These ideas are now expanded in the following example.

Example 1.1

Try these first without using a calculator:
@ 16f

@ @

then carry out the same calculation using a calculator to check your answer.

Solution
3
() 168 = 16% x 16 x 164 or (16*) (Using Equation (P3).)
— 16 x Y16 x V16
=2x2x2=8

(Note: 16¢ means the fourth root of 16)
(i) Remove the negative power first.

=%= & (Using Equation (P3).)
_3
So @ =1+4-F
=33

2 MASTERING ADVANCED PURE MATHEMATICS



MEMORY JOGGER

| Always try to change negative
powers to expressions with

‘ positive powers. Use the idea
| of reciprocal to do this.

We shall now look at how to evaluate these on a calculator.

|

—3) Make sure you read the instruction manual on your calculator before using
©) buttons mentioned here.

You will need the power button and a fraction button .

Hence:
@) | = | (16 to the power 3/4)
Display

(¢ to the power —3)

Display

Here you can see one weakness of a calculator. It will not give the answer as a
simple fraction. You need to confirm that

-3375

These examples lead to the following equations:

m ™ 1
a" = (a”) = (a™)" P6)
&= a (P7)
an =L (P8)
an

The previous example dealt with numbers only. The following example shows
how to use these equations in algebraic simplification.

NUMBER 3



Example 1.2

Simplify:

(i) (2x2)* +4x? (i) (4xy?)? x 3x)3
(i) /4x2y® (iv) +/(8x6y3)?
Solution

(@ (2x%)° means 2x? x 2x? x 2x2

= 8x®
So (2x2)® + 4x? = 8x% + 4x?
8x° 6-2
"
=2x*

(i) (4xy?)? means 4xp? x 4xp? = 16x2y*
(4xy?)? x 3xp° = 16x%)* x 3xy® = 48x>y’

(i) | /ax2p6 — (4x2y6)t = (4)3(x2)}(p6)} (Using Equation (P5).)
=2xy3
@) {/(8x6%)? = (82920

= {/64x12y6 = (64)(x12) }(y6)?

=4x4y?

Very often, in order to simplify an expression, you have to express each part
as the power of the same number (or numbers) called the base. This technique is
quite difficult to learn, and the following examples give you an idea of how to
look for that number (or numbers).

Example 1.3
Express 4*t*, 83-2* 163*2 in the form 2. Hence, solve the equation:
42+x 26x
163+2x — g3-2x
Solution
Here we are told to express the numbers as powers of 2.
. 2+
M 4= (2) T= gt (Note we are
(i) 82 = (23) =06 using Equation (P3)
(i) 1672 = (2f)7"H= 1248 here.)

4 MASTERING ADVANCED PURE MATHEMATICS



The equation can now be written:

24+2x 26x

51278x ~ 29-6x

2(4+2x)-(1248x) _ 6x—(9-6x) (Using Equation (P2).)
This simplifies to:

2—8——6x — 212x—9
Since both sides are powers of 2, the powers on each side must be equal.
Hence:

~8—-6x=12x-9
1 =18x,
giving x = %

Example 1.4

Simplify without using a calculator:
() (9Px4)+(32x8)

(i) (6% x 122) + (42 x 24%)

Solution

(i) We are not told this time what numbers to use. Looking at the numbers
involved, we have 9, 4, 3 and 8. Each of these numbers can be expressed as a
power of either 2 or 3.

So: 9% = (3?)’=3¢
43 — (22)3= 26
82 — (23)2= 26

Hence we can write the expression to be evaluated as:
34 x 26 34 26 6 6
srem=(37) % (3) =3 x1 =3

(ii) The numbers involved in this example, 6, 12, 4 and 24, initially do not
appear to be powers of one or two numbers.

However, 6 =3 x2
12 =3 x 22
4 =22

and 24 =3x2}

NUMBER 5



Hence,
6} =(3x2)=3Ix2} (Using Equation (P5).)
122 = (3 x 22)%= 32 x 24
24} = (3 x 23)t=3t x 2}
42 = (22)*= 24
Hence the expression we are evaluating is:
6% x 122 __3%><2%><32><24
42 x 247 24 x 32

2%x3’f’

_2171x3’i’

=2-1x32or 3

Example 1.5

In a sports competition, the formula
P =0.1186 (253 — 1)"** is used to calculate
the number of points awarded in the 800m
event, where ¢ is the time in seconds taken
by the athlete for the race. If an athlete
scores 953 points for the race, what was the
athlete’s time?

Solution

Since p = 953

953 =0.1186 (253 — )*** Formulae like these

are used in the

We need to rearrange this to make ¢ the subject. heptathlon and

953 »
01186 = 23—

1
953 ™=
23 -1= (m)

similar events.

t=253— 3 rlﬁ-— 150 (to the nearest second)
- 0.1186) ° arest secone.

The time is 150 seconds.

6 MASTERING ADVANCED PURE MATHEMATICS




__ Exercise 1{a)

1 Evaluate the following, first giving your answer exactly without the help
of a calculator, and then check your answers with a calculator.
M G (i) 4% i) 1674
) &)’ ® @ o) @)
(vil) (=13 (viii) (21)7} ix) (0.001)
® ()7 w7 (si) ()
2 Simplify the following:
@ (2% = (3x)? @ (4)ix (3»:5)3
(i) (4% x 8) + (2-2 x 4%) (v) (9 x5%) =+ (255 x 34)
\2) (xi X x§) +xt  (vi) 8%x2% (vi)) x x VX3
(viii) v/ax = 2x2 x) (VR2=VP® () (4% x 85) =167

1.2 Surds

Very often in a calculation, you may be working with a square root such as v/3
which cannot be written exactly as a decimal. It may be that further on in the
calculation, this needs to be squared again producing an exact answer of 3.
Hence the v/3 need not have been evaluated. For this reason, numbers such as
v/3 are often left written in that way with the square root sign remaining.
Numbers written like this are called surds.
The following example shows how surds can be manipulated.

Example 1.6
Write as simply as possible in surd form:

.. 3
@ VI8 (i) V50418 (i) (v8)
Solution

O Vig=voxV2Z=3v2

(i) 350=v25x2=5V2
so V50 + V18 = 5vV2 +3v2 = 8v2

NUMBER 7



(i) /= vax2=2v2
50 (¢§)3=z¢ixzﬁxzﬁ=s(ﬁ)3
=8(2\/§)=16\/§

When a surd appears in the denominator of a fraction, there are a couple of
techniques worth learning to help simplify expressions. These methods are known
as rationalisation of the denominator.

For example,

. 2
@) ﬁ

Multiply the numerator and 2 2 V3 2V3
denominator by V3 } ﬁ - ﬁ 8 ﬁ ~73
The denominator no longer contains a surd.
(ii) 4

V6—+3 /—<\

Multiply top and bottom by v/6 + /3 P —

/" why we use
so 4 - 4x(V6+V3) ( Bivm )
V63~ (oA (eI S

___AVE+VE)  _4(vE+V3)
T6+VIB-ViB-3 3

Never leave a surd as part of
a denominator if it
can be removed.

‘ MEMORY JOGGER

__ Exercise 1{b}

1 Simplify when possible, but still leave surds in your answer.
M V72 () v32+v24
(i) V32 x /50 (iv) v2(1+v2)
) V392 ~v) (1+v2)(1-v2)
i) (3vZ+1)° i) (V3 +v2)(VZ+3)

8 MASTERING ADVANCED PURE MATHEMATICS



2 Rationalise the denominator in the following fractions and simplify your
answer if possible.
. 4 . 1 1 . 1
i —= i) — Hi) ————= iv) ———
O x5 O F W ™ FTs
W et — ™)
1+v2 1-v2 3v2+4v3
. 1 o 1+V2
(vi) —— (vii)) ———
(1+3) 1-V2

1.3 Logarithms

Logarithms have been used since
1614 to help the processes of
multiplication and division.

Although this aspect of their
use has now been replaced by the
calculator, the logarithm function
is still essential in scientific calcu-
lations. As many readers of this
book will not have met logarithm
tables before, we will begin with a simple introduction of how they work.

The logarithm tables need to work from a number called the base. Suppose
we work with base 2.

Listing some of the powers of two:

272 = 0.25
271 = 05
20 =1
2 =2
2 = 4
2 =38
2 =16
2’ =32

It is easy to see that 8 x 0.5 =4, but this calculation could be done with the
powers of two.

Since 8 equals 2 to the power 3

and 0.5 equals 2 to the power — 1,

then if you add the powers 3+ —1 = 2, and 2 to the power 2 =4
So8x05=4

NUMBER 9



In other words, the multiplication problem has been replaced by an addition
problem. The power is referred to as the logarithm to base 2, (written log,) of the
given number.

Hence:
log, 8 =3 [log to base 2 of 8 = 3]
and
log, 0.5 = —1
log, 8 +10g,0.5 =3+ (-1)
=2=log, 4
Hence: 8x05=4

The logarithm can be seen as a sort of code number. Hence 8 codes to 3, 0.5 codes
to —1. You add the codes to give 2, and 2 decodes to give 4. The process of
decoding can be called finding an antilogarithm. Old-fashioned tables would
contain antilogarithms as well as logarithms.

In our original list, there are only a few numbers, and you might ask how
these can help in more complicated problems. The list can be extended by using a
graphical approach. We need to look at the graph of y = 2* shown in Figure 1.1.
Suppose we wanted to find:

3.65 x 0.85

Figure 1.1

To find the power of 2 corresponding to each number, read from the graph as
shown.

Hence: /—%ﬁ

log, 3.65 ~ 1.87 “"Values are given to )
log, 0.85 ~ -0.23 ( 2 decimal places )

i

(Note: ~ means approximately equal to)

10 MASTERING ADVANCED PURE MATHEMATICS



Hence: log,(3.65 x 0.85) =~ 1.87 + —0.23
~ 1.64

Reading from the graph, 1.64 gives the value of 3.12.
Hence: 3.65 x 0.85 = 3.12

(The correct answer is, in fact, 3.1025.)

Division is a similar process, except that the logarithms are subtracted.

Obviously, you would not be able to draw and read a graph precisely enough
to get an accurate answer.

The number 10 is also a much better number to use as the base than 2. To
avoid the graphical approach, logarithms were written in tables; these first
appeared in 1614, calculated by John Napier. Without these tables, scientific
developments would have been held back by hundreds of years. Today, all these

tables are stored in the calculator. The button means logarithms to base 10

(the ten is omitted).
We can summarise this by saying that:

If & =y, then x =log, y (L1)
The rules of using logarithms are, then,

log M +log N =log MN (L2)

logM —logN = log%{— (L3)

If n is a positive integer, then

logM” =logM +logM+......... +log M
n terms
=nlogM

Conveniently, however, this rule is also true for any value of n, that is,
logM" = nlogM (for all values of n) (L4)

Another important result, often forgotten, follows from the fact that since
a® =1 for all values of a, then whatever base you use, the logarithm of 1 will be
Zero.

Hence log,1=0 (LS5)
Since a! = a for all g, then
log,a=1 Lr6)

Also, log%= logl —logN =0—logN

1 ™7
Hence, log o log N

NUMBER 11



Also, any number N can be written as
N = g%~ (L8)

This result is again true for all positive values of a.

You may find formulae (L5) to (L8) quite difficult to understand at a first
reading. They are included here for completeness and you may need to keep
returning to them.

The following examples illustrate ways in which the logarithm notation is
used.

Example 1.7
Write in logarithmic form

(i) 4*=16; () 1073 = 0.001; (iii) x” =1t

Solution

Here we are being asked to introduced logarithms into an expression. We are
using Equation (L1).

MEMORY JOGGER

Remember a logarithm
| 1s a power
| :

(i) Here the power is 2, so the logarithm equals 2.
4 is the base,
therefore log, 16 =2

(ii) Here the power is —3, so the logarithm equals —3.
10 is the base.
log;(0.0001 = -3

(iii) Here the power is y, so the logarithm equals y.
The base is x.

log, t=y.
Example 1.8
Express the following in index form (using powers):
(i log,16=2 (i) logip0.1=-1; (i) log, N =1t
Solution

Once again, we are using Equation (L1):
(i) 2 is the power, and 4 is the base, so:

16 = 42

12 MASTERING ADVANCED PURE MATHEMATICS



(ii)) —1 is the power and 10 is the base, hence:
107! =0.1

(iii) Here ¢ is the power, and e the base:
Hence ¢ = N

You should try to feel comfortable changing quickly between logarithmic form and
index form.

Example 1.9

Evaluate:
() log;81 (i) logc4 (iii) log,0.25 (iv) 4om16

Solution

(i) To find log; 8 you need to answer the question: What power of the base
gives the number 81?
Since 3% = 81, then the power is 4.

ie. logy81 =4

(ii) To find log;s 4, what power of 16 gives the value 4. Now 4 is the square root

of 16, and so the power is 1.

(iii) _1_1_
0.25=7=5;

Hence the power of the base 2 is —2.
. log, 025 =-2
(iv) Now log, 16 =4% =16
This illustrates the truth of equation L8.

2—2

The following examples illustrate ways in which the logarithm notation can be
used to simplify expressions.

Example 1.10

Simplify and then evaluate:

@i 3log2+2log5 (i) 3logl16—1log27.
Solution
i 3log2 =log2?
® & & (Using Equation (L4).)
=log8
and 2log5 =log5® =log25
So log8+log25=1og8 x 25 = log200 (Using Equation (L2).)

NUMBER 13



Using the calculator,

Display
|AC H2OO |—>—I log |—>—r2.301029996J (AC clears the screen)
Hence 3log2 -+ 2log5 = 2.30 (3 sig. figs).
(i) llog16 =log16? using formula (L4)

=log4 (Remember: power j is ,/)

1log27 = log273
=log3 (power 1 is /)
So 1log16 —1log3 =log$
=0.125 (3 sig. figs).

Example 1.11

Write as a single logarithm:

G 2logx+ Slogx? (i) mlogn—nlogm
Solution
) 2log x = log x?

and 5logx? = log(x?)’ = logx!°
So 2logx+ 5logx?

= logx? +log x'* = log x? x x!°
= log x'?
(iiy mlogn—nlogm
m

=logn™ — logm” = logn;;

This cannot be simplified any further.

Example 1.12
Express the following, in terms of logx and logy.

. .. 2
(i) log5x?y (i) logy /y—f
Solution

In this example, we see how to expand out a logarithm into simple parts. This is
often quite a useful technique.

(i) log5x2y =log5+logx?+logy (Using Equation (L2).)
=log5+2logx +logy (Using Equation (L4).)
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(i) i
log i_x = log (Z?x) = %logz—x (Using Equation (L1).)

2 32
=1 [log2x — log y?] (Using Equation (L3).)
=1{log2 +logx — 2logy] (Using Equation (L2).)

Logarithms are very important in the solution of equations similar to the type
2* = 7. In other words, the unknown x appears in the power. Study the next

example carefully.

Example 1.13
Solve the equations:
G 3=7 (i) 4> =52
Solution
Hn 3¥=7
Take logs of both sides,
ie. log3*=log7
Use formula (L4) on the L.H.S.

xlog3 =log7
Note: This cannot

Hence x = og be simplified in
logarithmic form.

|—

It can now be worked out:

e 0.84509804 177
0477121254
This can be carried on in one series of operations using a calculator:

(ii) Once again, take logs of both sides
log 4>*! =log 52
(2x + 1)log4 = (x—2)log5 (Make sure you use brackets here.)
2xlog4 +logd =xlog5—2log$
2xlogd — xlog5 = —log4 —2log5

0000

x[2log4 —log5] = —[log4 +log5?]
x[log4® —log5] = —log4x25
=_logll(ZO 306
log(f)

NUMBER 15



__ Exercise 1{c)

1 Express the following using logarithms:

i 2*=16 () 52=25 (i) 729=9°
@iv) g=4 (v) 10-4=0.0001 (vi) 16 =025
(vii) 1=7° (vii)) £=x3 (ix) rF=gq
® pr=y
2 Write these using index notation:
@ log,64=3 (i) log,, 10000 =4
(i) log,y=1¢ (iv) logyg=1t
(v) log, 4=y (vi) loggk=-2
(vii) z=log,y (viii) log,2=1¢

(ix) log,4¢=6

3 Evaluate:
@i log,8 (i) log;y 100 (ii) log, 64
(iv) logs0.2 v) log,x* (vi) log,,0.01
(vii) logys8 (viii) 3087
4 Simplify:
(i) log2+log3 (i) logl2—1log4
(iii) 2log4 (iv) 2log3+3log2
(v) logx+logy+log:z (vi) 1llog16 +log3
(vii)) 2logx+logy (viii) 1+ logx
. log 64
(x) log(x+1)—log(x—1) x) Togd
5 Expand
@ logxy (i) log 2% (iii) log x_ty
Gv) lo x v) log,/2 i) 1 @
2 y g p %2100

. 1 [4x2
(vii) logm (viii) log y_3
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6 Solve the following equations:
@ 2*=5 ) 3=4 (i) 42 =9
(iv) 231 =21+ (v) 3% 1=l
(vi) 4131 =38

1.4 The number e and other bases

There is a particular number in mathematics denoted by e = 2.7182818 (8 sig.
figs), which assumes a particular importance in logarithms. The origins of this
number will be investigated later on in the book. If e is used as the base of
logarithms, i.e. log,, then usually this is abbreviated to ‘In’ on the calculator and
also in the written form,

that is, log, 12 will be written In 12

It is important that you use the correct logarithm button in a calculation,
although sometimes it doesn’t matter. For instance, in Example 1.12, when we
solved 3* = 7, this could just as easily have been written:

_In7_ 1.945910
*=1n3 7~ 1.098612

Sometimes it may be necessary to change the base of a logarithm to other
than 10 or e. To do this you use the following formula:

= 1.77 (3 sig. figs)

log, N

log, N =
084 logb a

(L9

Hence if you wanted to find the logarithm to base 2 of 6, then:

_ log,, 6

log, 6 —logm 3

=2.58. (3 sig. figs)

In Equation (L9), if N happens to be the same as b, then

logb b 1 .
=—2b — L9).
log, b log,a_ log,a (Using formula (L9).)
Hence log,b= logl - (L10)
b

The following examples illustrate more difficult problems with equations and
logarithms.
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Example 1.14

Solve the equations:

@)

logyx =17 (i) log(x +2)+log(x —3) =log2
(iii)) logx +log,x =1.

Solution

@
(if)

x =47 = 16384
The L.H.S. =log(x+ 2)}{(x — 3)

= log(x* — x — 6)
So we are solving log(x?> — x — 6) = log2
x1-x-6=2
x2-x—-8=0

x=¥2= 337 or —2.37

using (L1)

It is tempting to say that these are the two answers. However, if you try

and substitute —2.37 into the original equation, you get:

log(—2.37 4+ 2) + log(—2.37 - 3)
=log(—0.37) + log(—5.37)

The logarithm of a negative number does not exist, hence —2.37 is not a

solution.

; MEMORY JOGGER
Always check your solutions
back into the equation when it
contains a logarithm of a function of x.

(iti) This is a very difficult problem. The bases are mixed, and you need to

change the base 2 part into base 10, using formula L9.

logx
Hence logx+@ =1
logx +3.322logx =1
4.322logx =1

1

Hence x = 109214 =170
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— Exerclise 1(d)

Solve the following equations:

Inx=3 2 Inx(x+1)=1n6

log,x =6 4 log(x+3) +log(x — 2) =log50
logyx +1log, 4=2

Solve the simultaneous equations:

N U W

log, x =logyy —5
logyx =logy,y+3

(This is a more challenging question. Well done if you solve it without
looking up the solution.)

Miscellaneous Examples 1

1 Simplify the following:

@) 42 @) 16! (i) 23 x 42 Gv) (102)}
v 647 o) @) i) @7+
(viii) 125% @x) (0.0001)* ®  @Q-2x()?

2 Write the following algebraic expressions as simply as possible:

i x?x2x* () (2x)° (iii) 8a x 4a®

(v) ()% sx? v) (8at)*+2ar i) /x4

(vii) {/(8x%y%)? (viii) (4p)” + (2p)”

(ix) (x + %) + (2 + 1)2 ®)  @vx)®+x
3 Write the following as a single logarithm:

(i) logx+2logy (ii)) 3logr—2logx

(i) }logA4 —2logy (iv) llogdx —1ilogy?

(v) 4logx+3logy-—2logt (vi) 2+4+3logx

4 Expand the following expressions to give answers of the form mlogx + nlogy

i logx’y (i) log \/§ (iii) log \}.

x
x3 3x2
iv) log— v) lo ”—
() gy3 () g y3
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5 Solve the equations:

(i =3 (i) 2%t =4 (iiiy 2% =4+
(iV) 32x+1 3x+2 _ g

6 Rationalise the denominator in the following expressions:

. 2 . 1 1
O 7 TRV, W -7
V3 1+v5 . V3
™ V6 ® 13 ™ 7

7 Solve the equations:
(i) log(x+1)+log(3x+1)=1log65
(i) logyx-+log,x=9
(iii) log(3x +2) —log(x+ 1) =log(4x + 1) —log2

__ Revision Problems 1

1 The value, ¥, of a particular
car, can be modelled by the
equation

V =ke™
where ¢ years is the age of the
car. The car’s original price
was £7499, and after one year
it is valued at £6000. State the
value of k& and calculate A,
giving your answer to 2 dec-
imal places. Obtain the value
of the car when it is three

years old.
(NEAB)
2 The population of Britain about a century ago is given in the table below
Year 1881 1891 1901 1911
Population (millions) 30 33 37 41

(a) Calculate the growth factors of the three decades covered in the
table, giving your answers to 2 decimal places.
Explain why the population growth for this period can be
modelled using an exponential function.
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(b)

©

(d

If the population
had continued to
grow exponentially,
with growth factor r
per decade, write
down a formula in
terms of r for the
poulation ¢ decades
after 1911.

Show that the
population would
take T decades to
double in size,
where:

_n2
T lnr

State a suitable value for r. Hence, calculate the value of T to the

nearest whole number.

(NEAB)
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@ Polynomials

A large part of mathematics centres around the
solution of some sort of equation. You should
already be able to solve simple equations
including simultaneous and perhaps quadratic
equations. This chapter takes you forward to
other types.

DO YOU KNOW

(i) (a+b)(c+d)=ac+bc+bd+ad

(i) f(x), known as the function of x, can be used to represent any
expression containing a variable, x.

(iii) f(a) means replace (or substitute) x = a into that expression in place
of x. This is referred to as function of a.

(iv) The solution of ax? + bx + ¢ = 0 is:

x_—bivbz—él-ac

| 2a
|

2.1 Polynomials (manipulation)

A polynomial is an expression such as x* + 3x3 — 2x + 1 (the sum or difference of
terms containing powers of x usually arranged in order of decreasing powers). The
highest power of x (in this example, the power 4), is called the degree of the
polynomial. A simple polynomial of the type 3x — 5 is often referred to as a linear
function. It is possible to multiply and divide polynomials as shown below.
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Example 2.1

®
(i)

Find (x3 + 1)(x2 + 2x — 3).
Divide x° +3x3 + x2 +2x+ 2 by (x2 +2)

(iii) Find the remainder when x3 + 4x2 + 6x + 1 is divided by (x — 4).

Solution

@

(ii)

We are going to multiply out the brackets.

®
A~

(3 + x)(x? +2x - 3)
646

There are 2 x 3 = 6 possible products of one term taken from each bracket.
The answer is:

X+2x* =33+ x4+ 2x2 - 3x
O ® & ® 6 ®

This simplifies to:

(Note that @) and (@
x4+ 2x* —2x3 4+ 2x2 - 3x have been combined.)

This is called a polynomial of degree 5, because the highest power of x that
occurs is 5.

Division follows a process similar to that of long division with ordinary
numbers:

Step (i)

(x2 4 2) divides into x5, x3 times. @)

3
X
X242 )x5+3x3+x2+2x+2
x> +2x3

Now write x3 x (x2 +2) under x* 4+ 3x3 + x2 + 2x + 2 and subtract. ()
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Step (ii)

(x? + 2) divides into x3, x times.

x3+x
x24+2 )5 +3x3+x2+4+2x+2

5 3
x> +2x -
‘@ * o xt 4 2x 4 x e

Write x x (x2 + 2) under x3 + x2 + 2x + 2 and subtract.

Step (iii)

x2 + 2 divides exactly in x2 + 2 once,
giving a zero remainder.

3 4+x+1
X242 )x5+3x34+x2+2x+2
x5+ 2x3
x3+xr+2x+2

x4+ 2x subtract «~— D)
x? +2
0

Hence: (x°+3x3+x2+2x+2)+(x2+2)=x3+x+1

©

(@)

®
®)

(iii) As with ordinary division, algebraic division does not always give an exact

answer.
x24+8x +38
x—4 )x3+4x2+ 6x+ 1
x3 —4x?

8x2+ 6x+ 1
8x?-32x subtract
8x+1
38x — 152

The division process is followed as in Example (i) and you can see that this
time there is a remainder of 153. It should be pointed out that the remainder can

be found in a much simpler way.
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If youlet f(x) = x>+4x% 4 6x + 1, then find:
f4) =4 +4x4+6x4+1
=153

This leads to stating the remainder theorem which is as follows:

|
| If a polynomial f(x) is divided by (x — a),
the remainder will be f(a) (F1)

Example 2.2
Find the remainder when x3 + 2x2 — 5 is divided by x + 2.

Solution

x + 2 can be written x — (—2), and so a = -2.
f(x) =x*+2x2-5
f(-2) =(-2’+2(-2>-5=-5

The remainder is —35.

Exercise 2(a)

—
1 Evaluate the following, and simplify your answer:
O x+1D)(3Bx-4) (@ (+D)(2+1)
(i) (24+x+1D(x-1) i) Bx-D2x+1(x-2)
™ (x+2)(x3-x2+1) i) Q2+ 1)(2+1+2)

2 Work the following:
@) (Bx3+4x2+7x-14)+(x~-1)
() (@x*~3x2+7x+6)=(x+1)
(i) (7x3-7x—42) - (x-2)
iv) (Bx3+4x?2-2)+(2x-1)
3 Find the remainder when:
(i x2+47x+8is divided by x + 1
() x342x+1is divided by x -2
(iii) x*—7x3+6x%+ 5 is divided by x — 1

POLYNOMIALS 25



2.2 Finding linear factors of a polynomial

In Example 2.1, you were shown how to divide a polynomial by a linear factor.
Finding what a linear factor (ax + b) is requires a systematic approach in the first
instance. The factor formula can be used. It states:

If a polynomial f(x) is exactly divisible by a linear factor

ax — b, then f(i—j) == ). (F2)

Very often, a = 1, and so if x — b is a factor, f(b) =0

The use of this theorem is demonstrated in the following example.

Example 2.3

Find one factor of the expression
4x3 —20x2 +19x + 15

and hence factorise the expression completely.

Solution

Let f(x) = 4x> — 20x% 4+ 19x + 15
Now try values of x until you find a solution of f(x) = 0.
Choose small values of x first:

f(1) =4-20+19+15=18
f(2) =32-80+38+15=5
f(3) =108~ 180+57+15=0 ¢

Since f(3) = 0, then x — 3 is a factor.
Using the division process, you will find:

(4x® —20x2 +19x4+15) + (x —3) =4x> —8x -5
So f(x) = (x —3)(4x% - 8x —5)
=(x-3)2x+1)(2x - 5)

The polynomial has now been completely factorised.
You will need to take care if the solution is not a whole number. Work
carefully through the following example:
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Example 2.4
Solve the equation 2x3 +3x2+3x+ 1 =0.
Let f(x) =2x®+3x%+3x+1
£(0) = 1
f(1) =2+3+3+1=9
£(2) =16+ 124 6+1=35

Clearly, as x increases, f(x) is getting bigger and not closer to zero.
Try negative values of x.

f(-)=-2+3-3+1=-1
f(-2)=-16+12-6+1=-9
f(-3)=-54+27-9+1=-35
Here you can see that f(x) is becoming more negative.
However, since f(0) =1
and f(-1)=-1

there must be a value of x between 0 and —1 for which f(x) = 0.

Try x = -1

f-h'=-§+3-3+1=0
Hence (x — —1) = x +1is a factor.
Since all the coefficients in the polynomial are whole numbers, the factor is:
2x (x+3) or 2x+1)
! MEMORY JOGGER ‘
[

You can locate a solution to f(x) = 0 by
finding two values of x (@ and b) which give
a different signs for f(a) and f(b). The
solution lies between x =g and x = b

Now find (2x3+3x2+3x+ 1)+ (2x + 1) using the division process to give
x2+x+1
Hence the equation is (2x + 1)(x2+x+1) =0

Now xz—% orx?+x4+1=0

If you use the quadratic formula on this,
—1xv1-4 —-1++v-3

T T2

Hence this part has no real solutions, as +/—3 is not a real number. The final

solution of the equation is just x = —1.
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_ Exercise 2{b)

1 Factorise the following expressions. One factor is given:

@ x¥+3x2-6x-8 o (x=2)

) 4x3—-12x2-x-3 o (x+3)

(i) 6x3+5x2-21x+10 : (x-1)

(v) 28 —=1524+13t4+460 : (2t+3)
2 Factorise the following expressions:

(i) S5x2—12x+7 (i) 6:2—1r—15

(i) £2-6:2+11t—6 iv) x°—x*—x+1

V) 28+124+2t+1 vi) Yy —y*—14y+24
3 Solve the equations

@) x3-2x24x-2=0 G x*-9=0

@) 6x3—5x2-2x+1=0 iv) 43+ -8 -2=0

2.3 Solving equations

! DO YOU KNOW

: " b
(i) ax = b has the solution x = =

(il) ax+ b =0 is called a linear equation.

(iii) ax? + bx + ¢ = 0 is a quadratic equation.
It can be solved by factors, or using the formula:

_ —=bx Vb —4dac
g 2a
, ax+by=c . : ;
(1v) 3 are called linear simultaneous equations. They can be
dx+ey=f

solved by eliminating either x or y first.
v) (a+b) = +2ab+b?

(a—b)? =d® —2ab+b?

(a—b)(a+b) = a* — b

It is likely that the only types of equation you will be able to solve with confidence
at the moment are linear, quadratics, and linear simultaneous equations. The
purpose of this section is to help you increase that range. Work carefully through
the following equations, and see how your knowledge grows.

28 MASTERING ADVANCED PURE MATHEMATICS



MEMORY JOGGER

Any equation that contains fractions should have the denominators
removed, by multiplying through by the common denominator first.

1 1 1
Type I Solve §(x+2)~§(2x—1)—z.

The smallest number that 3, 4 and 5 divide into exactly is 60. Hence
each term should be multiplied by 60.
60><§(x+2)—60x§(2x— 1) =60><i—
ie.  20(x+2)—12(2x-1) =15
20x+40—-24x+12 =15
—4x=15-12-40 =_-37
_ =37
T4
4 3
(Bx—1) (1-2x)
The common denominator here is (3x — 1)(1 — 2x)

So (3x~T)(1 - 2x) x ﬁ= (3x — 1)(1L>2x) x ——-———(1/3%‘)

ie. 4(1-2x)=303x-1)
"~ 4-8x =09x-3

=9.25

Type II  Solve

443 =9x + 8x
7 =17x
x 7

=17

Note: The equation was in fact a linear one.
Type I1I 3x+% =8

The common denominator here is x.

So xx3x+xx)—2c =8xx

3x242 = 8x
3x2—8x+2 =0

Using the formula for a quadratic equation:

8+1/(—8)2—-4x3x2
__8£Y(®)

6
_8+v64-24
- 6
=239 or 0.279
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Type IV t*—-5t2-36=0
At first sight, this looks like a quartic (degree 4) equation, but in fact it
is not. If you let x = ¢, the equation becomes:

x2—5x-36 =0
(x—9(x+4)=0
x=9 or x=-4
But, since x = 2, this means:
t?=9 or t*=-4

Now #2 cannot be negative, and so t2 = —4 is impossible. If
t2 =9, then ¢t = +3.
The complete solution is t = -3, 3.

Type V. V2x+3+v6x—2=7

This is quite a difficult equation to solve. For the moment, let

A=+2x+3and B = v6x-2.

So A+B=7

Now square both sides:
(A+B?*=7"=49
ie. A2+ B 4+24B=49
Now substitute back:

So  (2x+3)+(6x—2)+2vV2x+3V6x —2=49
8x+1+2v2x+3vV6x—2 =49
2vV2x+3vV6x —2=49 —8x—1=48 — 8x

Divide by 2
V2x+3vV6x —2 =24 —4x

You will notice that the v/ has not yet been removed, and so both
sides must be squared again.

So  (2x+3)(6x —2) = (24 — 4x)?
" 12xY418x — 6 —4x = 576 + 16x2 — 192x

0 = 4x2 — 206x + 582

0 =2x2 - 103x + 291

0=(2x—-97)(x-3)
(You can always use the quadratic formula if you are not able to
factorise it.)

x=3 or 485
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It would appear that there are two answers, but you have squared
the original equation twice, and this may produce problems.

Checking x =3  v2x34+34+vV6x3-2=7
3+4=7 ¥

For x = 48.5 V2x485+3+V6x485-2=77
But 10+ 17 #7

Hence x = 3 is the only solution.

__ Exerclse 2(c}

Solve the following equations:
1 4(x+1)=703-2x) , > 4
x+1 x-3
1 221 4 4x2-7x-3=0
3 4(x+1) 3—5(x—!—2)
5 5+§=6x 6 Vix+t1-vV2x—1=3
7 14 4+82-6=0 8 V2x—1=3V/3x+5
1 3 x+1 2x-5
xta=t 0 S =T

2.4 The quadratic polynomial

The expression ax? + bx + ¢ is a polynomial of degree 2. However, it is usually
referred to as a quadratic expression (or quadratic function). It is used extensively
in many aspects of mathematics and deserves special consideration. You might
like to try the following activity before continuing.

ACTIVITY 1

The quadratic function y = ax? + bx + c.

There are many aspects of this function

which depend on relationships between

the coefficients a, b and ¢. Here are some

suggestions for you to look at. You can

of course look at your own.

(i) Where is the line of symmetry of
the curve?

(i) What does the sign of a tell you
about the graph?

(iii) What happens if #* < 4ac?
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(i) Completing the square

A quadratic expression, such as x? + 6x + 11, can often be manipulated more
easily if it is changed into a different form, obtained by a process called completing

the square.

Now (x+3)(x+3)=x24+6x+9, so if you write x 24+ 6x+11 as

x% 4+ 6x + 9 + 2, then this becomes (x+3)(x+3)+2or(x+3) + 2.

This means that x only appears once in the expression. It can be represented

by a flow chart.

+3 quuareH +2

Thatis, y= (x+3)*+2.
If you reverse this flow chart, you get:

BE] e FSVA e BT o
Hence x=-3+.,/(y—2)

You would find it impossible to rearrange the original expression y? 4 6x + 9
to make x the subject without this technique. The technique is also particularly

useful when trying to find inverse functions.
Try another example:

x?—5x-3
(x—3)’=x*-5x+2=x2—5x+6}
x2—5x  =(x-5’-6}
x2—5x—3—(x——) —61-3

= (x—9*-9}
This result can be summarised as follows:
Ify=x>+bx+c

Completing the square gives

AN
y= (x+§> +c—?

If the coefficient of x? is not 1, proceed as follows:

For example, If y =4x2+8x+5
then y = 4[x2 + 2x+§]

—4(x+1+5- ]
[x+l) +4]
4x+1)72+1
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f MEMORY JOGGER
i If trying to complete the square on
| ax?+ bx + c, always take out @ as a
| factor first.

You can use completing the square to find the greatest or least value of a
quadratic expression, as the following example shows:

Example 2.5

Find the greatest or least values of the following expressions, stating at what value
of x they occur:

() x*+8x+2 () 4-—3x—2x2
Solution
() x2+8x+2=(x+4)1>+2-16

=(x+4)"-14

Now (x + 4)? is always > 0 unless x = —4. So if x = —4, the least value of

the expression x2 + 8x + 2 is —14 (because (x +4)> =0 at x = —4).
(ii) Here,a= -2

4-3x—2x% = 2x*>+3x-2]
=-2((x+)"-2 -1
= -2[(x+3"- 4]
420+’
The greatest value that can be obtained is 4 and this occurs when x = —3

(ii) Properties of roots of the equation

If the roots (or solutions) of a quadratic equation are denoted by « and B, then it
means the equation will have factorised as:

(x—a)(x—Pp)=0
That is, x?—~ (o + B)x +af =0. @)
If the original equation was ax? + bx + ¢ = 0, then:

Dividing by a  x* + gx +§ =0 (ii)
Since (i) and (ii) represent the same equation, it follows that:

b
the sum of the roots a+p = — 2 (Q2)
the product of the roots af = 2 (Q3)
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Equations (Q2) and (Q3) state the symmetry properties of the roots. They can be
used if you are only interested in changing the roots of an equation without
finding the individual values.

Example 2.6

The equation 4x2 — 3x + 1 = 0 has roots o and p. Without evaluating o and B,
find:

(i o+p (i) op (i) é N %
(iv) o +p? v) o+ (vi) ot +p*
Solution

Dividing the equation by 4, we get
¥-3x+i=0
Hence a+f=--3=3
ap =1
We have the answers to (i) 3 and (ii)
. 11 a 3 1
(iii) &+B=%=Z+Z=
(iv) o+ p? cannot be evaluated immediately.
However (o + B)? = o + 20B + B2
Rearranging, o + B2 = (a + B)* — 20p
= (-2}
6

(v) o + B* suggests working out (a + B)°
(@+B)’ = o +302B + 3ap? + °
= o + B + 3ap(a + B)
Hence o+ B = (a+B)’ — 30p(a+ B)
- @-3xix]

o) of + Bt = (@) + (B)" = (@ + )" — 22p°
2 2
= (1) 2% ()= 5%
It is possible, by a technique of transforming the equation, to find a new

equation where the roots are related to the roots of a given equation. Look at the
following example.
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Example 2.7

If o and B are the roots of 3x2 4+ 2x + 5 = 0, find new equations with roots
i) 3a,38 — oo P
(ii) I (i) Ba
Solution
(i) If the new equation has solutions X; and X3, then
X 1= 3o = 3x 1

where x; and x, are the original roots.
X2 = 3B = 3X2

Hence: X=3x or x =§

Substitute this in the original equation:

() (5 o

X 2x
T+T+5 =0

or X?24+2X +15=0 is the new equation.
1
X

(o) -

Hence: 342X +5X2 =0

(i) Here X = i SO X =

(iii) This is not quite so easy because o and P appear in each new root.

However, a+B.—.—§, SO °‘=—§—|3
or ﬁ=—§‘—d
a 1/ 2 2
Hence: —=_{-Z_B)l==-2—1
=5 (50) =%
B 1/ 2 2
and o o 3 %)= 3a 1
thatis, X =—=2—1
3x
Xt1=-o 2

T3 YT T3+
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3 x 4 - 4
IX +1)2 3(X+1)
) 12-12(X +1)+45(X +1)> =0
giving  45X*+78X +45=0
or 15X2 +26X +15=0

+5=0

. Exercise 2(d)

1 Complete the square for the following quadratic equations. In each case,
state whether the function will have a greatest or least value, and the
value of x where it occurs.

i) x?4+6x+12 () x*-3x+1
(i) 1—-x—x? (iv) 4x24+8x+15
(v) 9x?—-6x—11 (vi) 1-3x+2x?
(vii) —2 —3x — 6x2 (viii) 7x2 — 11x ~ 8
2 If o and P are the roots of the equation x2? 4 4x + 5 = 0, evaluate
G o?+p° 11
(ii) " + B

e OB . 1 1

(iii) B + " (iv) p) B_Z

3 If o and B are the roots of the equation 2x2+x+2 =0. Form new

equations with roots
@ 20,2 11
2 ﬁZ

1

¥

(i)

(iii) @iv)

3

B
o

g~ &

x
B’

=)

2.5 Non-linear simultaneous equations

You should be able to solve simultaneous equations of the linear type, for
example: 2x+3y=6and 5x—3y=>5.
Now consider the following situation:

X +2xy=5 @)
x + y=3 (ii)

Equation (ii) is linear, but equation (i) is not, because it contains an x2 and an xy
term. Rearrange the linear equation to make x or y the subject.

So y=3-x (iii)
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Now replace y in equation (i) by using y given in equation (iii)

x242x(3-x)=5
x24+6x—-2x2=5
0=x2—6x+5
0=(x-5)(x—-1)
x=1 or x=5
If x = 1 equation (i) gives y = 2
If x = 5 equation (i) gives y = —2

Hence, there are two solutions: x=1,y=2
and x=5,y=-2
If both equations are non-linear, then very often an exact solution cannot be
found, and numerical methods must be used. The following example shows how
sometimes it is possible to solve them exactly.

x4+ 2xy=3 (i)
From (i) y= o
Substitute this into equation (i):
3— x2)
x4 g =10
(2x)
4 _¢,2
x2+(9+x 6x)=10
4x2

Muttiply through by 4x?

4x* 4+ (9 + x* - 6x2) = 40x2
S5x*—~46x2+9=0

(5x2 — 1)(x2 = 9) = 0, hence x? =9 or 0.2

x=3, —3,0.447, —0.447

These four values must now be substituted into (i) to find the y values from
_ 3= x?
T 2

y

Hence, if x =3, y=-—1
x = -3, y=1
x=0447, y=3.13

3 sig. figs
x=—0447, y=-313 k - figs)
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Exercise 2{e)

Solve the following pairs of simultaneous equations:

X+y=6;, x24+y*=26
3x—2y=1; x*2+4+xy=2

P =4x; 5x+7y=19
x2—y*=15 x*+y*=17
5x —3y=12; 5x%—Txy=24

N A W -

Miscellaneous Examples 2

1

®

Expand and simplify:

@ G+DE2+x+2) () (Bx—-1)(2x2-x-3)
(i) (x +2y)(3x — 4y) (iv) (x2+4)°
V) (+4(?-3t-2) (vi) (£24+2t+3)(t2~3t-1)

In the following examples, one factor of the expression is given. Use this to
factorise the polynomial expressions completely.

x3+x2-10x+8; (x—2)is a factor.

() 2x3+9x2—2x—24; (x+4)is a factor.
@iii) 2x3 +25x2+71x—42; (2x—1) is a factor.

3

[ 307 N

Factorise the following expressions:
G P£+2t2-23t-60 () x3—3x2—54x+112
Find the remainder when x* + 2x2 + x + 1 is divided by x + 3.

Given that x + 2 is a factor of x3 + kx? + 7x + 2, find the value of k.
Solve completely the equations:

) x(x—1)=12 . 2 3

X ( ) @) x+1 x+2

(i) x(x—2)+2x(x+3)=4 iv) x*=9

V) V3x+5-vV2x-3=2 (vi) x*—13x24+36=0
Rewrite the following expressions in the form a(x + b)* + c.

@ 4x?+8x+11 ) x*-7x-5

(i) 1-—6x—2x? (iv) 9+ 8x— 3x2

If « and P are the roots of the equation 2x2 + 3x + 5 = 0, find new equations
with roots:

@ o«-2p-2 (i) 3a,iB
i) o + 1,7 +1 vy &P
(lll o B (lV) B7a
V) 203,28°
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9 Solve the simultaneous equations:

i x+2y=3 x24y2 =2

() x+y=8 ¥+ xy =48
Gi) x2+2=10 x24+22=11
Giv) y*=8x+8 2x+3y=14

Revision Problems 2

—

1 The polynomial x* — 3x* + 2x3 — 2x? + 3x + 1 is denoted by f(x).

(i) Show that neither (x — 1) nor (x + 1) is a factor of f(x).
(ii) By substituting x =1 and x = —1 in the identity
f(x) = (x2 = D)g(x) + ax+ b

where g(x) is a polynomial and a and b are constants, or otherwise,
find the remainder when f(x) is divided by (x2 — 1).

(iii) Show, by carrying out the division, or otherwise, that when f(x) is
divided by (x? + 1), the remainder is 2x.

(iv) Find all the real roots of the equation f(x) = 2x

(UCLES)
Show that x + 3 is a factor of 2x3 + 15x2 + 22x — 15.
Find the set of values for x for which:
2x3 +15x2 +22x - 15> 0
An enclosure PQRS is
to be made, as shown in \
Figure 2.1. PQ and QR P Q

are fences of total length

300m. The other two

sides are hedges. The

angles at Q and R are 1359

right angles and the S "R
angle at S is 135°. The

length of QR is x metres. Figure 2.1

(a) Show that the area, Am?, of the enclosure is given by

3X2
A= —_
300x 3

(b) Show that 4 can be written as —% ((x —a)’ - b) where a and b are

constants whose values you should determine.
Hence show that A cannot exceed 15000.
(AEB)
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@ Series

Sequences and series have fascinated
mathematicians for hundreds of years.
There are many famous sequences that
are beyond the scope of this book, but are
worth researching if you continue with the
study of mathematics. The following
activity might give you some idea of the
possibilities.

ACTIVITY 2

Look at the following series which all give approximations to n. By taking a
few terms of each of them, see how accurate they are. If you can program a
computer, you might be able to generate the sequence and sum it for a large
number of terms.

@) n:4(l-—%+—;-—%+...)

2 i 2% A XA B6 X 68 XB XL
(i ane 333 50eS e Sl T e

I 1 1
o “”6‘/( ey )

You might also like to read about the history of calculating . It is a
fascinating subject.

To study a series systematically, basic skills are required. These will be
developed in this chapter.
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3.1 The summation notation ()))

There are many occasions in mathematics when you want to add up a series of
numbers that have a pattern to them. If you wanted to add up the integers from 1
to 100, you could write this:

Most people would assume that +...... meant ‘carry on increasing the numbers
by one each time’. Mathematically, however, this is not precise enough, because
there are many number sequences that start 1,2,3,... The following notation is
used to avoid the confusion. The greek letter  (Sigma) is used to denote ‘find the

s

sum-.

100

Hence 1+2+3+...4100=> r

r=1

The expression r represents the rth term (7}) in the series, and the instruction
above and below the sigma sign means you start at r = 1, increase r by one each
time, substitute into the expression for the rth term, and add up the results until r
reaches 100. In the above example, T is the first term, that is, T} = 1. T is the
second term, that is, 7> = 2, and so on.

Let us look at another example:

zs:(2r+ 1)

r=3
Hence the rth term is 7, = 2r + 1
rstartsat 3, T3 =2x3+1=7

Ty =2x4+1=9
8
Hence Y (2r+1)=7+9+11+134+15+17

r=3

This notation can be used quite easily to express a series where the terms
alternate in signs.

8 r
Consider: Z ( r)l
r=0

r+
1y

Here the rth term is 7, =( )
r+1

_=Y

r starts at 0, T0—0+l—1
(‘1)1 1
T =~——5-=—%
T 11 2
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The notation can also be used for a series that carries on indefinitely. (We say
goes on to infinity (00)).

00
1
So Y =5 =ititit..
r=1

The reverse process is not quite so easy. If we are given the series, how can we
express it using the sigma notation?

Consider the series 1+4+ 7+ 10+ ...+ 28. We assume that the terms
increase by 3 each time, hence they are related to the multiples of 3 (3,6,9,...).
They are all 2 smaller than the corresponding multiple of 3. We can write
T,=3r—2.

10
1+4+7+10+...+28=) (3r-2)
r=1

Now work through the following exercise:

_ Exercise 3(a)

1 Write out the series represented by the following:
6 4 6
@ Y@r+1) i) 3 k? (iit) -
=1 k=1 =r+1
. 4 ‘3 5.1
) (-1t Xz
t=1 r=1
2 Write out the following series using the ) notation:
@ 143+54+7+9 @) 4+7+10+13
(i) 142434443 ) 1-4+9-16+25
(v) 40+35+30+25+20 (vi) 1+i+5+L
(i) n+(n+k)+(n+2k)+ (n+3k)+...+(n+ (n—1)k)

3.2 Arithmetic series

There is a very well-known story that in 1787
the famous mathematician, Carl Friedrich
Gauss, was kept in at school and was asked
to find the sum of a sequence similar to
1+2+...41000. He was able to come up
with the answer of 500500 almost immedi-
ately. What is it about this number sequence
that makes it easy to work with?
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If you reverse the numbers in the sequence, you have the sequence written
twice:
1+ 24+ 3+...4999+ 1000
1000 +999 +998 + ...+ 2+ 1

If you add together each number to that directly below it, you get:
1001 + 1001 + 1001 + ... + 1001 + 1001
but there are 1000 of these 1001s, and so the sum is

1001 x 1000 = 1001000

However, we have written down the sequence twice, so this total needs to be
halved, giving:

1001000 < 2 = 500500 (simple if you know how)

A sequence where the numbers increase by the same amount each time is
called an arithmetic sequence (or arithmetic progression). A formula for the sum of
an arithmetic series can be found in exactly the same way as with Gauss’s
solution.

If the first term of the sequence is g, and the difference between the terms
(called the common difference) is d, then the series will be:

Sp=a+(a+d)+(a+2d)+...+(a+ (n—1)d)

(S, is another way of writing the sum of » terms.)
The nth term is clearly
T,=a+(n—1)d (AS])
Writing down this series in reverse, you get:
Sp=(a@a+m-Dd)+(@a+n-2)d)+...+(a+d)+a
If you add each term to the term above it, you always get 2a + (n — 1)d. Hence:
28, =nx (2a+ (n—1)d)
+2gives S, = g(2a + (n—1)d) (AS2)
Although this formula is straightforward in its use, it is sometimes worth
rewriting in the following way:
n
2
n

Sp ==(a+a+ (n—1)d)

2(a+ T,)

Since a is the first term, and T, the last term, we have:

(ﬁrst term + last term)
Sy =n >

= n x (the average of the first and last terms) (AS2a)
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Example 3.1

Find the number of terms and the sum of the following series:

®

24+5+8...4+299

(i) 205+199 +193+...— 11

(iii)

Cn+1)+2n+3)+(2n+5)+...+(4n+9)

Solution

@

(i)

(iii)

a=2andd=3
T,=a+(n—1)d
So 2+4+3(n-1)=299

3(n—-1)=297
n-1= 99
hence n =100
S100 =1%0(4+99 x 3) = 15050
a=205d=-6
So 205+(n—-1)x—-6= —11
ie. (n—1)x —6 =-216
c. n—1=236
So n=237
37
Hence: S37 = —2—(410 + 36 x —6)
= 3589

This type of question often leads to confusion in the algebra. You will notice
that n appears in the series, but » also appears in the formulae that you are
going to use. When this happens, alter the letter in the formula.

For example, let Ty =a+ (N - 1)d

and Sy = %(2a+ (N-1)d)

in thiscase,a=2n+1and d =2
So Ty=2n+14+(N—-1)2=4n+9 (the last term given)
ie. 2(IN-1)=4n+9-2n—-1=2n+38
So N-1=n+4
N=n+5

44 MASTERING ADVANCED PURE MATHEMATICS



Hence the number of terms is n+ 5
n+5

Sns = —5—[2(2n+1) + (n+5 - 1)2]

(n+5)
2
(n+5)
2

=(n+5)(3n+5)

4n+2+2n+8)

(6n+ 10)

Example 3.2

The twenty-fifth term of an arithmetic progression is 43, and the fifty-ninth term
is 26. Find the sum of the first one hundred terms.

Solution

The formula for the nth term of an arithmetic series is:
T =a+(n—-1)d

B i T
So Ths =a+24d =43 ()] __""/ use | )
and Tsy = a+ 58d = 26 (i) ( "
G)— (@) 34d = —17
d=-05

Substitute into (i)
a+24x-0.5=43
a=>55

The sum of n terms is

S, = g(2a+ (n~ 1)d)

Sio0 = 1—(2)0(2 x 55+ 99 x —0.5) = 3025

Arithmetic series are often used in financial calculations. The following
example shows how to calculate total income on a pay scale with a regular
increment.

Example 3.3

John is just starting a new job. His salary is £15000 per annum, with an annual
increment of £500. If this did not change, how much would he earn in total over a
period of 12 years?
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Solution

This situation is an arithmetic progression.
The total earnings = £15 000 + (15000 + 500)

+ (15000 + 1000) + ...
Using the sum = g(2a + (n-1)d)
a=15000, n =12, d = 500
Total = £172(2 x 15000 + 11 x 500)

= £213000

The following example shows how the formula for an arithmetic series can
easily generate a quadratic equation.

Example 3.4

Find the largest value of n, such that:
1+2+34+...+n<10000

Solution

You could, of course, simply start adding the positive integers until you reach the
value nearest to 10000. This method, however, is not recommended.

For an arithmetic series, S, = g(Za +(n—1)d)
Herea=1,d=1
Hence S, = g(2 +{(n—-1))

_ n(n+1)
T2
Suppose S, can be exactly 10000
Then ﬂ”—ztl—) = 10000
So n* +n = 20000

n? +n — 20000 = 0
This quadratic equation should be solved using the formula,

So 5 =l VI+80000
- 2

n cannot be negative, and so n = 140.9

But » must be a whole number, and so this value must be rounded down, if the
total is to be less than 10000.

Hence n = 140
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— Exercise 3(b)

1 Find the sum of 40 terms of the arithmetic series
3+4i+6+...

2 How many terms are there in the following arithmetic series?
»H 14+34+5+74+...4+4221
i) 3+7+11+15+...4+91
(i) 2004192 +184+...-120
@iv) 4n+(@4n—-3)+@4n—-6)+...+(3-5n)
3 Find the sum of the following arithmetic progressions
i) 44+94+14+19+...4189
(i) 24+5+8+...+122
Gi) 14+15+2+...4+185
@iv) 100+4+974+944+91+...-20

4 How many integers are there between 200 and 350 which are exactly
divisible by 97 What is their sum?

5 The second term of an arithmetic progression is 4 and the sixth term is 12.
Find the sum of the first 30 terms.

6 The sum of the first n terms of an arithmetic progression is 2n? + n. Find
the first four terms of the series.

7 How many terms of the AP 2+ 5+ 8 + ... are required to have a sum
greater than 2000?

3.3 Geometric serles

Consider the series:
Spy=1+2+4+8+... 422420}

Each term is obtained from the previous term by multiplication by 2 (the common
ratio). The rth term 7, is given by T, = 21,

Multiply the series S, by 2:
28, =2+4+4+8+... 274 n
28, = (S, —1)+2"
25, - S, =2"-1
S, =2"-1

A series where each term is multiplied by a constant ratio to give the next term is a
geometric series (progression) or GP for short.
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The general series, with first term @ and common ratio r, can be written:

Sp=a+ar+arr+...+a"? +ar"! (@)
Multiply each term by r:
rSy =ar+ar*+ar +...+ar" ' +ar” (ii)
=(Sp—a)+ar”
Hence

rSy— Sy =ar” —a
So Sy(r—1) =a(r"-1)

We have the formula for the sum of a geometric series:
_ a(r*—1)
(-1

Use this version if |r| > 1.
This can also be written:

_ a(l —r")
(1-r)

Use this version if |r| < 1.

The nth term T, = ar™! (GS2)

S (GSla)

S, (GS1b)

Now study the following examples to see how these formulae are used.

Example 3.5

Find the tenth term, and the sum of the first ten terms of the geometric series
243+...

Solution

If you were not told this was a geometric series, you could deduce nothing from
being given just the first two terms.

However, here a =2 @)
ar = 3 (ii)

. ar 3

(i) + (i) = =3 (cancel by a)

ie. r=1.5

The tenth term,

T =ar’ =2x1.5°
=76.89 (4 sig. figs)
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The sum of the first ten terms is:
a(r1° - 1) _ 2(1.510 - 1)
(r—1 — (15-1)

=226.7 (4 sig. figs)

S0 =

Example 3.6

The second term of a geometric series is 8, and the fifth term is 64. Find the first
term and the common ratio.

Solution
Here ar =8 @)
and ar* =64 (i)
oo art 64
(i) + (1) i (cancel by a)
Hence rP=8
r=2

Substitution into (i) gives a = 4

The first term is 4, the common ratio is 2.

Example 3.7

How many terms are there in the geometric series
1,38 9 +32“,,
4 8 16 T 3%

Solution

Here a=}

324
and T,=ar" =
5%
Now ar=3,
—3.1_3
) r=g+4=3%

) 324
T, becomes 1 x (3)" = %

N 324_ 3124
L O=5%=0
n—1=24, n=25

There are twenty-five terms in the series.
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Example 3.8

If (x —2), (x+2) and (5x — 2) are consecutive terms of a geometric sequence,
what can you say about x?

Solution

The simplest way of tackling this type of problem is to remember that, ifa, b, ¢ are
consecutive terms in a geometric sequence, then:

b ¢ .
— = — = the common ratio.
a b
Hence:
x+2 5x-2
x—2 x+2
(x+2)(x+2) =(x—-2)(5x-2)
x?+4x+4 =5x2 - 12x 4 4
ie. 0 =4x%—16x

0 =4x(x—4)
Hence: x=0o0r4
If x = 4, the numbers are 2, 6 and 18 with a common ratio of 3.
If x = 0, the numbers are —2, 2 and —2 with a common ratio of —1.

— Exercise 3{c)

1 Find the sum of the first twenty terms of the GP 2 +3+4.5+ ...

2 How many terms are there in the GPs
@ 1+2+4+8+...+1024
(i) 2+6+18 + .+ 28697814
(i) 4—-2+1— -8

3 The third term of a GP is 6 and the eighth term is 192. Find the first term
of the series and the common ratio.

4 Ifa, b, ¢ are the first three terms of a GP, anda+b=7and b+ ¢ = 9%,
find the numbers.

3.4 Infinite geometric series

The idea of a series that goes on for ever, is rather a difficult one to imagine. If
you look at the sequence 1,2,4, 8, 16, . .. the numbers are getting larger and larger,
and so if you try to add themup: 1 +2 + 4+ 8 + 16 + . .., the total will get larger
and larger, and we say it becomes infinite. This series is said to diverge. However,
look at the sequence 1,1 3 ,4 , 8, . Here the numbers are getting smaller and
smaller, and it might be 1nterest1ng to look at this geometric series:
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Sy =1
S =1+1=15
S3=1+3+5=175%
Ss =1+3+1+4=1875
If we now use the formula, we can show that:
S10 = 1.998047
S0 =2 (7 sig. figs)
However many terms we take, the sum never becomes greater than 2. We say that

the sum to infinity (written S,) = 2.
This becomes clear if we look at the formula:

a(1—r") _ (1-0.5")
1-r (1-05)
=2(1-0.5")

Now as n — oo (n approaches infinity), 0.5" — 0 (gets closer and closer to zero)

Sy =

Hence: S, — 2

This type of series is called convergent, and all geometric sequences with
—1 < r <1 are convergent.

Since r* — 0 as n — oo and —1 < r < 1, we have the result that, for an
infinite geometric series:

Soo = if |l <1 [note —1<r<1can be written |r| < 1] (GS3)

2
1—
(|r| is the modulus or numerical value of r. So |2| =2, | — 3| =3.)

ACTIVITY 3

Recurring decimals
You may well have come across infinite geometric series before, without
realising it.

Consider the recurring decimal 0.3, that is, 0.3333333... What does this
decimal mean in terms of fractions?

Well, 0.3 is really 75 and 0.03 is ;35 and so on.

e 3 3
Hence 03=3+75+ 1m0t -

You can see that this is just a geometric series, with a = T% and r = TI(-].

3

. 10 .
So: S,x.=l |=%T
T 10

=1
7

Sle

Now you knew from the beginning that ?'; = 0.3, but now you can explore
a whole range of recurring decimals and see what they are equal to as a
fraction.

Try 0.12121212.. ., and then some of your own.

SERIES 51




Example 3.9

Find the sum to infinity of the geometric series 2 + % + % + .... How many terms
of this series do you need to get a sum within 0.05% ef that sum to infinity?

Solution

This is a very common type of question.

Now a=2andr=}

2

Hence: S, = -1 =3
3
To be within 0.05% of this, means you want 99.95% of S.
: 99.95
That is, S, =3 x 00 = 2.9985
a(l—r")
Hence: ~(1—(3)") =2.9985
(1-3
: 3(1-(3)") =2.9985
That is, 1- ()" =0.9995
So: 0.0005 = (1)"

taking logs: 10g0.0005 = nlogi
. n =10g0.0005 + logi = 6.92

Hence: Seven terms are required to be within 0.05%.
(Six terms would not be enough.)

Example 3.10
The sum to infinity of a geometrical progression is 8. The sum to infinity of the
odd terms of the series is 6. Find the common ratio of the series.
Solution
The full series can be represented by:
at+ar+ar*+ar +...

where r is the common ratio and, of course, —1 < r < 1.
The sum to infinity of this series 5] is given by:

a . _ .
S]——l_r—s . a_8(1 r)

The odd terms of the series are:

a+ar2+ar4+...
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This is another infinite geometric series, with common ratio r>. The sum to
infinity of this series .S, will be given by:

a
1—r?

Sz 6 .. a=6(1-r

We now have two expressions for a, which must be equal.
So: 8(1—-r)=6(1—r)=6(1-r)(l+r)

Since r # 1, (# means not equal to), 1 — r is not zero, and we can cancel (1 —r)
from both sides.

Hence: 8 =6(1+7r)
. r =%

— Exercise 3(d)

1 Find the sum to infinity of the following GPs.
@ 1+i+1+...
@ 1-3+3—5H+...
(i) 4+3+53+5+...
(iv) 02-0.14005—...

2 Find how many terms of the following series are needed to have a sum
within 0.01% of the sum to infinity.

0 1+3+&+...
i) 2-1405-025+...
Gi) 1+3+5+...
(v) 1+i+%+...

3.5 The binomial expansion

Before moving on to another type of infinite series, you need to learn about a
method for expanding powers of brackets.
Look at the following:

(a+b)° =1
(a+b) =a+b
(a+b)* = d* + 2ab + b
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To find (a + b)°, multiply (a + b)* by (a+ b).
So: (a+ b)(a® + 2ab + b?) = @ + 2a*b + ab® + ba® + 2ab* + b
= d® + 3a’b + 3ab* + b
Similarly, (a+ b)* = (a + b)(a® + 3a%b + 3ab® + b%)
= a* + 4a°b + 64%b* + 4ab® + b*
If we write these out again underneath each other, we get:
1
a+b
@+ 2ab + b
@ + 3a’b + 3ab® + b’
a* + 4a’b + 6a*b* + 4ab’ + b*

If you just write out the coefficients contained in this table, they are:

This famous number pattern was investigated by the French mathematician
Blaise Pascal in about 1650, and is known as Pascal’s triangle. However, it first
appeared in print in China in 1303. Each number in the triangle is the sum of the
two numbers directly above it. Hence the next row in the triangle will be:

1 5 10 10 5 1
In other words

(a+b)® = & + 54%b + 10a°0* + 10a°6> + Sab* + b°

Notes:
(i) Each line of the triangle is symmetrical about a vertical line through the
centre.

(i) The powers of a decrease by one in each term, the powers of b increase by
one in each term.
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Clearly, you can extend this as much as you like, but eventually it gets
unwieldy, and there is another way of calculating the numbers in the triangle. This
involves a mathematical quantity labelled on your calculator as nCr or *C, or

(’:) It is actually the number of ways of choosing r objects selected from n, and is

defined as:

n!
nCr= ri{n—r)!

where n! (n factorial) means nx (n— 1) x (n—2) x ... x2x 1
So 81=8x7x6x5x4x3x2x1=40320

There is a factorial button on your calculator.

You will need to note that 0! is defined as 1.
So, to find, say, 10Cs, you proceed as follows:

Display

[0} {crp{ e} 5.

These ideas are explained much more fully in Chapter 13, but for the moment,
as long as you can use the button on your calculator, this will cause you no
problems.

To use it to find the entries in Pascal’s triangle, proceed as follows:

)10

If you wanted to expand (a+b) ", then n = 10.

Now work out 10Co, 10C1, 10C2 and so on. (Nete: You do not start at 10C1).
The numbers obtained are:

1, 10, 45, 120, 210, 252, 210, 120, 45, 10, 1
Hence (a + b)"® =a'® + 10a°b + 45a°b + 120a"b> + 210a°h* +
252a°6° + 210a*b% + 120a°b7 + 454°b% + 10ab® + b0

We can summarise this in the binomial theorem as follows:

(a+b)" = (8)(1" + ('{)a"-lb+ (;)a"'2b2+... (:)b" (B1)

The notation (':) tends to be more commonly used.
If you want to select the rth term in this expansion, you need to be careful.

This term does not contain ('rz ) , but (r f 1 ) . You can see this if you realise

that (n) is the first term, (n

0 1 ) is the second term etc.
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Hence the rth term 7T, = < " l)a”"“b"1 (B2)
r_

The term containing b is ( 4§ ) a” 'y (B3)
r

Example 3.11

(i) Find the seventh term in the expansion of (3 — 2x)"
(i) Find the term containing x° in the expansion of (2 + 3x)"°

Solution
(i) Heren=12,r=7,a=3,b=-2x

12
T7 = ( )a6b6
6
12
- ( )(3)"(—2x)6
6
= 43110144x°

(i) Here b = 3x and so the term in x% is the term in %, this is:

( 165 ) (2)°(3x)° = 1868106240x°

The following example shows how the binomial expansion is used.

Example 3.12

Expand the following:

. 3 .. 4 5
0 (1+2x) (i) (4-3x) (i) (x + %)
Solution
(i) Herea=1and b=3x

(a+b) =d* +3a®b + 3ab® + b

Hence (1+2x)® = (1)® +3(1)*(2x) + 3(1)(2x)* + (2x)?
=1+ 6x+ 12x% + 8x?

MEMORY JOGGER

Always enclose each term with a
bracket when using the binomial

1
| expansion - it avoids many mistakes
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(ii) Here a=4,b=-3x
(a+b)* =d* +4d°b + 64°b% + 4ab® + b*
(4= 3x)* = (4)* +4(4)>(—3x) + 6(4)*(—3x)* + 4(4)(—3x)* + (-3x)*
= 256 — 768x + 864x2 — 432x> + 81x*
(Notice that the signs alternate +, —.)

(i) Here a = x and b=§

(a+b)° = d® + 54°b + 1082V + 10a°6> + 5ab* + b°

(x+%)5 (x)° + 5(x)* < >+10( ) (i)z
+10(x)? (%) +5(x) (-2-)4+ (%) 5

= x° + 10x3 +40x+80+80+2

Example 3.13
12
Find the term independent of x in the expansion of <2x + %)

Solution

Let us look first at what this question is asking for. If you were to expand this
expression fully using the binomial theorem, then the coefficients needed would
be:

1, 12, 66, 220, 495, 792, 924, 792, 495, 220, 66, 12, 1
1 12 2
Hence: (2x+;> —(2x)‘2+12(2x)”( >+66(2 )1°< )

+220(2x) ( ) +495(2x)° ( ) +792(2x) (é)s
ronaat (1) +ma00°(5) vaosent (%)

+220(2x)° (1) +66(2x)’ (12> 10+12(2 )(%)“4— <x2)

This simplifies to give:

12
(Zx + }15) = 4096x'2 + 24576x° + 67584x% + 112640x> + 126720

101376 59136 25344 7920 1760 264 24 1
+ x3 + X6 + ) xi2 T Is T Ty T 04
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Clearly, the whole process takes some time. However, you will notice that one
of the terms, namely 126720, does mot contain x. This, then, is the term
independent of x. Hence the solution to the question is 126720.

. . . . . 1
Can this answer be found in a simpler way? The secret is to factorise 2x + "

first, by making the first term one.

1 1
So 2x+; =2x(1+§F)

1\ 12 12 1\ 12
Then (2x +F) = (2x) (1 + ﬁ)
When expanding you only need the term that contains the same reciprocal power
of (2x)"? (ie. x712).

1\*
This is: (5;3)

Now in the expansion (1 + b)u, the term in b* is 1,Csb*.
The term required, therefore, is:
1
12 _ 12
(2x) “12C4 = 4096x° x 495 x Text2

= 126720

— Exercise 3je)

1 Expand and simplify:
@ (a+2b)° () (x—2y)°* (i) (2a+ 30)*

@iv) (x + %)4 w) (3x - %) 3

2 Find the fourth term in the following expansions:
. 20 .. a0 ' 2\ 8
i) (a+2b) (i) (2x—3y) (i) (x + ;)

3 Find the term containing x* in the following expansions:
G (1+2x)" () (3-4x)® (i) (2 - 3x)°

18
4 Find the term independent of x in the expansion of <2x + ;5)
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3.6 The binomial expansion when n is not a
positive Integer

Consider the series 1 + x+x2 +x3 +...
It is a geometric series, and if [x| < 1, it has a sum to infinity given by:

a 1 -1
Se =1 =1=x (7Y

Hence (1—x)"'=1+x+x2+x>+...

It could be argued that this is the binomial theorem with n = —1.

Does the formula Bl work? The first problem is that -1Cr does not have any
meaning, but if you start to expand »Co, »C1, »C2 in full, then the situation looks
more hopeful.

»nCo= 1 always
n!

nCl1= m =n
. n nn-1)
O P T/ TRRT
nt nn—1)(n-2)
nC3= CEEE] = 3 and so on.

The other requirement (the proof is beyond the scope of this book) is that
a =1, and |b| < 1. If these conditions are satisfied, then B1 becomes:
n(n— 1B  n(n—1)(n—2)b

IR 3] +
This is the general form of the binomial theorem.

Now study the following examples.

(1+b)"=1+nb+ (B4)

Example 3.14

Expand the following functions as far as the term in x?. Simplify your answers
where possible, and state the values of x for which the expansion is valid.

i (1+2x)7 @ (1-3x) i) (4+ x)%

Solution
(i) Hereb=2xand n=-2

2 3
4 (—2)(—2?)(2)‘) 4 (—2)(—3)3(!—4)(23‘) i
=1—4x+12x2—32x3 (as far as the term in x°)

S +2x) 7T =14 (<2)(2%)

The series is valid if [b| < 1, 1.e. 2x] < 1

1 1
—-2'<X<§
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(i) Hereb=-3xandn=1

2 3
(1= 30t =1+ @3 + DEDERD, HEDCEHE

5
=l—x—x2—§x3

The series is valid if [3x| < 1, that is, -1 < x < 1.

(iii) In this example, a # 1.

MEMORY JOGGER ‘

If a # 1, then remove a common
factor a from the expression.

Here, a = 4, and so first you must rewrite (4 + x) = 4(1 + %)

(4 + x)t =4%[1 +f]%

—2 it ax? sy
- 4 64 512
The binomial expansion can be used to find approximations to a wide variety
of rational (fractions) and irrational (surds) numbers by choosing suitable values
of x. Look at the following example.

3

Example 3.15

Expand as a series of ascending powers of x up to the term including x?

1
V1+2x
State the range of values of x for which the series is valid.

By using a suitable value for x, find a fraction which is approximately equal to
V/11. Find the percentage error in this fraction from the exact value, giving your
answer correct to 3 significant figures.

Solution

1

1
Ve i

2
=1+ (—%)(Zx)+(_—%)(;,%)ﬂ+
=1-x+3x
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The series is valid if —-1<2x<1
-1< x<d
To get a value of 11 inside the square root, you cannot use x = 5, because
although 1+ 2x would be 11, x = 5 is not in the allowed range.
However, if you put x =1,

N

_1 _
then (1+ 2x)'% = (1 +%) I (191)

_)2 3
11 V11
Also, if you put x = § in the expansion, you get:
— 1,31 49
—1"§+§Xﬁ+...~§

~£ 1 1 ~ﬁ
~ % which gives V11~

— Pt

The percentage error in using this value is given by:
Vil - 12
V11

Expansions can be combined, as the following example shows.

) x 100 = 0.317%

Example 3.16
(1-x?

Expand the rational function as far as the term in x2. State the range of

Va+x
values of x for which the expansion is valid.
Solution
(1-x)° 2 -
=(1- 44+ x)2
T = (1=

=(1-2x+x*)(4 +x)7
x 1

= (1-2x+)43(143) " [Note: 474 = |

11— 2+ ) (1+(—%)(§)+L,%)@2+...>

2!

i

(1 —2x+x2)(1 — x4+ 35 x?)
(1-ix+Zx? —2x+ix2+x2+..)
— x4+ 18«2

N D= NO=
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The expansion is valid if —1 < ; <1

thatis, —-4<x<4

—

Exercise 3{f)

1 Expand the following functions as far as the term in x3. Simplify the
coefficients, and state the range of values of x for which the expansion is
valid.

() (1+2x)7 (i) (1—3x) (i) V16— 4dx
. 1 1—-x ~ V1i+x
® A T ™) T-%

2 Expand (1 —2x)! as far as the term in x2. By using x = 1, show that

V1= %. Find the percentage error in using this as an approximation.

3 Expand (1 — 5x)% as far as the term in x2. By choosing a suitable value

for
x, find a rational approximation to /2.

Miscellaneous Examples 3

1

Write in full:

. J .. > ;T

(i) ;218 —1 (ii) ;(—1) 1

Express the following series using the >, notation

@ 1+3+5+7+9 () 12+2243%+...+8?

(i) §+3+3+4 ) n+(m+1)+n+2)+(n+3)
Find the number of terms in the following arithmetic series:

i 8+11+...+456 (i) 2+6+10+...+ 146

(iii)) 87+84+...—30 @v) 1+15+4+2+...+101

Find the number of terms in the following geometric series:

@ 2+4+8+...+409 () 3+45+...+3x1.58

(i) 1+3+5+.. +m% (v) 2-3+3%. +35&

Find the sum of the first ten terms of the series whose nth terms are as follows:
@ @n+1) i) (5-3n)

@iii) (7n-2) (iv) _2_1;

©» ) ooy
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6 Expand

X

4
i (3+4x)* (i) (3x—2y)° (iii) (2x - 3)
24
7 Find the term independent of ¢ in the expansion of (Zt — }7)

8 Expand the following as a series in ascending powers of x as far as the term in
x2. State the range of values of x for which it is valid.

@ (1420 () (3—2x)72 i) (1-1x)7?
iv) Eifg ™) (4+x} i) (1—3x)7

(i) (1—x)¥T+dx  (viii) (9 —4x)7*

9 Expand (1 — 4x)_’1’ as far as the term in x2. Choose a suitable value of x and
hence find a rational approximation to /6.

__ Revision Problems 3

1 At the beginning of a month, a customer
owes a credit card company £1000. In the
middle of the month, the customer pays
£A4 to the company, where 4 < 1000, and
at the end of the month, the company
adds interest at a rate of 3% of the
amount still owing. This process con-
tinues, with the customer paying £4 in
the middle of each month, and the
company adding 3% of the amount
outstanding at the end of each month.
(i) Find the value of A for which the customer still owes £1000 at the
start of every month.

(i) Find the value of 4 for which the whole amount owing is exactly
paid off after the second payment.

(iii) Assuming that the debt has not been paid off after four payments,
show that the amount still owing at the beginning of the fifth month
can be expressed as

£1000R* — A(R* + R* + R® + R), where R = 1.03

(iv) Show that the value of A for which the whole amount owing is
exactly paid off after the nth payment is given by:

_ 1000R™ (R - 1)

B R"—1

A

(UCLES)
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2 A collector buys a set of stamps with no
two of the same value. The lowest value is
10¢ and the highest is 70¢. The number
of¢ in the values form an arithmetic
progression. The cost of the set is $10.
Some values involve J¢.

(i) Write down a formula giving the
sum of an arithmetic progression
involving its first term a, its last
term /, and the number of terms ».

(i) How many stamps are there in the set?

(iii) Give the values of the three cheapest stamps. The collector buys a
different set of stamps, again with no two of the same value. The
lowest value in this set is 6 ¢, and the values in ¢ form an arithmetic
progression with common difference 2. The total cost of this set is
$5.

(iv) How many stamps are there in this set?

(v) What is the most expensive stamp in this set?

(Oxford & Cambridge)

3 An athlete plans a training schedule =Y i
which involves running 20 km in the 2l
first week of training; in each subse- £
quent week the distance is to be
increased by 10% over the previous
week. Write down an expression for »
the distance to be covered in the nth o / (Y - 3
week according to this schedule, and - ) L,
find in which week the athlete would s (/\ \-@
first cover more than 100 km. : "

(UCLES)

A rubber ball is dropped from a
height of 2 m on to a stone floor.
Every time it bounces back to 75% of
—— the height it has just fallen.

@ (i) Write down and simplify an
' expression for the total distance
the ball has travelled as it just
1 touches the floor for the

(n+ 1)th time.

y, (ii) How far does the ball travel in
~/ total before it stops bouncing?
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Coordinates

The idea of locating the position of a point by means
of coordinates is a very common one. Most people
are familiar with the idea of a map reference, which
uses a rectangular coordinate system (the axes are at
right angles to one another).The development of
coordinates resulted from the work of René
Descartes, the French mathematician. His work
has been extended a long way since then, and there
are now many different types of coordinate system.
In this chapter, however, we will just look at the algebraic developments in the
Cartesian coordinate system in two and three dimensions.

DO YOU KNOW

The position of a point can be

located in two or three dimensions

by means of rectangular Cartesian
coordinates. In two dimensions the 3

position of a point is located at the 2 %
corner of a rectangle. In three
dimensions, the point is located at 2

the corner of a cuboid. The
conventions for labelling the axes are Figure 4.1a
shown in Figures 4.1a and 4.1b. To z A

understand the three-dimensional

case, imagine the z-axis coming out P234)
of the paper towards you if you are

looking at the two dimensional axes. v

y A

=

0 2

Figure 4.1b

=
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4.1 Distance between two points

In order to find the distance between two points with known coordinates, we can

make use of Pythagoras’s theorem.

yh

Alx.,y,)

a4

B(x,.Y,) N

Figure 4.2
In Figure 4.2:
AB? = AN? + BN?
=(n1 —3)* + (X1 — x2)?

So the distance between two points is given by the expression:

Distance = \/(yl - yz)2 + (%1 — xz)2

ChH

Pythagoras’s theorem extends quite naturally to three dimensions. Look at

Figure 4.3:

A(X,.¥,,2,)

B(X.,Y..2,) —-—-—._/L_JI
N

Figure 4.3
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BN? = BP? + PN?
and AB?* = AN? + BN?
So AB? = AN? + BP?> + PN?

= (21— 22)" + (01 = x2)" + (01 = »2)’

Hence the distance between two points is given by the expression:

Distance = \/(xl — X2)2 +»n - yz)2 + (21 — 22)2 (&)

Example 4.1

Find the distance between the following pairs of points:

(i) A(4,-1) and B(-2,6) () C(1,3,-2) and D(-2,0,4)
(iii) E(Q2t,t+1) and F(1 —1t,t-2)

Solution

(i)  Using the distance formula in Equation (C1), choose either point as (x1, y1).
So if (x1,y1) = (—2,6) and (x2,32) = (4,-1),

then AB =1/(6— —1)?+ (-2 —4)> = VA9 + 36
=9.22 (3 sig. figs)

(i) Here, let (x1,y1,21) = (1,3,-2) and (x2,y2,22) = (—2,0,4),

then CD =1/(1——2)*+ (3 — 0+ (-2 —4)
—V9F9+36=735 (3 sig. figs)

(iii) This part is algebraic. Problems of this type occur quite frequently in
questions dealing with parameters. The important thing is not to try and
take short cuts.

Soif (x1,y1)=(241+1)

and (x2, ) =(1-11-2)

Then x;—x;=2t—{(1-18)=3t-1
and y1—y=0@+1)—-(t-2)=3

So EF =+/(3t—1)* + 32
=v92—-6:r+1+9
92 —6t+ 10

Note: This expression cannot be simplified any further.
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4.2 Gradient of a line

Referring back to Figure 4.2, the gradient of the line joining the points 4 and B is
given by the expression:

. AN _yi—»
dient of AB= —="—+-% C3
gradient o BN = x—x, (C3)

Note: There is no equivalent simple way of measuring gradient in three
dimensions. You can only specify gradient in a two-dimensional plane.

Example 4.2

Find the distance between the points A(1,—3) and B(—2,4). Also find the
gradient of AB.

Solution

When using either the distance and gradient formulae, it doesn’t matter which
point you take as (x),y;) and which point (x;,y,). Hence in this case we would
answer the question without a diagram. However, in most problems a diagram is
likely to be necessary.

If (x1,31) = (1,-3) and  (x2,52) = (=2,4)

AB — \/(1 — =22 4 (=3 -4)? (Using equation Cl1.)
=v9+49 =58
3-4 7

The gradient of AB = —= (Using equation C3.)

1--2" 3
You will notice that the gradient is negative.
At this point it is worth
looking at Figure 4.4. The line
slopes downwards (top left Bl24) v 4
towards bottom right) in the \
direction of the positive x axis.
Such lines have a negative
gradient by convention.

i /

A(1,-3)

Figure 4.4
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Example 4.3

The distance between the points A4(1,¢,2) and B(3,3,¢) is 6. Find the value or
values of .

Solution

AB=\J(1 =37 +(t= 3 + 2 — 1)’
But 4B = 6, hence

6=1/4+(t—37+@2—1)
Square both sides and expand the brackets:
36=4412—61+9+4—4t4+12
Collecting like terms:
0=212-10t-19

Using the formula for solving a quadratic equation,

10 /(~10) — 4 x 2 x —19
- 4
t=647 or —147 (3sig. figs)

t

Hence there are, in fact, two sets of points that satisfy the conditions; they are
(1,6.47,2) and (3,3,6.47), or (1,—1.47,2) and (3,3, —-1.47).

4.3 Other formulae

Although not always specifically mentioned on advanced level syllabuses, there
are other formulae, considered here, that you may find useful.

(i) Mid point of a line
If M is half way between P and Q (see Figure 4.5), then the coordinates are:

M(xl +x2’y1 +J’2) (C4a)
2 2
Q(x,.Y,)
M
P(x,y,}
Figure 4.5
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In three dimensions, this becomes:

X1+X2 vi+y2 Z1+ 22
M(Z52 A2 (C4v)

| MEMORY JOGGER
You can remember this formula by realising you
are averaging the x coordinates, averaging the
y coordinates and averaging the z coordinates.

(if) Dividing a line in any ratio
If the point T divides PQ in the ratio m : n (see Figure 4.6), then the coordinates
of T are:

T mx; -+ nx; my; + ny;
m+n ' m+n

(C5a)

Q(X,.Ya)

Px.y,)
Figure 4.6
In three dimensions, this just becomes:

(C5b)

T mx; + nxy my; +nyy mz; + nzy
m+n ' m+n  m+tn

Example 4.4

A point, X, lies on the line joining P(4,—1) and Q(3,7) (see Figure 4.7). If
PX 3 .

X_Q =5 find the coordinates of X.

P(3,7)

Q(4,-1)
Figure 4.7
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Solution
A ratio is often expressed as a fraction.
So PX:XQ0=3:2

Using formula (C5a) with (x5, y,) = (4, —1) and (x1,31) = (3,7) then m = 3 and
n=2.

5 ’ 5
_(3x4+2x3 3x—1+2x7)
- 5 ’ 5

2
Hence X is the point <3x2 +2x1 3y + yl)

that is, X is (33,21)

Example 4.5

The line joining A4(3,1,—2) and B(2,2,1) is extended to a point C, and
AC : BC = 5: 2. Find the coordinates of C.

Solution
5
<+ —
2

<+ —p
- —— —e
A@3,1,-2) B(2,2,1) C(ab.c)

Figure 4.8

You will need to be very careful here before using equation C5b. Because the line
is extended, B now lies between 4 and C. Hence (x1,y1,21) =(3,1,-2) and
(x2,¥2,22) = (a, b, ¢) is the unknown point. Alsom=5—-2=3and n=2.

Using the x coordinates:

3a+2x3
342
10 =3a+6 and a=1%

2 =

Using the y coordinates:

3b+2x1
3+2
10 =3b+2 and b=}

2 =
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The z coordinates give:
| = 3c+2x -2

3+2
5=3¢-4 and c¢=3

Hence Cis (2,4,3).

(iii) Area of a triangle
The area of a triangle is given by the formula:
area = |} [x1(y2 — y3) + x2(y3 — y1) + x3(y1 — »2)]| (C6)

You can take a closer look at this formula in the following activity.

ACTIVITY 4
There is a very useful formula using coordinates, which will give you the area
of a triangle in two dimensions. It is:
area = |1 [x1(y2 — y3) + X2(y3 — »1) + x3( 1 — »2)]|

The modulus sign ensures that you get a positive answer.
See if you can prove this formula, by using the trapezia A4'C'C, CC'B'B
and AA'B' B as shown in Figure 4.9.

7 §
Ctx?{'y.’!}
B(x,.y,)
Alx,.y,)f
0 A C B x’
Figure 4.9

You will now be able to find the area of any shape with straight sides by
dividing it into triangles. Try a few for yourself.
Do you think there is a similar formula for three dimensions?
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Example 4.6

Find the area of the triangle formed by the points (1, 3), (2, —1) and (4,6).

Solution

It doesn’t matter in which order you letter the points.
Soif (x1y1) = (1,3); (x2,»2) = (2,-1); (x3,3) = (4,6), then the area:
=1{Ix(-1-6)+2x(6-3)+4x (3~~1)]

= %[—7 + 6 + 16] = 7.5 square units

(iv) The perpendicular distance of a point from a line

If the equation of a straight line is
written in the form ax + by + ¢ =0,
then the perpendicular distance of a
point P(h,k) (see Figure 4.10) from
this line is given by:

Perpendicular distance

_|ah+bk+c

“Vary «

Figure 4.10

Example 4.7

Find the perpendicular distance from the point P(2, —5) to the line 4y = 3x + 7.

Solution
The straight line must be rewritten:

4y —-3x—-7 =0
ie. —3x+4-7=0

then & =2, k = -5 in Equation (C7).

(=3x2)+(4x =5) =7
4 4 (-3)?

Hence: the distance =

=6.6
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— Exercise 4{a)

1 For the following pairs of points, find the distance between them, and the
gradient of the line joining them.

@) (2,-3),(4,1) @iv) (t,21),(3t,—1)
(V) (P7p+q)’(qap) (Vl) (26’_1)a(1374)
i) (4,1, (-1,0) viii) (a+5,0),(0,a+b)

2. Find the distance between the following pairs of points, simplifying where
possible but leaving surds in your answers.

O (1,0,2),(3,1,1) @ (1,1,0),(-1,3,-2)
(lll) (4’ —1,0), (37 3’2) (IV) (tv 4t)’ (3t’ _t)
(V) (%’2)’(%’_1) (Vl) (%a%a%)a(%)%)%)

(vi)) (5,29,3y),(=»,-»,2y)
(viii) (1 —-£,1+13),(4—13+11)

3. Find the coordinates of the mid points of the lines joining the pairs of
points given in Question 2.

4. P lies on the straight line joining A4(1,1,2) and B(2,1,3) and
AP : PB=3:2, Find the coordinates of P.

5. Find the area of the triangle formed by the points P(1,—1), @(2,2) and
R(3,7).

6. The line joining points 4(1,0,2) and B(1, -1, —2) is extended to a point
C such that AB: BC=2:5. D is the point (1,1,1). Find (i) the
coordinates of C; (ii) the area of the triangle BCD; (iii) the perpendi-
cular distance of B from CD.

7. Find the perpendicular distance from the given point to the given line:
®» (2,0):3x—2y+1=0
G (1,-2):5x+4+12y—-7=0
i) (-2,5) :y=Tx+11

4.4 The equation of a straight line

DO YOU KNOW
(i) How to plot an equation such as
y=3x+2?
(i) The equation y = mx + ¢ represents a
; straight line, m is the gradient and c is
! the value of y where the line cuts the
y-axis (called the y-intercept).
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You should already have come across the fact that y = mx + c is a straight line. In
A-level work, it is necessary to reach this equation from a number of situations.

(i) Suppose we know one point, P(x),y;) on the line, and the gradient of the
line m (see Figure 4.11). The line cuts the y axis at 4(0,¢).

vA
P(x,.y,)
A
N
c
>
X
Figure 4.11
PN _ O1-9 _
Now AN_m’ SO i =m

y1 —c=mx, hence: ¢ =y, —mx

Now, using the equation y = mx + ¢, we can replace ¢ by y; — mx

y =mx+y —mxg
or y—y1=m(x— x;) (SL1)

(ii) Suppose we know two points P(xi,y;) and Q(x,,y,) on the line.

Y2—1

Then the gradient m =
X2 — Xy

Hence Equation (SL1) can be written:

0= = (222 x-x)

X2 — X1

or TN _XTX (SL2)
N-nn XxXx2—Xx

The following example shows you how to use these formulae.
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Example 4.8

(i) Find the equation of the line that passes through the point (4,—2) with

gradient — 1.

(i) Find the equation of the line that joins the points (3,—1) and (2, 2).
(iii) Find the point of intersection of the lines found in parts (i) and (ii).

Solution

(i) Here, (x1,y1)=(4,-2)andm=—1.
(SL1) gives y——2=-1(x—4)
y+2 =-ix+2
y =—3x
(i) Here, let (x1,y1) = (3,—1) and (x2,y2) = (2,2)
Note: It doesn’t matter which order you number them.
y—-1_(x=-3)

(SL2) gives P i
y+1  x-3
3 -1
—y—-1=3x-9
y+3x =8

(iii) The point of intersection of two straight lines can be found by solving
simultaneous equations.

So: y+3x=38 @)
y o o=—ix (i)
The easiest way of solving these is to substitute in (i) for y from (ii),

So —ix+3x=38

2%)6 =8
So x =3F (@+2)
from (i) y=-1x31=-1}

MEMORY JOGGER
The equation y = mx + ¢ often appears in
the forms ax+by+c =0, ax+ by = ¢,

gy
or=+==1
asab
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Example 4.9

For the following equations, find the gradient of the line, and draw a sketch to
indicate the position of the line:

i) 4x+3y=12 (i) Tx—-3y-5=0

o XY
(iii) 6+ =1

4

Solution
(1) Rearranging this formula to make y the subject:
4x+3y =12 S 3y=—-4x+12
Divide the equation by 3 y=—-%x+4
Hence the gradient is — £, and it cuts the y axis at (0,4).

Another way of doing this type of problem is to find the points where
the line cuts the axes.

At x =0, 0+3y=12,s0y=4
Aty =0, 4x+0 =12,s0 x =3

The line is shown in Figure 4.12.

\4
2
+
%
Y X
Figure 4.12

(ii)) Using the second method given in part (i)
Aty =0, Ix-5=0 .. x=3
The graph can now be sketched as in Figure 4.13, without finding the
gradient.

You can now look at the diagram, and, ignoring the signs, the gradient
is:

W
o
~Jjwn
Il
W
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0 ; x’
3
/
Figure 4.13
(i)  Atx=0, Z=1 .. y=4
Aty=0, =1 . x=6

The sketch is shown in Figure 4.14.

The gradient = —4 = -2

yA
\ .
4 6‘%4,

Figure 4.14

4.5 Perpendicular lines

Fig. 4.15 shows two lines that are perpendicular, namely PQ and PR. Hence,
angle QPR = 90°. You can see this from the fact that x° + y° = 90°, and triangle
PMQ is identical (congruent) to triangle PNR.
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b Q
The gradient of PQ = 2= ms say (
The gradient of PR = —g = m;y, say
b
Som1m2=—x—f=_1 b
a b
We have the result that, if two lines are
perpendicular with gradients m; and m;, X a gm N
AN S b= > 4
Then mymy; = -1 (SL3)
This result is very useful. !
X|
R
Figure 4.15

Example 4.10

Find the equation of the line through M (4,3) which is perpendicular to the
line x + 2y + 8 = 0. Hence find the perpendicular distance of M from the line

x+2y+8=0.

Solution

If x+2y+8=0
then y=-1ix-4

Hence the gradient

of the line is — 1.

Referring to
Figure 4.16, if MN
is perpendicular to
the line, then if the
gradient of MN is

Hence the equation
of MN is:

v

using formula (SL3)

Figure 4.16

(y-3) =2(x-4)
that is, y=2x-35
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To find N, solve this equation with x +2y +8 =0,

thatis, x+2(2x—-5)+8 =0
) 5x =2

Therefore x = 0.4, y = —4.2.

The required distance = MN = \/(4 - 0.4)2 +(33- —4.2)2 = 8.05

Example 4.11

The points 4, B, C have coordinates (2,5), (1,—2) and (6, —3) respectively.

(i) Find the equation of the line L which is perpendicular to 4C, and passes
through the mid point of AB.

(ii)) The line m cuts the x-axis at P and the y-axis at Q. Find the area of the
triangle POQ, where O is the origin.

Solution

A(2,5)

Always draw a

| reasonably accurate
A diagram in a
( coordinate geometry Q i
question. - B
N bl e

v

C(6,-3)
Figure 4.17
. . . (2+1 -2 . .
(i) The mid point M of AB is (%, > +2 ), that is, M is (3,3).
. ., 5--3
The gradient of AC is S -2..
The gradient of L is % (using m;my = —1 for perpendicular lines)
The equation of L is:
y-1=4(x-1
y=3=3x-%
y =ix+3
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(ii)) Tofind P, y =0.
So 0=1x+3 Soox
To find @, x =0
So y=0 +% = %
The area of the triangle =

i
|
Wl

base x height

9

1
2
1 2
2 16

33—
XgX5=

_ Exercise 4{b)

1 Find the equation of the straight line through the given point with the
given gradient.

0 (2,3) -2 G (1,-1);4 (i) (1,-3); —2
) (p.9);2p ™ (=522

2 Find the equation of the straight line joining the following pairs of points:
@ (1,2), 31 @ (1,1), (2,-1) (i) (3,2), (-1,3)

1

(iv) (P,;>, (q,é) ) (2at,a?), (2aty,at;?)

3 For the following equations, find the gradient of the line and draw a
sketch to indicate the position of the line.
i 3x+6=y (i) 2x-3y=12 (iii)

+¥=1

Bl x
=

@(iv) 5x+7y+20=0
4 Find the equation of the line through (4, —3), which is perpendicular to
the line 4y = 3x - 5.

4.6 Conversion of data to fit a straight line
graph

There are many situations in practical work, where
if the graph of related data is plotted, the resulting
line is not straight. By transforming the variables in
some way, the resulting graph can be made
straight.

Consider the following situation.

When working with a lens of focal length f cm,

the distances of the object u cm and image v cm

1 1
from the lens are given by the formula }4-!— =7

f
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Look at the following results

u 30.8 24.6 22.0 19.6 18.2
v 28.6 37.2 44.1 61.9 71.6

If a graph of this data is plotted as it stands, the results are not on a straight
line. See Figure 4.18.

vh
80 -

701- X {

— e

60 : X

50 L

40

30 - . ™~

20— + +

o - L¥

0 1 L
10 20 30 40 u

Figure 4.18
. 1 1 .
However, if you let o= x, and 5= then the equation becomes

1 1
Yy+x== or y=-x+-=

S S
1 1
Now tabulate — and —.
u v
X = -ll; 0.032 0.041 0.045 0.051 0.055
y= % 0.035 0.027 0.023 0.016 0.014

If you plot these points, then they are almost on a straight line (see Figure
4.19). This extends back to cut the y-axis at 0.065.

. 1 .
Comparing y = —x + j_" with
y=mx-+c
you can see that } = 0.065.

Hence the focal length f = 15.4 cm.
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Flgure 4.19

With a little practice, you can usually determine what you should choose as x
and y. Look at the following example:

Example 4.12

The distance (s metres) travelled by a car
as it accelerates from a speed of 5 m/s is
given by the formula

s = 5t+lat?

where a is the constant acceleration, and ¢
the time, in seconds, after the start. Times
are measured every 2 seconds, and the
results are as follows:

s 0 10.9 24.2 40 55.4 76
t 0 2 4 6 8 10

Alter the variables in some way, so that a straight line can be obtained. Hence
find a.

COORDINATES 83

<i=W



Solution
s = 5t +dar?
We need the two variables to occur only once each. Here ¢ occurs in two places:
s
+t ~=5+iat
t
s
Lety=; and x =t
So y=iax+5
This should give us a straight line with gradient %a.

There is one small problem, because % for the first point would be g which

cannot be evaluated. This point must be ignored. The table becomes:

; 5.45 6.05 6.67 6.93 7.6

t 2 4 6 8 10

We also know from the formula that the graph crosses the y-axis at 5.
The gradient of the graph is:

1.93
=3 = 0.24
So 1a =024
. a=048

10 ,
o H
8 —_
S //ae/
/‘/
6 193
5 [ d
441
sl | I
2
14
i |
0 2 4 6 8 10 12 t>
Figure 4.20

There are situations where logarithms are required to transform an equation.
Work carefully through the next example.
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Example 4.13

At time ¢ minutes, the temperature of a liquid, which is cooling, exceeds room
temperature by T°C. The table below shows the temperature difference at given
times.

Time t (minutes) 0 5 10 15 20
Temperature difference T (°C) 23 13.5 8.0 44 2.5

It is believed that T and 7 are related by a law of the form T = ke? where k
and a are constants.
(a) By drawing a graph of In T" against ¢ show that this law is approximately

valid.
(b) Use your graph to estimate values for k and a, giving your answers to 2
significant figures. (LONDON)
Solution

(@) If T =ke®, taking logarithms to base e, we have:
InT =Inke” =Ink+Ine®
=Ink+atlne
InT =Ink+at (because Ine=1)
Let y =1n.T, x=tand Ink=C
then y=ax+c

This is the equation of a straight line. So if we plot a graph of In T'( y)
against #(x) it should be a straight line.
Using the calculator to work out the table, we have:

t 0 5 10 15 20
InT 3.14 2.60 2.08 1.48 0.92
In T4
R
™ T~
2 \\\ —~
B
\\\
1 i
0 5 10 15 20 T
Figure 4.21
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The graph is shown in Figure 4.21.
The points are more or less on a straight line, proving the assumption is
probably correct.

(b) ‘c’ is the intercept on the y-axis, which is 3.14.

But c =1nk C. lnk=3.14
Hence: k=ée1 =23 (2sig. figs)
‘@’ is the gradient of the line (Note: it is negative)
= __(_3_'142_0& =—-0.11 (2 sig. figs)

The following exercise includes enough hints for you to be able to work
through a range of different types of transformation.

— Exercise 4{c)

In the following questions, you are given a table of results, the equation that
governs the results, and the transformations necessary to produce a straight-
line graph. In each case, alter the given formula so that it becomes type
y = mx + c. Then plot the transformed results, and hence find the unknown
constants.

1 v 10 20 30 40 50
D 100 246 416 600 810

p = kv*; plot Inp against Inv.

2 x 0 1 2 3 4
y 7 34 180 870 4400

y = ka*; plot Iny against x.

3 x 0.1 0.2 03 0.4
T 6.1 7.2 8.5 9.9

T = ke* + g; plot T against e*.

4 u 10 15 20 25 30
v —11.8 -20 —-28.5 —43 ~60

l+1—1' lotlaainst1
'y P ug v

f
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Miscellaneous Examples 4

1

__Revision Problems 4

1 For certain planets, the approximate mean

Find the distance between the points:

@ (2,8) and (-3,-2) (i) (1,4,6) and (-2,-3,2)
Find the gradient of line joining the points:

@ (3,—2) and (4, —7) (i) (cp, I—‘;) and <cq,§)
Find the mid point of the line joining the points:

@ (2,3) and (4,-6) () (3,3 and (-3,5)

(i) (1,-2,3)and (3,1,1)
Find the area of the triangle formed by the points:

A(1,1,4), B(2,1,3) and C,(1,2,0)
Find the equation of the line joining the points P (1,3) and Q (2, 5). This line
cuts the line 2y + 3x = 23 at the point R. Find the coordinates of R, and
hence the area of the triangle POR.
Find the perpendicular distance of the point (4, 3) from the line 5x + 12y = 7.
A(2,3), B(1,6) and C(p,q) are three corners of a square ABCD. Find the
possible values of p and q, and the corresponding coordinates of D.
Two variables x and y are related by the equation y = ka*. Corresponding
values of the variables are given in the following table:

x 1 1.5 2 2.5
y 23.5 42 71.6 125

By plotting a suitable straight line, find the values of k and a.

distance x, in millions of km from the centre W f
of the sun, and the period of the orbit T, in '

W WS
Earth years, are recorded.

x 57.9 108.2 2279 778.3
0.24 0.62 1.88 11.86

Assuming a law of the form T = Ax", draw a graph of In T against
Inx. Estimate the values of 4 and n, giving your answers to two
significant figures.

Use your graph to estimate the approximate mean distance in
millions of km of the Earth from the Sun.

(AEB 94)
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2 A researcher claims that the figures in the following table give the
approximate total population (in millions) of England at the beginning of
four particular years.

Year 1500 1560 1700 1800
Population 2.1 2.8 54 8.7

Let N(t) be the population (in millions) at time # (in years after 1500).
The researcher claims that during the period 1500-1800 the population
approximately satisfies a rule of the form

N(t) = Noekt

for some constants Ny and k.

(a) By plotting a suitable straight line graph, or otherwise, confirm that
such a rule is consistent with the given data. State approximate
values of Ny and k.

(b) Estimate the size of the population in 1670, but suggest a reason
against over-reliance on the above rule for predicting a population.

(AEB 94)
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@ The differential calculus

The calculus was invented independently by
Isaac Newton in England about 1687, and in
Germany by Gottfried Leibnitz in about 1684.
There has always been controversy as to whom
should be given the credit, but both had in fact
brought together ideas that had been developed
by other mathematicians during the preceding
200 years.

DO YOU KNOW

(i) A tangent to a curve is a straight line that touches the curve in one
point.
change in vertical distance
change in horizontal distance

(ii) The gradient of a line=

5.1 The concept of differentiation

A(x,y) and B(x + h,y + k) are two points on A
the graph y = x? (see Figure 5.1). *
Since B lies on the curve, then “
W+k) = (x+h)’ = (x+h)(x+h)
thatis, y+k =x>+2hx+h

B(x+h,y+k)
Since y = x2, we are left with
k = 2hx+ K

.. k .
divide by h: P 2x+h () GG
The vertical distance between 4 and B is k.
The horizontal distance between 4 and B is 0 >
h. Figure 5.1
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Now % is the slope of 4B, so we have the result;

the slope of AB=2x+h
Now suppose that £ is very small, almost zero.

This is written & =8x (0x means a small change in x)

Similarly, k=20dy
. . . oy
hence equation (i) can be written: o 2x + 6x.
dy . . dy )
As dx approaches zero, dy also approaches zero. 5x 1S written ar at the point

where dx = 0. (This process is called differentiation from first principles.)

dy
a— 2x

dy. . . . .
El% is said ‘d y by d x” and it represents the gradient of the curve at the point (x, y).

dy . . . . .
Note that % is not a single symbol, but represents 8y + 6x, since both 3y and 3x

are not zero until point 4 is reached. This ‘limiting’ process as dx — 0 (8x
approaches zero) is written by mathematicians:

gﬂS g—i = g—i (sometimes written f”(x) in function notation)

The process of finding is called differentiation. The actual answer is called the
derivative of y with respect to x. Sometimes the symbol % is used to denote the
instruction of differentiate with respect to x.

d . . . . .
Hence: ax (x2) means ‘differentiate the function x? with respect to x. This

. d
saves writing y = x? and then a—% and so on.

d
Hence: i (xz) =2x

If you now repeat these ideas to the curve y = x3, you will find:

5)’_ 2 2
5x-3x + 3x.3x + (3x)
as 6x — 0
dJ’_ 2
a—3x
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Similarly, if y = x4, Q = 4x3. It would appear (as can be proved) that

dx
if y=x"
dy _ n—1
a = nx (Dl)

It is perhaps surprising that this result is true for all values of n. The result can
be extended if:

y = kx", where k is any number

dy _ n—1
then i knx (D2)
dy
Note: If n=0,y=k and ax = 0 (D2a)
. dy
lfn—l,y——kxanda—k (D2B)

If we add together two (or more) functions to get y = f(x) + g(x)

. dy _df dg
then: - (D3)
Example 5.1

Differentiate the following functions with respect to x.

@ 4x5 () 3x3+2x+1 (i) +/x
@iv) )% v) V8x2
Solution
(i) Ify=4x°
D _ 4 6x5 = 2455
dx
i) Ify=3x3+2x+1
91=3x3x2+2=9x2+2
dx
(i) Ify=x
y=xi
d Lyl 1
ax 2¥ T T
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2

iv) fy=—
vy Ify v
y =2x72
d
Y _ 2 x =2x072D = 4573
dx
_—4
=3
1
(v) y=+v8x2=+v8x (x?)}
d 2
Hence: -2 —=2x2x(1) =2x1
dx 3
_ 4
3%
MEMORY JOGGER
The letters used in the process of
differentiation are not important, |
as the following example shows.
Example 5.2

Differentiate the following expressions with respect to ¢.
i) 4r°+38 i) —
0 4+ @ 553

TN .
(iii) 2 where a is a constant.

Solution

. d
@) a(4z3 +8) =12¢2

(ii) ii_ _1_ ___d_ lt—3 __3,-4__§Xl__i
dr\2:3)  dr\2 T2 T 27 s

(iii) Care is needed here, because a is treated like an ordinary number

d/a d, _ _ 2a
SO a(t—z) =a(at 2)=—2at 3=—t—3

Sometimes, a function may need to be rewritten before it can be
differentiated.
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Example 5.3

Find the derivative with respect to x of:

. 4x+1 .. (3x-2)?
@) %2 (1) T Axd
Solution

@

(i1)

You must first divide the fraction out.

4
So: If y= x—;—
x
4x 1
then: y=3+=
=i4~-i-—1§=4x_1+x_2
x x
. dy s 5 -4 2
Hence: a=—4x —2x =733

Here you need to square out the top line first.

. (3x —2)2
So: if ="
oY 4x4
9 -i2x+d_9x* 12 4
- 4x4 T 4x4  4x*  4x4
9 3 1 9 5 _3 _a
dy 9 -4 -5
ol 2x + 9x 4x

o 9 4
2x3 x4 x5

5.2 Differentiating a function of a function

{the chain rule)

An expression such as y = (x2 + 1)* is called a function of a function. To obtain y,
first square x and add 1 (the first function). Then cube the answer (the second
function). Hence you are finding a function (cubing) of a function (squaring + 1).

If you let u = x2 + 1, then y = v

% =3’ (Note how the letters are not part of the process)
Now du =12x
dx
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The chain rule states:

dy dy du

dx  du x dx (D4)
so ¥ = 3u* x 2x = 6x1”

dx
but u =x?+1, hence

g—i = 6x(x? + 1)2

The working can be omitted on many occasions, going straight to the answer.

Example 5.4
Use the chain rule to differentiate the following functions with respect to x.
3
i VvV2x-1 (i) ;3 (iii) <x - —1->
(x2-3) x
Solution
G) y=vax—1=0x-1)}
du
u=2x—-1 so F 2
1 dy 1 _1
= u? ~_Z
y=u so o =5u
dy | 1 1
- — 3 = — 3 —
dr 2x2u (2x-1) =
(ii) = (x2-3)7°
u=x2-3 so % =2x
= o=
dy _
_ -3 @ _ a4
y=u S0 du 3
dy 4 6x
(—i—); =2xx -3 = iy
_ 6
(x2 - 3)*
3
(ii1) y = (x - ;)
du 1
— -1 — -2 _
u=x-x o 5 1+ _1+F
dy
.3 4 _ a2
=u o+, 3

dy ., 1\ 1\ 1
a = 3u (1+p> —3(x ;) (1+)—‘5)
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Example 5.5

Find the gradient of the curve y = 1/(2x — 1) at the point (5, 3).

Solution

Remember the gradient of the curve is simply given by g So, using the chain
rule:

d a
£=%(2x—1) P2
if x=5 g_fc:%xg—%xzz%

The gradient is .

__ Exercise 5{a)

Differentiate the following functions with respect to x, simplifying your
answers if possible.

1 4x3 2 7x* 3 x3-2x
1 3
3 I .
4 V¥ 5 52 6 i
7 (2x+1)° 8 4(3x+1)° 9 !
1—x3
1\’ 1
10 x+~——) nmn — 12 Y1+ /x
(\f VX 4(x2 1) vE
3 Rt 3
3 X +1 14 (x-1) 15 (2x+1)
x x4 3x2

16 Find the gradient of the curve y = 4x% — 3x? at the point (1,1).

17 Find the value of CL_I;/ when ¢ = 16, if V = 124/1.

18 Find the values of x for which the gradient is zero, on the curve
y=4x3-3x2+1.

19 Find(;—HifH=4\/1+q3

24(1 + 1)?

20 Ifp= fd—whent~
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5.3 The product rule

If y = uv, where u and v are both functions of x, this is known as a product
[multiply]. If x changes by &x, this will cause u to change by 8u, v by 8v and y

(D3)

by &y.
Hence: y+ 38y = (u+ 8u)(v+ &)
= uv + véu + udv + du.dv

y=uv .. 8y = udv+ vdu+ du.dv
Since du and &v are very small if 8x is very small, then du.5v will be negligible.
So: 8y = udv + vou

Sy ov ou el

5x = Yoy + Vst On dividing by 8x,

dy dv du
as éx — 0 ax —u§;+va

MEMORY JOGGER

The product rule is often easier to remember if written in words.
The derivative of a product is the sum of (the first function x the
derivative of the second) and (the second function x the derivative
of the first).

Note: It doesn’t matter which functions you call the first and
second.

Example 5.6

Use the product rule to differentiate:
(@  (x*+1)(4x% — x? + 1) with respect to x.

(i) (2¢+1)°(£2 + 1) with respect to 1.
Simplify your answers where possible.

Solution

(i) Here u=x3+1 so g—-z=3x2

v=4x*-x2+1 so %-—-24x5—2x
d
d_)yé = (x3 + 1)(24x5 — 2x) + (x5 — x% + 1)3x?

= 24x% — 2x* +24x5 — 2x + 12x8 — 3x* + 3x2
=36x% +24x° — 5x* +3x2 — 2x
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(i) Letu=(2t+1)>.

This needs the chain rule to find d—u

d:
du 2 2
g = 3@+ 1)’ x2=6(t+1)
Ifv=2t3+1
dv 2
'&-;—31
dy 3 2, (3 2
(—1;—(2t+1) x3t°+ (" +1) x 62t + 1)

=3(2t+ 1)*[t2(2r + 1) + 2(¢> + 1)]  after factorising
=32+ 122 + 2+ 263 + 2]
=32+ 1)*4 + 12 +2)

5.4 The quotient rule

_x
(14+x2)

u . .
u=x%and v=14x2 Hence y = > (quotient means divide)

If y= , then this is best considered as the quotient of two functions,

Now, y+38y = :—%, if x changes by dx, (see last section)
5 __u—}—Su__ _u+8u__tf
Y= Xy Y T v ey v
_ v(u+du) — u(v+8v)
a v(v + &v)
_ vu+ vdu — uv — udy
- v2 4 vdu
5 _ vOu — udv
s B
v5u u8v
) d  “5x  “ox
- by &x dx  vZ4wdy
asdx -0 ww—0
vdu udv
dy _"dx  “dx
2 - _dx _ dx D6
dx v2 (D6)
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MEMORY JOGGER

top
bottom’

To differentiate a quotient =

= The derivative of a quotient

__(bottom x derivative of top) — (top X derivative of bottom)
= (bottom)? :

In the example, u = x> and v = 1 + x?

du dv

So: = 3x2, o= 2x
Hence: dy _ (14+x?) x3x2~x3 x 2x
dx (1+ x2)?
3x2 4 3x* — 2x*
N (1+x2)?
_ 3x24 x4
T (14x2)?
_x2(3+x?)
(1+x2)*

— Exercise 5{b}

Differentiate the following functions with respect to x and simplify your
answers where possible.
2 BE X 2 3
1 x*(x+1) 2 P 3 (x+1)(x+2)
x x
- 2x2 — 1)} n* -
e 5 2x*-1)(x+1)" 6 12
1 + X 1 2
1 — = (1
7 (1+x)(1+ %) 8 Y 9 <1+x2)( + x)
2 1 Gx+in/i+: 12 x’
Pra— x + +- —_—
(1-v%)? x (1—x2)
2x—12 14 2x + 4 15 1—x
(x —3) 1+ 1+x
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5.5 Small Increments

Since -d_y = Q—Z, if 8x and 8y are small, then it follows that dy ~ Q .Ox . This fact
dx dx dx

can often be used to evaluate quantities close to known quantities. This method is
known as the method of small increments (or small changes).

Example 5.7

Use the method of small increments to evaluate:

i) 9.00006 (i) /124.8
Solution

(i) Clearly, the answer is near to v/9 = 3.

Let y = x=x%
%:%x—%

. dy _1 1

if x=9 3;:%)(92:3

Since 9.00006 = 9 + 0.00006, then 6x = 0.00006
. dy
Using &y = I = ox

8y =1 x 0.00006

= 0.00001
Hence: +/9.00006 = 3 + 0.00001
= 3.00001

(ii) Here the answer is near v/125 =5

let y =x}
%:%x—%

if R B

if x=125 a—gx ==z

Now 124.8 =125—-0.2, so 8x = —0.2 (note dx is negative)
Sy = :—i X dx = % x —0.2 = -0.0027
Hence v/124.8 =5 —0.0027 = 4.9973
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Example 5.8 A

A carton is in the shape of a square-based
pyramid (see Figure 5.2). The edges of the
pyramid are all 5 cm long. Calculate the volume
of the container. If the sides are increased in

length by 0.05 cm, use the method of small C
increments to find the new volume of the A
pyramid. ¥
Solution Figure 5.2
If the sides of the pyramid are of length x cm, then c
if the base is ABCD as shown in Figure 5.3, then N =
the diagonal AC is given by: N 7
N /
AC = /x2+x2=V2x2 AN d
N 7 'd
A vertical cross-section TAC can be drawn as L N
shown in Figure 5.4. If TN is the vertical height, , AN
then d AN
4 N
TN? = AT? — AN? d N
A X B
and AN =1v2x? Figure 5.3
TN? =x? —x*—1x2x?=1x?
x T
Therefore, TN =—
V2 |
|
The volume of the pyramid V is given by: [
|
V =1 x base area x height y :
3 !
Vo=lxx?x =2
VT, . .
. 5 «—Hae—N ~
Hence if x =5, V =7
3v2 Figure 5.4
The volume = 29.46 cm>.
v _m_
dx 3v2 V2
oV dv
dx  dx
Hence &V = 9—1/—'.8x
dx
2
x
OV ~ = x dx
V2
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If x increases from 5 ¢cm to 5.05 cm, then 8x = 0.05.

52
Hence 8V =~ — x 0.05 = 0.88 cm>
V2

The new volume = 29.46 4 0.88
=303cm® (3 sig. figs)

5.6 Tangents and normails

If you are given the equation of a curve
y = f(x)}, it is possible to find the equation of
the tangent to the curve at any point P on the
curve, and also the equation of the normal (a
line perpendicular to the tangent) at P by
using differentiation. See Figure 5.5.

y=f(x)

Figure 5.5
Example 5.9

Find the equation of the tangent and normal to the curve y = 4x> + 3x at the
point (2, 38).

Solution

If y =4x3+3x
dy ..,
dx—l2x +3

at x =2, Q=12x22+3=51
dx

Hence the gradient of the line = 51.
Using the equation of a straight line in the form (y — y;) = m(x — x)), we get

y—38 =51(x—-2) =51x—-102

y =5lx - 64
Since the normal is perpendicular to the tangent, using the formula mym; = —1
for perpendicular lines, the gradient of the normal is — %

Its equation is y — 38 = — % (x—12)

51y — 1938 = —x+2
thatis, 51y +x = 1940
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Example 5.10

Find the equation of the tangent on the curve y = 4 — x2, which is parailel to the
line x+y=38.

Solution

A diagram is essential for a question like this A
(Figure 5.6). You can see that the first
problem is that, although you kmow the
gradient of the tangent, (because it is parallel
to the line x + y = 8), you do not know the
point P where this tangent touches the curve.

Now Q = —2x for the curve.
dx

At P, the gradient =—1, hence —2x=—1,
giving x = 1. Substitute this value into the
equation of the curve, to give

2 R
y=4- (=3} ek
Figure 5.6
The equation of the tangent can now be

found.
y-% =1
y-3=-x+1
y =—x+4%
y+x =4 or 4y+4x=17

__ Exercise 5{c)

1 Find the equation of the tangent at the given point, to the given curve.
@ (3,28):y=x3+1 @) (9,3):y=vx
(i) (4,8): y = (x—2)° () (4,25):y=1 J_“;
N, 1 . o 3
® (13)r=57 () (-2,-27):y = (1-)
2 Find the equation of the normal at the given point, to the given curve.
i (2,10): y=3x2-2 i (1,1):y= g/l_)_c
1 . x—2
(i) (-2,-1)y “11x (iv) (-1,-1):y “x+4
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3 Use the method of small increments to find:

() 27.003 (i) V15998
4 Find the equation of the tangent to the curve y = (1 + x)(1 — /x) at the
point where x = 4.

5.7 Higher derivatives

d .
If y = 3x* + 2x% + 6, then é = 12x> + 4x. If you now differentiate with respect
2

to x, you get 36x2 + 4. This is wntten dy (pronounced ‘d 2 y by d x squared’).

This can also be written f’(x) in functlon notation,

d2
that iS, d—z‘ = 36x —+ 4
&’y - , ,
We call —= the second derivative of y with respect to x. This process can be

continued 1nge;1mtely.
So: % = T72x
4
% =72
5
and: gx—}; =0

5.8 Stationary values

Referring to Figure 5.7, the curve of y = f(x) has two points, 4 and B, at which

d

di}c =0. 4 is called a maximum point, and B a minimum point.
As x increases through point A4, the gradient goes from positive to negative.

Hence at A, the gradient is decreasing. The rate at which the gradient changes is

d’ d d%y
given by P J; Hence at a maximum point: é =0, and a < 0.
Similarly, at B, the gradient changes from negative to positive. Hence the
d d%y
gradient is increasing. Hence, at a minimum point: d_—i =0, and —x— > 0.

Maximum and minimum points are called collectively stationary values.
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y=1(x)

Figure 5.7

Example 5.11

Find the turning points on the graph of y = x3 + 3x? — 24x, distinguishing
between maximum and minimum values. Hence sketch the graph.

Solution
dy . .» . dzy _
a—3x + 6x — 24; dx2—6x+6
. . dy
At turning points 0

sa= .
So: 3x24+6x—-24=0
x24+2x—-8=0
(x+4)(x-2)=0

Hence x =—4,0r2
d%y .
At x = —4, i 6 x —4+6=—18 < 0. Substituting x = —4 into the
original equation, gives y = 80. Therefore, (—4, 80) is a maximum point.
2
Atx=2,%=6x2+6= 18 > 0. Also, at x =2, y = —28. Hence x = 2,

y = —28 is a minimum point.
If x =0, y =0, and so we have three points on the curve, which can now be
sketched, see Figure 5.8.
2
We need to look carefully at the situation where S—XJ-;— =0.

Consider the graph of y = x3 + 1:

ﬂZz 2 dy

ax Ef=6x
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(-4,80)

y=xC+3x2-24x

A

At turning points
gp dx

Hence x = 0.

2

9y _6x0=0

Now: 2

Also if x=0, y=1. What can we say

about the point (0, 1)?

This is neither a maximum nor a
minimum, and is referred to as a point of

inflexion (see Figure 5.9).

However, if you look at y = x

dJ’_ 3 d2}’_ 2
dx_4x b 12x
When x =0, %=0 and

clearly the graph in Figure 5.10 shows the
curve to have a minimum point, not a

point of inflexion.

You need to investigate the sign of

dy

to see what type it is.

In this case, if x = —0.1,

if x=0.1,

d—y=0, so 3x2=0.

&y

dx?

0 X

(2,-28)

1 " either side of the stationary point

Figure 5.8
y$ y=xC41
Yl
0 —
4.
) Figure 5.9
yvA
y=
0, but
g 1
Figure 5.10
% =4 x (-0.1)* = —0.004
dy 3
== 1 = 0.004
dr 4 x (0.1) 0.00
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Hence the gradient changes from negative to positive. In other words, it is

increasing, hence it is a minimum.
If you go back and look at y = x3 + 1 again,

_ dy _ 2 _
atx=—0.1, 3==3x (-0.1)"=0.03

at x =0.1, % =3x(0.1> =0.03

The gradient remains positive, and so it is a point of inflexion.

MEMORY JOGGER

At a point of inflexion:

dv
(i) = need not be zero;
dx

2

d
(ii) ol 4 must be zero.
dx-

You cannot be sure it is a point of inflexion
without checking the gradient.

Although the maximum and minimum technique is useful in curve sketching,
its main use comes when applied in problem solving. At this stage, you will be able
to find the maximum or minimum value of any quantity that can be expressed as a

function of one variable only. Look carefully at the following examples.

Example 5.12

A farmer wishes to fence a rectangular area with 100 metres of fencing. One side
of the area is a fixed wall. What will be the dimensions of the rectangle that gives a

maximum area.

Solution

If the measurements are x by y, as

shown in Figure 5.11, then:

The perimeter = x+y+y

=x+2y
2y +x =100
100 — x
So y=— Figure 5.11
The area of the field 4 = xy = w
that is A4 =50x — 1x?
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MEMORY JOGGER

You must express the quantity in terms of only one
variable in a maximum and minimum problem

So d~A=50—x=0 if x =150
dx
d’4 .
Also 2 = —1 <0 hence a maximum at x = 50

Substituting in (i), gives y = 25. The dimensions of the rectangle are 25 m by
50 m.

Example 5.13

The formula for calculating reading ages is:

T

5 N

where in a given passage, N is the number of
words, s is the number of sentences, and L is
the number of words containing three or more
syllables (excluding ‘ing’ or ‘ed’).

Mary is tested on a passage containing 30
sentences, and her reading age was found to
be 15. Find an expression for L in terms of N.

Hence find the maximum number of
words containing three or more syllables.
Comment on your answer.

_{’) l_b(’t'\jrh

Solution

R =15 and s = 30.

5\30 ' N
_N+40L
75 N

40L N
~ P75

N N
_3N_N?
T8 3000
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dL 3 N . . 4500
W:g—m—Ofor a maximum 1fN_T— 562.5.

Clearly N is a whole number, so put N = 562 into the formula for L, to give:
L =105.

This shows that the passage should contain 562 words if it is to contain the
maximum of 105 three-syllable words. Since there are thirty sentences, the average
sentence length would be 562 + 30 = 18.7. This would certainly be a difficult
passage to read.

Example 5.14

A firework is made in the shape of a right cone, the sum of the
height and the base radius is 10 cm. Find the measurements of
the cone if it is to hold the greatest volume.

Solution

Let the base radius = r cm.
Let the height = 4 cm.

Then A+ r = 10.
The volume of a cone V, is given by the formula:
V=1nr?h
Now h=10—r ®

Hence V' can be written in terms of r:
ie. V =inr?(10-r)

10w n
o T

V=
So 3 3
dv = 20n r—mr? (ii)
dr 3 dv
At maximum ¥V, E;= 0
So 2_(3)2,. —nr? =0, thatis, nr(%o - r) =0
20
r=0 or 3 =r
But r cannot be zero, and so:
, 2
3
We should check that this gives a maximum value for V.
2
Differentiating Equation (ii) d—V = 3(113 — 2nr
dr2 3
g, sz_Z()_n_an20_—201t
) dr2 3 37 3
v e . .
Hence 7 < 0 indicating that V is a maximum
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Returning to equation (i)
20 10
=10—-—=—
h=10 3 =3

Hence the dimensions of the cone are:

base radius = 25 cm  height = 31 cm

ACTIVITY 5

There are many problems concerned with
the design of containers. Very often, the
problem will be one of maximising or
minimising a particular aspect of the
container (for example, area or volume).
Figure 5.12 shows the net
for constructing a scoop e ————
similar to that in the picture. It
is cut from a piece of metal
which measures 40 cm by
20 cm. Using the ideas of the
calculus, try and find out the
measurements of the net, if the
scoop is to hold the maximum
possible volume. prose
You could extend this
investigation by looking at
other shapes, or you could [| |exXem .|
consider a container of a given i
volume, and investigate, say,
the minimum net area needed.

Figure 5.12

— Exerclse 5{d)

1 Find the turning points on the following curves, distinguishing between
maxima, minima and points of inflexion.

i) y=6x?-5x+2 () y=1-3x3

(i) y=x*—4x? () y=x+:
x2+1 . 2

(V) y—x_2 (Vl) ,})—3.)6'4"2?-_'_—1
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2 The cost of running a machine is C
pence/hour where C=84 + 17v(v — 3)
and v is the speed of the machine in
revolutions per second. Find the speed
of running the machine to minimise
the cost.

3 A cylindrical tank of radius r cm has a fixed volume of 200 cm®. Find the

value of r so that the total surface area of the cylinder is a minimum.,
2

x d°y
4 Ify= oy find the value of ) when x = 2.

5. A cuboid is made so that the length is 20% greater than the width, and
the volume is 10 cm>. Find the measurements of the cuboid, if its total
surface area is to be a minimum.

5.9 Rates of change

Very often a quantity varies with time, and you are required to differentiate with
respect to time (¢). This concept is usually referred to as a rate of change.

Example 5.15

The radius r cm of a circular ink spot, ¢ seconds after ==
the ink is spilt, is given by the formula: : »
245t
¥y =
3+1¢
Calculate:

(i) The time it takes to reach a radius of 2 cm.
(ii)) The rate of increase of the radius when ¢ = 2.
(iii) The rate of increase of the area when ¢ = 2.
(iv) The radius of the spot when the ink stops spreading.

Solution
i Ifr=2,
245t
T34t
23+1) =245t
6+2t =2+ 5¢

4 =31 1=%
time = 1} seconds
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dr

(ii)) The rate of increase of r is calculated from T

. Hence differentiating r using
the quotient rule, we have:

dr (3+)x5-(Q2+5)x1

dr G+1)
_15+5r—-2-5 13
(3 +1)? (3+1)*
dr 13
when t =2 a=§=0.52

The rate of increase of the radius is therefore: 0.52 cm/s
(iii) Since the shape is a circle, its area A4 is given by 4 = nr?

differentiate this with respect to time:

d4 dA dr . .
PPl (using the chain rule)
dr
= ana
Now when ¢ = 2, r=M=2.4
3+2
Hence: % =2 x 2.4 x0.52

dt
=7.84
Hence the rate of increase in area is: 7.84 cm?/sec
(iv) ast—
St+2 =5t

and t+3 ¢
5t

r—-—=35

Hence the final radius of the blot is 5 cm.

5.10 Distance, speed and acceleration

DO YOU KNOW?
(i) Displacement means distance in a given direction.
distance travelled

(i) Average speed = e hch

(iii) Velocity is speed in a given direction.

i e i locity
(iv) Acceleration ———nee 1 VEOCTL)

time taken
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An important application of rates of change is in dealing with speed and
acceleration problems.

If displacement is not changing at a constant rate, then you can only find the
velocity (v) at any particular instant of time. It will be the slope of the
displacement (s)-time (¢) graph (see Figure 5.13):

ds

thatis, v=—
d:

Similarly, the acceleration (a) of
a body whose velocity is not
changing at a constant rate will
be given by the slope of the
velocity-time graph.

dv d%s

Hence a=—, or
de’

shA

Velocity is the
slope of the tangent

Figure 5.13

Example 5.16

A small model car travels in a straight line so that
its displacement (s) metres from a fixed point O,
t seconds after passing O is given by the formula:

= 61— 12

(i) Find the displacement after 3 seconds;
7 seconds. Interpret your answers. = . @‘J

(i) When does the car stop?

(iii) Find the distance travelled between 2 and 4 seconds.

(iv) Find the acceleration of the car after 1, 3 and 5 seconds. Comment on your
results.

(v) Draw (a) displacement-time; (b) velocity—time; and (c) acceleration—time
graphs for the motion of the car between 0 and 8 seconds.

Solution
i) Ifr=3,5s=18-9=9
Ift=75s=42-49 = -7

Therefore, the car has moved 9 metres from O after 3 seconds, but has
returned to O and moved 7 metres in the opposite direction to the original
direction after 7 seconds.
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(i)

(iif)

(iv)

)

d
It stops when v = & 0

dr
9=6—21=0 ift=3
dr

Hence it has stopped after 3 seconds.
You need to be aware that the car has changed direction between 2 and 4
seconds (see Figure 5.14a).
Ift=2: s=12-4=8m
Ift=3 s=9m
Ift=4 s=24—16=8m
The total distance travelled = (9 — 8) + (9 — 8) = 2 metres

2
s
Acceleration g = — = —2.
ds?
At t = 1, the acceleration = —2 ms ™2

Since this is negative, it means the car is slowing down.
Atr=3,v=0buta=-2

This means the car is about to move backwards.
Att=5v=6—-10=—-4and a= -2

This time the car is moving in the opposite direction, and so it is accelerating

at 2 ms™?
sh

The graphs are shown as Linialy
(a), (b) and (c) respectively
in Figure 5.14.

~v

vh
ak

s

T

|

|

|

| w

l

|

|

I

/
-]

~v
nN

(b) (c)
Figure 5.14
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Exercise 5(e)

r1 The radius of a circular ink blot is increasing at a rate of 0.2 cm/s. Find
the rate of increase of the area of the blot when r = 3 cm.
2 A balloon is inflated at a constant rate of 100 cm’/s. Find the rate at
which the surface area is increasing when r = 10 cm.
3 If s = 30t + 5¢2, find: (a) the velocity; (b) the acceleration, when ¢ = 4.
4 A metal block is in the
shape of a cuboid with
sides of length x cm,
3x cm and A cm respec-
tively. The total surface
area of the block is
98 cm?. Show that:

_ 49 — 3x2
T 4x

The block has to have ax em
the maximum volume x cm
possible subject to these
conditions. Find the
measurements of the
block needed.

5 The distance s metres from a point O in ¢ seconds is given by the equation
s =13 —7t> +12. Find:
(i) the distance travelled in the fourth second;
(ii) the time when the body comes to rest;
(iii) the maximum speed reached by the body.

h cm

h

Figure 5.15

Miscellaneous Examples 5

1 Differentiate the following functions with respect to x and simplify your
answers where possible.

. 1 .

@ Yo (i) o 2 (i) v1-—2x2

. x 2x — 1 . 1 1
w s v o (R

2 Find the equation of the tangent and normal to the curve y = (2 — 3\/)?)3 at
the point where x = 1.

3 Find the equation of the tangent to the curve y = 6 — 3x2 which is parallel to
the line 2x + 3y — 5=0.

4 Locate the turning points on the graph y = 4x(8x2 — 6) and hence sketch the
curve,

5 The surface area of an ice cube is increasing at a rate of 20 cm?/minute. Find
the rate at which its volume is increasing when the volume of the cube is
800 cm”.
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6 The surface area of a solid cylinder is 200 cm?. Find the radius of the cylinder
if the volume is a maximum.

7 The distance s metres moved by a vehicle which travels in a straight line
between two points A and B is given by s = 48¢ — 2¢2, where ¢ is the fime in
seconds after passing 4. Find the distance 4B.

__ Revision Problems 5

1 Figure 5.16 shows a brick in |
the shape of a cuboid with |
base xcm by 2xcm and !
height / cm. The total surface J'_
area of the brick is 300 cm®.  hem| 7

s/ X cm
(a) Show that h = % — 2% 7
(b) The volume of the brick
is ¥ cm®. Express V in Figure 5.16
terms of x only.
(c) Given that x can vary, find the maximum value of V.

(d) Explain why the value of ¥ you have found is the maximum.

2x cm

(LEAG)
2 The function f is defined by VA
f(x) =4x2—3—%forx7é0.
A sketch (not to scale) of the
graph of f(x) is shown in
Figure 5.17.
(i) Find f'(x) and f"(x).
(ii) Find the value of a so
that f'(a) = 0, and use >
your value of a to 0 X
calculate f"(a). What
information does this
give you about the
graph of y = f(x)?

(iii) Find the values of x
where the graph of
y=f(x) meets the Figure 5.17
X-axis.
(iv) Explain how the shape of the graph is related to the terms in the
expression for f(x).
(a) when x is near zero.
(b) when x is large (positive or negative).
(Oxford & Cambridge)
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@ Curves

In Chapter 4, we looked at the linear equation y = mx + ¢, and in Chapter 2 the
quadratic equation y = ax? + bx + c. By looking in more detail at the cubic
equation, you should then be in a position to sketch any polynomial equation.

6.1 Cublc function y = ax3 +bx? + cx+d

We shall illustrate the techniques for sketching a polynomial with a specific
example.

Suppose y=x>+4x%>—3x+1

It would be nice to be able to find the points where the graph crosses the axes, but
this is not always possible.

If x=0,y=1
However, if y = 0, we get the equation:
X +4x2-3x+1=0

It is not easy to find a linear factor, and so a different technique must be used.
Look at the gradient function:

dy =3x248x-3
dx

d2

= —6x+8

dx
dy 2 .
If a:o, 3x*+8x—3=0, thatis Bx—1)(x+3)=0

x=-3 or x=1
d2y

y=(-3>+4(-3"-3(-3)+1=19

Now at x = -3,

d2y

Since —
dx?

< 0, then (-3, 19) will be a maximum turning point.
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- 5E

—1
Atx—g,

1

~Ii

2

Since : 5> 0, then (,42) will

be a minimum turning point.

The graph can now be
sketched (see Figure 6.1). Note:
We still do not know where the
graph crosses the x-axis. How-
ever, the graph shows there is
only one point and gives a
rough indication where it is.
The values could be found by
numerical methods.

It is also worth noting that,
if x is very large, the dominant
term in the equation is x3

Hence as x — +00, y — +©

and x> —0c0, y— —©

> =6x3+8=10>0

1 +a(d)’-3(

yA

(-3,19)

y=xC+4x%-3x+1

»

Figure 6.1

Now look at one more worked example and you should be able to try

Exercise 6(a) on page 123.

Example 6.1

Sketch the graph of y = 4x? — x4, giving as much information as you can on the

graph.
Solution

y =4x? —x* = x%(4-x?)

=x%(2 - x)(2+x)

’7 MEMORY JOGGER

Always factorise the equation of a curve if possible.

|
|
|
L

This helps to find the points where the graph crosses
the x-axis at y =0
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Ifx=0,y=0

If y = 0, we need to solve: 0= x2(2—x)(2+x)

hence, x =0 (twice), x =2, x = -2

This means that the curve touches the x-axis at x = 0.
dy

—_— = — 3
i 8x —4x
d%y
—Z —8—12x2
o2 8§ —12x
Ifd—y=0, 8x —4x> =0
dx
4x(2-x%) =0
4x(\/§—x)(\/§+x) =0
x=0,v2, —V2
2
At x =0, :—x% =8>0
(0,0) is 2 minimum turning point
d?y
At x =2, w5 =-16<0 .. maximum, y =4
dx
d*y
At x = —V/2, z="16<0 . maximum,y=4

There are five points that can be put on to the diagram, and so the sketch is
now relatively straightforward.

vA
(V2,4) ~2,4)
y=4x2—x“
»
2 0 2 "
Figure 6.2

118 MASTERING ADVANCED PURE MATHEMATICS



6.2 Rational functions

f(x)

An expression of the form y = ) where f(x) and g(x) are polynomials, is called

a rational function. The techniques of sketching this type of curve are quite
straightforward.

Example 6.2
Sketch the graph of y = ;‘—1—1
Solution

2
If x=1, then y = 0 which is not defined. As x gets nearer and nearer to 1, the

curve gets nearer and nearer to the line x = 1, without touching it.
We say that x = 1 is an asymptote for the graph.
If x is just less than 1, say 0.99, then

1.99
If x is just greater than 1, say 1.01, then
2.01

You can see that the curve approaches the asymptote at y = +oo on the right,
and at y = —oo on the left (Figure 6.3).

The curve cannet cross a vertical asymptote and will actually be discontinuous
atx=1.

fx=0 y=-1

x+1 yA
If y= =
y=0, 0=—-—,
SO 0=x+1
and x=-1

To find whether the graph
has a horizontal asymptote (x
very large), observe that if x is
very large, x+ 1~ x and also
x—1=x.

i 4

x
Hence -=1
Y x

If you add all this informa-
tion to the preceding graph, the
final graph can be drawn (see
Figure 6.4). Figure 6.3
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Although this curve does not cut
the horizontal asymptote, there are
situations when this can occur, see
Examples 6.3 and 6.4.

|
|
|
|
|
|
|
|
|
:;;i:} """ T
|
0 . >
| X
|
|
|
|

Figure 6.4
Example 6.3
Sketch the graph of y = ;2;4—11
Solution
There is no vertical asymptote here, because if you try to make the bottom line
zero, i.e. x2 + 1 = 0, there is no real solution.

Ifx=0y=-1

x—1 .
Ify=0, 0=x2—-|v-1 x—1=0,thatls, x=1
x 1
Ifx—»oo, yNﬁ—;—)O

Hence the horizontal asymptote is y = 0.
The information gained so far is shown in Figure 6.5. This is not really
enough to complete the sketch.

yA

X >
0 1 X
-1X

Figure 6.5
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We need to look for turning points.
dy _ (x2+1) x1—-(x—1)x2x —x242x+1
dx (x2 + 1) O (x241)?
=0 if —x?+2x+1=0
giving x =24 and - 04 (using the quadratic formula.)

for which y =0.2 and ~1.2

With these turning points added to the graph, it can now be completed (see
Figure 6.6).

y A

(2.4,0.2)

»

(-0.4,-1.2)

Figure 6.6

MEMORY JOGGER

Example 6.3 shows that a graph
can cross a horizontal asymptote.

Example 6.4
x2+1
Sketch the graph of y= m
Solution
This is slightly more involved, but can be solved by following similar steps.

If x=1, x=2 then y — oo giving vertical asymptotes
Ifx=0, y=05
If y=0, x2+1=0, giving no solutions

Hence the graph does not cut the x-axis.

x=1

If x— o0 ~
4 XXX

Hence y = 1 is a horizontal asymptote.
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It is worth substituting y = 1 into the original equation, to see if the curve
cuts this horizontal asymptote.

| = x2+1
x2~3x+2

x?-3x+2=x>+1

1=3x,x=1

This is a useful point to add to the diagram. The information so far is shown
in Figure 6.7. Clearly, there is not enough information to complete the graph.

7

|
|
!
|
|
|
|
I

Figure 6.7

Again, we need to look for turning points:

_oxt+1
T x2-3x+2
dy (x?—3x+2)2x— (x2+1)(2x—3)
dx (x2 = 3x +2)*
_2x? —6x? +4x—2x* +3x2 - 2x +3
B (x2 = 3x +2)?
_—3x2+2x+3
C (x2-3x+2)°

=0 if —3x2+2x+3=0
giving x = —0.7 and 1.4 (by the quadratic formula)
hence y=0.3and —12
The curve can now be completed. If you are not convinced, try and argue

against any other answer by realising that you cannot cross a vertical asymptote.
There is only one point where y = 1, and there are no points when y = 0.
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y= 41
*2-3x+2

Figure 6.8

— Exerclse 6(a)

points where the graph crosses the coordinate axes where you can.

1 y=4x-3 2 3x+4y=24

3 y=4x?-6x 4 y=8-x?

5 y=x2—-6x+8 6 y=x2+3

7 y=x34x 8 y=2x3-3x?

9 y=1+x* 10 y=3x3-2x+7
2

n oy=—= 12 y=x2x—+l

Draw a sketch to show that you understand the shape of the graph
represented by the following equations. Always label the coordinates of any

6.3 eandInx

The graphs of the functions €%, ¢ * and Inx are shown in Figure 6.9.

v4 y=o* e A v4 yeinx
>
0 X
1
—_ " P —
> >
0 x 0 X
Figure 6.9

Note: Inx does not exist if x < 0, as you cannot have the logarithm of a

negative number, or zero.
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6.4 y’=f(x)

Relationships involving y? = f(x) lead to certain problems not associated with a
simple expression of the type y = f(x). The technique will be illustrated with a
particular example.

Example 6.5
Sketch the graph of the relationship y? = x(x + 1)(x — 2).

Solution

N y==x/x(x+1){x-2)
Note: = sign. This means that, for each value of x, there are two values of

y, giving a graph which is symmetrical about the x-axis.
(ii) The function x(x + 1)(x — 2) should be sketched first (see Figure 6.10).

YT y=x(x+1)(x-2)

2 4

/f? 4 2

Figure 6.10
The part of this curve for which y > 0 is now used as a guide line (shown
dotted in Figure 6.11).
yA

/
guide line  /
/

guide line

Figure 6.11
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(iii)

Now add the lines y = +1 to the diagram (in roughly the correct positions).

Since you are plotting 1/x(x + 1)(x — 2), this is the square root of the y
values on our guide line. Since the square root of a number less than one
increases, the curve will be above the guide line for y < 1, and the curve will
be below the guide line for y > 1. Remember to make the graph symmetrical
about the x-axis. The graph is shown as a continuous line. These three steps
must be applied to all graphs of this type.

In order to plot this type of relationship on a graphics calculator, you will
probably need to graph y = +./f(x), leave this on the screen, and then
graph y = —,/f(x). Try it out on your calculator for the equation given in
the above worked example.

Example 6.6

Sketch the graph given by the equation x2 +)? = 9.
Solution

(i) This can be written y? =9 — x?

(i)

(iii)

Hence y=+Vv9-—x2

The function 9 — x? is sketched vA
in Figure 6.12, and the part of
this curve where y > 0 can be
used as a guide line.

Figure 6.12
This guide line is shown in Figure e
6.13 together with y = +1. d
The square root is plotted, and it & 9Vide line

can be seen that the curve is a circle

of radius 3.

®
Figure 6.13
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This leads us to the result:
MEMORY JOGGER
The equation of a circle of radius r,
centre the origin 0 (0,0), is given by
x4 )2 =p2 (C8)

Example 6.7

The straight line y = x — 2 cuts the circle x2 + y? = 16, at the points P and Q.
Show that the distance PQ = 2v/14.

Solution yA

This question involves

simultaneous equations.

y=x-2 @
x24y2=16 (ii)

o

These are shown in Figure
6.14 4 4
Substitute in (ii) for y:

a4

x2 4+ (x —2)? =16

x1+x2-4x+4=16 .
2x2-4x-12 =0 -4
x?2-2x—6 =0

Using the formula for
a quadratic equation: Figure 6.14

2_ ——
xzzi,/(—z) 4x -6

2
2+v28 2427
X = =
2 2
thatis, x=1++v7

Since y=x-2:

AtP: x=1-V7, y=-1-7
AtQ: x=1+V1, y=-1+V7
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Using the formula \/ (x2 — x1)2 +(y2 — y1)2 for the distance between two
points:

PQ =1/@VT)? + V7Y
= V28428 =56 =2V14

Note that you have to work in surds throughout this question, otherwise you
would not get the exact answer of 2v/14, but a decimal which you could not say
with certainty was 2v/14.

If the centre of the circle is not at the origin, its equation alters in form
slightly. The following section looks at the equation of any circle.

6.5 General equation of a circle

The equation (x —h)> + (y — k)> = r* (C9) represents a circle, centre (h,k)
and radius r.

A

/

Figure 6.15

In Figure 6.15, the circle has radius 3, and centre (1, 2). Its equation is:

(x = 1)° + (y - 2)° =32
or x2-2x+14+)y2—4y+4=9
thatis, x2+)*—2x—4dy—4 =0
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Example 6.8

The equation of a circle is known to be x2? + y?> — 6x + 8y — 11 = 0. Find the
coordinates of the centre of the circle, and its radius.

Solution
x2 +y? — 6x+ 8y — 11 = 0 can be rewritten:
x2—6x+)* +8y—11 =0
or (x —3)> =9+ (y +4)* — 16 — 11 = 0, using completing the square,
thatis, (x—3)%+ (y+4)? =36

The centre is (3, —4), the radius = v/36 = 6.

6.6 The ellipse

Another equation worth learning, similar to that of the circle, is the equation of

an ellipse.
If you sketch the curve:
2 .2
x* P
9 16

it is the ellipse shown in Figure 6.16a.
In general the equation is:

2
X .
= ;)ij_:l (Figure 6.16b)

vA

-

)
-3 0 3 f R
2" =t
= -a\_—/a x>

Figure 6.16a Figure 6.16b

o
5
o

It is interesting to note that the area of the ellipse = nab. The equation of an
ellipse which does not have the origin as the centre is beyond the scope of this
book.
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__ Exercise 6(b)
1 Sketch graphs of the functions:

@ y=e¥ i) y=e*+2
(i) y=e~ (iv) y=In(x+1)
V) y=x+Ilnx (x>0) (i) y=1-¢€*
2 Sketch graphs of the relations given by:
@ »F=x2+l @ »=x(x—1)
(i) y* =e* iv) y*=x(x—-1(x+2)
v) y*=24—x7 i) y*=2x+1
3 Find the equation of the circle with the following centres and radii:
@ (0,0); 4 @i (0,1);3 (i) (1,-2);6
i) (-2,-1);} ) (-3,6);8

4 Find the coordinates of the centre of the following circles, and the radius
of the circle:

i) x2+)?2=36 (i) x2+y2-8=0
(iii) 2x2+2)* =25 (v) (x+17+@F-2)*=25
V) x*4+yP—4x—-6y—-3=0

5 Draw a sketch of the following ellipses and find the area of each one.

x2 2

A . 2 2 _
O T+i=1 Gi) 9x2+4)” = 36
(i) 2x2+3)? = 12 (v) x24+4y% =2

6.7 Parametric coordinates

There are many occasions when the Cartesian equation of a curve is difficult to
use. To help overcome this problem, an extra variable (called a parameter) is often
introduced, which enables x and y to be written in a simpler fashion.

Consider the following example:

x=22—t+1

y=1+123
where ¢ can take any value. We will set up a table of values for ¢ from —3 to 3, by
way of example.

t -3 -2 -1 0 1 2 3
x 22 11 4 1 2 7 16
y —26 -7 0 1 2 9 28
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Having completed the table, ignore the values of the parameter ¢, and plot the
x and y values as a point for each value of .

vA

30+

-30

Figure 6.17

The resultant curve is shown in Figure 6.17. The curve comes to a point at
(1,1) called a cusp.
It is possible to get the Cartesian equation of the curve in the following way:

sincey=14+1¢3, 1 =y—1

y—1
Substitute into x = 22 — ¢+ 1 to get
x=2y- 1 - (- 1Di+1

This is not an explicit function for y in terms of x, and it would be extremely
difficult to plot a graph from it.

3

=

Example 6.9

Find the Cartesian equations of the curves given parametrically by:

. .. 141 2t

@ x=22%y=t+1 (ii) x=1—+—i,y=ﬁ (iii) x=4t,y=g

Solution
i) Hy=t+1,thent=y—1.
Hence: x =2¢2
=20y 1)’
thatis, x =2y2—4y+2
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. . . 1+¢ .
(ii)) It is tempting to rearrange x = bl to make ¢ the subject:

1—1t
x(1—1) =141¢
x—xt=1+4+1¢
x—1=1tl+x)
t=x—l
x+1
2<x_—1>
2t x+1) 2(x—1)
y_l—tﬂl_(x_—l)—(x-f—l)——(x—l)
x+1
=2(x2—1):x_1

This result is surprisingly simple. However, it could have been achieved
straight away if you had observed that:

-2 -1

= = 1
YTYET T T

thatis, y=x—1.

(iii) Here, you can see that:
6
xxy=4tx i 24

.". the equation is xy = 24.

When plotting a curve using parameters, the parameter can be used to
indicate a direction of movement along the graph. Study the next example
carefully.

Example 6.10

Draw a reasonable sketch to show what the curves given by the following
parametric coordinates look like. On each curve, indicate with an arrow the
direction indicated by increasing the parameter.

i) x=22+1,y=t-2 -2<1t<2

(ii)) x=3sint, y =2cos2t 0° <1 <360°

Solution

(i) You need to set out the results in a table. Substitute values of ¢ into the
expressions for x and y. You can then plot the point for each value of ¢
chosen. The graph is shown in Figure 6.18.
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Figure 6.18

t 0 45 90 135 180 225 270 315 360
x 0 2.1 3 2.1 0 -2.1 -3 =21 0

y 2 0 -2 0 2 0 -2 0 2
" 3
2
>
3 0 3 x
-2
Figure 6.19

(i) The final result is quite surprising. It is once again a parabola, and the curve
is travelled along from (0, 2) to (3, —2), then back round to (—3, —2) before
returning to (0,2) (see Figure 6.19).
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One disadvantage of parametric coordinates is that it is not always clear what
range of values to choose for f to get an idea of what the complete graph looks
like. At the end of the day, only experience will help you decide.

The following example illustrates how parametric equations are particularly
useful in graphs which contain loops.

Example 6.11

(i) Plot the graph of x = 25s5in 20, y = cos 0 for values of 6 between 0° and 360°.
(i) x=2cos20, y=3sin30.

Solution

(i) Here, 0 is the parameter. Note that here 0 is in degrees, but you need to be
careful if you are going to differentiate this (see Chapter 14). The table of
values is shown below:

0 0 30 60 90 120 150 180 210 240 270 300 330 360
x o 17 17 0 -17-t7 0 17 1.7 O -17-17 ©
y 1 087 05 0 -05-087 -1 —087-05 0 05 087 1

The graph can now be plotted as shown in Figure 6.20. Make sure you
join up the points in the order of the parameter. The Cartesian equation of
this sort of curve is complicated.

A

) 4

Figure 6.20
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(i) Here we have not been given any idea as to the range of values of 6 to be
used. As a general rule, it is worth trying 6 from 0° to 360° in this case.

0 0 30 60 9 120 150 180 210 240 270 300 330 360
x 2 1 -1 -2 -1 1 2 1 -1 -2 -1 1 2
y 0 3 0 -3 0 3 0o -3 0 3 0 -3 0

The points can now be plotted as shown in Figure 6.21. You would find it
almost impossible to draw the graph from this diagram.

v A
X 3 X
2
1 .
: x »
3 2 1 0 1 2 3 x
-1
-2
X -3 X
Figure 6.21

We shall work out x and y for more values of the parameter.

6 | 15 45 75 105 135 165 195 225 255 285 315 345
x |7 o0 -17-17 O 17 17 0 -17-17 0 1.7
y (21 21 -21 -21 21 21 -21-21 21 21 =21 -21

These points can now be plotted. When you join up the points, make sure you
are following 0 in sequence.

You will be surprised to see the curve goes over itself twice as you are drawing
it. The final graph is shown in Figure 6.22. This is, of course, quite a difficult
example (one hopes you would not get such a difficult example in an
examination), and you may be able to use a graphics calculator to help you.
However, it should be said that the more interesting curves are bound to have
more difficult equations.
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Figure 6.22

— Exercise 6(c)

Plot the following parametrically defined curves.

1 x=2t+41, y=1t2-2 -3<t<3
4
e = <<
2 x T y=t+2 0<r<6
3 x=2sin0, y=5cos0 0° <0 <360°
1—1¢
= — = <<
4 x 17 y=2 0<t<e6
5 y=14sin20, x=3cos0 0° <0 < 360°
6 x=¢ -1, y=¢+1 -4<g<4

Also find the cartesian equation of the curve.

In each case, indicate a direction on the curve as the parameter increases.

Miscellaneous Examples 6

1  Sketch the graphs:
@ y=4-2x3 () y=x*+4x2

(iv) y=x+%,x7é0 V) y=xe*

2 Sketch the graphs of the following relations:
@ y¥=2x+5 (i) »*=x?

X x#-1 (¥) pP=e>

1+x

2

(v) » =

X
(i) y BTN x# -1

x+1
X2

W) y=

(i) y* = 4x — x2
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3 Plot the graphs given parametrically by:

() y=4r, x =313 —2<1<2

(i) y =cos20, x=14cosb 0° <8 <360°
t

= = 0<t<6

) 1+7¢ 1y -

__ Revision Problems 6

1 The equation of a curve is y =

turning points.

intersection of the two circles:

contain a square root.

Hence sketch the graphs of (iii)) y =

(———)—62—)5. State the equations of the
X+

asymptotes of the curve, and use calculus to find the coordinates of any

Sketch the graphs of (i) y = 3_x2; (i) y* = 3_x2
(x+2) (x+2)
2 Sketch on a separate diagram, the curves:
. x—2 .. x2—-4
(l) y= 2% (ll) y= F

x—2
X

. x2-4
and (IV) y2 =""4Tx—2——

3 Find the equation of the straight line that passes through the points of

x24)y?~4x—6=0and x2+ ) +2x+4y -8 =0.
4 Plot the graph of the curve given parametrically by x = 3sin 20,
y=4sin0. Find the Cartesian equation in the form which does not
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@ Functions

The words ‘function’, ‘mapping’ and ‘relationship’ are often confused and used
incorrectly. The differences are, in fact, not always easy to understand, and
although it is desirable to use the correct words when describing something, at the
end of the day, the ideas developed in this chapter are more important than how
they are described.

7.1 Baslic definitions

A statement such as y =4x+ 1 gives a relationship between x and y. This
relationship can be shown by using a mapping diagram as shown in Figure 7.1.
The values of x used form the domain of this relationship, and can be chosen in
any way you wish. Each value of y obtained is called the image of that value of x.
Hence y = —7 is the image of x = —2.

=4x+1

0 —0

Figure 7.1

The complete set of y values obtained is called the range of the mapping. The
relationship y = 4x + 1 is also a function, because for each value of x in the
domain, there is only one value of y. If, however, you consider the relationship
y* = x +4 for the domain x = {-2,~1,0,1}, then Figure 7.2 shows that, for
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example, 0 maps on to both 2 and —2. This is

. . . y'=x+4 V5
because, if you substitute x =0 into the 2
relationship, you get: V3
¥P=4 soy==42 :
V2
This type of mapping or relationship is
not a function.
0
to
| MEMORY JOGGER )
| A relationship (or mapping) 3
is a function if it assigns 3
only one value to each 2 3
| number in the domain.
. o
Figure 7.2

Example 7.1

Draw a sketch of the function y = x2 — x for —1 < x < 3, and hence state the
range of the function.

Solution
y A

(3,8)

3 A
Range
y=x"-x

0 >v

_:} X

Figure 7.3

Figure 7.3 shows the graph (part of a parabola). The range of the function cannot
be stated until the minimum point is found:
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—x? _ = (x—12_1

y=x'—x=(x-3) "~ A
H 1 — _1 /

Hence if x = 2° y= 4 ~T Don’t forget the technique Y

|

.~ of completing the square /
and x =3 =6 S :
> Y when dealing with the
_quadratic function L

The range of the function is therefore: : )

-1<y<6

MEMORY JOGGER
Looking at the diagram will often
help you to find the range.

7.2 Alternative notation

The function we used in Example 7.1 can be written in two other ways:

@ f(x)=x2-x -1<x<3

(ii) fix—x2—x —-1<x<3
For convenience, we shall refer to f(x) as the function notation, and (ii) as the
mapping function notation. Type (ii) is often used in computer software design.
(Any letter other than f can be used).
Example 7.2

Draw a sketch to show the function:
1 1
: — s<x<
grx X+ 2Sx<3
(i) Find the range of the function
(ii)) Solve the equation g(x) = 4.
Solution vA

(i)  The graph is shown in Figure 7.4. It
is tempting to say that the mini-
mum point occurs when x = 1. You

must not assume this, however, and &3
need to use the calculus, to find it
exactly.
If + !
=X —_
Y x
ﬂ —1 - L 0 1 3 x>
dx x2 2
Figure 7.4
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. . dy
At the turning point, Fiv 0

hence x = =1
Now x = —1 is not in the domain, and so the minimum point is when x = 1,

andhencey=1+%=2

When x=3,y=3+1=3}
The range of gis 2 <y < 3% (see Figure 7.4).
(i) Ifg(x)=4
1

x+—-=4
x
x2+1 =4x
x2—4x+1=0
4+/(—4) -4
X =
=373, 0.27

You need to realise that both of these values do not lie in the domain of g,
and so, in fact, the equation g(x) = 4 does not have a solution

7.3 0Odd and even functions

A function is said to be odd if f(—x) = —f(x) for all values of x. This implies that
the graph has rotational symmetry of order 2 about the origin 0. Some examples
of odd functions are shown in Figure 7.5.

yA vA

|
|
i
|
|

i) y=x3 (i) y=x3—4x (i) y =sinx

Figure 7.5
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A function is said to be even if f(—x) = f(x) for all values of x. This implies
that the graph is symmetrical about the y-axis. Examples of even functions are
shown in Figure 7.6.

YT vA Yf

1

2f O 2 : 3 0 3 x 1% 0 % x'
@) y=4-x? (i) y =9x% — x* (i) y = cosx
Figure 7.6

_ Exercise 7{a)

Sketch the graph of the following functions and where possible state the
range of the function.
1 f:x—-2x+1 -1<x<3
2 gix—x2-2x+5 —-3<x<3
3 h:x—4+x3 -2<x<2
4 i:x+— l 1<x<4
X
5 k:x—4-—3x2 —-4<x<4
6 m:x—1-3x—2x2 0<x<1
7 n:x—2"-1 0<x<4
1+x
: <x<
8 p:x— > 2<x<4
State whether the following functions are odd, even, or neither.
9 f(x)=x3+4 10 g(x)=(x—-2)+4
1 —x? .
13 m(x) = x(2 — 4x?) 14 n(x)=x —i
15 p(x)=x*+6x2+1
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7.4 Inverse functions

Consider the graphs of the following two functions:
i) f:x—x?+1 —-2<x<2
() g:x—x?2+1 0<x<2
You will notice that the relationships are the same, but because each relation has a

different domain, they are different functions. Hence we will need a different letter
to distinguish them. The graphs are shown in Figure 7.7.

y A y A
(-2,5) 2,5) 2,5)

Wt (i) g
Figure 7.7
Look at the equations f(x) = 3, g(x) = 3.
If x24+1=3 then x2=2, so x=+V2

Hence, for f(x), there are two values of x which give y = 3. This would be true for
any value of y in the range.

For g(x), there is always only one value of x for every value of y in the range.
When this happens, the function is said to be a 1:1 function.

Now writing
y =x*+1
y—1 = x?

x =44y—-1

For g(x), x can only be positive, and hence:

x=+44y-1
This is called the inverse relation, written g~!, or g~!(y).

The y values in the range now become the domain of this inverse function. It
is perhaps somewhat confusing that this inverse relation is then written
gl (x) =vx—1org'!:x— vx—1, by convention. Now since the range of g
is 1 <y <5, this becomes the domain of g~!. Hence the function g~! in full is:

g‘lzxr—-» x—1 1<x<5
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Example 7.3

The function f: x —3x+ x2, x € R, x> h, is. known to have an inverse f -1
Indicate the implications of this in a diagram, and find out what you can about h
(x € R means x belongs to the set of all real numbers, that is, x can be any value

between —oo and o0).

Solution

The given function has a
graph which is part of a
parabola. In order for f
to have an inverse func-
tion, the graph must be a
1:1 relation. Hence it
must be only on one side
of the line of symmetry.

If y =3x+x?
=x(3+x)

then y =0 when x =0 or
—3. And so the line of
symmetry is x = —3.

Hence h> —3

Figure 7.8

y=3x+%

__ Exercise 7{b)

2

k.

fix—ox
x—3x+4
cxe x4 1
1

—

x+1
tx o 4 - 2x2
t x4+ 2x?

= 0

—

tx e 1—2x2

tx i x —x3

o 0 9N N A WN

X e
tx - In(x+ 1)

"o T BB

o
[—4

For the following functions, determine whether or not the inverse function
exists. Where it does, give an algebraic form; where it does not, give a reason.

-2<x<2
-1<x<4
—-4<x<4

2<x<4

0<x
—-1<x
x € R.
x>0
x€R
x> -1
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7.5 Composite functions

It is possible to combine two or more functions into a single function.

So if f(x) = x2 + 1, and g(x) = 2x — 1, then f(g(x)) means replace x in the
function f by 2x — 1. In other words, g operates on x first, and then f operates on
the answer.

Hence f(g(x))=(x—1)*+1 =4x2—4x+2
Now g(f(x))=2(x2+1)—1 =2x>+1

MEMORY JOGGER
In most cases, f(g(x)) # g(f(x))

Sometimes the notation is abbreviated, and f(g(x)) might just be written fg. If
the mapping function notation is used, a symbol such as o or * might be used.
Hence, the composite functions f o g or g+ h might occur. When evaluating a
numerical example, note that fg(2) means apply g first to x = 2, and then apply f
to the answer g(2).

So, in the above example:

g(2) =2 x2—-1=3, f now operates on 3
and f(3) =32+1=10,
so fg(2) =10

Example 7.4

A function f is defined by:
fix—2-3x  xeR x#0,x#1.5
Evaluate: (i) ff(x) (i) f'(x)

Solution
() ff(x) means f(f(x)) =f(2 - 3x7")

3 _2(2—3x‘1) -3
T (2-3x1) T (2-3x7))

4-6x'-3 1-6x' x-6
To2-3x1 T 2-3x1 2x-3

=2
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(i) To find f~!(x), let y = f(x) and rearrange the formula to make x the subject.

3
So: y =2—;
3

x =27
x 1

37 2-y

o3

2-y

Conventionally, the domain of a function is always denoted by x, and so
although the inverse relation operates on a y value, conventionally, x and y are
now interchanged when stating the inverse.

3
2—x

Hence f!(x)=

Example 7.5
(a) Functions g and h are defined by:

g:x— Inx, xeR, x>0
h:x—1+x, x€R

The function f is defined by: f:x—gh(x), x€ R, x> —1
(i) Sketch the graph of y = f(x).
(i) Write down the expressions for g~!(x) and h™'(x).
(iii) Write down an expression for g~'h~!(x).
(b) The function q is defined by: q:x—x2—4x, x€R, x| <1
Show by means of a graphical argument or otherwise, that q is 1:1, and find
an expression for q~!(x).

(UCLES)
Solution
(@ gh(x) = g(1 +x) vA
= In(1 + x)
The graph of y=In(l1+Xx) is gt
shown in Figure 7.9.
(i) If y=Inx, then x =¢”
Ify=1 th =y-1
y +x,then x =y - 4 t

g l(x) =e*
and h''(x)=x-1
i) g'h7'() =g (x—1)=e*"

Figure 7.9
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(b) The turning point on y = x? — 4x = x(x — 4) is at the point where x = 2, the
line of symmetry. It is (2, —4). You can see on the graph in Figure 7.10 that
the function is 1:1 because the turning point has not been reached.

Completing the square:

y=(x-2"-4
y+4 =(x-2)7
x—2=+4y+4

x=2++/y+4

On the part of the curve we
are concerned with, when y =0,

x=0
0=2+v0+4
Hence the — sign is required to
make this true. Figure 7.10

Hence: x=2—+y+4
thatis, q7'(x) =2-vx+4

It is important to realise that fg(x) might not always exist. The
following rule tells you when it does:

MEMORY JOGGER
fg(x) only exists, if the range of g is
a part (subset) of the domain of f

Example 7.6

Iff(x)=2x+1,0<x < %, and g(x) = x? + 6,0 < x < 2, investigate whether the
functions (i) fg(x) (ii) gf(x) exist.

Solution

(i) fg(x) means ‘apply g first to x*. Now the range of g is 6 < y < 10. All these
values are outside the domain of f. For example, if you try to find fg(1) then
g(1) = 7, and f(7) does not exist. Hence the composite function fg(x) cannot
be formed.

(i) gf(x) means ‘apply f first to x’. Now the range of fis 1 <y <2. All
these values lie inside (a subset of) the domain of g. For example,
gf (3) = g(11) = 81. Hence the composite function gf(x) can be found.

In fact, gf(x) = 2x +1)° + 6 =4x>+4x+7 0<x<]

The range of gf is 7 < y < 10.
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— Exercise 7|c)

In the following examples, investigate whether the composite function fg
exists. In the cases where it does not, give a reason. Where it does, give an
explicit expression for the function.

1 f:x—x? 2 f:x—x+1 0<x<4
gixm2x+1 g:ix—>vV2x—1 1<x<9

3 f x < —~1 4 f:x—2x+1 x<3
g:xH;iZ gix2-x?

5 f:xoé& 6 f:x—e™
g:x— In(x+1) g:x— In(l —x)

7.6 Modulus functions

In section 3.4, we briefly introduced the idea of the modulus sign |x|. We can now
look at some examples that involve this function.
You need to be aware that:

G iff(x)>0  |f(x)] =f(x)
) if f(x) <0  |f(x)| = —f(x)

When considering functions that involve |f(x)| you must consider separately
the situations f(x) > 0, and f(x) < 0. These can then be combined to give the
complete graph.

For example, if a function contains the expression {2x + 1|, then you must
look at 2x + 1 > 0, that is x > —% and 2x + 1 < 0, that is x < —% separately. The
following example illustrates how this is done.

Example 7.7
Sketch graphs of the following functions:
i f:x—|x+1]+x 1
| @) f:xm LT
1- x|
Solution

(i) We shall adopt the technique of combining the graphs of |x + 1| and x.

For x < -1, lx + 1] =—(x+1)
R x+1+x=-(x+1)+x=-1
For x > -1, |x + 1] =x+1

x+1+x=(x+1)+x=2x+1
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The finished graph is shown in Figure 7.11.

EWRTIRT
\‘/ y=Ix+1] Y e
\ Ve

e
N
N
N
N
N
N
o 4

Figure 7.11

(ii) At first sight, this might look quite difficult. But try to see how to get rid of
the modulus sign.

Ifx>0 |x]=x

Hence: fIXHiti x>0, x#1
Ifx<0 |x]=-x
1—x
f.xr—>1—+—x x<0,x#-1

The graph can now be sketched. See Figure 7.12.

vA
1
-1 1
0 1
-1
_1+ixd
-
Figure 7.12

148 MASTERING ADVANCED PURE MATHEMATICS



7.7 Transformation of functions

When looking at the graph of a given function, very often its shape can be
determined by considering a basic curve, and using a transformation of the
variable. For example, if we know the shape of f(x) = x2, we can work out the

shape of g(x) = (x + 2)?

Look at the following curves, all of which are related to f(x) = x2.

(i) f(x) = x? is shown in Figure 7.13.

\J
> -3 0

X

vA

4

0

(i) £0) = x (i) 1 (x) = (x+3)?

vyA vA
) \/
0 > 0 >

(iv) fa(x) =x2+4 (v) fa(x) = 4x?
Figure 7.13

(i) Here fi(x) =f(x+ 3)

0 2

(i) f2(x) = (x—2)?

vA

0

(vi) fs(x) = 3x?

The graph of f(x) has been translated —3 parallel to the x-axis.

This could be written using the vector <—(3)>

(i) fr(x) =f(x-2)

The graph of f(x) has been translated +2 parallel to the x-axis.

This could be written using the vector (g)

i) fi(x) =4+f(x).

The graph of f(x) has been translated +4 parallel to the y-axis.

This could be written using the vector (2)
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(v) fa(x) = £(2x): Note 4x2 = (2x)*

The graph of f(x) has been stretched by a factor % parallel to the x-axis.

(i) f5(x) = 36(x)

The graph of f(x) has been stretched by a factor 3 parallel to the y-axis.

These results can in general be summarised as follows:

(@) f(x+a) translates f(x) by (—Oa)

0
(i) f(x)+a translates f(x) by ( )
a
(ii)) af(x) is a sketch parallel to the y-axis factor a

(iv) f(ax) is a sketch parallel to the x-axis factor é

Example 7.8

The function f(x) is represented by the
graph shown in Figure 7.14. Elsewhere,

f(x) =0. y
Sketch the graph of: / _\

(l) f (x + 2) 1 0
G ()
(i) f(x)+2

In each case, state the coordinates of A.

Solution

The graphs are shown in Figure 7.15.

/N pdERN

yh yA

Ao 2 A /;
i
|

Figure 7.14

v4

/

2 4

1
i
I
-1

i 4
el

-3 a1 2 2 6

Ais at (-1,2) Ais at (2,2)
0] (ii)
Figure 7.15
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__ Exercise 7{d)

1 For the following functions, sketch the graphs of f(2x), f(x — 2), 2f(x):

Q) f(x)=x? Gi) f(x)=x+1
(i) £(x) = x2 @) f(x)= i

) f(x)=e* vi) f(x)=In(x+2)
(vii) f(x)=|x+1| (viii) f(x) =x2 —x

2 The coordinates of three points on a curve y = f(x) are 4 (1,1), B(2,—1)
and C (3,0). Find the coordinates of these points after transformations.

G fox+2) @) fx-1) @) 3f(x) (v) f(x)—2

7.8 Inequalities

(i) Linear types

The statement x < 4 tells us that x can be any number less than or equal to 4 (see
Figure 7.16). This can be represented on the number line, and clearly, there are an
infinite number of possible values of x (solutions).

T T T e S ST S SN S S—

Figure 7.16

The statement 2x 4+ 1 > 4x — 3 is not quite so obvious. To solve it, proceed in
a similar fashion to solving an equation, but with some care:
143 >4x—2x
4 > 2x
2>x
Hence, x can be any value less than, but not including, two.
Why do we need to take care?
Suppose you had put the x terms on the left:
2x—4x > —-1-3
—2x > -4

If you now divide this by —2, you get x > 2, which is clearly wrong.
This leads to the rule stated in the following memory jogger box.
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MEMORY JOGGER
If you divide or multiply an inequality
by a negative number, you must reverse
the direction of the inequality sign.

It is worth looking again at the graphical implications of the inequality we
have just solved:

2x+1>4x-3

On the same diagram, draw the lines y = 2x + 1, and y = 4x — 3. They intersect at
x =2, and it is clear that the line y = 2x + 1 is above the line y = 4x — 3 if x < 2
andso2x+ 1 >4x—-3if x <2,

A graphical approach to inequalities is often the best way of understanding
what is required (see Figure 7.17).

a4

Figure 7.17

(ii) Quadratic types

Consider the inequality x? + x — 6 > 0. Factorising gives (x + 3)(x — 2) > 0. The
critical values in this expression are where x = 2 and x = —3 (obtained by solving
(x+3)(x—2)=0).

Look at the number line in Figure 7.18. It is divided into three regions by
these critical points.
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‘ Region@
I\

Region @ ' Region @

} Il I 1 } 4 !

A S 4
Figure 7.18

Take any value in Region (), say x = —5, and substitute it into the inequality:

(=5 + 3)(—5 — 2) is positive
Take any value in Region (2), say x =0, and substitute this into the

inequality:

(0 + 3)(0 — 2) is negative
Choose any value in Region B), say x = 4 and substitute it into the inequality:

(4 + 3)(4 — 2) is positive
We want the inequality to be positive: this occurs in Region () and Region ().

The solution is x < —3 or x > 2.

A graphical solution to this problem is much easier to follow. If you draw the
graph y = x2 4+ x — 6 (see Figure 7.19), you can see that y > 0 (above the x-axis),
if x > 2 or x < —3 straight away.

vA

©

X

-
%

L

ol 4

N

3

Figure 7.19

(iii) Polynomial types
Any polynomial type inequality can be solved in the same sort of way. Look at the

following example.
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Example 7.9

Show that x + 4 is a factor of 2x3 — x2 — 41x — 20 and hence find the set of
values of x for which 2x3 — x2 — 41x — 20 < 0.

Solution

The factor theorem states that if a polynomial f(x) is divisible by x — q, then
f(a) =0.

In this case: f(—4) =2 x (~4)> = (—4)> —41 x —-4—-20=0
Hence: Xx — —4, that is x + 4, 1s a factor

By division:

2x2—-9x—5
x+4 )2x3— x2—-41x-20
2x3 + 8x?
—9x2 —41x—20
—9x2 - 36x
—5x-20
—5x—20

0

Hence f(x) = (x +4)(2x% - 9x - 5)
= (x +4)(2x + 1)(x — 5) after factorisation

A sketch of y = f(x) is shown in Figure 7.20.

vA
y=2x%-x2-41x-20,

/_\ 0 >
X

™~
-4 1
2 \/5

Figure 7.20

We want f(x) < 0, where the graph is below the x-axis:

x<—4or —l<x<5
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(iv) Rational function types

If an inequality contains the variable x in the denominator, you must make sure
you multiply through by a quantity that is always positive (for example, (x + 2)2
rather than x + 2) otherwise the inequality sign may have to be reversed.

Example 7.10

. . 2, . . .
Solve the inequality x + 1 > g illustrating your answer with a diagram.

Solution

You cannot multiply both sides by x, because you do not know whether x is
positive or negative and hence whether the inequality sign should be reversed.
However, x? is always positive, so multiply both sides by x2.

Hence: x2(x+1) >2x
x34+x2-2x>0
x(x24+x-2) >0
if E=x(x+2)(x-1)>0
Solving x(x + 2)(x — 1) = 0 gives us the critical points x = -2, 0, 1.
These divide the number line into four regions (see Figure 7.21).

Region ® ’ Region @ ’Regon@‘ Region @
f t
-3 z’ -1 0

Take a value from each region, and substitute into the expression E.
Region(d), x=-3; E=-12 <0

Region(®, x=-1; E=2 >0

Region®, x=3%; E=-} <0

Region @, x =2; E=6 >0

We require £ > 0

}
T

I
2 3

.
b

1

Figure 7.21

—2<x<0orx>1
. 2
In order to show this graphically, draw the graphs of y = p and y = x + 1. The
shaded region (see Figure 7.22) shows where the straight line is above the curve,

. 2
that is, where x +1 > o
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Figure 7.22

Example 7.11
Find the set of real numbers, for which:
Bx+ 1| < |4 - 2x|

Illustrate your answer with a suitable diagram.

Solution
The graphs of y = |3x + 1] and y = |4 — 2x| are shown in Figure 7.23.

y A

Figure 7.23
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In order to find the coordinates of B, solve simultaneously y = 3x + 1 with
y=4-2x.

Eliminating y, 3x+1 =4—-2x

: 5x =3,x=3
To find the coordinates of A4, solve:
y=-(3x+1)withy=4-2x

1
The reflection of y = (3x + 1) in the x-axis

4-2x=—(3x+1)=-3x-1
x=-5
|3x + 1] < |4 — 2x| when the graph of y = |3x + 1| is below y = |4 — 2x|. This
happens between 4 and B. Hence the solution to the problem is —5 < x < %
Alternative Method

Because |x| is a positive number, then we can square both sides of the inequality,
to get:

(Bx+1)? < (4—2x)
2 2
9x%+6x+1 <16 +4x" — 16x _ technique is that there
Hence: 5x2 +22x—-15 <0 : are simi!ur-l:mkingl
(5x _ 3)(x + 5) <0 problems where this

_ does not work. o
As before, this is solved to give —-5S<x< % w

Example 7.12

: The problem with this

Solve the inequality:
l—x<|x+2|

Solution

The inequality is illustrated in
Figure 7.24.
To find 4, solve y=1—x
withy=x+2
l-x=x+2
-1 =2x

—_1
X ==3

y=|x+2|isabove y =1 —x,
: 1
if x> -3 Figure 7.24
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It is worth a reminder here that completing the square can be a useful method
in the solution of inequalities. Look at the following example.

Example 7.13

Write the expression 3x2 + 3x + A in the form a(x + b)? + c. Hence find the set of
values of 4 if 3x2 + 3x + & > 0 for all real values of x.

Solution
Using the completing the squares technique:

3x2+3x+h.=3[x2+x+—]

=]+

We are now required to consider:
3+’ 4n-2>0
Since 3(x + %)22 0 for all values of x, then & — 2 must also be greater than zero,

thatis, h—32 >0

h > 3 is the required condition

— Exercise 7(e)

Solve the following inequalities, in each case illustrating your answer with a
diagram.

1 3x+1<x-2 2 x24+1<5(x-1)
3 2x2-x-6<0 4 |x+1l<1-4
5 E<1 6 L > 2

x x+1" x-3
7 (x—-Dx+2)(x+1)>0 8 x*(x+1)>0
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Miscellaneous Examples 7

1

__ Revision Problems 7

1 The functions f and g are defined by:

Sketch the function f : x — x? — 4. State the range of the function and solve
the equation f(x) = 10.

State the range of the following functions:

i f:x— Inx x>2

() g:xr—e? X€R

(i) h:xrx3—x -3<x<3

(iv) k:x+— xe™ x>0

Find the inverse where it exists of the following functions:
0 f:x—2x-3 i) g:x—e™
(i h:xw—x2-1 (v) k:x—3x3

Iff: x+ x?—1,and g : x — 2x + 1, find expressions for fg and gf. Is there
any solution to the equation fg(x) = gf(x).

Solve the inequality |x + 1] < |2x — 3|. Illustrate your solution with a
diagram.

1 . .
Solve the inequality Tr1 > 3—2—; Illustrate your answer with a diagram.

fix—x2-10, x€R
g:xm—|x—2, x€R

(a) Show thatfof:x— x*—20x2+ 90, x € R. Find all the values of
x for which f o f(x) = 26.

(b) Show that g o f(x) = |x2? — 12|. Sketch the graph of g o f. Hence, or
otherwise, solve the equation: go f(x) = x.

(AEB)

Figure 7.25 shows a
sketch of a graph of
y=f(x) for 0 <x<7.
Elsewhere, f(x) = 0.

On separate axes,
sketch the graphs of | =~~~ |
the functions: o |
@ f(x+2) :
.. 1
G R R T |

o
o
~

(i) 1-f(x)
Figure 7.25
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3 The functions a, b and ¢ are defined by:

a:xw In2x x>0
2

b:x— — x>0
x

C: x> 3x2

(i) Evaluate expressions for ab, and a=1.

(i) What is the relationship between the graphs of a and a=!?
(iii) The function q is defined by:

q:x+— ca(x)

Sketch the graph of q~!, and give an explicit expression for q~!(x).

160 MASTERING ADVANCED PURE MATHEMATICS




The integral calculus

In Chapter 5, you were introduced to the ideas of
differentiation. The reverse of this process is known
as imtegration. It plays a very important part in
mathematics and there are many uses of it in science.

8.1 The basic ideas

We have shown that if you are given a function, such as
y =6x>4+2x2 4+ 3x
then:

2= 18x2 +4x+3
dx

We know that this process is called differentiation, and that 18x2 + 4x + 3 is the
derivative of 6x3 + 2x? 4 3x with respect to x.

If we reverse this process, we could ask the following question. If the
derivative of a function f(x) is 18x? + 4x + 3, what was the original function? The
process of finding that function is called integration. The sign for integration is [,
and dx is used to tell us that the original differentiation process had been with

respect to x.
We write this question in mathematics as:

Jle2+4x+3dx

This means integrate (or find the integral of) the function 18x2 + 4x + 3 with
respect to x. It would be tempting to write that:

J18x2+4x+3dx=6x3+2x2+3x
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Unfortunately, this is not quite correct, as any constant when differentiated
gives zero, an unknown constant (called the constant of integration) must be added
on to the answer.

(c is the constant

Hence |18x?+4x+3dx=6x>+2x>+3x+c : :
of integration)

Because we do not quite know exactly what the answer is, this is called an
indefinite integral. Let us now make the process a little more systematic.

_1 dy 1 3_ .4
If y-zx then dx_ZX4x =x
1 dy 1
f - 10 C A 9 — 9

If y 1Ox then A 10><10x X

Hence in order to get an answer of x”", that is, if % = x", you can see that:
—_ 1 n+1
Y=Lt te
1
that is, Jx" dx =——x"" 4 ¢ an
n+1

Note: This rule does not work if n = —1.

If you multiply x" by .a constant k, it only multiplies the answer by k.

So: ka" dx = Lx'“rl +c (I1a)
n+1

Example 8.1
Integrate the following functions with respect to x:
Q) 4x G) % i) 2 iv) %

| MEMORY JOGGER |
|
Always try to write a simple function in the
form kx" before attempting to integrate.

Solution
8
@) J4x7dx=4 x-’;—+c=%x8+c
+1
(ii) J%/de= Jx%dxzfi—+c=%x§+c
3
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Students make a lot of mistakes with this type of function. It is only ;%which

1 1 1 x3
-3 _
becomes x s because Z—3 = (Z) X (F) = —

4 1 x% 1
(@iv) Jﬁdx=J4x‘7dx=4xT+c=8x5+c

or: 8/x+c¢

2

If a function consists of a sum or difference of functions, then the integral
consists of the sum or difference of the integrals of each function.

Example 8.2

Integrate the following functions with respect to x:
1 2
; 4 2 .
i 6x*+7x°+1 (i) 7)_(-{-;
Solution

s 3
@) J(6x4+7x2+l)dx=6><x?+7xx?+l xx+ec=5x>+Ix+x+e¢

(i) K% + %) dx = j(x-% + 2x-2) dx

-1
x—+6=2\/3?—z+c
-1 b

1
X2

l+2x
2

There are no simple rules for integrating products or quotients. You should
try and write them in similar ways to the previous questions.

So: J (2x? + 1)2 can be evaluated if you square out the bracket first,

5 3
that is, J(4x4+4x2+1)dx=4%+4%+x+c
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4
J (x + 1) dx is the same as:

—£+£+C*lx3—l+c
T3 -1 B X

MEMORY JOGGER |

atc-a. ¢

b

J(% + %) dx = J(x2 +x7?) dx I e

b b

As with differentiating, the variable is unimportant. It is the underlying

process that is important. Look at the following integral.

Example 8.3

2t +1)2
—
evaluate the integral when r = —1.

Integrate the function

Example

Since the integral is with respect to ¢, write:

[y

i

Expand the top line first, and then divide by 4.

442 + 41+ 1 4% 4 1
So: J(————t4 )dt=J(74—+t—4+t—4>dt

= J @r2+4’ + ) dr

1 2 3
—4x_—1+4x:§+—_—§+c
42 1,
T RT3
We shall refer to this answer as f(¢).
4 2 1
So: f(t)——;~t—2-§+c
Now we know that f(1) =2
So: 2=-4-2-1+¢,  hence: c=8}
) 4 2 1 .
Hence: f(t)=~7—t—2—§§+8§

We can now find f(~1) =4 -2+1+81=102
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__ Exerclse 8(a)

Integrate the following functions with respect to x, simplifying your answers
where possible.
1 x4 2 4x3 3 32—
x
4 1 x+1
24/x 5 x+ 2 6 o
4 1\? 4
(x+1)? 3
10 V2x n = 12 —=
B3 2 14 7x3+6x2—1 15 x*+2
7F %
1 (Vx+1)°
7 __
16 7Vx7 17 Vx+ 7 18 7
19 (2x-1)° 20 (ax + b)? where a and b are constants.

8.2 Function derivative rule

There is one rule in integration that is extremely useful and is worth making a
special effort to understand. It looks complicated to start with, but if you follow
the worked examples carefully, you should not have too many problems.

If: Jf(x) dx = g(x)
then: th' (x)f(h(x))dx =kg(h(x)) +¢ 12)
where h'(x) = %

In the particular case where h(x) = ax + b (a linear function), then the rule
becomes:

jf (ax+ b)dx = —l(; glax +b) (12a)
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(i) Consider [3x2(x3 + 1)9 dx

since 4 (x*+1) =3x2%, then h(x)=x’+1

dx
and f(x)=x, giving f(h(x))=(x>+1)°
3 1 10
So: J3x2(x3+ 1)9dx=(—x%—)—+c

This is simply the reverse of the chain rule (see Section 5.2).

MEMORY JOGGER
The function derivative integration
| rule is the reverse of the chain rule.

(ii) Consider J4x\/ 1+x2dx

Now ad;(l+x2)=2x, s0 4x =2 X 2x

hence k& = 2 in Equation 12

1 2%
So: J4x\/1+x2dx=2x(——+3x—)—:§(l+x2)%
2
5
i1l ——dx
i J(1+2x)5
-4
:JS(1+2x)_5dx:5x(_li__%4x_)_+2
T T
a=2 +a
-5

= —%(1 + 2X)—4 or m

This rule is really a special case of the method of substitution, which is
shown in full in Chapter 15.

Example 8.4

Evaluate the integrals of the following functions with respect to x, using the
function derivative rule.

. 2.3 8 .. 5x 4x +2
@ Sx*(x"+4) (i) ——m (iii) ———_(x2+x+1)3
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Solution
. d 3 . 2
1) Ix ( + 4) = 3x

Since 5x? =3 x 3x2

3 9
then: J5x2(x3+4)8dx=§><(x ;4) +c
5(x3+4)°
Y ¢
(ii) i(1+x2)=2x
dx

Here: 5x=3x2x

5x -1
So: J dx:J‘5x1+x2 2dx
V14 x? ( )

.. d
(iii) d—x(x2+x+ 1) =2x+1

Now 4x+2=2x(2x+1)
So: J4x—+23 dx = j2 x (2x+ 1)(x* +x+ 1)_3dx
(x2+x+1)
x4 x+1)7° -1
=3 2+C
—2 (x2+x+1)

__ Exerclse 8{b)

Evaluate the following integrals using the function derivative rule:

2
1 3x2(1+x3)5 2 (4x+1) j——z
(x3-1)
2x+ 1 1
4 =T 5 —— 6 xVI+2x2
Vx2+x-5 (3x — 1)}
2 —
A g =0 9 5x(1-3x2)*
(1+x3)* (x2 —4x + 1)

10 \/}(1 +x%)3
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8.3 Definite integration

b
If we know [ g(x)dx = f(x), then J g(x) dx is defined as f(b) — f(a) and is called

a
the definite integral between a and b of the function g(x). The answer does not
contain x.

For example, we know 3x? +4xdx

Hence: to find 3x2+4XdX=[x3+2x2+c]atx=2

!
|

- [x3+2x2+c]at x=1

This is written [x* + 2x2 + ¢]] to avoid writing the same function twice.

=[8+8+c—[1+2+¢=13

You will notice that +c¢ cancels out, and so in fature, in definite integration, the
+c will be omitted. The numbers at the top and bottom of the integral sign are
called the limits: the number at the bottom is called the lower limit, and the
number at the top the upper limit. Note: there is no reason why the upper limit
should be numerically greater than the lower limit (although in practice it usually
is).

Example 8.5

Evaluate:

@ Jﬁ dx (i) J (’4:; 1) dr (iii) j(ﬂ ~31)dt
1

(i) The integral is with respect to ¢, and so the limits refer to values of z.

J (ﬂt—jl) dt = J (P +r2)de

=2 =2

LI B
~ 5] —E - g =3-p-geo

Nen
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(iii)) Here, you will see that the upper limit is numerically less than the lower
limit. This does not make any difference, and the integral is carried out in
the conventional way:

1

2 aya = [2237]
I(t 3t)dt—[3 2]4

4
- k-3- -2 =1

— Exercise 8{c)

Evaluate the following definite integrals:
: T 7
1 |x%dx 2 | Vxdx 3 j x+2dx
1 i |
° 1 2 1
4 |—=dx 5 |2-1dr 6 |(2x+1)’dx
|77 | JEF+D
4 0 0
1 5 2, 2 2
7 <x+l> dx 8 E -;1 dx 9 (x+41) dx
x ) x x
1 1 1
2- 1' lF
10 |1d6 1 [xv/1+x2dx 12 |x*(1+x%) dx
i 0 0
3F 1. 4 lr' A4
x
13 |——dx 14 | ——dx 15 d4
(1—x2) 3Wx+1 VI+ 45
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8.4 Understanding the definite integral
(area and volume)

(i) Area

Figure 8.1 shows part of the graph of .
y = f(x) between x = q and x = b. :
Suppose we want to find the area

A between the curve, the x-axis and the y=tlx)
lines x =a and x =b. The area 4 is /
divided up into strips of width 3x and
height y (these are approximately /
rectangles).
The area of each small strip y
84 = ydx approximately,
o4 | |
a =y 0 a L4 b

The closer 6x gets to zero, the nearer
each strip becomes to a rectangle and
the better the approximation gets.

®

Figure 8.1

Hence: Slé =y
dx

Now y = f(x), and so:

dA
O = f(x)

A= Jf (x)dx

Let the integral be

4 = g(x), say
Nowif x=a, A=0 oo gla)=0

if x =5, A = the required area

Hence: A=g(b)
But because g(a) = 0, we can write

A =g(b) - g(a)

b b
This is simply Jf (x) dx, usually written J ydx (I3)
a a

In other words, the definite integral gives us the area under the graph. It must
be used with care.
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MEMORY JOGGER

Always check that a graph does
not cross the axis between the
two limits in a definite integral

Example 8.5

Find the area enclosed between yA
the curve y =4 — x2, and the

Xx-axis.

Solution

A sketch is required (see Figure
8.2), otherwise you cannot see
that the limits are —2 and 2.
Hence:

372

x

= [435 -3 ] Figure 8.2
2

- (8- [-5+4

=102 unit’ (1 square measures 1 unit x 1 unit)

Example 8.6

Find the area enclosed by the curve

y=x3, the x-axis and the lines

x=-3and x=—1.
Solution
See Figure 8.3.

-1

Area = Jx3dx
-3
x4]_1 1_ 81
= |— =———=—20
[4 3 4 4

The area is negative because it is
below the x-axis. We should say the
area = 20 unit’. Figure 8.3
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Example 8.7

1
Evaluate J x — x> dx and explain your answers geometrically.
-1

Solution

= [4-41- -4 =0
The area shown in Figure 8.4 is clearly
not zero, but the area above the x-axis
(positive) is cancelled out by the area
below the x-axis (negative).

To find the total area, you would
have to find each part separately and add
them together. You would find the
answer = 2 x =1 unit®.

If you want to find the area enclosed
between two functions y; =f(x) and
y2 = g(x), it is easier to do this as one integral:

Figure 8.4

b
Area between curves = J( y» —y1)dx 14)

a

Here it is assumed that y, is always above y;. If you get y, and y; the wrong way
round, the answer will become negative.
Example 8.8

Find the area enclosed between the graphs

y=1+4+3x—2x*and y=x+1. vA

Solution

Clearly, both lines pass through A4(0,1)
(see Figure 8.5). To find the other point B:

143x—2x2=1+x

2x = 2x2, that is, 2x(1 — x) = 0
x=0at4

x=1ath

Figure 8.5
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—

Hence area = I (1+3x—2x%) - (1+x)dx
0

(2x — 2x?) dx

[S—

2 2.3 _ 1. .02
x? —2x°] ;=1 unit

i
— O

MEMORY JOGGER

It is worth simplifying the function to be integrated if possible, as it
reduces the number of places where numerical mistakes can be made.

Example 8.9
8

Evaluate: J(x% - x"?‘) dx. Indicate in a diagram the area that this integral
1
represents.

Solution vA

The graphs of y = x} and y = x~$ are shown
in Figure 8.6. They cross when x = 1. The
integral represents the shaded area.

8 xi—xH)dx = %x%—-3x% s
1 ! —
=[x 8 -3x8d - [1-3]

=132 — —2.4 = 15.6 unit? Figure 8.6

Example 8.10
Find the area enclosed between the graphs of y = x> ~4 and y = 2x — 1.

Solution

This is an excellent example to illustrate that you do not have to worry about
where the curve is in relationship to the x-axis for this type of problem.
To find the coordinates of 4 and B, solve:

x2—-4=2x-1
x2=2x-3=0
(x=3)(x+1) =0

Hence x = 3 or —1 (see Figure 8.7).

THE INTEGRAL CALCULUS 173



Figure 8.7

3

The required area = J (2x—1)— (x? —4)dx

-1

3
= J(2x+3—x2)dx

-1

3

313
= [x2+3x—x—] =[94+9-9] - [1-3+]]
-1

=102 units?

If the area required is partly enclosed
by the y-axis, then the following
formula is required.

The area enclosed between the
curve y = f(x), the lines y=a, y=15
and the y-axis, is given by:

b
Area = dey aIs)

This means rearranging the formula to
make x the subject. If this produces a
function you cannot easily integrate,
you may need to find the area in a
different way.

Figure 8.8
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Example 8.11
Find the area of the region defined by the inequalities x > 0, y > (x + 1)*, y < 8.

Solution

The region is shown in Figure 8.9. Firstyou (A
have to make x the subject of the equation
y=(x+1)>.
So y%=x+1,x=y%—l
Note: The lower y limit is y = 1.
8 y=(x+1 J.
The area = J(y% - 1) dy
1
(using Equation I5)

8
=§§_]
[4y qr 1

=[gx8%—8]—[%x1%—1] >

>

Figure 8.9

(ii) Volume

If the line y = 2x (0 < x < 3) is rotated by 360° about the x-axis, a solid of
revolution is produced (in this case a cone) — see Figure 8.10.

y A

y=2x

b 4

Figure 8.10

You can visualise that the cone is made up of a large number of discs of
thickness dx, and radius y.
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The volume of each disc = 1y?8x (using nr2h)
The total volume = Zny28x

As dx — 0, this becomes an integral
b

Hence, volume of revolution = Jny2 dx (16)

a
In the case of the cone,

3
volume = J n(2x)* dx
0

3
= nj-4x2dx
0

&l
=T|—
3 0

= 36w unit’

If an area enclosed by a curve and the y-axis is rotated by 360° about the
y-axis, the volume of revolution

b
= jn:xz dy a7

If an area between two curves is rotated, we have the formula:

(i) volume of revolution about the x-axis
b

- J (7% - »2) dx as)
(ii)) volume of revolution about the y-axis
b

=1 J(xz2 - x12) dx 19

a

Example 8.12

Find the volume generated, when the region enclosed between y = x2? and »? = x
is rotated by 360° about the y-axis.

Solution
The point of intersection at A is (1, 1) (see Figure 8.11).
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Now x; = /¥y and x; = )7, yA -

the volume = n

>
=n|(y-»)ady g X
1
_ [yZ yS]
=7l ——
2 5], Figure 8.11
= 3—“ unit?
T 10

— Exercise 8(d)

1 Find the area enclosed between the x-axis and:
@ y=xhx=l;x=2
() y=4-x2
(i) y=x3+4x—1;x=3;x=4
. i
iv) y=—=;x=—4x=-2
x
2 Find the area enclosed between the y-axis and:
) y=xky=1Ly=2
i) y=xy=2-x
(i) y=xy=3y=4
iv) Y¥»=x+3
3 Find the area enclosed between the lines y = 2x2 and y = 6x.
4 Find the area enclosed between the lines y = x+2 and y = x2 — x — 6.
5 Find the area enclosed between the lines y = x3 and y = 2x.
6 Find the volume generated when the areas in question 1 are rotated by
360° about the x-axis.

7 Find the volume generated when the regions in question 2 are rotated by
360° about the y-axis.

8.5 Distance, speed, acceleration

. . ds d2s .
In Section 5.10, we introduced the use of & and a If the question involves
integration, you must remember to include the constant of integration, which

should be evaluated subject to the conditions of the problem.
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Example 8.12

A particle moves in a straight line through O in the direction OR. At time ¢ = 0,
the particle is at rest at O. When it reaches R it stops, and the acceleration of the
particle at time ¢ is 12 — 4¢.

(a) Find ¢ when the particle reaches R.
(b) Find the distance OR.
(¢) Sketch the displacement-time and velocity—time graphs.

Solution
(a) If v is the velocity, then:
acceleration = 9 =12—-4
dt
integrate v =12t —2t*4¢

To find ¢, use the fact that when 1 =0, v = 0.

Hence: 0 =0—-0+¢ .o e=0
So: v =121 — 2¢?

at R, v =0 (it has stopped),

0=12¢-2t2=2¢(6-1t) .. t=60r0
But 1 = 0 at 0, hence ¢ = 6.
ds
(b) Nowv—a—t

Hence: d_s =12t — 242
dt

213 . .
s =612 — 3 +¢; (a different constant is needed)

Again, s =0, when t =0, hence ¢; =0,
213

3
To find OR, we know that 7 = 6.

s=612—

Hence: s =6x6°—2x6°
=172

Hence OR = 72 metres.
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(¢) The graphs are shown in Figure 8.12.

displacement A
80
70
60
50
40
30

10 time

velocity‘

0 6 time

Figure 8.12

Example 8.13

A lift takes 30 seconds to travel from Ba mii134s]
ground level to the top floor of a building. z g
When the lift has been moving for ¢ seconds,
its speed v m/s is given by the equation:

1 2
v—ZI(I—W)-t )

(a) Find the distance between ground
floor level and top floor level.

(b) Plot an acceleration time graph for the
motion.

THE INTEGRAL CALCULUS 179



Solution

. ds 1,
(a) Since v —d_t_ZZ(l—g(ﬁt )
t3
2t m
. , t*
Integrating s =1¢°— W—l_ c
Now when t =0, s=0 .. ¢ must be zero.
) 1
Hence s=1t°— 1800
30
- — 202 _
when ¢ = 30, s = 30 1300

=450

The distance between the floors is 450 metres. 2\
0 N _—»

. dv
acceleration = —

dr
312 12
a=2-75%=2"1%

The acceleration time graph is shown in
Figure 8.13. Figure 8.13

. Exercise 8e)

1 A body travels in a straight line passing O at time ¢t = 0 seconds, and
moving towards a point R. The acceleration of the body at time ¢ is given

& _
dr?
4 m/s.

(i) When does the body come to rest?
(ii) Find how far the body has moved from O when it comes to rest.

by 6 — 2t m/s>. As the body passes O, its speed is measured at

2 The velocity v m/s of a small object is given by the formula: v = 4 + 1.

(i) Find how far the object travels in the third second of its motion.
(i) Find the acceleration of the body after 2 seconds.
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8.6 Numerical integration

(i) The trapezium rule

When an integral cannot be evaluated exactly, a numerical technique can be used.
To find the approximate area under y = f(x), divide the graph into strips of width
h, and join the points (g, yp), (@ + A, y1) etc. on the curve by straight lines, giving a
number of trapezia (see Figure 8.14).

vA
y=f(x)
(a+hyy,)
@y, T~
J
y1 y2 y,
Y, ) Ya
0
0 a «—> b !
h
Figure 8.14

. h h h
The area of the trapezia =5[y0 +y1]+5[y1 + y7] +...+§[y,,_1 + Vi)

h
=5[yo+2y1 +2y2+ ...+ 2Yn_1 + ¥

Apart from a small space at the top, this must be approximately the area under
the graph.

b
h
Hence J f(x)dx = 3 (o+2y1+2y2+ ...+ 2Vp1 + ¥4l (110)
a

. b— .
Since (n + 1) ordinates produce 7 strips, it follows that & = —nq . This is known

as the trapezium rule.

Example 8.14

1
Use the trapezium rule with 5 ordinates to evaluate: fe"‘z dx. By using a clearly
0

labelled diagram, indicate whether your answer is greater or less than the exact
value.

THE INTEGRAL CALCULUS 181



Solution

If we are using 5 ordinates, then n = 4 giving 4 trapezia each of width } = 0.25.
Hence: h=0.25

If f(x) = e™’, the integral represents the area under the graph from x =0 to
x=1

Hence Je-x2 dx ~ 9? [£(0) + 26(0.25) + 2£(0.5) -+ 2£(0.75) + £(1)]
0

= 0.125[1 + 1.8788 + 1.5576 + 1.1396 + 0.3679]
=0.743 (3 sig. figs).

The graph of y =" for yA
x > 0 is shown in Figure 8.15.
You can see that the trapezia ; y=o"
are all below the curve. Hence ™
the answer of 0.743 will be less

than the exact value.

Figure 8.15

(ii) Simpson’s rule

If, instead of joining the points on a curve with straight lines giving a series of
trapezia (see Figure 8.14), the best parabola is drawn through sets of 3 consecutive
points, it can be shown that another approximation to the area under the curve
y = f(x) between x = @ and x = b is given by:

Jf(x) %g[yo +yn+4i+y+. )+ 202 +ya+ -] a11)

a

This is known as Simpson’s rule; n = 4 gives a very accurate approximation.

Note that the only allowed values of n are 2,4, 6, . . .. This is the same as saying
the number of ordinates is odd, or the number of stnps is even. Simpson’s rule is
more accurate than the trapezium rule, and is the formula used in a scientific
calculator that has the facility to carry out numerical integration.
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Example 8.15
1

Evaluate J\/3 1 + e* correct to 4 decimal places, using Simpson’s rule.
0

Solution
5 ordinates means 4 regions, hence h =1+ 4 = 0.25.

h
The area = 3 vo + 401 +y3) + 292 + y4

Now f(x) = V1+e*
So o =f0)=1
» = f£(0.25) = 1.31694, y, =£(0.5) = 1.38360
y3 =f£(0.75) = 1.46076, y4 =f(1) = 1.54922
Hence: the integral ~ 0. 32 > [1+4(1.31694 + 1.46076) + 2x 1.38360 + 1.54922]

= 1.3689 to 4 decimal places

__ Exercise 8(f)

1 Evaluate the following integrals by means of the trapezium rule with
5 ordinates. Give your answers correct to 3 significant figures.

1

. x ..
(Y] !ﬁ (i) Jx In xdx

2
(iii) lf V1+exdx (@iv) m

2 Evaluate the integrals in Question 1 by using Simpson’s rule with
5 ordinates.

ob—,.— —

Miscellaneous Examples 8

1 Evaluate
} 2 1
@) J(x2 +1) dx (i) J("; 1) dx (iii) J\/)_c dx
0 1
1 0.2 :
(iv) |xv1—x2dx W) X dx
J; Jl [ 3x2
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__ Revision Problems 8

Find the area enclosed between the lines y = x* and y = 1.

Find the formula for the volume of a cone of base radius » and height A.
4

Use the trapezium rule with 7 ordinates, to evaluate: J\/ 1+ %x“ dx. Give
your answer to 3 significant figures. 1

2
x

1+ xe*

Use Simpson’s rule with 5 ordinates to evaluate: j
1

1 Figure 8.16 shows part of &
the graph of y = x2, with !
rectangles approximating
the area under the curve
between x =0 and x = 1.
Prove that the total area of
the four rectangles shown
may be expressed as:

In general, when the Figure 8.16
x-axis between x =0 and
x =1 is divided into »n equal parts, the area under the curve may be

approximated by the total area, 4, of (n — 1) rectangles each of width ’ll
Given that

dort=lnn+1)2n+1)
r=1

m—1(2n-1)

show that 4 = o2

and explain briefly how the exact value of

1
sz dx may be deduced from this expression.
0

(UCLES)

2 It is given that:
1

V(I +Vx)

f(x) dx is denoted by I.

f(x) =

and the integral

© S,
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()

(i)

(i)

@iv)

Using the trapezium rule, with four trapezia of equal width, obtain
an approximation /; to the value of I, giving three decimal places in

your answer.
A sketch of the graph of
y =f(x) is given in Figure
8.17. Use this diagram to
justify the inequality 7 < I.
Evaluate I, where:

3
L=5) f(r)
r=1

giving three decimal places
in your answer, and use the
diagram to justify the in-
equality 7 > I,.
By means of the substitution
VX =u—1, show that the

exact value of I is % (2 — v2).

A

Figure 8.17

(UCLES)
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@ Trigonometry

Most of the trigonometry that you will have
encountered so far involves angles less than
90°, and right-angled triangles (you may have
used the sine rule and cosine rule for an obtuse
angled triangle). Many situations in real life,
however, involve situations, particularly with
machinery, where angles can be any size,
positive or negative. This chapter helps you
to master the skills needed to cope with this
type of situation. You are advised to work
through it systematically.

9.1 The four quadrants (sin x, cos x, tan x)

Once angles become greater than A
90°, the traditional definition of )
sine, cosine and tangent using

right-angled triangles become in- P(x.y)
appropriate. Instead, coordinates SECOND FIRST
Wlll bC used QUADRANT, QUADRANT

Consider a point P(x, y) rotat-
ing anti-clockwise in a circle of >
radius r (see Figure 9.1). The X

trigonometric ratios are defined T FOURTH

as follows: QUADRANT QUADRANT
. X
sinQ = Y cos@ = —
r r
x sin@
tang=2 =22 2%
x r r cos@ Figure 9.1
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The radius of the circle r is always positive, and so the following situations
arise:

1st quadrant 0 < 6 < 90° sin O is positive
cos 0 is positive
tan 0 is positive

2nd quadrant 90° < 6 < 180° sin O is positive
cos 0 is negative
tan 0 is negative

3rd quadrant 180° < 6 < 270° sin 0 is negative
cos 0 is negative
tan 0 is positive

4th quadrant 270° < 0 < 360° sin 0 is negative
cos 0 is positive
tan 0 is negative

The calculator will, of course, work out these values for you. If you plot

graphs of the different trigonometric functions, then these look as shown in
Figure 9.2.

y A y A
1 1
0 0 >
9 180 270 360 o 90 180 270 360 ©
-1 1
y =cosf y=sinb
(i) (ii)
y A
j >
90 180 270 Kaao ]
y=tanb
(iil)
Figure 9.2
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These graphs can be continued to angles greater than 360° (more than one

complete revolution) or less than 0° (rotation in a clockwise direction).

)

(1)

(i)

@iv)

V)

Now look at how this all works.
90° < 6 < 180° (Subtract the angle from 180° and apply the
appropriate sign.)
sin 140° = sin(180° — 140°) = sin40°
cos 140° = —cos(180° — 140°) — cos 40°
tan 140° = —tan(180° — 140°) = — tan40°
180° < 0 < 270° (Subtract 180° from the angle and apply the
appropriate sign.)
§in 220° = —sin(220° — 180°) = —sin40°
€08 220° = —c0s(220° — 180°) = — cos 40°
tan 220° = tan(220° — 180°) = tan 40°
270° < 6 < 360° (Subtract the angle from 360° and apply the
appropriate sign.)
sin 300° = —sin(360° — 300°) = — sin 60°
c0s300° = cos(360° — 300°) = cos 60°
tan 300° = — tan(360° — 300°) = — tan 60°
For angles greater than 360°, reduce the angle to one less than 360° first, by
subtracting multiples of 360°.
So: (a) sin480° = sin(480° — 360°)
= sin 120° = sin(180° — 120°) = sin 60°
(b) c0s865° = cos(865° — 720°)
= cos 145° = cos(180° — 145°) = — cos 35°
(¢) tan1200° = tan(1200° — 1080°)
= tan 120° = — tan(180° — 120°)
= — tan 60°
For negative angles, the
following rules will apply,
which you can see by

extending the graphs (see
Figures 9.3a and 9.3b)

(a) cos6 is symmetrical
about the y-axis, and
so cos(—0) = cos 6
(cos @ is an even
function).

7

I

Figure 9.3a
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(b) sin0 is opposite in sign for negative angles, hence sin(—0) = —sin 6
(sin © is an odd function).

Figure 9.3b
. __sin® _ sin(-0) —sin6®
(c) since tan® = prwr then tan(—6) = cos(—0) ~ cos® tan 0

(tan 0 is an odd function).
Hence, for example:

sin(—120°) = —sin 120° = —sin(180° — 120°)
= —sin 60°

cos(—400°) = cos400° = cos(400° — 360°)
= cos 40°

tan(—840°) = — tan 840°
= — tan(840° — 720°)
= —tan 120°
= — — tan(180° — 120°) = tan 60°

Check that you have understood this section by trying the following
questions.

__ Exercise 9{a)

Express the following trigonometric ratios of angles, as the ratio of an angle
in the first quadrant, with the appropriate sign.

1 sin140° 2 cos200° 3 tanl35°

4 tan600° 5 sin(~80°) 6 cos(—140°)

7 tan(—600°) 8 tanl179° 9 sin600°
10 cos(—730°) 11 cos800° 12 tan(-650°)
13 tan380° 14  cos401° 15  cos(—196°)
16 tan(—187°) 17  sin(—636°) 18 cos 1200°
19 sin 1080 20 cos987

TRIGONOMETRY 189



ACTIVITY 7
The graph of y = sin 2x is as follows:

vl

y=sin2x

A 4

X

Figure 9.4
This is the graph of y = sin 3x:

yh

y=5in3x

Figure 9.5

Investigate the graphs of y = sinnx and y = cosnx where n is an integer.
What does the graph of y = 4sin 2x + 3 sin 3x look like?

Investigate the curves y = asin 2x + b sin 3x.

Note: This type of investigation is much easier if you have access to a
graphics calculator.

9.2 Secx, cosecx, cotx

It is often convenient to replace the reciprocals of cosx, sinx and tanx in a
calculation, and so three new trigonometric ratios are defined:

1 1 1
secx=——; cosecx=——; and cotx =——
mn x tan x
You will not usually find a button for these on the calculator.
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In terms of quadrants, sec x behaves like cos x, cosec x like sinx, and cotx
like tan x.

So, for example, sec280° = — sec(280° — 270°)
= —sec 10°
cot(—200°) = — cot 200°
= —cot(200° — 180°)
= —cot20°
cosec 650° = cosec (650° — 360°)
= —cosec {360° — 290°)
= —cosec 70°

— Exercise 9(b)

Express the following trigonometric ratios of angles as the ratio of an angle
in the first quadrant, with the appropriate sign.

1 sec260° 2 cosec 400° 3 cot240°
4  sec300° 5 cot290° 6 cosec (—100°)
7  sec(—200°) 8 cot(—350°) 9 sec700°

10  cot900°

9.3 Radian measure

The reason that angles are measured in degrees
with 360° in a complete revolution dates back to
the time of the Babylonians. It is a purely arbitrary
number, although one cannot argue that 360 is a
very useful number with many factors. However,
when using the calculus, it turns out that a different
way of measuring angles is necessary to make
calculations easier.

We define 1 radian = 360 = 180 degrees
2n n

= 57.3 degrees
hence 2 radians = 360 degrees
or n radians = 180 degrees

The abbreviations for radian are rad, c or even no unit at all.
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There are a number of straightforward angles worth learning:

o __ E o — E
90° = 5 60 3
o T o 3m
45° = 2 270° = >
n
30° = 13 and so on
If the angle is not any of these, use the following conversion rules:
degrees > X I > radians
g > 180 >
radians »- %Q > degrees
_ Exercise 9(c)
1 Convert to degrees the following angles given in radians:
2
G % Gi) 3n (i) ?" Gv) 1
5w . ., Im ey 3T
W) I (vi) 2.6 (vii) vy (viii) 5
(ix) 6n x) 8.42
2 Convert the following angles to radians (leave 7 in your answer where
appropriate):
@ 15° (i) 50° @ii) 19.5° (iv) 420°
(v) -—135° (vi) 600° (vii) 671° (viii) 8°
(ix) 900° (x) 106.5°
9.4 Sectors of a circle
r
The two formulae most directly affected by
measuring angles in radians are those concerning
a sector of a circle of radius 7, angle at the centre
0 rad or x° (see Figure 9.6). 8 rad
In degrees,
X
the area = nr? 3 60
and arc length L = 2nr x %6
Figure 9.6
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but if the angle x° = 0 rad, then since 360° = 2x.rad

0
the area = nr? x —

2n
thatis, area =1r°0 (0 in radians) (SR1)

Hence nt disappears from the formula.

0
Also  arc length = 2nr x 7

hence arc length =0 (8 in radians) (SR2)

Example 9.1

Referring to Figure 9.7, O is the centre of the
circle, and the angle AOB is 1.5 radians. If
the shaded area of the circle is 20 cm?, find
the radius of the circle, and also the length of
the larger arc of the circle joining 4 and B.

Solution A
The radian formula for the area of a sector is:
area =1r?0 (where r is the radius)

The required angle, however, is the reflex

angle AOB. B
Thisis 2rn — 1.5 = 4.783 radians Figure 9.7
Hence: 20 = %rz x 4.783
4.783
Hence r =289 cm

The longer arc ABis r0 =2.89 x 4.783 = 13.8 cm

— Exercise 9(d)

1 In Figure 9.8, O is the centre of a
circle of radius 5 cm. Find the
shaded area if angle AOB = 0.8 rad.

2 Referring to Figure 9.8, find the
perimeter of the shaded area.

Flgure 9.8
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3 A sector of a circle of radius 10 cm has an area of 8 cm?. Find the angle
of the sector.

4 A and B are two points on a circle. The length of the longest arc between
A and B is three times the length of the shortest arc. Find the angle
subtended by the chord 4B at the centre of the circle.

9.5 Inverse trigonometric functions

When you solve the equation sinx = 0.5, using your calculator, you press the
key, and this gives a single value of x = 30°. However, we know from the
graph that the equation sin x = 0.5 has many solutions. The key gives the

principal value of x and is the inverse sine of 0.5. In other words, sin™" is the angle
whose sine equals 0.5. It is important that you do not forget the inverse sine
function always gives you an angle. Because of the way inverse functions are used,
this angle is usually written in radians. Note: The graphs of the inverse
trigonometrical function are 1:1.

The graph of y = sin™! x is shown in Figure 9.9a.

4

I
2
|
[
t
|
!
[
-1 I
T : —»
| 1 X
i
{
[
I y=sinx
[
_E
2
Figure 9.9a

Similarly, the keys for | cos~! |and rtan“ Jgive the principal values of the inverse

cosine and inverse tangent functions. These two graphs are shown in Figures 9.9b
and 9.9c.
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N1k

y=C0s'X

ok 4

Figure 9.9b

i 4

Figure 9.9¢

A major use of these inverse trigonometric functions is in the field of

integration (see Chapter 15).

Exercise 9(e)

Using the graphs of cot x, cosec x and sec x (or otherwise), draw the graph of

-1

y=cot !x, y =cosec!x and y = sec™! x.
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9.6 Trigonometric identities

As with ordinary algebra, it is possible to simplify expressions in trigonometry

using a wide range of trigonometric identities.

(i) Pythagorean identities
In a right-angled triangle (see Figure 9.10),

2 =g +

2 g2 2
2 o b\ (b
¢ ! _c2+02_ (c) +(c)

thatis, 1 = (sinx)?+ (cosx)’
(sin x)2 is always written sin x (sine squared x)

Hence sin®x+cos’x =1

2 2

or sin“x =1 - cos“ x

cos’x =1 —sin®x

b
Figure 9.10

(TI1)
(TI1A)
(TI1B)

Using the definitions given in Section 9.1, you can show that this identity is
true for all angles. (Note the equivalence sign =, which states that it is always true.
You do not have to use this sign, but it emphasises the fact that it is a different
way of writing an expression, rather than solving an equation.

2
. cos” x 1
+ TII by sin®x l+———=-—
sin“x  sin“x
that is, 1 +cot? x = cosec’x

usually written:
cosec’x = 1 + cot® x
+ TII by cos®x and you obtain:

sec?x =1+ tan’x

(TI2)

(TI3)

MEMORY JOGGER

It is important to remember that the letter
x in a given identity can be replaced by
any algebraic or numerical expression.
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Hence in TI1, if x = 24, you get:
sin?24 +cos?24 =1
In TI2, if x = 45°, you get:

cosec?45° = 1 + cot? 45°

InTI3,if x=0-— %’ you get:

sec? (9 - g) =1+ tan® (6 - g)

The identities TI1-3 can be referred to as the Pythagorean identities, because
they originate from Pythagoras’s theorem.

Example 9.2

Simplify:

) 1—sin’x .. l4tan?x 1 —cosx
iy -—= i) ——— fii —
(@) cos X (ir) sec3 x (i) 14 cosx
Solution

0 l—sin2x_\/cos2x_cosx_l

COSX  COSX  COSX
.. l+tan?x sec?x 1
(ii) 3 =——= = COS X
sec3 x sec3x secx

(iii) This is not easy to see. Multiply top and bottom of the fraction inside the
square root sign by 1 — cos x:

(1-cosx)(1—cosx)  [(1— cos x)?
(1+cosx)(1—cosx) | 1—cos?x

_1—cosx 1-—cosx

sin® x Sin x

or = cosecx —cotx

_ Exercise 9(f)

Simplify the following expressions as much as possible:

1
1 VT : 1 3 _osx
1 —sin®x 1—sin’x
1+ cosx sec® x
4 (cosec*x —1)* 5 —_ 6 ——
( ) 1—cosx V1 + tan? x
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9.7 Solving trigonometric equations

If you have started reading at this point in the text, make sure you know the
following:

DO YOU KNOW?

(i) The sign of the trigonometrical ratios

in the four quadrants? Figure 9.11
shows which ratios are positive.
(i) What radian measure is? )
: Sine | All
360° = 2n radians
o= i radians
180 2 Tangent | Cosine
X 180°
or | radian = —
n
(iii)

In the sequence a, a + 360,a + 720, .. .,
the formula for predicting the Figure 9.11
(n+ 1)th term is a + 360n.

Consider the statement: sinx = 0.5 How can we find what x is equal to?

Using the button on a calculator, you would get x = 30°. However, is

this the only solution? If you look at the graph of y = sin x over a wide range of
values of x (Figure 9.12), it shows that in fact there are an infinite number of
possible values for x for which y = 0.5.

vA

Figure 9.12
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These are x = ... =300°, —-210°, 30°, 150°, 390°, 510°, ...

If you group these alternately, as shown, you can see that in each group the

angles increase by 360°. This can be summarised in the following way:
x = 30° + 360°n ey
_ o o " This is called the

or x =150 + 360°n ( general solution 2
where n is a positive or negative integer, or zero. ' '

Very often, we require the solution to an equation within a given range.
However, it is nearly always easier to find the general solution first and then select
the answers you require.

Example 9.3

Look at the equation: tan 3x = —0.4 with 180° < x < 180°.
Solution

The tangent is negative in the second and fourth quadrants.

Use +0.4 on the calculator to give an angle of 21.8°. Using this angle,

we can get an angle in the second quadrant of 180° — 21.8° = 158.2° and in the
fourth quadrant of 360° — 21.8° = 338.2°.

Hence: 3x = 158.2° 4 360°n

or: 3x = 338.2° + 360°n
If we now divide by 3, we get:
x =52.7°+120°n @)
or: x =112.7°+120°n (ii)

MEMORY JOGGER

Remember that » can take any integer
value, positive, negative or zero

Using Equation (i):
n=-1 x=527°-120°= —-67.3°
n=0 x=527°
n=1 x=527"+120°=172.7°
These are the only three values that you can get in the range —180° < x < 180°.
Using Equation (ii):
with n = -2, — 1, 0, you get angles — 127.3°, — 7.3°, 112.7°
Combining all these answers, we find the solution of the equation:
tan3x = —0.4is — 127.3°, —67.3°, —7.3°, 52.7°, 112.7°, 172.7°
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On many occasions, when you solve a trigonometric equation, you want the
answers in radians. The following example shows you that, provided you
remember to convert to the radian mode on your calculator, the method of
solution is the same.

Example 9.4
. T
Solve the equation cos (2x - Z) =-02 0<x<2m
! MEMORY JOGGER /_%\
The condition 0 < x < 2n tells S Cheskyour
z : h calculator
‘ you that a radian solution is ¥ e oA
required. Remember to put the \ Kook ’___/J
| calculator into radian mode. R e
L

Solution

Find 0.2 to give 1.369 radians. But a cosine equal to —0.2 means that we

require an angle in the second quadrant (r — 1.369), and in the third quadrant
(m+ 1.369).

Hence: 2x—» = (r — 1.369) + 2nn

4
or:  2x-— g- = (1 + 1.369) + 2nm
Hence: 2x = 2.558 + 2nm
or: 2x =5.296 + 2nn
Dividing by 2 gives:
x=1279 +nr

or: x =2.648 +nn

Remember that 0 < x < 6.28, hence using the general solution with n =0,
1 in each line, we get:

x =1.279,2.648,4.421,5.790

9.8 Solving more difficuit trigonometric
equations

However different a trigonometric equation looks, it can always be reduced to the
basic type shown in the previous section. This is illustrated in the next three
examples.
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Example 9.5

Solve the equation sinx = 1

MEMORY JOGGER

P | " '
Remember sin” x means (sinx)".

Solution

Take the square root of this equation, and you get two equations:

. 1
sinx=+—
V2
1
If sinx=—, x =45° 135°
V2
1
If sinx =—— x = 225° 315°
V2

The solution is x = 45°, 135°, 225°, 315°

Example 9.6
Solve the equation sec2x = 3 if —180° < x < 180°.

Solution

. 1 . .
Since sec = 550" the equation can be rewritten:

cos2x =1
It can then be solved in the usual way:

2x =70.5° + 360°n
or: 2x = 289.5°+ 360°n
x =35.25°+180°n
or: x =144.75°+180°n

in the required range:
x = —144.75°, — 35.25°, 35.25°, 144.75°

Example 9.7

Find the general solution in radians of the equation 3 sin?0 — 14sin® — 4 = 0.

Solution

This is a quadratic equation in sin 0. It does not factorise, and so you must use the
quadratic equation formula:

. —b+ Vb2 —-4dac
- 2a

TRIGONOMETRY 201



+14+£ V1424 x3 x —4
6

=4937 or —0.270

Hence: sinb =

sin 0 cannot be greater than 1, and so the solution sin 6 = 4.937 can be ignored.

1

__ Exercise 9{g)

Hence: sin® = —0.27
0 =(n+0.273) + 2nn

or: 0 = (2r ~0.273) + 2an
that is, 0 =3.415+2nn
or: 6 =6.010 + 2nn

Solve the following equations in the range 0 < x < 360°:

(i) sinx=0.6 (i) cosx=-0.7
1
iii) tan2x = -— iv) cos(2x —30°) = —1
(iif) 7 @iv) ( ) 2
(v) cos2x=10.6 (vi) cotx=4
Solve the following equations in the range —180° < x < 180°:
() tan2x=-1 (ii)) sec2x =4
1
iii) sin3x=-—— iv) cos(30° —x) =0.6
(iii) 7 (@iv) ( )
Find the following solutions in radians in the range 0 < x < 2x:
() tan3x=+V3 (i) cos(zx - E) —06
2
. . n
(iii) cosec2x =23 (iv) sin (x + Z) = -1
. m V3
) sm(3x - E) =5
Find the general solution of the following equations:
(i) sin3x°=1 (ii) tand4x®° = -1
o . . o™
(i) cotx° =2 (iv) sin (2x 4) 0.6
Solve the following equations in the range 0 < x < 360°:
(i) tan’x=2 (i) sin?3x=0.6
(iii) 4sin’x—8sinx+3=0 (iv) sin®x+sinx—1=0
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9.9 Identities 2 [the addition formulae, or

compound angle formulae)

It would be very tempting to write an expression such as cos(4 + B) as

cos 4 + cos B. However, it is not difficult to prove this is not allowed.
If 4 =60° and B = 60°, then cos(60 + 60) = cos 120° = —0.5

but cos60° + cos60°=0.5+05=1
Hence: cos(60° + 60°) # cos 60° + cos 60°
Look at Figure 9.13.

Figure 9.13

cos(4A+ B) = %
_PS-TS
_—PQ
_PS _UR
~PQ PQ

R
= zljcosB——QsinB

- PQ PO

= cos Acos B —sin Asin B

(since 7S = UR)

In a similar way, it can be shown that:
cos{4 — B) =cos Acos B+ sin Asin B
sin(4 + B) = sin Acos B+ cos Asin B
sin(4 — B) =sinAcos B— cos Asin B

(TI4)

(TI5)
(TI6)
(TI7)
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. sin(4 + B) sinAcos B+ cosAsin B
B — = " 0}
Since tan(4 + B) cos(A+ B) cosAcosB—sinAsin B

+ top and bottom lines by cos 4 cos B, you get:

tanA4 +tan B
tan(4 + B) = T At (TI8)
tan4 —tan B
Also tan(4 —B) = TTtan AtanB (TI19)
If you replace B by A4 in Equation (T14)
cos(A + A) =cos2A4 = cos Acos A — sin Asin 4
thatis,  cos24 =cos’ A —sin* 4 (TI10)
or: = cos? A — (1 — cos? A)
=2cos’4—1 (TI10a)
or: =2(1 —sin?4) — 1
=1-2sin’4 (TI10b)

The last two of these are often needed in integration when rearranged, to give:
cos’ 4 = 1(1 + cos24)
or: sin’A4 =4(1 — cos24)
Replace B by A4 in Equation (TI6):
sin(4 + 4) = sin A cos 4 + cos 4 sin A

that is, sin24 = 2sinAcos 4 (TI11)
Replace B by A4 in Equation (TI8):

tan A4 +tan 4

tan(A+A4) = —M——

an(d+4) =1 A

2tan A

that is, tan24 = ——— TI12
atts an 1 —tan? 4 (T112)

Formulae given in Equations (TI10), (TI11) and (TI12) are often called the
double angle formulae.

The following examples should be studied carefully. They cover a wide range
of types of question.

Then try Exercise 9(h).

Example 9.8

Find, without using a calculator:

(i) cosl5® (i) tan75°
(iii) 1cos15° —¥sin15° (iv) cot221°
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Solution

The simplest right-angled triangles with angles of 45° and 60° are shown in Figure
9.14. From these, you can get the trig ratios without using a calculator for 30°, 45°
and 60°.

[\

Figure 9.14

1 So cosl5® =cos{45° —30°)
= c0s 45° cos 30° + sin 45° sin 30° (using Equation (T16))
1 V3 1 1 V3+1

=—=X——t—=X-=——
V2 2 V2 2 22

_V6+Vv2

2 if you rationalise the denominator

or:

(ii) tan75° = tan(45° + 30°)
_ tan45° +tan 30°
T 1—tan45°tan 30°
45 V341
- V3i-1

(using Equation (TI8))

or: =243 (after rationalising the denominator)

(iii) Since cos 60° =1 and sin 60° = 4,

%cos 15° — lgsin 15° = cos 60° cos 15° — sin 60° sin 15°

= cos(60° + 15°)

= cos75°

or: = sin 30° cos 15° — cos 30° sin 15°
= sin(30° — 15°)
= sin 15°
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(iv) At first sight, this might seem different to the previous question. But if you
use Equation (TI12) with 4 =221°,

2tan224°
1 —tan?224°

B 2tan221°
1 — tan?224°

then: tan45° =

thatis, 1

This leads to the quadratic equation:
tan”22}° +2tan22° — 1 =0

If you solve this, using the quadratic formula:

tan22l° = 2= V8 3; v8
but tan221°>0 S0 tan22fP=+v2-1
but cotx =

tan x
1
cot22l° = =v2+1
2 T /21
Example 9.9

If A is obtuse, and B acute, and also sin 4 = % and tan B = 3, find, without using a
calculator:

(i) sin(4 + B); (i) tan(4 - B); (iii) sec(4 + B).

Solution

You can use Pythagoras’s theorem to complete two right-angled triangles, one for
each angle as shown. Remember, however, that 4 is in fact an obtuse angle.

Figure 9.15
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(i) sin(4+ B)=sinAcosB+cosAsinB
=@ <@+ (—T%) x () =&
negative because
A is obtuse

negative because

A is obtuse
{
tanA4 — tan B -1-35
ii) tan(4 - B) = = e
(i) tan( ) =T rtandwnB 1+ -3) x (%)

=8
16

(iii) Find cos(4 + B) first
cos(4 + B) = cos Acos B — sin Asin B
=(=9x@B - xH=-%

sec(4+ B) = -8

Example 9.10
Solve the equation sin x = 2sin(x — 30°) for 0 < x < 360°.

Solution

sin x = 2sin(x — 30°)
= 2[sin x cos 30 — cos x sin 30]
= 2(sinx) x 0.866 — (2cos x) x 0.5
cosx = 1.732sinx — sinx = 0.732sin x
1 sin x

thatis, tanx = 1.366
: x =53.8° or 233.8°

Example 9.11

Prove the following identities:
@ cos(X +7Y)

cosXcosY
(ii)

cosA sinA
(iii) (tan® + cot8) = cosec20

sind cosA
(iv) cos34=4cos’4—3cosd

=1]l-tanXtanY

= 2cosec 24
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MEMORY JOGGER

When proving a trig identity try starting
| with the more complicated side and
rearrange it to equal the other side.

Solution
. cos(X+Y) cosXcosY —sinXsinY

@® LHS. = cosXcosY cosXcosY
__cosXcosY sinXsinY
T cosXcosY cosXcosY
=1—-tanXtanY = R.H.S.

2 )
.. cos“ A +sin“ A4 1
@) LHS. = sindcosA  sinAcosA
2 2
= = - = 2 2A
2sindAcosA sin24 cosee

= R.H.S.

1
=1 —1
Giii) L.H.S. = 2(tan(-) +cot8) = 2(tane + @no 9>

_l(tan29+l) _ 1+tan’0

T2\ tanb 2tan®
_secze_lx 1 ><cos()_ 1

T 2tan8® 27 cos20” sin®  2cosOsinf
=m0 = cosec 20

@iv)

MEMORY JOGGER

Identities containing triple angles usually
have to be worked out in two stages.

cos34 =cos(24 + A) =cos24cos A — sin24sin 4
= (2cos? 4 ~ 1) cos A — 2sin A cos A sin 4
=2cos’ A — cos A — 2sin® Acos A
=2cos* 4 —cos A — 2(1 — cos® A) cos A

=4cos’ 4 — 3cos 4
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— Exercise 9(h)

1 Prove the identities:

1
(i) sin(4 +45°) = —(sin 4 + cos 4)

V2
. 1—cos® 5,
(ll) m = tan 29
(i) 1 _ tan 24
14+cos24 tan24+1
. cos@ —sind cos 20
(iv) — = -
cosO+sin® 1+4sin0d
sinX cosX .
W) in? ooy = 2sin(X + Y)cosec2Y
. cos40 1+sin40 2
) 1 4+ sin40 + cos40  cos4
2 Solve the equations for 0° < x < 360°:
(i) sin*x—cos?x =0.5

(ii)) tan2x+tanx =20
(iii) sin(x + 30°) + cos(x — 60°) = cos(x + 10°)

9.10 acosf-+bsinf

The expression acos0+ bsin® is very common in mathematics. You need to
remember that it comes indirectly from the addition formulae in Equations

(TI4-7):

Let R=+Va?2+5h

then acosB®+ bsin8 = R[%COSG +%sin9]

Check by multiplying out the R.H.S.
Draw a right-angled triangle, base angle o as
shown in Figure 9.16.
a b .
Then g = cosa and R sin 6
acos8+ bsin® = R|cosacos O + sinasin 6]

= Rcos(6 — a)

Figure 9.16
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For example, consider:

(i) 3cos®+4sinf
a=3,b=4,soR=\/m=5
cosa =4, sino =4 S.oa=153.1°

3cos0+4sind = 5cos(6 — 53.1°)

(ii)) Scosx—4sinx
(Take care with the negative sign.)

5 . —4
cosu=—— sinag=——
Va1 vZ5%
(Note: Since cosa > 0 and sina < 0, & must be in the fourth quadrant, so
o = 321.3°.

Scosx — 4sinx = cos(x — 321.3°)

We are now in a position to solve equations of the type acos @ + bsin0 = c.

Example 9.12

Solve the equation 4sinx — 2cosx = 3 for 0 < x < 360°

Solution
Here, note that to get the equation in the required form, it needs to be rewritten:

—2cosx+4sinx =3

R=1/(-2*+4=v20, a=-2b=4
coso = —_—2~ and sina = 4
V20 V20

Since cosa < 0 and sin« > 0, o is in the second quadrant,

V20 cos(x — 116.6°) = 3
3
V20
So: x—116.6° = 47.9° + 360°n
or 312.1°+ 360°n

x = 164.5° 4 360°n
or 428.7° +360°n

cos(x — 116.6°) =

in the required range x = 68.7°, 164.5°.
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__ Exercise 9{i)

1 Express the following in the form Rcos(x — a):

(i) 2sinx+3cosx (i) Ssinx-—12cosx
(iii) sinx —cosx (iv) 3cosx —2sinx
2 Solve the following equations for 0° < x < 360°:
(i) 2sinx+3cosx=1 (i) sinx+cosx=0.5
(iii) 2sinx — 13cosx = ~0.5 (iv) 4sinx —3cosx = —1

9.11 Further identities

® Since sin(A4 + B) = sin Acos B + cos Asin B @
and sin(4 — B) =sinAcosB —cosAsin B (i)
(i) + (i) gives: sin(4 + B) +sin(4 — B) =2sinAcos B
Replace 4 + B with X and 4 — B with Y, to get:
X+Y X+7Y
cos

sinX +sinY = 2sin > > (T113)
similarly sinX —sinY = 2cos X _; YcosX —; Y (T114)
cosX +cosY =2cosX_;YcosX; Y (T115)
cosX —cosY = —2sinX; YsinX; Y (T116)
These identities are particularly useful in integration.
(i) Using cos2A4 =cos? 4 —sin’ 4 and cos> 4 +sin*A4 =1,
then cos24 = SoszA——s%n;A (+ top and bottom by cos’ A)
cos? 4 +sin“ 4
= %%zij (often written i—;@ (TI17)
also  sin24 = Ti—t:% written % (TI18)
and tan24 = T%% written —=— (TI19)

These are often called the ¢ formulae. They enable you to write any trig
function in terms of the same quantity, ¢.
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Miscellaneous Examples 9

1

W

If tan A = — 2, and sin B = 3, where 4 and B are obtuse, find:

(i tan(4+ B) (ii) sin(4 - B) (iil) cos{4 + B)
Solve the equation 3sinx —2cosx =1 for 0 < x < 2x.

Find an expression for tan 3x in terms of tanx.

Without using the calculus, find the maximum value of the expression
y = 4cos x + 6sin x. Sketch the graph for 0° < x < 360°.
Find the general solution of the equation 4 cos(2x — 30°) = 1.
Prove the identities.

. sin 6 sind+sinB _
@ 1—cos® cosA+cosB
Show that sin 0 + sin 20 + sin 30 = sin 26(1 + 2cos 8), and hence solve the
equation sin 6 + sin 20 + sin 36 = 0.

If sin(6 — o) = 4cos(0 + a), find tana.

= cot10 (i) tan}(4 + B)

Revision Problems 9

1 The diagram shows part of a trace on R P B S e

an oscilloscope. The equation of the | i
curve is: y = 4sin2x. : (€
At point 4, y = —0.6. What is the | (l
largest negative value that x could be | / { I(
(measured in radians)? 1 2 [ :,(
| 3 |
] i} - le
— 1t
“f@gmm] g o (¢
o r r x| & o F
Figure 9.17
2 A cork bobs up and down in water (see  _ _
Figure 9.18), so that the distance x cm of A
the top of the cork below a fixed line is | X
given by: T l =
x=4sin(2t+f) 73y B
4 — B -‘ " Py ( | N—
e ATEA g UL e
where ¢ is the time in seconds. s, el A
() Find the earliest time for which ey A
x =2 cm. Lﬁ
(ii) Find x, when ¢ = 2.5 secs. Interpret Figure 9.18

your answer clearly.

3 Find the values of x (in degrees) at the points where the two curves
y = 4sin’x, and 2y = 3sinx + 1 meet in the range —180° < x < 180°.
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4 The amount x that a car suspension
spring compresses after ¢ seconds as it
travels along a bumpy road is given by
the equation:

x= 1.2cos(4t+g)

How many times does x = 0.6 for values
of ¢ between 0 and 10 inclusive?

5 A spider is making a web. Twelve equally
spaced radial threads, all lying in the
same plane, have been established from
the centre O of the web. The spider is on
one ray at A, distance 2 from O, and
moves in a straight path to B on an
adjacent ray.

(i) If /OAB = x°, show that
_ hsinx®
~ sin(150 — x)°
For what angle x is OB equal B
to h?
(i) Expand sin(150 — x)°, and
hence, by writing the equa-
tion sin x° = sin(150 — x)° as

an equation in tan x°, deduce "
an exact expression for the 0 h A
tangent of the angle in the

final part of your answer to Figure 9.19

(i) above.

(Oxford & Cambridge)

TRIGONOMETRY 213



Calculus applied to trig
functions

We have looked at the calculus applied to
situations where the functions are only algebraic.
However, in Chapter 9 we looked at a whole new
range of trigonometric functions which we can
now work with. In order to differentiate them,
we need to look more closely at why it is
necessary to measure angles using radians.

10.1 Small angles

In Chapter 9, we came across the idea of measuring an angle using radians. This
idea leads to some extremely useful results if the angles are small.
Figure 10.1 shows a sector of a circle OAB centre O of radius r. OB is
extended to C where CA is a tangent to the circle at 4. Angle AOB = 0 radians.
It is not difficult to see that

area of triangle AOB < area of sector OAB < area of triangle OAC

Ixrxrxsin® <%r29<%x0AxAC

Hence: 1r?sin® <1r?0 <irxrtan®
+ir? sin <0 < tan®
If 0 is zero, the areas are all equal

to zero, and so the inequality can be
written:

sinf <0 <tan®

0 1

=i <—<—
sin 1 ~sin® ~ cos@

o¢ T

Figure 10.1
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Now look at a few values of 0 (measured in radians).

If 6=1 1_<_L§1.85
sin©
0
0=01 1<—<1.005
sin©
0=001 1< i < 1.000045
sin 0

You can see that as 6 — 0, %z 1. In other words, if 0 is small and

: . 6
measured in radians:
sinf~ 90

Note: 0.1 radians = 5.7° and so this result is true for a reasonably large angle.

Now cos® = V1 —sin’9
=V1-0=(1- (-)2)% for small angles
=1-1¢° (using the binomial theorem and ignoring
the 6* term and beyond).
_sin6 6 12\ ~1
Also tan® —cos(-)_l_%ez_e(l 39%)
=0(1 + 6?) (using the binomial theorem and neglecting
small terms)
=0+10’
=0 (neglecting small terms.)

Hence we can summarise this by saying that if 0 is measured in radians, and 0
is about 0.1 or less:

sinf~ 0 (SAD)
cos® ~ 1 —16? (SA2)
tan0 ~ 6 (SA3)
Example 10.1
. . . sin 20 5
If 0 is small and measured in radians, show that ———— ~ 20 — 20°.
1 +tan6
Solution
If 0 is small, sin 26 = 20,
sin 20 20 -1 :
1+tan6 - 146 - 20(1 + 9) ~1 Using the binomial )
— _ < theorem as far as
- 29(1 O0+.. ) ( the term in 0 4 )
= 20 — 20° <4
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Example 10.2

The points with coordinates A(a,cosa)
and B(B,cosP) lie on the line y = cosx.
Find the gradient of the straight line
joining 4 and B. If B — a is very small,
use your result to find the gradient of the
tangent at 4.

Solution
The gradient of AB is
. p+a . p—a
cos B —coso —2sin )
B—oa B—a Figure 10.2
(Using Equation (T116))

If % — @, then if B — o is small, @ is small.

R
—2sin 3 sin 0 B+a sin®

Hence the gradient = > 5 5

Now ? — 1 as  — 0, and if B — o is small, then p ~ a. Hence:
B+oa a+a
2 2

Hence the gradient of AB = —sina.

Now if B and A are very close together, the gradient of AB is approximately
the same as the gradient of the tangent at 4. Hence the gradient of the tangent at
A = —sino. (This result is the same as differentiating y = cos x; see page 217.)

o

— Exercise 10(a)

1 In the following examples, 0 is assumed to be measured in radians, and
small enough so that 8 can be ignored. Obtain the answer in the form

a+b0+c6”

(i) sin40 (i) 1+4cos30
.2 . sin 20

(iii) 1+sin”0 @iv) T+ c0s28

(v) sin36(1 + cos 20) (vi) tan40

2 Intriangle PQR, angle Q is 1 n radians, and angle P is § + x radians where
x is small. Prove that

QR 2 |
PR3 V3

(Hint: use the sine rule.)
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10.2 Differentiation of sin x, cos x and tan x

(i) If y = sinx, then if we increase x by an amount dx, y changes by an amount
dy. T
. o . ._./_\ t &x must be
Hence: y+ 8y = sin(x + dx) ) i : )
. N ] all inside the sine /
also y =sinx @) (  function ik
@) - (i) 8y =sin(x 4 8x) — sinx ——
= sin x cos 8x + cos x sin 8x — sin x
(Using Equation (T14))
Now if 8x is very small, cos dx =~ 1 and sin dx = &x,
8y = sinx + dxcosx — sinx
= 60X COS X

dy
a ~ COSX

In other words, as éx — 0,

dy
Ix' = COS X
(i) Similarly, if y =cosx )]
y + 8y = cos(x + dx) (i)

(i) — 1) 8y = cos(x + 8x) — cosx
8y = cos xcosdx — sin xsin dx — cos x
if dx — 0,
8y = cosx — dxsinx — cosx

~ —Jxsin x

&y .
— ~ —sinx
ox
d .
hence as 6x — 0 & _ _sinx.
dx
(iii) If y = tanx, it is easier to write this as a quotient:
sin x
So y=
cOS X

Using Equation (D5) for differentiation of a quotient, we get:

dy _ (cosx) x (cosx) — (sinx) x (—sinx)

dx (cos x)*
cos? x + sin® x 1
o cos? x cos? x

) d
thatis, <2 —sec?x
dx
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| SUMMARY
d
%= (sinx) = cos x (D7)
d :
= (cosx) = —sinx (D8)
s (tan x) = sec? x (D9)
dx

10.3 Function of a function [chain rule), etc.

As with the examples covered in Chapter 5, it is better to write these examples out
in full until you have really grasped the method. The following example gives a
wide range of applications of the chain rule to trigonometric type functions.

Example 10.2

Differentiate the following functions with respect to x. Simplify your answers if
possible.

(i) sin(2x+5) (i) sinx? (iii) cos?x
@iv) tan(3x+1) (v) tan?(2x+3%) (vi) sin’(4x+1)
2x
.. .2
(vil) xsin“x (viii) T xcosx
Solution

@i y=sin2x+5)ifu=2x+5

) dy du
y=sinu a—cosu and a—Z

So: g—i =cosu x 2 =2cos(2x + 5).

(i) y=sinx?: let u = x?

d
y=sinu %=ccsu and a;=2x
d
Hence: Y =cosu X 2x
dx
= 2xcos x2
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(i) y =cos°x

(iv)

)

(vi)

2

y = (COS x)2 Note: cos® x mcun: '
- (cos x) x (cos x) |
letu=cosx ..y= uz, ( and can be written j
(cos x)* s
d_y =2u % = —sinx —
du 77 dx
d .
& 2u x —sinx
dx
= —2cosxsinx
= —sin2x (Using Equation (TI11))
y=tan(3x+1),letu=3x+1
d d
y=tanu, d—i:seczu and £= 3
d
o sec?u x 3
dx

=3sec’(3x + 1)

This example requires use of the chain rule twice, since the expression is a
function of a function of a function.

So: if u =2x+§, y = tan® u = (tanu)®

If v =tanu, theny=v?
Cdy v, du
So: Fl 2v, P secu and i 2

Elz__d_y dv du

dx dv idudx

2ux?2

=2v x sec
=2tanu x sec’(2x +5) x 2
= 4tan(2x + &) sec’(2x + %)

This is similar to the last part:

if u=4x+1, and v=sinu, then y=v?
dy dv du
So Fi 2v, 3, = cosu and T 4

dy dy dv_du
dx _dv dudx
=2vxcosu x 4

Hence:

= 8sinucosu
= 4sin2u (Using Equation (TI11))
= 4sin(8x +2)
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(vii) We now combine algebraic and trigonometric functions. This is a product:

d . .
& = x x 2sinxcosx + sin®x x 1

dx
= xsin2x + sin® x

(viii) This is a quotient:

dy (I+xcosx)x2—2xx(xx—sinx+cosxx1)
dx (1 + xcos x)?

_ 2+42xcosx +2x?sinx — 2xcosx

B (14 xcosx)?

_ 2+ 2x%sinx

B (1+xcosx)2

_2(1+ x?sinx)

B (1+ xcosx)*

It is worth expanding our previous summary to give:

d .

P (sin{ax + b)) = acos(ax + b)
d .

o (cos{ax + b)) = —asin(ax + b)

;_x (tan(ax + b)) = asec’(ax + b)

Now try the following exercise.

—_ Exercise 10(b}

Differentiate the following expressions with respect to x; simplify your
answers if possible.

1 sindx 2 cos(x+3) 3 tan’x
4 4cos2x 5 3tandx 6 5cos?3x
7 tan(2x —%) 8 tan’x 9 sin’2x
10 xsinx 11 xcos’x 2 —>
1+sinx
14 x)2
13 xsin(2x+1%) 14 x2sin3x 15 (LEX)
sin x
16 (1 + sin? 2x)? 17 1B 18 x*tan2x
x + sinx
19 x2tan?x 20 4sin’(x3 4+ 1)
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10.4 Differentiating sec x, cosec x, cot x

(i) If y = secx, then y = (cosx) "

d _ . . .
So é = —(cos x) 2 x —sinx (Using the chain rule)
_ sinx
" cos?x

This is not a particularly useful form for the answer.
dy _sinx 9 1

Better =
dx cosx cosx

=secxtanx

(i) If y = cosecx, then y = (sinx)™"

d . . .
So é = —(sin x) 2 x cosx (Using the chain rule)
_ COSX  —COSX » 1
" sin’x  sinx  sinx
= —cosec x cot x
cos x
iii) If y =cotx, then y = —,
(i) Ify Y= dnx

dy _ (sinx) x (—sinx) — (cos x) x (cos x)

(Using the quotient rule)

dx sin® x
—(sin®x +cos’x) -1
B sin® x T sin? x
= —cosecx

In a similar fashion to the last section, these results can be slightly extended to
the following general results:

% (sec(ax + b)) = asec(ax + b)tan(ax + b) (D10)
% (cosec (ax + b)) = —acosec (ax + b) cot(ax + b) (D11)
a(—l); (cot(ax + b)) = —cosec?(ax + b) (D12)

Example 10.3

Differentiate the following examples with respect to x, simplifying your answers
where possible.

(@ sec(3x+3) (i) cosecx? (iii) cot?x
2
. 2 4 X . tan 2x
(iv) cosec*(3x +4) v) Toseox (vi) TS oot 2%
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Solution
(i Ify=sec(3x+%),letu=3x+%

d d
Hence: y =secu —y=secutanu and —u=3

du dx
dy
Hence: -~ =secutanu x 3
dx
n T
= 3sec (3x + Z) tan (3x + Z)
(i) Ifu=x?% y=cosecu
Q == —cosecucotu and % = 2x
du dx
(—12 = —cosecucotu x 2x
I =

= —2x cosec x2 cot x?

(i) If u=cotx: y =u?,

then Q = 2u and % = —cosec’x
du dx
d
Y _ 2w x —cosec’x
dx

= —2 cot x cosec’x

(iv) This is an example where the chain rule is used twice.

If u = 3x + 4, and v = cosecu, then y = v2,

dy dv du
= =2 b =
v v, i cosecucotu and o 3
dy

Hence: F 2v X ~cosecucotu x 3

= 6cosecu X —cosecucotu
= —6cosecucotu
= —6cosec’(3x + 4) cot(3x + 4)

(v) The quotient rule applies here.
2

So: dy (1 +secx)x2x—x“secxtanx
©odx (1 + sec x)?
_ 2x+2xsecx — x?secxtanx

(1 + secx)?
_ x(2+4 2secx — xsecxtanx)
(1 + secx)?
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(vi) Again the quotient rule applies:

dy (1+4cot2x) x sec?x x 2 — tan2x x — cosec?2x x 2

dx (1 4 cot 2x)?
__ 2[sec? 2x + cot 2x sec? 2x + tan 2x cosec 22x]
(1 + cot 2x)?

It is possible (although unlikely) that this could be simplified further.

€Y _ 0, it is really not worth

However, unless you were trying to solve, say, 3
x

the effort.

_ Exercise 10{c)

Differentiate the following expressions with respect to x, simplifying your
answers where possible.

1 sec2x 2 xcotx 3 cosec2x

4 cosec(x+1%) 5 sec(2x %) 6 x3sec3x

g lhsecx 8 sinxsec’x 9 (1+cot2x)’
1 —secx

10 cosec (1 + x)
1-x

10.5 Integrating trigonometric functions

We can now look at integrating trigonometric functions.

. . d
Now if y =sinx, % = CcosXx

Hence: Jcosxdx =sinx+c

. d . .
if y=cosx, é:—smx, and so Jsmxdx=-—cosx+c
You need to be careful with + and — signs in the integrating of trigonometric

functions.

Also, if y = sinnx, g—z = ncosnx (Using the chain rule)
Hence: Jcos nxdx = %sin nx+c 112)
Similarly, j sinnxdx = — %cos nx+c (113)
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There are several other types of trigonometric function that can be integrated
easily, by making use of some of the identities.

So: [cos?xdx can be evaluated by using the identity cos2x = 2cos?x — 1,
which can be rearranged as cos? x =1 (cos2x + 1).

Hence Jcos2 xdx = J(% cos 2x +1) dx
=lsin2x+ix+ec
Similarly, J‘sin2 xdx = j%(l — cos2x) dx

1

={x—1sin2x+¢ /—\gﬂ-ﬁ\
2 = 25 N * .d.: : () = se -2 )
and Jtan xdx —J(sec x—1)dx ¢ Noter, o (a) =sesir. 4

i

=tanx —-x+¢

Since we are working with the calculus, all angles must be measured in
radians. Look at the following examples:

Example 10.4
Find:

cos® 4x dx (ii) tan® x dx

®

© Smnn, 214
E—

giving answers to 3 significant figures.

Solution
i H
@) J‘cos2 4xdx = J%(cos 8x +1)dx
0 0
= [ﬁsin 8x+%x];
1 T =
=150 2r + 3”38
=0.393
] | "
(ii) J tan? xdx = J (sec’x — 1) dx = [tanx - x]gn
-1
-1 -

[tan§ - 5] — [tan(-5) - 4]
1.37
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Example 10.5

Find the area enclosed between the graph of y =sinx, 0 < x < &, and the line
y=10.5.

Solution

The region required is shown in Figure 10.3.

7 §

Figure 10.3

Before evaluating the required integral, the limits x = a and x = b need to be
calculated. These values will be the solutions of the equation sinx = 0.5,

that is x—-Tt or o
’ 6 6

b
Hence the area = J(yz —y1)dx
a

Exercise 10{d)

1 Evaluate the integrals of the following functions with respect to x.

(i) cosdx (i) 3sin2x (iii) cos?4x
(iv) tan?3x (v) sec2xtan2x (vi) sec?2x
(vil) —cosec2xcot2x
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2 Find:

4 2

@) Icos 2xdx (ii) J 3sin2xdx
0 0
i H

(iii) J sec? 2t d¢ @iv) J cosec’x dx
0 H
3

W) J cosec x cot x dx
&

3 Find the area enclosed by the curve y = sinx, and the lines x =-’2E and

V3
y=7
4 Find the area enclosed between the curve y = cos2x and the x-axis for
T n
——<x<-.
3=">73
5 Find the area enclosed between the curve y = sec? x, the x-axis and the
T
li =0, x=-.
ines x x=7

10.6 Applications

The problems using the calculus, developed in Chapter 5, can now be expanded to
include trigonometric functions. The following examples should be studied
carefully.

Example 10.6

Find the equation of the tangent to the curve y = 4sin 2x + 5x at the point where

i ™
=5
Solution

gz=800s2x+5

dx

n dy 2n
atx—g d—x—8c0s?+5—9
Also, if x = g y= 4sin%n + %" =608 (3 sig. figs)
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The equation is:
T
(v — 6.08) = 9(x - g) = 9x —4.71
Hence: y =9x+1.37

Example 10.7

Find where the first minimum occurs after x = 0 on the curve with the equation

y = sin (3x+g).

Solution

%=3cos(3x+g) =0

if cos(3x + g) =0

T n
that i +-= Z+
atis, 3x 6= 2 2nrw

or 37“ + 2nn

Hence: x=E+2n—1t or x=4—1t+2—n—1E
9 3 9 3
You cannot yet be certain which value of x to take.
2

Now % = —9sin (3x + g)

LA 7
9 dx?
Hence this point is a maximum.

2
A dy —9sin(47"+g) =9>0

= —9sin(+3) =—9<0

9 dx?

41 . ..
Hence x = 9 is the first minimum after x = 0.

Example 10.8

The end of a piston moves along a straight rod.
At t =0, it is at a point 4 on the rod (see Figure
10.4). After ¢ secs, its distance x from A is given
by the formula:

x=1-cos® 2t

Find: (i) the speed of the piston after 2 seconds;
(i) the acceleration of the piston and the
direction it is moving in after 4 seconds.

Figure 10.4
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Solution

@

(i)

. d .
Velocity = d_)tc = —3cos?2f x —sin2t x 2

= 6cos? 2tsin 2t
/"ﬂ____‘_‘:‘—‘___ﬁ\‘\

Iftr=2 d_x = 6cos?4sin4
dt

7 Remember these
¢/ angles are in radians 5

—_1.94 C
Hence the speed = 1.94 ms—1.
2

~

. d . .
Acceleration = 5)2—6 = 6cos® 2t x 2¢cos 2t +sin 2t x 12cos2t x —sin2¢f x 2

= 12cos® 2t — 24sin? 2t cos 2t
d2x

= 12 cos® 8 — 24sin? 8 cos 8 = 3.38

when t = 4:

The acceleration is therefore 3.38 ms—2

To find the direction, you need to find the velocity, using the formula
from (i).

dx

—~ =6cos?*8sin8 = 0.126
dt

Hence the piston is moving away from 4 and accelerating.

Example 10.9

Find the turning points on the curve y =sin2x — 2sinx for 0 < x < 2r and
sketch the curve.

Solution

d_y =2cos2x —2cosx =0

dx

if 2(2cos’x—1)—2cosx =0

4cos?x —2cosx—2 =0

thatis, 2cos’x—cosx—1 =0

(2cosx + 1)(cosx—1) =0
cosx =1 giving x =0, 2n

1o 2 4n
or cosx = —jgiving x = —, —

3
d?y . .
2= —4sin2x + 2sinx
2
Hence at x =0, 2x, —(—1—1 =0
dx?
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This suggests these are points of inflexion.

2n  d?y _4n . 2n
= — — I — _— 2 — = ),
At x T dx? 4sm3+ sm3 52>0
therefore it is a minimum point.
an  d%y 8n
At x =— —5 = —4sin— i = -5.
x T a2 4 sin 3 + 2sin4n3 52<0
therefore it is a maximum point.
Atx=2?n,y= -2.6
4n

At x = ? yy= 2.6
Also,at x=0,n,2n, y=0
The graph can be sketched as shown in Figure 10.5.

ys

y=sin2x-~2sinx

IMER
a

oig
:’)l)
¥

Figure 10.5

Miscellaneous Examples 10

1 If 0 is small, find in the form a + 50 + 9%, an expression for:

sin36 +1
1+ cos?8
2 Differentiate with respect to x:
. .2 .. 2 ... l+cosx
(i) xsin“x (i) secxtan”x (iii) T cosx
(iv) xsecx (v) cosec’x (vi) _cotdx
1 —tan4x
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__ Revision Problems 10

Find the equation of the tangent and normal to the curve y = xsinx, at

the point (E , ——TE—) .
4’42
Find
i 0.1 £
(i) Jcos 2xdx (ii) j sec® xdx (iii) 14 sin? 3xdx
0 0 0

Find the area enclosed between the curve y = sin x, and the line y = 0.5,
where 0 < x < m.

1 Find the area enclosed between the graph of y = cos2x, and the x and y
axes.
2 Find the volume generated when the curve y = sin 3x between x = 0 and

x= g is rotated by 360° about the x-axis.

3 Find the point on the curve y = 2x + sin2x for which % =0, and
0 < x < ©. Determine the nature of this point. Hence sketch the graph of
yfor0<x<m

4 The depth of water in metres, A, at the
end of a pier is modelled by the
equation:

h=2.3+2cos(30¢)°

where ¢ is the time in hours after high

water.

(i) What is (30¢)° in radians?

(ii) Find the value of ¢ when the : 3 s
depth of water at the end of the = . -
pier is first 3.1 m.

(iii) What is the minimum depth of water at the end of the pier? Find the
value of ¢ when this minimum depth first occurs.

. . . dh . . P
(iv) Find @ and deduce the rate in mh™' at which the water is rising or

falling.
(a) 4 hours after high water;
(b) 8 hours after high water.
(v) By considering your expression for %, find the value of r at which
the water is next rising most quickly.
(Oxford & Cambridge)
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@ Vectors

The use of vectors in mathematics and science provides a method of generalising
results from two dimensions into three dimensions, which might otherwise be
difficult to visualise. The use of vectors is often thought to be difficult, but if you
follow the rules they are very straightforward.

11.1 Basic ideas

Figure 11.1 shows a map with a sailing course 4..B..C marked on it. The
position of a point is fixed by axes running north-south (NS) and east-west (EW).
Each square represents 1km.

'

:
’/
P /
Pl d ]
AT /
\ y
\‘ ;
7
\ /
\ L
w ) Y 7 PE
Ay
W}
Figure 11.1

Hence A4 is (2,4), B (7,6) and C (4, -2). If you start at 4, the instruction for
travelling to B might be to sail for 5.4 km on a bearing of 068.2°. This instruction
is a vector, because it has size (or length) and direction. It will be deng}ed by AB.
Without the arrow, 4B just equals 5.4, the length from A4 to B. So AB = 5.4 km
on a bearing 068.2°. Although this instruction is quite clear, it leads to problems
as we develop the theory.
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Another way of travelling from A to B is to go 5 km east, then 2 km north.

This could be written SE + 2N or (;)

— — 5
Hence AB=5E+2N or AB=(2)

To travel from B to C, you would go to 3 km west and 8 km south. This
could be written 3W + 8S, but is better written —3E — 8N (Note: W can be
written —E, and S can be written —N.)

— — -3
So BC =-3E—-8N or BC=( 8)

— —
Now AB+ BC =5E+ 2N — 3E — 8N
=2E — 6N

If you start at 4 and go 2E — 6N, you end up at C. This could be written A_é'. But
2E — 6N would take us from 4 to C.

— — —
Hence AB+ BC =AC

This demonstrates how vectors are added, using the triangle rule of addition.
The E and N parts of the vector are referred to as the components of the
vector.
Since vectors are used in a variety of ways, mathematicians use the letter i to
denote 1 unit in the x-axis direction, and the letter j to denote 1 unit in the y-axis
direction. Because they have a length of one, they are called unit vectors.

Hence AB=5i+2j and BC = —3i— 8§
To add together two vectors, add the components:
hence, AB+ BC = (5—3)i+ (2 — 8)j = 2i — 6j

The column vector notation is just as commonly used:

hence AB= and BC =
2 -8
— — 5-3 +2
So AB+ BC = =
2-8 -6

Subtraction of vectors is _Berhalgs slightly more difficult to understand.

_What do we mean, by AB— BC? This is best understood by realising that
— BC is the same as CB (in other words, the direction is reversed).

P — — —
So AB— BC =AB+ CB=5i+ 2j+ 3i+ 8j=8i+ 10j
However, in effect you are just subtracting the components,

— —
since AB— BC = (5— —3)i+ (2 - —8)j = 8i + 10j
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_)To multipl_xa vector ll¥ an ordinary number (scalar) is very straightforward.
3 } AB means AB+ AB+ AB and so each component is multiplied by 3. Since
AB = 5i + 2j, it follows that

-
3 AB = 15i + 6j

As was stated at the beginning of the chapter, the real value in using vectors is
when they are extended to three dimensions.

zA

P(4,2,2)

Figure 11.2

In Figure 11.2, the point P has coordinates (4,2,2). The vector can be
written:

N
OP = 4i+2j + 2k

where k is now a unit vector in the direction of the z-axis.
To find the length of a vector (its magnitude or modulus), you use the
formula:

|cﬂ>‘ =Vt P+ 2 V1)

where 0_1)’ = xi + yj + zk and (ﬂ’ stands for the length of the vector.

If z =0, you can see this simply reduces to Pythagoras’s theorem. Think of
this formula as being a three-dimensional version of Pythagoras’s theorem. You
can see from this that you need to be able to get the vector that joins two points
easily. It is worthwhile summarising this by formula.

Consider two points A(xi, y1,21) and B(x3, 2, z2). The vector joining 4 to B,
namely AB, is given by:

AB = (62— x1)i+ (2 — y1)i + (22 — 21)K v2)
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If you think in terms of position vectors, the position vector of B is given by the
vector OB, where O is the origin. This is often denoted by b. Also, the position
vector of A4 is given by 04 = a.

Hence OA =xii+yj+zk=a
and OB =xdi+ymj+22k=D>b
— — —

Hence AB =OB— 0A=b-a

MEMORY JOGGER

The vector from A to B is the position
vector of B minus the position vector
of A.

Example 11.1

A(4,1,4), B(2,0,—1) and C(3,—1,—2) are three points in three-dimensional
space. Find the length of AB, BC and CA, and hence find the area of triangle
ABC.

Solution

This question can be answered easily without a three-dimensional diagram, if you
think ‘vectors’.

AB = (2—4)i+(0— Dj+ (-1 —4)k
= 2i—j— 5k

o 4By (=27 + (-1 + (-5 = 5.48

BC =(3-2)i+(=1-0)j+ (=2 - —1)k
—i-j-k

o |Be =y ) 1= 1

CA =@-3)i+(1—~-1)j+@d——2)k
=i+2j+6k

[C_}t’ =V12+22 1 6 = 6.40
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6.40
Figure 11.3

The sketch in Figure 11.3 shows what we have found. To find the area of the
triangle, use the formula:

Area = \/s(s — a)(s — b)(s — ¢)
where s =1(a+b+c¢) =6.81

Area = 1/6.81 x (6.81 — 1.73)(6.81 — 6.40)(6.81 — 5.48)
=4.14

_ Exercise 11{a)

1 Find the vectors joining the following pairs of points.

@ (2,3) and (1,-2)

@) (1,0,1) and (3,-3,0)

(i) (3,1,2) and (1,1,0)

i) (2,-1,2) and (1,3,-2)

v) (1,¢3) and (2¢,1,—1)

Find the lengths of the vectors found in Question 1.

Find the area of the triangle formed by the points 4(1, 1,2), B(2,1,0) and

Cc(3,0,-1).

4 Fi(nd the )volume of the pyramid formed by the points O, 4(2,0,0),
B(0,-3,0) and C(0,0,4).

w N

11.2 Equation of a line

You know that in Cartesian coordinates, the equation of a line is given by
y = mx + c in two dimensions. In three dimensions, to find the equation of a line
in Cartesian coordinates, the formula:

x—a_x—b_x—c
d &b &

is used, where (a,b,c) is a point on the line, and d;i + d»j + dsk represents the
direction of the line.
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Example 11.2

Find the Cartesian equation of the line joining the points A4(1,2,2) and
B(—1,3,4).

Solution

Here the direction 4B — (-1-1Di+(3-2)j+ (4 —-2)k
=-2i+j+2k
Hence dy = -2,d, =1 and d; = 2.

x—=1 y—-2 z-2

The equation is S =7 3

x+1 y-3 z-4
-2 1 2

The Cartesian form of the equation is not easy to manipulate, and a vector
version is preferable.

You could also use the coordinates of B, to give

x—a y—-b z-c

If we let: 4 A A

=X\ (a constant)

Then, looking at each part separately, we have:

x—a=M,y—b=Adyand z— c=Ad,

X =a+ A
y=b+Ad,
z=c+ M\

x a Ad) a di
that is, y]|=1lbl+|2rda}=1b})+A| d
z c A c ds

( a
b | or ai + bj+ ck represents the position of a point on the line.

\c

(@

d, | is the direction of the line.

\ ds

x
r= | y | gives the position vector of any point on the straight line.

z
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We can summarise this as follows:

The equation of a line through 4 with
position vector a in the direction d is

r=a+Ad (V3)

i
L

A is a variable parameter, and its value determines which point on the line you are
considering.
Example 11.3

Find the vector equation of the line through the point 4(1,2, —1) in the direction
Ji+2j—k

Solution

Using r = a + Ad, we have:

- (4) ()

It is often more convenient to write this as:

14 3A
r=1] 242\
-1-2

If you prefer the i, j, k notation:
Then: r=i+2j—k+A(3i+2j—k)
or: r=(1+30)i+(2+20)j+ (-1 -A)k
or: r=(14+30)i+2+20)j— (1+M)k
Example 11.4
Find the vector equation of the line joining the points U(1,4,—3) and V(2,2,0).
Solution

You wil_l_)need to find the direction of the line first. This will be given by the
vector UV'.

So: UV=(2-1)i+Q2-4)j+(0--3)k=i—2j+3k

We can use either U or ¥ as the point on the line. If we use U, then the
equation becomes:

()
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Example 11.5
Decide whether the points P(10, 3,4) and Q(1,0, 3) liec on the line with equation:

(0

Solution

If a point does lie on the line, there will be a particular value of the parameter that
gives its coordinates.

10 4 3
i) Does| 3 {=1[1]+pl 1] havea solution for p?
4 2 1

There are, in fact, three equations here. Look at each component separately:

10 =443 Soop=2
3=14p Soop=2
4 =2+ Soop=2

In each case, p = 2, and so the point does lie on the line.
(ii)) Similarly,

1 4 3

Does | 0} =| 1] +p| 1 |have a solution for p?
3 2 1
1 =4+43n Soop=-1
0=1+p Soon=-1
3=24p Sop=1

In this example, p is not the same for each coordinate, so we must conclude
that Q does not lie on the line.

Example 11.6
Find the point of intersection, of the straight lines:
r=Q2i+j+3k)+Ai+j—k)
and r = (5i+j+ Sk) + p(2i — j+ 3k)

Solution

If the lines intersect at a point, then r must be the same for each line.
So: (QR+j+3k) +A{i+j—k) = (5i+j+ 5k) + p(2i — j+ 3k)
thatis, (2+A)i+(1+A)j+ B -k = +2p)i+ (1 - pj+(5+3pk

238 MASTERING ADVANCED PURE MATHEMATICS



Equating coefficients of i, j, and k gives:

24+A=542u S A=2u=3

l+A=1—-p JooA+ p=0

3-A=5+3u S A4 3p=-2
-G -3p=3 Joop=-1

Substituting into (ii) gives A = 1.
Check in (i) 1+3x—-1=-2
Using A = 1 in the first equation gives:
r=Q2i+j+3k)+({+j—k)
=3i+2j+2k

Note: You could also put p = —1 into the second equation.
Hence the lines intersect at the point (3,2, 2).

__ Exercise 11(b)

®
(iD)
(ii)

given direction.

@ (1,2,1); direction 3i — 2j+ k
@) (2,—1,-3); direction 4i — j — 2k
@iii) (1,0,1); direction 3i — 2k

® (1,3,1)and (2,1,2) (i) (4,-1,0) and (3,0,2)
(iii) (¢,2¢,3¢) and (44,5, 6¢)

3 Find the points of intersection of the following pairs of lines:
i r=i+j+k+A{i—j+k) and r=2i+j— k+ p{ - 2j+4k)
(i) r=i+2k+A(i-j) and r=3i+k+p3i+j—2k)

1 Find the equation of the following lines through a given point in the

2 Find the vector equation of the lines joining the following pairs of points:

(i) r=1i+3j—2k+A{i+2j—k) and r=i—2j— Sk + u(i+ 7j + 2k)

11.3 The scalar product

Although a vector quantity is not a single number, it is possible to define a way of

multiplying two vectors together, which turns out to be extremely useful.
If x=ai+aj+ak
and y = bji+ byj+ bik

then the scalar product of x and y is written x.y and is defined by:

x.y = a1b) + ayby + a3bs

(V4)
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The answer is no longer a vector, hence the name scalar product.
So, if x=4i+3j-2k
and y=2i—j+4k
then xy =4x2+3x-1+-2x4
=8-3-8=-3
In order to understand why this is useful, you need to look at the fact that it is
possible to show (beyond the scope of this book), that x.y can also be proved
geometrically to equal |x||y| cos 8, where 6 is the angle between x and y.

In order to find 6, it is important that the two vectors both point away from a
common point, as in Figure 11.4.

y
Figure 11.4
This means that:
x.y = [x||y|cos® = a1b; + azb; + a3bs
arby + axby + a3hy

x|y}
arby + ayby + azb;

\/012 -+ a22 + a32\/b12 + b22 + b32

This formula is used wherever you want to find the angle between two
vectors.
Using the example from earlier in this section:

x| = 1/4% + 32+ (-2)> = V29

9 = 2+ (-1 + 42 = VT

thatis, cos0 =

So: cosO =

(V3)

Xy -3
So: cosO =

Xyl ~ v29val
giving: 0 =97°

You can use this idea to solve problems in shapes that otherwise would prove
quite difficult to visualise.
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Example 11.7

A, B and C are three corners of a cuboid A

shown in Figure 11.5. The sides of the

cuboid are of length 6 cm, 4 cm and 6cm
3 cm, as marked on the diagram. Find

the angle ACB.

3cm
Solution

Although this could be solved using the
ideas of conventional trigonometry, a
vector approach is much more straight-
forward.
If you draw axes along the Figure 11.5
sides of the cuboid as shown in
Figure 11.6, the coordinates of A
the points are: A4(0,4,3),
B(6,0,3) and C(6,4,0). A(0.4.3)

— (_—6
CA=a-c=]| 0
\ 3
[0
-4
3

CB=b—-c¢c=

i| = vE+
=45

|c_é| = V2132 =5

CA. CB = (=6 x 0) + (0 x —4) + (3 x 3)

Figure 11.6

=9
9
c0s0 = ——o
VA5 x5
= 0.2683
0 =744°

that is, angle ACB = 74.4°.
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— Exercise 11(c)

1 Find the angle between the following pairs of vectors:
@ 2i+3j+kand3i—j—k (i) 2i+jandi—j—2k
2 Find the angle between the straight lines:
@ r=(@{+j+2k)+Ai—-j—k)andr=0Ci—j—k)+p2i—j—k)

24 3—-A
@@ r=[1-2u )andr= 0 .
—14p 242)

11.4 Perpendicular lines

If two vectors are perpendicular, then the angle between them is 90°. Since
cos 90° = 0, it follows that:

x.y =0 means x is perpendicular toy (V6)
We can use this fact whenever we want to construct a line that is perpendicular to
another line.
Example 11.8

Find the equation of the line through the point P(1,—4,—1) which is
perpendicular to the line joining 4(1,1,2) and B(-2,1,3).

L4

B
N

®

o®

A(1,1,2

~i

(-2,1,3)
Figure 11.7

Solution
AB = (-2-1)i+(1-1)j+ (G -2k
=-3i+k
So the equation of the line 4B is:
r=({+j+2k)+A(-3i+k)
=(1-30Ni+j+(2+21)k
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We next need the point N on the line 4B so that PN is perpendicular to AB.
Now PN=n-p=01-3Ni+j+2+Nk—(i—4j—k)
=-=3Ni+5+3+A)k
— —
Since PN is perpendicular to 4B,
—  ~—
PN.AB=0
(=3Ni+ 5§+ (3+1)k).(-3i+k)=0

that is, N+3+A=0
3=-10A, k=—%

N
Therefore: PN =i+ 55+ &k
A better direction vector for the line PN would be:
-
10 PN = 9i + 50j + 27k
The equation required is:

r =i+ 4j — k + (i + 50j + 27Kk)

11.5 Cartesian equation of a plane

The equation ax + by +cz=d %))

represents a plane in three dimensions. z
For example, if 3x + 2y + 5z = 15,

then to locate its position, proceed as N

follows: £

fx=y=0, 5z=15and z=3

Ifx=2z=0, 2y=15and y =7} A
If y=2z=0, 3x=15andx=35 N
. . . ) / \ |
A part of the plane is shown in Figure e 3
11.8, indicating where the axes intersect \ e 4
S ——

the plane. S
Figure 11.8

VECTORS 243



Example 11.9

Find the equation of the plane that passes through the points (2,1,1), (3,1,-1)

and (2,2,1).

Solution

Let the equation of the plane be ax + by + ¢z = 1.

(Note: It is convenient to let d = 1 in the equation.)
Substitute the coordinates of the points into the equation.

s0 2a+ b+c=1

3a+ b—c =1

2a+2b+c =1
@) + (i) S5a+2b =2
(ii) + (iii) S5a+3b =2
@iv) — (v) -b =0
. b =0

hence a =% c=1

The equation of the plane is:
Ix+lz =1

or 2x+z =5

(Hence d ends up equal to 5.)

Example 11.10

-1 y—-2 z+1
2 3 4

Find where the line d

Solution

The simplest way to do this is to let:
x=1 y-2 z+1

> =3 — 4~k
and hence x =2k+1
y=3k+2
z =4k -1

Substitute these into the equation of the plane:
so: 2(2k+1)+(3k+2)—-3(4k—-1) =5
4k+2+3k+2-12k+3 =5
5k =-2
k =

Wit
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cuts the plane 2x +y — 3z = 5.

®
(i)
(ii)
(iv)
V)



Hence: x =2x%4£4+1=

Hence the point of intersection is (1%,31,3)

Example 11.11

Find the equation of the plane which passes through (1, —4, —3) and is parallel to
the plane 2x —y — 4z =5.

Solution

If the plane is parallel to 2x — y — 4z = 5, its equation must be:
2x—y—4z=d

It passes through (1, —4, —3), hence:
2x1—-—-4-4x-3=d=18

The plane is 2x — y — 4z = 18.

Example 11.12

Find the equation of the line of intersection of the planes 3x +2y+z=1 and
2x+3y—z=4.

Solution

If two planes are not parallel, they intersect along a line common to both planes.
See Figure 11.9.

Common Line

Figure 11.9

Ix+2y+z=1
2x+3y—z =4
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We have two equations with three unknowns. This means they will not have a
unique solution. Let z = ¢ (a parameter).

So: 3x4+2y =1-—1¢ @)
2x+3y =4+t (i)

() x2 6x+4y =2-2¢ (iii)
(i) x 3 6x+9y =124 3¢ @iv)
(iv) — (iii) S5y =10+ 5¢

y=2+t
Substitute into (i) 3x =1—¢t—-2(2+1)

=-3-3t
x=—-1—1t

-1 -1t -1 -1
The solution can be written: ( ) = ( 2+t ) = ( 2 ) +t( 1 )
t 0 1

You should recognise this as the vector equation of a straight line.

N %

11.6 Vector equation of a plane

If a plane is drawn through three
points 4, B, C, with position vectors a,
b, and ¢, and if r is the vector position
of any point P in the plane, then:

— — —
OP =0A+ AP )

Now AP is in _the plane defined by 4,
B, C and so 4P can be achieved by a
multiple of AB followed by a multiple
of AC.

Figure 11.10

— — —_
So AP =AMAB+pAC (i)
.. from (i) and (ii)

— — —

OP =a+AAB+p AC
thatis, r =a+A(b—a)+ p(c—a) %)
This version is not often used, as it contains two parameters, A and p, making

it cumbersome to work with. However, it is interesting to see how this leads to the
standard Cartesian version.
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Ifa=2i+3j+k b=3i—j— 2k and ¢ = i + 2j + 4k,

2 1 -1
then r=|3)+Al -4 ) +p| -1
1 -3 3

Equating components,

x= 24 A— p @)

y= 3-4r— (ii)

z= 1-3A+3u (iii)

i) — () x—y=—-14+5% (@iv)
3(ii) + (iii) 3y+z =10- 151 (2]
)+ 3(@v) 3x+z=17 (vi)

The fact that y does not appear simply means that the plane is parallel to the
y-axis and can take any value.
Equation (vi) can be written:

3 x
0 yI| =17
1 z
3
thatis, r.| 0| =7
1

This version will be written:
rn==%k

n is the normal to the plane.
If you divide both sides by the length of n, that is, |n|.

Then r. 2 _ L

[n|  |n]

n

now — =1
|m|

where 1 is a unit vector (length one). It is the unit

vector normal to the plane. L3 will be written d.

[m
So ri=d (V8)

To understand the meaning of d, look at
Figure 11.11. You are looking at the plane side on.
ON is perpendicular to the plane, in the direction
of ii. So ON = ONi. Figure 11.11
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Now ON = OPcosb

So ON =|r|cos@ ®
rfi ra
irlla] x|

Substituting into (i):

But cos@ = since ] = 1

% —ri=d (from (V8))

Hence d is the perpendicular distance of the plane from the origin.

ON = |r|

Example 11.13
Find the perpendicular distance of the plane 3x + 4y — 2z = 5 from the origin.

Solution
3 3
3x +4y — 2z can be writtenr.| 4 |, hencer.|] 4 | =5
-2 -2
3
n=| 4 S =432+ 424 (=2)P =V29
-2
ri= o
V29
The perpendicular distance d = \/%

Example 11.14
Find the angle between the planes 2x + 3y +z =1 and 4x — 2y — 3z =2.

Solution plane 1

This is not easy to illustrate, but if
you look at the planes sideways, as in
Figure 11.12, the angle between the

planes 0 is the same as the angle 0«6
between the normals. A

plane 2

Figure 11.12
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2
n; = | 3 | for the plane 2x+3y+z=1
1
[ 4
m=| —2 | for the plane 4x — 2y — 3z =2
-3
nm=8—-6-3=-1
o] =V14 and |y = V29
-1
V14v29
6 =92.8°

Hence cos0 =

Example 11.15

Find the perpendicular distance from the point P(1,4,—-2) to the plane =:
3x—2y—T7z=4.

Selution

First construct a plane through (1,4, —2) parallel to 3x — 2y — 7z = 4. This will be
3x -2y —Tz=d. It passes through (1,4,—2), so these coordinates can be
substituted into the equation:
3—-8+14=d=9
The perpendicular distance of 3x — 2y — 7z = 4 from the origin is:
4 _ 4

VZ+2+T V62

The perpendicular distance of 3x —2y —7z=9
from the origin is:

9
V62
The perpendicular distance of P to the
plane = is:
9 4 5
V62 V&2 e2

Figure 11.13
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_ Exercise 11{d )

1 Find the equation of the plane through the point (1, 3,1) parallel to the
plane 2x + 4y — 5z = 2.

2 Find the equation of the line of intersection of the planes

2x4+3y—5z=6and x+2y+3z=2.

Find the angle between the planes 3x +2y =8 and x + 2y —z = 4.

Find the perpendicular distance of the points (3,1,—2) from the

2
planer.{ 1 | =6.
1

Miscellaneous Examples 11

& W

1 Find the angle between the vectors 2i + 3j — k, and 4i + 6j + k.

2 Find the angle between the planes r.(2i + 6§ — k) = Sand r.(3i — 6j + 2k) = 1.

3 Find the equation of the plane that passes through the points (1, 1,2),
(3,1,—1) and (2,2,-1).

4 Find the perpendicular distance from the point P(1,—1,2) to the plane =:
3Ix+2y—z=1.

x—1 y-3 z+41 1 !
5 Find where the line = = meets the plane: r.| 2 | =2.

|

2 4 1 %

I
6 Find the area of the triangle formed by the points 4(1,1,2), B(1,3,1) and
C(-1,-1,0).

__ Revision Problems 11

1 The equation of a line L,, which passes through the point 4(2,3, —5) is:

()

(a) Find the numerical values of p and ¢ for which the point B(p,q, —1)
lies on L;.

(b) Write down, in terms of a parameter s, a vector equation of the line
L, which passes through the points C(2,—1,—3) and D(5,1,3).
Show that L; and L, are skew lines.

() Another line L3, which is parallel to L,, intersects L;. By using an
appropriate scalar product, show that the lines L, and Lj intersect
at an angle cos~!(18/35).

(NEAB)

250 MASTERING ADVANCED PURE MATHEMATICS



2 A pyramid has a rectangular base O4ABC and vertex D. The position
vectors of A, B, C and D with reference to the fixed origin O are a = 8i,
b=8i+4j, c=4jd=4i iy 2j + 6k respectively.

(a) Express the vector AD in terms of i, j and k.

(b) Find the cosine of the angle ODA and hence show that the
triangular face ODA has area 8/10.

(c) By using the result from (b), or otherwise, find the perpendicular
distance from O to the line AD.

(d) Determine a vector equation of the straight line through the points
B and D.

() By considering an appropriate scalar product, or otherwise, find the
position vector of the point on the line BD which is closest to O.

(AEB 94)
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@ Numerical methods

A major effect that computers have had in the field
of mathematics is to enable a whole range of ‘
numerical techniques to come easily within the
range of everybody.

Equations can be solved now that would have
proved impossible a few decades ago. Nevertheless,
when using a numerical technique, it is important
that you are aware of any errors occurring in the
calculation, or limitations being imposed in the
accuracy of the calculation.

MEMORY JOGGER
Do not approximate too early in a
calculation. Store as much information
in the calculator memory as you can.

12.1 Error bounds

(i) Absolute errors

Suppose that H is given by the formula:

_4t

" p+yg

where it is known that ¢, p and ¢ can be calculated to an accuracy of 0.05 (called
the absolute error).
If t =4.3, p= 6.5 and ¢ = 2.1, what can you say about H?
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At first sight, you can find H from:
4x43
(6.5+2.1)

But 4.25 <1 <4.35;645 < p<6.55and 2.05 < ¢ < 2.15.
If you take the upper extremes of ¢, and the lower extremes of p and ¢:

H =

4 x4.35
H=t6a51205 2%
Similarly, taking the lower extreme of ¢, and the upper extremes of p and ¢:
4 x 4.25
T 6.55+2.15 1.95
We can confidently say that:
195 < H <205

(ii) Relative errors

Example 12.1

While measuring the surface area of the
cone-shaped front of a jet aircraft, the

formula:
A=nr{ ARe> "‘"—-———7..
was used. - f/i?fﬁ :
It was later discovered there was a 5% i Frrz:.:::
error in the value of r, and a 2% error in " 3 W"‘!
the value of £. Find the percentage relative v - -
error in A. Qﬁ
Solution
The relative error = —— o (x100%)

correct value

This type of problem often causes difficulty because there are no numerical
values apart from the percentages.
If r is in error by 5%, it must lie in the range 0.95r to 1.05r
Similarly, £ lies in the range 0.98¢ to 1.02¢
A lies in the range 1 x 0.95r x 0.98¢ to m x 1.05r x 1.02¢
=0.931nrf to 1.071nrf
Since nr{ was the original answer, 1.071xnrf is a 7.1% error too high, and 0.931nr¢

is a 6.9% error too low. Since 7.1% is the greater of these, we are forced to
conclude that the percentage error in A could be 7.1%.
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__ Exercise 12{a)

In Questions 1-4, you should assume that all variables can only be measured
to an absolute accuracy of 0.05. In each case, evaluate the subject of the
formula and state the limits within which it can lie.

1 H=4x+3y x=16y=123 2 T=12—_tt 1=04

3 T=2n\/—z- L=849,g=98 4 1=l-§—l u=693,v=04
g f o u v
S5 Using the formula X = %, it was found that a 5% error was made in

the measurement of ¢ and y. What is the likely percentage relative error
made in calculating X?

6 When measuring the dimensions of a cylinder, the lengths were stated to
the nearest mm. If the height was given as 7.6 cm, and the radius as

. . Y .
2.3 cm, find the possible range in the ratio -, where v is the volume of the
s
cylinder, and s its total surface area.

12.2 Solving equations numerically

One of the most common areas of mathematics where errors occur is in the
solution of an equation. In other words, in the solution of f(x) = 0. We shall now
look at several techniques for dealing with minimising the error and hence
increasing the accuracy of the solution.

DO YOU KNOW

| Trial and improvement methods can be
used to solve f(x) = 0.

So to solve x? + x = 6,
write f(x) =x’+x-6=0
f(l) =—4<0
f(21=4>0
The function has changed sign, hence: a
solution lies between x = 1 and x = 2.
Try f(1.5) =-1.125 (too low)
try f(1.6) = —0.304 (too low)
and so on

In fact, x = 1.63 (3 sig. figs)
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12.3 Linear interpolation

The method of linear interpolation is
often useful as a first step in getting
closer to the solution of an equation.

Suppose that we are trying to
solve f(x)=0. If f(2)=-3 and
£(3) = 12, the graph of f(x) might
look like the one shown in Figure
12.1. If a straight line is drawn
between the points P;(2,—3) and
P,(3,12) it will cut the x-axis at T,
hopefully close to the solution of
f(x) =0.

Now PyN1T and P,N,T are
similar triangles.

MT_ NP3 1 Flgure 12.1

So

N.T NP, 12 4
T divides NN, in the ratio 1 : 4

The x coordinate of T is given by: 2+ 2.2

1+4
We say that x = 2.2 would be a better approximation to the solution of f(x) = 0.
In general, if we are trying to solve the equation f(x) =0, and f(a) =y,
f(b) = y» where y; and y, are opposite signs with a < b, then the linear
interpolation formula for a closer approximation to the solution is given by:

|f(2)|(b — a)
—_— 1
)]+ TF(B) D
The modulus signs are needed because it is only the length of the lines that are
needed.

closer solution = a +

MEMORY JOGGER
| Linear interpolation does
| not always give a good
answer, if the shape of the
curve 1s like this:

Figure 12.2

NUMERICAL METHODS 255



Example 12.2

It is known that for a given f(x), f(2) = 6, and f(5) = —8. Use linear interpolation
to find an approximation to the solution of f(x) = 0. Draw a sketch to show how,
in fact, it is possible that there is no solution to the equation f(x) =0 for
2<x<5.

Solution

This simple question illustrates a major problem of solving equations.
Using Equation (N1), witha=2,b6=5

S |6] x (5—2)
The closer approximation =2 + ————=
(6l + 1 - 8])

6

If you look at the curve in Figure 12.3, the graph satisfies all of the conditions
of the question, but clearly there is no solution to f(x) =0 for 2 < x < 5.

yA |
|
I
|
|
@8
|
pE— |
|
T T T T T »x
1 2 ."i 4 5

|
|
|
|

| (5.8)
I
|
I
[}
|
|
|
|

Figure 12.3

The answer, 3.3, would be meaningless in this case. You would have to look
more closely at the graph. In this example, there would be no solution to f(x) = 0.
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— Exercise 12(b)

1 It is given that f(1) = 2, and f(2) = —3. Use linear interpolation to find
an approximation to the solution of f(x) = 0.

2 If g(2)=4 and g(6) = -7, use linear interpolation to find an
approximate solution to the equation g(x) = 0. Draw a sketch to show
that in fact g(x) = 0 may have several solutions for 2 < x < 6.

3 If f(2) =—-1.2 and f(2.5) = 1.3, use linear interpolation to find an
approximate solution to the equation f(x) = 0.

4 Show that a solution to the equation x* — 2,/x — 8 = 0 lies between 1
and 2. Use linear interpolation to find an approximation to the solution.

5 Find an approximation to I decimal place to the solution of the equation
2Inx =4 — x.

Having established a good approximation to the solution of an equation, you
now have to refine the solution to give accuracy to any necessary degree. Two
main areas will be considered, algebraic and iterative.

12.4 Algebraic approximation

There are certain types of equation which respond to a method which one might
refer to as that of small changes. In this case, if you know the solution is
approximately x =g, then by substituting x = a+ h into the equation and
ignoring powers of 4 above a certain level (because 4 is small), you can get quite a
simple equation to solve, containing 4. This solution can also be further refined if
necessary.

Example 12.3

The equation 7x3 — 5x2 + 11x — 60 = 0 has a solution approximately equal to 2.
By substituting x = 2 + A, and ignoring the term in 43, find the solution correct to
two decimal places. Compare your answer with ignoring the term in 2.
Solution
Ifx=2+h

T2+h) =52+ +11(2+h) ~60=0

T8+ 12h+ 62 + 1) —5(4+4h+ h?) + 22+ 11h— 60 =0

that is, 56+ 84h +42k% — 20 — 20k — Sh* + 22+ 11h — 60 =0

if we ignore the term in 4 (it is very small).
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This simplifies to:
3T +75h—2=0 @)

Using the quadratic formula:

p oI5 EVIS -4 x3Tx -2
B 2 x 37
=0.0263 or —2.053

But # must be small, and so the solution is x = 2.0263
that is, x = 2.03 correct to two decimal places

If you ignore the term in A2 (which is small), Equation (i) would become
75h—2=0.

2
So h _ﬁ_0'027

We still obtain the solution:

x = 2.03 correct to 2 decimal places

The method is clearly a powerful one.

— Exercise 12(c)

1 The equation x3 + 2x = 34 has a solution close to x = 3. By substituting
x = 3 + h into the equation and ignoring 43, find a closer approximation
to this solution.

2 The equation x* — 3x%2 = 3 has a solution close to x =2. Let x=2—h
and ignoring powers of h higher than A2, find and solve a quadratic
equation in A. Hence, solve the original equation.

12.5 Iterative methods

When solving an equation f(x) = 0, it is possible to rearrange this equation in a
variety of ways to give

x = F(x) @
For example, the equation x? — 2x — 5 = 0 could be rearranged:

x?-5 x?-5
X ==, S0 F(x) = >
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or if you divide the original equation by x, you get:

x—2—§=0
x

Hence x=2+§, SO F(x)=2+§
X x

Equation (i) can be altered to an iterative (repeating) method, by writing it as:
Xni1 = F(xn)

A value x is found which is close to the solution of f(x) = 0, and hence, x| can be
found. F(x;) will give x, and so on. If F(x) satisfies the condition |F'(a)| < 1
whenever a is close to the exact solution of f(x) = 0, then the iterative formula
Xn+1 = F(x,) will converge to the required solution.

Look at the quadratic equation x2 — 2x — 5 = 0.

If f(x) =x>-2x-5

£(0) = -5
£(1) = —6
£(2) = -5
£(3) = —2
f(4) =3

So there is a solution for 3 < x < 4.
Using the rearrangement:

e x2-5
T2
if you try xo = 3.5,
2
X} = (35)—5 = 3.625
2
2
xp = BB =5 07
2
2
X3 = W =5.78

Clearly, this method is not converging (getting closer) to the solution, it is
diverging (getting further away).
x2-5

2

Now F(x)=

so F(x)=x

Hence |F/(x)]is notless than 1if 3 < x <4
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The other formula x =2 + ;, gives F(x) =2 +;CS—

5
Hence, F(x)= )
[F(x)] <1if x2>5
so x>224

Hence we can take xg = 3.5,

SO Xi =2+3—55=3.429

5
X3 —-2+m—3.458

5
X3—2+m—3446
5

X4 =2+m:3.451

5
X5 ——2—}-'371—5—1-——3.449

The method converges quite slowly to the solution:
x = 3.45 (2 decimal places)

Another way of locating the solution of an equation is to use a graphical
approach.

To solve f(x) = 0, rearrange the equation into the form g(x) = h(x).

If you sketch y = g(x) and y = h(x), the points of intersection of the graph
will help you locate the roots.

Example 12.4

Show that the cubic equation 2x3 + x — 4 = 0 has only one solution, x = a. Find
an integer nsuch that n < a <n+1.

By rearranging the equation to give a yA y=2
converging iteration formula, find the root \
correct to 2 decimal places. )
Solution y=dx

Rearrange 2x3 +x—4=0to 2x3 =4 — x.
The graphs of y=2x> and y=4—x 0 7\ >

clearly intersect at one point and certainly \

0 < o < 4 (see Figure 12.4).

Figure 12.4
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If f(x)=2x>4+x-4

f(0) = —4
f(1) = -1
f(2) = 14
1<a<?2
4 —x
N =4
ow x 7
that is, Xpp1 =4 4—2x,,

Let xo = 1, x; = 1.145, x, = 1.126, x3 = 1.128
thatis, x=1.13. (2 dec. places)

Example 12.5
The iteration formula:
o = 2%, +2
R TV

converges to a value a. Find a correct to 3 significant figures, starting with xo = 1,
and find the cubic equation which has o as a solution. By sketching two suitable
graphs, show that o is the only solution of this cubic equation.

Solution
If Xq = 1, X1 = %};%;— = 0.800
3
Xy = %—8—22—1—; =0.771
3
"= Teomys =0T

Therefore oo = 0.771 ( 3 dec. places)
Since the iteration has now converged to this value, x, and x,,; will always
equal a.
203 42
o =c——
302 +2
a(30? +2) =203 +2
303 + 20 =20 +2
o +20—-2=0

So

Therefore o is a solution of the equation:
x34+2x-2=0
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The equation can be rearranged
tox3=2-2x.

A sketch of the two graphs
y=x? and y =2 — 2x shows that
they can only cross at one point (see
Figure 12.5). Hence the cubic equa-
tion only has one solution.

vA

\ y=2'2X

y=

I\

Figure 12.5

12.6 Newton-Raphson method

This is one of the most well-known
iterative methods for solving an equa-
tion f(x) =0. Suppose that we have
located an approximation x = o to the
solution of the equation.

The point P(x,f(a)) on the curve
will be close to the point where the
graph crosses the x-axis. Construct the
tangent to the curve at P. This tangent
will cut the x-axis at a point B, which
will be even closer to the required
solution (see Figure 12.6).

The gradient of the tangent at P
is given by f'(a)

. . PN _ f(a)
But the gradient of the line = MV =T B
’ _ f(a)
f'(a) =3—F
_ flw)
R 69
So B =ot~—fﬁ

(@)

required
solution

v

Figure 12.6
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Clearly, this process could be repeated by drawing a tangent at (B, f(B)) and
finding a value even closer to the correct value.
This process can be summarised by an iterative formula:

Xn+1 = Xp — % (N2)

xp is taken as the initial approximation to the solution. The following example
shows how the method works, and how to locate xy.

Example 12.6

Show that the equation x* — x3 4+ 11 = 0 has a solution between x = 2 and x = 3.
Use the Newton-Raphson method to find this solution correct to two decimal
places.

Solution

If f(x) =x*-x3-11
then f(2)=2*-23-11=-3
and f(3)=3-3-11=43

The function changes sign from —3 to +43, and so there is a solution between
x=2and x=3.

Now f'(x) = 4x3 — 3x?
Hence the Newton—Raphson iteration will be:

(xn* = x,% — 11)

X, = Xy ——
n+1 n (4xn3 — 3xn2)

The solution is much nearer to x = 2, because f(2) = —3 is numerically much
smaller than f(3) = 43.

Let x =21
_ (2.1 — 2.1 — 11) _
SR 7 S N e SR D) =213
2.134* - 2134 11
xp=2.134 -\ ) 213

(4 x 2.1343 — 3 x 2.1342)

The solution is 2.13 to 2 decimal places.
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ACTIVITY 7
Square roots

To find /N is the same as solving the equation x> = N.

This could be solved by the Newton—Raphson method,

that is, use f(x) = x2 — N.

(i)  Set up the iteration.

(i) Try and write a computer program that will find
VN to 10 decimal places.

(i) Using a spreadsheet approach, see if you can
tabulate the /N for a range of values of N.
Investigate other problems of this type.

Example 12.7
On a single diagram, sketch the graphs of y =2In(5x) and y = )% for x > 0.

&4

Show that the equation 2In(5x) = ;55 has one root. If this root is denoted by o

andn<a<n+1, find n

. . [ 5 _
Use the iteration x,,; = m to find « correct to 3 significant figures.

Solution

The two graphs are shown in A
Figure 12.7. You can see that they

only cross at one point, hence the
equation has only one solution.

f(x) =2In(5x) - )%

You cannot put x = 0 into this
function.

To locate the solution, let

y=2In(5x)

So find f(0.1) = —501 of —
f(1) = -1.78
f(2) =3.36
Therefore, 1 <a <2 , that is,
n =1 (see Figure 12.8). Figure 12.7

The values of f(1) and f(2)
suggest o is nearer to 1.
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Let xo=1.4 yA

|
5 |
= V 2In(5 x 1.4) 113 3,36
|
2=\ 25 x 1.13) 5 . ! >
X
|
5 |
_ -1.78
B\ 2mG < 12) :
1
s
4 21n(5 x 1.18) Figure 12.8

=1.186

Therefore o = 1.19 (3 significant figures).

The method converges quite slowly, and so an alternative solution could be
obtained using the Newton—Raphson process. It may also be worth using linear
interpolation to find xg.

336 1.78
Hete ) e a1

Hence 3.3600 — 3.36 = 3.56 — 1.78a

5.140 =6.92
o =135

This result is not much better than that guessed in the previous example.
To set up the Newton—Raphson iteration, let
5
f(x) =2In(5x) — 2

v 2 10 2 10
then f'(x) _SxX5+x3_x+x3

Hence the Newton—Raphson iteration will be:

21n(5x,) — xi

St S
Xn  Xn®
If x0=1.35
£(1.35) 1.076
135109 g 35 20004y
x =135 - ey = 135~ 5546 = 1160
£(1.16) ~0.2
—1.16 - — 16— 2
¥ =116 = maTe = M6 g1

As before, the root = 1.19 (2 decimal places)
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— Exercise 12{(d)

For the following equations, find the smallest positive solution. Use an
iterative method and the Newton—-Raphson method if you can.

1 x3+x-3=0 2 2(x+sinx) =1
3 x*+x2-4=0 4 x3=4
5 tanx =4sin2x

Miscellaneous Examples 12

1 IfH= ?)y‘:——xe’ and x and y can be measured to an accuracy of 1%, find the

percentage error possible in calculating H.

2 Iff(4) = 0.4 and f(5) = —0.16, find by linear interpolation an approximation
to the solution of the equation f(x) = 0.

3 Find an approximation to 1 decimal place to the solution of the equation
3sinx = x2 — 1 for which -t < x <0.

4 Find an iterative formula which will solve the equation x* +2x — 2 = 0.
Justify that the iteration converges to the solution, and find this solution
correct to 3 decimal places.

__ Revision Problems 12

1 A jeweller has some gold in the shape of a solid sphere of radius 2 cm.
. . 4 .
The gold needs to be reshaped into a solid cylinder of length 3 cm with a

solid hemisphere exactly covering each end, as in Figure 12.9.

radius 2 cm radius x cm

Figure 12.9

(a) Show that, if xcm is the radius of the new cylinder and
hemispheres, then x satisfies the equation

X +x1-8=0

(the volume of a sphere of radius r is $nr?).
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(b) Show that the equation x> + x2 — 8 = 0 has a root between x = 1.7

and x = 1.8.
() Show that the equation x3 + x2 — 8 = 0 can be rearranged as:
x=Vv8—x3

Using an iterative technique with:
Xpp1=V8—x3 and x =17

calculate the values of x;, x3, x4 and xs. Comment on the
appropriateness of this method for finding a root of the equation:

x}+x2-8=0

and use the Newton—Raphson method once to find a second
approximation. Give your answer correct to two decimal places.

2 (a) Show that there is a root of the equation 8sinx —x =0 lying
between 2.7 and 2.8.

(b) Taking 2.8 as a first approximation to this root, apply the Newton—
Raphson procedure once to f(x) = 8sinx — x to obtain a second
approximation, giving your answer to 2 decimal places.

(c) Explain, with justification, whether or not this second approxima-
tion is correct to 2 decimal places.

(d) Evaluatef (%15) , and hence, by sketching suitable graphs, determine

the number of roots of the equation 8sinx — x =0 in the range
x> 0.
(LEAG)
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@ Probability

For centuries, people have been inter-
ested in the theory of games. When
mathematicians decided to apply the
laws of probability to them, a whole
new field of mathematics came into
being. This chapter looks at the basic
ideas of arrangement, selection and
Venn diagrams which can be used to
help analyse those situations in life
which involve uncertainty, from the
simple rolling of dice ultimately to the
rules that govern the motion of atomic
particles.

DO YOU KNOW

n! means n(n—1) x ...2 x|

13.1 Arrangements [often called permutations)

Here is a simple problem. If you have three letters 4, B and C, how many ways
can you arrange these? If we list the answers, they are:

ABC, ACB, BCA, CAB, CBA, BAC.

In other words, there are six possible arrangements or permutations. Let us try to
look systematically at how we arrived at this.
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First Second Third
letter Letter Letter

B A

Figure 13.1

There are three ways of choosing the first letter. For each of these three ways,
there are two ways of choosing the second letter, giving 3 x 2 ways of choosing
the first two letters, and for each of these six ways, there is only one way of
choosing the last. Hence the total number of arrangements is:

Ix2x1=3! (see Chapter 3 about factorials)
If we have n letters (or objects) to arrange, we have the result:
the total number of ways of arranging n different objects = n! S

What happens if you have, say, five letters, and only make three letter
arrangements (no repetition of letters is allowed)?

The number of ways of choosing the first letter =5
The number of ways of choosing the second letter = 4
The number of ways of choosing the third letter =3
Hence the total number of ways =5%x4x3=60

It is not immediately obvious how they can be written using factorials, but we can
employ a clever trick:

!
5X4x3=5x4x3x2x1_i

x| — 2
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If we have n objects, and only arrange them in groups of r (r < n), we have
the result:

the number of ways of arranging r different objects selected from

n different objects is:

(52)
This is written ”P, or nPr

It is important to realise that these results assume that the objects are all
different. Suppose, in the previous example, you could write down each letter as
many times as you liked.

The number of ways of choosing the first letter =35
" " oo " " second letter =5
n n n " " [ " third letter — 5

Hence the total number of arrangements is 5 x 5 x 5 = 125.

The result follows that if you arrange r different objects, chosen from » but
repetition of the letters is allowed:

the total number of arrangements = »n” (S3)

The situations that arise if objects are repeated lead to more difficult
calculations.

MEMORY JOGGER
It is important with all problems to do with arrangements

that you do not just rely on formulae, but break the
problem down into individual parts

Suppose you were given the letters ABBBCD. How many six-letter
arrangements can we make from these letters?

If the letters are all different, there are 6! ways. Here there are 3 Bs. giving
only 4 different letters. Suppose, however, you hang labels on the Bs to distinguish
them, then:

AB,CB,B;D would be the same as AB,CBB3D, etc.

In fact, there are 3! (because there are 3 Bs) ways of this particular arrangement.
This is, of course, true for all the different arrangements, and so the total number

6!
of arrangements T 120.

This result can be generalised as follows.
The number of arrangements of n objects of which there are r; of one type the

same, r, of another the same and so on:
n!
- (S4)

r;!rz! .

The use of this formula is illustrated in the following problem.
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Example 13.1

How many arrangements can be made using all the letter of the word
MISSISSIPPI?

Solution

Using equation (S4), n =11,
the number of Ss r =4,
the number of Is r=4,
the number of Ps ry = 2.

Hence the number of arrangements:
1!
= g 340%0
Example 13.2
How many four-letter arrangements can be made from the letters of the word
BANANA.
Solution

The first important thing to realise about this type of problem is that it cannot be
solved using just one formula. The four-letter arrangement will be governed by
the number of A4s in them.

If there is only one A, the letters are BANN,

.. 4
giving 5 = 12 arrangements,

T

because there are 2 Ns

If there are two As, we could have the letters BAAN,
.4
giving = 12 arrangements;

or the letters AANN,

. 4!
giving — = 6 arrangements.

If, however, there are three As, we could have the letters BAAA,

.. 4
giving = 4 arrangements;

or the letters NAAA,
giving 4 arrangements.

The total number of four-letter arrangements = 12+ 12+ 6 +4 +4 = 38.
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MEMORY JOGGER

If you are trying to find the number of
arrangements subject to a certain restraint, it may
be easier to find the number of arrangements
without that restraint, and subtract this from the
total number of arrangements.

Example 13.3

A red, a blue, a green and two yellow discs are y.
5

. . . ‘ \-E. \! R
arranged in a straight line. In how many ways : . Ny
can they be arranged so that the yellow discs are g ——

‘/ e

not next to each other.

Solution
The number of ways of arranging the five discs k) . . 0

If the two yellow discs are next to each other,
then four different units are being arranged.
Hence the number of arrangements = 4! = 24.
Hence the number of ways in which the discs are not next to each other

= 60 —24 =36

When an arrangement is in the form of a circle (or closed curve), a slightly
different technique is needed. The following examples show you what you need to
do.

Example 13.4

A group of five people sit down at a round
table. How many different arrangements
are possible if it doesn’t matter which
chairs they are occupying?

Solution

Figure 13.2 shows two different seating
positions, but they are the same arrange-
ment, relative to each other.
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D C C B
Flgure 13.2

To solve this situation, you just fix one of the people and arrange the other
four.

Hence the number of arrangements = (5— 1)1 =41 =24
In general, we have the result that:

the number of ways of arranging n objects in a circle is (n — 1)! (S5)

Example 13.5

Six differently coloured beads are arranged on a circle wire. How many
arrangements of the beads are possible?

Solution

It is easy to rush at this and say the answer is (6 — 1)! = 120. However, the two
arrangements shown in Figure 13.3 would be different at a round table, but
because the ring could be turned about the axis shown, the arrangements are the
same.

c2 C5
C1 C3 Cé c4

Ceé C4 C1 C3
c5 o7
Figure 13.3

Hence the number of arrangements = 120 <+ 2 = 60.

PROBABILITY 273



(Y

— Exercise 13(a)

In how many ways can the letters of the word PEOPLE be arranged?
Two hundred and fifty people each buy a raffle ticket. There are six prizes
to be won. In how many different ways can the prizes be given?

How many four-letter arrangements can be made using the letters from
the word AVERAGE?

Four red, three blue and two black counters are arranged on a table in a
straight line. How many different arrangements are possible? If the
counters are arranged in a circle, how many arrangements are possible?
A group of five friends sit in
adjacent seats at the cinema. Ben
and Josh do not want to sit next to
each other. In how many ways can
they occupy the five seats?

A four-digit number is written down using only the digits 1, 2, 3, 5, 6
and 8 without repetition. Find:

(i) How many different numbers are possible.
(i) How many odd numbers are possible.
(iii) How many numbers divisible by 5 are possible.

In how many ways can three differently coloured beads be threaded on to
a circular wire? Justify your answer carefully.

Eight people sit at a round table. Two of the people must not sit next to
each other. In how many ways is this possible?

13.2 Selections [often called combinations)

When you are choosing a team, initially it doesn’t matter in what order you
choose the people. It is only when, say, a batting order is being constructed that

- you would be making an arrangement. Situations where order doesn’t matter are
referred to as selections (or combinations). If you were arranging r objects chosen
from n, the number of arrangements

274

. n
C(n—r)!

="p,
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However, a given selection of r objects can be arranged in r! different
arrangements of r. Hence the number of selections:
="P, +r!
!
L =7l
(n—r)!
n!
(n—r)ir!
This is denoted by
n!
(n—r)ir!

"C, = (S6)

(Also written »Cr or " J
r

As with the formulae for arrangements, this formula must be used with care,
particularly where some of the objects are repeated.

Example 13.6

Jamie has twelve different vehicles in his toy box.
He chooses three. How many ways can he choose
them?

If there are seven lorries and five cars, in how
many ways can he choose two lorries and a car?

Solution
Here n =12 and r = 3.
12!
_ 12 _ _
The total = “C3 = T 220

In the second part he is certainly choosing 3 from 12, but 12C; is not the
answer, because this would not ensure that he had two lorries and a car.

The lorries can be chosen in 7C; = 21 ways.

The car can be chosen in °C; = 5 ways.

The total number of ways = 21 x 5 = 105.

ACTIVITY 8

In Chapter 3, you were introduced to the idea of the binomial distribution.
You should now be thinking why "C, appears there and also in the work on
selections. Try to think about what (a + b)" means.

Look at, say, (a+ b)* as (a+ b)(a+ b)(a + b)(a+ b). Look at the
{ number of ways you can select one letter from each bracket.
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— Exercise 13(b)

1 There are 10 books on a shelf. In how many ways can you select 4 of
them?

2 A garden centre offers a E— re— o
total of 30 different shrubs, REENS GARDEN CENTR E
and 25 different perennials. AN dans ",1 -

Pam and Mike visit the . :
centre to select 4 shrubs
and 5 perennials. In how
many different ways could
they make the choice?

3 On a football pools coupon, you are required to select 12 draws from 40
results. How many selections are possible?

4 In how many ways can a quiz team of 2 men and 2 women be selected
from a group of 5 men and 4 women? If the group of 9 people contains
1 married couple, and it is decided that only one or neither should be in
the team, how many can be selected?

5 In a tennis club of 44
members, 25 are women.
Find the number of ways
of forming a committee of
4 members

(i) with no restrictions;
(ii) with at least 1 woman
on the committee.

Prove nCr = nCn-—r.

Four British candidates, 6 German candidates, 5 French candidates and
3 Italian candidates are available for selection on a European committee
consisting of 5 people. Each nationality must have at least 1 representa-
tive. In how many ways can the committee be selected?

~1 &
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13.3 Probability

DO YOU KNOW
(1) The probability of an event happening

__no. of ways event happens

i total number of outcomes

(ii) Probability is measured by a fraction or decimal
which lies between 0 (impossible) and 1 (certain).
(iii) A probability tree is useful to show combined events.

13.4 Theoretical definition

If an experiment has a set of equally likely outcomes S (the possibility space or
sample space). For a given event, E, the probability that E happens (written P(E))
is given by:
n(E)
P(E) = — PR1

B) =15 (PR1)
where n(E) stands for the number of ways E can happen, and »(S) the number of
ways in which S can happen,

So 0<P(E)<]I

13.5 Venn diagrams

It is often possible to represent a
probability situation in a diagram
referred to as a Venn diagram. Each S
event is represented by a closed curve,
and the total set of outcomes, S, by a
rectangle.

(i) The region where two events
overlap is written ANB (4
intersection B). N represents
AND.

If A and B have no points
in common, that is, ANB =10
(the empty set) then events A4
and B are said to be mutually Figure 13.4
exclusive (they have nothing in
common).
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(ii) The combined region covered by two events, X and Y is written X U ¥ (X
union Y) U represents OR (or BOTH)

P(XUY)=P(X)+P(Y)-P(XNY) (PR2)

Figure 13.5

The probability that X or Y happens is the probability of X happening +
the probability of Y happening — the probability that they both happen
together.

If X and Y are mutually exclusive, XN Y =@ and P(XNY)=0
So P(XUY)=PX)+P(Y) (PR3)

[ MEMORY JOGGER

You can only add probabilities for OR
if the events are mutually exclusive

(iii) The region outside a set 4
represents the event 4 not
happening written 4 (or 4’)

It is called the complement
of A.

Since the total probability
inside S is 1:

P(A)=1-P(4) (PR4)

b |

Figure 13.6
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Example 13.7

Two events, A and B, are such that P(4) = 0.4, P(B) = 0.5, P(4 and B) =0.1.
Find:

i) P(4orB) (i) P(A4 and not B)
Solution

Now because P(4 N B) = 0.1, you can find the probabilities of all regions in the
Venn diagram (see Figure 13.7)

A(0.4) B(0.5)

0.2

Figure 13.7

() P(4dorB)=03+0.1+04=08
(i) P(A4 and not B) = P(4 N B’) = 0.3 (shown shaded)

13.6 Combined events

The probability of combined events can be shown on a tree diagram. Combined
events occur when one event, B, follows another event, 4. If the outcome of the
second event, B, is not affected by the outcome of event A4, then 4 and B are said
to be independent. The probability of 4 and B can be found from the formula:

P(4 N B) = P(4)P(B)

MEMORY JOGGER

You can only multiply probabilities when using
the word AND if the events are independent

These combined events can most easily be represented on a tree diagram.
Study the next example carefully.
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Example 13.8

A bag contains 6 red discs and 4 blue discs. If 3 discs are taken from the bag, and
replaced each time, what is the probability of 2 of the discs being red?

Solution

Since the discs are replaced each time, R
you do not affect the probabilities of
red and blue on each draw. The
different possibilities are represented
on the tree shown in Figure 13.8.

Sl

ol~
®

sk
@

3
2o
D
sA@ a/kw SN 3 3
0 W D @

Figure 13.8

Hence, two reds are obtained for the outcomes: (red and red and blue) or (red
and blue and red) or (blue and red and red).
Using the addition and multiplication rules, we have the probability:
=X XX i6X1+10%1 X1
=0.432

If the problem is now altered to the extent that the discs are not replaced, then
clearly the probabilities on the second draw will be different. (There will be only
9 discs in the second draw). This idea is considered in the next section.

13.7 Conditional probabliity

The ideas behind conditional probability centre around the statement: “What is the
probability of event X happening given that event Y has already happened? This
will be written P(X|Y). The order in which X and ¥ happen is important. If you
consider the previous problem of taking discs from a bag that contained 6 red and
4 blue discs, without replacing them, then to find the probability that the first
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2 discs are red, we must use the modified tree
shown here. The branch for R followed by R

e

has the probability of g marked on it (see 6 R
Figure 13.9). This is the probability that the 19 )
second disc is red, given that the first disc is 9
red, that is, 5
4
P(2nd red|first red) = 3 10 B
Hence the probability that the first two discs 3 B
ist x3
are red.ls 16 X & ‘ Figure 13.9
This can be written:
P(1st red N 2nd red) = P(1st red).P(2nd red|1st red).
If we denote 1st red by event Y, and 2nd red by event X,
then P(YNX)=P(Y)P(X]Y) (PR5)

This rearranges to the conditional probability formula:

P(XN7Y)
P(Y)

If X and Y are independent, then P(X|Y) = P(X).
Hence P(XNY)=P(X)P(Y)if X and Y are independent events  (PR7)

P(X|Y) = (PR6)

Example 13.9

Two events, A and B, are not independent, and P(4) = 0.5, P(B) = 0.7. It is also
given that P(4 U B) = 0.85. Find:

() P4NB) (i) P(B|4) (iii) P(4UB’)

Solution

(i) If x =P(4 N B), then the Venn diagram in Figure 13.10 shows us that since
P(4U B) =0.85,

0.85 =(0.5—x)+x+(0.7—x)
Hence: 085 =12- X, 80Xx= 0.35 A(05) B(07)
Hence: P(A4NB) =0.35
You could also have used the formula:
P(4U B) =P(A4) + P(B) —P(AN B)

However, the Venn diagram in Figure 13.10
gives a clear picture of what is happening. Figure 13.10
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. P(BNnA4) 035

@) P(B|4)= PA) 05 =0.7

(iii) The Venn diagram in Figure 13.11
shows the set AUB’ shaded. The
probability of the unshaded part is

0.7-x=0.35

Hence P(AUB’') =1-10.35
= 0.65

Figure 13.11

The following example is typical of how we might use the idea of conditional

probability in practice.

Example 13.10

On average, Tim travels to work by bus 10%
of the time, train 60% of the time, and car the
rest of the time. If he travels by bus there is a
probability of 0.1 that he will be late. If he
travels by train, there is a probability 0.2 that
he will be late, and if he travels by car, there is
a probability of 0.3 that he is late. On a given
day, Tim arrived late for work.

(i) Which form of transport is he most likely
to have used?

(i) What is the probability that Tim came by
bus?

Solution

(i) Itissensible to draw a

tree diagram for this
problem; it is shown in
Figure 13.12.

0.6

terCity 125

oA Late (L)
B
09
Not Late (N)
L
0.2
T
0g
N
03 L
C
0.7
N

Figure 13.12
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(ii)

Exercise 13(c)

P(busn late) =0.1 x 0.1 =0.01

P(train Nlate) = 0.6 x 0.2 = 0.12

P(carnlate) =0.3x0.3=20.09
He is most likely to have travelled by train, because this is the largest
probability.
The second situation can be described using conditional probability.

P(BNL) 0.0l 1

PBIL) =—p@y ~0017008 2

There is an alternative way of looking at this question, which often provides
a nice simple method. Suppose you analysed the outcome of 100 trips to
work. Then the tree diagram showing the number of outcomes is shown in
Figure 13.13.

Figure 13.13

The number of times late =1 + 12+ 9 = 22.
Of these, 1 was by bus.
Hence: P(B|L) =3

1 A and B are two events such that P(4) =1, P(4|B) =1 and P(B|4) =1.

Find:
® P(ANB) (i) P(B) (i) P(AUB)
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A die is rolled twice. Find the probability that

(i) a score of three or less is obtained each time;
(ii) a total score of three or less is obtained.

H and X are independent events. If P(H) = 0.4 and P(X) = 0.6, find:
i) PHNK) (i) P(HUK)

The probability that I catch my train each morning is 0.8. What is the
probability that on three consecutive days I have missed the train at least
once.
Two events, X and Y, are mutually exclusive. If P(X) =Zand P(Y) =1,
find:

i PXUY) (i PXNY)

In a group of 80 people, 37 own a cat, 24 own a dog, and 16 own a cat
and a dog. Find:

(i) the probability that a person chosen at random owns a cat given
they own a dog;

(ii) the probability that a person chosen at random owns a dog given
that they own a cat.

Events 4 and B are such that P(4) =}, P(4|B) =1 and P(B|4) =% By
drawing a suitable tree diagram, find:

(i) P(A|B) (i) P(BNA) (iii) P(4U B)

Miscellaneous Examples 13

1

2

In how many ways can the letters of the word GENERAL be arranged? What
is the probability that the arrangement begins and ends in E?

Harry and Karen have been invited to a dinner party. There are 8 guests
altogether, and they are going to sit at a round table. What is the probability
that Harry and Karen end up sitting next to each other?

From a group of 7 boys and 8 girls, a quiz team of 4 is selected. In how many
ways can it be selected if the team is to consist of 2 boys and 2 girls?

A tennis knockout is entered by n people. How many matches are needed to
produce a winner?

How many four-digit numbers can be made from the numbers 2, 3, 5, 8 and 9
without repetition. What is the probability that the number will be greater
than 50007

The events A and B are such that P(4) = 3, P(B) = 3 and P(4|B) = 4 Find:

iH PAUB) (i) P(ANB) (iii) P(4|B)
Investigate whether or not A and B are independent or mutually exclusive.
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__ Revision Problems 13

1 A player has two dice, which are
indistinguishable in appearance. One die
is fair, so that the probability of getting a
six on any throw is %, and one is biased in
such a way that the probability of getting

a six on any throw is 1.

(i) The player chooses one of the dice
at random and throws it once.

(a) Find the probability that a six
is thrown.

(b) Show that the conditional  ~Z_
probability that the die is the .:
biased one, given that a six is

thrown, is 2.

fawe,

(ii) The player chooses one of the dice at random and throws it twice.

(a) Show that the probability that two sixes are thrown is 755

(b) Find the conditional probability that the die is the biased one,
given that two sixes are thrown.

(iii) The player chooses one of the dice at random and throws it # times.
Show that the conditional probability that the die is the biased one,
given that n sixes are thrown, is:

2"
27 +1
(UCLES)
2 (i) Two fair dice are thrown, and events A, B and C are defined as
follows:

A: the sum of the two scores is odd;
B: at least one of the two scores is greater than 4;
C: the two scores are equal.

Find, showing your reasons clearly in each case, which two of these
three events are: (a) mutually exclusive; (b) independent.

Find also P(C|B), making your method clear.

(ii) Two players 4 and B regularly play each other at chess. When 4
has the first move in a game, the probability of A winning that
game is 0.4, and the probability of B winning that game is 0.2.
When B has the first move in a game, the probability of B winning
that game is 0.3 and the probability of 4 winning that game is 0.2.
Any game of chess that is not won by either player ends in a draw.

(a) Given that 4 and B toss a fair coin to decide who has first
move in a game, find the probability of the game ending in a
draw.
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(b) To make their games more enjoyable, 4 and B agree to change
the prodedure for deciding who has the first move in a game.
As a result of their new procedure, the probability of 4 having
first move in any game is p. Find the value of p which gives 4

and B equal changes of winning each game.
(UCLES)
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Further differentiation

All the work on differentiation that we have looked at so far has involved the
expression that is to be differentiated being written in the form y = f(x). We say
that y is given explicitly in terms of x. However, there are other ways in which
functions can be written, and we are now in a position once again to increase the
range of functions that we can differentiate.

14.1 Implicit functions

When we write down a function in the form y = 4x2 +sinx, then y is given
explicitly. This means substitution of a value of x immediately gives the value of y.
However, if you look at the equation:

X +6xy+y’ =8

then the situation is more complicated. For example, if you put x =1,

1+6y+y =8
that is,
Y +6y—7=0

This means there may be three values of y for one value of x. In fact, this
equation factorises:

-0 +y+7)=0

In this case, y = 1 and y?> + y + 7 = 0 has no solution.

An equation in the form x? 4+ 6xy + y* = 8 is said to be an implicit expression,
because the value of y is not given immediately. Curves of implicit functions are
often very complicated, with loops or several arcs. However, because the equation
still represents a curve, it must be possible to differentiate it to find its gradient.

The simplest type of implicit function would be something like:

¥y =8x> +4x
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To differentiate the L.H.S., use the chain rule:
d
1 Y 2
— =24 4
2(y) X x° +
!

(this is the derivative of what is inside the squared function)
. dy
that = =24x"+4
atis, 2y i +
dy 12x%+2
dx y
The answer contains x and y, which is nearly always the case with an implicit

function.
If you differentiate y* with respect to x, you get:

Syp=m L D13)

Let us return to the example at the beginning of this section:

X +6xy+y* =8
The 6xy term is a product.

,dy
Hence: 2x + 6x x -:% + ¥y x 6+3)? ax =0
] 7 i
diff 2nd diff
Ist 2nd Ist

You can now factorise this, hence

dy 2y _

a(6x+3y )=—2x—6y
dy _—2(x+3y)
dx  3(2x +?)

We can now apply this idea to the usual range of applications of
differentiation.

Example 14.1
Find the equation of the tangent to the curve x? +4xy +2y? = 7 at the point
(1,1).

Solution

X 4dxy+22 =17

Differentiate:

2x+4xd—+4y+4y

dy
dx -0
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x=1y=1

dy dy

2+4 14442 =0
by b__3
dx~ T dx 4

Using the straight-line equation y — y; = m(x — x;) we get:

G-1=—2(-1)
4y —4=-3x+3
4y +3x =17

Example 14.2

Find the equation of the normal to the curve y + xsin y = 2 which passes through
the point where y = % If this line cuts the x-axis at P and the y-axis at @, find the
area of triangle OPQ where O is the origin of coordinates. (Work to 3 significant
figures throughout.)

Solution

y+xsiny=2

Differentiate

dy dy
a+xcosya

dy .
5)—‘(1 + xcosy) = —siny

+siny=0

dy  —siny
dx 14 xcosy

We need to find what x is equal to when y =

b

&1 A

E+ sinn—2
g XM=

0.785+0.707x =2
x=1.72
dy ~ —sinf
dx 1+1.72cos% 0319

-1
gradient of tangent
-1
~ —0.319

The gradient of the normal = (using mymy = —1)

=3.13
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The equation of the normal is:

(y —g) =3.13(x — 1.72)

y~—0.785=3.13x - 5.38 1.47

y=3.13x — 4.60
If x=0, y=-4.60

y=0, x=147

x

The area of the triangle =1 x 1.47 x 4.6 -4.60
— 3.38 units? Figure 14.1
_ Exercise 14(a)
. dy . .
1 Find 3 the following cases:
i) 2%+xy=4 (i) x*+6y24+2xy=0
(i) xsin2y+x2=0 (iv) xtany=1
V) 2x—pP+x=1 i) P+ =xy
(vi)) xsin’y=1 (vii) (2x+3y)* =1
(ix) xtan’y=y (x) 3xZcosy =)?

d . . . .
Evaluate é at the given points for the given functions:

2

@) @+xy=272at(l1) (ii) xsiny+y2=1+f4—
T
at (1, 3)
(i) x*+y*=5at(2,1) (iv) (x—y)®=16at (5,1)
() x(1+siny)’> =8 at (2,%) (vi) y® +sin?x = xy at (m, \/7)

Find the equation of the tangent and normals to the following curves at
the given point:

@) x*+6xy+32=8:(1,1)
() (x-2)P2+y=1:(21)

L 3X+3y
(i) . =

2+y:(2,-1)
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14.2 Parametric differentiation

In Chapter 6, we looked at how to represent a curve using parametric coordinates.
We can now look at the problem of differentiating functions expressed in this
way.
Suppose y = f(¢) and x = g(¢). If you change 7 by an amount 8¢, then x will
change by an amount 8x, and y will change by an amount 3y, so:

y+38y=f(t+8¢) and x + dx = g(t + 8¢)
3y = f(t+ 8t) — f(¢) and dx = g(¢ + 1) — g(1)

by _f(t+80) ~f(1) _f(t+3) —f(1) _glt+81) — (1)

&x  g(t+81) —g(r) 3t 3t
_o Y _df  dg
as 6r=0 oA dr
dy
T
In other words: i g (D14)
dt
dy dy dt
or a = E X a

Again, we can explore the usual applications of the calculus to this type of
problem.
Example 14.3
A curve has parametric equation x = 2t3 + 1,y = 3> — 1. Find:
. dy.
@) &y in terms of ¢;

dx
(ii) the equation of the tangent to the curve at the point (17,11).

Solution
o dy dx _,
® Fri 61 The 6t
&
Hence: b_a_6 _1

dx_d_x_@_t
dt
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(ii)) In order to find the gradient, you need to find .
Using the x value, 2:3+1 =17  (you could also put 3t> — 1 = 11)

263 =16
=
therefore: t=2
d_
dx 2

We have y—11 =1(x—17)
2y—22 =x—17
2y =x+5

Example 14.4

The parametric equations of a curve are:

2
x == 6t, y=t—2

where ¢ takes all values, and ¢ # 0. The points P and Q have parameters p and g.

(i) Find the coordinates of the mid point of the line PQ.

(ii) If the gradient of PQ is 1, find a relationship between p and g, in its simplest
form. 2

(iii) Find the equation of the tangent which has a gradient of T

Solution
X1+ X2 Y1+

2 ) we have:

(i) Using the mid point formula (
the mid point is

2+2
6p+6q P2 ¢ _ 1 1
2 1) 2 - 3(P+q), 2+q2

(ii)) Pis (6p,1%) and Q is (6q,%)

2 2 [pl 1 ]
) 22
The gradient of PQ is 2%~ — d
: =6~ 6G—0)
This can be simplified as follows:
17 [_‘.1_2;132_] {
_ PP |__¢-pP T @~ t+p)__(g+p)
3¢ (-9 33¢P-9  3pPp~7) 3p%¢
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If the gradient is 1,
(g+p)
then — 3924 =
so:  —(g+p) =3¢
or: 3p*¢*+q+p=0

(iii) To find the gradient, we need to use the fact that:

dy
_dr_ 4., _2
dx dx 37 3¢3
d:
If the gradient is 4, then:
§=—37§- ?=-1
and so t=-1

Substituting into x and y, the point on the curve will be at x = —6, y = 2.

The equation of the tangent can be found using (y — y1) = m(x — x1),
thatis, (y—2)=3%(x+6)

This simplifies to 3y = 2x + 18.

Example 14.5

Find the equation of the tangent to the curve given by y =3 + l and x = t + 2 at
the point P(1, 0). Does this tangent cut the curve at any other points?

Solution

x=t+2 %=1
y=t3+1 %—}t)=3t2
so: %=3t2
AtP,x=1,s0t+2=1, /. t=-1
d
Ei%:3

Equation of the tangent is y — 0 = 3(x - 1)
that is, =3x-3

If this line cuts the curve again, then the parametric coordinates must satisfy
the equation of the tangent,

$0: B 4+1=3(4+2)-3
thatis, t*—~31—2=0
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At first sight, we are faced with a cubic equation in ¢, but we know that
t = —1 is one solution, hence z + 1 is a factor. Use the techniques of Chapter 2:

t+1D)(2-1t-2)=0
thatis, ¢+ 1)(t+1)(r-2)=0

Hence another solution is ¢ = 2, which means that the tangent also cuts the curve
again at the point (4,9).

__ Exercise 14(b)

d . . .
1 Find < in the following cases, simplifying your answer if possible.

dx
G) x=4t,y=22+1
) x=viy=—

Vi
(ili) x =4cos30,y =2sin30

. ¢ .
@iv) x=ct,y= " where ¢ is a constant

(v) x=4dseca, y=3tanq

. 141t 2t
(vi) X=1T V=1
(vii) x =2t+43¢2, y=2t—3t?
(viii) x = sin O cos 0

1+cos8’”  1+sind

2 Find the equation of the tangent and normal to the curve given
parametrically by x = 3¢+ 1,y = 2¢t2 4+ 5 at the point (7, 13).

3 Find the equation of the tangent to the curve y = ar?>,x = 2 at at the
point with parameter z. This line cuts the x-axis at P and the y-axis at Q.
Find the area of the triangle OPQ.

4 Find the equation of the tangent to the curve x =4r— 1,y =13 +1 at
the point (—5,0). Find the point where this tangent meets the curve
again.

14.3 To differentiate y=a* and y=e”

Before looking at this in detail, it is suggested that you work through the
following activity.
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Figure 14.2
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Figure 14.3

Having worked through the above activity, we can now analyse the situation
using the notation of the calculus.

If y=da @)
Increase x by éx, then
y+ 8y =a*t™ (i)
A—-G) 8y =a*t>—g*
= d@*-1)
3 a® ~1
=
& — 3x _ g0
Since a® = 1, the expression % can be written 30"

This is simply the gradient of the
chord joining the points (0, a®) and
(8x, a®). (See Figure 14.4)

As dx — 0, the chord becomes the
tangent at x = 0.

In Activity 9 you were able to see
that, for example, if a=1.5, this 0
gradient = 0.41.

ol 4

So if y = 1.5%, Figure 14.4
dy x
o 041 x1.5
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For the moment, we can summarise this by saying that if y = a*, and G is the
gradient of the curve at x = 0, then:

dy

= = Gda

dx G
Now, looking at the second Table in Activity 9 and the graph in Figure 14.3, you
can see that there will be a value of a which we denote by e, for which G = 1.

Hence: if y=e*,

dy _
In particular, if y =e®,

% = ge™. (D 15a)

Let us see if we can calculate e.
A — 1
Since G = Lim =1 in this case,
dx—0 ox
eSx _

then FPane 1 + k, where k is small and 8x has not become exactly zero.

€ — 1 = dx + kbx.
Now k and 8x are small, so k 8x is very small and can be ignored.

Hence: ¢ =1 + 8x

Let 8x=l, SO e5=1+1,
n n
1 n
that is, e = (1 +—)
n
Now 8x is very small, and so n = o is very large.
n!
"=l e=(1+7) =2
n=10 e= (1+T6) = 2.5937
1\ 100
n =100 e= (1 +m) =2.7048
n = 1000 e = (1.001)'%% = 27169

n=10000 e =(1.0001)"% =27181
n=100000 e = (1.00001)"%%° =2 7183

FURTHER DIFFERENTIATION 297



Notice how the value converges. By increasing », you can find e to any degree
of accuracy. It is one of the most important numbers in mathematics. In fact,
e = 2.718 (3 decimal places).

Example 14.6

Differentiate with respect to x:

(i) e* (i) 6 (i) xe
Solution
i Ify=e¥
u = 4x, y=ée"
du dy .ody W a4 dx
a—4,a—u—e . a—4xe—4e .
i) y=6e~".
Use the chain rule:
Q =6xe ™ x —2x
dx
= —12xe™*
(i) y = xe?*
d_y = x X 2e2* + ¥ x 1
dx
T T T T
Ist x diff 2nd 2nd x diff 1st
=e*(2x +1)

Example 14.7
The parametric equation of a curve is given by:
x=5t+e¥ y=41— ¢

Find the coordinates of a turning point on the curve.

Solution
dy 3 dx B
haC AR t 5 2t
ar 3e & 5—2e
o dy  4-3¢Y
S0 Gx T5- 2.7
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At a turning point,

Therefore:

that is,

Y _o.

dx
4-3e% =0
4 = 3¢
e =14,
3t =In#

3

t=1 In% = 0.09589.

Substitute this value into the parametric equation to find the coordinates:
x =5x0.09589 + ¢ 2X009% =130

$O:
similarly,

y =—0.95

The turning point is (1.3, —0.95)

Example 14.8

A factory is looking at mathematical models
to predict the number of workers it needs in
relationship to its wage rate. A suggested

model is:

N = 180e—0.006W,

where N is the number of workers and £W the

average weekly pay.

The unions want to maximise the total
weekly wage bill. Find the number of workers
employed, and the value of W.

Solution

If £7 is the total weekly wage bill, then:

that is,

T=NxW,
T = 180 We™0%0W

dT

=

180¢™0%06% 4 180W x —0.06¢0%06¥
= 180e~"%%%[1 — 0.006 W]

=0if 1 =0.006/W, W = 166.67.

If W > 166.67

W < 166.67

ar _
dw
dr |
dw

0,

0.
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77N

: >
166.67 w
Figure 14.5

A graph of T against W shows that this is a maximum point.
To find N, substitute into the formula for N:

N = 180e—0.006>< 166.67

= 66 (to the nearest whole number)

Hence 66 workers are employed, earning on average £166.67 per week.

_ Exercise 14{c)

1 Differentiate with respect to x and simplify your answers where possible:

() > (i) xe 2 (iif) 2 sin x
(iv) e*cos®x ) IL—;—xi (vi) e*tan2x
3 2x
(i) =& (vili) e~ sinx (x) (1 +e¥)’
(1+x2)

(x) e *sin2xcos2x

2 Find % for the following parametric equations:

i) x=e¥,y=1+e?

(i) x=¢é'sint, y =e'cost

(i) x=e€%, y=¢2
(iv)y x=1+4e"'sint,y=1—e"'cost

3 Find the equation of the tangent and normal to the curve y = xe* at the
point where x = 1.

4 Find the coordinates of the turning point on the graph of y = x + ¢ *.
Sketch the graph.

5 The volume V of gas in a container is given by the formula
V =10 + te~%, where t is the time. Find the rate of increase of ¥ when
t=0.1.
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14.4 Differentiation of In x

If y =Inx, then it follows that ¢’ = x.
We can treat this as an implicit function.

. dy _
SO. d—x-—l
that is, d—y=l=l
dx & x
. dy 1
H : fy=1 =,
ence if y=1nx, o

This is a very important result, because it also enables us to complete the
integration rule:

so: Jx_ldx =Inx+ec. 114)

Example 14.9

Differentiate the following expressions with respect to x, simplifying your answers
if possible:

(i) Indx (i) Incosx (ii)) Insecx @iv) In i+x
Solution
. du dy 1
= In4x, let u = 4x, th =1 — =4 — =
(i) y=In4dx, let u=4x, then y =Inuy, i and b
dy 1 1 1
e — 4=— 4:—_
dx ux 4x>< x
.. du . dy 1
(i) y =Incosx let u = cosx, then a_—smx,y—lnu and W=
dy—1><—sinx— X —sinx
dx  u " cosx
—sinx
= = —tanx.
cosx
du dy 1
(iii) y =Insecx, let u=secx, a—secx tanx, y = Inu, w7
dy 1 1
—=-Xxsecxtanx =—— x secxtanx =tanx.
dx u sec x

(iv) This would be a difficult question to do as a function of a function. Using
the logarithm rules, it is better to expand the logarithm before you
differentiate.

I+x 1, 14x

1
So: y=In 1_x—ilnl_x——i[ln(l+x)—ln(1—x)]
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dy 1] 1
a=§[1+xx _l—xx_l]
_1 (1-—x)+(1+x)]
_2[ (1+x)(1-x)
1 2

1—x

T+x)(1-%

— Exercise 14(d)

Differentiate the following functions with respect to x,
answers where possible:

1 In3x 2 xInx 3
4 Insecx 5 In(l+x?)

7 In(1+e%) 8 e*lnx 9
10 (Inx)

11 Find 2 if x = 1+1Int,y=1t*42Int

dx

State whether it is a maximum or a minimum.

simplifying your

Incos x
(I1-x)
(1+x)
Insin? x

In

12 Find the equation of the tangent at the point ¢ = 2 on the curve given by
x=1+¢€', y=Int. Give your answers to 3 significant figures.
13 Find the coordinates of the turning point on the graph y = x*Inx, x # 0.

14.5 Differentiation of inverse trigonometric

functions

If y = sin”! x, then sin y = x. This is now an implicit function:

using the chain rule,

cosy%= 1

dy 1 1 1

dx cosy \/1 —siny N

The other inverse functions follow in a similar fashion.
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SUMMARY ‘

| |
1
bR R (D16)
d,\‘ 1— X=
| LI R ot 2 D17) |
dx - V1=-x2 i
] |
S tan-tx= D18
3 tan~" x 3 ( )

Example 14.10

Differentiate the following functions with respect to x. Simplify your answers if
possible.

(@) sin"l4x (i) cos~1(2x + 1) (iii) tan~!(1 — 3x)
Solution

(i) y=sin""4x, let u = 4x, then y =sin"' 4,

dy 1 du
R e Rl P
dy 1 4

Using the chain rule,

- = X 4 = .
dx 1-—-u2 V1 — 16x2

(i) y=-cos !(2x+1),letu=2x+1,then y=cosu

dy 1 du
A — — =2
du V1 —ul and dx ’
dy 1
YT
o 2 3 2
\/1_(2x+1)2 V1—4x2—4x -1
_— 2
V—4x — 4x?

It is worth looking closely at this answer, because it would appear that
the answer contains the square root of a negative quantity. However, the
original expression was cos™!(2x + 1), and in order for this to have an
answer, then clearly, -1 <2x+1< 1.

Hence: —-2<2x<0

thatis, —~1<x<0
For these values of x, —4x —4x2 >0, and so the square root can be
evaluated.
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(i) y=tan!(1 —3x),letu=1-3x

__ Exercise 14(e)

Differentiate the following functions, simplifying your answers if possible:

1 tan!2x 2 cos7!3x 3 sin"'4x
4 ltan7l(x+1) 5 cos™!(1-x) 6 sin'(3x+1)
7 xsin”'x 8 e cos!x 9 cos7!(1-x?)

10 tan~!(1 4 x%)

y=tan‘1u
I N B
du 1+ T1+(1-3x)° 9x2—6x+2

Miscellaneous Examples 14

1

2

__ Revislion Problems 14

1 The equation of a curve is (x — y)? + 3(x + ¥)* = 16. Show that the

Find the equation of the normal to the curve (x — 2y)3 = x? + 2 at the point
G, .

The tangent to the curve y = e~ +1at the point where x = 1 meets the axes
of coordinates at P and Q. Find the area of the triangle OPQ where O is the
origin.

X

. . . 1
Find the coordinates of the points on the curve y = ] te where the tangent

X

is parallel to the line y = x.

. . . . 1
Find the coordinates of the stationary point on the curve y = 4x* —In 5%

and determine the nature of the point.

The function f is defined for all values of x by f(x) =2 — e™™. Show that
dy
dx

Show that dix {2xva5 =% + 8sin”™! ;} =2V -2,

2
1
Hence:  evaluate JE V4 — x2dx.

0

> 0 for all values of x, and sketch the graph.

, . . dy 2x+y)

gradient of the curve is given by the equation & @t

(i) Find the coordinates of the points on the curve at which the
tangents are parallel to either the x or y axes.

(i) Find where the curve cuts the axes and hence find the equation of

the tangents at these points.
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2 In a medical treatment, 500 milli-
grammes of a drug are administered to
a patient. At time ¢ hours after the drug
is administered, X milligrammes of the
drug remain in the patient. The doctor
has a mathematical model which states
that:

X = 500¢*
(a) Find the value of ¢, correct to two
decimal places, when X = 200.

(b) (i) Express %)t{in terms of ¢.

(ii) Hence show that when X = 200, the rate of decrease of the
amount of the drug remaining in the patient is 40 milli-
grammes per hour. (NEAB)

3 The curve C has parametric equations given by:
4
X== y=2 t#0
(i) Sketch the graph of C.
(i) Find an expression for % in terms of 1.
(iii) Find the equation of the normal to the curve at the point

P(-2,-4).

(iv) The normal in part (iii) meets the curve again at Q. Find the

coordinates of Q.

4 The diagram in Figure 14.6 shows the 17
curve with equation:

Inx
y=? forx>0

(a) State the x coordinate of the point
where the curve crosses the x-axis.
(b) Show that:

dy 1-2lnx
dx x3 Figure 14.6

(¢) Find the coordinates of the maximum point of the curve and

d*y
calculate the value of 2 there.
(d) The finite region bounded by the curve, the x-axis and the line x = 2

has area equal to:

21

nx
J?—dx
b

Evaluate this integral, leaving your answer in terms of natural
logarithms.
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Use the trapezium rule with three ordinates to obtain an estimate of:

giving your answer to three significant figures.

With the aid of a diagram, explain briefly why the trapezium rule
will lead to an underestimate of this integral.
(AEB 94)

5 A thin string is wrapped tightly
around a circle of radius a. Initially vA
the end P of the string is at the
point A with coordinates (a, 0)
referred to the centre 0 of the circle
as origin. When a length a0 has
been unwrapped the portion QP of P
the string is tangential to the circle,

. . 0 A >
as shown in Figure 14.7. P has x
coordinates (x, y).
(i) Show that angle 40Q =0

and deduce that Figure 14.7
x =acos0 + absin 6.

(ii) Find the corresponding expression for y in terms of ¢ and 0.
(iii) Show that x2 + y* = a*(1 + 6?)
(iv) Find % in terms of 6.
(v)  Given that 8 is sufficiently small for 6° and higher powers of 0 to be

neglected, express x as a polynomial in 0.
(UCLES)
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@ Further integration

The final chapter in this book looks at
further applications of the integral
calculus.

It is probably true to say that most
integration nowadays is done using
numerical techniques by calculator or
computer. However, it is important
that you fully understand the theory
behind the techniques. In the final
section, simple differential equations
are studied. These can be used for
anything from predicting the weather
to designing a mathematical model to
describe the economy.

1
15.1 Integrating e*, a* and <

We can now complete our work on the calculus for the functions considered in

Chapter 14.
. d .
Since: —e% = ge®™, it follows that:
dx
1
Je‘”‘dx =-e¥+c
a
M d x x
Also, since —a* = a*Ina, then

dx

1
Ja"dx =—a*+c¢
Ina
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. . . d 1 . .
Finally in this section, because i (Inx) = 5 We can now complete the integration

formula for x”, because:
1
J— dx=Inx+c¢
X

Using the function

and in general:

1 1 % derivative rule ,5
Jaeg =g+ o)+ (Ewmicntn,
You need to be careful with this integral in the definite situation. If P <0
between the limits, then use the formula:
1 1
Jax+bdx=;1—1n|ax+b|+c (115)

See Example 15.3.
The following examples show these functions in use.

Example 15.1

Find the area enclosed between the curves y =e?*,y =e* +1 and the lines
x=—-4andx=1.

Solution

The area is shown in Figure 15.1:
y ik

]

that is, area = | (e* +1) —e*dx

= %e“ +1 —%ez] —|te? —%—le‘l]
= 10.96 — —0.65
= 11.6 (3 sig. figs)
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Example 15.2

Find:
0.4
. x+2 1 1
@i) J dx i J _
x2 (i) 2x+1 3x+1dx
0.1
Solution
. 2
) Jx+2 dx=Jl+—22—dx
x X X
1 —1
=J—+2x'2dx=lnx+2x—+c
x -1
=lnx——+c¢
x
0.4 | ) 04
. - s — l 1 .
(i) sz+1 3x+2dx [Zln(2x+l) 3ln(3x+1)]0.1
0.1

=[jn1.8-4m22] - [}m12- 413

= 0.03107 — 0.003706
= 0.0274 (3 sig. figs)

Example 15.3

. 1 .
Find the area enclosed between the curve y = x 1 and the lines x = -2 and
x = 0. Show clearly how you need to take care in carrying out the integration.
Solution
This is the situation in which 5 L 1 is negative between the limits (see Figure
15.2). X
yh
2 0 >
X
Figure 15.2
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1
2x—1

dx = [3inj2x - 1]]

0
0
Hence:
-2
-2

=1ln|-1|-LlIn| - 5|
= —0.805

The answer is negative because the area is below the x-axis.

Hence the area = 0.805 units?.

Example 15.4

Evaluate the following integrals by means of the function derivative rule.

2

. X .. —x2

) JW dx () Jcotxdx (iii) [xe™™ dx
Solution

@  Since (1 +x%) = 3x2 then < (in(1 + x%)) = —— x 3x?

dx ’ dx 1+ x3
3x2 .
= m (3 times too great)

2
. x _1 3
Hence: Jm dX—gln(I'i‘x )+C

(i) cotx =

d . d . 1
Now —(sinx) =cosx, so — (Insinx) = ——— x cosx = cotx
dx dx sin x

Hence: Jcot xdx =Insinx +c¢

(iii) %(xz) =2x .. % (e7) = e x (—2x) = —2xe™"
hence: J‘xe_"2 = —%e_xz +c

— Exercise 15{a)

1 Integrate the following functions with respect to x:

i e* (i) 3% (i) 2* @iv) %

1 . 4 . |
W) I (vi) TT6 (vii) m (viii) pr
@) (%)’ ®  xe
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2 Find the following definite integrals:

1 2 2
@O |e¥dx () |4e¥dx (iii) j% dx
0 1 1
5 » 1P 4 0.8 1 1
(iv) ~1__xdx W) ux+3dx (vi) JF—;dx
4 0 0.5
2 ) 1 5
(vii) on dr (viii) ye'y2 dy (ix) J 2 cos xe™* dx
1 0 0
0.2 1 1
® Jtanxdx ) [~ dx (xii) J4x dx
J1+3x2
0.1 0 0

3 Find the area enclosed between the curves y =e*, y =e™*, the lines
x = —3 and x = —2 and the x-axis.

4 Find the volume generated when the area under the curve y = > +1
between the lines x = 0 and x = 2 is rotated by 360° about the x-axis.

5 Find the volume generated when the area bounded by the lines y = e”*,
y = 4, and the y-axis is rotated by 360° about the x-axis.

6 The motion of a particle moving in a straight line is given by the equation
s = 8 + 4e?, where s (metres) is the distance ¢ seconds after passing a
fixed point 0.

() Find the velocity of the particle after 3 seconds.
(ii) How far does the particle move in the fourth second?

7 Find the area enclosed by the curve y = , the x-axis, and the lines

2
3Ix—1
x=2and x = 3.

15.2 Integration by substitution

We have already come across a simple form of the substitution rule, in Chapter 8.
(the function derivative rule). We state this rule again for convenience.

If Jf(x) dx = g(x)

then If(ax+b)dx = %g(ax+b)
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Now consider I = [3x%(x? — 1)*dx.

Let u =x>—1 (known as the substitution)
du
=L = 3x2
dx x
This will be written du = 3x2dx.
(Strictly speaking, this is not allowed, but it can be proved that in the context
of integration this is acceptable.)

Replace the function of x and the dx in the integral (in two stages here to
make it clear).

I=[3x%u*dx = [u*du

The integral is now extremely easy:
I=l’+¢

The final answer must be a function of x because the integral is with respect to x,
and so u is replaced:

hence: I=1(x*-1)°+c
Choosing the substitution is a skill most students take a long time to master.

You should not worry if you find it difficult. Most people do. Work carefully
through the following examples and try to see what decides the substitution.

@) 13—xdx Letu=1+x2 3 - 2%

(1 +x2)? > dx
du = 2xdx
3d
hence: I = J%
u
= J%u_3du
T 4

———+c
4(1 + x2)*
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(i) J(l +2x)°x%dx  Letu=1+2x, % =2
du = 2dx

-1
Here we have rearranged u to get x = uT>

N

Y I ed
B SV TRRANTE

J@+202 201 +20" L+ 2x)"0
8712 11 10

This could be simplified if needed, but it involves quite a lot of work.
You might like to try and prove that it equals:

(1+2x)"°

5350 (220x2 — 20x + 1)

dx

du = secxtanxdx

d
(iii) Jsecxtan x(1 + sec® x)* dx Let u = secx, X _secxtanx

hence: I = J(l + u®)? du

=Jl+u6+2u3du

u7 u4
=u+7+7+c

sec’ x sectx

7 T2

=secx + +c

When evaluating a definite integral by means of a substitution, alter the limits
as you go along, and don’t rewrite your answer using the original variable. The
following example shows you how this works,
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Example 15.5

Find:
2 4
. 3x2 .. 1
@ JW dx @) J xlnx dx
1 3
Solution
(@ Letu=1+x3  so g—z =3x2, hence: du = 3x2dx

Nowifx=1, u=1+1=2
x=2, u=1+2=9
Hence the integral becomes:
9

J% du = [lnu]z

2

=In9-1In2=1.50
(ii) Letu=Inx then%=l du=ldx

dx x X
If x=3, u=In3
x=4, u=In4
In4

he integral = [ = du= [Inu]|

the integral = Jl—l u= [nu]ln3
In3

31

= In(ln4) — In(ln 3) = 0.233

Exercise 15(b)

1 Integrate the following functions with respect to x, using the given
substitution:

. . 3
0 x(x2+1)°:u=x2+1 (i) (IT);2—)—3:u=l+x2

(i) @x—1)(x+1)" u=x+10 (iv) sin’x:u=cosx

(V) 6x2e3 :r=3x3 (vi) cotx:u=sinx
4Inx e*
vi) ——:y=Inx Vili) ———— : t =¢e*
(ix) (T‘2-x—2)41u=1—x2
-x

(x) sec?x(l+tanx)’:u=1+tanx
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2 By means of a suitable substitution, evaluate the following:
) 1
. x .
O | (ii) Jxe"zH dx
’ 0
1 H
(i) |(x-3)(2x+1)°dx (iv) J cos® x dx
0 0
1 ) 1
v) n a 7 (vi) Jsec2 xv1 +tanxdx
(1+x) J

15.3 Integrals involving Inverse trigonometric

functions
@) I=J‘—1—2%_);—2 Let x =atanf .. :—Z = asec’ 0

that is, dx = asec?0do

R

|
.

asec’9do _Jasec26
a?+a2tan20 ) a?sec? 0

1, ,x
+ ¢ =-—tan ;—!—c

.. . dx

(ii) I—Jm Let x = asin9, 30 =acos0
dx = acos0do

acos0do

a? — a2sin® 0
facos 0
JacosO

=11d6

. X
=@0=sin"'Z+¢
a
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SUMMARY

ix 1 X
I.-—-(—\—-—, = —tan 'f——}-r (116)

| [_——:'—; —sin' 2 4 ¢ 117)
| %

We can use these standard results together with the function derivative rule
and completing the square to tackle slightly more difficult situations, as the
following example shows.

Example 15.6

Evaluate:
. dx . dx
O |z O [T
Solution
(i) Completing the square, x% + 2x + 8 = (x + 1)2 +7=(x+ 1)2 4 (\/7)2
dx L x+1) . .
(Using Equation (I116))
J (x+ l (ﬂ \/_ V7
(i) 15+4x—4x? = —4(x>—x— 1
(59
=16 —4(x—1)?
—(2x -1 =42 — (2x—1)?
1 d 2x — 1)1’
J —x——2 = [% sin~! ( x4— )]1 (Using Equation (117))
% 42 _ (2x i 1) 3 P —
" Remember to
= [%sin‘li] - [0] =0.126 .:" use radians . /'
— Exercise 15(c)
Evaluate:
1 __l__ dx 2 [ 1 d
Jx7+9 =™
r 1 ” 1
3 _ 4 -
J V4 - 9x2dx dx2+6x+13dx
1 2
. 1 3 :
5 —d 6 -
IVie= ™ [Framemriy
0 0
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15.4 Integration by parts

Look again at the formula for differentiating a product:

d d d
T u(x)v(x) = u(x) a-% +v(x) '&5‘ @)
Let % = f(x), then v = Jf(x) dx

So Equation (i) can be written:

d du

i [u(x) Jf(x) dx] = u(x)f(x) + P J f(x)dx
or rearranging:

u(x)f(x) = a(—i; [u(x) jf(x) dx] - g——gjf(x) dx

Now integrate each of the three terms:

ju(x)f(x) dx = u(x) Jf(x) dx — J(%Jf(x) dx) dx 118)

This formula enables us to integrate the product of the two functions u(x)f(x). It
is referred to as integrating by parts.

It looks quite a difficult formula to remember. Written in words, it is often
more easy to use:

j(ﬁrst x second) dx = first x integral of the second

—integral of (derivative of the first x integral of the second)

Example 15.7

Integrate the following functions with respect to x:
(i) xsinx (i) x2%cosx (ili) e*sinx (ivy Inx
Solution

(i) Here x is the first function, and sin x the second function. The integral of the
second function is therefore — cos x.

Hence: stinxdx:xx—cosx - Jl X —cosxdx

T T T T

first integral derivative integral
of 2nd of st of 2nd

= —XCOSX+ Jcosxdx

= —xcosx+sinx+c¢
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(ii) szcosxdx =x2sinx—J2xx sin xdx
=x2sinx—J2xsinxdx

The remaining integral also requires integration by parts again. Take care
with various negative signs.

szcosxdx =xzsinx—2[x X —cosx—Jl x —cosxdx]

= x%sinx — 2[—xcosx+Jcosxdx]

= x%sinx + 2xcos x — 2Jcosxdx

= x2sinx 4 2xcosx — 2sinx + ¢
(iii) Je"sinxdx =e* X —cosx — Je" X —cosxdx = —e*cosx + Je"cosxdx
The formula for parts needs to be used again.

IfI = Je" sin x dx, then we have:
I =—e*cosx+ [e" X sinx — Je" X sinxdx]

= —e*cosx +e*sinx — Je" sin x dx

It would appear that we are not getting anywhere, but you can see that in
fact we have returned to the original integral I. Hence:

I =—e*cosx+e*sinx—1
21 = —e*cosx +e*sinx
I = %ex[— cosx + sinx] + ¢ (Remember to add + ¢)

It is worth looking at how this answer can be simplified:
I =1e*[— cos x + sin x|

This contains an expression of the form 4 cos x + Bsin x, see Section 9.11.

In this example, 4 = -1, B=1 . R= \/(—1)2 +12=+/2.

V2e 1 ]
COs x + —=sinx

1
z[ﬁ 7

I =—-—e *sin(x — )
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(iv) MEMORY JOGGER |
| Look out for a disguised product written f(x) x 1.

At first sight, this does not look like a product. However, In x can be written
Inx x 1.

jlnxdx = Jlnx x 1dx
1
=lnx><x—J—><xdx
x

=xlnx—J1dx

=xlnx—x+c¢

_ Exercise 15(d)
1 Integrate the following functions with respect to x:
i) xe* (i) x2cosx (i) x2lnx (iv) x2%e*
(v) e *sin2x (vi) xtan~lx  (vi)) tan"!x (viii) In(x + 2)
2 Find:
1 3 2
6) Jx3e2x dx (ii) Je" sin 2x dx (iii) Jx3 Inxdx
0 0 1

15.5 Partial fractions

The method of partial fractions is an algebraic technique that allows a rational
function to be split up into simpler component parts. With ordinary fractions, for
example, & can be written 1 + 1, or 3] can be written 2+1+4.

. 4x
O )

Assume this has come from x=2) and (xi Iy

4x A B
G+ =2 x+D

Let
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Multiply through by the common denominator (x — 2)(x + 1),
dx=A(x+1)+B(x—2)
The = sign means it is true for all values of x.

The values of x where (x — 2) and (x + 1) are zero are used as follows:

Let x =2 8=34+0 .. Azg
Letx=—-1 —4=0-3B .. B=#%
Hence 4x =8 + 4
(x—=2)(x+1) 3(x—=2) 3(x+1)
o 3x241
(i) —_—
x(x—1)
If a bracket is raised to a power (in this case 2), you must assume it has come
from 4 and B
x—17 " (x=1)
2
Hence let T+l A4 B ¢

= + +=
x(x—1?% (x-1?% (x-1) x
Multiply through by the common denominator x(x — 1)2:

3x2+ 1= Ax+ B(x — 1)x+ C(x — 1)?

Letx=1 4=44+0+0 .. A=4
Letx=0 1=04+40+C .. C=1
There is no obvious choice for x which gives B, so just use a convenient
value.
Letx=2, 13=24+2B+C
13=8+4+2B+1
B=2
241 4 2 1
Hence X7+

4x -2
W 3y

If the bracket does not factorise, as here x2 + 4 does not factorise, you can
Ax+ B
x2+4
4x -2 _Ax+B + C
(x—3)(x2+4)  x2+4 x-3

only assume it has come from

So let
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Multiply through by the common denominator (x — 3)(x? + 4):
4x — 2= (Ax+ B)(x — 3) + C(x* + 4)

Letx=3 10=0+13C R
Let x=0 —2=-3B+4C
-2=-3B+% ;. B=%
Let x =1 2=-24-2B+5C
—2=-24-#+% .. 4=-4
Hence 4x—2 _:113—°x+%+ i_g

(x=3)(x2+4) ~ x2+4 ' x-3

_-10x422, 10
T2 +4)  13(x-3)

(iv)

x2—-4

[
i MEMORY JOGGER

If the degree of the top line > degree of the
bottom line, you must divide first, and work
on the remainder

The degree of x? is 3. The degree of x2 — 4 is 2:

x
x2—4 )x3
x3 —4x
4x
The remainder is 4x, hence:

x3 4x
x—4 *tyg
_ 4x
=Xt T+ 2)

Now apply the partial fractions technique to only.

4x
(x=2)(x+2)
x3 2 2

iy A e M CTY)
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Example 15.8

. 2x —1
Find Jm dx
Solution

First express the function to be integrated in partial fractions.
2x—1 A B

Let =
e r) =) T xFD
2x-1=A(x+1)+ B(x—2)
Letx=~-1 -3=0-3B .. B=1
Letx=2 3=34+0 .. 4A=1
2x—1 1 1
Hence j_(x—Z)(x+3) x—j—x__2+x+3dx

=In(x—-2)+In(x+3)+1nk

Note that we write C = Ink; this enables all of the R.H.S. to be combined easily to
give:

=Ilnk(x —2)(x+3)

A slightly more subtle use of this technique is given in the following example:

Example 15.9

4x

Evaluate: Jm dx

Solution

At the beginning of this section, we showed that:

4x 8 4
G-+ 3x=2) 3G+1)
4x 8 4
mme]u—au+u“=Jxm4ﬁdu+u“

=8In(x—2) +4In(x + 1) + $Ink
Note how +C has been written %ln k. This enables us to simplify as follows:

—4R2In(x —2) + In(x + 1) + Ink] = $Ink(x + 1)(x — 2)?
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Example 15.10

3

Evaluate: Jm dx correct to 3 significant figures.
2

Solution

Expand WTI) into partial fractions.

Let x A Bx+C

G-+ (x=3) T xZ+1

x=A(x2+ 1)+ (Bx+ C)(x - 3)

Letx=3 3 =104 A=i36
Letx=0 0=4-3C .. C=4=%
Compare coefficients of x> 0= A4+ B ;. B=-3

The integral can now be written:

5

3 -3x+1 doc

le(x— 3 TG+ D)

4

S

r 5 —3x 1

3 _

inx=3)],+ J TS RIS )
4

- 5
L%ln(x —3)—An(x?+1) +tan™" xL

310241026+ fstan~! 5| - [Fn1 - Fin 17 +ftan™ 4]
~0.1434 — —0.7174 = 0.574

Example 15.11

Expand the function

2x
(x—=3)2x+1)

State the range of values of x for which the expansion is valid.

Solution

2x 6

GoZx+ D) Tx—3) I+ 1)

using partial fractions

S$3-x)""+2(1+2x)"

—§(1 —§)4+%(1 +2x)7

as a power series as far as the term in x

2
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- (2]
+%[1 +(=1)(2x) +u)2_(_—_2>(2x)2]

= % [(1—2x+4x%) — (1 +ix+1x?)]
~2x+Qx?

It1svahd1f—1<2x<1,or—%<x<%.

— Exercise 15(e)

1 Express in partial fractions:
. x .. 2x—1 X
O i O s ® anraos
W — o e
(x =3)(x2+1) (x—1)(x+2) (x—1)*(x2+2)
2 Evaluate'
1
.. X
J =2 (x— ydx (@ 1(1 0
0.2
(i) J I+ x2) =%
0.1

15.6 Differentlal equations

Many problems in science are solved through S —

differential equations. P ——
In this section, we shall look at how to form m

simple differential equations as well as how to solve —_—

R
them. PR
Type 1

dy
o= [)

Here we can solve this differential equation by straightforward integration.

So y= Jf(x) dx
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Hence if d—ﬁ = x2 + 1, then the solution of this differential equation is given by:

y=Jx2+1dx

x3

So y= 3 +x+c
Notice that the solution must contain the constant of integration c. This is
referred to as the general solution.

If you draw all the solution curves for different values of ¢ (a few are shown in
Figure 15.3) you get the family of solution curves. Very often, this set of curves,
which in fact represents the differential equation, actually describes a physical
situation. For example, fluid flow, or magnetic field lines.

yA c=2
c=1
c=0

// |

/ X

W
7

Figure 15.3
Type 11
dy
ax g()
In order to solve this type of equation, it must be written in a way that at first
C g d .
sight is not allowed. Remember that é does not mean dy <+ dx, and so, strictly

speaking, it is not possible to write this differential equation as

1
——=dx or —dy=dx
20 50
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However, it can be proved that if integral signs are included, then

1
—dy = de is allowed.
J g0)

Consider the example:

dy
ax=

Write this J% dy = Jde
Iny=2x+C

If a logarithm appears in the solution, it is more convenient to write C as In 4,
where A is also a constant.

Hence: Iny=2x+InA4

The reason for this is so that the following simplification can be carried out:

Iny—InAd =2x
lnl=2x

A
Y

Z=e2",ory=Ae2x

The family of solution curves is illustrated in Figure 15.4. Note that the
x-axis, where 4 = 0, is a solution of the original differential equation.

v
A=2

/ A=1
___—//
-

0 PA=0
\
\\

\ A=-1

=2
Figure 15.4
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Type III
Types I and II can be combined together whenever g_y can be written:

¥ = 1(s0)

then Jﬁ dy = Jf(x) dx

This technique is called separating the variables.
Consider the example:

dy _
dx

1 x
[ dr= e

hence tanly=e*+¢

(1+y%)e*

or y =tan(e”* +¢)

Example 15.12

The gradient of a curve at'the point (x, y) is given by the expression y(x + 1). Find
the equation of the curve given that it passes through the point (0, 4).

Solution
. .. dy
Since the gradient is ax we have:
dy
A 1
o =Y+

that is, J% = J(x+ 1)dx

2

x
Iny =7+x+c

Now y =4 when x =0,

Ind=0+c¢
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The equation is

2

ky =x7+x+ln4

x2
or Iny—In4d =—+x

2
2
y _x
ln4—2+x
2
%:eﬁ'*’x
$2
or y=4e7"*

MEMORY JOGGER

Always combine logarithms in the
solution of a differential equation

Example 15.13

The relationship between the exposed area, 4, of an engineering part and the

force, F, on that part is given by the equation:

g_j = kA + 10 where k is a constant

Solve this equation. Using the fact that when 4 = 2, F = 40, and when 4 = 10,

F =200, find F when 4 = 12.

Solution

JdF = jkA +10d4

2

F=k%+10A+C

A=2 F=40 S, 40= 2k+ 20+C, 20= 2k+C
A=10, F =200 . 200 =50k+ 1004+ C, 100 =50k + C
@)~ () 80 =48k, k=3
Substitute into (i) 20=2+C, C=2

AZ
Hence F=§6—+10A+§39
IfA=12,F =$x122+120+%

= 2562
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Example 15.14

A garden water tank is in the shape of a cuboid with a square base of side 1.4 m,
and height 2.8 m. There is a small hole in the bottom of the tank from which
water is leaking. After  minutes, when the depth of the water is 4 metres, the rate
of escape of the water is 40v/% m*/minute. Show that:

dh 1000
=V

If the tank is full initially, how long will it take to empty?

Solution

Figure 15.5
At time ¢, the volume ¥V = 1.4 x 1.4h m3
=1.96h m3
dv dh 5, .
Now s 1.96 o m /minute.
But this is caused by the leakage 40vh
v =40vh = —1.96%, (note the negative sign)
dr dr
. dh —1000
that is, FrRalaTa h.

MEMORY JOGGER

; ; TR A dy
If a quantity y is decreasing with time, 2 < 0.

dt
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dh  —-1000
So .[7—,; = Tjdt,

thatis, 2vVh= 10OOz+C.

t=0h=280 .. 2v280=
The tank is empty when 4 = 0,

0="110, o

24280 x 49 mi
1000

= 1.6 minutes

nutes

— Exercise 15(f)

dy 2. dy —

1. FRata ;x=2,y=1 2. x(—l——y,x-3,y—2
dy . mn dy_

3. a;—ySIle,x-—Z,y—l 4. d— y+1y 0, x=4
dy _ _ dy_ o _

5. dx—y(x—l)x—3,y—7 6. cosxdx—smx,x—O,y—

Solve the following differential equations, subject to the given conditions.

A

Miscellaneous Examples 15

Evaluate the following integrals:

r

1 |37*dx 2 | x*sin3xdx

3 {i)zc—_*—_:dx 4 xe* dx

5 {_dx__ 6 {x3 In 2x dx
J 9 — 4x2 J

X

7 sin® 4x dx 8 —2——~dx
(x—D(x+1)

sin t cos 2¢d¢

9 j.(3x —1)(x + 1)*dx 10
0

—
O S, £ N S— U
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11

13

15

16

17

__ Revision Problems 15

1 A much simplified model for the filling

1 H
J e 12 j * sin 2xdx
T+ez ¢ x
0 0
0.2 i
2
dx 14 Jsin-” 40 do
J V=3
0.1 0
2
Jtan 4y dy
1
Expand f(x) = ——(x — 2)x( T+ %) in partial fractions. Hence, using the binomial

expansion, find @, b and c if f(x) = a + bx + cx? where powers of x* and
higher are neglected.

x—1
(1+x2)(1 + 2x)
x3. State the range of values of x for which the expansion is valid.

Expand the function as a power series as far as the term in

of a new reservoir is as follows.

Initially, the reservoir is empty. At
time ¢ years after starting to be filled,
the volume of water it contains is V
cubic metres and the depth of water is
h metres, where V is proportional to A.

The rate at which water enters the
reservoir is constant, but there is a loss
of water (due to leakage and evapora-
tion), the rate of which is proportional
to h.

Show that this model leads to the differential equation:

% = A — ph, where A and p are constants.
Given that A = 300 and A = 1.5, solve this equation for 4 as a function
of ¢,
It is possible to start drawing water from the reservoir when the
depth reaches 150 metres. Calculate the value of ¢ when this occurs.
(Oxford & Cambridge)
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2 A function fis defined by the equation: yA

_3(x-1)
f(x) T x(x+3) B

for all real positive values of x.
(i) Figure 15.6 shows a sketch (not C
drawn to scale) of the graph of A X
y = f(x). Write down the coor-
dinates of the point marked A.
(i) Express f(x) in partial fractions
in the form:
a,_ b
x x+3 Figure 15.6

where a and b are numbers.

(iii) Use the partial fraction form of
f(x) to find an expression for
f’(x). Hence show that:

2, 8
¥ (x+3)°

(iv) Find the x-coordinate of the maximum point marked B. (You are
not required to prove that it is a maximum rather than a minimum.)

(v) Show that the x-coordinate of the point of inflexion marked C
satisfies the equation 4x3 — (x + 3)> = 0. Denoting the L.H.S. of
this equation by g(x), write an expression for g'(x).

(vi) You are given that the equation in (v) has just one root, which is
approximately equal to 5. Use the Newton—Raphson method once
to find a better approximation.

fll(x) —

(Oxford & Cambridge)
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O Summary of formulae

Powers

Logarithms

Fd=yex=log,y
log M + log N = log MN

M
logM —logN = logﬁ
logM" =nlogM

log,1=0
log,a=1

1
logﬁ= —logN

N =dosN
logy N
log, a

log, N =

1
log,,b = m

P1
P2

P3
P4
P5

P6
P7

P8

L1
L2

L3

L4
LS
Lé

L7
L8
L9

L10
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Factors

f(a) is the remainder when f(x) is divided by (x — a)

f(g) =0 => (ax — b) is a factor of f(x)

Quadratic functions

2 2
x>+ bx+c= x+l—7 +c—é-
2 4

If a, B are the roots of ax? + bx + ¢ = 0,

then a + B =—‘—IZ

¢
ap =—
B a

Arithmetlic series

nthterm T,=a+ (n—1)d
sum of n terms =g(2a+ (n—1)d)

= n x (the average of first and last terms)

Geometric series
Sumofnterms:a(rn_l) r>1
(r-1)
a(l—r")
(1 - r<l1
nth term T, = ar™1
Sum of infinite series = ——  if—1<r<1

1-r
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F1
F2

Q1

Q2
Q3

ASI1
AS2
(AS2a)

GSla

GSIb

GS2
GS3



Binomlal expansion

(@+b)" = (g)a2+('1')a"-‘b+...(:)b" Bl

n n! n
where (r) —r‘(n—_r)—"— Cr

rth term = (r f | )a”_’“b’ B2

term in & = ( ? ) a"y B3
n not a positive integer

(1+b)"=1+nb+”("271)b2+”(”‘13),("‘2)b2+... 5] < 1 B4

Coordinate geometry

Distance between points = \/ (x1 — x2)* + 1 — y2)? Cl1
in two dimensions
= \/x1 =)+ (1 =) + (@1 - 22) C2
in three dimensions
Gradient of a line = 2. —22 C3
X1 — X2
. . (Xx1tx2 ity
Mid point = ( 5 g ) Cda
in two dimensions
X1+X2 Y1 +y2 21 +22
= 4
O i SE N ceb

in three dimensions

A point which divides the points (x;y;) and (x,y;) in the ratio m : n is:

(mxz + nx; ’myz + nyl) Csa

m+n m+n

in two dimensions

_ (mxz +nx; my; +ny; mz; + nzl) Csb
m+n ' m+4+n ' m+n

in three dimensions
The area of the triangle formed by the points (x,y1), (x2,2) and (x3,y3) is:

iPx1(r2 = »3) + x2(r3 = y1) + 23011 = 2)] C6
ah+ bk + ¢

— C7
val+p

Perpendicular distance of (4,k) from ax + by +c=0is
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Straight lines

Equation of a line through (xi,y;) with gradient m is y — y; = m(x — x1) SL1
The line joining (x) y;) and (x; y,) is:
yon _Xx—xn SL2
Y-y x2—x

Perpendicular lines of gradient m; and m, are such that mm; = —1 SL3

Differentiation |

i(kx”) = knx"1 D2
daf d
— (f +g) = ot ag D3
. . dy dy du
Chain rule: = de ¥ dx D4
d dv  du
Product rule: a(uv) =ugs + VI D5
y du " dv
- . 4y Tax Ydx
Quotient rule: o (;) == Dé6
The circle
Equation centre 0: x2 +y? = r? C8
centre (h,k): (x—h)?+(y—k)>=r? 9

Iintegration |

jkx"dx:—k—x'”rl +e¢ Ila
n+1
J kK () (h(x)) dx = kg(h(x))
where [f(x)dx = g(x) 2
b
Area between y = f(x) and x-axis = [ydx I3
a
b
Area between y; and y; = [y, —y1dx I4
a
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b
Area between y = f(x) and y-axis = [xdy I5
a

b

Volume of revolution about x-axis = [ my? dx 16
a
b

between graphs =[n(y;? — y;?) dx I8
a
b

Volume of revolution about y-axis = [nx2dy 17
a
b

between graphs =[n(x;2 — x;2) dy 9

a

Approximate integration

b

Trapezium rule [=f(x)dx = ;[yo +291 4+ 21 + Yl I10
. s h

Simpson’s rule = §[yo +yn+4i+ys+. )+ 2(a+ya+.. )] 111

Sectors

In radians area = 1r?0 SR1

Arc length =rb SR2

Trigonometric identities

sin’ x 4+ cos?x = 1 TI1

cosecZx =1+ cot? x TI2

sec’x =1+ tan’x TI3

cos(4 + B) =cosAcos B —sinAsin B TI4

cos(4 — B) =cosAcosB+sinAdsin B TI5

sin(4 + B) = sin 4 cos B + cos Asin B Ti6

sin(4 — B) = sin Acos B— cos Asin B T
_ tanA +tanB

tan(4 + B) = T tandtnB TI8
tanA4 —tan B

tan(A — B) = o 20 TI9

1+tanAtan B
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cos24 = cos* A — sin® 4

=2cos?d ~1
=1-—2sin’4
sin24 = 2sinAcos A
2tan A4
24d= "
tan 1 —tan’ 4

. (X
sinX +sinY = 2s1n(

+ e+

()
(57
)e(*5)

cosX —cosY = —-25in(X+ Y) sin(X_ Y)

X
sinX —sinY = 2cos(

o+ N

cosX +cosY = Zcos(X

2 2
1-12
Cos24 = 1—:;5, t=tanA
. 2t
sin24 =1in
2t
tan24 :m

Small angles

sin6 = 0
cos® =1 —%92
tan0 =0

Differentiation 1l

d (sinx) = cosx
o =

% (cosx) = —sinx
4 (tanx) = sec? x
dx N

d (secx) = secxtan x
dx N
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TI10
TI10a
TI10b

TI11
TI12

TI13

TI14

TI1S

TI16

TI17

TI18

TI19

SAl
SA2
SA3

D7

D8

D9

D10



d
™ (cosec x) = —cosec x cot x
x

% (cot x) = —cosec’x

d n n-1 dy
dx(y )"_ y dx
dy
If y = f(£) and x = g(¢), dy g;
dr
d ax ___ ex
e =ae
9 it = L
d T V11— %2
icos“x~———-1
dx T Vi=x2
d tan~!x = !
dx 14 x2

Integration Il

1.
Jeosnxdx =—sinnx + ¢
n
: -1
[sinnxdx =—cosnx+c¢
n

Jldx—lnx+c

:-l b
Jax+b nax+o+c¢
J —ltan 12X
24p2 g a
J =sin"1Z
a? — x?

Integration by parts

[ =i [2([var)

D11

D12

D13

D15a

Dié6

D17

D18

112

3

114

I15

116

117

118
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Vectors

Length of xi + yj+ zk = /x2 + 32 + 22
Vector joining AB=b—a
Equation of a line through a in direction d is r = a + Ad
Scalar product x.y = x1y1 + X2y2 + X33
Angle between vectors 0 is given by:
aiby + ayby + asbhs
\/012 + a2 + a32.\/b12 + b22 + b32

x.y = 0 means x is perpendicular to y

cos0 =

Vector equation of a plane through a, b, ¢ is
r=a+ A(b—a)+p(c—a)
or ri=d

Numerical methods

Linear interpolation, closer solution to f(x) = 0 between a and b is
If(a)l(b —a)
If(a)] + If(b)}
Newton-Raphson iteration to f(x) = 0:
f(xn)
()

a+

Xntl = Xp

Arrangement and selection

n=nn-1)n-2)...2.1
n!
Fr= (n—r)
n!
re ri(n —r)!

n

n

Probabllity

P(XUY)=P(X)+P(Y)-P(XNY)
P(4) =1 - P(4)
P(XNY)

PXIY) ==5 5
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Vi1
V2
V3
V4

\&

V6

V7
V8

N1

N2

S1
S2

S6

PR2
PR4

PRé6



O Answers

Exercise 1{a)

Lo 9 i) 16
v 1 o) Z
(ix) 0.01 ) (%)L 2
2 0 8x3+9x2=8g

(i) (16 x 512) + (3 x 2) = 16384
W x%“"}—i = xisi
(vii) x%x x?=x2

(ix) x+xt=x""!

Exercise 1(b}

Gii) 4
(vii) —64

Gi) @)=3

(i) 2x} x 27x% = 54x3

92 x5
92x5

Vi) Bx2t=4

(iv) 25

(viii) 2x3 + 2x2 = x 7}

x 32ix16t=16v2

1 6 6v2 i) 4v2+2v6 (iii)
iv) v2+2 ) V2x196=14/2 (vi)

i) 18+ 1+6v2=19+6v2
(vii) V6 +2v2+3v3+6

2 3) 52—‘/5:2\/5

i) v2-1
V) V2Z-1-1-V2=-2
(i) 1-1v3

8 8
(iv) V3++v2

N T T

(viii) —(3 +2v2)

40
-1

V2
y

&i-3i 23 V2

15 10
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Exercise 1{c)

1 (@ log,16=4 (i) logs25=2 (iii) logy729 =3
(iv) logg4 =% (v) log;;0.0001 = — (vi) log;s0.25 = —-%
(vii) log;1=0 (viii) log, 1 =3 (ix) log,g=x
(x) log,y=1

2 () 64=4° () 10000 =10* (i) y=x' iv) g=4
v) 4=x7 Vi) =47 (vi) x?=y (viil) 2 =¢’
(ix) 4g9=15

3 @G 3 G 2 @) 3 i) -1
v 4 (i) -2 (vit) -3 (viii) 9

4 (1) log6 (ii) log3
(iii) loglé6 (iv) log9 +log8 =log72
(v) logxyz (vi) log4+log3 =logl2
(vii) logx2 +logy = logx2y (viii) log 10 + log x = log 10x

3
(ix) logx + i x) lloogg‘: = 31:;‘%44 =

5 (@) logx+logy (ii)) logp—log2—logqg
(ili) logx+logy —logt (iv) 2logx —logy
(v) ilogp—1ilogg (vi) loga® —1log100 =3loga—2
(vii) logl —logl10 —logx = —1—logx
(viii) 1log4x? —1logy® =1log4 +logx —3logy

6 (i) xlog2=log5 x = 2.32 (3 sig. figs)

(ii)) tlog3 =log4 t = 1.26 (3 sig. figs)
Giii)) (x+2)log4 =1log$ iﬁ% —2=-0415
(iv) Both are powersof 2,s03t—1=1+41¢ t=1
) (2x-1)log3=(x+1)log2

x(2log3 —log2) =log2 +1log3

giving x = I(I)OL:S =1.19
i) (x+ )log4+(2x— 1)log3 =log8

x(log4 + 2log3) = log8 + log3 — log4

xlog36 =logé

2xlog6 =log6

hence x =1

Exercise 1(d)

1 x=e3=201
3 x=2=064
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2 x24x—-6=0,0nly x=2
4 (x+3){(x—-2)=50,x=17



5 logyx+ =2,x=4

log, x
6 Change all to base 10:

logiox _logioy _
logp2 log,04

logigx _ logy
logip4 log;y2

3.32logpx = 1.66log;gy — 5
1.66log;, x = 3.32l0g;o ¥ + 3

(1) x 1.66 — (ii) x 3.32 gives 0 = —8.2668 log,o ¥ — 18.26

Hence log),y =—2.2088, y=6.18 x 1073
Substitute this into (i) to getlog;y x = —2.6104
Hence x=245x10"°

Miscellaneous examples 1

16 % Gi) 4 (i) 128
™ i (vi) 4 (vii) 23
(ix) 0.1 ® %
2 () 28 i) 8x? Gii) 3243
v) 32a i) x* (vi) 4x%)?
1 8
ix) —— = -
(ix) X2 50) x) o or 8x
. .. 3 VA
3 (@) logx? (i) log ) (iii) log 7
x4y
) log—t—z— (vi) log100 + log x? = log 100x3
4 (i) Slogx+logy (i) llogx—llogy
(iv) 3logx—3logy ) 3logx—logy

. log3
5 @ =x= Togd — 0.792

(i) (2x+1)log2 =1og4;x=0.5
(iii) 2*=2%46 x=—6
@iv) (2x+1)log3+ (x+2)log2 =log8; x=—0.14

V2

6 () - ) v2-1
(iii) ——‘/3: V3 ) —2‘/_3

@®
(i)

(iv) 1000000
(viii) 25

(iv) x?

(viii) 64p*

4x
iv) log/—
@iv) g‘/ 7

(i) —llogx
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(1+v5)’ L3t+V5

Y e o) V3(VZ-1)=v6-3
7 G (x+DBx+1)=65x=4

.. logyx _ . B 3

(i) log24+10g2x—9 o logyx =6, x=64

e 3x4+2 4x+1

(111) x+1-———2—,x—1

Revision problems 1

1 t=0; v=7499, so 7499 =k
t = 1;6000 = 7499¢™*, hence A = +0.22
t=3; v="7499¢"3%2 = £3876

2 (a) 1881-1891: g—f’) = 1.10, 1891-1901: 1.12, 1901-1911: 1.11. Constant growth rate
which suggests exponential growth.

(b) 41
() If41rT =82, thenr’'=2 soT = In2
Inr
d r=11lgvesT =7
Exercise 2(a)
1 (@) 6xZ-5x—4 i) +241+1
i) x3—1
(iv) (Bx—1)(2x2-3x—-2)=6x>—11x2-3x+42
V) x*+x3-2x24x+42 vi) 244203 +512 4142
2 (@) 3x24+7x+14 () 4x3—4x?+x+6
(i) 7x+ 14x+21 (iv) 4x2+4x+2
3.4 2 G) 13 (iii) S
Exercise 2(b)
1 () (x-2x+1D(x+4) () (x+3)2x—-D@2x+1)
i) (x—1)(3x—2)(2x +5) (v) Qt+3)(t—4)(-5)
2 (@) (x-1)6x-7) ) (2t+3)3t-5)
i) (1—1)(-2)(t-3) (iv) (x—1x+1)(x2+1)
) @+ +1) o) (-2 -3)r+4)
3 (4 x=2 (i) x=+V3 i 1,1, -1 (iv) -1xv2
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Exercise 2{c)

17

18

19

15(x + 1) — 40 = 12x + 24, giving x = 16}
2.11, —0.356

A N AW N

Leads to quadratic 6x2 — 5x — 2 = 0; x = 1.13, —0.295
Squaring once leads to 9x —9=27x+ 1v/2x — 1; squaring again leads to

25x2 —~ 142x +85=10. Hence x = 5, — 17, but only x = 5 works.

o8 264+24. Only t2:—8+2\/8_8

8 2x-1=9(3x+5); x=—-1.84
9 4x2-x-3=0; -3,1
10 }

Exercise 2(d)

1 () (x+3)*+3;leastat (-3,3)
i) $— (x+1)% greatest at (—1,3)
™) 9(x -1’12 least at (},-12)

3

—

(viii) 7(x—%)2—12‘§—5; least at (4, 3%
2 @ 6 G) -2

0 X2+X+4=0

(i) 4X2+7X+4=0

Exercise 2(e)

1 (1,5, (5,1 2 (1,1), (-4%,
4 (4,41) 5 (3,1),(5 -2

possible, hence ¢ = +0.831

(i)
@iv)
(vi)

(vii) -2 —-6(x +%)2; greatest at (—1,-13)

B

)

Miscellaneous examples 2

1 () x¥+2x2+3x+2
Gii) 3x2 +2xy — 8y?
W) 3+12—14:1-38

2 () x-2)(x+4)(x-1)
i) (2x— 1)(x+6)(x +7)

(i)
(iv)
(vi)
(i)

(x—3)*~5 least at (3,~3)
4(x + 1)% + 11; least at (—1,11)

2(x —%)2—%; least at (3,—1)

% @iv) %
4X24+7X+4=0
8X2-11X+8=0

3 (1,2), (144L,-73)

6x3 —5x2 —8x+3
x*+8x2+16

-3 —42 1113
(x+4)(2x—3)(x+2)
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3@ @+3)(-50+4 () (x—-2)(x+7)(x—8)

4 97

5 f(-2)=—-8+4k—14+2=0,k=5

6 () -3,4 G) 1 (i) -2, 2 (iv) +v3
v 14 i) (x2—4)(x2-9) =0, hence x = £3,+2

7 @ Ax+17+7 G) (x—-34)°-174
i) 54-2(x+1%)° (v) 141-3(x—11)

8 () 2x*+11x+19=0 () 8x2+6x+5=0
(i) 4x2+3x+18=0 Gv) 10x2+11x+10=0
V) 4x?—63x+250=0

9 () (1,1)or(}1) () (2,6)

(iii) (£3,%1) @(iv) (1,4) or (31,-16)

Revision problems 2

1 ()
(ii)

@v)

f(1) and f(-1) #0

fl)=2=a+b,f(-1)=—-10=—a-+ b, hence b= —-4,a=6.

The remainder = 6x — 4.

Note (iii) shows f(x) — 2x has a factor x2 + 1.

Hence x°—3x*+2x3-2x24x4+1=(x24+1)(x3-3x24+x+1)
=(x*+Dx-)x2-2x-1)

x=11+Vv2

2 (x+3)2x-1)(x+5)>0, . x>for-5<x<-3

3 a=100, b=10000

Exercise 3(a)

1 @)
(ii)
)

2
@iv)

(vii)

4+74+10+13+16+19

2,3,4,.5
FHi+3+i+d
ik

5

S (2r—1) (i)
r=1

3 1

(=12 )
r=1

ijln+(r—l)k

(ii)
@)

4

S(3r+1)

r=1

5
> 45— 5r

r=1

1+44+9+16

—14+8-27+64

(i)

(vi)

1Mo
~
-+
-

~
M-
(98]
.
i
3

3

. . . . 1
These expressions are not always unique. For example, (vi) could be written > —

r=0 3r'

You should always evaluate what you have written down to check that it does give the
required series.
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Exercise 3(b)

1 129

2 () 111 G) 23 (i) 41 (v) 3n
3 () 3667 Gi) 2542 (i) 351 (v) 1640
4 Smallest = 207, largest = 342; 16; 4392.

5 930

6 3,7,11,15

7 Solve g(3n +1) > 2000 to give 7 > 36.3, that is, 37 terms required.

Exercise 3{c)

1 4(1.5%°-1)=13297

2 () 1 (i) 16 (i) 10
3 152

4 3,4,51

Exercise 3(d)

1 G 1 G 3 (iii) 6 ) 2
2 @ 7 () 14 (iii) 9 (v) 6

Exercise 3(e)

1 () &+ 6a*h+ 12ab* + 8b°
() x* —8x3y 4+ 24x%y? - 32xp° + 16°
(i) 164° + 9643t + 2164%12 + 216at> + 811*

iv) x4+8x2+24+§+)1c—§-
9 1
) 27x3-27+-x—3—F
2 () 91204701 (i) —414720x"y} (iii) 448x2
3 (@) 8064x° (i) —1548288x° (i) —489888x°

4 BCsx 212 =76038144
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Exercise 3(f)

1 G) 1—4x+12x2—32x3‘—l<x<%
() 1-x-x?-3x%-l<x<i
(i) 4-ix-Lx?—skx} -4<x<4
(V) T—x+2x2-4x3 —lax<l
V) 1-3x+5x2-7x% -1<x<1
(i) T+3x+8x248x% ~1<x<1

2 0.09%

3 1—1—%x—%x2 :1_10;%

Miscellaneous examples 3

1 () 1+7+17+31+49 ) -1+32-3+1
2 () i 2r+1 (i) Zsj 12 @iy S
r=0 =1 =ir+1
3 G 20 ) 37 (iii) 40
4 () 12 @ 9 @) 13
5 () 120 (i) —115 (i) 365
@ 1-0° o s(1-¢")
6 () 814 432x+ 864x2 +768x3 + 256x4.
(i) 243x5 — 810x*y + 1080x3y% — 720x2y? + 240x)* — 32y°
@ii)) 16x* — 96x2 +216—2xl—26+%

—-5\8
7 (20" x 2y (iﬁ) =58 x 216 x 2,

8 (i) 1+ 12x+60x2 all x
@) (1+ix+4x?)  -15<x<15
(i) 1+3x+35x2 —2<x<2
(V) 14 2%+ 2x2 l<x<1
V) 2(1+ix—55x?) -4<x<4
(vi) 14 12x+ 90x? —l<x<i
i) 1+1x—2x2 —i<x<}
i) §(1+3x+%x%) —$<x<}

9 1+2x+6x%x=1k

(25) -} _ 5103

100 5000
10 that is, V6 = 31
e = 3108 2000
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Revision problems 3

10, 124, 15

1 () £29.13 (i) 507.39
2 ) Sum= g(a +9) (i) 25 (iii)
(iv) Using g(Za +(n—1)d) =500, with a=6, d =2, you get the quadratic
equation
n? 4+ 5n—500 =0
(n+25)(n—20) =0
hence n=20
(v) 44 cents
3 20x1.1" n—1>—— In3 hence n = 18

1.1’
4 2+4x075+4x075%+...4%x0.75"
=2+121-0.75") n— oo

distance = 14 metres.

Exercise 4{a)

3.16, -3 (i) 5.83,3

v)  Vp?+24%-2pg, ﬁ

1 @
(iv) 361z, —15

(v) 5.17,-3.85 (vii) 1.03,}
2 () 6 (i) 2v3 (i) V21
W) % (vi) —6%(29 (try and get this exactly)
(viii) V17
3 (1) (2,05,1.5) G (0,2,-1)
@) (21 51) w ¢
vii) (0,1y,21y) (viii) (2.5-1,2+1,2)
4 (5’1’153)
51 umt
6 @) 54+ 2x - 1 =1
7 b
2y
£l -1, y=-35
10“;22 — 2, 2= —12, hence Cis (1,~3.5,~12)

o) G

(i) 4.47,2

(viii) (a+b)v2, -1

aiv) V29t

(vi) 14y

(i) (3.5,1,1)

B
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(ii) Since x =1 for each point, you can consider it a two-dimensional problem, so
the area = |1 (1(z2 — z3) + y2(z3 — 21) + y3(21 — 22))| = 6.25 units?.

(i) CD=+v45+132=13.76 .. if his the required distance,
1% 13.76h = 6.25

h=0.908
L VI3 . o A2
7 (@) NER ) 2 (iii) 5
Exercise 4{b)
1 G y+2x=7 (i) y=4x—5 (i) 2y+4x=3
V) y=2px-2p*+q ) 12y+6x+5=0
2 () 2y+x=5 () y+2x=3 (i) 2y=2x+3
(i) pgy+x=p+q W) 2y =(t +t)x—2ant
3@® 3 @) 3 (i) —3 (i) -3
4 3y+4x=7
Exerclse 4{c)
1 k=5a=13 2 a=5k=17 3 k=10,g=-5 4 f=60
Miscellaneous examples 4
1 @ 112 (i) 8.60
1
2 @ -5 i)y ——
® (i) I
3 @ @3,-135) (ii) (—1—‘2,214) (i) (2,-0.5,2)
4 The sides are of length /2, V17, V11: area = 2.12 unit’
5 (3,7): 1 unit’
6 3.77
7 C(4, 7)7 D(Sa 4) C(—z’ 5): D(—lv 2)
8 a=3,k=8

Revision problems 4

1 n=154=55x10"*
2 a) Plot ¢ against In N, kK = 0.005, Ny = 2.1, b) 4.7 million
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Exercise 5{a)

1 12x? 2 28x3 3 3x%2-2
1 —
4 3vx 5 -3 6 —ixt
4 3x? 3y—3
7 10(2x+1) 8 24(3x+1) 9 T(l—x)
1 3x -4 B -3
0 1- n -2 -1) 12 {xd(1+xd)
1 2 6 4 22x+ 1) (x = 1)
16 18 17 1.5 18 0,1}
19 6g2(1+42)7 20 -225
Exercise 5(b)
1 x(x+1°(5x+2) 2 (1+x)72
3 (x+D)(x+225x+7) 4 —1_"3
(1+x)
5 4(x+1°2x2-1*(5x2+3x-1) 6 Rt il
(1 +x2)?
_1
7 Ixt+143xd ) _2+\/’_C_x22
2(1 + /)
11 10 2
o 2(s+1-5755) VA1 - V3
2 - 202
1 6x +32x 1\/7 n x (x*+3)
2x x+1 (1—x2)3
53 _2x+2) 2+ xt—2x1
(=3’ (1+v3’
15 __1—
(1 +x)3iT-x
Exercise 5(c)
1 . dy 2 2 )
» a=3x =3x3¥=27,(y-28)=27(x-3),.. y=27x-53
iy P16 Lody
(ii) dx—6,6y—x+9 (iii) dx_lz,y_ux 40
: dy dy
@iv) a=—%,4y+3x=22 ) a=.%,4y+x=3,
S dy _
(vi) a——27, y+27x +81 =0

ANSWERS

351



2 () % = 6x = 12, hence the gradient of the normal= -3, (y — 10) = — {5 (x — 2),
12y +x = 122
(i) y=3x-2
i) y=x+1
(iv) 2y+3x+5=0
3 G 3.0001 G) 3.9997

4 4y+9x—-16=0

Exercise 5(d)

1 () (&,2); minimum
@i)) (0, 1); inflexion
(i) (0,0) maximum, (—v?2,~4) and (v2,—4) minima
(iv) (1,2) minimum, (—1,—2); maximum
(v)  x=2++/5 minimum, x = 2 — v/2; maximum
(vi) (0.08,1.96); minimum, (—1.08, —5.59); maximum
2 1.5 rev/sec
3 S = 2nr? + 2nrh, mrh = 200

S =2nr2+@,i‘=3.17

4 —2
27
5 197cm x 2.36cm x 2.15cm

Exercise 5(e)

1 1.2m cm?/s 2 20cm?/s 3 @7 (b)10
4 Iemx7cmx]cm
5 () 12m (i) 43sec (i) —¥m/sat r=2}

Miscellaneous examples 5

. -3 .. —6
1 @) e (i) m
(iii) _=2x iv) _2+x
VI-2x2 201 + x)}
3 _ 2
W Bo3+2 o) —IxF+2x3 4 5xd

(1-x%°
2 y+9x—8 =0, tangent, 9y — x + 10 = 0 normal
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w

2x+ 3y = 18}

4 (1,-8); minimum, (—},8); maximum
5 46.4 cm’/s
100
6 \/—
3r om
ds
7 AtB,v=—=0, . t=12, hence AB = 288

de

Revision problems 5

3
1 () 100x— ‘% © 333icm’
. 1 2 . 1 1
2 (i) 8x+;—2—,8—; (i) —3 24 @) —j3,1
(iv) (a) behaves like %; (b) behaves like 4x2 — 3
Exercise 6{a)
1 y A 2 7
3 \
3 6
1] / t
-3
o 8 4
3 vh 4 vA

) 4

S\
X
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Ax
//5
\& ]
Ax Ax
/4
\2 Av. \
AV.. [+ ] o
w ~

Ax

10

A %

yA

12

vA

11
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Exercise 6{b)

1 @ (ii)
7 3 7
1 '\—
0 f 0 |4
(iii) iv)
A
y | y A
1 [
|
|
|
+ >
-1 0 X
|
- |
0 X !
|
|
™) (vi)
vh vA
0 1
o |4
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2 @) (i)

2 /
) 4

(iii) (iv)
y 4 y
| / /
-——-/ .2u 1 f
— o \
-1 \
) (vi)

@

Ay
"

3G x2+yr=16 () x*4y’-2y=8
(i) x2-2x+y*+4y=31 (iv) 16x%+464x+16)2+32y+79=0
™ x2+6x+y>—-12y=19

4 () (0,06 @) (0,0); V8 (i) (0,0); V125
(v) (-1,2);5 V) (2,3);4
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5§ (i) 10x unit®

(i) 2v/6n unit?

vA

~

-
\

Exercise 6{c)

o 4

v

2 vA

(i) 6m unit?

vA

@iv) = unit®

N,
NY,

vA

KE
N

el 4
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vA

7

-65

Ax

Miscellaneous examples 6

(ii)

1 &

Ax

vA
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(ii) (iv)
vA 'y

|

|

|

|

|

|

i

|
[=]
3 4

Y] (vi)
yA vh
T 0 >
0 *
2 @) (i)
y vA
> 0 %
-215 0 X
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(iif)

™)

7

0

Ax

(i)

3 @
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(ii)

Revision Problems 6

1 y=0,x=-2 (2,%) is a maximum

® (i)
! YA yA
'
!
T >
2 0 X
: [\
|
: 0 X
i \/
|
!
2 (i) (i)
7 yA
1
________ L
2N 0 2 %
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(ii) (iv)

3 (X242 —4x—6)—(x2 4y’ +2x+4y—-8)=0
thatis, —6x—4y+2=0
or 3x+2y=1

2 2
4 x?=36sin’06cos?0 _ 397 (1 _y_)

16 16
thatis, 256x2 = 36)*(16 — ?)
or 64x% = 9y%(16 — »?)

Exercise 7{a)

1 -1<y<7 2 4<y<20 3 ~4<y<12
4 i1<y<i 5 -44<y<4 6 -4<y<l1
7 0<y<15 8 -3<y<-13 9 Neither

10 neither 11 Even 12 Neither

13 Odd 14 Odd 15 Even

Exercise 7(b)

1 No inverse, not 1 : 1 2 glx) =x% 3 lix)=vx-1
-1 1 1 4—x .
4 k (x)=;—1 5 (%)= 5 6 No inverse, not 1:1
In(l — x)
“1(x) =
Ly
8 p!(x) exists, but not possible to write down an explicit function.
9 4 '(x) =In(x) 10 ri(x)=e*-1
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Exercise 7{c)

1 (2x+1)? 2 fg(9) does not exist.
3 g gives values greater than —1 4 22—-xH)+1

1
5 (x+1) 6 =

Exercise 7(d)

1 f(2x) halves all x-values
f(x — 2) translates curve +2 parallel to Ox

2f(x) stretches curve by factor 2 parallel to Oy
For example

(vid)

yA yA

N
1
1
% 0 t 0 1 x>
VA/
2
3 o 14
2 () (-L1),(0,-1),(1,0) (i) (2,1), (3,~-1), (4,0)
i) (1,3),(2,-3), 3,0) Giv) (1,-1),(2,-3), (3,-2)

Exercise 7(e})
1 x<-15 2 2<x<3 3 -15<x<2
4 —4<x<0 § x>20rx<0 6 -l<x<3orx<-5

T x>lor-2<x<~1 8 x>-1
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Miscellaneous examples 7

y2—4,x=ﬂ:\/ﬁ
® y=In2

(i) —24<y<24
0 flixeoix+3

(iti) No inverse

i@ y=0
iv) 0<y<el
i gl:x——-Inx

Gv) k':x H(

4 fg:xr—dx2+4x, gf :x—2x2 -1, -1+1V2

5 x>4o0rx<}

6 -l<x<lorx>3

Revision Problems 7

1 (a) £2,+4 (b) 3,4

3 @)

4
In—, Le*
x

(i) ¢7'(x) =Jev*?

Exercise 8{a)

1 +c

wix,

3
xi+c

&
Wl

7 dx-11°+e¢
22
3

10 x%+c

13 §x5+c
16 %x§+c

19 L2x-1)*+c

Exercise 8(b)

1 20+x%)+c
4 2Vxt+x-5
7 —%(1+x3)_3+c
10 L(1+xd)+c
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11

14

17

20

H
)

(ii) Reflection in the line y = x

H@x+1)%+¢

(3x - 1)%+c
~3(x?—dx+ 1) ¢

12

15

18

3
——-+c

x

1 1

Tx e

6xt+c

—6xt+e

x—4——2—+c
4 x

%x%+2x§+c

—(x*=1)""4e¢
ia +2ax)ipe
-11-3x2)° +¢



Exercise 8(c)

1] 2 Y 3 -3
6 10 7 3 8 1}
11 0.609 12 3 13 5
Exercise 8(d)

1 @ 2)unit? (i) 102 unit?
2 (@) 1.22 unit? (i) 1 unit?

3 9 unit’

4 36 unit’

5 2 unit” (there are two parts)

6 (@) 19.5 unit? @) 107 unit?
7 () 4.71 unit @) 2.09 unit®

Exercise 8(e)

1 (i) 6.6 seconds (ii)) 61.2 metres
2 () 432metres (i) 32m/s’

Exercise 8(f)

4 2
0 14

14 -0.848

(i) 563 unit?

@iii) 1.52 unit®

(i) 10600 unit®
@) 7.24 unit®

1 () 0435 () 1.89 (iii) 2.37

2 @) 044 (i) 1.84 (i) 2.36
Miscellaneous examples 8

1 () 0542 () 2 (i) 0.989 (iv) 4
2 1.6 unit? 3 lnr?p 4 112

Revision Problems 8

1 n>oo0,4=1

h
— R

10
15 0.166

@(iv) }unit?
@iv) 6.93 unit?

@iv) 0.115 unit®
@iv) 52.2 unit®

(iv) 0.443
(iv) 0.441

v) 0.0156
5 0.587

2 (1) 0.792 (ii) 0.748
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Exercise 9(a)

sin 40° 2 —cos20°

5 —sin80° 6 —cos40°
9 —sin60° 10 cos10°
13 tan20° 14 cos41°

17 sin84° 18 —cos60°

Exercise 9(b)

1 —sec80° 2 cosec40°

5 —cot70° 6 —cosec80°

9 sec20° 10 cot0°

Exercise 9(c)

1 @ 22 % ° (i) 540°
v) 75° (vi) 149°
(ix) 1080° (x) 482°

. n ..
2 () T (i) 0.873
3n . 10m
™) vy (vi) 3
(ix) 5=n x) 1.86

Exercise 9(d)

1 1.03cm’ 2 7.89cm
Exercise 9(f)
1 secx 2 sec?x
sin x . 1+cosx
1—cosx sinx

Exercise 9(g)

1 @ 369, 143.1°
(i) 17.6°, 107.6°,

197.6°, 287.6°

(v) 26.5° 153.5°, 206.5°, 333.5°

366 ANSWERS

3 —tan45°

7 —tan60°
11 cos80°
15 —cosl6°
19 sin@°

3 cot60°
7 —sec20°

(i) 120°
(vii) 315°

i) 0.34

o 3
(vii) 3

3 0.16 rad

6 sec’x

() 134.4°,225.6°

4 tan60°

8 —tanl®
12 tan70°
16 —tan7°
20 —cos87°

4 sec60°
8 cotl0°

(v) 57.3°
(viii) 270°

w =

(viii) 0.14

4 grad

4 cottx

(iv) 75°, 135°, 255°, 315°

(vi) 14°, 194°



2 (i) -—112.5°, -22.5° 67.5° 157.5°
(i) —142.3°, =37.7°, 37.7°, 142.3°
(iii)) —165°, —135°, —45°, —15°, 75°, 105°
(iv) -—23° 83°
. T 4n In
3 M 3°9° 9
(i) 0.23, 1.35, 3.37, 4.49

w & 3% 5% lim 3n 2n
6’18 6> 18° 2’ 18
4 () 30°+120°n
(iii) 26.6° + 180°n
5 () 54.7°,125.3°,234.7°,305.3°

(i)

@iv)

(ii)
@iv)

0.32, 1.25, 3.46, 4.39

5n

4

33.75° + 45°n
41° + 180°n or 94° + 180°n

(i) 16.9°, 43.1°, 76.9°, 103.1°, 136.9°, 163.1°, 196.9°, 223.1°, 256.9°, 283.1°, 316.9°,

343.1°
(iii) 30°, 150°
(iv) 38.2°, 141.8°

Exercise 9(h)

2 (i) 60°120°240°,300°
(iii) 179.5°,359.5°

Exercise 9(i)

(i)

1 () 13cos(x —33.7°) (ii)
(iii) v2cos(x — 135°) (iv)
2 (i) 107.6°,319.8° (i)
(i) 79.1°, 263.5° iv)
Miscellaneous examples 9
: 56 ..
1 @ - 3 (i)
o 4 12 3
(i) cosAcosB—smAsmB_—gx—ﬁ—gx
2 0.869, 3.45

4 V52

7 90°n or £120° + 360°n

3 tan3x =tan(x + 2x); 1

0°,60°,120°, 180°, 240°, 300°, 360°

13 cos(x — 157.3°)
V13 cos(x — 326.3°)
114.3°, 335.7°
25.4°, 228.4°

16
65
5 33

13~ 65

3tanx —tan’ x
—3tan?x

5 52.8°+ 180°1 or 157.3° 4+ 180°n

tan9 —4
1-4tan®

ANSWERS 367



Revision Problems 9

1 0.0753
2 (i) 0.916 seconds (i) —1.9 cm (cork is above fixed line)
3 Solve 8sin?x = 3sinx + 1, —168°, —12°, 36°, 144°
4 Remember to work in radians, there are 12 occasions
5 .. 1
i 75° i) ——
@) Ol -
Exercise 10{a)
, . 96’ ) :
1 @ 40 G) 2- > (i) 1460 Gv) 0
(v) 66 (vi) 40

Exercise 10(b)

1 4cosdx

2sec? xtanx

12sec? 4x

2sec? (2x —— g—)

th W

~3

9 4sin2xcos2x = 2sin4x

11 cos® x(cos x — 3xsinx)

13 2xcos (2x + %) + sin (2x + g)

(1+x)(2sinx — (1 + x)cosx)

sin? x

15

. n
2 —sin (x + Z)
4 —8sin2x
6 —30sin3xcos3x = —15sin6x
8 3tan?xsec’x

10 xcosx +sinx
1+sinx — xcosx

12 ——
(1 + sinx)

14 x(3xcos3x + 2sin3x)

16 8sin 2xcos 2x(1 + sin? 2x) = 4sin4x(1 + sin’ 2x)

2(sin x — xcos x)
(x + sin x)?
19 2xtanx(xsec? x + tanx)

17

Exercise 10{c)

1 2sec2xtan2x

3 —6cosec’2xcot2x

368 ANSWERS

18 x2(2xsec?2x + 3tan2x)

20 36x2sin’(x? + 1)cos(x® + 1)

2 cotx — xcosec’x

4 —cosec (x + %) cot (x + ;)



5 2sec (2x - g) tan (2x - g) 6 3x2sec3x(xtan3x +1)

7 2secxtanx secxtan)zc 8 sec? x(cosx + 2sin x tan x)
(1 — secx)
9 —6cosec?2x(1 + cot 2x)? 10 -—%cosec 1+x cot T4x
(1 — x) 1-—x 1-x

Exercise 10(d)

1 G lsindx+ec () —3cos2x i) lx+ s“l’68x +c
@) ltandx—x+c (V) isec2x+c (vi) itan2x+c
(vii) § cosec2x + ¢

2 () 0433 () 3 (i) 0.5 (iv) 1 v) 0.845

3 %_n_\/gzo.0466 41 51

12
Miscellaneous examples 10
2
i+36-16

2 (@) sinx(sinx + 2xcosx) (i) secxtanx(2sec? x 4 tan? x)

L (iv) secx(xtanx+ 1)
(1 — cosx)
(v) —2cosectxcotx

4(cot 4x sec? 4x — cosec?4x + tan 4x cosec?4x)
(1 - tan4x)?

(v

3 g—z = xcosx + sinx = 1.26 at the point; y = 1.26x — 0.43; 1.26y + x = 1.49

4 G 05 () 0.1 (iii) fz(l—cossx)dx=g
0

sinx — 0.5dx = 0.685

h
A S, S

Revision Problems 10

1 05 2 —
T . . .
3 (E,n) point of inflexion
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4 0 1‘65 Gy 221

(iii) Minimum depth occurs when cos(307)° = —1, t = 6, depth= 0.3 m
V) p=23+ 2cos%t in radians

%‘5 = _Tnsin%t (4) 0.91 mh~! falling (B) 0.91 mh™! rising
V) t=9

Exercise 11{a)

1 G —i-5 G) 2i-3j-k Gii) —2i— 2k
(V) —i+4j— 4k ™) @=Di+(1-0j-(+3)k
2 (@) V26 () V14 (i) V8
@) V33 @ - - (43 =VEEF T
3 1.22 unit?
4 4 unit®

Exercise 11(b)

1 3 2 4
1 @ r=112]+Ar{ -2 G) r={]-1]+xrf -1
1 1 -3 -2
1 3
Gi) r=({0}+A] O
1 -2
1 4 -1
+Al -2 i) r={-1]+Ar] 1
1 0 2
t 3t
Gii) r=2t 1 +A|5-2¢
3t 3

1
2 G r=|[3
1

Exercise 11{c}

1 @ 807 () 79.5°
2 () 19.5° G) 79.5°

370 ANSWERS



Exercise 11(d)

1 2x+4y—-52=9 2 r

()

3 37.6° 4

S

Miscellaneous examples 11

1 23.4° 2 135.6° 3 3x+3y+2z=6
2
— § (=2,-3,-25 6 3.84 unit?
V14 ( )

Revision Problems 11

2 3
1 @ (2,0,-1) ® r=|-1]+s|2
-3 6

2 (a) —di+2j+6k © 676

()

8+ 4A
(e) (4 + 2X> ( ) =0 if point X is such that OX is perpendicular to BD,
—6) -6

A = —3, the point is (55,24,4%)

Exercise 12{a)

1 4295 < H <43.65 2 1.08<T <164
3 184<T<185 4 0348 <f <0.447
5 10.5% maximum error 6 0.867 < 5 < 0.899

Exercise 12(b)

1 14 2 345 3 224 4 18 5 23
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Exercise 12{c)

1 3.03 2 195

Exercise 12(d)

1 121 2 0.25 3 1.25

Miscellaneous examples 12

1 2% error 2 471 3 -03

Revision probiems 12

1 (c) 1.76, 1.61, 1.97, 0.596, not converging; 1.72
2 (b) 279

4 1.59

4 077

5 1.21

(¢) You did not have information about the second decimal place before; and so

cannot guarantee this is correct
(d) One root

Exercise 13{a)

6!
1 331 = 180

2 250 P6

3 Consider the number of As and Es in the word.

One
7' —2 x 6! = 3600

A 0 0 1 1 1 2 2 2 | Total
E 1 2 0 1 2 0 1 2
Number 24 36 24 72 36 36 36 6 260
9!
4 YR 1260, 140
§ Sl-2x41=72
6 (i) 6x5x4x3=360 (i) 180 (i) 60
7
8
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Exercise 13(b)

210
¢, x BC;
0¢cy,

G 135751
4%x6x5x3xMC =5040

N W hA W N

1 O %

2 @ ;

3 () 024

4 1-(08)°=0.488
5 () 2

6 O 3

7 @ %

(i)
(if)
(i)
(ii)

(i)
(ii)

5C2 X4C2=60,60—4C1 X3C1 =48

- s

(i)

Miscellaneous examples 13

1 2520,1

2
4 n-1 5

6 () £

i AN

(i)

20,

gho v

Revision problems 13

1 O @}

2 (i) (a) A and C are mutually exclusive

(ii)

131875

(b) ¢

(i) %

(i)

Bl

3 7Cy, x3C, =588

(i) 3

(b) A and B are independent since P(4 N B) = P(4)P(B)
(i) (a) 045 (b) 04p+0.2(1-p)=02p+0.3(1—p)hence p=14

Exercise 14{a)

o
o —(x+y)
@ =¥e

ANSWERS

373



_ (2x +sin2y)

(i) 2xcos2y
. tany _ sinycosy  sin2y
@) T xsecly x - 2x
4x -4y +1

v 4x—p(1-y)+1=0,y =——
) Ax-y)(1-Y) Y= am=y)
oy =3

(3y? —x)
(vii) -—t‘;‘)‘cy

(viii) 3(2x +3y)>.(2+3y) =0
2
(2x+3y) = 1, SO 2+3yl =O,y’ - ...%
tan?y

() 1 - 2xtanysec?y
6xcosy
® @) 1
2 (i) 1 i) - -
Gv) 1 V) o
3 @ x+y=2,y=x
(i) y+2x=3,2p=x—4
Exercise 14{b)
. .. 1
1 @ ¢ G - 7
. 1
@iv) - el (V) 3coseca
. 2—6t 1+ cos®
NN > (viid) (1 +sin0

2 t=2,3y=8x—-17,8y+3x =125
3 y=wx—ar,id

(i) -2
i) 1
W 2

() y=1x=2

(iif) —1cot30

v 1

4 4y =3x+ 15, solve 4(s3 + 1) = 3(4¢t — 1) + 15, (7,9)

Exercise 14{c)

1 (@) 3e* (i)

(iii) 2(xcosx + sin x)

e*(1 — x)?
® (14 x2)?
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e (1 - 2x)

(iv) e*cosx(cosx — 2sinx)

(vi)

e*(2sec? 2x + tan 2x)



x2(2x3 4+ x2 4 2x + 3)e?
(1 + x2)?
(x) 6e%(1 + &)
(x)  Write y = Je " sin4x first, then y’ = le*(4cos4x — sin4x)
2 () —et

(vii)

(viii) — cos xe~$m*

.. cost—sint 1 —tant T
(ii) — = =ta (— - t)
cost+sint 1+4tant 4
(i) — %e‘”
. cost+sint i
@iv) ; =tan ('— + t)
cost —sint 4

3 y=2x—e,2p+x=1+2
4 (lne,é+lne) minimum

5 0.655

Exercise 14{d)

1 i 2 1l+Inx 3 —tanx 4 tanx
5 2 6 =2 7 % 8 e‘(£+lnx)
1+ x2 (1-x2)
9 2cotx 10 21:" 1 2242
12 y=0.0677x +0.125 13 (0.606,—0.184), minimum

Exercise 14{e)

2 -3 4
< 2 > R
14+4x2 V1 —-9x2 V1 - 16x2
4 s 1 6 — >
X2+ 4x+4 2% — x2 V-9x2 = 6x
x - —* 2x 2
7 +sin” x 8 +e*cos x 9 =
V1=x2 1-x2 V2x2-x% V2-x2
3x2
10 x64+2x342

Miscellaneous examples 14

1 54y=17x-131 :
2 Tangentisy=2ex—e+1, area=4—e(1—e)2
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3 (£1.32,F1.73)
4 (0.354,2.23), minimum
6 =

Revision Problems 14

T @) ? =0if y = —2x, substitute into equation to give:
4 dy 2 4
SV F— =o0if x=-2y,hence y=%-—, x=F—
f YV ax »IREYTE V3
@) (0,%2), 2y + x = +4; (£2,0), y + 2x = +4
(a) 4.58
) -42 Gi) 2y=x-6 @iv) (8,1)
4 (@ 1 (c) (e%,%e"), —2¢2 @ i(1-m2)
(e) 0.133
§ (i) y=asin®—-abcos® (iv) tand v) a(1+16?)
Exercise 15(a)
- 1 2x .e 3 2 oae *
1 (i) je“+c (i) -3¢ +c (iii) l—x;-i+c
G@v) ilnx+c ™ inBx-1)+c¢ (vi) 4In(x+6)+c
(vii) m +c (viii) — %e“‘x +c (ix) % e 4e
x) le¥+c
2 ({) 3.19 (i) 8.56 Gii) 0.231 Gv) -0.575
v) 115 (vi) 0.28 (vii) 0.0585 (viii) 0.316
@) 2(e-1) (x) 0.0151 (xi) %In4 (xii) 2.16
3 12.6 unit? 4 2520 unit? 5 46.1 unit®
6 (i) 3230m/s (i) 10300 metres
7 0.313 unit’
Exercise 15(b)
1 @ Lx2+1)"%c f) e fC
O A0 +1) @
1 _
@iy FH10 (lx-16) @) lcos’x—cosx+ec

66
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W) 3 +c (vi) Ilnsinx+c

(vii) 2(Inx)’+¢ (viii) ﬁ +e
. 4
(1x) m"-c (X) %(1 +tanx) +c
2 () im(1+x3)+c (i) 234 (iii) —6307
i) % v % (vi) The limit 1 means

1 radian, 2.06

Exercise 15(c}

1 _15 3 —li 1 _131
1 3tan 3¢ 2 sin \/§+C 3 j3sin 5 te
4 %tan“@+c 5 0253 6 0.0583
Exercise 15(d)
1 () ixe®-le>+c (i) x2?sinx+2xcosx —2sinx+¢

(i) Ix*lnx—ix3+c (iv) —-x2e*—2xe*—-2*+c

(V) —%e™cos2x—1te*sin2x+c ) ix2tan!x—ix+ltanTx+c

(vii) xtan~!'x—}In(1 +x?) (viii) xIn(x+2) - x+2In(x+2)+¢
2 @ 13 G) 2.32 Gii) 1.84
Exercise 15(e)

. -1 2 . -1 4
1O sy ta-m @ i

1 1 1 . 2 @x+1)

@ s AR ) W) =3 3T+ 1)

.. 1 8
(v) Divide first, x — 1 +3(x— 0 +3(x+2)
. 1 1 (x+4)
+ —_

™ SN 3o W2

2 () Ind @) 1+In2 (i) 0.000437
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Exercise 15(f)

x3

1 y=73- 2 y=12x

with

x2

_ 1
4 tan1y=—;+% 5 1ny=2

1
3 Iny=——cosx

V2

x+In7-3 6 y=E—lncosx

6

Miscellaneous examples 15

1 %+c 2
3 In(1+x%)—tan'x+¢ 4
5 %sin'lggf%-c 6
74 8 imn3+} 9
11 0.283 12 -1.05 13
15 0.376 16 —lx+ix?

17 —1+43x-5x24+9%3, —J<x<}

Revision Problems 15

1 300 — 1.5h = 300e~1%, 11 months

2 @ (1,0 @) ot

x+3
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Ix%cos3x+Zxsin3x +Zcos3x + ¢

le* +¢

x? x4

—Z—ln 2x — 16 +c

6.7 10 0.138
0.00234 14 1

@iv) 3 i) 5.1



O Index

A
Absolute error 252
Acceleration 111, 177
Algebraic approximation 257
Angle
between two lines 240
between two planes 248
between two vectors 240
general 199
negative 188
small 214
Arc, length of 192
Area of a triangle 72
under a curve 170
Arithmetic progression 43
Arrangement 268
Asymptote 119

B
Binomial expansion53, 275
non-integer 59

C

Cartesian components 232
Chain rule 93

Change of variable 311
Column vector 232
Combination 274
Combined events 279
Complement 278
Completing the square 32
Composite function 144
Conditional probability 280
Constant of integration 62
Coordinates 65
parametric 129

Cubic curve 116
function 116

Curve sketching 116
Cusp 130

D

Definite integration 168
Degree 22, 321

Derivative 90

second 103

Differential equation 324
Differentiation 89
implicit 280

parametric 291
Differentiation of
exponential functions 294
function of a function 93, 218
inverse trig functions 302
logarithmic functions 301
product 96

quotient 97

trig functions 217
Discontinuity 119, 256
Displacement 112
Distance 111

Distance between points 66
Division of a line 70
Domain 137

E

Ellipse 128

Empty set 277
Equation

iterative solution 258
of aline 74, 81
meaning of 28
numerical solution 254
of acircle 127

of an ellipse 128
quadratic 28
trigonometric 198
Errors 252

Exponential function 123

F
Factor theorem 26
Factorial 55

INDEX 379



Family of solutions 325
Fractions, partial 319
Functions 137

even 140

implicit 280

inverse 142

odd 140

G
General angle 146
General solution of trig equation
Geometric progression 47
Gradient 68

of a curve 89

I
Image 137
Implicit function 287
Increment, small 99
Indefinite integration 162
Independent events 281
Indices 1
Inequalities 151
Inflexion 105, 229
Integration
approximate 181
as the limit of a sum 170
by function derivative rule 165
by parts 317
by substitution 311
constant of 162
of exponential functions307
of products 317
of trig functions 223
Intersection 277
Inverse trig function 194, 315
Iteration 258

L

Linear interpolation 255

differential equations 324
Logarithm 9

base of 9

change of base 17

laws of 11

Logarithmic function 301

M

Mapping 137

Mid point 69
Maximum value 103
Minimum value 103, 227
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Modulus
functions 147
inequalities 156
of a vector 233
Mutually exclusive 277

N

Natural logarithm 123
Normal 101, 289
Newton—Raphson method 262

P
Parametric equations 129, 291
Partial fractions 319
Pascal’s triangle 54
Permutation 268
Perpendicular distance

of a point from a line 73, 249
Perpendicular lines 78, 242
Plane 243
Point of inflexion 105
Polynomial 22

degree of 22
Position vector 234
Possibility space 277
Pythagoras 196

Q

Quadrant 186

Quadratic
equation 28; roots of 33
function 31
inequality 152

R
Radian 191
Range 137

Rate of change 110, 227
Rational function 61, 119, 155
Rationalise 8

Relative error 253

Remainder theorem 25

Roots of a quadratic equation 33

S

Sample space 277

Scalar 233

product 239

Sector, area of 192
Selection 274

Separating the variables 327



Series 40
Simpson’s rule 182
Simultaneous equations 36
Small increments 99
Speed 111, 177
Square roots 264
Stationary values 103
Substitution, integration by 311
Summation 41

of an AP 43

ofa GP 48

to infinity 51
Surds 7, 205

T

Tangent 101, 206, 226, 292
Transformations 149
Trapezium rule 181

Tree diagram 279
Triangle, area of 72

Trigonometric equations 198, 200

identities 196, 203, 211
ratios 186

Trigonometric functions
differentiation of 217
integration of 223
inverse 194, 315

Turning points 103

U
Union 278
Unit vector 232, 247

\%
Variables separable 327
Vector 231
angle between 240
component 232
equation of a line 236
equation of a plane 246
modulus 233
position 234
unit 247
Velocity 111, 177
Venn diagram 277, 281
Volume of revolution 175
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