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Chapter 1

Introduction

Simplicity is the ultimate sophistication.
—Leonardo da Vinci

Nature is pleased with simplicity. And nature is no dummy.
—Isaac Newton

Make everything as simple as possible, but not simpler.
—Albert Einstein

Simplicity is the keynote of all true elegance.
—Coco Chanel

This book is devoted to simple atomic and molecular systems—specifically to
systems consisting of no more than three particles. Simple atomic and molecular
systems are the test-bench of atomic and molecular physics in general and of
quantum mechanics in particular. This is because simple atomic and molecular
systems may allow analytical solutions, not only as an isolated system but also in
certain environments—the solutions revealing a rich physics despite the systems
being simple. In addition, simple atomic and molecular systems and the phenomena
involving them sometimes have unexpected similarities with some astrophysical
objects and phenomena—see [1].

Theoretical studies of simple atomic and molecular systems began about a
century ago. One might thus think that there is only old news about these simple
systems. However, in reality even now theorists are finding new twists and
unexpected, counterintuitive results concerning simple atomic and molecular
systems in various situations. Presenting such results is the focus of this book.

One more thing—analytical solutions concerning simple atomic and molecular
systems in various situations reveal their beauty and elegance. These aesthetic
concepts play a very important role in theoretical physics (in distinction to
computational physics). They are intimately connected to the physical insight
provided by analytical solutions. Thus the above epigraph quoting Coco Chanel
rings true—even if she did not intend it to relate to theoretical physics.
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The book is structured as follows. Chapter 2 presents a fundamental discovery
proving that hydrogen atoms come in more than one ‘flavor’ (similarly to quarks).
This breakthrough was achieved using the standard quantum mechanics and
without changing the physical laws. The existence of the second (unusual) flavor
of hydrogen atoms has proof from atomic experiments. In addition, there is also a
possible astrophysical proof. We show that dark matter, or part of it, is possibly
represented by the second flavor of hydrogen atoms. This explanation seems to be
more natural than other hypotheses, all of which resort to largely unspecified,
experimentally never-discovered subatomic particles or to significantly changing the
physical laws. The results presented in this chapter are based on [2–4].

Chapter 3 presents the monopole contribution to the width of hydrogen-like
spectral lines in plasmas. A counterintuitive result is discussed in this chapter. The
results presented in this chapter are based on [5].

Chapter 4 presents the consequences of the separation or non-separation of the
center-of-mass motion from the relative motion for systems, such as hydrogen atoms
subjected to a uniform magnetic field or to an electric field, the latter being either
uniform or non-uniform. The application of this provides new results for the
dynamical Stark broadening of hydrogen spectral lines by plasma ions. The results
presented in this chapter are based on [6, 7].

Chapter 5 presents analytical results for the ionization rate of atoms by a laser
field in the regime of tunneling ionization. These analytical results are valid for an
arbitrary strength of the laser field. The results presented in this chapter are based
on [8].

Chapter 6 presents the application of Dirac’s generalized Hamiltonian dynamics
to a charged spherical harmonic oscillator. The results presented in this chapter are
based on [9].

Chapter 7 presents selected applications for spectroscopic diagnostics of plasmas.
Some results presented in this chapter are based on [10].

Chapter 8 presents applications for enhancing the gain of plasma-based x-ray
lasers. The results presented in this chapter are based on [11, 12].

Chapter 9 presents applications for designing advanced generators of coherent
infra-red or microwave radiation (masers). The results presented in this chapter are
based on [13, 14].

Chapter 10 presents a scenario providing a possible explanation of the entire
history of the expansion of the Universe—both the era of decelerating expansion and
the current era of accelerated expansion. In this model there is no need to resort to
dark energy or to new gravitational degrees of freedom (mass gravity etc), in
distinction to all other hypotheses.

Some additional results are presented in appendices A, B, C, and D.
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Chapter 2

Two flavors of hydrogen atoms: a possible
explanation of dark matter

Not from pictures all being drawn,
And not sewn for show buzz,
The invisibles live around,
All around—around us.
They’re upset by not being visible,
By offenses all they took,
But sometimes all these invisibles,
May, in fact, have a decent look.

—Russian student song translated by the author of this book. Below is the
original in Russian.

Не срисованы с картинки,
И не сшиты на показ,
Проживают невидимки,
Невидимки среди нас.
Их не видно,им обидно,
Пуще видимых обид,
Но порой у невидимок,
Может быть приличный вид.

2.1 The mystery and its resolution through a fundamental discovery
Hydrogen atoms are the test-bench of atomic physics in general and of quantum
mechanics in particular. Despite their simplicity and despite the fact that quantum
solutions for hydrogen atoms were obtained almost a century ago, there remained a
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long-standing mystery (for three dozen years) of the striking discrepancy between
the theoretical and experimental results for the high-energy tail of the linear
momentum distribution in the ground state of hydrogen atoms (GSHA). The
eventual resolution of this mystery and the subsequent theoretical developments
that led, in particular, to far reaching astrophysical consequences and a quite natural
explanation of dark matter, are the subject of this chapter. In this chapter we present
results published in [1, 2] that are further developments of the results from [3] (the
results of [3] being later reproduced in chapter 2 of [4]). For brevity, below we use the
word ‘momentum’ to mean ‘linear momentum’.

In 1935 Fock [5] derived the following non-relativistic result, the momentum
distribution dw = fquant(p)dp in the GSHA:

π ħ= + ≡( )f p p p p p p me .( ) 32 , / (2.1)quant
2

0
5

0
2 2 4

0
2⎡⎣ ⎤⎦

Here, p0/Z ≈ 1.992 × 10−19 g·(cm s−1) corresponds to the atomic unit of the linear
momentum and m is the reduced mass of the electron. For the high-energy tail of the
momentum distribution (HTMD), equation (2.1) yields

≡ ≫ ∝f p f p p p .( ) ( ) 1/ (2.2)quant
As

quant 0
6

However, in [6, 7] it was demonstrated that the experimental HTMD has a
dramatically different behavior: ∼1/pu, where the exponent u is at least 1.5 times
smaller than in the quantum HTMD. This puzzling discrepancy is amplified by the
fact that there is a significant range of momenta where the above non-relativistic
quantum result should be legitimate.

Figure 2.1 shows the ratio of the theoretical HTMD (from equation (2.2)) to the
experimental HTMD [6, 7]. It is seen that this ratio, i.e. the relative discrepancy
between the experimental and theoretical results, can be many orders of magnitude.

Figure 2.1. The ratio of the theoretical HTMD (from equation (2.2)) to the experimental HTMD [6, 7]. The
linear momentum p is in units of mc, where c is the speed of light.
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The following questions remained:
1. Would the relativistic treatment of this problem using the Dirac equation

eliminate this huge discrepancy?
2. Would an allowance for the finite size of the nucleus (proton) eliminate this

huge discrepancy?

The answer to the first question was negative. No wonder—the huge discrepancy
was already in the non-relativistic range of momenta.

As for the second question, it can be reformulated as follows: is the singularity at
the origin—in models considering the point-like nucleus—the cause of the above
huge discrepancy? The question about the singularity brings us to the problem of
singular solutions of the Schrödinger or Dirac equations. This is a story inside a
story. It is one of the most fundamental problems in quantum mechanics.

As a matter of fact, both the Schrödinger and Dirac equations for hydrogen
atoms yield two formal solutions. One solution is regular at the origin, while another
solution is singular at the origin. Below are some details.

The wave functions in the momentum representation Pnl(p) and in the radial wave
function in the coordinate representation Rnl(r) for potentials having spherical
symmetry are related to each other as follows—see e.g. [8] (here and below, n is the
principal quantum number and l is the angular momentum quantum number):

∫ħ ħ= −
∞

+P p r p i r J pr R r r( ) [ / ] ( / ) d ( / ) ( ) , (2.3)nl
l

l nl
1/2

0
1/2

where Jl+1/2(z) is the Bessel function.
For the GSHA, from the Schrödinger equation, we obtain the following

expression for the distribution function (2.1):

∫π ħ= =
∞

f p P p P P p p r pr R r r( ) ( ) , ( ) [2/( )] (1/ ) d sin( / ) ( ) . (2.4)quant 10
2 2

10
1/2

0
10

From equation (2.4) it is clear that any problem with P10(p) at large pmeans that there
is a problem with R10(r) at small r. The textbook (regular) solution of the Schrödinger
equation at small r yields (see e.g. [8, 9]) Rnl(r) ∝ rl, meaning that R10(r) ≈ const at
small r. The fact that the experimental HTMD decreases much more slowly than its
theoretical non-relativistic counterpart indicates that the actual function R r( )10

true

should have a relatively strong singularity at small r: R r( )10
true ∝ 1/rq, q ⩾ 1.

The formal singular solution yields (see e.g. [8, 9]) Rnl(r) ∝ 1/rl + 1. For l ⩾ 1, the
singular solution cannot be normalized (the corresponding integral ∫ ∞

0
∣Rnl(r)∣2r2dr

diverges at r = 0).
As for l = 0, there is no problem with the normalization integral at r = 0. Most

quantum mechanics textbooks reject the singular solution of the Schrödinger
equation without an explanation, while the explanations in [8, 10] were incorrect,
as shown in [3]. Oks [3] derived the second (singular) solution of the Schrödinger
equation for the GSHA in the explicit form (for the first time):

= − −R r E r r r r( ) const{ (2 ) [exp (2 )]/(2 )} exp( ), (2.5)10 i
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where Ei(z) is the exponential integral function. Here and below, we utilize the
Coulomb units Z = ħ = m = e = 1, except for expressions where Z, or ħ, or m, or e is
shown explicitly. At small r, this solution reduces to

≈ +R r r r .( ) const[1/ log(1/ )] (2.6)10
2

The functions on the right sides of equations (2.5) and (2.6) are non-analytic
functions at r = 0, but the corresponding normalization integral converges at r = 0.
Thus the rejection of this solution in all textbooks on the grounds of its ‘bad’
behavior at r = 0 was without merit. In [3] it was shown that this singular (at r = 0)
solution has to be rejected for a different reason: the normalization integral diverges
at r → ∞ (because the solution essentially becomes exp(2r) at r → ∞).

The Dirac equation for hydrogenic atoms/ions of nuclear charge Z, for the radial
part Rn′j(r) of the coordinate wave function at small r, yields the following two
options (see e.g. [11–14]):

α α ħ′ ∝ = ± + ½ − ≡ ≈+R r r s j Z e c .( ) 1/ , [( ) ( ) ] , /( ) 1/137 (2.7)n j
s1 2 2 1/2 2

Here j is the quantum number of the total angular momentum and n′ is the radial
quantum number. For the GSHA, one obtains n′ = 0 and j = 1/2. Consequently,
equation (2.7) reduces to R0½(r) ∝ 1/rs, s = 1 ± [1 − (Zα)2]1/2.

Our focus is on the situation where Zα ≪ 1. In this situation the solution dealing
with s = 1 − [1 − (Zα)2]1/2 ≈ (Zα)2/2 ≈ 2.66 × 10−5Z2 is considered legitimate (its
weak singularity at r = 0 does not prevent the normalization (let us call it ‘regular’)).
The formal solution corresponding to s = 1 + [1 − (Zα)2]1/2 ≈ 2 is considered
illegitimate: it is strongly singular at r = 0 and cannot be normalized.

The above solutions of the Schrödinger and Dirac equations were obtained for
the model where the nucleus is considered point-like. However, in reality, the nucleus
occupies some volume. For a finite nuclear size, relativistic studies [11, 15–19],
performed previously [3], concluded that singular solutions of the Dirac equation
are illegitimate for the Coulomb potential with Z < 1/α, including hydrogen atoms.

In [3] the author studied the following general problem. Under his consideration
was an arbitrary spherically symmetric interaction potential V(r), having one form in
the interior region (r < R) of the nucleus of radius R and another form in the exterior
region (r >R). According to previous studies [11, 15–19], for the interior and exterior
solutions of the Dirac equation to match at the boundary (at r = R) the ratio f(r)/g(r)
≡ ρ(r) of the two radial components of the Dirac bispinor should not have any
discontinuity at r = R. Thus, in this general problem, [3] started directly with the
equation for ρ(r) (which is a Ricatti-type equation) for the ground state:

ρ ρ ρ′ = − + − + + − −r V r E V r E .2 / [ ( ) 1] [ ( ) 1] (2.8)2

Here, ρ′ ≡ dρ/dr and E is the total energy; the natural units c = ħ = m = 1 are used.
After denoting u(r) ≡ ρ(r)r2, equation (2.8) reduces to

′ = − − + − +−u r V r E u r V r E r .[ ( ) 1][ ( )] [ ( ) 1] (2.9)2 2 2
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In [3] the author analyzed equations (2.8) and (2.9) at r≪ 1 for the relevant situation
where R ≪ 1. For a regular solution of the interior region (r < R), it is expected that
ρreg(r) ≪ 1, consequently ureg(r)/r

2 ≪ 1. For this reason, the first term on the right-
hand side of equation (2.9) can be neglected. This leads to

∫≈ ′ ′ ′ + −u r V r r r E r( ) ( ) d (1 ) /3. (2.10)
r

reg
0

2 3

For a singular solution in the exterior region (R < r ≪ 1), it is expected that
ρsing(r) ≫ 1—consequently using(r)/r

2 ≫ 1. For this reason, the second term on the
right-hand side of equation (2.9) can be neglected. This leads to

≈ − −u u V r E rd / [ ( ) 1]/ , (2.11)sing sing
2 2

so that

∫≈ ′ ′ ′ − +
∞ −

{ }u r V r r Dr E r( ) [ ( )/ ] (1 )/ . (2.12)
r

sing
2

1

Then the matching condition ureg(R) = using(R) can be represented as follows:

∫ ∫′ ′ ′ + − ≈ ′ ′ ′ − +
∞ −

V r r r E r V r r r E r( ) d (1 ) /3 [ ( )/ ]d (1 )/ . (2.13)
R

R0

2 3 2
1⎧⎨⎩

⎫⎬⎭
Then, the author analyzed [3] whether the matching condition (2.13) is satisfied for
the GSHA. The charge density inside protons has a maximum at r = 0—this is
known from experiments on the elastic scattering of electrons on protons [20–22].
For the potential, corresponding to such a charge density inside the nucleus, the
matching condition (2.13) is satisfied. This means that for the GSHA, the regular
solution of the Dirac equation inside the proton can be matched with the singular
solution of the Dirac equation outside the proton.

Consequently, for r ⩾ R the radial part of the Dirac bispinor for the GSHA
should be a linear combination of the corresponding regular and singular solutions.
Finally, the author obtained the following for the GSHA [3]:

α λ λ λ

γ α λ λ λ

γ α λ α

≈ − + Δ − −

≈ + − Δ + −

≡ − ≡ − Δ ≡ − ≡ −

γ γ γ γ

γ γ γ γ

− − + +

− − +

{ }
{ }

f r r Z r E r

g r r Z r E r

Z E E E E Z

( ) 1/ [( ) (2 ) ] 2 / (2 ) (1 ) exp( ),

( ) 1/ [(2 1)( ) (2 ) ] / (2 ) (1 ) exp( ),

(1 ) , (1 ) , ( ), (1 ) ,

(2.14)

1 2 2 1 1 1/2 1/2

1 2 2 1 1/2 1/2

2 2 1/2 2 1/2
0 0

2 2 1/2

where E is the energy of the GSHA perturbed by a finite nuclear size and E0 is the
unperturbed energy of the GSHA.

Establishing the legitimacy of the singular solution of the Dirac equation outside
the nucleus (for potentials satisfying the matching condition (2.13)) was the
fundamental discovery in its own right—with potential consequences far beyond
the puzzle of the HTMD in the GSHA. Being applied to the latter problem, this
fundamental discovery bridged the gap between the experimental HTMD and the
previous theoretical HTMD. Indeed, as we explained by analyzing equation (2.4), a
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strong singularity of the radial part of the coordinate wave function R r( )10
true at small

r leads to a much slower decline of the HTMD at large momenta p. The huge
discrepancy is eliminated.

This fundamental result was derived from standard quantummechanics. In [3] the
author did not change any physical laws.

In [1] the author significantly advanced the results from [3], as presented below.
For a system consisting of an electron in the Coulomb field there are four operators
that have common eigenfunctions. These operators are the square of the total
angular momentum J2, the projection Jz of the total angular momentum, the
Hamiltonian H, as well as the following operator:

β= +K Ls(2 1). (2.15)

In equation (2.15), L and s are the operators of the orbital angular momentum and
spin, respectively, Ls is their dot-product (the scalar product), β is a Dirac matrix of
rank four. The nonzero elements of the matrix β are β11 = β22 = 1, β33 = β44 = –1.
The eigenvalues of the operator J2 and the eigenvalue of the operator K are
interrelated: k = ±( j + 1/2).

For hydrogen atoms, the eigenvalues of the Hamiltonian (i.e. the energy) are

α α= + + −
−{ }E mc N k1 /[ ( ) ] , (2.16)Nk

2 2 2 2 1/2 2 1/2

where N is the radial quantum number. The ground state is characterized by

= = −N k0, 1. (2.17)

Therefore

α= −−E mc (1 ) . (2.18)0, 1
2 2 1/2

The radial part RNk(r) of the coordinate wave function at small r is (see e.g. [11])

α∝ = ± −+R r r s k .( ) 1/ , ( ) (2.19)Nk
s1 2 2 1/2

For the ground state we obtain

α∝ = ± −−R r r q( ) 1/ , 1 (1 ) . (2.20)q
0, 1

2 1/2

The central point is that the main result of [3]—the statement that the singular
exterior solution (i.e. outside the proton) corresponding to q = 1 + (1 − α2)1/2 is
appropriate for the ground state—was derived employing only the fact that in the
ground state the eigenvalue of the operator K is k = –1. However, there is an infinite
number of other states characterized by k = –1. These states have zero value of the
orbital angular momentum (l = 0)—they are S-states, more specifically 2S1/2 states.
The consequence of this result was formulated by the author in [1] as follows: ‘Both
the regular exterior solution corresponding to q = 1 − (1 − α2)1/2 and the singular
exterior solution corresponding to q = 1 + (1 − α2)1/2 are legitimate not only for the
ground state 12S1/2, but also for the states 22S1/2, 3

2S1/2, and so on, i.e. for the states
n2S1/2, where n = N + ∣k∣ = N + 1 is the principal quantum number (n = 1, 2, 3, …).
Both the regular exterior solution corresponding to q = 1 − (1 − α2)1/2 and the
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singular exterior solution corresponding to q = 1 + (1 − α2)1/2 are legitimate also for
the l = 0 states of the continuous spectrum. Thus, according to these theoretical
results, there is an alternative kind of hydrogen atom (AKHA), corresponding to the
singular solution outside the proton.’

Because the AKHA have only S-states, then according to the selection rules they
practically do not interact with the electromagnetic radiation. They remain dark (or
almost dark). This fundamental discovery turned out to have far reaching implica-
tions, including consequences for understanding the composition of the Universe, as
explained in the next section.

2.2 An alternative kind of hydrogen atom as a possible explanation
of the latest puzzling observation of the 21 cm radio line from the
early Universe

Studying signals from the Universe in the radio frequency range plays a very
important role in understanding the Universe. One of the most informative parts of
radio astronomy relates to the 21 cm radio line of hydrogen.

The 21 cm radio line corresponds to the radiative transition between very closely
spaced hyperfine structure sublevels of the ground state of hydrogen atoms. These
sublevels differ very slightly in energy depending on the mutual orientation of the
electron spin and the proton spin. Without any external influence on a hydrogen
atom, it would take about 10 million years for the transition between the hyperfine
structure sublevels to occur. However, in the early Universe, as the ultraviolet
backlighting from newborn stars penetrated huge clouds of neutral hydrogen, it
caused the excitation of the upper hyperfine structure sublevel and the corresponding
radiative transition. For observers on Earth, this electromagnetic transition is very
significantly redshifted compared to its original wavelength of 21 cm.

In 2018 Bowman et al [23], while observing the 21 cm line from the early
Universe, encountered a puzzling result: the amplitude of the absorption profile of
this (redshifted) line was more than a factor of two greater than expected from the
standard cosmology. This could have been translated into the statement that the gas
temperature in the hydrogen clouds was significantly smaller than predicted by the
standard cosmology [23].

The first possible explanation was proposed by Barkana [24]. He assumed that
collisions with some kind of unspecified dark matter could have been making the
hydrogen gas cooler than expected. He estimated that the particles of this dark
matter should be lighter than 4.3 GeV.

Others proposed hypothetical alternative explanations, such as those in [25–27].
However, their hypotheses were also quite exotic.

In [1] the author was motivated by the following question: what if instead of
Barkana’s unspecified dark matter, it was the AKHA, whose existence was already
proven by the analysis of atomic experiments (as described above)?

The AKHA do not possess excited states that can be coupled to the ground state
by electric-dipole radiation, this being a striking difference to ordinary hydrogen
atoms. (The AKHA do have two hyperfine sublevels of the ground state, as the usual
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species of hydrogen atoms.) In [1] the author showed that because of this, the
AKHA decouple from the cosmic microwave background radiation earlier than
ordinary hydrogen atoms. This lowers the temperature of the hydrogen gas
sufficiently to explain the puzzling observation by Bowman et al [23] not only
qualitatively, but also quantitatively, as shown in detail in [2].

The author wrote [1]:

This explanation seems to be more specific and natural than adopting a
possible cooling of baryons either by unspecified dark matter particles, as in
[the] paper by Barkana [23], or by some exotic dark matter particles [with a]
charge [a] million times smaller than the electron charge, as in [the] paper by
Muñoz and Loeb [27]. Also our explanation does not require an additional
radio background [as] suggested by Feng and Holder [25] and by Ewall-Wice
et al [26]. Further observational studies of the redshifted 21 cm radio line from
the early Universe could help to find out which explanation is the most
relevant.

The above results constitute a possible answer to one of the most captivating
questions in cosmology: dark matter (or a part of it) is the AKHA. The fundamental
results on the existence and the structure of the AKHA were derived in papers [1, 3]
from standard quantum mechanics. Thus, while explaining the puzzling astrophys-
ical observations by Bowman et al [23], the author did not change any physical laws
[1]—in distinction to numerous unproven hypotheses about dark matter that resort
to changing physical laws. Also, the explanation in [1] did not require assuming
never-discovered subatomic particles—in distinction to numerous papers dealing
with those hypothetical particles, despite the absence of any definitive experimental
evidence for these subatomic particles—see the sketch in figure 2.2.

Figure 2.2. Schematic representation of the fact that dark matter or at least a part of it can be explained by the
AKHA without assuming new, never-discovered subatomic particles and without significantly modifying the
physical laws.
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In distinction to all other hypotheses about dark matter, the existence of the
AKHA has already been proven by the analysis of atomic experiments (as explained
above). Therefore, the concept of the AKHA as dark matter constitutes a break-
through in understanding the ‘nuts and bolts’ of the Universe.

2.3 Two flavors of hydrogen atoms
In [2] the author focused on the logical consequences of the fundamental discovery
from [3]. Let us look at the results from [3] from the following point of view.

The ground state of the usual hydrogen atoms and the ground state of the AKHA
have the same energy and correspond to the same pair of quantum numbers: N = 0,
k = –1. Clearly their ground state has an additional double-degeneracy.

The cause of any degeneracy in quantum mechanics is well-understood and it has
to do with commutators of quantum operators. If there are operators Ai, such that
the commutator {Ai, H} = 0 (so that the physical quantities corresponding to Ai are
conserved), but the commutator {Ai, Aj} is nonzero, then the eigenvalues of the
Hamiltonian (i.e. the energy), generally speaking, are degenerate. This fundamental
theorem works both ways: if there is a degeneracy, then the system should have a
conserved quantity (or quantities) whose operator (or operators) do not commute
with the Hamiltonian. Any additional degeneracy entails the existence of yet another
conserved quantity, whose operator does not commute with the Hamiltonian.

Therefore, the fact of the additional double degeneracy of the ground state of
hydrogen atoms means that for hydrogen atoms there exists an additional, new
conserved quantity. The ground state of the usual hydrogen atoms and the ground
state of the AKHA differ by eigenvalues of this previously unknown conserved
quantity (while eigenvalues of the known conserved quantities E, K, J2, and Jz are
the same for both ground states). From the results of [2, 3] it follows that this
additional double-degeneracy relates not only to the ground states of hydrogen
atoms, but to all their S-states, including the excited states.

Let us now make an excursion to the realm of quarks. It is well-known that
quarks have been assigned flavors. This was actually a shortcut for stating that there
are pairs of quarks that differ by the eigenvalue of some physical quantity.
For example, to the pair up-quark and down-quark was assigned an operator of
the isotopic spin (isospin) I. The eigenvalue Iz = 1/2 of its z-projection was assigned
to the up-quark and the eigenvalue Iz = –1/2 of its z-projection was assigned to the
down-quark. It is said that quarks have flavor symmetry.

The above situation with two kinds of hydrogen atoms is analogous. Therefore, it
is appropriate to state that hydrogen atoms have flavor symmetry, similarly to
quarks. Hydrogen atoms have two flavors that can be distinguished by the
eigenvalue of an additional, new conserved quantity, to which corresponds a new
operator.

In [2] the author called this new conserved quantity isohydrogen spin and denoted
it as I(h). (He also suggested an abbreviated name: isohyspin.) In analogy to the
isospin of up- and down-quarks, the eigenvalue =I 1/2z

h( ) of its z-projection is
assigned to the first flavor of hydrogen atoms (i.e. to the ordinary hydrogen atoms)
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and the eigenvalue = −I 1/2z
h( ) is assigned to the second flavor of hydrogen atoms

(i.e. to the AKHA).
Finally, the author emphasized the following [2]. The concept of the isohyspin,

while being important from the fundamental point of view, is not needed to confirm
the AKHA as dark matter or a part of it.
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Chapter 3

Monopole contribution to the Stark width of
hydrogen-like spectral lines in plasmas

A sample of the background literature on the subject can be found in [1–8] (and
references therein). Here we follow [9].

According to equation (3b) from [8], the monopole contribution to the interaction
potential has the form

= − ∣ − <V t e R t r E R t r( ) [1/ ( ) 1/ ] [ ( ) ]. (3.1)(0) 2

Here E[…] is the Heaviside function and R and r are the absolute values of the
radius-vectors of the perturbing electron and of the bound electron, respectively. For
the Lyman lines, in a plasma with electron density Ne and electron velocity v, the
shift due to the monopole interaction is (see equation (17) from [8]):

∫π ρ ρ= ⟨ ∣Φ ∣ ⟩ − ⟨ ∣Φ ∣ ⟩
ρ

→d N v nl nl s s2 sin[ 1 1 ] d . (3.2)nl s1 e
0

0 0
max

The matrix elements of the electron broadening operator entering equation (3.2) are
as follows:

ħ δ δ
〈 ∣Φ ∣ ′ ′〉 =

− + + − − < ′ ′

nlm nl m

e v u x x x E R t r[ /( )](1 ){ln[(1 )/(1 )] 2 } [ ( ) ] .
(3.3)

nl ll mm

0

2
0

Here

ρ ρ= − + + = =x u u u u r u r[1 ( )/(1 ) ] , / , / , (3.4)nl nl
2

0
2

0
2 1/2

0 0

where ρ is the impact parameter and

ρ = − = 〈 ∣ ∣ 〉
= + − +

Z e m v r nl r nl

a n Z n l l

( 1) /( ), ( )

( / ){[5 1 3 ( 1)]/2} .
(3.5)nl0

2
e

2 2 1/2

0
2 1/2
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Here a0 is the Bohr radius and rnl is the root-mean-square size of the radiator in the
state characterized by the quantum numbers n and l. Some practical formulas from
[8] can be useful:

ħ = = −e v kT u Z Z n kT/( ) [13.605/ (eV)] , [ ( 1)/ ] [13.605/ (eV)]. (3.6)2
e

1/2
0

2
e

Figure 3.1 shows the dependence of x from equation (3.4) on u and u0.
From the condition R < rnl, one obtains

ρ= = +u r u/ (1 2 ) . (3.7)nlmax max 0
1/2

Figure 3.2 illustrates the dependence of umax on u0.
Equation (3.7) is equivalent to

ρ ρ= +r r( 2 ) . (3.8)nl nlmax
2

0
1/2

Figure 3.3 shows the dependence of ρmax on rnl and ρ0.
For relatively high temperatures, such that e2/(ħv)≪ 1, one has ∣〈nlm∣Φ0∣nlm〉∣ < 1,

as noted in [8]. In the opposite case, where the temperature is relatively low (u0 ≫ 1),
the matrix element ∣〈nlm∣Φ0∣nlm〉∣ does not exceed (4/3)21/2n/[Z(Z − 1)]1/2, as estimated
in [8]. The authors of [8] replaced sin[…] by its argument in equation (3.2). This was
justified for the situation where n is no more than 4 and Z is no less than 5.

In this chapter we present the monopole contribution to the width w(0). For the
Lyman lines we use equation (3.2) where we replace sin[…] by cos[…]:

Figure 3.1. Dependence of x from equation (3.4) on u and u0.

Simple Atomic and Molecular Systems

3-2



∫π ρ ρ= ⟨ ∣Φ ∣ ⟩ − ⟨ ∣Φ ∣ ⟩
ρ

→w N v nl nl s s2 cos [ 1 1 ] d . (3.9)nl s
(0)

1 e
0

0 0
max

We focus on the situation where the contribution of the ground level can be
disregarded. This is legitimate for n ≫ 1 (or practically n > 4). Then equation (3.9)
simplifies to

∫π ρ ρ= ⟨ ∣Φ ∣ ⟩
ρ

→w N v nl nl2 cos ( ) d . (3.10)nl s
(0)

1 e
0

0
max

Figure 3.2. Dependence of umax from equation (3.7) on u0.

Figure 3.3. Dependence of ρmax from equation (3.8) on rnl and ρ0.
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We do not assume that ∣〈nlm∣Φ0∣nlm〉∣ < 1. Therefore, the corresponding trigono-
metric function (cos […]) in the integrand in equation (3.10) is kept here.

In equation (3.10) we proceed from the integration over ρ to the integration over x
(by using the relation between x and ρ from equation (3.4)):

∫π ħ

=

+ + + − −

→w

N vr u x e u v x x x2 (1 ) cos{[ (1 )/( )][ln((1 )/(1 )) 2 ]},
(3.11)y

nl s

nl

(0)
1

e
2

0
2

0

2
0

where

= + +y u u(1 2 ) /(1 ). (3.12)0
1/2

0

Figure 3.4 illustrates the dependence of y on u0.
We denote

ħ= − =A Z a r B v e( 1) / , / . (3.13)B nl
2

Physically B is the scaled dimensionless velocity of the perturbing electrons. With
these notations the width w(0)

nl→1 s can be written in the final form, as follows:

π ħ=→w N r e F A B(2 / ) [ , ]. (3.14)nl s nl
(0)

1 e
2 2

Here

∫
=

+ + + − −

F A B

B A B x B A B x x x x

[ , ]

(1 / ) cos{(1/ / ) [ln((1 )/(1 )) 2 ]} d .
(3.15)y A B

2 2

0

( , )
3

The upper limit of the integration in equation (3.15) is

= + +y A B A B A B( , ) (1 2 / ) /(1 / ). (3.16)2 1/2 2

Figure 3.5 illustrates the dependence of y from equation (3.16) on A and B.

Figure 3.4. Dependence of y from equation (3.12) on u0.
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Thus, the function F(A, B) provides the dependence of the width w(0)
nl→1 s on the

scaled dimensionless electron velocity B. Figure 3.6 presents a three-dimensional
plot of this function.

Figure 3.7 illustrates the dependence of the function F(A, B) on the scaled
dimensionless electron velocity B for three values of the parameter A: A = 1 (solid
line), A = 0.6 (dashed line), and A = 0.3 (dash-dotted line). Figures 3.6 and 3.7
clearly show that the width w(0)

nl→1 s has a non-monotonic dependence on B. It is a
counter-intuitive result that the monopole contribution to the widths has the non-
monotonic dependence on the electron velocity.

When B ≫ max(A, 1), i.e. when electron velocities are relatively large, it becomes
easy to perform the integration in equation (3.15). We obtain F(A, B) = B/2, so that

π=→w r N v. (3.17)nl s nl
(0)

1
2

e

The physical meaning is that the cross-section for the line broadening collisions in
this case becomes equal to the ‘geometrical’ cross-section πrnl

2.
When electron velocities are relatively large, then as the velocity increases so does

the monopole contribution to the width. This is very different from the dipole
contribution to the width. The latter diminishes as the electron velocity increases.

The parameter B (defined in equation (3.13)) does not reach the range of B ≫ 1
for thermal velocities of plasma electrons. However, a relativistic electron beam
(REB) is encountered in some plasma experiments, such as magnetic fusion, inertial
fusion, acceleration of charged particles in plasmas, and generation of high-intensity
coherent microwave radiation—we refer to e.g. [10–12] and references therein.

Figure 3.5. Dependence of y from equation (3.16) on parameters A and B defined in equation (3.13).
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Specifically, so-called runaway electrons are encountered in magnetic fusion
research experiments. In tokamaks, the plasma current—in some discharges—
decays and is partly replaced by runaway electrons. The runaway electrons can
reach relativistic energies. This represents a serious risk to the function of the next
generation tokamak ITER—see e.g. [13–15] and references therein.

Figure 3.6. Three-dimensional plot of the function F(A, B) representing the dependence of the monopole
contribution to the width w(0)

nl→1s (from equation (3.14)) on the scaled dimensionless electron velocity B
(defined in equation (3.13)). Reproduced from [9] with permission of MDPI. The function F(A, B) is defined by
equations (3.15) and (3.16).

Figure 3.7. Plot of the function F(A, B) representing the dependence of the monopole contribution to the width
w(0)

nl→1s (from equation (3.14) on the scaled dimensionless electron velocity B (defined in equation (3.13))) for
three values of the parameter A: A = 1 (solid line), A = 0.6 (dashed line), and A = 0.3 (dash-dotted line).
Reproduced from [9] with permission of MDPI. The function F(A, B) is defined by equations (3.15) and (3.16).
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In one of our papers [16], the dipole contribution wd to the Stark width of
hydrogenic spectral lines due to an REB has been calculated analytically and
estimated as follows:

λ γ λ ħ

γ

∼ — =

= —

w N c n Z m c

v c

( / ) /(1 1/ ) , /( ),

1/(1 / ) .
(3.18)

d beam
2 2

Comp
2 2 1/2

Comp e

2 2 1/2

In equation (3.18) λComp is the Compton wavelength, Nbeam is the REB density, and
γ is the relativistic factor. By employing equations (3.5), (3.17), and (3.18) it is
possible to estimate the ratio of the corresponding monopole contribution wm due to
the REB to wd as follows:

λ γ∼ −w w a/ ( / ) /(1 1/ ) . (3.19)m d 0 Comp
2 2 1/2

For γ ≫ 1, i.e. for an ultra-relativistic REB, equation (3.19) reduces to

λ ħ∼ = ∼ ≫w w a c e/ ( / ) ( / ) 10 1. (3.20)m d 0 Comp
2 2 2 4

Thus the monopole contribution to the width due to the REB in this situation is
greater than the corresponding dipole contribution by four orders of magnitude and
practically determines the entire Stark width of hydrogenic spectral lines due to the
REB.
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Chapter 4

How the finite mass of nuclei complicates
analytical treatments of hydrogen atoms in

external fields

4.1 Hydrogen atoms in a magnetic field
There are lots of works demonstrating that for hydrogenic atoms/ions in a uniform
magnetic field, the center-of-mass motion and the relative (internal) motion are
coupled by the magnetic field. Therefore, these two kinds of motion, generally
speaking, cannot be separated—see e.g. [1–3] and references therein. A pseudosepa-
ration is possible for hydrogen atoms (but not for hydrogen-like ions). It leads to a
Hamiltonian for the relative motion that depends on a center-of-mass vector integral
of the motion K called pseudomomentum [3].

For hydrogen atoms, the components of the pseudomomentum vector commute
with each other. This allows the pseudoseparation of the center-of-mass motion and
the relative motion. The influence of the center-of-mass motion on the relative
motion is reduced physically to the motional Stark effect.

The diamagnetic potential term in the Hamiltonian for the relative motion leads
to the formation of an additional potential well. This potential well is located far
away from the hydrogen nucleus (proton). When the magnetic field is relatively
strong, the new bound states inside this well are delocalized states having almost
macroscopic dimensions. Thus, the bound state inside this well is characterized by a
very large electric dipole moment. Therefore, such states are very sensitive to an
external electric field.

In the Hamiltonian of the relative (internal) motion for the hydrogen atom in a
magnetic field B, the potential energy has the form (see e.g. [4] equation (4.6))

= × − ∣ ∣ × −V e Mc e Mc e rB r B K r[ /(2 )] [ /( ]( ) / , (4.1)2 2
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where K is the pseudomomentum,M is the mass of the hydrogen atom, c is the speed
of light, and e is the electron charge. Just as in [4], we choose e < 0. It should also be
mentioned that in [4] the authors set c = 1. In equation (4.1) (B × K)r stands for the
scalar product (also known as the dot-product) of vector r and vector (B × K).

We consider the same configuration as presented in [4]: B = (0, 0, B) and
K = (0, K, 0). The location of the additional potential well is determined by
equating dV/dr = 0, from where we obtain

= =y z 0, (4.2)

+ ∣ ∣ + =x cK e B x Mc B[ /( ] / 0. (4.3)3 2 2 2

After introducing the notations

= = ∣ ∣b B cM k K e M/( ), /( ), (4.4)1/2 1/2

we simplify equation (4.3) as follows:

+ + =x k b x b( / ) 1/ 0. (4.5)3 2 2

Out of the three roots of the cubic equation (4.5) two roots are always complex.
Under the condition

>k b3( /4) (4.6)1/3

the third root, denoted here as x0, is real and is located at the negative part of the
x-axis. Figure 4.1 shows the dependence of the location x0 of the additional potential
well on the scaled magnetic field b.

Schmelcher and Cederbaum [4] proposed only an approximate formula for x0. In
our notations, their approximate formula reads:

= − + −x k b k k b/ /( 2 ). (4.7)0,CS
3

As an example, figure 4.2 presents the ratio of the exact root x0 from equation
(4.5) to the approximate root x0,CS from [4] for the scaled pseudomomentum k = 15.

0.02 0.04 0.06 0.08 0.1 b

- 100

- 80

- 60

- 40

- 20

x0

Figure 4.1. Dependence of the location x0 of the additional potential well on the scaled magnetic field b.
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It is seen that for a given k, the relative error of the approximate formula (4.7) from
[4] grows larger as the scaled magnetic field b increases.

For hydrogen-like ions in a magnetic field the situation is more complicated than
for hydrogen atoms. In the case of hydrogen-like ions, the pseudomomentum vector
is conserved but its components do not commute. Therefore, for hydrogen-like ions
the components of the pseudomomentum cannot be employed for the pseudosepa-
ration of the center-of-mass motion and the relative motion. Further details can be
found in e.g. [5].

4.2 Hydrogen atoms in an electric field
For hydrogen atoms and hydrogen-like ions in a uniform electric field, the relative
motion and the center-of-mass motion can be exactly separated—see e.g. [6]. In [7, 8]
the author analyzed this situation with respect to a non-uniform electric field. Here,
we present the results from [7, 8].

We consider a system of two charges e1 and e2 of masses m1 and m2, respectively,
situated in a non-uniform electric field. The Lagrangian of the system can be
represented in the form

φ φ= + − ∣ − ∣ − −L m t m t e e e er r r r r r[ (d /d ) (d /d ) ]/2 / ( ) ( ). (4.8)1 1
2

2 2
2

1 2 2 1 1 1 2 2

Here φ is the potential of the non-uniform electric field and r1 and r2 are radii vectors
of charges e1 and e2, respectively. Let us substitute

= + + = −m m m mR r r r r r( )/( ), , (4.9)1 1 2 2 1 2 2 1

where r and R are the radius-vectors corresponding to the relative motion and the
center-of-mass motion, respectively. Then the Lagrangian can be rewritten as
follows:

= − +L L U LR r R R r r( , ) ( ) ( , ) ( ). (4.10)rCM

Here

φ= + − +L m m t e eR R R( ) ( )(d /d ) /2 ( ) ( ) (4.11)CM 1 2
2

1 2

Figure 4.2. The ratio of the exact root x0 from equation (4.5) to the approximate root x0,CS from [4]
reproduced in equation (4.7) for the scaled pseudomomentum k = 15.
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is the Lagrangian of the center-of-mass,

μ= −L t e e rr r( ) (d /d ) /2 / (4.12)r
2

1 2

is the Lagrangian of the relative motion, and

μ= −U e m e mR r rF R( , ) ( / / ) ( ) (4.13)1 1 2 2

is the coupling of the center-of-mass motion and relative motion. In equations (4.12)
and (4.13)

μ = +m m m m/( ) (4.14)1 2 1 2

is the reduced mass of the two particles and

φ= −F R R R( ) d ( )/d (4.15)

is a non-uniform electric field.
The following Hamiltonian corresponds to the Lagrangian from equation (4.10):

= + +H H U HR P R r r p( , ) ( , ) ( , ), (4.16)rCM

where

φ= + + +H P m m e eR P R( , ) /[2( )] ( ) ( ) (4.17)CM
2

1 2 1 2

is the Hamiltonian of the center-of-mass and

μ= +H p e e rr p( , ) /(2 ) / (4.18)r
2

1 2

is the Hamiltonian of the relative motion. In equations (4.17) and (4.18) p is the
momentum of the relative motion and P is the momentum of the center-of-mass
motion.

Equations (4.11)–(4.13) and (4.16)–(4.18) demonstrate that the relative motion
and center-of-mass motion and they are coupled in a non-uniform electric field—
specifically by the term U(R, r) from equation (4.13). Thus the relative motion and
the center-of-mass motion in a non-uniform electric field cannot be separated in the
general case.

Now, let us consider the situation where m1 ≪ m2. In this situation, by using the
approximate analytical method of separating rapid and slow subsystems, the relative
motion and the center-of-mass motion and can be separated. The characteristic
frequency of the relative motion in this case is much greater than the characteristic
frequency of the center-of-mass motion. The relative motion corresponds to the
rapid subsystem, while the center-of-mass motion corresponds to the slow sub-
system. For details of the method, we refer the reader to [9, 10].

In [7, 8] it was shown that this method yields the following effective Hamiltonian
HCM,eff(R, P) for the center-of-mass motion:

φ
θ

= + + +
− ∣ ∣ℏ + ∣ ∣

H P m m e e

n q m e m e F

R P R

R R

( , ) /[2( )] ( ) ( )

(3 /2)[1/( ) 1/( )] ( ) cos [ ( )].
(4.19)CM,eff

2
1 2 1 2

2
1 2 2 1
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Here q is the electric quantum number (q = n1 − n2, where n1 and n2 are the parabolic
quantum numbers), θ(R) is the polar angle of the vector F(R), and the z-axis is
chosen along the Runge–Lenz vector A. We note that the eigenvalue of the operator
A is q/n—see e.g. [11–13]. Thus for the motion for any two particles of opposite
charges and of significantly different masses, we achieved the pseudoseparation of
the relative motion and the center-of-mass in a non-uniform electric field.

For hydrogen atoms one has

μ= = − = +e e e e m m m m, , /( ). (4.20)e p e p1 2

Here me and mp are the electron and proton masses, respectively, and e > 0 is the
electron charge. Thus equation (4.23) reduces to

μ θ= − ∣ ∣ℏ
= +

H P m n q e F

m m m

R P R R( , ) /(2 ) [3 /(2 )] ( ) cos [ ( )],

( ).
(4.21)

e p

CM,eff
2 2

Now we consider the case where the non-uniform electric field is due to the nearest
plasma ion of the positive charge Ze and mass mi (the nearest to the hydrogen atom)
located at the distance R from the hydrogen atom. In this case, the Hamiltonian from
equation (4.25) can be represented as follows:

θ
μ θ

= −
= ∣ ∣ℏ =

H P m D R

D n q Z

R P

AR

( , ) /(2 ) ( / )cos ,

[3 /(2 )] , cos /AR.
(4.22)CM,eff

2 2

2

This Hamiltonian mathematically corresponds to a particle of mass m moving in
the dipole potential. The motion of the particle can be described classically because
the particle is relatively heavy: m ≫ me.

The corresponding classical solution can be found in e.g. [14]. The angular
motion and the radial motion can be separated exactly. For the radial motion one
obtains

+ =m R R t R t E[ (d /d ) (d /d ) ] . (4.23)2
CM

Here ECM is the total energy of the center-of-mass particle. The exact general
solution of equation (4.23) is

= + + = = =R t E t m R t R R R R t( ) (2 / 2 ) , (0), (d /d ) . (4.24)tCM
2

0 0 0
2 1/2

0 0 0v v

In low density plasmas the ion dynamical broadening mechanism controls the
Stark broadening of the most intense hydrogen lines—see e.g. [15–21]. In the
‘standard theory’ [22–24] the relative motion of a hydrogen atom and its nearest
perturbing ion was assumed along a straight line. However, the above results
demonstrate that the relative motion of these two particles takes place in the dipole
potential—(D/R2)cosθ. We choose the instant of their closest approach as t = 0.
Then equation (4.24) reduces to

= +R t E t m R( ) (2 / ) . (4.25)CM
2

0
2 1/2
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For the energy ECM one has

θ θ θ= − = =E P m D R P P/(2 ) ( / )cos , (0), (0). (4.26)CM 0
2

0
2

0 0 0

At this point the author [7, 8] proceeded to the reference frame where the
perturbing ion is at rest. Then P0 = mV0, where V0 is the relative velocity at t = 0.
Thus, the energy ECM can be rewritten as follows:

θ= −E mV D R/2 ( / )cos . (4.27)CM 0
2

0
2

0

Equation (4.25) becomes

θ= − +{ }R t V D mR t R( ) [ 2 cos /( )] . (4.28)0
2

0 0
2 2

0
2 1/2

The introduction of the effective velocity

θ θ= −V R V D mR( , ) [ 2 cos /( )] (4.29)eff 0 0 0
2

0 0
2 1/2

formally reduces equation (4.32) to its counterpart for the case of the rectilinear
trajectories:

θ= +{ }R t V R t R( ) [ ( , )] . (4.30)eff 0 0
2 2

0
2 1/2

To be able to derive the final results analytically, the author [7, 8] uses the so-
called impact approximation described in e.g. [23, 24] or [21, 22]. Then the ion
dynamical broadening operator Φab for a radiative transition between the energy
levels a and b of a hydrogen atom can be represented in the form (by analogy with
the electron dynamical broadening operator—see e.g. [25]):

∫ σ θΦ = − θV f V NV Vd ( ) ( , ) , (4.31)iab 0 0 0 0 0 0

∫σ θ π θ θ= − *V R R S R V S R V( , ) d 2 [1 ( , , ) ( , , )] . (4.32)a b0 0 0 0 0 0 0 0 0 0 ang.av

Here f(V0) is the distribution of the velocities (usually Maxwellian), Ni is the ion
density, 〈⋯〉θ0 denotes the averaging over the angle θ0, […]ang.av stands for the
angular average, and the symbol * stands for the complex conjugation.

The shape of the spectral line is a sum of Lorentzians when non-diagonal matrix
elements of the operator Φab are relatively small. The width γαβ and shift Δαβ of the
Lorentzians are as follows:

γ = − Φ Δ = − Φαβ αβ βα αβ αβ βαRe[ ( ) ], Im[ ( ) ], (4.33)ab ab

where α and β correspond to the upper and lower sublevels of the levels a and b,
respectively.

Here and below, for any operator G, we denote its matrix elements α β β α〈 ∣〈 ∣ ∣ 〉∣ 〉G
as αβGβα for brevity.

For the operator σ the author [7, 8] obtained

∫σ θ π θ=R V R R K Q R V R( , , ) d 2 [ ( , , )/ ]. (4.34)0 0 0 0
2

0 0 0 0
2
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Here

θ μ θ θ
μ

= ℏ −
= ℏ

Q R V V R Q D mV R

Q Z V

( , , ) 2 /[3 ( , ) ] /[1 2 cos /( )],

2 /(3 ),
(4.35)

0 0 0
2 2

eff 0 0
2

0 0 0
2

0
2

0
2 2 2

0
2

and

μ

= + + = = −

= = ℏ

*

*

K K K K K a K a

K a a e

r r r

r

, / , 2 / ,

/ , /( ).
(4.36)

2
a
2

interf b
2

a
2

a
2

B
2

interf a b B
2

b
2

b B
2

B
2 2

2

In equation (4.36) Kinterf represents the so-called interference term and aB is the Bohr
radius.

Then the author [7, 8] averaged 1/Veff(R0, θ0)
2 in equation (4.35) over the angle θ0:

∫ θ θ−

= + −
−

V D mR

R R V R R R R

(1/2) d(cos )/[ 2 cos /( )]

[ /(2 )]ln[( )/( )].
(4.37)

D D D

1

1

0 0
2

0 0
2

0
2 2

0
2

0
2 2

0
2 2

Here

=R D mV[2 /( )] . (4.38)D 0
2 1/2

The averaging of the quantity Q(R0, θ0) over θ0 yields

= + −( ) ( ) ( )Q R Q R R R R R R( ) / 2 ln . (4.39)D D D0 0 0
2 2

0
2 2

0
2 2⎡⎣ ⎤⎦ ⎡⎣ ⎤⎦

We remind that the quantity Q0 was defined in equation (4.35).
Figure 4.3 shows the dependence of the ratio Q/Q0 on R0 and RD.
For hydrogen lines other than the Lyman lines, the definition of the quantity D

from equation (4.22) has to be modified to allow for the Stark effect of both the
upper and lower sublevels. We modify it similarly to the suggestion from [26, 27]:

= ∣ ∣ + ′∣ ′∣D n q n q Ze a3( ) /4, (4.40)2
B

where the quantum numbers without the prime symbol and with the prime relate to
the upper and lower sublevels, respectively.

The next step is the averaging over R0. For the diagonal elements of the cross-
section of ‘Stark broadening collisions’ we have

∫ ∫σ π π= +αβ βα αβ βαR R K Q R R R R C( ) d 2 ( ) ( )/ ) d 2 , (4.41)
R

R R

0

D, 0 0
2

0 0
2

0 0

min

max min

⎡⎣ ⎤⎦
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where Rmin is defined as follows:

= + − =αβ βα αβ βαK Q R R K Q R R R R R C( ) ( )/ ( ) [ /(2 )] ln [( )/( )] (4.42)D D D
2

min min
2 2

0
2

min
2 2

min
2 2

(obviously, Rmin > RD). Here and below, the subscript D in αβ(σ)βα,D signifies that
this cross-section was calculated by allowing for the center-of-mass motion. The
constant C in equation (4.42) is the ‘strong collision constant’ of the standard
theory. It is used in the standard theory for preserving the unitarity of the
S-matrices:

θ θ∣ − ∣ = ⩽*S R V S R V C C1 ( , , ) ( , , ) , 2. (4.43)a 0 0 0 b 0 0 0

For example, according to Griem [22, p 43], his choice was C = 3/2. Additional
details can be found in [28].

The Debye radius is chosen as the upper cutoff Rmax,

π= =R R T e N[ /(4 )] . (4.44)Dmax
2

e
1/2

The integration over R0 can be performed analytically. Then, using the expression
from equation (4.42) for the strong collision constant C, we obtain

σ π= − −

+ + −

αβ βα αβ βα {
}

( ) ( )

( ) ( )

K Q R R R R

R R R R R R

( ) 2 ( ) ln

/(4 ) ln .
(4.45)

D D D

D D D

,
2

0 max
4 4 1/4

min
4 4 1/4

max
2 2

max
2 2

max
2 2

⎡⎣ ⎤⎦
⎡⎣ ⎤⎦ ⎡⎣ ⎤⎦

The weak and strong collisions in equation (4.41) are separated by the boundary
Rmin. It can be determined by solving equation (4.42) with respect to Rmin:

Figure 4.3. Dependence of the quantity Q (in units of the quantity Q0) on R0 and RD (see the text).
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= + −αβ βα αβ βα{ }( ) ( )R R CR K Q CR K Qexp 2 / ( ) 1 exp 2 / ( ) 1 . (4.46)D D Dmin
2 2

0
2 2

0
1/2⎡⎣ ⎤⎦ ⎡⎣ ⎤⎦

The next step is to average several of the above quantities over Stark sublevels of
the upper and lower levels. Then, for a particular hydrogen spectral line, each of
these quantities would have a unique value, starting from

= −αβ βα α α β βK K K[ ( ) ] [ ( ) ( ) ] . (4.47)2
av

1/2
a

2 1/2
b

2 1/2
av

In the parabolic coordinates, we have (see e.g. [12, 29])

= + − −
= ′ ′ + ′ − ′ −

α α

β β

K n n q m

K n n q m

( ) (9/8) ( 1),

( ) (9/8) ( 1)],
(4.48)a

2 2 2 2 2

b
2 2 2 2 2

so that

= − ′αβ βαK n n( ) (9/8)( ). (4.49)2
av

2 2⎡⎣ ⎤⎦
We denote

μ= = − ′ ℏαβ βα{ }R C K Q C C n n Z V( ) ( ) / (3/ ) ( ) /(2 ). (4.50)WA
2

av 0

1/2
1/2 2 2

0
⎡⎣ ⎤⎦

This quantity is the Weisskopf radius, more accurately defined than in the standard
theory [22]—see appendix B of [8]. Therefore, here and below, we use the superscript
‘A’ to mean ‘accurate’.

The averaging of the quantity D yields

〈 〉 = + ′D n n Ze a( ) /4. (4.51)av
2 2 2

B

By using 〈 〉D av from equation (4.51) in equation (4.38) we obtain

μ〈 〉 = + ′ ℏR n n Z V[( ) /2] /( ). (4.52)D av
2 2 1/2

0

Thus

= + −{ }R R R R C R R C[exp(2 / ( ) ) 1]/[exp(2 / ( ) ) 1] . (4.53)min av D av D av
2

WA
2

D av
2

WA
2 1/2

Now in equation (4.45) we substitute RD by 〈 〉RD av and Rmin by 〈 〉Rmin av. Then we
define the following dimensionless parameters

= 〈 〉 = 〈 〉
= + ′ − ′

w R R b R R C

C Z n n n n

/ , / ( )

[2 /(3 )] ( ) /( ).
(4.54)D av max D av WA

1/2 2 2 1/2 2 2

As a result we obtain

σ π= − −

− + + −

αβ βα αβ βα {
}

K Q b w

b w w w

( ) 2 ( ) ln [(exp(2 ) 1) (1/ 1) /2 ]

/2 [1/(4 )]ln[(1 )/(1 )] ,
(4.55)

,AD
2

0
2 1/2 4 1/4 1/2

2 2 2 2
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where

= + − − − ′ ′
+ ′ ′ + ′ − ′ −

αβ βαK n n q m nqn q

n n q m

( ) (9/8)[ ( 1) 4

( 1)].
(4.56)

2 2 2 2 2

2 2 2 2

Equation (4.54) shows that the ratio Z1/2b/C1/2 is just a combination of the
principal quantum numbers n and n′. It does not depend on the temperature T and
the electron density Ne.

In distinction, the parameter w = 〈 〉RD av/Rmax from equation (4.54) depends on
the plasma parameters:

μ= ℏ + ′

= × + ′−

w e T n n Zm N

n n ZN m m T

[2 /( )][( ) ]

8.99 10 ( ) / / ,
(4.57)

2 2
r e

1/2

10 2 2
e r p

1/2⎡⎣ ⎤⎦
where

= + + +m m m m m m m( ) /( ). (4.58)r e p i e p i

In the practical formula (4.57) the temperature T is in electronvolts and the electron
density Ne is in cubic centimetres. For the Lyman lines the expression for w should
read

μ= ℏ = × −w e n T m ZN n ZN m m T[ /( )](2 ) 1.27 10 [ / ] / . (4.59)r e
1/2 9

e r p
1/2

It is instructive to analyze the ratio of the cross-section αβ(σ)βα,A,D to the
corresponding cross-section αβ(σ)βα,G from the conventional theory by Griem [22]
(which is practically the same as the ratio of widths γαβ,A,D/γαβ,G):

σ σ γ γ= =

= − − −
+ + − +

αβ βα αβ βα αβ αβ

b w b

w w w b wC

ratio ( ) / ( ) /

{ln [(exp(2 ) 1) (1/ 1) /2 ] /2

[1/(4 )]ln[(1 )/(1 )]}/{ln[ /( )] 0.356}.

(4.60)

,A,D ,G ,A,D ,G

2 1/2 4 1/4 1/2 2

2 2 2 1/2

The matrix element αβ(W
2)βα does not enter this ratio. Therefore this ratio is a

universal function of just two dimensionless parameters w and b. In this form
equation (4.60) can be utilized for any set of the five parameters Ne, T, n, n′, and C.

Below we present numerical examples for some laboratory and astrophysical
plasmas. In both the edges of magnetic fusion machines (for example tokamaks) and
the atmospheres of flare stars, the typical plasma parameters are Ne = (1014–1015)
cm−3 and the temperature is one or a few electonvolts (see e.g. [30–32]), so that for
the Stark profiles of the lines, such as Lyman-alpha, Lyman-beta, H-alpha, and so
on, the ion dynamical broadening can be the dominant mechanism (see e.g. [15–21]).
For a hydrogen plasma atNe = 5 × 1014 cm−3 and T = 1 eV, for the H-alpha line, the
ratio from equation (4.60) yields 1.19 for C = 2 and 1.13 for C = 3/2. Figure 4.4
shows this ratio versus the electron density Ne at T = 1 eV for the H-alpha line: for
C = 2 (solid line) and for C = 3/2 (dashed line). Figure 4.4 demonstrates that the ion
dynamical Stark width of this line increases by up to 15%–20% when the center-of-
mass motion is taken into account.
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Another example is the plasmas of radiofrequency discharges [33–35]. These are
characterized (in experiments [33, 34]) by Ne = 1.2 × 1013 cm−3 and T = (0.16–0.17)
eV. The for the H-alpha line, for the ratio from equation (4.60), we find: 1.18 for
C = 2 and 1.13 for C = 3/2. Figure 4.5 illustrates this ratio versus the electron density
Ne at T = 0.17 eV for C = 2 (solid line) and for C = 3/2 (dashed line). Thus, for
plasmas of radiofrequency discharges, the ion dynamical Stark width of this line also
increases by up to 15%–20% when the center-of-mass motion is taken into account.

Figure 4.4. The ratio of the ion dynamical Stark width with the allowance for the center-of-mass motion to the
ion dynamical Stark width from the conventional theory [22] versus the electron density Ne (cm

−3) for the Hα

line emitted from a hydrogen plasma at T = 1 eV for C = 2 (solid line) and for C = 3/2 (dashed line). The
plasma parameters correspond to the edge plasmas of magnetic fusion machines and to the atmospheres of
flare stars. (Reproduced with permission from [7]. Copyright 2017 E Oks.)

Figure 4.5. The ratio of the ion dynamical Stark width with the allowance for the center-of-mass motion to the
ion dynamical Stark width from the conventional theory [22] versus the electron density Ne (cm

−3) for the Hα

line emitted from a hydrogen plasma at T = 0.17 eV for C = 2 (solid line) and for C = 3/2 (dashed line). Plasma
parameters correspond to radiofrequency discharges. (Reproduced with permission from [8]. Copyright 2018
E Oks.)
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Chapter 5

Ionization of hydrogen atoms by a
low-frequency laser field of arbitrary strength:

no ‘local suppression’

There are two regimes of the ionization of atoms, including hydrogen atoms:
multiphoton ionization and tunneling ionization—see e.g. [1–3]. They are distin-
guished by large and small values of the following parameter [4]:

γ ω= E F(2 ) / . (5.1)i
1/2

In equation (5.1) F and ω are the characteristic strength and the frequency of the
oscillatory electric field (OEF), respectively. The typical assumptions are F≪ Fa and
ħω≪ Ei. Here, Fa is the atomic electric field and Ei is the binding energy of the outer
atomic electron. Below atomic units are used (unless specified to the contrary).

The multiphoton ionization is characterized by γ ≫ 1. The tunneling ionization is
characterized by γ≪ 1. For hydrogenic atoms or ions, the ionization rate for γ≪ 1 is

= −− { }W F U F F U F F( ) 4[2 ( )] exp (2/3)[2 ( )] / . (5.2)5/2 1 3/2

Here U(F) is the absolute value of the energy of the atomic level. For experimental
results we refer to [5–7].

For a strong field F equation (5.2) is invalid. Thus in [8] the authors put forward
the idea of using, instead of the true potential, some effective potential such that for
the latter the Schrödinger equation can be solved exactly. Following this idea,
Kulyagin and Taranukhin [9] (hereafter, KT) calculated the ionization rate W(F) of
hydrogen atoms. Specifically, they calculated this value for the ground state in the
case of a linear polarization of the laser field. For the substitute-barrier, KT chose
some effective parabolic barrier and used the known analytical result (e.g. [10]) for
the transmission coefficient. As a result, they claimed that the dependence of the
transmission coefficient on F has the second minimum (the first being at F = 0) at
F = 0.2 a.u. Previously, this kind of a stabilization (with respect to the ionization)
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was considered to be impossible for the tunneling ionization regime (in the frame of
which KTʼs paper [9] was written) and to be possible only for the multiphoton
ionization [11–13].

In [14] the authors showed that KT made principal errors and that there is no
stabilization. Below is an overview of [14].

The central part is the differential equation for the ‘η-part’ of the wave function:

χ η β η η η χ+ + + − − =E F F F md /d [ ( )/2 ( )/ /4 ( 1)/(4 )] 0. (5.3)2 2
2

2 2

In equation (5.3) η = r – z is one of the parabolic coordinates (here r is the absolute
value of the radius-vector, the z-axis is parallel to the laser field), E(F) is the field-
dependent energy, and β2(F) is the separation constant. Equation (5.3) is mathemati-
cally equivalent to the one-dimensional Schrödinger equation with the following
features. The ‘total energy’ is E(F)/4; the effective potential energy is

η β η η η= − − + −U F m( ) /(2 ) /8 ( 1)/(8 ). (5.4)2 2
2 2

For the ground state (m = 0) equation (5.4) reduces to

η β η η η= − − −U F F F( , ) ( )/(2 ) /8 1/(8 ). (5.5)2 2
2

One of the errors by KT was the omission of the last term in U2(η).
Here is the succession of steps taken by Gavrilenko and Oks [14] according to

Miller–Good’s method from [8]. The classical turning points can be found from the
equation

η − =U F E F( , ) ( )/4 0. (5.6)2

We denote the absolute value of the hydrogen energy level as

= −U F E F( ) ( ). (5.7)

The argument F of the functions U, U2, and β2 is omitted below for brevity.
The explicit form of equation (5.10) is

η η η η β η
η η η η

+ = − − + +
= − − + =

U U F U F F F

F b a c

( ) /4 [ /(8 )]( 2 / 4 / 1/ )

[ /(8 )]( )( )( ) 0.
(5.8)2

2 3 2
2

2

This is a cubic equation and it has one negative (real) root denoted as c(F), so that
c(F) > 0. Depending on the laser field amplitude F, the two other roots b(F) and a(F)
either are real and positive, or are complex numbers (mutually conjugated) having a
positive real part. Gavrilenko and Oks [14] assumed that the real part of a(F) is
smaller than (or equal to) the real part of b(F).

Gavrilenko and Oks [14] denoted the left side of equation (5.8) by J(F)

∫= = − − +J F F F F x x b x x a x c( ) ( /8) Int( ), Int( ) (d / )[( )( )( )] , (5.9)
a

b
1/2 1/2
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and introduced the following notations:

= + + = +d a c b c j a b c[( )/( )] , [ /( )] . (5.10)1/2 1/2

For Int(F) they obtained the following analytical result:

Π Π

= − + + + − −

− − + + −

− − − −

—

}

{

( ) ( )

a c b a c a c d d d

b c a a a c d d d

ab d j d d j d d

E E

K F

Int i(2/3)( ) [ ( ) ( )][ (1/ ) (arcsin , 1/ )]

[ (2 ) ( )][ (1/ ) (arcsin , 1/ )]

3 1/( ), 1/ 1/( ), arcsin , 1/ .

(5.11)

1/2 2 2 2 2

2 2

2 2 2 2 2 2⎡⎣ ⎤⎦

Here K(m), E(m), and Π(n,m) are the complete elliptic integrals of the first, second,
and third kinds, respectively; and F(φ,m), E(φ,m), and Π(n,φ,m) are elliptic integrals
of the first, second, and third kinds, respectively.

The well-known (e.g. from [10]) exact expression for the transmission coefficient
D(F) of the parabolic barrier is

πα= + −D 1/[1 exp( 2 )], (5.12)

where

α = − − −F b a U U( ) ( )[( /4 )/8] . (5.13)p0
1/2

In appendix A of this book, we present the derivation of equation (5.13) and correct
yet another erroneous result of KT, namely in the expression for α(F).

Figure 5.1 illustrates the dependence of the transmission coefficient D on the
parameter α.

By combining equations (5.4), (5.12), and (5.13) Gavrilenko and Oks [14] derived
the expression for the transmission coefficient as follows:

= + = +D F J F F F( ) 1/{1 exp[2 ( )]} 1/{1 exp[ Int( )]}, (5.14)3/2 1/2

where J(F) is given by equation (5.9).
The next step was the calculation of the ionization rate W(F):

=W F S F D F( ) ( ) ( ). (5.15)

Figure 5.1. Dependence of the transmission coefficient D on the parameter α (see equations (5.12) and (5.13)).
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Here S(F) is the input flow probability, which can be found by the transition to the
weak field limit (F ≪ Fa) as shown below.

The weak field limit of Int(F)—denoted Intas(F)—can be presented in the form
(see appendix B of this book)

β
β β β

β β

= − +
× − + + +
+ + + − +

F U F F U

U F U U

F U

Int ( ) (2/3)(2 / ) (4/3)(2/ ) (1/2 / )

ln{[8 / 12 4( /2) ]/( /2) }

(2/ ) [(1/3 ln 2)(1/2 / ) (1 ln 2) ].

(5.16)
as

3/2 1/2
2

2 1/2

2
2 2

2 1/2
2

2 1/2

1/2
2

2 1/2
2

The weak field limit of J(F)—denoted Jas(F)—can be obtained by multiplying
equation (5.16) by (F/8)1/2 (see equation (5.7)):

β
β β β

β β

= − +
× − + + +
+ + + − +

J F U F U

U F U U

U

( ) 2 /(3 ) (2/3)(1/2 / )

ln{[8 / 12 4( /2) ]/( /2) }

(1/2)[(1/3 ln 2)(1/2 / ) (1 ln 2) ].

(5.17)
as

3/2
2

2 1/2

2
2 2

2 1/2
2

2 1/2

2
2 1/2

2

On substituting equation (5.17) in equation (5.14) and utilizing equation (5.2) for the
ionization rate W(F) in the weak field limit, Gavrilenko and Oks [14] obtained the
input flow probability:

β β

β β β

γ β

= + + − +

× + − + +

= +

γ

( )

S F U F U

U U F U

U

( ) [4(2 ) / ] exp{(1/2)[(1/3 ln 2)(1/2 / ) (1 ln 2) ]}

[( /2) /[8 / 12 4( /2) ]] ,

(4/3) 1 2 / .

(5.18)

5/2
2

2 1/2
2

2
2 1/2 2

2 2
2 1/2

2
2 1/2

To summarize, the tunneling ionization rate W(F) can be presented in the
following form both for weak and strong fields:

= =W F S F D J F J F F F( ) ( ) [ ( )], ( ) ( /8) Int( ), (5.19)1/2

where the expression for Int(F) is presented in equation (5.9).

Figure 5.2. Dependence of the ionization rate W of hydrogen atoms in the ground state on the laser field
F (W and F are in atomic units) [14]. The dots show our analytical results and the solid line the analytical
results of Kulyagin and Taranukhin [9].
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For further calculations, we used the results from [15] for U(F) and from [16] for
β2(F). Figures 5.2 and 5.3 present the comparison of our results for the ionization
rate W with the corresponding KT results. It is seen that the true dependence of W
on the laser field F or on the laser power P is monotonic. The difference with the KT
results is caused by the above-listed errors made by KT.

Figure 5.4 is devoted to comparing our analytical results for W(F) with quantum
fully numerical simulations from [15]. (We note that the earlier numerical calcu-
lations from [17] were extended to larger fields by Farrelly and Reinhardt [15].) It is
seen that our analytical results are in good agreement with the fully numerical
calculation from [15].

Figure 5.3. Dependence of the ionization rate W (in atomic units) of hydrogen atoms in the ground state on
the laser power density P (in W cm−2) [14]. The dots show our analytical results and the solid line the analytical
results of Kulyagin and Taranukhin [9].

Figure 5.4. Dependence of the ionization rate W of hydrogen atoms in the ground state on the laser field F (W
and F are in atomic units) [14]. The dots show our analytical results and the solid line shows fully numerical
simulations by Farrelly and Reinhardt [15].
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Simple Atomic and Molecular Systems
New results and applications

Eugene Oks

Chapter 6

Generalized dynamics of a spherical harmonic
oscillator

A sample of the background literature on the subject can be found in [1–10] and
references therein. Here we follow [11].

The system under consideration is a charged spherical harmonic oscillator (SHO).
The energy E is a conserved quantity. Also, the quantities, whose conservation
follows from the geometrical symmetry of the system, are the components of the
angular momentum vector M.

In addition, from the algebraic symmetry of the system follows the conservation
of the quantities

μ= + = =I p p kx x m n/ , 1, 2, 3, 1, 2, 3. (6.1)mn m n m n

Here μ is the mass of the SHO and pm and xm are the Cartesian components of the
momentum p and of the radius-vector r, respectively. Only six of them are
independent because Inm = Imn. The quantities Imn ‘commute’ with each other.
The unperturbed Hamiltonian H can be written in the form

= + +H I I I( )/2. (6.2)11 22 33

The orbit is limited to a plane. The x3-axis (the z-axis) is perpendicular to the
orbital plane, by our choice. The dynamical variables are x1, p1, x2, and p2.

The generalized Hamiltonian (according to the application of Dirac generalized
Hamiltonian dynamics (GHD) to atomic systems developed in [8]) is

= + + − + −
+ −

H I I B E I I B E I I

B E I I

( )/2 ( )( ) ( )( )

( )( ).
(6.3)

g 11 22 11 11 11,0 22 22 22,0

12 12 12,0

Here B11, B22, and B12 are yet unknown coefficients and Imn,0 are the values of these
conserved quantities in the particular state of the system.
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The consistency conditions (see [8] for the explanation) are such that the Poisson
bracket of any two of them vanishes. Therefore, the consistency conditions from
equation (6.10) in this case reduce to equating to zero the Poisson brackets of the
components of the angular momentum M with the second term on the right-hand
side of equation (6.21):

μ= + =M B I e x p B p p kx x[ , ] , ( / ) 0. (6.4)i mn mn ijq j q mn m n m n
⎡⎣ ⎤⎦

Here we use the Levi-Civita symbol eijq.
Now we calculate the Poisson brackets from equation (6.4) and then substitute

Imn by Imn,0 (the GHD requirement) to obtain the following relations:

=B I B I , (6.5)22 12,0 12 22,0

=B I B I . (6.6)12 11,0 11 12,0

The quantities I11 and I22 are non-negatively defined (see equation (6.1)). Let us
assume (for definiteness) that I11,0 > 0. Then from equations (6.5) and (6.6) follows

= =B B I I B B I I/ , / . (6.7)12 11 12,0 11,0 22 11 22,0 11,0

After the above step, there remains only one unknown coefficient in Hg:

= + + − + −
+ −

H I I B E I I I I I I

I I I I

( )/2 ( ){( ) / ( )

/ ( )}.
(6.8)

g 11 22 11 11 11,0 22,0 11,0 22 22,0

12,0 11,0 12 12,0

The Hamilton equations of the motion are

μ
= + +
= + +

x t B p B I I p

x t B I I p B I I p

d /d {(1 2 ) ( / ) ,

d /d (1 2 / ) ( / ) }/ ,
(6.9)

1 11 1 11 12,0 11,0 2

2 11 22,0 11,0 2 11 12,0 11,0 1

= − + +
= + +

p t k B x B I I x

p t B I I p B I I x

d /d {(1 2 ) ( / ) ,

d /d (1 2 / ) ( / ) }.
(6.10)1 11 1 11 12,0 11,0 2

2 11 22,0 11,0 2 11 12,0 11,0 1

The next relations are obtained by taking the time derivative of equation (6.9) and
then by the substitution of equation (6.10) into the result

ω

ω

= − + +
+ + +

= − + +
+ + +

x t B B I I x

B I I B I I x

x t B I I B I I x

B I I B I I x

d /d {[(1 2 ) ( / ) ]

2( / )[1 (1 / )] },

d /d {[(1 2 / ) ( / ) ]

2( / )[1 (1 / )] }.

(6.11)

2
1

2
0

2
11

2
11 12,0 11,0

2
1

11 12,0 11,0 11 22,0 11,0 2

2
2

2
0

2
11 22,0 11,0

2
11 12,0 11,0

2
2

11 12,0 11,0 11 22,0 11,0 2

Here

ω μ= k( / ) (6.12)0
1/2

is the ‘unperturbed’ frequency of the SHO.
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A solution of the system (6.11) is sought in the form

ω α ω α= = =x t x texp(i ), exp(i ), const, (6.13)1 g 2 g

where ωg is the generalized frequency (yet unknown) of the SHO.
The substitution of x1 and x2 from equation (6.13) into the first equation in

expression (6.11) leads to

ω ω
α

= + +
+ + +

B B I I

B I I B I I

/ (1 2 ) ( / )

2 ( / )[1 2 (1 / )].
(6.14)

2
0

2
11

2
11 12,0 11,0

2

11 12,0 11,0 11 22,0 11,0

The substitution of x1 and x2 from equation (6.13) into the second equation in
expression (6.29) leads to

ω ω
α

= + +
+ + +

B I I B I I

B I I B I I

/ (1 2 / ) ( / )

(2/ )( / )[1 2 (1 / )].
(6.15)g

2
0

2
11 22,0 11,0

2
11 12,0 11,0

2

11 12,0 11,0 11 22,0 11,0

Equations (6.14) and (6.15) have the same left-hand sides. For the compatibility
of equations (6.14) and (6.15), their right-hand sides should be equal to each other as
well. The result obtained from this outcome is that the parameter αmust be a root of
the following quadratic equation:

α γα γ− − = = −I I I2 1 0, ( )/ . (6.16)2
22,0 11,0 12,0

Equation (6.16) has two solutions:

α γ γ= ± +± ( 1) . (6.17)2 1/2

Clearly α+ > 0 while α– < 0. There are two opposite directions of the revolution
along the orbit (see equation (6.13)) and the above two solutions α+ and α–
correspond to the two directions of the revolution.

In a more explicit form, equation (6.15) is

ω ω α εδ δ α δ= + + + + +± ±B B/ (4 2 ) 2(2 ) 1. (6.18)g
2

0
2 2

11
2

11

In equation (6.18) we used the following temporary notations:

ε δ= + =I I I I(1 / ), / . (6.19)22,0 11,0 12,0 11,0

From equation (6.17), we obtain

α εδ δ α δ+ + = +± ±4 2 (2 ) . (6.20)2 2

Then equation (6.18) reduces to

ω ω α δ= + +± B/ [(2 ) 1] . (6.21)g
2

0
2

11
2

It is equivalent to

ω ω α δ= ∣ + + ∣± B/ (2 ) 1 . (6.22)g 0 11

Simple Atomic and Molecular Systems

6-3



In the original notations, equation (6.22) becomes

ω ω = ∣ + ± − + + ∣{ }I I I I I I B E/ 1 / [( / 1) / ] ( ) 1 . (6.23)g 0 22,0 11,0 22,0 11,0
2

12,0
2

11,0
2 1/2

11

The outcome of equation (6.23) is that there is a value of B11(E) (for each direction
of the revolution) such that the generalized frequency ωg vanishes. Consequently the
radiation also vanishes. Here the explicit values B11+(Est) and B11–(Est) of B11(E),
corresponding to such non-radiating (stationary) states (the subscript ‘st’ stands for
‘stationary’), are

= − + + − ++ { }B E I I I I I I( ) 1/ 1 / [( / 1) / ] (6.24)11 st 22,0 11,0 22,0 11,0
2

12,0
2

11,0
2 1/2

for α = α+ and

= − + − − +− { }B E I I I I I I( ) 1/ 1 / [( / 1) / ] (6.25)11 st 22,0 11,0 22,0 11,0
2

12,0
2

11,0
2 1/2

for α = α–.
Figure 6.1 presents the quantity B11+ (denoted in the plot for brevity as B+) versus

I22,0/I11,0 (denoted in the plot as C) and I12,0/I11,0 (denoted in the plot as D).
Figure 6.2 presents the quantity B11– (denoted in the plot for brevity as B–) versus

I22,0/I11,0 (denoted in the plot as C) and I12,0/I11,0 (denoted in the plot as D).

Figure 6.1. Plot of B11+ (denoted in the plot for brevity as B+) from equation (6.24) versus I22,0/I11,0 (denoted
in the plot as C) and I12,0/I11,0 (denoted in the plot as D). Reproduced from [11] with permission of MDPI.
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The physical meaning of the above results is the following. As the energy of the
system becomes closer and closer to the energy of the classical non-radiating state,
the time dilates (in a non-Einsteinian way) more and more:

′ = ∣ + ± − + + ∣{ }t I I I I I I B E t1 / [( / 1) / ] ( ) 1 . (6.26)22,0 11,0 22,0 11,0
2

12,0
2

11,0
2 1/2

11

From equation (6.26) it is seen that the time dilates infinitely at the classical non-
radiating state.

Below is an important particular case, I22,0 = I11,0 (circular orbits). Then from
equation (6.16) one obtains γ = 0. Then from equation (6.17) we obtain α+ = 1 and
α– = −1. Then equation (6.18) reduces to

ω ω = ∣ ± ∣ ∣ + ∣I I B E/ (2 / ) ( ) 1 . (6.27)g 0 12,0 11,0 11

In equation (6.27) the plus sign corresponds to α = 1 and the minus sign corresponds
to α = −1.

Thus the generalized frequency ωg and the radiation vanish at the following
values of B11(E):

α= − + ∣ ∣ =+B E I I( ) 1/(2 / ) for 1 (6.28)11 st 12,0 11,0

and

α= − − ∣ ∣ = −−B E I I( ) 1/(2 / ) for 1. (6.29)11 st 12,0 11,0

Figure 6.2. Plot of B11– (denoted in the plot for brevity as B–) from equation (6.25) versus I22,0/I11,0 (denoted in
the plot as C) and I12,0/I11,0 (denoted in the plot as D). Reproduced from [11] with permission of MDPI.
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In the exceptional case where ∣I12,0∣/I11,0 = 2, equation (6.29) is not valid. Then
equation (6.27) yields a trivial result: ωg = ω0.

The main result for the circular orbits are classical non-radiating states,
corresponding to B11(E) = B11+(Est) for α = 1 or B11(E) = B11–(Est) for α = −1.
For each direction of the revolution, there is only one value of B11(E), but this one
value of B11(E) can entail many classical stationary states.

For example, the quantity B11 could have an oscillatory dependence on the
energy, so that there would be an infinite number of energies of the classical
stationary states Est—in correspondence with the quantum solution.

An illustrative example:

π= −∣ − − ∣ + ∣ ∣+B E E C E C I I( ) cos [ ( )/( )] /(2 / ). (6.30)11 st,0 12,0 11,0

Here Est,0 is the energy of the ground state and E and Est,0 are measured in units of
ħω0. The constant C in equation (6.30) is analogous to the Maslov index [12]. The
Maslov index for spherically symmetric potentials is equal to 1/2 (see e.g. [13]). By
using C = 1/2 we rewrite equation (6.30) as follows:

π= −∣ − − ∣ + ∣ ∣+B E E E I I( ) cos [ ( 1/2)/( 1/2)] /(2 / ). (6.31)11 st,0 12,0 11,0

The consequence of equation (6.31) is that for E = Est,n, where

− = + − = …E n E n1/2 ( 1)( 1/2), 0, 1, 2, , (6.32)nst, st,0

the quantity B11+ satisfies equation (6.18). Then the set of values Est,n from equation
(6.32) is the set of the energies of the classical non-radiating stationary states:

= + −E n E n( 1) /2. (6.33)nst, st,0

For Est,0 = 3/2 then the set of values Est,n from equation (6.33) is exactly the same as
in the corresponding quantum results.

In closing, all classical spherically symmetric potentials have an additional vector
integral of motion, for which the quantal counterpart-operator does not exist [14–16].
(This was utilized in [9]; Camarena and Oks [9] successfully applied the GHD to a
modified Coulomb potential.) This presents possibilities that quantum mechanics
does not have, as noted in the paper [8].
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Chapter 7

Selected applications for spectroscopic
diagnostics of plasmas

7.1 Quasienergy states as a tool for diagnosing quasimonochromatic
electric fields in plasmas

The development of methods for measuring oscillatory electric fields (OEFs)
ω⃗ = ⃗E t E t( ) cosM 0M M in plasmas, for instance, microwave fields, is of great practical

importance. First, these are fields used for producing microwave discharges. Second,
the presence of fields ⃗E t( )M in plasmas is typical for many experiments where
interaction of a strong microwave radiation with the plasma is studied. Third, a
microwave field ⃗E t( )M is widely used for heating tokamak plasmas. In the case where
the laser spectroscopy is used for measuring the OEF ω⃗ = ⃗E t E t( ) cosM 0M M , atoms
in a plasma interact with two electric fields: a laser field ω⃗ = ⃗E t E t( ) cosL 0L L and the
OEF ⃗E t( )M (we assume ω ω≪M L). In this chapter we follow our conference
presentation [1] to describe the underlying physical principles that can serve as a
basis for laser-aided diagnostics of OEFs in a plasma.

Let the frequency ωL be resonant to a transition between upper (a) and lower (b)
atomic levels: ω ω≈ abL . In this situation the OEF ⃗E t( )M can modify states belonging
separately to the levels a and/or b. However, the OEF ⃗E t( )M alone does not induce
the transitions between levels a and b. Let the frequency ωM be much greater than
the impact width, i.e. the full width at half maximum (FWHM) γimpact, and the
Doppler width γD of the spectral line ↔a b. In this case the principles for measuring

the OEF ⃗E t( )M can be based on the use of the multi-quantum resonant transitions
between levels a and b. Such transitions may occur with the participation of
one quantum ωℏ L of the laser field and k quanta ωℏ M of the OEF ⃗E t( )M :
ω ω ω≈ + kabL M, = ± ± …k 0, 1, 2, ..
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First we discuss the absorption spectra of atoms without permanent dipole
moments. The interaction of an atom with the OEF ⃗E t( )M can be characterized by
the parameter

ω ω= ∣ ℏ ± ∣α α α α′ ″ ′ ″R d E /[2 ( )] , (7.1)0M M

where α α′ ″d is the matrix element of the dipole moment between the closely spaced
levels α α′ ″, , and ωα α′ ″ is the separation between these levels. If ≪R 1 (the case of a
weak field ⃗E t( )M ), the field ω⃗ = ⃗E t E t( ) cosM 0M M can be measured using the fact
that the excitation rate for the two-quantum process, involving one quantum ωℏ L

of the laser field ω⃗ = ⃗E t E t( ) cosL 0L L and one quantum ωℏ M of the field

ω⃗ = ⃗E t E t( ) cosM 0M M , is proportional to E0M
2 . Let us consider, for instance, the

excitation scheme shown in figure 7.1, where ω ω≪23 21. We assume that in the
electric dipole approximation, the single-photon transitions ↔1 3 and ↔2 3 are
allowed, whereas the single-photon transition ↔1 2 is forbidden.

Using the quantum mechanical perturbation theory (we assume that ≪R 1 for
levels 2 and 3), one can obtain the excitation rates for the two quantum transitions
shown in figure 7.1:

ω ω ω ω ω γ

ω ω ω ω ω γ

= ℏ + − −

= ℏ − − +

→
+

→
−

{ }
{ }

W E E d d L

W E E d d L

/[8 ( ) ] ( , ),

/[8 ( ) ] ( , ).
(7.2)

1 2
( )

0L
2

0M
2

13
2

32
2 2

32 M
2

21 L M

1 2
( )

0L
2

0M
2

13
2

32
2 2

32 M
2

21 L M

In equation (7.2) ω γ γ ω γ≡ +L( , ) ( /2)/( /4),2 2 γ is the width (FWHM) of the line.
The value of →

+W1 2
( ) corresponds to the process shown in figure 7.1(a), whereas the

value of →
−W1 2

( ) corresponds to the process shown in figure 7.1(b). The excitation rate
for the direct single-photon transition →1 3 induced by the laser field is as follows:

ω ω γ= ℏ −→W d E L/(2 ) ( , ). (7.3)1 3 13
2

0L
2 2

21 L
⎡⎣ ⎤⎦

Figure 7.1. Partial scheme of energy levels of an atom. Reproduced with permission from [1]. (a) The
excitation of the transition →1 2 due to the absorption of a laser photon ωℏ L and of an OEF quantum ωℏ M.
(b) The excitation of the transition →1 2 due to the absorption of a laser photon ωℏ L and the emission of an
OEF quantum ωℏ M.
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Figure 7.2 shows the absorption spectrum consisting of the lines →
±W1 2

( ) and →W1 3 for
the transitions →1 (2, 3). One can see that both the ratios →

+
→W W/1 2

( )
1 3 and the ratio

→
−

→W W/1 2
( )

1 3 are proportional to E M0
2 . Therefore, the ratios →

+
→W W/1 2

( )
1 3 and →

−
→W W/1 2

( )
1 3

can be used to measure E M0 by scanning the laser frequency around the frequencies
ω21 and ω31 and observing the fluorescence signals at transitions originated from
levels 2 and 3.

In the case where the parameter R in equation (7.1) is of the order or greater than
unity, the formalism of quasienergy states (QES) is more appropriate for treating the
interaction of the atom with the OEF ⃗E t( )M . According to the Floquet theory (see
e.g. [2]), for the atom interacting with the OEF ω⃗ = ⃗E t E t( ) cosM 0M M , among the
wave functions of the atom, there exists a basis of the wave functions of QES

∑ε ω ϕΦ ⃗ = − − ⃗r t t k t r( , ) exp( i ) exp( i ) ( ), (7.4)
k

n n nkM

where εn is the quasienergy of level n and the functions ϕ ⃗r( )nk are time independent.
We note that the term ‘quasienergy states’ was introduced in papers [3, 4]. The
quasienergies εn and the functions ϕ ⃗r( )nk can be obtained either numerically, or
analytically by solving the Schrödinger equation. Generally, they depend on the
parameters of the field ω⃗ = ⃗E t E t( ) cosM 0M M . Taking into account equation (7.4),
one can see that the excitation of the transition →b a can occur when the following
resonance condition is satisfied:

ω ε ε ω≈ − ℏ + = ± ± …k k( )/ , 0, 1, 2, ,a bL M

where εa and εb are the quasienergies of levels a and b, respectively. Using equation
(7.4) we find that for determining the excitation rate for the transition →b a we can
use equation (7.3) in which the dipole matrix element d13 should be replaced by the
effective dipole matrix element φ ϕ= 〈 ∣ ∣ 〉D dba

k
b ak

( ) , where φb is the wave function of

Figure 7.2. Absorption spectrum for the transitions →1 (2, 3) shown in figure 7.1. Reproduced with permission
from [1]. Transitions →1 (2, 3) shown in figure 7.1. ≡ →S WA 1 3 is the intensity of the allowed line →1 3;

≡+ →
+S W1 2

( ) is the intensity of the line corresponding to the excitation scheme (a); ≡− →
−S W1 2

( ) is the intensity of
the line corresponding to the excitation scheme (b) (cf figure 7.1). The separation between the lines −S and +S is
equal to ω2 M .
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the lower level b. (We assume here that the strong OEF ⃗E t( )M perturbs only the
upper state a.) As a result, the excitation rate for the transition →b a can be
expressed as

φ ϕ ε ε ω ω γ= ∣< ∣ ∣ >∣ ℏ − ℏ − +→W d E L k[ /(2 )] (( )/ , ).b a b ak a b
2

0L
2 2

L M

Let us assume that levels b and a coincide, respectively, with levels 1 and 2 shown in
figure 7.1. In the case of a weak OEF ⃗E t( )M , according to equation (7.3), the ratio

→
+

→
−W W/1 2

( )
1 2
( ) does not depend on E0M. However, for the strong OEF ⃗E t( )M , this ratio

is a function of the parameters of the OEF. Figure 7.3 shows, as an example, the
ratio →

+
→
−W W/1 2

( )
1 2
( ) versus the amplitude of the OEF ⃗E t( )M , calculated for two two-

quantum transitions in helium atoms: the transitions →P F2 41 1 and →P F2 43 3 . For
helium atoms, levels + +P F2 , 4 ,S S2 1 2 1 and + D4 S2 1 ( =S 0; 1) play the role of levels
1, 2, and 3 shown in figure 7.1. Using the dependence on the parameters of the OEF,
one can measure these parameters in a plasma by observing the laser-induced
fluorescence signal at the transition from level 2 to some lower level q. The
advantage of this method is that both the fluorescent lines originate from the
same level 2—therefore, a possible collisional transfer of the population from level 2
to nearby levels does not interfere with the measurements of the OEF.

Now we discuss the absorption spectra of atoms possessing permanent dipole
moments: ( φ φ≡ < ∣ ∣ >≠d d 0aa a a ). Let us consider laser-induced transitions in such
atoms possessing permanent dipole moments. Hydrogen atoms are one example of
such atoms. In the case where ≠d 0aa , the wave function of a QES of the atom, which
is in the state a and interacts with the OEF ω⃗ = ⃗E t E t( ) cosM 0M M , has the form [5]

ω ω φΨ ⃗ = − ℏ ⃗r t d E t r( , ) exp[ i sin /( )] ( ). (7.5)aa 0Ma aM M

Let the frequency ωL of the laser radiation be close to the frequency of the transition
↔b a. Performing the Fourier series expansion in equation (7.5) and taking into

Figure 7.3. The ratio = →
+

→
−Y W W/1 2

( )
1 2
( ) versus the amplitude E0M of the OEF for two two-quantum transitions

in helium atoms: →P F2 41 1 (curve 1) and →P F2 43 3 (curve 2). Reproduced with permission from [1]. The
OEF frequency in this example ωM was ×2.4 1011 s−1.
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account the formula ω ω− = ∑ −=−∞
+∞x t J x n texp( i sin ) ( )exp( i )n nM M , where J x( )n are

the Bessel functions, we find that the effective matrix element of the dipole
moment between levels a and b has the form β= ΔD J d( )ab

k
k ab ab

( ) , where
β ωΔ ≡ − ℏd d E( ) /( )ab aa bb 0M M . Using the above expression for Dab

k( ), we obtain the
increase of the population ΔNa of the upper level a

∑

ω ω ω σ τ

β τ σ ω β

ν

Δ ≡ − = −

+ + − − +

≡ Δ Γ = Δ

= − ≡ ℏ
=

∞

−

− −

− +

N N N G N N

k G

G W J W g

g J v J v r W d E

2 ( )

1 ( ) ,

4 ( ) , 2 ( ),

( ) ( ) ( ) , /(2 ).

(7.6)

r 1

a a a k b a

ab k k

k ab k ab k ab k ba

k k r k r ab ab

0
1

0 0

M L
2

12
2

2 2
12

1
M

1 2

2 2
0L

⎡⎣ ⎤⎦

⎡⎣ ⎤⎦

Here τ12 and Γ−1 are transverse and longitudinal relaxation times, respectively. The
quantity τ12 is inversely proportional to the impact width of the spectral line →a b;
the quantity Γ controls the relaxation rate of levels a and b. From equation (7.6) it
follows that the spectrum of the absorption of the laser field by atoms consists of
satellites at the frequencies

ω ω ω σ= + − = ± ± …k k, 0, 1, 2, , (7.7)ab kL M

the half-width of the kth satellite being ω τΔ = + G2(1 ) /k k,1/2
1/2

12. We point out that
the term σk in the denominator of the expression for ΔNa (see equation (7.6)) is
related to the dynamic Stark shift of the quasienergy levels. It depends on both the
laser field and the OEF ⃗E t( )M . We note that the expression for σk was first obtained
in papers [6, 7]. Figure 7.4 shows, as an example, the absorption spectrum of the
laser radiation by atoms possessing the permanent dipole moments in the states a
and b. It consists of the unshifted line S0 and of the satellite lines ±S k (k = 1, 2, …).

Figure 7.4. Absorption spectra of the laser radiation in the presence of the field ω=E t E t( ) cosM 0M M by
atoms possessing permanent dipole moments in their states a and b. Reproduced with permission from [1].
Profile (a) was calculated without the allowance for the dynamic Stark shifts σk of the satellites, whereas profile
(b) was calculated with the allowance for the dynamic Stark shifts σk of the satellites.
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The intensity of these lines, according to equation (7.6), is the function of the
amplitude E0M of the OEF.

For figure 7.4 the matrix elements of the dipole moment were assumed to be as
follows: =d ea2.15ab 0, − =d d ea3.5aa bb 0, where a0 is the Bohr radius. Profiles
shown in figure 7.4 were calculated at =E 150L kV cm−1, =E 7M0 kV cm−1, and
ω = ×2.4 10M

11 s−1. For the profile (a), the separation between the satellites +S k and
−S k is equal to ωk2 M. One can see from figure 7.4 that the allowance for the dynamic
Stark shifts σk can be important for calculations of the absorption spectra of atoms.

Equation (7.6) can be used for measuring the amplitude of the microwave field
E0M in plasmas. For this purpose one should record the wavelength-integrated
intensity of the laser-induced fluorescence ∝ ΔI Nf 2 during the transition from the
upper level a to one of the lower levels versus the laser field intensity ∝I EL 0L

2 :
∝ +− −I I I(1 )kf

1
,satur L

1 , ≡− −I I G E( )k k,satur L
1 1

0M . Here k is the number of microwave
quanta involved in the resonance (see equation (7.7)). The amplitude E0M can be
measured in two ways. In the first, one could measure the ratio of slopes of
experimental dependences − −I I( )f

1
L

1 at two different values of =k 0 ( = ′k k and
= ″k k ), and use the dependence of the ratio ′ ″G G/k k on E0M. In the second, one

could use the dependence of the dynamic Stark shift σk on the parameters of the OEF
⃗E t( )M . By scanning the laser frequency around the frequency ωab and by recording

peaks of the laser-induced fluorescence intensity, one could tune to multi-quantum
resonances (7.7) corresponding to two different indices =k k1 and =k k2. The laser
frequency should be kept constant. In this situation, one would have

ω ω ω σ ω ω ω σ= + − = + −k k, . (7.8)L ab k L ab k,1 1 M ,2 2 M1 2

Since ωM is known, from equation (7.8) one would determine the dynamic Stark
shifts σk1

and σk2
. Then, using the fact that the ratio σ σ/k k2 1

depends on E0M but does
not depend on E0L, one could finally find the OEF amplitude E0M.

7.2 Measuring the laser field and the opacity of spectral lines in
plasmas

In experimental studies of laser–plasma interactions, the laser radiation cannot
penetrate plasma regions (called ‘overdense’ plasma) of the electron density Ne > Nc,
where Nc is the critical density defined by the equation

ω ω= N( ). (7.9)pe c

Here ω is the laser/maser frequency and ωpe(Nc) is the plasma electron frequency:
ωpe(Nc) = (4πe2Nc/me)

1/2. At the so-called ‘relativistic’ laser intensities—typically the
intensities exceeding 1018 W cm−2—the critical density increases (despite the laser
frequency being fixed) [8–10]. This is due to the relativistic effects in the plasma—
such as the relativistic increase of the electron mass. The increased critical density
depends on the laser intensity. It is called the relativistic critical density Ncr. For the
linearly polarized laser radiation, it becomes [11]
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π ω
π

λ μ= =
×

−
N

a m
e

a m
I( /4)

4
, ( )

(W cm )
1.37 10

. (7.10)cr
e

2

2

2

18

1/2⎡
⎣⎢

⎤
⎦⎥

Below we utilize the term ‘critical density’ in the broader sense—including the
relativistic critical density.

However, the laser radiation can exist inside plasma regions where the electron
density is below the critical density (‘underdense’ plasma), as well as at the surface of
the critical density. The surface of the critical density could exhibit a rich physics.
Namely, the incident laser radiation can be converted into transverse electro-
magnetic waves of significantly higher amplitudes than the incident radiation—
due to various nonlinear processes.

The laser fields (or more generally, the field of the resulting transverse electro-
magnetic wave) in laser-produced plasmas were measured in experiments using
satellites of dipole-forbidden spectral lines of helium-like ions—see e.g. [12, 13] and
references therein. The satellites of hydrogenic ions have not been used for this
purpose yet (to the best of our knowledge), despite the underlying theory being well-
developed—see e.g. [5, 14] and [15, 16]. One of the reasons is the following.
Typically, the laser field would be determined from the experimental ratio of the
satellite intensity to the intensity of the main line (the line at the ‘unperturbed’
wavelength or frequency) by comparing it with the corresponding theoretical ratio.
However, in the very dense plasmas characteristic of laser–plasma interactions (in
particular for relativistic laser–plasma interactions), intense hydrogenic lines, such as
the Ly-alpha and Ly-beta lines, could be optically thick. In this situation the
experimental peak intensity of the main line would be affected by the opacity (while
the peak intensity of the satellites would not be affected), so that the existing theory
cannot be used for deducing the laser field from the experimental ratio of the satellite
intensity to the intensity of the main line.

In the present chapter, we propose a method that is appropriate for the above
situation—the method that allows measuring both the laser field and the opacity
from experimental spectrum of a hydrogenic line exhibiting satellites. We obtain the
necessary theoretical results analytically and show how to use them for this purpose.

Under a linearly polarized electric field E0cosωt, a Stark component of a
hydrogenic spectral line splits in satellites separated by pω (p = ±1, ±2, ±3, …)
from the unperturbed frequency ω0 of the spectral line, as shown by Blochinzew [5].
Blochinzew’s result was later extended to profiles of multicomponent hydrogenic
spectral lines in [14]. In the ‘reduced frequency’ scale, the profile is as follows
(presented also in [15, section 3.1]):

∑

∑

ω ω ε δ ω ω

ε δ ε

Δ = Δ −

= + + Σ = −

=−∞

+∞

=

S I p p

I p f f J X f f X nq n q

( / ) ( , ) (( / ) ),

( , ) [ 2 ( )]/( 2 ), .

(7.11)
p

k 1

kmax

p k p k k k0 0
2

0 0 0
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Here n, q and n0, q0 are the principal and electric quantum numbers of the upper and
lower energy levels, respectively, involved in the radiative transition, f0 is the total
intensity of all central Stark components, fk is the intensity of the lateral Stark
component with the number k = 1, 2,…, kmax, Jp(z) are the Bessel functions, and ε is
the scaled dimensionless amplitude of the field:

ε ħ ω= E Z m e3 /(2 ). (7.12)0 r e

In equation (7.11) Zr is the nuclear charge of the radiating atom or ion, and me and e
are the electron mass and charge, respectively. A practical formula for the scaled
dimensionless amplitude of the field is the following:

ε ω= × − −E V Z s1.204 10 ( cm )/[ ( )]. (7.13)7
0

1
r

1

(We recall that the electric quantum numbers q and q0 are the differences of the
corresponding parabolic quantum numbers, for example, q = n1 − n2.)

In the current chapter, we focus on the situation where ε < 1. In this situation, the
intensities of the first satellite (∣p∣ = 1) and of the second satellite (∣p∣ = 2) are
significantly smaller than the intensity of the main line, the latter being the zeroth
satellite (p = 0). Therefore, even if the optical depth τ0 at the main line were to be
significant, the satellites (∣p∣ > 0) typically would be optically thin.

According to equation (7.10) the ratio of the intensity of the second satellite to the
intensity of the first satellite has the form

ε ε ε=R I I( ) (2, )/ (1, ). (7.14)21

This ratio depends only on the scaled dimensionless amplitude ε of the electric field.
Therefore, from the experimental value of the ratio R21, one can determine the value
of ε and then (by using equation (7.13)) the laser amplitude E0.

As for the ratio of the intensity of the first satellite to the intensity of the main line,
at the zero optical depth of the main line, it would be

τ ε ε ε= =R I I( 0, ) (1, )/ (0, ). (7.15)10 0

Below, we present graphically the dependence of the ratios R21 and R10 on the scaled
dimensionless laser field ε at τ0 = 0.

Figure 7.5 presents the dependence of the ratio R21(ε) of the intensity of the
second satellite to the intensity of the first satellite, for the Lyman-beta line for the
observation perpendicular to the laser field.

Figure 7.6 presents the dependence of the ratio R10(ε) of the intensity of the first
satellite to the intensity of the main line, for the Lyman-beta line for the observation
perpendicular to the laser field.

Figure 7.7 presents the dependence of the ratio R21(ε) of the intensity of the
second satellite to the intensity of the first satellite, for the Lyman-beta line for the
observation parallel to the laser field.

Figure 7.8 presents the dependence of the ratio R10(ε) of the intensity of the first
satellite to the intensity of the main line, for the Lyman-beta line for the observation
parallel to the laser field.
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Figure 7.9 presents the dependence of the ratio R21(ε) of the intensity of the
second satellite to the intensity of the first satellite, for the Lyman-delta line for the
observation perpendicular to the laser field.

Figure 7.10 presents the dependence of the ratio R10(ε) of the intensity of the first
satellite to the intensity of the main line, for the Lyman-delta line for the observation
perpendicular to the laser field.

Figure 7.5. Ratio R21 of the intensity of the second satellite to the intensity of the first satellite versus the scaled
dimensionless laser field ε, for the Lyman-beta line for the observation perpendicular to the laser field.

Figure 7.6. Ratio R10 of the intensity of the first satellite to the intensity of the main line versus the scaled
dimensionless laser field ε, for the Lyman-beta line for the observation perpendicular to the laser field.

Figure 7.7. The same as in figure 7.5, but for the observation parallel to the laser field.
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Figure 7.11 presents the dependence of the ratio R21(ε) of the intensity of the
second satellite to the intensity of the first satellite, for the Lyman-delta line for the
observation parallel to the laser field.

Figure 7.12 presents the dependence of the ratio R10(ε) of the intensity of the first
satellite to the intensity of the main line, for the Lyman-delta line for the observation
parallel to the laser field.

Figure 7.13 presents the dependence of the ratio R21(ε) of the intensity of the
second satellite to the intensity of the first satellite, for the Balmer-beta line for the
observation perpendicular to the laser field.

Figure 7.8. The same as in figure 7.6, but for the observation parallel to the laser field.

Figure 7.9. Ratio R21 of the intensity of the second satellite to the intensity of the first satellite versus the scaled
dimensionless laser field ε, for the Lyman-delta line for the observation perpendicular to the laser field.
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Figure 7.10. Ratio R10 of the intensity of the first satellite to the intensity of the main line versus the scaled
dimensionless laser field ε, for the Lyman-delta line for the observation perpendicular to the laser field.

Figure 7.11. The same as in figure 7.9, but for the observation parallel to the laser field.

Figure 7.12. The same as in figure 7.10, but for the observation parallel to the laser field.
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Figure 7.14 presents the dependence of the ratio R10(ε) of the intensity of the first
satellite to the intensity of the main line, for the Balmer-beta line for the observation
perpendicular to the laser field.

Figure 7.15 presents the dependence of the ratio R21(ε) of the intensity of the
second satellite to the intensity of the first satellite, for the Balmer-beta line for the
observation parallel to the laser field.

Figure 7.16 presents the dependence of the ratio R10(ε) of the intensity of the first
satellite to the intensity of the main line, for the Balmer-beta line for the observation
parallel to the laser field.

Figure 7.17 presents the dependence of the ratio R21(ε) of the intensity of the
second satellite to the intensity of the first satellite, for the Balmer-delta line for the
observation perpendicular to the laser field.

Figure 7.13. Ratio R21 of the intensity of the second satellite to the intensity of the first satellite versus the
scaled dimensionless laser field ε, for the Balmer-beta line for the observation perpendicular to the laser field.

Figure 7.14. Ratio R10 of the intensity of the first satellite to the intensity of the main line versus the scaled
dimensionless laser field ε, for the Balmer-beta line for the observation perpendicular to the laser field.
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Figure 7.15. The same as in figure 7.13, but for the observation parallel to the laser field.

Figure 7.16. The same as in figure 7.14, but for the observation parallel to the laser field.

Figure 7.17. Ratio R21 of the intensity of the second satellite to the intensity of the first satellite versus the
scaled dimensionless laser field ε, for the Balmer-delta line for the observation perpendicular to the laser field.
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Figure 7.18 presents the dependence of the ratio R10(ε) of the intensity of the first
satellite to the intensity of the main line, for the Balmer-delta line for the observation
perpendicular to the laser field.

Figure 7.19 presents the dependence of the ratio R21(ε) of the intensity of the
second satellite to the intensity of the first satellite, for the Balmer-delta line for the
observation parallel to the laser field.

Figure 7.20 presents the dependence of the ratio R10(ε) of the intensity of the first
satellite to the intensity of the main line, for the Balmer-delta line for the observation
parallel to the laser field.

Now, we present the corresponding analytical results for the cases of the nonzero
optical depth. At τ0 > 0 (and in particular at τ0 > 1), the ratio R10(τ0) has to be
calculated as follows.

In equation (7.11) the profiles of each satellite and of the main line are represented
by the delta-function. In reality, these profiles are influenced by various broadening

Figure 7.18. Ratio R10 of the intensity of the first satellite to the intensity of the main line versus the scaled
dimensionless laser field ε, for the Balmer-delta line for the observation perpendicular to the laser field.

Figure 7.19. The same as in figure 7.17, but for the observation parallel to the laser field.

Simple Atomic and Molecular Systems

7-14



mechanisms. Typically, for the experimental ratio of intensities of the satellites (to
each other or to the intensity of the main line) one uses the corresponding
experimental ratio of the peak intensities.

The profile P(Δω) of a spectral line affected by the optical thickness can be
represented as follows:

τ ω τ ω τΔ = − − ΔP P( , ) {1 exp[ ( )]}/ , (7.16)0 0 0 0

where P0(Δω) is the profile of the absorption coefficient normalized such that
P0(0) = 1. At τ0 = 0, one has P(0, Δω) = P0(Δω), so that P(0, 0) = 1. The peak
intensity of the normalized profile is

τ τ τ= − −P( , 0) [1 exp( )]/ . (7.17)0 0 0

Thus, the factor reducing the peak intensity compared to the case of τ0 = 0 is

τ τ τ= − −f ( ) [1 exp( )]/ . (7.18)0 0 0

Figure 7.21 shows the dependence of the reducing factor f on the optical depth τ0. It
is seen the greater the optical depth, the more significant becomes the reduction of
the peak intensity.

Since the satellites are optically thin and P(0, 0) = 1, the ratio of the peak intensity
of the second satellite to the peak intensity of the first satellite is still given by
equation (7.6). But for the ratio of the peak intensity of the first satellite to the peak
intensity of the main line we obtain

τ ε ε ε τ=R I I f( , ) (1, )/ [ (0, ) ( )] (7.19)10 0 0

or

τ ε ε τ ε=f I I R( ) (1, )/ [ (0, ) ( , )]. (7.20)0 10 0

Thus from the experimental ratio R21 one can determine the scaled amplitude of the
laser field ε (as well as the laser amplitude E0 by using equation (7.13)). Then after
substituting the found value of ε and the experimental ratio R10 in the right-hand

Figure 7.20. The same as in figure 7.18, but for the observation parallel to the laser field.
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side of equation (7.19), one can determine the optical depth τ0 of the main line. For
the frequently used spectral lines Lyman-beta, Lyman-delta, and Balmer-beta, the
ratio I(1, ε)/I(0, ε) entering equations (7.19) and (7.20) can also be determined from
figures 7.6, 7.8, 7.10, 7.12, 7.14, and 7.16.

In summary, we have presented a method that allows both the laser field and the
opacity to be measured from the experimental spectrum of a hydrogenic line
exhibiting satellites. The method is appropriate for a linearly polarized laser field
at the surface of the critical density or in underdense plasma regions. We derived the
necessary theoretical results analytically and showed how to use them for this
purpose. This spectroscopic diagnostic should be useful for a better understanding of
laser–plasma interactions, including relativistic laser–plasma interactions.

7.3 Profiles of hydrogenic spectral lines under the multimode
quasimonochromatic field of the electrostatic plasma turbulence

There are a number of methods for the spectroscopic diagnostics of various types of
oscillatory electric field (OEF) in plasmas—see e.g. [16]. A lot of attention has been
paid to the situation where the OEF is a single-mode quasimonochromatic field: E
(t) = E0cos(ωt). One practical example is a laser field at the surface of the critical
density or in the underdense plasma, the spectroscopic diagnostic for which was
discussed in the previous section. Another practical example is strong Langmuir
waves.

However, depending on the method of the excitation of the Langmuir waves, in
some situations they can be described by the model of the multimode quansimono-
chromatic electric field:

N

∑ ω φ= +
=

E Et t( ) cos( ). (7.21)
j 1

j j

Figure 7.21. Dependence of the factor f, reducing the peak intensity of spectral line profiles, on the optical
depth τ0.
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For N → ∞(N is the number of modes), the profile of a Stark component of a
hydrogenic spectral line was derived in paper [17]:

∑ω ε ε δ ω ω ε εΔ = ˜ − ˜ Δ − ˜ ≡
=−∞

+∞

αβ∣ ∣I I p X( ) ( )exp( ) ( ), ( ) /2. (7.22)
p

pL
2

In equation (7.22) ε̃∣ ∣I ( )p are the modified Bessel functions. The other notations are

= −αβ α α β βX n q n q (7.23)

and

N

∑ε ω= ћ ¯ ¯ =
=

E m e E E3 /(2 ), ( ) . (7.24)
j 1

j0 e 0
2 1/2

In equation (7.23) α and β are the labels of the upper and lower Stark sublevels
involved in the radiative transition, respectively, and n and q are the principal and
electric quantum numbers, respectively. We recall again that the electric quantum
numbers q = n1 − n2, where n1 and n2 are the parabolic quantum numbers.

The most interesting is the strong modulation case (ε > 1). In this case, the profile
of a Stark component is controlled by the shape of the envelope of numerous
satellites.

The hydrogenic spectral lines consist of numerous Stark components. Based on
equation (7.22) for one Stark component, the corresponding Stark profiles of
hydrogenic spectral lines can be calculated using formulas analogous to those
from equation (7.11). The corresponding detailed tables of the calculated Stark
profiles for the frequently used lines Lyman-beta, Lyman-delta, Balmer-beta, and
Balmer-delta are presented in appendix C. These tables should facilitate the
determination of the root-mean-square amplitude of the oscillatory field from the
experimental spectral line profiles.
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Chapter 8

Enhancement of plasma-based x-ray lasers

There are several designs for lasing in the soft x-ray range. One of them employs the
recombination pumping of hydrogenic ions. The ions are initially stripped of
electrons by the optical field ionization [1–3]. As for any x-ray laser, the gain is
controlled by the product of the oscillator strength for the lasing transition and the
width of the lasing line.

When a radiating hydrogenic ion at high-frequency is subjected to a high-
frequency electromagnetic radiation, the Stark width of the lasing line can be
significantly diminished, as we showed in [4, 5]. In [6] we demonstrated that the gain
of the x-ray laser can be substantially increased specifically by using a linearly
polarized field of an optical laser. Later this idea was exploited in [7].

In this chapter, we follow [8] to briefly present the influence of the elliptically
polarized field of a powerful optical laser (EPFOL) on the Stark broadening of some
x-ray hydrogenic spectral lines. It is based on the results obtained in our paper [9].
The effect of the plasma microfield is taken into account via the model microfield
method [10]. We demonstrate that the employment of the EPFOL makes it possible
to tune the x-ray laser in a broad range of frequencies—in addition to substantially
enhancing the gain.

Here, we briefly present the final results for the αL line of Li III (λ = 135 Å)
subjected to an elliptically polarized electric field ⃗E t( ) of the CO2 laser in a plasma of
the electron density = ×N 5.0 10e

18 cm−3 and at the temperature = =T T 3 eVe i .
These plasma parameters are similar to those from the experiment in [2].

In figure 8.1 we display the calculated Li III αL line profile under a linearly
polarized field ⃗E t( ) for the following values of the laser field amplitude ε0: 0 (profile 1),

×3.36 107 V cm−1 (profile 2), and ×4.51 107 V cm−1 (profile 4). The αL line
polarization is perpendicular to the vector ⃗E t( ). As the value ε0 increases, the profile
of the absorption coefficient of the αL line becomes narrower—in accordance with
the results of our previous papers [4–6].
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The ratio of halfwidths (FWHM) ωΔ k
1/2
( ) for these three profiles in figure 8.1 is

ω ω ωΔ Δ Δ =: : 0.21: 0.54: 1.00,1/2
(4)

1/2
(2)

1/2
(1)

where ωΔ 1/2
(1), ωΔ 1/2

(2), and ωΔ 1/2
(4) correspond to ε = 00 , ε = ×3.36 100

7 V cm−1, and
ε = ×4.51 100

7 V cm−1, respectively.
Under the increase of ε0 the profile of the absorption coefficient of the αL line

narrows and the intensity of the profile at the maximum increases (since all the
profiles have the same normalization). This entails the growth of the gain of the
x-ray laser under the dressing by a linearly polarized radiation of an optical laser, as
studied earlier in [6].

Figure 8.1 also displays profile 3, calculated at ε = ×3.36 100
7 V cm−1 (like

profile 2), but allowing only for the broadening by ions. The comparison of profiles 2
and 3 illuminates the fact that, under the considered plasma parameters, the Stark
broadening by ions dominates over the Stark broadening by electrons.

Figure 8.2 presents the calculated profiles of the Li III αL in x-, y-, and
z-polarizations under the CO2 laser of ε = × −3.36 10 V cm0

7 1 as the ellipticity degree
increases from ξ = 0 to ξ = 0.2. The most instructive is the x-polarization profile.

Figure 8.1. Calculated profile of the Li III αL line (λ = 135 Å) under a linearly polarized electric field ⃗E t( ) of
the CO2 laser in a plasma of the electron density = ×N 5.0 10e

18 cm−3 and of the temperature = =T T 3e i eV.
Perturbing ions are Li3+. Profiles 1, 2, and 4 correspond to the dressing field amplitudes 0, ×3.36 107 V cm−1,
and ×4.51 107 V cm−1, respectively. The x-ray radiation is polarized perpendicularly to the direction of the
CO2 laser field. Profile 3 was calculated at the dressing field amplitude ×3.36 107 V cm−1 (like profile 2), but
allowing only for the broadening by ions to illustrate the fact that, under the considered plasma parameters,
the ionic contribution to the width of the profile of the absorption coefficient predominates over the electronic
contribution. (Reproduced with permission from [8]. Copyright 2003 Springer.)
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Figure 8.2. Calculated profiles of the Li III αL line (λ = 135 Å) under an elliptically polarized electric field ⃗E t( )
of the CO2 laser in a plasma of the electron density = × −N 5.0 10 cme

18 3 and of the temperature = =T T 3e i

eV. The dressing field amplitude is ×3.36 107 V cm−1. Perturbing ions are Li3+. (a), (b), (c), (d), and (e)
correspond to the ellipticity degrees of 0, 0.05, 0.10, 0.15, and 0.20, respectively. In each of the sub-figures,
profiles 1, 2, and 3 correspond to the x-ray radiation polarized in the x-, y-, and z-directions, respectively,
where z is the direction of the major axis of the ellipse and x is the direction of the minor axis of the ellipse.
(Reproduced with permission from [8]. Copyright 2003 Springer.)
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It shows a splitting into three. For ξ↔ 0.05, the peak intensity of the lateral
components exceeds the peak intensity of the central component. Thus it should be
feasible to generate the x-ray radiation at the shifted frequencies (for the x-
polarization). It is important to emphasize that the frequency shift is proportional
to the ellipticity degree ξ. Therefore, it should be possible to design a tunable x-ray
laser—the tuning would be facilitated by changing ξ.
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Chapter 9

Enhancement of generators of coherent
microwave radiation (masers)

9.1 Introduction
A widely used method for the amplification and generation of tunable infra-red (IR)
radiation is based on the stimulated Raman scattering (SRS) in metal vapors and in
molecular gases. Compared to other nonlinear optical methods for generating IR
radiation (e.g. those based on mixing electromagnetic waves), the SRS method is
technically simple to realize and does not need a phase matching condition for
interacting waves. Using the SRS method IR radiation has been produced in various
ranges including the far IR range (40–250 μm). A further advancement into a longer
wavelength range by the traditional SRS method encounters problems, one of them
being caused by the typical choice of atoms (and their energy levels) employed in the
standard SRS schemes. For brevity, here and below by ‘atom’ we mean either an
atom or a molecule, unless specified to the contrary.

In this chapter we present studies of a dipole gas interacting with two strong
electromagnetic fields: with a (laser) field of a frequency ωL and with a second (IR or
microwave) field of a much lower frequency ω ≪ ωL, under the resonance condition
ωL ≈ ω21 + qω (q = 1, 2, 3, …), where ω21 is the frequency of the atomic transition
between some lower state 1 and some upper state 2. By the term ‘dipole gas’ we
mean a gaseous medium of atoms possessing permanent dipole moments d11 in a
lower state 1 and/or d22 in an upper state 2. We show that while propagating in the
medium the wave of the frequency ω is amplified at the expense of the pumping wave
energy.

9.2 Density matrix and polarization of the medium
In this section we follow [1]. We consider some lower (1) and upper (2) states of a
dipole atom under the important assumption that d22 − d11 ≠ 0. For simplicity, we
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regard levels 1 and 2 to be non-degenerate and the dipole matrix element d12 to be
real. The atom interacts with two collinear electric fields:

ω ϕ ω ω ω ϕ ω ω= + ≈ = + ≪E t a t E t a t( ) cos( ), ; ( ) cos( ), . (9.1)1 1 L 1 L 21 1 1 1 L

The equation for the density matrix ρ in the interaction representation is

ρ ρ γρℏ∂ ∂ = + + ℏ = − = −t V V V E t V E ti / [ , ] i , d ( ), d ( ). (9.2)1 2 1 1 2 2

Here γ is the relaxation operator. In the rotating wave approximation:

ρ ρ φ ρ
ρ ρ ρ φ ρ ρ τ

ρ ρ ρ ρ

ℏ∂ ∂ = − Δ + − + ℏ
ℏ∂ ∂ = − − Δ + + − − ℏ

= − = * =

t V t W

t V t d d E t

V d a

i / exp [i( )] c.c. i ,

i / ( ) exp [i( )] ( ) ( ) i / ,

1 , , /2.
(9.3)

11 21 1 21 22

12 22 11 1 12 22 11 2 12 12

22 11 21 12 12 1

Here Δ = ωL − ω21 is the detuning (∣Δ∣ ≪ ωL), W21 is the rate of the spontaneous
emission 2→1, τ −

12
1 is the transverse relaxation constant, and the symbol * denotes the

complex conjugation.
The substitution is

ρ ρ ω φ ω= ′ + = − ℏu t u d d aexp [i sin( )], ( ) /( ). (9.4)12 12 2 11 22 2

We introduce the detuning from the multiquantum resonance involving both fields
using the formula

ω ω ω μ= + − ∣ ∣q , (9.5)L 21

where ∣μ∣ ≪ ω and q is an integer.
We assume that

ε ε ω ε μ ω ε ω ε ωτ∣ ∣ ≪ = = ℏ = = = −p V W1, 1, 2, 3, 4; /( ), / , / , ( ) . (9.6)p s1 2 3 21 4 12
1

Below is the solution of the system (9.3) under the conditions (9.5) obtained via
applying the averaging method of Krylov–Bogoliubov–Mitropolskii [2, 3] in its
second approximation. For the steady-state regime we obtain the following for
quantities x1, x2, and x3, whose relations to the matrix elements of ρ will be given
several later:

∑

∑

∑

ω ω φ

ω ω φ

ω ω φ

= + ℏ + +

= − ℏ +

= − ℏ +

=−∞ ≠

∞

=−∞ ≠

∞

=−∞ ≠

∞

−

−

−

x y V p p t y B u y A u

x y V y p p t B u

x y V y p p t A u

[2 /( )] exp[i ( )][ ( ) i ( )],

[ /(2 )] exp[i ( )] ( ),

i[ /(2 )] exp[i ( )] ( ),

(9.7)

p p

p p

p p

, 0

, 0

, 0

q p q p

q p

q p

1 1
1

2 2 , 3 ,

2 2 1
1

2 ,

3 3 1
1

2 ,
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where

ξ μ τ ξ μ τ

ξ τ

= − + = ℏ

= − ℏ

= + + −

= + − −

f VJ u f

VJ u f

Aq p u Jq p u Jq p u

Bq p Jq p u Jq p u

(1 )/ , ( ) /( ),

( ) /( ),

, ( ) ( ) ( ),

, ( ) ( ).

(9.8)

u q q u q

q q

1
2

12
2

2 12

3 12

Here Jp(x) are the Bessel functions. The denominators fq in equation (9.8) have
the form

μ τ τ+ + ℏV J u W1 4 ( ) /( ). (9.10)u q
2

12
2 2 2

12
2

21

The third term in equation (9.10) represents an unusual, complicated type of
saturation where the parameters of both fields are entangled. The second term in
equation (9.10) can be treated as a correction (caused by finite values of both fields)
to the approximate resonance condition qω = Δ (the latter would be valid for
vanishingly small fields). The quantity μu in equation (9.10) is defined as follows:

∑μ μ ω= − ℏ = −
=

∞

− +V S u S u J u J u r4 ( )/( ), ( ) ( ) ( ) /(2 ). (9.11)
r 1

u q q q r q r
2 2 2 2⎡⎣ ⎤⎦

Equation (9.7) provides the solution for the system (9.3). The diagonal matrix
elements of the operator ρ are

ρ ρ= − = +x x(1 )/2, (1 )/2. (9.12)11 1 22 1

The nondiagonal element ρ12 is

ρ ω φ μ φ φ= + + − − −x x u t t q( i ) exp {i[ sin( ) ]}. (9.13)11 2 3 2 2 1

The above analytical solution is valid for a coarse-grained time scale
τ≫ −t Wmax( , )21

1
12 . This solution allows us to calculate the polarization of the

medium

ρ=P N DTr( ). (9.14)

HereD is the operator of the atomic dipole moment andN is the atomic density. The
polarization P exhibits two types of oscillating terms PI and PII:

∑

∑

ω φ ω ω ω φ

ω ω φ

= + + + +

= +

=−∞

∞

=−∞ ≠

∞

P t P r r t

P P k k t

exp[i( )] ( ) exp [i ( )] c.c.,

( ) exp [i ( )].

(9.15)r

k k, 0

I L 1 L 2

II 2

In particular, imaginary P″ parts of the coefficients P(ωL + rω) and P(kω) are found
to be as follows:
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ω ω τ

ω τ ω

″ + = − ℏ

″ = − − − ℏ
+

+ +

P r d a N J u J u f

P k d d d a N J u J u J u k f

( ) ( ) ( )/(2 ),

( ) ( ) ( ) ( ) ( ) /(4 ).
(9.16)

q q r q

q q k q k q

L 12
2

1 12

12
2

22 11 1
2

12
2⎡⎣ ⎤⎦

9.3 Amplification of a microwave or infra-red radiation by the
stimulated scattering in a dipole gas

In this section we follow [4]. Both waves of frequencies ωL = ω1 and ω = ω2

propagate along the axis z in a dipole gas in the halfspace of z ⩾ 0 under a
multiquantum resonance:

ω ω ω μ= −q , (9.17)1 21 2

where μ is the detuning. The idea of the amplification of the lower frequency wave in
a dipole gas was put forward in [5, 6]. Here we show that it is the resonance
condition (9.17) (which is the same as (9.5)) under which the lower frequency wave is
amplified taking the energy from the pumping optical laser wave.

The Maxwell equations are

π=t c tE r P r( , ) (4 / ) ( , ). (9.18)tt
2

The total electric field is

∑ ε ω= +
=

E r t k( , ) [ ( , ) c.c.], (9.19)
s 1

2

s s s

where

ε ω ω ϕ= − +−k z t k zE( , ) 2 ( ) exp[i( )]. (9.20)s s s s s s s
1

0 0

Here E01(z) and E02(z) are amplitudes of the waves and k1 and k2 are the
corresponding wave vectors.

In analogy to equation (9.18) the polarization of the gas is

∑ η ε ω= +
=

P r t k( , ) [ ( , ) c.c.]. (9.21)
s 1

2

s s s s

For the rest of this chapter the imaginary parts η ″
s of the coefficients ηs (s = 1, 2) are

important. The expressions for them can be derived from equation (9.16) by the
substitution = ∣ ∣ = ∣ ∣ = =a E a E r k, , 0, 1:1 01 2 02

η τ η η
ω

= − ℏ = − ∣ ∣
≡ − ∣ ∣ ℏ

″ ″ ″d a N J u f q E E

u d d E

( ) /(2 ), / ,

( ) /( ).
(9.22)q q1 12

2
1 12

2
2 1 01 02

2

11 22 02 2

⎡⎣ ⎤⎦
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Here

μ τ τ= + + ℏ
≡ ∣ ∣

f V J u W

V d E

1 4 ( ) /( ),

/2.
(9.23)q u q

2
12

2 2 2
12

2
21

21 01

Substituting equations (9.20)–(9.23) in equation (9.22) we obtain

πη− + = =E z ik E z k E s(d /d ) 2 (d /d ) 4 0, 1, 2. (9.24)s s s s s s
2

0
2

0
2

0

We utilize a slowly varying amplitude approximation (see e.g. [7, 8]). It is valid
under the requirement

∣ ∣ ≫ ∣ ∣ =k E z E z s(d /d ) d /d , 1, 2. (9.25)s s s0
2

0
2

The system (9.24) simplifies to

π η− + = =E z k E si(d /d ) 2 1, 1, 2. (9.26)s s s s0 0

A conservation law can be derived from system (9.26):

ω ω
ω ω

∣ ∣ + ∣ ∣ =
≡ ∣ ∣ + ∣ ∣

E z E z q K

K E E q

( ) / ( ) /( ) ,

(0) / (0) /( ).
(9.27)01

2
1 02

2
2

01
2

1 02
2

2

The physical meaning is that the absorption of one quantum of frequency ω1 is
always accompanied by the emission of q quanta of the frequency ω2.

Using equations (9.26) and (9.27) we obtain the differential equation determining
the absolute value of the amplitude ∣E02∣ versus z:

π η∣ ∣ − ∣ ∣ =″E z k E(d /d ) 2 0. (9.28)02 2 2 02

The solution of equation (9.28) has the form of a one-fold integral

∫π η= ∣ ∣ ∣ ∣− ″ −z k E d E(2 ) ( ) , (9.29)2
1

2 02
1

02

and it is possible to eliminate the dependence of η ″
2 on ∣E01∣ by employing the

conservation law (9.27).
For q = 1, under the assumption

∣ ∣ ≪u 1, (9.30)

the quantity η ″
2 practically does not depend on E02. Thus

π η∣ ∣ = ∣ ∣ ″E z E k z( ) (0) exp(2 ). (9.31)02 02 2 2

Equation (9.31) shows the exponential growth of ∣E02(z)∣ in this case.
However, as ∣E02(z)∣ grows (and consequently with the decrease of ∣E01(z)∣

according to equation (9.27)), the quantity η ″
2 starts decreasing. This entails the

retardation of the growth of I∣E02(z)∣.
In the saturation, equation (9.22) for η ″

2 simplifies to

η ≈ ℏ ∣ ∣″ q NW E/(2 ). (9.32)2 21 02
2
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Substituting equation (9.32) in equation (9.29) we obtain

π ω∣ ∣ ≈ ℏE z q N W z c( ) (2 / ) . (9.33)02 2 21
1/2

Below are the results of numerical calculations of the amplification for cesium
vapor under an electric field F = 25 kV/cm. The states 1 and 2 are 62s and 122P,
respectively. The wavelength of the transition 62s–122P is λ = 335 nm (see e.g.
tables in [9]). The field F intermixes states of close levels 122P and 112D separated by
approximately 40 cm−1 (see e.g. tables in [9]), yielding the permanent dipole moment
of the 122P state.

Figure 9.1 depicts the dependence ∣E02(z)∣ for frequencies ω2 = 8 cm−1 (the lower,
solid line) and ω2 = 16 cm−1 (the upper, dotted line) under the resonance (9.17) at
μ = 0, q = l, W21 = 3 × 10−6 cm−1, τ −

12
1 = 6 × 10−2 cm−1. The input lower frequency

field is ∣E02(0)∣ = 1 V cm−1. The input pumping radiation has the intensity PI(0) = 7.7
× 108 W cm−2.

For input field strengths corresponding to ∣u∣ > 1, the most effective amplification
could occur at q > 1. Figure 9.2 shows the character of growth of ∣E02∣ in the same
dipole gas as in figure 9.1, but for the resonance involving two quanta of the lower
frequency field (q = 2). The curves in figure 9.2 correspond to a higher input strength
compared to figure 9.1, ∣E02(0)∣ = 300 V cm−1.

9.4 Extension of lasing media and lasing schemes
In this section, instead of a system of two levels with permanent dipole moments
dressed by a resonant laser field, we consider a system of three levels without

Figure 9.1. Calculated dependence ∣E02(z)∣ for two different frequencies ω2 = 8 cm−1 (the lower, solid line) and
ω2 = 16 cm−1 (the upper, dotted line) under the resonance (9.17) at μ = 0, q = 1. Reproduced with permission
from [4]. Both curves correspond to a very small input lower frequency field: ∣ E02(0)∣ = 1 V cm−1. The dipole
gas consists of Cs vapor of density 5 × 1018 cm−3 placed in a static electric field f = 25 kV cm−1 (see the text).
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permanent dipole moments: the two levels 2 and 3 are relatively close to each other
and level 1 is distant. The transitions 1–2 and 2–3 are supposed to be dipole-allowed,
while the transition 1–3 is dipole-forbidden. The central point is to place the system
into a static electric field F that will significantly mix up wave functions of the states
2 and 3:

ψ φ φ
ψ φ φ

= −
= −

B B

B B

cos( /2) sin( /2),

cos( /2) sin( /2),
(9.34)2 2 3

3 3 2

where

ω=B z Ftan 2 / (0). (9.35)32 32

Here, Ψ2, Ψ3 and ψ2, ψ3 are the perturbed and unperturbed wave functions of states 2
and 3, respectively, and ω32(0) is the unperturbed separation of these levels; the
atomic units are employed.

A dressing laser field in this scheme may be resonant either to the allowed
transition 1–2 or to the forbidden transition 1–3. In particular, for the former case,
we have found that a dipole matrix element between the states dressed by the laser
field of a frequency and the amplitude E01 can be expressed as follows:

χ χ
ω ω

φ ψ

∣ ∣ Ω ∣ ∣
Ω = Δ + Δ = −

= ∣ ∣ =

−z V z B

V F
V z E z E B

sin ,

( 4 ) , ( ),
/2 ( /2) cos( /2).

(9.36)

L L

1 2
1

32

2 2 1/2
L 21

1 2 0 12 0

Figure 9.2. The same as figure 9.1, but for the resonance involving two quanta of a lower frequency field
(q = 2). Reproduced with permission from [4]. Curves are calculated for a higher input strength compared to
figure 9.1, ∣E02(0)∣ = 300 V cm−1. At relatively small z, the higher output is for the frequency ω2 = 8 cm−1

(compared to the output for the frequency ω2 = 16 cm−1), but at relatively large z the situation reverses.
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Thus at F > 0 the dressed states are coupled by a non-zero matrix element.
Therefore, a microwave amplification/generation is possible at frequencies Ω(F)/k,
where k = 1, 2, 3, ….

One of the feasible practical schemes for the realization of this principle of lasing
seems to be the following. We consider a beam of lithium atoms crossing a static
electric field F. A laser tuned to the transition 2S–2P of Li (λ2 = 460.3 nm) populates
the level 2P—see figure 9.3. A second laser tuned to the transition 2P–4D of Li forms
dressed atomic states at the latter transition (λ2 = 460.3 nm). It is important to
emphasize that both lasers are in the visible range, for which plenty of commercial
types of lasers can be used.

We found out that for positive detunings from the resonance, the lithium atoms
in a static electric field will amplify the microwave radiation at frequencies of the
order of the Rabi frequency—more specifically, at frequencies Ω(F)/k, where
k = 1, 2, 3, ….

The efficiency of the amplification of the microwave radiation can be enhanced by
increasing absolute populations of dressed states of a lithium atom. The latter can be
achieved in a regime where one laser beam of the frequency ωL1 saturates the
transition 2S–2P and another laser beam of the frequency ωL2 saturates the
transition 2P–4D. In other words, in this case both laser fields should be intensive
—see figure 9.4.

We emphasize the following important feature of dressed atomic levels in the case
under consideration. There are three levels (2S, 2P, and 4D) of a lithium atom
interacting with two strong laser fields.

Therefore the energy levels of a dressed atom represent triplets (see figure 9.5)
rather than doublets, as was the case for a resonant interaction of a strong laser field
with a two-level system.

For the experimental realization of the amplification of microwave radiation
driven by a powerful laser field, one of the best candidates is a gas consisting of
dipole molecule CS. This could be similar, though not identical, to the experiments

Figure 9.3. Scheme of pumping of the level 4D of lithium with two lasers of the visible range.
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Figure 9.4. Scheme of a resonant interaction of a lithium atom with two strong laser fields ωL1 and ωL2, as well
as with a static electric field F that mixes up states of the levels 4D and 4F. Here Δ1 and Δ2 are the detunings of
the resonances with the laser fields ωL1 and ωL2 at the transitions 2S–2P and 2P–4D, respectively.

Figure 9.5. Energy levels of a lithium atom dressed by two laser fields ωL1 and ωL2. The induced transitions
between close levels Ep

n n( 1, 2)– ′E p
n n( 1, 2) can cause the amplification of the microwave radiation.
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reported in [10], where laser radiation was tuned to the frequency ν21 of the
transitions between some rotational sublevels of the ground (X1Σ+) and excited
(A1Π) electronic states of the CS molecules—see figure 9.6.

Our main idea is—in the experimental set-up from [10]—to ‘substitute’ the static
electric field by a microwave field. For the amplification of the microwave radiation
of a frequency νM, the laser radiation should be tuned to a frequency

ν ν ν= + . (9.37)L 21 M

A collateral benefit of using a dipole gas medium is the opportunity for an
original spectroscopic in situ diagnostics of the effect of amplification of a micro-
wave field by the laser-induced fluorescence of the molecules. We consider two
possible diagnostic schemes.

The gist of the first scheme may be explained by the example of CS molecules as
follows. Each rotational level of the excited Π-state is split into two close sublevels of
opposite parities (Λ-doubling sublevels). It is important that these sublevels are
coupled by a non-zero dipole matrix element. We tune the laser to a frequency of
R-branch. If there is no other electric field, the laser radiation would populate only
one sublevel of the doublet. Therefore, in the laser-induced fluorescence spectrum, in
addition to the R-branch component, the P-branch component would show up, but

Figure 9.6. Transitions between rotational sublevels of the ground and excited states of the CS molecules (see
the text).
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the Q-branch (forbidden) component will remain of zero intensity. However, under
an additional electric field (static or microwave) states of the doublet will be
intermixed. Consequently, in the LIF spectrum, all three components will show
up including the Q-branch component. The intensity ratio of components of Q- and
P-branches can be used for local diagnostics of the static or microwave fields [10–13].

However, our analysis shows that this scheme will not be sensitive enough for
conditions of the proposed microwave amplification experiment in a CS gas. Indeed,
for a sufficient sensitivity the following condition should be met:

νℏ ≡ ⩾dE a2 /( ) 1, (9.38)0 M

where d is the dipole matrix element between the states of the doublet and E0 is the
microwave frequency. For microwave frequencies νM = 30–100 GHz and reasonable
amplitudes E0 < 1 kV/cm, calculations result in a ≪ 1.

The second scheme is based on the following idea. Under a superposition of laser
and microwave fields satisfying condition (9.37), there occur two effects in a CS gas:
(i) the polarization of the medium and (ii) the pumping up of the upper ‘working’
level of CS molecules (level 2 in figure 9.7). The polarization of the medium for the
frequency νM is responsible for the primary goal—for the microwave amplification.
The second effect—an increase of the upper level population—can be used for
diagnostics of the primary effect.

Figure 9.7. Alternative scheme of transitions between rotational sublevels of the ground and excited states of
the CS molecules (see the text).
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The population increase is controlled by a local strength of the microwave field.
Therefore, this local microwave field can be measured by the intensity of the laser-
induced fluorescence signal corresponding to a spontaneous transition from level 2
onto rotational levels of the ground electronic state X1Σ+ of the CS molecules.

As an example, in figure 9.7 the working levels 1 and 2 are chosen in such a way
that the transition between them corresponds to the R-branch. In this case, the in situ
diagnostics of the microwave amplification can be performed by measuring the
laser-induced fluorescence signal of the Q-branch transition.

The second scheme seems to be more promising than the first one.

9.5 Consecutive cells set-up
We showed that the complex amplitude of the microwave field

φ=E exp (i ) (9.39)v

propagating in the z-direction can be found by solving the system of differential
equations

φ π
π

′ + =
′ − =

ka
kb

2 ( ) 0,
2 ( ) 0.

(9.40)
v

v v

The real (a) and imaginary (b) parts of the nonlinear susceptibility depend on v
through the Bessel function Jq(u). Namely, a is proportional to Jq(u) and b is
proportional to J u( )q

2 , where

ω≡ ℏ −u ea d d( / )( ) / . (9.41)0 22 11 v

Here q is the number of quanta of the microwave field entering together with a laser
quantum into the resonance with an atomic transition ω21:

ω ω ω≈ + q . (9.42)L 21

The solution of the system (9.40) shows an exponential growth of the microwave
field amplitude

π=z kb z( ) (0) exp [2 (0) ] (9.43)v v

at the initial stage of the amplification. However, in the course of propagation, with
the increase of z( )v the quantity b( )v starts decreasing, thus retarding the growth
of z( )v .

It is advisable to start from the resonance (9.42) involving one quantum of this
field. Then, with the microwave field growth, one should switch to the multiquantum
resonance in (9.42), i.e. to q > 1. This can be understood by taking into account that
in the system (9.40) the quantity b is proportional to J u( )q

2 , while J u( )q
2 is propor-

tional to u q2 for ∣u∣ ≪ 1.
In addition, the system (7.2) possesses a conservation law (as we presented above)

ω ω ω ω∣ ∣ + ∣ ∣ ∣ ∣ + ∣ ∣E z E z q E E q( ) / ( ) /( ) (0) / (0) /( ), (9.44)L
2

L
2

L
2

L
2
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where

ψ=E A exp (i ), (9.45)L

is a complex amplitude of the laser field. Thus it is seen that the maximum possible
value of the amplified microwave field z( )v increases as q grows.

Thus the best design should involve several consecutive cells containing the same
dipole gas. In cell number 1, the one-quantum resonance should be utilized. Then
the output from cell number 1 should be used as the input for cell number 2, where
the two-quantum resonance should be used, and so on. This design would ensure the
most effective amplification of the microwave radiation.

9.6 Summary and list of prospective lasing media
The above results constitute novel principles for tunable generators or amplifiers of
infra-red or microwave radiation for longer wavelengths than the traditional
methods can reach. No phase matching required.

The most effective amplification can be achieved by using the consecutive cells
set-up. In this set-up, as the microwave signal amplifies in the cell using the one-
quantum resonance with the microwave field, the switch would occur for the second
cell, where the two-quantum resonance would be employed, and so on.

Here is the list of the prospective lasing media:
• Cesium vapor.
• Lithium vapor.
• CS molecules.
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Chapter 10

A no-dark-energy and no-modified-gravity
explanation of the dynamics of the expansion

of the Universe

Currently, the two greatest mysteries in physics seem to be dark matter and dark
energy. Almost all models of dark matter resort to largely unspecified never-
discovered subatomic particles or introduce new physical laws—see e.g. [1–8] and
references therein. One exception are papers showing the possibility that dark matter
(or at least a part of it) could consist of hydrogen atoms of the second flavor, whose
existence is proven by the analysis of atomic experiments and could also explain the
latest observations of a 21 cm radio line from the early Universe [9, 10].

There are a lot of field and particle candidates for dark energy (again in addition
to suggestions to introduce new gravitational degrees of freedom, of which massive
gravity is one examples), but these candidates have not been discovered so far—see
e.g. [11–14] and references therein. This is even more intriguing because the
commonly accepted view is that the Universe is currently in the dark energy
dominance era (estimated to have started about 5 billion years ago)—the era where
yet unknown dark energy dominates over gravitation and is responsible for the
observed acceleration of the expansion of the Universe.

In the current chapter, we introduce a scenario providing a possible explanation
of the entire history of the expansion of the Universe: both the era of the decelerating
expansion and the current era of the accelerated expansion. In this model there is no
need to resort to dark energy or to new gravitational degrees of freedom (mass
gravity, etc).

10.1 Description of the scenario
We present this scenario as the following sequence of logical steps:

1. We consider a ‘gas’ of a large number of gravitating neutral non-relativistic
particles. At any instant of time the gas has a subsystem of relatively
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isolated pairs of particles. The subsystem is open—in the course of time,
some pairs could stop qualifying as subsystem members (because they can
no longer be considered as relatively isolated), while some other pairs could
become relatively isolated and qualify as new members of the subsystem.

2. Pairs of the positive total energy (E > 0) lose energy through gravitational
radiation and reach the state of E = 0.

3. The virial theorem applies to the motion of pairs of E = 0—contrary to
many textbooks that state that the virial theorem applies only to bound
states. As shown in [15], the boundness of a state is not the necessary
condition for the applicability of the virial theorem. He derived a more
general condition that is both necessary and sufficient. He specifically
showed that the virial theorem applies to pairs of E = 0 interacting through
Newton’s gravity.

4. Therefore the subsystem of pairs of E = 0 is characterized by the following
values of the average potential (〈 〉U ) and kinetic (〈 〉K ) energies:
〈 〉U = 〈 〉K = 0.

5. Now we apply Dirac’s generalized Hamiltonian dynamics (GHD) to the
above subsystem of pairs. Dirac designed the GHD for applications to
quantum field theory [16–18]. The central point of Dirac’s GHD is the
addition of a linear combination of constraints to the classical Hamilton
function. In the present book, a brief description of Dirac’s GHD and its
further development is given in appendix D.

In [19] the authors demonstrated how to apply Dirac’s GHD to micro-
scopic systems of particles, such as atomic and molecular systems.
Specifically, as constraints they used classical integrals of motion (see also
[20, 21]). By doing so they showed, for example, that hydrogenic atoms/
ions, being described by Dirac’s GHD, exhibit a sequence of classical non-
radiating states, i.e. states where the system does not emit electromagnetic
radiation—it is radiationally stable. The set of energies of these classical
non-radiating states turned out to exactly coincide with the corresponding
quantum stationary states.

The most important feature of classical non-radiating stable states is the
following. In such a state, the radius-vector of the atomic electron r(t) = r0
and the momentum p(t) = p0, where r0 and p0 are some vector constants.
Thus the electron velocity v = 0, but its momentum p0 generally differs from
zero. This should not be shocking: the momentum is a more complex
physical quantity than the velocity. For instance, it is well-known that for a
charge e of mass m in an electromagnetic field, characterized by a vector-
potential A, it is also possible to have v = [p − eA/(mc)]/m = 0 while p = eA/
(mc) ≠ 0—see e.g. [22]1.

1 Later, Dirac’s GHD was successfully applied to other microscopic systems and to finding classical non-
radiating states in these systems. Example are pairs of particles interacting through a modified Coulomb
potential [23] and a spherical harmonic oscillator [24].
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6. The way the authors of [19] applied Dirac’s GHD to pairs of charges
interacting through the Coulomb law can be similarly applied to pairs of
neutral particles interacting through Newton’s gravity. The result is an
infinite number of classical non-radiating states of energies

= − = > = … ∞E B k B k/ , const 0, 1, 2, 3, , . (10.1)k
2

Here k is the harmonic number of the primary frequency of the particle
moving along an elliptical trajectory. It is convenient to denote q = 1/k, so
that

= − = …E Bq q, 0, , 1. (10.2)q
2

It is obvious that q takes the infinite amount of rational numbers in the
segment [0, 1] and that Eq=0 = 0.

7. Thus, within Dirac’s GHD, the pairs of gravitating neutral particles of
energies E > 0 lose energy through gravitational radiation, reach the state of
E = 0, and in this state the gravitational radiation vanishes. The subsystem
of pairs of E = 0 is radiationally stable.

8. While the subsystem of pairs of E = 0 has 〈 〉K = 0, the rest of the gas has
〈 〉K rest > 0 (the subscript ‘rest’ stands for the ‘rest of gas’). The two
subsystems interact and can exchange members. Therefore, the entire
system tends to thermalize (due to the exchange of members of the two
subsystems), so that for the entire system we have the average kinetic energy
〈K〉 < 〈K〉rest.

9. The average kinetic energy of the rest of the gas 〈K〉rest will continue to
decrease in the course of time, so that the entire gas will have the average
kinetic energy 〈K〉 → 0. This means that in the course of time, practically
the entire gas would become thermodynamically equivalent to a set of non-
radiating pairs of E = 0.

10. Here we come to the following central point. The ‘freezing’ of the pairs into
classical states of r = const is equivalent to a partial inhibition of the
gravitation. Indeed, without it, the gravitational radiation and the loss of
the total energy would continue with 100% effectiveness and the pairs
would relatively rapidly collapse (being considered classically). However,
the partial inhibition of the gravitation slows down this process.

11. Thus as the share of the subsystem of pairs (in the entire system) increases in
the course of time the gravitational interaction within the entire system
effectively decreases and tends to zero.

12. For this scenario, the particles of the gas should have a practically infinite
lifetime and should have zero or very little interaction with the rest of the
matter. Therefore, the most probable candidate for these particles is
non-relativistic neutrinos. The current technology allows for detecting
only relativistic neutrinos—because slow moving neutrinos have very low
probabilities of interactions with the rest of the matter. However, nothing
prohibits neutrinos from moving at non-relativistic velocities.
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10.2 Conclusions
We considered a ‘gas’ of a large number of gravitating neutral non-relativistic
particles. We presented a step-by-step scenario, one of the central points of which
was the application of Dirac’s GHD to pairs of these particles. Another central point
was that the virial theorem is valid for pairs of zero total energy interacting through
Newton’s gravity—contrary to many textbooks stating that the virial theorem
applies only to bound states. We showed that as a result, the gravitational
interaction within the entire system effectively decreases.

According to a recent study [25] there is a disparity between galaxies spinning
clockwise and counterclockwise, so that the Universe as the whole rotates. If we
were to take this into account, then the particles of the rotating gas would expand at
an increasing speed.

The following point should be emphasized. The rotation of the Universe alone
cannot explain why in the first 9 billion years or so the expansion of the Universe was
decelerating. The entire situation can be explained by a combination of the
inhibition of the gravitational interaction (described above) complemented by the
rotation of the Universe. In other words, it took time for the gas to reach the above
stage 10 (the ‘freezing’ of the gravitation). During this time gravitation was still
dominating the opposing centrifugal force caused by the rotation of the Universe, so
that the expansion of the Universe was slowing down. Then, after the gas reached
the above stage 10, the centrifugal force caused by the rotation of the Universe
started dominating the gravitation, so that the expansion of the Universe began to
accelerate.

Thus in this model there is no need to resort to dark energy or to new
gravitational degrees of freedom (mass gravity etc) to explain the entire history of
the expansion of the Universe, including the observed acceleration of the expansion
in the last 5 billion years or so.
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Appendix A

Correct expression for α(F) controlling the
transmission coefficient D(F) in equation (5.18)

of chapter 5

The quantity α(F) is incorrectly given by Kulyagin and Taranukhin [1]. Indeed, in
[2], in problem 4 after paragraph 50, the quantity ε (which was re-named as α by
Kulyagin and Taranukhin) is given in atomic units as

ε = E k/ , (A.1)1/2

where E is the energy counted from the top of the parabolic barrier (for energies
below the top of the barrier, ε = −∣E∣/k1/2). In other words, in the notation of
Kulyagin and Taranukhin this should be

α = − −U E U k( )/4 . (A.2)p0
1/2⎡⎣ ⎤⎦

The quantity k, correctly calculated by Kulyagin and Taranukhin, is

η η η η= Δ − Δ = −k U E U(8/ ) ( )/4 , . (A.3)p
2

0 2 1
⎡⎣ ⎤⎦

After substituting equation (A.3) in equation (A.2) we obtain

α η

η

= − Δ − −

= − Δ −

{ }
{ }
U E U U E U

U E U

( )/4 8 ( )/4

( )/4 8 ,
(A.4)

p p

p

0 0
1/2

0
1/2

⎡⎣ ⎤⎦ ⎡⎣ ⎤⎦
⎡⎣ ⎤⎦

which differs significantly from the incorrect Kulyagin–Taranukhin formula for α.
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Appendix B

Weak field expansion of the integral in equation
(5.15) of chapter 5

First we find the weak field limit of the roots b(F), a(F), and −c(F) of the cubic
equation

η η β η− + + =U F F F2 / 4 / 1/ 0. (B.1)3 2
2

From a simple analysis it follows that in this limit b→∞, while a and c remain finite.
Therefore the asymptotic value of b can be found as the largest root of the truncated
equation

η η β η− + =U F F2 / 4 / 0. (B.2)3 2
2

Thus we obtain the first two terms of the asymptotic expansion of b in the form

β= −b F U F F U( ) (2 / )(1 / ). (B.3)2
2

The asymptotic values of the roots a(F) and −c(F) can be found from another
truncated equation obtained by omitting the term η3 in the cubic equation

η β η− + + =U F F F2 / 4 / 1/ 0. (B.4)2
2

As a result we obtain

β β β β= + + = + −( ) ( )a F U U c F U U( ) /2 , ( ) /2 . (B.5)2
2 1/2

2 2
2 1/2

2
⎡⎣ ⎤⎦ ⎡⎣ ⎤⎦

The arguments of the elliptic integrals depend on the quantities d = [(a + c)/(b + c)]1/2

and j = [a/(b + c)]1/2. From the previous section it follows that in the weak field limit
we have d → 0 and j → 0. Thus the task is to find the expansion of the elliptic
integrals as d → 0 and j → 0.
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The bracket containing the elliptic integrals of the first kind can be expressed as
follows:

− = − −d d d d dK F K[ (1/ ) (arcsin , 1/ )] i (1 ). (B.6)2 2 2

Let us temporarily denote the argument of the K-integral in the right side as k:
k = 1 − d2. By introducing k′ = (1 − k2) and noting that in the limit d → 0 it can be
approximated as k′ = 21/2d≪ 1, we can use the asymptotic result K(k′) = ln(4/k′) and
obtain

− = −d d d d dK F[ (1/ ) (arcsin , 1/ )] i ln(2 / ). (B.7)2 2
as

3/2

The bracket containing the elliptic integrals of the second kind can be represented
in the form

∫
− =

= − −

d d d i d I d

I d t t d t

E E[ (1/ ) (arcsin , 1/ )] ( / ) ( ),

( ) d [( )/(1 )] .
(B.8)

d

2 2
1

1

1
2 2 2 1/2

By expanding I1(d ) in the Taylor series we obtain

∫
= + ′ = −

= − − −

I d I dI d I d

I d t t d t

( ) (0) (0) 1 ( ),

( ) d [( )(1 )]
(B.9)

d

1 1 1
2

2

2

1
2 2 2 1/2

(here ′I (0)1 is the derivative of I1(z)). To obtain the asymptotic value of I2(d ) we note
that

− = −d d d dI dK F[ (1/ ) (arcsin , 1/ )] i ( ). (B.10)2 2
2

By comparing (B.10) and (B.6) we find

= −I d dK( ) (1 ). (B.11)2
2

Then, by using the asymptotic value of K(1 – d2) from (B.7), we obtain

− = −d d d d d dE E[ (1/ ) (arcsin , 1/ )] i[1/ ln(2 / )]. (B.12)2 2
as

3/2

The bracket containing the elliptic integrals of the third kind can be represented in
the form

∫
Π Π− − −

= − − + − −− −

d j d d j d d

d d j t t d j t d t

[ (1/( ), 1/ ) (1/( ), arcsin , 1/ )]

i ( ) d ( ) [( )(1 )] .
(B.13)

d

2 2 2 2 2 2

2 2
1

2 2 2 1 2 2 2 1/2

The integrand in (B.13) has singularities at t = d and at t = 1, where it goes to
positive infinity. Inside the integration range the integrand has a minimum at
t = 31/2/2. The location of the minimum as well as the subsequent results is obtained
in the limit d ≪ 1 (we recall that j < d).
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We divide the integration range into two parts: from d to dP(n), the corresponding
integral being denoted as I31, and from dP(n) to 1, the corresponding integral being
denoted as I32. Here P(n) = 1/2n, where n = 1, 2, 3, …, so that d < dP(n) < 1. The
integral I31 can be approximated as follows:

∫= −− −I t j t dd ( ) . (B.14)
d

P n

31

( )
2 2 2 1/2

After integrating I31 from (B.14) analytically and using n ≫ 1 we obtain

= −I j dln (2/ ). (B.15)31
2

The integral I32 can be approximated as follows:

∫= −− −I t t td (1 ) . (B.16)
P n

32
( )

1
3 2 1/2

After integrating I32 from (B.16) analytically and using n ≫ 1, we find that
I32 = const ∼ 1, so that it can be disregarded compared to I31 = j−2 ln(2/d) since j
< d ≪ 1.

Thus we obtain the asymptotic expression for the right side of (B.13) as

Π Π− − −
= − −

d j d d j d d

d d j j d

[ (1/( ), 1/ ) (1/( ), arcsin , 1/ )]

i ( ) ln(2/ ).
(B.17)

2 2 2 2 2 2
as

2 2 2

By substituting (B.7), (B.12), and (B.17) in (B.4), we obtain equation (5.16) from
chapter 5 for Intas(F).
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Appendix C

Tables of Stark profiles of hydrogenic spectral
lines under the multimode quasimonochromatic

electrostatic turbulence in plasmas

In this appendix, referred to in section 7.3, we present detailed tables of the Stark
profiles of the hydrogenic spectral lines Lyman-beta, Lyman-delta, Balmer-beta, and
Balmer-delta under the multimode quasimonochromatic electrostatic turbulence in
plasmas. The Stark profiles have been calculated as described in section 7.3. They
are presented here in the universal form—as the function of the scaled dimensionless
detuning δ from the unperturbed frequency of the spectral line:

δ ω= Δ ℏZ m e E2 ( )/(3 ). (C.1)r e rms

In equation (C.1) Zr is the nuclear charge of the radiating atom or ion, me and e are
the electron mass and charge, respectively, Δω is the detuning from the unperturbed
frequency of the spectral line in the frequency scale, and Erms is the root-mean-
square amplitude of the oscillatory field.

Below, there are two tables of Stark profiles for each spectral line. One table is for
the observation perpendicular to the field, and another table is for the observation
parallel to the field.

Each table consists of a set of entries of the form {δ, S}, where S(δ) is the
corresponding relative intensity. Each profile S(δ) is normalized to unity. In each
table, the slash \ at the end of each line, except the last lines, indicates that the
table continues in the next line.

Profile of the Lyman-beta line for the observation perpendicular to the field
{0, 0.141047}, {0.01, 0.141046}, {0.02, 0.141043}, {0.03, 0.141037}, {0.04, \
0.141029}, {0.05, 0.141018}, {0.06, 0.141005}, {0.07, 0.14099}, {0.08, \
0.140972}, {0.09, 0.140952}, {0.1, 0.14093}, {0.11, 0.140905}, {0.12, \
0.140878}, {0.13, 0.140849}, {0.14, 0.140817}, {0.15, 0.140783}, {0.16, \
0.140747}, {0.17, 0.140708}, {0.18, 0.140667}, {0.19, 0.140624}, {0.2, \
0.140578}, {0.21, 0.14053}, {0.22, 0.14048}, {0.23, 0.140427}, {0.24, \
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0.140372}, {0.25, 0.140315}, {0.26, 0.140256}, {0.27, 0.140194}, {0.28, \
0.14013}, {0.29, 0.140063}, {0.3, 0.139994}, {0.31, 0.139923}, {0.32, \
0.13985}, {0.33, 0.139774}, {0.34, 0.139697}, {0.35, 0.139616}, {0.36, \
0.139534}, {0.37, 0.139449}, {0.38, 0.139363}, {0.39, 0.139273}, {0.4, \
0.139182}, {0.41, 0.139088}, {0.42, 0.138993}, {0.43, 0.138894}, {0.44, \
0.138794}, {0.45, 0.138692}, {0.46, 0.138587}, {0.47, 0.13848}, {0.48, \
0.138371}, {0.49, 0.138259}, {0.5, 0.138146}, {0.51, 0.13803}, {0.52, \
0.137912}, {0.53, 0.137792}, {0.54, 0.13767}, {0.55, 0.137546}, {0.56, \
0.13742}, {0.57, 0.137291}, {0.58, 0.13716}, {0.59, 0.137027}, {0.6, \
0.136893}, {0.61, 0.136756}, {0.62, 0.136616}, {0.63, 0.136475}, {0.64, \
0.136332}, {0.65, 0.136187}, {0.66, 0.136039}, {0.67, 0.13589}, {0.68, \
0.135738}, {0.69, 0.135585}, {0.7, 0.135429}, {0.71, 0.135272}, {0.72, \
0.135112}, {0.73, 0.13495}, {0.74, 0.134787}, {0.75, 0.134621}, {0.76, \
0.134454}, {0.77, 0.134284}, {0.78, 0.134113}, {0.79, 0.13394}, {0.8, \
0.133764}, {0.81, 0.133587}, {0.82, 0.133408}, {0.83, 0.133227}, {0.84, \
0.133044}, {0.85, 0.13286}, {0.86, 0.132673}, {0.87, 0.132485}, {0.88, \
0.132294}, {0.89, 0.132102}, {0.9, 0.131908}, {0.91, 0.131712}, {0.92, \
0.131515}, {0.93, 0.131315}, {0.94, 0.131114}, {0.95, 0.130911}, {0.96, \
0.130707}, {0.97, 0.1305}, {0.98, 0.130292}, {0.99, 0.130082}, {1.0, \
0.129871}, {1.01, 0.129658}, {1.02, 0.129443}, {1.03, 0.129226}, {1.04, \
0.129008}, {1.05, 0.128788}, {1.06, 0.128567}, {1.07, 0.128343}, {1.08, \
0.128119}, {1.09, 0.127892}, {1.1, 0.127664}, {1.11, 0.127435}, {1.12, \
0.127204}, {1.13, 0.126971}, {1.14, 0.126737}, {1.15, 0.126501}, {1.16, \
0.126264}, {1.17, 0.126026}, {1.18, 0.125785}, {1.19, 0.125544}, {1.2, \
0.125301}, {1.21, 0.125056}, {1.22, 0.12481}, {1.23, 0.124563}, {1.24, \
0.124314}, {1.25, 0.124064}, {1.26, 0.123813}, {1.27, 0.12356}, {1.28, \
0.123305}, {1.29, 0.12305}, {1.3, 0.122793}, {1.31, 0.122535}, {1.32, \
0.122275}, {1.33, 0.122015}, {1.34, 0.121752}, {1.35, 0.121489}, {1.36, \
0.121225}, {1.37, 0.120959}, {1.38, 0.120692}, {1.39, 0.120424}, {1.4, \
0.120154}, {1.41, 0.119884}, {1.42, 0.119612}, {1.43, 0.11934}, {1.44, \
0.119066}, {1.45, 0.118791}, {1.46, 0.118514}, {1.47, 0.118237}, {1.48, \
0.117959}, {1.49, 0.11768}, {1.5, 0.117399}, {1.51, 0.117118}, {1.52, \
0.116835}, {1.53, 0.116552}, {1.54, 0.116267}, {1.55, 0.115982}, {1.56, \
0.115696}, {1.57, 0.115408}, {1.58, 0.11512}, {1.59, 0.114831}, {1.6, \
0.114541}, {1.61, 0.11425}, {1.62, 0.113958}, {1.63, 0.113666}, {1.64, \
0.113372}, {1.65, 0.113078}, {1.66, 0.112783}, {1.67, 0.112487}, {1.68, \
0.11219}, {1.69, 0.111892}, {1.7, 0.111594}, {1.71, 0.111295}, {1.72, \
0.110995}, {1.73, 0.110695}, {1.74, 0.110394}, {1.75, 0.110092}, {1.76, \
0.109789}, {1.77, 0.109486}, {1.78, 0.109182}, {1.79, 0.108878}, {1.8, \
0.108573}, {1.81, 0.108267}, {1.82, 0.107961}, {1.83, 0.107654}, {1.84, \
0.107347}, {1.85, 0.107039}, {1.86, 0.10673}, {1.87, 0.106421}, {1.88, \
0.106112}, {1.89, 0.105802}, {1.9, 0.105491}, {1.91, 0.10518}, {1.92, \
0.104869}, {1.93, 0.104557}, {1.94, 0.104245}, {1.95, 0.103932}, {1.96, \
0.103619}, {1.97, 0.103305}, {1.98, 0.102992}, {1.99, 0.102677}, {2.0, \
0.102363}, {2.01, 0.102048}, {2.02, 0.101733}, {2.03, 0.101417}, {2.04, \
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0.101101}, {2.05, 0.100785}, {2.06, 0.100469}, {2.07, 0.100153}, {2.08, \
0.0998357}, {2.09, 0.0995186}, {2.1, 0.0992014}, {2.11, 0.0988839}, {2.12, \
0.0985663}, {2.13, 0.0982485}, {2.14, 0.0979305}, {2.15, 0.0976124}, {2.16, \
0.0972941}, {2.17, 0.0969757}, {2.18, 0.0966572}, {2.19, 0.0963386}, {2.2, \
0.0960199}, {2.21, 0.0957012}, {2.22, 0.0953823}, {2.23, 0.0950635}, {2.24, \
0.0947446}, {2.25, 0.0944256}, {2.26, 0.0941067}, {2.27, 0.0937877}, {2.28, \
0.0934688}, {2.29, 0.0931498}, {2.3, 0.092831}, {2.31, 0.0925121}, {2.32, \
0.0921933}, {2.33, 0.0918746}, {2.34, 0.0915559}, {2.35, 0.0912374}, {2.36, \
0.0909189}, {2.37, 0.0906006}, {2.38, 0.0902824}, {2.39, 0.0899643}, {2.4, \
0.0896464}, {2.41, 0.0893286}, {2.42, 0.089011}, {2.43, 0.0886936}, {2.44, \
0.0883763}, {2.45, 0.0880593}, {2.46, 0.0877424}, {2.47, 0.0874258}, {2.48, \
0.0871095}, {2.49, 0.0867933}, {2.5, 0.0864774}, {2.51, 0.0861618}, {2.52, \
0.0858465}, {2.53, 0.0855314}, {2.54, 0.0852166}, {2.55, 0.0849022}, {2.56, \
0.084588}, {2.57, 0.0842742}, {2.58, 0.0839607}, {2.59, 0.0836475}, {2.6, \
0.0833347}, {2.61, 0.0830222}, {2.62, 0.0827102}, {2.63, 0.0823985}, {2.64, \
0.0820871}, {2.65, 0.0817762}, {2.66, 0.0814657}, {2.67, 0.0811556}, {2.68, \
0.0808459}, {2.69, 0.0805367}, {2.7, 0.0802279}, {2.71, 0.0799195}, {2.72, \
0.0796116}, {2.73, 0.0793042}, {2.74, 0.0789972}, {2.75, 0.0786908}, {2.76, \
0.0783848}, {2.77, 0.0780793}, {2.78, 0.0777743}, {2.79, 0.0774699}, {2.8, \
0.0771659}, {2.81, 0.0768625}, {2.82, 0.0765597}, {2.83, 0.0762573}, {2.84, \
0.0759556}, {2.85, 0.0756544}, {2.86, 0.0753537}, {2.87, 0.0750536}, {2.88, \
0.0747542}, {2.89, 0.0744553}, {2.9, 0.074157}, {2.91, 0.0738593}, {2.92, \
0.0735622}, {2.93, 0.0732657}, {2.94, 0.0729699}, {2.95, 0.0726747}, {2.96, \
0.0723801}, {2.97, 0.0720861}, {2.98, 0.0717928}, {2.99, 0.0715002}, {3.0, \
0.0712082}, {3.01, 0.0709169}, {3.02, 0.0706263}, {3.03, 0.0703363}, {3.04, \
0.0700471}, {3.05, 0.0697585}, {3.06, 0.0694706}, {3.07, 0.0691834}, {3.08, \
0.0688969}, {3.09, 0.0686112}, {3.1, 0.0683261}, {3.11, 0.0680418}, {3.12, \
0.0677582}, {3.13, 0.0674753}, {3.14, 0.0671932}, {3.15, 0.0669118}, {3.16, \
0.0666312}, {3.17, 0.0663513}, {3.18, 0.0660722}, {3.19, 0.0657938}, {3.2, \
0.0655162}, {3.21, 0.0652394}, {3.22, 0.0649633}, {3.23, 0.064688}, {3.24, \
0.0644135}, {3.25, 0.0641398}, {3.26, 0.0638669}, {3.27, 0.0635947}, {3.28, \
0.0633234}, {3.29, 0.0630529}, {3.3, 0.0627832}, {3.31, 0.0625142}, {3.32, \
0.0622461}, {3.33, 0.0619788}, {3.34, 0.0617124}, {3.35, 0.0614467}, {3.36, \
0.0611819}, {3.37, 0.0609179}, {3.38, 0.0606547}, {3.39, 0.0603924}, {3.4, \
0.0601309}, {3.41, 0.0598703}, {3.42, 0.0596105}, {3.43, 0.0593515}, {3.44, \
0.0590934}, {3.45, 0.0588361}, {3.46, 0.0585797}, {3.47, 0.0583241}, {3.48, \
0.0580694}, {3.49, 0.0578156}, {3.5, 0.0575626}, {3.51, 0.0573105}, {3.52, \
0.0570592}, {3.53, 0.0568088}, {3.54, 0.0565593}, {3.55, 0.0563106}, {3.56, \
0.0560629}, {3.57, 0.055816}, {3.58, 0.0555699}, {3.59, 0.0553248}, {3.6, \
0.0550805}, {3.61, 0.0548371}, {3.62, 0.0545946}, {3.63, 0.054353}, {3.64, \
0.0541122}, {3.65, 0.0538724}, {3.66, 0.0536334}, {3.67, 0.0533953}, {3.68, \
0.0531581}, {3.69, 0.0529218}, {3.7, 0.0526864}, {3.71, 0.0524518}, {3.72, \
0.0522182}, {3.73, 0.0519854}, {3.74, 0.0517535}, {3.75, 0.0515226}, {3.76, \
0.0512925}, {3.77, 0.0510633}, {3.78, 0.050835}, {3.79, 0.0506076}, {3.8, \
0.0503811}, {3.81, 0.0501555}, {3.82, 0.0499308}, {3.83, 0.0497069}, {3.84, \
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0.049484}, {3.85, 0.0492619}, {3.86, 0.0490408}, {3.87, 0.0488205}, {3.88, \
0.0486012}, {3.89, 0.0483827}, {3.9, 0.0481651}, {3.91, 0.0479484}, {3.92, \
0.0477326}, {3.93, 0.0475177}, {3.94, 0.0473037}, {3.95, 0.0470906}, {3.96, \
0.0468783}, {3.97, 0.046667}, {3.98, 0.0464565}, {3.99, 0.0462469}, {4.0, \
0.0460382}, {4.01, 0.0458304}, {4.02, 0.0456235}, {4.03, 0.0454174}, {4.04, \
0.0452122}, {4.05, 0.0450079}, {4.06, 0.0448045}, {4.07, 0.044602}, {4.08, \
0.0444003}, {4.09, 0.0441996}, {4.1, 0.0439996}, {4.11, 0.0438006}, {4.12, \
0.0436024}, {4.13, 0.0434051}, {4.14, 0.0432087}, {4.15, 0.0430131}, {4.16, \
0.0428184}, {4.17, 0.0426246}, {4.18, 0.0424316}, {4.19, 0.0422395}, {4.2, \
0.0420483}, {4.21, 0.0418579}, {4.22, 0.0416683}, {4.23, 0.0414796}, {4.24, \
0.0412918}, {4.25, 0.0411048}, {4.26, 0.0409186}, {4.27, 0.0407333}, {4.28, \
0.0405489}, {4.29, 0.0403653}, {4.3, 0.0401825}, {4.31, 0.0400005}, {4.32, \
0.0398194}, {4.33, 0.0396392}, {4.34, 0.0394597}, {4.35, 0.0392811}, {4.36, \
0.0391033}, {4.37, 0.0389263}, {4.38, 0.0387502}, {4.39, 0.0385749}, {4.4, \
0.0384004}, {4.41, 0.0382267}, {4.42, 0.0380538}, {4.43, 0.0378817}, {4.44, \
0.0377104}, {4.45, 0.03754}, {4.46, 0.0373703}, {4.47, 0.0372015}, {4.48, \
0.0370334}, {4.49, 0.0368661}, {4.5, 0.0366997}, {4.51, 0.036534}, {4.52, \
0.0363691}, {4.53, 0.036205}, {4.54, 0.0360416}, {4.55, 0.0358791}, {4.56, \
0.0357173}, {4.57, 0.0355563}, {4.58, 0.035396}, {4.59, 0.0352366}, {4.6, \
0.0350779}, {4.61, 0.0349199}, {4.62, 0.0347628}, {4.63, 0.0346063}, {4.64, \
0.0344507}, {4.65, 0.0342958}, {4.66, 0.0341416}, {4.67, 0.0339882}, {4.68, \
0.0338355}, {4.69, 0.0336835}, {4.7, 0.0335323}, {4.71, 0.0333819}, {4.72, \
0.0332321}, {4.73, 0.0330831}, {4.74, 0.0329348}, {4.75, 0.0327873}, {4.76, \
0.0326404}, {4.77, 0.0324943}, {4.78, 0.0323489}, {4.79, 0.0322042}, {4.8, \
0.0320602}, {4.81, 0.0319169}, {4.82, 0.0317743}, {4.83, 0.0316324}, {4.84, \
0.0314912}, {4.85, 0.0313507}, {4.86, 0.0312108}, {4.87, 0.0310717}, {4.88, \
0.0309333}, {4.89, 0.0307955}, {4.9, 0.0306584}, {4.91, 0.030522}, {4.92, \
0.0303862}, {4.93, 0.0302511}, {4.94, 0.0301167}, {4.95, 0.029983}, {4.96, \
0.0298499}, {4.97, 0.0297174}, {4.98, 0.0295856}, {4.99, 0.0294545}, {5.0, \
0.029324}
Profile of the Lyman-beta line for the observation parallel to the field
{0, 0.188063}, {0.01, 0.188061}, {0.02, 0.188055}, {0.03, 0.188044}, {0.04, \
0.18803}, {0.05, 0.188011}, {0.06, 0.187988}, {0.07, 0.187961}, {0.08, \
0.18793}, {0.09, 0.187894}, {0.1, 0.187854}, {0.11, 0.187811}, {0.12, \
0.187763}, {0.13, 0.18771}, {0.14, 0.187654}, {0.15, 0.187594}, {0.16, \
0.187529}, {0.17, 0.18746}, {0.18, 0.187387}, {0.19, 0.18731}, {0.2, \
0.187229}, {0.21, 0.187144}, {0.22, 0.187055}, {0.23, 0.186961}, {0.24, \
0.186863}, {0.25, 0.186762}, {0.26, 0.186656}, {0.27, 0.186546}, {0.28, \
0.186432}, {0.29, 0.186314}, {0.3, 0.186192}, {0.31, 0.186066}, {0.32, \
0.185936}, {0.33, 0.185801}, {0.34, 0.185663}, {0.35, 0.185521}, {0.36, \
0.185374}, {0.37, 0.185224}, {0.38, 0.18507}, {0.39, 0.184912}, {0.4, \
0.184749}, {0.41, 0.184583}, {0.42, 0.184413}, {0.43, 0.184239}, {0.44, \
0.184061}, {0.45, 0.183879}, {0.46, 0.183693}, {0.47, 0.183503}, {0.48, \
0.18331}, {0.49, 0.183112}, {0.5, 0.182911}, {0.51, 0.182706}, {0.52, \
0.182497}, {0.53, 0.182284}, {0.54, 0.182068}, {0.55, 0.181847}, {0.56, \
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0.181623}, {0.57, 0.181395}, {0.58, 0.181164}, {0.59, 0.180928}, {0.6, \
0.180689}, {0.61, 0.180446}, {0.62, 0.1802}, {0.63, 0.17995}, {0.64, \
0.179696}, {0.65, 0.179439}, {0.66, 0.179178}, {0.67, 0.178913}, {0.68, \
0.178645}, {0.69, 0.178373}, {0.7, 0.178098}, {0.71, 0.177819}, {0.72, \
0.177537}, {0.73, 0.177251}, {0.74, 0.176962}, {0.75, 0.176669}, {0.76, \
0.176373}, {0.77, 0.176073}, {0.78, 0.17577}, {0.79, 0.175464}, {0.8, \
0.175154}, {0.81, 0.174841}, {0.82, 0.174525}, {0.83, 0.174205}, {0.84, \
0.173882}, {0.85, 0.173556}, {0.86, 0.173227}, {0.87, 0.172894}, {0.88, \
0.172558}, {0.89, 0.172219}, {0.9, 0.171877}, {0.91, 0.171532}, {0.92, \
0.171183}, {0.93, 0.170832}, {0.94, 0.170477}, {0.95, 0.170119}, {0.96, \
0.169759}, {0.97, 0.169395}, {0.98, 0.169028}, {0.99, 0.168659}, {1.0, \
0.168286}, {1.01, 0.167911}, {1.02, 0.167533}, {1.03, 0.167151}, {1.04, \
0.166767}, {1.05, 0.166381}, {1.06, 0.165991}, {1.07, 0.165599}, {1.08, \
0.165204}, {1.09, 0.164806}, {1.1, 0.164405}, {1.11, 0.164002}, {1.12, \
0.163596}, {1.13, 0.163188}, {1.14, 0.162776}, {1.15, 0.162363}, {1.16, \
0.161947}, {1.17, 0.161528}, {1.18, 0.161107}, {1.19, 0.160683}, {1.2, \
0.160257}, {1.21, 0.159828}, {1.22, 0.159397}, {1.23, 0.158964}, {1.24, \
0.158528}, {1.25, 0.15809}, {1.26, 0.15765}, {1.27, 0.157208}, {1.28, \
0.156763}, {1.29, 0.156316}, {1.3, 0.155867}, {1.31, 0.155415}, {1.32, \
0.154962}, {1.33, 0.154506}, {1.34, 0.154048}, {1.35, 0.153589}, {1.36, \
0.153127}, {1.37, 0.152663}, {1.38, 0.152197}, {1.39, 0.15173}, {1.4, \
0.15126}, {1.41, 0.150788}, {1.42, 0.150315}, {1.43, 0.14984}, {1.44, \
0.149363}, {1.45, 0.148884}, {1.46, 0.148403}, {1.47, 0.147921}, {1.48, \
0.147437}, {1.49, 0.146951}, {1.5, 0.146464}, {1.51, 0.145975}, {1.52, \
0.145484}, {1.53, 0.144992}, {1.54, 0.144498}, {1.55, 0.144003}, {1.56, \
0.143506}, {1.57, 0.143008}, {1.58, 0.142508}, {1.59, 0.142007}, {1.6, \
0.141505}, {1.61, 0.141001}, {1.62, 0.140496}, {1.63, 0.139989}, {1.64, \
0.139482}, {1.65, 0.138973}, {1.66, 0.138463}, {1.67, 0.137951}, {1.68, \
0.137439}, {1.69, 0.136925}, {1.7, 0.13641}, {1.71, 0.135894}, {1.72, \
0.135377}, {1.73, 0.13486}, {1.74, 0.134341}, {1.75, 0.133821}, {1.76, \
0.1333}, {1.77, 0.132778}, {1.78, 0.132255}, {1.79, 0.131732}, {1.8, \
0.131207}, {1.81, 0.130682}, {1.82, 0.130156}, {1.83, 0.129629}, {1.84, \
0.129102}, {1.85, 0.128573}, {1.86, 0.128045}, {1.87, 0.127515}, {1.88, \
0.126985}, {1.89, 0.126454}, {1.9, 0.125923}, {1.91, 0.125391}, {1.92, \
0.124858}, {1.93, 0.124325}, {1.94, 0.123792}, {1.95, 0.123258}, {1.96, \
0.122723}, {1.97, 0.122189}, {1.98, 0.121654}, {1.99, 0.121118}, {2.0, \
0.120582}, {2.01, 0.120046}, {2.02, 0.11951}, {2.03, 0.118973}, {2.04, \
0.118437}, {2.05, 0.1179}, {2.06, 0.117362}, {2.07, 0.116825}, {2.08, \
0.116288}, {2.09, 0.11575}, {2.1, 0.115212}, {2.11, 0.114675}, {2.12, \
0.114137}, {2.13, 0.113599}, {2.14, 0.113062}, {2.15, 0.112524}, {2.16, \
0.111986}, {2.17, 0.111449}, {2.18, 0.110912}, {2.19, 0.110374}, {2.2, \
0.109837}, {2.21, 0.1093}, {2.22, 0.108764}, {2.23, 0.108227}, {2.24, \
0.107691}, {2.25, 0.107155}, {2.26, 0.10662}, {2.27, 0.106084}, {2.28, \
0.105549}, {2.29, 0.105015}, {2.3, 0.10448}, {2.31, 0.103947}, {2.32, \
0.103413}, {2.33, 0.10288}, {2.34, 0.102348}, {2.35, 0.101816}, {2.36, \
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0.101285}, {2.37, 0.100754}, {2.38, 0.100223}, {2.39, 0.0996935}, {2.4, \
0.0991643}, {2.41, 0.0986357}, {2.42, 0.0981078}, {2.43, 0.0975805}, {2.44, \
0.0970539}, {2.45, 0.096528}, {2.46, 0.0960029}, {2.47, 0.0954784}, {2.48, \
0.0949547}, {2.49, 0.0944318}, {2.5, 0.0939097}, {2.51, 0.0933884}, {2.52, \
0.0928679}, {2.53, 0.0923483}, {2.54, 0.0918295}, {2.55, 0.0913116}, {2.56, \
0.0907946}, {2.57, 0.0902786}, {2.58, 0.0897635}, {2.59, 0.0892493}, {2.6, \
0.0887361}, {2.61, 0.0882239}, {2.62, 0.0877127}, {2.63, 0.0872026}, {2.64, \
0.0866934}, {2.65, 0.0861854}, {2.66, 0.0856784}, {2.67, 0.0851725}, {2.68, \
0.0846677}, {2.69, 0.084164}, {2.7, 0.0836614}, {2.71, 0.08316}, {2.72, \
0.0826598}, {2.73, 0.0821608}, {2.74, 0.0816629}, {2.75, 0.0811663}, {2.76, \
0.0806709}, {2.77, 0.0801768}, {2.78, 0.0796839}, {2.79, 0.0791922}, {2.8, \
0.0787019}, {2.81, 0.0782128}, {2.82, 0.0777251}, {2.83, 0.0772387}, {2.84, \
0.0767536}, {2.85, 0.0762699}, {2.86, 0.0757875}, {2.87, 0.0753065}, {2.88, \
0.0748269}, {2.89, 0.0743488}, {2.9, 0.073872}, {2.91, 0.0733966}, {2.92, \
0.0729227}, {2.93, 0.0724503}, {2.94, 0.0719793}, {2.95, 0.0715097}, {2.96, \
0.0710417}, {2.97, 0.0705751}, {2.98, 0.0701101}, {2.99, 0.0696466}, {3.0, \
0.0691846}, {3.01, 0.0687241}, {3.02, 0.0682652}, {3.03, 0.0678079}, {3.04, \
0.0673521}, {3.05, 0.0668979}, {3.06, 0.0664452}, {3.07, 0.0659942}, {3.08, \
0.0655448}, {3.09, 0.065097}, {3.1, 0.0646508}, {3.11, 0.0642062}, {3.12, \
0.0637633}, {3.13, 0.063322}, {3.14, 0.0628824}, {3.15, 0.0624445}, {3.16, \
0.0620082}, {3.17, 0.0615736}, {3.18, 0.0611407}, {3.19, 0.0607095}, {3.2, \
0.06028}, {3.21, 0.0598522}, {3.22, 0.0594261}, {3.23, 0.0590017}, {3.24, \
0.0585791}, {3.25, 0.0581582}, {3.26, 0.057739}, {3.27, 0.0573216}, {3.28, \
0.056906}, {3.29, 0.0564921}, {3.3, 0.0560799}, {3.31, 0.0556696}, {3.32, \
0.055261}, {3.33, 0.0548542}, {3.34, 0.0544491}, {3.35, 0.0540459}, {3.36, \
0.0536445}, {3.37, 0.0532448}, {3.38, 0.052847}, {3.39, 0.0524509}, {3.4, \
0.0520567}, {3.41, 0.0516643}, {3.42, 0.0512737}, {3.43, 0.0508849}, {3.44, \
0.050498}, {3.45, 0.0501129}, {3.46, 0.0497296}, {3.47, 0.0493481}, {3.48, \
0.0489685}, {3.49, 0.0485908}, {3.5, 0.0482148}, {3.51, 0.0478408}, {3.52, \
0.0474685}, {3.53, 0.0470981}, {3.54, 0.0467296}, {3.55, 0.0463629}, {3.56, \
0.0459981}, {3.57, 0.0456351}, {3.58, 0.045274}, {3.59, 0.0449148}, {3.6, \
0.0445574}, {3.61, 0.0442019}, {3.62, 0.0438482}, {3.63, 0.0434964}, {3.64, \
0.0431465}, {3.65, 0.0427984}, {3.66, 0.0424522}, {3.67, 0.0421078}, {3.68, \
0.0417653}, {3.69, 0.0414247}, {3.7, 0.041086}, {3.71, 0.0407491}, {3.72, \
0.0404141}, {3.73, 0.0400809}, {3.74, 0.0397496}, {3.75, 0.0394202}, {3.76, \
0.0390926}, {3.77, 0.0387669}, {3.78, 0.0384431}, {3.79, 0.0381211}, {3.8, \
0.0378009}, {3.81, 0.0374826}, {3.82, 0.0371662}, {3.83, 0.0368516}, {3.84, \
0.0365389}, {3.85, 0.036228}, {3.86, 0.035919}, {3.87, 0.0356118}, {3.88, \
0.0353065}, {3.89, 0.035003}, {3.9, 0.0347013}, {3.91, 0.0344015}, {3.92, \
0.0341035}, {3.93, 0.0338073}, {3.94, 0.033513}, {3.95, 0.0332205}, {3.96, \
0.0329298}, {3.97, 0.0326409}, {3.98, 0.0323539}, {3.99, 0.0320686}, {4.0, \
0.0317852}, {4.01, 0.0315036}, {4.02, 0.0312237}, {4.03, 0.0309457}, {4.04, \
0.0306694}, {4.05, 0.030395}, {4.06, 0.0301223}, {4.07, 0.0298515}, {4.08, \
0.0295824}, {4.09, 0.029315}, {4.1, 0.0290495}, {4.11, 0.0287857}, {4.12, \
0.0285237}, {4.13, 0.0282634}, {4.14, 0.0280049}, {4.15, 0.0277481}, {4.16, \
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0.0274931}, {4.17, 0.0272398}, {4.18, 0.0269882}, {4.19, 0.0267384}, {4.2, \
0.0264903}, {4.21, 0.0262439}, {4.22, 0.0259992}, {4.23, 0.0257563}, {4.24, \
0.025515}, {4.25, 0.0252755}, {4.26, 0.0250376}, {4.27, 0.0248014}, {4.28, \
0.0245669}, {4.29, 0.0243341}, {4.3, 0.0241029}, {4.31, 0.0238734}, {4.32, \
0.0236456}, {4.33, 0.0234195}, {4.34, 0.0231949}, {4.35, 0.022972}, {4.36, \
0.0227508}, {4.37, 0.0225312}, {4.38, 0.0223132}, {4.39, 0.0220968}, {4.4, \
0.0218821}, {4.41, 0.0216689}, {4.42, 0.0214573}, {4.43, 0.0212474}, {4.44, \
0.021039}, {4.45, 0.0208322}, {4.46, 0.020627}, {4.47, 0.0204233}, {4.48, \
0.0202212}, {4.49, 0.0200207}, {4.5, 0.0198217}, {4.51, 0.0196243}, {4.52, \
0.0194284}, {4.53, 0.019234}, {4.54, 0.0190411}, {4.55, 0.0188498}, {4.56, \
0.0186599}, {4.57, 0.0184716}, {4.58, 0.0182847}, {4.59, 0.0180994}, {4.6, \
0.0179155}, {4.61, 0.0177331}, {4.62, 0.0175522}, {4.63, 0.0173727}, {4.64, \
0.0171947}, {4.65, 0.0170181}, {4.66, 0.016843}, {4.67, 0.0166693}, {4.68, \
0.016497}, {4.69, 0.0163261}, {4.7, 0.0161567}, {4.71, 0.0159886}, {4.72, \
0.015822}, {4.73, 0.0156567}, {4.74, 0.0154928}, {4.75, 0.0153303}, {4.76, \
0.0151692}, {4.77, 0.0150094}, {4.78, 0.014851}, {4.79, 0.0146939}, {4.8, \
0.0145382}, {4.81, 0.0143838}, {4.82, 0.0142307}, {4.83, 0.0140789}, {4.84, \
0.0139285}, {4.85, 0.0137793}, {4.86, 0.0136314}, {4.87, 0.0134849}, {4.88, \
0.0133396}, {4.89, 0.0131955}, {4.9, 0.0130528}, {4.91, 0.0129113}, {4.92, \
0.012771}, {4.93, 0.012632}, {4.94, 0.0124942}, {4.95, 0.0123577}, {4.96, \
0.0122224}, {4.97, 0.0120882}, {4.98, 0.0119553}, {4.99, 0.0118236}, {5.0, \
0.0116931}
Profile of the Lyman-delta line for the observation perpendicular to the field
{0, 0.0582996}, {0.01, 0.0582994}, {0.02, 0.058299}, {0.03, 0.0582983}, \
{0.04, 0.0582972}, {0.05, 0.0582959}, {0.06, 0.0582943}, {0.07, 0.0582924}, \
{0.08, 0.0582902}, {0.09, 0.0582877}, {0.1, 0.0582849}, {0.11, 0.0582818}, \
{0.12, 0.0582784}, {0.13, 0.0582747}, {0.14, 0.0582707}, {0.15, 0.0582665}, \
{0.16, 0.0582619}, {0.17, 0.0582571}, {0.18, 0.0582519}, {0.19, 0.0582465}, \
{0.2, 0.0582407}, {0.21, 0.0582347}, {0.22, 0.0582284}, {0.23, 0.0582218}, \
{0.24, 0.0582149}, {0.25, 0.0582077}, {0.26, 0.0582002}, {0.27, 0.0581924}, \
{0.28, 0.0581843}, {0.29, 0.058176}, {0.3, 0.0581673}, {0.31, 0.0581584}, \
{0.32, 0.0581491}, {0.33, 0.0581396}, {0.34, 0.0581298}, {0.35, 0.0581197}, \
{0.36, 0.0581093}, {0.37, 0.0580986}, {0.38, 0.0580876}, {0.39, 0.0580763}, \
{0.4, 0.0580648}, {0.41, 0.0580529}, {0.42, 0.0580408}, {0.43, 0.0580283}, \
{0.44, 0.0580156}, {0.45, 0.0580026}, {0.46, 0.0579893}, {0.47, 0.0579757}, \
{0.48, 0.0579619}, {0.49, 0.0579477}, {0.5, 0.0579333}, {0.51, 0.0579185}, \
{0.52, 0.0579035}, {0.53, 0.0578882}, {0.54, 0.0578726}, {0.55, 0.0578568}, \
{0.56, 0.0578406}, {0.57, 0.0578242}, {0.58, 0.0578075}, {0.59, 0.0577905}, \
{0.6, 0.0577732}, {0.61, 0.0577556}, {0.62, 0.0577377}, {0.63, 0.0577196}, \
{0.64, 0.0577012}, {0.65, 0.0576825}, {0.66, 0.0576635}, {0.67, 0.0576443}, \
{0.68, 0.0576247}, {0.69, 0.0576049}, {0.7, 0.0575848}, {0.71, 0.0575644}, \
{0.72, 0.0575438}, {0.73, 0.0575228}, {0.74, 0.0575016}, {0.75, 0.0574802}, \
{0.76, 0.0574584}, {0.77, 0.0574364}, {0.78, 0.057414}, {0.79, 0.0573915}, \
{0.8, 0.0573686}, {0.81, 0.0573455}, {0.82, 0.0573221}, {0.83, 0.0572984}, \
{0.84, 0.0572744}, {0.85, 0.0572502}, {0.86, 0.0572257}, {0.87, 0.0572009}, \
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{0.88, 0.0571759}, {0.89, 0.0571506}, {0.9, 0.057125}, {0.91, 0.0570992}, \
{0.92, 0.0570731}, {0.93, 0.0570467}, {0.94, 0.05702}, {0.95, 0.0569931}, \
{0.96, 0.0569659}, {0.97, 0.0569385}, {0.98, 0.0569108}, {0.99, 0.0568828}, \
{1.0, 0.0568546}, {1.01, 0.0568261}, {1.02, 0.0567973}, {1.03, 0.0567683}, \
{1.04, 0.056739}, {1.05, 0.0567095}, {1.06, 0.0566797}, {1.07, 0.0566496}, \
{1.08, 0.0566193}, {1.09, 0.0565887}, {1.1, 0.0565579}, {1.11, 0.0565268}, \
{1.12, 0.0564955}, {1.13, 0.0564639}, {1.14, 0.056432}, {1.15, 0.0563999}, \
{1.16, 0.0563676}, {1.17, 0.056335}, {1.18, 0.0563021}, {1.19, 0.056269}, \
{1.2, 0.0562356}, {1.21, 0.056202}, {1.22, 0.0561682}, {1.23, 0.0561341}, \
{1.24, 0.0560997}, {1.25, 0.0560651}, {1.26, 0.0560303}, {1.27, 0.0559952}, \
{1.28, 0.0559599}, {1.29, 0.0559243}, {1.3, 0.0558885}, {1.31, 0.0558524}, \
{1.32, 0.0558161}, {1.33, 0.0557796}, {1.34, 0.0557428}, {1.35, 0.0557058}, \
{1.36, 0.0556685}, {1.37, 0.055631}, {1.38, 0.0555933}, {1.39, 0.0555553}, \
{1.4, 0.0555171}, {1.41, 0.0554787}, {1.42, 0.05544}, {1.43, 0.0554011}, \
{1.44, 0.055362}, {1.45, 0.0553226}, {1.46, 0.055283}, {1.47, 0.0552432}, \
{1.48, 0.0552032}, {1.49, 0.0551629}, {1.5, 0.0551224}, {1.51, 0.0550816}, \
{1.52, 0.0550407}, {1.53, 0.0549995}, {1.54, 0.0549581}, {1.55, 0.0549165}, \
{1.56, 0.0548747}, {1.57, 0.0548326}, {1.58, 0.0547903}, {1.59, 0.0547478}, \
{1.6, 0.0547051}, {1.61, 0.0546622}, {1.62, 0.054619}, {1.63, 0.0545756}, \
{1.64, 0.0545321}, {1.65, 0.0544883}, {1.66, 0.0544443}, {1.67, 0.0544}, \
{1.68, 0.0543556}, {1.69, 0.054311}, {1.7, 0.0542661}, {1.71, 0.0542211}, \
{1.72, 0.0541758}, {1.73, 0.0541304}, {1.74, 0.0540847}, {1.75, 0.0540388}, \
{1.76, 0.0539927}, {1.77, 0.0539464}, {1.78, 0.0539}, {1.79, 0.0538533}, \
{1.8, 0.0538064}, {1.81, 0.0537593}, {1.82, 0.053712}, {1.83, 0.0536646}, \
{1.84, 0.0536169}, {1.85, 0.053569}, {1.86, 0.053521}, {1.87, 0.0534727}, \
{1.88, 0.0534243}, {1.89, 0.0533757}, {1.9, 0.0533268}, {1.91, 0.0532778}, \
{1.92, 0.0532286}, {1.93, 0.0531792}, {1.94, 0.0531297}, {1.95, 0.0530799}, \
{1.96, 0.05303}, {1.97, 0.0529799}, {1.98, 0.0529296}, {1.99, 0.0528791}, \
{2.0, 0.0528284}, {2.01, 0.0527776}, {2.02, 0.0527265}, {2.03, 0.0526753}, \
{2.04, 0.052624}, {2.05, 0.0525724}, {2.06, 0.0525207}, {2.07, 0.0524688}, \
{2.08, 0.0524167}, {2.09, 0.0523645}, {2.1, 0.0523121}, {2.11, 0.0522595}, \
{2.12, 0.0522068}, {2.13, 0.0521539}, {2.14, 0.0521008}, {2.15, 0.0520476}, \
{2.16, 0.0519942}, {2.17, 0.0519406}, {2.18, 0.0518869}, {2.19, 0.051833}, \
{2.2, 0.051779}, {2.21, 0.0517248}, {2.22, 0.0516704}, {2.23, 0.0516159}, \
{2.24, 0.0515612}, {2.25, 0.0515064}, {2.26, 0.0514514}, {2.27, 0.0513963}, \
{2.28, 0.051341}, {2.29, 0.0512856}, {2.3, 0.05123}, {2.31, 0.0511743}, \
{2.32, 0.0511184}, {2.33, 0.0510624}, {2.34, 0.0510062}, {2.35, 0.0509499}, \
{2.36, 0.0508935}, {2.37, 0.0508369}, {2.38, 0.0507801}, {2.39, 0.0507233}, \
{2.4, 0.0506663}, {2.41, 0.0506091}, {2.42, 0.0505518}, {2.43, 0.0504944}, \
{2.44, 0.0504369}, {2.45, 0.0503792}, {2.46, 0.0503214}, {2.47, 0.0502634}, \
{2.48, 0.0502054}, {2.49, 0.0501472}, {2.5, 0.0500888}, {2.51, 0.0500304}, \
{2.52, 0.0499718}, {2.53, 0.0499131}, {2.54, 0.0498543}, {2.55, 0.0497953}, \
{2.56, 0.0497363}, {2.57, 0.0496771}, {2.58, 0.0496178}, {2.59, 0.0495583}, \
{2.6, 0.0494988}, {2.61, 0.0494391}, {2.62, 0.0493794}, {2.63, 0.0493195}, \
{2.64, 0.0492595}, {2.65, 0.0491994}, {2.66, 0.0491392}, {2.67, 0.0490788}, \
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{2.68, 0.0490184}, {2.69, 0.0489579}, {2.7, 0.0488972}, {2.71, 0.0488364}, \
{2.72, 0.0487756}, {2.73, 0.0487146}, {2.74, 0.0486536}, {2.75, 0.0485924}, \
{2.76, 0.0485312}, {2.77, 0.0484698}, {2.78, 0.0484083}, {2.79, 0.0483468}, \
{2.8, 0.0482851}, {2.81, 0.0482234}, {2.82, 0.0481616}, {2.83, 0.0480996}, \
{2.84, 0.0480376}, {2.85, 0.0479755}, {2.86, 0.0479133}, {2.87, 0.047851}, \
{2.88, 0.0477887}, {2.89, 0.0477262}, {2.9, 0.0476637}, {2.91, 0.0476011}, \
{2.92, 0.0475384}, {2.93, 0.0474756}, {2.94, 0.0474127}, {2.95, 0.0473498}, \
{2.96, 0.0472868}, {2.97, 0.0472237}, {2.98, 0.0471605}, {2.99, 0.0470972}, \
{3.0, 0.0470339}, {3.01, 0.0469705}, {3.02, 0.0469071}, {3.03, 0.0468435}, \
{3.04, 0.0467799}, {3.05, 0.0467162}, {3.06, 0.0466525}, {3.07, 0.0465887}, \
{3.08, 0.0465248}, {3.09, 0.0464609}, {3.1, 0.0463969}, {3.11, 0.0463328}, \
{3.12, 0.0462687}, {3.13, 0.0462045}, {3.14, 0.0461403}, {3.15, 0.046076}, \
{3.16, 0.0460116}, {3.17, 0.0459472}, {3.18, 0.0458828}, {3.19, 0.0458182}, \
{3.2, 0.0457537}, {3.21, 0.045689}, {3.22, 0.0456244}, {3.23, 0.0455596}, \
{3.24, 0.0454949}, {3.25, 0.04543}, {3.26, 0.0453652}, {3.27, 0.0453003}, \
{3.28, 0.0452353}, {3.29, 0.0451703}, {3.3, 0.0451053}, {3.31, 0.0450402}, \
{3.32, 0.0449751}, {3.33, 0.0449099}, {3.34, 0.0448447}, {3.35, 0.0447795}, \
{3.36, 0.0447142}, {3.37, 0.0446489}, {3.38, 0.0445835}, {3.39, 0.0445181}, \
{3.4, 0.0444527}, {3.41, 0.0443873}, {3.42, 0.0443218}, {3.43, 0.0442563}, \
{3.44, 0.0441908}, {3.45, 0.0441252}, {3.46, 0.0440596}, {3.47, 0.043994}, \
{3.48, 0.0439284}, {3.49, 0.0438627}, {3.5, 0.043797}, {3.51, 0.0437313}, \
{3.52, 0.0436656}, {3.53, 0.0435999}, {3.54, 0.0435341}, {3.55, 0.0434683}, \
{3.56, 0.0434025}, {3.57, 0.0433367}, {3.58, 0.0432709}, {3.59, 0.0432051}, \
{3.6, 0.0431392}, {3.61, 0.0430733}, {3.62, 0.0430075}, {3.63, 0.0429416}, \
{3.64, 0.0428757}, {3.65, 0.0428098}, {3.66, 0.0427438}, {3.67, 0.0426779}, \
{3.68, 0.042612}, {3.69, 0.0425461}, {3.7, 0.0424801}, {3.71, 0.0424142}, \
{3.72, 0.0423483}, {3.73, 0.0422823}, {3.74, 0.0422164}, {3.75, 0.0421504}, \
{3.76, 0.0420845}, {3.77, 0.0420186}, {3.78, 0.0419526}, {3.79, 0.0418867}, \
{3.8, 0.0418208}, {3.81, 0.0417549}, {3.82, 0.041689}, {3.83, 0.0416231}, \
{3.84, 0.0415572}, {3.85, 0.0414913}, {3.86, 0.0414254}, {3.87, 0.0413596}, \
{3.88, 0.0412937}, {3.89, 0.0412279}, {3.9, 0.0411621}, {3.91, 0.0410963}, \
{3.92, 0.0410305}, {3.93, 0.0409647}, {3.94, 0.0408989}, {3.95, 0.0408332}, \
{3.96, 0.0407675}, {3.97, 0.0407018}, {3.98, 0.0406361}, {3.99, 0.0405704}, \
{4.0, 0.0405048}, {4.01, 0.0404392}, {4.02, 0.0403736}, {4.03, 0.040308}, \
{4.04, 0.0402425}, {4.05, 0.040177}, {4.06, 0.0401115}, {4.07, 0.040046}, \
{4.08, 0.0399806}, {4.09, 0.0399152}, {4.1, 0.0398498}, {4.11, 0.0397845}, \
{4.12, 0.0397192}, {4.13, 0.0396539}, {4.14, 0.0395887}, {4.15, 0.0395235}, \
{4.16, 0.0394583}, {4.17, 0.0393932}, {4.18, 0.0393281}, {4.19, 0.039263}, \
{4.2, 0.039198}, {4.21, 0.039133}, {4.22, 0.0390681}, {4.23, 0.0390032}, \
{4.24, 0.0389383}, {4.25, 0.0388735}, {4.26, 0.0388087}, {4.27, 0.038744}, \
{4.28, 0.0386793}, {4.29, 0.0386146}, {4.3, 0.03855}, {4.31, 0.0384855}, \
{4.32, 0.038421}, {4.33, 0.0383565}, {4.34, 0.0382921}, {4.35, 0.0382277}, \
{4.36, 0.0381634}, {4.37, 0.0380991}, {4.38, 0.0380349}, {4.39, 0.0379708}, \
{4.4, 0.0379067}, {4.41, 0.0378426}, {4.42, 0.0377786}, {4.43, 0.0377146}, \
{4.44, 0.0376507}, {4.45, 0.0375869}, {4.46, 0.0375231}, {4.47, 0.0374594}, \
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{4.48, 0.0373957}, {4.49, 0.0373321}, {4.5, 0.0372686}, {4.51, 0.0372051}, \
{4.52, 0.0371416}, {4.53, 0.0370783}, {4.54, 0.0370149}, {4.55, 0.0369517}, \
{4.56, 0.0368885}, {4.57, 0.0368254}, {4.58, 0.0367623}, {4.59, 0.0366993}, \
{4.6, 0.0366364}, {4.61, 0.0365735}, {4.62, 0.0365107}, {4.63, 0.036448}, \
{4.64, 0.0363853}, {4.65, 0.0363227}, {4.66, 0.0362602}, {4.67, 0.0361977}, \
{4.68, 0.0361354}, {4.69, 0.036073}, {4.7, 0.0360108}, {4.71, 0.0359486}, \
{4.72, 0.0358865}, {4.73, 0.0358245}, {4.74, 0.0357625}, {4.75, 0.0357006}, \
{4.76, 0.0356388}, {4.77, 0.0355771}, {4.78, 0.0355154}, {4.79, 0.0354538}, \
{4.8, 0.0353923}, {4.81, 0.0353309}, {4.82, 0.0352695}, {4.83, 0.0352082}, \
{4.84, 0.035147}, {4.85, 0.0350859}, {4.86, 0.0350248}, {4.87, 0.0349639}, \
{4.88, 0.034903}, {4.89, 0.0348422}, {4.9, 0.0347814}, {4.91, 0.0347208}, \
{4.92, 0.0346602}, {4.93, 0.0345998}, {4.94, 0.0345394}, {4.95, 0.034479}, \
{4.96, 0.0344188}, {4.97, 0.0343587}, {4.98, 0.0342986}, {4.99, 0.0342386}, \
{5.0, 0.0341787}
Profile of the Lyman-delta line for the observation parallel to the field
{0, 0.0827478}, {0.01, 0.0827475}, {0.02, 0.0827467}, {0.03, 0.0827453}, \
{0.04, 0.0827434}, {0.05, 0.0827409}, {0.06, 0.0827378}, {0.07, 0.0827342}, \
{0.08, 0.08273}, {0.09, 0.0827253}, {0.1, 0.0827201}, {0.11, 0.0827142}, \
{0.12, 0.0827079}, {0.13, 0.0827009}, {0.14, 0.0826934}, {0.15, 0.0826854}, \
{0.16, 0.0826768}, {0.17, 0.0826677}, {0.18, 0.082658}, {0.19, 0.0826477}, \
{0.2, 0.0826369}, {0.21, 0.0826255}, {0.22, 0.0826136}, {0.23, 0.0826012}, \
{0.24, 0.0825881}, {0.25, 0.0825746}, {0.26, 0.0825605}, {0.27, 0.0825458}, \
{0.28, 0.0825306}, {0.29, 0.0825148}, {0.3, 0.0824985}, {0.31, 0.0824816}, \
{0.32, 0.0824642}, {0.33, 0.0824463}, {0.34, 0.0824277}, {0.35, 0.0824087}, \
{0.36, 0.0823891}, {0.37, 0.0823689}, {0.38, 0.0823482}, {0.39, 0.082327}, \
{0.4, 0.0823052}, {0.41, 0.0822829}, {0.42, 0.08226}, {0.43, 0.0822366}, \
{0.44, 0.0822126}, {0.45, 0.0821881}, {0.46, 0.082163}, {0.47, 0.0821375}, \
{0.48, 0.0821113}, {0.49, 0.0820847}, {0.5, 0.0820574}, {0.51, 0.0820297}, \
{0.52, 0.0820014}, {0.53, 0.0819726}, {0.54, 0.0819432}, {0.55, 0.0819133}, \
{0.56, 0.0818829}, {0.57, 0.0818519}, {0.58, 0.0818204}, {0.59, 0.0817884}, \
{0.6, 0.0817558}, {0.61, 0.0817227}, {0.62, 0.0816891}, {0.63, 0.0816549}, \
{0.64, 0.0816202}, {0.65, 0.081585}, {0.66, 0.0815493}, {0.67, 0.081513}, \
{0.68, 0.0814762}, {0.69, 0.0814389}, {0.7, 0.081401}, {0.71, 0.0813626}, \
{0.72, 0.0813238}, {0.73, 0.0812843}, {0.74, 0.0812444}, {0.75, 0.0812039}, \
{0.76, 0.081163}, {0.77, 0.0811215}, {0.78, 0.0810795}, {0.79, 0.0810369}, \
{0.8, 0.0809939}, {0.81, 0.0809503}, {0.82, 0.0809062}, {0.83, 0.0808617}, \
{0.84, 0.0808166}, {0.85, 0.080771}, {0.86, 0.0807249}, {0.87, 0.0806782}, \
{0.88, 0.0806311}, {0.89, 0.0805835}, {0.9, 0.0805353}, {0.91, 0.0804867}, \
{0.92, 0.0804375}, {0.93, 0.0803879}, {0.94, 0.0803377}, {0.95, 0.0802871}, \
{0.96, 0.080236}, {0.97, 0.0801843}, {0.98, 0.0801322}, {0.99, 0.0800795}, \
{1.0, 0.0800264}, {1.01, 0.0799728}, {1.02, 0.0799187}, {1.03, 0.0798641}, \
{1.04, 0.079809}, {1.05, 0.0797535}, {1.06, 0.0796974}, {1.07, 0.0796409}, \
{1.08, 0.0795838}, {1.09, 0.0795263}, {1.1, 0.0794683}, {1.11, 0.0794099}, \
{1.12, 0.0793509}, {1.13, 0.0792915}, {1.14, 0.0792316}, {1.15, 0.0791712}, \
{1.16, 0.0791104}, {1.17, 0.0790491}, {1.18, 0.0789873}, {1.19, 0.078925}, \
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{1.2, 0.0788623}, {1.21, 0.0787991}, {1.22, 0.0787355}, {1.23, 0.0786714}, \
{1.24, 0.0786068}, {1.25, 0.0785418}, {1.26, 0.0784763}, {1.27, 0.0784103}, \
{1.28, 0.0783439}, {1.29, 0.0782771}, {1.3, 0.0782098}, {1.31, 0.078142}, \
{1.32, 0.0780738}, {1.33, 0.0780052}, {1.34, 0.0779361}, {1.35, 0.0778665}, \
{1.36, 0.0777965}, {1.37, 0.0777261}, {1.38, 0.0776552}, {1.39, 0.0775839}, \
{1.4, 0.0775122}, {1.41, 0.07744}, {1.42, 0.0773674}, {1.43, 0.0772943}, \
{1.44, 0.0772208}, {1.45, 0.0771469}, {1.46, 0.0770726}, {1.47, 0.0769978}, \
{1.48, 0.0769226}, {1.49, 0.076847}, {1.5, 0.076771}, {1.51, 0.0766946}, \
{1.52, 0.0766177}, {1.53, 0.0765404}, {1.54, 0.0764627}, {1.55, 0.0763846}, \
{1.56, 0.0763061}, {1.57, 0.0762272}, {1.58, 0.0761479}, {1.59, 0.0760681}, \
{1.6, 0.075988}, {1.61, 0.0759074}, {1.62, 0.0758265}, {1.63, 0.0757452}, \
{1.64, 0.0756634}, {1.65, 0.0755813}, {1.66, 0.0754988}, {1.67, 0.0754159}, \
{1.68, 0.0753326}, {1.69, 0.0752489}, {1.7, 0.0751648}, {1.71, 0.0750803}, \
{1.72, 0.0749955}, {1.73, 0.0749103}, {1.74, 0.0748247}, {1.75, 0.0747387}, \
{1.76, 0.0746523}, {1.77, 0.0745656}, {1.78, 0.0744785}, {1.79, 0.0743911}, \
{1.8, 0.0743032}, {1.81, 0.074215}, {1.82, 0.0741265}, {1.83, 0.0740375}, \
{1.84, 0.0739483}, {1.85, 0.0738586}, {1.86, 0.0737686}, {1.87, 0.0736783}, \
{1.88, 0.0735876}, {1.89, 0.0734965}, {1.9, 0.0734051}, {1.91, 0.0733134}, \
{1.92, 0.0732213}, {1.93, 0.0731289}, {1.94, 0.0730361}, {1.95, 0.072943}, \
{1.96, 0.0728495}, {1.97, 0.0727558}, {1.98, 0.0726616}, {1.99, 0.0725672}, \
{2.0, 0.0724724}, {2.01, 0.0723773}, {2.02, 0.0722819}, {2.03, 0.0721862}, \
{2.04, 0.0720901}, {2.05, 0.0719937}, {2.06, 0.071897}, {2.07, 0.0718}, \
{2.08, 0.0717027}, {2.09, 0.071605}, {2.1, 0.0715071}, {2.11, 0.0714088}, \
{2.12, 0.0713103}, {2.13, 0.0712114}, {2.14, 0.0711122}, {2.15, 0.0710128}, \
{2.16, 0.070913}, {2.17, 0.070813}, {2.18, 0.0707126}, {2.19, 0.070612}, \
{2.2, 0.0705111}, {2.21, 0.0704099}, {2.22, 0.0703084}, {2.23, 0.0702066}, \
{2.24, 0.0701046}, {2.25, 0.0700022}, {2.26, 0.0698996}, {2.27, 0.0697968}, \
{2.28, 0.0696936}, {2.29, 0.0695902}, {2.3, 0.0694865}, {2.31, 0.0693825}, \
{2.32, 0.0692783}, {2.33, 0.0691739}, {2.34, 0.0690691}, {2.35, 0.0689641}, \
{2.36, 0.0688589}, {2.37, 0.0687534}, {2.38, 0.0686476}, {2.39, 0.0685416}, \
{2.4, 0.0684354}, {2.41, 0.0683289}, {2.42, 0.0682222}, {2.43, 0.0681152}, \
{2.44, 0.068008}, {2.45, 0.0679005}, {2.46, 0.0677929}, {2.47, 0.0676849}, \
{2.48, 0.0675768}, {2.49, 0.0674684}, {2.5, 0.0673598}, {2.51, 0.067251}, \
{2.52, 0.067142}, {2.53, 0.0670327}, {2.54, 0.0669233}, {2.55, 0.0668136}, \
{2.56, 0.0667037}, {2.57, 0.0665936}, {2.58, 0.0664832}, {2.59, 0.0663727}, \
{2.6, 0.066262}, {2.61, 0.066151}, {2.62, 0.0660399}, {2.63, 0.0659286}, \
{2.64, 0.0658171}, {2.65, 0.0657053}, {2.66, 0.0655934}, {2.67, 0.0654813}, \
{2.68, 0.065369}, {2.69, 0.0652566}, {2.7, 0.0651439}, {2.71, 0.0650311}, \
{2.72, 0.0649181}, {2.73, 0.0648049}, {2.74, 0.0646915}, {2.75, 0.064578}, \
{2.76, 0.0644643}, {2.77, 0.0643504}, {2.78, 0.0642364}, {2.79, 0.0641221}, \
{2.8, 0.0640078}, {2.81, 0.0638933}, {2.82, 0.0637786}, {2.83, 0.0636637}, \
{2.84, 0.0635487}, {2.85, 0.0634336}, {2.86, 0.0633183}, {2.87, 0.0632029}, \
{2.88, 0.0630873}, {2.89, 0.0629716}, {2.9, 0.0628557}, {2.91, 0.0627397}, \
{2.92, 0.0626235}, {2.93, 0.0625073}, {2.94, 0.0623909}, {2.95, 0.0622743}, \
{2.96, 0.0621576}, {2.97, 0.0620409}, {2.98, 0.0619239}, {2.99, 0.0618069}, \
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{3.0, 0.0616897}, {3.01, 0.0615725}, {3.02, 0.0614551}, {3.03, 0.0613376}, \
{3.04, 0.0612199}, {3.05, 0.0611022}, {3.06, 0.0609844}, {3.07, 0.0608664}, \
{3.08, 0.0607484}, {3.09, 0.0606303}, {3.1, 0.060512}, {3.11, 0.0603937}, \
{3.12, 0.0602753}, {3.13, 0.0601567}, {3.14, 0.0600381}, {3.15, 0.0599194}, \
{3.16, 0.0598006}, {3.17, 0.0596817}, {3.18, 0.0595628}, {3.19, 0.0594437}, \
{3.2, 0.0593246}, {3.21, 0.0592054}, {3.22, 0.0590861}, {3.23, 0.0589668}, \
{3.24, 0.0588474}, {3.25, 0.0587279}, {3.26, 0.0586084}, {3.27, 0.0584887}, \
{3.28, 0.0583691}, {3.29, 0.0582493}, {3.3, 0.0581295}, {3.31, 0.0580097}, \
{3.32, 0.0578898}, {3.33, 0.0577698}, {3.34, 0.0576498}, {3.35, 0.0575297}, \
{3.36, 0.0574096}, {3.37, 0.0572895}, {3.38, 0.0571693}, {3.39, 0.0570491}, \
{3.4, 0.0569288}, {3.41, 0.0568085}, {3.42, 0.0566881}, {3.43, 0.0565677}, \
{3.44, 0.0564473}, {3.45, 0.0563269}, {3.46, 0.0562064}, {3.47, 0.0560859}, \
{3.48, 0.0559654}, {3.49, 0.0558449}, {3.5, 0.0557243}, {3.51, 0.0556038}, \
{3.52, 0.0554832}, {3.53, 0.0553626}, {3.54, 0.0552419}, {3.55, 0.0551213}, \
{3.56, 0.0550007}, {3.57, 0.05488}, {3.58, 0.0547594}, {3.59, 0.0546387}, \
{3.6, 0.0545181}, {3.61, 0.0543974}, {3.62, 0.0542768}, {3.63, 0.0541561}, \
{3.64, 0.0540355}, {3.65, 0.0539149}, {3.66, 0.0537942}, {3.67, 0.0536736}, \
{3.68, 0.053553}, {3.69, 0.0534325}, {3.7, 0.0533119}, {3.71, 0.0531913}, \
{3.72, 0.0530708}, {3.73, 0.0529503}, {3.74, 0.0528298}, {3.75, 0.0527094}, \
{3.76, 0.052589}, {3.77, 0.0524686}, {3.78, 0.0523482}, {3.79, 0.0522279}, \
{3.8, 0.0521076}, {3.81, 0.0519873}, {3.82, 0.0518671}, {3.83, 0.0517469}, \
{3.84, 0.0516268}, {3.85, 0.0515067}, {3.86, 0.0513866}, {3.87, 0.0512666}, \
{3.88, 0.0511466}, {3.89, 0.0510267}, {3.9, 0.0509069}, {3.91, 0.0507871}, \
{3.92, 0.0506673}, {3.93, 0.0505476}, {3.94, 0.050428}, {3.95, 0.0503084}, \
{3.96, 0.0501889}, {3.97, 0.0500694}, {3.98, 0.0499501}, {3.99, 0.0498307}, \
{4.0, 0.0497115}, {4.01, 0.0495923}, {4.02, 0.0494732}, {4.03, 0.0493541}, \
{4.04, 0.0492352}, {4.05, 0.0491163}, {4.06, 0.0489975}, {4.07, 0.0488787}, \
{4.08, 0.0487601}, {4.09, 0.0486415}, {4.1, 0.048523}, {4.11, 0.0484046}, \
{4.12, 0.0482863}, {4.13, 0.0481681}, {4.14, 0.0480499}, {4.15, 0.0479319}, \
{4.16, 0.0478139}, {4.17, 0.047696}, {4.18, 0.0475783}, {4.19, 0.0474606}, \
{4.2, 0.047343}, {4.21, 0.0472255}, {4.22, 0.0471082}, {4.23, 0.0469909}, \
{4.24, 0.0468737}, {4.25, 0.0467567}, {4.26, 0.0466397}, {4.27, 0.0465229}, \
{4.28, 0.0464061}, {4.29, 0.0462895}, {4.3, 0.046173}, {4.31, 0.0460566}, \
{4.32, 0.0459403}, {4.33, 0.0458241}, {4.34, 0.0457081}, {4.35, 0.0455921}, \
{4.36, 0.0454763}, {4.37, 0.0453606}, {4.38, 0.045245}, {4.39, 0.0451296}, \
{4.4, 0.0450143}, {4.41, 0.0448991}, {4.42, 0.044784}, {4.43, 0.0446691}, \
{4.44, 0.0445543}, {4.45, 0.0444396}, {4.46, 0.0443251}, {4.47, 0.0442107}, \
{4.48, 0.0440964}, {4.49, 0.0439823}, {4.5, 0.0438683}, {4.51, 0.0437544}, \
{4.52, 0.0436407}, {4.53, 0.0435271}, {4.54, 0.0434137}, {4.55, 0.0433004}, \
{4.56, 0.0431873}, {4.57, 0.0430743}, {4.58, 0.0429614}, {4.59, 0.0428487}, \
{4.6, 0.0427362}, {4.61, 0.0426238}, {4.62, 0.0425115}, {4.63, 0.0423994}, \
{4.64, 0.0422875}, {4.65, 0.0421757}, {4.66, 0.0420641}, {4.67, 0.0419526}, \
{4.68, 0.0418413}, {4.69, 0.0417302}, {4.7, 0.0416192}, {4.71, 0.0415084}, \
{4.72, 0.0413977}, {4.73, 0.0412872}, {4.74, 0.0411769}, {4.75, 0.0410667}, \
{4.76, 0.0409567}, {4.77, 0.0408469}, {4.78, 0.0407372}, {4.79, 0.0406277}, \
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{4.8, 0.0405184}, {4.81, 0.0404092}, {4.82, 0.0403003}, {4.83, 0.0401915}, \
{4.84, 0.0400828}, {4.85, 0.0399744}, {4.86, 0.0398661}, {4.87, 0.039758}, \
{4.88, 0.0396501}, {4.89, 0.0395424}, {4.9, 0.0394348}, {4.91, 0.0393274}, \
{4.92, 0.0392202}, {4.93, 0.0391132}, {4.94, 0.0390064}, {4.95, 0.0388998}, \
{4.96, 0.0387933}, {4.97, 0.038687}, {4.98, 0.038581}, {4.99, 0.0384751}, \
{5.0, 0.0383694}
Profile of the Balmer-beta line for the observation perpendicular to the field
{0, 0.101709}, {0.01, 0.101709}, {0.02, 0.101707}, {0.03, 0.101703}, {0.04, \
0.101699}, {0.05, 0.101693}, {0.06, 0.101686}, {0.07, 0.101677}, {0.08, \
0.101668}, {0.09, 0.101656}, {0.1, 0.101644}, {0.11, 0.10163}, {0.12, \
0.101615}, {0.13, 0.101599}, {0.14, 0.101582}, {0.15, 0.101563}, {0.16, \
0.101543}, {0.17, 0.101521}, {0.18, 0.101499}, {0.19, 0.101474}, {0.2, \
0.101449}, {0.21, 0.101423}, {0.22, 0.101395}, {0.23, 0.101366}, {0.24, \
0.101335}, {0.25, 0.101304}, {0.26, 0.101271}, {0.27, 0.101236}, {0.28, \
0.101201}, {0.29, 0.101164}, {0.3, 0.101126}, {0.31, 0.101087}, {0.32, \
0.101046}, {0.33, 0.101005}, {0.34, 0.100962}, {0.35, 0.100918}, {0.36, \
0.100872}, {0.37, 0.100825}, {0.38, 0.100777}, {0.39, 0.100728}, {0.4, \
0.100678}, {0.41, 0.100626}, {0.42, 0.100574}, {0.43, 0.10052}, {0.44, \
0.100464}, {0.45, 0.100408}, {0.46, 0.10035}, {0.47, 0.100292}, {0.48, \
0.100232}, {0.49, 0.100171}, {0.5, 0.100108}, {0.51, 0.100045}, {0.52, \
0.0999801}, {0.53, 0.0999143}, {0.54, 0.0998474}, {0.55, 0.0997793}, {0.56, \
0.0997101}, {0.57, 0.0996397}, {0.58, 0.0995682}, {0.59, 0.0994956}, {0.6, \
0.0994218}, {0.61, 0.099347}, {0.62, 0.099271}, {0.63, 0.0991939}, {0.64, \
0.0991158}, {0.65, 0.0990366}, {0.66, 0.0989562}, {0.67, 0.0988748}, {0.68, \
0.0987924}, {0.69, 0.0987089}, {0.7, 0.0986243}, {0.71, 0.0985387}, {0.72, \
0.098452}, {0.73, 0.0983643}, {0.74, 0.0982756}, {0.75, 0.0981858}, {0.76, \
0.098095}, {0.77, 0.0980033}, {0.78, 0.0979105}, {0.79, 0.0978167}, {0.8, \
0.097722}, {0.81, 0.0976263}, {0.82, 0.0975296}, {0.83, 0.0974319}, {0.84, \
0.0973333}, {0.85, 0.0972337}, {0.86, 0.0971332}, {0.87, 0.0970318}, {0.88, \
0.0969294}, {0.89, 0.0968261}, {0.9, 0.0967219}, {0.91, 0.0966168}, {0.92, \
0.0965108}, {0.93, 0.096404}, {0.94, 0.0962962}, {0.95, 0.0961875}, {0.96, \
0.096078}, {0.97, 0.0959677}, {0.98, 0.0958565}, {0.99, 0.0957444}, {1.0, \
0.0956315}, {1.01, 0.0955178}, {1.02, 0.0954033}, {1.03, 0.095288}, {1.04, \
0.0951718}, {1.05, 0.0950549}, {1.06, 0.0949372}, {1.07, 0.0948187}, {1.08, \
0.0946994}, {1.09, 0.0945794}, {1.1, 0.0944586}, {1.11, 0.0943371}, {1.12, \
0.0942148}, {1.13, 0.0940918}, {1.14, 0.0939681}, {1.15, 0.0938437}, {1.16, \
0.0937186}, {1.17, 0.0935928}, {1.18, 0.0934662}, {1.19, 0.093339}, {1.2, \
0.0932112}, {1.21, 0.0930827}, {1.22, 0.0929535}, {1.23, 0.0928236}, {1.24, \
0.0926932}, {1.25, 0.0925621}, {1.26, 0.0924303}, {1.27, 0.092298}, {1.28, \
0.092165}, {1.29, 0.0920315}, {1.3, 0.0918973}, {1.31, 0.0917626}, {1.32, \
0.0916273}, {1.33, 0.0914914}, {1.34, 0.091355}, {1.35, 0.091218}, {1.36, \
0.0910805}, {1.37, 0.0909424}, {1.38, 0.0908038}, {1.39, 0.0906647}, {1.4, \
0.0905251}, {1.41, 0.090385}, {1.42, 0.0902444}, {1.43, 0.0901033}, {1.44, \
0.0899617}, {1.45, 0.0898196}, {1.46, 0.0896771}, {1.47, 0.0895341}, {1.48, \
0.0893906}, {1.49, 0.0892468}, {1.5, 0.0891024}, {1.51, 0.0889577}, {1.52, \
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0.0888125}, {1.53, 0.088667}, {1.54, 0.088521}, {1.55, 0.0883746}, {1.56, \
0.0882278}, {1.57, 0.0880807}, {1.58, 0.0879331}, {1.59, 0.0877852}, {1.6, \
0.087637}, {1.61, 0.0874883}, {1.62, 0.0873394}, {1.63, 0.0871901}, {1.64, \
0.0870404}, {1.65, 0.0868905}, {1.66, 0.0867402}, {1.67, 0.0865896}, {1.68, \
0.0864387}, {1.69, 0.0862875}, {1.7, 0.086136}, {1.71, 0.0859842}, {1.72, \
0.0858321}, {1.73, 0.0856798}, {1.74, 0.0855272}, {1.75, 0.0853743}, {1.76, \
0.0852212}, {1.77, 0.0850679}, {1.78, 0.0849143}, {1.79, 0.0847604}, {1.8, \
0.0846064}, {1.81, 0.0844521}, {1.82, 0.0842976}, {1.83, 0.0841429}, {1.84, \
0.0839879}, {1.85, 0.0838328}, {1.86, 0.0836775}, {1.87, 0.083522}, {1.88, \
0.0833664}, {1.89, 0.0832105}, {1.9, 0.0830545}, {1.91, 0.0828984}, {1.92, \
0.082742}, {1.93, 0.0825855}, {1.94, 0.0824289}, {1.95, 0.0822722}, {1.96, \
0.0821153}, {1.97, 0.0819582}, {1.98, 0.0818011}, {1.99, 0.0816438}, {2.0, \
0.0814864}, {2.01, 0.0813289}, {2.02, 0.0811713}, {2.03, 0.0810136}, {2.04, \
0.0808558}, {2.05, 0.0806979}, {2.06, 0.08054}, {2.07, 0.0803819}, {2.08, \
0.0802238}, {2.09, 0.0800656}, {2.1, 0.0799074}, {2.11, 0.079749}, {2.12, \
0.0795907}, {2.13, 0.0794322}, {2.14, 0.0792738}, {2.15, 0.0791153}, {2.16, \
0.0789567}, {2.17, 0.0787981}, {2.18, 0.0786395}, {2.19, 0.0784809}, {2.2, \
0.0783222}, {2.21, 0.0781635}, {2.22, 0.0780048}, {2.23, 0.0778461}, {2.24, \
0.0776874}, {2.25, 0.0775287}, {2.26, 0.07737}, {2.27, 0.0772113}, {2.28, \
0.0770526}, {2.29, 0.0768939}, {2.3, 0.0767353}, {2.31, 0.0765766}, {2.32, \
0.076418}, {2.33, 0.0762594}, {2.34, 0.0761008}, {2.35, 0.0759423}, {2.36, \
0.0757838}, {2.37, 0.0756254}, {2.38, 0.075467}, {2.39, 0.0753086}, {2.4, \
0.0751503}, {2.41, 0.074992}, {2.42, 0.0748338}, {2.43, 0.0746757}, {2.44, \
0.0745176}, {2.45, 0.0743596}, {2.46, 0.0742016}, {2.47, 0.0740437}, {2.48, \
0.0738859}, {2.49, 0.0737282}, {2.5, 0.0735706}, {2.51, 0.073413}, {2.52, \
0.0732555}, {2.53, 0.0730981}, {2.54, 0.0729408}, {2.55, 0.0727836}, {2.56, \
0.0726264}, {2.57, 0.0724694}, {2.58, 0.0723125}, {2.59, 0.0721556}, {2.6, \
0.0719989}, {2.61, 0.0718423}, {2.62, 0.0716858}, {2.63, 0.0715293}, {2.64, \
0.071373}, {2.65, 0.0712169}, {2.66, 0.0710608}, {2.67, 0.0709048}, {2.68, \
0.070749}, {2.69, 0.0705933}, {2.7, 0.0704377}, {2.71, 0.0702822}, {2.72, \
0.0701269}, {2.73, 0.0699717}, {2.74, 0.0698166}, {2.75, 0.0696617}, {2.76, \
0.0695068}, {2.77, 0.0693522}, {2.78, 0.0691976}, {2.79, 0.0690432}, {2.8, \
0.068889}, {2.81, 0.0687348}, {2.82, 0.0685809}, {2.83, 0.068427}, {2.84, \
0.0682733}, {2.85, 0.0681198}, {2.86, 0.0679664}, {2.87, 0.0678132}, {2.88, \
0.0676601}, {2.89, 0.0675071}, {2.9, 0.0673544}, {2.91, 0.0672017}, {2.92, \
0.0670493}, {2.93, 0.066897}, {2.94, 0.0667448}, {2.95, 0.0665928}, {2.96, \
0.066441}, {2.97, 0.0662893}, {2.98, 0.0661378}, {2.99, 0.0659865}, {3.0, \
0.0658353}, {3.01, 0.0656843}, {3.02, 0.0655334}, {3.03, 0.0653828}, {3.04, \
0.0652323}, {3.05, 0.0650819}, {3.06, 0.0649318}, {3.07, 0.0647818}, {3.08, \
0.064632}, {3.09, 0.0644823}, {3.1, 0.0643329}, {3.11, 0.0641836}, {3.12, \
0.0640345}, {3.13, 0.0638855}, {3.14, 0.0637368}, {3.15, 0.0635882}, {3.16, \
0.0634398}, {3.17, 0.0632916}, {3.18, 0.0631436}, {3.19, 0.0629957}, {3.2, \
0.062848}, {3.21, 0.0627006}, {3.22, 0.0625533}, {3.23, 0.0624061}, {3.24, \
0.0622592}, {3.25, 0.0621125}, {3.26, 0.0619659}, {3.27, 0.0618195}, {3.28, \
0.0616734}, {3.29, 0.0615274}, {3.3, 0.0613816}, {3.31, 0.061236}, {3.32, \
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0.0610905}, {3.33, 0.0609453}, {3.34, 0.0608003}, {3.35, 0.0606554}, {3.36, \
0.0605108}, {3.37, 0.0603663}, {3.38, 0.060222}, {3.39, 0.060078}, {3.4, \
0.0599341}, {3.41, 0.0597904}, {3.42, 0.0596469}, {3.43, 0.0595036}, {3.44, \
0.0593605}, {3.45, 0.0592176}, {3.46, 0.0590749}, {3.47, 0.0589324}, {3.48, \
0.0587901}, {3.49, 0.058648}, {3.5, 0.0585061}, {3.51, 0.0583644}, {3.52, \
0.0582229}, {3.53, 0.0580816}, {3.54, 0.0579405}, {3.55, 0.0577996}, {3.56, \
0.0576589}, {3.57, 0.0575184}, {3.58, 0.0573781}, {3.59, 0.057238}, {3.6, \
0.0570981}, {3.61, 0.0569584}, {3.62, 0.0568189}, {3.63, 0.0566796}, {3.64, \
0.0565405}, {3.65, 0.0564017}, {3.66, 0.056263}, {3.67, 0.0561246}, {3.68, \
0.0559863}, {3.69, 0.0558483}, {3.7, 0.0557104}, {3.71, 0.0555728}, {3.72, \
0.0554354}, {3.73, 0.0552981}, {3.74, 0.0551611}, {3.75, 0.0550243}, {3.76, \
0.0548877}, {3.77, 0.0547514}, {3.78, 0.0546152}, {3.79, 0.0544792}, {3.8, \
0.0543435}, {3.81, 0.0542079}, {3.82, 0.0540726}, {3.83, 0.0539375}, {3.84, \
0.0538026}, {3.85, 0.0536679}, {3.86, 0.0535334}, {3.87, 0.0533991}, {3.88, \
0.053265}, {3.89, 0.0531312}, {3.9, 0.0529975}, {3.91, 0.0528641}, {3.92, \
0.0527309}, {3.93, 0.0525979}, {3.94, 0.0524651}, {3.95, 0.0523326}, {3.96, \
0.0522002}, {3.97, 0.0520681}, {3.98, 0.0519362}, {3.99, 0.0518045}, {4.0, \
0.051673}, {4.01, 0.0515417}, {4.02, 0.0514107}, {4.03, 0.0512798}, {4.04, \
0.0511492}, {4.05, 0.0510188}, {4.06, 0.0508886}, {4.07, 0.0507586}, {4.08, \
0.0506289}, {4.09, 0.0504994}, {4.1, 0.0503701}, {4.11, 0.050241}, {4.12, \
0.0501121}, {4.13, 0.0499834}, {4.14, 0.049855}, {4.15, 0.0497268}, {4.16, \
0.0495988}, {4.17, 0.049471}, {4.18, 0.0493435}, {4.19, 0.0492162}, {4.2, \
0.0490891}, {4.21, 0.0489622}, {4.22, 0.0488355}, {4.23, 0.0487091}, {4.24, \
0.0485829}, {4.25, 0.0484569}, {4.26, 0.0483311}, {4.27, 0.0482056}, {4.28, \
0.0480802}, {4.29, 0.0479551}, {4.3, 0.0478303}, {4.31, 0.0477056}, {4.32, \
0.0475812}, {4.33, 0.047457}, {4.34, 0.047333}, {4.35, 0.0472093}, {4.36, \
0.0470858}, {4.37, 0.0469625}, {4.38, 0.0468394}, {4.39, 0.0467165}, {4.4, \
0.0465939}, {4.41, 0.0464715}, {4.42, 0.0463494}, {4.43, 0.0462275}, {4.44, \
0.0461057}, {4.45, 0.0459843}, {4.46, 0.045863}, {4.47, 0.045742}, {4.48, \
0.0456212}, {4.49, 0.0455007}, {4.5, 0.0453803}, {4.51, 0.0452602}, {4.52, \
0.0451403}, {4.53, 0.0450207}, {4.54, 0.0449013}, {4.55, 0.0447821}, {4.56, \
0.0446632}, {4.57, 0.0445444}, {4.58, 0.0444259}, {4.59, 0.0443077}, {4.6, \
0.0441897}, {4.61, 0.0440719}, {4.62, 0.0439543}, {4.63, 0.043837}, {4.64, \
0.0437199}, {4.65, 0.043603}, {4.66, 0.0434864}, {4.67, 0.04337}, {4.68, \
0.0432538}, {4.69, 0.0431379}, {4.7, 0.0430222}, {4.71, 0.0429067}, {4.72, \
0.0427915}, {4.73, 0.0426765}, {4.74, 0.0425617}, {4.75, 0.0424472}, {4.76, \
0.0423329}, {4.77, 0.0422188}, {4.78, 0.042105}, {4.79, 0.0419914}, {4.8, \
0.041878}, {4.81, 0.0417649}, {4.82, 0.041652}, {4.83, 0.0415393}, {4.84, \
0.0414269}, {4.85, 0.0413147}, {4.86, 0.0412028}, {4.87, 0.0410911}, {4.88, \
0.0409796}, {4.89, 0.0408684}, {4.9, 0.0407574}, {4.91, 0.0406466}, {4.92, \
0.0405361}, {4.93, 0.0404258}, {4.94, 0.0403157}, {4.95, 0.0402059}, {4.96, \
0.0400963}, {4.97, 0.039987}, {4.98, 0.0398778}, {4.99, 0.039769}, {5.0, \
0.0396603}
Profile of the Balmer-beta line for the observation parallel to the field
{0, 0.132826}, {0.01, 0.132825}, {0.02, 0.132822}, {0.03, 0.132816}, {0.04, \
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0.132808}, {0.05, 0.132798}, {0.06, 0.132786}, {0.07, 0.132771}, {0.08, \
0.132755}, {0.09, 0.132736}, {0.1, 0.132714}, {0.11, 0.132691}, {0.12, \
0.132665}, {0.13, 0.132637}, {0.14, 0.132607}, {0.15, 0.132575}, {0.16, \
0.13254}, {0.17, 0.132504}, {0.18, 0.132465}, {0.19, 0.132423}, {0.2, \
0.13238}, {0.21, 0.132334}, {0.22, 0.132287}, {0.23, 0.132237}, {0.24, \
0.132185}, {0.25, 0.13213}, {0.26, 0.132074}, {0.27, 0.132015}, {0.28, \
0.131954}, {0.29, 0.131891}, {0.3, 0.131826}, {0.31, 0.131759}, {0.32, \
0.13169}, {0.33, 0.131618}, {0.34, 0.131544}, {0.35, 0.131469}, {0.36, \
0.131391}, {0.37, 0.131311}, {0.38, 0.131229}, {0.39, 0.131145}, {0.4, \
0.131058}, {0.41, 0.13097}, {0.42, 0.130879}, {0.43, 0.130787}, {0.44, \
0.130692}, {0.45, 0.130596}, {0.46, 0.130497}, {0.47, 0.130397}, {0.48, \
0.130294}, {0.49, 0.130189}, {0.5, 0.130083}, {0.51, 0.129974}, {0.52, \
0.129863}, {0.53, 0.129751}, {0.54, 0.129636}, {0.55, 0.12952}, {0.56, \
0.129401}, {0.57, 0.129281}, {0.58, 0.129159}, {0.59, 0.129034}, {0.6, \
0.128908}, {0.61, 0.12878}, {0.62, 0.12865}, {0.63, 0.128519}, {0.64, \
0.128385}, {0.65, 0.12825}, {0.66, 0.128112}, {0.67, 0.127973}, {0.68, \
0.127832}, {0.69, 0.12769}, {0.7, 0.127545}, {0.71, 0.127399}, {0.72, \
0.127251}, {0.73, 0.127101}, {0.74, 0.126949}, {0.75, 0.126796}, {0.76, \
0.126641}, {0.77, 0.126485}, {0.78, 0.126326}, {0.79, 0.126166}, {0.8, \
0.126005}, {0.81, 0.125841}, {0.82, 0.125676}, {0.83, 0.12551}, {0.84, \
0.125342}, {0.85, 0.125172}, {0.86, 0.125001}, {0.87, 0.124828}, {0.88, \
0.124653}, {0.89, 0.124477}, {0.9, 0.1243}, {0.91, 0.124121}, {0.92, \
0.12394}, {0.93, 0.123758}, {0.94, 0.123575}, {0.95, 0.12339}, {0.96, \
0.123203}, {0.97, 0.123015}, {0.98, 0.122826}, {0.99, 0.122635}, {1.0, \
0.122443}, {1.01, 0.12225}, {1.02, 0.122055}, {1.03, 0.121859}, {1.04, \
0.121662}, {1.05, 0.121463}, {1.06, 0.121263}, {1.07, 0.121062}, {1.08, \
0.120859}, {1.09, 0.120655}, {1.1, 0.12045}, {1.11, 0.120244}, {1.12, \
0.120036}, {1.13, 0.119828}, {1.14, 0.119618}, {1.15, 0.119407}, {1.16, \
0.119195}, {1.17, 0.118981}, {1.18, 0.118767}, {1.19, 0.118551}, {1.2, \
0.118335}, {1.21, 0.118117}, {1.22, 0.117898}, {1.23, 0.117678}, {1.24, \
0.117457}, {1.25, 0.117235}, {1.26, 0.117012}, {1.27, 0.116788}, {1.28, \
0.116563}, {1.29, 0.116338}, {1.3, 0.116111}, {1.31, 0.115883}, {1.32, \
0.115654}, {1.33, 0.115425}, {1.34, 0.115194}, {1.35, 0.114963}, {1.36, \
0.114731}, {1.37, 0.114498}, {1.38, 0.114264}, {1.39, 0.114029}, {1.4, \
0.113794}, {1.41, 0.113557}, {1.42, 0.11332}, {1.43, 0.113083}, {1.44, \
0.112844}, {1.45, 0.112605}, {1.46, 0.112365}, {1.47, 0.112124}, {1.48, \
0.111882}, {1.49, 0.11164}, {1.5, 0.111397}, {1.51, 0.111154}, {1.52, \
0.11091}, {1.53, 0.110665}, {1.54, 0.11042}, {1.55, 0.110174}, {1.56, \
0.109928}, {1.57, 0.10968}, {1.58, 0.109433}, {1.59, 0.109185}, {1.6, \
0.108936}, {1.61, 0.108687}, {1.62, 0.108437}, {1.63, 0.108187}, {1.64, \
0.107936}, {1.65, 0.107685}, {1.66, 0.107433}, {1.67, 0.107181}, {1.68, \
0.106928}, {1.69, 0.106675}, {1.7, 0.106422}, {1.71, 0.106168}, {1.72, \
0.105914}, {1.73, 0.10566}, {1.74, 0.105405}, {1.75, 0.105149}, {1.76, \
0.104894}, {1.77, 0.104638}, {1.78, 0.104382}, {1.79, 0.104125}, {1.8, \
0.103868}, {1.81, 0.103611}, {1.82, 0.103354}, {1.83, 0.103096}, {1.84, \
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0.102838}, {1.85, 0.10258}, {1.86, 0.102322}, {1.87, 0.102063}, {1.88, \
0.101804}, {1.89, 0.101545}, {1.9, 0.101286}, {1.91, 0.101027}, {1.92, \
0.100767}, {1.93, 0.100508}, {1.94, 0.100248}, {1.95, 0.0999877}, {1.96, \
0.0997276}, {1.97, 0.0994674}, {1.98, 0.0992071}, {1.99, 0.0989466}, {2.0, \
0.0986861}, {2.01, 0.0984255}, {2.02, 0.0981648}, {2.03, 0.0979041}, {2.04, \
0.0976433}, {2.05, 0.0973825}, {2.06, 0.0971216}, {2.07, 0.0968607}, {2.08, \
0.0965998}, {2.09, 0.0963388}, {2.1, 0.0960779}, {2.11, 0.095817}, {2.12, \
0.095556}, {2.13, 0.0952951}, {2.14, 0.0950343}, {2.15, 0.0947734}, {2.16, \
0.0945126}, {2.17, 0.0942519}, {2.18, 0.0939912}, {2.19, 0.0937306}, {2.2, \
0.09347}, {2.21, 0.0932096}, {2.22, 0.0929492}, {2.23, 0.0926889}, {2.24, \
0.0924287}, {2.25, 0.0921687}, {2.26, 0.0919087}, {2.27, 0.0916489}, {2.28, \
0.0913892}, {2.29, 0.0911296}, {2.3, 0.0908701}, {2.31, 0.0906109}, {2.32, \
0.0903517}, {2.33, 0.0900927}, {2.34, 0.0898339}, {2.35, 0.0895753}, {2.36, \
0.0893168}, {2.37, 0.0890585}, {2.38, 0.0888004}, {2.39, 0.0885425}, {2.4, \
0.0882848}, {2.41, 0.0880273}, {2.42, 0.08777}, {2.43, 0.087513}, {2.44, \
0.0872561}, {2.45, 0.0869995}, {2.46, 0.0867431}, {2.47, 0.0864869}, {2.48, \
0.086231}, {2.49, 0.0859753}, {2.5, 0.0857199}, {2.51, 0.0854647}, {2.52, \
0.0852098}, {2.53, 0.0849551}, {2.54, 0.0847007}, {2.55, 0.0844466}, {2.56, \
0.0841927}, {2.57, 0.0839391}, {2.58, 0.0836858}, {2.59, 0.0834328}, {2.6, \
0.0831801}, {2.61, 0.0829277}, {2.62, 0.0826756}, {2.63, 0.0824237}, {2.64, \
0.0821722}, {2.65, 0.081921}, {2.66, 0.0816701}, {2.67, 0.0814195}, {2.68, \
0.0811692}, {2.69, 0.0809193}, {2.7, 0.0806697}, {2.71, 0.0804204}, {2.72, \
0.0801714}, {2.73, 0.0799228}, {2.74, 0.0796745}, {2.75, 0.0794265}, {2.76, \
0.0791789}, {2.77, 0.0789317}, {2.78, 0.0786848}, {2.79, 0.0784382}, {2.8, \
0.078192}, {2.81, 0.0779461}, {2.82, 0.0777006}, {2.83, 0.0774555}, {2.84, \
0.0772107}, {2.85, 0.0769663}, {2.86, 0.0767222}, {2.87, 0.0764786}, {2.88, \
0.0762353}, {2.89, 0.0759923}, {2.9, 0.0757498}, {2.91, 0.0755076}, {2.92, \
0.0752658}, {2.93, 0.0750244}, {2.94, 0.0747834}, {2.95, 0.0745427}, {2.96, \
0.0743025}, {2.97, 0.0740626}, {2.98, 0.0738231}, {2.99, 0.073584}, {3.0, \
0.0733453}, {3.01, 0.073107}, {3.02, 0.0728691}, {3.03, 0.0726316}, {3.04, \
0.0723946}, {3.05, 0.0721579}, {3.06, 0.0719216}, {3.07, 0.0716857}, {3.08, \
0.0714502}, {3.09, 0.0712151}, {3.1, 0.0709805}, {3.11, 0.0707462}, {3.12, \
0.0705124}, {3.13, 0.0702789}, {3.14, 0.0700459}, {3.15, 0.0698133}, {3.16, \
0.0695811}, {3.17, 0.0693494}, {3.18, 0.069118}, {3.19, 0.0688871}, {3.2, \
0.0686566}, {3.21, 0.0684265}, {3.22, 0.0681968}, {3.23, 0.0679675}, {3.24, \
0.0677387}, {3.25, 0.0675103}, {3.26, 0.0672824}, {3.27, 0.0670548}, {3.28, \
0.0668277}, {3.29, 0.066601}, {3.3, 0.0663747}, {3.31, 0.0661489}, {3.32, \
0.0659235}, {3.33, 0.0656985}, {3.34, 0.065474}, {3.35, 0.0652499}, {3.36, \
0.0650262}, {3.37, 0.064803}, {3.38, 0.0645802}, {3.39, 0.0643578}, {3.4, \
0.0641358}, {3.41, 0.0639143}, {3.42, 0.0636933}, {3.43, 0.0634727}, {3.44, \
0.0632525}, {3.45, 0.0630327}, {3.46, 0.0628134}, {3.47, 0.0625945}, {3.48, \
0.0623761}, {3.49, 0.0621581}, {3.5, 0.0619406}, {3.51, 0.0617235}, {3.52, \
0.0615068}, {3.53, 0.0612906}, {3.54, 0.0610748}, {3.55, 0.0608595}, {3.56, \
0.0606446}, {3.57, 0.0604301}, {3.58, 0.0602161}, {3.59, 0.0600025}, {3.6, \
0.0597894}, {3.61, 0.0595768}, {3.62, 0.0593645}, {3.63, 0.0591528}, {3.64, \
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0.0589414}, {3.65, 0.0587305}, {3.66, 0.0585201}, {3.67, 0.0583101}, {3.68, \
0.0581006}, {3.69, 0.0578915}, {3.7, 0.0576828}, {3.71, 0.0574746}, {3.72, \
0.0572669}, {3.73, 0.0570596}, {3.74, 0.0568528}, {3.75, 0.0566464}, {3.76, \
0.0564404}, {3.77, 0.0562349}, {3.78, 0.0560299}, {3.79, 0.0558253}, {3.8, \
0.0556211}, {3.81, 0.0554175}, {3.82, 0.0552142}, {3.83, 0.0550114}, {3.84, \
0.0548091}, {3.85, 0.0546072}, {3.86, 0.0544058}, {3.87, 0.0542048}, {3.88, \
0.0540043}, {3.89, 0.0538042}, {3.9, 0.0536046}, {3.91, 0.0534055}, {3.92, \
0.0532068}, {3.93, 0.0530085}, {3.94, 0.0528107}, {3.95, 0.0526134}, {3.96, \
0.0524165}, {3.97, 0.0522201}, {3.98, 0.0520241}, {3.99, 0.0518286}, {4.0, \
0.0516336}, {4.01, 0.051439}, {4.02, 0.0512448}, {4.03, 0.0510511}, {4.04, \
0.0508579}, {4.05, 0.0506652}, {4.06, 0.0504728}, {4.07, 0.050281}, {4.08, \
0.0500896}, {4.09, 0.0498987}, {4.1, 0.0497082}, {4.11, 0.0495182}, {4.12, \
0.0493286}, {4.13, 0.0491395}, {4.14, 0.0489509}, {4.15, 0.0487627}, {4.16, \
0.048575}, {4.17, 0.0483877}, {4.18, 0.0482009}, {4.19, 0.0480145}, {4.2, \
0.0478287}, {4.21, 0.0476432}, {4.22, 0.0474583}, {4.23, 0.0472738}, {4.24, \
0.0470898}, {4.25, 0.0469062}, {4.26, 0.0467231}, {4.27, 0.0465404}, {4.28, \
0.0463582}, {4.29, 0.0461765}, {4.3, 0.0459952}, {4.31, 0.0458144}, {4.32, \
0.0456341}, {4.33, 0.0454542}, {4.34, 0.0452748}, {4.35, 0.0450958}, {4.36, \
0.0449173}, {4.37, 0.0447393}, {4.38, 0.0445618}, {4.39, 0.0443847}, {4.4, \
0.044208}, {4.41, 0.0440318}, {4.42, 0.0438561}, {4.43, 0.0436809}, {4.44, \
0.0435061}, {4.45, 0.0433318}, {4.46, 0.043158}, {4.47, 0.0429846}, {4.48, \
0.0428116}, {4.49, 0.0426392}, {4.5, 0.0424672}, {4.51, 0.0422957}, {4.52, \
0.0421246}, {4.53, 0.041954}, {4.54, 0.0417839}, {4.55, 0.0416142}, {4.56, \
0.041445}, {4.57, 0.0412763}, {4.58, 0.041108}, {4.59, 0.0409402}, {4.6, \
0.0407729}, {4.61, 0.040606}, {4.62, 0.0404396}, {4.63, 0.0402736}, {4.64, \
0.0401082}, {4.65, 0.0399432}, {4.66, 0.0397786}, {4.67, 0.0396145}, {4.68, \
0.0394509}, {4.69, 0.0392878}, {4.7, 0.0391251}, {4.71, 0.0389629}, {4.72, \
0.0388011}, {4.73, 0.0386399}, {4.74, 0.038479}, {4.75, 0.0383187}, {4.76, \
0.0381588}, {4.77, 0.0379994}, {4.78, 0.0378404}, {4.79, 0.037682}, {4.8, \
0.0375239}, {4.81, 0.0373664}, {4.82, 0.0372093}, {4.83, 0.0370527}, {4.84, \
0.0368965}, {4.85, 0.0367408}, {4.86, 0.0365856}, {4.87, 0.0364308}, {4.88, \
0.0362765}, {4.89, 0.0361227}, {4.9, 0.0359693}, {4.91, 0.0358164}, {4.92, \
0.035664}, {4.93, 0.035512}, {4.94, 0.0353605}, {4.95, 0.0352095}, {4.96, \
0.0350589}, {4.97, 0.0349088}, {4.98, 0.0347591}, {4.99, 0.0346099}, {5.0, \
0.0344612}
Profile of the Balmer-delta line for the observation perpendicular to the field
{0, 0.0415725}, {0.01, 0.0415724}, {0.02, 0.0415722}, {0.03, 0.0415719}, \
{0.04, 0.0415716}, {0.05, 0.041571}, {0.06, 0.0415704}, {0.07, 0.0415697}, \
{0.08, 0.0415688}, {0.09, 0.0415679}, {0.1, 0.0415668}, {0.11, 0.0415656}, \
{0.12, 0.0415643}, {0.13, 0.0415629}, {0.14, 0.0415614}, {0.15, 0.0415597}, \
{0.16, 0.041558}, {0.17, 0.0415561}, {0.18, 0.0415542}, {0.19, 0.0415521}, \
{0.2, 0.0415499}, {0.21, 0.0415475}, {0.22, 0.0415451}, {0.23, 0.0415426}, \
{0.24, 0.0415399}, {0.25, 0.0415372}, {0.26, 0.0415343}, {0.27, 0.0415313}, \
{0.28, 0.0415282}, {0.29, 0.041525}, {0.3, 0.0415216}, {0.31, 0.0415182}, \
{0.32, 0.0415146}, {0.33, 0.041511}, {0.34, 0.0415072}, {0.35, 0.0415033}, \
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{0.36, 0.0414993}, {0.37, 0.0414952}, {0.38, 0.041491}, {0.39, 0.0414866}, \
{0.4, 0.0414822}, {0.41, 0.0414776}, {0.42, 0.041473}, {0.43, 0.0414682}, \
{0.44, 0.0414633}, {0.45, 0.0414583}, {0.46, 0.0414531}, {0.47, 0.0414479}, \
{0.48, 0.0414426}, {0.49, 0.0414371}, {0.5, 0.0414316}, {0.51, 0.0414259}, \
{0.52, 0.0414201}, {0.53, 0.0414142}, {0.54, 0.0414082}, {0.55, 0.0414021}, \
{0.56, 0.0413958}, {0.57, 0.0413895}, {0.58, 0.0413831}, {0.59, 0.0413765}, \
{0.6, 0.0413698}, {0.61, 0.041363}, {0.62, 0.0413561}, {0.63, 0.0413491}, \
{0.64, 0.041342}, {0.65, 0.0413348}, {0.66, 0.0413275}, {0.67, 0.04132}, \
{0.68, 0.0413125}, {0.69, 0.0413048}, {0.7, 0.0412971}, {0.71, 0.0412892}, \
{0.72, 0.0412812}, {0.73, 0.0412731}, {0.74, 0.0412649}, {0.75, 0.0412566}, \
{0.76, 0.0412482}, {0.77, 0.0412396}, {0.78, 0.041231}, {0.79, 0.0412222}, \
{0.8, 0.0412134}, {0.81, 0.0412044}, {0.82, 0.0411953}, {0.83, 0.0411862}, \
{0.84, 0.0411769}, {0.85, 0.0411675}, {0.86, 0.041158}, {0.87, 0.0411484}, \
{0.88, 0.0411386}, {0.89, 0.0411288}, {0.9, 0.0411189}, {0.91, 0.0411088}, \
{0.92, 0.0410987}, {0.93, 0.0410884}, {0.94, 0.0410781}, {0.95, 0.0410676}, \
{0.96, 0.0410571}, {0.97, 0.0410464}, {0.98, 0.0410356}, {0.99, 0.0410247}, \
{1.0, 0.0410137}, {1.01, 0.0410026}, {1.02, 0.0409914}, {1.03, 0.0409801}, \
{1.04, 0.0409687}, {1.05, 0.0409572}, {1.06, 0.0409455}, {1.07, 0.0409338}, \
{1.08, 0.040922}, {1.09, 0.04091}, {1.1, 0.040898}, {1.11, 0.0408859}, {1.12, \
0.0408736}, {1.13, 0.0408613}, {1.14, 0.0408488}, {1.15, 0.0408363}, {1.16, \
0.0408236}, {1.17, 0.0408108}, {1.18, 0.040798}, {1.19, 0.040785}, {1.2, \
0.0407719}, {1.21, 0.0407588}, {1.22, 0.0407455}, {1.23, 0.0407321}, {1.24, \
0.0407186}, {1.25, 0.040705}, {1.26, 0.0406914}, {1.27, 0.0406776}, {1.28, \
0.0406637}, {1.29, 0.0406497}, {1.3, 0.0406356}, {1.31, 0.0406215}, {1.32, \
0.0406072}, {1.33, 0.0405928}, {1.34, 0.0405783}, {1.35, 0.0405637}, {1.36, \
0.040549}, {1.37, 0.0405343}, {1.38, 0.0405194}, {1.39, 0.0405044}, {1.4, \
0.0404893}, {1.41, 0.0404742}, {1.42, 0.0404589}, {1.43, 0.0404435}, {1.44, \
0.040428}, {1.45, 0.0404125}, {1.46, 0.0403968}, {1.47, 0.040381}, {1.48, \
0.0403652}, {1.49, 0.0403492}, {1.5, 0.0403332}, {1.51, 0.040317}, {1.52, \
0.0403008}, {1.53, 0.0402845}, {1.54, 0.040268}, {1.55, 0.0402515}, {1.56, \
0.0402349}, {1.57, 0.0402181}, {1.58, 0.0402013}, {1.59, 0.0401844}, {1.6, \
0.0401674}, {1.61, 0.0401503}, {1.62, 0.0401331}, {1.63, 0.0401159}, {1.64, \
0.0400985}, {1.65, 0.040081}, {1.66, 0.0400634}, {1.67, 0.0400458}, {1.68, \
0.040028}, {1.69, 0.0400102}, {1.7, 0.0399923}, {1.71, 0.0399742}, {1.72, \
0.0399561}, {1.73, 0.0399379}, {1.74, 0.0399196}, {1.75, 0.0399012}, {1.76, \
0.0398827}, {1.77, 0.0398642}, {1.78, 0.0398455}, {1.79, 0.0398268}, {1.8, \
0.0398079}, {1.81, 0.039789}, {1.82, 0.03977}, {1.83, 0.0397509}, {1.84, \
0.0397317}, {1.85, 0.0397124}, {1.86, 0.039693}, {1.87, 0.0396736}, {1.88, \
0.039654}, {1.89, 0.0396344}, {1.9, 0.0396147}, {1.91, 0.0395949}, {1.92, \
0.039575}, {1.93, 0.039555}, {1.94, 0.0395349}, {1.95, 0.0395148}, {1.96, \
0.0394945}, {1.97, 0.0394742}, {1.98, 0.0394538}, {1.99, 0.0394333}, {2.0, \
0.0394127}, {2.01, 0.0393921}, {2.02, 0.0393713}, {2.03, 0.0393505}, {2.04, \
0.0393296}, {2.05, 0.0393086}, {2.06, 0.0392875}, {2.07, 0.0392663}, {2.08, \
0.0392451}, {2.09, 0.0392238}, {2.1, 0.0392023}, {2.11, 0.0391809}, {2.12, \
0.0391593}, {2.13, 0.0391376}, {2.14, 0.0391159}, {2.15, 0.0390941}, {2.16, \
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0.0390722}, {2.17, 0.0390502}, {2.18, 0.0390282}, {2.19, 0.039006}, {2.2, \
0.0389838}, {2.21, 0.0389615}, {2.22, 0.0389392}, {2.23, 0.0389167}, {2.24, \
0.0388942}, {2.25, 0.0388716}, {2.26, 0.0388489}, {2.27, 0.0388262}, {2.28, \
0.0388033}, {2.29, 0.0387804}, {2.3, 0.0387574}, {2.31, 0.0387344}, {2.32, \
0.0387112}, {2.33, 0.038688}, {2.34, 0.0386647}, {2.35, 0.0386414}, {2.36, \
0.0386179}, {2.37, 0.0385944}, {2.38, 0.0385708}, {2.39, 0.0385472}, {2.4, \
0.0385234}, {2.41, 0.0384996}, {2.42, 0.0384757}, {2.43, 0.0384518}, {2.44, \
0.0384278}, {2.45, 0.0384037}, {2.46, 0.0383795}, {2.47, 0.0383553}, {2.48, \
0.0383309}, {2.49, 0.0383066}, {2.5, 0.0382821}, {2.51, 0.0382576}, {2.52, \
0.038233}, {2.53, 0.0382083}, {2.54, 0.0381836}, {2.55, 0.0381588}, {2.56, \
0.0381339}, {2.57, 0.038109}, {2.58, 0.038084}, {2.59, 0.0380589}, {2.6, \
0.0380338}, {2.61, 0.0380086}, {2.62, 0.0379833}, {2.63, 0.037958}, {2.64, \
0.0379326}, {2.65, 0.0379071}, {2.66, 0.0378816}, {2.67, 0.0378559}, {2.68, \
0.0378303}, {2.69, 0.0378045}, {2.7, 0.0377788}, {2.71, 0.0377529}, {2.72, \
0.037727}, {2.73, 0.037701}, {2.74, 0.0376749}, {2.75, 0.0376488}, {2.76, \
0.0376226}, {2.77, 0.0375964}, {2.78, 0.0375701}, {2.79, 0.0375437}, {2.8, \
0.0375173}, {2.81, 0.0374908}, {2.82, 0.0374643}, {2.83, 0.0374377}, {2.84, \
0.037411}, {2.85, 0.0373843}, {2.86, 0.0373575}, {2.87, 0.0373306}, {2.88, \
0.0373037}, {2.89, 0.0372768}, {2.9, 0.0372498}, {2.91, 0.0372227}, {2.92, \
0.0371955}, {2.93, 0.0371684}, {2.94, 0.0371411}, {2.95, 0.0371138}, {2.96, \
0.0370864}, {2.97, 0.037059}, {2.98, 0.0370315}, {2.99, 0.037004}, {3.0, \
0.0369764}, {3.01, 0.0369488}, {3.02, 0.0369211}, {3.03, 0.0368933}, {3.04, \
0.0368655}, {3.05, 0.0368377}, {3.06, 0.0368098}, {3.07, 0.0367818}, {3.08, \
0.0367538}, {3.09, 0.0367257}, {3.1, 0.0366976}, {3.11, 0.0366694}, {3.12, \
0.0366412}, {3.13, 0.0366129}, {3.14, 0.0365846}, {3.15, 0.0365562}, {3.16, \
0.0365278}, {3.17, 0.0364993}, {3.18, 0.0364708}, {3.19, 0.0364423}, {3.2, \
0.0364136}, {3.21, 0.036385}, {3.22, 0.0363562}, {3.23, 0.0363275}, {3.24, \
0.0362987}, {3.25, 0.0362698}, {3.26, 0.0362409}, {3.27, 0.0362119}, {3.28, \
0.0361829}, {3.29, 0.0361539}, {3.3, 0.0361248}, {3.31, 0.0360957}, {3.32, \
0.0360665}, {3.33, 0.0360373}, {3.34, 0.036008}, {3.35, 0.0359787}, {3.36, \
0.0359493}, {3.37, 0.0359199}, {3.38, 0.0358905}, {3.39, 0.035861}, {3.4, \
0.0358315}, {3.41, 0.0358019}, {3.42, 0.0357723}, {3.43, 0.0357426}, {3.44, \
0.0357129}, {3.45, 0.0356832}, {3.46, 0.0356534}, {3.47, 0.0356236}, {3.48, \
0.0355937}, {3.49, 0.0355638}, {3.5, 0.0355339}, {3.51, 0.0355039}, {3.52, \
0.0354739}, {3.53, 0.0354439}, {3.54, 0.0354138}, {3.55, 0.0353837}, {3.56, \
0.0353535}, {3.57, 0.0353233}, {3.58, 0.035293}, {3.59, 0.0352628}, {3.6, \
0.0352325}, {3.61, 0.0352021}, {3.62, 0.0351717}, {3.63, 0.0351413}, {3.64, \
0.0351109}, {3.65, 0.0350804}, {3.66, 0.0350498}, {3.67, 0.0350193}, {3.68, \
0.0349887}, {3.69, 0.0349581}, {3.7, 0.0349274}, {3.71, 0.0348967}, {3.72, \
0.034866}, {3.73, 0.0348353}, {3.74, 0.0348045}, {3.75, 0.0347737}, {3.76, \
0.0347428}, {3.77, 0.0347119}, {3.78, 0.034681}, {3.79, 0.0346501}, {3.8, \
0.0346191}, {3.81, 0.0345881}, {3.82, 0.0345571}, {3.83, 0.034526}, {3.84, \
0.034495}, {3.85, 0.0344638}, {3.86, 0.0344327}, {3.87, 0.0344015}, {3.88, \
0.0343703}, {3.89, 0.0343391}, {3.9, 0.0343079}, {3.91, 0.0342766}, {3.92, \
0.0342453}, {3.93, 0.034214}, {3.94, 0.0341826}, {3.95, 0.0341512}, {3.96, \
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0.0341198}, {3.97, 0.0340884}, {3.98, 0.0340569}, {3.99, 0.0340255}, {4.0, \
0.033994}, {4.01, 0.0339624}, {4.02, 0.0339309}, {4.03, 0.0338993}, {4.04, \
0.0338677}, {4.05, 0.0338361}, {4.06, 0.0338045}, {4.07, 0.0337728}, {4.08, \
0.0337411}, {4.09, 0.0337094}, {4.1, 0.0336777}, {4.11, 0.0336459}, {4.12, \
0.0336142}, {4.13, 0.0335824}, {4.14, 0.0335506}, {4.15, 0.0335188}, {4.16, \
0.0334869}, {4.17, 0.0334551}, {4.18, 0.0334232}, {4.19, 0.0333913}, {4.2, \
0.0333594}, {4.21, 0.0333274}, {4.22, 0.0332955}, {4.23, 0.0332635}, {4.24, \
0.0332315}, {4.25, 0.0331995}, {4.26, 0.0331675}, {4.27, 0.0331355}, {4.28, \
0.0331035}, {4.29, 0.0330714}, {4.3, 0.0330393}, {4.31, 0.0330072}, {4.32, \
0.0329751}, {4.33, 0.032943}, {4.34, 0.0329109}, {4.35, 0.0328787}, {4.36, \
0.0328465}, {4.37, 0.0328144}, {4.38, 0.0327822}, {4.39, 0.03275}, {4.4, \
0.0327178}, {4.41, 0.0326856}, {4.42, 0.0326533}, {4.43, 0.0326211}, {4.44, \
0.0325888}, {4.45, 0.0325565}, {4.46, 0.0325243}, {4.47, 0.032492}, {4.48, \
0.0324597}, {4.49, 0.0324274}, {4.5, 0.0323951}, {4.51, 0.0323627}, {4.52, \
0.0323304}, {4.53, 0.032298}, {4.54, 0.0322657}, {4.55, 0.0322333}, {4.56, \
0.032201}, {4.57, 0.0321686}, {4.58, 0.0321362}, {4.59, 0.0321038}, {4.6, \
0.0320714}, {4.61, 0.032039}, {4.62, 0.0320066}, {4.63, 0.0319742}, {4.64, \
0.0319418}, {4.65, 0.0319094}, {4.66, 0.0318769}, {4.67, 0.0318445}, {4.68, \
0.031812}, {4.69, 0.0317796}, {4.7, 0.0317472}, {4.71, 0.0317147}, {4.72, \
0.0316823}, {4.73, 0.0316498}, {4.74, 0.0316173}, {4.75, 0.0315849}, {4.76, \
0.0315524}, {4.77, 0.0315199}, {4.78, 0.0314875}, {4.79, 0.031455}, {4.8, \
0.0314225}, {4.81, 0.03139}, {4.82, 0.0313576}, {4.83, 0.0313251}, {4.84, \
0.0312926}, {4.85, 0.0312601}, {4.86, 0.0312277}, {4.87, 0.0311952}, {4.88, \
0.0311627}, {4.89, 0.0311302}, {4.9, 0.0310978}, {4.91, 0.0310653}, {4.92, \
0.0310328}, {4.93, 0.0310003}, {4.94, 0.0309679}, {4.95, 0.0309354}, {4.96, \
0.0309029}, {4.97, 0.0308705}, {4.98, 0.030838}, {4.99, 0.0308056}, {5.0, \
0.0307731}
Profile of the Balmer-delta line for the observation parallel to the field
{0, 0.0567506}, {0.01, 0.0567505}, {0.02, 0.0567502}, {0.03, 0.0567497}, \
{0.04, 0.0567489}, {0.05, 0.056748}, {0.06, 0.0567468}, {0.07, 0.0567455}, \
{0.08, 0.0567439}, {0.09, 0.0567421}, {0.1, 0.0567401}, {0.11, 0.0567379}, \
{0.12, 0.0567354}, {0.13, 0.0567328}, {0.14, 0.0567299}, {0.15, 0.0567269}, \
{0.16, 0.0567236}, {0.17, 0.0567201}, {0.18, 0.0567164}, {0.19, 0.0567125}, \
{0.2, 0.0567084}, {0.21, 0.0567041}, {0.22, 0.0566995}, {0.23, 0.0566948}, \
{0.24, 0.0566898}, {0.25, 0.0566847}, {0.26, 0.0566793}, {0.27, 0.0566737}, \
{0.28, 0.0566679}, {0.29, 0.0566619}, {0.3, 0.0566557}, {0.31, 0.0566493}, \
{0.32, 0.0566426}, {0.33, 0.0566358}, {0.34, 0.0566287}, {0.35, 0.0566215}, \
{0.36, 0.056614}, {0.37, 0.0566063}, {0.38, 0.0565984}, {0.39, 0.0565903}, \
{0.4, 0.056582}, {0.41, 0.0565735}, {0.42, 0.0565648}, {0.43, 0.0565558}, \
{0.44, 0.0565467}, {0.45, 0.0565373}, {0.46, 0.0565278}, {0.47, 0.056518}, \
{0.48, 0.056508}, {0.49, 0.0564978}, {0.5, 0.0564874}, {0.51, 0.0564768}, \
{0.52, 0.056466}, {0.53, 0.056455}, {0.54, 0.0564438}, {0.55, 0.0564324}, \
{0.56, 0.0564207}, {0.57, 0.0564089}, {0.58, 0.0563969}, {0.59, 0.0563846}, \
{0.6, 0.0563722}, {0.61, 0.0563595}, {0.62, 0.0563466}, {0.63, 0.0563336}, \
{0.64, 0.0563203}, {0.65, 0.0563068}, {0.66, 0.0562931}, {0.67, 0.0562792}, \
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{0.68, 0.0562651}, {0.69, 0.0562508}, {0.7, 0.0562363}, {0.71, 0.0562216}, \
{0.72, 0.0562067}, {0.73, 0.0561916}, {0.74, 0.0561763}, {0.75, 0.0561608}, \
{0.76, 0.056145}, {0.77, 0.0561291}, {0.78, 0.056113}, {0.79, 0.0560967}, \
{0.8, 0.0560801}, {0.81, 0.0560634}, {0.82, 0.0560465}, {0.83, 0.0560293}, \
{0.84, 0.056012}, {0.85, 0.0559945}, {0.86, 0.0559768}, {0.87, 0.0559588}, \
{0.88, 0.0559407}, {0.89, 0.0559224}, {0.9, 0.0559038}, {0.91, 0.0558851}, \
{0.92, 0.0558662}, {0.93, 0.0558471}, {0.94, 0.0558277}, {0.95, 0.0558082}, \
{0.96, 0.0557885}, {0.97, 0.0557686}, {0.98, 0.0557485}, {0.99, 0.0557282}, \
{1.0, 0.0557077}, {1.01, 0.055687}, {1.02, 0.0556661}, {1.03, 0.055645}, \
{1.04, 0.0556237}, {1.05, 0.0556023}, {1.06, 0.0555806}, {1.07, 0.0555587}, \
{1.08, 0.0555367}, {1.09, 0.0555144}, {1.1, 0.055492}, {1.11, 0.0554693}, \
{1.12, 0.0554465}, {1.13, 0.0554235}, {1.14, 0.0554003}, {1.15, 0.0553769}, \
{1.16, 0.0553533}, {1.17, 0.0553295}, {1.18, 0.0553055}, {1.19, 0.0552814}, \
{1.2, 0.055257}, {1.21, 0.0552325}, {1.22, 0.0552077}, {1.23, 0.0551828}, \
{1.24, 0.0551577}, {1.25, 0.0551324}, {1.26, 0.0551069}, {1.27, 0.0550813}, \
{1.28, 0.0550554}, {1.29, 0.0550294}, {1.3, 0.0550032}, {1.31, 0.0549767}, \
{1.32, 0.0549501}, {1.33, 0.0549234}, {1.34, 0.0548964}, {1.35, 0.0548692}, \
{1.36, 0.0548419}, {1.37, 0.0548144}, {1.38, 0.0547867}, {1.39, 0.0547588}, \
{1.4, 0.0547308}, {1.41, 0.0547025}, {1.42, 0.0546741}, {1.43, 0.0546455}, \
{1.44, 0.0546167}, {1.45, 0.0545877}, {1.46, 0.0545586}, {1.47, 0.0545293}, \
{1.48, 0.0544998}, {1.49, 0.0544701}, {1.5, 0.0544402}, {1.51, 0.0544102}, \
{1.52, 0.05438}, {1.53, 0.0543496}, {1.54, 0.054319}, {1.55, 0.0542883}, \
{1.56, 0.0542574}, {1.57, 0.0542263}, {1.58, 0.054195}, {1.59, 0.0541636}, \
{1.6, 0.054132}, {1.61, 0.0541002}, {1.62, 0.0540683}, {1.63, 0.0540361}, \
{1.64, 0.0540038}, {1.65, 0.0539714}, {1.66, 0.0539387}, {1.67, 0.0539059}, \
{1.68, 0.0538729}, {1.69, 0.0538398}, {1.7, 0.0538065}, {1.71, 0.053773}, \
{1.72, 0.0537394}, {1.73, 0.0537055}, {1.74, 0.0536716}, {1.75, 0.0536374}, \
{1.76, 0.0536031}, {1.77, 0.0535686}, {1.78, 0.053534}, {1.79, 0.0534991}, \
{1.8, 0.0534642}, {1.81, 0.053429}, {1.82, 0.0533937}, {1.83, 0.0533583}, \
{1.84, 0.0533226}, {1.85, 0.0532869}, {1.86, 0.0532509}, {1.87, 0.0532148}, \
{1.88, 0.0531785}, {1.89, 0.0531421}, {1.9, 0.0531055}, {1.91, 0.0530688}, \
{1.92, 0.0530319}, {1.93, 0.0529948}, {1.94, 0.0529576}, {1.95, 0.0529202}, \
{1.96, 0.0528827}, {1.97, 0.052845}, {1.98, 0.0528072}, {1.99, 0.0527692}, \
{2.0, 0.0527311}, {2.01, 0.0526928}, {2.02, 0.0526543}, {2.03, 0.0526157}, \
{2.04, 0.052577}, {2.05, 0.0525381}, {2.06, 0.052499}, {2.07, 0.0524598}, \
{2.08, 0.0524205}, {2.09, 0.052381}, {2.1, 0.0523413}, {2.11, 0.0523015}, \
{2.12, 0.0522616}, {2.13, 0.0522215}, {2.14, 0.0521812}, {2.15, 0.0521409}, \
{2.16, 0.0521003}, {2.17, 0.0520597}, {2.18, 0.0520188}, {2.19, 0.0519779}, \
{2.2, 0.0519368}, {2.21, 0.0518955}, {2.22, 0.0518542}, {2.23, 0.0518126}, \
{2.24, 0.051771}, {2.25, 0.0517292}, {2.26, 0.0516872}, {2.27, 0.0516451}, \
{2.28, 0.0516029}, {2.29, 0.0515606}, {2.3, 0.0515181}, {2.31, 0.0514754}, \
{2.32, 0.0514327}, {2.33, 0.0513898}, {2.34, 0.0513467}, {2.35, 0.0513035}, \
{2.36, 0.0512602}, {2.37, 0.0512168}, {2.38, 0.0511732}, {2.39, 0.0511295}, \
{2.4, 0.0510857}, {2.41, 0.0510417}, {2.42, 0.0509976}, {2.43, 0.0509534}, \
{2.44, 0.0509091}, {2.45, 0.0508646}, {2.46, 0.05082}, {2.47, 0.0507752}, \
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{2.48, 0.0507304}, {2.49, 0.0506854}, {2.5, 0.0506403}, {2.51, 0.050595}, \
{2.52, 0.0505497}, {2.53, 0.0505042}, {2.54, 0.0504586}, {2.55, 0.0504129}, \
{2.56, 0.050367}, {2.57, 0.050321}, {2.58, 0.0502749}, {2.59, 0.0502287}, \
{2.6, 0.0501824}, {2.61, 0.050136}, {2.62, 0.0500894}, {2.63, 0.0500427}, \
{2.64, 0.0499959}, {2.65, 0.049949}, {2.66, 0.0499019}, {2.67, 0.0498548}, \
{2.68, 0.0498075}, {2.69, 0.0497602}, {2.7, 0.0497127}, {2.71, 0.0496651}, \
{2.72, 0.0496173}, {2.73, 0.0495695}, {2.74, 0.0495216}, {2.75, 0.0494735}, \
{2.76, 0.0494254}, {2.77, 0.0493771}, {2.78, 0.0493287}, {2.79, 0.0492803}, \
{2.8, 0.0492317}, {2.81, 0.049183}, {2.82, 0.0491342}, {2.83, 0.0490853}, \
{2.84, 0.0490363}, {2.85, 0.0489871}, {2.86, 0.0489379}, {2.87, 0.0488886}, \
{2.88, 0.0488392}, {2.89, 0.0487897}, {2.9, 0.04874}, {2.91, 0.0486903}, \
{2.92, 0.0486405}, {2.93, 0.0485906}, {2.94, 0.0485406}, {2.95, 0.0484904}, \
{2.96, 0.0484402}, {2.97, 0.0483899}, {2.98, 0.0483395}, {2.99, 0.048289}, \
{3.0, 0.0482384}, {3.01, 0.0481877}, {3.02, 0.0481369}, {3.03, 0.0480861}, \
{3.04, 0.0480351}, {3.05, 0.047984}, {3.06, 0.0479329}, {3.07, 0.0478816}, \
{3.08, 0.0478303}, {3.09, 0.0477789}, {3.1, 0.0477274}, {3.11, 0.0476758}, \
{3.12, 0.0476241}, {3.13, 0.0475723}, {3.14, 0.0475205}, {3.15, 0.0474686}, \
{3.16, 0.0474165}, {3.17, 0.0473644}, {3.18, 0.0473122}, {3.19, 0.04726}, \
{3.2, 0.0472076}, {3.21, 0.0471552}, {3.22, 0.0471027}, {3.23, 0.0470501}, \
{3.24, 0.0469974}, {3.25, 0.0469446}, {3.26, 0.0468918}, {3.27, 0.0468389}, \
{3.28, 0.0467859}, {3.29, 0.0467329}, {3.3, 0.0466797}, {3.31, 0.0466265}, \
{3.32, 0.0465732}, {3.33, 0.0465199}, {3.34, 0.0464664}, {3.35, 0.0464129}, \
{3.36, 0.0463593}, {3.37, 0.0463057}, {3.38, 0.046252}, {3.39, 0.0461982}, \
{3.4, 0.0461443}, {3.41, 0.0460904}, {3.42, 0.0460364}, {3.43, 0.0459824}, \
{3.44, 0.0459282}, {3.45, 0.045874}, {3.46, 0.0458198}, {3.47, 0.0457654}, \
{3.48, 0.0457111}, {3.49, 0.0456566}, {3.5, 0.0456021}, {3.51, 0.0455475}, \
{3.52, 0.0454929}, {3.53, 0.0454382}, {3.54, 0.0453834}, {3.55, 0.0453286}, \
{3.56, 0.0452737}, {3.57, 0.0452188}, {3.58, 0.0451638}, {3.59, 0.0451087}, \
{3.6, 0.0450536}, {3.61, 0.0449985}, {3.62, 0.0449432}, {3.63, 0.044888}, \
{3.64, 0.0448326}, {3.65, 0.0447772}, {3.66, 0.0447218}, {3.67, 0.0446663}, \
{3.68, 0.0446108}, {3.69, 0.0445552}, {3.7, 0.0444995}, {3.71, 0.0444439}, \
{3.72, 0.0443881}, {3.73, 0.0443323}, {3.74, 0.0442765}, {3.75, 0.0442206}, \
{3.76, 0.0441647}, {3.77, 0.0441087}, {3.78, 0.0440527}, {3.79, 0.0439966}, \
{3.8, 0.0439405}, {3.81, 0.0438843}, {3.82, 0.0438281}, {3.83, 0.0437719}, \
{3.84, 0.0437156}, {3.85, 0.0436593}, {3.86, 0.0436029}, {3.87, 0.0435465}, \
{3.88, 0.0434901}, {3.89, 0.0434336}, {3.9, 0.043377}, {3.91, 0.0433205}, \
{3.92, 0.0432639}, {3.93, 0.0432073}, {3.94, 0.0431506}, {3.95, 0.0430939}, \
{3.96, 0.0430371}, {3.97, 0.0429804}, {3.98, 0.0429236}, {3.99, 0.0428667}, \
{4.0, 0.0428098}, {4.01, 0.0427529}, {4.02, 0.042696}, {4.03, 0.042639}, \
{4.04, 0.042582}, {4.05, 0.042525}, {4.06, 0.042468}, {4.07, 0.0424109}, \
{4.08, 0.0423538}, {4.09, 0.0422966}, {4.1, 0.0422395}, {4.11, 0.0421823}, \
{4.12, 0.0421251}, {4.13, 0.0420678}, {4.14, 0.0420106}, {4.15, 0.0419533}, \
{4.16, 0.041896}, {4.17, 0.0418386}, {4.18, 0.0417813}, {4.19, 0.0417239}, \
{4.2, 0.0416665}, {4.21, 0.0416091}, {4.22, 0.0415517}, {4.23, 0.0414942}, \
{4.24, 0.0414367}, {4.25, 0.0413793}, {4.26, 0.0413217}, {4.27, 0.0412642}, \
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{4.28, 0.0412067}, {4.29, 0.0411491}, {4.3, 0.0410916}, {4.31, 0.041034}, \
{4.32, 0.0409764}, {4.33, 0.0409188}, {4.34, 0.0408611}, {4.35, 0.0408035}, \
{4.36, 0.0407459}, {4.37, 0.0406882}, {4.38, 0.0406305}, {4.39, 0.0405729}, \
{4.4, 0.0405152}, {4.41, 0.0404575}, {4.42, 0.0403998}, {4.43, 0.040342}, \
{4.44, 0.0402843}, {4.45, 0.0402266}, {4.46, 0.0401689}, {4.47, 0.0401111}, \
{4.48, 0.0400534}, {4.49, 0.0399956}, {4.5, 0.0399379}, {4.51, 0.0398801}, \
{4.52, 0.0398224}, {4.53, 0.0397646}, {4.54, 0.0397068}, {4.55, 0.0396491}, \
{4.56, 0.0395913}, {4.57, 0.0395336}, {4.58, 0.0394758}, {4.59, 0.039418}, \
{4.6, 0.0393603}, {4.61, 0.0393025}, {4.62, 0.0392447}, {4.63, 0.039187}, \
{4.64, 0.0391292}, {4.65, 0.0390715}, {4.66, 0.0390137}, {4.67, 0.038956}, \
{4.68, 0.0388983}, {4.69, 0.0388406}, {4.7, 0.0387828}, {4.71, 0.0387251}, \
{4.72, 0.0386674}, {4.73, 0.0386097}, {4.74, 0.038552}, {4.75, 0.0384943}, \
{4.76, 0.0384367}, {4.77, 0.038379}, {4.78, 0.0383214}, {4.79, 0.0382637}, \
{4.8, 0.0382061}, {4.81, 0.0381485}, {4.82, 0.0380909}, {4.83, 0.0380333}, \
{4.84, 0.0379757}, {4.85, 0.0379181}, {4.86, 0.0378606}, {4.87, 0.0378031}, \
{4.88, 0.0377455}, {4.89, 0.037688}, {4.9, 0.0376305}, {4.91, 0.0375731}, \
{4.92, 0.0375156}, {4.93, 0.0374582}, {4.94, 0.0374008}, {4.95, 0.0373434}, \
{4.96, 0.037286}, {4.97, 0.0372286}, {4.98, 0.0371713}, {4.99, 0.037114}, \
{5.0, 0.0370567}
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Appendix D

Brief description of the application of Dirac’s
generalized Hamiltonian dynamics (GHD) to

microscopic systems of particles

The central point of Dirac’s generalized Hamiltonian dynamics (GHD) is the
introduction of a classical generalized Hamilton function

ϕ= + = …H q p H q p u q p m M( , ) ( , ) ( , ), 1, 2, , , (D.1)m mg

whereH(q, p) is the conventional classical Hamilton function and the second term is
a linear combination of constraints [1–3]. Here and below, summation over a twice
repeated suffix is understood. The coefficients um can be determined from so-called
consistency conditions

ϕ ϕ ϕ+ ≅ ′ = …′ ′H u m M[ , ] [ , ] 0. ( 1, 2, , ), (D.2)m m m m

where [f, g] is the usual Poisson bracket.
Oks and Uzer [4] further developed Dirac’s GHD using classical integrals of the

motion as constraints—see also [5, 6]. Specifically, for hydrogenic atoms/ions they
used components of the angular momentum and of the Runge–Lenz vector as the
constraints. This turned out to be sufficient for proving the existence of classical non-
radiating states.

To obtain further results, Oks and Uzer [4] employed Plank’s hypothesis (later
incorporated by Einstein into his photoelectric law—see e.g. the textbook [7]), which
can be formulated as follows. In the process of radiation the change of the energy
between the initial and final states ΔE should be proportional to the average
frequency of the radiation ω〈 〉 in this process. As a result, Oks and Uzer [4] obtained
the expression for the infinite set of classical non-radiating states Ek (where k = 1, 2,
3, …, ∞) coinciding with the corresponding set of quantum stationary states.

Later Dirac’s GHD was successfully applied to other microscopic systems and to
finding classical non-radiating states in these systems. Examples are pairs of particles
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interacting through a modified Coulomb potential [8] and a spherical harmonic
oscillator [9].
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