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Preface

This book is the sequel to Pure Mathematics 1 by J. K. Backhouse and 5. P. T.
Houldsworth, revised by . J. F. Horril. The two books bring the work up to the
standard required for examinations in Mathematics and Further Mathematics
at Advanced level; some carefully selected S-level topics have also been included.

The revised edition takes into account the changes in syllabuses which have
taken place since the original version was produced in 1963. However the
authors hope that the artificial and damaging distinction between so-called
‘modern’ and ‘traditional’ mathematics will soon disappear and thal school
mathematics will once again be seen-as a unified subject.

Readers familiar with the earlier editions will note that less emphasis has been
placed on heavy manipulation of algebraic and trigonometrical identities and
that certain topics have been omitted because they have gone out of fashion. On
the other hand, there arc scveral entircly new chaptera, namcly

Chapter 8, Further matrices and determinants
Chapter 15, Second order differential equations
Chapter 21, Further vector methods.

Chaplers 8 and 21 follow up the work done on these topics in Book 1, and
Chapter |5 continues the work started in the revised and expanded Chapter 14
of Book 2; there is also a section on differential equations in Chapter 17,
Numerical methods. The introduction to complex numbers now appears in
Book 1, and Book 2 contains a sequel to it (Chapter 20). This edition contains
an index, and there is also a table of the contents of Book 1.

The exercises have been extensively revised and include a wide selection of
questions from recent GCE papers.

The individual reader has been kept in mind, and he or she is advised to work
through the questions in the text marked Qu., the class teacher will find that
many of these are suitable for oral work. In the exercises, certain questions have
been marked with an asterisk *: this indicates that they contain a useful result or
method for which reom has not been found in the text.

Once again, 1 would like to thank the authors of the original books for
entrusting me with the task of revision; their help with preparing the drafts and
reading the proofs has been invaluable. | would also like to thank everyone from
the Longman Group who has helped with the production of these new books.

My thanks are also due to the Master and Fellows of Selwyn College,



Cambridge, and the President and Fellows of St John's College, Oxford, becnuse
much of the work involved was done while 1 was resident at their respective
colleges. | should also like to acknowledge the valuable help of my colleagues
and pupils who read the new material, Lastly, 1 must thank my wife and family,
without whose support and patience the project would never have been
completed.

Mottingham P. 1. F. Haorril
June 1984

ﬁ

Note on degree of accuracy of answers

In order o avoid tedious repetition in the wording of gquestions the [ollowing
conventions are observed throughout the book, unless there are specilic
instructions to the contrary.

{a) When possible an exact answer is given. To this end it is normally
appropriate to retain surds and  in the answers where they oceur. (The word
exacl 18 used here in the rather limited sense of being derived from the data
without any intervening approximation.)

(b) When an answer is not exact, it is given correct Lo three significant hgures,
or, il it is an angle measured in degrees, to the nearest tenth of a degree.

Acknowledgements

We are grateful to the following examining bodies for permission to reproduce
questions from past examination papers:

University of Cambridge Local Examinations Syndicate (C); Jomt Matricula-
tion Board (JMB); University of London, School Examinations Department (L),
Oxford and Cambridge Schools Examination Board (O & C) and University of
Oxford Delegacy of Local Examinations (O)

Questions [rom the above bodies are indicated by the letters shown in brackets




Mathematical notation

The following notation is used in this book. It follows the conventions employed

by most GCE Examining Boards.

l. Set potation

13

3

la b,c,...}
Ixrd
n(A)

is an element of.

is not an clement of.

the set with elements a, b, ¢ ...

the set of elements x. such that ...
the number of elements in sel 4.
the empty set.

the universal set.

the complement of set A4,

the set of natural numbers (including zere) 0, 1,2, 3 ..

the set of integers 0, + 1, +2, +3, ...
the set of positive integers + 1, +2, +3..,
the set of rational numbers,

the set of real numbers.

the set of complex numbers.

15 a subset of,

is a proper subset of. :

union.

intersection.

the closed interval {xeR:a<x<h}
the open interval (xeR:a<x<b}.

Z. Miscellaneous symbols

RV H
A

is equal to.

is not equal to.

is greater than, is less than,

is greater than or equal to, is less than or equal to.
is approximately equal to.

i

L Opernthons

i b a plus b,

o=k a minus b,

a % boab, ab a multiplied by b

asb o ajb a divided by b.

Y o iy + iyt syt td,
i=1

4. Functions

fix) the value of the function [ at x.
[t A—B [ is a function which maps each element of set 4 onto a
member of set B.
f: ey [ maps the element x onto an element y.
£ the inverse of the function f.
gofor gl the composite function gif{x))
lim fix) the limit of f{x) as x tends to a.
&3
dx an increment of x.
? the derivative of y with respect to x.
X
:—‘1: the nth derivative of y with respect to x,
x
{'(x) 17(x), ... ""x)  the first, second, ... nth derivatives of f{x).
[ vdx the indefinite integral of y with respect to x.
(]
ydx the definite intcgral, with limits a and b.
[F(x)1 F{b)— Fla).
5. Exponential and logarithmic functions
et orexpx the exponential function.
log, x logarithm of x in base a logarithms.
Inx log, x.
lg x log;, x.

6. Circular and hyperbolic functions

sin x, cos x, tan x the circular functions sine, cosing, langent.

cosec x, sec x, cot x  the reciprocals of the above functions.

sin ' x or arcsin x  the inverse of the functon sio a (with similar abbrevi-
ations for the inverses of the other circular functions).

sinh x etc. the hyperbolic functions.

7. Other functions

Ja the positive square root of a.




fua]
!

8. Complex numbers

1
Zorw
Relz)
Imiz)
B
arg(z)
zl

9. Matrices

M

M -1
MT
det(M)
adj(M)
i

10. Vectors

a
|aj or a

F

ij k

AB

|AB| or AB

a.b
anhb

the imodalus ol o
i fwetorinl ml sm sl = i x -2 %, s I xdxl,
(0] = 1}

in!
when n, Fre [N and O rF € n,
rlin—ri

nn—1}...(h—r+ 1}

= when ne O and re N
r!

the square root of — L.

a typical complex number, e.g. x + iy, where x, ye K.
the real part of z; Re(x +1y) = x.

the imaginary part of z; Im{x +iy)= v

the modulus of =3 |x 4+ iy| = J(x? + )

the argument of z.

the complex conjugate of z.

a typical matrix M.

the inverse of a matrix M (provided it exists).
the transpose of matrix M.

the determinant of a square matrix M,

the adjoint of a square matrix M

the identity matrix.

the vector a.
the magnitude of vector a,
the unit vector with the same direction as a.

unit vectors parallel to the Carlesian coordinaie axes,

the vector represented by the line scgment AB.
the length of the vector AR

the scalar product of a and b,

the vector product of a and b.

Chapter 1

Integration

Introduction

LI In Book Y we dealt with the differentiation of powers of x, polynomials,
products and guotients, composite functions, trigonometrical funclions, and we
also discussed implicit functions and parameters.

Now that we come Lo extend the scope of integration we find that il 15 not,
unfortunately, merely & matter of putting into reverse the techniques for
differentiation; we have learned a technique for differentiating (3x* +2)* as it
stands. but can we integrate this function without first expanding it? Even
consider the simple function x% we can differentiate this whenever 1 £ 2, but we
must bear in mind the gap which remains o be filled later in this book when we
discover how to deal with [ x ' dx.

Integration is, in fact. less susceptible than differentiation to concise system-
atic treatment. It presents a broad front, and the reader’s experience of it will
gradually expand, so that by guick recognition of an increasing number of forms
ol integrand (Le. the function to be integrated) there is developed the power Lo
discriminate between the many possible lines of attack.

Recognising the presence of a function and its derivative

1.2 The very first thing (o search for in any but the simplest integrands is the
presence of a function and its derivaiive; with this, we may often guess the
integral to be a certain composite function, check by differentiation, and adjust
the numerical factor. Two examples follow to illustrate this method,

Example 1  Find [ x(3x* + 2)* dx.
[We note that the x outside the bracket is a constant » the derivative of

the expression inside the bracket. We deduce that the integral is a funchion of
(3x* +2).]

1 Pure Mathemarics 1, 1. K. Backhouse, 5. P. T. Houldsworth and P I F. Hormnl, published in 1985 by
Longman and hereafler referred o as Book 1.




il
ix [(3x? 4 2)M) = S{3x" 4 2)* x 6x = J0x(Ix + 2)°
e

d ‘ll

dx i‘[}"tl\: + l]‘i' - .'L'Ea-_\jz 4 3]4

Hence

1
Ixﬁx’ + 2V dx = == (3 + 2 4

Example 2 Find [ sin® 4x cos dx dx.

[We note that cos 4x is a constant % the derivative of sin 4x, and we deduce
that the integral is a lunction of sin 4x.]

d .
= {sin? dx| = 3(sin 4x)® = cos 4x x 4= 12 sin” 4x cos 4x

Hence

J.ﬁil'l‘} dxcos dx dx = :—25in3‘ 4x 4 ¢

Qu, 1 Differentiate:

2 4 fix? 7 = e
fa) (2x%4 3%, (b} Jx"=2x+ 1k (©) (Zx—1"

id) sinfdx—7), (c) tan x, i) cos® 3x.

Qu. 2 Find the following integrals, and check by differentiation:
(@) [x(x®+1)7dx, () [(2x+ 1) dx, (c) [ix? + 1P dx,
{d) [4sin3x dx, (€) | x* (x> +1)dx, (f) | sec? x tan x dx.

Pythagoras’ theorem. Odd powers of sin x, cos x, etc.

1.3 Pythagoras' theorem in the forms

2

cos’ x+sin x=1, cot x+1=cosec’x, and 1+tan’ x=sec’ x

{see Book 1, §16.6), may be used to change some integrands to a form susceptible

to the method of §1.2. In particular, it enables us to integrate odd powers of sin x |

and cos x.
Example 3 Find [ sin® x dx.
fsin5 xd,t=fsin‘x sin x dx
=j.|l‘1 —eos?® x)* sin x dx
= [ (sin x — 2 cos™ x 5in x + cos® x sin x) dx

o [sin® xdx= —cosx +Fcos? x —fcos® x4

Qu. 3 Find: (o) [sin’ xdx,  (b) Jeos” v dy,

Qu. 4 Find: {a) [eos® xsin® x dx,  [Write cos” x as cos xf] sin® x).]
(b) [ sin? x cos® x dy,

d
Ou. 5 Find _[su., xotan® x dx. [Rumumher e [se¢ x)=seC x lan .v.}

Even powers of sin x, cos x7

1.4 Two very important formulae derived from the double-angle formulae are
cos’ x =31 + cos 2x) and sin® x = {1 — cos 2x). (See Book 1, §17.3).

Their use in integrating even powers of sin x and cos x is illustrated in the
latter part of Exercise la, which also gives practice in the use of other formulae,
including the factor formulae. (See Book 1, §17.8.)

Exercise 1a
1 Differentiate:

(@) (31, (b) I

G —srap G

{d) cot 5x, {e) cos{ix— 1) {1 sin? %f
{g) tan /%, (h) see? 2x, (i) |/eosec x.

Find the following integrals in Nos. 2-&
2 (@) fx(x* =3 dx, () f3x—17dx, (¢ [xlx+2) dx,

X x+1
- " et e et
@ J‘[xJ +1) e lﬂ] J.U:* o e A

2
N [Cx—NP—3x+Tdx, (@ jﬁ dx,

(h) [ 2x /(3x* = 5) dx, (il [lx*+1)* dx,
. e | " »—]
0 _L-{x’—axpdx‘ (k) j{ml—4x i
(h [(2x* =17 du.
3 {a) [ 3eoedxdx, (b} [ sin(2e+ 3 dx,
_fe) [ cos xsin x dx, (d) [4cos2xdx,
(¢} [sin3xvcos? Ixdx, () [sec? xtan® xdx,
(2) [sec® xtan xdx, (h) | cos x /sin x dx,

$This section and the latier part of Exercise 1a may with advantage be delaved and done in
conjunction with later parts of the chapter.
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} i ] % - P
(i) | xcosec” x?dx, ] IL‘ Y : dx,
(k) | cosec’ x cot x dx.

4 ja) |cos’ xdx, ib) J.cns"%dw:,
fe) [sin? 2x dx,
fe) [sin® x cos? x dx,
(@ [sec* xdx,
(i) |tan® xsecxdx.

(d) [eos® (2x + 1) dx,
(f) fcos®xsin® x dx,
(h) [cosec ¥ cot® x dx,

5 Find j tan x sec® x dx, (a) as a function of sec x, (b) as a function of tan x, and
show that they are the same.

6 Show that the integral given in No. 3¢) may be obtained in three different
forms.

MNos. 7 onwards may be delayed (see footnote 1o §1.4).

T Express (a) sinig in terms of cos X, (b) cos® 3x in terms of cos 6x.
8 Find (a) |cos® xdx, {b) | sin? ;dx. {c) |cos® 3xdx.

O Express sin® x in terms of cos 2x, and cos® 2x in terms of cos 4x. Show that
|sin* xdx=gx—}sin 2x + {ysindx + o
10 Find Icus" x dx,
11 Find the following integrals:

{a) ! sin® x dx, k) ! cos” % dx, ic Ism"‘ 2xdx, {d) | cos® % da,

; ; X
12 Write down a formula for cos x in terms of cos —, and show that

2
1
— dx=1tan { +
I +cos x 2

13 Find the following integrals:
{a) j (1 +cos x)dx, “fﬂ bkl

V(1 —cos 2x) =

2

14 (a) Factorise sin 3x + sin x. (See Book 1, §17.8)
ib) Express 2 sin Jx cos 2x a8 the sum of itwo terms.
(¢) Find [ sin 3x cos 2x dx.

15 Find the following integrals:

(e) §sin 2xsin® x dx, (d) j? sin x cos - dx.

(a) | sin x cos 3x dx, ib) J-.'! ms?cu&%dx. ) j' sin 4x sin x dx.

1.5 In Example | we found thai

. I ;
J‘x:lt‘ 4+ 2t de= m[.'i.t‘ + g

The integral is a function of (3x* + 2). If we write 3x* + 2 as u, then the integral is

a lunction of w; this suggests that we might make the substitution u= 33>+ 2in

the integrand, and integrate with respect to u. Let us see how this can be done.
Lt

y=[ x(3«c* 420" dx

hen

d]i = xf3x? + 29

dx
If = 3x + 2, x may be expressed as a function of u. Then, by the chain rule,
dy _dy dx
du  dx  du
cdy 3 g dx
T =x(3x"+ 2 da

Intagrating with respect to w.
ik
y= unxz + 2 du
i

du dx 1
= z Y —_——
But &= 3x* 42, S fix and ¥ i

i
Jx[lrz +2)* dx =J af3xt + gﬁﬁ_x du
= [ 4u* du
= fgu® +¢

SO+ + ¢

Qu. 6 Find [ sin® 4x cos 4x dx; put u=sin 4x.
Qu. 7 Find [ sin® xdx; put u=cos x. i

Comparing the foregoing lext and questions with the solutions of Examples 1,
2 and 3, it might appear that we have merely introduced a more cumbersome
technique; however, the power of changing the variable lies in its application to a
wide class of integrals not susceptible to the method of §§1.2, 1.3.

In general, let f{x) be a function of x, and let

y = ftx) dx




Then
dy
— = i3
3 (x)
If u is a function of x, then by the chain rule
E‘ B l:l__; » dx
du dx du
Cdy dx
Fae a = ﬂ:.\'}a
dx
=J!‘Lx} % du
J‘ flx)dx = J-ffl}% dir

Thus an integral with respect to x may be transformed into an integral with
respect to 4 related variable w. by using the above result, and substituting for fx)

dx .
and —— in lerms of u
du

Fxample 4 Find [ x./(3x — ) dx.

Sidework:
s i N b GRr 2u il AL
J‘x\,-[h—_!]duliu---l’l{[: .+-I.}”i_fu Let /(Ox—1)=u.
D= w4+ u?) du x=hud 4 1),
B L BT dx _ 2u
=R du_ 3

=ttt + §) + ¢
) !'.t\,-"{?rx — Ndx= ”,{35: — 10 4+ D+ e

Qu. 8 Find the following integrals, using the given change of variable:

(a) [xJ(2x+ 1)dx, Vi2x+ 1) =u,
(b) | x/(2x + 1) dx, 2x+1l=u,
(c) | x(3x—2)%dx, Ix—2=u

Exercise 1b

1 Find the following integrals, using the given change of variable:
(a) | 3x/(4x—1)dx, Jidx—1)=u,
(b) J x/(5x +2)dx, Sx+2=u,

o) [ w2y~ 11" dx, 2% = | =y,

i) ,[\-'ff-‘x 21d.~;. JiIx =2 =

(€) fix+20x = 1y d, x—1l=u

(N fix—2%x+3)° dx, x—2=u.

(g) I ;‘f‘_ ;: % R
x—1 .

1 }J-‘,mwn JRx+ 3=

2 Repeal Nos. 1(a) and 1(d) using a different change of variable in cach casc.
3 Of cach of the following pairs of integrals, one should be found by a suitable
change of variable, the other written down at once as a composite function ol
¥, as in Example | on p. 1t
{a) | x/(3x —4)dx and [ x/(3x% — 4)dx.
(B) | x(x*+ 5)° dx and [ xlx+5)"dx,

X X
. T e
() J.\”x_” x and J\."IEIJ 5 dx

4 Find the following integrals, using a suitable change of variable only when
nECessary:

It —1
(a) [x/(2x*+1)dx (b j-m dx,
(e [ 2x(@x— Ddx, (d) |ecos® 2xdx,
e} ]‘ sin x,/cos x dx, if) Imta % cosec® x dx,
' PO L x
igl IZx{i‘l:.t 1)* dx, (k) _|_\|"I{2-x1_ 5 dx
. 3x sin  /x
o [@se o [

Definite integrals and changing the limits

1.6 The method of changing the variable is also applicable to definite integrals,
It is usually more convenient to change the limits to those of the new variable ol
the same time,

As a reminder that one must be ever watchful for the presence of a function
and its derivative in an integrand, two examples of this type are also given
here.




Ll

b

Example 5 .'-.'wn'murj. X1 2x 4+ J)dx.

I3

=3
TJ x(2x + 3) —lln‘ J‘ Yo — 3 L du Let 2x+ 3=
4

e x=Hu—3)
I 1z &= 3
—J- - 3. du TP
=[ l“-'!l.lIJq il i
. 3|9
=(243—135)— (32— 4) ¥4

=116
3

Example 6 Evaluare [a}I .ﬁ[ K
r

il X il
fa) J l—dx —[ﬁ: 3}’“}
2 "1'{ :I 3

={'g _3.!."1 _{4_ :.“I,II
=,/6—1

xld =id
j mslxsin_tdx=[—}ms4x]
i I o

=(=txd-(-
=15

[h]J‘ cos” x sin x dx.

Exercise Ic

1 Evaluate the following definite integrals by changing the variable and the
limits:

3 1
{a) x,J(x —2) dx, B J‘ xlx— 1y dx,
o L]
#3 % 2 !
fc) j m dx, (d) L (2 — Dix — 2y dx,
i x+3
(e} 1F —qux 0 dx

tThe reader should note that, in praclice, this integral will of course first be written down as given
{ie. as an integral with respect 1o x). Wihen it 1% decided 10 change the variable, dx is chianged 1o

dx -
o du; it is then nocessary 1o specily thal the limits are still those of .

2 Fynlumte the lollowing delinite integrals either by wiiting down the integral as
i fanetion of v, or by using the given chiunge of varinble:

Main
(i) sec? x tun x dx [sec x = u),
by sin® x dx [cos & = u),
L u
T ol x
(5] — \,| dx  (coseec x =u)
o 1 \_-".1"54..‘13' X
3 Evaluaie:
172 " r4
(u] — dx, (b} 214 = x)dx,
N \.-"I“ — x4 Jo v
0 i
() xx?— 1) dx, (d) gec® x dx,
J4-1 Ju
iy x—2 =
] —_— i, i (x+ 102 = x)dx,
i L1 (% + 2P (x — 6 ¢ et
il ol K | X+ 2
¥ =
cos? x dx, (h) ;
® J -z Jsia A/(3x—4)
il )
(i) sin x,/cos x dx.
Jo

4 Calculate the area enclosed by the curve y = x//{x? — 1), the x-axis, x = 2 and
x=13,

5 Calculate the area under y =sin® x from x=0to x=2n/3.

6 Calculate the volume of the solid penerated when the area under p = cos v,
from x=0 to x =n/2 is rotated through four right angles about the v-axis
(See §1.4)

7 The area of a uniform lamina is that enclosed by the curve v = s x, the
x-axis; and the line x = =/2. Find the distance from the x-axis of the centre o
gravity of the lamina. (See §1.4.)

Integration using the inverse trigonometrical functions

1.7 The inverse trigonometrical functions were introduced in Book I, §18.7

- Some readers may need (o revise this topic before proceeding further; Qu. 912

are included for this purpose.

Qu. 9 The following angles lic between 0 and 90° inclusive. Express them in
degrees, and in radians in terms of m

{a) tan~"' 1, (b) sin~'4, fe) $sin”t1,

{d) cos™ '3, (e) 4cos™ 14, (f) cos™'1,




m

(g) 2eos ! "'-'J..H. (h) Yeos 'O, (i) feat 1,

(j) sec'2, (k) 2 cosec ' /2,

Qu. 10 Express the following angles in radians, leaving n in the answers:
(a) 20°,  (b) T0°, (c) 1507,  (d) 300°, (e} 405"

Qu. 11  Express the following angles in degrees:

{a) I radian, {b) 0.03 radian, {¢) 1.25 radians,

(d} 0.715 radian, (g} =/5 radian.

Qu. 12  Express the following (acute) angles in radians:

(a) 2sin~ ' 0.6, (b} tan ' 1.333, {c) §ecos ! 03845,

The inverse sine function may be writtén as arcsin x, or as sin ' x. Both forms
are in current use and both will be used in this book to familiarise the reader
with them.

The expression /(1 — x*) may be reduced to a rational form by changing the
variable to u, where x =sin u; thus

Y =x%) = /(1 —sin® o) =, fcos* u=cos u

This i5 used in the following example.

1
Example 7 Fi . S
xample 7 Find J.\.-'[I—x-‘: dx
e
,[J“—T}d.l.' j J —sin? _I":‘C}E"d“ Let x = sin w,
1 -
= J- cos u du e
COs N
=i+
= Arcsin x -+ ¢
2 2. dx
,[J(a —bx x)

1.8  The reader should check that the integral found in §1.7 is nol susceplible o

the change of variable \_.-"[!—1:1}=u‘ J‘\Hll—

JJ—” —ul]d" However, changes of varable involving a trigonometrical

substitution, such as was successfully applied in this case, open the way (o
finding a very important group of integrals, Here are two examples of the type of
substitution we shall be using

If x=S5%mnn,

V25— = /(25— 255in? )= /{25(1 —sin® 4)} =S cos ¥

dx  merely becomes

v
If x = "; i i,

I3 =dxd) = i3 -4« dsin w)= [} —sin® u)} = /Icos u
Qu. 13 Reduce each of the following to the form k cos w, and give u in terms of
¥ inoeach case:
) JO—x%  (b) 1 =25x") (e) Jd—9x%),
() J(7=xY (@ 1 =3x), N J3—=2x%)
We see that to deal with (/(a® — b*x?) we write
a — b as a'—a*sintw
thus h*x® = g® sin® w, and x = (a/b) sin u. Note that = arcsin (bx/a) and, for the
substitucion to be valid, and of use, v must be real and not m/2, so [bx| <|al: this
condition is implicit in ,/(a® — b*x?) being real and not zero.

|
; Fi =
Example 8 Find J.\.IJ{‘; e x

dx B 1 3
e = | G — X S cosudu 9 — d4x°,
19— 4x7) da JJ9—-9sin*w) " 2 Bt
% dx 3
= é s ﬁ = EWS .
=duse
03 Y e
-Earcsm = +E
. | 2
(This answer could also be written  sin- ; (TI) +e)
Qu. 14 Find the following inl-.tgral:‘.‘
1 1
{a) Im dx. (b) J. d.n (c) dex
| hx
Qu. 15 Prove that J’J[ = :} hal‘cslh( ﬂ ) +
1
7 2 Ih'
,[ +b'x

1.9 In$1.8 we made use of Pythagoras’ theorem in the form cos® u + sin® u = |,
we shall now find that an alternative form, | + tan® u = sec’® u, helps to effec!
other useful changes of variable.




. [ :
Ou 16 Find -[ T dy by taking x as tan o,
T

Qu, 17 Reduce each of the following to the form k sec” u, and give u in terms of
x in each case:

(a) 9+ x2, {b) 1+ 4x% {c) 25 +9x7,

(d) 3+ x%, (e) 1+ 5x% ) 7+ 3%

Qu. 18 Find the following integrals:

S 1 1
{a) J md.‘-ﬂ {b) JI__]_-F dox, lc) J.—+£x2 dx.

32 1

Example 9 Evalual —_—
p MELJ,23+-¢E X

x=3]Z 1 dx 1
1+4_Ilﬁd" I 44x.
e 3+ 3tan® u
J‘tr‘_’. | \I‘l] . d
= e X 5ec? 4 du -
wa M1+tan®u) 2 L¢|x=""'l—3¢anu.
xtl
3
—du
3
ni4 2 = )"J— sec? u.

1 [ﬂ “]"'3
B L

72

Exercise 1d

(Nos. 1-4 are revision exercises on Book 1, §18.7.)

1 The following angles lie between 0 and 90° inclusive. Express them in
degrees, and in radians in terms of

|
{a) arccos —, {b) arccot | ic) arccot /3,

V2 X ﬁ
3 : :
{d) arcsin % fe) /3 arcsin 4, (M} §arcsec 2,
{g) §arctan |, (h) 4 arccosec 2.
2 Express the following angles in radians
(a) 327, by 60" 21, fcy 5741, (d) 2357 16',

A Fxpress the following nngles in degrees:
() 2 rackinns, () 08 rnddian, ¢y 1362 radians,
ic) /6 radinn,

4 Lxpress the following (acute) angles in radians:

"5
{a) sin "8, 0 (b dcos ’(H) {c) 2tan ' 0625

{In this question. the alternative notation, sin ' x, etc, isemployed Lo give the

reader some practice in using it.)
5 Express the following in the form k cos u, and give u in terms of x in cach
case:
() /(16 = x%), (b) /(1 —9x7), () (9 —4x7),
(dy JIO—xT), (e Jil=6x3, () J5—=3x%)

6 Find the following integrals:

1 I 1
e ———— X,
(a) J.\s'{lﬁ—xz} de, (b L“ }d (c) JAJH—'?J:‘} X

I 1 I .
(d) j‘\?ﬂ_—x_:"] dx, {e) jmdx- {_f} j'vwd-\-

7 Express the following in the form & sec? u, and give u in terms of x in each

CaARE!
fa) 16+ x% {b) 1+ 9x?, c) 44 3x%,
id) 2+ x%, fe) |+ 3x7, i 5+2x%

8 Find the following integrals:

1 | 1
() J'm‘“' (b) f1+3a ey ) J'm‘i‘*

l'l I
@ |37zdx “”j et ‘”f;m‘“

9 Find the following integrals:

1 3
] B Y
(@) I9+2.t: Lt (b) _La’{ct—Sx“l .

" I 5
L. — =

© |t @ J.3+5x3

10 Evaluate the following integrals. leaving 1 in your answers:

[¥3 2 3

o2 | i i
fa) }, T dx, (b J.u Ja—=3 dx, (c) .[m. N ¢

B | (5l ] d f ] 1 |
Ll e L L J—9x7) W _L sqa—xh




| ; . :
I Find J "W. o s using (1) x = 3 sin o, (i) x = 3 cos i,
N

dx using (i) x =3 sin u, (it) x = 3 cos u.

(b} Evaluate J

32 4/(9 = x%)

12 Find the following integrals, using the given change of varable:

'

J 4=+ 1)}

(b) ‘; dx,
J9+(x -3y

13 Find the following integrals:

- I I
fa) ] m dx, (b J‘;,[—dmﬁ dx,
i 1 I
s O JJ!9—3(x+:1=’-} i

{a) dx, x+1=2sinu

x—3=31lanu

(c)

*14 (a) 2x* — 12x + 21 may be written 2(x* — 6x+9) + 21 — 18=2Ax—3)* 4+ 3,
Write the following expressions in the form a(x + b)? + ¢ (see Book 1,

10,3
(i) x*—6x+ 16, {ii) 3x* —12x+ 14, {iii) 2x® —dx + 5.
(b) Find the following integrals:

: 1 .. |
H fm Sy 1 _[T-H] e

l : 1
=) J‘Tm P

15 (@) | +6x—3x* may be written 4 — 3(x* —2x + 1) =4 —3(x— 1)".
Write the following expressions in the form a — bix + ¢)%:
) 3—2x—x% {it) 5+4x —x?%, fiil) 74+ 2x — 2x%.

(b) Find the following integrals:

-

. 1 . 1
(i) J.\—."I:E - dx, (if) .I‘—\,".“ Py T dx,
1 . 1
o fm i fﬁ'?z?fi‘i =)
16 Evaluate:

~a 'I =1 1
) ,L F—ws > J.;Ju—?_x—x*;

#17 Find the following integrals by writing each integrand as two fractions;

3=x 2x+3
{iﬂ J‘m {1_‘1'., |:b] m dx.

[} i 1 1
18 Show that § J(1 = x"ydxm ain ' gl = xf) 4
Find the following imtegrals:

» | A I

X X
i - e X, (ch ; — fx,
Ji—+9 dv. (b Jl.x': S ¢ J.».,-'H‘ o

1 i 4
19 Show that J— —dx=x{1—x%)" "4

TS

{a)

Find the following integrals:

1 I .
) 4 il
(a) J“ = 9.\::}\,."[1 —':}KI:I X (k) j-"'.zw'f“ —x3
|
b SE——, |
el J‘x\,-"{.\!z— I]' X

Trigonometrical functions of numbers

1.10 At this stage it is advisable to discuss some of the implications of the
definite integrals evaluated in Exercisc 1d,

fromx=01t0 x=1 (see

Let us find the area under the curve y= \"ﬁ —4_::2}
' 1 . .
Fig. 1.1). The element of area = yax = j{q—_ pee 6x, and the required aren 18
x=1 1 TEM g -1.1‘-: .
::uw'r[g—“-"' ) du 9 — 9 sin” u
A V191 —sin )} 2 o

— = § CO% 1.

1 7297 d_“
-] -
2 . X |sSmu | u
= 0,365, correct to three 1| 2/3 |0.7297 rad
significant figurcs olo |O

Now if we retain v as our variable (see Example 8), the integral is evaluated ns

1t may at first sight scem surprising that the number D.Sﬁj_i can measure, at one
and the same time, units of area and the angle 4 sin ' § in radians. These (wo
aspects must be reconciled, and it is apparent that we must eatend our
definitions of the trigonometrical ratios to include the functions of numbers, s
well as of angles. _

Thus sin umay be considered as a function of the number u which, as u moves




i
. V9 = dwd)
| L Y |
' |
|
I - I
[ |
| |
| I
| - |
| : |
[ |
| I
T = =
-2 | -1 O 1y 2 x
| |
| |

Figure 1.1

from —oo to + oo, oscillates between — | and + 1 with period 2n. (See Book |1,
§16.2.) The sine of a given number is the same as the sine of the angle given by
that number of radians; thus

sin 2 = sin (2 radians) = sin 114" 35’ = sin 65° 25' = 0.9093

[sin 2=09093 can easily be obtained [rom a caleulator, but make sure the
calculator is in radian mode. ]

Qu. 19 Find the values of

{a) cos(m/6), (b} sin 4, (c) tam 1.2, (d) cos 3, (e} sec b,
Qu 20 Find the following numbers between —n/2 and n/2 inclusive:
{a) sin™*' 1, (b) tan~ ' (=1), {c) sin " (3), (d) tan™' 2

Exercise le

1 Find the value of
(a) cos (n/12), (b} sin 1.5, (c) tan 00806, * (d) cosec i
2 Prove that arcsin x + arccos x =m/2,
3 Find the following numbers, in terms of m, or to three sipnificant figures:

(@) tan '3, ) J3tan (3 (© %sin 1!;3,

(d) cos™ ' (—0.375) fe) sec ™ 'm
4 Find x in terms of y il

ly=cos 'y— id
&
5 Sketch the graph of vy = I,’J{Iﬁ — x?%), and calculate the area under the curve

(a)from x=0tox=2,(b)from x=2 to x=3,

{a) tan 'x=1tan™! ,-,r+g. (b} cos™

6 aketeh the graph of y = 1A1 + &%) from x = ~ 3 to x = + 3, aivd culeulinte the
area under the curve (a) from x =0 to x = |, (b) from x =1 (o x = 2.

7 A particle moves along a straight line so that ¢ s after starting it is x m from a
point O on the straight line, where x = 10 cos 1,
{a) How far from © is it after 0, n/2, m, 3n/2, 2ne §?
{h) When is it first:at a distance 5 m from Q7
(c) When is it first 3 m on the negative side of O?

8 A particle moves along a straight line so that ¢ s after the start it is x m froma
point € on the ling, where x =5 sin 1.
{a) How far from O is it after 0, n, 2m, 3r, 4n 57
(b) How long does it take to travel the first 3 m from 07

9 Evaluate the following. correct to three significant figures:

o= U s l d
b ———e X,
ta] '1 I+x= dx# { }-ﬂ v'll{].—x:]
r2 1 4 412 1 g
dx, —eE
(© ) avae ™ { }_. J(25—9:%)
- Foz 1 2
— f ———————dx.
(=) ) T+ 42 X, (f | J{d_le}

Exercise 1f (Miscellaneous)

Find the integrals Nos. 1-20, which are arranged by types in the order in which
they occur in the chapter:

* n 2
1 [ 22 /(x> = 1)dx. 2 jm dox. 3 [sin 2x cos® 2x dx
[ X
4 [ sec® x,/cot x dx. 5 [cos® 4x dx. 6 . smli dax,
il x
7 | cos* 2xdx. 8 |1 —cos x)dx. 9 sin'icngdx.
f© %
" 4 i ——
10 [ cos 3x cos 2x dx. 11 J-.sc[:’r.x—?l dx. 12 | TG+ dx.
: d 4 | 1—d'r 15 ‘—. : —dx.
B | Je=s A | e
I x+1 =
————dx. 17 |— dx. 18 | ./(9—x7)dx
E _I.E'u:z Texts J.\fli—xl} iV
- d 20 I dx
il P T



! ]
21 Find (w) [ Lh. (k) J.l I f'z"'h- c) _F.\.v-ll » N dx

2—x
...... = dx
*,‘;:[ e J-\.-’ﬂ - %)

Find the integrals Nos, 2244

2 J.L2 dx. NG T TRy MR (R Y
JBx—1) |

25 Jcas ; 2 dr 26 F,*Vf :_ T_] dx. 7 J—ﬁ da.

28 f(x—1P{x+3Pdx. 29 Fv[:—jﬂ dx. 30 :\,.";t::.-z] X

31 J.m dx, 32 :sin’ % dx. 33 [ Jicos 3x + 1) dx.

M [ —xYdx 35 [ sec® x tan x dx. 36 j .\,{Ti“.ﬂ"_] dx.

37 [sin® 2x dx. 38 J'H_+i.x'"_]; dx. 39 f‘sin 32_:( cos STI dx.

40 [ {c;:i_;_-i'-"i'i dx. - 41 J-I_f? dy. 42 | cos x,/cos 2x dx.

43 “; dx

JxJ(x*=9)
I
Ji=x40 =% g

44

x  [pul x = cos u; show integral = cot g + ).

Evaluate Nos., 45-49:

ma
45 ‘H{St 1) dx HJ cos x cosec” x dx,

I x v %
b _dx 43“ 4 dx,
4‘."-”s|n2cosjdx “_hoos 4:1::

"'y.‘ -I

A9 3 dx.

Chapter 2

Exponential and logarithmic
functions

Exponential functions

11 The word exponent 1s olten used nstead of index, and functions in which
the variable is in the index (such as 2°, 10°"*) are called exponential functions.t

The graph of y = a”

2.2 Let us first consider the function 27, A table of values follows, and a skeich
of y=2"is given in Fig. 2.1

Tahle of values, y =2*

As x— —oo, 2° =0, and 50 the curve approaches the x-axis but does not meet it

Qu.1 Copy and extend the above lable to include values of 1.5 (fromx = —3
to x= 4 3), and of 2.5%, 3*{both from x = — 2 to' x = 4 2). Sketch, with the same
axes, the graphs of p=1% y= 155 y =2 y=2.5, y = 3*. What do you notice
about the gradient of y=a" at (0, 1) as a takes different values greater
than 17

Qu. 2 How would vou deduce the shape of r.hv: graph of y=(4)* from
Fig. 217

¥ The graph of y = ¥ 15 usually encountered during the elementary intraduction to loganthms; in
Book 1, §9.5 sguations such as 2° = 3 are solved. 1t is probably onlv in these contexts that the reader
has previcusly met exponential lunclions.

1%



Figure 2.1

The gradient of y = " at (0, 1); a limit

2.;# We shall confine our attention for the time being to exponential functions
uf the form a®, where a is taken to be a constant real number greater than 1,
Since a” = 1, the graph of y = a* (Fig. 2.2) passes through the point A(0, 1). and
we let the gradient of the curve at this point be m.

1)

[§] {dhx. (1) \

Figure 27

With the usual notation, if B is the point {éx, a®), then the gradient of AB is
dy a™—1

dx  bx

It follows that the Hmit, as dx =0, of "‘-

I L]
G the gradient of y = a* wl
(0, 1),

d
The form of P (a")

24 The limit just established enables us to investigate the gradient of y =a*
al any point Plx, y) on the curve, With the usual notation, if Q is the point
[x+dx, v+ dy)

¥ + .:"‘.I]' = g* +llx
Ei}r=a"""”— a* =a{a® — 1)
| dy aF 1
.. the gradient of PQ, — =a” 1
g 5y ( 7T ) (1)

Now as dx—{, the gradient of PO — the gradient of the tangent at P; also,
since we have shown that

a*r =1
e
ax "

then the R.H.S. of (1)— ma®.

dy _
“tdw

ma*

Thus :—x{u"}= ma”®, where m is the gradient of y = a* at the point (0, 1).

We have already noted (see Qu. 1) that as « increases, the gradients of the
curves v = a* at (0. 1) increase; for every value of a there is an appropriate value
of e, and it is reasonable to suppose that we should be able to express min terms
of a. However for the time being we must be satisfied with some numerical
approximations for m which we will now proceed to find.

Approximate derivatives of 2° and 3*

2.5 The following table was used to draw the graphs of y=2" and y=3"in
Fig. 2.3 y=nx + | and y=m;x+ | are the respective tangents at (0, 1).

Table of values for y=2%and p =13

X -2 —1 —1 ;i -4 0 i E 1 i 2
¥ 025 035 0.5 071 o 1 L1914 2 283 A4
3 11 019 0.33 058 o6 1 132 173 3 50 9




Qu. 3 (0) Measure the gradients of the two tangents in Fig. 2.3, and deduce

approximale expressions for i||;.'£”]n iund 4 (3.
dx dx

{b) Now calculate the gradient of y = 2* where x = 1, and the gradient of
¥ =3* where x = 1. Check from the graph.

— ' -+ | t1 |- EF“' | | | -J-/
s =_ +— 4 4 i | + 4 4 t— --;- i
I j | | J Il HEF
] [ | FET LT [7iifi B
t i EEEE E} 1 !J' ‘_x
| | SHESHEEN f Joe
i | | T FiB
T U EN S 1 S ~
I r - Y =]
[ | | ' T
E 3 I 4 . - | T.- I ‘I f -.-_ill . ?‘t‘i | 1T
'H l B EY NN dNEEP
_.J;._..._J 3 | ; Fi I f—f b |
1 1 1 1 X - A .I
1 1 'r / "f"r ..ffrl i
— 1 ] E e S e e = L L
S 1
| T i - '1:" J..lff:, g ”/ ]
: | i T e
A I Ny S5 8 3 B R 0 O
1 I |
- *‘,‘W i Bl B
B, I T 1L Lt
L S B 1 | i |
= & | L [P |
__r:‘_.l_.l_:f T 1 | | ]
— == L] G Y 1 1141 | B I [ R
¥y i 1 W 1K D S T O I 16 Elie
-2 -1 0 ! 2 3

Figure 2.3

Qu.4 Tangents were drawn to a graph of y= 2% and their gradienis were
measured and cntered in the following table;

% 3 -z -4 ® | 3 > 3
y=2| 0125 025 05 | 2 283 4 5.66
dy %
3 008 018 037 062 133 190 282 368

Confirm graphically that these results indicate that % o ¥, and deduce an
X

approximate expression for ; {2
x

The exponential function ¢
2.6 It has been established in the previous section that

o

(2= 07 x 2"
idx Y
and

d g
‘j;:ijjﬁ_rlqlxj

; : d —— '
Since, in general, = (a*) = ka*, these results suggest that for simplicity we should

find a value of a between 2 and 3 for which k = 1; this number is called e, its value
is approximately 2.71828, and it will be found to play a vital part in the further
development of mathematics from this point.

Let us now summarise what we know aboul e.

Definition
¢ is the number such that the gradient of y=¢* a1 (0, 1) is 1. &7 is called the
exponential function.
d ;

Thus ix (e")=¢, orily=c? d£ =

Also  [e‘dr=e¢"+c
Since x may be any real number, the domain of the exponential function is H.
However e* is always positive, so the range of the exponential function 1s F'.
{See Book 1, §2.8)
Qu.5 Letting 1 cm represent 0.1 on cach axis, plot the graph of y =e*, taking
values of ¥ at intervals of 0.05 from —0.5 to +0.5, and making use of tables or a
caleulator for ¢* and e *. Obtain the gradient of the tangent to the curve at the
point given by x = 0.08 (a) by drawing and measurement, (b) by measuring the
ordinate, (¢) by differentiation.

d 2
Example 1 Find ﬁ when y =%,

[Here we have a composite function of x. This example is written out in full as
4 reminder of the technique involved, but the reader should be able to
differentiate in one step.]
y=e*
Let u=3x% then y=¢".

,du ay. ..
__d—;-ﬁ_\: and du_e



dy dy i
Now, by the chain rule, i X vre o " = by,
e dx  du dx

§

s d__:. = fix e’
w : 3 d
Example 2 Find (a) _{c”l dx, {h}f e dx, (o) E{:!’J.

{a) Since % ‘_E‘I’-z} = i;:x"'z* then J e i d = 2672 4

(b) Since d—c{t{e’“] = 3x?e”, then [ x*e* ' dx =4+ ¢

(e d‘:L (e¥) = lf}' {e?7) i’: = 3 u d%

Qu. 6 Differentiate with respect to x
(a) 2x*+1)%,  (b) sin(2x%), () e*,  (d) e,
(e) e, (F) ™, (g) ev¥, {h) e,

Qu.7 Find the lollowing integrals, and check by differentiation:

R i ; »7

{a) _[{x’ TP dx, (b} [ xsin(x?)dx, {c) fxe*dx,
(d) [sinxe™*dx, (2) [2edx, (r f Jet=dx,
(g J'%xch:d.x, (h) | cosec® 2x ¢*™ * dx.

Exercise 2a

1 Make rough sketches of the graphs of the following functions:
(a) e, (b 27, {g) 2¥= id) Y.ogl {e} 3e*, {fy e**1,

2 With the same axes, sketch the graphs of y= e“:“ and y=¢""; are these
functions periodic? 3
{a) Is the function " * odd, even or neither?
{b) Is the function ¢** odd, even or neither?

3 Is the function e * odd, even or neither? If its domain is F, what is its range?
Sketch the graph of y = e,

4 Use the following table of values to draw the graph of y = 3*, taking 2 cm to
represent | unit on each axis:

x 2 - = =t -1 - -} -t W
r=1 il 0.5 0.19 (.25 (.33 (44 058 076 1

= |3 # F a0 % 4 3 =
y=3 1.32 1.73 228 3 105 520 [iiC

Draw the tangents 1o the curve at the points given by x = — 4, — 1, £, 0,

: : dy
I, 1, 4, measure their gradients, and confirm graphically that == ky.

. . d ..
Deduce an approximate expression for a{:‘l J.

Differentiate with respect to x in Nos. 5-8.

5 (a) de*, (b e, le) z"*f", (d) ez_‘t,
(e) e ¥, ify e, (g) €% (h) e,
(i) e, () e’ (k) ===t (1) e
'ﬁ {Hj Eml, lb] Es:: I. w} EJII-II y' ':d' caml :;‘
{E} E_m"’, {” E_.cuuc-:i :l {E] groon [h] & Hin 3
i E.,.~:I|:| J-|:~ {J} clan.ttl ;
7 :;} wa’f ”. (bl cr:l—.u-lr“ f‘:} cuini 4x‘ {d} alan 1x Hr‘
1 1 m X
el 3x . = h BKS! 5
'.'el} e’ - ‘r' ¢ﬂ“q=;1 {g:l 'E'I_I t ]
i) &%, UI e,
e" e 3
B (a) x*e", (k) = (c) Ee" : (d) ™ cosec x,
@ o 2=, (@) e, (h) e sec b,
sin x’ xet’
ax .
(i — , () tan” e, (k) e*(cos x +sin x).
sin bx

9 Find the following integrals:

(a) §3e™*dx, (b) fe *dx, () Jetdx
(d) J2e*'dx, (e) j ’__—:e=‘ dx, - @) [x*e7™ dx.
(g) fsinxe™*dx, (h) JO+4tan® x)e™ dx, (i) J. e dx,

() Jxtel dx
10 Find the equation of the tangent to the curve y = ¢* at the point given by

% = g, Deduce the equation of the tangent to the curve which passes through

the point (1, D). _ _
11 Find the volume of the solid gencrated by rotation about the x-axis of the

arca enclosed by y =c*, the axes, x=1.

12 Find ad—{x e*), and deduce | x e* dx.
X



13 Investigate any mashmum or minkmum values of the fonetion e, und then
sketch the graph of ¥ = x e, Find the equation ol the tangent to this curve al
the point where x = ~ 2.

In Mos. 14-17, 4 and B are constants; in sach case show that the differential
equation {see Book 1, §6.1) is satisfied by the given solution.

d?y

14 Hl-zdy; y=d e 4 Be %
. T S
aif TogE=e =S :
dj-ll'! d}l . —& = Az
lﬁdx:+4a+3y—ﬂ, ¥y=Ae "4 Be %,
d*y dy 5
e G S L -
1 a2 6dl+9}' ; y=c'|A + Bi).

18 I f(x)=e** cos 3x, show that ['(x)=5* cos(3x +a), where tan a=3.
Deduce cxpressions of a similar form for {(x) and [""(x),

19 I fix) = e sin 12x. show that ['{x) = 132" sin {12x + §), where tan § = 12/5.
Write down an expression for {7(x),

20 Show that the 9th derivative of ¢* sin x is 16,/ 2 ¢* sin (x + n/4).

Further theory of logarithms

2.7 Since a logarithm is an index (or exponent), the discussion of exponential
functions leads naturally to further consideration of logarithms. It is advisable at
this stage to restate some of the ideas covered in Book 1, §§9.4, 9.5

Definition

The logarithm of b to the base a, written log, b, is the power to which the base must
be raised ro equal b,

Thus, since 107 = 1040, 2=log;, 100, %
and if at=h x=log, b

The reader should already be familiar with the following basic rules:

log (ah)=log a+log b
log_ (a/b)=log. a —log. b
log, (a")y=mnlog, a

Remember also that if y = log, x then x=a”, and that if we eliminate y from
these two equations, we obtain

X = g'ftes
On the other hand, eliminating x gives

¥ =log, (¢)

log,
We shall now show that log, b = Ini. a
Let x = log, b,
1, = h

Taking logarithms to the base ¢ of each side,

log, (a*) =log.

xlog.a=log b
; log. b
LxX=
log. a
log. &
i = ——*%
ie. log, b Ve

Qu.8 Express as a single loganithm:
(a) 2 log,pa—13logeb+2
{b) log, (1 + x)— log, (1 —x) + A, where A =log, B.

Qu.9 Express in terms of log, &
1 2
2 ha =
ia) log. (2a), (b) log.a*. (¢} log, o id) log, 7]

, ia | L
(€) log./a. () logs3, (g) iog‘ﬂx, (h) log. (2a)~".

Qu. 10 Solve the equations:
{a) 3¥* =27, (b) 1.2%=3,

Qu. 11 (a) Prove that log; 10= m

(b) Evaluate log, 100 correct to 3 significant figures, taking e as 2.718.

Natural logarithms

28 Logarithms to the base e are called natural {ngnrh.litms. or Napierian
lagarithms, in honour of John Mapier, a Scotsman, who ptubllshed thc_ﬁrsl table
of logarithmic sines in 1614, It is not surprising that the |dca_ﬂf ?Dgﬂﬁt!‘lms was
discovered independently at about the same time .b}r Joost Bu[gL a Swssg the!-e
was a pressing need to reduce labour involved in computation, especially in
astronomy and navigation. : _— )
Napier's first publication on this topic fired the imagination of Henry Bn‘ggﬁf
whao visited him to discuss the practical application of the discovery: the fruit of
this meeting was the eventual introduction of logarithms to the base 10, or

B ;
+The identity !—’ =Sl provides 2 maemonic.
¢ ac



common logarithms, Tor computation, However, it should be remembered that
nm!hclr Napier nor Biirgi put forward the concept ol a base, with the logarithm
s an Imdex; this idea does not appear to have been fully developed umﬁ about
the middle of the eighteenth century. The choice of e as the base, though less

convenient than 10 for computation i i
_ » provides a new funct
fundamental importance. N

Qu. 12 Evaluate log, 2 correct to three significant figures, taking e as 2718,

and using logarithms to the base 10, Check i
! ; your answer with a t:
logarithms, or a calculator, AR

Exercise 2b

« | Express as a single logarithm:
(a) 2log,o a—2+ lop,, 2a,
{b) 3 log, x + 3 — log, 3x,
(c) 4log, {x—3)—3log, (x —2).
(d) 3 log, (1+ y)+4log, (1 — y) + log, k.

+ 2 Express in terms of log, a:
(a) log, 3a, {b) log, a*,
(d) log, (1/a®), (e} log, (3/a),
() log, (Ja).

3 Express as the sum or difference of logarithms:
(a) log, cot x, (b) log, tan® x,

(d) log, \/ (f:—:)

" 4 Solve the equations:
(a) $log,pa” —log,o Ja—2log, a=4
' 5 Solve the equation;:n h ‘
(@) 27%=32,  (b) 3¥*1=12

(e) log, (a/3),
if) log, (a™ '),

(c) log, (x%—4),

{e) log, (3sin® x),

(b) IﬂEm y—4 lng, 10=0

* 6 Evaluate log, 3 correct to three significant figures, taking e as 2.718, and

using logarithms to the base 10,

Solve the equations in Nos. 7-10.

I-? 31r1+r:_23x3:+3=[}_

' 8 log,qa+ log, 100=73,

‘o logyo (19x% +4) —2log, g x — 2 =10,
10 logyg x +logg y=1,x+y=11

Motation

The r.mm.!fpln log, x has the grear virtue that it emphasises that the base of the
logarithms is e. However, in recent years In x has been universally adopted as the
standard abbreviation (the n signifying that these are Napierian, or perha :;
natural logarithms ). From here onwards we shall use this notation t-ﬂmﬂmjvﬁ

Qu, 1} Express as a single term:

WA
{a) Inx +1lny—1, {B] In (L_)‘H“(E)'
X ©

In the function In x, the independent variable x must be a positive real number
{it must nol be zero, nor must it be negative), in other words the domain of the
logarithmic function 1s R * (or some subsct of R'), When x = 1, In x 13 positive,
it is zero when x = 1 and it 15 negative when 0 < x < 1; its range, in other words,
is . In this context, if the domain is not explicitly stated, it should always be
assumed that it has been chosen so that only logarithms of positive numbers
are required. For example, in the function In (1 + x), it should be assumed that
x> — |, or again, in the function In (2 — x), it should be assumed that x <2
is intended.

The reader is strongly advised to commil the following important identities Lo
memory:

In{e*)=x and Ca s
Qu. 14 Simplify:

{aj 1:2 In -t:
[d:l It {cﬁin .\'L

t‘b] e In .'I:r [{..'-j crl_l'IJ- In.l:.

(e fIniex), (f) In(/e%)

The derivative of In x

29 Figure 2.4 shows the graph of y =In x {or x = e*); this curve is the reflection
in the line y = x of the graph of y = e* (which is shown as a dotted curve). This is
to be expected because In x and e* are inverse functions (see Book 1, §2.16).

Vi

Figurc 2.4




il I i
To find T2 (In x), we write y =In x as x5 e 1)

= n— f
Jix*+1)

x=¢ Byl ) ]x 2 x4 l=xt
. o - O i £~ sty
Differenuating each side with respect to x.t dy x 2 X +1 x(x* +1)
dy |
d d dy D . (N
Ei.ﬂ= d“;ﬁﬂ"l * '1—‘: de x4 1)
=g Qu.15 Diferentiate with respect to x: _
T (@) (x*—2), (b) cosec x%, (g e,
d 11 id) In(x2—2), (¢} Insin®xs (f) Insinx®
, B L ¥
¢ X Qu.16 If y=In{x/(x+ 1)} find ? {a) by differentiating the logarithm of a
X
= i(h' x)= = product as it stands, (b) by first writing y as the sum of two logarithms.
S o |
: - Qu. 17 Differentiate with respect to
dy (2} In(3x}, (b) In (dx), (c) In{3x+ 1)
Example 3 Find = ir (d) Iny, (e) In(2x%), (f) In(x* = 2),
* {g) In(x—1)", (h) In (), (i In(3 s!nix}.
fa) y=In2x, (Byy=Inx* () y=In(x*+2) (4 lnﬁ. (j) Incos3x, k) In{2cos? x), (1) In{(4sin® 3x),
% : x
¥ im}in \;"[IJ— 1} i) |ﬂm‘j‘
{a] y=In2x=In24Inx
dy _1
de. x d
(b) y=Inx*=2lnx Er‘(a’) and J.a"dx
22 £ being th dient of y= a®at {0, 1}
Tdx x 210 Tn§24 we found that —(a*) = ma*, m being the gradient of y = ).
() y=In{x*+2) When a=e¢. m = I we can now find m for other values of a. .
Let y=«*, then
Let = x* fo= ; .
BEFFSEREE Iny=ma*=xIna
du d}l 1 . - - -
dx Ix and 3 Differentiating with respect to x
X '] H
d dy d
; d}’_d}' {ii.r_! ) —{lny)x—=—(xIna)
T e e dy dx  dx
d_!’ 2x 1 W —}I=|nﬂ
dy  x'+2 yoodx
dy
Sy
g =YIna

TOr we may differentinte cach side with Tespect 1o y

. : . (1)
de Ly 8y fdx 1 S ) =a"lna

&;= = ”E=_-'E=?



fin x4 cos x

gt s
Qu. 18 Find dx (4%) reprodueing the above method in full. Find the gradient of () Incosecx®, (k) In e
the curve y=4* gt {2, 16). i - .
Qu. 19 Find the gradient at (0. 1) of the following curves, to four decimal 3 Find:
phwxhﬂy:iﬁ&}y:]ﬂ d | —x d ., 4
Qu. 20 Differentiate with respect to x; (a) 107, (b) 2%+ 1, (a) dx n [Fel (b) aln txle® =1,
It follows from (1) on the previous page that ?
: o SR g A {x+ A= 1)),
[a*Inadx=a*+k dx  Jfx—1) dx
. J. IR T g 4 Differentiate with respect to x:
Ina {a) Int, (b) x1n x, €} x*Inx,
T
—[5F 1
Qu.21 Find -~(5%) and deduce | 5* dx. (d) % © xlny, () yinx,
d
Qu.22 Find —(2*') and deduce | x 2*" dx. In x x
i - - ) =, h) ) (in %2,
Qu. 23  Find the following integrals; * Inx
{a) j 3 dx, (b} j xtg* dx, (c) !- 21T eeed v dy (j) In(in x*), {k) In e*n =,
" . 5 Differentiate with respect to x
Exercise 2¢ (@) 55 ) 2% (o) 3%, (d) etx
I Differentiate with respect to x: d
Gt 55 T G ol 6 (a) Find -—(3") and deduce J 3* dx.
HEy d & 3
@indy @b 0 (b) Find o (2*) and deduce [ x 2* dx.
(B) In{x*—1), (h) In 3x* (i) 31lnx2, 7 Find the following integrals:
i (a) f107dx,  (b) [2%"dx, () [x3dx, (d) [2*™%sin xdx
() n@e+17, (k) In(26%), () In—, d
x 8 Find E{x In x) and deduce | In x dx.
(m) In(dx, () Inyx, (o) In—, q
I 9 Find ——(x 2%) and deduce Jx 2%dx.
2 3
(p) In i (q) Inx2, (r) logq x, d d
10 Find —1 = — -
| ] in [a]di nfx—2), Eh}dxiniz x)
(5) In—, ty 1 :
¢ ® lagx Sketch on the same axes the graphs of In(x —2), In(2 —x), y = %
x —
2 Differentiate with res 1o x
PEL IS 11 Sketch on the same axes the following curves:
(a) Incos x, (b) Insin® x, () In tan 3x, |
[d} In cos? 2%, lf] In {2':0'31], u" ]“{3 Cﬂsz::'.x}. {aj _1"=|I'I X, F=In!—x}, _I-'=;-|

X
(g) In tan 7., (h) In sec x, (i) In(sec x + tan x), Eb}y=|n§+ y=ln(— %) y= —i,



|
x=1!

| {ig |
) .-,mln(x_j). _L—ll‘l(j_x), Y i

12 Given that xe R, write down the range of the following [unctions:
(@ y=In(l-+x*), (b) y=In(l/x).
Sketch the graph of each of these functions,

f(x)
I f(x) g

211 The result‘l.x"dx= X
n+1

€) pminfx =3, y=in(d-x) y=

+ ¢ holds for all rational values of n, except
n = — 1; this hitherto puzzling gap may now be filled. Since we have established

that ;—x{]n x)= % it follows that
1
J —dx=Inx+¢
x
1
or J;i:-—-ln[.h} wheree=1Ink

Example 4 Find the following fntegrals:

1
Ixn=1

(a) _[1:: J. dx

=ilnx+e
=In (k,/x) wherec=1Ink .

(a) J‘ﬁ dx,  (b)

(B) Ix—1

This is best tackled in reverse by guessing the form of the integral,

2

d

IZ I_Idx-%lﬁ{lxul_‘ﬁc

Qu. 24 Find the following integrals;

2
(@) f;dx. (b) J‘ﬁdx. (© I?—xl-i

1
dx, (d) J‘Ex_ﬁdx

Qu. 25  Find the following integrals;

| x oy
(] I T dx, using the substitution u=2x + 3,
| . -
1] | dx, using the substitution w=1—x.
—

z
Qu. 26 Evaluate J id_t.

1 X

Qu. 27 (a) Show that the answer to Example 4(b) may be written
In { A(2x — 1)*"?}, and express ¢ in terms of A.

(b) If $In (x —4) + ¢ may be written as In {k./(2x— 1)}, express ¢ in
terms of k.

|
An integral of the form J- - dx may be reduced to the form J- = du, by the

fix)
substitution u ={{x).

fix) M (x) dx
If{x}" )T “ ™
b " F{x) 1
—‘ T de"

1
= | —du
u

=lnu+¢
= Iﬂ ﬂ-x:' +c
Hence
fiix) ,

From now onwards we must be prepared to recognise, in yet another form,
the integrand involving a function of x and its derivative. As before, such an
integral may be found by substitution, or usually it may be written down at once.

3 X
Example 5 Find J md.{.
2x

o I Ty

d
Since — In{x* + lj=
||'14.::e“‘.:|'!'.r nix+ 1)

4l +c

=In {k/(x*+1)}  where k=In¢



Qu. 28 Find the following integrals;

.'('1 \ x?
(a) Jﬁi——w dx, (b) [x*cosx’dx, (o) f[x*edx,
x]

x—1 2x
() J. o2 dx, ie) J m dx, if) J’ﬁ dx,
(2 [cotxdx
-
Qu.29 Find J X _dx
x—1

(a) using the substitution u=x -1,
(b} by first dividing the numerator by the denominator,

b
J‘ _1; dx when a, b are negative

212  An importani point must be cleared up. Reference to Fig. 2.4 reminds us
that as the value of x goes from 0 to + oo, the value of In x goes from — a0 Lo
+ oo In x is net defined for negative values of x. This presents us with an apparent
paradox which may be demonsirated in graphical terms as follows,

Referring to the graph of y = I/x in Fig. 2.5 it is apparent that the two shaded
areas are equal in magnitude and of opposite sign. However, we soon get into

trouble if we seek to evaluate the appropriate integral with the negative limits;
thue, ig it true to gay that

[zl

='In{=1)=In([=2y7

Vi

-

Figure 2.5
T§2.12 should be delayed until after the reader has answered No. | of Exercise 2d.

Qu. 3  Evaluate (a) J - i dx, {'b}J.
X

|
2

We could now write this us In ( ) =Ind=In2" "= —In 2, and thus obtain a

correct ligure for the area, but the working is not valid, since the expression
In{—1)—In(—2) is meaningless.
We surmount this difficulty as soon as we realise that for negative values of x,
although In x is not defined, In ( —x) does exist, and
=1

d 1
I — = e—— = — 1
T ni{—x) = {See Fig. 2.6)

- "

Figure 2:6

]
Thas, if @ and b are negative, :

li-t=[h1{—x]

Jo &

] ]
{(Using the modulus sign, we could write this as I 3 dx = [In [xf | . This form
i X i
of the result could be used for a and b both positive and for a and b both
negative; notice however that @ and b must not have opposite signs.)
e

Henee the left-hand shaded area in Fig. 2.5 = J. l dx

.

-1
= [In{—x}]

=lnl—1In2

=—In2
—I.fZI
—dx.

WW



but when x < 2,
JA‘ ]_ de'a In(2—=x)+e

|
it when x=2 or x=2, j— dx=In |.'~:—2|+r:)

1

[ . -
— dx, using the change of variable x = —u.
ix

Ou. 31 Evaluate J‘

+1
Qu. 32 Can any meaning be assigned to J idx?

-E

x—2
Example 6 Find the area enclosed by the curve y =L2 and The required area = r =8 de
= Py
(a) the lines x =4, x =5, and the x-axis, ! .
(b) the line x =1, and the axes. (Fig.2.7.) =1:In |x -2
1]
Vi 1 = ]n 1 — In 2
I
I i ==In2
: d d
: 7] Qu. 33 Finda-:!nrx—-ﬂ} andd—xilnﬂ-—-x}}‘
1
! 1
o] 1 ! Qu.34 Sketch the curve y=——, and evaluate:
— .
! "ta wl Lw
: iﬂ.] 5.1:—3 Ky ,} _zx"'.-i i
: Sketch th et d evaluate S—E—dx
: Qu. 35 el tecum:y—z_xan i
|
[ -
Exercise 2d
Figure 2.7
1 Find the following integrals:
7 * 5 (il I
5 1 _L 1 .
{a) The required area = J. == dx (@) 4x o% ®) x B (©) J 2x—3 o
4 = * " "
5 | Ei [ x
e f) | —=dx
[ 3x [ 2x+ 1 . [ 2%=3
=n3=In2 o L
i @ xz-ldx’ {hju 14:2+)4:—2“:|':":~ @ J I —9x+4 &
=) ) [ 3x [ 2x
] : < o : _ Gy | ——s dx, (k) _dx, M | 375 dx
(b) | If we proceed as in (a) but with the new limits, we obtain the meaningless J x+2 J Zx+3 ] X
' =1 e B8 I¥
*[m (x —zjl —In(—1)—In (—2)" We must note that when x > 2, (m) | 5— dx, 8 =™ (o) [ tanxdy,

X
lezdx=ln{x—2}+c (pl J-cn!%dx, (q) jcm{lx+1}dx. (r) j. —lanidx,




| =ain2x | —tanx 2 4 tun? x
() ‘[1' = g de, (1) J e i, fuj j e dx
2 (a) Sketch the curves y=In(2x — 1), and y =In (1 — 2x).

(b I*mdaq In{2x — 1) and —In {1—2x).

dx
S R l
ic) Evaluate L - dx and j_ : =1 dx.
3 Sketch the curve y= L and evaluate:

2 I ’
@ L L rmJ Lax

d 1 |:I 1
4 {a) Find = In(j__ ) and — & (x-— 3).
ib) Skatch on the same axes the graphs of y= —In(3 —x) y= —In(x—3),
= 1/{3 — x), and find the area enclosed by the latter, the lines x = 5, x = 6,
and the x-axis.
{c) Find the area under y=1/{3 = x) from x=0tox=1.
5 Evaluate the following;

{} ] 1 d-r [b W | 1 "13 i d

a g 1 &, =

)2 V), =3 9) 3 3%
rs ~0.24 1 ] %

d d # f :
@ | o dx @] merrds O o
(3 "I —1 "6 3 x41

——dx, h —dx, i :
‘g} Ja xz—x+| g [}_4 x—zdx “’ \ :‘x+3dY1
L E] Fujé
(i) —dux, k) cot & df, (b tan 2x dx,
JepsX=—1 Jna S0
'nd.gm:lﬂ
{m}..s tanﬂdﬂ‘

Exercise 2e (Miscellaneous)
(For integration see Exercises 13¢ and 13()
1 Prove that log, b= 1/{log, a), where a.b e R, Solve the equation

log, x +log, 2=25

2 Solve the equation x'** =0.12. (L}
3 Solve the equation log, (x* + 3) —log, x =2 log, 2. (O&C)

d Solve the equations

() 6" 3= 2(3%%),  (b) log, 0028 =3,  (¢) log,o x =logs (2x). (L)

510 logg v =2—log,, (x*"*), express y as a function of x nol involving

logarithms; hence show that, if x = 8, then y = 25. (O & C)
log, x

6 Prove that log, x = .
log, a
Given that log,; 3=0477! and that log,, e =0.4343, calculate the value
of In 0.3, giving your answer correct (o three significant figures,
7 Given that 2 log, x + 2 log, y =5, show that log, x is either $ or 2. Hence

find all pairs of values of x and y which satisfy simultaneously the equation

above and the equation xy =27, (IMB)
B (a) The functions f; and f,, each with domain D={x:xeR, x> — 1}, arc
defined by
filx)=In{x+1) ix)=x2+1

For each function state the range. Show that an inverse function f !
exists and, using the same axes, sketch the graphs of y=/;(x) and
y=1; Yx). Show that an inverse function f; ! does not exist and suggest
an interval such that f,, restricted to this interval, will have an inverse
function.

{b) Functions g; and g, each with domain F, are defined by

gi(x)=In(l +x7) ga(x)=1+x

Given that g,g; and g,g, are the composite functions denned on F, nd
expressions for g,g,(x) and g,g,(x) and state whether each of these
functions is odd, even or neither. (L)
9 Using the same scale and axes, draw the graphs of y=2* and y=27%
between x = — 3 and x = + 3, Use your graphs to estimate:
{a) the root of the equation 2*—27* =3,
(b) the value of /32 — )45
Give both results correct to two significant figures. (L}
10 (a) Two quantities x and y are connected by the equation y = a e"*, where a
and b are constants, If y= 1 when x = 1, and y =3 when x = 4, find the
values of @ and b, correct to 3 decimal places.
(b) Solve the equation 2** —2*** 5=, (L}
11 A function y is of the form y=ax"+ bx where a, b, and n are constants.
When x is equal successively to 1, 3, and 9, the corresponding values of v are
4, 6, and 15. Find two relations between @ and b not involving », and hence
find the numerical values of a, b, and » (the last to three places of decimals).

{O&C)
12 Prove that log; e —log, e + logg e —log, 5 e + ... = |, where e is the base of
natural logarithms. (See p. 28.) {JMB)
13 If y=Ae "cos(x+ x), where A4 and x are constants, prove that
dy d*y
{Jd_‘+zi_+ =10, l’bld4+4}r 0. O &C)

W



14 A particle is moving in u straight line, The displacement x, from an origin ©
on the ling, is given at time ¢ by the equation

x=¢ ¥ (gsinr+bcosi)

- dx . ;
Initially t =0, x = 4, - 0. Find the constants @ and b Determine also

(a) the time elapsing from the start before the particle first reaches O,
{b) the time taken from O to attain the greatest displacement on the negative
side of the origin. {(JMB)
15 Find the maximum and minimum values of the function (1 + 2x%)e .
(O & C)
16 If y =& * cos x, determine the three values of x between 0 and 3n for which

% ={). Show that the corresponding values of y form a geometric pro-

gression with common ratio —e ™ ®, (IMB) -

4 .
17 (@) Find Lify=n (Hﬂ)

dx 44 3cosx
% d?y dy
{b) If y =e** cos 3x, prove 1hald—1—3d—+25y=n_ O & C)
x X

18 Functions [ and g are defined as follows:
Fx—~e ™ (xeR™) g;xn—rl% (xeF,x<1)

Giive the ranges of [, g and gol.
Give definitions of the inverse functions ', g and (gof) " in a form

similar to the above definitions. (C)
19 Find the real value of x satisfying the equation
gt —e "t =4
Show that for this value of x,e"+e "=2,/35. (L)

20 Find the maximum and minimum values of x? e *, and sketch the graph of
this function. Find the equation of the tangent to the graph at the point at
which x= 1. (L)

21 Show, by means of a sketch graph, or otherwise, that the equation

e dx—5=0

has only one real root, and that this root lies between 0 and 1.

Starting with the value 0.5 ag a first approximation to this root, use the
Mewton-Raphsont method to evaluate successive approximations, showing
the stages of your work and ending when two successive approximations
give answers which, when rounded to two decimal places, agree. (C)

tReaders wha need o revise the Newton-Raphson method will find it in Book |, Chapter 24,

1
ol
1]

22 The function I with domain B s defined by [(x) = e™*

(i) Prove that i perodic and state the period.

(b Determine whether [is an odd funetion, an even lunction or a function
which is neither odd nor even.

{c) Skeich the graph of p=¢"* " for —In<x <2m

id) State, with reason, whether the inverse function " exisis,

{e) 111" does not exist, determine a subset D of R which is the domain of a
function g, with g(x)=f{x), xe D, and g~ ' exists. (L)



Chapter 3

Partial fractions

Introduction
A1 Early training in algebra teaches us how to ‘simplify" an expression such as

1 1 —
O fper e by reducing it mx*—l

We have now reached the stage when the reverse process is of value. Given a

{see Book 1, Appendix).

; 3 ; ; o ;
fraction such as [ prv—" whose denominator factorises, we may split it up into

its component fractions, writing it as 1 it is now said (o be in partial

1
v =2 a3
fractions. Just one example of the several applications of this must suffice for the
present. Mo change of variable yet discussed would enahle ws to find

5 3 ; . z
J. s dx as it stands, but using partial fractions,

5 i 1]
J.{x—zxx+3}dxij{x—z_x+3}dx

=ln{x—2)—=In(x+3)+c

= |n {ﬂ:‘ﬂ} ) H
x+3

Qu. 1 Express cach of the following as a single fraction:

I T T S TN N S
Ed]l—.‘l‘ 14 & *4+1 x+1 E{x—]]’ x=1 " x+1

Qu. 2 Express in partial fractions:

| |
{a) (b} T (c) id)

1
(x—2x+2) ! 2x3 nin+ 1)
Unfortunately most partial fractions cannot be obtained by trial and error

quite as easily as those in Qu. 2, The reader need only consider attempting Qu. 1
in reverse, to be convinced that we need some technigue to find partial fractions;

44

-

we shall find that this involves us o handling algebraic identities, so we must
discuss these briefly.

Identities

32 Let us first distinguish clearly between an equation and an identrity. xt=4is
an equation, which is satisfied only by the two values x= +2. But

X —d={x+x—-2)
and
¥ —2=(x+Dx—1+2Ax+ 13

are both identities, and for them the L.H.S. = R.H.S. for any value of x; moreover,
if the R.H.5. is multiplied out, the coefficients of x*, x and the constant term will
be identical on each side.

Example 1 Find the values of the constanmis A, B, C such that
Sx 4 3= Ax(x + 3) + Bx(x— 1) + Clx — x + 3)
First method
Collecting lke terms on the RH.5,
Sx+3=(A+B+O)x* 4+ (34 —B+2C)x—-3C
Equating coefficients of x2, '

=A+B+C (1
Equating coefficients of x.

S=34—B42C - 2)
Equating constant t-::lrms,

I=-3C i3
From (3), C= — |, and substituting this value into (1) and (2), and solving

these equations simultaneously, we obtain 4 =2, and B= - 1.
Second method
Sx+3=Axix4+ N+ Ba(x—1) +Clx—1x+3)
Putting x =0,

0 + 0 - ict
—1

3
iy
Pulling x = —3,

—~1543= 0 +BH-3N-4+ 0
So—12= 128
. |

FThis should be compared with equation (3) above.



Pulting ¥ = 1,

S43=A%1 x4 {l : {
LAd=2

It should be noted that the identity holds for any value of x, but we have
chosen those p.iru-:ular values which make all but one term on the R H.S, vanish
each time.

Quld 2% 49— 10=Ax—Nx+ 4+ Bx+Dx+ 4+ Clx+ x— ),

(a) Ohtain three equations in 4, B, C by substituting x= —1, 0, 1 in this
identity.

(b} Find the values of 4, B, C by substituting more convenient values of x.

Qu. 4 Find the values of the constants 4, B, C in the following identities:
(2) 22 —dx —2x*=A(x — 1) + Blx — I)Yx 4+ 3)+ C{x+3), using the first
method in Example 1,

(b) 5x+31=Alx+2x—D+Blx—)x =5+ C{x=5)(x+ 2. using the
second method in Example 1,

€] 13x—11=A3x—2)+ B2x+ 1)

Qu.5 Put x=1 to find the value of A in the identity
X2+ x+T=Ax*+2)+(Bx+Cix—1)
Mow substitute any other values of x to find B and O,

The substitution method is fast, but often it may be combined with the
method of equaling coefficients for greater speed and simplicity (e.g. having
found A4 in Qu. 5, equate coefficients of x? to find B). The latter method also
gives us a deeper insight into the nature of identties. Let us consider the
statement

P Sx+8=A(x+ 3+ Blx—1)*

Applyving the method of substitution we obtain 4 = 1, B = 2; however, when A
and B are given these values we do not have an identity!

This apparently alarming breakdown is readily explained when we appl_t,r the
method of equating coefficients. This shows that for only rwe unknowns we have
the three equations, B=1, 4 —2B= —35, and 34+ B=8, which are not
consistent. Thus we cannot find values for 4 and B to form the ‘identity’ given
ahove.

Since we shall soon be concerned with forming identities, the method of
equating cocfficients will be a valuable check that the number of nnknown
constants introduced corresponds Lo the number of equations to be satisfied.

Ouw & Can values of 4, B, C be found which make the following pairs of
expressions identical?

{a) 2x+3 and Aix+1)}x—2)+ Blx+ 1)*+C,

(b) x*—~8x+30 and A(x— 3"+ Bix +2).

Exercise 3a

I Express cach of the following as a single fraction:

3 p: b | 2 " 1
W5 32 O EiF x+2 BT
4 1 3 1 %
I:{'::ITE+3x:" gl (d) iz+l_x—1+{x—1]"

2 Express in partial fractions:

zx -
(3+x(3—x)'

3 Use the first method of Example ! to find the values of the constants 4, B, C
in the following identities:
fa) 31x—8 = A{x — 3)+ Oidx + 1),
(b} 8§ — x m.-l{x—l]“+ Bix — 2)x + 1)+ Clx + 1),
(€) Tl +9x—2x"=Alx+5ix+2)+ Blx + 2x— 3 + Cix = 3)ix + 3),
(d) 2x* —15x* =10
= A{x — 20x + 1)+ Blx + D2%% + 1)+ C(2x* + 1)x—2).
4 Use the second method of Example 1 to find the values of the constants 4, B,
C in the following identitias:
{a) 2x—4=A(3 +x)+ BT —x),
(b) 8x+1=A(3x— 1)+ B(2x +3),
(c) 4x?+dx—26=A(x + 2x —4) + Blx — 4)x — 1)+ Clx — L}x +2‘]
{d) 17x* —13x—16
= A{3x + Dix — 1)+ Blx — 1)2x — 3) + O2x = 3W3x + 1).
5 Can values of A, B, C, D be found which make the following pairs of
t:xpressions identical?
(a) 2x* —22x+ 53
and  Alx —S)x—3)+ Blx—3)ix + 2} + Clx + 2} x — 3),
(b) x+7 and Alx—2)+Blx+ 1
() 3x? +7x+11 and (Ax+ Bix+ )+ Cix? +5}|,
(d) x+1 and A(x—2)+B(x*+1),
() x*+2x2—4x—2 and (dx+ B)ix—2ix+ D+ Cx+1)+ Dix—2).
6 Find the values of 4, B, C if x® — 1 is expressed in the form

a 1
(a) B @5 @ E’”—

(x = 1)Ax* + Bx + C)

Factorise: () x*+1, (b)) x*=8& (o) »*+27,
(d) 8x*— 1"." (e} 27x%+ 125 .

7 Express x* + 1 in the form x:{x- 1)(x—21+.4x{x— Ir=8x + .

8 Find the values of a and b if x* + 12x® + 46x* + ax + b is the square of a
quadratic expression.

9 Write down the guadratic equatmn whose roots are =, fi. If the same
equation may also be written ax® + bx 4 ¢ =0, cxpress o + fand «f in terms
of a, b, c.




= *

W00 & ff, ¢ are the roots of the equation px' 4 g8 + rx + 8 = 0, deduce 1.[,_1 4 2}!:__\: 3~ 2Ax ]][_1_1 N4 12_.1.' }—.’ul{x.i-”l]. i

expressions for o + ff + 9, By + ya + aff, affy in terms of p, ¢, r, 5

Type 1 —denominator with only linear factors

33 Weshall find that in the more straightforward cases which we have to deal
with at this stage, partial fractions fall into three main types; each will be
illustrated by a worked example, and the reader is strongly advised 1o work
through the questions following each of these, before going on to consider the
next type.

In practice, a question of considerable length and complexity may depend
upon the correct determination of partial fractions in the early stages: to avoid
fruitless labour at a later date, the habit of checking partial fractions should be

firmly established from the start, and they should be thrown back into one/

fraction mentally, the numerator obtained being checked with the original.
First we deal with a fraction whose denominator consists of only linear
factors.

1ix+12

Example 2 Express Bx £ 3Nx 26 =)

in partial fractions.

lix+12 A B

1 — =
Gt -9 T+ a3 AW
constants to be found. It follows that

11x 412 . Ax 4+ W —3N4+Blx —N2x+N+C2x+x+2)
(2x +3)x +2x—3) (2x + 3Nx + 2fx — 3)

SN+ 2=+ W =N+ Blx =2+ N+ C2x+ Nx+2)
Putting x =3,

where 4, B, C are

I3+12= ] + 0 +Cx9%xS
S.C=1
Putting x = —12, .
—-2412= 0 +Bx(—5)x(—1)+ 0
.. —10= 58
L B=-2
Putting x = —4,
BiRedxdxzt 0 i 0
~3=-14
A=12
I1x+ 12 2 2 1

I EIEt O — - 2x+3 xiZ -3

[Hinu the RHS = - --{-2_}--’{ W + 2Hx - 3)

check the coefficients in the numerator,
Check:  Coeflicient of =2-4+2=0
Coefficient of x= =2+6+7=1L
Constant term= — 12+ 18+ 6= 12

Qu. 7 Express in partial fractions:

6 b x © x—1

@ (x+3Ix—3) (&) (2 +x]{2—x]" i —1lx + 10
Ix+1 3—41’_

@ (x+ 20x+ Dix—3) (¢) 2 £ J = P

Type 11 — denominator with a quadratic factor

34 Fractions which car?be split solely into partial fractions are necessarily

proper, by which is meant that the degree of the numerator is less than the degree

of the denominatort Moreover, the partial fractions themselves are always
rORET. ) ) )

: Eiin’ng this in mind we can now discover how to deal with a fraction having

in the denominator a quadratic factor which does not factorise.

Ix+1 A i ‘numerator’
= x—x2+1) x—1 x+1
Then Ix + 1= A(x? + 1) + ‘numerator’ x (x — 1)

From our previous work on identities, we see, by equating coeflicients that there
are rhree equations to be satisfied. It follows that lhelre are three constants to
determine.} and therefore the ‘numerator’ must contain two of them; thus the
only way to write the second partial fraction, so that it is proper, is in the form
Bx+C

241’

#With 4n improper fraction, we divide first, and we obtain a gquotient and partial fraction, thus

4x+l 3
—_— e = i — | 44— ——
e — D42} +(r_.n;x+z|E x—1 x+2
and
| 1
M Ex+1+—h —  =x42—+t—
x*—9 =+ 3)x—3) x+3 x-3

11n general, the number of constants Lo he found is the same as the degree of the denominator of the
original fraction.




Example 3 Express [}__J-ITHL_L” in pardial fractions,
Ix+1 A Bx+C

Let

{x—]}[f+E}Ex—l+ 41
S+ 1= AT+ 1)+ (Bx+Ox—=1)
Putting x=1, 4=24+40, " A=2

Putting x =0, 1l=4—-C, -.1=2-C, .C=1.

Equating coefficients of x*, 0=A+B.  B=-1

L+l _ 2 12 2 2l
Cx=DE+) x—=1 K+l x—1 x*+l J

Checl: Coefficient of x*=2=2=0.
Coefficient of x= =(—=2—1)= + 3.

Constant term=2—1=+1. un

Qu. 8 Express in partial fractions: : =5k

b5 4 ‘-.‘«‘_“ﬂ‘ &R Capyiy, -
(®) (1= x)4+ ) ® e 3 :

5x+2 d) I+ 2x
© et —a T vy
Type II1 —denominator with a repeated factor

1 : 1
35 Here we take as an example IS v Written as CEDE =+ D)
' Il and the partial fractions = + —2 =X _ certainly we

this suggests Type 1l and the partial frac mmx+2+x2—~21+l' ¥

have the correct number of constants to be found to identify this expression with
the original fraction; however, the denominator «of the second partial fraction
factorises, and so we have not gone far enough,

Bx+K _B(x—1)+B+K

=127 -1
- 8 3 B+ K
Tx—1 (x—1p
Writing C for B + K, we obtain
Bx+K B C

{.1:7--1}1=3c—1+[J:~I'l‘1

This indicates the appropriate form when we have a repeated factor. (See also
Qu. 10.)

: | .
Exnmple 4 Express ¥ =T in partial fractions.

Let I .. + 2 + ==
AT =P x+2 x-1 (&=1)

. 1 =.4|{x—l]3+.5{x—l}[.t+2]l+(:‘{x+2}
T+ x -1 (x+ 2)x — 1)
Slsdlx—1F 4 Bx—1)x+2)+ Clx+2)
Putling x=—2, 1=94, ' A=4§.
Putting x=1, 1=3C, :. C=4.
Equating coefficients of x*, 0=A+8, . B= -1
, 1 S S B
U x—1F x4+ Ax-1) Ix-—1)

Check: Expressing the R.H.S. as a single [raction with denominator
(x ++ 2x — 1)%, the numergtor is 4{(x — 1)* — (x + 2)(x — 1)+ 3{x + 2)}.

Coefficient of x2=§{1 — 1)=10.
Coefficient of x=§—-2-1+3)=0
Constant term =41 +2+6)=1.

O, 9 Express in pardal fracdons:
x+1 252 —5x+7

e A Ib] e
ix+3) (x—2x—1)

Ou. 10 Find the values of 4, B, C, I, if

' —10x*4+26x+3 _ 4 " B 3 C P D
(x+IMx—1Y  x+4+3 x—-1 (x—1F (x—1)¥

fa)

Improper fractions

36  As already implied, an improper fraction is one whose numerator is of
degree equal o, or greater than, that of the demominator. To deal with this we first
divide the numerator to obtain a quotient and a proper fraction, and then split
the latter into partial fractions, Thus

I — x4y 44 i ¥t —2x+7 A
3 =X T ——— T R
(x—3)Hx*+ 1) (x—=3x*+1

Often, instead of doing long division, it is quicker to proceed as follows:

2x% 4+ 1 _2{x‘+x—2]—2x+5= 5 2x

(x—1x+2) =12 B {x—1)}x+2) i

'_-W



Qu, 11 Express the following in the form of o quotient and a proper lraction: 68 o+ 1l x dx+ 1 2xl 4 30x 412

' 2% — 2 42 Jie (34 206~ %) =1 (2x + 1) (x =3y’
{a) =T D (by long division), # x+ 4 . - 5 . T4 2
T — 2 — T [ &x? ~x—15' x*x—17F 125%7 — &
(h) =t D {by the short method suggested above). ‘E;_ 42x 418 . ] | . .
Qu. 12 Express in partial fractions: dix? +3)° xt+5x7 46 x=2
x2—7 X% —dx 41 . ;
® sy O e Summation of series
. 3.7 An introduction to the summation of series was given in Book |, Chap-
Exercise 3b ter 13, There are some series which may be summed by the use ol partial
Express in partial fractions: o fractions; the method of application is illustrated in the following example.
il { :3_){“ 4)° ®) 25 = At Example 5 (a) Express 1 in partial fractions, and (b) deduce thar
x - —x 2 2 - : :
- 3 s e el
3 —21x+ 24 dxi4 w1
) = {d) =g, ! 1 1 =L 1
Gt D =Tie=3) Hxt=) T R IR S U Gl T | W) (i W e
8x? + 13x + 6 2x*4 x—15x—5 ’
(€) . (f) .
(x+2H2x+ 1) 3x+ 2) (x+3x=2) (@) Let 2 E£+ B £ C
Sx? — 10x 11 1 S na+1)n+2) n nd+l1l n42
2 . b s e
@), 2 ) ® e+ 22 5 2= Aln+ Dn+ 2)+ Bln +2n + Cnin + 1)
@ Ix*—2x45 " 11x Putting n=0, 2=24, - A=1
c T aw. 2 1 o' T mpae 7 - awnd
(3 — 1" + 3) PR T = Putting n=—1, 2=-B, .. B=-2.
() 0%+ 84 i Putting n=—2, 2=2C, .. C=1.
(x+ 5)x* —9) (x—3Nx*+ 1)
_ 2 TN T
3[3}“.’;5 {}L Tnn+n+2) n on+l 42
— 9 = A
=% G ra) . Check: Coefficient of n* =12+ 1=0.
@ 5x* 42 @ x*+3x—1 Coefficient of n=3—4+1=0.
(3x+ Dix+ 1)*' (x+ 2x— 17 Constant term = 2,

Ixt+x+1 Ix?42x—9 | 1 1

x4 2xT—10x—9 3t —3) . 2 2
2 -9 b a2 e T T A Yo e Uk T T
2xt —4x? - 42 x*—6x* 43

fc) (d) [From Part (a) it follows that

xx+ 17

3x+7 3 24— 17x -1 1 2 .1 (l 2 .1 I 2 .1 (I 2 | )
iy LR 0 sl ) Bel-—c+zl+la=G4z )+ -4} tanlc= PR
- x{x + 2)hx—1) & x+2) 8 {x—2)x* +5) (l 2+3) 2 3 4) (3 5) n n+l n+2

(x—=2x*+3)°




We see that the majority of terms when grouped three together in a dilferent
way, such as {4 — 4 44, have zero sum. We then have to pick oul those terms
which remuin at the beginning and at the end, and this is most easily done il we
sel oul the working in columns. ]

2 1 2 |
bW e =i o ;a
2 1 2 4 1
2x3x4 2 3 4
2 _2
Ixd x5 == 3 4 3
Kl i ® B ' 1 v i " Kl .—""r -
2 12 1
B—2n—1n n—2 n—yn
¢l | g N 1
(n=Dmn+1) n—1 noom+1
. 1/1 L
o4+ 1n+2) n A+l a4l
Addin sg1_ 1 !
& g n+E+n+2
| 1
2 (n+1in+2)
ke — L
T4 2An41n+2)
The reader should also note that as n— aop I —+{ thus the

2in+1kn+2)
1 I : g
TErERE TR G TT T is convergent, and its sum

to infinity is 1 (see Book 1, §14.4).

1 1 1 1
%8 553 TAst T R waT

infinite series

Qu 13 Show that

Integration

38 We have already shown in §3.1 how partial fractions may be applied to
integration. Two more examples follow.

2% =]

i
Tl

Example 6 Find J.

2 —1 _ A 4 B
x+1PF x+1 0 (x+1)

i | A=t 2 3
i J{—.\: ey dx_,[{x_+ Ty l}“}dx

=2In(x+1)+3Hx+1)" e

dx, {b]j 2xrtie dx.

LI:I'- 53 we find that 4=2, B= -3,

(2x —3)

Qu. 14 Find (a) _[x‘—g

ﬁ dx without using partial fractions.

(b) Find this integral using partial fractions.

Qu. 15 (a} Find J.

3
S+ x
Ex 3 Evaluate X correct t¢ three significant figures.
ample 7 Er L T significant fig

Y 5+x _ 4 +Bx+ﬂ_
[I—=x)54+%*) 1—=x S+’

. 5+ x .4 X
.,Jz {—lwxj[5+11}dx_J1 {—l_x+—5+x1}dx
m[—ln{x—]]+}in{5+xz}}:

=(—In2+4ln14)-(-In1+4%In9
={lnl4-In2-In3

(=4(In 10+1In 1.4)—In 6)}

= —0.472 (correct to three significant figures)

we find that A =1, B=1,C=0.

Example 7 also revises an important point. I x <1,

|
Il_xdxz —In(l —x}+¢

However, il x = 1, as the limits show to be the case here,

I : dy=—In(x=1)+¢ (Seez §2.12.)

1—x

16 G| - 3F% v peavataindy
e M T=06+x)

tThis step is only necessary when using four-figure tables,

S ————



Pox=d
3 1%+ 2 = 1)

Qu. 17  Evaluate (i) J.

L | S e D
S/ e j. (x4 T4 ) 4

Exercise 3¢
i : :
1 Express PP in partial fractions, and deduce that
1 | 1 1 3 n+3

53 T3 3%3 VIR 4 Talnid

2 Express in partial fractions, and deduce that

(m—1min+1)

5 6 7 n+3 n+2

T e T T G T T i R T ey | S

3 For the series given in No. 2 write down (a) the nth term, (b) the sum of the
first n terms, (c) the limit of this sum as n— oo,

2
+ 2 + ... is convergent, and find its

: 2
4P t t
rove that heseneslx2+233 Txd

sum to infinity,
5 Find the sum of the first n terms of the following series:

i o2 .
L T e el
1 1 |
® i tane Texa T
1 1 1

(c)

I%6 T6%9 Toxiz

1 1 1
ey i ol e T

1 1 |
T%3%5 " 2xdn6 AnSacT o

1 " 2 % 3
Ixdxy d4xixG ST

6 Find the sum of the first n terms of the following series, remembering that
2n—1, 2n + 1, ete. are odd for all integral values of m;

@t gt 2
I3 Aae s Sy WP

1 1 1
15325 " 355nT "Balah T

(d)

(e

(f)

S

(b)

()

()

© sz

(e)

(2}

(i)

(k)

(m)

J xI—dx—5

J(2x+1x*+9)

2 3

7 Find the following integrals:

dx,

[ 2x? 4+ 2x 43

J 42 +3)

[ 4x—33

| v =9 ®®

[ x*—8x+35
X X di

[ x*— 1Bx 21

] Graa—9 "

4

(k)

(d)

{f)

(h)

(i

(1)

(n)

T%8x3  Sudnt. Exixd

] 718

T

1

—d'
] c+asx—2 "

x—2
-i—dx.

Jx*—d4x-=5

22— l6x

JEre -

S5x42

| =2+

e dx,

37

] qx—jkl+4x%dL

8 (It is intended that all the parts of this question should be answered at one
sitting, in order to bring out the comparison between the forms.) Find the
following integrals:

[ 4

@) J 1+
" 14X
(€) ] H_—xzdxs
" =
(e) | b= dx,
- I ‘11
(g} lJa—a ™
i} led.\:. (=1},
[ x
(k) et
.
[I'I'.I.:' ] de

(b)

(d)

(r)

(h)

()

M

JiI=x

-

s - S
J J(1=x%

li

Vi1 —x%

5 dx,

dx,

l14+x
& dx,

! dx.  (x>1)

J1l—=

1

et



X 2 x -4 _
QI]. 17 Evaluate () le m dx, ‘hl ‘[1

Exercise 3¢

2
1 Express —— in partial fractions, and deduce that

nin+2)
| 1 1

ix3 Zxd tixs "t ansd "4

2 Express —"i-—- in partial fractions, and deduce that

tn— Lnim -+ 1)
5 6 )

T A PE T Ak P T R =

3 For the series given in No. 2 write down (a) the nth term, (b) the sum of the
first n terms, (c) the limit of this sum as n— oo,

4 Prove that the series £ + z +

2n+ liin+2)

=2 2x3 3x4

sum to infinity.

5 Find the sum of the first n terms of the following series:

I | I
W T%A Taxs NG T

I i 1
CPTIE T ITTT

I ! |
%6 BRD T 9xpE T

| i i
T IE T T

| 1 1

!

(b)

fe)

(d)

(e}

1 2 3
(f)

6 Find the sum of the first n terms of the following series, remembering that
2n=1,2n+ 1, etc. are odd for all integral values of n:

2 ., 2 .2
%3 3Ix5 §x7 77

| 1 1

(a)

(b)

+ ... is convergent, and find ils

T%3%5 T 2wax6 3xoxg T

TRARS AR EG SmeR)

1x3x5+3x5x1'+5r<?:49+“"

4

(b)

(d)

(r)

(h)

()

m

(m)

B 1
Javas—a ™

-

X
| 16— x*

" x—2

dx,

—_— dx,
| i —4x—5

Iy

22 —16x

| Grae—a—a 2

Sx+2 o
(x=2Px+1)

[ 6—9x
4 2727+ 8

] 3.?

dx,

2 3
(©) l.x_3H5+3K5.!?4 SxTx9 S
[’( 7 Find the following integrals:
"1
0 d_.
tn) J x(x—=2) -
" Tx+2
. —— X
(€) i Axdpnd 7
I I
i J xt—dx—-5"""
( 2+ 2x 43 "
L g e T
[ 4x-—33
1 ) | o—os——d
W) =9
[ x*—fx+5
© | erie o™
[ x? = 18x—21
e
™ | G =9

. (Y
Ax— 3N +a)

o

8 (It is intended that all the parts of this question should be answercd‘at one
sitting, in order to bring out the comparison between the forms.) Find the

following integrals:

F o

@ Jid s
[ 1+

) 1+.:fdx’

© | s
T

@ ) Ji-a"

i) 11 dx, (e<l),

0 [

(m) u——xxﬁx'

(b

(d)

(f)

(h)

()

(1)

ol
X

1 +x? o5

-

(1—x%
1+x°
} J==%

e
Jl=x

| T —x:li dx,



9 Evaluate the following, correct to three significant figures;

$ a2 i 1
dx, e —
[MJ. -1 ih}lJ‘ ,tl—xH}+x=}d"“‘

13x + 7
fe) I x[x—l](x+3} ldlj (x— 4}(11:1+2x+1]d

10 Find the volume of the solid generated when the area under y= —Iz from
x —

x= 3 tox=4 is rotated through four right angles about the v-axis. If the
solid is made of material of uniform density, where is its centre of gravity?

Chapter 4

The binomial theorem

The expansion of (1 + x)" when # is not a positive
integer
4.1 The binomial theorem that

—1) X nin—1)(n—2) 48
1 + = + uee
provided — 1 < x < + 1, was used in Chapter 14 of Book 1, but the general term
in the expansion was not discussed for values of n other than positive integers.
The term in x" is found to be

dﬂ"‘ I}Ill [.l _-r+ I}

rT

A+ xr=T"rnr+™

The proof of this, for values of n other than positive integers, is outside the scope
of this book. In the case when n is a positive integer, the term in x” has been
shown (Book 1, §14.3) to be
n!

Mo = —————
(n—r)ir!
Dividing numerator and denominator by (n— r)l, we obtain

nn=1)..n—=r+ l]

=

Mote that nin— 1) ... (n—r + 1) contains r factors. If the reader can remember
that this expression is nU’{ n—r)l (when n is a positive integer), it may help him or
her to remember that the last factor, n —r 4+ 1, is | greater than p—r.

Using the notation

(n) _nin—1n-2)..(n—r+1)

r r!

the expansion can be written

+x)r=1+ (:)x + (;)x’ + (;)x"+...

0



—L UTE TRMIAEIITIRE E R T
Example 1 Find the general terms in the expansions in ascending powers of x of
@1+ (b (1 =20

{a) (1 + x)~'. The general term is

(—D(=2) ... (= r)xtyr!
=(—1y1 %2 ... rxjr!
=(—1yx'

(b) (1 —2x)". The general term is
(= (—d) ... (=2 =r) x(—2x]/r!
=(—1F3xd .. (r+2)x(—1y2x"/r!

_ M+ Dir+d) x" ;
- 2 B el

—(ra Dr+22 "1

The expansion obtained in the first part of the last example,
(1+x) '=1—x+x—+(-Px+..

is frequently required and should be memorised. Note that the right-hand side is
an infinite geometrical progression with first term | and common ratio —x,
therefore its sum to infinity is 1/(1 + x), provided —1 <x< + 1 (see Book 1,
§13.9).

The approximation for (1 —x) ' obtained by taking the first three terms of
the binomial expansion, i.e.

(1—x) 'l +x+x°

is quite good provided x is small. For instance, when x=02,
LHS =08""'=125

and RHS. =1402+0.04=1.24 '

Fig. 4.1 shows the graph of y =(1 — x)™* {continuous curve) and the graph of
y=1+ x4 x* (broken curve).

We can see from this diagram that the graphs are close together (showing
that the approximation is quite good) for |x| < 0.5, they begin to diverge when
0.5 < |x| < 1, but when |x| > 1, the curves are totally unrelated. The approxim-
ation between — 1 and + 1 could be improved by taking an extra term of the
binomial expansion, ie.

(l—x)tal+x+x+x°

With x =02, the R.H.S. is equal to 1.248, which is clearly nearer to the exact
value than is the value we obtained from the previous approximation. The
reader is advised to plot the graphs of y=(1—x)"' and y=1+x + x* + %2

Figure 4.1

These graphs should be quite close together for |x] < 1. (Readers who are
fortunate enough Lo have access to a microcomputer with High Resolution
Graphics should also try plotting some of the graphs obtained by including
further terms of the binomial expansion). However it should be noted that,
although the approximation for |x| < 1 can be improved by taking more terms of
the binomial expansion, outside this interval the binomial expansion is totally
seless.

Qn. 1 Write down and simplify the general terms in the expansions of
@ (1+x% B (E-=3x"Y @@ (14075 (d{1+x)7%

It is worth noting that the coefficients in the expansions of (1 —x)",
(1 =x)"% (1 =x)"*, ... are contained in Pascal's triangle (Book 1, §14.1).
(1=x"

(1=ax)"2

NN
1 \\2 \\l
1 \\3 \3 \1
1 4 \ﬁ \4 \i
XN N




iseending powers of x of
X+ 5
(14 3x)(2=x)
Expressed in partial fractions,
xX+5 2 i 1
(14+3x){2=x) 1+3x 2-x
(The reader should verify that this is s0.)

21+3x) " =2{1 = 3x+ 9% — .+ (= 1F(3xr +...)
=2—0x 4 1Bx" — (=11 = 23x) + ..
(2—x)"1=2"Y1—4x)!
=4{l+dx+0 o+ + ..
=d+ix+4x 4t i+
Therefore the sum of the two expansions is
23— Sdx+ IBIxF .+ (=1 x 23+ (4 I+

For the expansion to be valid,

—l=3x<+1 and —l1<—-ix=]
Multiplying the pairs of inequalities by } and — 2 respectively,
—4<x<+4 and 2>x>-2¢

Therefore the expansion is valid when —{<x< +4.

Example 3 Find the first three terms and the term in x° in the expansion in
ascending powers of x of (x + 2){1 + x)*%.

1211
2

(l+x)"?=1+12x+ I ORI e N i - S,

LA+ x) =24+ 24x+132x% ..+ 2x12
and
(1 +x)'* = x4+ 12 4660 + .+ x?
Adding
(x4 21 +x)'* =24 25x 4 1M4x? 4 4 x13
To find the term in x*, we must multiply

the term in X" in the expansion of (1 + x)'2 by 2 and
the term in x"~ ' in the expansion of (1 + x)'? by x.

tWhen an inequality is multiplied by a negative number, the direction of th i
reversed. (See §6.1.) rection e imequality sign 15
"
o

Example 2 Find the first theee terms and the general term tn the o xpanslon n

Thus the term in &° Is

2xlig L ntiC _ ¥
x| 12! i
Tlz=mtt (13 =l — 1)
12! (2 1
= = X
(12—=r)r — 1;!('r 8 l3—r)

1226 —r)
T (1a=nin!

Qu.2 Find the terms in x" in the cxpansions in ascending powers of x of

{a) (1 —x)(1+ x)*?, (b) (2x +3)(1—x)'"

Qu. 3 Find the peneral term in the expanegion of (2x — 13/{1 + x)* (a) by the
method of Example 3, (b) by expressing the function in partial fractions.

Example 4 Sum to infinity the series

3x9x2_3x9x15x3+
2x4 2xdxh

1_1x2+lx2x5_ 1x2x5=8 i
4 4x8 dx8x12 dx8x12x16

{a) I—;x+

(b)

3 Ixg Ix9x15
L =] - 3 o
{a) Let §, =1 2Jt+2:":4.14: 13426:: +

Mote that there is a factor of 1" in the numerator and a factor of 27 in the
denominator of the term in x",

1x3(3x)F 1x3x5(3x)°
o g B g T

1 1 N\ 3x)? 1 3 5\(3x)?
=1+(~g)en+(=3) ()T +(-2)(3) () T+
S8 =(0143x""2 provided |x] <}

1 1x2 l x2x5 I1x2x5x58
O Lot Sy == aws TaxExid Sxex2%is =

1
8 =1- 500+

Here the denominators are 47 x vl

.5 _ 1 1=x2 K1_+lxzx5xl__lx2x5xﬂxl+
B L T 43 3 4 4 "
By altering some signs, we can arrange that the factors in the numerators
become terms of an arithmetical progression,




B | RO | i ) L ™ L

e 1 =2 1 N=(=85) | N=(=3H(=8) 1
= Rl R T a* s sl
; L. 3 -8 3 -84 2 H=-9=N-F 3
S L e R B HE e B

The series has a sum to infinity since — 1 <2< + 1.

S8, =(1437
G Sg =¢-'r%— 1

The expansion of (1 + x)" when |x| > 1

4.2 Tt will be recalled that the expansion of {1 + x)" in ascending powers of x is
only valid for |x] = 1. If, however, |x| = 1, the function can be expanded in
ascending powers of 1/,

(L+xf={x(1 +x )" =x"{14+x"")
When |x| > 1, it follows that |x~*| < 1, so that we may write

(1+ x}“=x“{l 'M(i) +£{£1_?_i_}e)= 1

]
r! *

Qu.4 Expand the following in ascending powers of 1/x, giving the ranges of
values of x for which the expansions are valid;

{a) (1+x)"", (b) 2+ x)72% fc) (1+3x)"%,
3 x
(d) Py © =y

Exercise 4a ]

1 Find the first three terms and the general terms in the expansions of the
following functions in ascending powers of x. State the ranges of values of x
for which the expansions are valid.

{a) (14371 {b) (1—2x)7", e} (14+x)7%
(d) (1 =4x)"2%, (&) (14x)773, () (241,

| :

(2 A0 (h) G- (i) (1 +x)
2 Express the following functions in partial fractions and find the first three
terms and the general terms in their expansions in ascending powers of x.

For what values of x are the expansions valid?

| =

W i+’ (b) (1 +x)x+2) L are oy
5 x+3 x+2
S - Foi e fl ———.
() | —x—6x*' ©) (x—2¢' O =1

3 Expand the following functions in ascending powers of x, giving the first
three terms and the general term, and state the necessary restrictions on the
values of x;

I Xx I==x
e L © o
4 x+5

@ (1+x01-%" (© {f)

B+l +x)’ (3-2x)(x—1)’
x+417
(x+ 1)%x—2)
4 Expand the following functions in ascending powers of 1/x, giving the first
three terms and the general terms. State the necessary restrictions on the
values of x.

(g

{a) 24+ x4 (b) (3—2x773, (e) (1—2x)7%
x+2 x—1 1
g ® arzer O T+
2x +4 2x ) 1
(&) (x—1){x+3)° L 1—x2" @ 1—x+x?—x%

5 Expand (x —2)'/? as a series of descending powers of x as far as the thlird
term. By substituting x = 100, evaluate /2 to five significant figures, [Hint:

J98=7,/2]
6 Obtain J2 to five places of decimals by substituting x = 1000 in the
expansion of (x + 24)"* in descending powers of x.

In Nos. 7-10, use the binomial expansion to find the values of
7 (16.32)Y* to five places of decimals.
8 ./9.09 to six places of decimals.

9 to four significant figures.

1
(10.04)*
10 ﬁ to four places of decimals.
11 Expand the function (1 + 2x)"/3(1 — 3x)~'" in a series of ascending powers
of x as far as the term in x*. [Hint: multiply the first three terms of the
expansion of (1 +2x)*? by those of (1 — 3x)~ ', ignoring terms in x* and
higher powers of x.]




In Nos, 12-17 expand the lunctions in series of nscending powers af x as far as
the terms indicated.

1
12—,
| + x +2x*

|
1y ——
(14 2x + 3x%)

(%) [Write y=x+ 2x1]

(7).

14 J(1+3x)/(1 + 2x), (x%).

— x)?
15 ‘Q‘HIIT; (x)

. B
1—J(1+2x)°
and denominator by x.]

16 {x*). [Expand the denominator; then divide numecrator

2

.
Y iZe—m ¥

18 The field H on the axis of a bar magnet of moment M at a distance d from its
centre is approximately 2M/d?. Suppose that in calculating the value of H,
values of M and 4 differ by £2% and + 1% respectively. What is the
greatest possible percentage error in calculating the value of H?

19 If a clock with a seconds pendulum registers x s too few per day, what is the
time of one beat of the pendulum?

One beat of a seconds pendulum takes n(l/g)'"? s, where [ is the length of
the pendulum and g is a constant. If the length of the pendulum increases by
0.04% owing to expansion, calculate the number of seconds it will have
failed to register in a day.

20 1f a pendulum beats seconds (see No. 19) at a place where g =981 cm/s® and
is then removed to a place where g is 0.05% less, how many seconds will it
have failed to register in a day? .

21 The heat H produced by an electric current flowing through a resistance R
with potential difference V for a time 1 is given by H = JV*¢/R, where J is a
constant. If ¥, ¢, R are given percentage increases x, y, 2 which are so small
that the squares and products of x, v, z may be neglected, find the percentage
increase in the value of H.

22 The period of oscillation T of a vibration magnetometer is given by the
formula

o)

If the gquantities I, M, H are estimated with errors of p, g, r per cent,
respectively, find the corresponding percentage error in T if the squares and
products of p,q.r may be neglected.

Sum to infinity the series in Nos. 23-30 stating the necessary restrictions on the
value of x,

23 1-d+4-4+...

1x3 5 Ix3¥Ix3 o 1x3x5x7

41 —x+ A o -
[x2" 1x2x%3° T1x2x3xd:

25 144x+ 125 4.+ (m+ 12"+ .

2 2x3 2xixd
LA W S L
37 3%E IxkRgTT

1 1x2 1=2x5 I x2%x5x8
- 55 D e
6 6x12 T 6x12x18 ExDxlix2d

B 1-6x+24" — . +(—1n+ D(n+2)2" "x"+....

x? x* x*
29 l—x-—ﬁ—l‘.-(}-ir-—l K]XEE_""

1 1Ix4 l x4 %7
301+ -
AT A%E T Axknid T

Relations between binomial coefficients

43 We first show how the greatest coefficient in a binomial expansion may be
found. A similar method may be applied to find the greatest term. In this section
n and r represent positive integers.

Example S Find the greatest coefficient in the expansion of (2x + 3)12,

The coeflicient of x" is given by

12

e 12-r
(12 =) £3

M

and the coefficient of x"*! is given by

12"! r¥lali-r
RS TT T

The ratio of these coefficients is

N el 3
Givy 13§03

— ey teerem o



e ruTiwarnemarer s - owewma

Therelore u, =<, ¢ il

r+1 3
TR
S+ 324 -2
Lo Sr <l
Soreil=4}

That is, 4, < iy, Uy < U4, Uy < Uy, Uy < s, but ug 4 u,. Therefore the coefficient
of x* is the largest, Its value is 792 x 2% x 37,

Qu. 5 Find the greatest term in the above expansion when x = 2.

Now some series involving the binomial coefficients will be considered. For
brevity we shall write

(L+xP=cp+ox+cx’+..+cx"

So far we have not assigned any meaning to "Cy. Since, in general, "C. =¢,, it is
maost convenient to define "Cy = 1; and, if we define 0! = |, we can write

B == for all values of r from 0 to n.

n
(n—rjlel

It should be noted that ¢, is only used for "C,. Other coefficients such as "~ *'C,
and *"C,_ will not be abbreviated in this way.

Example 6 Find the values of

@) eg+eg+... ey

(B) eg—2¢; 4+ 3¢5 — ...+ {=1{n+ ey,
(€) deg+4e, +3e, 4.+, /(n+2)

fa) 14+=x"=co+oyx+... 4o x"
Substituting x= 1,
Cot+op+.te,=2"

dix") _

=1
T nx" Lk

{b) Remember that

M+ 2P =cox+ext+ex?+.. +ox"?
Differentiating with respect to x,

(A+xrx1+xxnl+x) =co+2e,x+3ex  + ...+ (n+ e x"
Substituting x = — 1,

cp— 20y +3c; —.. H{—Din + Lo, =0

112 = r 15 positive so the inequality sign is unchanged.

(¢) Remember that [ x"dx = x"*Vin 4+ 1) + k.

(b xf=eg sk kb ogx®+ b o x"
Sl X =cpx oyt x4+ 5"

Integrating the R.H.S, with respect to x between 0 and 1, we oblain
bep+iei e+ +efin+2)
For the L.H.5., we write
(14 xF={(14+x)=1}{1 4+

.[1 x(1 +.~4::I"ﬂ:im:='|’l 1+ 2" — (14 %)} dx

o a

_[[I + xy*? _{i+_::}"+']’

K2 e o

_2-*2_1 zrl-l-]._l

n+2 n+1

which is the sum of the series.
Alternatively, the integral could have been evaluated by the substitution
u=1+x

Certain relations between the binomial coefficients may be obtained by
equating coefficients (see p. 45). For example, the identity
(1 +x"* 2 =1+ 2341 +x)

may be expanded in two different ways:
fa) 1+""2C,x 4. +"P 20"+ ..+ "0, e,
b)) (1 +2x+ x¥ WM eg+eyx+ ..+ 6,X + .+ 6,x")
The term in x" in (b) is obtained by multiplying ¢,x" by 1, ¢,_;x" ! by 2x,
¢, 3%"~* by x*. Equating coefficients of x" in the expansions (a) and (b),

"‘IC'=CF+.2L':,.-J+(‘ - llérf:én}
Qu.& What relations are obtained by equating coefficients of
(a) 1, (b) x*27

Example 7 Prove that cy® + 2 +... + ¢, =*C,.
[The expression 2"C, suggests the use of (1 4+ x)*", and the terms ¢.? suggest
the square of (1 4+ x)"]

(14 x)(1 + X = (1 + x)*
Solta e xd e XN eg Fo x4+, xT=(] + x)"

[*"C, is the coefficient of x" on the RH.S]
Equating coefficients of x",

CalaF E1C0—1 F o F a8y T =1"C,



But e, = ¢, ., (see Book 1, §12.4),
Lt ret ot el et =0,

Exercise 4b
1 Find the greatest coefficients in the binomial expansions of the following:

{a) (x+2)'° (b) (3x+ 1)%, {c) (dx+3)'%,
(d) (2x+ 5)%°, (e) (x+4'", () (3x—2)°
(=) (12~ 11x)73%, (h) (7— 5x)>.

2 Find the greatest terms in the binomial expansions of
{a) 2x+3y'%, whenx=1, y=3
(b) (x+2)'°, whenx=1%, y=1%
(¢) (4x+5y°, when x=1, .
(d) 3x—5"% when x=1% 7

Prove that E

deg—ogte;—. +H{—1fe, =0

4dc,+2c; 435440, =nx27L

5 co+2c,+ 3+ +in+ e, =2"""n+2).

6 ¢y —2e,+ 35— 4= 1) e, =10

7 2xle;+3%x2e3+...+naln— e, =n{n— 12" "%
8 2c, —6c;+ ... +{—=1 tnln+ 1), =0.

9 13, + 2204+ 4+ nfr,=nin+ 112" 1

10 13+ 2%, +...+(n+ e, =(n+ Nn+42""2
11 4o — 4y + o+ (= 1Pc/in+2) = 1/{(n + Din+2)}.
12 co+dey +ies+.on+ e /in+ D =(2""1 = 1)f(n + 1)
13 deg —dey 4o + (= 1, /in+ 1)in+2) = 1/(n +2)

Exercise 4¢ (Miscellaneous)

14 2x +3x2
(1= x)(1 + x%)
If x is so small that powers higher than the third may be neglected, expand
the function in the form A + Bx + Cx* + Dx*. {(IMB)
2 Find numbers 4, B, and C such that the fraction

2x A B+Cx

Tk A el

1 Express the function in partial fractions.

Hence obtain the expansion of the fraction in ascending powers of x as far
as x°, Between what values must x lie in order that this expansion may be
valid? (IMB)
(SS+2)F—(/5-2°

8./5 ’
(b) Expand (1 — 3x)'"* in ascending powers of x as far as the term in x”. By
taking x = £, evaluate .J'5 correct to two decimal places. (C)

3 (a) Without using tables, find the value of

x4 2x 4 8
xMx42) 7

4 Express in partinl fractions -
= w0
(y= DNy +1)

expression in ascending powers of y as far as y, stating for what values of
this expansion is valid. ()

Tx+3
5 Ex _—— | i i -
(a) Express Br—Dx+ 1) in partial fractions, and hence find the coeffi

cient of x" when this expression is expanded in ascending powers of x.

(b) Write down the first three terms of the binomial expansion of
(1 — vaws) """, Hence evaluate (37)"* to six decimal places. (0O&C)
6 Write down and simplify the first three terms in the binomial expansions of

(14 %)% and (1 + x)~ V2

AB is a chord, of length 2ka, of a circle of radius a. The tangents to the
circle at A and B meet in C. Show that, il k is so small compared with unity
that k7 is negligible, the area of the triangle ABC is a*k® + La®k>. (L)

Hence express in partial fractions , and expand this

7 Use the binomial theorem to evaluate —— — — to four significant figures.

1
984 985
B Prove that, if x is so small that its cube and higher powers can be neglected,

| 4+ x y g 1
=% 57 .
By taking x =1, prove that /5 is approximately equal to 45, (Cy
9 (a) Find the percentage increase in the value of x*y*/z when the percentage
increases in x, y, z are p, g, r, respectively, if the squares and higher powers
of p,q,r can be neglected.
(b) Obtain the first four terms in the expansion of —— { ] }3, (i) in a series of
ascending powers of x, (i) in & series of descending powers of x. (L)

10 (a) By means of the binomial theorem evaluate (10.02)'° to the nearest

thousand.
(b) Write down the expansion of (1 —x)~? in ascending powers of x and
deduce that
+
_Zn{aﬂn w-“—(ib—-x;:g when [xf < 1

o

Prove that )’ E’;T*' - ;. (IMB)
=0 A

11 Use the binomial series to write down the first four terms of the expansion of
(1+y)" "2 in a series of ascending powers of y.
Hence find, in terms of cos 8, the coefficients ¢, ¢5, ¢5 in the expansion of
(1—2xcos #+x%) " in the form | + e, x+ cox* + 337 +....
Prove that, when # =0, every coefficient in the series is equal to + 1.
[You may assume throughout that the expansions are valid.] (TMB)



12 (u) If x i small compared with unity and powers of x higher than x* are
neglected, show that

1

S & _ LG
H-—II_! X+ x b

Prove that the error in this approximation is less than x".

(b) Expand /(1 + x) as far as the term in x°.

(c) Find the coefficients of x*" and x*"*' in the expansion in ascending

powers of (1 —x)*/(1 + x)* (L)
13 Write down the series for /(1 + x) in ascending powers of x as far as the term
in x%

1 g 2
Show also that the error in taking 4 (6 + x) — Ty as an approximation to

.J{l + x) when x 13 small is approximately x+/128, {C)
14 Prove (do not merely verify) that, if E denotes the function

x?

2—x+2J(1—2)
then E=2—x —2,/(1 —x).
Deduce that, if x is small, E is approximately equal to $x*. (0& C)

15 Express in partial fractions, and hence expand the ex-

1
(x+2)%2x 4+ 1)
pression as a series in ascending powers of x, giving the first four terms and
the coefficient of x",

Show that, for values of x so small that x* may be neglected, the given

expression can be represented by +kx* for some number k

1
(3x+ 20
independent of x, and find k. (O & C)
16 Write down, without proof, the binomial expansion for ./(1—2x) in
ascending powers of x, giving the first three terms and the general term.
Prove that the sum of the first two terms exceeds /(1 — 2x) by exactly

):J'

1—x+./(1—2x)

By putting x = 0.005, obtain from the first two terms of the expansion an
approximation for /11, and determine to how many places of decimals your
approximalion is correct, (C)

17 Show that, if x is so small in comparison with unity that x* and higher
powers can be neglected,

= 431 4 3y
el 0

18 (0) Find and simplify the term independent of xin the binomial expansion of

| L
" |

X 1
( )

(b} Write down and simplify the first four terms in the expansion in
ascending powers of x of (1 + 3x)'~. Hence evaluate )/ 1.03 correct to five
places of decimals. {(IMB)

10 — 17x + 1dx*

19 Express B =22 in partial fractions of the form

A " B . C
24x 1-2x (1—-2x)°

10— 17x + 14x7
(2 +x)(1 —2x)?
powers of x, up to and including the term in x*, State the restrictions which
must be imposed on x for the expansion in ascending powers of x 1o be valid.
(C)
20 Show that for any positive infegral value of n there are two values of a such
that the coefficients of the powers of x in the three middle terms of the
expansion of (1 + ax)*" are in arithmetical progression. Show also that the
product of these values of a is independent of n. (L)
21 1f c, is the cocflicient of x” in the binomial expansion of (| + x)", where nis a
positive integer, prove that
(@ cotortcat..=¢ +eates+..=2""1
(b) co® +ot + 02t +.+ .t =(2m)l /(n1)3,
) eg+2c; +3es+ .. H{n+ g, =(n+ 22" 1, (L)
22 (a) Find which is the greatest term in the expansion of (3 +2x)'* in
ascending powers of x when x =5/
{b) Prove that three consecutive terms in the expansion of (1 + x)", where nis
a positive integer, can never be in geometrical progression, (L)
23 (a) I the expansion of {1 + x)" in ascending powers of x is denoted by

Hence, or otherwise, obtain the expansion of in ascending

(14+x)=cp+e,x+exi+eax? + L +ex+ ..

write down the values of ¢g, ¢, ¢4, o5 in téerms of n, and the value of ¢, in
terms of n and r. State the range of values of x for which the expansion is
valid whatever the value of n.

Ifn> — 1, determine the range of values of r for which
e

'

= 1.

Cr—1

{b) Use the binomial expansion to calculate the value of (1 + 1555 )" correct
to four places of decimals. {IMB)
24 Show that the first three terms in the expansion in ascending powers
of x of {1+ 8x)""* are the same as the first three terms in the expansion of
(L +5x)/(1+ 3x)



Use the corresponding approximation

| 4 5%
| 4 B: a4 Pl
Cl b v

to obtain an approximation to (1.16)"* as a rational fraction in its lowest
terms. (JMB)
25 (a) Show that, when x is small, the expansion in powers of x of the function

(1+x)°+ (1= %" —2(1 + x*p
15 of the form
ayxt +agx® +agxt +...

If a, =0, find g in terms of p. If, in addition, a, = 0 and p is not equal to
0, 1, or 2, find the values of p, q,a..
(b) Show that, when x is large and posilive,

(x* + x)'? 4+ (x* + 3x)'"* = 2x + 2, approximately.  (TMB)

‘f‘-" i

Chapter 5§

Three-dimensional trigonometry

Introduction

51 In Book 1, Chapter 15, we considered a number of problems concerning
lines and planes in three dimensions, 1o which we applied the notation and
techniques of vector geometry. In this chapier we shall examine similar
problems, but we shall solve them by using pure trigonometry. A mature
mathematician must learn to be flexible and to select the best approach to a
given problem.

Drawing a clear figure

52 To begin with, it needs to be emphasised that some of the questions will be
very difficult without a clear figure. In general, the four following basic rules
should be adopted:

{a) Parallel lines are drawn parallel.

(b} Vertical lines are drawn parallel to the sides of the paper.

icy East-Wesl lines are generally drawn parallel to the bottom of the paper, and
Morth-Sonth lines are drawn at an acute angle to Easi-West lines.

(d} All unseen lines should be dotted in.

B

5
Figure 5.1

75



In Fig. 51, AB and €D are vertlonl posts, Notice that the angle NOE i
marked a right angle, because this is what it represents.

Qu. 1 Copy Fig. 5.1 and draw AC. Mark in all the right angles at A and C,

The angle between a line and a plane

53 When calculating the angle between a line and a plane, we are concerned
with calculating the angle between two lines: the given line, and another line
lying in the given plane. An infinite number of lines can be drawn, lying in the
plane and passing through the point in which the given line meets the plane, and
each line will yield a different angle, Which line should we take?

In Fig. 5.2, the line QR meets the plane « in O. In order to find the angle
between QR and =, take any point P on QR and drop a perpendicular PN to the
plane, now join N to O and & is the angle required. ON is the projection of OP
onto the plane n.

—

O

Figure 5.2

Qu.2 Copy Fig. 5.2 and draw any line lying in x and passing through O, Let M
be the foot of the perpendicular from P to this line, Show that angle POM is
greater than angle PON. y

The result of Qu. 2 shows that 8 is the least angle between QR and any line
which can be drawn in w and passing through O.

Example 1 Fig. 5.3 represents a rectangular box 9 cm ¢ 6 cm x 6 cm with its lid
open at an angle of 30°, Calculate the angle berween BDY and the plane CDD'C',

BD' meets the plane CDD'C’ in I, Take any other point on BD"; B is an
obvious point. Drop the perpendicular from B to the plane: BC. The angle we
want is BDYC, Select triangle BD'C and mark in lengths (see Fig. 5.4), We must
calculate CD¥ or BDY first. CDY is easier, so draw triangle CC'DY and again mark
in lengths.

S _|':|-'_ L -\-‘““"'\-‘. ;
AL b .S
| Mymin B
i Nt i em
I ™ ~
| Yo TR
| b "5,
| ¥ "
) S, B
-~ e
f..f b fi cm
A Bem B
Figure 5.3

In triangle CC'DY,

CD2=61+92=117
o CD = J117¢

Now mark the length of CD' in triangle BCD'.
117

soe=200
Therefore the angla betwsen BIY and the plane CDD'C is 29.0°.

i ] '
Bt c o cm
i
B cmi fi cm
B C

Figure 54

Qu. 3 Calculate the angle between .
{a) BD' and the plane BCC'B, {b) AC' and BD".
Qu.4 Calculate the angle between BP and the plane ABCD.

The angle between two planes

54 When calculating the angle between two plape:s we are again concerned
with calculating the angle between two lines, one in each plane.

is bt intermediate caloulations (such as o/ 117) should be de:hyuld, unless
I:;:Luﬂ;cﬁnu;r; bﬁymﬁm“:ﬁam. Writing down intermediate steps can lead to a build-up of

rounding SFrors.



Referring to Fig. 5.5, in order to find the angle between two planes & and n', we
sglect o point € on their common line AB and draw lines PC and CQ in nand n',

respectively, and at right angles to AB. PCQ is the angle we want. This angle is

called the dihedral angle of the two planes.

Figure 5.5

Qu.5 Copy Fig. 5.5 and draw a line PR parallel to AB; join CR. Let P, R be

the feet of the perpendiculars from P, R, respectively, to ', Show that angle
RUK < angle PLUQ),

Example 2 VABCD is a right pyramid on a square base ABCD of side 10 cm,
Each sloping edge is 12 cm long. Calculate the angle between the faces VAB and
VBC.

To obtain a good figure first represent the base ABCD as a rhombus, then dot
in diagonals to meet at N. Put up the vertical NV and choose V so that AV does
not coincide with DV (see Fig. 5.6).

VB is the common line of the two planes. Draw AX perpendicular to VB, then,
since the figure is symmetrical about VDB, CX is also perpendicular to VB. The
angle we want is AXC, so we musl work in triangle AXC.

Firsl we want to find AX and AC.

In triangle VAM (see Fig. 5.7), VM2 =127 — 52 =119.

SoVM = \,.’l 19 ¢m
Aren of triungle VAB =5,/119=4 x AX x 12.
i
0
L AX -5.,_..': I cm

In triangle ABC (see Fig 5.7), AC* = 10* + 10 = 200.
S AC =200 = qu’Z

= Figure 5.6
v D C
| L
| o
i | //
E | i
{ i e ' A 10 em
s : ;
| Fd
- g
A s
- - [_=_| .-"/
A Sem M S5cm B A 1 em B
Figure 5.7
In triangle AXN (sce Fig. 5.8), AN = JAC =5,/2.
A
|
I
[
!
|
]
m
A M C
Figure 5.8

o AN SR _z'_)
SIHE_M_%Jllﬂ_ﬁ\/(IIH

d 2
S ﬂnarﬂﬂlﬂﬁ\/(m)

= 51.06"
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L LAXC = 102,17
Therelore the angle between the faces VAB and VBC s 10217,

Qu. 6 If, in Example 2, X is any point on VB, prove that triangle ABX
= triangle BCX. Hence prove that if AX is perpendicular to VB, then CX is also
perpendicular to VB,

Qu. 7 If, in Example 2, Y is the mid-point of BC, show that VYN is the angle
between VBC and ABCD, and caleulate it.

Exercise 5a

1 A cuboid is formed by joining the vertices AA, BB, CC', DD’ of two
rectangles ABCD and AB'C'D". AB=6cm, BC=6¢cm, CC' =8cm, X and
Y are the mid-points of AD and CD, respectively. Calculate:

(a) the angle between XB' and the base ABCD,
(b) the angle between the plane XYB' and the base ABCD,
ic) the angle between the plane BB'X and the plane BB'Y.

2 A right pyramid VABCD stands on a rectangular base ABCD. AB=6cm,
BC =8 cm, and the height of the pyramid is 12 em. Calculate:

(a) the angle which a slant edge makes with the base,
(b} the angle which the slant face VAB makes with the base,
{c) the angle between the two opposite slant faces VBC and VAD.

3 A hanging lamp is supported by three chains of equal length, fixed to points
A. B. C in the ceiling which form an equilateral trianele of side 16 cm, and the
lower ends are connected at a point 20 cm below the ceiling. Calculate
{a) the length of each chain,

{b) the angle which each chain makes with the ceiling.

4 Two equal rectangles 3 m by 4 m are placed so that the longer sides XY
coincide. The angle between their planes ig 507, Find the angle between the
diagonals which pass through X.

5 A right pyramid stands on a square base of side 8 cm. The height of the
pyramid is 10 cm, Calculate the angle between two adjacent faces.

& Three mutually perpendicular lines meet at O and equal lengths OA, OB,
OC are cut off. Find the inclination of ABC to ABO. :

7 O is the middle point of the edge AD of a cube, of side 6 cm, whose faces
ABCD, A'B'C'DY are similarly situated. Calculate {a) the sine of the angle
between the plane OCD’ and the face CDD'C’ of the cube, {h) the sine of the
angle between the edge DD and the plane OC'TY.

8 Calculate the vertical height and the slope of the slant edges and [aces of a
regular tetrahedron of side 8 cm, which stands on a horizontal base.

9 The roofs of an L-shaped house slope at 45°, What is the inclination to the
horizontal of the line in which the two roofs meet?

10 In Fig. 5.3, taking the same dimensions, calculate the angle between CP and
the plane C'D'PQ.

11 A solid is formed by placing a pyramid with square base of side 15 cm and
height 20 em on top of a cuboid with the same dimensions of base and the

e
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same helght. Calealote the angle which a line drawn from the vertex of the
pyramid to o bottom corner of the solid makes with the base.

12 In a regular tetrahedron ABCD, P is the mid-point of AB. Calculale the
cosine of the angle between the planes PCD and BCD,

13 In a regular tetrahedron ABCD, Q) is the middle point of AD, Find the angle
between the line BQ and the plane DBC.

14 In a tetrahedron ABCD, AC=13 cm, AB=12 cm, BC =5 om,
CD :w"lm cm, BD =4 cm, and AD = 12 cm. Calculate the cosine of the
angle between the planes ABC and BDC.

I5 Three adjacent edges of a rectangular box are AB = a cm, AD = b cm, and
AF = ¢ cm. Find the angle between the planes BDF and BAD.

16 In atetrahedron PQRS, P is vertically above (), one corner of the horizontal
base QRS. PS=PR=a, PQ=2b, and QR=05=RS5="F0 A is the mid-
point of PQ. Calculate the sine of the angle between the planes PRS and
ARS,

17 A pyramid on a rectangular base has equal slant edges. Prove that a slunt
edge makes an angle cot ~ ', /(cot® & + cot® fi) with the base where o and [fare
the angles which the slant faces make with the base.

18 In a tetrahedron ABCD, the base ABC is an equilateral triangle of side a cm
and the edges DA, DB, DC are all b cm long X is the centroid of the face
ABD. Prove that the angle CX makes with the base is arctan § ./(3b%/a” — 1)

19 OA, OB, OC are unequal mutually perpendicular lines. Prove that
cos L BAC =cos £ OAB x cos £ OAC,

20 The hase of a tetrahedron is an equilateral triangle. The slant edees are of
equal lengths @ and make angles @ with each other. Prove that the height of
the tetrahedron is 4a,/(3 + 6 cos f).

Algebraic problems in trigonometry

55 Apart from the later questions in Exercise 5a we have so far dealt only with
numerical examples. We have obtained solutions, but we shall now want o
generalise these solutions in order 1o understand more clearly how the resulls
depend upon what is given. We shall find, also, that the result often suggesis (o
us the best method of proof.

Two useful hints for solving problems are

{a) draw a clear figure marking in the given facts distinetly, and right angles

in particular,
{b) the method is often suggested by the result to be proved.

Example 3 4 man notices two towers, one due North and one in a dircction
N @ E. If the angle of elevation f§ of both towers is the same but the height of one ix
twice the height of the other, prove that

5cot® f—cot® o
4cot? B

where o is the angle of elevation of the top of one tower from the top of the other

f = arccos
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Figure 5.9

The towers are BD, height &, and CE, height 2h. The horizontal plane through
D cuts CE at F (see Fig. 5.9).

S CF=FE=#h

[The result shows that we need cos 6, and this suggests that the cosine formula
should be applied to triangle ABC. See Book 1, §18.3.]
From triangles ABD, DFE, ACE,

AB=hecol § BC=DF =hcota AC=2hcot fi
By the cosine formula in triangle ABC,
h* cot® f + 4h* cot® f — h* cot’ o
2x hcot fx2hcot fi
» 5h* cot* f—h* cot®* a
4h* cot® §

cos =

) Scot* f—cot®
Fed E-mw

*Qu.8 Draw a triangle ABC and its circumcircle, marking the centre, O, Show
that £ BOC =24, where £ BAC = A. By considering the isosceles triangle OBC,
show that

i

=R
sin A

where R is the radius of the circumcircle,
[Similarly it can be shown that

and &

T s equal 2R, This cnables us Lo

prove n more general form of the sine rule (see Book 1, §1%.2), namely

a b t

= = =R
sind sinB sinC

This form of the sine rule is used in the next example.]

Exampled Two vertical walls of equal height cast shadows whose widths are bm
and ¢ m when the altitude of the sun is 8. If the angle between the walls is o, prove
that their height is

B2 +c®+ 2bccos a
cot? Asin =

Figure 5.10

PQ is the line in which the two walls meet, and R is the point shadow of P.
L and M are the feet of the perpendiculars from R to the two walls, Let x m be
the height of each wall (sce Fig. 5.10).

Since £ QLR = / QMR =90°, RLQM is cyclic, and QR is the diameter of
the circumeirele. £ LOM =g therefore £ LRM = 180" —a.

By the cosine formula in triangle LMR,

LM2 =5 4 ¢ — 2b¢ cos (180° —a)
=b* 4 ¢* + 2hc cos o



By the sine formula in (riangle QLM,

S o

5In &

where R is the circumradius of triangle LMR and therefore of RLOM.
But from triangle PQR, the diameter of the circumcircle QR = x cot f,

S LM =x cot Bsin e
SoxtcottOsinta=b" 4+ 2bccos g

¥y
-, height ﬂfwali=\/{h 4+ +2bccnsa}

cot? #gin® x

Exercise 5b

1 The angles of elevation of points A, B frem a point I are x and f respectively.
The bearings of A and B from P are 8§ 20° W and S 407 E, and their distances
from P measured on the map are 3 km and 1 km respectively. A is higher

ydtanx—tan fi

1!

2 A pole is set up at C, a point due East of A and due North of B. M is the mid-

point of AB. The angles of elevation of the top of the pole from A, M. B are a,

1. B, respectively.

Prove that cot® « + cot* fi = 4 cot® y. [Hint: a semi-circle can be drawn on

AB as diameter, with C as a point on the circumference.]

3 A plane slopes down towards the South at an angle « to the horizontal. A

road is made up in the plane in the direction ¢ E of N. Prove that the

inclination of the road to the horizontal is tan ' (tan a cos ¢).

4 From a point on the ground, two points on the top of a horizontal wall, @ m

apart, are observed at angles of elevation o and §. The line joining them

subtends an angle  at the poinl. Prove that the height of the wall is

than B. Prove that the elevation of A from B is tan™

a sin o sin fi i
W isin® 2+ sin® f— 2sinasin feos 8] -+

5 A mast is erected at a point P. At a point B due West, its angle of elevation
15 o, and at a point C due South, its angle of elevation is f. Prove that
its angle of elevation at a point due South of B and due West of C is
cot ™, fcot? a + cot?* fi).

6 A vertical flagstalf of height y m stands on the top A of a tower. The elevation
of A from a point due South of it is 2, and from a point due East is £ The
direct distance between these two points, which are in the horizontal plane
through the foot of the tower, is x m and the elevation of the top of the
Aagstafl from the second point is y. Prove that

2_  X*cos f—coty)?
’ cot® y(cot? & + cot? fi)

"

There are two lights, such | m above level ground, and o m apart. A man,
whose height is h m, stands anywhere on the ground. Prove that the line

joining the ends of hig (wo shadows cast by the lights is of length ah/(! — h) m.

8 The angles of elevation of the top of a tower measured from three points

11

12

13

14

A, B, C are a, fi, 3. respectively. A, B, C are in a straight line such that
AB = BC = g, but:the line AC does not pass through the base of the tower.
Prove that the height of the tower 15

:L.,'.-'II

fcot? o + cot® y— 2 cot® f}'2

A man observes a flagpole due North of him. He walks in a direction a N of
W for a distance of x m and finds the angle of elevation i is the same. l_’rcwe
that the angle of elevation when he has walked a further distanee x m in the
same direction is

tan [
J+38 sin® o)
From a point A, a lighted window due North of A has an elevation «. Froma
point B, due West of A, the angle of elevation is §, Prove that the angle of
elevation from the mid-point of AB is
2
J(3 cot? o + cot® fi)

arctan

arctan

A factory is built within a rectangular plot ABCD. The elevations of the
tallest chimney on the building from the three corners A, B, C are a, fi, ¥
respectively. Prove that its elevation from the fourth corner D is

arceot /(cot? 2 + cot* y — cot® fi)

A vertical rectangular target faces due South on a horizontal plane. The area
of the shadow is 11 times the area of the target when the sun’s altitude is o
Find the bearing of the sun.

A vertical tower stands on horizontal ground. From a point P on the ground
due South of the tower the angle of elevation of the top of the tower is o
From a point Q on the ground, South-East of the tower, the angle of
elevation is fl. Prove that the bearing of Q from P is

cot fi
oy fN
arctan J2eota—col B E o

A triangle ABC is drawn on a plane sloping at & to the horizontal. A, B are
on the same level and C is below them. CA, CB makes angles a, i with the
horizontal plane through AB.

Prove that, if LACB=C,

sin 8= w'll{ﬁinl a+sin® f — 2 sinasim feos C}
sin C




15 A building ot B in x m higher than a building at €, and there v o third
building ot A, taller than either. The angles of elevation of the tops of the
buildings at A, B from the top of that at C are a, fi, respectively, und the angle
between the vertical planes through CB and CA is (. The angle between (he
vertical planes through BA and BC is ¢ Prove that the building at A is

X tan 2 sin ¢ ! ;
anfsn @+ ) m higher than the building at C.

16 A vertical post of height h m rises from a plane which slopes down towards
the South at an angle « to the horizontal. Prove that the length of its shadow
when the sun is 5 # W at an elevation f is

/(1 + tan? & cos? A)
tan ff + tan o cos #

17 A right pyramid of height h stands on a square base of side a. Prove that the
eyt
angle between adjacent sloping faces is arccos (T{;ﬁ’)
18 A right pyramid stands on & regular hexagonal base and its slant Taces arc
equal isosceles triangles of base angle a. Prove that

(a) the angle between a slant face and the base is arccos (,/3 cot a),
2ain®a—3

{b) the angle between adjacent faces is arccos T sini

19 A vertical flagpole of height one unii stands on top of a vertical tower of
height h units, At points on level ground distant x units and y units from the

foot of the tower, where x# y, the flagpole subtends equal angles of
magnitude . Prove that

(a) x4+ y=cotf,

(b) xy is independent of 6. (C)
20 One face of a cube has vertices A, B, C, D and the four edges of the cube

perpendicular to this face are AA', BB, CC', DD, Each edge is of length a,

The cube rests with the edge AB on a horizontal table and the edge AD

inclined at an angle x 1o the horizontal. Denoting the angles of inclination Lo

the horizontal of the diagonals AC" and DB’ by 8 and ¢ respectively, prove
that

Jcos* @=2—sin 22, and that 3cos® ¢=2+sin2z (C)

Chapter 6

Some inequalities and graphs

Some inequalities

6.1 Anyone who has studied mathematics up to this llcve] will ba th_c:-_mug!_'lly
used to manipulating equations, but many readers will not be familiar with
inequalities. An inequality is a statement that one number is less than (or greater
than) another. Thus the statement, “The sum of the squares nf two numbers is
greater than or equal to twice their product’, may be writlen in the form

a? +b*=2ub
To prove this,
LHS.—RHS. =a? +b* —2ab=(a—b)
But (a — b)* is a square and so is greater than or equal to zero, and the inequality
is proved. _
Note that the equality occurs only if a=b, therefore we may write
at+bi>2ab  (a#h)

(Throughout this chapter we shall be concerned with real numbers and the
reader should assume that any letters which are used represent n?al number_s.j

Inequalities may be manipulated in much the same way as equations but with
certain important reservations (see Qu. 1-4). The rules that will be used here are

{a) we may add any number {positive or nf:g:gtivc} to each su!e of an inequality,

(b} we may multiply each side of an inequality by any positive numl:{er. ;

ic) if each side of an inequality 1s multiplied by a negative number, the inequality
is reversed.

We illustrate these threc rules by applying them to the inequality 5<%

(@) 5+2<9+2 and 35— 13<9-13,
(b) 5x3<9x3 .
€ 5x(—4=>2x(—4

Note particularly that these statemenis are about algebraic .{ﬂr fhrccted]
numbers. If two such numbers are represented by points on an axis going from
left to right, the greater is on the right. Thus —8<—4and —20> —36.
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Qu.l If awx, then a® = x*, Consider the fnequality o« x i1 (n) am ) x = §,
(b)am =7, x=d 18 0* <x??

Qu.2 I b=y, then 1/b=1/y. Consider the inequality b < y il (a) b= 2, y =4,
b b= -3 y=L1Is1/b<1/y? -
Qu.3 I[fa=x b=y, then a— b= x — y Consider the inequalities a < x, h <y
la=5x=6b=4, y=Tlsa—h<x—)?

Qud Fa<x b<ysab<xy?Trya=-3x=2Lb=—4,y=5

Example 1 Find the values of x for which =2

x+3
x—1

(Inequalities such as this are usually easier to handle if one of the sides is zero,
so the first step is to subtract 2 from both sides.)
x+3

—-2=0
x—1

Putting the L.H.8. over a common denominator of (x — 1), we obtain

x+3-2x—1) o

2—1 . a

The numerator {or lop line) of this fraction is zero when x=35, and the
denominator is zero when x = 1. To obtain the inequality we require, these terms
must have the same signs, so consider the table below:

x <1 lex<s x=5
S5—x + + -
el | - & i
d—x i
x—1 .

From this table we can see that the interval required is
lex=zh

[t should be emphasised that x represents a real number and so the statement
1= x =< 5 means that x can be any number (not just whole numbers) between 1
and 5]

X+ 3
x—1

Qu.5 Sketch the graphs of y=

and y=12, and use your diagram to
illustrate the result of Example 1.

Example2 For what values of x is the function 2x* + 5x — 3
(a) negative, (b) positive?

Lot ({x) = 20 83w N (@n = 1) (x 4 3), [(x) v zero when x =4 or x = = 3,80
consider the signs of the factors in the following intervils;

] x< =13 ~J<x<t 4<x
x+3 - + +
2x -1 — ! = +
fi(x) + = +

Alternatively, sketch the graph of the function f(x). As x— & o0, fil) = + oo
f(1)=f(—3)=0. The curve is sketched in Fig. 6.1. :

“.'I.ll

-

b =
da

Figure 6.1

By cither method, the function is negative if —3 <x<% and positive if
x<—3orx ::-i.

Example 3 Show that 3x* + 10x + 9 cannot be negative and find its least value.

Completing the square (see Book 1, §10.3),

J? 4 10x +9=3x* +¥x+3H+9 -4
=3x+3P+3
Since (x + §)7 is a square, the least value it can take is zero, so that x4+ 10x+9
cannot be zero and its least value is §.

A similar method may be applied to functions of more than one variable.




E:lmphl Show that a® 4 b 4 ¢ < be < ca~ ab cannot be negatlve, Under
what clreumstances is it zero?

a* + b¥4c— be— g —ah -
=4(b* + ¢* — 2be +¢* 4+ a* — 2ea + a® + b* - 2ab)
g 8 [ﬁ_ }2+ — — k32

b= +{c—af +(a—by} 20

The equality occurs only when each square is zero, that is when a=h=¢,
Example 5 If (x* —x + 1}y = 2x, within what interval does y lie?

Writing (x* — x + 1)y = 2x as a quadratic equation in x,
Xy —x(y+2)+y=0

The roots of the equation ax® + bx +c=0 are real when b? — dac
= —4dac =0 (see
Book 1, §10.2). Therefore, for real values of x, {

=+ 4220

25 —3'_}?1+4jf+4;¥n il

SE2+3IN2-w=0
Hence, if x is real, y lies in the interval — i< y<2(see Fig. 6.2).

ik 5
{y) =12 + 3pHZ -y l.
4

~2 -1 L 1 2 f
_4 e
-4 =
12+
Figure 6.2
Exercise 6a

For what intervals do the following inegualities hold?
x+1 x4 1
@ 2—x
I3—xMx+2=0
5 2x*+x—15<0.
T@x-3)x+1)=2

2 =Tx—4

4— .
<l, (b 3—_>1 I{a}ﬁgcl [mx_:;};
4 (2x-5)(3x+7)>0.
6 10+ x—2x<(.
B (5x—T)(x—3) < 16x.

9 (x=1)x—3)
Ty T 0 T

Prove the following inequalities and find the exireme values of the functions
coneerned.

Il %% —Sx+ 70
13 2x3 4+ 3+ 20,

12 4c—x*—5<0.
14 5x—3x*—3=<0

Find the intervals of x and y for which there are no real points on the following
loei:

15 y'=x(l —x).

17 VP =x(x*—1).

19 (4 1)y=3x+4.

16 3x* +4y* =12
18 {(x —2)(x—Fy=2x—5

For what intervals are the following equations satisfied by real values of #7

; x=1 3
20 sin 8= . 21 caa#-x.""_,
x+1 —X

22 sintf+cos b =x, 23 Show that (a+b)* = dab.

24 Venlfy the identity
a4+ P4+ —3abe=(a+b+o)a®+ b+t —be —ca— abh)
and deduce that the arithmetic mean of three unequal positive numbers
X, ¥,z [4{x + y + £)] is greater than their geometric mean [(xyz)'*].
25 Express 5x? — 12xy + 9y* — 4x + 4 as the sum of two squares and show that
the expression is positive except for one pair of values of x and y.

Rational functions of two quadratics

6.2 In this section we shall be concerned with rational functions of two
gquadratics, that is, functions of the form

ax’+bx+c
Ax* +Bx +C

where a, b, ¢, A, B, C are constants. The method of the last section will be used.

(x—1){x+2)

Example 6 Skerch the curve y = GFDx=3)"

First note the following

{a) when y=0,x=1orx=-2;

{b) when x=0, y=%;

{c} when x= —1orx =3 the denominator of the fraction is zero so that there is
no corresponding value of y; the function is disconrinuous at these points. If x
differs from 1 or 3 by a small amount, the denominator is small and so y is
large. Therefore y— o0 as x— — 1 and x—3;

(d) given any value of x, other than | or 3, there exists one and only one value of
y. Note that since the equation is a quadratic in x, there are in general two
values of x corresponding io each value of y;
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(e} the sign of v may be determingd by inspecting the signs of the factors x + 2,
k¥l x=1x=3

x=—32 —2=xe—1 —1<x=1 lex<3 A<k
x42 - - 4 + 4
x+1 - - + + +
x—=1 - - — + o +
x—3 - . = —k 4
¥ + - + - +
Xt —2
ff y=——7>-——.
Or=%=

If x is large, the terms in x and the constants are small compared with x* so that
vy xYix? = 1. I we substitute y= 1 in the equation,

X —2x—3=x*+4+x-2
Sox=—4%

Therefore the graph crosses y =1 at (—4, 1),

Our findings are shown in Fig. 6.3; the shading denotes areas where the curve
cannot lie (see stapge (g)).
The graph is then sketched as in Fig. 6.4.
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Figure 6.3

Figure 6.4

The lines x=—1, x=3 y=1 which are represented by broken lines, arc

called asymptotes. Note that the curve approaches them ever more closely,

without meeting them, as it recedes from the origin. It is possible, however, for

ut an as otc, as at (—3. 1)
gt iy rom which sides the graph approaches the

Care should be taken to find f b ko il

tes. For x= —land x=3
;‘s:ﬂrprlefh: point of intersection with the glmph was found. Another method
for the latter is to take a second approximation for y, namely

x* +x
5 that the graph
i denominator, SO
0. the numerator is greater than the ; _
Ep;rzau;h:s y= 1 from above. On the other hand, when x is large and negative,

y=1.

Example 7 Prove that (3x —9)/(x* —x —2) cannot lie between two certgin

values. INustrate graphcally.
39
il g woeEs

Regard this equation as a guadratic which gives x in terms of y, then

(e —x—2y=3x—9 -
Loy —x(y+3)+9-2y=0




When x Iy not e,

P= (3 = a9 - 2)) <0
L9 =y 4920 .
S 3By =Yy -3)<0
LE<y<d

Therefore there are no real values of ¥ between 4 and 3.

Hx-3

Now y =m, and we may proceed as in Example 6.
{33 I = 0, x=3, -
(b) fx=0, y=44.

(¢) The lines x= — | and x =

when x= —1 and x =2,

(d) There is only one value of y for each valuc of X,
(e) The sign of y is obtained:

2 are asymptotes; the function is discontinuous

x=—1 —l<x<2 2ox<d Jeox
x+41 — +
_!.,.
x—2 | - = + I L
x=3 | - ~ ~ -
y - + - -

J

o s
S )
N e N

7‘:.!

*

Figure 6.5

() As x= o, y=ei
(g) The values of x corresponding 1o p =4 and y = 3 are found from equation (1),

[Note that y=4 and y=3 make the discriminant ‘b* —4ac' =0, so that
equation (1) on page 93 has equal roots. The sum of the roots is (y+3)/y,
therefore x =4 y+ 3)/y.] When y=4, x=5; when y=3, x=1.

Qur findings are shown in Fig. 6.5 and the curve has been sketched in Fig. 6.6,
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Figure 6.6

Example 8 Sketch the curve y = 2x/(x* 4+ 1).

{@) The curve cuts the axes only at {0, 0).
(b) As a quadratic in x, the equation is x*y — 2x + y=0.
For real values of x, 2

(=22 —4y*20
LM —N(1+0=0
Selsys41

(¢) Wheny=—1,x=—1,and when y= + 1, x= + L. Therefore (— 1, —1)isa
minimum and (1, 1) a maximum.



(d) As x = o0, y=e(),

(e) Since x* + 1 is positive, x and y have the same sign; x* + | |s never roro, so
the function is continuous.

The curve has been sketched in Fig, 6.7.

¥V &
1= 2
I 1 ] | | | | I | ; [
5 -4 -3 -2 -1 fo 1 2 3 & 5§ x
-1}
Figure 6.7
Exercise 6b ,
Sketch the following curves.
x=2 x x
1 p= 1 - y———.
YT3+3 A xt—1
2
e lx 5 5= v —4 ‘ =[x—l}[x+3-!.
vt —1 {x—1){x—3) (x—2){x+2)
x*—dx+1 (x—1)* (x—2)*
T y=———, = f -
Y= axta T = x+2)

For each of the following curves, find the intervals within which y cannot lie.

Mlustrate graphically.

4 Ix—06 1
19 y=c—— 1 v= " = ——
P T S & i e
4x? —3x (x—3)(x—1) o+ 1
13 y=———, [ e, R e T ol e B
S Y (x—2)* By x=x=2

Find the turning points of the following and sketch the curves.

% —dx 22 _x—2

6 y=—F ., P e e )
el PR g
x* —3x 2x1—9x 4+ 4

I8 e X = _ x4
¥ e ats5x+4 By xP=Ix41’

Some tests for symmetry

6.3  The remainder of this chapler is devoted to further aids to curve sketching,
and the most useful of these 18 symmetry,

First consider the graph of y = x* (Fig. 6.8 (i)}, which is symmetrical about the
y-uxis, If the point (h, k) lies on the curve, we have k= h? and so the point
{ —h, k) also lies on the curve. In general, if an equation is unaltered by replacing
x by —x the curve is symmetrical about the y-axis. The graphs of all even
functions are symmetrical about the y-axis.

Similarly, if the equation of a curve is unaltered by replacing ¥ by — y, there is
symmetry about the x-axis (Fig. 6.8 (ii)). :

Vi VA

Y
”F. -‘L] ¥ {h. k]

(—h. k) i k)

- Y

~ O X o
8] X P :m
" (i) y=x" i)y = x {iii} xy = |
Figure 6.8

Fig. 6.8 (iii) represents the curve xy = 1, which has rotational symmetry about
a point, the origin. I (A, k) Nes on the locus, 50 does [— i, —K). In general, 1l an
equation is unaltered when x and y are replaced by —x and — y respectively, the
curve is said to have rotational symmetry about the origin. The graphs of all odd
functions have rotational symmetry about the origin.

Qu. & Which of the following show symmetry about (i) the y-axis, {ii) the
x-axis, (in) the origin?
{a) d4x? +y? =1,

() %+ % =3xy’,

(b) ¥ =x(x+ 1)

(d) = —3xy+ =1,

(&) ¥ =xx+1{x—1) M xy—x+pi=0,

(g) ¥*=cosx, (h) tan y =sin x.

Qu.7T Some equations are unaltered by the following substitutions:

@ x=y, y=x; (b)x=-y y=-x

About what lines are the corresponding curves symmetrical?

Qu.8 Show that a curve which is symmetrical about the x- and y-axes has
rotational symmetry about the origin.

Example 9 Sketch the curve x* — y* =1,

(a) The equation shows symmetry about both axes and the origin.
(b} Sinee y* =x* — 1, y is not real when x is numerically less than 1.
(¢} When y=0,x=41.

{d} As x increases in magnitude, so does y.

W



{e) On differentintion,

dy
2y— =2
'?Iit X s
L, .
dx o LJfxE-1)
coasx—+1, ﬂ-—rm
dx

(1) Since y? = x? — 1, when x, y are large, y? is nearly equal to . Thus the curve
approaches the lines y = +x.

The curve has been skeiched in Fig. 6.9

Figure 6.9

The form y* = f(x)

6.4 If an equation can be expressed in the form y* =f(x), then it will have
a number of special features. Since y* cannot be negative, x must be limited
to values for which fix) is non-negative; for any such value we can write
y= i..jfl’x:l, 50 the graph will be symmetrical aboul the x-axis.

Example 10 Sketch the graph of y* = x(x — 2)°

The factor (x — 2)* is never negative so the sign of the RH.S. is determined by
the factor x, So x must be greater than, or equal ta, zeéro to obtain real values of

y, Also, yis zero al x =0 and x= 1.
Consider y* = x(x — 2%
On differentiating, we oblain

2y =(x =27+ 2a(x =)
dy _(x— 23x—2)
dx +2x"x=2)
Ix =2

=% X2

2
From this we can see that % =0 when x = 3 and that

dy

as x— 10, E;—rm
asx—2, :—i—riJI
and
d
as x—+oo, —-y-r:l:uc
dx

The graph of y* = x(x — 2)* is shown in Fig. 6.10.

¥k

-

Figyre 6.10

[1t should be noted that the equation y* = x{x — 2)* cannot be regarded as a
rule for expressing y as a function of x, because there are two values of y for each



value of x. However y w 4 /x(x ~2) and = — /x(x - 2) could be regarded
as two functions whose graphs could be combined to produce the graph of
¥ = xix =2)2] =

Qu.9 Find the gradient of

@ yi=x(x—2(x—4), (b) y*=x%x+2),

at the points where the graphs cut the x-axis.
Sketch the curves by the method of Example 10,

Simple changes of axes

6.5 The equation of a circle, centre Ca, b) and radius r, is (Book 1, §21.1)
(x—aP +(y—bP=r?

and the eyuation of an equal circle, centre the origin, is
x4 pt= g2

Therefore, if new axes CX and CY were taken parallel to Ox and Oy, the
equation of the former would become

Xi4yi=p?
This is equivalent to making the substitutions
X=x-a Y=y—b i

or, as is often more convenient,
x=X+a y=Y+b
These relationships may easily be verified from a diagram.
Such a change of axes is sometimes helpful in curve sketching, Thus
(y—1P =4x+2)
becomes
Yi=4x

referred to parallel axes through (— 2, 1) and the curve is now easily drawn, as in
Fig. 6.11.

Note that the equation y = ax? + bx + ¢ may be written
3 L b2
¥ E_E_ﬂ x+E

h ¥
Referred to parallel axes through (—— 3at i’—‘tﬂ-ﬂ) the equation becomes
Y=aXx?

which is a parabola (sec Book 1, §10.4 and §22 6),

P S

- ¥

Figure 6.11

Example 11  Sketch the function 1 + 2 sin (8 + §7) for values of @ from 0 to 2m.

Write y=1+2sin(f +4n)
Joy—=1=2sin(f+in)
With the substitutions
@=0+ir and ¥Y=y-1 (1)

rT 4

o

T

o

=]]
=<
|

wo 4o©
i
o

Figure 6.12




the equation becomes
¥Y=25in@

The graph of ¥ =2 sin @ has been sketched in Fig. 6.12. Writing ! = y=0 in
equations (1), the origin of the f, y axes is found to be (4m, — 1), referred to the ©,
Y axes. The f, y axes were then drawn to pass through this point.

The form y = 1/f(x)

6.6 FExample 12 Skeich on the same axes the graphs of
(@) y=(x+1)(2x—=3), (b) y=1/{(x+1)(2x - 3)}.

(a) The graph of f{x)=(x+ 1){2x—13) i5s a parabola meeting the x-axis at
(—1,0)and (11, 0). As x— + =, y— + oo, See the broken line in Fig 6.13.

E

Figure 6,13

(b} The reciprocal of f(x) is sketched as follows:
() the signs of [{x) and 1/{{x) are the same,
(i} ww fx) = oo, 1/0{(x)—0 and vice versa,
(i) when f{x) = < 1, 1/f(x} has the same valuae.
The two graphs are shown in Fig. 6.13.

Exercise be

Sketch the following curves:

1 ll.':-i-"l."zz

3 Fy=1.

5 yi=x(x—2)
T ¥ =x*32—x)
9 y=x*1—x%

13 y=1/(x"—4x+23).
15 y=(x—2)"+1.

Ry S LTS §

4 =4

6 y:=xY4—x)

8 yP=xx*-1)

10 v =x%2 —x)?

12 y=1/{{x-2)(5-x)}.
14 xpx*=1)=1.

16 (x—1)(y+2)=1.

3 —2sin (2x— ).
11 —2cos 2x), O=Zx=1n

17 y=1+4cos(x+in) 18 y
19 y=1/(1+2sinx), O<x<dn. 20y

Exercise 6d (Miscellaneous)
1 Determine the intervals in which

2% —4x +5 x?—dx+3
T S = e
a) x*—dx+3=0, (k) P S = 1, {ch e =0. (L)
2 By completing the square, or otherwise, prove that the inequality
% —2px+g=0

holds for all values of x if and only if g = p®. Find the intervals in which the
inequality is broken if g=p* — L. (L)
3 Write down conditions that the roots of the equation ax? 4+ bx + ¢ =0 may
be real and positive.
Prove that if these conditions are satisfied, the roots of the eguation

a*y* L al3h =)y + 2B —e)(h— )+ ae=0

are real and positive. L)
4 Show that, if 4 is positive but not greater than 3, the roots of the equation

(A— 2% —(B—24)x — (8 —30)=0

are real,
Find the range of values of A for which one root is real and positive and the
other root is real and negative.¥ (L)

5 Prove that ax®+ bx + ¢ is positive for all real values of x if a> 0 and
b? = dae,

Find the range of values of k for which x* + kx + 3 + k is positive for all

real values of x. Deduce the range of values of k for which k(x* + kx+ 3+ k)

is positive Tor all real values of x. TMB)

THtisa common practice, especially in examimation guestions, to use the phrase ‘tange of values
when an interval is required; this should not be confused with the use of ‘range’ to mean the set of

images of a function [{x).
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6 Show that, if a, b, ¢ are real, o 4 b* + ¢ ~ b — ca — ab cannot be negntive,
Show also that the roots of the equition

I —2la+ b+ )+ be+catab=0 =
are real, and find the relation between a, b, ¢ if one root is three times the
other, (L)

7 Find the ranges of values of a in the interval 0 < # < 2r for which the roots of
the equation in x
x* cos? x4 ax(,/3 cos @ + sin a) + a2 =0

are real. (C)
8 Prove that ax* + 2bx + ¢ has the same sign as a except when the equation
ax? 4 2bx + ¢ =0 has real roots and x lies between them.

By using the substitution x =x"+4, y= v — 1, or otherwise, prove that,
for any real values of x and y,

x4+ 2y + 3 —6x— 2y = — 1 (IMB)

9 Show that the expression x” + 8xy — 5y* — k(x* + 1?) can be put in the form
alx + by)* when k has either one or other of two values, Find these values
and the values of @ and b corresponding to each value of k.

Prove that when the variables x and y are restricted by the relation
x*+ y* =1 but are otherwise free, then

—-Tsx’+8xy—5y*<3 (0 &)

10 If the roots of the equation ax® + 2bx + ¢ = 0 are real and unequal, prove
that the function

(@ + ¢)ax? + 2bx + ¢) — 2ac — bH)(x* + 1)

is positive for all real values of x. (IMB)
11 Prove, by first squaring, that, if 0 < x < 1,
(1 =x)" = il

and deduce that

iz E=X){1—x)
G

Hence prove that (1 — x)}'/? differs from %:E by less than
—x

3

(4—x)}4-3x)"

By putting x =4, show that /2 differs from 99/70 by less than 2 x 10-%.

y o (O&C)

12 (a) Find what restrictions must be imposed on the values of x and ¥ in order
lo satisfy both the inequalities

¥
—
x+1  y+1
(b} Show that b* + ¢ =4(b + ¢)*, and hence find the range of values of a lor
which the simultaneous equations

x=y and

a+b+e=1
a4 b +ct=3
may be satisfied for real values of b and ¢. (IMB)

| 13 (a) If pg >0, prove that p/g > 0.
Find the intervals in which

(i) ;_‘t; >0, (@) —# g3
{b) In one diagram sketch the three straight lines
x+y=3=0, y—4x—5=0, y=Ix+10=0
and shade the region in which the following three inequalities are all
satisfied:
x+y—3>10, y—1ix—-5>0, y—3x+10=0

In a second diagram shade the region in which none of them is satisfied.

s 1 x gl
14 Prove tha ——Eéx;"'_dl iy

4
x
= P=I+|
¥ xI+d

from ¥ = —4 to x = +4, and deduce that the equation

x

x*+4

has only one real root in this interval. Find the value of this root as
accurately as you can. (0 & C)

15 Prove that. if x is real, the function (2x® — 5x + 2)/(x — 1) can assume all real

Draw in the same diagram the graphs of
=x+1
|
|
|

values.

Sketch the graph of y =(2x? —5x 4+ 2)/(x— 1) from x=—1to x=+1,
omitting the portion given by the values of x very near to + 1. (L)
16 For what real values of x 13 T 17
i i . 0&C)
Solve the inequality ‘I T < |
17 Determine the set of values of x for which
@ ——<x,  (b) = <l ©&0)

x+1 x|+ 1




18 Find ihe set of values of x lor which

(0) x*=Sx+ 622, (b) I/{x*-Sx+6<4. (O & C)
19 Find the set of values of x for which it Dt <x+1, ()
20 Solve the inequality % >x, (xeRxz-—1) ()
21 The function [ is defined for real values of x {except —1 and 2) by
x+2
fx) = xt—x =2

Find the set of values taken by f(x) and sketch the graph of y=flx). (C)

22 Given that y(x — 1)=x? + 3, where x is real, show thal y cannot take any
value between — 2 and 6.

Find the asymptotes of the curve y =(x* + 3)/(x — 1) and sketch the curve,

showing the coordinates of the turning points. (C}

23 Given that flx)=x—14+1/{x+ 1), x real, x# 1, find the values of x for

which "(x) = 0, Sketch the graph of [, showing the coordinates of the turning

points and indicating clearly the form of the graph when |x| becomes large.

(IMB)
24 Show that the graph of y = (x* — 1)/{x* + 4x) has no real stationary points
and sketch this graph. (IMB)
25 The domain of the function fis the set D={x:xeR, x# —1,x#1}. The
function f: D— R is defined by e
3
fix)= i

(x—=1)(x+1)

Find the coordinates of the maximum point on the graph of f and state the
equation of each of the asymptotes of the graph.

Sketch the graph showing in particular how the curve approaches each of
its asymptotes. (L)

Chapter 7

Further equations and factors

Equations reducing to quadratics

7.1 Certain types of equation can be solved by reducing them to a quadratic
equation and, as no new principles are involved, this topic is simply illustrated
by examples. There is no need to read all the Examples 1 to 6 before attempting
Exercise Ta—some readers will prefer to work the corresponding questions
before going on to the next example.

 xPidx B4
Example 1 Solve the equation 3 +x1+4x—ll.
Substitute y = x* + 4x in the given equation. F
.y B
S+ —=11
3-+ ¥
Sy =33y +252=0
oy =126y —21)=0
(a) I y=12, (b) If y=21,"
¥ +4x—12=0 x*+4x—21=0
S+ 6ix—2)=0 Solx+ THx—=3)=0
Sox=—6,12 Sok=—1.3

Therefore the roots of the equation are =7, —6, 2, 3.
Example 2  Solve the equation ./(5x —25)—./(x —11=21

The method used is to isolate one square root on one side of the equation and
then to square both sides, ~
]

+By convention the square root sigh is always taken to mesn the positive square rooL, e J‘J =+3

17




From (1) and (4),

h=1" 1—=ab
(a=1pF a-1

b= =(a—-11—ab) (az#l)

The next example shows a method which can be used to solve a quartic
equation whose coefficients are arranged Isymm:m'call:,r in the form

A LB L Cx* +$Bx 4+ A=0

Example 6 Use the substitution y = x + 1/x to solve the equation
2x* —9x 4+ M4x? —9x+2=0

L-E:t_].r=x+l
x

1
e }I1=xl+1+_:
X
Dividing both sides of the given equation by x7,

2x* —O9x 4+ I4—E+-23=[:-
X X

2(.1:?+2+ li) —9(.7:-1-1) + 10 =0
x x

52— 0y 4 10=0
S{y—2y—-5)1=0
(a) Fy=2, (b) Hy=3
1
x+—=1 x+]—=§
x x
Lxt=2x+1=D So2xt—S5x4+2=0
Sx—1P=0 S2x=1Dx-2=0
Sox=1 =2

Therefore the roots of the equation are £, 1, 1, 2.

Qu. 1 Show that the substitution y = x + 1/x transforms the quadratic equa-
tion ay® + by +c =0 to the form ax®+ bx +d +b/x + a/x* =0.

Exercise 7a

Solve the equations in Nos. 1-19.

1 (x?—2x + 24 =11{x" — 2x). 2 x? 4 2x =344 35/(x? + 2x).
325"+ 2 =0 44" 5x2744=0.

8 x4 9k =10, 6 M 416 Y w17,

7 JE+ Dt Jix == B Jix =51+ x=5

9 J(3x — ) —y/x= L. 10 2./(x +4) — J(x — ) =4,
" 2/x-+Jx=4=x 12 Jix—1)+2/(x—4)=4
13 2./0x —12) - J@x—3=3. 14 xp=4, x—2y—2=0.
15 x*+y*—2x—2y+23=0, x—=Ty+31=0

16 3x—4y—5=0, x*+y +2x+4y—20=0.

17 x* +y* —8x+6y=0, x*+)y*—5x+10y=0.

18 x2+y? +8x—dy+15=0, x*+y*+6x+2y—15=0.

19 4x? + 25y =100, xy=4

20 One root of the equation in x

bx? — x{ab + 2a + 2b) + 2ala + b) =0

is a. Use the formulae for (a) the sum, (b) the product of the roots of a
guadratic equation to find the other root of the equation.

21 Repeat No. 20 for the equations
{a) ex? —aex +dx +ex—ad —ac=0,
{b) ax?—bx? — a’x + abx + ax +bx—a* —ab=0.

22 Find the equation of the normal to xy=¢* at (e, ¢/t) and obtain the
coordinates of the point where the normal cuts the curve again.

23 A chord of gradient 2 passes through the point (ap?, 2ap) on the parabola
y* = 4ax. Find the coordinates of the other end of the chord.

24 A line with gradient t cuts the rectangular hyperbola at fet, ¢/t). Find the
coordinates &f the other intersection.

25 For the cllipse b2x? + a®y* = a*b?, find the coordinates of the other end of
the chord through (a. 0) with gradient a/b.

26 Find the condition that the equations

24 2x+a=0, x*4+bx+3=0

should have 4 common root.
27 Show that, if the equations

4 2px+g=0, 2 4+2Px+0=0
have a common root, then, (g — Q) +4(F — pXPg— pQ) =0.
28 Solve the equations
ay+bx +c=10, Ay+Bx+ C=0
and deduce the condition that the equations
ax* +bx+c=0, Ax* +Bx+C=0

ghould have a.common roof,

Solve the following equations:

29 6x* = 35x) + 62x% — 35x + 6=0.
W 4xt+ 17 + 83+ 1Tx+4=0.




A theorem about ratios

7.2 There is a theorem aboul ratios which on occasions can greatly simplify
algebraic working and which sometimes shortens working in trigonometry:

If!_‘: =3=§=..., then for any numbers [, m, n..., not all zero,

¢ e la +mc + ne + ..

d
b d f 7 Db+md+m+..
To prove this, let a/b=¢/d =¢ff=... =k, say.

La=bk, c=dk, e=fk etc
 ladmedned ...  Ibk+mdk +nfk+ ...
To+md+nf+.. Ib+md+ni+..
ﬂk”ﬁ+md+qf+___]
b+ md+nf+ ...
=k
.a_¢_ e _latmetnet...
b od f 7 Ibdmd4nf+...
Qu2 Witha=3,b=5c=6d=10,e=12,f=20,/=5m=-2n=—1,0r

other suitable numbers, verify that the above ratios are equal.

Express the result of the theorem in your own words.

a_c a—c b—d
Example 7 UE-E,pmnethmm_m,
a c :
L’Et;—g—k, -.ﬂ—bk‘f—!ﬂ:.

ca—c_bk—dk b—d
““a+c bk+dk b+d

Qu 3 With a=6, b=8, c=3, d =4, or other suitable numbers, check the
result of Example 7.

a ¢ a—bh c—d

4 If—=-, that —— = ——.

Ll i Ne TR e
*Qu. 5§ Prove that, if£=§, th e i FRO i where [, m, 4, u are any

N latph e+pd
numbers such that 4, p are not both zero.

A — _cz_dz
a’+b? A d

Example 8 Ifg = 5 prove that

-

- H'I. = dk,

e R el A |
CE b PR R K+
e2—dt k-1

k*+ 1

Similarly W and the result is proved.
C

{Mos. 1-10 of Exercise 7b are on the above work )

Example 9 Prove that, in triangle ABC,

b_c-t B_CcntB+C
b+c_an 2 2

By the sine formula,
b e
simB sinC
. b—e¢ sinB-—sinC
"b+c¢ sinB+sinC
B 2cos {B+ C)sin{B—C)
" 2eind(B+ C)cos B )

 b=r
b4
{Now work Nos. 11-15 of Exercise 7b.)

—cot 4B+ C) tan 4B - C)

Example 10 Solve the simultaneous equations,

2x+3y+dz=8, 3x=2y—3z=-2, Sx+dy+2:=1

2x+3y+4d:z:=8 i1)

Jx—2y—3z=-2 (2)

5x +4y+2z=3 (3
y and z may be eliminated equally easily. We eliminate y as follows:
2x(2)+(3) MNx—dz=—1 4
3w (== x(1}) Tx— 10z= —123 (5)
5% (4)— 2 x (5) 41x =41

We could regard the three equations in Example 10 as the‘equat_iuns of three
planes in a three-dimensional space (see Book 1, §15.13), in which case the




solution x = |, y= ~ 2, 2 = 3, gives the coordinates of the point of intersection of
the three planes, i (1, =2, 3).

Qu. 6 Solve Example 10 by eliminating = instead of y.
{Now work MNos. 16-20 of Exercise 7b.)

Exercise 7b
o 5 a_c_e

In Nos. 1-10 it is given that e
Complete the statements in Nos. 1-4,
(8_¢c_ta-c  ga_c_

b d ' b d 3b—ad
sﬂ—r:_lu+3f g ate

b—d ' b+d 3b—d

Prove the results in MNos. 5-10.

5a+2c_3ﬂ+c a-c+e ate—e
b+2d 3b+d b—d+f b+d—f

Tﬂ1+‘.z_cz+ei ﬁ_[‘z—el
bE+dt @t b d -
a+2h_2a+b 10 3r:+2£_c+e
c+2d  2e+d M+ d+f

In Nos. 11-15 use the sine formula to prove that, in triangle ABC,

1 ﬂni{ﬂuﬂzb—acmﬁi& 12 cos {B— €)= sin 4.
13 Ao~ =tan 1B cot 1C 14 at bt =cot 4 cot B.
a=b+c g a+b—c¢ 3

15 acos 2B+ 2bcos Acos B=ccos B—bhcos C,

Solve the equations in Nos. 16-20.
16 2a+b+3c=11, 17 3p+2¢+5r=7, 18 Ix+3y+4z=—4,

a+2b—2c=13, 2p—4g+9r=9, 4x+2y+3:2=—11,

da+3b+c=15 bp — B+ Ir=4. Ix+dy+2:= -3,
19 a—3b+6c=35, 20 d—2e+3=4,

a+6b+2c=4, S5d+6e—T7/=8,

2a+b+ec=1. Td — 5S¢ + 6f=4.

Homogeneous expressions

7.3 Anexpression, o equation, is said 1o be homogeneous if every term is of the
same degree. For instance, x*z + 3x%, 3x+4 2y —4z, I/x+ 1/y+1/z are homo-
geneous expressions of degree 3, 1, —1 respectively.

Qu. 7 Which of the .'l"ullnwi.ng expressions are homogeneous? State the degree
of those that are:
(@) x*+ ¥+ 2% (b) Jyz+zx—2xy, (o) B2+ ¥ +2x+2y

|

(d) i A Li @) ¥ +yz+2x () *+y Hxyt
yz ozX Xy

Example 11 Solve, for the ratio x:y, the equation x* — 3xy —40y* = 0.

x%—3xy—4d0y* =0
Sox—8px+ 5y =0
Sox—8y=0 or x+4+Sy=0

Soxy=8 or -5

Example 12 Solve for x:y:z the equations

bx—Sy—6z=0 10x +Ty—33z=0
R
' fx—Sy—6z=10 (1)
105+ Ty —33:=0 {2)
5x (1) I0x —25y —30z=0
—3 = (2) —30x—21y 4+ 99:=0
Adding, —dby +69z=0
So=2y4+3=0 (3)
Substituting 3z=2y in (1),
fx—Sy—4y=0
S 6x—9y=0
S 2x—3y=0 (4)
Writing (4], (3) as ratios,
xy=32 yizr=3:2
Writing these ratios so that the number corresponding to y is the same in each,
xiy=59:6 yiz==6:4
Soxiyiz=09:004

The twa Equatiuns in Example 12 could be regarded as the equations of two




planes through the origin, The solution, which could be written in the form

x y =z
9 6 4
would then be the equation of their common line (see Book 1, §15.14),

It may be noticed that a number of the equations used in coordinate geometry
are homogeneous in x, ¥, a, b, ¢, e.g. the parabola y*=4ax, the ellipse
b*x? + a’y? = a*b?, the rectangular hyperbola xy = ¢*. One advantage of using
homogencous equations is that equations and expressions derived from them
are homogeneous, which provides a method of detecting slips. For example the
following equations cannot have been derived correctly from equations homo-
geneous in x, y, 4, b.

4+ y=ax+b

I—}‘—ﬂb:ﬂ
az_xz_l_bz},: __t1+y1
xy T x

x
—+y=b
[

The reader who is used to checking dimensions in applied mathematics and
physics will see that the expressions, ‘A homogeneous expression of degree o',
and “An expression whose terms all have dimensions [L"]', are equivalent. Thus
the terms of the equations ay®=x", x* +y* =a% b*x*— g*y*=a*h* have
dimensions [L¥], [L?], [L*], and they are homogeneous expressions in x, y, a, b
of degree 3, 2, 4, respectively.

Consider now the equation of the tangent to y* = dax (homogeneous in x, y, a)
at P{at*, 2at). The coordinates of P are lengths, so that r is a ratio, or it may be
gaid to have dimensions [L%].

) S odx _de ]
dx dt  dt  2at ¢
Check: d_y is a rafio, s0 15 1
dx f
Therefore the tangent at P is x —ty + ar® =0,

Check: the equation is homogeneous in x, y, o

Symmetrical and cyclic expressions

T4 Symmetrical functions of «, §# were introduced in Book 1, §9.8. They are
expressions such as ¢ + 4+ 2o, o/ff + B/, which are unchanged when o, § are
interchanged. This idea can easily be extended to functions of several variables.
For instance, yz + zx + xy, x* + y* +z* + @* are unchanged when any two of
the variables included in the expressions are interchanged. These, then, are said
to be symmetrical in x, ¥, z and x, ¥, 2, a respectively.

On the other hand, expressions such as
(h—=che—ala—h) and a*(b—c)+ bHe— a)+ ¢*{a — b)

are changed if two of a, b, ¢ are interchanged, but are unaltered if a .Lfa replaced h._-,f
b, b by ¢, and ¢ by a according to Fig. 7.1. Such expressions are said to by cyclie
ina,b,c

e

Figure 7.1

When dealing with cyclic expressions in, say, three variables &, b, ¢, the ¥
notation (Book 1, §13.8) gives a convenient shorthand. Thus

Y be = be + ¢ca + ab (1
Y a*(b—c) =a*(b —¢) + bc — a) + c*la— b) (2)

The term ¥, determines the others which are written down according to the
method indicated in Fig. 7.1. Note the order of the terms: in {l]l_lhe position of a
term is determined by the letter it lacks; in (2) the letter wh:u!j_ls squared is also
the letter lacking in the brackets, and it determines the positions of the terms.

Qu. 8 Write in full cyclic expressions in the three variables a, b, ¢ given by

1
(@ Ya* (b) Yab+cy (e ¥ = (d) ¥ ab?c®,

Some useful identities

75 Certain identitics will be needed occasionally n this_ book and for
convenience they are grouped together here, which is appropriate because the
identities are given in homogeneous forms:

(a+ by =a’ + 3a*b+3ab’ + b {1}
(a— b)* = a* - 3a*b + 3ab* — B (2)
@ + b = (a + d)a® — ab + b*) (3)
a® — b =(a— b)a* + ab + b°) 4
2+ b8+ — 3abe =(a+ b+ e)a? + b + ¢* — be —ca—ab) (5)




(1) amed (2) follow from the binomial theorem and nre oonily written down with
the help of Pascal's trinngle (Book 1, §14,1).

{3) and (4) may be obtained as follows, Consider a® + b* as a function of a.
When we substitute g = —b the expression vanishes and so, by the remainder
theorem {Book 1, §9.9), (a 4+ b) is a factor. The other factor is found by inspection
or long division.

Similarly, a* — b* vanishes when the substitution b =a is made, therefore
(a —b) 15 a factor.

Qu. 9 Verify the identities (3) and (4),

Identity (5) may be verified by long multiplication of the R.H.5., but it is more
instructive to proceed as indicated in the table below.

factors from hrackets:

term in first second result
a® a a? a?

3 [+ —ﬂb
@ b‘ {h ﬂz } ﬂ

i —be
abc b - —Jabe
¢ —ab

Not only is the term in 4*h zero, but since the R.H.S. of (5) is symmetrical
in a, b, ¢, the terms in a*c, b?e, b*a, e*a, ¢*b are zeéro too. Hence the RH.S, is
a* 4+ b 4+ ¢ = 3abe. r

Qu. 10 Verily the following identities by the method above:

(@) f@a+b+cff=Ya*+2Y be,

(b} fa+b+ci*=3 a’+3) a’*(b+ )+ Gabe,

(©) [@a+b+e)*=) a*+4Y a’b+e)+12Y a’be+6 Y biek,

Qu. 11  Check the identities in Qu. 10 by the substitutions a=bh=¢c=1. (This

check does not prove they are correct but it is worth doing when you have
expanded expressions like these.)

Example 13 Factorise:
(a) 27a%b% — B¢, (b) a* + b+ ¢ + Jacla + ¢}

(a) 27a*h® — Bc® = (3ab?)? — (2c)®
=(3ab® — 2c)9a’h* + 6ab’c + 4c?)
(b} a® +b% + ¢ + Jacla + c) = b + a* + Jatc + Jac* + *
=k +{a+cf
={b+(a+c)}{b*—ba+c) +(a+c)?)
={a+b+clla® + b +c* — be + 2ca— ah)

Exercise Te
Solve the equations in Nos, 1-5 for the ratio x:p.
| 6x*—xy—12y'=0. 2 2% — Txy— 30y* =10

30—ty +dyi=0 4 6 + Tty — Txy* — 6y° = 0.

§ 4x*— 3TxH*% + 9_}"" = (.

Solve for Nos. 6-10 the ratios x:y:z.

6 2x +3y—z=0, Ix =2y +4z=0
7 4x = Sy+62=0, 2x+3y—4z=0
8 ax+by+ez=0, bx +ay —cz=0.
9 a’x+ay+z=0, x+ay+a‘z=0
10 xcos@—ysinf+z=0, xsin 4+ ycos B —z=0.

Write in full the cyclic functions in x, y, z given by
1 ¥ x* 12 5 1/(3z). 13 L Xy +2)

14 %x’y, 15 ¥ xy’

Show that:

16 ¥ x(y—2=0 17 Y xly+z) =2}z

Factorise:

8 1—r 29 6axt 4yt 20 B+272%
&

2 125y —2% 22 a® D" _ =

#23 Use the result of No. 22, together with the identity

a® — b® =(a® — b¥)a* + a’h* + b%)

to show that a®+ a*b* + b*=(a* +ab + b a® — ab + b?).

*24 Find the sum of the geometric progression
Pl ig 4., +xat 24 a!

Hence, or otherwise, show that

*75 Given the polynomial fix)=bx" + b,_\x

g =(x—alx*  + ¥ tat . +xa®14a Y

n=1 4 4 byx+ by where b, is a

constant, use the result of No. 24 to show that
f(x]—i'[a]s[x—a‘]{r,_lx"l 4 oo+ €1 X + Co)

where ¢, is a constant. (This proves the remainder theorem.)

Roots of cubic equations

76 It has been shown (Book 1, §9.7) that if @, f# are the roots of the equation
ax? + bx + ¢ =0, then a+ f=—bfa, af =c/a.



We now consider the cubie equation
ax' khx kex bdmD (uw0)
Let o, fi, y be the roots of the equation
ax + bx* 4+ ex +d=0
Now the equation with roots «, fi, y may be written
(x —a)x — fx=y)=0
L=y Byt aflx—afy=0
Writing the original equation as
x’+£x2+5x+‘—i=ﬁ
i a i

and equating coefficients of x%, x, and the constant terms,

b
a+f+y= ==
‘
Fr+'m+=l=;
i
apy=—°

Quw 12 Write down the sum, the sum of the products in pairs, and the product
of the roots of the equations:

(@) 38 —4x?+2x+5=0, (b) =1,

(€} 7x* +6x—5=0, (d) (x+ 1P ={x+2)%

fe) X —5x*4+2=0, M P+xt4x41=0

Qu. 13  Write down the equations whose roots have the following sums, sums
of products in pairs, and products respectively:

a) 6114, 6 (b)) 0 —13, —1Z, {c) 14,0, —28E.

Example 14 The equation 3x* + 6x* —4x + 7 =10 has roots =, f, y. Find the
equations with roots (a) 1/, 1/8, 1/y,(b) B+, v + o, a+ B.

(a) Il x is a root of the given equation
It +ox?—dx+7=0

then v = 1/x is a root of the required equation. Substituting x = 1/y, it follows
that the required equation is

I 6 4
St ——-+7=0
"

Ty —dy? +6y+3=0

W o "

(b) If x is 0 root of the given equation, then y e & + 1 4y —x s & root of the
required gquation,

6
e fhy=— 3

 p=—2—x or x=—y—2

I 6 —4x+T=0
M= =6 — 12— B) 6 + Ay +4) —H—y—2)+T7=0
=312y =By +15=0

Therefore the required equation is 3y* + 12y* + 8y — 15=0.

Qu. 14 What substitutions would have been required in Example 14 to find the
equations with roots

(a) o B2 % (b) a—2, -2, 72

1 1. 1
B 2541, (D) ———?
fe) 2+ 1,26+1,2y Hﬂ??u 2
Example 15 Solve the equations
a+f+y=4 at+ 1 +yt =66 o + 17 + y* =280
The method used is to form an equation with roots «, f, v in order to find the
values of ¥ fiy and affy we use the identities:

(a+f+7) =a+ B2+ 72 + Ay + 72 +9B) (1)
2+ 4+ — Jafy =(a+ B+ N + 1+ = By —ya—af) (2)

From (1), 16=66+2% fy.
Sy By=-235
From (2), 280 — 3afiy = 466 + 15).
Coofy=—128
Therefore , fi. y are the roots of the equation
x?—4x* - 25x+28=0
The L.H.S. vanishes when x = 1, therefore x — 1 is a factor. Hence

(x—1)x* =3x—28)=0
Slx—x+Ax-=T)=0
Jox=—4 1,7
Therefore the equations are satisfied by x = —4, f=1,y =7 and the other five
permutations of these numbers.

It is worth noting that the product of the degrees of the three given eguations
is 6 and that six solutions are obtained.
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Repeated roots

1.7 For the quadratic equation ax® + bx + ¢ =0 with roots w fi,
g+ f=—hig aff =cfa

I the roots are equal, substitute ff = «, then

b

T e o {
a a
b 4e
Jodat = _-
a? g
Lob=dac

The cubic equation ax® + bx? + ¢x+ d =0 ma imi
: : ‘ = y be treated similarly, but it is
more instructive to consider the problem graphically. Figure 7.2 shows twlo
cubic curves of the form y = ax® + bx? + cx 4 4 (a > 0). The y-axis is not shown:

the point to emphasise is that, if the equati -
X-axis is a tangent. equation y=0 has a repeated root, the

[V

Figure 7.2

=W

; d ;
In this case, —i =0 has a root in common with y=0

Hence, if the i 3 P
Siitions equation ax’ +bx* 4 ex+d=0 has a repeated root, the

Pure Mathematios 2 19

Further squations and factory 123

! 4+ bx? pox il =l
Aaxe? 4 by 4 o=

have a rool in common.

Example 16  Given that the equation 18x* + 3x* — 88x — 80 =0 has a repeated
roat, selve the equation.

I 18x* 4 3x? — BBx — B0 =0 has a repeated root, then it is also a root of the
equation

d
E{IE}:"' + 3x* — B8x — B0} =0

S 54xt +6x—88=0
S 23x +4)9x —11)=0

The sum and product of the roots of 18x” + 3x* — 88x — 80 = 0 are respectively
—4 and 42

If x=4 is a repeated root, the other is —L—%1= —%l The product is
(4% — ), which does not check.

If x=—% is a repeated root, the other is —{+%=3. The product is
{—$33) =42, which is correct.

The roots, then, are £ -13

(4]
Qu. 15 In Example 16, verify that the sum of the products of the roots in pairs
is —%
Qu. 16 If f{x) = (x — a)®2(x). show that (x —a) is a factor of f'(x).
Qu. 17 If the equation ax® 4+ bx* + cx + d = 0 has three equal roots, find the
conditions that must be satisfied by a, b, ¢, 4.

Example 17 Find the equation of the tangent to y = x* at the point (t, 1*) and find
the coordinates of the point where the tangent meets the curve again,

dy
3 N
iy Ix

Therefore the tangent at (t, t*) has gradient 3t*, Therefore its equation is
ix—y—20'=0

To find the point of intersection with y=x', solve the equations
simultaneously,

I —x*=2"=0
S =3+ 288 =0
Now, since the line is a tangent to the curve, two of the roots are i, 1. The sum

of the roots 1s zero, so the other root is — 2t. Therefore the line meets the curve
again at (—2r, —81"),

y=x




Qu. 18 Check that { —2¢, — 8*) lies on the tangent in Example 17, Also oheok
that the product of the roots is correct.

Exercise 7d

1 Write down the sum, the sum of the products in pairs, and the product of the
roots of the equations
(@) 3x? —dx?—x+2=0, (b) 4x*+5x—6=0,
€ (x+1P+20x4+1)*=3x+ Iy +4=0,

. E:r} Hx+ 1P =2(x—1)

rite down the equations whose roots are a, f, y, when

respectively; o E L ats
(a) 2,0, -5 (b) -3.2,6; (c} 0, —1,5.

3 The equation 2x° + 3x* — 13x — 7 =0 has roots a, f. y. Find the equations
with roots
@) a+ LA+, v41; (b) /e, 1/8, 1/4:
l€) a—2,F—29y—2  (d) By, ya, af.

4 The equation x* + 3x* — 3x — 10 =0 has roots «, £, v. Find the equations
with roots

(@ —a+f+ya—B+ya+f—%  (b) a4+ 1,26+ 1, 2y 4 1:

© 35
By v’ af’
5 If the equation x* + 3hx + g =0 has roots &, f, , find the equations with
roots
(@) o, 9% () o UBL 1% (o) o, P, 4%
6 Repeat No. 5 for the equation ax” + bx* 4 ex 4+ d = 0.
7 For the equation x* + 3hx + g = 0, with roots a, f, y, find
(@) ¥ (b) ¥ A (o 2 o, given that } o* = (¥ &) -2 Y By
8 F(;r the equation x* + 3hx + g = 0, with roots a, §, y.
(a) show that a® = —3ha — g, and use similar expressions for 8. v to ded
. that 3 o’ = —3h Y a— 3¢, faa Ralphis
(b} show that a* = —3ha® — g and deduce that ¥ o* = — 37 52 _
. :ind 2o, Y« ¥ a*in terms of g and h, 2 L sl
or the equation x* + 3ax® + 3bx + ¢ =0, with roots «, §
5 Ly find
[a} b3 [_b] Y (o Yot
10 Find the relation between a, b, ¢, d if the roots of the equation
ax* + bx? fex +d=0

are f'n (a) arithmetic, (b) geometric progression.

Ftu‘d the equation whose roots are the reciprocals of the roots of the given
equation and deduce the condition that the roots of the given equation are in
harmonic progression,

11 Find the relation between a, b, ¢, d if one root of the equation

ax* +bx® +ex +d=0
is equal to the sum of the other two.

-

12 Solve the equation M < 111x* 4 7dx — 16 = 0, given that the rooty are in
geomelric progression,

13 Solve the equation 64x* — 2402 + 284x — 105 = 0, given that the roots are

in arithmetic progression.

Solve the equations in Nos. 14-16, given that each has a repeated root.

14 12x* —52x% + 35x + 50 =0,

15 18x* + 21x* —52x + 20=0.

16 12x* —20x%* —21x+ 36=0.

17 Find the condition that the equation x*—3hx+g=0 should have a
repeated root. What conditions must be satisfied if all its roots are equal?

18 Sketch the graph of y* = x*. Find the point where the tangent at (%, t*) meets
the curve again and show that the axes divide the chord in constant ratios.

19 Find the equation of the normal at {ar?, 2ar) to the parabola y? = 4ax. This
equation is a cubic in 1. Find the condition that it should have two equal
TOOts,

20 Find the equation of the tangent to x*y = 1 at the point (1, 1/1%). Also find the
ratios in which the axes divide the segment of the tangent bounded by the
curve.

Solve the following simultaneous equations.

2 a+f+y=-2 2+ +y=14, affy=6.

Ra+f+y=4 o+ +92=38 A+ +7=10

Wa+f+y=0 ?+p+7'=42 o+ +7=-60

2 a+f4722 P+ +7 =14, P+ +9=20

25 The equation ax* + bx® + cx® +dx + ¢ =0 has roots «, fi, v, 4. Find, in terms
of a, b, ¢, d, e, the sum of the roots, the sums of the products of the roots in
pairs and threes, and the product of the roots. Find also, the equations with
roots
(@) Ve, 1/B. 1y, 1/&:  (b) o, B2 3%, &%

26 Prove that tan 3x=(3 tan x — tan® x)/(1 — 3 tan” x). Hence, or otherwise,
solve the equation t* — 6t — 3t + 2 =0 correct to two significant figures.

27 Use the identity sin 38 = 3 sin # — 4 sin” # to solve the equation

8x'—6x+1=0

correct to four significant figures.

28 Use the substitution x=2 sin # to solve the equation 3x* —9x+2=0
correct to three significant figures.

29 The equation ¥* 4+ 3x* 4+ 3=0 haz 2 root somewhere in the interval
— 5= x < 3, Find between which two integral values of x in this interval the
function f{x) = x* + 3x* + 3 changes sign and find the root of the equation to
the nearest integer,

*30 Show that the cubic equation * + 3ar® + 3bt + ¢ = 0 can be reduced to the
form x* + 3fx + g = 0 by means of the substitution t = x — a. Obtain fand g
in terms of a, b, ¢ and explain how any cubic equation may be solved
graphically by drawing a straight line to cut the graph y= x°.




(b) Three numbers «, fi, v are in arithmetjoal progression and two of them
ure roots of the equation x* + ax + b = 0, Prove that the third is elther
~4a or one of the roots of the equation y* + ay 4 9b — 24* = 0),

16 (a) Show that, if the roots ol the equation x7 —5x* 4 gx — R = f{}c:uf: f:

geometric progression, then g = 10,
(b) If &, §§, y are the roots of the equation x* — x? 4+ 4y + 70, find the
equation whose roots are i+, y + 2 a + . ()

17 Prove that, if & is a repeated root of the equation f{x) =0, where f{x) is a

puiypomial. then « is 4 root of the equation {'(x) =0.

Given that the equation 4x* + x* + 3x + | = 0 has a repeated root, find its

value, <)
18 {a) Use the remainder theorem to express x* + 2x® + v — 18 as a product of
two factors.

(b} Find the value of the constant p for which the polynomial
x4+ prt+5x—10

has x + 2 as a factor,
le) Show that if y = (x— a)’ V" where V is a polynomial in x, then dy/dx is
a polynomial with x — a as a factor. Hence or otherwise find the values
of the constants k and [ for which x* — 2x + 5x? + kx + | has a factor
{x—1)% (JMB)
19 Given that two roots of the equation x* + bx® + ex? + dx + e = 0 are such
that their sum is zero and alen that b~ 4 and o are all non zero, prove that
the product of these two roots is d/b and that the product of the other two
roots is be/d. Hence, or otherwise, prove that b% + d* = bed.
Solve the equations
@) *+x* =2 —3Ix—3=0
(b) x* —x¥+2x* —3x—3=0
assuming that in each case two of the roots, not necessarily real, are such that
their sum s zero. (IME)
20 The roots of the equation x* = gx + r are «, §, y. Prove that
() ot + f* 4 47 = 2g,
(b) & + 477 = 3r,
(©) a® =ga® + re?,
(d) 62" + f* + 3% = S(a® + B2 + p)e® + B2 +97). (O & C)

Chapter 8

Further matrices and determinants

Introduction
8.1 We have already met the determinant of a 2 x 2 matrix M = (: :) (see

Book 1, Chapter 11), and we have seen that it plays an important role in finding
the inverse of M (see Book 1, §11.5) and in finding the transformation which
corresponds to M (see Book 1, §11.6), In this chapter, we shall be looking more
closely at determinants and their properties. Any ‘square’ matrix has a
corresponding determinant; the determinant of a 3 x 3 matrix will be defined in
the next section. The ideas involved in studying an n x n determinant are no
wwe dillcult than these mvelved na 2 2 2 detonnonant, bt swce an oo~ oo
matrix contains n? entries, the work involved in higher order determinants
becomes very laborious,

Before embarking on the study of 3 x 3 determinants, il is necessary to
introduce some standard notation:

{a) the determinant of a given matrix M is written det(M),

(b} when it is necessary to write out the determinant in full, the array of
numbers is enclosed in a pair of vertical lines (instead of the round
brackets used in matrices),

{c) the matrix formed by interchanging the rows and columns of a matrix M is
called the transpose of M and it is written M",

So, iI'M=(2 3), then we write
4 7 ;
2
det{M) = =2xT-3xd4=14—-12=2
4 7
and

. 2%
M=
(5. 2)
: 14
Qu.1 Given that M = (x E)’ find x such that det(M) =0

129




3 i
Qu.2 Given that A = (I ;) and B = (i g I)‘ verify thai

det{AB) = detiA) deyB).
*Qu.3 Prove that, for any 2 x 2 matrix M, det{M") = det(M).

3 % 3 determinants

82 We shall frequently need to refer to a general 3 x 3 matrix in this chapter,
and, when this 1s necessary, we shall write

iy b] [
M=|a; by ¢
ay, by £
Definition
b, o a; ¢ da; b
detin) = 2 2 —h F F 2 2 I
c{ } % bl Cy * 3y €3 1% s hg

Motice that the three 2 x 2 matrices in this definition are obtained by deleting
the row and column containing the letter by which each is multiplied. This
definition can easily be extended to cover determinants of higher order.

When the 2 x 2 determinants are multiplied out, we obtain

det(M) = a,{b;c; — byey) — byfazey — ayey) + eqlazhy — baay)
=a,bacy —a sty — byases + byaacs + cyasbs — o biay

For convenience, these terms should be re-arranged so that in cach term the
letters oceur in alphabetical order. Putting the terms with + signs first, we have

dﬂ“M}=ﬂ1ﬁ2C3 b ﬂgball:j + ﬂ3hj£'1 = ﬂ|b]fg et ﬂgbgﬂi — ﬂj_b|fg,

When written in this form, we can see that the terms in which the suffixes 1, 2, 3
oceur in clockwise cyelic order (see Fig. 8.1 (i)} the sign is *plus’, and when the
suffixes go the other way round (see Fig. 8.1 (ii)) the sign is ‘minus’.

O C

i) fii}
Figure &1

T 33
Example | Evalugte |4 1§
2 0 3
A
1 5 4 5 4 1
S S
o 3 2 3 2°0
2 0 3
=T(3-0)—2(12 - 10)+ 3{0—-2)
=753 =23+ Ix [~
=21-4-6
=11
x—13 1 —1
Example 2 Solve the equation |—7 x+35 -1 |=0
-6 6 x—2
x—13 | -1
x+5 -1 -7 =1
=F x+5 —1 [=(x-3) ‘—l ‘—
& -2 -6 x—12
—6 6 x—12 %
-7 x+3
—6 &
"bﬁ =(x=3x*+3x—10+6)—(=Tx + 14— 6)—
—(—42 4 6x+ 30)

=(x—3x*+3Ix—4)—(—-Tx + B} —ix—12)
=x'—18x+12+Tx—8—6x+12
=x'— 12;+ 16
Hence we must solve the cubic equation
' =12x+16=10
Factorising,

(x=2)x*+2x—8)=0
Sl —2x+ =0
Sox=2 or —4

1 1 1
Example 3 Prove that |x y 2z [=(x—y{y—zlz—x) _
52 }.:i o2




=(pz* —zy*) — (x2® — 2x¥) + (x)* — yx?)

= y2f — zy* — xz* 4 z2x? + xy* — ya?

=¥y —x)—2(y* - x?) + xy(y — x)

=—2x— ) +2x + yx—y)—xpx—y)

=(x=y—2"+zx+zy—xyp)

=(x—y{-z2lz—x)+ y(z— x)}

=(x— )z —x)(y—2z)

=(x—y)(y—2)z—x)
[Note, however, that this is not the best way to do this example; we shall shortly
be meeting a much more efficient method for tackling problems like this (see
Example 6).]
Exercise 8a

1 Evaluate:

5 2 A | 21 14 91 35
® 13 4" ®) |z —1[’ {"}‘15 1-:1” ) sz 25]'

2 Simplify:

x a
(a) #1. ) [T M,
-y X xy oy
cos # —sin 0 x+1 1
cl . ’ ;
© sinf  cosf @ -1 xui’

3 Prove that det(M) = det{M"), where M = (ﬂ 3)
&

4 Solve:

x X
@ '5 3x

x—2 1
2

=ﬂ| [-b} g

-0

; b
*5 Given that M = (j d) and N = (f :), prove that

det(MN) = det(M) det(N)

6 Prove that detfM ') = where M = (ﬂ b).

1
det(M)”’ e d

7 Evalunie

2=1 0 J 4 2
() 13 2 0, (b 1 2 0f,
4 1 3 -2 3 5
ie 9 5 -11

(€ |4 8 12|, (d) |5 —1 1
5 7 13 6 -1 6
x+3 5 (3]

8 Solve the equation | —1 x-—3 -1 |=0
1 1 x+4

*9 Prove that for any 3 x 3 matrix det(M) = det(M").

¥ 35 z2 0 1
W Giventhat A= 2 —1 0 Jand B=| 1 —3 2 |, find AB and venify
4 2 1 1 1 =1

that det(AB) = det{A) det{B),

Properties of determinants

. ; a by ¢
83 Asin the previous section, M is the matrix | a; b, ¢; | ,and
a3 bg, Cy
det{M) = a,byes +asbyoy + aghioy —a byes — asbye; —azhyey (1)
The properties of determinants, (a}{g) below, are true for matrices of any
order, even though in the text we shall only refat"'iﬂ%lht 3 % 3 matrix M.
{a) det(M)=det(M").
4 Ey oy
MT = hl bz !}3
£, €3 By
Lo det{MT) = a,(bycs — bscs) = aslb oy = bacy )+ aslbyc; —byey)
=a;bycy = a;bacs = aybycs +ashiey +azhic; —ashaey
=a,bycy + azbycy +azbycy —aybye; —aghyey — azbycy

= det{M)

This property is especially valuable, because it means that whenever one of the
statements, below, refers to a row of M, the same statement can be made about
the corresponding column of M, without further proof.

(b} If M has a pair of identical rows (or columns) then det(M) = 0.
This follows immediately from making the appropriate substitutions in (1).




(e) If each element in a row (or column) of M s multiplied by k, then detiM) (s

multiplied by k.1
This may be casily checked by making the appropriate substitutions in (1),

a, by ¢ ap byoe
Astep like |kay Kby kcy| =k |ay by e;| , where a factor k has been
ay by oy ay by e

‘taken out’ of the second row, is very common, when simplifying determinants.

{d) Interchanging a pair of rows {or columns ) of M, changes the sign of det{M).
Once again this is easily verified. |

(e) If the elements of one row (or column) of M are multiples of the elements of
another row {or column/, then detiM) =0,

For example, put b; = ka;, b; = ka; and by = ka, in (1); it should be easy to see
that det{M) = 0. ( Property (b) could be regarded as a special case of this in which
k= L)

(F) If each element of one row (or column) of M is replaced by a new element
consisting of the original element plus a multiple of the corresponding element from
another row [or column ), then the value of det(M) is unchanged.

Suppose, for example, that the elements in the first row of M are replaced by
iy + kay, by + kb, ¢, + key. The new determinant is now

ﬂ|+kﬂz hl +kb1 C1+k¢1

iy b, €3
fy b] Cy
and this equals

(a3 + ka;)(bacy — €3by) — (b + kby)(azcy — 285 ) + (€4 + kea) @by — baay)
= a(bye;—cib3) — bylazes —czay) + fjgﬂzba —byes) +
+ kazlbye; — eaby) — kbylase; — za;) + keglag by — byay)

dy b:q C3 iy b; Cy
= det({M) (since, by Property (b), the second determinant is zero)
This property is very useful when simplifying determinants (see Example 5,
below). The notalion ry =r, + kr, is 4 convenient way of saying that the new

first row is the old first row plus k times the second row. Similarly, ¢} =¢; + ke,
would mean ‘form a new second column by adding k times the third column to

the existing second column’,

t But remember that when & matrix s multiplied by & scalar k, every element must be multiplied by k.

——
and determinant s 135

() det(AB) = det(A) det(R),

'_I"Jn: proof n!‘ Lhis l?nr 2 % 2 matrices is not difficult (see Exercise 8a, No. 5), but it

351 ru; her tcrdmus since there is a lot of rather elementary algebra to be :Jn; ne. For
* dmatrices the task becomes even more troublesome; if the reader has a :great

deal of Lirme and pa li':llﬂl': he or sh iti
; R
p o “ e could I.I_'!r' “llllll'lg out the P‘TG{IL other Wise 1t

7 3 35
Exampled Evaluge |3 21 15
I 53 5

This determinant is zero, because ¢y =5¢, (sce Property (e)),

10 40 356
Example 5 Evaluate |1 5 7
= 3 4 4
10 40 356 20
1 53 7 =|1 357 iry=r, —8r,, Pro
=r; —&r,, riy (T
WA 5 4% 1=F 2 perty (f))
5 7
=2
4 'Ei‘
=259
=4
I 1 :
Example 6 Factorise |x' y 2| . ¥
S

If x = y, the first two columns would be -
=¥, qual, and hencs, by Property (b), the
determinant wnuicli be zero. Hence, by the remainder theorem (see Book |
Chapter 9), (x — y) is a factor. Similarly (y — ) and (z — x) are also factors, Sinne:
each term of the expansion is of degree three, there are no further alzebraic

factors, However there could be ;
a numerical f: ; L
deduce that actor k, so, at this stage, we can

(O
* ¥z =kx—y)y—zHz—xn

3y 2

Hnwlew_er if wi look at the first term of the expansion of the determinant, we see
thatitis +yz*, and if we look for the same term from expanding the factors, we

see that it would be kyz2. Hence k = 1. Theref :
determinant is (x — y)(y — z)(z — x). ore, the factorised form of the
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The reader should compare this method with the more glementary method
used in Example 3. The method used in Example 6 i especially useful in
determinants which are, in some way, symmetricul and the factors can be
‘spolted’, by exploiting the symmetry and using the remainder theorem, as

above.
a a at
Example 7 Factorise (b b* b*
c ¢ &

Firstly, notice that a is a factor of the first row, bis a factor of the second and ¢
of the third. So, by Property (c), we can wrile

a & o 1 & &
b b b =abe |1 B B
3t 1 ¢ ¢

Then, as in Example 5, above, (@ — b}, (b — ¢) and (¢ — a) are factors. However, by
inspection, we can see that every term in the expansion of the original
determinant would have a total degree of eight. The factors extracted so
far, namely, abc{a — b)(b — ¢){c — a), would only yicld a total degree of six.
Consequently, we need a further factor of degree two, which is symmetrical in
a, b and ¢. The only possibilities are (a* + b* + ¢?) and (be + ca + ab), or some
combination of these. So we must now consider

abela — b)(b — e)(c — a) {Ala® + b® + ¢*) + plbe + ca + ab) )

However, inclusion of the term (a® 4 b* + ¢?) in the final factor would yield
terms in a®, b%, ¢® which, by inspection of the determinant, are not required.
We can therefore discard this term. We are left with the additional factor
uibe 4 ea + ab). By inspection, e.g. of the term ab®c®, we see that p = 1. Hence the
factorised form of the determinant is abe(a — b)(b—c)(c — a)(be + ca + ab).

Exercise 8b

The numerical exercises are intended to give the reader practice in using the
standavd properties of determinants; they should not be done by more elementary

methods,
21 31 50 21 10 30
1 Evaluate: (g) |17 3 35| . fb) | 9 —6 3
2 3 5 1 -1 0
39 91 143 11 31 41
2 Evaluate; {(a) [296 43 151| , b |1 2 2
+ 51 119 187 13 36 47

207 82 138 B
3 Evaluate: (a) |184 17 120] , i F ¥ @
69 109 45 & & 0
i X X+d
4 Show that |[x+a 4 x = X¥x?+ad).
x K44 a
x 1. 2
5 Solve the equation |1 x 2| =0.
1 2 x
P qr
6 Factorise [r p 4
qarr
_ x yr x*
7 Factorise |y zx )
z xy z*
x x|
8 Factorise |1 x* x| .
L . =

9 Prove that, if (x;, y,) (x., v:) and (x,, y,) are three collinear points, then

1 1 1
X, X3 X3 =0
i Y1 ¥a
10 Prove that, if, in three dimensions, (x,, ¥1, 2, ), (¥24.¥3, 22) and (x5, ys, 23) lie
L R
in a plane through the origin, then |y, ¥, ¥i| =0
Z, I %
Cofactors

84 In the following sections it will be convenient to refer to a standard
determinant A, where

a boe
A= dy b‘z Cy
;s by &

Definition
The cofactor of an element of a 3 % 3 determinant is the 2 x 2 determinant
abtained by deleting the row and column containing that element and multiplying
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by 41 or =1 according to the pattern;

+ = 4+
A cofactor is always designated by the capital letter corresponding (o the
element to which it belongs.

WNo doubt this definition sounds rather complicated; it i1s not as complicated
as it seems il we write out the nine cofactors in full. They are:

4 = bI Ca B = iy 3 £ = iz b‘l
= == 1
R I S ay € a; by
j=_h] & 3=a1 &y C——ﬂi by
. bJ £y 2 a3 €3 # ay bi
b; ¢, dy & o by
AJ — B_@. - Cﬂ —
bz 3 uz ‘:I a4y bz

Expanding the determinant in the usual way, we can see that
A IH‘Al '+'h:|31 +C|'C1
and the reader should verify that
ﬂ2."l.zl'l'biﬂz+l:1c= and ﬂ3A3+b3B3 +E'3'C3
are also equal to A
Expanding the determinant by columns we can see that a, 4, + a; 4, + a34;,
byBy 4+ ba.B, +byB, and ¢ Cy 4+ ¢,C, 4+ ¢a2C4 are also all equal to A, In other
words, whenever the elements of one row (or column) are combined with the
cofactors of the same row {or column), the sum is equal to A. However, notice

what happens when the elements of one row are combined with the cofactors of
a different row. For example, consider

ﬂpd; +b;|Bz +£1C1

(i.e. the elements of the first row, combined with the cofactors of the second row),
Writing the cofactors as 2 x 2 determinants, we have

bl &y [ PR iy bi
= +b] A |
by o4 iy L3 ay by
ap by ¢
=— |ay By o
a4y by o3

=0 {because this determinant has a pair of identical rows)

The reader should verify that this will happen whenever the elements of a
row {or column) are combined with the cofactors of a different row (or column).
(In this case the cofactors are sometimes called alfen cofactors.)

HEn

Qu.d Evaluate the determinant below, ind find the values of ity mine colactors,

\ Verily that they satisly the relutionships in the preceding section,
I 2 3
3 10
2 -1 1 '

These prcrpartlics frf cofactors can be exploited to produce an important
Tneth_ﬂd for solving linear equations, known as Cramer’s rule. (This was first
published by Gabriel Cramer in 1750,)

Cramer’s rule

85 Con:sicfer the following three linear equations, and the associated determi-
nant as discussed in the previous section,

ax+by+ez=4d,
G3x+byy+ez2=d,
ax+ by +ez=d,

Multiplying the first by 4,, the second by 4, and the third by A4, (where

Ay, A3, 4, are the cofactors corresponding to a,, ¢, and a. respecti
‘ i ively) an
adding, we ohtain v e e

fﬂj.‘ii +ﬂzﬁz+a;.45}x+[hif1t+b141+534 } + + Iz
¥ _3_}’ (ﬂ A s | cqd
ok i B i G | roalo | 3y

Now, usin g the ml&}tionships established in the preceding section, we can see that
the coefficient of x is A, and the coefficients of v and z are both zero. Hence, we
have l

Ax=d, A, +dy A, +dy A,

‘dl hi l’.'l
- d}_ b3 C3
dy by 3l

This determinant is the original determinant A, with the first column replaced by
dy, d; and dy. It is convenient to abbreviate this determinant to Ay, (This
abbreviation can be used more generally if we write A,, to mean the determinant
Fﬂn’necl by replacing the ith column of A by d,., d, and d,.) The result we have
Just obtained can then be written Ax = A,. Procceding in a similar fashion, it is
f?l.u"}' casy to show that Ay = A, and Az = A,. Hence the solutions to the three
linear equations can be expressed in a very neat form, namiely

Ax=Ay, Ay=A4A, Az=A, (n
and, provided A # 0, we can divide through by it and obtain,
x=4A /A, y=A /A, z=A4;/A

This is Cramer's rule,




However, if A (s equal to zero, we must nod divide by it In thiv case the
equations (1) read

D.\:=.I§l|. U}’ﬁﬂ;. {}1':.&_\

and these have no solution unless A,, A; and A, arc also zero, If 'thc_se three
determinants are equal to zero, then it is possible to find a solution (see
Example 9, below).

Example 8 Use Cramer’s rule to solve

x—2y—3z=0
Ix4Sy422=0
e+ Iy— z=2

Using the notation from the previous section,

h=3-3
A= {37 8§~ 3
2 3 -1
=1x{=1)+2x(=N=3%x(—-hHh=—11-14+3=-22
ﬂ'i—l =3
A= [0l 5 2
3 ¥==]
-2 -3
= = =22
2 s 2‘ 2x(+11)
1 0 =3
A= 13 0 2
22 -1
1 -3
= — =— l)y=—22
2‘3 1‘ 2x(+11)
1 -2 @
As= (3 5 O
2 3 2
| =2
—2‘3 5‘—2:4-1—11]—22

Hence, by Cramer's rule, x=4A,/A= 22/(-22)= —1,
y=AA=-22)(-2)=+1,
z=A A= 22/(-22)=-—1.

Example 9 Solve the equations

£4+2y+ 2= 7
Ix4 ¥ =
Sx4S5y+2z= 12

1 £+4

A= |3 1 0
5 5 2

=1 %(+2) =2 % (+6)+ 1 % (+10)

=2—12410

=0

Also A, = A, = A, =0.(The detailed working is left to the reader.) Hence, in this
case, Cramer’s rule gives

Gxx=0, 0= y=0 Qxz=0

Now it is certainly possible for values of x, y and z to exist which satisfy these
equations, but Cramer's rule is not very helpful, in this special case. If we return
to the original equations and eliminate z from the first and third equations. we
obtain

x4-dy+2z= 14
Sx+5v+2z= 12

and subtracting. we have
x4y = -2

This is identical to the second equation. (If the right-hand side had net been —2,
we would have had to have concluded, at this stage, that there was no solution;
if, on the other hand the equations had been distinct, we could have solved them
to find x and y, but Cramer’s rule has already shown us that this is not possible.)

Although we cannot solve 3x + y = —2 and find a unigue solution, we can let
x =1, where t is any real number. Having assigned this value to x, we have no
choice in the value of y; it must be —2 — 31. Then, substituting these values for x
and y into the first of the original equations, we have

g=T—t—2q—-2-3)

=11+4+5 .
Hence, we have a set of solutions, K
x=1 y==2-3 =11+ 5t

where t 15 any real dumber.
(Compare this with Book 1, §15.14.)

Qu.5 Give a geometrical interpretation of the result of Example 9.




Exumple 10 Solve the equiatfona

x+2)+ z= T
x4 ¥ =-2
Sx+5+22= 14

(Notice that the first two equations are the same as those in Example 9, and in
the third equation only the constant is different. As in Example 9, A = 0, but this
time A, #£0.)

bl =l

Ao |
|
=7 x(+2)—2%(—4)+1x(—20)
=14+8-20
=2

2
|
5

=
Fd D e

Since Ay # 0, there is no solution.
Qu. & Give a geometrical interpretation of the result of Example 10,

Cramer’s rule is of considerable interest because of the light it sheds on the
behaviour of simultancous linear equations; in practice, most readers will find

that elimination is usually the most satisfactory method to use. (See Chapter 7,
Example 10.)

Exercise 8c

The questions in this exercise are intended to give the reader practice in using
Cramer's rule,

Solve the simultaneous equations:

22x+3y+ z= 1,
X— y+ z= 4,
Sx+ y+3z=10

5 10x+ 20y +40z=1,
3x+ Ty+10==0,
b+ 12y + 3T=z=1L

1 x+y+z=6,
Ix+y—z=1,
x—y+r=24

4 5x—Ty+32= A,
x =3y +5z=—1,
3x—4}1+h= : 5

3 Tx+ y+ z=-1,
x=Y+2r= 0
x+4dy—3z= 4

6 Find the condition for the simultaneous eguations below to have no
solution:

i+3y+az=12
x4+ y+3=1
Tx+8y+8z=k

ey

In Nos, 7-10, the equations should be regarded s the equations of three planes
which

() meet in a (unique) point, or

{b) meet in a common line, or

(e} do net meel. o

The reader should distinguish between these three possibilities. In case (a) the
coordinates of the point of intersection should be found and in case (b) the
general form of any point on the common line should be found. (In the latter
case, the form of the answer is not unique; the form printed in the answers at the
* back of this book can be obtained by putting x=1.)

7T 2x— y+ 42=0, Bx4+yp+z=0

x4 dy+122=10, x—y+z=10
Tx=9y+ Bz=0, y—z=0

D x4+3y+ = 4 10 2x+ y— z=3
2x+ y+ Sz=-—2 x+2y+ z=4,
dx+5y+1lz= b I+ Oy +bz=T.

The inverse of 2 3 x 3 matrix

4, b6y
8.6 As in the previous sections, M=| a; b, ¢ | and the capital letters,
ay by ¢

Ay, Az, Aj, eic, are used to represent the cofactors which correspond to the
glements ay, @z, a3, €IC

Dﬂﬁﬂiﬁﬂﬂ A] A: *"‘-!-
The adjoint of the matrix M is | B, B, B,
£; By E;

The standard abbreviation for ‘the adjoint of matrix M’ is adj(M). Notice that
adj(M) is the transpose of the matrix formed by replacing each element ::rI'IM.Jh}'
its cofactor.

1 11
Qu.7 Given that A=|3 2 1], find adj(A) and determine the matrix
i T 3
product A adj(A).
1 -1 1
Qu.8 Repeat Qu.7,forA=|2 1 1
11

0

The product M adj(M) is always a diagonal matrix, that is, a matrix m which
all the elements are zero, except those on the ‘leading diagonal’ (the diagonal
which goes from the top left-hand corner to the bottom right-hand corner). To

)




B e
e the renson for (his, we must look ot the working in detall;

ay oy A Ay Ay
M u.d_“ M' = ity Ilr] iy ﬁ. ”J "1
dy By exd NC, €y €y

aydy + B 40,0y ag A+ By 4o, 0 o dy + 0By 0,0y
= dxd, + b8 40,0, a A+ 0,8, 40,0y a,d,+ b8, 4,0,
ayd, + b,B) £, aydy + baBy +eaCy  aady + bylly 4oyt

MWow, cach term which is on the leading diagonal, consists of an element of one of
the rows of M combined with its own cofactor; this, as we saw in §8.4, is always
equal to A, the determinant of M. Each term which is not on the leading
diagonal consists of an element from a row of M, combined with an alien
cofactor; this, as we also saw in §8.4, is always zero.

Hence,

VT
M adj(M) = A 0D |=Al
0 A

fe= = T -5

where 115 the 3 x 3 unit matrix (see Book 1, §11.5),
The reader should verify that adjiM) M is also Al

Qu. 9 Verify that the answers to Qu, 7 and Qu. 8 are equal to AL

This enables us to tackle a problem which in Book 1, §11.5, we had to
postpone, In that section we found the inverse of a general 2 x 2 matrix, but we
“did not attempt to find the inverse of any other square matrix. In view of the
long and tortucus path we have had to follow in order to arrive at a point where
we can tackle this problem, it is not surprising that in the earlier chapter we
postponed it! If, now we look at the product M adj(M)= A L. we can see that the
problem is almost solved; only one more step is necessary, namely, divide each
side by A; we then have

adj(M)
M =]
A
In other words M~", the inverse of M, is adjlm.
(A must not equal zero; if it does, there is no inverse matrix, i.e. M is a singular
matrix.)
R
Example 11 Find the inverse of A=| 1. 1 —1
I -2 3
| =5 =2
adjfA)y= -4 2 2
-3 3 0

| | | | 5=l
AndiAim| 1 1 =1 g 2 3
p=gn 2 N3 B
6 0 0\
=1 a=6 ©
0 0 -6

(Motice that det(A) is required, but it is not necessary to work il out separately,
becguse we know it must be the —6 which appears on the leading diagonal.)

Hence

1 -5 -2 -1 5 2
P 3| (U == 4 -2 -2
—® Nt 3 0 3-3 0
1 2 3
Example 12 Find the inverse of the matrix | 2 11 | . Write the following
’ 3 1 =8
equations in matrix form and hence find x, y and z:
x4+2y+32=06
x4 ¥+ r=5
x4+ yp—2z=1
1 2 3 —3 T -1
LetA=|2 1 1], then adjiA)= 7 —-11 5]),and
11 =2 =1 5 =3
1 2 3 —3 7 —1
AadjAy=12 1 1 7 —11 5
3 1 -2 —1 5 =3
L
=0 8 0
0 0 8/

(The reader should note that this step serves two purposes; it chcclks the
accuracy of the arithmetic up to this point, and it evaluates det(A). In this case,

det(A) = §.) Henee
-3 7 =1
¥ =11 5
—1 3 =3
The simultaneous equations can be written

1 20 3
2 = 1
31 -2

|
..1__
i Bk

L B 4 -
i
L]




The matrix of the coeMclents is the mutrix A, whose inverse we have found

. _ X
Multiplying both sides by A~ ', the left-hand side becomes p). sinee
x ¥
2 z

-3 T =1 6
7=11 5 5
-1 5 =3 1

= [—1

Hence x=2, y=—land = =2,

Exercise 8d

Find, where possible, the inverses of the following matrices.

1=} 2 2 17 1—10 7
1|+-231] 213 4 5| 3 1 & =3
3é_‘ 1 -2 9 -1 ¥
2.1 0 3 3 =1 1 p g
413 T 5] s5|-6 2 2| 6l0 1 r
L 17 15 -1 -1 3 00 1
1 0 0
710 cosa sing

0 sing —cosu

Solve the following simultaneous equations, using matrices (sez Example 12),
8 x y4+2r=4
x+2y43z=12
Jx + z=4,

9 x—10y+7z= 13,
X+ dy—3i=-=3,
—X+ 2= z=-—=13.

10 284 y4 z=4,
X _1' - 2: = ul
Sx—2y—dz=13

1 b 2

1
11 Giventhat A=] 2 1 0 |and B=| 0 , find
1

1
2
3

D - =

311
(@) AL, (b) B~ (c) AB, (d) (AB) ', and verify that (AB) '=B 'A%
L p. o -1 2 0
12 Repeat No. 1l withA= |1 5 2| and B= l: 3 2
2 -1 1 201

13 Given that A and B are non-singular square matrices of the same order,
prove that (AB) ' = B~'A . [Hint: consider the product (AB)(B~'A""}]
(You may assume that matrix multiplication is associative.)

What is the corresponding result for (ABC)™'?

-

Exercise 8e (Miscellaneous)

In Nos. 1-3, evaluate the determinants,

2 1 -5 1 -2 3 1 0 =2
Lia |3 7 @, b2 1 9, 12 7 3.
4 2 1 4 7 1 1 4 0
I 5 7 1 7 11 17T 34 19
2@|2 3 1 by {2 17 23] , cy |26 221 91| .
721 22 7T 54 79 7 7 ]
10 1] I % ¥
3a) [0 cosa —sinz|, (b) |0 1 =
0 sinx coso 0 0 1
4 Express in factors:
1 1 | ¥ XX o
{a) |¥z X Xy i (b) [ ¥ ¥
y+E EX XY x W E

cosacos i cosasin ff —sina
5 Given that M= sin fi cos i 0 ) evaluate det{M)
. sincos i sinzsin i cos
and find M™%,

6 Prove that, for any two 3 % 3 matrices M and N, (M N)" = N M". [Hint: it
is sufficient to consider the element in the ith row and jth column.]
7 Prove that if A AT=1, then det{A) = 1.




Ja W/ I
7 J2 0 =2, prove that NN T=N"Nm=|,
YU klz =ys

{&n}r matrix with the property N N' =1, is called an orthogonal mairix,)
9 Find the non-trivial solution of the simultancous equations

B Given that N =

X+y— z=0
x—y— z=0
dx+y—2z=0

[The_sniut?nn x=0, y=0,z=0,is a trivial solution; a non-trivial solution is
one in which x, y and = are nor all zero.)
*10 Prove that the equations

ﬂ|x+b1y+f|:=ﬂ

d:x + by + caz =10
dax+ by +cz=0

a by ¢
have a non-trivial solution, if and only if |a, b, ca| =0,
fy b3 C3

11 Given that {using the notation of §8.3) a 3 x 3 matrix has the property,

ry=ar, + fir,, where o, ff € R, prove that real numbers 4 and it can be found,
such that e; = de, + ue,.
12 A transfurmaltion, in three dimensions, is given by

x ay by g b
yV]={a b ¢ v
z day hy oy z
I 0 0
Write down the images of the unit vectors [ 0 |, [ 1 Jand [ 0 |. Henee
0 0 1

write down the matrices which give the following transformations:
{a) a refection in the plane z =10,
(b) a rotation about the z-axis through 90°,
{c) a reflection in the plane x = y.
13 Show that the equation

IZ—_}'1=1 {1]

; b
can be expressed in the form [xy}(; _n)(;) = |. Transform this equa-

tion by writing ol = f b INEX and show that it can then be
¥ gh=t 1ES i
written

S 2

What is the relationship between the curves represented by equations (1 )

(2n
14 Express the equation

2 44 Iy + 27 =1

in matrix form (as in No. 13), and transform it by writing

()-(s ~00)

What is the relationship between the curves represented by the iwo
equations?
5 6\(x x
15 Find two values of k such that ( g 2) (:.-') = k(_p)' For each value of &,
find corresponding values for x and J.

No. 15 19 4%/« i x)
16 Repeat MNo. orl | 16 )t )

4 1 4
17 Shc:'u-.rthatil‘]"nwl=(1lli|I m)andx=(_1 l).llmtll

15 0
—1 _
X MK_( 0 lﬂ)

15 0
By writing M in the form XDX" 1. where D = ( 0 2{})' show that

M =XD"'X"!
and hence show that
I( 157 44 = 2 —4x1?‘+4><20")

M'=—
L —15" 4200 43 157+ 20
1 —3 0
18 Find the inverse of the matrix | 2 0 |
4 1 3

Hence solve the equations
x—3y—a=0, 2x+z—b=0 and dx+y+3z—ec=0,

for x, y, = in terms of a, b, e. (O&C)
x' X
19 The linear transformation | ¥ | =M | y |, where M is a 3 x 3 matrix,
; r
1 0 i}
maps the points with position veetors | 0 ), | 1 ). 0 |, to the points with
0 { i




3 2 [
position vectors | 2 |, | | ]. | 0 ], respectively. Write down the matrix M
1 0 ]

and find the inverse matrix M~ '. Show that the transformation with matrix
M maps points of the plane x + y + z =1, to points of the plane x = y, and
verify that the inverse transformation with matrix M~ ", maps points of the

plane x = y, to points of the plane x4+ y+z=0. (L)
(b+c? @ a®
20 Provethat | b°  (a+cP  b* |=2abe(a+b+c) (IMB)
c? e fa+bP
. S R |
21 The matrix A is 1 0 —2 |.Show that A is singular, Find a non-zero
I 3 1
matrix B, such that AB=BA =0, {(JMB)
1 00
22 Find the inverse A ! of the matrix A= {—1 1 0 | Findalso B™'and
3 21
4 —2
(AB)" where B=10 | 3
00 |1
x |
Giventhat AB| y |= |—2 ). find x, y and = (L)

z 1
23 Find the complete solutions of the two systems of equations:
(a) 3x+dy+z=5, (h) 3x+ dv+ z=35,

Ix— y—z=4, Ix— y— =4,
X4+ dy+z=1. Sx+14p+5:=T (O)
31 =3
24 Misthe matrix| 1 2a 1
0 2 i
{a) Find two values of a for which M is singular,
2y v =31
(b) Solve the equation M| y | = 54 |in the case a =2, and determine
z 5
whether or not solutions cxist for cach of the two values of @ found in (a).
25 If o b and ¢ are real, find the factors of the determinant ©
b+rc ec+a a+b
A= le+a a+b b+
a+b b+e c+a
Show that, if A=10, then eithera+b+c=0,0r a=b=¢, (8]

Chapter 9

Coordinate geometry

Conic sections

9.1 In this chapter we shall be dealing with three curves, the parabola, ellipse,
and hyperbola, which are all known as conic sections or conics. The Greek
mathematicians even before Euclid (third century B.c.) were interested in these
curves and examined their properties by pure geometry starting from their
definitions by means of sections of a cone. From the point of view of coordinate
geometry it is better to start from another definition {which can be shown to be
equivalent) that a conic is the locus of a point which moves so that its distance
from a fixed point bears a constant ratio to its distance from a fixed line (see

Fig. 9.1).

L | P
5
fxed
peint
fhxed
line
Figure 5.1

The fixed point S is called the focus, The fixed line is called the directrix, 'I‘_he
constant ratio is called the eccentricity and is denoted by e, Thus, if P is a point

151



on the locus, M s the foot of the perpendicular from P o the direeteiy and if \

e
PM
then the locus of P is a conic. S e
When: ¢ =1, the conic is a parabola,

e < 1, the conic is an ellipse,
e> 1, the conic is a hyperbola.

We shall first take the parabola, which was briefly mentioned in Book 1,
Chapter 22,

The parabola

9.2 Given the focus S of the parabola and the directrix, we are at liberty to take
what axes we find most convenient. First note that the figure formed by the focus
and directrix has an axis of symmetry through 8 perpendicular to the directrix.
This we take as the x-axis, as shown, If we now plot a few points, using the
definition of the locus given in the last section,

SP

™M -
an indication of the shape of the curve may be obtained (see Fig. 9.2). (The
plotting may be done very simply using squared paper and a pair of compasses.)
It now seems reasonable to take the y-axis through the point on the axis of

symmetry mid-way between the focus and directrix. This point is called the
vertex of the parabofa. Let the distance from the vertex to the focus be a; then

the focus 5 is (a, D)
and
the directrix is the line x= —a

If P(x, y) is any point on the parabola, and M is the foot of the perpendicular
from P to the directrix,
SP =(x—a)* +*
and
PM=x+a
But from the definition,
SP_
PM
Slx—at+yt=(x+a)
Coxt=2ax+at + ¥ =% + 2ax + o
Loy =dax
which is the standard equation of a parabola.

I, so SP*=PM?

-

et

. Agure 9.2

Qu. 1 Find the equations of the parabolas:
() focus (—a, 0. directrix x =a,
(b} focus (0, b), directrix y= —b.

Example 1 Find, in terms of a, m, the value of ¢ which makes the line y = mx + ¢
4 tangent to the parabola y* = 4ax. Also obtain the coordinates of the point of
ontact.
y=mx+c¢
Multiply both sides by 4a.

day =m = 4ax + dac
Substituting from y? = 4ax and collecting terms,

my* —day +4ac=0 (1
The line will be a tangent if this equation has equal roots (see Book 1, §10.2)

o (—4da)* = 16mac



Therefore the point of contact is ( ";-. 1")
mm

Note that the equation of a peneral tangent to y* = dax may be writlen

a
y=mxt—  (m#0)

This last result leads us to a very useful way of representing a point on the
parabola. Substituting t = I/m, we see that the tangent

X
y=o+at

touches the parabola at (at?, 2at). Since the tangent was a general one, we have

shown that any peint on the parabola y* = 4ax may be written (at®, 2at). The

equations x = at’, y = 2at are called the parametric equations of the parabola
2

y - =dax,

Qu. 2 Verify, by substitotion, that (ar®, 2at) always lies on the parabola
¥ =dax.

We have found the equation of the tangent at (ai?, 2at), but a more direct
method follows in Example 2.

Example 2 Find the equation of the tangent to y* = dax ar (ar?, dat).

To find the gradient at (at®, 2at),

dy _dy |dx
dx  di | dt
Eu!y:lﬂ,x:mi,
dy _2a 1
dx Z2ar

The equation of the tangent is obtained by the method of Book 1, §22.1, which
will be used from now on.

x—ty=at® —t = dat
.
r—ty+ati=0

*Qu. 3 Show that the equation of the normal to y* = 4ax at (at?, 2at) is
tx+y—ar*—2at=0

Example 3 Show that the equation of the tangent to the parabola y* = dax at
(xy. ¥) is yy, =2a(x 4+ x,).

erentiating both sides of y* = dax with respect (o x, to find the gradient:

dy
By== =g
i
|
dy 4da 24 .
% = _— = — and the tangent 15
prefore at (x,, v, = el TR an gen

Jax — yy=2ax, —¥,*
oy = 2ax — 2ax, + ¥,

Now (x,, ;) lies on the parabola, so ¥yt =dax,.
Sy =2ax — 2ax, +4ax,
= MI + 11}

4 Find the equation of the normal to y* = 4ax at (x;; 1)
i

. 2
mple 4 Find the equation of the chord joining the points (at,”, 2at;).
g 2ar,)
- 2

The gradient of the chord is
: 2at) —2at; _ 2alt; —t3)
at,* —ary® oty — 1) + )
2
T htt
herefore the equation of the chord is

2% —(t, +t = 2at,* —(t; +15) % 2at,
) = —2at,t;

Thercfore the chord is 2x — (1, + £,)y + 2at,1, =0,

Qu.5 Ast,—1,, the chord approaches the tangent at f;. Deduce the equation
of the tangent from the equation of the chord.

Definitions
Any chord of a parabola passing through the focus is called a focal chord. The m:[;
of symmetry is usually simply called the axis of the parabola. The focal chor
perpendicular to the axis is called the latus rectum.

To find the length of the latus rectum of the parabola y* = 4ax,
x=a

v =4a?
Soy==12a

Henee the length of the latus rectum is 4a.

substitute



The render in advised 10 work all the questions in Exercise 9a, using the
parametric coordinates {at?, 2at) whenever the opportunity arises. The point
{at®, 2at) is frequently abbreviated to the point 1.

Exercise 9a

1 Find the coordinates of the point of intersection of the tangents at the points
ty, t; of the parabola y* = dax.

2 Points t,, t, lic on the parabola y* = 4ax. Find a relation connecting ¢, £, if

the line joining the points is a focal chord.
3 Prove that the tangents at the ends of a focal chord of a parabola are
perpendicular,
Find the focus of the parabola x* = 2y.
Find the equation of a parabola whose focus is (2, 0) and directrix y= —2,
Find the equation of the parabola whose focusis { —1, 1} and directrix x = y.
Find the gradient of the normal to the parabola ¥* = 4ax at P{at*, 2at) and
the gradient of the chord joining P to (at,?, 2at,). Deduce the coordinates of
the point where the normal at P cuts the parabola again,
8 Prove that the foot of the perpendicular from the focus of a parabola on to
any tangent lies on the tangent at the vertex.

9 Find the points on the parabola y* = 8x where (a) the tangent and (b) the
normal arc parallel to the ne 2x + y — 1.

10 The tangents at the end of a focal chord meet each other at P and the tangent
at the vertex at Q, R. Show that the centroid of the triangle PQR lies on the
line 3x+a=0

I1 Find the point of intersection of the normals at the points ¢, t, of the
parabola y* = 4ax.

i2 Prove that, in general, from any point (h, k) three normals can be drawn Lo a
parabola.

13 If the normals from a point (h, k) meet the parabola y* = 4ax al the three
points fy, [, [y, show that 1, + 1, +1;=0.

14 PQ is a variable chord of a parabola. If the chords joining the vertex A to P
and (Q are perpendicular, show that PO meets the axis of the parabola in a
fixed point R, and find the length of AR,

15 Find the equations of the tangents to the parabola y? = 4ax from the point
(16a, 17a).

I6 If the tangents atl the end of a focal chord of a parabola meet the tangent at
the vertex in C, D, prove that CD subtends a right angle at the focus.

=1 &t L

Further examples on the parabola

9.3 Example5 Find the focus and directrix of the parabola y* = 2a(x — 4a) and
give the length of its latus rectum.

The equation y* = 2ax — 4a) may be writien in the form

| Y2 w 20X

;'lﬁ the substitutions y = ¥, x — 4a = X, We have thus taken new axes as shown
in Fig. 9.3,

¥ &

da |-

L8]

'.':.- pure 9.3

. » - e “rl.
i’ rabola y? = 4bx has focus (b, 0), directrix x = —b and latus rectvin
"-;'-v' thisywith ¥? = 2aX, it follows that the latter has !'ocus (3a O),
directrix X = — }a and latus rectum 2a. Therefore, with the original axes (see
Fig ,9.3), the focus is (9a/2, O}, the directrix x = 7a/2 and latus recium 2a,

Wixample 6 Show that the equation y = 5x — 2x* represents a parabola and find

the length of its latus rectum.
'

We shall try to express the equation in the form X ! = —4qY, The equation

may be written as
I
xz—-ix— 3

5\? 1 25)
5 ( = 1) = 8
This is now in the form X* = —4aY, giving the latus rectum as length .

"rnu. 6 Find the coordinates of the focus and the equation of the directrix in

Lixample 6.



Example T 1/ the line {x 4 my +n =0 touches the parabola v = dax, find the
equation connecting 1, m, n,

Since any tangent 1o y* = dax may be wrilten
x—ty+at* =0 t (19
let it represent the same tangent as
Ix+my+n=0 (2
Comparing coefficients,

Therefore the condition is am® = In.

The next two examples have been chosen to illustrate the use of symmetrical
relationships between 1, 1;. When symmetry exists, the working is made easier
and care should be taken to use symmetrical equations and expressions,

Example 8 A chord of the parabola y* = d4ax subtends a right angle at the vertex.
Find the locus of the mid-point of the chord,

Let the ends of the chord be P,(at,?, 2at,}, P,(at;%, 2at,). Then the gradient of
the line joining the vertex O[0, 0) to P, is

daty 2
ﬂl‘-l_! - I
Similarly the gradient of OP, is :E
3

P, P, subtends a right angle at O il OP,, OP., are perpendicular,

2
Sy=— -2- =1
LI
Sy (1)

The mid-point of P, P, is given by

3408
x_"ﬁl E'Hz ) @)

y=alt, +1;) (3)

e, x=2la+ap’

parameters (, (5. Note, also, that these equations are symmetricalin 1y, 1, Here,
a8 is often the case, we use the following identity,]

{f. + -r;}: = ‘ll =+ ‘12 j+' 1’1!2

[ Mote thut we have three equations, (1), (2], (3, from which (o eliminate the (wo

Substituting from equations (3), (2}, (1)
1
Y _¥ .

at  a
Therefore the locus is y* = 2a{x — 4a),

Example 9 Show that the equation of the normal to the parabola y* = dax at the
point (ar?, 2ar) is

y 4 tx=2at +ar’

]
The normal at a point Plap®, 2ap) meets the x-axis al G, Find the coordinates
of the point G. H is the point on PG produced, such thar PG =GH, find
the coordinates of H in terms of p and show that H lies on the parabola

y? = daix — 4a).
The gradient of the parabola at the point (at®, 2at) is given by
dy dy /d.:: _2a 1

dx di|di 2t .
Hence the gradient of the normal 1s —t, and consequently the equation of the !
normal at the point (at®, 2at) is -

¥ +tx=2at +ar’

The equation of the normal at the point (ap®, 2ap) is
¥+ px=2ap +ap’

and we obtain the x-coordinate of G (see Fig. 9.4.) by putting y = 0. Therefore [
at G

px =2ap + ap’

Hence G is the point (2a + ap®, 0). |
Let H be the point (X, ¥), then since G is the mid-point of PH,

Hap® + X)=2a + ap®
,','ﬂpz+x-4ﬂ | 2-:[:!:

X =4da+ap? (1)
Similarly,
42ap + ) =0
So2ap+ Y =0
s ¥Y==2ap (2)




-

H{X. ¥)

Figure 9.4

Hence H is the point (4a + ap?, —2ap),
Eliminating p from equations (1) and (2) gives
}r 2
X=da+4 g ( - —)
2a
Y.!

=dg+—
+4tl

S Y =4a(X — 4q)
Hence the point H lies on the curve y? i
ith ; ¥* =4alx — 4a), Thi :
parabola, with its vertex at (4a, O), ) 5 15 the equation of a

Example 10 A variable tangent Is drawn to
_ the parabola v¢ = 4ax.
perpendicular from the vertex meets the tangent at P, find the I'-:i‘us af P L
Let the variable tangent be
X=ty+at*=0
Then the perpendicular from the vertex {0, 0) is
x+y=0

(1}

: (2)
Plx, y) satisfies equations (1), (2) so that the locus of P may be found by

eliminuting ¢ from these equations. [ Note that it is sot necessary Lo solve them to
find the coordinates of P in terms of 1]

From (2}, t = — y/x. Substituting in (1),

M 2
J|:+y—+a‘p—3=ﬂ
x x

So the locus of P is x* + xy* + ay® =0.

Exercise 9b

1 Show that the equation x2 + 4x — 8y — 4 =0 represents a parabola whose
focus is at (—2, 1). Find the equation of the tangent at the vertex.

2 Prove that x=3t* + 1 and y =4(3t + 1) are the parametric equations of a
parabola and find its vertex and the length of the lotus rectum.

3 Find the focus of the parabola y=2x* 4+ 3x —5. '

4 Prove that the line y =mx -+ 3m + 1/m touches the parabola y* =4x 43
whatever the value of m.

5 If ax + by + ¢ = 0 touches the parabola x* = 4y, find an equation connecting
a, b, ¢

6 A parabola, symmetrical about the axis of v, passes through the points (1, 3)
and (2, 0). Find its equation and that of the tangent at (1, 3).

7 Prove that the circles which are drawn on a focal chord of a parabola as
diameter touch the directrix.

8 A variable chord of the parabola y* = dax has a fixed gradient k. Find the
locus of the mid-point.

9 A chord of the parabola y* = 4ax is drawn to pass through the point { —a, 0).
Find the locus of the point of intersection of the tangents at the ends of the
chord.

10 The difference of the ordinates of two points on the parabola y* = dax is
constant and equal to k. Find the locus of the point of intersection of the
langents at the two points.

11 Find the locus of the mid-points of focal chords of the parabola y* = 4ax.

12 The tangent al any point P of the parabola y* = dax meets the tangent at the
veriex at the point (). 5 is the focus and 5O meets the line through P parallel
1o the tangent at the vertex at the point R. Find the locus of R,

13 Show that y = ax® + bx + c is the equation of a parabola. Find its focus and
directrix,

14 Two tangents to the parabola y* = 4ax pass through the point (x,, y;). Find
the cquation of their chord of contact.

15 Find the points of contact on the parabola of the tangents common Lo the
circle (x — a)® + y* = 4a* and the parabola y* = dax. [Start by writing down
the equation of the tangent at (at, 2at).]

16 The normal at the point P of the parabola y* = dax meets the curve again
al Q). The circle on PO as diameter goes through the vertex. Find the
x-coordinate of P.




17 Prove that rays of Hght parallel to the axis of o parabolic mirror are reflected
through the focus.

18 A variable chord of the parabola ¥ = dax passes through the point (h, k).
Find the locus of the orthocenire of the triangle formed by the chord and the
tangents at the two ends, .

19 A tangent to the parabola y* = dax meets the parabola y* = 8ax at P, Q.
Find the locus of the mid-point of PQ.

20 Find the locus of the mid-point of a variable chord through the point (a, 2a)
of the parabola y* = dax.

The ellipse
94 An ellipse was defined al the beginning of this chapter. Given a fixed point

S, the focus, and a fixed line, the directrix, if P is a point on the locus and M is the
foot of the perpendicular from I on to the dircetrix, then

sP
PM
¢ is called the eccentricity of the ellipse.

=g (e<l)

Qu. 7 On a sheet of squared paper, rule the directrix along one line near the
edge, take the focus 2.7 em in and plot an ellipse with a pair of compasses, taking
¢ =4/5 Measure the width of the ellipse parallel and perpendicular to the
directrix.

L Y
Fix vl
L8 P
s Ja N 1
o, 0 . 0] Ce 1)
directnx

Figure 9.5

The result of Qu. 7 should be like the ellipse in Fig. 9.5, only larger. It follows
from the definition that an ellipse is symmetrical about the line through S
perpendicular to the directrix, so we take the x-axis along this axis of symmetry.
Let the x-axis cut the ellipse in A', A, as shown in Fig. 9.5. It appears from our
drawing that there may be an axis of symmetry parallel to the directrix, so we

shall take the y-uxis passing through the mid-point of A'A, parallel to the

directrix, )
Let A be (a, 0) so that A’ is (—a, 0% let S be (s, 0) and let the x-axis cut the

directrix at N(n, (). We shall now find s. n in terms of a, e.
A’, A lie on the ellipse and so, by the definition of the locus,
SA’ SA
N and an e
Hence

a+s=eln+a)
i —s=eln—a)

Adding,
2a=2en Son=

m R

Subiracting,
25 =2ae Ls=ue

Therefore § is the point (ae, 0) and the equation of the directrix is x = a/e.
To find the equation of the ellipse, let P{x, y) be any point on the locus, then

o,
PM
o SP2=¢'PM?

But 5P =(x —ae)* + y*, and PM =a/e — x.
a 2
{x—ae}z+}f1=e2(;—x)

o x? o Jaex + ate? + yP = a® —2aex + e*x?
SoaXl—et) 4+ i =a¥{1—¢')

r 2

x y
s e A |
e Sl T

Therefore the equation of the ellipse is
ey
Ztr=

Note that we have also found that the focus S is (ae, 0) and the directrix is

% —ale; but since the equation of the ellipse is unaltered hy replacing
% by —x, it follows that there is another focus (—ae, 0) and another directrix

x = —u/e. Henee
the foci are (ae, 0) and (—ae, 0)

1 where b =a'(1—¢%

a
thedimh-inesm.t=s and x=—;




The nxes of symmetry meet ut (he centre of the ellipse. Any chord passing
through the centre s called o dlameter,

The diameter through the foci is the major axis and the perpendiculur
diameter is called the minor axis.

Qu. 8 Show that the lengths of the axes are 2a, 2b.

Qu. 9  Find the length of the semi-axes of the ellipse x%/16 + y*/9= 1.
Qu. 10 Find the eccentricity of the ellipse x/25 + /16 = 1 /4.

Qu. 11 Find the foci of the ellipse x* + 4y* =96.

Parametric coordinates for an ellipse
95 When dealing with an ellipse

¥
=1

working is generally made easier by using a parameter, but the guestion arises of
what parameter to use. Now an equation in the form

( P+ P=1
suggesis the identity

2
F+

cos? @ +sinif=1
Thus, if we write x = a cos #}, y = b sin #, the equation

A

s

will always be satisfied. We therefore take as a general point on the ellipse
{(a cos 8, b sin )

# is called the eccentric angle of the point.
In Book 1, §22.5, we saw that the parameter # for a circle in

xZ 4

=l

x=gcosf, y=asginl

could be interpreted in terms of an angle. This is not so simple for an ellipse but
it will now be done.

In Fig. 9.6, P is the point (a cos #, b sin @) on the ellipse x*/a* + y*/b* =1 and
P is a point on the circle x* 4+ v* = ¢® (called the auxiliary circle) such that OP
makes an angle # with Ox, Since P, P’ have the same x-coordinate, a cos 6, PP is
perpendicular to the major axis of the ellipse. Thercfore the eccentric angle @ of
any point P may be found as follows: draw the ordinate of P to meet the
auxiliary circle at P', join P’ to the origin, then OP' makes an angle # with the
positive x-axis.

Qu. 12 Show how to obtain the y-coordinate of the point (a cos @, b sin §)
from a circle of radios b. Draw two concentric circles and hence plot an ellipse,

Figure 9.6
xz Fl
Example 11 Find the equation of the tangent to the ellipse F+b_3=l at

{a cos 8, b sin f).

. dy _dy [dx
The gradwnta-ﬁldﬂ.
x=daeos b, y="hsind
.4y bheosd
““dx —asinf

Therefore the equation of the tangent is
heosfx +asin® y=hcos# xacosf +asint xbsind
. hx cos B + ay sin 6 = ab{cos®  + sin® )
Therefore the tangent is
bxcosf 4 aysint —ab=10
*Qu.13 Show that the equation of the normal to the ellipse X*fa*+y B =1at
{a cos B, b sin t) is
ar sin # — by cos § — (a® — b*)sin fcos 0 =10
If the general point on the curve is taken to be (x;, yq). it is frequently
necessary o bring in the extra equation
2 2
This is why working is usually casier when parameters are used.



*Qu. 14 Show that the equation of the tangent ol (x;, v to the ollipse

j’ yl
et SR R |
v
is
£X;  ¥¥
@ !

Verify that this gives the equation found in Example 11 for the tangent at
(@ cos @i, bsin #).

Example 12 Find the equation of the chord of the ellipse

x]. 2

at !
Joining the points whose eecentric angles are B, .

The ends of the chord are (@ cos 0, b sin #), (a cos ¢, b sin @), therefore the
gradient of the chord is

bsinfl—bsing  2bcos }0 + ¢) sin {0 — ¢)
acos@—acos¢ —2asin HP+ $)sin 40— P)
__b:osﬂﬂ'+¢}
T asindb+q)
Therefore the equation of the chord is

beos i + @) x + asin {0 +¢)
= b cos {0 + ¢) % a cos 0 +asin () + ) x b sin #

R.H.S. = ab{cos 4(0 + ¢) cos 0 + sin 4{6 + ¢) sin 1}
= ab cos [HO+ ¢)—0)
= ab cos Yo — )
= ab cos {f — o)
Therefore the equation of the chord is

bx cos }(0+ @) + ay sin 4O + ¢) — ab cos KO — ¢y =0

*Qu. 15 Show, by putting ¢ =, that the equation of the chord approaches the
equation of the tangent at & as ¢ — 8. '

Example 13 A rangent to the ellipse
xt
" - e 1

at the point P meets the minor axis at L. If the normal at P meets the major axis at
M, find the locus of the mid-point of LM,

Let P be the point (@ cos f, bsin @), then the tangent at P has equation

bx cos @ + ay sin | — ab =0

b
This meets the minor axis x =0 at L (I]. Em—ﬂ)
The normal at P is

ax sin @ — by cos # —{a* = b*)sinfcos =0
2 2

. a
This meets the major axis y =0 at M ( =

cos , ﬂ)‘
The mid-point of LM is given by
a* —b* g _ b
o Y= 3sin6
@ can be eliminated from these equations by means of the identity

G

costf +sinffi=1

Therefore the locus of the mid-point of LM is
z A
2ax 4 o i |
at—b? 2y

Exercise 9¢

1 Find the foci and directrices of the ellipse
(a) 4x1+9y2 =36, (b) x?+16y7 =25
2 Write down the equation of the tangent to

Xy ‘
{ﬂ]'-g—+?=1 at (3cosf,2sin0),

(b) 9x* + 16y* =25 at (L, 1).

3 Find the equation of the normal to
(a) Ox* + 16y =25 at (1,1),

¥ 42=9  at (1,=2) _

4 (:]pnint moves so that its distance from (3, 2) is hall its distance fmm‘thn hII‘J.E
2x 4 3y = 1. Why is the locus an ellipse? Find the equation of the major axis.

5 P is any point on an ellipse; S, 8" are the foci. Prove dircctly from the focus-
directrix definition of the ellipse that SP + S'P = 2a, where 2a is the length of
the major axis. :

6 Tind the relation between the eccentric angles of the points which are at the
ends of a focal chord. ,

7 Prove that the chord joining points of an ellipse whose eccentric angles
are (z + fi), (x — §) is parallel to the tangent at the point whose eccentric angle
is a

8§ Find the equation of the tangent to the ellipse x*/a* + y}/b* = 1 at the end of
the latus rectum which lies in the first quadrant.




9 The tangent it P Lo an ellipse meets o directrix ul Q. Prove that lines joining
the corresponding locus to P and ©Q are perpendicular,

10 Find the coordinates of the point of intersection of the tangents to the ellipse
xfa® + y*/b* = | al the points whose eccentric angles are 0, ¢.

11 Pis any point on an ellipse and 5, §' are the foci. Prove thal the normal at P
biszcts the angle S'PS.

12 Find the locus of the mid-point of the line joining the focus (ae, 0) Lo any
point on the ellipse x*/a® + y*/b% = 1.

13 The eccentric angles of two points P, Q differ by a constant k. Find the locus
of the mid-point of P,

14 The normal at the point (a cos &, b sin #) on the ellipse x*/a® + y*/b? = |
meets the axes at L, M. Find the locus of the mid-point of LM,

15 A variable tangent to the ellipse x*/a® + y*/b* = | meets the axes at R, S.
Find the locus of the mid-point of RS,

16 Prove that the tangents to the ellipse x*/a® 4 y*/b* =1 at points whose
eccentric angles differ by a right angle meet on a concentric ellipse and find
its equation,

17 Prove that perpendicular tangents to the ellipse x*/a® + y*/b* = | meet on
the circle x* + y* = a® + b? (called the director circle).

18 The tangents to the ellipse x*/a*+ y*/b* =1 at P, Q mesat at the point
{x;. v;). Show that the equation of the chord of contact PQ is

[Use the results of No. 10 and Example 12.]

Further examples on the ellipse
96 Example 14 Find the condition that the line y = mx + ¢ should touch the
xR
llipse =+ 5= 1.
ellipse e + %)
The equation of any tangent to the ellipse may be written
bxcast+aysinf —ab=10

Let this equation represent the same tangent as the given line which we shall
write as

mx—y+c=0
Comparing coefficients,

beosl asinf?  —ab
m —1 ©

But cos? 4 uin® 1 = |,

L amt ¥
L L"i f:

Therefore y = mx + ¢ touches the ellipse if

I.‘: - qzmz +5I

Qu. 16 Work Example 14 by eliminating y between the two equations and

* writing down the condition that the resulting quadratic in x should have equal

roOLs.
PE
Example 15 Prove that perpendicular tangenis io the ellipse 3 + 5 =1 meet
on a circle and find its equation.
From Example 14 we see that the equation of a general tangent to the ellipse
may be written

F=m+fﬂimz+&1]m
Soly—mx) =a’m? + B
comixt—a) = 2xym 4y — b =0 (n

If (x, ) is a point of intersection of two perpendicular tangents to the ellipse, we

may regard equadon (1) as a guadialic eyuation for m, the gradicni of the

{angents. Since the tangents arc perpendicular the product of the roots of the
equation is — 1,

3 . S
.--x!_a]_

=P =a-x

" Therefore the equation of the locus is

x4yr=a’+ b
This is called the director circle of the ellipse.

Example 16 A variable straight line with constant gradient m meets the ellipse

X

T N

P
at Q, R. Find the locus of P, the mid-point of QR.

Let the equation of the line be

y=mx+c (1

To find the coordinates of Q, R, we would solve the equation of the line and the




equation of the ellipse
bix? + aly! = a¥p?
simultanecusly:
b x4 @*(m*x® 4+ 2mxe + ) —abr =0
x*b* + a*m?) + 2a*mex + a¥c? —a?h? =0
The x-coordinates of Q, R, say x,, x,, are the roots of this equation. But if P is
the point (X, ¥),
X =3x, +x3)
X @
Now the coordinates of P satisfy equation (1), so
Y=mX +c¢ (3)

Therefore we may find the locus of P by eliminating ¢ between the equations (2),
(3). Substituting

c=Y—-—mX
in equation (2) rearranged as
X(b? + a*m?) = — é*mc
we obiain

X +a'm*) = — a’m(Y— mX)
Therefore the locus of P is

bx 4+ a*my=0
which is a diameter of the ellipse.

Exercise 9d

1 Write down the equations of the tangents to
(a) x*/4+y*9=1 with gradient 2,
(b) x* +3y* =3 with gradient —1,
{c} 4x* +9y* =144 with gradient 4.
2 Without solving the equations completely, find the coordinates of the mid-
points of the chords formed by the intersection of
fa) x—y—1=0 and x%9+y'4=1,
{b) 10x—5y+6=0 and 4x*+ 5y* =20,
fc) 2x+3y—4=0 and *=%x
3 Prove that the line x — 2y + 10 =0 touches the ellipse 9x* + 64y° = 576.
4 Find the equations of the tangents to the ellipse x* 4 4)* = 4 which are
perpendicular to the line 2x — 3y = 1.

5 The line y = x < ¢ touches the ellipse 9x* + 16y* = 144, Find the value of ¢
and the coordinates of the point of contact.

6 Find the condition for the line y = mx + ¢ 1o cut the ellipse x*/a’ + y* b = |
in two distinct points.

7 The line y = mx + ¢ touches the ellipse x*/a® +y*/b* = 1.

Prove that the foot of the perpendicular from a focus on to this line lies on

the auxiliary circle x? + y* =a*

8 Find the locus of the foot of the perpendicular from the centre of the ellipse

x*fa® + y3/b® =1 on to any tangent.
9 Find the equation of the normal at the point (x;, y;) on the ::Ihpsr:
Vet + R =1.

10 Find the coordinates of the mid-point of the chord formed by the intersec-
tion of
{a) y=mx+¢ and Bb*x*+a*y?=a’h?,
(b) Ix+my+n=0 and )*=4ax

11 Find the e:quatmn of the diameter bisecting the chord 3x + 2y =1 of the
ellipse 4x? + 9y =16,

12 Find the equation of the Imn: with gradient m passing thruugh the focus (ae, 0)
of the ellipse b*x* + a’y* = a’b.

If the line meets the ellipse in P, Q, find the coordinates of the mid-point of

PO and show that they satisiy the equation

almy+bx=0

Ry suhstituting the value of m obtained from this equation into the
equation of PQ, find the locus of the mid-point of PQ.

13 A variable line passes through the point {4, 0). Find the locus of the mid-
point of the chord formed by the intersection of this line and the ellipse
bix? 4 aty? = a?b?,

14 Find the locus of points from which the tangents to the ellipse

EJ‘!II +'“1.F: - azh:
are inclined at 45°,

15 Lines of gradient m are drawn to cut the ellipse b*x* + a*y* =a'b*

Prove that the mid-points of the chords so formed lie on a straight line
through the origin with gradient —b*/{a’m). Deduce the equation of the
chord whose mid-point is (h, k).

16 Show that a general tangent to the circle x* + y* —a® =0 may be written

y=mxta/(1+m?)

A variable tangent to the circle x?+y? —a®*=0 meets the ellipse

b*x? +a*y* =a*b® (b = a)t aL P, Q. Find the locus of the mid-point of PQ.

17 A variable tangent to the ellipse b*x? 4 a%y* = a*h* meets the parabola
yr=4ax at L, M. Find the locus of the mid-point of LM.

1The major axis lies along the y-ans.



I8 The chord of contact of the point (x,, ;) with respect to the ellipse

..IJ Ipl

atyr!
cuts the axes at L, M. If the locus of the mid-point of LM 4 the circle
x* + y* = |, find the locus of (x, y,). [Use the result of Exercise 9¢, No. 18.]

The hyperbola

9.7 In §9.4, certain results were obtained for the ellipse. The working is so
similar for the hyperbola that it is left to the reader to obtain the corresponding
results. Starting with the focus—directrix definition with e > 1 the reader should
work through the following questions.

Qu. 17 On a sheet of squared paper, rule the directrix along one line near the
middle, take the focus 4 cm out towards the nearer edge and plot part of a
hyperbola (there are two branches of it) taking e = 2.

Qu. 18 Show that, with suitable choice of axes, the equation of a hyperbola
may be written

xt g

ik
where b =a¥(e’ 1),
the foci are (ae, 0) and (—ae 0),
and the directrices x= E and x=— g.

Qu. 19 Show that any point on the hyperbola x%/a* — y*/b* =1 may be
written

{a sec B, b tan 0)
Qu 20 Show that at {(a sec 8, b tan §) on the hyperbola
2y
at b
the equation of the tangent is
bx—aysinf—abcos =10
and the equation of the normal is
axsin @ + by — (a* + b*) tan 8 =10
Qu. 21 Show that the equation of the tangent at (x,, y,) to the hyperbola
et —yibi=11is
=P,
PO S

Show that the equation of the tangent in Qu. 20 may be deduced from this.

=1

Asymptotes to a hyperbola
98  Example 17  Find ¢ in terms of a, b, m if y=mx +¢ is a tangeni to the

2 z
hyperbola x—z e {=
o

b
Solving the two equations simultaneously,
b]_xl - HZyI o ﬂz‘i}l
Sobit — a¥m?x? 4 2mex e — albi =0
X3 — a*m) — 2aPmex — a¥(b? + ¢?) = 0 (1)
The line is a tangent if and only if this equation has equal roots,
Le. if and only if (—2a’me)’ = —4(b? — a?m¥ja?(p? +¢9)
a*m*e? = —(b* — a?m)b? + %)
a*mipel = — bt Bt +a2m!b2 i ﬂ1mzc;
b?e? = a*mipt — p*
Therefore y = mx + ¢ is a tangent to the hyperbola if and only if
cd =a*m® — 2
[Compare the method of Example 14, §9.6.]
In Example 17, the value of x at the point of contact is given b
the roots of equation (1) since the roois are equal, FIoA SR e of
a’me
=P
a’m: fll[a*m3 —-b?
a’m® — p?

Therefore, at the point of contact,

=F

z
am
o W

J[almi— bxj'
Hence as m— 1 h/a, x— oo and, since ¢* = a®m? — b2, ¢ 0, so that

b
¥=r—-x
a
may be regarded as the limit of a tangent to the hyperbola as the point of contact
tends to infinity.
One way of remembering the equation of the asymptotes
3 52
X T

PEENT

is that, when x, y are very large, terms other than those of the hi t
be neglected in comparison. i




The rectangular hyperbola

99 There is a special case of the hyperbola which has inleresting properties
and so receives special attention, A rectangular hyperbola is one whose
asymptotes are perpendicular. The asymplotes of .

L b

F_F::l are }"=:|_'EI

and these are perpendicular when

<
a ia

that is when b =a. Hence
ri—ypi=a®

represents a rectangular hyperbola and its asymptotes are
x—y=0, x4+ y=10

The fact that the asymptotes are perpendicular enables us to write the
equation of the rectangular hyperbola in a very simple way. Let (x, y) be any
point on the curve in Fig. 9.7, then

D
Mote that this equation can be written

(x — ¥Xx +))=a* (1

Figure 9.7

- (see Fig 9.8)

¥
=

Figure 9.8

t'l:mpped on to point (X, ¥), where
X (msﬁ“ —sinﬂtﬁ")(x
¥) \sin45®  cosa5°/\y
_ 1 f1 -1\ (x
JRNZAC R VAV
1 (x—
2 \x+y

=2 L

HﬂnQ:X:\u{x—p}and Y=J2{x+}r],iic.,

(2 —=2X amd (xa+))=.2VF
_g_&hslituting these expressions into equation (1) gives

2XY =4
C XY =14

i 4 e

11 we rotate the plune through 45" the asymptotes will coincide with the axes
(remember that under such transformations we always regard the axes as fixed),
the two branches of the hyperbola will then oceupy the first and third quadrants

Using the matrix method described in Book 1, §11.7 (d), the point (x, ¥) will be

Hence, with the rectangular hyperbola in its new position, any point on the




curve with coordinutes (x, v) satislies the equation

|
=t ol =
xy=¢ where ¢ JI“

The eccentricity of x* — y* =a® is given by a® = a*{¢* — 1) from” which we
find that e=,/2 and hence the foci are (+./24, 0L Now a= /e so the
foci of xy=¢" are on the major axis at a distance 2¢ from the centre

(see Fig. 9.8). Therefore the coordinates of the foei of xy = ¢? are (\/2¢, ,/2c) and
{_' \,‘rlﬂ'\u = \.‘IIIE}‘

The reader should now work through the following guestions which contain
very important results for problems on the rectangular hyperbola.

Qu. 22 Show that any point on the rectangular hyperbola xy =c® may be
represented by -

(+3)

't

Qu. 23 Show that the gradient of the hyperbola at (ct, ¢/1) is
1

il

Show also thal the equation of the tangent is
x4y —2ct=0

and that the equation of the normal is

Pfx—y—et’+ ? =0
Qu. 24 Show that the gradient of the chord joining the points (ety, eft)),

{et5, ¢ft;) on the hyperbola xy = ¢? is
1

1,1
and that the equation of the chord is
X+t y—ct; + 1) =0

Qu. 25  Verily that the equation of the chord in Qu. 24 becomes the equation of
the tangent in Qu. 23 when {;, =1, =1.

Further examples on the hyperbola

9.10 The following examples do not illustrate any new principles but rather
serve to show that the same methods that were used for problems aboutl the
ellipse may also be used in connection with the hyperbola.

Example 18 A tangent to a hyperbola at P meets a directrix at Q. If § is the
corresponding focts, prove that PO subtends a right angle at S. (Fig. 9.9.)

4 4

e AP
at b

P

Let I be the point (o see #, b tan & on the t.urpurl'mln

a-sec Mo ran @)

.

! directnix
;F‘igure 98

The tangent at P is
bx —aysinf —abcos =0

Sfae, i

This meets the directrix x = a/e at a point given by

?—nysinﬂ—abmsﬁ=ﬂ

Bl —ecosd)
e

0 ia(E Bl —e ms-ﬂ})

Loysing=

e ¢ sin f!
‘Therefore the gradient of QS
bil —e cos )
esingd bl —ecost)
a " ail —e*)sind

e
The gradient of PS

s btanf#  bsind
* asecH—ae a{l —ecosh)

i
: |




curve with eoordinates (x, v) satisfies the equation
ay=e where ¢ = .\,-'IE a

The eccentricily of x? — y*=a? is given by a = a*(e’ —1) from which we
find that ¢= /2 and hence the foci are [j:,,.f'lu, 0), MNow u=\j2£'. 50 the
foci of xy=¢" are on the major axis at a distance 2¢ from the centre
(see Fig. 9.8). Therefore the coordinates of the foci of xy = ¢* are (/2¢, ,/2¢) and
(=2, —/20)

The reader should now work through the following questions which contain
very important results for problems on the rectangular hyperbola.

Qu. 22 Show that any point on the rectangular hyperbola xy=c¢* may be
represented by -

=)

Qu. 23 Show that the gradient of the hyperbola at (or, ¢/1) is
1
P
Show also that the equation of the tangent is
£y =20t =0

and that the equation of the normal is
¢
i‘zx—y—ﬂ3+;=ll

Qu. 24 Show that the gradient of the chord joining the points (cty, ¢/t
(cts, ¢/ts) on the hyperbola xy =¢* is
1
‘1‘3

and that the eguation of the chord is
r+nLy—ct+1)=0

Qu. 25 Verify that the eqguation of the chord in Qu. 24 becomes the equation of
the tangent in Qu. 23 when 1, =t, =t.

Further examples on the hyperbola

9.10 The following examples do not illustrate any new principles but rather
serve to show that the same methods that were used for problems about the
ellipse may also be used in connection with the hyperbola,

Example 18 A rangent to a hyperbola at P meets a directrix at Q. If' S is the
corresponding focus, prove that PQ subtends a right angle at 5. (Fig. 9.9,)

Lot P be the point (¢ sec ¢, b tan @) on the hyperbola

s A

\

I directrin

?‘igure 2.9

~ The tangent at P is
|

bx —aysinfd—abcos =0

is meets the directrix x = a/e at a point given by
ha ;
— —aysinf! —abcos #=0
[ -2

bl —ecos )
e

) mg(_a bil —e-:mﬁ'})

Joysinf=

e esin #

erefore the gradient of QS

bl — e cos i)
esin f b1 —e cos )
my = - g T
- ufl = e*)sin
e
p‘hegradaemorps
btan @ b sin @

m:=asecﬁ—_'ae:a{l—-ecusﬂl




H ol bl = ¢ cos @) brsin #
gl =— »
A all —efysinll  all — e cos )
[
=g =1
a“{1 —e’)

since b = a*(e? — 1), (See §9.7.)
Therefore SQ and SP are perpendicular and so PQ subtends a right angle
at 8.

Example 19 S is a focus of the hyperbola

xI },2

—L =

at b
and P is the foot of the perpendicular from 8 on to a variable tangent. Find the locus
o F.

y=mx + (a*m® — b*)'2 (n
is the equation of a general tangent to the hyperbola.

x+my—ae=10 (2)

is the equation of the perpendicular from S to the tangent.
The coordinates of P satisfy equations (1) and (2), and so we may find the
locus by eliminating m between these equations,

From (1),

¥ =2mxy + m*xt =a’m? — b*
From (2),

m'y* + Zmxy + x* = a%¢?
Adding,

¥+ mY) + 2+ m?) = a*m? — b + a?
RHS.=am* +a® since b*=a¥e?—1)

SO L m?) + x4 m?) = a1+ m?)

Therefore the locus of P is x* + y* = a?, which is the auxiliary circle,

Example 20 PQ is a chord of the rectangular hyperbola xy = ¢* and R is its mid-
point, If POY has a canstant length k, find the locus of B.

Let P be (cp, ¢/p) and Q be (cg. c/g). Then, if R is (x, y),
x=4elp +q) i

_dp+a)

2 i)

¥

Since the length of PO s given to be k,
PQ* = (cp - cq)® + ('—' - {)- =k
P 4

3 —ip)’
Lo p— g+t {qpxq!;_ =k

= a1+ ) = KpPg )
From (1) and (2}, p+ g =2x/c and pg = x/y.
Now (p— q)* =(p + q)* — 4pq. so that (3) becomes
c*{lp+a)* —4pal(l +p*e®) = kp’q?
Substituting for p+ g and pg,

42" 4 x? z7
T Rwe
fl ¥ }'I] }IJ

2
(411 - %) (7 + x*) = k?x*?

Therefore the locus of P is 4{xy — e%)x* 4 y*) = k*xy.

Exercise 9e

I P is any point on the rectangular hyperbola xy =c¢? Show that the line
joining P to the centre, and the tangent at P, are equally inclined to the
asymplotes.

2 P is any point on the hyperbola x?/a* — y*/b* = | and Q is the point (a, b).
Find the locus of the point dividing PQ in the ratio 2:1.

3 Prove that the product of the lengths of the perpendiculars from any point of
a hyperbola to its asymptotes is constant.

4 The normal at any point of a hyperbola meets the axes at E, F. Find the locus
of the mid-point of EF.

5 Find the coordinates of the point at which the normal at (ct, ¢/t) meets the
rectangular hyperbola xy = ¢? again.

6 Any tangent to the rectangular hyperbola xy = ¢* meets the asymptotes at L
and M. Find the locus of the mid-point of LM,

7 The normal at any point on the hyperbola xy = ¢* meets the x-axis at A, and
the tangent meets the y-axis at B, Find the locus of the mid-point of AB,

8 Find the cquation of the chord of the hyperbola xy — ¢ whose mid-point is
(x4 ¥y

9 Show that, in general, four normals can be drawn from any peint to the
rectangular hyperbola xy =

10 The normal at any point P of the rectangular hyperbola xy = ¢* meets the
y-axis at A, and the tangent meets the x-axis at B. Find the coordinates of the
fourth vertex @@ of the rectangle APBQ in terms of ¢, the parameter of P.



1 Find the locus of the foot of the perpendicular from the origin on (o o
tangent 1o the rectungular hyperbola xy = ¢!,

12 Find the condition that the line Ix + my + 1 = 0 should touch the rectangular
hyperbola xy = ¢

13 Prove that the locus of middie points of parallel chords of the rectangular
hyperbola xy = ¢* is a diameter.

14 Find the locus of the point of intersection of perpendicular tangents (o the
hyperbola x%/a® — /b2 = 1.

15 Find the locus of the foot of the perpendicular from the origin to a tangent of
the hyperbola x?/a® — y3/b* = 1.

16 PQ is a variable chord of the hyperbola x%/a® — y*/b® =1 with constant
gradient m,. Show that the locus of the mid-point of P(Q) is a diameter with
gradient m, such that m,m, = b*/a’.

17 The chord AB of 2 hyperbola meets the asymptotes at M, N, Prove that
AM = BN, [Show thal AB and MN have the same mid-point. ]

18 Find the equation of the chord joining the points (asec#, btand),
(@ sec ¢, b tan ) on the hyperbola x¥/a? — /b = L.

19 The tangent at any point P on the hyperbola x*/a* — y*/b* = 1 meets the
asymptotes at Q and Q. Prove that PQ =PQ".

20 P, R are three points on a rectangular hyperbola such that PO} subiends a
right angle at R, Show that PQ s perpendicular to the tangent at R,

Exercise 9 (Miscellaneous)

1 The distance between the foci of an ellipse is 8 and between the directrices is
18. Find its equation in the simplest form.

2 R, 5 are two fixed poinis a distance 5 units apart and the point P moves so
that PR + PS5 is constant and equal to 12 units. Find the locus of P.

3 Pisany point on a parabola and § is the focus. Prove that the circle on 8P as
diameter touches the tangent at the vertex.

4 The equation of a parabola is y* =12x— 12. Find the equations of the
straight lines that pass through the origin and cut the parabola where x = 4.
Find also the equations of the tangents to the parabola that are parallel to
these lines,

5 Show that the line 3y — 4x = 25 touches the cllipse x?/25 + y*/9 = 1 and find
the equation of the normal to the ellipse at the point of contact. What is the
eccentricity of the ellipse?

6 Find the equations of the tangents to the hyperbola 3x® — 4y? = 1 which
make equal angles with the axes.

7 The perpendiculars from the foci of the hyperbola b?x? — a?y? — &®b® on'to
any tangent are of length p,, p;. Prove that |p,p:| = #%

8 The gradients of the tangents to the parabola y* = 4ax and the rectangular
hyperbola xy = ¢ at the point at which they cut are m, and m, respectively.
Prove that m; = —2m,.

9 Find the coordinates of the mid-point of the chord x+y—1=0 of the
parabola ¥* = 6x.

B s e i . e ckeiad

=

1 Show that the equation 2x® 4 p* = 6y represents an ellipse with eccentriclty
b/2. Find the coordinates of the centre and the length of the minor axis,

1 Show that x* +4x — By — 4 =10 represents o parabola whose focus is al
{—2, 1) Find the equation of the tangent at the vertex.

12 A man stands on a ladder which rests on smooth horizontal ground against
a smooth vertical wall. Prove that his feet will describe part of an ellipse as
the ladder falls.

13 Find the eccentricity and focus of the curve y* —4y + 2x + 2 =0 and write
down the equations of the tangent and normal at the point (4, 1).

14 P {a sec 0, b tan f) is any point on the hyperbola x*/a* — y*/b* =1 and N is
the foot of the perpendicular from P to the x-axis. NT is drawn to touch the
auxiliary circle at T. Prove that the line joining T to the centre of the circle
makes an angle with the x-axis equal to f.

IS Show that, if the chord joining the points P{ap®, 2ap), Qlag®, 2aq) on the
parabola y* = d4ax passes through (a, 0), then pg= —1.

Further, the tangent at P meets the line through Q parallel to the axis of
the parabola at R. Prove that the line x + o =0 bisects PR. 0 &C

16 Show that the tangent at the point P, with parameter r, on the curve x = ¢,
y=¢/t has the equation x + t%y = Zet
This tangent meets the x-axis in a point Q and the line through P parallel to
the x-axis cuts the y-axis in a point R. Show that, for any position of P on the
curve, QR is a tangent to the curve with parametric equations x=cf,
¥ =c¢/(20), (L)

17 The chord PQ of a parabola y* = dax, where P is the point (ap?, 2ap) and Q
is the point (ag®, 2ay) subtends an angle of 90° at the origin. Show that
g = —4.

As p varies:
{a) show that the tangents to the parabola at P and Q meet on a fixed
straight line and find the equation of this ling,
ib) show that the chord PQ) passes through a fixed point and find the
coordinates of this point. (L)
I8 Prove that the equation of the tangent to the ellipse

(a=0,b=0)

a1 the point P (a cos 0, b sin &) is % cos H+§ sin =1

The tangent at P meets the axes Ox and Oy at X and Y respectively. Find the
area of the triangle OXY,

The points A and B have coordinates (a, 0) and (0, b) respectively. Show
that the area of triangle APB is fab(cos 0 + sin # — 1),

Prove that, as ) varies in the interval 0 < § < 4, the area of the triangle
APB is a maximum when the tangent to the ellipse at P is parallel to AB.
Prove also that triangle OXY has its minimum area when triangle APB has
its maximum area. (C)




19 Find the equation of the tangent at the point (¢, o/t) on the rectangular
hyperbola xy = ¢, |
Tangents drawn from the point Rk, k) touch the hyperbola at poinis |
Plep, ¢/p) and Qleq, ¢/q). Find b and k in terms of p and g.
The mid-point M of the chord PQ is (xy, vyl :
(a) If R lies on the straight line y = mx, prove that M also lies on this line
(b) IfR lies on the rectangular hyperbola xy = ¢, prove that M also lies on
a certain rectangular hyperbola. State the least distance of M from the
origin. (O & )
20 If a particle is projected under gravity from a point on a level plane with
velocity ¥ at an angle of elevation . the range

e ¥2 sin 2z
g
and the greatest height
H = Visin g
2g

With axes through the point of projection, the equation of the parabolic
trajectory is
gx?

=xtang—————
* 2V cos® o

Ehow that this equation may be written
2V cos?

.

and determine the coordinates of the focus, and the equation of the directrix,

Chapter 10

Series for ¢” and In (1 + x)

Introduction

101 The expansion of functions of a variable as series has considerable
{heoretical and practical importance. There are some problems that are most
gnsily tackled by means of series, for instance estimating the value of the
constant e, and there are problems in science and engineering which have no
practicable solution except by series. Further, the development of computers has

gonsiderably added to the practical importance of approximate numerical

solutions to problems. So far in this book only the function (1 + x)° has been
expanded in a series and in this chapter two more [unctions. c* and In (1 + x) will

be considered.

The exponential series
10.2 The fundamental property of the function ¢* is that

a%lﬁ’] =E

If two assumptions are made:

(a) that ¢* can be expanded as a series of ascending powers uf_ x and
(b) that the nth derivative of such a series is the sum to infinity of the nth
derivatives of the individual terms,

it is easy to find the coefficients of the terms in the series.
Suppose thal

e =ag+ayx + @’ + maxt .. tax. {1

Differentiating (1) once. twice, and three times respeciively,

e = a, + 2ax + 3ax 4. +nax" o (2)
ef = 2a, + 3 % 2a;% + ... +nln— Dax""* + . (3)
e = 3x2a3+...+H[n—l}(rl—2}:i.x"_3’+... (4
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Dilferentinting (1) n times,

L |
e = nla, + ... (5)

MNow substituting x =0 in (1), (2), (3), (4), (5}

1 =a,
l=ua;
1'=2a;
1=3x2a,
l =nla,

Substituting the values we have just found for ag, a,. a,, a;, a, into equation (1),

n‘:’-I+.t+Jr—1+JF—JI »
3 3!+..-+H+.,.

This series is often denoted by exp x and it is valid for all values of x (sec below).
Qu.1  Write down the first four terms and the general terms in the expansions
of: (a) e, (b) e, (¢) ¢** in ascending powers of x; (d) '™, (e) " 1 in descending
powers of x.

Qu. 2 (Another method of proof) Find the coefficients of the terms in the
expansion of e* by equating coefficients in equations (1) and (2) above.

Alternatively, the expansion of e* can be obtained by integration. The
assumption is made that x"—0 as n— 2 when |x| < |. This has alrcady been
assumed in connection with infinite geometrical progressions (Book 1, §13.9).
Most readers, however, will prefer to leave this proof until the second reading, in
which case they should proceed to Example 1, p, 185.

Let the variable x lie in the range of values from 0 to ¢, where ¢ is any positive
constant, thus

lecx<g
MNow &” =],
Sl o
Integrating from 0 to x,
x=e*—l=xe
Again integrating from 0 to x,
Itce’ 1l —x<ix?e

Integrating a further n — 2 times,
xrr 2 Ll | L
= S S I .1
nl 2 (n—=100 !

When n— oo, x"/n! =0 (proved below),

e

_ i xl—l
..e‘—l—x—-i -...—["_”!—rﬂ

Therefore the difference between ¢* and the series

'l.'_+ " X
T n=1)

3

X
o ok

1+x+

approaches zero as n— oo,
x* x
..C‘I=!+I+E+...+;'! e
To prove the series for negative values of x, take

a<=<x=0
T e |

Integrating from x to 0,
—xe'< | —g'< —x
Again integrating from x to 0,

Ixlefce*— 1 —x<dx?

It is left to the reader to complete the proof.
Note that the expansion of ¢* is valid for all values of x. It is clear that exp x
must have a finite sum for any valuc of x, since it has been shown that the sum to

infinity is e*, which is finite.

To show that x"/n! -0 as n— =0, let u, =x7/r!

e e rt x

u, l[r+1]1xx'=r+1
Let k be the first integer greater than or equal to 2x, then il r=k,

mm—

xt 1 mk
.... H" = H(E)

But x*/k! is finite and ()" *—0 as n— oo, therefore x"/n! — 0 as n— oo,

LR {]'

gy 2 < (3 ety < (3" Moy

Example 1 Find the value of ¢ correct to four places of decimals.
Substituting x = | in the series for e,

1 l |
L T Forg o)
e _]+l+2!+3!+...+r!+.,.



The working (s shown, although reacers may prefer 1o use 100000
u caleulator, il nvailable. Each term in the serios, alter the 10000
first, is obtained from the previous one by dividing by 1, 2, 0, SO0O0
3...., 9.... respectively. The working has been taken to five 016667
places of decimals. The value obtained for e is 2.7183, correct  + (.04167
to four places of decimals. 0.00833
0.00139
0.00020

0LODD02 (5)
0.00000

271828

It can be shown that e is irrational, and it can also be shown that e is
transcendental, that is, e satisfies no algebraic equation in the form

o+ ax+ .o +ax"=0
where the coefficients a,, a,,....a, are integers.
Example2  Find the first four terms in the expansions in ascending powers of x af
{a) &' =¥, (b) &* ¥, giving the general term in (a).

(a) ¢! T =gl xe

okl 4 - ] S -
=e{l+{—x3}+{ %) +{ 3} +.,.+' xr+...}

2 k1] rl
SoelT® el —x? b het — A (= IFRF 4
e i
) & = =1 +(x—x8) + & 21“ & ;} Y.

=l4+x—x?+dxF - b+ T+
e E =1 e x =t

Example 3 Find the sum to infinity of the series

3x Sxt TN
S g Ea

1+2n

The general term is — " We aim to find terms in the form x"/r!, =0 the

general term is split up as
x" 1-1 X ¥
F x“ + 2x x ) n=1)

Therefore the series may be written:

.’ ..:.I .1'1
lfix+2xx1)4 (; +2_xx.~:)+(m 4 2% X 21-)1

2 _x.i- A "} J.'"

< w4 2 xi+"xx—+
b e BTl ks 3!

=e* + 2x e* =(1 + 2x)e*

Exercise 10a

| Use the expansion exp x to find the valuar: of (a) e, (b) 1/e, (c) /e, giving
your answers correct to four places of decimals.

In Nos. 2-10, expand the functions of x as far as the fourth non-zero terms and
give the general terms.

2e, 3 He) 4 (/e

et 6 1//(e"). 7 (14 x)e™.
3% e p2¥ tlx_;_ez:

Bl+2ge > 9° ;—-. 10 -—

Il Find the greatest terms in the expansion of e* when x = 10

In Nos. 12-15 expand the functions in ascending powers of x as far as the term

in x2,

-

e* 1—e
—_— 15 i
14+ x =1

§2. 05T, K i et 14

16 Find the limits of the following functions as x approaches zero.

—(1+x) o= — {1 +4x)'7? et +e -2
“ —(1+2x)’ b = e

Find the sums to infinity of the following series:

2x 3x 4x*
LRSS T
Ix  9x* 27X
Bl+s+at
2 xﬂ- ) L. = = - %
19 1+ TR} = 4+ ... [Start by writing down the series for ¢* and ¢ .
Y. il
20 X+3— 5. —t,




B i e e -
The logarithmic series dl

103 The geometrie series | —u+u® — 1 +.., has o sum to infinity (Book 1, 'E
§13.9) of 141 4 u). So we may write

LN} | —utad—ed + .,

l4+u
Assuming that the integral of the sum of an infinite series is the sum of the
integrals of its terms. integrate between 0 and x:

x] x]- x-l-

1 =x——p o T

n{l +x)=x 5 + 3 3
The nth term of the geometric series is (— 1 "w""! so that the mth term
of the logarithm series is (—1)"" 'x"/n. Since the geometric series only has
a sum if ju| <1, we should expect that the logarithmic series would be valid
when |x| < | but it can also be shown that the series has a sum when x — 1 {see
Exercise 10b, No, 25; see also Fig. 16.3, p- 316). Thus
3
x x7
—— (=1 g
3 +(—1) = +

i
s

1
1-u+x;|=.r_£1.+

provided —1 <x=1.
Note that if x is replaced by —x in this series,

provided —1 s x<1.

We can, however, prove the expansion of In (1 + x) without making the
assumption about integrating an infinite series which was made at the beginning
of this section. It is suggested that most readers should omit the following proof
on first reading and proceed to Fxample 4.

Consider the sum of n terms of the geometric progression

L—utut— . (=1 hpr =129
|l +u
I {‘_llnurr

.1,—21— 2‘_.”‘ == —Iurr-l
1 +u W +[ Ir + 1 +u

Integrating from 0 to x,
3

.1'1 X —lxﬂ:
I“{-l"'x}zx—i‘f?—“.ﬂ-{—lr ;.'-_R_“
whcn;

e
R'_J‘g I+h' d“-—{ l}-J‘ﬁ

e
clu
I14u

We now examine what happens to R, as n— oo,

Case 10 <ex e ) Consider the function A1 4 ), where u lies in the range
g u<x The least value of the denominator is 1, s0

1
0 — <
I 4+u

Integrating with respect to u from 0 to x,

A uﬂ x
< | u"du
D{L = du -[

i o
"L xatl
Hi

el = )
I1'.:r|+l |
| ’
"'R'I{n+] £i'1+l

Hence if 0 <x <1, R,~+0 as n— 0,
Case 22 —1 < x < 0, Consider the function (—1)"u"/(1 + u), where u lies in the
range x < u = 0. We now have
(=1 (= 1"
14+u | +x

0=

Integrating with respect to u from x to 0,

D{—irl-l" I:l{__lrrun
{J{J. itu ::lu-f:j; g du

x

_ (— 1pu I
SOOIk < | a1

sy JETPRES . 3
T B s | T R |

Hence if —1 < x <0 (but not for x=—1), R,—0 as n— .
Case 3 x = 0. Both sides of the expansion are zero. Therefore

o S o i
==t ¥ =, FET I
In{l +x)=x 1+3 [ =

provided —1 <x <1,

Example 4 Expand as series in ascending powers of x:
@ In2+x), () InE+x° (¢ n{x?—3x+2)

(@) In (2 + %) =In {201 +3x)
=ln2+In(l +3x)




Y | 1
(24 x)=ln2+4x- 'i:' de iy =) '{!:I o
‘a2 = Y v gt X
Sla24+x)= n-+2—H+.-.H y T

The expansion is valid if —1 <dx<l,ie il ~2<x=<2
(b) In(2+x)* =31In(2+ x).
Therefore, using the result of part (a),

3x It

1=3 e ol

In(24+x)"=3In2+ 3 2

The expansion is again valid if —2<x =2,
ic) In{x*—3x+2)=In{{1 —x)2—x)}

=n{l—x+In(2—x)

Ix®
B | [y
4 W T

X3 X"
Il —x)= 3=~ =
From (a),
X A x"
In{l—x}—inZ—E—?—.,. a T
Adding,
3 5 3
In{x*—3x42)=In l—ix—ﬁxz - s HJ:: {1+4r—..

For the expansions to be valid, x must satisfy both — 1 <x<land - 2<x <2,
ie —l<x=<1.

Qu. 3 Expand in ascending powers of x:

{a) In(1+4x), (B Im(3—x, (o) In{x®—2x+ 1)

Give the first three terms and the general term and state the ranges of values of x
for which the expansions are valid.

Example 5 If |x| = |, show that

1 [t
F+l"+ s

ln{l+x}=iux+}1—r— + e

. 1 —
[We are told that |x|=> 1, 50 we express the series in terms of —, which is
*

numerically smaller than 1]

In(l +x)=1In{x(1+1/x)}
=lnx+In(l+1/x)

—

L |
l]-+ o xR

|
Sl s x) = in x + gl e

Other series have been devised for the calculation of logarithms and one of
these will now be obtained,

XX & e .
In{l+xj= x-— 2_+T_51+'” el In

2 ¥ x - Sl
In{l —x)= 5 Sac i T O

The expansions are valid if —1 <x<1, —1<x<1, respectively, so for both to
be valid, —l=<x=<1.
Subtracting,

1+x X il )
= —— ain +III
1“(1—;) 1(x+3+ tE——

Dividing by 2 and writing

3n(i55)- (=)

we obtain

1+x x? " il
= = e _"+...
h\/(‘l—f) ol TR

provided —1<x<+1.

The advantage of this series may be seen by attempting to calculate, say,In L5
by two methods.

{a) Substitute x=14in
In(l+x)=x—4x24+3x3— .. +(=1F"'x"n+...
Inl5 =i-i+h—H+h—dateds—mm+--

(b) Substitute x =4 in

In (l +x) =1{x+1x’ +1x5+ o ”"‘---}-

. 3 i

In 1.5 =2 +5ds+ b+ ) .
=0.4055 to four places of decimals

It is clear that the value correct to four places of decimals can be obtained far
more rapidly by the second series. ‘

Mote that, using log,o 1.5=1log;o¢ xIn L5, !Pﬁm }.5 can _be obtained. {T?m
abbreviation lgx is sometimes used for log, ox; with this notation we could write
lgl5=IlgexInl5)



Exumple 6 Find the first three terms in the expansion of

In {1+ x)
In{l —x)

in ascending powers of x.
In(l+x)

In{l—x)
determined.

Let =ag+a,x+a;x°+ ..., where ag, a,, a; are constants to be

Shn{l+xi=In(1 —x){ag+a;x +a;x? +...)
. x % iy x2  x° i
s - 2 + gl e (g +apx+a,x*+...)

Equating coeflicients of x, x*, x*

l=—ay,
—t=—da,—q
= —dug—4a, —a;
from which we obtain
ﬂ'ﬂ:_L al=|! I"]1=_£_
LIn(l+x) L.,
T 14x 2.1: -+

lg(l+x) .
ig(l—x) "

Quo. 4 Write down the first three terms of the cxpansion of

ascending powers of x.

Example T Find the sum to infinity of the series

: xl+ ! xl-l- . xl+
133 3 " 23 73% " Fud FFT

The general term is
| . 1
mn+l) I°

which may be expressed in partial fractions as

LG O 1 0
n n+4+1/3"

Therefore the series may be written

In;--l-;kl.:,l #]1_1,4-,.4-:1!;_}

T O T B | |
'1x:'i'_ixFTE”F_‘”"H_IK?"'"
=—n(l-4+S=—In%+S§ {1

N T T . | |
Where S — 2 X S X F T T T Tael P
|
=In{l -3
S 85=3Ini+1

Therefore, from (1), the sum of the series is 2 In 4 1.

Exercise 10b

1 Expand the following functions in ascending powers of x, giving the first
three or four terms, as indicated, and the general term. State the ranges of
values of x for which the expansions are valid.

@ InGB+xL@, 0 I —k) @ © In2-5%,)

I4x 4—3x
e 035 e

Find the first three terms and the general terms in the expansions of the
functions in Nos. 2-8. State the necessary restrictions on the values of x.

{d) In(l —x3,(4), (e In(

2—x 1
21In (m). 3 |ﬂm.

{1+ 4x)* 5

e | Ix+2
“n{ll+3x}‘} 5 1o /(x* 4+ 3x+2)
6 In(l+x+x%) [Hint: (1 —xY)=(1—x)}{1+x +x%]
7 In {(1 +x)"} 8 In{l—x+x%)

Expand the following functions in ascending powers of x as t’_ar as the terms
indicated. State the ranges ol values of x for which the expansions are valid.

In (1 + x)

9 t—,{x"}. 10 e In (1 +x). (x7).
—_X
I+Iz 7 i 2 "
BERE ey In (1 — X912, (x%).
11 |n{1+x}‘{x ) 12 {In (1 —x)}% (x%)




13 By substituting x = 4 in the expansion of In ({1 4 )1 ~ )} in ascending
powers of x, find the value of In 2 correct Lo four significant figures, Taking
In 1.5 = 0.4055, estimate the value of In 3,

In Nos. 14-16, take In 2=0693 147 and In 3 = 1.098 612,

14 Find In 10 correct to four places of decimals by substituting x =4 in the
expansion of In (1 + x). Deduce an approximate value of lge.

15 Find the value of In7 by substituting x=4 in the expansion of
In {{1 + x}(1 — x)}. Give your answer correct to four places of decimals.

16 Find the value of Ig 11 correct to four places of decimals. Use the expansion of
In {(1 + x)/(1 —x)} with x=0.1. Take Ige=043429.

17 Find the limits of the following functions as x approaches zero:

) | — 3
@ I (11—, ® REnTx
In {(1 +xP}+x*—2x In{l —x)+x,/(1 +x)
(© Inil —x% ’ (@ In(l+x3)

Find the sums to infinity of the following series.

IEI la-r1+]:«-c1 lxl+
3 27973727 481
grp*@E Tyt gt
O S N T 1 1

Iﬂa+5x43+§xag+_—fx4—.,+..

1 1 22 23
1 1 l
2214

IxE T SxE T T
*23 Integrate the inequalities

1 1
m*ﬂn—r{l {f}‘]}

from 0 to u and deduce that

<In{l +u)=u {u==0)

1
14+u

Sketch the graph of y = 1/x and illustrate the latter incqualities graphically.

Also prove that, if —1 <=u<(,

i
m{lﬂf] +u) <

—r L - " ¥ ——

24 Sketch the graph of y= I/x and show that, when n is & positive integer
greater than 1

I+I | +I-=:I {I+I+ + :
s il Y nn — o
23 ", 2 n=1

28 Lei 5, denote the sum of n terms of the series

1 —t4dd+4-4+..

By considering the terms of the series in pairs, show that s, increases
as n— oo, By considering the terms of the series after | in pairs, show that
$aa+4 15 less than 1 and decreases as n— oo, Show that [5z,] — [52,44] 0
as n— co. What can you conclude about s, as n— ow?

Exercise 10¢ (Miscellaneous)
1 By expanding the integrand of

J—i—-dx
o l+x

as a series of powers of x and integrating term by term, find the series for
In {1 + x), assuming your method to be valid provided that x| < L.

Write down the series for In (1 — x), obtain the series for In :ii and
deduce a series for In = in terms ol'm_ 8
n m+n

Hence calculate In 8 correct to five places of decimals, given that

In 7= 1945910, (IMB)

2 Assuming that |x| < 1. write down
(a) the sum of the infinite geometric series 1 + x* + x* + ...,
(b) the first three terms of the series for In (1 + x).
Obtain the first two terms of the series for

1 14 x
iln(l—x)

Assuming also that x is positive, show that the sum of the remaining terms of
this series is less than

)‘.'3
5(1 —x%)
3 Write down the expansions of In (1 +x) and In (1 — x), stating for what

values of x they are valid. Prove that,
(a) if —4<x<i then

(IMB)

In(l +x—-2x)=x—3$xt+3x¥—4x%...




B b L L L L

thy if m/n 1w positive,

|1'|m~2 m-r!_l_tm :l"l_l " n‘} (L)
no m4+n Ilm+n S\m+n =

4 Prove that, when a =0,

{a) n{o+x)l=Ina+In (] + E)‘

{b] gt =gt In u'l
Write down the first three terms of the expansions of In (L + y) and ¢”

Prove that the expansion of ¥ — | —x In (g + x) as a series of ascending
powers of x begins with a term in x*, and find the coefficient of x? in this
term. (O &C)
5 (a) Write down the expansion of In (1 + x) in ascending powers of x, giving
the first three terms and the cocficicnt of »™; atate the limitations on the

value of x.

Prove that

1 1 1
2Inn—|n{n+l]—ln{n—1}_ﬂ—z+ﬁ+ﬁ+,,,

stating the necessary restriction on the value of n.
Given that In 10 = 2.302 59 and In 3 = 1.098 61, calculate the value of
In 11 correct to four places of decimals.
(b) Find the coefficient of x" in the expansion of (1 + Jx)e ™3 as a series of
ascending powers of x. (O &C)
6 Find the sum of the first n terms of a geometric progression of which the first
term is ¢ and the common ratio is r,
If pis any odd positive integer and g any even positive integer, and if x > 0,
prove that

I-,t+1’—...—x"{#-c]—x+x’—.,,+x"
l4x
Deduce that
x Xt o xP*! X X ¥l
i ¥ T_'"_p+1qln{]+x}ql__f+?_"'+q+l

By taking p =3, g =4, x = 0.1, calculate the value of In (1.1) correct to six
places of decimals, (IMB)
7 {a) Write down the expansions of e* and In (1 + x) in series of ascending
powers of x, giving in each case the first three terms and the sth term,
(b} By considering the factors of (1 — x'), obtain the coeficients of x*",
x4 2 in the expansion of In (1 + x + x?).
{c) Obtain the first two non-vanishing terms in the expansion of

(x— 1Kl —e)—In(l +x)
in ascending powers of x. (0 & C)

- - — Ll 2 L i L LB B .l . Ll

B (n) Prove that I xfw(xyf = (xp*) for all values of x and y, then
2pr = g(p +rh
(b) Assuming the expansion for In (1 + x) in ascending powers of x, prove
that

14X\ 5 e
Ill\/('l—x)‘x-f-}t +jx + ...

and, when 0 < ## < in, deduce that
sin@+3sin’ 0+1sin® 04 ... =In(tan 8 + sec §)
(c) Establish the identity
n=n+2)n+1)—3Hn+2)+4
and hence find the sum of the series

l] 22 33
ST ©&C)
9 (a) Prove the identity

Yl
l+h+2x’+xgiw

and hence expand In (1 4 2x + 2x* + x7) in ascending powers of x as far
as the term in x®% stating the necessary restrictions on the values of x.

(b} Write down the series for ¢* and e in ascending powers of x.

Prove that, if x* and higher powers of x are neglected, then
x 1 1 1

B PRy =g, o 0&C)

1—e™3% 2 276 E
10 Assuming that x is sufficiently small, find the values of p and g, other than

zero, for which

(I4xP—In(l +qgx)=1+ax*+..

where the terms omitted contain powers of x higher than the third,
Determine the value of the coefficient a. (IMB)
11 Write down the expansion of In (1 + x) in ascending powers of x, giving the
general term and stating for what real values of x the expansion is valid.
Determine a and b so that the expansion of

1 +ax

!+bxtnfi+x1

may contain no term in x° or x¥, and show that with these values
I+bx = x 2 ¥
l+ax =~ 2 3 9

neglecting powers of x above the third. (O & C)




12 Give the expansion of In (14 x) in ascending powers of x nivd ptinte for whnt
range of values of x the expansion is valid,
By taking logarithms or otherwise, verily that, when n s large, an
approximate value of (1 + 1/n)" is

pod B
) I 7 Dy

13 (a) ExpandIn $—+; in ascending powers of x, giving the first four terms and

(O & C)

the general term.
{b) Show that the first non-zero coefficient in the expansion of

= 1 —x
g T U= — )"
in ascending powers of x is that of 7. (L)

14 Write down the series for In (1 + x) in ascending powers of x and state the
range of values of x for which it is valid.
Prove that, if n=1,
1 n+1

>=->In
n=1 n

In
and deduce that, if n is a positive integer,
1
I+inn}1+—+1+...+}l:=-In:n-t-n Q)

23
; e . I+x
15 Write down the expansion in ascending powers of x of In - where

P e o
By using partial fractions, obtain the sum of the series
an xlll
b e
a=1i2n—1)2n + 1)
when 0<x < 1.
Find the sum of the first N terms of the series when x = 1 and deduce that

o 1 1
Y- C
,Zl (2n—1}2n+1) 2 ©
16 State the first four terms in the series expansions of {1 + x)", In (1 + x).
Find the sum of the infinite series
1 1 | 1 H l 1
e —F Xttt =Kot TME
ptaxgtyxpt-ty=m® WhEB)

17 (a) If0<x <1 and [(x) is the sum of the infinite series
x> ot
14+ T + "'5" + T + ...

-

ahow that, lor x in this range,

o ix T -

ih) Sum to infinity the senes

32 41 5!
E-l-i-l-i'* (L)
18 Sum to infinity each of the following series:
a1 x  3x? 4
[a) +F+?+?+””
A x? x° :
[b}lx1+223+3x4+"" if [x] <1,
(c}t+§+5x?+5x?x‘} L
3 Ixb 3x6x‘3‘+"“ L

19 The function f(¢) is defined, for non-zero values of 1, by the refation

I fet+1
"”=§’(5j___f)

2
Prove that (a) (1) = f(—1), (b) f(26) = F(t) + %m,
. -
Using the expansion ¢'=1+ B TR TR show that, if ¢ is small
cnough for ¥ to be neglected, then
fie) =1+t (€

20 Show that, if x is so small that x® and higher powers of x may be neglected,
In(l+xj=x—4x? + 3 —4x* 4+ 4x°
Deduce that, for such values of x,

1 4% | 1
I . S
n(]_x) 2(.x+3x +sx)

By giving a suitable value to x in this last result, prove that, for large N,

Ill(M+l ,..,2 2 2
N_1) Tt

Hence show that, for largs N,

N+ 1YW
=) = ©




Chapter 11

Further differentiation

Logarithmic differentiation

11.1 The object of the first three sections of this chapter is to extend the
reader’s powers of differentiation and to revise earlier work., In the course of this
we shall also discuss how to integrate certain functions.

Logarithmic differentiation i3 a powerful method which can considerably
simplify the differentiation of

(a) products (and quotients) of a number of functions,
{b) certain exponential functions.

It is best imtroduced by examples but first it is advisable 10 revise some
of the properties of logarithms and how to differentiate functions of y with

respect 10 x.

Qu.1 ln{a®/b/c*)=Ina® +In/b—Inc?
=3lna+ilnb-2Ine

(See §2.7.) Write in a similar form:

{a) Ini{a*h) {b) In (a®/b?), () In /{abe),

(d) In{a ¢/b/c®)  (e) In(1/c?), (f) In(a").

Qu.2 log,, 10000 =log,, 10* = 4. Simplify in a similar manner:

(a) logyo 1000,  (b) logyg (1/100),  (c) logz(2%)

(d) In{e?), (¢) In (&™), (f) In (&),
Qu. 3 Differentiate with respect to x:

{(a) In x, (b) In {1+ 2x), {c) In{l—x),
(d) In 4x°, {e) In sin x, {f) Intan x

When differentinting functions of y with respect to x we can, if need be, nse the
chain rule,

d:_d: dy
dx  dy  dx
Thus if z =",

R REREEEERRSRSRSRARERRRRREERR AR R R R R TR RO R RO RO ROt IISTTTTIIITIII=—mr

dz iy

dy )

dz dy
o= =gt w

dx At dx

Qu. 4 Differentiate with respect to x:
(W 3y%, (b ¥y {c) cosy, (d) Iny.

Express, in your own words, a rule which will help you to differentiate any
function of y with respect to x. Use this rule to differentiate with respect to x:
) 5, () 3 (8 J» (h) tan y.

Ext 1.-'lltﬁi.l3- x_:l
@x+1)7

Example 1 Differentiare

e /(sin x)
x+1p

ooy =In(e*’) + In /(sin x) —In (2x + 1)°
=x'+4Insinx—3In(2x+1)

Let y=

Differentiating with respect to x,

ldy L Cos X 6
pdx 2ainx x4l

1 d_y_e”w'“[sinx] {2 COS X 6 }

dxe (2x+ 1P 2sinx 2x+1
{There are occasions when this is the most convenient form in which to use the

derivative, but here we shall go on to simplify the expression in brackets.)

+c=crsx 6 F¢x1+lx—15_|._c05x
2sinx  2x+1 2x 41 23in x

2

3

4y _ e
dx o 2,/(sin x)f2x + 1

" {(8x2 + 4x — 12) sin x + (2x + 1) cos x}

Qu. 5 Use the method of Example 1 to differentiale with respect (o X

x+1 Jixi+1) xtet
Ot O 0

Example 2 Differentiate 10 with respect to x.

Let vy = 10"
Solny=In 10*
=xIn 10



'ﬁm Y

Differentinting with respeet to x,
1d)

= {
i [n 10
ﬁ= 105 In 10
dx

Example 3  Differentiate, with respect to x, (a) 27, (b) x*.

(a) Let y= 2%,
S lny=m2"
=x*inl

Differentiating with respect to x,

lﬁ =2xIn2
ydx
< =2%2xIn2
dx
{b) Let y=x~
Sny=Inx*

=xlnx

Differentiating with respect to x,

1ﬂ=xxi+] ®Inx
vdx X
=]4+Inx
E ={1 4+ In x)x*
dx

Qu. 6 We have shown in Example 2 that the derivative of 10 is 1(0FIn 10.
Write down a function whose derivative is 107, What is [ 10% dx?

Qu. 7 Differentiate with respect to x

@25 (B3 @G @ (g 107

Qu. 8 From vour answers to Qu. 7, write down:

(a) [2*dx, (b) [3*dx, (o) [(dFdx, (d) j107dx

Integration by trial

11.2 In Qu. 6 we had an example of what may be called ‘integration by trial’,
This procedure was discussed in §1.2 and §2.10; its stages are shown in the next
two examples.

Example 4 Integrate 27 with respect to x.

{Stage 1:make a guess, From the last section it is Lo be expected that the integral
involves 2°%)

Let y=27%
Sny=—-xIn2

(Stage 2. differentiate.)

cddy
i ;E_ —In2
dy
S.o—==2""In2
dx “

(Stage }: compare with the given functions.) We have an extra constant factor of
=In2

(Stage 4 alter the guessed function.)
d [ 27 -
dx (—In z) =
® Lo F°°
,,JZ dx——!n2+c

Example 5 [Integrate x In x with respect (o x,

{Stage 1: make a guess) When we differentiate a product, we differentiate each
function in turn and multiply by the other; so, to integrate x In x, try integrating
one factor and multiply by the other. As we do not know how to integrate In x,
we had better try 4x? In x.

et y=4xlnx

(Stage 2: differentiate.)

¥ 1
e =xlnx e ox® -
dx X

2
'illinx =xln +1
s d_‘[ 2I =X X EI
(8tage 3: compare with the given function.) We have an extra term of 1x on the
right-hand side.
(Stage 4: alter the guessed function.)
%(_l—,x’ 1nx—éx1) =xlnx+ %x—%x =xlInx

Sfxlmxde=4dxtInx x4

-



Ou. 9 Integrate the following funetions with respect to x by trinl;

" 12 | A .l sn x -
(a) (3x+ 1Y, (b) sin x cos® x, i) 5 cos
(d) 5%, (e} 2%~ {f Inx

Inverse trigonometrical functions

11.3 The functions sin~ ' x, tan~ ! x (or arcsin x, arctan x) have been intro-
duced in Book 1, §18.7. We will now turn to the problem of differentiating such
inverse trigonometrical functions, This will be illustrated by examples but, for
some readers, a little revision may be advisable. Remember that, in this context,
radians must be used.

Qu. 10 y=sin"' x means'y is the angle (or the number) whose sine is x so that
sin p=x. Rewrite:

{a) y=tan"'x, (b)sec 'x=yp, ic) cos™!

F=4q.
Qu. 11 Differentiate with respect to x:
(@ y*,  (bysiny  fc) tany,  (d) secy.
Example 6 Differentiate with respect to x:
(a) sin 'x,  (b) tan" ' {x?+1).

{a) Let y=sin"'x

Sosiny=x

Differentiating with respect to x,

1—sin®y=1-x%
2

dy
I:os_u&;wl AR e I |

. . dy .
{ ¥ was our own introduction, so we must get Frel terms of x.)

dy

4 7 I | LA

Laf(l—x 'd.x 1

Cdy 1

Tdx (1 —%7)
(b) Let y=tan '{x*+1)
Stany=x*+1

Differentiating with respect to x,

, dy " 1 +tan® p=1+(x? + 1)%
bl S Sosect y=xt42x* 42

N T ITIIITRI I T —er—

| dy
(We must again express II in terms of x)
ix
ey

=2y
dx

St 2 kD)

) LU
Tdx 2?42

Quw 12 Differentiate with respect to x:

(@) cos 'x, (bleot 'x, () sin '(2x+ 1)

Exercise 11a

1 Expressin theform plna+glnb+rlnc
(a) In (a*b*), (b) In (a/b), (e} In/(a’/b),
@) In(a®b/\/e), (&) I flabje), () In{1//(abe)}.

2 Write the following in a form which does not use the logarithm notation:
{a) lg 100000,  (h) log, & {c) Ine?,

(d) In /e, fe) Ine”’, (F) In(1/e2%).
Differentiate Nos. 3-10 with respect to x, using logarithmic differentiation:
(2x+3)° e sin x
; 4 .
p 1—2x x*
| 1
4 O+ D) (= 1) Ty

77 B0 910°¥% 10 /105

Integrate with respect to x:

115 128 134 14 3%
15 Convince yoursell that e * =g (see §2.7). Write a® in the form ¢*'* and

=y A
hence lind — (a®).
l:l.x[ |
16 Find [ a* dx by writing a* =e*'""*.
Differentiate with respect to x

17 tan 'x. 18 sec™ ' x. 19 sin™ ' (x4 1}
20 cos ' {(2x— 1) 21 tan~ ' (1/x%) 22 2cos™! 5x.

d
23 Find: {.q'fli gin"!x4cos ' x) (h)—(tan" ! x4 cot™ ! x)
dx dx
Explain these answers,

24 Find % {sin " ! x) and hence write down

@) Hd; (sin™* 2x),  (b) ;—x{ﬁn Rt 1:_1: feos™! J(1 - x%)}.




A O TR

Integrate with respect to x by trial;
25 fidx+3). 26 x(2F + 1)) 27 Inx

28 sin ! x. [Find ;_x (xsin ' )]

Differentiate with respect to x:
29 x7% 30 it

Local maxima and minima; the first derivative test

114 We have already met the first derivative test in Book 1, Chapter 5. The
diagrams in Fig. 11.1 illustrate (i} a local maximum and (i) a local minimum.
iThe + and — signs indicate the sign of the gradient.)

1]
- +
4 .
= +
+ i
I

iy {if)

Figure 11.1

. . d L )
At a turning point, d_y = {) and it changes sign; in the case of a maximum (see
X

diagram (i)} it changes from + to — as x increases, whereas at a minimum it
changes from — to + (see diagram (ii)).

If however :_x =0 but does not change sign, then we have a stationary point of

inflexion (see Fig 11.2),

e

[t} (i}

Figure 11.2

The first derivative test is very easy to apply, especially if one makes a habit of
faciorising the derived function, as the next two examples show,

— - T IR W TTETTIE TR

Example T ITnvestigate the seedonary points on the graph of

y=xig

and skerch the curve,

|
i xla -%

50

dy_ i 5
dx—Exe X

=[x —x%e "
=x(2—x)e™*

—X

[

) dy .
From this we can see that Ev is zero when x = 0 and when x = 2. We know that

e " s always positive, so the sign of the gradient is determined by the other

: . dy . "
[actors. By inspection, we can see that E} is negative when x <0, and that

dy dy
Ex_ dx

Therefore there is a local minimum at (0,0), and a local maximum at (2, 4¢ %),
The curve can now be sketched (see Fig. 11.3).

between 0 and 2, — is positive. When x > 2, — is negative again,

(2. 4e77)

-

Figure 11.3

Example 8 [Investigate the stationary values of the function
flx) =x* —3x% +3x
and sketch the graph of v =f(x).

In this case,
Mx)=3x—6x+3
=3}x*—2x+1)

=3(x—1)?



m

We can see that (1) 18 zero, but as (x — 1)" is a suanrg, i onn never be negalive,
In other words, the gradient of e ((x) 18 zero ol x =1, but everywhere else il is
positive, Therefore there 15 a point of inflexion at {1, 1) (see Fig, 11.4),

L \ .
o= £ S £

(1)

Figure 11.4

Qu. 13 Investigate the stationary values of the function xe * and sketch the
graph of y=xe™"

Local maxima and minima; the second derivative test

11.5 The second derivative test depends on the fact that if the gradient of a
curve v =1{x) is increasing with x, the rate of change of the gradient is posirive; if
the gradient is decreasing, its rate of change is negarive. To put it another way, let

d
us consider the graph of d_}J plotted against x, bearing in mind that the gradient
X

i dly . : dy . . ; F
of this curve is given by d—xj.:[; if the ordinate, d—i, is increasing with x, the
o oddy o dy . d?y :
gradient, qor 8 positive; if ::I_i is decreasing, ﬁ is negative.

Looking back to Fig. 11.1, we see that at a local maximum, the gradient is
decreasing (il is changing from a positive value, through zero, to a negative value
as x increases); so at such a point the derivative of the gradient function i
negative. In other words, if y=1ix), and at x =g

dy d’y

i is zero and it is megative, then yp has a (local) maximum at x = a:

on the other hand, if

1

% is zero and :T{ is pasitive, then y has a (local) minimum ai x = a.

y = [(x)

=

18]

Figure 11.5

Fig. 11.5 shows (as a continuous curve) a graph representing y = ['(x), with
positive gradient at x = a, i.e. ["(a) > 0, and f'{a) = 0. The dashed curve represents
the corresponding graph of y = f{x), showing a minimum when x = a.

Qu. 14 Draw a diagram, like Fig, 11.5, illustrating the graphs of y = {'(x) and
v =f{x}, with I"(a) <0 and a)=0.

Example &  Use the second derlvacive iest to dnveaciguie dhe siativner p colues o
£

the funcrion xe %

Let y=xe™™
E=t'“—xe"‘
=(1—x}e
From this we can sce that there is a stationary value of 1/e when x= 1.
d?y R
i T B

=—DQe 4 e
d?y -1 1 1 il ;
When x= 1. o e —2e '+e '=—e ' This is negative, so by the second

derivative test, there is a local maximum of 1/e when x=1.

It is important to understand that no conclusion can be drawn from the
2

e diy . : : :
second derivative test when ! ~ is zero. (It is a common mistake to think that
P

there is always a point of inflexion in this case. Il the reader has any doubts on




H

. dy dy .
this point, consider y = x* both — and 5 are zero at x = 0, but the function

iy dx
clearly has a minimum al this point.)
Although examination papers [requently direct the candidate 1o use the
second derivative test (and it is a foolish candidate who ignorés the examiner’s
instructions), il you are free to choose your own method, the Girst derivative tes)
is often the simpler one (o use.

Points of inflexion

11.6 We have already met stationary points of inflexion, see Fig: 1.2 In
Fig. 11.2(i), the gradient is positive everywhere except at the stationary point,
where it is zero, ie. at this point the gradient has a minimum value. In
Fig. 11.2(ii), the gradient is negative everywhere except at the stationary poind,
where it iz zero, so at this point the gradient has a maximum valoe: In general, 2
point of inflexion is a point where the gradient has a local maximum or

; ; ; sz
minimum value. Fig. 11.6 shows some points of inflexion for which ﬁ #0,

(1) () fiv)

Figure 1 1.6

Looking at Fig. 10.60i), we see that the gradient is always positive; it is
decreasing as it approaches the point of inflexion, and after that it increases
again. i.c. the gradient has a minimum value at this point of inflexion, The recader
should analyse the other diagrams similarly. (On a graph, a point of inflexion is
easily recognised, because the graph ‘crosses its own tangent’ at such a point.)

Points of imfexion are casily located by applying the first derivative test to the
gradient function, i.c.

o P ; ;
at a point of inflexion 2 is zero and it changes sign

(In the case of v = x*, mentioned at the end of §11.5, the second derivative,
namely 12x2, does not chanpe sign at x =0.)

Example 10 Find the points of inflexion of the function v = ﬁ and sketch

its graph.

5. 50 in this case,

We are given y = m

dy b Ohx
dy (124 x%)*

: dy . e
From this we can sec that Ej 15 zero when x = 0, and that its sign changes from

positive to negative as x passes through zero, so there is a local maximum at this
point, The maximum value of the function is 4.
To find the points of inflexion, we differentiate again:

d*y  —96 4 96 % 4x*
dx? (124 x7P (124273

. —(12 4 x%) 4+ 4x*
_%( (12 + x%° )

Ixt—12
= gﬁ({ll-f—.lj};)
- 288(x— 2)x +2)
S F TR
2 r

: dy, . ’
From this we can see that d;:; iszero atl x = + 2, and that it changes sign at these

points. Hence there are points of inflexion at (—2, 3) and (+2, 3).

In order to sketch the curve, notice that y is always positive and that it tends
to zero as x tends to infinity. Also, this is an even function, so its graph is
symmeirical about the y-axis (see Fig. 11.7),

Figure 11,7

Qu. 15 Find the point of inflexion on y = 2x* — 18x* + 12x + 80.

Exercise 11b

Find the nature of the stationary peints of

1 x(x —37. Ix—24 4 x—Inx

4
2 X+ =
X K P
Find the points of inflexion in Nes. 5 and 6.
5 y=x%—54x2 6 y=x*—4x* +6x* —4x.

7 Sketch the graphs of Mos. 1-6.




In Nos, 811, T the maxima and mintma of the functions of & in the interval
0= i<

8 sin  + 4 sin 20, Sketch the graph.
9 (sin &)1 + sin #). Sketch the graph.

10 In cos 8 —cos 8.

11 cos 0 —4 cos 36, Skerch the graph.

12 Find the turning point of the function x ¢~ * and determine its nature. Show
that there 15 a point of inflexion when x = 2 and sketch the curve,

13 Find the turning point of the function 10 arctan x —$x? and sketch the
CUurve.

14 Show that the fanction x In x has a minimum at {1/e, —1/e). Given thai
xIn x—0 as x—0, sketch the graph of the function.

15 Show that ¢* cos x has turning points at intervals of n in x. Distinguish
between maxima and minima and show that these values are in a geometrical
progression with common ratio —c”.

16 A right circular cylinder is inscribed in a sphere of given radius a. Show that
the volume of the cylinder is mhia® — h%), where h is the height of the
cylinder. Find the ratio of the height to the radius of the cylinder when ils
volume is greatest,

17 A right circular cylinder is inscribed in a given sphere. Show that, when the
area of the curved surface is greatest, the height of the cylinder is equal Lo its
diameter.

18 A funnel is in the form of a right circular cone. If the funnel is to hold a given
guantity of fluid, find the ratio of the height to the radius when the area of the
curved surface is a minimum.

19 A right circular cone of vertical angle 29 is inscribed in a sphere of radius a.
Show that the area of the curved surface of the cone is ma*(sin 38 + sin ) and
prove that its greatest area is Eiml_.-’[l‘,.'?}.

20 An open box has 4 square horizontal cross-section. If the box is to hold a
piven amount of material and the internal surface area of the box is to be a
minimum, find the ratio of height to the length of the sides.

The nth derivative

1.7 Although we have found the first and second derivatives of given
functions many, many times in this book, we have hardly ever looked at the
third, fourth or even higher derivatives, However there are many occasions
when these are required and it is very helpful if we can find a general form of the
nth derivative (as in other contexts, it should be assumed that n is used here to
represent a positive integer). It is convenient 1o use the nolation y, to represent
dy
dx"’

First let us consider some very simple cases. The simplest of all is y=e",
because this function does not change when it is differentiated, so y, = e* Also if
y=g*, then y, = a"e",

N N T B P R T e e e

i 3 J Jal
Simple powers of v are also straight forward. For example if y = x4, then

Wy = dxt Wy m [ 204 ¥y = 24x, yo=24, and y,=0iln>4

* More generally, if we are given y = x*, then

gi=Nx¥-1, yi= NV —1x¥ 2, yy=NIN — 1N =23,
and
Y= N(N — 1N =2)...(N —n+ 1x*"
If N is a positive integer then we can write
__m
(N —n)!

vo=0, ifn=N

Ve x¥ " ifn<N, and

In the case of y=sin x, the successive derivatives are +cosx or +5in x,
depending on the number of times we have differentiated. To be precise, we can
write

ya,=(—1)"sin x
und
Ve =(—1)"cos x, wherene 4]

The reader should be able to work out the corresponding result for cos x.

Example 11 Given that y = x*¢*, prove that y, = ¢*[x* + 2nx + nn — 1)], for all
positive imtegers n.

As this result has to be proved for all positive integers, the method of

mathematical induction is clearly the best apprqach. _
We are given that y = x’¢*, so on differentiating we obtain

¥y =x7e" + 2xe*
=¢(x* + 2x)
Hence the proposition is true for n= 1. Now we suppose it is true when n = N,
le.
=%t + INx + NT— N}
Differentiating this by the product rule gives

Yi+1 =€%% + 2Nx + N* — N) + &(2x + 2N)
= x* + 2Nx + Ix + N*+ N)
=e*[x* + 2N + 1)x + N(N <+ 1]

This is the original proposition, but with n =N + 1. Hence, by the principle of
mathematical induction, the proposition is true for all positive integers.



Leibnitz’s theorem

ILE  Example 11 was a particular ease of a general rule, known as Leibnitz's
theorem, which enables us to wrile down the ath derivative of a product, In
other words, it generalises the product rule. ;

We shall write, as in the prouuct rule itself,

vy=un, where u and v are functions of x
Then, differentiating once by the product rule, gives
¥y =0+
Differentiating again gives

Yo =luzt +uyo ) + (w0, + ur,)
=t 4 2uy v, + uy

Differentiating for the third time gives
¥ =30 + Juzt, + Jugv, + ury

Now these coefficients should look familiar to the reader: they are the same
numbers which appear in the expansion of (a + b)?, ie.

{a+ b)? =a + 3a’h + 3ab? 4 b*

The reader should have no difficulty in verifying that v, has the same coefficients
as the expansion of (@ + b)*. This suggests thal in general, the nth derivative will

he
n " n
Y. =ur 4+ (I)”""F’ + (z)un_zl"z o e o (r)n__,_r,_+ vy H NP,

where (") = e (see §4.1).
r in

It is not difficult to prove this by mathematical induction; the proof is left as
an exercise for the reader.

Qu. 16 Prove Leibnitz’s theorem by induction, |:Hint: remember  thal

(6= ()

(Historical note: Gottfried Wilhelm Leibnitz (1646—1716) was a contemporary
of Sir Isaac Newton, They both discovered the subject we now call calculus a1
about the same time. Leibnitz in particular invented the notation ﬁ. ete.)

Leibnitz’s theorem could have been used to give the result of Example 11,
Starting rom y = x%e" and applving Leibnitz's theorem, we have

=1
,v_=x2e’+? x[lr}xc‘+?:-:"1

=¢"[x* + 2nx + nin = 1)]

w2 wet

Example 12 Given that yos [x] s (sin Vx), show thea
| (@) (1= xhy,* =4y,

(b (1 =x}yy=xy,+2,

(€) (1 = X% Wosz — (20 4 D)xyy4q — 223, =0,

(d) " 2N0) = n?T™0),

(&) T2™0)=[(n—1J* 27N

{a) y=(sin"! %)%,
. Ay na oy ;
‘_u,_a:;uE[sm x’_"ﬁl—xll

J1 —x%)y; =2sin "' x
Squan"ng.

(1= x)y,? =4Gsin =" x)?
=4y

(b) Differentiating the result of (a) gives
2(1 — xM)yyy, — 2xy, 7 =4y,
he. (1—xfy; —xy =2
Sl —xYpa=xp, +2
(c) We now use Leibnitz's theorem to differentiate the result of (b) n times.

n ) ) i
(1 =x%)¥naz +${—2x}_r.+ iy X —5 (= EEara Ty *

S (= X3)ag 2 — 20XY s =0l — 1)y — XV g — MY =0
ol =%y s — (24 Dy, — 1 y,=0
(d) Putting x =0, and writing {"(0) for the value of y, when x =0, we have
£+ 20) — n*f*(0) = 0
ie. =+ 240) = n* N0

' =0, f'"§0)=0, and from part(b) that
¢) We can see from part (a), that f(0) =0, "} !

-!f‘fllg{]] — 2. 1f we now use ™ 0) = n?f"(0) and start at f''(0) = 0, we can see that
il odd derivatives are zero. The even ones will read

f0) =2

f40) = 2% x M'Y0)
=27

ﬂﬁ][{]] S 42{'{“{(_}}
=4¥u P %2

1’.'{3}"}} =EJK41K22>{2



In general,

A= (2n=2" .o xd? x 2P x 2
=2 [in=10P 2% . x 32 x2? x1*]x2
= 'Y x (=1 =2
u['"_ 1}]]2 x?_l-—l

Exercise 11¢ (Miscellaneous)

Dilferentiate the functions in Nos. 1-7 with respect Lo x.

k]

3 l
1 (a) ]i—\»: {b) sin ' o {c) e cos 3x.
1
2ia) ,x;, (b) sin® x cos® x, {c) xInx—x
QLI' {x_ II
! cos 2 :
@) orinee—y  © (©) In sin 2x.
2x+1 o fl4+x e*
4 {a) L (b) tan '(1 —x)’ {c) gy
2 23 3 —1 In x
5 (a) (x*+ 1" +1)°,  (b) cos™' (tan x), (c) peg
6 (a) il (b) sin~! us
cos® x' J+x3
7 (a) 2%, (b) x**
. dly dy
8 If y =e™* cos 3x, show that P _4E+ 13y =0.
9 If y =x e~ show Lhat
d’y  dy d'y _dy
EF 5B vl andthar Z2 =35
I + dx+ ¥ an a i k] P + 2y

10 {aj Show that the gradient of the cllipse b*x? +a’y* =a’h? at the point
2z
facos @, bsin @) is (—b/a) cot @ and find an expression for ol at that

d_xi
point. [For the method, see Book 1, §7.8.]
{b) The equation of a curve is given parametrically by the equations

¢ t3
Sl Y =147
dy k11 d’y T |
Show that o and that o = 4% at the point (3, 3).

o R
11 Find d_—j in terms of the parameter when

o) xmpd =4, yutd=di;
by x=cos't, yw=sin't,

fe) x=alft—sinfl), y=all—cosd)
12 (a) Differentiate sin x from first principles,
. ) ‘du de
(b)_Prove that d; {ur) = L.;j; + Ha.

13 (a) Differentiate tan x from first principles.

h d fu}y [ du 5 E ,ivl
(b) Prove that (- | ={ege —uge / -
14 Differcntiate arcsin x + x,/(1 — x%) with respect to x and hence find

IJ[! —xdx

15 Differentiate x arctan x — & ln (1 + x?) with respect to x. Hence writc down
| arctan x dx. .
16 Find the maximum and minimum values of the function

{a+ b sin x)/(b 4+ a sin x)

where b= a= 0 in the interval 0 < x < 2n. Sketch the graph when a =4,
b=3 ‘
17 Find the maximum and minimum values of y given by the equation
Bt L
x4 = Iy =0 .

18 Investigate the stationary values of % 5 and sketch the graph of

X

xl

BT

¥

- !
: e hat y, = ——71=-
19 Given that y = prove that y, (1—x)t

200 Show that

{sin x) = sin (x + nm/2),

d
{a) % (sin x)=sin(x + 72}, (b} 10

d
and find similar expressions for == (cos x) and (cos x)
21 Prove that

(a) diu. (e* cos x) = 2"* e* cos (x + nm/4).
X

(b) j—j; (% sin bx) = (a® + b3 ¢4 sin (bx + na), where tan & = (b/a).

22 Show that the function y = tan x — 8 sin x has two stationary values between
% =0 and x =2t Draw a rough graph of the function between these values
of x and show that, il the equation

tanx —RBsinx=h

has four real roots between 0 and 2r, then —3,/3 <b < 3/3. ()



23 By Dest pulting the expression dnto partial Tragtions, or otherwise, lind the H

Kot Ut il i A S st | 29 Cliven that y = Ty prove that (14 x*)y, + xy =0 and hence show
| 4 1-hil|
latiiﬁii . “ -+ -""-J:,Vn + {2F = I]-_I_}-'"._ ] + {M o I}I}'n " o U
Find the coordinates of any maxima, minima and points of inflexion that M Use Leibnitz's theorem to find
the function may have, and draw a rough sketch of its graph, () 4 4 dn
24 Prove that, if f'(a) = 0 and () is negative, then the graph of the function f{x) (a) — (x%e"), (b) —3 [x cos x), €} - (x*e*),
has a maximum at the point whose abscissa is a. dr L o
po .
Prove that the function d" P
. (d) dxr {1 —x7%).
sIN X C03 X |
Y T 1+ 2sinx+2cosx
has turning points in the range O0<x=<2n when x=4n and x=3n
distinguishing between maximum and minimum values,
Prove that the tangents at the origin and at the point i4r, 0) meet at a point
whose abscissa is im. O&C) o 10
25 Find the shortest distance between two points, one of which lies on the 1
parabola y? = 4ax, and the other on the circle x* 4 2 — May + 1284% = (). ‘\& )
26 Chords of the hyperbola xy = ¢ cut both the branches and pass through the }-.

point [2..,..-' 3e, 0). Find the length of the shortest of these chords.
27 Given the four points P, (x,, v, Paixa, ¥a) Pyixs, va), Pylxg pyl show
that the variable point P (x, y), whose parametric form is given by

1= +3P-1

I — 6t 4 37
(x)=(x' “a e x") where 0=t <
¥ Yi ¥z ¥a Ma 32— 32

i3

has the following properties;

ia) P; is an end point of the curve (when 1 =0,
(b) Py is the other end point (when t=1),
(c) the gradient at P, equals the gradient of P, P,,
(d) the gradient at P, equals the gradient of P,P,.

{Such a curve is called a Bezier curve; it is widely used in compuoter-aided
design.)

Find the parametric form of the curve when P,, P,, P, and P, are the
points (0, 1), (1, 2), (4, 0) and (5, 1) respectively. Draw a diagram showing P,
P;, P, Py, the line segments P, P, and P,P,, and a sketch of the curve.

28 Given that {x + 1)y = x, prove that {x + 1]? + v =1 and use induction to
%

prove that

=0 (@22 ©0&0C)

d"y
1
[x+ }dx" +n
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Chapter 12

Further trigonometry

General solutions of trigonometrical equations

121 The purpose of this chapter is to revise Chapters 16-19 of Book 1, for the
benefit of readers who may need it. Since no new work is invelved, it consists
solely of examples and exercises. At this level of the subject, it should be assumed
that radians are required, unless the question explicitly refers to degrees. In this
chapier there is more emphasis on general solutions; not all examining boards
insist on these, but they are not difficult and can be instructive. They are mosi
easily obtained by referring to the graph of the appropriate function.
If x=a is a solution of the equation

sin x =k, where |k]j=<1

then so is m— x (see Fig. 12.1, which is not drawn to scale), and since the function
sin x is periodic {see Book 1, §2.153), with a period of 2m, any multiple of 2rn may
be added 1o these solutions. So the general solution can be expressed

x=a+ 2nm
or x=(nm—u)+2nn, wherened

Y& V=0 K

/\J “““ i T X
TN I NS

Figure 12,1

Similarly, if = is a solution of cos x = k, then so is —a (see Fig. 12.2, which is
not driwn to scale), so the general solution of this equation can be expressed

Km i nn

220

LA AL

/\

|
-
Y |
]

Figure 12.2

The eqguation tan x = k can be solved for any real value of k. However, unlike
sin x and cos x, the period of tan x is & (not 2n], soif x =2 1s 2 solution, we can
add any multiple of x to it, hence the general solulion (see Fig. 12.3) is

X=x+Hn

Vi ¥=lan X

|
R e
|
|
|
|
|
|
|
i
E ol

"
i
Gl

]

(X EE————

e e

Figure 12.3

Qu. 1 Write down the general solutions of the following equations:
{a) sin =0, (b) cos = —1, (¢ tanfi=1,

(d) sin fi=1, fe) cos =0, if] sinf=4%

(g) tan@=—1, (h) sinf=1/y2 (i) cosf=—1//2

Example 1  Find the general solution of the equation cos 280 4sinfl =10,

cos 200+ sinf =10

sl —2sin*f4sind=0
So2sinff—sin@—1=0
“sinf — IN2sin B+ 1)=10




B L L

() 1w 0w 1, then 0w (20 4 §)mos (don 4 g2
(b) IF sin ) m =4, then = = (= 1)"r.

These may be combined as 0 = Yxt + {nn.
Example 2 Find the general solution of the equation sin 30 + sin 20 =0,

sin 30+ sin 20 =10
S 2sin3cos i =0

{a) If sin 3¢ = 0, then 30 = nn.

oo B =2nm/5
(b) If cos 46 =0, then 6 = nm + 4.
SB=(2n+ 1l

Therefore the general solution is @ = 2nn/5 or (2n + i,

Example 3 Solve the equation 4 cos x — 6 sin x = 3, for values of x between ()"
and 360° correct to 0017

4cosx—6sinx=5

DHvide both sides by (47 + 6%)= /52 =2,/13.

— COE X — ——— SN X =

: i i
i) J13 2,/13 ¢

Figure 12.4

From Fig. 124, tan o« =3/2. From tables or a calculator x = 56,317, correct (o
two decimal places, but we shall delay substituting the numerical value of « as
long as possible. Equation (1) can now be written

CO8 X CO% & — RIN X 8N o -

4
2,/13

Socos(x 4o =

S
2,/13
Olx + ) =46.10°, 313.90°, 406.10°,...
Now, subtracting « (= 56.31) from both sides, we obtain
x=—1021° 257.59°, 349.79°,...
So the solution, correct to 0.1°, within the required range of values is

x=2576" or 3498°

Exercise 12a

Solve the following equations. Solutions are given in radians unless tables (or a
caleulator) have been used, in which case the answers are given in degrecs.,

1 cos26=41. 2 tan f =cos 130,

3 cos = —tan 1467, 4 sin 20 =sin #,

5 cos 20 =sin (. 6 sin 2l =cos i,

T costi=31tan @, & 2 tan # =tan 2.

9 cos d=cos M. 10 sin 38 + sin # =1

11 sin & + sin 36 + sin 50 = 0, 12 cos ! + sin 28 —cos 30 = 0.
13 cosdil + 1 =2 cos® 4, 14 1 —sin 8 =2cos® .
15 Zcos® =1+ sin 0, 16 2tan =1 —tan® f.
17 3tan* ¥ =2sin &, 18 2sin? 4 3cos =13
19 3cot® 8+ 5= 7 cosec b, 20 sin 20 =cot .

21 2 cosec® 1= S{cot 6 + 13) 22 cos 20 =5sinél+ 3.
23 cosfl+./3sintl= 1. 24 Tcos =5+ sin f.
25 7sinfl =24 cos =125

Qu. 2 Write down the valucs of
{a) an"'(=1), () sin~'(—=H (¢ cos (-1},
(d) tan™" (/3), ic) sin™!1, (f) cos™! 1.

Remember that the notation arcsin x, etc., is an alternative to sin ' x, etc.
Both forms are in common use, and readers should be prepared to see either in
examination papers.

Qu. 3 Find the values of
{a) arctan i, {b) arccos(—1) (e} arcsin (0.01),
{d) arcsin{—1), (e) arctan(—3), (f) arccos 4.
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Example 4 Find the general solution of the equation 4 cos M 4 3 eos i = 0,

doos M4+ 3eosll =0

Soddeos* 0 —Jecos )+ eos =0
S 16cos* 1 —9cos i =0
JocosB(l6cos* -9 =0

Seosl=0, +3
S O@=nn+in, -+ arccos

Example 5 Solve the equation sin 36 = sin 8.

sin 36! = sin #

S3=2am+ 0 or 30=(2n+lm—0

20 =2nm or d4=(2n4+ l)m
So0=nn, (2n+ limid

Qu. 4 Solve the equation sin 38 = sin # by means of the identity
sin 3¢ =3sin# —4sin* @

Example 6 Solve the equation cos 56 = sin 40,

The identity sin ¢ = cos (Ir — ¢) is used.

cos 50 = sin 44
.. €08 50 = cos (In — 44)
56 =2nm + (4 — 46)

Co50=2nn+din—40 or S6=2nm—inm+ 49
S90=(dn+ D2 or  G=(4n— Dn/2

SoB={(8n+ /18, (dn— )2
Qu. 5 Solve Example 6 by writing cos 50 = sin (r — 50).

Example 7 Show that 21an ' 2+tan™'3=n+tan '4

Let A= tan™'2, B=tan '3, then tan A=2, tan B=3, and the lefi-hand
side of the equation is 24 + B. We shall find tan (24 + B).

ianZA:ﬂii:i:_f
I—tan*4 1-—-4 3
tan 24 +tan B 343 |

L 244+ By = - — .
B = e A e a3

S 244+ B=nn+tan '% for an appropriate value of n

18 cos 48 = sin 36,
20 sin 26+ cos 3t =10

$22 2tan"'{=tan"*%
M in—tan 'd=tan" 'L

Now jn< A <ir, jn<B<in

S in<244 B<in

S 2A4+B=m+tan ' |

S2tan '24tan ' j=n+tan 'L

- Exercise 12b

1 Write down the values of

(a) sin '(3/3), (b) cos ' (3/2), (c) tan ' (1//3)

id) cos 'O, () tan ' (=3 (D sin™' (=1}
2 [Jse tables or a calculator to evaluate:

{a) arctan 2, {b) arcsin 4, (c) arccos &,

{d) arcsin (—4), (e) arctan(—4), () arccos L.

Find the general solutions of the following equations in

3 Isin2d =sind. 4 Joos 20 +2cos =1,

§ Ogin 36 =2sin# 6 tan 20 =4 tan .

7 cos @ +sin 6= ,/2. 8 costl—,/3sinfi=1.

9 sin (F + )= 2 sin (# — x). 10 3 cos (! —a) =4 sin (x— @)

A1 1 42cos 20 =cos 22+ 2 cos f cos o
12 dcosf—Tsinf+8=10.
14 cos 3t =cos i,

13 3 cos i =T(sint — 1),
15 sin 30 = sin 2.

17 sin 30 = cos 26,

19 tan 48 + tan 26 =0.

16 tan 48 = tan f

21 Find the general solution of the equation cos 38 = cos 20. Also express the
cquation as an equation for cos 6 and hence show that cos fr=d—1+./5).
Find a similar expression for cos 3.

Prove the relations in Nos, 22-235.

23 tan '+ tan "t d=in
25 3tan 2 —n=tan"' (&)

Exercise 12¢ (Miscellaneous)

1 Find all the angles between 0° and 360" which satisfy the equations:
(a) sin @=cos 127", (b) 3cot* =2cosf,
(¢) 3sinf—4dcosfil=1 (O & C)
2 Find all the values of x between (7 and 1807 inclusive for which
{a) sin 3x = sin x, (b) 2cos® x —sin? x =1,
{c) sin 2x + cos x =0.
3 Find all the values of x between 0° and 360" inclusive which satisfy the
equations:
(a) sin x + cos x =sin 18" 4 cos 187,
(b} sin 2x = cos x sin 3x. (L)
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4 Find the general solutions ol the equitions:
() cos x 4 cos Iy = coy 2x, (b} #cosx = Jsinxw= 3, ()
5 Find _ul[ the values of x (in radian measure) which satisfy the following
equations:

{a) sin x + cos 4x = (), (b) cos2x —Scosx+3=10."

fc) tan 2x +tan 4x =10, (O & C)
6 Give the general solutions of the following equations;

(a) 235in 30— Tcos 20 +sindl + 1 =10,

(b) cos & — sin 26 + cos 36 — sin 40 = 0. i)
7 (a) Express cos 50 in terms of cos ¢, Hence prove that

cos 187 =4./(10 + 2,/5)

and evaluate cos 547, leaving your answer in surd form.
(b) Solve the equation sin 4x — sin 3x + sin 2x =0 completely, expressing
your answers in radian measure. O &C)

B ‘-‘r’ﬁtc down and solve the quadratic equation in x whose roots p and g are
given by the relations

p+g=4 pg=—4%

Use your result to find the simultaneous values of and ¢ which satisfy
the equations

cos 4 cos ¢p =1, cos feosgh = — 4

and lie i the interval 0 to © inclusive, {(IMB)
9 (a) Find all the solutions of the equation
sin 60° + sin (60° + x) + sin (60" + 2x) =0
which lie between 0° and 360°,
(b) ]:I'I‘ﬂ'\-‘t;'. lha} {sin 30){l + 2cos 2h=sin @ and hencc show that
sin 157 = (/3 — 1)/(2,/2). (L)
Jtan f§ —tan? 8
10 Prove the formula tan 30 = — L
1—3tan?d ~ ‘..Jj_"-u-’

Find gh-: general solution of the equation tan 36 + tan 20 = 0 and show
that tan® i, tan® Zx are the roots of the quadratic equation

x*—10x+5=0 (0 &C)

11 Find all the solutions in the interval (¢ < x < 360° of the equations
fa) tan 3x 41 =0

(b) 2cos® x + Isinx =0 (0 & C)
12 F;:nd all the solutions of the equation 1 + cos 24 = 2 sin 24 in the interval
07 < 4 < 3607, (O & C: SMP)

13 By expressing the equations in the form sin (4 + B) = R, or otherwise, find all
the angles which satisfy

(a) sinx+ . /3eosx=1, in Q<x<2n,
(b) sinx{sinx+cosx)=1, in m=x<2In

——

Find the set of vidues of k for which the eguation
sin x(sin X 4 cos x) = K

has real roots. (L]

14 (a) Express ./3sinx +cosx in the form rsin(x + 0), where r>0 and

— (1= l < m/2. Hence, or otherwise, find the general solution for x of the
equation

J3sinx +cos x=sino+ . /3cosa

(b) Express the products cos Acos B and sin 4 sin B each in terms of
cos {4 + B) and cos (4 — B). Hence, or otherwise, find the values of 0, in
the interval /2 < @ < 3n/2, which satisfy the equation

cot f cot(fl — w/6) =2+ /3 (L)
15 Given that 7 sin® x — 5 sin x + cos® x = 0, find all the possible values of sin x.
(L)

16 (a) Show that, if sin 2x =0, then sin Jx =sin x.
Is it also true that, if sin 5x = sin x, then sin 2x = 07 Justify your answer.
(b) Find all values of x, to the nearest degree, between 0° and 360 for which
2tan Ix + 1 =10, 0 & C)
17 Express tan (457 + x) in terms of tan x. Hence, or otherwise,
(a) express tan 757 in the form a + b,/3, where a and b are integers;
(b) express tan (45° 4 x) + cot (45° + x) in terms of cos 2x. (IMB)
18 In the triangle ABC, AB is of one unit length and BC=CA=p. The
point P lies in AB at a distance x from A and is such that L ACP =# and
£ BCP = 24. By using the sine rule, or otherwise, show that

50 =
b 2x

State the possible values of 0 as p varies, and deduce that § < x < }. Express
cos 30 in terms of p. Hence, or otherwise, find the value of x correct to two

decimal places, when p=1/,/2. . {}h-fﬂ]
19 Using the expressions for sin (4 + B) and cos (4 + B), derive the following
results;

(a) sin24=2sin Acos 4,  (b) cos 24 =cos’ A —sin® 4,
(c) sin 34 =13sin A cos” 4 —sin’ 4,
(d) cos 34 =cos® A — 3 cos A sin® A. .
From results (c) and (d) above, obtain an expression for tan 34 in terms of
tan A.
Find all the values of x in the interval 0° < x < 180°, for which
tan3x+2tanx =0

giving your answers to the nearest (.1° where necessary. (C)
20 Find the sets of values of x that satisfy the following inequalities:

{a) Bx® —4x? —6x+3=0,

(b) Bsin® x —4sin®* x—6sinx+3>0,

(c) 8sec® x—4dsec* x—6sec® x+3=0 C)




Chapter 13

Further integration

Integration by parts
131 We have learnt the importance of recognising such integrals as
[xedx=4+c and [2xcos(x*+2)dx=sin(x’+2)+¢

When, however, the integrand is the product of two functions of x but is not
susceptible to this treatment, e.g. | x e* dx, [ x cos x dx, we may often success-
fully apply a technique known as integration by parts; this is based upon the idea
of differentiating the product of two functions of x,
If # and ¢ are two functions of x,
do

o
F o5 L -Ed1+u<_i_.r

Integrating .each side with respect to i,

du dy
ny = rEd.x+J.uadx

In :—:dr=urrjv£d;

Example 1 Find | x cos x dx.

uibjdx—uu— vd—"dx Let & =

dx de do
Jxcos xdx=xsinx— [sinxx I dx i Pt
=xsinx+cosx+¢ Jop=sin x.

i

This method can of course only be attempted if the factor chosen as :—i can be

integrated; Example | illustrates the fact that its successful application usually

228

ef tiregeation 20
depends upon the correct choice of u, since it is this which determines whether

[¥ i " . . .
k v dy 14 casier to tackle than the original integral,
L1 B

Qu. | Check the answer to Example | by differentiation.

Qu. 2  Attempt Example | taking cos x as w.

Qu. 3 Find the following integrals:

() [xsinxdx, (b) fxcosdxdy, (o) [xlnxdx, (d) [xe*dx.

d . .
Qu. 4 Find = {e*’), and deduce jx"‘ e* dx

The integral | tan ™' x dx does not at first sight appear to be susceplible to the
method under discussion. However, this is one of a small group of integrals

which may be found by taking g; as 1.

Example 2 Find | tan™" x dx.

J' dud jdud Let w=tan™ ' x,
u—dx =m— |v—dx o
dx dx ey,

1 @
Jian":x!dr=un"xxx—jxx T+2 dx o=

=xtan 'x—dIn{l +x*) e
Qu.5 Find [Inxdx
d :
Qu. 6 (a) Find % {sin~ " x), (b) find |sin ™' x dx.

To some Integrals it is necessary to apply the method of integration by parts
more than oncc, as is illustrated in the next example.

Example 3 Find [ x* sin x dx.

Let w=x?
fxzsinxdx=xz{—::n5x]—J.-—::szxed.!; de |
y Let — =sin x,
dx
= —x"cos x + [ 2x cos x dx S b= —C08 X
j].rc:usxdx=2xsinx— Isinx % 2dx
=2xsinx+2cosx+e¢ Let & =2x.
ol xPsinxdy=—x*cosx+ 2xsin x4+ 2cos x + ¢ Let — =cos X,
=2xsinx+{2—x%)cosx +¢ o =sin x.

Qu. 7 Check the answer io Example 3 by differentiation.
Qu. 3 Find the following integrals;
(a) [x*cosxdx, (b) [x?c*dx



Exercise 13a

1 Find the following integrals, and check by differentintion:
(a) | 2x sin x dx, (b) | dxe*dx, (c) f xsin 2xdx,

(d) [x*Inxdx, (e) |xcos(x+2)dx, (N fx1+ le‘ dx,

3 % I[I. X
(g) Jxe* dx, (h) fxe" dx, (i I -x—ld.n
() fxsec’ xdx, (k) [x"Inxdx, il ]'x?a“dt
2 Find the following integrals, and check by differentiation:
(a) [In2xdx, (b) fsin™' 3xdx, (¢} fIny*dy
{d) Imn" gdﬂ, (e) fcos™'tde, (0 fe*dx
3 Find the following integrals (see Qu. 4 on p. 229):
(a) [x*e* dx, (b) 1::: A dt, (&) [x®e="dx,
(d) Jx*cosx?dx, (e x? sec? (x) dux.

4 Find the following integrals:

(a) [x*cos 3xdx, (b) | x?e*dx,
fe) | x*sin x cos x dx, (d)y [x?e *dx,
(&) |(xcosx)*dx, (f) | x(nx) dx.
5 Find the following integrals:
{a) | x sinxcos xdx, ib) [; i, (c) [ (1 +2x) dx,
(d) J‘ln_y dy, fe) futan™'udu, (f) [xe ™ dx
¥
(g) [x¥e*dx, (h) fx(l—x**dx, () frsin®rds
() Jeede

6 (a) Find | xtan® xdx.
(b) Show that [ x sin ™' xdx=§2x" — 1) sin Tx e J(1 —x7) 4c.
7 Evaluate:

nfl . |
{a) I xoos x dx, b J. x?e*dx, (c) ’1‘ In x dx,
]

1

1 b4
id) J sin~ ! pdy, fe) J_ tsin®edt, () J‘ xlog, x dx.
a o 1

Involving inverse trigonometrical functions

132 In §113 we dealt with the differentiation of inverse trigonometrical
functions. The frequency with which we meet inverse sine and inverse tangent
functions in integration is just one good reason why we should be adept at
differentiating these functions on sight.

If y=sin ' u, where u is a function of x,

dy dy du | du

dx  du : dx .\_.-"lil ) " dx
d | x i I 3
Thus — {3sin"! =3 P R L —
Ijm:-: ax | 5N 2} l_-f_l " To—oh
4
1 1n

d 18] = Ly
and E{Elan S.tJ-Ext+25xlx5_l+35_rz

Qu. 9 Write down, and simplify where necessary, the derivatives of the
following functions: F

(a) sin™'3x,  (b) tan "' 2x, (<) sin";. (d) cos™* 2x,
() btan"'3x (0 3tn'3, @ dsinT'x—1, () zm-t['—";‘).

The reader should now be able to write down certain integrals, hitherto
obtained by the change of variable x =k sinu or x =k tan w.

For example, j. - dx, written as J.i dx, is seen to be of the form

2
3+ 4xt 1 +%x?

k tan~ 1—+: MNaow,

3
i kt ) U xﬁ
G\ B T T

Comparing this with the integrand we find k= 1//],

: = dx—Llan T +e
o Y TR (ﬁ =

Qu. 10 Find the following integrals:

() [ 2 dx, ib) 3 dx ) 2 d

Jar= Jirae ™ @ o= ™

id) - (e I f) S I
N ) J2+25F 7 ¢ J(3 =4

17 M N~ IV S

B |3 axv 170=G+2 "

The change of variable ¢ = tan %

13.3 Of the trigonometrical ratios, two have not yet been integrated in this
book, sec x and cosec x.
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IExercise 13a

I Find the lollowing integrals, and check by differentintion
(a) | 2x sin x dx, (b) |ixe*dx, {c) | xsin 2x dx,

(d) §x*In xdx, (e) | xcos(x+2)dx, (N Jx(l+x)7 dx,
1)

In x

(g) [xe*dx, (h) fx e dx, — dx,
X
(1) [ xsec? xdx, (k) ) x"In x dx, () [x3"dx
2 Find the following mtegrals, and check by differentiation:
{a) |In2xdx, (b) [sin ' 3xdx, (o) [Inp?dy,

: il
(d) jlm_jidﬂ’ (¢) feos™'ede, (N [e'=dx

3 Find the following integrals (see Qu. 4 on p. 229}
(a) [x®e* dx, (b) fxe *dx, ie) jxte=>dx,
(d} [x*cosx®dx, () |x"sec® (x¥)dx.

4 Find the following integrals:

{a) [ xYcos 3xdx, (b) | x* e*dx,
{c) [x*sin x cos x dx, (d) | =*e *dx,
ie) [ixcosxpdx {f) j x (In x)* dx.
5 Find the following integrals:
(a) [ xsinxcos xdx, (b) J.ni" dx, (@) [l +2x)° dx,
(d) J.I—I}-y—d}'. (e) Jutan ' udu, () j‘xc": dx,
() [x?e *dx, (h) [x(1—x%%dx, (i) [tsin®tdt,
(i) foe*dv

6 (a) Find [ x tan® x dx.
(b) Show that | x sin ! x dx =H2x? — 1) sin ™ x +4x /(1 = x¥) + c.
7 Evaluate:

/1 1 el
{a) J xcosxdx, (b) J x? e*dx, ic) j In x dx,
o

i |

i el 10
td]J. sin~" ydy, (&) I £ sin? ¢ drt, if) I x log,, x dx,
5] L

L+]

Involving inverse trigonometrical functions

132 1In §11.3 we dealt with the differentiation of inverse (rigonometirical
functions. The frequency with which we meet inverse sine and inverse tangent
functions in integration is just one good reason why we should be adept at
differentiating these functions on sight.

If y=sin"'u, where u is a function of x,

dy  dy  du | dii
o ’. o X
de  duw dx Sl - w) dx
W od e ) (i 1 1 - __3_
Thus d—x{hm 2}—3 | g HZ_\.-"H'—-!'!]
= ——
d i = = ; - _IU_
il S L e e ey T

Qu. 9 Write down, and simplify where necessary, the derivatives of the
following functions: *

fa) sin™! 3x, (b) tan~!2x,  (c) sin”'=, (d) cos ™! 2x,

sk | =

(¢ 4tan"'3x, (f) Itan™’ 3

The reader should now be able to write down certain integrals, hitherto
obtained by the change of variable x =k sin u or x =k tan u.

+1
= (@ dsin ' x—1), [h};_m-l(",).

2 3 i .
. dx; written as -dx, is seen to be of the form
For ExﬂmpiE.J‘3 T 4x2 X, WrILLC J.W

Z_x + o Now,

\u"lli

k tan !

d k& § 2% _ l—xﬁ
"M A T e B

Comparing this with the integrand we find k = 1/,/3,

; : dx—Lmn'1 s +c
l3ear T 3 J3

Qu. 10 Find the following integrals:
[} f 3 4
e S Iy
{a) - + dx, (b) - 16 dx, <l JJ{B—.\:‘B X
. f 2 d
[En | m d-I1 {ﬂ} ] m d.'l-', I: } J-m X,
i | [ 5

3 dx, ﬂ'lj } —\_-"{9 = {.T & E]Ji dx.

()

; x
The change of variable f = tan 2

13.3 Of the trigonometrical ratios, two have not yet been integrated in this
book, sec x and cosee x.




:
sec”

-

S x
2 5in — cOS = 2tan—

[

i : X
(diwdmg numerator and denominator by cos® 1—|).

Thus

jmmec xdx=

Icm:ﬁr=lnmn§ + ¢t

Furthermore,

- b8 ; F1S . K
sin X‘I‘i =SII1XCEI$-§+CG§I5I1"IE=CD$_\!

n
S COSEC (I + ;) =EReC x

Thus

o Y
Isc::x dx =J cosec (.\: + 2) dx

Itani-l-n +
n 23 c

The above working suggests a change of variable which is of considerable

; , X . 2tan A
importance. I we write tan = as [, since tan 24 = ————,
2 | —tan* A4

It

tan x =
11

It is also possible (see Book 1, §17.4) to express sin x and cos x in terms of &

1-7

sin x I.r and ¢o5x=—5
1 _'E_l_']

141

Fig. 13.1 provides a useful mnemaonic for these identities. Starting with the fact

2t
that tan x = [ 3 one can at once deduce that AC =1 + %

t5ee footnote o p, 233

=

Figure 13.1

i
When we make the change of variable ¢ = tan -,

dr | 5%
; = — BP" —
dx 2 2
de 2 2
dr B
sec” %— 1 4 tan?=
s lr 2
fdr 142
Qu. 11 Find [ cosec x dx using the change of variable i = tan %
i sin fi L
Qu. 12 Find J‘ I_-:-i:c-s g d# (a) by expressing the integrand in terms of ratios of

%’. {b) by the change of variable r = tan[—;_

Qu. 13 Use the change of vanable t = tan% to show that

J‘dex=ln#+r

Compare this form of the integrand with that obtained earlier and deduce that
| sec x dx =ln (sec x + tan x) + ¢t

This change of variable is best thought of in more general terms as
‘t =tan (half angle)’, For example, when applied to | cosec 4x dx it is t =1an 2x;

then 1=2 sec® 2x dx

ol R s
o giving = TR Care must be taken to establish

5 ; . dx
the correct numerical factor in the expression for Tk

1l tan ; 1% negative jcm xdx =]T|(—tan :}+ &

If se¢ x 4+ 1an x is negative -[m:.'; di =In {—sec X —tan x) + £, (See §2.12)




Example 4 Find I I .

d s
34 8 cos by i b i k]|
P i B
| i i | + Fmp?
s s 1
J3+5cns§.~: dr ; I—r:’M|+r=dI
S Wan
o I+t X
Let ¢ =tan -,
= i dr
L3 )+ 51—t cx dy
1= §sec® > x—
2 4 4 i
— —_— I
o e = de 4
Clq | dr 1+
= {2{1 T T r}}'jr
=¢n2+H0)—tn(2—=0)+e
k. /(2 + tan §x)
= =t =
V(2 —tanix)
a0 -
Qu. 14 f-mda in terms of ¢ if
{a) t=tanx; (b} t=tandx, fc) t=tan3x.
OQu. 15 Find
| 1
: s % = sec u).
(a) [cosec 2xdx, (b) J'I remEry dd, (c) _L-’lxz— T (use x = sec u)

The change of variable z = tan x

134 An integrand containing sin x and cos x, particularly even powers of
these, may often be expressed as a function of tan x and sec x, In such a case the
change of variable r = tan x is worth trying.

Example 5 Find J‘mx dx.

[In this case we divide the numerator and denominator by ens? x]

1 sec? x
——dx= : s—dx
4+ s x sec” x +tan®x

sec” x dx di
—— U — }{ ——
1+ 2tan®x  di dx 1

Let t=tan x.

. ]+er i i
La2t* 117
|

= | et

J‘|+2r

1 i
= tan (W20+e

=—1tan~' (/2 tan x) + ¢

Qu 16 Find (a) J;dx, {b}jzmxdx

1 +cos® x cos 2x

Splitting the numerator

135 When a fractional integrand with a quadratic denominator cannot be
written in simple partial fractions, it may often be usefully expressed as two
fractions by splitting the numerator. To take a simple example, such as the
reader has already met in Exercises 1d and If,

I +x 1 X
——dx= — +—— Jdx
1+ x° 14x I+

=tan ! x+In .,j'[l +x+c

The key to 4 more general application of this method is to express the
numerator in two parts, one of which is a muliiple of the derivative of the

denominator,

Sx+7

Example 6 Find Jm %

Sim:ei[xz+4x+ﬂl=lx+4,
dx
let Sx+7=A(2x+4)+ B, whence A=3 B= -1
‘ Sx+7 3H2x +4) 3 }
"J‘xlq-4x+3dx_j{xi-+-4xIS_xllthlﬂ -

I
{_x_+2‘11+4dx

=§1n{x2+¢x+3}—3j

3 2 S o :
=E|I."| [.‘: +4x+ﬂ!—jtan (_j_) 4 ¢




This method s also appropriste for integrands of the (orm

acosx+hsinx
o cos X+ ff sinx

since the numerator may be expressed in the form
A (derivative of denominator) + B (denominator)

2cos X+ 3sinx

Example 7 F indI .
CO8 x -+ 510 X

pai
J'Emsx+3sinxdx=J{—%{—sinx+um.t} +§[msx+3inx}}dx

COS X + 5in X COs X +sin X COs X +8inx

= —4In(cos x +sinx)+3x 4

2x+3 1—2x
QII. 17 Find {HJ J‘J‘__'z-_'.-zm dJi, [b] j‘m d.‘l.',.

@ J‘ sin x. b D J’E cos x +9 sinx
Cos X + sin X 1cosx +5inx

Improper integrals

136 There are two types of integrals to be discussed under this heading, and
we shall consider them in terms of the area under a eurve,

T4

=W

0

Figure 13.2

Fig. 13.2 shows part of the curve y = 1/x?, to which the x-axis is an asymptote.
The area under this curve from s=ltox=¢(r=1)is

}.dez[—q =I—l
i X x4 t

B e | L

Let 2cos x 4+ 3 sin x = A(—sin x +cos x) + Bicos x + sin x); whence 4 = —1,

\

Akt 0, this aren — 1. Thus although the aren ‘enclosed’ by y = 1/x%, x = | and
the x-axis is not in fact a finite enclosed area, we see thut it can be evaluated as

by
the limiting value of the arca I ?dx as t—+ oo,
o

For brevity it is permissible to write

J‘J -I;-dx=|;—l—jl-=|
y x |y

{Integrals like this are usually called ‘improper integrals of the first kind")
We are faced with a similar situation when we consider ‘the arca under the
curve y=1//(1 — x*) from x = 010 x = I"(Fig. 13.3), since x = | is an asymptoie
to the curve, (Integrals like this are usually called ‘improper integrals of the
second kind'.)
The area under this curve from x=0to x=t{0<t=1}1s

I 1 I
—  —dx=|sin" Vx| =sin 't
J.n \r"“—xz] c [ ]n

As p— 1, this areq — /L

TN %)

=%

0 1

Figure 13.3

Thus, although the integrand 1/,/(1 —x?) is meaningless when x =1, the
limiting process is implied when we write

1 i s I N E
J-ﬂ _“_\.-'f“ —5 dx=[sm J.L— 3
Qu. I8 Evaluate

; 1
(a) I —1;,- dx, using the change of variable x = -
1 X




|
(h) J‘“ Ji : i dx, uding the chinge of variable x « ain u,

Qu. 19 Evaluate the following integruls where possible, otherwise show that
they are meaningless, Illustrate with a sketch.

o I o
(a) J' ~ dx, (b) j il © J‘ LY
) 1
d —d i
(d) J‘“ x—17 x, (e J ¢ *dx, {f) L mdx-

Exercise 13b
1 Differentiate the following with respect to x:

(a) sin ! 2x, ' b} tan ' (3x+ 1), {c) eos™! 2x,
@ 2sint X2 g Lign-1 X 2 3%

(d} 2sin ( 3 ) {e}ztan > (f) 30T 5
(g) cot™" x, {h) sec™ ' x, i) x*tan!x?%

(i) cot 'x+tan"'x
2 Find the following integrals:

P § W P &
{ T I— d -" b R FIER—— Ty TR
Y |gra® ® JTa=mY O e

F 2 Fo2 Lo ]
d) |——=___dx, . - ..
) J (1= 16x%) % ) J3i+4as? 4, @ J 5= 4::’}'“
(2 n;d' {h) ‘;d' (i ﬂ—l d

232> Jajg—a ™ O g ¥
- 2
0 [Fireax—a3a®
3 Find the following integrals:
(a) Enm;—rdx. (b | see 26 6, (¢) fcosec 3x dx,
{d) | sec 4 de, {e) [secxcosecxdx,  (f) J. -dy.
| cosy

: 1
0 [erse®

! sin
mfnﬁﬁﬂ-‘”L:ﬁﬁ
: !
4 jm df

4 Use the change of viriable tan x = ¢ to find the following integrals;

[ 1
UL | .
® jl +2sintx & J’cus o T

sin® x ' 1
—d " TR o S BT
mjlﬂm g [d}J-l—msin’xm
5 Find the Fullnwing integrals:
[ x+5 [ y+4
S By |,
{3} - xl +_3 » { j | _'|."=+6'_!-'+ I;' }
3u+8 [ 3—7x
R e P S e T
" cost "3 cos x — 2 sin x
) Jcosfi+sind o 0 J cosx+sinx o
b Evaluate:

o l i ' I
(a) f P dx, using the change of vanable x - 2= =

23 i
b J‘ A0 dx, using the change of variable x =; si0 .
o /4 =9x7) 3

T Evaluate the following integrals where possible, otherwise show that they are
meaningless. Illustrate with a sketch.
2 I r3 I. "1 I

fa) ib) dx, C ———dx,
Jyx—1 Jaf(x=2) ”_u{x—llz
[ | sy 1 ks
id) dx, (e} —_—dx, {3 e' dx,
Ji (x—=2) Ja [x—1)? }__1.
B B ™ g T 1
In x dx, h xe™dx, i ——dx.
:Ej.u nxdx ‘}. R (i) 1 \f[‘.?—#xz‘:dt
(1 . i d
W] ¥ ™
8 The area enclosed by the x-axis, x=1, x =1, and the curve y = 1/ is rotited

through 2n radians aboul the x-axis. What may be said about the volume of
the solid so generated (a) as { — oo, (b) as r— (!
*9 Find the area of the ellipse given by the paramelric equalions

x=3¢osl, y=3sin{

(Use the fact that J‘ dx= -J’ T i, )
[§




|
W o /=

Qu. 19 Evaluate the following integrals where possible, otherwise show that

they are meaningless. Hlustrate with a sketch,
I A |
(a) J. dx. (b) J.ﬂ de: (c)

i .|‘|:| (x-1)*

Exercise 13b

1 Differentiate the following with respect to x:
(a) sin ! 2x, b) tan ' (3x + 1),
g U B

(d) 2sin"" (__3_) (¢) 5 tan ' X
(h) sec ™! x,

{g) cot™! x,

(i} cot ™" x+tan~! x,
2 Find the following integrals:
. "

%dx. ih) | ﬁd}
[ 2 P g
mdx (e) .. Wd,

| 1
——=—dy, h) | ———=

!Ej_‘2+3}'2} ‘]HSJIS—ﬁ_I.';]

§ 2

JitTa—m

3 Find the following integrals:

1a)

(d)

-l

(i)

n

fa) cm% dx,

(b) | sec 26 d6,

(d) [see 4 dg,

1
() fm a,

. 1
W IS + 3cos 40 =

(h) jﬂ d,

| —cosd

(e) |sec xcosec xdx,

dt using the chiange of variable x « sin u,

ldx

= - 2 l
B f % 0 LW‘—Tﬂd"

{c) 4cos™! 2x,

3
3"

(i) x?tan— ' x?

3

lc)

[ l

(c) [ cosec 3xdx,

1
if} J.—t ooy dy,

; 1
> fm .

J 5 —4x?) Az

‘ 29— By +17

dy,

4 Use the change of vaclable tan x o« to find the following integrals:

i i
| Ix, b e (] X
“'I | + 2 sin? X {lj.{."ﬁSl'l.'—?lEll‘llx

sin® x L l
{}J.I+Lu:-, X 4% {le. 10 sin? J.dx

5 Find the following integrals:

i X < 5 "" y +4
1) | | +—3 dx, b y m v,
u+s o D
3 ; Ay | =" d,
) _u'+2u+5du ( },,V'f{dx—ng x
" cosd "Icosx — 2sinx
© Jeosorsmo® O | cosxtsinn
M Evaluate:
fa) 13 {r— 2}1 - dx, using the change of variable x— 2 _:_I.-
h .IJ'_j I d - .h h f. i h]_ 2 ;
[}‘n m x, using the change of varia ex=sinu

‘;’."!‘ Evaluate the following integrals where possible, otherwise show that they are

meaningless. Hustrate with a sketch,

"3 _I my I_

Eﬂj 1 x= 1 d_'l', fhj 1 .\fr{] _2} dI, { ;. —[ 3}1

(d) e (€) LT mj e dx
"[X—Z}z ' o3 {x_l}z o - & ’
mia i . 352 1

(g) I, In x dx, (h) ,.—:»xc dx, ] ‘L mdx

L ] (il =] I ':[

O |, s OF

' The area enclosed by the x-axis, x = 1, x=¢, and the curve y = 1/x is rotated
- through 2r radians about the x-axis. What may be said about the volume of
the solid so generated (a) as r— oo, (b) as 1 —07
Find the area of the ellipse given by the parametric equations

x=5co5f, y=3sm#

! (Use the fact that J._v dx= J‘y% dﬂ.)



10 Find the aren of the segment sut off by x = 8 from the parabola given by the
parametric equations x = 207, y = 4

U Sm o — B0 g aad o |l —22 40, irove that
N = - : PR 1 = e ] 1 ove 111
Jn cos i+ sin ! : w cos -+ sind P

S ) f_‘l — ]'[Il'.-li_

Further integration by parts

137 The purpose of this section is to consolidate the method of integration by
parts, and to introduce an interesting development in its application to certain
integrals in which the original integral appears again. This gives us the
opportunity to consider two integrals of great importance in physics,

je*cosbhxdx and [e™sinbxdx
Example 8 Find [ ™ cos bx dx.

) = cos bu.
Jud—ldx:m}—[ud_"d_x Let 4 = cos bx
dx

. dx ” i P
Let I=[e* cosbxdx dx
| 1
= -e“‘:mbx—jle“"t — b sin bx) dx b=t
i d a
1. hj
=—¢* cos hx 4+ — | ™ sin bx dx i)
a a
But
Let w = sin bx.
J‘e‘“sinmdx=Ee"‘siubx—jle"bmb.tdx wii e
el a dl"
1 b Let &;=L‘”,
=—¢™ sin hx —— 1
a a ]
U=—g"
a

Substituting in (1}

l b , -
l=—c"™coshx + 5" sinbx——1
i a a

@il =ae®™ cos bx + b e™ sin bx — bl
et 4 b3 =e* (acos bx + b sin bx) + K

E ¥
c = j'a”m:; bxdx= Q‘W{u cos bx + bsin bx}l+ ¢

Qu. 20 Find | &** sin 3x dx.
Qu.21 Find | &* cos 2x dx,
{a) taking ¢* as u throughout,

" e

(b) tuking cos 2x as e bn the first step, and sin 2x a8 u in the second.

Exercise 13¢

L (e) Can we usefully take cos 2x as u in the first step, and ¢* as u in the second?

I Use the method of Example 8 to find the following integrals:
(b) [e**sin 3x dx, {€) J.e ' cos é di,

(a) fe* cos 2xdx,

(d) {e®sin(2x+ 1)dx,

(e) | e** cos? 8 do.

2 Find [ sec® x dx by first proving it equal to {sec x tan x +4 [ sec x dx.
3 Find the following integrals:

(a) [x1nxdx,

(d) [ xsin3xdx,
(g) [4u®e” du,

(i) [l (3x)dx,

{m) [x ¥ Inxdx

(b} [tan™'2ydy,

fe) [ x*sin2xdx,

(h) [x(2x—1)dx

(k) [x?e dx,

() jc—fgdx,
(f) fe'sin2xdx.
(i) [xIn(x=1)dx,

S
{1 —[c mszdy.

(o} [Inx*dx,

{n) Isin‘l % dt,
(py [ y*cos® ydy, (@) [ xcosx?dx,

(s) [@sin(@*)dB, (t) [x*cos2xdx.
4 1f C= | e™ cos bx dx, and § = [ ¢** sin bx dx, prove that

aC —bhS =e*™cos hx and aS + hC =e** sin hx

Hence find C and &,

(r) [xIn(x?)dx,

=

5 Prove that J ¢ **gin Ix dx=3/13.
1]

6 Find the area enclosed by the x-axis and the curve y = x(2 — x)°,

7 A uniform lamina is enclosed by the axes and the curve y = cos x from x =0
to x=n;2. Find the coordinates of ils centre of gravity,

8 The area under y = cos x from x =0 to x = n/2 is rotated through four right
angles about the x-axis. Find the centre of gravity of the uniform solid so
generated.

9 Prove that [ cos® x dx =4 sin x cos® x + § | cos? x dx.

10 Find the area bounded by the x-axis and that part of the curve y =e* sin x
from x=0tox=m,

_ Reduction formulae

138 The normal method of finding fcos®xdx is to use the fact that
gos® x = 41 + cos 2x); [ cos* x dx may be tackled in the same way by expressing




_I_ — L L L e .

the integrand in ternis of cos 2x and cos 4x, but for the integrals of higher even
powers of cos x the working becomes tedious,

It is instructive to find | cos® x dx using integration by parts. Once again we
find that in the process the original integral reappears; this special aspect of
integration by parts is found to have o most powerful application, not only in
finding the integrals of high powers of cos x and sin x, but also in establishing
general formulae for dealing with integrands of high power.

I'=[cos® x dx=ecos x sin x — | sin x (—sin x) dx Let w = cos x.
=cosxsinx+ [ (1 —cos? x)dx do
'“ ) Leld—=ms.r.
L I=cosxsinx+x—1 %
co=gin x,

S =cosxsinx+x-+k
Sol=tcosxsinx+dr+c
Qu. 22 Find [cos* xdx by finding it first in terms of [ cos? x dx using

integration by parts, and then using the above result.
Qu. 23 Show that

1 5
% x dx = — cos” x si — cos? x s
jnus X ﬁms xSlnx+24m$ X 50 X +
+—5ﬂﬂstinx+5x3KI +
16 ﬁxdxlx =

Qu. 24 Find [cos® xdx (a) by finding it first in terms of [ cos x dx using
integration by parts, (b) by another method, giving it as a function of sin x only.

Mow the real value, in terms of economy, of the resulis we are beginning (o
establish is apparent when we come (o consider definite integrals between
certain limits. For example, using the result obtained in Qu. 23,

L LIk Sxixl ni2
B m I A
. cos” x dx [l"{x]]u +[6x4x2x:|n

where each term of ((x) contains both cos x and sin x, and therefore vanishes at

each limit,
Hence
® gl 3R
P bxdx2 2 32
O 25 Show that

sin x 4 ¢

1 + 4x12
5 = e Gy PR
J.IZGS xdx 5 ©08 xs:nx+lscﬂs x.‘]lnx-i—sxa

LTS
and evaluate .r cos” x dx.

0

A pattern is emerging in the last but one term in Qu. 23 and in Qu. 25 We
shall now consider the general treatment of this form.

niE

Suppose Iq=I cos" x dx (nz=2)
1] i

l]._'si_ﬁg integration by parts,

T e 2 Let w=cos" ' 1.
I,=|ecos" 'xsing| —
do
Let —=cos x,
ma dx
mj sin x (m— 1) cos™ ¥ x{—sin x) dx
o C.r=sinx
nz
=0+(n—1) J. (1 —cos®xjcos" * xdx
[
2 x/2
={n—]}-[ mﬁ“'ixdx—{nuI]I cos” x dx

i I

Sly=n—1,_s—(n=1)I,

Loy =(n—=1M,_,

—1
£ I,="" ey (n22) (1)

Since this relationship reduces by 2 the power of cos x in the integrand it is
called a reduction formula.

Replacing # by (n—2) in (1),
=3

a-z_n_zfn'l l"}""}
Similarly
n—3
.—4=n_—4fn—a (nz6)
Thus
n—1 (n—1¥n—-3)
fr|_ n I--z—' "E_"_:-;-J n—4

(r—1)n—=3n—5)
= o

n—Din—4 k28)

" Ifnis odd, .2, n=7. we obtain a multiple of I,, which is

A2
cosxdx=1

]




IWnis even, e n= b, we obtidn o multiple of 1, which i
[*ard

n
l dx =
of 0 2
Thus
Mald .
' hxdx2 6
eos xdx=fo=r " x| =—
Ji T Ix5x3 35
and
Fofe Sx3xl m Sx
cosd xdy=J = """ Sy i
Ji . ﬁxilx?,xz 32

Qu. 26 Evaluate:

w3

ma 2
(a) j cos® x dx, (b} cos” x dx, ic) J cos'” x dx.
i} 1]

]
niz
Qu. 27 If .',.=J‘ sin” x dx. use integration by parts to show that
L]

n—1
1n= " fn—Z

Qu. 28 Use the change of variable x = n/2 — y to show thal
x/3 ={2
J- sin" x dx = .J' cos" x dx
(] 1]
We can now state a reduction formula which the reader should memorise.
[T j Tl
If J',,=J‘ cos" xdx or -[ sin” x dx,
o L]

n—1
f,,=—n--f

a-2

Hence, when n is odd,

n=1)n—3)..4x2
C onan—-2..5%x3

and when n is even,

_(n—=1kn—3)...3x1
T mn—2)..4x2

n
" ® 7
(These formulae are often called Wallis” formulae)
A thorough treatment of reduction formulae is beyond the scope of this book,
but as an introduction to this topic the above ideas are developed more fully in

Exercise 13d; of particular interest is No. 6, from which the basic formula quoted
above may be deduced as a special case.

B e A

Exercise 13d
I Use integration by pirts 1o show that
[sin? xdx = —}cos xsinx+jx+e

Assuming this result, find | sin® x dx by the same method, and evaluate

nfd
J‘ sin x dx
L]

2 Use integration by parts to show that
[sin* @ dft= —LcosBsin® @ —Feosb+c
Assuming this result, find [ sin® # df by the same method, and evaluale
=2
J. sin” A df

i
3 Ewvaluate the following;

2 a2 1]
{a) j sin” x dx, ih) j sin® x dx, ic) I sin® x dx,

L L1 0
il nl n2 ;
(d) ! costxdx, (e J sint' xdx,  (f) J. sin” x dx.
oo o o
4 Use the change of variable u = 2# to prove that
E 35n
TR g PR
J‘ﬂ sin” 3 du 178
Evaluate the following:
a4 Ami2 i L
(a) ’{ cos’ 2ydy, (b) I sin®-dt,  (c) J cos® 3x dx.
L] o 3 1]

*5 Demonstrate graphically that

" n nid
(i) -[ cos? 0.di =0, (i) I sin’ﬂde:EI sin® 8 dd,
D 0 0

: | 'l
{iii) J- cos*0di=2 j- cos* 0 do.
1]

[

Evaluate the following:

™n Pl a2
ia) sin' 0 4, (b) cost 048, (o) J sin® f d#,
« 0 W W2 -m/d
il *n w2 5
(d) sin’ 0 di, (g) | cos®0da, (N j cos” @ dé,
& =’ uil -/
(g sin'? & df, {h) | cos®fdf.
o @ ]
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Al wl

cos™ duin" 0 di  nw J A, or |, .. use Integri-
N (1] e

tion by parts (taking w as ¢ ') to prove that

" (0] Writing f

m—1

e 5
m+n"‘"?" (m=13),

and write down I, _, . and hence lypwinterms of £, . . (m=4)
) n
(b) Use the change of variable X=3—y to prove that I, =1, . and

reduce [,,_; . to the form kI,,_, , . (n=6). |

#f2

(c) Show that I

]
evaluate this

(i) by reduction to the form kI, ,,
() by writing the latter integral as a function of sin 0.
(d) Evaluate the following

. g [m2
cos® 0 sin® § dff = 59 I cos # sin® 6 df, and proceed 1o
o

s =2 . iz
(i) J:} cost Bsin* 6dl, (i) J. cos” ¢ sin® # da,
]

#'2 w2
{iii) I cos’  sin® @ dé, (iv) J' cos® fisin” 0 di.
1] 1

T Use a suitable change of variable and the method of No. 6 to evaluate the
following:

1
{a) J’ 1 —=x*"dx, (b jl a1 —xYH"2dx,
0 o

)
] 1|‘I,,=I x"e " dx, (a) obtain a reduction formula for I, in terms of I !
o =

x

and (b} evaluate J- x" 0" dx.

o

ni4
KL= L tan” / dfl, obtain a reduction formula relating I, and I, ., and

use it Lo evaluate the following correct to two significant figures;

nid n'd
{a) J. tan’ # d@, (k) J. tan® @ dil.
o

L]
10 (a) If I, = [ sec” x dx, prove that
1 = n—2
fq=“—_-_I—TEHXSEC' :x-]-"—:—[h_z [n=2)

and use this reduction formula to write down an expression relating [, to
I, ln=6)

n'hi
{b) Use the result obtained in (a) to find -I. sec® x dx, and check your
il
answer by expressing the inlegral as a lunction of tan x only,
/3

(¢} Prove that see” xdx = % _U.I’J. 4 I_E;:! Im(2+ v."jj_

=il o

" The mean value of a function

139 In elementary arithmetic the idea of the mean (often loosely called
the average) of a set of numbers is a familiar concept. If we have n numbers
Vis Va2 ¥aneoo ol their mean § is given by

"
V= E'[h +trhtyta )

| r=n

= E ;Zi Fr

Notice that il each of the n values of v, were replaced by #, the total would be
r=n

unaltered, because ni= 3 y,.
r=]

In more advanced work it is frequently necessary to find the mean of a
continuous function; for example we may wish to find the mean value of the
temperature over a period of 24 hours, or the mean value of an alternating

voltage,
The mean value of a function f(x) over an interval x = a to x = b is defined as

1 ]
Like the elementary idea of the mean in arithmetic, the mean value of f(x) is
the (constant) value, J, which should replace f(x) throughout the interval, so that

Y

o i " ]

-

Figure 13.4



the nren under v = 3 (e, the aren of the rectingle HENM in Fig 1 38) equals the
aren under the curve y e f{x) from x=alo x = h

OQu. 29 Find the mean value of
fa) y=x* fromx=1ta x=4, (b) p=gin x, rom x=04p x=1n
(€) y=.x, from x=01lo x=4, (d) y=sin?x, from x =0 to ¥ =n/2,

Exercise 13e (Revision)

Mo fist of standard integrals” is given in this chapier, in the belief that the
recognition of form is more important than the learming of formulae (see
Mos. 13-17)

In this exercise,

MNos, 1-7 summarise the main methods dealt with in, chapters 1, 2, 3, 13.

Mos, 8-12 gather together the integrals of some trigonometrical functions and
inverse functions, to enable the reader to take stock of his or her power of
handling these integrals.

Mos, 13=17 are designed to develop discrimination in choice of method. These
questions test the essential skill, recognition of form, and the more experienced
reader may confing his or her attention to these questions, together with some of
the less obvious integrals in Mos, 8-12.

Find the integrals in Mos. 1-6.

i [ x4+ .
1(a) [ /02 +1dx, (b J ¥ e
(e) [cos” udu, (d) |sec® o dd,
fe) [secxtan® xdx, (f) | xsin x* dx,
2
(&) f = ;” dx, (h) [x(2x?+3) " da,
Y
: x : )
(i) J-Fdx, i) J.lanidﬂ.
2 Change of variable,
[a) Ix\l.'r{lt— 3) dx, (b} j!x[}x - 1) dx,
[y —8) 1
dy, d dy
(c) V& T { }J.m ¥,
Mol 1
{E] | 3+g E‘du-. “‘J‘ J‘md”.
| ! e
(g) - dex, (h) | /(4—y*)dy.
[ I . I
" J x/(9x% - ”dx’ w J- 5+ 4cosf W

B R T T TP P —

3 Fmeolving exponential aed logarichmic functions

2
X
(@) e dx, (b) | 107 dy, i) J‘ —y dx,

sz dx (x=>3),

e i I
i j.h dx, (c) J.mcba (f) L_

| | ‘ |
(2 J.h_l_gd.'n:. (hi Jl —ad 0 fIn xdx,

(i) }-C"‘d\: [wnlea_‘.!'x”] =12t ?d_x}

4 Partial fractions.
2 -4 (b) 1 —d ) | ax,
@ Jg==% P P

X 2-x* {'( -2

5 Integration by paris,

{a) J‘xmsgd_r, (b} j; e*dux, (¢) [y cosec? pdy,
(d) [21 —30°dy,  (e) [x 3 dx, () | xIn2xdx,
{g) [Intde, (h) ftan~'3xdx, (i) [4°dx

(j) [x’sinxdx,

(k) Prove J.cm;‘ ; dx = IZ sin % cos? % e % Juos’ % dx.

6 Splitting the numerator.

() J'E.r—l (b)

cos {f cosx—28inx
BT S S s
@ Ilcnsﬂ—sin g @ _[3-:mx+4amx x

7 Ewxaluate the following:

2i3 o . wa i 4 J'.-:- 1 4
[ — X
w J‘ Wy 7o L N O P T
=2 T n'B
{-:1}-|‘ cos'' x dx, (e) J. sin't 0dd, () I cos® 4y dy,
o a 4]




i n nid
(®) j sin" u du, ih J cos’ xdy, i j con' O sin'™ 0 da,
[} L}

n'd 1]
. el
8 Find the following integrals:

(a) [sinSxdx, (b) qus ; dx, (o) JtanSxdx,  (d) [cot dxdx,

{e) jcow:x dx (usa tan:?JE - ;)_ if chgx dx (uge tan ; - r).

9 Find the following integrals:

ia) ‘I‘sec’ ;d_t. (b) [eosec® 4xdx, (o) [sin® xdx,

(d) [ecos® x dx, (€) |tan®xdx, (f) [eot? xdx.
10 Find the following integrals:
(a) |sin®x dx, fib) [ cos® x dx,

{c) [tan® xdx (use Pythagoras’ theorem),
Hid) Jeot® xdx  (use Pythagoras’ theorem),
{e) [see? xdx (by reduction), #HF) [cosec xdx  (by reduction).
11 Find the following integrals ((a) and (b) by expressing the integrands in terms

of cos 2x, cosdx, or by reduction, the remainder by using Pythagoras'
theorem}:

(a) [sin® xdx, (b) [cos* xdx, {c) |tan® xdx,
(d) [cosec* xdx, (&) [sec* xdx, {f f:m‘* x dx.

12 Find the following integrals using integration by parts (in (e) and (f) continue
by using the change of variable x = sec u);

{a) |sin™!'xdx, (b) feos ' xdx, (c) ftan ' xdx,

(d) |cot™ ! xdx, (e) [sec™! xdx, (f) jeosec ! xdx.

Find the integrals in ™os. 13-17.

1 i X
13 (a) J‘W dx, (b) ] WE‘&‘E dx,
1 [~
O [ e Sl P e
= " x+1
(e) [x,(3+x%)dx, (f) |3520 dx,

1 The change of variable y =4t — x may ke used,

() T 4x+7 4

@ | ——=d%

4 (@) |

© lg—=
(e) | x(6—x%)dx,

(g) [/i4—x)dx,

. X2

0 | e
15 (a) | cos x" dx,

f f
Ic) J.w: ECGW:E dd,

(=) j.‘u sec? y dy,
(g) [ xsin x*dx,

(i) [sin®ycos® ydy,

16 (a) :ﬁ-ﬁ db.
© _F1 -I—;in s
ie) _"l—l:.lTixdx'
® | @
a -sin fl +2ll:.us f+1 a

17 (a) [ x*e *dx,

e’

(c) Iy dy,

L

(h) f 12+ x%) dx,

() §x(2+3x)dx.

X
(bl .[\HT;' dx,
" i
I_d} ] {-lﬁ—-—:l:}zdx'

i54;1,1':.
Ja—x

-

{1

h S S,
I.}‘J[-I_zxz} *

1
L m}-—_ 5 dx.

(i
(b) [ xsin 2x cos 2x dx,
(d) [ cos® xsin® x dx,

{f) [ xsinxdx,
{h) j w cos udu,
(j) [ sin 5x cos 2x dx.

1
—_ df}
(b) Il—ﬁsinzﬁ'd

Z2eos—4sinfd
cosf4+3Isind

4
- dx
M jmsl i+ 9sintx

| +sin x
arcilh dx,
(h) _[ P

(d)

1
dx
J1l+tanx

(b) {In(x+2)dx,

-

()

1
@ Jigme




{
(¢) [xtan ' 3xdy, (n L;:"!' o d%
(h) | x 10 dx,
() [xte™ du

(2] [4dx,
(i) fx?In(2x) dx,

Exercise 13f (Miscellaneous)
1 Integrate the following functions with respect to x;

1 2\ : . 2
(a) (x —;) . Ib) sin3xcosSx, (o) T

Prove by means of the substitution ¢ =tan x that

n'd d_\: _1
o 1+sin2x 2

Fufa ij_'l:

nd find the val [ — A
a ey u-::-uJu 1+ sin 207 (O & )

1 Inlegrate the following functions with respect to x:

J+2x
I —4x*’

(a) x(1+x3*2, (b {c) x¥Inx.

w2

Evaluate J‘ xcos® 3x dx. Q& C)
1]

1 . .
3 Express — in partial fractions and hence show that

H:odx | 1 1
L — —Eln3+iarctan (E) (L)

4 Integrate the following functions with respect to x;

1 xd
gy x arctan x, o) ———
x*=3x+2 (b) Hx:+2x+2

{a)

By means of the substitution x = 1 — 1/u*, show that
£ d n
_L W2t — )72 24 ©&0
§ Integrate the following functions with respect to x:

(a) - x+6
¥ 4+6x+8
1

(b) xlnx, {c) arcsin x.
(1+x%%

Evalual —_—
valuale 7 .'c\."'{x[l—x}}

dx, by means of the substitution x =cos® ¢.
O &C)

—-WH——WW"'__

6 Ulse the substitution uws + J[I + x*) to evalunie
138 d:
. O&C
L {1+ 317 SESS
7 By making the substitution x =m —y, or otherwise, prove that
" 2
[ .tsin"'xdx=Tn 0 &C)
o0
8 Integrate with respect to x:
x+73
J(T—6x—x%)

By making the substitution x = a cos® # + b sin® 8, prove that

(a) cos x cosec? x, ()

. xdx 1
,L TGalb—py 28 +h) 0 &Q)

9 Integrate with respect to x:

1
JI5—dx = x*)

(b) x*e ¥,

(a)

sin x CO% X
If §S=|————  dx and C= | ——dx
asin x4+ b cos x asin x 4+ b cos x

find a8 + bC and aC — bS. Hence, or otherwise, prove that

s sin x in 4 /4 .

—e Ayl ] 2, 0O&C

,[u Jsinx-l--l-:,:ﬂsxdx 5ﬂ'+25 n(}) t J
2

10 Evaluate J’ by means of the substitution x =sec®* ¢. (O & C)

25 fk—1)

11 By means of the substitution x* = 1/u, evaluate the integral

: dx
T R T R (0 &C)
J‘, x* f(5x* = 1)
12 Integrate with respect 1o x:
2
X 3 532 !
@ 4 ®y e (@) JOE+dx—x%y
By means of the substitution u = tan x, or otherwise, evaluate the integral
u/2
J' . 0 & C)
g 2+cos

13 Prove that, if C = [ e cos bx dx and § = | e* sin bx dx,
al — bS =c™ cos bx and a8 + bC =e™ sin bx

Ll
Evaluate J‘ e** gin 3x dx. (0 &C)

a




14 Integrate with respect to 1
{a) f(2x—3)" Y dx, (¢) Jaylx—a)dx
By means of the substitution x =3 cos* # + 6 sin® 0, or otherwise, evaluale
j“ dx (0 & C)
3y {lx =36 —x}}
15 Give a geometrical interpretation of the integral

(b) § & sin x dx,

L]
I=J. f{x)dx (h=>a)

Without attempting to evaluate them, determine whether the following
integrals are positive, negative, or zero:

1 x ]
{a) I x}(1 —x*) dx, (b} j. gin? xcos® xdx, (o) J e *Inxdx.
L fl 1i2
(0 & C)

z —_— —_—
16 (a) Let 1(2) =I “}5‘#
1

dx (p=0)L
By writing x = 2/y, prove that 2I(,/2) = I{2).

{b) Without attempting to evaluate them, determine whether the following
integrals are positive. negative, or zero:

1 " n
J. il —xP dx, J' sin® x cos? x dx, I e *sinxdx
o i] o
(O & C)

17 By means of the substitution y =a— x or otherwisc, prove that

'r{x}¢r=rf{a—xmx
(i} L1

o

Hence prove that

™ x sin % J"'[n—x}sinx
=

EJ.
ok i v O T gk & C
Jo 1+cos? x o 1+cos?x e 4 = )

(!

18 (a) Evaluate the integral J- tan ' xdx.
]

1
(b) II’IR=J {i%r}-;shaw that 2al,,, =27"+(2n— LI,
L]

b dx
Deduce the value of -[ (IMB)

o (1427

1

L i

Hid G
19 Prove thal, if u, = JA anénd dif, where n s n positive integer,
g sind
A~y
b U Y i
d I (—1p-!
Hence prove that w, =2 l—§+§~,..+ CE (O & C)

20 (2) Prove that, if 1, = [ sec®™ #df, and n> 1,
(In— 1), =2n—11,_, +sec™ *ftan@
(b) Using the result of (a) prove that

w4 28
j mc‘”ﬁd-ﬂ:e% (0 & C)
i




_ Chapter 14

Differential equations

The general problem

dy d¥y .
1o e
called a differential equation; a solution of such an equation is an equation
relating x and y and containing no differential coefficients,

14.1  An equation containing any differential coefficients such as

. . ; pp— | ;
Given the differential equation Ej=3' we obtain the general solution

y=3x <+ ¢, which is the equation of all straight lines of gradient 3. If the data
also includes the fact that y = 3 when x = 1, we can determine that ¢ = 2, and we
obtain the particular solution y=3x + 2.

Thus, in simple graphical terms,

(a) a differential equation defines some property common to a family of
curves,

{b) the general solution, involving one or more arbitrary constants, is the
equation of any member of the family,

{¢) a particular solution is the equation of one member of the family.

Consider the differential equation d_i =x, We can easily solve this with our

exisling knowledge, but before we do so, consider for a moment what this
differential equation tells us: it says that, for any value of x, the gradient is
equal to x. This information is illustrated in Fig. 14.1.

The solution of the differential equation is

y=ixt+e
{in this coniext, the constant of Inwegration, ¢, is usually called “an arbitrary
constant’ |, Equations of this form represent parabolas with the v-axis as the axis
of symmetry isee Fig. 14.2).
As with the family of lines y = 3x + ¢, above, if we are given some further
information, say when x =0, y = 2, then we can find ¢ and identify the particular
parabola with this property, in this case y=4x7+ 2.
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Figure 14.2

2
Qu. 1 Find the general solution of % =10. What is the particular solution
given by :—£=3, and y= —2 when x=17
Qu. 2 Find the general solution :;-I'dl:l—l\r = 3x%. llustrate with a sketch,

X

Qu.3 Forany circle centre the origin :—i =— % Solve this equation by writing

it as y% =—r (Whal is %[}'3}?)




e L L s A e e L /Lo L 1

k]
i iy :
Ou 4 Find the general solution of T B where a is o constunt, What doos

!.'
oy i when =
i .

this become, given the initial conditions s = 0 and

Defimition

The order of a differential equation is determined by the highest differential
coefficient present.

Thus the equations in Qu. | and 4 are of the second order, whereas those in
Qu. 2 and 3 are of the first order.

Since each step of integration introduces one arbitrary constant, it is in
general true that the order of a differential equation gives us the number of
arbitrary constants in the general solution.

This suggests that mom an equation involving x, ¥ and n arbitrary constants
there may be formed (by differentiating n times and ¢liminating the constants) a
differential equation of order n,

Qu. 5 Form differential equations by differentiating and eliminating the
constants 4, B from the following

(a) y=Ax-+B, (b) yv=dx; (c}) r=Acosd,
(d) xy= A4, (e) y=Ac, (f) p=ec™,
(g} y=4dAc™ (h) y=Alnx, {i} x = tan (4y).
Qu. 6 Confirm the given general solution of each of the following differential
equations;
d?y dy : 2
(a) ﬁ_a —2y=10, j,-'=.41:z' +8e "
d®x  dx -
i) F—4¥+4x—[!, x=e(4+ Bt)

We must now classify some of the simpler forms of differential equations.

First order — separating the variables

d :
142 The solutions of §=I’{x} and j—i = f(y) (whjch may be written

de | ) ; |
— = ——| deépend upon the integrals | fix)dx and ,[ﬂ dy. There are other
'1,}' fiy) J iy
differential equations equally susceptible to direct integration once they have
been written in a‘suitable form,
Consider
dy

4 (1)

We write this us
| dy
—_— X
ydx

then integrating each side with respect to x,

 [idy
J-_vd.x dxnjx dx

{But from £1.5 we know that Ifﬁy} dy= If{y}%dx.]

.'.j{_d}'=J‘x dx (2}

Snpe=4ix?

Sn(ky)=4x% or p=Aes?
MNote how the arbitrary constant of integration appears in different forms; we
have written ¢ as In k, and 4 as 1/k

MNow let us look back at (1) and (2) in the above working. The symbols dx, dy
have as yet no meaning for us in isolation; they have been used only in

: dy d ;
composite symbols such as d—:, ix fi(x), jf[x} dx. However, in the present

circumstances it is convenient to think of dx as an ‘x-factor’, and dy as a
‘p-factor’, and proceed direct from (1) to (2) by ‘separating the variables’ and
addimg the integral sign. The intervening lines provide the justification for this.

Example 1 Solve x* :—i =wy—1)

dy
2 bt  —
o =ay=1)
Separating the variables,
1 1
.[H}'— l}dy_J‘;“_ldx
1
A O
y—1 ¥ X
L S5
¥ =
or k{}l ,]}m-pe'”'.\.

Ou. 7 Solve the following differential eguations, and check solutions by
differentiation and elimination of arbitrary constants;
dy x

; dy ¥ di: -
(a) o - F {b) T () EJ-’ =AY




iy iy L gy x
d) x == = lun ¥, B) BTNt - R ], 1) Slx? 1)t -
@ dx ' (€) iy Wi dx y
du ; ; i ] ;
Qu.g w & where ¢ is a constant, Solve this equation given thatl v = u when
¥

s=0

Since Mewton's time, many physical problems have been expressed in terms of
differential equations (readers who are studving applied mathematics or physics
have probably met some already). Solving, or at least attempting to solve, a
differential equation is a very common task for a scientist, and nowadays the
problem frequently arises in other disciplines, such as economics. What follows
is an important application of the subject in physics.,

It is known that radioactive substances decay at a rate which is proportional
to the amount of the radicactive substance present. If we use x (o represent the
amount present al Lme f, we van express this in the form of a differential
equation, namely,

dx

dr
For different substances, the rate of decay is different; it is usual to quote the
‘half-life’ of the substance, that is, the time it takes for half of the original
quantity to decay. For radium the half-life is about 1600 years. We shall now
solve the differential equation, that is, express x as a function of t, and hence find
the vaiue of k. We shall then use the solution to find the percentage of a given
sample of radium which would still exist after a lapse of 200 years in storage.
[Remember, in the following working, to distinguish between the arbitrary
constant of integration A (or x,), and k, a constant which is determined by the
half-life of radium.]

dx

o

—kx where k is a positive constant.

Separating the variables gives

Jldl—:‘[_kdt
x

and imtegrating,
Inx=—kt+¢
o .‘:=E_h+‘

=g xeg M

and replacing ¢ by A, we can wrile
x=Aa™H

This is the general solution of the differential equation. (This particular
differential equation is extremely common, and, unless specific mnstructions to

B e L T . L hcd L L Ll L

the contrary are given, the solution x = de * may be quoted.) We now continug
with the solution.

Whent =0, x = 4, in olher words 4 is the original value of x. It is convenient
1o write this as x,, 50

x=xgb "

MNow, we are told that when = 1600, x = {x,, consequently

Ly = xoe 16004
Ea i_ze- 600K
iIl=r Bl!'i-I:I-l:Ii:=2

Taking natural logarithms,
1600k = In 2,

In 2

~ 1600
Hence the solution can be expressed

x = x e fin 21600

This, in turn, can be written

x= -tu{':h 1}—1_-‘1{:»00

But e™? =2, (see §2.8; this step is extremely common in this topic), hence

= .TD:‘! 1 L B0

(We can verify by inspection that when t = 1600, x =3x,. It is important to
check vour work like this whenever possible.)
Finally, when ¢ = 200, '

x=xg2 1/
=0917x,

In other words, after 200 years, 91.7% of the original radicactive radium still
exists,

Exercise 14a

I By diflerentiating and eliminating the constants 4 and B from the following
equations, form differential equations. and illustrate the geometrical sig-
nificance of each:

(a} Jx—=2y+.A=10, (b) Ax+2y+ 1 =10, (€ dx+ By=0.
(d) x* +y* =4, (e} y=Ax", (f) y=dAlx—4)

2 By difficrentiating and eliminating the constants A and B from the following
equations, form differential equations:

{a) ¥=A cos(3r+ B), (b) y=A+ Be¥, (€) y=Ae L Be
id) y=Ae'*+ Be ™ (first multiply each side by 22%),




: dy watisly the given ¢ '
(&) ywe* (A4 Bx) (!um show that -~ sdy - B -:""). ¥ the given bangiitens

iy

] _ K, ) ) I:J_L'
3 Obtain the equation of the straight line of gradient ¢, which passes through la) {1 4 cos zmdﬂ 2, y=1 when=n/4,

y - ; - ! iy
(3. —2), by finding a particular solution of the dilferential equation :I'L th dv )
4 . --Ehl.$=.r[y—21, y=35 whenx=0,
4 A family of parabolas has the differential equation di =2x — 3 Find the

2 dy
equation of that member of the family which passes through {4, 5). fe) (1+ lllﬂ =1+y% p=3 whenx=2,

di
i i i i i —_— =1, and the d ;
5 Find the general solution of the differential equation 61 o 4+ 1 =0, and th (d) d}: VU R G (—
particular solution given by the condition s =0 when = —2. / i
6 Find the particular solutions of the differential equation 9 According to Newton's law of cooling, the rate at which the temperature of a
e body falls is proportional to the amount by which its temperature exceeds
eosee X L &% cosec ¥ 4 Ix that of its surroundings. Suppose the lemperature of an object falls from 200°
da Lo 100" in 40 minutes, in a surrounding temperature of 10°. Prove that after ¢
given by the conditions (a) y =0 when x =0, (b) y = 3 when x = /2. minates, the temperature, T degrees, of the body is given by
7 Find the general solutions of the following differential equations: T=10+190c"% where k= In (5)
(a) d__i' _ (b} lﬂ = Jx—1) Calculate the time it takes to reach 507,
ax v xdx V¥ ' 10 A tank contains a solution of salt in water, Initially the tank contains
d dv 1000 litres of water with 10 kg of salt dissolved in it. The mixture is poured
ey (x4+2) 2 ¥, id) OF e ¥, offat a rate of 20 litres per minute, and simultancously pure water is added at
dx dx a rate of 20 litres per minute. All the time the tank is stirred to keep the
de dx mixture uniform. Find the mass of salt in the tank after 5 minutes. The tank
(e) T W — 1} (f) Inx Ay L must be topped up by adding more salt when the mass of salt in the tank falls
g to 5 kg after how many minutes will it need topping up?
(g) ?=lany, {h) lan“yd—y=1. )
* B First order exact equations
i) ¥ j—i =x—1, () (x*— E}gi =, 143 The equation
dy
dg , dy Jyy — 4 2 =p¥=
—— — = d
(k) 3 o a, h x =7 + 3, : x
P dd 15 not one in which the variables may be separated. However, the LH.S. is
L _ wii d I —
o) % R (n) 7 pland, 0 {xy*) and the equation may be solved by integrating each side with respect to
© 0 ﬁ - ©) ¥ E -~ %2t is called an exact equation and the solution is
dr d xdx ! xyt=de?* 4+ 4
{g) 2sin B%? =cosfl—sinfl, (r) =x dy =2 (y ¥ EF) Qu. 9 Solve the following exact equations:
x; 3
pres dy fa) xld—y-l-zx_v:l, {b}Ldj+2!|nx=3mst,
(3) e—=sint, {th e* e +yi+4=0 dx x dt
= ) (e} x?cos & 2x si o - d) ¢ erd—”—z
8§ Find the particular solutions of the following differential equations which " dx ARSI ( i T




T T T
Integrating factors
14.4  There are some dilferential equitions which are nol exacl o8 they stand,

but which may be made so by multiplying cach sidé by an integrating factor.

Example 2 Solve xy :’v

— + p*=3x
x

We cannot separate the variables. Can we find a function whose derivative 15

the L.H.S, as in §14.3? No. Then can we find a function whose derivative is |

fix) « LHS?
d dy
Y 1l Wi .29 e
d_x[x} )=p* 4+ 2xy o this is no good.
d 50 a2 . 2 dy
dx{x Y=y +2xyx —=2¢ ¥ +xy— |=2xx LHS.

The required integrating factor is Ex.]

dy 3

Xy==+y"=3x

e +)
Multiplving sach side by 2x,
dy

2ty — + 2xy? = 6ix?

Y ax ¥
Latyi=2x4 A

Qu. 10 Find the integrating factors required to make the following differential
equations inlo exact equations, and solve them:

dy ,
(a) xi+2}-==ﬁ, (b) xc’:{+2:’=x,

dv
(c) szyd—_':+xy’=], d) rsnu1H+2tanE:T;=1r".

First order linear equations
145 A differential equation is linear in y if it is of the form
duj,, dﬂ—li.Ilr drl“’zy d}r
TR T B o S e
where Py, P,,...,P, O are functions of x, or constants; it is of the nth order.
Thus a first order linear equation is of the form

+Py=0

"I r M) =
i tPy=@
where P, (0 are Tunctions of x or constanls, This type of dilferential equation
deserves special attention because an integrating factor, when required and if
obtamable, is of a standard form,

Let us assume that the general first order linear equation given above can be
made into an exact equation by using the integrating factor R, a function of x. If

this is so,
dy 3
R~~~ + RPy=RQ (1}
dx
s an exact equation, and it is apparent [rom the first term that the LH.S. of (1) s

i{RJ;}= R% +y§. Thus (1) may also be written

dx
R% + ;—i—f ~ RQ )
Eguating the second lerms on the LH.S. of (1) and (2},
}'ﬁ =RPy
g =RP

Scparating the variables,

1
—dR=|Pd
.[R J d

S InR=[Pdx
- R=clre

Thus the required integrating factor is e/ ***. The initial assumption that an
integrating factor exists is therefore justified provided that it is possible to find

{ Pdx.

Example 3 Selve the differential eguation :—i + 3y =e?*, given that y = § when

x =1,
The integrating factor is ef***=¢** Multiplying each side of the given
cquation by ¢*%,

d
c.!xd_-v + 3ﬂ35 JI,__._f...-Ea:
X

= n]: y= icﬂz +A




B . L ol L e L [

Therelore the general solution iy
y=te? 4 Jo~ M

But y=%when x=0, " §=444, " Ad=1.
Therefore the particular solution is

}.___iei.\_‘,c-h

d
Example 4 Solve ﬁ + y cot X =cCos x.

The integrating factor is
glest=dx = glusinz — ginx  {see §2.8)
Multiplying each side of the given equation by sin x,

. dy .
51N xa =+ VCOS X = C08 X 5in x

Soysinx=3sinfx+ A4
Therefore the general solution is
y=4s5in x + A cosec x
d

z + 2xy=1x. What is the particular

Qu. 11 Find the general solution of =

solution given by y = —4 when x=(?
Qu. 12 Show that the equation in Qu. 10(a) is of the type under discussion, and
find the required integrating factor as o' * %,

dy dy
.13 Solve: Lo SR i o’ 01 200N e
Qu olve: (a) d ytanx=1x, (b +y+3i=x

First order homogeneous equations

146 In a homogencous differential equation all the terms are of the same
dimensions. To obtain a clear picture of what is meant by this, suppose x and v
to measure units of length. The lerm x2y is of dimensions (length)?, or L the

2 4+ Ind ] ' . Ld-
term Lot o is of dimensions 5 [
x

The dimensions of some other terms are given below:

¥ Li: o4
% i
¥ L 2
" 7
dy ay | IE—
= =

(:Ij.')
d*y AL LY "
S =L
= L
? LxL'=L"
X
()
x L?
dy e ke
dx

Qu. 14 Pick out that member of each of the following groups of terms and
expressions which is not of the same dimensions as the rest:

dy Sd% YV .
= i —|, x#+y,
[Eﬂ Xy dI'.- ¥ dxi'- ¥ X ¥
dy ¥ dyl? d?y
2 2 i A L
b (x+ ) i x (1 + x)f (&x X X +xp
T

dy L iy "
(e) (y+2x) 7= x5 R+ X+

Qu. 15 Which of the following equations are homogeneous?

dy d
{a) x*%—i =% (b) x,va}=x“+y“. (e) x* ﬁ =1+xy,

diy dy

dy dy 2
- 2 W == = =x",
{d] I]Ej —-fdlx. ‘_e] {I’. ¥ }dx 2.’:}'. {ﬂ {1+_” }dx X

A first order homogeneous equation is of the form
dy
P =
dx Q
Si'nm:E is of dimensions 0, P and @ are homogeneous functions of x and y of
X

the same dimensions, i.¢. of the same degree. The significant point to note is that,
if P and © are of degree n, we may divide cach side of the equation by x" and

thereby obtain
LAY
¥ dx ¢
where P’ and @ are functions of y/x.
For example. the equation

xy% =x2 4y




when ¢ach side s divided by +*, becomen

ydy ry’
xdx £ (1)

This suggests the substitutions
¥

“=u and, sin = NX, . e
. d, since y = ux =

d
Example 5 Solve xp ﬁ =x*+y.

Dividing each side by x?,

¥ dy ¥y
== =] A,
xdx +(I)

dy du
Let y=ux, then E_'H_IE'
d
.‘.u(u+x—duz)=l+u2
du
Jouwx—=1
de

Separating the variables,

Iu du = J‘ldx
X

C.3u =In (Bx)

(2 -
X

du

X —
dx

_]." 2
(;) =In{dx?) where =8

Therefore the general solution is

yr=xl In(AxY)

Qu. 16 Solve the following equations by the method of Example 5,

(a) x* j—i =% +xy,

d
Qu. 17 Solve the equation x w1 + ¥

dx
{b) by the method of Example 4,

dy

(b} xj:y=x—y, c) x2—=2y%

dx

- i

Example 5.

mutually exclusive. /

- Exercise 14b

1 Solve the following exact differential equations:

dy 1 dy
2 A 2 z e
(a) y* + 2xy s (b) xy* +x Y, =€ 2x,

X

d |
() 1n_-,-'+£--=1: =seC x tan x, {d) [I—Ex]c’:—"—ﬁe’=mclx,
X

(a) by the method of Example 5,

ydx

(e Zte’+:’e‘d—f=sin¢+:m51,

P if) e r? +2rc":—; = —gosec” u,

2 Find, by inspection, the integrating factors required to make the following

differential equations into exact equations, and solve them:

g o dy dy y ¢
{a) sm}+§xm5}'a_l {h]ﬁ.p;_;'
: 2, 9V _ gy L
{c};tan_v+nae ya—_-r‘, (d) ye*+y e’d-y_l.
3 Solve the following first order linear equations:
dy o Ids
[a}E+2y—e CO8 X, {h};m—l—h,

ic) d—'v+{2x+l]y—=“’=l], {d}E+2rcnlﬂ=mm¢‘91
dx déd

dy COS X
b S, S :
(f) Xy TW=—

dr
fe) ﬁ+rtan ! = cos £,

X

dy _ dy
{g}xa—y—x_l, (h) ZIE"" y+3
P
x=2

oo s : dy
(i sm:udx+y—5m X, i) 3_1?+[:~:—2}a}—

4 Solve the following homogeneous equations:

dy dy
S SR AR
{a) x ac Ix® 4 xy, {b) xy T ¥,
dy dy
2 e ; o2 g
() x dx—x + 2y 4 ¥ (d) 3x dx-y‘,

Qu. 18 Solve the equations in Qu, 16 (b) and (¢) mot using the method of

The above questions serve not only to illustrate the method under discussion
but also to stress that the types of equations given in this chapter are not all



o dy
{e) (x* + _1-’}d': -}, () (dx = y) A

tly
dy oot Ay _ 30
{g!xa=}+\r[1 — ¥ (h) .\dx—xi-}.
o A S A S
(1) }'E£-2x+}-. (jl = P x4
*5 Solve the equation s L” reducing it to a homogeneous equation

dx x+y
by the change of variables x=X —1, y=Y+ L (Nate that this implics

a change of origin to (— 1, 1) the point of intersection of the straight lines
x —y+2=0and x+ y=0; see §6.5. The new axes are parallel to the old so

dy dY
dx  dX
6 Solve the following equations by the method indicated in No. 5
dy y-2 dy
— = by 2y —=x+y—3
@) dx x+y—5% (b) Sy T

o o i i dy y-x+1
7 State why the equa ﬂndx-}'——x—4 ‘
geneous equation by the method of No. 5. Solve it by the change of variable

y—Xx==

may not be reduced to a homo-

8 Solve the following equations by the method indicated in No. T:

dy 2x+y-1
dx 2x+y+1°
0 Solve the following differential equations:

d
(a) (b) (x +3) g2 =x+y -2

dy 4
B ——2y=(x+3.
(a) (x + }dx y=1{x+3)
dy
z oy 2
(h) x P Xt =xy+y
d}? ~2x
ic) E+{y+3]cnlx=e COSEC X,

+ 3 s*ﬁ—-l
{d) sin p4(x 4+ Ico }-:.‘lx_xr

div
(e) {x—4y+2]ﬁ=x+y—3,

if) :—i=f.+1+e1“tx+ [§N

dy
(@) 2pln p+x g ol x,
(4R X

i

,
2 i ’ nt 04+ 2r=0,
(h) 2 tan i H.‘!rli ant 4+ 2r=0

’ dy
)y —xF==px+yh

x—y+1
r—y+ ¥

. Ay
1] T

10 Find the particular solutions of the following differential equations which
satisfy the given conditions:

(a) (x +l}:[1—':—3_}'={x+ 1%, y=16whenx=1,

(b %+uculﬂ-——2cmﬁ, u=3 when H:;:f,

dy
(©) Ix+y)g-=x—y y=—2whenx=3

dy
(d) 113—3’21i=1}‘. y=2 when x =4,
d
ic) x—l+d—-:=c"t 2 x=1whent=1,

Second order equations reducible to first order form

14.7 1In this section and the next, we shall consider some rather special second
order differential equations which can be reduced to first order form. In the
following chapter we shall tackle more general second order differential

equations.
2

¥ i i x ]
To the form d—‘l ={(x} we may apply direcl infegration iwice, as also to an
X
cquation such as

xd?}' dy _
dx®  dx

which is exact/ giving

qdy 1
¥—=x*44 and y=-x*4+A4dlnx+8
dx ¥ 3 + +



——_lj—"

OF wide application W other forms of second order equations s the

dy :
substitution  irfa p. Trom which we abiain

diy dp _dp % dy dp

d? de dy " dx T dy
Thus

_dfy dp
h — o = =f{y
{a) the equation e fi y) becomes p 7 f{ y),
- S 1
{b) an equation containing :—é,:—i. v but with x absent, becomes a first order

; s an @
equation contaimng p EE, f oS
jl
3

d
F, x but with v absent, becomes a first arder

; A ¥
€] an equation contaiming ., ——
e 4 B dx? dx

) ... A
cquation containing ‘j__n P, X
X

d’y dy
E I o P st
xample 6 Supe{l+x]‘h_z lxdx.
-5
Let g = p, and since y is absent, wrile gx—‘; as d‘#g

dp
1 - a0
(1+x%) = 2xp

Scparating the variables,

1 2x
—dp = =ity
J.p ! J.l-i-.tzdx

Sdnp="lIn{C(1 + %)}

. dy =
.p-E;—C+Cx

L y=Cx+4iCx*+B
Therefore, writing 34 for C, the general solution is
y=Ax*+34x+ B (1)

This equation contains two arbitrary constants 4 and B. When we considered

; d y ;
the solution f.‘rl‘aj'J = 2xin §14.1, we saw that the solution y = x* + ¢ represented

a set of curves (see Fig. 14.2), and that if we were given some further information,
for instance a point through which a particular curve passes, we could find the

vulue of ¢ which gives the equation of this particular solution, The solution (1)
ibove represents o set of cubie curves, To identily one particular member of his
kel we must be given sullicient information 1o find the values of both constants.
This could be done either by giving mwe points through which the curve passes,
or by giving ene point and the gradient at that point {or indeed at some other
point)l. For example if we are told that the curve passes through (0, —35) and

A1, 3y, then substituting these coordinates into (1), we obtain

S Ax P I Ax04+ B

B=-5
and
I=dx1"+3Ixdx1+B
S4dd+B=3
44=%8
A=2

S0 the particular member of the set of curves represented by (1) which passes
through the two given points is

p=2x"+6x—3

) d?y cdiy B _
Qu. 19 Solve: (a) T 2 l_b]-at:i = X €08 X,
. d'y dy d?y  fdvy? .
{C] ."CF'{'E-—QI, :{1] fﬁ{' dx = C0s X,
dj}' d}. 2 ;
Qu. 20 Solve: () y—5 =| — | . giving the general solution.
dy dx
diy dy :
(b} (2x— ”&;i’ - EE—{}, given that when x =0,
dy
y=12and i 3
. . . . dy dly 2
Qu, 21 Write the differential equation EE 4+x P el by means of the

5ubstitutiond—} = p, asa differential equation linear in p, and proceed as in§14.4,
X

Simple harmonic motion

148 The substitutions mentioned in §14.7 arise in a less abstract form in
mechanics, With the usual notation, the velocity

_dx
T de

[

: dy
(compare with p= d—i)



and the neoelerntion s d'x di | '

dix dv dv dx dv
ot et U L .
d &t dxdt d»
The reader may already appreciate that in dealing with variable forces,
Newton's Second Law of Motion may be usefully written

d.
P=m—f if Pis a function of

de’

i

de . . .
or P=m:'—i, if Pis a function of x
dx

A particular case of motion under the action of a force varying with
displacement is Simple Harmonic Motion (S.H.M.).
Definition

A body moves in Simple Harmonic Motion in a straight line when its acceleration is
proportional to its distance from a given point on the line, and is directed always
towards that point.

Before studying this section the reader should have some knowledge of this

topic. We shall not confine our attention only to finding the general solution of

the typical S H.M. equation

d*x

: 3
— = —nlx
di?

We must discuss in some detail the constants which arise in the solution. Now
the constant n in the above equation is determined by the physical situation
which gives rise to S.H.M. For example, if a body of given mass hangs at rest
from a given spring attached to a fixed point, and is then displaced vertically and
released, it will oscillate in S.H.M_; in this case the mass of the body, and the
natural length and elasticity of the spring, together determine the constant n,
and the periodic time 2r/n. But n must not be confused with the two arbitrary
consiants which will arise in the general solution of the above second order
differential equation,

(a) Quite independent of the periodic time is an arbitrary amplitade a, the
maximum displacement from the centre of oscillation (dependent in the
above example upon how far we displace the body from its equilibrium
position before releasing it),

{b) The general solution of the S H M equation will give the displacement
from the centre of oscillation at time #; here is the second arbitrary choice,
the instant at which we take ¢ to be zero.

Example 7 Find the general solution of the Simple Harmonic Motion eguation
dix o
der ’

1

ince 1 is absent, (e = U8 1 —,
|h|1LL 1 1% absent, we wri i ax'

dv 3
r-Jx = —

o inj = —-ﬂ-n:x2 +
[ Al this stagé we prefer to express the arbitrary ¢ in terms of the arbitrary
amplitude a.]
If the amplitude is @, v="10 when x =a,
So0=—4n%a® +¢ whence c=4n"a?
L= (e —x7)

We must now deal separately with the positive and negative velocities which
occur in any position (other than the extreme positions when x = +4). Thus

dI_ prog g d_¥=_ - K
E—‘"”*J{“ ) or = mla® — x7)

Separating the variables,

1 ! 5
+dex=jn dt or — J-mdx—[ﬂdr

[Here it is preferable to use the change of variable x = a cos 4 on the LHS. of
each equation, rather than the more usual x = a sin u, since it enables one 1o
handle more easily the remaining arbitrary constant.]

The solution of these equations may be writlen

=t + &

i
—Cos and cos ‘E=mf+s,

B

Sox=acos{—nt—¢) and x=uacos(nt + &)

But cos ( —ff) =cos 0, s0 we may write
x=acos(nt + &) and X =acos(nt+ &)
for motion in the

positive and negative

directions respectively. o )
At an extreme position when x =a, and t =1, say, the motion is changing
from positive to negative direction, both solutions are valid, and

cos (niy + &') =cos (ney +a)=1
C.onty + ¢ and ney + & are multiples of 2n
S =4 2kn (where k 15 an integer or zero)




L il

Flonee X s o8 (b a') = aaon [+ o0+ 2kieh = o cos(nd &), Therefore the
motion s fully defined by the general solution

& = cos (nl -+ &) (1

Qu. 22 Write down the general solutions of the following uq;.ulli:mﬁ:
d’x d?y d*y
—— = —dx, b} —= + 9y =10, —3 =

(a) X, (b} 53 +9 © 53

di?
Qu. 23 In Example 7 what integrating factor will enable you to obtain the [irs
order equation

3
(%) = —ntxt 4 kT

[ Gix.

Qu. 24 A Simple Harmonic Motion of amplitude 2 em has the equation
d*x

T s 2x. Write down the solution of this equation given that x = 2 when

. . dx .
t =1{. Find expressions for o7 {a) in terms of x, (b) in terms of .

Qu. 25 What special form is taken by the general solution x = a cos (nt + &) il
the motion is timed {a) from an extreme position (i.e. x = a when t = 0), (b) from
the centre of oscillation?

The reader is no doubt familiar with the fact that, if a radius OP of a circle
centre O radius a rotates about O with constant angular velocity n rad/sec, and
Q is the projection of P on a diameter AB, Q moves with 5.H.M. along AB.

Let us take r=0 at Q,, where LAOP, =& radians, and suppose that Q
moves directly to position Qs in time ¢ Then £ P,OP;=wn radians, and
L AOQP, = (nt + &) radians (Fig. 14.3). Thus il x is the displacement of Q from O
at time 1,

X = cos(nt+ &)

When t =0, x = a cos e, and so we see the significance of this constant &, which
is called the initial phase.

P N ribids

Py

f.= Ak here

Figure 14.3

Qu. 26 What does the general solution x = a cos (nt + 1) become il the initial
phase is (a) 0, (b) — /27 ustrate each case with a sketch,

Ou. 27 A Simple Harmonic Motion has amplitude 3 mm. If 1 =0 when the
body is + 1.5 mm from the centre of oscillation, what is the initial phase?

The two arbitrary constants which appear in the general solution (1) are the
amplitude a, and the initial phase &. However, the general solution is often given

“in a form in which these are not explicitly stated,

Expanding the R.H.S. of {1)

X = cos ot cos & — asin nl sine ‘
or x=Acos i+ B sinnf (2)

where
A=acose and B= —asine

In this form we see that the amplitude
a= \fn'{_‘q:l + EI]

and the initial phase
e=tan | — E
= A
2
2

: d'x
Reduction to the form Friiad
149 In tackling a problem on S.H.M. the reader may inadvertently choose o
measure displacement from a point other than the centre of oscillation. How an
equalion thus obtained may be reduced to the standard form is illustrated in the
following exampile.

dx
di?

Example 8 Solve +9x —18=0.

This equation may be written

dix
@z - A
dx  du d*x diu
Let x—=2=u, lhan=E and 7 e
d u
L S—
de®

The general solution of this equation is

W= acos(3—+E)




Bul x =4 2,

oxemgeos (34042

Qu. 28 Solve the following differential equations:

d*y d* dx
(@) g +ay+4=0 (B 5 +20-6=0, (9 df-}+§r=—|_
Exercise 14¢
1 Solve the following differential equations:
d*y d*y dy
Ly M _} s
{al xd‘tz =0, {b) ms'ﬂdﬂl sin {f 10 =cos5 f,
d®y d?y dy
1 dz}' 1 dy
@ ~33 - =

oo P
2 Use the substitution dj.;: = p to solve the following differential equations:

d]}' d}' 2 dlj, dy a
Ll O B il 3 i T
@) & (dx) - ™) & y(dx) =0

dl
}=U.

d?y
cl (1 G e i
(e) (1+4x )3 x5

: ; . dis 1 fds)\?
3 Solve the differential equation i +ﬁ(§) =0, using the substitution

ds ... d% du du
ar = v, and writing F.[m} ﬂsaf (b} as v i

oo dy -
4 Use the substitution gy = P to write the following as differential equations

linear in p, and proceed as in §14.5:

d?y dy dy 1 g

a) —= 4ol x— = s AU ..

(®) ot ¥ x L & &zt x+2dx

diy . sy
{C} .'IE+EE=X|H b ¥

5 Find the particular solution of the differential equation
dy d%
E x E +x=0

R R R RO e R B EARAAhhAE yrrrrmrmreeessw»""rmmpreqenm— e

, - A dy
which satisfies the gondition that y and dll' are both zero when x = 1
6 Write down the general solution of each of the following differential
euations:

d?s d*
@ SF=-25 () 3 +ir=0
dis dy
() gd_ﬂz — 20, (d)4 d;i‘ +3y=0.

7 Find the solution of the differential equation

d*s
IEF +95=10

given that s=4 and% = when t =10.

8 A body moves in a straight line so that when it is x cm from a point O on the
line its acceleration is 9x cm/s® towards O. Write down the differential
equation which describes this motion, and then present a complete solution
of it (see Example 7) given that the body is at rest when 2 em from O, and its
distance from O is +./3 cm at the instant from which time is measured.

9 A body moves in S.H.M. of amplitude 4 cm and has initial phase —m/2 s It
takes 1 s to travel 2 em from the centre of oscillation, O. What was its initial
position, and what is its periodic time?

10 A body moving in S.H.M. is timed from an extreme position, and is found to
take 2 s to reach a point mid-way between the centre of oscillation and the
other end of its path. State the initial phase, and calculate the periodic time.

11 A body moves in a straight line so that it is x m from a fixed point on the line
4t time ¢ s, where x = cos 2t + sin 2¢. Write this in the form x = a cos(nt + &)
and state the amplitude, initial phase, and periodic time of the motion.

12 Repeat No. |1 for x =3 cos 4t — 4 gin 4t, piving the initial phase correct to
three significant figures.

13 The two simple harmonic motions defined by x=acos(nf+ &) and
x=acos (nt + &,) are said to have a phase difference of &; —e;. Find the
phase difference between the following pairs of S.H.M.:

{a) x=ugacosn, x=asinnt,

(b} x=2cos (h + g) x =/ 2(cos 3t —sin 31,

3.2 342

() x=—“'2 (cos nt —sin ar),  x = ——(cos ni + sin nt),

(d) x=asinnt, x=—asinm,
(¢) x=5cosnt—5,/3sinn, x=5,/2 cos nt +5,/2 sin nt.




14 Solve the following differentinl equations
d*y i
tu = = i :{ A
| dd Ay + 3, (h) Ed;" 90 =3,
d*s d®x
ic) 3mi+4f=|, (d) El’-i +4x+8=10

given that in (d), x= — | when t=0, and x= — 3 when | = /4.
15 Solve the following differential equations: I

d*y dy d*y  dy 42
a) —— — =T = ) X s
L dx* zd_'-.' 2=0. B dx?  dx’ (© arr TR .
diy dy 42 e
d) x— + == , ¥ dy
f } X dII +|'.i.3; [-"-. {E} [3]. — “Ei = (E) i

Exercise 14d (Miscellaneous)

Solve the differential equations in Nos. 1-14.

1 uus:‘:T'F=x. z_tg—i—}:x’lnx,

3 ﬁ_ccx2:§=t‘_ 4 {I+1:05£'}-——{I—cusﬂ‘}gfl—_.
5 |n[_»-+|}+ﬁ-g=ﬁﬁ. 6 ag'-n_wn.

7 Ein—llg+ﬁy=4{2x-—lj'1. 8 y%‘;»,(%)z_sg:n,
9 ugzln u.

10 gd’x -
m—3+4.x=il given that x=2 when 1=0, and ¥ = —4 when t = 1,

d]_lr‘ d}' 2 . ‘jv
1 }zd.? = (E) » Biven that -~ =4 when y =1, and y = § when x =0,

& . . 2
12 F+9{a—l]=ﬂ, given that s=2 when =10, and E=-ﬂ,}3 i

di*
t=n/b.
13 Solve the differential equation

xdj+2y=ex {x=0)

given that y=1 when x=1. {C)

m*—

14 Find the solution of the differentinl equation

dy

e vy ln x
which satisfies the initial conditions x = 1, y = 1, giving In y in terms of x.
= ; (O & C)
15 Find the solution of the differential equation
el 2y, x
¥ F T
" which satisfies the boundary condition y = 2 when x = 0; give y in terms of x.*
0 &C)
16 (a) Find the general solution of the differential equation
dy
= 42y =e**
dx ¥

Find also the particular solution for which y = 4 when x=0.

d
(b) Given that y= Ae™ + Be™ ™', where 4, B and m are constants, find d_i

z

and 3 J: Hence form a differential equation relating y and x which does
X
not contain the constants A and B. (L)
17 Prove that if y = f{x) satisfies the differential equation
dy
A YIS
dx g

then so does y = kf(x), where k is any real number.
Find the equation of the solution curve through the point (0, 1) and sketch
a graph showing several members of the family of solutions.
O & C.SMP)

18 Find the solution of the differential equation
d
s + y cot x =cos 3x,
dx
for which y = 1, when x = n/6. {(IMB)
19 The temperature y degrees of a body, ¢ minutes after being placed in a certain
room, satisfics the differential equation

d?y  dy
bar tar
By using the substitution z = %T find y in terms of ¢, given that y = 63 when

t=0and y =36 when i =6In4.

Find after how many minutes the rate of cooling of the body will have
fallen below one degree per minute, giving your answer correct to the nearest
minute. How cool does the body get? (0 &C)




21

22

Ly
O il tme ¢ satislies the dilferential squation

d¥x

+dx =k

de?
where k is a constant. At times 1 =0, Jr, dn the values of X are & 9, 2 unily
respectively. Find the value of &, and find x in terms of i

Find the greatest speed of the particle.

; dx . ;
Give a sketch of T against { for values of r in the range 0 =1 = 1.

If the motion starts at ¢ =0, calculate the times at which the particle iy
(a) first at rest. (b) next moving in the positive direction of the x-axis with ils
initial spead,

{The general solution of the differential equation may be quoted.)

(O & )
In established forest fires, the proportion of the total area of the forest which
has been destroved is denoted by x, and the rate of change of x with respect
to time. ¢ hours, is called the destruction rate. Investigations show that (he
destruction rate is directly proportional to the product of x and (1 — x). A
particular fire is initially noticed when one half of the forest is destroyed, ani
it is found that the destruction rate at this time is such that. if it remained
constant thereafter, the forest would be destroyed completely in a further
24 hours. Show that

dx

12— =x(1—

= x(l—x)

and deduce that approximately 73% of the forest s destroyed 12 hours alter

it is first noticed, (L)

A chemical substance X decays, at a rate equal to twice the guantity of X
dx 2
present, so that T 2x where x is the quantity of X present at time ¢, Given

that initially x=a, find an expression for x in terms of @ and r.

The quantity, y, of another substance ¥ changes so that its rate of increase
is equal to 2ae™*' —4y. Given that initially y =0, find an expression for y ai
time r. i
At any instant, a spherical meteorite is gaining mass because of two effecis
{a) mass is condensing onto it at a rate which is proportional to the surface
arca of the meteorite at that instant, (b) the gravitational field of {he
meteorite aliracts mass onto itsell, the rate being proportional to the mass ol
the meteorite muoss at that instant. r"usziuml'ng that the two effects can be
added together and that the meteorite remains spherical and of constant
density, show that the radius r at time ¢ satisfies the differential equation
dr

Fraa A+ Br, where A and B are constants. If r =, at 1 =0, show that

A
r=rne3’+E{E”‘—ll (L

ong the xonxin so that is displacement x from the origin

Chapter 15

‘Second order linear differential

equations with constant coefficients

Introduction; the auxiliary quadratic equation

181 This chapter title may seem a rather long and forbidding one but it is not
us complicated as it may seem at first reading. ‘Second order’ means that the
second derivative will appear, but nol derivatives of higher order; ‘Im:r:ar means
thitt none of the terms containing y will be squared, or cubed, or jﬂlﬁﬁd to any
power but one; and ‘with constant coefficients’ means that the mefhl-::mnr.s wr!i be
gonstants (not variables). In other words we shall be concerned with equations
of the form
d’y ¥

d.
“dx_“ +bﬂ +ey=0

where g, b, ce R, and a # 0.
At first, the R.H.S. of the equation will always be zero, but later we shall

gonsider equations in which the 0 is replaced by & function of x. :

We shall see that the nature of the solution will depend upon the relative
magnitudes of the constants a, b and ¢, and we shall frequently need to refer Lo
the auxiliary quadratic equation (A.Q.E. for short)

am® + bm+c=0
I'he general solution of the AQ.E. is
—b + /(b — dac)
" 2a
As we know (see Book 1, §10.2) there are three cases which can atise from this:

m=

{a) if h* >4dac, the A.Q.E, has two real, distinct roots,
(B il b* =due, the A.Q.E, has identical, real roots,
(¢) if b* < dar, the A.Q.E. has a pair of conjugate complex roots.

Puch case gives rise to a distinct type of solution to the original differential
giuation, and we shall consider each of these in turn. But first, note that we have

283



order differentinl equation, namely
the S.HM. equation

4

dt‘;,_-' + 0y =0

The A.Q.E. for this is
m? +ni=0
which has roots
m= +in

In other words it is an example of case (c) above, and we already know from
§14.8 that one form of the general solution of this equation is

¥ = A cos nx + B sin nx

Second order differential equations frequently arise in mechanics and physics,
see, for example, Excrcise 15b, Nos. 15-21,

Type I — the A.Q.E. with real, distinct roots

152 Suppose the roots of the A.Q.E. are x and £, It can then be wrilten
m? — (o + Bim + aff =0

and the corresponding differential cquation is
d*y dy
e —[!f-i-ﬁ}a +afiy=0

This differential equation can be rearranged so that it reads
d?y dy dy
Py ‘“(a“ﬁ-‘)—“

and this, in turn, can be written

d {dy ; dy ik
a(a;—ﬂi)‘*(a‘”})—“

So far, we appear to have made the equation even more complicated than it was
when we started, but now we can simplify it by substituting

dy
Lok e (1
The differential equation can then he written
do .
T =) (2]

Mot only 1s this simpler, but it is a first order differential equation, and we already
have a large battery of techniques for solving first order equations,

The solution of (1) s
Ve A (nee §14.2)

where C is an arbitrary constant. Substituting this in equation (1) gives

dy
——— — iy = ™™
T fiy

" Once again we have a first order differential equation, and this one can be solved

by using the integrating factor e/ ~#%* = ¢~ #* Multiplying through by this gives
E—,rr:: ﬂ o ﬁ E—s:}, ' Cerw—mx
dx
and integrating, this becomes

& ﬁ:},= iel.a‘ﬂll + B

where B is an arbitrary constant. Multiplying through by e**, we have

y= _C_ g i Bef-x
o

Since ' was an arbilrary constant, there is nothing to be gained from writing
Cllx — 1), and so we replace this by another arbitrary constant 4. Hence the
general solution is

y= Ae™ 4 Befx
where o and § are the (real) roots of the A.Q.E.

Example | Solve the differential equation

d*y dy
— _ = ‘:[I
i +2dx 15y

=5 and d-! =373
Find the values of the arbitrary constants such that when x=0, y=5a o

The A.Q.E. is
m'+2m—15=0
Hence
[ | S)m 3)=0
Som=—=5 or +3

Since the roots are real and distinct, this is a “Type I differential equation and its
general solution is

p=dAe 3 4 Betix
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Also, when x =0, o — 23 % ings 3 3
i = 2 and since - Sde 4 ]Hu-':_ we have

=-54+38

Solving this pair of simultaneous e ' i
_ . quations for 4 and B gives 4 — h
Hence the solution which fits the given conditions is " G

¥=—e 4 e

In this example we were given the values of y and dy when x =0, When
dx’ S '

dlﬂ'grenlla] cquations are formed in applied mathematics it s quite common iy
:hcmd:pendcnlt variable to represent 1, the time, and frequently the valu rI|I ; ”-
depu:ndlcnt varlmhlc, and its derivative, will he given for 1=0 Ein:-"-i L.I I~n-
determine the initial state of the system; consequently these val : ; ij-
called the initial conditions. sl

Qu. 1 Find the general solutions of the following differential equations:

d*y d?
o Ty i dy
{ ! dxt Y lh‘] Erj—lzd—;: +2ﬂ_¥‘=ﬂ,
diy dy 2
g 2== 55 _ 4. 4y _gdy
Wi i =t B 8y, tr=&

The reader should not assume that all differential equations are expressed in

terms of x (for the inde i : :
s o l:::: E::,dmt variable] and y (for the dependent variable). In

Qu. 2 Find the general solution of the differential equations:

d?z d?
4z e z dz
g0 065z -G -r=t

Qu.3  Find the solutions of the differential equations in Qu. 2 which satisfy the
initial conditions, = =1, and ? =10, when r= |
; ,

Qu. 4 Solve the differential ti R — R .
f0)=1 and f(0)=9. cquation F'(x) — 6f(x) + 5f(x)=0, given that

Type 11 — the A.Q.E. with identical roots

153 In this type, the A.Q.E. can be written in the form
m* —2pm 4 p* =0

This can be factorised to give

(m=p)? =i

and so the solution of the AQE. s m=p The corresponding differéntial
equation is
d?y dy 5
—2p = 4 p*yp =)
&a Pax TP

. Before we tackle this, notice the following very useful transformation. If we write

y=efy
where v is a function of x, and pis a constant, then
r=g My

differentiating onee,

de dy
e e
dx = dx )
and differentiating again,
de dy dy
e g P¥ L Ape TR iy =
AaF O TR TR
d*y dy
=g e g -
€ (ltl.t1 P dx &
Hence
dy d*y

dy
—= —2p— +ply=eM —
dx? de & dx?
Using this transformation, the Type Il second order differential equation
d?y dy
—= —=2p-— 4+ piy=0
dx? ~Pax TPy
can be written
1
470
dx?
o d¥p
N E’z' —
Integrating once gives
de
e
dx
and integrating again,
r=Ax+ B




BT My A B
o ¥midy o fjar

This is the general solution of the Type Il equation,

Example 2 Find the general solution of the differential equation

d*u du
4E{F— IIEE + Oy =0
The A.QE. is
dm? — 12m + =]
(2Zm—3P =0
Im=73
m=3/2

The A.Q.E. has real identical roots, so this is a Type 11 differential equation, and
1ts general solution is

I =ci3."2m‘:l{9+ H_J

Qu. 5 Solve the differential equations;

&V dy d3r dr
i = EI C — e e —_—
{a) aZ Tog  +9=0, (b mumz H}d; +9r=0.
Qu. 6 Find the solution of the diffe rential equation

d’y _dy

e N =

de? dx =l

given that when x=0, y=0 and when x = 1, y=e.

Type III — the A.Q.E. with complex roots

154 Suppose the roots of the AQE are p +ig, where pand g e R. The sum of
the roots is

(7 +ig) +(p —ig)=2p

and the product of the roots js
(P+igp—ig)=p? —i%q? = p? 4 42

so the A.Q.E. can be written
m* —2pm +(p* + ¢} =0

and the corresponding differential equation is

dy dy
o W @y =0

1 [ty
' AERNTE 1T we now replace ¢ hy e ™y, we have Using the same transformation as that used in the previous section, i.e, putting

Vo eV, we can write the equation

d*

fL] - - 1
B ey " e =)
d? T4

and dividing through by ¢™, we have
d*
Ty + ¢in=0

-This, however, is an equation which the reader should recognise — it is the
5.H.M. equation, and we know that its general solution can be written

v=Acos gx + Bsin gx
Returning to the original variable ¥, gives

e My= A cos gx + Bsin gx
y==e"4 cos gx + B sin ifx)

This is the general solution of the Type 11 differential equation.

Example 3 Solve the differential equation

d?x dx

s +6— +10x=0

dr di

d
given the initial conditions, x =0 and d_: =1, when 1 =0,

The A Q.E. is m* + 6m + 10 =0,
Solving by the formula,

o 0% /(36— 40)

B

N )
2

=4 —6+2i)
=—3+i
Since the roots are complex this is a Type 11 differential equation, and its
general solution is
x=e *(Acost+ Bsint)

The initial conditions are x =0 and :—': =1, when { =10, s0

0={4cos0+ Bsin0)
" A=0




Hence

x=¢ M Bsint

and
d;t =Be Meost—3IBe Ysint
dr
d: :
Putting ¢t =0, and d—: =1, pives
l=8Bcosl
SoB=1

Hence the solution which fits the initial conditions is

x=e ¥sint

Qu. 7 Find the general solutions of the differential equations:

d*y ,dy _
[ﬂ‘}m— H‘{'Sﬂ}—ﬂh

d*v d

s e A =
(b) ir +ﬁd; +3
u}36$£+r_&

Qu. 8 Find the solutions to the equations in Qu.7, which satisfy the
conditions:

dy
- y - -= =15,
{a) when x=0, y=0 and i

¥
(b) whent=0, ¥=1 and :{—: =7,

{c) when t=m, r=1, and when {=3n, r=>0.

Summary
155 To solve a differential equation of the form
diy dy

i E +b E +cy =10
write down its auxiliary quadratic equation

am*+bm+c=0

and solve it. The general solution of the diflerential equation then takes one of
the three forms shown in the table on the facing page.

Iy niture of the roots general solution of the
of the AL, differential equation
| real, distingl roots, y=Ae™ 4 Beh
m=agorfi |
H— reitl, identical roots, y=c™dx+ B)
m=p
I complex roots, y=2e"A cos gx + B sin gx)

m=ptiq

Since solving a second order differential inevitably entails integrating twice,
the general solution of such an equation must include two arbitrary constants,

Example 4 Solve the differential equations
d*y dy dy dy

{H}F_¢F=l}, Iblﬁ+4}'=ﬂ, ic) {EC_E +2d;+5}lz‘]'

In each case find the solution for which y =10 nnd% =2, when x = 0 and sketch its

graph,

(To save space, some of the simpler steps in the working are left to the reader.)
2

d%y
(a) ::l:c‘z — 4y =10

The AQ.E. 13

m:—4=0
Fe=42

Hence the general solution 15
_}'=Aﬁ1't+ﬂﬁ ix

Putting in the initial conditions gives 4 =4, B =— 1, hence the solution which
fits the initial conditions is

§= i{elx —e lx}
The sketch of this solution is shown in Fig. 15.1.
d*y

(b} = | + 4y =10,
This is the S.H.M., equation; its general solution is
y=Asn2x+ Becos 2x
and putting in the initial conditions gives

y=sin 2x



&

L

Figure 13.1
(5 1
\/ \
Figure 15.2

The sketch of this solution is shown in Fig. 15.2.

{c} +2d—+5y 0,

The A.Q.E. is m* + 2m + 5 =0, and the solution of this is

m=—1+2
consequently the general solution is
y=e %Asin2x + BcosZx)
Putting x =0, y=0, gives B=10,
Ly=de " sin2x

dy
and Ae "uin 2x 4 242 Y cos 2

dx
Pulting x = U.j'r = 2 pives 2 = 24, hence A = 1: hence the particular solution we
X y
reguire is
y=e""sin 2x

The solution is shown in Fig. 15.3, (When x is positive, the exponential factor

- will soon overwhelm sin 2x, so p quickly becomes negligible, for example when

¢ =5, y = —0004. For negative values of x, v still oscillates, but the amplitude of
the oscillation increases enormously, due 1o the exponential factor. For example,
when x= —5, y=80.7; it i not possible to show this in Fig. 15.3.)

Vi

Figure 153

Exercise 15a
Find the general solutions of the following differential equations.
d?y dy dy dy

15—? +10y =0, 2 =3 — 5 —6=0
3 %-43—”+29y=-:1 4 z:sg;-z' =¥
5‘;Iif_mdd_f+:sx=a r.m%_a%”:n.
16%=53—1:—u_ 3%+5% =1
92%—:—::—3x=ﬂ. 1&3—;=:—;.




4y ; Ay
nitiainyan 102 Ilmd“: br
L

dx? iy
"-1.]' d?y dy dy
3 E S TR W
! 1Y e  + d 0. LI’I:“‘.FUIU‘
d’y  dy :
14 dx2 4&- +4y=8. [Hint:put y=z+2]
d? d
15£+1d—f+zr=l. [Hirll;pul,x=u+i-|:|

In Nos. 16-20, find the solutions which fit the conditions given.

2y
]lﬁ-d Sd—}—ﬁ}—-ﬂ Whenx:ﬂ,y:jﬂndd_y:]&
dx? dx

2

d?u
17 F+9u—{} When (=0, u=4, and, when r =n/6, u = 5.

d&r  _d
18 F:_ lzd—: +36r=0, When t=0,r=1 and when t=1, r=0.

2

d
i9 If +dz=0. Whent=0,z=4and d_z =0

d di
dz
20 Sz =1 When 0=0,u=1and :E:],

Qu.9 Solve Nos. ¥ and 10 of Exercise 15a by integrating cach term and verify
that the same solutions are obtained by this method.

2

The differential equation a %‘E + b g{- + ¢y = f(x)

156 In the preceding sections we have found methods for solving any
differential equation of the form

We must now consider the more general second order differential equation, with

constant coefficients, in which the R.H.S. of the equation is not zero. We shall

start by considering the reverse problem, that is, given a function of x containing

two arbitrary constants, can we find the second order differential equation

which this function satisfies for all values of the two arbitrary constants?
Consider the function

v=dAe* 4+ Be? 4 Sx 4+ 3 (1)

L L L e . Ll i L L L i L L L

The fest and second derlvatives of this are

d |
d"} = 24e** 4 IBe* 4 5 (2)
and !
i"i‘ = 44" 4 9B (3)

Eliminating 8 from (1) and (2) gives
dy 3
3 Pe— = Sl Er
¥ P Ae™ 4+ 15x+ 4

and eliminating B from (1) and (3) gives

Oy — i3] = 540?74 45x 4 27
dx*

Eliminating 4 from these equations gives

dy d*y
Iy —— | — —7
5( i dx) (Hy dx? ) 30x

and hence
diy dy
P ‘id +hy=c—7 (41

So {4) is the differential equation which is satisfied by the function (1) for all
values of the arbitrary constants, We say that (1) is the general solution of the
differential equation (4),

Qu. 10 Eliminate the constanis 4 and B from y = A sin 4x + B cos 4x + ¢*~
and verify that y satisfies the differential equation

2

dxz
The form of the L.H.S, of the differential equation (4) above, is not very
surprising, because the terms in (1) which contain the arbitrary constants 4 and
B, namely 4e** + Be**, make up the solution of the equation

d3y dy
por 5—+ﬁ_1.—[:l (5)

+ 16y = 20e*

This sugeests that if we wish to find the general solution of an equation like (4),
we should first solve the equation oblained by replacing the R.H.S. by zero, ie.
equation (5) above, and then add to that solution some extra terms to produce
the terms of fix). In the example above, the extra terms needed were 3x + 3. The
arl of choosing these exira terms can be developed with practice, but a
systematic method for producing them is beyond the scope of this book.




Bl s then, will consist of two parts;
the solution of the equation formed by replacing [(x) by zero (this part of the
general solution i culled the complementary function) and the exira lerms
required to produce f(x) (this part is called the particalar integral)

In the following sections we shall consider how to find the particular integral
when f(x) is (a) a polynomial, (b) an exponential funetion and () a ingonomel-
rical function,

f(x) is a polynomial

157 Consider the differential equation
d?y dy
— —d— 4+ 3y=I+06 {1)
ar Yoy T

The first stage in the solution is to find the complementary function by
considering

diy  dy

= Lo e Iv=0

dx? 41.1.‘!.’ +3y
The AQ.E. 15

m* —d4m+3=10
{m—Am—1)—0

m=3 or |
and so the complementary function is
y = 4e** + Be
The R.H.S. of the equation we are solving is 9x + 6, and from our experience in
£15.6, it would seem reasonable to assume that we shall need some extra terms of
the form px + g. If we substitute y= px + g into equation (1) we obtain
D—dp+3{px+q =9 +6

Equating the coefficients of x gives 3p =9, and cquating the constant terms gives
3g —4p=6. From these equations we obtain

p=13
and

Ig—12=6
i 3(} = |8
J.g=8h
Hence the particular integral is 3x +6, and so the general solution of the
differential equation (1) is

y=Ac*"+ Be* 4+ 3x + 6

I general af 0 is 0 polynomial of degree m, the “trial solution’ for the particulur
integral should also be o polynomial of degree n.
Ou. 11 Find the particular integral of the differential equation

2

d-y dy 3
Full SR = 10 4
Fatig; + 5y=10x" 4+ x

[Hint: try y=px* + gx 4 r.]

{(x) is an exponential function

158 Consider the differential equation

dy dy e
&x'z- —=4E+3}— 10e

The L.H.S. is the same as the L.H.8. of the differential equation in §15.7, so the
complementary function is, as hefore,
y=Ae* + Be*

We must now consider what extra terms are necessary to produce 108 on
the R.H.S. After a little reflection, the reader will probably agree that the only
possible contender is a term of the form pe ™ *. So, for the particular integral we
shall try

o k-

y=ee
and we substitute this into the L.H.S. of the differential equation. This gives

4Fc.2x+ﬂm—2x+3pe—z.\n1'}e-:x
15pe =2 = 10e 2=

and hence the value of p needed is 2. So the particular integral is
y=1%e

and consequently the general solution of the differential equation is
y = AE]I+B‘:21+_§G—II

—2%

Remember that il the question gives some inttial conditions, these must now be
used to find the values of A and B. (This must not be tackled bejore the gencral
solution has been found; it must not, for instance, be attempted immediately
after finding the complementary function.)

The procedure followed above can be summed up thus — il the R.H.5. of the
differcntial equation has the form ke®*, then a ‘trial solution’ of the form pe™*
should be considered. In most cascs this will enable the particular integral to be
found. However, if ¢** happens to be a term in the complementary function, this
method will break down, because when this is substituted into the L.H.S. of the
differential equation it will produce zero. It is beyond the scope of this book to
cover exceptions like this; the reader who wishes to know more should consult a
specialised book on differential equations.




f(x) is a trigonometrical function
159  Consider the differential equation
g—:'z —4% +3y=10sin 2x+ 15 cos 2x
As before, the complementary function i
y= Ae + Be*
Once again we must ask ourselves what sort of expression is likely to produce a
combination of sin 2x and cos 2x on the R.H.S. In the light of our experience in

the preceding sections, a likely expression would be another linear combination
of sin 2x and cos 2x. S50 as the “trial solution” we shall take

y = psindx | gcosdx

in which case

dy ,
Ax = 2pcos 2x — g sin 2x
and
d*y .
ax —4p sin 2x — 44 cos 2x

Substituting these into the differential eguation gives
{—dpsin 2x — dg cos 2x) — 4(2p cos 2x — 2q sin 2x) + 3(p sin 2x + g cos 2x)
= 10gin 2x + 15 cos 2x
Hence il
(—dp+8g+3pisin 2x +(—4g —8p + 3g)cos 2x = 10 sin 2x -|_-__Li::uszx
Equating the coefficients of sin 2x and cos 2x gives
—p+Bg=10
and
—~Bp— g=13

Hence p=—2 and g =1,
S0 the particular integral is

¥y==2sin2x 4+ cos 2x
and the general solution of the differential equation is
¥ =Ae + Be* — 2 sin 2x + cos 2x

This procedure will work for most similar differential equations, that is, if the
R.H.S. of the differential equation is a combination of sin kx and cos kx, then a
similar combination of these terms should be used as the ‘tnal solution’, but

' huppen to be part of the
: there will bo difficulties if these terms _
3:::p;::ﬁ::uury function. Ax before the reader wishing to proceed further will

have Lo turn to a more specialised textbook.
Example 5 Solve the differential equation
dix =
—u +x=10e
de*

dx
given that when =0, x=5and T =14,

The AQ.E.is m* +1=0,
Som=*i
and henee the complementary function is
x=Acost+Bsint
Since the R.H.S. is 10e, we take pe* as a ‘trial solution .

Let
x= pcz:
dx ar
v—=12
i pe
and
dix :
8 _ 4pe®
dr? pe

Substituting these into the diffcrential equation gives
41"‘32' + Pelr = !&:Ir

hence
Sp=10
Lp=2
So the general solution is

x=Am5:+Bsinr+2e3‘

Whent=0,.x=35
- §=Acos0+ Bsin0+2
S5=dA+2
S.oA=3

Differentiating the general solution gives

d—x:—,&sinr+ﬂms:+4:1’

di




dy
and, from the Initial conditions, we know that = = 14, when = 0, 8o

di
4= —Asin0+ Beoos0+4
hence
[4=8+4
B=10)

Hence the solution which fits the initial conditions is

x=3cost+ 10sin 1 + 2e¥

It is convenient, at this stage, to remind the reader about an alternative

notation which can be very useful when dealing with differential equations. If y
2

; ; dy. . diy, ;
is & function of x, then E}? 18 written y,, and d—i 1 written y,; this can save a lot
X

of writing (see §11.7). In this notation the diferential equation in §15.7 would be
written

Py —dy, +3y=9x+6

This notation is used in the next example,

Example 6 Solve the following differential equation
Vo—Tyy + 10y =4A0x + 2
given that when x =0, y=6 and vy, = 13,

First, we find the complementary function by solving

Ya—Ty; + 10y=0
The AQ.E. is e

m—=Tm+10=0
Jom—20m—51=0
m=2 or 5

Hence the complementary function is
y=Ae?* + Be**

Since the R.H.S. of the differential equation is a polynomial of degree one, we
take a similar expression as the trial particular integral, i.e.

y=px+q

in this case, v, = p and y, = (. Substituting these expressions into the L.H.S. of
the differential equation gives

Ye— Ty + 10y = —Tp + 1Kpx 4 gq)
=10px +{10g — Tp)

Fguating this to the RS, of the origimal differential equation produces
10px +(10g — Tp) =405 + 2

On equating the coefficients of x and the constant terms, we obtain

— p=40
SLp=4
and
l0g—Tp=2
10g—28=2
Sog=13
S0 the particular integral is
y=d4x+3

The general solution is the sum of the complementary function and the
particular integral, ie,

y=de** + Be™ +4x +3

Finally, we must find the values of 4 and B which fit the given initial conditions,
which were, when x =0, y=6 and y, = 13. The first derivative of the general
solution is

¥y =24e™ + 5B + 4
When x =0, y=68, 50 6 =4+ B4+ 3

L A+B=3 i1
When x=0, y, =13. %0 13=24+35B+4.
L 2A+58B=9 (2)

Solving equations (1) and (2) gives 4 =2, B=1. Hence the solution which
satisfies the initial conditions is

y=2e4e " +d4x+3

Exercise 15b
Find the general solutions of the following differential equations.
d*y  _dy diy _dy
— =T =4, — — 4 — —S5y=17+ 15x.
| T3 de+12}' 4 zdx* 41:1,1: ¥ + 15x
d2y d*y dy .
3Eﬁ+9y=me*. 4 Tr+6 - +9y=8sinx+6cosx.
5 }'1"’6}?1 + ID}'= Iﬂ.x] + 18x — 6.
d3 _dr d*r

6 16 — B —+r=27¢, 7 4 25z =10,

di’ dr dr?




il

dha o du . diy o dv Find the complementary function and show that as ¢ - o, the comple-

e di? ' Idr R ’ di ! ltii‘l e B mentary lunction tends to rero
d*x dx Show that the particular integral can be expressed in the form
10107 + 1350 — 3 =21 — 61+ 2 E
' ! i=— sin(nt+a) |
Z
In Nos, 11-13, find the solutions of the differential equations, which satisly the ; where Z and « are defined by the triangle in Fig. 15.4, and Ln — 1/(Cn) > 0.
given initial conditions. i
dy dy dy y
11 d_x:+3d +2y=cosx. When x=10,y= ﬂam:lf‘i =10,
A £
12 dy+4:—i +4y=8xY. When x:ﬂ,}'zﬂand:—":zﬂ. ®
13 y, + 25y = 30e*®  When x =0, y=3and y, =20 -
I
14 Show that the general solution of the equation Ln — W(CH)
2 .
L SR Figae 154
dt dt

18 The displacement x of a particle at time ¢ is given by the differential equation

dix dx
x=(At + Bje '3 4 5 cos(t —a) — + A:E+ nix= Pcosas
where P, w, k and n are positive constants and k > 2n. Show that as r— o the
motion attains & ‘steady state’ in which x is given by

can be expressed in the form

where lan o =4/3.
15 A partiele P falls vertically under gravity and the air resistanec is taken to be
proportional toits speed at any instant. After r seconds, the distance x, which

it has fallen, is given by the differential equation p (n* —e0*) cos i + ek sin wi
d*x dx = inE— ) + K’
ar T8 = 19 A particle moves on the line Ox so that after time t its displacement from O i
where g and k dre positive constants, Express x as a function of 1, given that %
d dx
when!={}.x=ﬂandd—f=1}. d—;=_9x
16 The extension x of a spring at time t seconds, is given by the differential dx )
eqguation When t =0, x=4 and = 9. Find:
d’x {a) the position and the velocity of the particle when 1= /6,
dr? +n'x = cos ot where n and w are constants, and n#a. (b) the maximum displacement of the particle from ©. (JMB)

20 A bead P moves along a straight wire under certain forces such that it

. . dx e el
| Express x as a function of ¢, given that when t =0, x =0 and P V. motion is given by

] 2
17 The current § in an electrical circuit at ume ¢ is given by the differential & : + 3 — + 2x=10cost
| equation dr
: d?i di i where x is the displacement of P at time ¢ from a fixed point O on the wire
LF + R 7 + e —nk sin ni Determine x in terms of ¢, given that P starts from rest at O at time 1= 0

Show that for large ¢, the motion of P is approximately periodic and
where L, R, C, E and n are constants, and R <4L/C. determine the amplitude of the motion for large 1.




21 A particle moves along the x-uxis so that s displacement from € at time ¢
satislies the differential equation

X 4+ 9x—18=0

Its speed whent =n/12 i 21,’\,-"2 in the direction of the positive x-uxis and
its speed when 1 =n/6 is 15 in the oppesite direction. Find x at any time
What is the greatest distance from O reached by the particle and what 15
its greatest speed?
If the moetion starts at 1 =0, find the time at which the particle first passes
through O. (&)
22 Given that y is a function of x, where x > 0, show that, if the substitution
x =/t is made, then
f d? d*y dy
(a) :—i = 2\,’!:—':’. (b Ef :md—tf +2d—'r_

Hence or otherwise find the general solution of the differential equation

diy 1 fdy 7
= &
e _._'r( x)+4.1: {9y +6)=0 )

23 Show that y =2 — cos x is a particular integral of the differential equation

2
g;‘;--kd}:ﬂ—lmsx

and obtain the general solution.

dy
Hence find the general solution such that when x =0, y = 1.5 and A}

dx
Show that in this case, 54 <y = 7/ (]
24 Use the substitution y = xu, where u = [{x), in the differential equation
-1 N =
x? Ly —2x 27

ol 2 3 2 3
pro d.r+ (2% + 1)y = 24x

to obtain a differential equation for u in terms of x.
d d
Hence solve this equation, given that d—}r = and d_xJ; =4, when x=10.
X
(O & C)

Chapter 16

Approximations — further
expansions in series

Approximation

16.1 To students of elementary mathematics the word approximation no doubt
conjures up the idea of a ‘rough calculation”, but it should also be a reminder
that answers may often be relied upon only to a certain degree of accuracy, due
to limitations set by data and by the available means of computation.
However, there is a positive aspect of approximation which must be stressed

at this stage. In the ever increasing field of application to engineering and
vumploa wigauzation, watbcmstics oficn assumcy @ vhimavier  Ioss  caal,

possibly less aesthetically satisfying, than when it is pursued for its own sake. A
problem may arise in which many variables or ‘parameters’ are involved; only
when attention is confined to the more significant of these is the problem
susceptible to known mathematical techniques, and even then the functions
concerned are often only manageable when reduced to an approximate form, It
must therefore be appreciated that approximation, far from always implying a
sacrifice of accuracy, can provide the means whereby mathematics may be
brought to bear on practical problems which would otherwise be out of reach.
In Book 1, Chapter 24. we looked at methods for solving equations by iteration,
and, in particular, we met the Newton-Raphson method,

The main object of this chapter is to consider new ways of re-writing functions
in an approximate form; already we have used the binomial theorem to this end,
and in Chapter 10 we saw how ¢* and In {1 + x) could be expressed as power
series in x. We now start by establishing a basic form of approximation, and
applying it to numerical examples,

Linear approximation

16.2 Figure 16.1 represents part of the graph of y =f{x). P is a fixed point
i@, f{a)), PT is the tangent at P, and () is a variable point on the curve given by
x=a+ h, where h i5 small. We shall establish an approximate relationship
between f{a) and fla+ h).




(a4 h)w NQ & NT lnee b i simall

NT = MP & RT = f{a) + PR tun £ RPT s [{a) + M) It
Hence, if h is small,

fla + ) = 1(a) 4 Fla) k

This is called a linear approximation since we consider the straight line PT in
lieu of the curve PQ. Expressing it another way, when x = a, the function [{x)
may be expressed in an approximate linear form, since

flx) = fla) + fla)x —a)

Vi

y= flx}

h

Figure 16,1

Example 1 Find an approximate value of sin 317,

[Here we wish to establish an approximate relationship between sin 3[!",} -
which we know, and gin 31°, Since we use the derivative of sin x we work in'

radians. Note that 17 = /180 radians.]

3= E -+ H\‘__Iram;’usms

Since f{a + h) = {{a) + {a) A,

sin “ a:sm—+oosE B
6 lﬂﬂ' i) 180

T -

_[}S-I-T W —— 180

C,osin 317 = 0.515

tThe fact that RQ= RT =0(alk has been used in Book 1, §7.7; there it was stated in the form
dy
dy = —dx.
d dx

Mo method of npprosimation s of much value unless its degree of nceuracy is
known, Howaver, [or the moment we must avoid this issee; the reader should
consider the following questions as just a first slep in mastering an ided which
will be developed more lully later in the chapter.

Qu. 1 Use the method of Example | to find an approximate value of tan 45.6°,
retaining five significant figures, Compare this with the value you find in four-
figure tables or by a calculator.

Qu. 2 Assuming that cos ' 0.82=36" 52" and 52'=00151 radians, find an
approximation for cos 367

Qu. 3 If x=n/6, prove that cos x ={5(x + 6,/3 —6x), using the second form of
lincar approximation given in §16.2,

Qu, 4 Use the method of Example | to obtlain approximations for the
following. Retain four decimal places and compare your answers with the values
given by four-figure tables or by & caleulator.

jn) cosee 61.5° (take /3 ns 1.7321),

(b) cot 28.5° (take /3 as 1.7321),
I (take e as 2.7183),
{d) In 2.001 {take In 2 as 0.6931),
Qu. 5 Use the fact that if x = a, f{x) = fla) + Mad(x — a) to prove that
(a) fx=0, e*=l+x b)if x=xn, snxzn—x
. 1 . T s
| (c) if x=2, e }1 {'." 2x), d) lfxwz. tanxw1—5+2x.
(&) ifx=7, J2+x) f:z,é{:r+11}, M ilfx=1, hxz=x—1

Quadratic approximation
16.3 In Chapter L0 it was established that

] k) &
e =1 +x+x—+?+ 2
If x is small, an approximation for e* may be found by ignoring high powers of x.
Thus the linear approximation obtained in Qu. 5(a) is 1 4 x, the first two terms
of the above series. Clearly & better approximation would be obtained by taking
more terms; let us see how this fits in with the approach being developed in this
chapter.
y=x+1is the tangent to y =~ at (0, 1). So when x =0, the graphs of the
function and of its linear approximation have equal ordinates and equal
gradients. If we take a quadratic approximation, f{x), we can further stipulate
that the rate of change of gradient of y=¢* and y = f(x) are equal when x=0.
y="Tix)is a parabola, and this gives a better approximation to the curve y =e*
over a wider range of values of x.

Suppose
fix)=¢p + ;% +c5x°




on for small vilues of x,

€' ey oyx + egx?
Differentiating twice,
[ ¢+ 2ex

and

e = 2c,
i

But we have stipulated tha - :
ety P t, when x =0, these are not approximations but

Leo=l o=l e

Therefore for small values of x

2

x
e"xl+x+?

and, as expected, we have obtained the first three terms of the series for ¢

Qu. 6 Sketch with the same axes the
graphs of e*, | 2
x=0to x=1 at intervals of 0.1. ph +% 1+ x+x%2 from

WhProcel:;ding nn_th: same lines, we now consider in Ouw. 7 the function In x
en X & {._ and investigate how we can obtain an improvement on the linear
approximation In x % x — 1. (See Qu, 5{f).)

Qu. 7 Given that the graphs of y=

v=Inx and y=¢, +e(x—1) T
have the same ordinate, gradient. and rat o7 EylX = 1)+ cy(x— 1)
Drove that when = 1. 5 rate of change of gradient when x = 1,

._',l-_
2 [

3 x
Imxs -2 L
nx= I+Zx 3

The following table gives values of the functi
g tal unction In x, and of the fi
second approximations x— 1 and —44+2x—4x%, in the vicinity of J:=ﬂ:t ::j
the graphs of these functions are shown in Fig. 16.2. i

x 02 0.3 0.4 0.5 0.6 ny O.R 0.2 1

x -1 =R ={.7 —0.6 —0.5 —-04 -~ 03 -2 — ] 0
3 x?

=5+ 2c— == LI2Z —085 —07 —06 048 —035  —022 _gq08 0

Inx —L6l —120 -092 o6 g =357 —-0223 005

x i1 1d 1.3 14 1.5 1.6 1.8 19 A
x=1 [N 0l 03 4 0.5 (L6 0.7 08 09 1
3 =
P 5 —% (w3 LR 0255 032 038 042 046 048 D495 05
l.n.! 00953 82 0262 0 04 047 053 059 O 0.69
Fa
10
(LR =
i
04
02
0 l | 1 |

2 4 e 0

0.2
—ik4
0.6
—0.8
- 10
-1.2
-1.4
-16F

Figure 16.2

Readers who are fortunate enough to have access to a microcomputer with
high resolution graphics should use it to plot these graphs. Notice that the
approximation is very good for values of x which are near x=1.

Qu.8 Given that the graphs of y = f(x) and y = ¢y + ¢,(x — a) + c;(x — a)* have
the same ordinate, gradient. and rate of change of gradient when x =a, find ¢,

€, €2, and hence give an approximation for f{x) when x = a.
Qu.9 Ifaisaconstant and his small, re-write the answer to Qu. 8 so as to give
an approximation for f{a + h) in ascending powers of A as far as /7,

Taylor’s theorem

164 Pursuing the ideas of Qu, 7 and Qu. 8 we may reasonably suppose that if
we add terms of successively higher powers of (x — a) to an approximation for a
function fix) when x = a, determining the coefficients 3o that successively higher




derlvitives of the approximate function ure equal 1o
:hn:n ?:r; shall clar:atmn ever closer apprullrnlttnqnn o H;I;Inuu i i
n Chapter 10, ¢* and In (1 + x) are expressed ns ' '
powers of x, We .'l-lllnH now assume that ':I; Mx) in nn;nll‘:::lfiﬁrtlﬂ :;n ::;mdrmg
Eunslam_. lhuq provided that f(u) exists and that successve dcrimti;-éx ol r: x}“ Il:
ave ﬁ‘mtc values when x =a, f{x) ma ¥ be expressed as an infinite seri i
m_v.cendm‘g powers of (x — a1 In what follows, we ussume that i js i e
d:{:mt:ate an infinite series term by term. ARSI
t

fix)=coteylx—a)+exfx —a) + cylx—a)' + Calx —a)* +
then
flx)= ¢y + 2exlx —a) +3ey(x :
# X da)” + 4¢ x — g
f{;_{"‘) = 2le, +3x204x —a) 4 4% 3,,_::;; =i :;2 I
r'n’fi:: j 31{'1 i- d b 3 M 2":4[;': 5, ﬂj + ::‘-
: = e, R
and putting x =a in each line, we find that
co=Ma), ¢;=fa), ¢;= -@1 Cy= Mla) = ___-f""{a_j
2t U (T,
Thus
f'(a) (a)

fx) = f(a) + f'(a) (x — ) + T a)’ + 5 (x—a) 4+

I""{a)
e E—at

Dfifx-_—,u.'..&'
f(x) =f(a+ k) = a fa) ., "), @ )
(a+ &) =f(a) + F'(a) h + - 5+_3!_51+ 4E}i‘+... X
This result is a form of Taylor’s theorem (1716).

Example 2 Use Taylor's theorem to e i i
h as far as the term in b*. e SR

Let ﬂxlwsinx=sin(§+ﬁj r(ﬁ)ﬂmg: :

6 2
{x) = cos a r(E)E E=i:!
6) %63

tWe proved in §10.3 that the expansi _ :
= ; pansion of ln (1 +x) in ascending powers of ¢ is valid onfy i

1 4:.;: =+ [; we may therefore eapect some Limitations on the value of x iy W’:‘!: valid oaly ir
Eeneral expansions we are shout to discuss. Consideration of this is delayed ungi §I;§8m of the

[{x) = =gin x

["(x) = —cos x

rm.l{xj = Sil'l_l:

By Taylor's theorem,

fla+ B =fa)+ 1@ 4 St it 4 Dy T ey

2 3l

sin(%ﬂ)=1+%5+{‘f}h=+["f’m I Y

2 2 ! 4

3y L e, L
i+2h_4h 12h +¢Eh + i

Qu. 10 Using only the first three terms of the expansion obtained in
Example 2, obtain a value for sin 31° to five significant figures, taking /3 as
1.7321 and 1" as 0.01745 radians. Compare your answer with that of Example 1.
Qu. 11 Use Taylor's theorem to express tan (n/4 + h) as a series in ascending

powers of k as far as the term in h°.
Qu. 12 1lse Taylor's theorem to find the first four terms in the expansion of

cos x in ascending powers of (x — ), where x=tan™' 4.

Maclaurin’s theorem

165 Bearing in mind the relationship x = a + h, where a is a constant, and x
and h are variable {(sec Fig. 16.1), we sec that there is a special case given by a= 0,
when x =h, and either form of Taylor's theorem given in §16.4 reduces Lo

(=10 + 1@+ D w4 TPy Ty

This is a form of Maclaurin’s theorem (1742).

Example 3 Use Maclaurin's theorem to expand In (1 + x) in ascending powers of
x as far as the term in x°

fix)=In(1 +x) fil}=0
fx) = (1 + %) f0)=1
Fix)=—(14+=x)"* )= —1
Fx)=21+x)"? £y = 2!
()= =3=x21+x)"* )= =3
f)=4x3x21+x)"°  0)=4




By Mucluurin's theorem

- Y {1 (o " m ™0
f{x) = 1{0) + I{(0) x + ~—~!!—.x“ b x¥+ 2 x* o 5:: j.\:’ + i
_ 3 (—1) - A T
..].ﬂ{I"‘X]—']'i‘IXI+TI1+‘ﬁI3+—4!——I4+EL""*I-...
- 3 4 3
Shlex=x- 4 X X X
i N S

Qu. 13 Use Maclaurin's theorem
(a) to expand e* in ascending powers of x as far as the x* term,

{b) to show that when x is small, sin x = » — % + ;Ts,
(¢) to find the first three terms of the cxpansio;-u of r.‘:..us x in ascending powers

of x.
Qu. M. Ex_press‘l?“ ]_1' in radians correct to one significant figure. Use the
approximation given in Qu. 13(b) to express sin 17° 11’ to four significant
ﬁglur?. Check your answer against the value given in four-figure tables, or on a
calculator. ,

Exercise 16a

1 Given that the graphs of y = In x and y = ¢, + ¢,(x = 2) + ¢4(x — 2)* have the
same value of y, gradient and rate of change of gradient when x =2
d:tr:njune oo €42 €5 and deduce an approximation for In x when x =2 ‘

2 Obtain a quadratic approximation for sin x when x = a. I

3 Apply Taylor's theorem

(a) to expand In x in ascending powers of [x—e) as far as the term in

(x—e)*,
(b) to expand cosec x in ascending powers of (x — n/2) as far as the ferm in
(x—n/2)*.

4 Use 'l}"a}rlur's thc_urem to expand cos (/3 + h) in ascending powers of h up to
the h” term. Taking /3 as 1.7321 and 5.5° as 0.095 99 radians, find the value
of cos 54.57 to three decimal places.

5 Given that the functions f{x) and ¢, + ¢,x + ¢px? + e3x? + cox® + ... have
the same value when x =0, and equal successive derivatives when x =),
deduce the first five terms of the Maclaurin expansion of f{x) in ascending
powers of x,

6 We have used Maclaurin’s theorem to establish the i ioms
which should be memorised: ST

z 3

x x
e' =1+ - +t=
r+ 3 + 3 + s
2 3 x-l-
In(l+x)=x—"2+5 %
2-4-3 4+.“

CoN | #4-'!:—{?'?
x :l ‘1 ﬂ B
L L
e pe St

Write down the first four terms of the cxpansions of the following n
ascending powers of x:

(@) ¥, (b)) In(l—x) (0) cosx?,  (d) sing,

7 By subtracting the expansion of In (1 — x) from that of In (1 + x) deduce that
5 T
hJ(I+x)=x+£ +x—+:—+...

1—x 3 5 7
8 Find approximations for the following:
{a) ™4 (correct to five significant figures),
b) In 1.2 (correct to four significant figures),

(e} cos(3 (correct to three significant figures),
(d) sin 0.2 {correct to three significant figures).
9 Apply Maclaurin’s theorem directly (see Example 3) to obtain expansions for
the following in ascending powers of x up to the given term:
(a) sin® x, (x*),  (b) (1+x), ()
© 7 (x),  (d) arccosx, | {x3),
(€ essinx,  (x*) (O In{x+Je*+D} (=)

10 If f(x) =¢" sin x show that M{x}=1{,/2)" " sin (x + nn/4), and use this with
Maclaurin’s theorem to find an expansion for f{x) in ascending powers of x
as far as the x® term,

11 Find the expansion of In x in ascending powers of (x —4) up to the fourth
term

ik ) )
{a) by writing Inx as In {4(] + ir)} and applying the expansion for
In{l+ x) given in No. 6,

{b) by applying Taylor’s theorem. :
Deduce an approximation for In 4.02 correct to four decimal places.

Expansion by integration

16,6 If we wish to expand f(x) in ascending powers of x, and we find that an
expansion for £'(x) is known or is easily obtainable, then the required cxpansion
may be obtained from the latter by integration. This is illustrated graphically by
saying that if two curves approximate over a certain range of values of x, then
the area under these curves will be approximately equal over that range. Since,
for example,

d = i
aln{l+x} L e




method of obtaining an expansion for In (1 + x).

Example 4 Expand In (1 + x) in ascending powers of x as far as the x* term,

[!n[l+u}:L==J.II:_udu
o

=L (1—w4w?—u+ . )du (provided —1 <u < 1}

=[u—§u’+§w3’—iu‘+...](

1]
Codn(l 4 x) = x — 4x? +§x3—ix4+

Qu. 15 (a) ]Jse Maclaurin’s theorem to obtain the coefficients in the expansion
of arctan x in ascending powers of x, up to the x* term.
(b) Now obtain this expansion up to the x” term by using the fact that

R |
arctan u = —_—
[ ]: Llﬂ*d".

Miscellaneous methods

16.7 Qu 15 brings out the value of the integration method; this is just one way
of a:mu}mg the laborious differentiation sometimes involved in the direct
applx:f;tmn of Maclaurin’s theorem. It is also useful to bear in mind the
following possibilities:

-

{a) the use of a known approximation together with a known expansion (see
Example 5),

(b) the use of the product of known, or more easily obtained, expansions (see
Qu. 17).

Example 5 Expand sec x in ascending powers of x as far as the x® term.
2 & 6y -1
g5
gl T sl L
-1-G-% %)
x] x-l- xﬁ =1
g )

BEC X =

which may be expanded by the binomial theorem, this provides an alternative

=1 £ x‘+x°+x' % +Ib+
ks Ll RS S T R T
csecx =145+ 5t 4+ 0+
Qu. 16 Use the expansions
2 3 & £l
c‘=l+x+%+%+ﬁ+.,. and 5inx=x-§f+.-.

Lo express ¢ * in ascending powers of x as far as the x* term.

cosx .
Qu. 17 Expand :H‘[l——xx} in ascending powers of x as far as the x* term, by

considering the product of the expansions of cos x and of (1 — x)~!/%

Validity of expansions

16.8 So far we have avoided the issue that some of the expansions obtained in
this chapter may be valid only for certain values of x,

Fur example, the binomial theorem only enables us o eapand (1 — x) 1 as the
infinite series 1 + x + x* + ... provided that — 1 < x < 1. As a reminder of why
this is so we may employ an even more elementary method of expansion; by long
division

z 3
L=1 +x+l‘1r =1+x+x? +1||"r =1+x+x? +x3+1r‘

I—x —x —Xx =

elc.

Only if —1 = x < I is it true that
xl
b—x

%3
1—x

e
1—x

= -

and hence that 1+x, 1+x+x% 1+x+x*+x' are progressively better
approximations to 11 — x) since the error involved is progressively decreasing
in size; taking the approximation to n terms, the error is x"{(1 — x) If we let
n—» oz, we assume that x"—0if — 1 < x < |, and so the error —; it follows that
we may make the approximation

T4x+a2+.. 4371

as near as we please to 1/(1 — x) by taking n sufficiently large. Expressing this in
other words, we mav say that the infinite series | + x + x + ... converges to the
sum 1/{1 — x) provided that — 1 <x=<1.

1The consequences of laking values of x oulssde this range dre discussed in Book 1, §14.4.
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(Here again, the behaviour of this function and its approximations can be

compared very effective] 2
do this if possible) ¥ on a microcomputer. Readers are strongly advised to

@ ; :
Nl expansion obtained by the use of Maclaurin’s theorem is valid only if the

serles v convergent but general consideration of this matter must be delayed
wntil o later stage. The render should learn the following conditions for validity,
and should alwiys quote them, or derived conditions, whenever they apply.

Expansion , Condition

(1+xP —1ex<ly
, In{l +x) —l<x<l
Caretan x -lgxg1

Expansions of %, sin x.'cos x are valid for all values of x.

Qu. 18 For what ranges of values of x may the following be expanded as
infinite series in ascending powers of x7

@) 5+ (b) In{1— x), (c) arctan (1 + x),

(d) e, (¢) Im(1+2x), () In(l4+x%,
N2+ x) I 4x o In(l+x)

@ e OB Z 0

Qu. 19 What are the conditions that the following may be expanded as an
infinite series in ascending powers of 1/x?

(@) \/(]-q-%), (b) In (le),

Qu. 20 State the conditions for validity of the following expansions:
{a) In x in ascending powers of (x—2),
(b) sin x,/(1 + x) in ascending powers of (x — n/2).

Rate of convergence

169 For practical purposes we wish to know not only that a particular
expansion is valid, but also that it converges sufficiently rapidly for the value of
the variable we are considering; in other words, if we arc to be able to obtain a
satisfactory approximation by considering reasonably few terms, these must
decrease rapidly in size,
Now
x2 x*
arctan x =Xx 3+5 ?+...

is valid when —1 < x< 1, and if we put x=1,

arctanl=;-:l—&+§—%+...

$Alse valid for x = 1 if n > — I, and for x = — | if n > ; but these refinements arc ignored elsewhere
in this book.




oN i mel of caleulating m, but it is not o very good one since the
series converges very slowly; a better one is given in Exercise 16b, Nos. 5 and 6.

To take another example,

; R ?
3I]1I=.'I.’—i+§ 7

is valid for all values of x, but only converges rapidly when x is small. If we are
concerned with large values of x, where x = a, it is necessary to use a Taylor
expansion in ascending powers of (x — a).

As a third example let us consider the expansion

2 Jc:!- x-t

X
In(l+x)=x—ZF+53 -7+

which is valid when — | =x < L. Putting x = 1, we obtain
n2=1—-44+4-44+ .

This is an extreme case of a fruitless application of an expansion, since
somewhere in the order of 10000 terms are needed to produce a value of In 2
correct to four decimal places! A rather more economical method of evaluating
In 2 is given in Exercise 16b. Meanwhile the reader should consider two less
contrasting methods of evaluating In 1.5, which nevertheless stress the practical
value of rapid convergence.

Qu. 21 Obtain approximations for In 1.5 by the following methods, and
compare them with the value given in four-figure tables or by a calculator:
(a) use the first five terms of the expansion of In (1 + x) in ascending powers of x,
putting x = 0.5,
-
(b} find a value of x for which

l—x

= 1.5, and substitute this value in the first

; L+x, ;
three terms of the expansion of In T.: in ascending powers of x.

g

Exercise 16b

1 Use the method of integration given in Example 4 to obtain expansions of the
following in ascending powers of x up to the given term.
{a) arcsinx (x  term), {b) In (sec x +tan x) (x* term),
(c) arctan {x+ 1) {x” term), {d) arccos x  (x” term).

2 Make use of known expansions Lo oblain expansions of the following in
ascending powers of x up to the given term:
{a) He*+e %) (x®term),  (b) x cosec x (x* term),
{c) cos® x (x* term), {d) tan x (x* term),

(e) Ianx {x* term), (f) In(1+sinx) (x* term),

(g) In(1+e% (x* term).

3 Verily the following gxpunsions, and state any limitations on the value of x

pequired:

(a) ¢* cos x =1 +X e > i AP
| g Ty
L B S o o e e

(&) el —x) 2 3

5 85 ,
cos X 2 ST e L S,
= 42 =x® 43" 3%

21
g (i i .__1..3'_-—-_1:" .
i J(4+x11=i+§"+m" 16 256

2
m(i+n . L 20 Sty
Qe mlngingl T I 9

1+x
i L i n ——, show that
4 By substituting x = 5~ in the expansion of In T

’ 1
m+ 1 1 : i - }
N m =2{2m+ E Y 2m+ 1) S52m+ 1)*
Use four terms of this gipansion to find a‘pprmr.imate values l;mt:::,ull:i In 2,
\n 3. and compare them with those given in tables or by a caicu .

5 Show that w/4 =arctan } + arctan 4, and use this relationship to obtain an
approximation for © correct to four sigmﬁcar!l figures. P
& Given that tan A=1/3 and tan B= Ifl‘;‘:}:‘. venl‘:.r th?iljlzzg][ Az hfmﬂ; e
that m/4 =4 arctan (1/3) —arclan 9),
Mﬂc?:fﬁ.:?ﬁriu for arctan x, find m correct Lo four si_gmﬁca:'nés ﬁgui:_:.c e
7 U:e Taylor's theorem to obtain an approximation for sin 131 co

igni © 28 = 0.2 radian.)
ificant figures. (Assume 11 2.3 : o
8 g;zasiﬁlhe expansion of arcsin {4 — x) in ascending powers of x as far as

ferm.

Exercise 16¢ (Miscellaneous)

0x+1) . partial fractions. Hence obtain the expansion of

1 Express ————3 . 1 '
T 4 1) o

the givmgxfuncﬁun in ascending powers of x as far as the term in X {, {;ma?r{t“ﬁ
the necessary restrictions on the

2 Show that

dx x* dx
in{l+x+xz)=j.l__x—3_[l_x5+c

values of x.

valne of x.




Y Prove lhlf

X | ]
L+x+ 2+ 1) x L1+ x = /(2¢4 1))

and show that, if x is small, the expression is approximately equal to

dx(l—x). (0 & C)
4 ]I;Jﬂsgcmtt‘l:iaunn s theorem to show that, if x* and higher powers of x are
In {x+ /(1 +x%) = x — §x? (0 & C)

5 State Taylor’s theorem for the expansion of f{a + h) in a series of ascending
powers of h. Prove that the first four terms in the Taylor expansion of
arctan (1 +h) are {n+ $h—{h® + A0, (0O&QC)

_ o 2x*+7 : -
6 Express E= mf[-x——l’] in partial fractions, Hence, if x is so large that

1/x* can be neglected, prove that
1
) 7. 2
E x‘{ix 2x° 4+ 25x —17) (O & C)

7 Write down the expansions of e* and e~* The limit of

E_,Z.!_E-E:l:_qlx

f(x)
wheie [(x) is a polynomial, is ¥ as x — 0: show that the term ofl t
in the polynomial f{x) is {x?. Wﬂ’ic;lﬂf‘g

2 : .
8 Expand E=In (I — ) '™ ascending powers of x up to x, stating the

necessary conditions for your expansion, Evaluate E when x =1 and hence
ﬁmfl In3to 'h“,::, places of decimals, given that In 2 = 0.6931. (O & C)
9 Using Maclaurin’s theorem, expand x tan {4m — x) in ascending pewers of x

as far as the term containing x*. - (L)
10 Prove that, if x i o i
thcnw at, if x is small so that x* and higher powers of x may be neglected,
et~ [ 8 64
o =L — —
T 2x 3)4: +15x O & C)
11 Find [!11: coefficient of x” in the expansion of {1 + Ixje 3 as a series of
ascending powers of x. 0O &C)
(2—x)?

12 Expand the function given by y=In in a series of ascending

4 —dx
powers of x as far as x*, stating the limitations on the value of ivi

: : x, and giv
the coefticient of x*. Prove that, up to x*, g

=TT 0 & C)

13 Using the standard expansion of In (1 + x), show that

P p-q  Ifp—ay 'r(ﬂ—u)” }
| -2 i § dom )y N1 st 3 [N
n(u) LH-:; J{P+4) S\ptq
where p. g € R*. Hence calculate In (13/12) correct to five decimal places.
id The domain of a function f{x) is {x:xeR, —1<x<1} and

I'{x}=‘£|nﬂ+x} when — 1< x=0
X

fix)=g when x =0
X COS X
W =1—Ji—%

Use the standard series to find the values of p and g which make f(x) a

continuous function throughout its domain. _
15 If x is small, obtain a quadratic approximation to the expression

x 2
ﬂx}={lﬂ+x}

Draw a rough sketch of the curve y = f{x) in the neighbourhood of the point
(0, 1) and its tangent at this point. (O & C)

i=Ingl=i5) "h;il +25) as a series in ascending powers of x, giving the
X

when 0 =x <1

16 Expand y=

first three terms.

What is the equation of the tangent to the graph at the point {D,cI’]":& 5
{ )

17 Using Maclaurin's method, or otherwise, find the expansion of tan x in

ascending powers of x as far as the term in x”.
Given that tan (0.1) = 0.100334 7 and tan (1) = 1.557407 7 correct Lo seven

decimal places, estimate the percentage error in using the above expansion as
an approximation in each case and comment on your results. (L}
18 (a) The functions f and g are defined by
X3 _x* o
() =14+ Sy o+ G+ ooty + o
a 3 xlﬂ +1

X X
g¥)=xtr gttt

Express [(x) and g(x) in terms of e* and hence obtain the expansion of
{f{x))? + {(x)}* in a series of powers of x, giving the coefficient of x*"
(b) Find the first four terms in the expansion of

(I — )
In
1—x

in a series of ascending powers of x, and state the sct of values of x for which




the ﬂl[‘illlllh‘.:l'l i valid, IF o, and u, , , are the coellicients of x* und x**!
respectively in the expansion, show that the value of

{n+ la,,, + Ina,
i% _indcpcndent of n. : (L)
19 Given that y=In (1 + x), prove by induction thai “
dy _(-1F Ha—1y
dx" {L+xy

Use this result to find the expansion of In (1 + x)in ascending powers of x, as
far as the term in x* Using your result and the expansion

for nz= 1

sin x=x—Ex"‘ | T

120

_ﬁnd. the expansion of y, —In {1 + a sin x) and yz—sin {la (1 + ax)}, where o
15 @& constant (a # 0), for each as far as the term in x*,
Show that the expansions of y, and y, agree as far as the terms in x2,
For what values of a do the expansions agree as far as the terms in x*
(0 & C)

+ 1> 0, evaluate y, and y, at x=0,

d"y

20 Given that y=¢* cos x and y =
=

Prove that, for all values of x,
}rlli-z =2U}n+l _yn]

Hence or otherwise, obtain an expression of ¢* cos x as a power series as far

ds the term in x” and use it to estimate the value of ¥y to six decimal places
when x=0.1, (L)

Chapter 17

Some numerical methods

Introduction

17.1 In Book 1, Chapter 24, we tackled the problem of finding an approximate
solution to an equation and developed a method which could be used even when
it was impossible to find an exact solution. In this chapter we shall be looking at
two methods for estimating the area under a curve which can be used even when
integration is out of the question. The first method depends on the farmula for
the area of a traperium. For a trapesium like that m Fig. 17.1, in which the
lengths of the parallel sides are a and b, and where the distance between them is
d, this formula for the area 4 is

a+b
a=(229)s

Figure 17.1

Consider the following problem. A ¢yclist travels along a straight road. He
starts from rest and his speed in m/s measured at 2 second intervals is given by
the table below,

time in seconds ] 2 4 6 ] 10
speed in m/s 0 1.0 28 49 6.4 7.4

{This information is shown in the graph in Fig. 17.2, which is not drawn to scale.)
Find the distance travelled by the eyclist in the 4 seconds from ¢ =6 to t= 10,

313




Figure 17.2

When we did problems like this before (see Book 1, §6.2), we used integration,
but in this example we do not know the function whose graph is shown in
Fig. 172 However, we can say that the distance we require is represented by the
area bounded by the lines MN, MP, NOQ and the curve P(), and this area is
almost the same as the area of the trapezium POQNM; in making this
approximation, we have lost the area bounded by the curve PO and the straight
line PQ, but this is only a very small proportion of the total area. We can
calculate the arsa of the trapezium, using the formula above, ie.

49 4
.4=( ;T )xd

=246

So the distance required is approximately 24.6 m.
In the next section we shall see how this method can bc applied more
generally, -

Qu. 1  Use the method above to estimate the distance trmrr.llc‘;j by the cyclist
over the 2 second interval from ¢ =4 to 1=6.

Qu. 2 Estimate the distance travelled by the cyclist from =6 to r= 10, by
dividing the area into two trapeziums, each two units wide. Would you expect
this answer to be better than the one in the text? Justify your answer.

The trapezium rule

17.2 Suppose we wish (o find the area under the curve shown in Fig. 17.3. We
draw lines parallel to the y-axis at (equal) intervals of d units, and we form an
estimate of the area required by calculating the areas of the trapeziums shown,
In this diagram there are four trapeziums, but any convenient number may be
wsed; in general the more intervals there are, the better the approximation.

= W

L8]

Figurc 17.3
The area estimated by this method will be
yy+ ¥ Yzt ¥ Yat iy Ya '+'J"5d
5 d + 3 d+ 3 d+ 3
=ddly, + 202+ 2y + v+ ys) (D)

This is the trapezium rule for five ordinates.t

Qu.3 Use the trapezium rule to estimate the area, from x = 0.2 1o x = 1, under
the curve given by

x | 020 040 060 080 100
v | 024 056 096 144 200

Given that the equation of the curve is y=x*+x, check your answer by
integration. , _ .

Qu. 4 Find expressions similar to (1) for (a) eight, (b) nine ordinates. MNow
express the trapezium rule in words. .

Qu. 5 FEstimate the arca under the curve given by the following table. Beware

of the catch!

x|o 1w 15 20 25
y |72 95 n 12 1B

Another way of looking at the above expression (1) fur the arca is to take
a=4d so that a is the total interval along the x-axis. In this case the area is
estimated to be

ﬂ(}'1+2}11+2§3+2}l4+}'5) {2}

+0rdinate means p-coordinate, see Book 1, §L1.



where the ulnprmlnn tn brickets appears a the average height of the curve, with
o total of eight ordinates ( vy, ¥y, v, counted Iwice) divided by 8,

Qm_ 6 Obtain the expressions equivalent o (2) for (a) eight ordinates, (b} n
ordinates,

The following example has been chosen to illustrate the accuracy of the

{;apczium rule. We shall compare the answer with that obtained b y another rule
ter.

Example 1 Use the trapezium rule to estimate the area under the curve y = 1/x
fromx=1tax=2

To begin with, let us take six ordinates.

X Lo 1.2 1.4 1.6 L& 20
¥y | 1 0.8333 0.7143 06250  0.5556 0.s

ye=10000  y,=08333
Yo =05000  y;=07143
— Y. =06250
L3000  y.=0.5556

27282
w2

5.4564 «——— 54564

6.9564
3d =01
<. estimated area = 0.696, correct to three significant ﬁgurles. ;
Now by integration the area is )

2 1 d
J. —dx= I:]n x]
L% 1
=In2
=0.693, correct to three significant figures.
Qu.7  Repeat the calculation of Example 1 but with eleven ordinates instead ol
SIX,

Qu. 8 Use the trapezium rule to find the distance travelled by the cyclist |
§17.1 in the first ten seconds. 7 e EHsE n

Readers who ha\:ﬁ access 1o a microcomputer should certainly write a
program for evaluating definite integrals by the trapezium method. Since the

compuler will be dolng (he arithmetic, a lirge number of 8irips can be used ind
hence a high degree of aeourncy can be achieved.

Simpson’s rule

173 It will have been clear from Fig. 17.3 that the trapezium rule with a small

number of strips will not be very accurate for curves like the one illustrated. If,
on the other hand, we were to join the tops of the ordinates by a smooth curve,
we might expect to get a better estimate. The question then arises as to what
curve to use — and there are a number of possibilities. But if we take three
ordinates we can lind a parabola in the form

y=ax®+ bx +¢

to pass through the three corresponding points.

}'.u
(. yal I_,_...—{f.‘._‘:il\
_nll
i _!-’;J,
i Y3 hl
d d "
o X
Figure 174

Given a curve with three ordinates y,, v, v; al egual intervals of d apart, take
the y-axis along the middle ordinate and the x-axis through its fool as in
Fig. 174.

Let

v=ax’+bx+c

be the parabola through the points (—d, ¥} (0, y3h (d, v3); its equation is
therefore satisfied by their coordinates.

Sy =ad®—bd+e,

Y= [ 4
}rsﬂﬂﬂz +M+C-




The wron under the parabola is

ax?  hx?
3 4 3 oll T

= %ud"" + 2ol

(]
f (ax* + bx + ¢} dx =
i

! I I we dﬂ T t d ﬁ E'q
jat Q‘I b pﬂ[ﬂ a bﬂl.ﬂ use we can
E!IPICSS ”IIS arca n tE[IIIS BI th.E dﬂta bl" }Iz-r _1"3, d-_:

Yyt ya—2yy = 2ad?
e Moty py = 2ad? 4 6¢
S ddly, + 4y, + yal=4ad* + 2ed

S0 an approximation for the area under the given curve is
%ﬂfi +dy, + 1)

This result is known as Si & i
o impson’s rule and was published by Thomas Simpson
Note: it makes very little diffi
1 s crence (o the proof exactly wha i
:l;le archglven onginally, I, for instance, we are told that 1112 :.wz s:;ig
Iwr."'ln::ﬂ.ragx (X0 ¥k (x5, 33), m‘: ¥3), where x, =4x, +x,), we can a once take
e es, parallel to the given ones, with the new origin at (x,, 0). Let
—mx;;;;l =x;— xl:l:h: rest of the proof is as above. o
tce we usually require the area under a curve with
! | _ more than th
ordinates and so, provided there is an odd number of ordinates, we ma_:rl ap;:;

Simpson’s rule a number of i i i
S of times. Thus with seven ordinates {see Fig. 17.5) the

Yy, + dys +y3) +4d( ys + dys+ ys) +4d(ys + 4ys+3,)

=M_}’| +4F1+2J'3 +4J’4+2|'j’5 +4}'E+J'"'.'}

o

Figure 17.5

Qu 9 Find siinilur expresslions for the area with (a) five, (b) nine ordinates.
Now express Simpson's rile for an odd number of ordinates in words,

The next example is the same as Example 1. This 15 so that the reader may
compare the accuracy of Simpson’s rule and the trapezium rule for this case.

Example 2 Use Simpson's rule to find an approximation for the area under the
curte ¥ = 1/x between x =1 and x = 2.

Five ordinates have been used.

¥ | 1.25 1.5 1.7 2
y l 0.23000 0.6667 0.5714 ]
y1 = 1.0000 3 =0.6667 5 =0.8000
¥s = 0.5000 »2 ya=05714
1.5000 1.3334 1.3714
1.3334 w4
5.4856
54856
8.3190
ld =t
*, the area = gt =0.693, correct to three significant figures.

12

This is 4 nearer value for In 2 than the result obtained with the trapezium rule
using eleven ordinates (see Qu. 7).

(If the arithmetic in Example 2 is done on a ealeulator, it will be seen that the
result is 0,693 253 97, correct to eight decimal places, whereas the exact answer,
In 2, equals 0.693 147 I8, correct to eight decimal places, so in this case the
approximate method has yielded the first three significant figures correctly. The
reader should notice that the accuracy of the resuit depends on the methad
selected, the number of strips used and the shape of the graph, so there is no
virtue in presenting an answer which includes all the figures shown by the
calculator; indeed this could pive a totally false impression.)

2
; 1 ; i ;
Qu. 10 Ewvaluate approximately J- = dx using Simpson's rule with eleven
i

ordinates. _
Qu. 11 Repeat Qu. 3, using Simpson’s rule.

Readers are advized to do some of the questions on the trapezium rule and
Simpson’s rule from Exercise 17, before continuing with the next section.



W — [

umerical solution of differential equations

l::hl .Mlhlt:ugh 1t is always pleasing to find an exact solution of u mathematical
[la o -,.gl. there are many mathematical problems for which no such solution
;ius sd Dmeﬂmc‘s It 15 possible (o turn 1o an approximate methad, and we have
ready done _thlsl to solve certain equations (see Book I, Chapter 24) and 1o
eva‘l:luateﬂ d:ﬁmie integrals. We shall now look at three methods which can be
used to find an a i i i [ i i
g Pproximate solution to a first order differential equation of the
dy
— = Fj
dx o )
A dli:’:rcn_tial equation like this gives the gradient of a curve, at any point P(x, y),
?s & function of x and y. (Throughout the rest of this chapter Fix, y) will be u.s:ed
0 represent the gencral form of this function) An exact solution will be the
:?;ua;mn of the curve. IT the equation cannot be found, we may cither establish
: ph ¥ step, the mord:nat::s‘of 4 number of points which lie as close as possihlf:
h(;t af part of the curve with which we are concerned (see methods 1 and 2
oW ); OF We may find a polynomial function whose graph approximates to that
of the exact solution (methad 3).
. N;rqual}:]- one only turns l.o approximate methods when an exact solution is
ur.m ainable, Hawevcf, at this stage in studying the subject, it is instructive to
; ;e an e;wm;!e for which the exact solution js known, 5o that we can compare
e results. We shall i ion j ich i
Cere consider the equation in which F(x. ¥)=x+ y, in other
dy

ax Xty

with initial conditions x =0, y=1,.

Qu. 12 Show, by usin g the integrating fact i
. W, or method, t i
the differential equation-above is ¥ =§e" Zx=1, e e

Method 1

The first approximate method we shall ider i
consider 1l ! 2
depends on the linear approximation e

See §16.2 i ideri
Ej . § and Book 1, §7.7.) Since we are considering problems for which
T F{x, y), this becomes

dy = F(x, y)dx (1)
and for the particular cxample we are considering this is

oy (x + ¥idx

b | Ll

In Fig. 17.6, the curve represents the (unknown) solution, y = [(x), of the
differential equation, nmd the point Pylx,, yol is the initial point; in our case this
15 (0, 13, We shall gonnider a sequence of values of x:

fi=h x=2 =3k .

making h small in order to make the approximation as good as possible. Ideally
we would like to find the point P, on the curve, for which x = x,, but we shall
settle for the point Q (xy, v,), which is on the tangent to the solution curve at Py,
Consequently, using the approximation (1), with dx =k,

yi=yo +h Fixg. yp)
For our example, this becomes

Fi=VYa+ hixgs + _1-;'1)}

=[+HI
Y
¥ =fix)
Py
O

By
-#ﬂ""'"'

ﬂ q—-nll—_':l- ;

Figure 17.6

Then, using x,, the value of y, just calculated and the value of the gradient
function at the point (x,, y,). we repeat the process to find y,, ie.

Ya=1 e h F{xi, J.'l}

We can then repeat this step as many times as we please, using

Vas1 =}In+ h F{‘xl‘ }I‘-I

In doing so we shall produce the sequence of points O, Q.. Q.. Q.. ... at the
vertices of the polygon shown in Fig. 17.7. Each step is likely to take the polygon
further and further away from the curve, so we should not expect too much from
this method, Nevertheless it will produce reasonable results if h is small.

For the example we have been considering, the successive values of y are given

by
¥aia =}IH+HJC,.+_]".1]




y.= Ix)

=¥

Figure 17,7

The two tables below show the results obtained for i=0.1 {Table (a)) and
h =001 (Table (b)). In each case the last column, headed f{x,), shows the results
produced by the exact solution (see Qu. 12) for comparison, (For convenience,
only four decimal places are shown.)

Table ja) h=0.

il X ¥a 0.0 (x4 v, fix,)
0o 0 I 0.1 1
101 1.1 0.12 1.1103
2 02 1.22 0.142 1.2428
3 03 1.362 0.1662 1.3997
4 04 1.5282  0.1928 1.5836
5 05 1.7210  0.2221 1,7974
[
Table (b) h=001
" Xy Ya D0x, + v fix.)
0 0 1 0.01 1
| 0.01 1.01 0.0102 1.0101
2002 10202 00104 1.0204
3 003 10306 00106 1.0309
4 004 10412 00108 1.0416
S 005 10520 00110 1.0525

In Table (b), we can see that after five cycles the accuracy is still quite good.
Improving the accuracy by reducing the magnitude of i by a factor of ten
inevitably means ten times as much work. (This may not matter too much if a

hen we have to look for n more
tor i used ) 1 wie do not wish to do this t . W
:’;Eﬂ:t method. Many sugh methods can be found in bunk‘n that Hm::l:;é:
numerical solution of differential equations. We shall consider now o

method.

Method 2 . _
One of the reasons for Euler's method b?ing unmtisFafzt,ory lsh;hatl :]te 1;{5&5

" the value of the gradient at one end of each interval to ﬂsﬂj:natc_t rh: am - 0};

at the other end. In the method below, the value of the gradient in

the interval is used to relate the values of y at the ends. .

G v ()

Xy Val

—

Vo |l

]

Figure 17.8

[ i i lution curve y="{(x) and the
In Fig. 17.8, {x,y,) is a pomnt on the solut
appmxil%lalt \ralur.: of y on either side of it are given, &5 before, by

Yarrt =M + h Flx, J'?ﬂ}
and
Fr-1 =J"n_h Fix,, J"n} .
(Remember that F(x, y) gives the gradient at the point {x, ¥))
Subtracting gives

— vy =2h F(x Vol
_'Pn i Fn 1 [ I
o Yerr=Yars 28 Fite ) (1)

This can be used to produce a sequence of values ¥y ¥2i ¥ y:i, ... starting ft:::;
the given value of y,. However, there is & snag; in -::nrdl:].: to find y.,, we Smmm .
yg and ;. So we shall still have to use the old method in order to get

other words, we use
vi=¥g +h Fixg Va)

and thereafter

Ya+i=Yat 2h FlX, s 10 Yatt)

(This is equation (1], moved up one step.)



e only point which in definitely on the curve is (x,, vok 6l the ath
| i LILl
:ﬂ?;qnu:uh;ma. Welnmumu that, provided h is small, lhlc M.lnhncqum: I"ﬂ"": ﬂ:
lently close to the curve to make the pol fl
approximation. ] polygon formed by them a reasonable

Table (c) shows the results produced by this e
equation we used before, y this method for the. differential

Table (c) h=0.1

Xa Ya 0.2(x, + y,)

0 |
0l LI-~, 024
02 124 " =0288
03 1388 03376
0.4 1.5776 .3955
0.5 1.7835
i
(The dotted lines indicate the connection bet
onaling Vo) ween each new value of y, and the
Comparing these values of y, with the values of f{x,) sh i
a1 o) shiown in the last colu
of Table (a), we can see that these results are better. (However we are rcl;,ringn:r:

our intuition to claj i i ; Wi
) aim that this method is better; we have not proved that this is

"-ﬁ-hwh.ll—t.::.‘a

Method 3

The third method we shall consider is fair] i
: t0d | ¥ easy to understand, as it d
on a simple application of Maclaurins expansion (see §16.5). e
flx) = £(0) + F(0)x + %f + f-:‘:ﬂx’ i

Once again we shall use the differential equation

dy
a-.\:+y

with initial conditions x =0, y= 1, to explain the method,
The differential equation may be written
Flx)=x+f{x)
By repeated differentiation
f{x)=1+1(x)
and "(x) ="(x), F""(x)="{x), etc.

We know that f(0)= 1, and putting x =0 in the h; —
: ") = - o gher derivative i
FO)=1, FO)=2, rO=2 =2 s we obtain

Substituting these vilues Into Maclaurn's series gives

| =

& sl 4
r'-pj-!-x +E.t + .

Thus an approximate solution of the differential equation, for small values of x, is

Nx)=1+x+

1o

1 1
= 2ot =t
y=ldx-+x 3 15

Table (d) shows the results given by this method.
Table (d)

Xp . Ya

0 |

0.1 1.1103
0.2 1.2428
0.3 1.3997
04 1.5835
0.5 1.7969

The results obtained by this method can be seen to compare very favourably
with those obtained by methods | and 2 and they could be improved by using
more terms of Maclaurin's series.

Exercise 17

m/d
1 Evaluate tan x dx,

4]
{a) by integration, (b) by using the trapezium rule with four strips,
{c) by Simpson’s rule with four strips.
Comment on the accuracy of your answers,
i

2 Repeat No. 1, parts (b) and (c), for J' e dx
ik

3 (x, ¥ (x2, ¥2) (x5 ¥3) where x, =3x;, +x;), are three points on the
parabola y = ax® 4 bx + ¢. Prove that the area under the curve between the
lines x —x, =0, x — x5 =0is equal to }x; —x; N y; +4y; + )

Use this formula to find the area between the parabola y = x{10 = x) and
the x-axis. {II heck vour answer by integration,

4 Evaluate | e * dx by Simpson’s rule taking ten intervals.

o
5 Fstimate the area of a quadrant of & circle of radius 8 cm by dividing it into

cight intervals and using (a) the trapezium rule and (b) Simpson’s rule. Use

the better of these results to find an approximate value of .
6 The area in square centimetres of the cross-section of a model bost 28 cm




long at intervaly of 15 cm v as follows:

0 Y A3 163 161 fi8 T 63 40 b

Find the volume of the boat,
7 A jug of circular cross-section is 16 cm high inside and its internal diameter is
measured at equal intervals from the bottom:

height (cm) 0 4 ] 12 16
diameter em) | 102 138 153 93 99

What volume of liquid will the jug hold if filled to the brim?
8 Using tables, or a calculator, where necessary, calculate the value of

0.5
J- e “dx
0.1

{a) by direct integration,

(b) by Simpson’s rule, using five ordinates spaced at intervals of 1/10 unit.

(Give your answers to four places of decimals,) (IMB)
9 By means of Simpson’s rule and taking unit intervals of x from x =8 to

x=12, find approximately the area enclosed by the curve y = log,, x, the

lines x =8 and x =12, and the x-axis. Deduce the average value of log,, »
betwean » = 8 ond x— 12, {IM )

10 The coordinates of three points on the curve y = 4 + Bx + Cx* are (x,, y,),
(x2, ¥4) and (x3, y4), where x; =4{x; + x,). Prove that the area under the
curve between the lines x =x, and x = x; is equal to

Moxa—x s + 4y, + yy)

Deduce Simpson’s rule for five ordinates.
Using five ordinates, apply Simpson's rule to evaluate the integral

bodx !
4J 7= and thus to find a value for 7 correct to three places of decimals,

o l+x

0&C)
11 The coordinates of three points on the curve y=ax® + bhx? 4+ cx +d are
(%1, ¥1)s (x3, ¥2), (%5, ¥). Prove that, if x, — x, = x; — x, = b, the area under
the curve between the lines x = x,, x =x, is 4h{ ¥, + 4y, + y;)

Find the area between the curve y = x(x — 2)* and the x-axis by means of
Simps-:n_fs rule with three ordinates. Use integration to check that your
answer is exact.

12 Show that the area under the curve y= l/x, from x=n—ltox=n+ 1, is
In {(n + 1)/(n — 1)}, provided n > 1.
By applying Simpson's rule to this area, deduce that, approximately,

n+|_|

In - l +'4+ :
n—1 3n—1 " n n+l

14

15

16

17

and_show that the error in this approximation is 4/(151%), when higher
powers of |/n are neglected. (IMB)
Use the binomial theorem to expand (1 + x)'? in ascending powers of x, up
to and including the term in x”. Hence estimate [, where

0.2 !
I=-|‘ (1 + x"'% dx
o

to three decimal places.
Make another estimate of I, again to three places, by using Simpson’s rule

with three ordinates, showing all your working, (L) .
Tabulate, to three decimal places, the values of the function
f(x)= /(1 + %)

for values of x from 0 to 0.8 at intervals of 0.1. Use these values to estimate

0.
I f(x) dx

o

{a) by the trapezium rule, using all the ordinates,
{b) by Simpson’s rule, using only the ordinates at intervals of 0.2, {L)
By considering suitable areas, or otherwise, show that, for any n> 0,

3
!:EJ. (14+x") tdx=sl
a

When n=4, lind a value (to three sigmihcant hgures) tor the integral, using

Simpson’s rule with five ordinates. (0 & C)
1/2

The integral J. J[] — x*) dx is denoted by I. The value of [ is estimated by
1]
using the trapezium rule, and T, T; denote the estimates obtained when one

and two strips respectively are used. Caleulate T, and T, giving your
answers correct (o three decimal places.

Assuming the error when using the trapezium rule is proportional to b2,
where I denotes the width of a strip, show that an improved estimate of [ is
given by (8T, — T,})/7, and evaluate this expression correct o three decimal
places.

Given that y* = 1 — x? is the equation of a circle whose centre is the origin

; n 3
and whose radius 15 1 unit, show that I = — + B Hence calculate an

12
estimate for the value of m. (C)
Using Euler's method, find a numerical solution for the differential equation

with initial conditions x =0, y =1, giving the values of y which correspond to
(a) x=0,01,02 03, 04,05 (b x=0, 001, 0.02 0.03, 0.04, 0.05.
(You are recommended to set out your results in the form of a table, as in the
text.)




I8 Repeat No. 17 for ji’ -2y

d
19 Repeal Mo, 17 for ﬁ = x* + %, with initial conditions x = (.5, yo= 0, and
using steps of {a) 0.1, and (b) 0.01.

20 Repeat No. 17 for % =gy

21 Use the modified version of Fuler's method, described in the text, using
h= 0.1, to solve the differential equation in No. 17.

22 RFpﬂat No. 21, for the differential equation in No. I8,

23 Find the first four terms of the Maclaurin’s series for the solution (o the

diﬁ'e{;;e;tial equation in No. 17. Use this to estimate v when x=0.1 and
x=0.

24 Repeat No. 23 for the differential equation ii =x+2y, with initial con-
X
ditions x=0, y=1.

25 Repeat No. 23 for the differential equition ;1_}' =x*+)% with initial con-
X
ditions x =0, y=1,

19.05.06

Chapter 18

Hyperbolic functions

Hyperbolic cosine and sine

18.1 We shall begin by defining two new functions, the hyperbolic cosine and
the hyperbolic sine. No attempl to explain the reason for adopting these
definitions will be given at present, as more knowledge of complex numbers is
needed if the reason is to be fully appreciated. (See §2006.) The reader will,
however, very soon find some strong similarities between the hyperbolic
functions and the familiar trigonomeirical functions which, to save confusion,
are often referred to as the circular functions. These similarities would not, by
themselves, justify the inclusion of a study of the hyperbolic functions in this
book: they are being introduced because they will very quickly extend the
reader's powers of integration, and the reader may begin to need them in
mechanics, But first we shall study the functions themselves, They were
introduced by 1. H. Lambert in a paper read in 1768,

Diefimitions
The hyperbolic cosine of x
cosh x =4{e* +e™)
and the hyperbolic sine of x
sinh x = 4{e*—e ™)
cosh x is pronounced as it is spelled; sinh x may be pronounced “sinch x° (or
‘shine x").

First we sketch their graphs, Starting with the graph of ¢* in Fig. 18.1(3), that
of e 7* hos been shown dotted in the same figure. cosh x is half the sum of these
two functions (see Fig 18.1(ii)) and sinh x is half the difference (see Fig 18.1(ii)).
The two graphs are distinct in the first guadrant but they approach so close that,
when they are skeiched to this scale, the lines run together,

In general, the properties of hyperbolic functions are casily proved and this
will be left to the reader to do in Excrcise 18a. We shall first prove one important

identity.
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i ¥ = cosh x
=

R o
%
i.‘? I
i _I-"/ e - | . |
-4 -2 0D 2 4 x -4 2 & e
I =3 L
- il
= —f [
v =snh ¥
(i) (i)

Figure 18.1

Example 1 Prove the identity cosh® x —sinh® x= 1.

From the definitions of cosh x and sinh x,

cosh? x —sinh® x = {3(e* + e )}* — (He* —e )2
=He** +2+e ) —HeF—2 427
=i titde T e pi—je ¥

;. cosh? x —sinh® x =1
Diefinitions

The hyperbolic tangent, cotangent, secant, cosecant are defined r‘as Sollows:

sinh x |
tanh x = coth x =
cosh x lanh x
1 1
sech x = cosech x = —
cosh x sinh x

Exercise 18a

Must of the following properties of the hyperbolic functions should he
the definitions. Work all of Nos. [-14. R

1 From a sketch of cosh x and sinh x referred to the same axes, sketch the
graph of tanh x,

2 Prave that (n) cosh (= yhe gosh &, (b) sinh (= x) = ~ inh x.

3 Prove that cosh x = sinh & [ Show that cosh x — sinh x = 0.] Prove also thut,
when v < 0 cosh & = [sinh x|, Deduce the values between which tanh x lies.

4 From sketehes of cosh « and sinh x, sketch the graphs of sech x and cosech x.

§ Prove that cosh x = 1. [See hint in No. 3.]

i Prove that

cosh x + sinh x =¢*
cosh x—sinh x=¢e ™ *

Deduce the identity cosh® x — sinh® x = L.
7 Prove that the point (a cosh ¢, b sinh 1} lies on one branch of the hyperbola’
z

e
Tt

—_

r.'1|$<
b
L= &
T

[Hence the name hyperbolic functions. Use the result of No. 6.]
8 Prove that sinh 2x =2 sinh x cosh x.
9 Prove that cosh 2x = cosh? x + sinh? x
=72 cosh? x—1
=1+2sinh? x.
10 Use the resulis of Nos. 8 and 9 to show that

tanh 2x = 2 tanh x/(1 + tanh? x).
11 Prove that

sech?® x =1 —tanh® x
cosech? x =1 —coth?® x

[Use the identity connecting cosh x and sinh x.]
12 Prove that

cosh (A + B)=cosh 4 cosh B+sinh 4 sinh B

Deduce a similar expression for cosh (4 — B).
13 Prove that

sih (4 + B)=sinh A cosh B + cosh A sinh B

Deduce a similar expression for sinh (4 — B}

14 Use the results of Nos. 12 and 13 to find expressions for tanh (A + B),
tanh (4 — B) in terms of tanh A, tanh B.

15 Solve the equation 8 cosh x4 17 sinh x = 20.

16 Find the condition that the equation a cosh x + b sinh x =¢ should have
equal roots.

X b -a
17 lfﬂ}h:»ﬂ,pruvethmh{m{

cﬂ! +E—:
18 If |a| <|b|. prove that the equation a cosh x + b sinh x = 0 has one and only

one root.
19 Prove that sinh 30 = 3 sinh  + 4 sinh® 0.
20 Prove that cosh?® x sin® x —sinh? x cos® x = {1 —cosh 2x cos 2x).




Further properties of cosh x and sinh x

nl'es.iug];:e domain of I:mthlmsh x and sinh x i [, The range of sinh x s also
N.u ; N:lgnlﬂc;;:hna:ﬂ;i:;flfey;ye R Jr;::j_! f, see Fig, TR (i) and Exercise |8,
Na. 5. ; . corresponding trigonometrical functions, cosh
5 an cven Tunction and sinh x is odd; see Exercise | e 18411
2 s¢ 18a, No, 2 and Fig. 15 1iii
(See Book 1, §2.14 for the definitions of odd ard o kg
: : . . and even functions.) Furth x
sinh x {;.5 4 one-to-one function (see Book 1, §2.16), but cosh x js net; trhi: Tlit;::.
some difficulty when we come to the inverse hyperbolic functions ::|1 §18.5 .

Osborn’s rule

l:.:nm'fll:; ria::: :]: ha;ure nptice-d a striking similarity between 1he identitics
‘ roouc functions and those connecting th iy
circular functions, In fact the standard identiti i A
far f entities are in the same form excent the
certain signs are changed. Osborn's rule provides a simpl e b
: | : ; pie way of remembering
hese changes of signs. The rule is to change the sign of any term containing lht

Square of a sine (or cosecant, tan i
et L tangent, or colangent, because these all mclude 4

cosec x = I/sin x, tan x = (sin x)f(cos x), cot x = (cos X)/{sin x).)
For instance,

sin 2x = 2 sin x cos & sinh 2x =2 sinh x cosh »

cos 2x=rcos? x — gin? » cosh 2x =cosh? x + sinh? x
2tan x
tan Ix:]_t b tanh 2x = ﬂ%nh_x._
an® x I + tanh? x

Qu. I Write down
ing to

(@) sin 4 +sin B =2 sin 44 + B) cos {4 -m,

{[I:;} €05 A +cos B=2 cos 44+ B) cos 44— B), =
C} cos A—cos B= —2 sin 44 + B) sin 44— %
(d) sec* 0=1 +tan?p, PR
fe) cosec® =14 cot? g,

(1) cos 30 =4 cos® §— 3 cos 0,

(2) tan 30 = (3 tan #l — tan? #/(1 — 3 tan? ),

the identities connecting hyperbolic functions correspond-

_ Warning; Dsborq‘s ryl:: _Imlulis for the standard trigonometrical identities bui
It must not be applied indiscriminately: for instance, application 1o
cos 24
cos A + sin A4

and

I:_DS_A' sin&_Ecusz-J—Bj

sinB“cmB * .« gin 28

=cos A —sin 4

leads o ineorrect results, Furtheér it cannot be relied upon as an aid to
remembering caleuluy formulae. 1t is to these thal we now turn.

Derivatives of hyperbolic functions

18.4. The derivatives of cosh x and sinh x are most easily obtained by starting
from the definitions of these functions.

d d -
E{“Hh x}=a"; {ﬂﬂ’r +B }}

= HC’T —e -.1:"
: i{l‘:l}ﬁh.t‘} = sinh x
[ dx =
Similarly,
i {sinh x}=cosh

The derivatives of the other hyperbolic functions are easily obtained by first
expressing them in terms of cosh x, sinh x.

. dy dy dt . =
Qu. 2 Remembering that A write down the derivatives of
{a) cosh 2x, {b) sinh lx, ic) 3coshdx

(d) 4 sinh 4x,  (e) sinh®x, () cosh? 2x.

The inverse hyperbolic functions

185 The reader will remember from previous work on inverse functions
(Book 1, §2.16 and §18.7), that only one-to-one functions can have inverses and
that the graph of an inverse function is the reflection in the line y = x of the
graph of the original function,

The function ¥ = sinh x is a one-to-one function and so there is no difficulty
over the existence of its inverse. The graphs of y=sinh x and y=sinh ™' x are
shown in Fig. 18.2. Values of sinh ™! x could be estimated from the graph, but
caleulating them is more difficult; we shall return to this prohlem in $18.7. In
both y =sinh x and y = sinh ~' x, the variables x and y can take any real values,
iLe. the domain and range of both of these functions is R,

Unlike sinh x, cosh x is not a one-to-one function; indeed, for any value of x,
cosh (— x}=cosh x. This causes a slight difficulty when we define the inverse
function. The equation cosh x =2 has two approximate roots, x = + 1.317, but
when we define the inverse function cosh ™! x, it is essential that there should
be a unigue answer. (The same problem arises over f{x)=x® and ils inverse




ai

K- ¥ = winh x

r v=sinh " x

-y

Figure 18.2
f~Yx)= \ff %) However this technical difficulty can be overcome by restricting
the domain of cosh x to non-negative real numbers, The graphs of p=cosh «

and y =cosh ™! x are illustrated by the unbroken curves in Fig 183

¥ = cush x

F 4
-2
-y

Figure 18.3

The domain of cosh™' x is fx:xeR, x= 1" and th ’ .
{yyeR y=0). ' j ¢ corresponding range is

Exercise 18b

I Prove the following results by first expressing the functions concerned in
terms of cosh x and sinh x:

{a) 2 {tanh x) = sech?® X,
dx
{b) EEE (coth x)= — cosech? x,
() % {sech x)= — sech x tanh x,

d
(d) e {cosech x) = — cosech x coth x.

2 Write down [ cosh x dx, [ sinh x dx.

3 Write down the derivatives of
{a) cosh 3x, (b) sinh 2x, {c) cosh? x,
(d) 2sinh® x,  (g) 3tanh 2x, () §sech®x,
(g} sinh? 3x,  (h) \fleoth x), (i) 2 tanh® {x.

*4 Sketch, on the same pair of axes, the graphs of y=tanh ¥ and y = tanh ™' x.
State the domain and range of the inverse function, y=tanh ' x. State,
giving a reason, whether tanh x is an odd or even function.

5 Differentiate the following functions with respect to x, simplilying your

ANSWErS:
. et —1
{a) In tanh x, (b} ¢* sinh x, {c) =TT
6 Find:
" sinh x
fa) [sech® 2xdx. (b J.c—ushi L dx

7 Find the minimum value of 5 cosh x+ 3 sinh x,
8 Prove that

1
| —x

A sy E 2 L x)=
(a) T (cosh™* x) = Jea=1' (bj dx(tanh x)=

and find an expression for % {sinh ' x).
[Hint: see the method of §11.3.]
9 Prove that % ftan™* (&%)} =1 sech x.

21

10 Find %!’In [x+ /(1 4+ x)} —sinh ! x].

11 Find: (a) [ cosh 2x sinh 3x dx, (b) | cosh x cosh 3x dx.

12 Find the distance from the y-axis of the centroid of the area formied
by y=sinh x, x — 1 =0 and the x-axis.

13 Find the equations of the tangent and normal to the hyperbola

B2x? — a?y? = o?h?




at the point (a cosh 0, “.’ sinh 11 the wangent meets the Venxis ot T ulm.l the
normal meets the x-axis at N, find the loous of the mid-point of NT
d*y dy

14 If y= A cosh 25 + B sinh 3v. find an equation connecting 5
dxt" dx*

i which
does not contain 4, B,
*15 Prove that

xl .‘f" An
coshxe14- 4 X

T +[3ﬂ]! +...
- x5 Zn+ 1
[ e AT

3t @yt

H."d i]btilil'! EIIE ﬁ.l 5l Ihlm NOn-Zero T [ XPansi n I F
p n n, 1 asge Id"“.

16 Expand tanh ' x as a seri i
: es of ascending pow _
series as a logarithm. B POWErS 0f . Express the sum of this

I7 If tanh ™' x=1y show that »—=fer 1
logarithm. ’ gl 4 DA™ + 1). Hence express yasa

18 Investigate the stationary values of cosh 3x — |2 cosh x

Integration

186 As was mentioned at the beginni i

186 : : ginning of this chapter, the chief i
?m.ludm_g hyperbolic functions in this book is to extend the readcr‘sp;.::ig?: -I::'
tniegration. So far, we have integrated functions in the forms

| |
gT{ﬂl_-P_} and = g
but not those in the forms
i 1
m and m -
We have seen (§1.8) that the identity &

cos® f +sin? =

helps us to eliminate th ign i
sl ¢ the square root sign in 1/,/(a® ~ x?) and we may expect

cosh®  —sinh? @ = |
to asstal us with vorresponding integrals,

Qu. 3 What substitution usin ; ;
y g hyperbolic funct -
square root sign in the following? P unctions would eliminate the

1
( oy |
7 j Jor=ge  ® fﬁmd*

*Qu. 4 ~Show thai

I X | x
L - win : : % =sinh = ¢
(n) jq’l:!L .\"'jdx sin” "+ 0, J“_a'{a"'+x1:|dx sinh Lo

1 %
ik Iﬁwidxnnmh = + i

There is little difficulty in remembering these results and confusion between
them 15 easily avoided by thinking, *What substitution would eliminate the
square rool.” In fact, by taking this thought and doing some side-work, the

reader can dispense with memorising these as formulae. Those who do memorise -

them should note that the results in Qu. 6 are slightly and inconveniently
different.

Qu. 5 What substitution would enable us to write the denominator of the
following integrands as a square?

1 |
(a) J’FEE dx, ib) J.a'-i—'—_ o dx.
*Quw 6 Show that

I i e 1 i X
{ﬂ.} J‘md.\f—atﬂn E+{,, {h] J‘az_xld:{—amﬂ.h E+f

The last two questions between them raise a number of points of interest:
i1) Those who like to memorise formulae should note that these results
contain a factor 1/a in front of the tan™ " (x/a) and tanh ™' (x/a). See also

Qu. 7.
1 _ . 1 - .
2 Jﬁdx is usually found by first expressing e g in partial

fractions. See Qu. 8,
(3) x=atan @, x = a tanh @ are not the only possible substitutions by which

to express a® + x*, a® — x* respectively as squares, but if the reader
wonders why these particular substitutions have been favoured, try the
others!
Qu. 7 If x, a have dimensions of length L, write down the dimensions of both
sides of the formulae below. [Since [ y dx is the limit of ¥ yox as dx — 0, we take
dx to have the same dimensions as dx, i.e. L.]

1 A,
{E] J.mdxﬁ 5N ; + & {b] -I.
Qu. 8 Use partial fractions to show that
l 1, a+x
Jﬂa— dx = Eiﬂ + J[

-xz a—Xx

1

at + x

e
de=-tan™! = +e¢
a a

What conclusion can be drawn from a comparison of this result and the second
result in Qu. 67




*Qu. 9 (A repeat of Exerclse 18b, No 170 If tanh Xowoy, show' thit
¥ = (e? < 1)fle? 4+ 1} Hence prove tha

o 1 14x
tanh™" x= - In
2 1—=x

The i!n'erse hyperbolic functions expressed in terms of
logarithms

187 The result of Qu. 9 suggests that it may be possible to express cosh '«
sinh ! x in terms of logarithms. .
Let y = sinh ! x, then
sinh y=x
Also  cosh® y =1+ sinh? y
< cosh y= /(1 + ¥

[cosh y =0, so the negative square root does not give a real value of y.]
Now cosh y+sinh y=4e’ + e + 4e* —e ¥
=gt

But from (1), {2),
th}'+5inh}'=x.r_\f“ +X=]
S =x 4 M1+ x%)
Sy=hn x4 1+ xY)
That is,

sinh~' r=1In {-""‘\,H}[l-F-IZ]}

An expression for cosh ™' x may be obtained in a similar manner.
Remember that x = 1 and cosh 'x =0,
Let y=cosh ' x, then

cash y=x

Now, sinh® y=cosh?y—1
=xr— ]
Sosinh y= A —1)

{ThF _positiva square root is used because we know that y, and hence sinh ¥is
positive.} ‘

MNow
e’ =cosh y + sinh y
=x+./(x*—1)
Soy=ln{x 4 Jx? - 1))
That is

cosh™' x=In {x+ /x?—1))

Qu. 10~ Use the formulae in §187 o find the values of (a) sinh "1,
(b)cash ' 2, (c)sinh ' 0.58, giving your answers correct fo four decimal places.

Onee the reader has grasped the forms which require the substitution of a
hyperbolic function, the integrations in Exercise 18¢ should present no new
difficulty. Only in exceptional cases as, for instance, in Example 5, is the
treatment of hyperbolic functions completely different from the treatment pf
cireular functions. If the reader is unable to integrate any particular function in
Exercise 18¢c. he or she should refer back to Chapters | and 13 I'u_r hcl!_}. The
following examples illustrate how a knowledge of integrating with circular
functions helps with the present work.

!
i —————dx,
Example 2 Find Lf{xl+zx+1m X

First complete the square:
P4+ 10=(x+1P+9
[The substitution x + 1 =3 sinh # makes (x + 12 +9=9 cosh® 6]

J' 1 4 i 1 dxd
ey b N A
x2+2x 4 10) J{tx+1F +9} do
Wt ' _{ Let x + 1 =3 sinh 0,
= |————3cosh & dif
-jcmhﬂ = .'.d—x=3coshﬂ.
. de
={1d0=0+¢c
I ' ds—sinh 2 g
T lJG +2x 4+ 10) 3

3
Example 3 Euafuutej. cosh™' x dx.
2

[fcos " x dx we integrate by parts as [ 1 xcos ™" x dx]

3 3 o |
_L 1 xcush‘ix:ix=|:xmsh"x]: - L xmdx

3
=3cosh™' 3=2cosh™! 2—[J{x"— 1}]
2

=3In(3+8-2In(2+/3)—(/8-3)
= 1.56, correct to three significant ligures

Example 4 Find | sinh? 6 dé.

[sinh?® 8df = [ (cosh? 6 — 1) sinh 8 dO
=14 cosh® @ —cosh B+ ¢




Find | vinh?

SN 34 =3gin 4 —4gin! 4

U dt by means of the identity nnalogous 1o

Example 5 Integrate sech x wirh Fespect to x.

[The method of
We might guess g

Sﬂﬂhxdx= 2
J. fl:‘+e"dr

= 2e™  dx
fci*_"_l ‘d_gdﬂ

_ [ 2sec? @
fmzﬂ do
=204
7. Jsech x dx = 2 gan-1 (&%) + ¢
Exercise 18¢
Integrate with respect to x:
|
I — —-——3 —
JE59 ! e
1 I
emy Bt
W x°) x2+x+ |
1 g 1
Vidx? 4 x) ﬁBx—#x’j'

Evaluate:
1
1
8] ——
J; Jira e

4
I |
ﬁ Vi +dx 1 5

Integrate with respect to x

13 cosh? x,

17 tanhy g X 15 skt

I8 coth? . 19 tanh* x,

§§3.3 cannot be used here
N integral but we can go

2 2
mf 2
154/ (4x% — )

because cosh v is 5
back to the definition of cosh x.]

Lete* = tan .
e"yf = 2
an el

e**+ 1 =tan? § 4 |

=sec? ¢,

2
I
VT Ty
A
Jx? —6x + 1)

{

Y

dx,

12 J.”ﬂ__’__dx
o 2x+3)7

16 tanh? x.
20 cosech x.

o sinh (x + )

Exercise 18d (Miscellaneous)

1 Define the functions cosh x and sinh x, From your definitions prove thai
{a} sinh (x4 y)=sinh x cosh y + cosh x sinh y,

(b) cosh 2x =2 cosh® x— L.

2 Saolve the equations:

(a) 2 cosh x +sinh x =2,
(b) 2 sinh® x + 8 =7 cosh x.

3 The position of a particle at time ¢ is given by x = a cosh f, y = b sinh ¢. Show
that the acceleration is proportional to the distance of the particle from a
fixed point and is in the direction of the line from the fixed point to the
particle. Find also the least speed of the particle,

4 If y = A cosh px + B sinh gx, where A, B, p, g are constants, find the simplest

differential equation satisfied by y which does not contain A and B. [Hint:
differentiate lour times. |

5 (a) Differentiate with respect to x
(i) tanh ™' (2x), (i) cosh ' J(x* +1).

d?
(b) If x=a cosh 6, y =b tanh 8, find ﬁ in terms of a, b, 0.

6 Find the area between the rectangular hyperbola x* — y* = a® and the latus
rectum x =./2a.
7 Through the point (a cosh #, b sinh #) on the hyperbola

Byt — a?y? = a?h?

a chord is drawn parallel to the minor axis, Find the area of the segmenti so
formed and the position of its centroid.

8 A tangent is drawn from the origin to touch the curve y = cosh x in the first
quadrant. Find the coordinates of the point of contact correct to three
significant figures.

9 An arc AB of the hyperbola b*x? —ay?=a%b? is cut off by x=2a
Perpendiculars from A, B meet the y-axis at DD, C. The area bounded by the
arc AB and the lines BC, CD), DA is rotated once about the y-axis. Find the
volume of the solid generated.

L0 {2) Expand in a series of ascending powers of x and give the term in x":

(i) sinh 2x, (i) sinh® x.

b) Write down the series for cosh x in ascending powers of x and deduce the
series for sech x as far as the term in x*.

11 Find the sum to infinity of the series:

Gl gan=1
(a) 3l +'§ + ... +*—-—I2ﬂ+ m + iy
s 16
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slution of the diMere tlal equation
d’;._'
iy?

Find the solution when n = 2, given that when x =0, y = 5 and 48 B
Sl dy ™

iy =0, for all values of 4 and .

13 Find the possible values of sinh Xl

cosh x —zinh ¥

sinh x cosh x - (L)

14 (a) Show that when x is small, In (¢
. osh x x_rz T T
el Ly 1 /2—x*/12, and that when x is
Sketch the graph of In (cosh x),
(b) :-":;;i thekc?nl:iltion that must be satisfied by the constant & if
cosh x + k sinh x) is to have a mini ini
Hcad minimum value. Find the minimum \ru::c;

15 If sec = cosh u, with > Dand 0 < fl< g, express (a) tan d, (b) :u—ﬂin terms

1
cosh g

16 Prove that sinh~! x =1n {x + iR+ 1),

i 1
Show that — (sinh 1 x) = —
d: ) JEETED
Eval e P j
valuaie -[ J{xz—-lx+2]dx’ CXpressing your answer as a natural

logarithm,

4
smmmf—-—‘__ B [P
IJ[Iz—ltd-E]dx"LJ{x"—lx+2]dx' {IMB)

17 Prove that (cosh i _ ; )
values of i (cosh x + sinh x)* = cosh nx + sinh nx, for all positive integral

of u. Hence, or otherwise, evaluate Jm
1 du. (O&C: SMP)

I 4 tanh x - !

Show that = i s
a = cosh 2x + sinh 2+, Y (IMB)

I8 (a) Find

1
(b) Th J;f{f Lo -
¢ parametric equations of a curve are v — g cosh ¢ i
1 e X= v ¥=asinhi, w
@ 18 & positive constant, Prove that the ares of the region in the Il;i:tt:
quadlrant bounded by the curve, the x-axis between x = a and x = 24, and
the line x = 24, may be expressed as !

k
gazjn (cosh 2t~ 1) dg

Wwhere cosh k = 2, and hence show that this area is approximately 1.072%
()

19 Prove that cosh ' x = In {x + /(x* — 1)} and that tanh ! x = } I“(

I_+x
1=x/

Prove that the equation in x, a cosh x + b sinh x = |, has no real solution

il a* = b* 4 1. If however,0 < b < a =< .j{ 1 + b?), prove that the equation has

two distinct real solutions. Obtain all the real solutions (if any) when a=1/5
and b= 1.

The parametric coordinates of a point on a curve are given hy

x=acosht y=hsinht @=h=0)
Obtain the condition for the ling [x + my =n to touch this curve, (0 & Q)

20 Define sinh x, cosh x and prove from these definitions that

tanh (x + )=

tanh x + tanh y
1 + tanh x tanh y

(a) If tanh ™' w+tanh ' v=%In 5, prove that v = (2 — 3u)/(3 — 2u).
(b} Prove that cosh x > sinh x > x, for all x = 0 and deduce that, for all x =0,

and

1 +sinh x> cosh x> 1 +4x?

sinh x —x >cosh x — 1 —4x% > Je x*,

(O & ©)




Chapter 19

Some geometrical applications of
calculus’

Area of a sector

[I::en—: nﬁ;ﬂﬂf s{i-::rgau fl:r a reader who finds the formulae in this chapter difficult
ik lindias ‘B rdpéz rs _to_work them out when needed, is, *When in doubt
ok te’. By differentiation we mean, in this instance, take a smaliincremcni

ich is the fundamental step in differentiating a new function. With this

il]:!prﬂal:h WE now wﬂrk out an PIESSJ.UII I‘}
Ellld Glﬂﬁl’:d CUrves

O

=

Figure 19.1

In Fig. 19.1, the radius vectors OP, OQ are r
i 3 , r 4 &r; the angles bet I
and the fixed line OX are 6, 0 + 60. If 84 is small, the area of sect:: ::;IPIE;T
approximately equal to the area of triangle OPQ. i

.\, sector OPQ = 4rir + &r) sin 30

TThe reader should work all the questions in the text.

354

b

i
Lol B

sin Gl = 80 3

and &r sin 80 is small compared with 80 so, correct lo the term in 84,
sector OPQ = 1r* 80
(Here it is assumed that the difference between the sector OPQ and triangle
OPQ is small compared to 86.)
Summing for all the elements in the scctor concerned and proceeding o the
limit, '

y
area of sector = J‘ 1¢* df

where x, fi are the values of # corresponding to the bounding radius vectors of
the sector.

i
Qu.1 Sketch the curve given by r=a What does the integral j b il

represent in this case?
Qu.2 Sketch the cardioid r= all + cos ¢) and find the area enclosed by it
Qu.3 Find the area swept oul by the radius vector of the equiangular spirul
¢ —ae* as 0 increases from — to w. Show this areaon a sketch,
Qu.4 Sketch the trefoil r=a sin 30 and find the area of one of its loops.
Qu.5 Regarding the limagon r = 1 + 2 cos @ as having a small loop contained
within a larger one, find the arca of the larger loop.

*Qu.6 If x and y are functions of a parameter t, show that

J&r: dé = ji(t% —y%?)dt

*Qu.7 The vertices of a triangle are O(0, 0), Plx, ¥}, Qlx + Bx, v+ &) Show
that the area of the triangle is 3(x 8y — ¥ 5x). Hence show that the area of a
sector may be found from the expression

T dy dx

where t,, t, are the values of 1 corresponding to the bounding radius vectors of
the sector.

Qu.8 Find the arca enclosed by the ellipse x = a cos §, y = b sin i,

Qu.9 Find the arca enclosed by the loop of the curve given by x= 1 —4,
y=1*—4t

Qu. 10 Find the arca of one loop of the curve given by x = sin B, y=sin 2\
Why does the formula of Qu. 7 give a negative answer?

Qu. 11 Find the arca between the cycloid x = a(fl —sin 6), y =a(l —cos ) and
the portion of the x-axis between the points determined by 6 =0 and f = 2n.




Length of a curve

192  Readers may be aware of o gap in their knowledge about curves: that they
do not even know how to find the length of an arc of & curve given by such
simple equation as y = x> An approximation could be found by marking u
number of points on the arc and finding the sum of the lengths of the chords, We
should expeet this sum to approach the length of the curve as we increased the
number of chords and decreased their lengths,

At this stage it is advisable to pause to remark that we have only an intuitive
idea of the length of a curve, based on our experience of string, measuring tapes
and other flexible material which can be measured or graduated when il is
placed against a ruler. Another thing to note is that we have no prool that the
limit of the sum of the lengths of the chords would be the same if the points were
marked off on the arc in different ways. The reader may find such questions
discussed if bie or she goes on to study higher mathematics.

Our object is to find expressions for s, the are length of a curve, in terms of the
coordinates in which the equations of curves are commonly written. The most
important of these, for our present purposes, are the Cartesian coordinates x, .

PII

Figure 19.2

Supposc an arc of a curve is divided into n parts_hy points Py, Py...., P, (sce
Fig. 19.2). We shall assume that the

sum of the lengths of chords — length of are

as the lengths of the chords — 0. I 8x, 8y are the increments in x, y from P, _ | to
B,

iPr] =(dx)* + {E',F]: (1)

For an eguation in the form p = {x), it will be convenient Lo work in terms of x.
We therefore rewrite (1) as

B ]
Pr—lprz={] +(£) }[51‘]2
i by \?
o= [ (@) o

Surmming for all (he ¢hords and proceeding 1o the limit,

v [ oo (2

where a, b are the values of x corresponding to the ends of the arc. From this it

follows that the arc length to a variable point on the curvé is given by

(2 ?,
£ o2

a result that will be used later in this chapter. o

The reader is not recommended to memaorise the formulae in this chapter but,
rather. to remember how they were obtained and to work them out as and when
they are wanted. In this respect, it is easier to treat P, _ P, as if it were s, the
increment in arc length, The triangle in Fig. 193 helps us to remember the

- dy .
expression for arc length and to work out relationships such as 35 =sin i,

where ¢ is the angle the tangent {0 the curve makes with the x-axis. Some
convention is needed to specify the direction in which 5 is measured. We take the
integrand of (2) to be positive; this fits in with the convention that the square
root sign denotes the positive square root.

hy

kK
Figure 19.3

Qu.12 (a) Express tan i as a derivative,

b) Express sec i as a derivative. o .

iu_‘: Usgr the identity sec® =1+ tan? i to express the derivative in (b) in terms
of the derivative in (a). k _ 1

(d) Draw diagrams to show both and the direction in which s is mecasured

when %js (i) positive, (i) negative, and s is given by (I). above,

Qu. 13 Find the length of the arcin the first quadrant of y =2x*? from x =0
tox=4% 5

1 = : x from x = — 1 to x=3T.
Qu.14 Find the length of the arc of y =In scc x :
Qu.15 Find the length of the arc of the parabola y= «* bounded by the line
y—=2=0.




Arc length: parametric equations

!'!..1 Now suppose that we were given i eurve in the form x m [{e), y o= gr) ns,
for example, x = ar?, y = 2ar. It would then be more convenient in finding the
length of an arc to have an integral with respect Lo i,

From (1) (p. 356),

Bx\? ayy?
P == et o
r-IPr {(ﬁf) +(ﬁ£) } [ﬁﬂ:
? ﬁJ.' 2 a}, -
d Pr— = — —
1P J{(&) +(E!‘) }Er

Hence
tz dx 2 d_',’ 2
o e ke
iy (@) + (&) Jo
where ty, 1, are the values of t corresponding to the ends of the arc. Care should

be taken to ensure that the integrand is iti '
t : : | positive throughout the
integration. This applies particularly to Qu. 18. ¢ ek

Qu. 16 Find the length of the arc from 0 = 0 to 8= of th i
: = = e curv b
x=acosfl, y=a sin . Whal is this curve? iaii

Qlll.. .IT Find an expression for the distance measured alon g the curve from the
origin to any point on the locus x = ar?, y = ar®,

Qu. 18 Sketch the astroid given by x =acos? 1, v = a sin®
bh s o + ¥ =asin” t and find
of its circumference, ¥ the length

Qu. 19 Skeich the arc of the cycloid x = a(f — si =all —
6=010 6=2r Find its length. eSS

Arc length: polar equations
194 In Qu. 20 the formula for arc length in puiar-:murdinares is introduced.

Figure 194

Ll i

*Qu. 20 In Fig 194, P, N iy the perpendicular from P, on (o a neighbour-
ing radius OP, of a curve given in polar coordinates.
{a) Find approximations for NP, NP, _, in terms of r, 0.
(b} Obtain the expression for are length

S

where a, fi are the values of # corresponding to the ends of the arc.
Qu. 21 Find the length of the equiangular spiral r = a ¢** from #=101to # =2r.

Qu. 22 Find the length of the spiral of Archimedes r = afl from #=0to #=m -

Qu. 23 What is the length of the circumference of the cardioid r = a{l + cos 8)?
[ Make sure the integrand 15 positive.]

Area of surface of revolution

195 In considering areas of surfaces, we come up against a difficulty straight
away. How can we measure the area of a curved surface? With a cylinder or
cone, the surface can be “developed’, ie. laid out on a plane surface, but with
ather figures, such as a sphere, this cannot be done. It is beyond the scope of this
book to define, in mathematical terms, what is meant by the area of a curved
surface and we shall assume that the following method of finding an expression

for the area of a surface of revolution is valid.
First let us consider a fairly simple prohlem, namely to find the area of the
curved surface of the frustum of a cone bounded by circles of radius r and R; see

Fig. 19.5.

Figure 19.5

From elementary work, we know that the area of the curved surface of a cone
is ], where r is the base radius and { the slant height; if we work in terms of the
semi-vertical angle a, this becomes n!? sin o In the notation of Fig. 19.5, the arca

S —————emee




we tequire iy

nL? sin & — ol sin a = n{L.? — ) sin x
=m{L — ) (L + [} sin o
=aL—-)(R+r)
=R +r) where s =[1.—1, il

Now !.EL us consider the problem of finding the surface area when the curve
¥ =1F(x) is rotated through 360° about the x-axis.

/"

dr

--"'_-__‘"--.._““\
= ¥ =K%

hJF

b

Figure 19.6

[ SO

Divi-:ztr: the surface with (n + 1) planes py, p,..... p, perpendicular to the axis of
revolution, here the x-axis (see Fig. 19.6). We shall find an approximation for the
area between planes p, _,, p,. If the distance between the planes is small, the area
of the surface between the planes is approximately a frustum of a cone with radii
of the ends y, y + &y and with slant height 8s. From (1) its area is given by

Ty +(y+8y)) 8s=n(2y + 8y) Bs
Summing and proceeding to the limit,
area of surface of revolution = [2my ds
The limits of the integral will depend on the substitution used. See Qu, 24-29,

Qu.24 Find the c*lurw:d surface area of the frustum formed by rolaling
the segment of the line y =2x+ 3 between x=1 and ¥ = 3 about the x-axis.

: ds A
First show that — = _ /5 and evaluat -di
[ 35 ,_,r” aluate l 2y dxl:l_t.

Qu.25 Show that for the circle y* = g — x?
ds i
dx  l@® —x7)

Hence obtain the surface area of (a) a sphere, (b) a section of a sphere bounded
by two parallel planes at a distance h apart.

i

Qu, 26 The puraboln ¢ = at®, y = 2at is cut by the latus rectum and the are so
formed is rotated through two right angles about the axis of the parabola. Show

that % = 2a(t* + 1})"'? and find the area of the surface of revelution,

Qu. 27 Theastroid x = acos® 1, y = a sin® t is rotated ithrough two right angles
about the x-axis. Find the area of the surface of revolution,

Qu.28 The part of the rectangular hyperbola x* — y? = a® which lies between
y=bhand y= — b is rotated through two right angles about the y-axis. Find the
area of the hyperboloid of one sheet so formed.

Qu.29 The cardioid r=all +cos#) is rotated through two right angles
about its axis of symmetry. Use the expression

ds
JZH }IE dff
to find the surface ol revolution. [First show that :—; = }a cos ﬁ-ﬁ.]

Pappus’ theorems

19.6 The following two theorems are due to Pappus, who lived at Alexandria
about the end of the third century a.D.; they both involve the distance moved by
a centroid. [Note that for an object of uniform density, the centroid is the centre
of mass.]

First consider the solid generated when an area is rotated about the x-axis.
We consider only areas which do not cut the x-axis, although the axis may form
pari of the boundary.

¥

Yot ———or"]

'I:"-| ——— \‘

0 Ay ;
Figure 19.7

Think of a lamina of area A and of uniform density p per unit area. Take
an element of area, as shown in Fig. 19.7. ts mass is then approximately
pl ¥; — v,) Bx and its centroid at {x, ¥ y, + ¥,)}. Therefore the moment about




LR LSl i b -

the x-axis is

Mya =y ox x Hya+yd=4p(y," ~ y, ") bx
If ¥ is the centre of mass of the lamina, taking moments aboutl the x-uxis,

B
pA :"JfT=J' *.ﬂ'}':z_}ﬁj]‘dx
a

where a, b are the extreme values of x.

If we multiply each side by 2r/p, we obtain

"
szﬁf‘—'".ﬂfhz—hzldx (1

where the R.H.5. is the volume of the solid generated when the lamina is rotated
through 2n radians about the x-axis. Hence we may write

area x distance moved by centroid = volume of revolution {2

Mote that, although we have considered the special case where the area is
rotated through an angle 2n, we might have written (1) as

(]
Ax H}T=J Ty =y, %) dx
i)

for a general rotation «, so that (2) remains valid.

Example 1  Use Pappus’ theorem to obtain the volume of a right cireular cylinder,
base radius r, height h.

Rotate a rectangle of height h, base r about one of the sides of length
through four right angles. This generates the cylinder. The area of the rectangle
is rh. The centre of mass of the rectangle moves a distance 21 x ir =nr. So, by
Pappus’ theorem, the volume of the cylinder is rh x nr = e,

Example 2 Find the centre of mass of a semicircular lamina of radius a.

Rotate the semicircle through one revolution about its diameter. The area of
the semicircle is $na®. The volume swept out is 41a’/3, Let i be the distance of
the centre of mass from the diameter then, by Pappus’ theorem,

Lo » 2ay = 3ma?
¥

. o Ga
Fi _'F'—E
Therefore the centre of mass of the semicircular lamina is 4afi3m) from the

bounding diameter,

Now consider the area of the surface of revolution swept out when an arc is
rotated about the x-axis. We consider only arcs which do not cut the axis
(Fig. 19.8).

P~

=Y

g

Figure 19.8

Think of the arc as having a density ¢ per unit length. An element of length of
are has a mass ods with moment y % ads about the x-axis. 1 the total Ili:ngth_ of
the arc is § and if its centre of mass is at a distance y from the x-axis, taking

moments about the x-axis,
as % j = [yo ds
the integral being evaluated hetween the appropriate limits,
Co 8% 2ny=|2ny ds
But this integral represents the area of the surface of revolution so that we may
write

length of are % distance moved by centre of mass
= agrea of surface of revolution

If the reader can remember that both of Pappus’ theorems _invulve_lhe distance
moved by a centre of mass, the idea of dimensions will help in working out what
the formulae must be, e.g. to find a volume [L*], the distance [L] moved by the

centre of mass must be multiplied by an area [L*].

Example 3 An inflated inner tube of a bicycle tyre has a section (through a plane
of symmetry) as shown in Fig. 19.9. Find the surface area of the tube.

35cm

I= fi5 cm

Figure 199 (Not to scale)




The surfoce aren may be obtwned by rotating o circle of diameter 3.5 cm
ahout an axis at distance 30,75 cm from iis contre,

circumference of circle = 3.5 cm
distance moved by centroid =2 » 30.75 = 61.5n cm

.. surface area = 3.5% = 61.57 cm?

=215.251 em? (= 2120 cm?)

Qu. 3 A reel of tape is in the form of a hollow cylinder, external diameter
8.5 cm, internal diameter 6.5 cm, height 2 cm. Use Pappus’ theorem to find the
volume of tape and check your answer by an elementary method.

Qu. 31 A triangle has a right angle included by sides whose lengths are r and &;
the hypotenuse is of length /. By considering the cone formed by rotating the
triangle about the side h, obtain the formulae for the volume and curved surface
area of 4 cone,

Qu. 32 The lengths of three sides of a rectangle are r, k and r. By considering
the total surface area of the cylinder obtained by rotating these lines about the
fourth side of the rectangle, find the distance of their centre of mass from the
fourth side.

Qu. 33 Find the centre of mass of a semi-circle of uniform wire,

Qu 34  An anchor ring is formed by rotating a circle of radius a about an axis
in the plane of the circle at distance b from the centre, Find (a) the valume, (b) the
surfacve area of the ring,

*Qu. 35 Using the notation of §19.1, and applying Pappus’ theorem to the small
sector OPQ in Fig. 19.1, show that the volume formed by rotating the region
bounded by the radius vectors 8=« and # = f through 360° about the fixed
line, can be expressed in the form

a
V=23—HJ. r? sin 0 df ]

Qu. 36 Verify that the formula in Qu. 35 produces the correct answer for the
sphere of radius @ which is formed by rotating the curve r= 2a cos 0.

Curvature

19.7 Any user of the roads, especially in Great Britain, will be familiar with
their bends and corners. Cyclists and drivers have a particular interest in the
sharpness of the turns because they can easily lead to skids under bad road
conditions or excessive speed; but how many could say how sharp a particular
bend was?

There are two ways in which such a question might be answered. One way is
to compare a bend with that of a circular arc of some radius; another is to state
the rate of turning, and we shall start with this.

How, then, can a rate of turning be measured? The word “lurning’ suggests an
angle but Fig. 19.10 shows that an angle by itself is not enough: between two

Figure 19.10

points P and Q on two curves the tangent rotates through the same angle but

. one is clearly more bent than the other. This suggests that we might take into

account the distance moved along the curve. For a constant rate of turning we
shall take

angle turned through
distance along curve

as a measure of the curvature. For a variable rate of turning, the average
dfr _ £
i — it

curvatute in a small displacement along the curve would be B and in the lim

we should obtain as a measure of curvature

v
*=as
The radius of curvature p of a curve is defined by p = 1/k. Thus
S
=T

There should be no difficulty in remembering which way up this derivative is
written because p is a length and so has ds 1n the numerator.

i i dius of the circle.
w37 Show that, for a circle, p is equal to thr:r ra _
gu 38  Find the curvature of the cycloid s = 4asin  at the points where y = 0.

Curvature: Cartesian coordinates

198 Our next aim is to find an expression for curvature in terms f:nl‘ Cartesian
coordinates x, v. We therefore shall try to work with x as the independent

variable:

_dy_dy [ds
i':_E-::i:l:,l' dx

But from §19.2,
£ i @)
et o)




5 | dw :
ot only remuing to find T Interms of x, y, The gradient of a Curve fu

dy
i =
o dx

Diflerentiating with respect to X

dy  d?y
5 P
ol dx dx?

But sec? Yy = | + tan? ),

. dy\iidy o2
Sal+[ZE)1ee Ly
{ +(dx) }dx dx?

e d?y f dyy?
"EJL:EI-"I{I.F(E }

_dzy.' dj’z a
"‘ﬁf\/{”(a)}

’g:-.i: IFrind the curvature of the pnraT:!cia ¥=x*(a)at (1, 1), (b) at the origin,
the coordinates x, y of a point on a curve are given in terms of a

parameter 1, use the equation x = %E/:—c to show that
I/ dat

de de*  dr dif /| dr dr

Qu. 41 Find the curvature of the u

! parabola y* = 4ax at {ar?, 2 i
¥ as a function of x, (b) by the formula of Qu. 40, S et
Qu.42  Find the least curvature of the cycloid

X=al —sin #), y=afl —cos )

Qu. 43 1f tangents to a curve make angles i
_ and  + & with the x-axi
IF‘n:lg;. 19.1l lj,t i:jndF!hZ amngle between the corresponding normals. Let Lh:; ifaﬁli:i:
ersect at L. Find the limiting distance of C from the
one normal) as S — 0, Take 5 as the arc length, R

So from (1),

, :E;E point ;‘_‘is called the centre of curvature. Note that; (a} it is on a normal at
ance p from the curve on the concave side, {b) it i1z the limiting position of

the point of intersection of nei i i
. ghbouring normals. The o ith o
radius p s called the circle of curvature. L i

Qu.44 Find the equation of the circl i
i nllin L o circle of curvature at the point e c) on the

Qu. 45 The equation of the normal at (ar®, 2ar) to the parabola ! = dax is

xtdy—atd—2qt=0

Figure 19.11

Treating this as a cubic in ¢, show that the condition that it should have two
equal roots is

27ay? = 4{x — 2a)*
What is this the locus of?

*Qu. 46 A curve touches the x-axis at the origin. Write down the first non-zero
term in the expansion of v in ascending powers of x. Show that the radius of
curvature at the origin is the limiting value of x?/2y as x, y — 0. This is known as
Newton's formula.

Qu. 47 Use Newton's formula to find the radius of curvature at the origin for
(a) p=x7 (B) y=x*f(1—x%,

e} =2y 4+ ¥¥) {which touches the y-axis),

(d) x=asint, y=btan*tL

Exercise 19

1 Sketch the limagon r =2 +cos & and find its area.

2 Express the equation (x®+ y*)® =a%x* — y*) (Bernoulli's lemniscate) in
polar coordinates and find the sum of the areas enclosed by the loops.

3 P, are the points (ca, ¢/a), (¢/a, ca) on the rectangular hyperbola xy = i
Find the area bounded by OF, OQ and the arc P},

4 An arc AB of a circle, radius g, subtends an angle 2z at the centre 0. The
sector OAB is rotated through four right angles about the diameter parallcl
to AB. Write down the area of the surface of revolution generated by the
perimeter of the sector and hence find the distance from O of the centroid of
the perimeter.

5 Plat?, 2at)is a point on the parabola y* = d4ax and § is the focus, Show that
the area bounded by the parabola, its axis and the line PS is $a?(3r + £%).

6 Find the area cnclosed by the astroid x=a cos? L, y=asin® ¢

7 A cylindrical hole of radius r is made in a sphere of radius a so that the axis of



the oylinder coincides with o dinmeter of the sphere, Find the volume that
remains. [Hint: with the dinmeter ng y-nxis, take an element of area 2y Bx
and use Pappus’ theorem. ]
B Find the centre of curvature C of the ellipse bx* + a®y* = ¢*b* a1 {a, 0),
Show that the circle with centre €' which passes through (a,4) has no other
point of intersection, real or imaginary, with the ellipse.
9 Find the length of the are of the catenary ¥=r¢ cosh (x/c) from the vertex
(0, ¢} to any point on the curve.
Find also the area generated when this arc is rotated through four right
angles about the y-axis.

10 Sketch the curve x=¢'cos 1, y=¢'sin ¢ from = — x to t — + 1. Find the
area enclosed by this arc and the segment of the straight line joining its end
points,

11 Sketch the curve y* =(x —1)%2 —x). If the area enclosed by the loop is
rotated through four right angles about the y-axis, find the volume of the
solid generated.

12 For the cardioid r=a(l +cos #) find, in any order, (a) its area, (b) the
distance from the x-axis of the centroid of the half of the cardioid above the
axis, (c) the volume of the solid generated when this area js rotated through
one revolution aboul the x-axis.

13 A circle of radius a rolls touching externally a fixed circle of radius 2a. Show

that the locus of a point on the smaller circle {a two-cusped epicycloid) may
be written

x=23acos #—acos M), y=3usinl—asin 3

Find the length of this curve and also the area enclosed.

14 A three-cusped hypoeycloid is traced out by a point of a circle of radius a
which rolls touching internally a fixed circle of radius 3a. Show that the locus
may be written N

x=2acos @ +acos2l, y=2asin0—asin 20

{a) Find the curvature at (- a, 0),

(b) Find the length of the curve,

(c) Find the area generated when the arc from §=0 to § = 2m/3 is rotated
through four right angles about the y-axis,

dy dx d fy
I —— Y e — '2_.... =1
5 Show that xm ¥ PR ar (x

Hence, or otherwise, find the area of the loop of the curve
x=3A143 y=321+tH

What is the Cartesian equation of this locus?

16 A Ranged wheel of radius b rolls along a straight rail with its centre a
distance a vertically above the rails. Show that the locus of a point on the
circumference of the wheel may be written

x=a—bsinfl, y=a—bcosh

(0 subtrochold) and find the area of a loop correet to three significhnt Agures

when a1, hwd, 4 R
17 A circle of radius @ rolls on a fixed straight line. Show that the locus of a

point P on the circumference of the circle may be written in the form:
x=gfl —sin #), y=ua{l —cos f) (a cycloid).

Show that, in general, if C is the centre of curvature cl:?rrespundmg Lo P,

then the mid-point of PC is the point of contact of the line and the circle.

18 Express the equation of the normal at P(ct, ¢/1) to the rectangular hyperbola
xy=c’ as a quartic in t.

If this equation has a repeated root, derive from it another (cubic)

equation which is satisfied by the same root. Hence find the coordinates of
C, the centre of curvature at (¢f, ¢ft).
Verify that PC 1s equal in length to the radius u!‘ curvature at P,
19 Find the length of arc from the point (1, 0) to any point on the curve y = In x
If the arc is rotated through four right angles about the y-axis, find the
f the surface of revolution generated.
20 E.I"EI:: :I[G of the rectangular hyperbola x* — y* = a* bounded b}f the_ chord
x =a cosh § is rotated through two right angles about the x-axis. Find the

ared of the surface generated.




Further complex numbers
Revision
20,1 In IBonk I, Chapter 10, the reader was introduced to the complex
numbers, i.e. the set of numbers
C={x+iyxyeR}  whereil=—1

and the rules for ad_ding, subtracting, multiplying and dividing complex
numbers were explained. These were as follows: if z,=x; +iy, and
Iy =x;+iya, then

Ltr=lx+x)+ily, + ;)
==X, —xy) +il — ¥zl
Bp R Zp =gy — ¥y ¥a) 02, ¥y + x5 0)

g i

21 X3z +iF;|_

_Xkiyy o xp—iyy Lo
= ;::-l"—lh s x—_-u_ (i.e. multiplying the top and the bottom by
* M1 z,* the complex conjugate of z,)
_ XX + v va) X0y, — X, )
X3 4yt

These four rules can be summarised by saying that complex numbers obey the
same rules as real numbers, but wherever i appears, it is replaced by — [, There
is absolutely no need to commit these rules to memory,

Th:lraadf:r will also remember (or should see Book 1, §10.9 to revise it) that
there is a very useful method for illustrating complex numbers, namely the
Argand ciuagram. see Fig. 20.1) in which the vector OP represents the complex
n.umher z=x+Iy [Sqmetimeu it is convenient to say the point P reprasents =)
The modulus of z, written |2|, and the argument, written arg(z), are given by

l2l=0P =, /(x*+ 3%

arg[z} = ! = arctan (‘—F.)
X

=]

370

Ptx. ¥

e
i HEREERS

-

8]

Figure 20.1

(In this chapter, arg(z) will normally be expressed in radians.)
This gave us some useful alternatives to the rules above for multiplying and
dividing; if we write |z|=r and arg(z) =1, then

lzizal =1yrs =24 % |24

and

arg(z,z,)=0, + 8, =arglz,} +arg(z,)
Similarly,

Iy =“'_1= |2

B! ra 2.
and

‘“E(i_]) =8y — 8, = arglz,) —arg(z;)

The following special cases are important:
(a) |22 =|z]* and arg(z®)=2 arg(z)

1 1
= E and arg(;) = — arg(z)

1
(b) ‘E

The reader's attention is drawn to the very close analogy between adding
vectors and adding complex numbers, This analogy is very useful when
interpreting complex numbers geometrically, In particular, diagrams like that in
Fig. 20.2 are very common. We could rcgard this diagram either as an Argand
diagram illustrating the complex numbers z, a, and z — g, or as a vector triangle
representing vectors z, a, and z—a. Consequently, a stalement in complex
numbers, such as

|z—al=r

in which z represents a (variable) complex number x +iy, a is a (constant)
complex number and r is a given real constant, tells us that the length AP is
equal to r; in other words the variable point P lies on a circle, centre A, radius r.




b &
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Figure 202 B

Similarly the equation
lz—al=|z—b|

where a and.b are mmplex numbers represented by fixed points A and B, tells us
that }he vana_hle point P which represents z, is equidistant from A a.mi B

It is essential that the reader should be thoroughly conversant with £h
elementary concepts, The purpose of Exercise 20a is to revise this work bei'm
we proceed further. o

b
Exercise 20a s \}{
1 ;E:ven that z; =3 + 4i and =, = | 41, find Kq‘ -
a) 2y + 25 (b) z, —z,, (€) zyz;. (d) z,/z
e) #:% B 2,2, (g) I,l'z,':!. (h) !;z:

2 Wﬂ:iite down the modulus and argument of =, and z, in No. . Find also the
:; d:IFE a::d argument of the complex number in each part of No. 1 (Leave
rds in the moduli; express th i i ot
o s p e arguments il radians, correct to three
3 S-Iuhh'e the equation _z2 — 4z + 53 =), expressing the roots in the form a + ik
where a, be R. ‘\:’mfy that the sum of the roots is 4 and their product is 53‘+
4 Draw Argand diagrams to illustrate the loci: -
@) [z—10[=5, (b) arg(z) = n/6,
% E;}'rﬂltg—H:Iz—_ﬁ, (d) arglz —a)=n/4, where a= 1 +1i.
i ;:;g z=x+1y, find the equations of the following loci in terms of x
{a) [z—10|=35, (b) [z2—1|=|z—i].
6 Draw Argand diagrams to illustrate the regions
fa) Be(z)>0,  (b) Im(z)>0, (o) z|<3, (d) 3<|z|<5
() [z=3>1z=5], () 0<argiz)<n/4, )
(g) O<arg(z—a)<n/2, wherea=1+1i,
th) 4<|=4a| <5 where a=1+1.

- .

7-Giiven thut &= r and arglz) = & show that = can be expressed in the form
reos (4 1 win 1)

Verify that
' = r¥cos 20 +1isin 26) and that %= ricos 30 + i sin 30)

*§ Giiven that 7 =cos @ + i sin 8, prove by induction that

" =cos nl! +1 sin nt

where n is a positive integer,
9 The points A, B and C represent the complex numbers z;, z; and z,,

respectively, and ABC is an isosceles triangle, with a right angle at A. Prove
that

25,24 27 23 = Azazy +2123)

10 The coordinates of the points A and B are (x;, y,) and (xz, v2). respectively,
and O is the origin. Given that OAB is an equilateral triangle, prove that

. X ,.T 4
Ay e+ Iy = t(msi+|3mi){x, + iy}

Hence, or otherwise, show that it is not possible to draw an equilateral
triangle with its three vertices at lattice points. (A lattice point is a point

whose coordinates are integers.)

Functions of a complex variable
20.2 In real numbers we have already studied many functions, e.g.

X x?

and we have either plotted or sketched their graphs (y = %2 in this case). We

shall now consider the corresponding problem in complex numbers; in order 1o
keep the discussion fairly simple, we shall take the function

zrez”

as an illustration. For convenience, in this book, we shall use z=x+iy as 4
typical member of the domain (i.e. the set of complex numbers to which the rule
is applied) and we shall use w=u+iv as the corresponding point in the co-
domain. We shall illustrate the effect of the function by drawing a pair of Argand
diagrams, the left-hand one will always he the z-plane. 1.e. the domain, and the
right-hand one the w-plane, ie. the co-domain. First let us consider the effect of

the function z+z* on a particular point, say z=2+1, then

w={2+i)
=344

Figure 20.3 shows P(2, 1) and its image P'(3, 4).




1
PN &)
i
P(2. 1)
g = 24
# X §) g
the z-plane the it
Figure 20.3
More generally if 2| = _ ) _
argiw) = 26, yifjz]=rand arg(z) = § then, under this function, |w| = r? and

Qu. 1 Verify that this last statement g true for the points P and P* ahove

We shall now consider the effect of this function on a
the z-plane: let us take, for example, the circle, centre
case, [z| =2, and let arg(z) = . Then |w| =

pa:ti:cul.&r sel of points in
O, radius 2 units, in which
4 and arglw)= 20 {sg‘.c Fig. 20.4).

v 4

the z-plane

Figure 20.4

the w-phane

1:|?: fma;c, in the w-plane, is also a circle,
;3:1!; |si ;:-I:c]m_md al an angle 28 to the w-axis, If we imagine the radius OP rotating

i-elockwise al a constant speed, then O would be i i

_ : tating anti-clockwi
twice the speed: when P has o swill ha arsond s
Liriiniers, as completed one full circle P’ will have been around its

centre O, but its radius is 4 units and

O<arg(z) <. Describe the | point Px, y) moves around the semi-circle |[z| = 2,

et ocus of its image P'lu, v) in the w-plane. where

Under the funetion w s 1 /z,

|w| = |é| and  arglw)= —arg{z)
so I lies on the semi-circle, centre O, radius 4. As P moves anti-clockwise, from
6 = 0 to 8 =, the point P’ moves clockwise from § = 0 to ! = — n (see Fig, 20.5).

va
v
P
W . =
Q 3 8] - ]
p
the =-plane the w-plane

Figure 20.5

Example 2 Given that w= 1/z, find the image of the straight line x = 1. Find the
images af (1, — 1), (1, 0) and (1, 1). Describe the locus of P, the image of P(l, ylas y
increases from — o to 400,

In this example |z| is not constant and so the modulus-argument meth_ud of
Example 1 is not the best approach; instead we tackle the problem algebraically.

The image P'(u, v) of the point P(1, y) is given by

u+ = i+ H
| 1—i
g
1+iy 11—y
= 1-—iy
42
Hence, equating the real and imaginary parls,
1 =
u — e

T s T

From these equations we can see that the images of (1, —1), (1, U), and {1, 1) are
(4, 4), (1, 0) and (&, —4) respectively. The equations for u and v, in terms of y, can
be regarded as parametric equations, with y as the parameter. To ﬁnld the
equation relating u and v we must eliminate y. Dividing v by u, we obtain

H_
R ¥




and using this 1o eliminate v, gives
|

()-G ~2)C)

2 Show that the meteis transformation

L =

i
T _ has the suame effect as the complex number transformation zi— ez,
o 4 pty = g2 , .
) rullfu +o)=u In Mos, 3-6, draw Argand diagrams to show the effect of the given function
Dividing by u (which i never zero), ; on the region indicated.
W=y | "3 w=:+1+i O0<argz) <4,
i . = isin midlz;; O<argz)<md
This is the equation of a circle j 4 w=(cos n/4 +isinm
the w- . -
by completing the square, €0 the w-plane; we can find its centre and radius : :-r: o {1] E Lzrlgfﬂz;é /4

u—4? + o2 <4
; Find the range of the function w = =2, given that the domain is
Fromt i . ze » Bl
om this We see that the locus is a circle, centre (3.0}, radius 1 p ; .
point (0, U), since 1> (), (See Fig. 20.6; note in particular th 2 but excluding the | {z: |z|=5 O<arg(z)<n/6}
moves clockwise,) o I that as y increases, P’ i« .
8 Given that w=z* find the images of
o ; {a) the hyperbola xy = 10, {b) the line y = x, {c) the line y= — x.
T 9 Find the image of the region | < x <2 under the transformation zi-+1/z.
10 Given that w= z2, find the images of the lines x =k and y =k, where ke R.

|

ctn

At )

h o= |

B[, 0) /—b\ de Moivre’s theorem
# \ . 2L, 20.3 In Exercise 20a, No. §, the reader was introduced to what is known as de

{ —

g (Y. 01 H Moivre's theorem, This thcorem was published by de Moivre in 1730, but the
+ substance of it had appeared in the posthumous publication of Coles in 1722,
The theorem states that, for any rational value of o, one value of (cos @ + i sin 0)"
is given by

-4

Ctly. =)

ALl =)

{cos @ + i sin 8)"= cos afl 4 i sin nd

the z-plane
the w-plane The reason for saying ene value of (cos @ + i sin 0)" is that there is more than one

Figure 20.6 value for expressions such as (cos & + i sin %% we return to this in §20.4. A

Duw.2 Find the image of y< 1 when e proof of the theorem may proceed as follows:

Stage 1. Prove that _
Exercise 20b (cos 4 i sin ONcos ¢ + i sin ¢) = cos (0 + ¢) +i sin (6 + §).

ib. (If you find this difficult, try ¢ = 3 ang [Expand the left-hand side.]
case,) Stage 2. Use induction to prove the theorem for positive integral values of n.

nNos land 2, q bheR and e =g+
==4 and then return to the general

I Find the image of the unit i i - s =
vare Of ; Stage 3. Use the identity (cos ! + 1 sin #){cos # —i sin #)= 1 to show that
and (0, 1) respectivel undsf X Wl vertices are (0, 0), (1, 0), (1, 1) - . .
¥: r each of the following transformations: {a) {cos @+isin )" =cos @ —isin # =cos (— ) +1i sin (— ),

(a) w=az, Pl
Describe each ihf}l:;:sc ‘:r:_:;fu g o s, (b) if n= —m, where m iz a positive integer,

i [d:' W=g¢z 2] w= =%
TAtons in words. o

fcos 41 sin 0" = cos nl +1 sin af




the usual laws of algebra we take
(0o @ 4 i 5in #)° w |

Stape 4, - ) is i
g 1w = 1}y, where ¢ 15 an integer (positive or negative, but nol zero)
show that one value of (cos 0 + i sin 6)"i

| st o .
”mt_.f 0+ sm‘_; i by finding the value of
I &
(ms;ﬂ-!—isiniﬂ).

i
Stage 5. If n is a rational :
number say =, where i
y 7 Py q are integers, we have by
age 4 one value of

{cos @ + i sin 1)1 = ¢ $H+i sin 16‘
q

[

(cos # 4 i sin )7 = (ccs 1lii*+i ainiﬂ)
q ]

——-cnsEB-r-isin Po
4 i

Qu.3  Express in the form x +iy:

(a) (cos E+!' sin )", (b) 1ifeos 6 +i sin @)

(e} {cos € —i sin 0)3, (d) feos @4 sin Ejzfm;s 1 +i sin )
cos (41 sin ¢ eos ! +i sin ‘
€os ¢ +i sin " ® cos ¢ —isin '

Qu.4  Find one value of

(@) \/(cos 26 + i sin 26 ; "
(c) \f[GGS f! <+ i sin ﬂ]’_L ®) ‘j{m 2% +1 sin 2n),

Complex roots of unity
m‘i' In Bmk I §]D_ﬁ wWe rﬂfel‘md to
r * the theorem that :
degree has n roots, This means that the equation al an equation of the nth
Z! —1=0

has three roots: one of them |
ofinding vat 15 1 but what are the others? Qu. 5 gives one method

Qu.5 Use the identity 22 — | =
of unity, lentity =" — | -—!fz — 1Nz + z+ 1) to find the three cube roots

StliL the lTlEthDd ﬂr'Qll 5 would not w oz =1=0 and
. ork fﬂ‘l’ 53y lhﬂ roots ¥
" g ] 1 f 1 .
hE reader may well hﬂ.\"ﬂ bﬂﬂ.ﬂ Wﬂﬂdﬂﬂﬂg What thiﬁ hﬂ.ﬁ gD[ to do with de

Moivre's theorem. Now
H . We can L i
ﬂ.‘lan}r ways: express 1 a5 a DDD'IDIBI number mn Iﬂ.ﬁﬂllﬂl}"

o GoN (= 2m) o | nin (= 2n) cos O+ sin 0,
o8 2l -0 sin 2w, cos 4m -1 sin 4

or, in general,

cos 2k 4 i sin 2kn where k is an integer
By de Moivre's theorem, one value of

Jcos 8+ i sin By = (cos & +1 sin 6)'* = cos 46 + i sin 46
Therefore values of ,;‘/fl are given by

cos —1—“ +1 sin _Z_TI: ra:n::lcsg+i.'sinll:—:.r
3 3f 3 ¥
4m

msz—n+isin1—“ cns4—ﬂ+isin—
3 3 3 L o

or, in general,

EMTE-HsmT“ (see Fig. 20.7)

Figure 20.7

Qu.6 Show that the expression cos $km+i sin $kn represents the same
complex number when k is replaced by (a) k+ 3, (b) k+ 3m, (k, me Z).

Qu.7 By writing — 1 =cos 7 + i sin m, and in two other ways, find the cube
roots of — 1.

Qu.8 Wriling @ = cos $x + i sin 4w, show that the cube roots of 1 are 1, @, .
Prove that | + @+ ©® = 0 in two different ways. [For a hint, see Qu. 5.] Show

also that w is the square of w?®




Real and imaginary parts

0.5 One :ld}'unmgc o usirI\g complex numbers is that sometimes it is possible
Lo d“. two pn:u::_s of Iwor]vcln g simultaneously! The possibility rests on the
Follc::wing result: ff a+ib=¢ + id, where a, b, ¢, d are real, then a=¢ and h'= 4.
[This is referred to as ‘squating real and imaginary parts’. See Book 1, §10.6,]
g
Example 3 Prove that tan 30 = ﬁtﬂn—ﬂ
| —3tw@an'd
By de Moivre's theorem,
cos 30 +i sin/ 36 =(cos f + i sin M
The R.H.S, may be written
cos® @+ 3i cos® @ sin 0 — 3 cos & sin? 0 — i sin® #
++ €08 3841 sin 30 =cos” #—3 cos ¥ sin” @ +i(3 cos® 6 sin 6 — sin? f)
Equating real and imaginary parts,

cos 30 =cos® @ — 3 cos # sin® 0
sin 3 =3 cos® @ sin § — sin® ¢

By division,
sin 36 . E:_usz il sin @—sin® 8
cos 3¢ cos? 0 —3 cos @ sin? @

Dividing numerator and denominator of the R.H.S. by cos® .,

tan 39=§inﬂ=w
cos 3¢ 1—3tan? @

Qu.9  Show that tan 46 = (4 tan 0 — 4 tan® #)/(1 — 6 tan? § + tan* #).

Exercise 20¢

Simplify Nos. 1-8:

1 (cos 6 +i sin §)(cos 260 + i sin 20).
2 (cos @ + i sin #)%(cos # — i sin &) 2,

cos 46 + i sin 46 {cos 26 + i sin 260 4
(cos 6 + i sin 4)*" (cos 8+ sin ) ]

cos 38 +1 sin 56 cos 1 +isin #

{cos 8 —isin #) cos 20 — i sin 28"

7 {cos ¢ + 1 sin ¢)*(cos @+ i sin §)°.
8 (cos 26 + i sin 28 cos 3¢ —1i sin 3%,

dadld -

O By-weiting | in the form cos ¢+ i sin 0, where the= - 21, 0, 21, 4n, find the

lourth roois of unity,
Wil ure the fourth roots of =17
“10 By writing | in the form cos 2kx +1 sin Uen (k= —2, —1,0, 1, 2), find the

filth roots of unity, )
Show that, if z, = are conjugate complex numbers, the expansion of

{x —z*)(x — z) is a quadratic in X with real cocflicients. Hence write x* — 1
in the form (x — 1)g,g. Where ¢, g, are quadratic expressions with real
coefficients.
11 Find the sixth roots of 1 and show the corresponding vectors on the Argand
diagram. Deduce the real quadratic factors of x* + x* 41 '
12 Show that the nth roots of — 1, together with the nth roots of 1, form a
complete set of 2nth roots of 1, How can the 2nth roots of — 1 be deduced

from these? Illustrate your answer by showing the corresponding vectors on

the Argand diagram for the case n=5.
13 If x is a scventh root of unity, other than 1, show that the other roots are

a2, o, a*, o%, of, 1. Show further that
l4+at+d+a +a*+a’+2=0

Do analogous properties hold for all other nth roots of unity?

14 Find the real factors of
@ x"—1, (b)x*+1, (& x*—1
#15 If z=cos # +i sin A, show that

I—=ms#—isin1§-‘f | z*=cos 30 +1sin 3, :—ersﬁ—-ismm
z —
Show further that (z+ 1/z)* =8 cos® , and, by expanding (z + 1/z), prove

that
2 cos 30+ 6 cos =18 cos® @

Hence express cos 30 in terms of powers of cos 0.

16 With the notation of No. 15, show that (z— 1/z)* = — 8i sin® @ and hence
express sin 38 in terms of sin f.

17 Use the method of No. 15 to prove that

cos* B =1(cos 40 4+ 4 cos 26 + 3)

and express cos 46 in terms of cos f. [Expand (= + 1/2)*.]
18 Prove that sin® 8 =fs(sin 56 —5 sin 36+ 10 sin d).
19 Prove that cos® # = f5(cos 68 + 6 cos 40 + 15 cos 20+ 10},
—

50 § tan #— 10 tan® @+ tan® @
20 Show that tan S0 =——""" s an® A

[Use the method of Example 3.]

21 Find expressions in terms of tan f for
{a) tan 60, (b} tan 2nf, {c) tan (2n+ 1.




4~ 4
=60 4 %
Hence find the roots of the equation * 4+ 45 — 61* — 4t 4+ 1 =0 correct to
three significant figures, i

23 Solve the equation 15— 10r* — 10p* 4 20,2 +51—2=0 correct to three
significant figures.

22 Show that tan 40 - where = tan o,

MU w=u+iv,z=x+iy, and w = 7, express u, v in terms of X J.

25 Find (a +ib) = (c + id) by equating real and imaginary parts in the equation
(e +idNp + ig) = a + ib.
26 {a) Find the square roots of — 5 + 12i by equating real and imaginary parts
of (a+ib)* = — 5 + 12i.
(b) Find the square roots of i
(i) by the method above
(ii) by using de Moivre'’s theorem,
*27 Let C=1+cos @+cos 20 + .__ + cos(n — 1)
S=sin # £3in 20+ ... +sin (n=1)4

£=C+15, i=cos @ +isind

(a) Show that Z =(1 - 271 —z)

bl Express Z with a real denominator, )

(¢} Deduce expressions for C and § by equating real and imaginary parts.
28 Sum the series

C=14acost+a?cos 20+ ...+ a" cos nf
S=a sin 0+ a®sin 20 + ... 4 4" sin nf

29 Examine the answers to Nos. 77 (¢}, and 28. Show how the series in these wo
questions could be summed by multiplying both sides of the equations by
S0mME eXpression.

30 Find the sum to infinity of the series
cos & cos f +cos?® 8 cos 20 + cos?  cos 30 + ...

€", €os z, sin 7, where zeC

20.6 In this section it is intended to give the reader a glimpse of the way in
which it is possible to extend the above functions to cover complex variables,

First consider the function e*, where x js real. We have to find some property
of the function which we can yse to define what we mean by e* where 2 is
complex. The most obvious way to start is to go back (v vur definition of e but
unfortunately this does not lend itself to an extension to complex num bers; so we
have to find some other property of ¢*. Now, e* can he expanded as a power
Series;

2

. X X
E=|+.I+—+...+—+..
. n!

and we can rendily glve o* & menning by defining It by the series

gl ol
S o
c‘=-|1:|:1|-...1”! 4
o lues of x, and we shin
i * i convergent for all real va .
at the series for ¢* 15 con VAl B
e B:':: :L;:Ll:ll-.u series for e is convergent lor mmpl:fx \;.llluq-ﬁ of z,bu
assu 1d be aware that this does not follow aulemalica y_. N
Et“':.I'ill-l definition of e by a series poses another problem: wl: !
el i that
indices still hold? In particular, we must satisfy ourselves

e¥ xpt=g"t* . o
This is something which has to be deduced from our definition of &% that 15, 1
1515 &

necessary to show that .

3 z
W w" -'_+‘.__|__+-_..)
(l+“’+ﬁ+‘"+ﬁ+”')(l+z+15 n!

(w+2)° (w+ 2’
=1+{w+2]+T+“'+ n!

5' ipli 3] lf i |'|li'
i i i i bE u] t1 p[lﬁd arc OULsI

work Qu. 10,
Qu. 10 Show that term-by-term multiplication of the first few terms of the
“‘ -

ies for e "%
i “‘ * gives first few terms of the series
SETES fﬂé Ed tizdl:mpsv:!?é:;m a1 in the product and show that they reduce o
so fin

(w4 zn! N F :
Now let us see what happens il we write z = x + iy in the expression ¢
ow
=" T =gt el
. R
* is real (and familiar), o we shall examine the function €™
e )

4 =]
e“=1+i}r+%+;i:+'?+,,.+'?+
3
+|(;|.J —J;-—!+...)
Bui .
I—g+£—.,.=m5_-,r and _}'—J;%F‘;—!—.":-Sinr
so that

Eh‘:cﬂsy+i.5iﬂy




!: ru:!ult equivalent to this, discovered by Cotes, was published in 1722, after his
death,

Qu. 11 Use the results
(cos 0 +isin Ojcos @ —isin O)=1 and e" x e =e"t:

to show that

e ™ =pcos #—1izinf

Note. In most texts the reader will find the serics

2

S e
3 o S m-l—...

denoted b}r EXp =

142+

Wﬁ.: arc now in 4 position to turn (o the problem of assigning meanings to the
functions sin z, cos z, where z is complex,

From above, e = cos @ +i sin 6, and from Qu. 11, e~ = cos 8 — i sin @,
Hence

e gm0
=
cos 5
gl - it
i
sin =

Since ¢* has been defined for complex z, we may use these last two equations 1o
define cos z and zin =

tl\-'l_|_e-:|z
cmz————z )
i _'Ei:__e—j;- :
e @)

These results were given by Fuler in 1748, twent
. k ¥ years before Lambert
introduced the hyperbolic functions. r

The hyperbolic functions cosh x, sinh x were defined for real values of x in
Chapter 18;

cosh _'L'ni{:r_'_e—-rl’ sinh IZ'HE"—E_*}

These definitions can be used to define the functions cosh z, sinh = of a complex
variable z:

cosh z=4{e" +e7%), sinh z=1{ef — 7
Replacing = by iz,
cosh iz = 3{e” + e ™), sinh iz = He" —e 79 (3)

and so from (1), (2), (3) above we obtain the following relations connecting

cireular and hyperholie funetions:
cosh bz = on 2 pinh iz =i sin z

Qu. 12 Confirm these lust relationships for real x by replacing = by x in
equations (3) and expressing €', e ™ in terms of cos x, sin x.

Qu. 13  Express cosh z, sinh z in terms of the corresponding circular functions,
F

i w w"
QOu. 14 Use the seriese™=1 4+ w4+ —+ ... +F+ ... 10 show that

2
ol 2 g
COs I = —E+E—
: "
=N le—i'l'ﬁ—

Much of the earlier part of this book was concerned with identities connecting
sines and cosines: will they still hold for cos z and sin z when z is complex?

Qu. 15 Deduce from equations (1) and (2} above that

(a) cos* z+sinz=1, (b) cos (—z)=cosz,

{c) sin{—=z)= —sin z, {d) cos (w+ z)=cos w cos £ —sin wsin z,

(e} sin (w4 z) = sin w COS 2 4 COS W 8in 2.

The other trigonometrical identities follow from these (if you cannot satily
yourself about this, turn to Book 1, chapter 17, where they were proved for real
numbers); and so trigonometrical functions of a complex variable may be
manipulated by the same identities as those for a real variable.

Qu. 16 A function of a complex vaniable is said to be periodic with period p il
fiz + p)=[{z) for all z. Show that cos z, sin z have period 2n.

Exercise 20d (Miscellaneous)

1 Express in the form a+ ik
1 s cos B+ i sin 6 '

3cos 4+ 2isinf— " © cos 20 —i sin 20°
-

(@) (x+iy)°.  (b)

(d) ﬁwhm z=x+ip.
=

2 Express in the form a + ik
{vos 20 + i sin 267’
{cos 0 —isin 8)* °

{cos @+ i sin )7
@) roos 20 +1 sin 207"

(c) 1—cisf+cis 20— .., +(=1y"'cis(n—1)4,
where cis r = cos rfl + i sin rif,
3 P,, P, arc points on the Argand diagram corresponding to the complex
_numbers z,, z;. Show that the mid-point of P, P, corresponds 1o {z; + 7,k

(b}




hence proves that the mid-points of the sides of i plune quadriluteral are the
vertices of a parallelogram,

4 What is the locus given by 22* + 2z -+ 2*) = (), where 2= x - iy and 2* i3 ils
conjugate? .
Express as an equation connecting z, z* the condition that (x, v) should lie
on the circle centre (2, — 1) radius 3.
5 (a) Prove that cos® # =i&{cos S# + Scos 30 + 10cos ), and find an ex-
pression for sin® # in terms of cos 248, cos 46,
{b) Express tan (8, + 8, + 8, + 0,) in terms of tan 0, tan #,, tan !, tan ¢,
6 (a) Express — | in the form cos 41 sin {1 Hence obtain the three linear
factors of 3 + L.

(b} Find the real factors of x* —a®
7 Show that, if a guadratic equation is satisfied by a complex number, then the
conjugate complex number is also a root of the equation.
Hence find the quadratic equation satisfied by the complex number 2 — 3i.
Find the four roots of the equation z* — 32" + 42 — 3z 41 =10,
8 (a) Solve the equation z*— 62 +25=0,
(b) Given that one root of the equation z* — 6z +23:* — 34z +26=0 s
1 +1i, find the others.

1 1 . 1
9 Hz+~=—1, prove that z* + - = — 1 and find the value of ' + .,

10 Prove that, if @ 4+ ib=¢ +id where o, b, ¢, d are real, then a=¢, b=4d.

Find the sum to infinity of | — dcos 1 + L cos 20— L cos 30 + ...
11 Find ithe sum of the series 1 + 2 cos 20 -4 oos 48 + ... +2° cos 2nd.

12 Prove by induction that, for positive integral values of n,
{cos & +1 sin )" =cos nfl +1 sin nt

Hence show that the identity also huld_s_fr:r negative integral values of n.
Find the sum to infinity of the series

gin 0 gin @+ gin® # zin 28 + sin? @ 5in 30 + ...

In MNos, 13-15 x, ¥, u, # are real numbers, z, w are the complex numbers x + iy,
u+ 1o,

13 If w, z are connected by the equation w =z + 1, find the locus of (k, v} when
fa) x+1=10, ) x+y—1=0 © lz+1]=1, id) [z—3|=2

14 If w= 3z, find the locus of (i, v) when
{a}x—l}r=ﬂ, (b) }‘_1=ﬁa {c) |z|=ll [d} |z_2|=:2

I5 The point {x, y) moves once round each of the cireles (a) |z| = 1, (b} |z|=2in
a counter-clockwise sense. Describe the corresponding motions of (u, v) if
w=1z%

16" The point P(x, y) represents a complex number z=x+1iy. Given that

|z +1|=2|z— 1|, find, in terms of x and y, the equation of the locus of P and
describe the locus in words.

17 Repeat No. 16 for |z —i| =3z +1i].

18 (a)-Given that (34 e =4 —i, find the complex number 2, giving your
answer in the form a + ib, where a.h e R .
(b) Find the modulus and argument of the complex Inumb(:r 5= 3L !
The complex number w is represented in an Argand diagram !:w the point W.
Describe geometrically the locus of W in each of tl_'ne following cases:
(@) |wl=15—3il, (i) arglw — 5+ 3i) =arg(5—3) + in (<)
19 Express.z,, wherez; = li:%% in the form p 4 ig, where p and g are real.
— 1 ;
Given that z, =r{cos 8+1i sin #), where r>0 and —n <0< m, oblain
values for r and 0. Hence determine z,”, _ . :
Sketch on an Argand diagram the locus of the points representing the
complex number z such that |z — ;| =+/3. _ (L)
20 The point P represents the complex number z=x+iy on an Argand
diagram. Describe the locus of P if
z4i A X
fa} |2z 4+1-=2i| =13, () arg{;__—i)——-in. ) |z—il+lz+i|=4
If|z| = 1, find the locus of the point representing the complex number z + pe
i (L)
21 (a) Find the modulus and argument of each of the following complex
numbers:

541 o (50)* ... (cos =/6—1sin m"ﬁ}“_l
2o g W G e | Teos P

(i
'f[ti] Find, in the form re™, all the complex numbers z, such that

B O i (©
2+ 3
22 The transformation w = (z + 1)* + 3 maps the complex number z=x+1y
to the complex number w = u +iv, Show that as z moves along th_ﬁ y-axis
from the origin to the point (0, 2) in the z-plane, w moves from the point (4, 0)
to the point (0, 4) along a curve in the w-plane. Write down the equat;f:{ ;:t;
this curve. L
23 (a) Given that the real part of (z — 2i)z +4!} is zero, prove lha!, in the
Argand diagram, the locus of z is a circle. Find the centre of the circle and
show that the radius is /5. .
(b) Find the image of the circle [z] =1 under cach_nf Ith-: transformations
given in (i) and (i) below. If the image isa mrc?f.-., give its centre and radius.
If the image is a straight ling, give its equation {in any form).
i+z

MWt (©)
G Wi

(i) w=

24 Two complex numbers w and z are connected by the relation

w=2(11 tz)




Prove that, as the point P representing = in the Argand diagram follows the
locus i with A decreasing from o to 0, the locus of O, representing wois a
semi-circle C and determine the centre and radius of this semi-circles
Determine the locus C' of the point (' corresponding to the point P/, as P’
describes the real axis in the positive direction from the origin.
Indicate on a diagram the loci C and C and the directions in which the
loci are described, (O & C)
25 The point P represents the complex number z and the point Q) represents
the complex number w, where w=1/(z —1). Prove that if |z]=1, then
[w=|w+1].
The point P moves anti-clockwise once round the circle C with centre the
origin and radius 1,
{a) describe the locus of Q:
(b) given that P starts from = = 1, describe carefully the locus of a point R
which represents the complex number iz + i). 0O &C
26 Express cos zand sin z in terms of the hvperbolic cosine and sine. and deduce
the following identities:
(a) sinh 2z =2 sinh z cosh z, (b) cosh 2z = cosh? 2 + sinh?® =,
{c) cosh{w —z) =cosh w cosh z —sinh w sinh z,
(d) cosh w +cosh 2 =2 cosh Hw + z) cosh J{w —z).
27 Define cosh z, sinh z when z is complex. Deduce from your definitions the
identitics; -
{a) cosh® z —sinh? z =1,
{b) sinh (w + z} = sinh w cosh = + cosh w sinh =
Express cosh z, sinh z in terms of the circular cosine and sine, and deduce
identitics corresponding to the two above,
28 (a) Write down the values of |z| and arg(z), where z = x + iy. Hlustrate by
means of an Argand diagram. |
The numbers ¢ and p are given, c being real and p being complex, with
p=a+ib; z* and p* denote the conjugates of z and p respectively. Prove
that, if

¥ —pPz—pr*4c=0

then the point on the Argand diagram which represents z lies on a certain
circle whose centre and radius should be determined.
{b) Prove that, if

i e
then the points on the Argand diagram defined by making A constant lie
on a circle, and the points defined by making u a constant also lic on a
circle.
Prove also that, whatever be the values of the constants, the centres of
the two systems of circles obtained lie on two fixed perpendicular lines,
(O & C)

29 The coordimutes (x, ¥ ol n point P are expressible in terms ol renl varinbles 4
and i by the formula

¥ b A (4 i)

Prove that the locus of P is a parabola (a) when u varies and v is constant,
and also (b) when v varies and u is constant. Prove also that all the parabolag
: X ]
have a common focus and a common axis. -

Prove that through a given point (xg, vy there pass tlwu p:lr'.ihuhu.\. ane o
each system u = constant, v = constant, which cut at right angles. (O & )

30 (a) Complex numbers z, and z; are given by the formulae

-
&

I:R.-I—imL zlﬁﬁl—m—c

and z is given by the formula
- N T
+

= z| -z:]

Find the value of w for which z is a real ‘numbe:.
(b) Use de Moivre's theorem to prove that, if

N

1
2ecosbi=x+—
X

1
then 2 cos nl'.'."—-x"-l-F

Hence, or otherwise, solve the equation

Sx*—11x + 16x* —1lx+5=0 (0 & C)




hapter 21

Further vector methods

Some further examples on scalar products and planes

211 .l" the previous chapter on vectors (see Book 1, $15.13), we found the
cquation of the plane through three given points. Another way of desecribing a

plane is to specify a vector which is perpendicular to the pla P ;
through which the plane passes. plane, and give a point

Q

Figure 21.1

a
Suppose the plane is perpendicular to a given vector n, wheren=|[ b ; that

; i
15, every line in the plane is perpendicular to n. Let the gi i

. given point through
which the plane passes be A(x,, y,, z,) and let P(x, ¥, Z) be any point in the plagn-:

(Fig. 21.1), then AP is perpendicular to n. This fact can be expressed i
scalar product, namely EXp in terms of a

fad faen

b Ll y=y |=0
i E=10
Hence afx —x,) + by =y )+ ez —z) =0
cax+by+ez=d

where d = ax, + by, +cz,. Notice that the coefficients a, b, ¢ of x, y and z form
the vector m: consequently if we arc given the equation of a plane, we can
immediately write down the vector which is perpendicular to it.

Example 1 Write down the unit vector which is perpendicular to the plane
2x 4 3y + bz =10

2
The vector | 3 | is normal to the plane and the magnitude of this is
6
2
J(4 49436 = /49 =7, so the unit vector required is 4 | 3
6

Example 2 Find the equation of the plane through the point (1, 2, 3) ard
perpendicular to the vector 4i + 5§+ 6k.

Any plane which is perpendicular to the given vector will have an equation of
the form

4x 4 Sy+bz=d

where d is a constant. To find the equation of the plane which passes through
(1, 2, 3), we must choose the value of d, so that the equation is satisfied when
x=1,y=2and z=13,ie

dx1+5%246x3=d
ie d=32
Hence the equation we require is 4x 4 5y + 62 =32

Example 3 Find the angle between the planes 4x+3y+12z=10 and
8x —6y= 14

The angle required is the angle between the normal vectors and these are
m = 4i + 3j + 12k and n = Bi — 6j. We shall find the angle between m and n by
finding the scalar product m.n in two forms and equating them. Firstly,

man = (4 + 3j + 12k).(8i — 6§)

=32-—1%
=14




Alternatively, using . o con O, where moand noare the magnitudes of the
vectors m and n, and @ is the angle between them, we obtain

m.n = 1649 4 144) x (64 4 36)  cos U o
=169 % /100 x cos @
= 130 cos 0

Equating these two expressions for m.n zives

130 cos =14

14

fl=—ru
s P=10
J.B=838"

The angle between the planes is 83.8°, correct to one decimal place.

Exampled Find the distance of the point A(25, 5, 7 i
[2x+4y+32=3, W R et e

Let P belthe point in the plane such that AP is perpendicular to the plane,
Then the distance required is the length of the vector AP.

We know that 12i+4j+4 3k is perpendicular to the
. » _1s  perpendicu plane, so let
AP =1(12i 4+ 4j + 3k). Then, since OF = OA + AP,
OPF = (25i + 5 + 7k) + «(12i + 4] + 3k)
=25+ 120 + (5 + 400 +(7 + )k

HJ::m_ms,r Pis lh_e point :1’_5 + 121, 5+ 41, 7+ 3¢) and, since this point lies in the
plane, its coordinates satisfy the equation of the plane; consequently,

1225+ 120+ 45+ 40) + 3T+ ) =3 )/
. 169t + 341 =3
Sot=—2
Hence AP = — 2{12i + 4 + 3k) = — 24i — 8 — 6k, and so
AP?=24% 4 8% 1 67
=576 + 64 + 36

=676
SAP=26

The distance from the point A 1o the plane is 26 units.

Exercise 21a

1 Find a.b, a.c and a.(b + ¢), given that
(a) a=2i+2f+k, (b} a=3i+7j— 5k,
b = 3i +4j + 5k, b =2i + 6j + 3k,
c=4i+j— 8k, c=4di — §j - k.

—

2 1Find the wngle between the vectors o s 204 b and b 314 4) + Sk,

3 Find the goordinates of the point N, where the perpendicular from (37,9, 10)
micts the plane 12x + 4y +3z= 13,

4 Find the reflection of the point (5, 7. 11) in the plane 2x + 3y 4 52 = 10,

5 Given that the vectors a and b have equal magnitudes, prove that
{a-+ b).ja —b) =0 and interpret this result in terms of the parallelogram
which has a and b as a pair of adjacent sides.

*6 In Fig. 21.2, DA =a, OB =b and the angle AOB is (.

0 > &

Figure 21.2

By considering the scalar product AB.AB, prove that
AR’ =0A*+0B* -2 x0OA x OB x cost
7 The points A(x,, ¥;, z;} and B(x;, y;, z;) lie in the plane
ax+by4cz=d

Show that alx; — x,)+ b{y; — y,) + ¢lz; — z;) = 0. Hence prove that the
vector AB is perpendicular to the vector ai + bj + ck.
*§ The point O is the centre of the circumcircle of triangle ABC (the
circumgircle is the circle which passes through the vertices of a triangle) and
G is its centroid. H is a point on OG such that OH = 30G. Prove that AH is
perpendicular to BC. Prove also that BH is perpendicular to AC and
ﬁipi:s perpendicular to AB. (The point H is called the orthocentre of the
triangle.)

9 In the triangle OPQ) the angle POC) is a right angle. The point R lies on PO
and PR:R(Q) = |:3, Express the position vector of R in terms of p and g, the
position vectors of P and Q. Given that OR is perpendicular to PQ, prove
that OP:OG = 1:./3,

*10 In Fig 21.3, OA and OB are unit vectors making angles 2 and ff respectively
with the x-axis, Express in terms of 2 and f:
(a) OA, (b) OB, (¢) the angle AOB. .
Write down the scalar product OA.OB in two ways. Hence prove that

cos (x— ff) = cos a cos fI + sin @ sin f#




8]

-

Figure 21.3

The vector product

212 The scalar product, which we met in Book 1, Chapter 15, combines two
veclors to produce a scalar result, The vecror product, which we shall now
examine, combines (wo vectors and produces a vector result ie veelor
muitlpllf{aliﬂn it closed (see Book |, §25.8). The vector pruductl 15 a4 useful
concept in mechanics, where it is used, amongst other things, when finding the

moment Drf‘l force about a point (for firther applicatione the readsr should
consult a suitable book on mechanics).

Definition "
The vector product of two vectors a and b, which is written a A b, is given by
aAb=absin ¢ i 3

where a .Iam:l b arc the magnitudes of the vectors a and b,
f 1s the angle between a and b,

and  fiis the u_nil vector, perpendicular to both a and b, and such that a, b and
fi, taken in that order, form a right-handed set {see Fig 21.4),

- The notationa x b is frequently used instead of a & b, and when this is done it
is usual to call it ‘the cross product’ of & and b. (a A b is usually read as ‘a vec b’

=t

[

B Y

Figure 21.4

Severnk-lontures of (he veotor product a ~ b should be noted immedintely:

i boaws @b Ths follows from the fact that reversing the order of a and b
in the right-hnnded set will have the effect of reversing the direction of the
unit veclor, (We say that vector multiplication is not commutative. Sec

Book 1, §25.8.)
(b} Given that i, j and k represent the usual base vectors,
Y ke K= W=k
bt
knj=—1, iank=—-j jai=—k

{c}] For any vectora, asa=0(and thusinsni=jaj=kak=0)

These features of the vector product should be contrasted with those of the
scalar product a.b=b.a=ab cos 8, set out in Book 1, §15.15,

Qu.1 Given that a=5i and b= ,/3i +j, verify that b =2 and that thc angle
between a and b is n/6. Hence, from the definition above, show that a » b= 5k
Verify that the same result is obtained by assuming that vector multi-
plication obeys the distributive law (Le. that for any vectors p. q. T,
prlg+ri=pag+pnrthis will be proved in §21.4.)

The scalar triple product

213 For scalar multiplication, the triple product a.ib.e) is meaningless,
because b.c is not a vector. However, because b » ¢ is a vector, the triple product
a.[b » ¢} can be found. We shall show that it is equal to the volume of the
parallelepiped, whose six faces are the parallelograms formed by taking the
vectors a, b and ¢, two at a time (see Fig. 21.5].

Figure 21.5

First notice that b » ¢ 1s equal in magnitude to the area of the parallelogram
formed by band c. 1t will be convenient to call this area 5. The direction of b ~ ¢
is perpendicular to the plane of b and ¢; see the unit vector f in Fig. 21.5.

When we tackle a.{b ~ ¢}, we obtain a scalar whose magnitude 1s

Sacosa




where o Is the angle between f and a (see Fig, 2155 Hlowever, notioe that a ook o
i h, the perpendicular height of the point A above the plane of band ¢ Thus we
can write

a.lb A c)=35h

but the product of the area of the base and the perpendicular height of the
parallelepiped is equal to its volume. S0 we have shown that
a.(b » €) = the volume of the parallelepiped

Motice that a.(b ~ €)=b.(c » a)=c.(a A b), because they all represent the
volume of the same parallelepiped.

Qu.2  Verify that the result in the preceding section is true for the cuboid
formed by the vectors

a=4i, b=3, c=2k

Qu. 3 Describe the circumstances under which a.b ~ ¢) will be (a) zero,
(b) negative.

The distributive law

214 Belore we can go far in our stady of vector products, we shall need the
distributive law. This is the law which enables us to remove brackets to obtain
results such as

anb+e)=anbt+anc

Working in the reverse direction enables us (o lactorise the R.H.S. of such an
expression. The distributive law will also enable us to expand products of
vectors expressed in terms of the base vectors i, j k.

We shall prove the distributive law by considering the vector

v=aaslbt+tcl—anb—anc

and showing that it is zero.
Scalar multiplying both sides by v gives

vwy=vaslbte)—varb—vanc

(we can do this because we knew that scalar multiplication does obey the
distributive law; see Book 1, §15.16.)

From the last section we know that we can permute the factors in a scalar
triple product, so this expression can be written

vwv=(b+chvria—bvra—cvna
MNow we use the distributive law for scalar multiplication to factorise the R.H.5.

vov=[(b+c)—b—cl.ivaa)
=[b+c—b—cl.vAa)
=0

Henee

! =
oy

Thus we have shown that
asnlb+ci—anb—anec=0
Sanb+el=anbtanc

which completes the proof of the distributive law.

Exercise 21b

1 Find p ~ q. when
(a) p=i+ji a=k (b) p=i+j a=i—}
€ p=—2i+3+k q=5 (dp=i+2+3k q=4i-j+7k
2 Find puiq » r), when
{a) p=i. q=i+j r=k
by p=i+j q=i+2j+3k r=35i-k
) p=i+j+k q=2i+3 r=4i+5+2k
(d) p=i+j q=—i+j r=—-k
3 Using the vectors in No. 2, find (p ~ g).r in each part.
*4 Show that if a =a,i+a,j+ a;k and b= b,i+ b.j + bk, then

i § k
anb= |a, a a;
by by by

Comment on the properties of the determinant and their relationship to the
geometrical properties of a and b, when aa b=0.

§ Use the determinant form of a » b in No. 4 to find a A b, when
{a) a=2i+3j+k b=5i+4j-k,
(B) a=Ti+4j-kb=2i—j+k .
{Many people find this a very convenient method for evaluating vector
products.)

6 Using the vectors in No.2, find pa(gar) and in each part show that
p A (g ar) =(p.rig—(p.qir.

7 Using notation similar to that in No. 4, show that

@, d; dy
afbnci= |y by by
€y €3 3

Comment on the case a.(b A ¢)=0.
(This form of the triple product can be used to prove that

a.b acj=h.ecra)=c.anb)




R Find g unit vector which is perpendicilin to the vector
i+J4+k nnd 4244 3k

9 Prove thit il p+g-r=0,thenprg=gqar=rap
10 Ifa, b, e and d are four given vectors and Aa + b+ ve =d, where 4, i, ve R,
prove that

-

Using this, and corresponding expressions for u and v, solve the equations

Atdu+2r=10
22— pu+ v=0
BA+iu+bv==6

The vector triple product

21.5  Asb ~ cis a vector, the possibility of forming a triple product a » (b » ¢} is
a viable proposition. {The reader should now do Qu. 4, below.)

Qu.4 Given that a=i, b=jand ¢ = 3i + 4j, show that

anfbac=3
aabre=3—4i

This brings us face to face with a rather disturhing fact; the triple products
a (b ac)and (a & b) & ¢ are not the same. (We say that vector multiplication is
not associative. See Book |, §25.8.) However this is not so surprising if we
consider the direction of the vector a ~ (b ¢). We know that b » ¢.is per-
pendicular to the plane containing b and ¢, and that a » (b » ¢} is perpendicular
to the plane containing a and b s c. Cnrlsaqu%mly a » (b~ ) is paralle]l to the
plane of b and ¢. By similar reasoning (a ~ b) ~ ¢ is parallel to the plane of a and
b. Consequently we should expect a A (b ~ ¢) and (8 A b) ~ ¢, in general, to be
different,

From the last paragraph we can deduce that a (b A c) is a linear combina-
tion of b and ¢ In other words we can write

as(bac)=7ib+ pc

where 2 and y are scalars.
Clearly the scalars 4 and g will depend on the vectors a, b and e. We shall now
show that £ =a.c and u= —a.h, ie hat

an(boae)=(a.e)lb — (a. e (L)

There is no loss of generality if we fix the axes to suit our own convenience
{provided they form a right-handed set of mutually perpendicular lines). We
shall choose the direction of ¢ as one of the axes, and it will be especially
convenient to make this the z-axis. Nor is there any loss of generality if we
choose the scale to suit ourselves, so we shall choose a scale such thal c is a unit

vector, In other words we choose
c=k (2)

We are still free to choose one of the other axes (the remaining axis must
complete the right-handed set). We shall choose for the y-axis a line per-
pendicular to the axis which we have already fixed, and in the plane containing b
and ¢ This enables us to write b as a linear combination of j and k, We shall
write

b=fj+ 7k (1)

We cannot have any choice over how we write a and so this will have to be
expressed in terms of all three base vectors, ie.

a=a,l +as +a:k 4]
MNow we are ready to start! First we shall find b A ¢

bre={fj+rkink
= fii
MNow consider a » (b a €k

aa(bae)=(a,i+a.+a.k) » fii
= —fiak + fias
This is a simple looking result, but we have to transform it into a linear
combination of b and ¢. This can be done by writing

— Pask + fasj = as(fij + yk) +(—Pay — yas)k
= ﬂ}b—“gﬂz + }'ﬂ}k

We have now arrived at the required form Jb + ue, but we still have to express J
and u in terms of scalar products, as in (1), ¥
From {2) and (4)

a.¢=(a,i+aj+ak)l.k=a;=4
From (3) and (4)

a.b=(a,i+ aj+ a k). + 7k) = fla, +yay=—p
coaalbac)=(a.cih—(a.bje

Qu. 5 Given that

a=it+j+k
b=i-j—k
c=l+2]+3k

find & & (b A ¢) and verify that it is equal to (a.c)b — (a.bje.

There is no need for a separate proof of the formula for the triple product
{a » b) A € it can be deduced from the one above, as follows:

faabjac=—calanh)
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and now we only have o permute the letters in the formula we have alrendy
proved, i.c.

{mab)ae=—[(c.bja—(c.a)b] '

=(c.a)b— {c.bja
Qu & Prove that (2 ~b) A (cad)=ba.c » dj—a(b.c » d).

The perpendicular distance of a point from a line

21.6 In Fig. 21.6 suppose that we arc given the coordinates of the point P and
the equation of the line [,

Figure 21.6

In arder to calculate the distance of P from [, we shall need to calculate the
length of PM, where M is the foot of the perpendicular from P to [ E
Mow '

|
PM = AP sin 0
= |AP n i

where @i is a unit vector along the line [. So the perpendicular distance of P from |
is given by

[(p—a) A i (1

When we are given the equation of a line, it is always possible to find a point A
on it, and a unit vector parallel o it; the next cxample illustrates how to use
formula (1).

Example 5 Find the perpendicular distance of the point P(0, 14, 10) from the line
whose equation is T =i + 2j + 3k + 431 + k).

By putting 4 = {), we can see that the point (1, 2, 3) lies on the line, so this will
be the point A in (1) above. Also we know that the line is parallel 1o (3i + 4k). but
this is not a unit vector, so we must divide by its magnitude, i.e. 5, thus taking @ to
be 4(3i + 4k). Using (1), the perpendicular distance required is the magnitude of

(p ) o o this example,

(0= (14) + 10k) — G+ 25 + Iy = — i+ 125+ Tk
Cop—a) An=d— i+ 120+ TK) A (30 + k)

ij k
=4 (=1 12 7 (See Excrcise 21(b), No. 4)
3 0 4

— L(48i + 25 — 36k)

The magnitude of this (and hence the required perpendicular distance of P from .
the line) is equal to
bx /(487 + 257 + 36%)
=4 %65
=13

(For another method, se¢ Exercise 21¢, Nos. 12 and 13))

Qu.7 Find the perpendicular distance of the point P(2, 3, 4) from the line
r=(i+ 15+ 11k} + (4 — 12j —3k)

Exercise 21¢ (Miscellaneous)

1 Giventhata=2i—3j+k b=i-2j+k ¢ =3i+ 2j — k, find:
{a) a.(b A ), (b) aalbac), ic) (anb)nec
2 Find a vector which is perpendicular to both p and g, where

p=i+3+5k and q=4i—j+2k

Hence write down the equation of the plane through the origin, parallel to p
and q.

3 Prove that
@ prigant+gairapl+ralpa q) =10

ip.r ps

(b) (pAairAs)= L. ; it

4 Prove that if the points A, B, C, whose position vectors are a, b, ¢,
respectively. are coplanar, then a.(b » ¢)= 0. Hence or otherwise, ﬁnr.zl ﬂif:
equation of the plane through the points (6,3,0), (2, 2, 2)and (3. 3, |). [Hnt: if
P(x, v, 2) is a general point in the planc, then the vectors AP, AB and AC are
coplanar.] .

5 Let a be the unit vector along a line [, and let m=r A _a._whs:.r:: r is the
position vector of any point P on | with respect to a tixed origin O. Show that
m is independent of the choice of P. 1 .

If another line I” has corresponding vectors a' and m', prove that, if | and |

intersect, then a.m’ +a".m = 0. (O}

6 The non-collincar points A, B and C have position vectors a, b and e
respectively with respect to an origin O, and brc=pcra=qarb=r




Show, from the delinitions of the sealar and vector products, (it
(8) Mo =a,r=L
(b} the normal to the plane ABC is parallel to p+q -+ r.

Given that A, B and C lie on a sphere of unit radius with centre O, and that
the normal through O to the plane ABC meets the sphere at a point D, whose
position vector with respect to O is d, show that

(a.pMd =(p+q+rjcos 0

where 0 is the angle AOD, {IMB)
7 The points A and B have coordinates (2, 1, 1} and (0, 5, 3) respectively.
Find the equation of the line AB in terms of a parameter. If C is the point

{5, —4, 2) find the coordinates of the point D on AB such that CD is
perpendicular to AB.

Find the equation of the planc containing AB and perpendicular to the

line CD, (O & C: MEI)
8 The parametric equations of two planes are
1 1 0
r=| 0]+t |-2]+5]3
1 1 2
and
2 0 -2
= 1 |4+u 0 (4o 4
—1 5 3

{a) Find the cosine of the acute angle between the planes.
{b) The line of intersection is I. Find, in the form r = a + b, the equation of |,
{c) Show that the length of the perpendicular from the point (1, 5, 1) to the
line [1s /2. / (C}
9 Show that if it is possible to find a vector r such thatr na=b, wherea and b
are given vectors, then a.b=10,
Find the set of vectors r which satisfy r n a=b in the following cases:

2 3 4 8
(a) a= 1 b= |-3}: (bya= [—1 J.b=] 0 |. ()
-3 | ] T

10 (a) Find the image of the origin by reflection in the plane
X+2y+3r=14

{b) Find the coordinates of the foot of the perpendicular from the angin to
the line

=1 =1 21
12 3
{¢) Find the equations of the spheres which touch the plane containing the
v-and z-axes at O and also touch the plane x + 2y +2:=1. (0 & C)

i2

13

14
15

Prove that the line through the point (x;, vy, 2, pﬂrpcl'ldltullur to the
plane ax + by +c2 =d meets the plane at a point whose coordinales ure
d —lax, + by, +c2,] .
— . Henece show that

a*+b* 4

the perpendicular distance from the point to the plane is

(x i@, ¥, +ith, 2, +tc), where 1=

d — (ax; + by, +czy)
Jlad + b +c%)

4 3 1
CGiven that a= 2 ln=|0 }andp=]| 3 | and that R is a point on,
_3 4 3

the line r = a + tn, express PR? in terms of £. Show lhlat, ast va1:ir.s. the least
value of PR? is 37 and verify that, in this case, PR is perpendicular to the
line. ,

Given that a is a constant vector which is perpendicular to a unit vector i,
and that R is any point on the line r=a + i, shqw l!mt the distance to R
from a fixed point P, whose position vector is p, is given by

PRY=(a—p).a—p)— 2t(d.p) + ¢

Hence show that the least value of PRZ, as 1 varies, is (a — p).(a —p) — (@.p)-
Prove that PR is then perpendicular to the given line.

Use the formula of §21.6 to show that the least value of PR in No. 121is 3T
Use the farmula in §21.6 to show that the perpendicular distance of the
point P from the line in No. 13 is

Jia—phia—p)—(@.p)*}

. T, Ik
B = =" ] Iltmhrlll g B — [_"Luiﬂ
e
lalid cegto = oul
= = l:'ll-Ln..-
__—=lh




Answers

Although cither sin ' x, ete. or arcsin x, ete. can be used for the inverse

trigonometrical functions, for convenience, the former notation is used through-
out the answers.

Chapter 1

2 x—1 o}

Qu. 1 (a) l6x(2x +3¥, {h]m. (ch —4[1‘['-' ” fi
(d) 4 cos (4x — 7), (¢) 3 tan? x sec? x, (f) —6 cos 3x sin 3x.

Qu.2 (a)ax*+ 1P +e (b)fH2x + 1) +e, (@ 4x" +3x° + P +x +¢,
(d) =2cos3x+e (e} $x*+ 1) e (N 3tan? x + ¢,

Qu.3 (a}4cos’ x—cosx+e (b)sinx—2sin® x+4sin® x L e

Qu.4 f{a)isin® x—4sin® x+e (b) 4 cos” x—4 cos® x +c.

Qus lsec? x—spex+r )

Qu. 6 5 sin? de+ e ;

Qu.7 —cosx+3cos’ x—4cos® x+e

Qu. 8  (3) H(2x + 1?3x — 1)+ e, (b) %(2x + 1/ (3x — 1) + ¢,
O wz3x—2"(21x + 2) + e

Qu. 9 (a)45°, =/4 rad, (b) 30°, n/6 rad, (c) 45°, /4 rad, (d) 607, /3 rad,
(e) 30°, n/6 rad, () 0%, D rad, (g) 60°, /3 rad, (h) 30°, =/6 rad,
(1) 307, =/6 rad. (j) 60°, n/3 rad, (k) 90°. /2 rad.

Qu. 10 (a) n/9, (b} Tn/18, (c) 5n/6, (d) 5m/3, (e) In/4.

Qu. 11 (a) 57.3% (b) 177 (c) 71.6°, (d) 41.0°, (e) 36°.

Qu. 12 (a) 1.29, (b} 0.927, (c) 0.734.

Qu. 13 (a) 3 cos u, sin~ ! ; {b) cos w, sin ' 5x, (¢) 2 cos u, sin " 3—xf

1 %

(d) /7 cos w, sin” NiL (e} cos w, sin ™' \/3x, () /3 cos u, sin~ ' f4x.

ooip K ! R | S -
Qu. 14 (a) sin 1§+c,{hj?ism '\.-"3x+c,{-:j§sm lT-H:'

404

— Qu it e P xde

- I‘I "

':-, (b) sec? w, tan ' 2x, (¢) 25 sec? w, tan :.

‘%. (e) sec? w, tan ' /5x, (1) Tsec” wtan ' Jx
_ | | X .

Qu. 18 (a)itan ' ;—1—-::. (b) 4 tan~! 4x + e, (€) NE tan ' —z 40

Qu. 19 (a) 0.866, (b) 0.479, (c) 2.57, (d) —0.990, (¢) 1.04.

Qu. 20 (a) ir, (b) —im, (c) &m. (d) L1L.

Ouw 17 ()9 sec? u, tan "

id) 3 sec? u, tan !

Exercise 1a, page 3
2—i8x

E—xt 3 (c) #x{x? + 4) 22, (d) — 5 cosec” Sx,

1 (a) 30x(5x% — 1), (b)

1
(€) — 5 sin (5x — 1), (1) 4 sin 3x, {g}m sec? /x, (h) 4 sec? 2x tan x,

(i) —4 cot x,/cosec x.
2 (a) fulx® — 3P + e (b) Fol3x — 1)° ¢, () x* 4+ 37 + 27 + ¢
(d) —x*+ 1) '+c,{e',|'—f,{x’+2x—5}'3+c,£ﬂ§{x1—3x + 1+ e,
() ~Hax® =7 4o (BT — 5P o (b dxt b x e
(MEJx* = 3x) + o (k) —H2xP —dx+ 1)1 4, [I}%x?—lf?c +2xt =X o
3 (a) sin 3x+ ¢, (b) —4 cos (2x+ I+, (¢} sin® x+e, {'ﬂ%.sm 2x + ¢,
(¢) —4 cos® 3x +¢, () Ftan® x + ¢, (g) 4 sec® x 4 ¢, (W) §sin™= x 4 ¢,
(i) — 4+ cot x2 +¢, (3) 2 sin /x + ¢, (k) —$cosec? x +c.
4 [a]sinx-—i-s:'lnax-l-t:.{b]Zsinf_x-—jsinﬂ'fo+§$in5ix + &
()4 cos® 2x — 4 cos 2x + ¢, (d) £ sin (2x + 1) —{ sin (2x + 1) + ¢,
(e) —4cos? x +2cos® x—4 cos” x +o, () dsin* x—{sin®x e,
(g) tan x + 4 tan® x + ¢, (h) cosec x —  cosec® x +¢,
(i)sec x —3sec’ x +4sec” x4 o
5 (a) 4 sec* x+c (b)dtan? x +§ tan* x + k.
6 A+Lsin® x, B—4cos® x, C—1cos 2x.
7 (a) 31 — cos x). (b} (1 + cos 6x).
8 (a) dx +4 sin 2x + ¢, (b) x —4 sin x + ¢, (€) dx + 7y sin 6x + .
9 1_1cos2x+41cos? 2x, 1 + cos 4x).
10 #x+4§ sin 2x + 45 sin 4x + ¢ _ .
11 (a) 4x —4 sin 2+ ¢, (b) dx + 3 sin dx + ¢, (¢) §x —Fsin 4x + 2 sin Bx + ¢,
{d) 3x 44 sin x + {5 sin 2x +o.

L _— & X .
13 (a) 2._.’2$in§+c, {b}—-ﬁcamcx+c.{ﬂ}ésm X+ Ed]_imsli + ¢,

14 (a) 2 sin 2x cos x, (b) sin 5x +sin x, {¢) —75 cos 5x —dcos x+¢
15 (a) L cos 2x—4 cos 4x +¢, (b) & sin 2x +sin x+ ¢,
fc) L sin 3x — % sin Sx+¢

Exercise 1b, page 6

1 (a) ldx— 1P3(6x + 1) +¢, (b} fisi5x+ 2 3(15x —4) + ¢,
() whaf2x — )(14x + D+ ¢, () Hx +4/(x = 2) +¢,




" Page 7
(e} fn{n = 1)M(5x% 4+ 13) + ¢, (1) phatx — 22 0x% + 156x + 304) + ¢,
—4x 48
I.} r2-|_—+¢{h Hix— 6/(2x + 3 + .
3 lﬂ}—f-[h 4P73(9x + 8} + ¢, 43x* — ) 4 g,
(b} = +5)7 + ¢, Tx+9(Tx =S+,
(c) 3x+2)/(x— ) +c. JE =D+

4 (a) %{'ﬂiz+l}3”+r (b) —4x* —x +4) 2 4 ¢, () Z(2x =) (x4 1) 4,

(d) 4 sin 2x — ¢ sin® 2x + ¢, () —{cos xI*? +¢, (F) —4 cot® x + .
(B) fal4x® — 1)* + . (W) 4,/(2x* — S)+c. (i) =28 + x) /(4 — x) + ¢,
() —2cos (Jx+e.

Exercise 1c, page 8

1 (a) 35, (b) 3 (0) 33, () — 55, (&} §3.

2 (a) ¥, (b) &%, (c) {a — /2.

43 {;};—J/ﬁ (b} 53, (c) — . (d) 3. (e) vaidon. (1) 24.3, (2)%, (h) 34, (i) 3.
rl:‘.
.

-1 &% LA
&= k= mhe

Exercise 1d, page 12

1 (a) 45°, n/4 rad, (b) 45°, n/4 rad, (c) 17.3", w3718 rad, (d) 60°, n/3 rad,
(e) 52.0°, m,/3/6 rad, () 157, n/12 rad, (g) 674", 3n/8 rad, (h) 15°, wf12 rad.
{a) 0.559, (b) 1.05, (c) 0.0992, (d) 4.11.

{a) 114.67, (b) 4.67, (c) 78.0°, (d) 30°

{a) 0.927, (b) 0.588, (c) 1.12,

L T - FE ¥ ]

(a) 4 cos u, sin ; (b) cos w, sin ! 3x, (¢) 3 cc.:s i, sin "t $x,
(d) /10 cos u, sin ! :,"J;_(}’ () cos wu, sin ! /6x, (F) /5 cos u, sin " /3x.

6 (a)sin”! % +&(b) fsin™' 2x + ¢, (c) % Sin'lz—x+c‘. {dlsin"%—kc.

{e}.\j? sin™![Tx +¢, {fJJESIn '\/;x-t-r:.
T (a) 16 sec? u, tan“a-, (b) sec? u, tan™! 3x, [c}#suc%,tan“%x,
{d) 2 sec” u, tan ! %, () sec® u, tan~* /3x, (f) 5 sec® u,tan "' /3x.
8 {a]%tan ‘5 +=:',[bj3mn"6x+c {cimmn HI;T'I-H‘
{d}\:—jtan J +¢, (e)— .-’f, "\,f’ﬁ.x+t»fifj—tan“‘/—r+c

Page 1.!

0

10

11

12

13

14

16
17

19

5
\I."l I.\gz_l;.-l-t (b)— -"5 %t-rt',[c}ﬁﬁm I\/':.;‘x'l":!-
2 5 _

‘.d!;?‘iglan \/_3-.;(_.'_{__

(@) im, (b) dn, (0} m, (d) 5, () 5, () dm.

I
(a) (i) sin_i-;—r-l-i', (ii) —Eus"§+c=—cns"';+;—r+k=sm '§+k.
(b) (i) $m, (ii) 4.

[a}sin"x:l +c (b)4tan~!

(14

;3'1"1:
3 :

x—2)./3
$+n{h}slﬂ"xll+c,{c]:ﬁ§r.an"{t J;‘f
[u}{l}{x 3}’+?~ {u] 3{x—2]2+! (iii) 2(x — 1* + 3.

x=1 —1{":'1'”'\.'{2_1_:
[h]{l}-—lan —2-+ {“]3\.-"2 3 E
1 _2 1 2Ax—1)
hu} tan—t —— 3 il [w}Tm —J.-—+
{a}{lH (x+ 1P, (i) 9 -2 — %)% I[m] - -4

IJS{

-+

1
{ﬂlgfﬂn'l

-3
(b) (i) sin~* _x-: : +¢, (ii) 4 sin” x— 1)+ ¢, (iii) sin ‘x—4 +e

N e T
Il‘-’]ESJ.D — + .

(a) 47 (b) 4.

{a) 3 sin"].x +J(1—xY)+¢ (b) 3 sin"% ~-2,/[4—x* +e

1 N X
(a) 4 sin~t x—he(1 =)+, B gz tan ™! 3+ oo+
EPRE
{c}—sm E-H'

fa) ———— 5 ~|rr:1 (b) —%J{l—x*]ﬂ-c. {chsec ! x4

J{I

Exercise le, page 16

Fpd it

4

5
[
1

{a) 0.966, (b) 0.997, (c) 0.0808, (d) 1.05
{a) 1.25, {b] i.,|,-"3,l'3]n (c) nj6, (d) 1.96, (g) 1.25.

{a}x-—— (b) x=4.3y+4 /1 -y

{a) &/6, {b] l] 325
(a) =/4, (b) 0.322.
(a) 10, 0, — 10, 0, 10 m, (b} After r/3 s, (c) After §ns.




Poge 17
B ()0, 50 ~50m(b)2sin '1%1.205
9 (a) 0464, (b} 0,927, (c) 0.0183, (d) 0.0947, (e) 0,168, (1) 0. 300,

Exercise 1f, page 17

15

17

19
21

25

He'— 14 2 Y2 —1: *+e. 3 —leost vt
2 tn x+c. 5 4sindx — sin® dx +c. 6 ix—Fsindxto

&x+§-5in4x+usm8x+r. 3—2\,2505%4_5.

x
—3ms‘ﬁ—+r. 10 5 sin 5x + 4 sin x + ¢
shal15x + N3x — 7)° + . 12 §(x — 10L/(5+ x) + .

oy 5
Emn l\/ﬁx-”' 4Egmn ' JBx e

R | X
smn ——

;2 e 16 ﬁtan' ‘/%{x"'”ﬁ-c.
sin-lJij—J{S—sz-: 18 %x J{g_x3}+;sin_|§+c1
ey te w -,

3
;;:; 2 srl:nfI 11—:+L+{;; {lbi?rzl_m%_%j Il-‘I- - ch}} + ;{] ok i G

(3% + 200,/(3x — 1) +c. 23 MxP 4 2P 4 24 Ji1 =3 e

X

X
—cos’ = —=cos” = + o 2% —4/(4—xke 2735in“§+v.

Toalx + 3)%20x% — 66x + 61)+c. 29 Eain“;—c——;x\ﬁda—x‘]+c

.
3 2sn li—\."[g—xi}+r. SILtan '\"Ir x=2j+e

39

I
42

&

s . 2./3
dx—3singx4e 33§ /2sindx+e

2sin~l px+dx /- 4o 35 dsec’x+e 36 dsin ' It 4e

|
—deos 2x+4eos? Ix—hcost ek M -tan Tt iy
: ‘ g et

|
feosx—jfcosdx+e. 40 —sccxte. 41 btan !t x4

W2

sin x,,/(1 — 2 sin? x}+2\m sin™' (/2 sin x) 4 ¢

2
I 1 X (1 +x)

e L=

; seq 3+c. 44 [I—-x}+c' 45 32 46 L 47 1.

49 /34

Chapter 2

Qu, 1 The larger a, the larger the gradient,
Qu. 2 The reflection of y=2"in the y-axis.
Qu.3 (@a07=x2% L1 x3(b14 19

Qu. 4 0.7 =2
- Qu.5  LOR
Qu. 6 (a) 30x3(2x" + 1), (b) 67 cos (2x7), (c) 6x7 27, (d) z}re"
: d'
(6 — 2xe~ () sce? x x €% (@) 5%, (h) cos y x c*“"’a}- A

Qu7 f(a) —dx*+ 1) +e(b) —4cos x’+r:, e he’ e (d) —e™ 4+
() 6e*” +c, (Her+e (@ e’ +o(h) =4 +e

Qu. 8 (a) log,,(100a%h '7), (b) log, Rtl —+x 4

Qu. 9 ({a)log 2+log, a (b)2 log a (c) —log, a, (d)log, 2—log. a.
{e) 4 log, a, (1) log, a —log, 2, (g) — 2 log, a. (h) —log, 2 —log. a.

Qu. 10 (a) x=1, (b) x = 6.02.

Qu. 11 (b) 461

Qu. 12 0.6593.

Qu. 13 f{a) In {xy/e), (b) 2.

Qu. 14 (a) x%, (b) 1/x, (c) /x, (d) sin x, (&) 4x7, (f) §x.

Qu. 15 (a) 10x(x2 —2)*, (b) — 2x cosee x? cot X, (c) 2x e*, (d) ;ﬁ
(e) 2 cot x, () 2x cot x*.

Qu. 16 5{"-{1—”

Qu17 (@B 4 6 g @ T @0 X e
(i) cot x, (i) — 3 tan 3x, (k) — 3 tan x, (1) 6 cot 3x, [m}ﬁ,
{"];{%t_};'

Qu 18 4% In 4, I6In 4
Qu. 19 (a) 0.6931, (b) 1.0986.
Qu. 20 (a) 10* In 10, (b) 2** In 64

Qu.21 51In5, 155+.:

21:1
Qu. 22 x2* In4 — +¢
In4
2"51
Qu. 23 l:a (b) e +c, {c} +|::.
Qu. 24 [a}2|n i+ (biin x+c,[c}}ln{ﬂ-x—2]+r.',[d]#In[.x—.‘.!]+c.

1
Qu25 (a)1In(2x+3)+c (b In 1_:‘:+r:.




Qu 26 In 4
OQu 27 () e nln A, (b) o= In (ky2)

Qu. 28 (a) - 7o (b) 4 sin x* 4 ¢, (c) § &' + ¢, {d}lu;k.}fﬁ‘ -

32—
{e) In {kj[x’ b0 In kf. (&) In (& sin x). "

Qu29 x+in(x—1)+ec
Qu. 30 (a)Ing, (b) —In 2.
Qu 31 —In2

OQu. 32 No.

Exercise 2a, page 24

2

3
4
5

Yes. (a) MNeither, (b) even.

Even.0<y=<1,

1.1 %3~

(a) 4 &%, (b) 3 &%, {c} 22 (d) 4x &%, (¢) —2 72, {f}‘.’-e” I

() 2xe* "3 (h) —2x ™ ¥ e™ " (i) —Sx2e%", (j)dx 2% ', (k) 2ax e* 4P,
| dr

O3 &

dy
dx’
{d}Za““‘mslx {e) e == cosec? x, () —2 e*™*"* cosec? x cot x,

{a) —e*** sin x, (b) €*° sec x tan x, (c) e*** 3 sec?
¥

(g) — 2 e eY*™* (h) ab e*="** cos bx, (i) 3 67" cog k%

U}Z.xa““’ sec? x2,

[a} —'t e\-'tx:‘i-ll {b} 2x ej’l xIy- {5}4{" uJ-tJr$ a‘x
JO7+ 1) =2 ' "

(d) 2x ™" U gec? (52 L 1), {e) 6 €' ** sec? 3x tan 3x,

. (f) e " ™==* cosec x cot x, (g) 2x ~* e~ * ", (h) (sin x + x cos x) e**"*,

9

10

(i) e (y ¥ x%) (e

(a) e(x* + 2x), (b) (x — 1) e¥/x? (c) § &= (1 + x cos x),

(d) e* cosec x (2x — cot x), (e) &* cosec x (1 — cot x),

() —e™* %" 3(xsin x + % cos x + cos x), (g) (1 + x) e+ %,

(h) e** sec bx {a + b tan bx), (i) &** cosec bx (@ — b cot bx),

{j}na‘tan“'ic’xamlc” {k} 2 & cos x.

@) 6e" 4 (b) e +e(e)Ie+e () Fe¥ 4o () her 4o,

iN—te = +¢ (g —e“""‘+c (h) "™ 4 ¢, (i) —e*** +¢ (j) —e'=+c
y=eYx—a+ 1) y—ex+e’=0

i1 }n{e’ -1

Porgge

12 e*{) %) o"[x = 1)+

13 Minimum — ! when x=— |, efy+x+4=0.
g

18 25 ¢** cos (3x + 2a). 125 ¢** cos (3x + 3u).

19 13" e sin (12x + nff).

Exercise 2b, pagc 28
1 3 % 4
1 (a) Iﬂﬂ.m—“ (b) log, -, (©) Iugc{ 1';3 (d) loge {ky/(1 — ¥}
2 (a)log, a+log. 3, (b) 3 log, a, (c) Ing, a—log, 3, (d) —3log. a
(¢) log, 3 —log, a, (f) —log, 3 —log. a, (g) § log. a.
3 (a) log, cos x —log, sin x, (b) 2 log, sin x — 2 log, cos x.
(¢) log, (x — 2) + log, (x +2), (d) 4 log, (x + 1) — {log, (x—
(e)log, 3 + 2 log, sin x.

4 (a) a=100, (b) y=100 or y = iy
g {a’]xn%, [h]x=l,2&

6 1.10.

7 x=lotx=—2

8 a=10o0ra=100

0 y=+44§

0

x=1, y=100rx=10, y= 1

Exercise 2e, pagc 32

EJC
L@ ()5 05 ,tm‘d”,u 0%, ROENOES
2
m——z m%"'.m ) {n};—x,{m—;i{p}—;.[q]—;,
311[
@ ) - & 05

2 (a) —tan x, (b) 2 cm %, {c} 6 cosec 6x, (d) —6 tan 2x, (e) —4 cosec 2x,
() 4tan2:~: igjcnsecx (h) tan x, (i) sec x, (j) —2x cot x?, (k) 2 sec 2x.

3x 5 1
3 [ﬂ-} 2 ’[b}x{ - 5{':] l{ }J[x o
J_f
4 (a ——,{h}l+lnx,{c]x+2xtux,{d} zI:I-1r|.x].,|:n::|||13,:+_E
i—llnx Inx— 1
= "'_}"r x, (g) < (h) in %7 Uglﬂr.mm.{k]msx.

5 (a) 5* I|1 5 {(b) x 27 m 4, (c}i} 3** In 3, (d) L

= ¥ x? 2
ﬁ{a]]lnBl fe(b)x 2 Ind, e

3 =2 ke

2 3
iﬂ"+c {h'_l +:: {c} +f..',{d} T +¢

T @y




Page 13
B ldinx xln x=1) 4 I

9 I 4« x 2" 2
(1 +xIn 2), n? AR &g

10 (a) 1(x—2), (b) 1f{x—2).

12 {a) {y:y20}, (b R

Exercise 2d, page 39

L (a) In (kx'), (b} In (kx%), (c) In {k/(2x = 3)}. (d) | f(x
[;1 In {k(3 72472 0 In {k(1 - :i} ""F,][}g'}‘!n] ] aix’&l—{ii;‘?h
(h} In {kix* + x—2)}, (i) In thJ(3x* —9x + 4}, () x—1In {k{x-;l}"}

(k) dxx — In {k2x + 304}, (1) —2x —1In K3 = x)"}, (m) — x — In {k(2 — x)}

(n) —2x —1In {k(x — 4)°}, () In (k sec x), (p) In (.E: sin? f)
2 ¥

(q) In {k,/sin (2x + 1)}, (r)In (k cos? ;) (8) In {k{x — sin® x}},
{t)In {;ujsin X+ cos x)}, (u) In {k(x + tan x}).

2 (b, EE_—I.{cHEn 3, —4in 5
3 (a)ln (b)In2
4

5

[a]_.l_ !
33 —In L5 () In L5,
{a)In 2,{b) 31n 2, (c) —In 2,(d) 4 In 5—1n 3, @413, () —1n2,

@)In7,(M2+Ind ()2+1In4, () =4 —In2, (k) iIns, 4102, (m)4in 3,

Exercise 2e, page 40

x=4orx=/2.
x=0.178
x=3orx=1.
(a) x =713, (b) x =0.304, (c) x=0.1.
y=100x"%3,
— 120
; (3, 9), (9, 3.
(@) R, {y:yeR, y=1}, T, = :
R R Sy eveflt] £182(x) =In (2 + 2x + %), neither:
9 (a) x= 1.7, (b) 2.0
10 {a) a=0693, b= 0366, (b) x = 2,32,
:: a—24 b=16n=—063].
a=3 b=4 (a) r—tan~'$2 221, (b) tan~'
15 Minimum | when x = 0. maxi bl s
16 3r, Im, Lin, *=0, maximum 2/./e when x = + 1/,/2.
17 () —7z=inx
(3+4 cos x4+ 3 cos x)’

=Y TR S U

. 21 053,

Poyee 42
B [ppeR D<y<I}, R {yiveR y>15 | Lxreen(l/x) (0<x <1}

g Mx = 1x (x>0 (goD) ':xp—rln(l_—'i] {x =1}

19 In(2+4/3)= 144,
20 Minimum 0, maximum 4e %, ey = x.

22 (a) 2x, (b) even, (d) no inverse, () D={x:0=x £ 1)

Chapter 3
I—x (x+20x—1) Ixl—x+4
el | —x* (e (x4 Dix+ l:l'{t}I (x— 1P+ 1)
1 1 1 1 11
ok lﬂ]x—!‘_x+2'{b}2{l—x)+2{]+x]'m£-i’{d};_n+l'
Qu3 (a)124—3B+4C=17,64—4B+3C=5 104~ 15B+6C =1,
bA=2B=1,C=-1.
Qud (@) A=1,B=-3C=4(b)4=2B=1C=-3
I{G]A=5.B=-—1_
Qus A=3B=-2,C=-1
Qué {a)d=—% B=4%C=1,(b) No
1

et {“’xis_xls'"’]'za—x;_zulﬂrmxl—:“3;-5'
[d}2{x1+ 1) _x-1|-1+2{xl—3)' )3 jzx _-2-13:'

Q. 8 '[“}1-1-x+j::1'mxi 1 _foi_x{kf m]'x_:TTJ’ﬁ'x%‘
{'ﬂi‘éﬁ“%ﬁ'

Qw9 ) 1 2 b 5 B 3 o 4 |
@ x+3 x+3 x—2 x—1 (x=1F |
Qu.i0 4 =3, B=-2,C=1,D=5

x42 x—1
kR R opes e ®) 3+ D)

2 1 3 3
Qu. 12 {3}‘+m—mrib}x—l—m_1} | T
Qul4 (Ailn(x—3)—tn(x+3)+c(b)in 2x—3)—3(2x-3) "+
1 1 k
Qu. 15 ‘EI“[Z“I}‘—ENi2+x}+c=1nw_

Qu. 16 No.
Qu. 17 (a)In 43, (b)In 3.



Exercise a, page 47

s A 7 4x — 3x’
{x+3:{x T T T I i I P
{d}ux rax*—Tx+ 6
|x1+llx—l:!i
: =3
2 @3 3+x’[h)2(a GRET, +b} (e § & (d);—

3(a)d=3,B=7,(b)Ad=1,B=—1,C=2,(c) A= zﬂ_—hc_—l
(d)Ad=1,B=-2 C=1

4 (A)A=1,B=—1,(b)A=2,B=1,(c) A=2,B=—1,C=3,
dA=1,B=-2C=3

S (a)d=3B=—4LC=-4 () No. () 4=2, B=3, C=1, (d) No,
(€)A=1,B=3,C=2,D=-1.

6 A=1B=1C=1(a)(x+ 1INz —x+ 1), (b){x— x4+ 2x 4+ 4),

() fx + 3 — 3x +9), (d) (2x — 3N + 6x + 9),

() (3x + 5)9x% — 15x + 25).

xrx— e —2)+3x{x— 1) +x+ L

a=60, b=25.

a4 f=—bla, af =cla.

a+fi+y=—q/p. By +ya+af=rip, afy=—sp.

—-—
=1 - -S|

Exerciee b, page 52

2 1 4 2 3
l + e " - .
) +3 = 4”:{5 } w1 ti— =3
I 2 2
{d]x—l-;+x+1 ”x+z Ix+1 3k+2
1 3 /
2x :
O x+3 x-2
2 3x—1 2 i | 2x
2 -b N s
Wit P 7329 —[+ eis
3 1—3x 3 2 5 x
G o s e L o St x+sfﬂ2+ 3T BT
1 3 1 I 2
3 = — "
p b o e QL e i iy
92 1 i T .
4Px+1) Hx+1) 2x+1) x+2 x—1 =1y
B AN TR S
x—2 x+1 (x+1)P (x+1¥
3 1 3 2
Iﬂ""x—l_pc—ul_J.;H_{x+1:r1'
1 2 2 1 6 12
bt e L ey e (L e e

Page 52 \
f f 2 :
(d) x 1= -+{-7{-+”1+x
| 7 Nl 10 i_-l+ 3
$ 6I_'x+2j_ﬂ 3{x—l} 2x* dx dx+2)
l S5x+ 61 5 - i 3
B Bk Ax—2) P45 I4x 4—x d4x
| x 2 5 3
= s — o —
" x—1 xtgxEl 2 2x+1? 2x+1 x-3
13 5 3 3 2 |
- - 13 ———==- ‘
L 292x—5)  29(3x+7) x—-1 x x* (x=17
2 10x + 1 53 2x 2=1x
1 5{5x-—2}_5{25x2+lﬂx +4) x X413 {x 33
1 | q J3 J3 ” 1 :
e e . Wix—o3)  WE+JI 6 +3)

Exercise 3¢, page 56
1 1

" z
2 3 1
2 ni—1 n n+l’
ntd 3 n+3 e
3@ s ym+2y P2 mrwes O
i 2 2
11 I+ 1n+11 " n
anr} h A —
5 I8 3[n+1]{n+z]{n+3}‘{ !4{r:+1; © 9n+1)
3 43 iﬁi— N M S
@ SnsDms2 006 8ns1) Bnt2)  Bu+3) Bn+d
r] n+1
{}E_{m+mn+4r
1 5 4n + 5
6 (a5, +1*”tz 4{2n+]}[2n+3] (05 aczn+lx:zn+3}‘ :
1 Hx 2) k{ix ] kx ok
7 {ﬂ.}—lﬂ 1“1’ X ':.]I 3 +|- I’{d}ln‘f‘{lﬁ—x:}’

k{x 5}

m—1 (1) In {kix* 4x—ﬂ”ﬂJﬂm{Hx+ﬂJk’+3L

{h)In -ﬂ%—i} (i) 2 1n {k(2x+ 1)} — 4 In {{x— 3Nx+ 3P}

kix—2 4
32

4 X

TE SN = e

x_z,ﬂﬂln Th(2x + 1)V%} 3 tan 3
1

{0 I { ki3 = 213 —21n {9x? — 6x +4), (m) Exl +3x4+in

)L in {k(x—3)} —4 In(1 +4x*)—F tan™" 2x.

kix —5)°
x+2 "




Puage 87 B

Bo(a)tan 'k (b In (RO ') () tan ! x4 In ({1 + x2)112},
14 x k : !
(d) In (k\f——) (e} In —— — (1) e = /(1 = x%), (hsin~" x +¢.

. l—x J(1
(hysin ™% x — (1 —x¥)+ ¢, (i) —In (K1 — %)), (G) —In {kix — 1)],

K)x=In(l+x)+¢ (1)

1
== + ¢, {m}I—-_—x+]n{I —x)+e”

9 (a) In $=0.288, (b) 4 In 2+ 4n > 1.13, o) In 23 ~ — 0,352,
{d) =3In2—4In3=x —263
10 n/2, (2+21n2 0).

Chapter 4

Qu. 1 (a) (—1Y(r+ 1), (b) 3%, (¢} (1 '(r + 1)ir + 20",
(d) §— 1Y (r + 1)r + 2)(r + 3)x".

e G %E:Ti:qf b) m!{iﬁl— _5::,':{!:!”’3:'

Qu. 3 (a) (— 1) '(3r + 1)x".

Qu. 4 [aj%—xlz+:-—3—...+{_£+l+----|I|1‘-"1-
[hj%u%+§—...+t@-r—.i+---,lxlbl
{"']'9:;1‘212?+T;E_"'+L_I¥+”+“"lx|}%'
{d}x—i+x—i+i—:+...+3f—2r-;;”+-mlﬂ>l
{ej%—;n—!+$-—.,.+%+---frxl>1}

Qus§ 792 %47 %35
Qu.6 (a) ":C,,,.=f:,+,+2c,+c,-,.{l£r£n—l]r.
(b) " C, = pa+2e,, , +e, (0<r =n—2)

Exercise 4a, page 64

T (@)1 =3x+9%"— . +(=Fx+...,|x|<i
(b} 1 +2x+4x* + .+ 2"+ ., jx] <L
(€) 1 =2x+3x — . +(=1P(r+ 1)x"+ ..., Ixj<1.

3 r+1)
(d) I+x+1x3+...+ F Xt X[ <2,

(€) 1=3x+6x"— ..+ Hr+ Lir + 2(—1Fx +..., |x] <.
(03 —dx+dx® — 4+ (=12 L x| <2
Ed+Fx+dd + DI x| <3

(h) 5+ 76x + 457 + .+ (r+ D + 23272744 4 |x] <2

. 1 . oa b x3..@2r-3)
(i) l+1x—ix +on (=17 ‘—T—x"—i—...,lxl-ﬂtl.

Poage Bl

2 l#l]l,E lx +|+zﬁ.3—3t+9xz+ ...+{-I —{=2F" 5 +..., |x|{%_
'[h*}'i'ilf'x o le, % —%x+%13+...+{—11’{1 R 4 X < L
(c) xlﬁ = iﬁf —13e—5 . (= I+ x] < L
{d}%+%,5+5x+35_\:2+...+{3”1+{—]}’2'*'}x"+-.., x| <4
lﬂ}x—_—z +E;_—”2.§+x+Ex"'+...+{5r+3:|x',-’2’”+,.,,!x]-c:l

3 1

— — _ L Z _ . ¥ I
Ax—1) 2Ax+1y 2—x =2+ o — {3+ (=1 }2+ .. Ix] <1

(f)

3 (a) ] —xPxt = (=Y x| < L

x+xP+x¥+ . +x* 4 xl< L
(€)1 —2x+2x? — .+ 2A—1Vx"+ ..., x| <L

(@) 1 =4 35, 4 UL 20 il

(11 —=r)trl
4 16 52 |
{ﬁ]j—?X"‘ﬁxl—.”‘i'[-lrz(l "F)xr-l'““ﬁ le{!
() —§—Fx—4P — . —(6— 13293 "I + ..., Ix|< L.
(g -§+%x—5g1x3+...—1[&}"‘+{2r+3){—l!’}f+,...]x|-ctl.
-I 2 4 {_l}r—lzr"h
4 {E};—F+F—q..+_x;—_+uﬁflx|}l
1 9 54 1 grem
_______ i —— P — . 3
e T G Sl =2 =)+ [xI>
ST ot | | >4
b ah i ——F i X i
L S T X
] 1 {_!rd-l
{d}l+I_F+"‘+ P + ey x| =1,
1 5 16 : F-
[g};..;i+;§—+_.+{—1}" Br—1) % F o | X =2,
1 5 19 -t gt

{E]F+F '!'E-‘i'.-. +—1‘, — + ey |x] >3

2 6 12 M1 +(— 1y 132
{g}_+_3'_F+-”+ lx;

+ ooy |xf>3

1 1 1

) =g @ T
§ VU2 _Lym¥2- 14142 6 1.25992 T 200993
8 3.014963. 9 0.009920. 10 02425, 11 1+ 2x +4x%

R e 2
(h) — {— 4+ ;'5 +—= +.--+F+ }, x| = 1.
1

+ .y |x] =1

12 1 —x—x*43x 13 1 —dx+6x*+4x> 14 14 2x -4



Puage 66

15 1 —4x 4+ Afx? — 480, 16 =1 = x + §x? 17 x= x" = fx*,
BHa00
18 5%, — 517 s 21.6s 2 j—a
+ Iﬂﬂﬁm_xal?ﬂ 20 21.6s M x4 y—=z
22 dp—q-rk 23§ 24 1./(1+ 2, x| < "

I5 1(1-2x) |xl<t 2675 27 33 28 141+ 2% |¥| <L

2% (1-2x)'7 x| <4 30 J4.

Exercise 4b, page 70

1 (a) 15360, (b) 20412, () 792 x 4" x 3* =2"" % 3" x 11,
(d) 15504 % 2% x 5'* or 38760 x 2% x 5" =2"x 3 x 5'% x 1T x 19,
()330 x 2%4/3* =2 x 5 x 11/3%, (N 126 x 33 % 24 =27 % 37 x 7,
() 1111/12'2 (k)3 x 5%7°.

2 (a) 66 x 27 x 90 = 2" x 321 x 11, (b) 2106143)° =248,
©56PEr =2 x5 x7/3%, (d) 38 x 2" ¥ x 5710,

Exercise 4¢, page 70
3

1 —— ———— 14 3x4 57 43
l—x 1+x
2 A=1L,B=—1,C=1,2x+2x* + 2x% |x| < 1.
3 (a)323,(b) 1 —x—x*—35x% L7
1 1 4 1
4 ;—F-FF"::—Z.—1—]4_]?—29}'1;“"{1.
3 1
5 {E] m:_nrl_}n-i-i;

Ix—1 x+t+[x+l]2'
) 1 — o —3x 1075 3332222

6 14+3x—3x% 1 —dx+3x% |

7 0000103 2. J

9 (a)2p+4gq-—r,

®) ) e v 168 <t iy~ =2 9 16 x> 1L
X 3 X

X X
10 (a) 10201 810000, (b) 1 +2x+3x? + 4 (n+ "+ ...
I 1-4y+8y -5y ey =cos B c; =3 (3cos? 0—1),
¢3 =4 cos 0 (5 cos? #—3).
12 (b !+_§x—-}x2+1%x3', ic) 8n, —(8n +4),
13 1dx —fx? e — 3
4 2 1

15 = . —
92x+1) Yx+2) IHx+2*
13 27, 7.4, . m+7( Iy 1
T i (“E TR

16 1—x—4x*—.. —1x3x5..02n—3x"n!— ..., 3.31666.... correct to 4

places of decimals.
18 (a) $L (b) 1+ x — x* 4+ 3x7, 1.009 90.
19 A=4, B=1,C=25+09x +51x? | 28743

Page T3__

22 Tenth,

23 (a) r=4n+ 1), (b) 12213,

24 55/53,

25 (@ g=%plp—1lhp=—34¢=06a;=16.

t‘hapter 5

Qu.3 (a) 464°, (b) 87.3".
Qu.d4 449",
Qu.7 6747

Exercise 5a, page 80

1 (a) 50.17, (b) 51.5% (c) 36.9°, 2 {a) 674 (b} 71.67, (c) 28.1°.

3 (a) 220 cm, (b) 65.2°. 4 294°. 5 979° 6 54.7°

7 (a) 1//3,(b) 1//5. 8 653 cm, 54.7°,70.5°, 9 tan" ' (1//2).
10 22.2°, 11 75.2°, 12 Ji. 13 28.1%, 14 80.4",

—y eyfla’ + ) 3
15 tan pr : 16 J133"

Exercise 5b, page 84
12 Scos '(3tanx) Eor W.

Chapter 6

Qu.1 (a) Yes. (b) Ne.

Qu.2 (a) No, (b) Yes.

Qu.3 No.

Qu. 4 Not necessarily,

Qu 6 (a) i, ii, iii, (b) 1, (c) i1, (d) iid, (e) i, ii, i, (f) i, (g) i. ii, iii, (h) iii.
Qu? (a)x—y=0,(b)x+y=0

Qu.9 (a) Asx—rﬂ,lfl,:—:':—rm.

dy i B E—l’_,
{b}Whtnx—ﬁ.E-EaiJlusx—r Z.dx o

Exercise 6a, page 90

1a)jx<hx>2 b l<x<2

2 (@) x<—2x>=4(b) 2<x<—%

3 —2cx<3 4x>Hx<-2 5 -3<x<2h
6 x<-2,x>2 Tx=—1},x>1 Bi<x<T
9 l<x<2, H<x<H 10 x<—1,1<x<2,x>3
ni 12-1. B ¥-H

15 x<0,x>1|yl>4 16 |x]=>2, | yl>/3




Page 91 QuA2 (4 ~ 1 Mm)0,0, 1 () 0,8 3.(d) -2, =1, 3 (e} 5,0, -2,
IMTx<—-1,0<x=<1, I8 Discontinuities when ¢ =2, 3, in-=11 =1

19 y<—4 y=>4f  20x20 21 x<0. 22 |x|s 2 : Qu. 13 (a) x* —6x* 4 1lx —6=0, (b) x* — 13x 4 12=0,

25 (2x =39 +(x —2)* >0, unless x =2, y=14. '

{c) x* — 14x* + 288 =0,
Qu 4 (a)x=/y,b)x=y+2 () x=Hy—1)(d)x=—Ty3.
xmaie b, pags. 26 Qu. 17 3ac = bi, 27a’d = b>. (Other relations are possible, Those given
determine the ratios c:a, d:a in terms of ba.)

In Nos. 10-15, y cannot lie in the following intervals:

:? é:}rﬂgl{%_nl Exercise 7a, page 110
12 y=<0, =1 1-2,—1,3,4 2 -7, -1, —1,5 3 +tln2 4902
13 y<—4 y>4b 5+1,+43 61,8 73 89 94netl 10514
14 y>1. 115 125n00223 1314, n0t 6. 14 (4,1), (=2 —2).
15 31— /10)<y <#l +./10). 15 (4.5, (—3,4). 16 (3,1),(—5, —5. 17 (0,0), (8 —6).
16 (2, 4) min. 18 (=3,4,(—63. 19 £(/5 /5, £(2/58/5. 20 2a+ b)b.
17 (=6 —2,/10, (11 + 2,/10)/18) min., (— 6+ 2,/10, (11 — 2,/10)/18) max. 21 (a) —(c + d)/c, (b) —(a+ b)lla —b).
18 ((—1—7W2 (—23—87)9) max, ((—1 + /T)2, (—23 +8,/7)/9) min, 22 tix—y—ct $efi=0 (—e/t®, —ct).
19 (—4, 47 max. 23 (a(l — p)%, 2a({1 — p)).
U (—c/t, —et?)
Exercise 6d, page 103 25 (afa* — B)(a* + bY), —2a%b%/(a* + b)),
2
1 @x<lorx=3(b)x<lorx>3{c)l<x<lorx=3 26 (3—a) ={g—ah}[.:]—2}l;c
2 p—lsx<ptl, e SO BT AP SO BB = bA)
3 b*z4dac, a, —b, c all of the same sign. Ab —aB Ab—aB
4 2<i<i 4423
§ —2<k<t D<k<t, M -4 —4
6 (a+b+c)? =4d{bc + ca + ab). ’
T w12 <a<n/12, Br/12 <2< 190/12, . Exercise Th, page 114
9 k=3 a=-2b=—2k=—-7a=8b=1L - £ 3¢ Ja—c
12 (@) (x+ )(p+1)>0,(b) —l sa<li . y ¢ oo L. ol Y G 16132
13 (@ iecx<ldx<—11<x<2 | 2b—d 3b—ad 2b+gi_
14 —122 : ' 17LL 1L 18 —3,2 —1. 1932 4 ¥ 204 83 64
16 x=0,x=-1; x>0, x<—1. .
17 {a)x>2, —3<x<—1,(b) x| >2 Exercise Tc, page 119
18 (a)x=4, x<1,(bjx=42<x<3 x=<1. 1 3.2 —4:3 2 —52,.6:1. 3 —1:1,2:1, 2.1,
19 —j<x<3 41:1, —2:3, —3:2 5 431, £1:2 6 10:—11:—13,
20 x<-—1,0<x<l, - ; 7 1:14:11, 8 —coesa—bh 9 g —(a’+1)a
2 yz—gy<- 1 10 (sin 0 — cos O):(sin &+ cos f)1.
22 x=1,y=x+1,(-1, —2),(3, 6). 1442t
23 (0,0), (-2, —4) 12 1/(yz)+ zx) + 1/0cp)
25 0.0hy=Lx=1x=-1 13 x¥(yp+2)+ 7@+ x)+2%x+ )
14 x'y +}'12+21,:'.
15 xy? +yz? 4 2x%
Chispear’? 18 (1—)1+1+40%.
Qu.7 (a)3(b) 2 (d) -2, (N4 19 (4% + pN16x% —dxy 4 7).
Qu. 8 (a)a* +b* +c, (b) alb+c)+blc+a)+ela+b), 20 (2+ 324 — 62 + 92%).

{c) Va+1/b+1/c, (d) ab’c? + be?a® + ca’b®. 21 (Sp—2°)25y° + 5pzt + %)



e L L

Page 119
22 (a— b+ bNa® + ab + b*)a* — ab + b?),
4 (x"—a"(x—a) .

Exercise 7d, page 124

1@t —4-4®044@ 54 —4d-14% -4
2 (@) -2 +5=0,(b) x* + 32 4 2x —6=0,(c) x —x—5=0.
3@y -3 —13p+T=0,(b) Ty + 132 —3y—-2=0,
(€ 2y + 15y + 23y —5=0, (d) 4p* + 26> — 21y —49=0.
4 () +37 =2y +17=0,(b) y* + 3y* - 21y —63 =0,
(c) 100y® + 30y* — 3y — 1 =0,
5 (a) y* + 6hy® +9h*y — g =0, (b) g'y* —9R%y? —6hy — 1 =0,
&y + 3 + 322+ 9y + 20 =0,
6 {(a) a*y* + (2ac — b )y +(c* — 2bd)y —d* =0,
(b) d*y* + (2bd — c*)y* + (b* — 2ac)y — a* =0,
() @y? +(3a*d + b* — 3abe)y® + (3ad® — 3bed + Py + d? =0.
7 (a) —6h, (b) 9h*, (c) 18K°.
8 —6h —3g, 18h°
9 (a) 9a* — 6b, (b) —27a* + 27ab — 3¢, (c) 81a* — 108a*h + 12ac + 18H%,
0 (a) 2b* — 9abc + 27a*d =0,
(b) b*d —ac® =0, dy* + ey + by + a =0, 2c* — 9bed + 27ad® = 0.
11 b* —dabc + Ba’d =0,

18 (42, —41%).

19 1x+y—at® —2at =0, 27ay® = 4(x — 24",

20 x4y —3t=0; —1:4, 2:1.

21 =1, 2, —3 and permutations,

22 2, =3, 5 and permutations.

23 1,4, —5 and permutations.

24 1,3 —2 and permutations.

25 —bja, cla, —dja, ela, ey +dy} + ey + by +a=0,
a*y* +(2ac — b))y + (¢? + 2ae — 2bd )y +(2ce—d ) y+ e =0,

26 —0.81, 0.39, 64

27 —0.9397, 0.1736, (L7660,

28 — .83, 0226, 1.61.

29 Between —4 and —3; -3,

30 f=b—a? g=2a"—3ab+c. Reduce equation to the form
x'+3fx +g=0and draw across y = x* the line y+ 3fx +g=0.

Exercise e, page 126
1 (a) £1/27, 8, (b) (—1, 2), (—4 13).

Page 126

(a) k, =3 =k, (b} 4.
(a) =2, 0,(b) (=3, 2), (3, —=2) (—4, 13}, (4, — 13}

(a) A= —1, B= =2,

(b) 3(3 +/5).

(b) 2 +qt=p*=0,2'7 =237

(b — clic — al{a — b)ibe + ca + ab).

—32, 48,

18.

(a) 3,48 —14 =3, -4k (b)a=3b=2 x*+2x+ 3 x?—2x+3.
(a) =2, 1,(b) 3, —=1,2.

(e — bycy Yileya; —caa, )ia by —ayby), (a) 4, 2, —6,
(b) (cia; — 3a,)* =(b,c;—bae,Nayby — azhy).

{a) =2, 43 +£5 (b) 1 —4/7.

(a) 3, (b) =%, =2+ /6.

(@) 3, -3, —&

by x* —2x*+5x—11=0.

i;J f:x—ﬂ;i[x" +4x 49, (b L) k=—R1=4
+3 (=1 /302 2430 (152

Chapter 8
Qui 6

+1
—20, -3 =5

4 =
3 2 3

$ f =
~1 2
=%

3 =1

Exercise 8a, page 132

- IR B

(a) 14, (b) —9, (c) 0, (d) 0.

(@) x2 + 2% (b) 0, () L, (d) %,

(a) 0, 5/3, (b} 1, 4.

{a) 21, (b) 24, (c) 0, {d) 0.

2, —31./6.
0 —4 2
3 . det(AB) = 198.
1 -5 7




Exercise Bh, puge 136

{a) 7, () 2.

(a) 0, (b) 1.

(2) 0, (b) 1/480.

L2, =3
(p+q+rp* +q* +r" —gr—rp—py).
—(x— ¥y — 2Nz — x) yz + zx + xy).
(x— 120 + x4+ 1)

98 =3 2 A L b o=

Exercise 8c, page 142

1 .23 2L, =12 3 (1, =3, =35 4 (7, 5, 0),
g (—0L =01, +0.1). ba=s-—1, k5 T (b}, (r, 3¢/7, — 111/28).
8 (a), (0, 0,00 9 (bl (¢, (t + 26)/7, —(8 + )7 10 (c).

Exercise 8d, page 146

1 -2 -1 7 11:!I
Iﬁ —8 5 1) 2 Mo inverse. 3 3 2% 5
6 31 -3 3 4 7
1 -1 1 1 —p pr—g
4 No inverse. 5 2 18 6 |0 | —r )
1 0 3 0 0 1

0 sinag —coswx

i =g 2 3 =
11 f(a) ( 2 5 —4), é 1 |),
1 1 ~1 1 4 -2
35 Y 5
©) (2 0 3).[.1]&( 4 8 —?).
4 2 4 4 14 —10

| 7 -1 2 3 =3 4
12 (a) — _ 1 -
lu}” 3 2 -4 {h}3 I -1 2],

1
g
1 0 0
7 0 cose sina 8 1,-11 ' (e i o 10 1,3, —1.

—11 4 9 6 4 —5
—1 T 2 i -9 9 30
(c) 8 17 {d]—1 -4 3 28|
3. ] —l 25 —6 -T3
Exercise 8e, page 147 iy

1 (a) 121, (b) 35, {c) —14.

2 (8)0,(b) I, {c) —2%7 x7x7x13x 17= — 151 606.
3 (@) 1.(b)L

4 (@) (y—zNz—x)(x—y), (b) x{y—x)z— y)

ay by
_11 ﬂz " b: "
iy, by

Page 147
cosacos i —sin i sinocos
5 I, ( coswsin i cos fi uinasin#).
—gin & ] cos &
9 r 2t 3t

£y

1 1 O 0
4 0 0 -1

0 -1 0 010
w1 oofw@|t 0oo0])
0 01 001

13 (1) is(2) rotated through 45°.
14 (1) 15 {2) rotated through —60° and enlarged = 2.

x 3 _ X 2
15 k=1, (P) = (_z), or any multiple; k=2, (}) = (_ T)‘ or any

multiple.

4
16 k=15, B :( I). or any multiple; kzm,(fx') =( ) ar any
¥ -1 y 1

multiple.

' =1 9 =3
18 3 —2 i -1 =
2 —13 6

{—a+ 9% — 3c)/5, (—2a + 3b —c)f5, (2a— 13b + be)/3.

321 D0 1
19 M——-(E 1o ,M“z(l} 1 -2

100 =2 i

2

7

1

ry 0

6 -2
21 |21 - y il
3 -1
1 00 1 —4 14
22 A= 1 1 0)l.B'=]0 - -1-3
-5 =2 1 6 0 1
—-73 —32 14
{AI!]“'=( 16 7 -—3),x=5¢j=—l,z=ﬂ.
V=5 —2 1

23 (a) 3, =2, 4, (b, (9—5e)/3, (10 =21)/3.
24 (a) 3/2, —4/3,(b) 0, 1, 1% @ =3/2, possible, = —4/3, not possible.
25 —{a+b+ella—bP+b—c +(c—a’h

Chapter 9

Qu. 1 (a) y* = —4dax, (b) x* =4dby.
Qud  y,x+2ay—ylx +2a)=




Qu. S  x=ty-a!mi)
Qub (13 y-4=0
Qu.7 72em, 12 cm.
Qu 9 4 3

Qu. 10 £,

Qu 11 (£3/3/2, 0

Exercise %a, page 156

1 fat,r,. alt, + )
2 1t;=—1.

4 (0,4)

5 (x—2P0=4(y+1)
6 (x+ P +4x—y+1)=0.

T =t 2t +¢y), (alr + 2/1)2, —2a(t + 2/1)).
9 (a) (& —2), (b) (8, B).

1 (aft® + 0,0, 4+ 17 + 2), —at 8,0t +1,)).
14 4a

15 x—y+a=0,x— 16y +256a=0.

Exercise 9b, page 161

1 y+1=0. 2(L4H31 3(-3-6. 5a*=he
6 y=4—x% x4+ p-5=0 By=2ak. 9xmg
10 y* —dax = k2 11 y* =2a(x — a). 12 xx — a)* = ay™.
]3( b b —dac 1) b —dar 1
T T =
4a 4a

2a’ da da )
14 yy, = 2Za(x + x,).
15 (34, £2,/3a).
2a

i6 .
18 2x(h—x—2a)+ ky =0,
19 3y® = l6ax,

20 y*—2ax—2ay + Ja® =0,

Exercise 9¢, page 167

1 (a)(£+/5,0), x = £9/5/5; (b) (£+5,/15/4, 0), x = +4,/15/3,
(a) 2x cos €+ 3y sin #— 6 =10, (b) 9x + 16y — 25 =0,

2
3 (a)16x—9y—T=0,(b)dx+y—2=0 4 3x—2y—5=0,
[

WSHE—‘#’J_J_E By g

cos i +¢) T
cos HO+ &) sin 4o+ ¢) (2x —ae)  d4y?
1] (2x—ae)”  4y*
(fm‘ij‘fﬂ—!ﬁl’bcusé{ﬁ—m)' 1 a2 ¥ 52 =1
13 :_1 g i} =cos? tk. 14 4a®x? 4 4b%y? = (a? — B2,

15 a®y 4+ bix2=dx?y?. 16 bx? +a?y? = 24%h%

Exerelw 9, page 170

-1 - IR I

10
11
12

13
14
15
16
17
18

W 2x—y+5=0(B)x+y+2=0{c)x—2yt 10=0
() (f — s (b) (=4 4, (e (11, —6).

3x+2y £2,/10=0.

+ 5, (16/5, —9/5), (— 16/5, 9/5).

o <a*m* + b,

E-tl +-p2-:'2 - Hzxz + bz’vl.

-alflx_bzxif_xlfliﬂz_&i}“&

“eme Ve ) (el 2am
(=) a*m® + b a@*m® + bt » () T |
Bx—2Ty=0
alem? ab’em

2 - e
mx — y— mae =0, (b‘ rap . & 5 -!—azmz)’ a1y=+fi1x — ab“ex = (),

aty? + bPx(x —a)=0.

a® + bt — x? — 1R = db3x? + a¥y? —athd)
(

Bhx + aky — (b*h? + a*k) = 0.

(a®y* + b x3)? = a¥(a*y? + b*x7).

(v —2ax)* =da* + Béy?

aty? + bt =4x?y,

Exercise %, page 179

2
4
5
6
7
8
10
11
12
14
15
18

Ob?x* — 9aty? — 12ab?x + 12a%by — a®h? = 0.
I:EJ + b!:ll . 4{“]‘;1 o h!y!}l

{(—eft3, —et?).

xy=cl
Jxpel =t — yh
yix+x, y=2x, 3, =0.
let, —et?).

(x* 4+ )P =deixy

n® =4ime?.

X4 y=a—bh
(x? 4 3 =alx? — bR
bx cos YO — ¢) — ay sin H# + $) —ab cos Y+ H)=0.

Exercise 9f, page 180

—
=8 & U b=

11
13

x*36+ 3320 =1.

x*36+4y*119=1.

Ir+2y=0 Ix+ 2y + 1=0.

254+ 20y + 64 =0, 4/5.

x+ yti,/3=0.

@, —3)

©, 3), 3,/2.

y+1=0

LG 2x—2y+1=0,2x4+2y—3=0




Page 181

17 (a) x = —da, (b) (da, O

I8 lab cosec 20.
3 -

U R« N WO (b) xy = 2¢2, least distance = 2¢.,
Pty r+q

20 (V2 sin 22/(2g). — ¥* eos 2a/(2g)) v = V/(22).

Chapter 10
¥ % x"
Qu. 1 {alI—x+ﬁ—§+.,,+{—ﬂl"m+".
xﬂ- x'ﬁ- 20
By L+x+ S+t T+
X g 3 3& ]
[a:}|l+1’-_vu:+“}2 +%+...+n—f+.._,
1 I 1 1
1+ steatgatetomtes
l 1 | (—1y
{E} l——1+1x_l_ ﬁ I"+_._J'I!J:3“
1 O | xH
e e =L = | 4,
Qu3 (@) x—x + 5 = »—d=xs
1 (- i
B 3—gx— o= — s — ., —3 82 <3,
() —h—x’—%x‘—...—h —ny —l=x<l

n
Qu.d —1+x—4x1

Exercise 10a, page 187

ia) 1.1{]52. {b} 0.3&?9. ic) 1.6487.

1+x%+4 +...+x3*,fn!+

1 +4x+ 4% Ex +,Hx Fo XYM+
l—lx+h:’—3x + o+ (=1P2"x"n + ...
el +x+dx+d3+ .. +x"nt + )
=4+ =g+ o+ (122 + ...
1+ 2x+ 3 + 8 + o+ (n+ 1x"nl + ...
1=2x* + 5 =264 + (= 1P e — 12"l + ...
T+4x+8x% + 30 + .+ 4"xnl +

10 24 3x+ 3 48+ o (1 20"l +

11 10°/9, 10'%/10!

12 1+ 2x + 3x* + M,

13 ell —3x+ 4 — 1829

4 1+4x2 =4

15 1—x+4c —dx%

16 (a)4 (b) 24 (0) 1.

WE 00 =) e b L b e

Page 187

17 (1 4 xhe”
18 (e —~ 1)/(3x)
19 He*+e %)
20 Her—e .
Exercise 10b, page 193
| | 1 2o
1 {311“3'?‘31—!—33{ +E_|I — .+ 3“){”+““‘ —3<x=3.
T S x
—— ==Xttt -, = 2,
(b) SX—g X =gk mx‘ S 2€x<
5 28 .. 1285 .. §hx" 2 2
{c]lnl—ix—?x 24x —...—m—....—géx‘ﬁ:i.
fd]—xl-lx"'-vix“——x’ i —l1<x<]
2 3 & '
2 2 3 2 T Ftn
le) = x+ﬁ +_1215 + .- +{—n—1}31""+"'* Jax=d
Ix 9 243 E T L
sl ke, [ A S =3,
N =5-5* 5" P pame o T3S
2 1 5 ) S Ty
Z2 hs—-x——X—iii— | =——= | — =i, =2 2
3T ™! (2" 3“) a”
3 —ln34+%x+8+ A2+ (=) + o, s x<d
d =6+ 28— 11x 4 . (=1 =3I ..., —f<xsE
5 tln24dx—Fxt 4. (=1 ’[1+[ﬂ'}x"ﬂ2n}+ , =lex=l,
1, 2 , e o —
ﬁx+2x 31 + = inx +3n+1+3n+2 penp =12 1L
7 l—{;x+%;c‘—...+{—l}"x"f[n+I]+...* —l<x=1
1.2 E] 3 zx!- dnt 1 x3"+i
8 —x+ixF+8x+..—(=1) -1} 'jl—n—_'l_—i--]‘
r|+2 3.+1 1 |
— 1P 3n+2 —l<x=si
9 x+4x?+30 x| <L
10 x+47 +4% —1<x= 1.
11 l+'}t+12x+—]{xﬁl.
12 22+ +Hx, —l=sx<l.
13 046931, 1.099,
14 23026 04343
15 149459
16 10414,
17 {Ej _11 {h] l:- {c) _is {d} 0.
18 In%
192 In2
20 4ins
21 3ilnd




1z
25

Page 194

In 3,
5y tends to a limil between 0 oand 1,

Exercise 10¢, page 195

L' =T - - - T T

10
11

13

15

16

17
I8

For standard logarithmic series, see pages 188, 191,

m—n 1/im—n\® 1/m—n\? I fm—np)n]
2 +zl—) +< ] e
{M+n E(m—rrn) +5(m+n) +"'+2n—l(m+n) +}

207944,
A1 —x%)
e'=14+y+4p*+ .. 4naf —1/a
(a) 2.3979, (b) (— 1) 1{“ Lo
n!
all — #)(1 — r), 0.095 310,
(B) —2/(3n), 1/(3n + 1), 1/(3n+2), () —4x? 4t
{c} 28— 5.
2 ]
(a) 2x —4x* + 22 — Ix%, |xl< 1, (b) &* —1+x+3+§+...+x—‘+...
2 ¥ .
ny x*
¢ =I—x+fﬁ—%+.,.+[—l}'¥+,...
=% a=d
.ﬂl:il b=4

3 ) x" 1y
In 2+Ex+Ex2+§x’+...+-n—[!—(—i):[+,.., e B B

111\ (14x) N
274\ % J"\UU=xFiN+T

nin—1) nfn— 1)in—2)
35 x4 —— x?

(1+x]"=14nx+—-o

(b) 10e — 4,
() (1 +x), (b) 1+ (1/x — 1) In (1- x), (¢) 9,/3.

F a2

Chapter 11
Qul (@j2Zlma+Inb(b)3na— Jlnb {c)ina+iinb+tlne,

(dIna+%Inb-3Ine (¢) —4ine, [I'}E:Ina.

Qu.2  (a) 3, (b) —2, (c) 4, (d) 2, (e) 2x, () 3x2,
Qu. 3 (a) Iix, (b) 241 1 2x), (e) — 141 = 1), () 3/x, (&) cot x,

) sec xcosecx 2cosec 2x.

Qu. 4 {anw %, (b) 3° J’,m suu G *U?“ig‘y'
E d;_ i dr
0 -5 @57 J 5. (b see oc? y .

!
: ' : 2xt kx4 4
i N 4/ 4 - i ey
Qu. 8 ) = e+ 1) H5x = DL 0) = G R )

¢ 1o 10
Qub 76" in 10 ]
Qu.7 (a)2°In2 (b) 3 In 3, (c) —(3)F In 2, (d) 5{ln m!}m** (e) 2x 10 In 10.

3 {%}‘ G »

o
Qu B {]lz+¢{bl 1+c{c] ma T [d]l T

Qu2 (a)d3x+1P*+¢ (b) —} cos® x+;..{c}§-{1+cnsx] t4e,
()5 n5+¢, (@272 In 2+ fxInx—x+e
Qu. 10 (a) lan} . - [h}x—s:cy,[c}p-cosq

3y oy,
Qu. 11 | }E}I {b}cm;a () sec Y3: {d‘jsac:ytanyd
Qu. 12 (a) — /(1 —x%), (b) — 11 +sz {9 YJ(—x—x7)
Qu. 13 Maximum at (1, 1/e).
Qu. 15 (3, B).

Exercise 11a, page 205

1 (a)3lna+4lnb(b)lna—Inb (c)ilna—4iinh,
(d2lna+inb—4ne (@ilna+iinb—4ine,
() —4lna—4inb—tine

2 (a) 5 (b) 3, (c) 4, (d) & (e) x*, () —2x.

2x+3
3ﬂ32ﬂJ ;ﬁ
]

e’
4 2?{:Jcsm.x—ﬂsm X+ 2x cos xj.

x— 5x? xtan x—x—1

ST 0 deesx 0T

8 10° 31In 10. 9 —4107%*1n 10. 10 —%1 1 I—jls+c.
12 IEIB +c 13 - i};— + 14 231::3 + e I5a°Ina

16 e 1 mﬁéiﬁ J:;Jﬂ

20 1 PO o S
T Mx—x% Rl J =254
23 (a) 0, {I::]'I:} The angles are complemantary.
2x
24 mJu ol Ji— .HJ“
25 Max+3P7+e
26 &2+ 1) +e
27T xInx—x+c




Page 2006
28 xsin ' x4+ 1 =xY+e
29 —(14+In xpx" %

1
30 (cus xIn x+ — sin x) b il
X

Exercise 11b, page 211

1 (1, 4) max.. (3, 0) min.
2 (2 3) min.

3 (2, —1) max., (4, 3) min.

4 (1, 1) min.

5 (13, —405).

6 None,

8 (3m 3./3) max, (r, 0) infl, ($r, 3) min.

9 (4n, %1 max. =¥

0 (0, —1) max,, (2r, — 1) max.

1 0% rrum izmiJll max., (31, —3,/2) min., (x, —3) max,
(#r, —4./2) min., Zr, §J2} max., (2w, 3) min.

12 {1, 1/e) max,

I3 (2,10 tan" ! 2 —2) max.

1
15 (lrm+zm \%c’"“""') max., (Imr+§!, ——;ie’"’"”“‘“) min,
16 J2:1, X
% JI‘.].
20 1:2

Exercise 11c, page 216

2x —1
1 {ﬂ} 1}1 v }J—T:II c) e {2__{5‘!:'}5 3x— 3 sin 3x)
x—13
2 (a) m (b) 3 sin* x cos® x — 2 sin® x cos x, (c) In x.
126 —1
3 (a) - BT 170X =3 (b) —2 sin 2x € 2% (¢) 2 cot 2x.
-2 1
4 = x
(a) Jex+ jex=1" ®) 7 (0 —de7™

5 (@) x(x? + 1)(x* + 1D313x7 + 9x + 4),
sec? x -2 In x

(b) — m — sec x\/(sec 2x), {c}
sin® x4 + sin? 1)
6 (a) e u[}H_,

T (@) 2 x In 2, (b) 2ln x + 1),
0 (a) —b/a® sin® #).

3 1
1 (a) e + L (b) 4 sec* r cosec ¢, () —im&:c“ 10,

Mage 217
14 ZJIIHtI.ExV’{I—t}r—ism o
15 tan"! x, xtan ' x —dln{l 4+ xH)+e
16 | max., —1 min.
17 2V, 273 max., (0, 0) min.
18 Point of inflexion at (0, 0).
20 cos (x + im), cos (x + tnm).
—16 4 A2 3z
13 5+ P T -
2(x 4+ 3) 2ldx — 1) 2Hx+ 5) 2lidx —1)
(1, ) max., (—4, %) min., (2, iiﬁllf infl.
n 2,/2—1 St 2./2+1
24 14 )max,,(d. 1a )mm
25 da(\/5—1).
26 Se.
30 (a) e¥(x® +9x* + 18x + 6), (b) x cos x + 4 sin x,
(€) 22 e 4x? + dnx + n{n — 1)}, (d) (1 —x?)y, — 2nxy,_, —nln— 1)y, ..
Chapter 12

Qu. 1 (a) nm, (b) (2n+ 1)m, () nm + 4x, (d) 2nn + 4m, () ne + 4,

(f) nm 4+ (— 1P'n/6, (g) nm — 4, (h) n +(— 1), (i) 2nx 4 3m.

Qu.2 (a) —m/4, (b) —n/6, (c) m, (d) =/3, (e) m/2, (1) 0.

Qu.3 (a) 0.322, (b) 1.824, (c) 0.010, (d) —0.201, (e} — 1.249, (f) 0.927.
Qu. 4 ar, (2n+ /4.

Qw5 (dn+ l)m/18, (4n— /2.

Exercise 12a, page 223

1
=]
8
13
16
18
21
24

nrt+dn, 2 180n° —327°. 3 360n°+476°% 4 nm, 2nm+ w3,
I+ 23, 6 (2n+ Un/2, ne+{(—1"n/6. T 180n° +(—1)"17.6°
. 9 nm2. 10 nn/2, 1l nm/3. 12 nnf2, nm—(—1)"n/6.
nmf3. 14 fm+ 2nm/3. 15 2nn —im, nm +(—1)'n/6.
{dn < Lpc/8, e, 1BON® 4 22.5°, 18B0n" — 675", 17 nm, nm 4 {—1)"n/6.
2nm, 2nmw+ w3 19 nm +{—1rn/6. 20 (2n 4 Lm/2, (2n 4 1)m/4
180m° + 8.1°, 18On™ — 12.5°. 22 nm—(—1¥r/6. 23 2nm, 2nm+ 23,
360n" — 5317, 360n" + 369", 25 360n" 4+ 163.7°

Exercise 12b, page 225

0 = 2 Uh B Ll b

(a) m/3, (b) n/4, (c) n/6, (d) m/2, () —=/3, () —=f2.

{a) 1.107, (b) 0.643, (c) 1.159, (d) —0.340, (e} —0.464, () 1.318,
i, 2nm+cos ' E

(2n+ L, 2w +cos™ ' 4.

nw, nm+sin g

i, o tan ' (3,/2).

Inm + mid,

2nm, 2nr — 2o/3.




Page 225
9 nm+4tan” ' (3 tan ).
0 nm+o—tan™' 4
11 2nn 4o, (2n+ e+ cos™ ! (4 cos al.
12 2n+lm—tan™' % (2n+ ljm—tan~' &
13 (4n+ /2, (2n+ 1w —tan ' 35,
14 nm/2,
15 2nn, (2n <+ 1)m/5.
16 nm/3.
17 (4n 4 1)m/10.
18 (d4n <4 1)m/t4.
19 nn/é.
20 (4n—1)=/10, (4n + 1)m/2
21 2nn/5; 4 cos® —2cos® #—3cos B4 1=0; — {1 +./5)

Exercise 12¢, page 225

(a) 2177, 323°, {b) 60", 90°, 270°, 3007, (c) 76.7°, 209.6.

(a) 07, 457, 1357, 180", (b) 35.3%, 144.7°, (c) 90",

(=) 187, 727, (b) 07, 307, 90°, 1507, 1807, 210°, 2707, 3307, 360°.
(a) (2n + 1)m/d, 2nm 4 4m, (b) 360n° + 29.6°, 360n" + 256.7°.

() (2k — Hm/5, (2k +Fn/3, (b) (2K £ ), (c) kn/6.

(a) 16¢® — 20¢* + 3¢, iJ[lD - 2,/5), (b) kr/3.
xt—x—1=01, —3:0=0,¢p=2n/3; 0 =2m/3, p =10,
(a) 120°, 2407, 3007,

10 nm/s.

11 (a) 45°, 105°, 165°, 2257, 2857, 345", (b) 2107, 330",

12 26.6°, 907, 206.67, 270°,

13 (a) m/2, 11x/6; (b) 5m/d, In/2; .P_:z.\.{g k= ILIJE

F=R- R B ¥ R S I TR

14 (a) x+ n/6 + 2nm or /2 —a+ 2nm, (b) 11x/12 or 5n/4.
15 &4

16 (a) No, (b) 51°, 111°, 171°, 2317, 291°, 351°,

17 (a)a=2 b=1, (b) 2/cos 2x

18 0 <l <m/3cos 30=1—1/2p%); 0.37.

Jtan A —tan® A 5 R
19 tan 34 = SRt 07, 4027, 139.8°, 1807,

20 (a) —/32<x< /2 x> /32, (b) —n/3 + 2nw < x < /6 + 2nm;
e+ Mm<ex<dn/i+Inm a3+ 2nn < x < 234 2nm, (o) R

Chapter 13

Qu.3 (a)sin x —x cos x +¢, (b) &x sin 2x +4 cos 2x +¢,
4% Inx —4x*+¢ (dyxe* —e*+ ¢

Qud4 2xe®, 27 (x*=1)+c

(a) nr 4+ (= 1)"n/6, i —(—1)" sin " 3, (b) {M—l]ﬂfl{dn-!—l]rriflﬂ.

Du."!

1I.t|r K L

O 6—) (1 =) M2 () xsin ' x4+ J1 = x") +e

Qu. 8§
Qu. 9

Qu. 10

Qu. 11
Qu. 12
Qu. 14
Qu. 15

Qu. 16

Qu. 17

Qu. 18
Qu. 19
Qu. 20
Qu. 21
Qu. 22

Qu. 24

() (x* =2) sin x + 2x cos x + ¢, (b) efx?—2x+2) 4.
(a) 31 —9x%) Y2 (b) 21 +4x%) L () (9 —xF) VR,

(d) — 21 —dx?) 12 (e) 1 +9x%) 1, (F) 6(d4 4 x7) 71,
(2) 42x — x3) 2 (h) 45 + 2x +x%) 7!

(a}tan"%+n{h}e}mn“1x+c,{c}4sin"%+c.ld]§sin'13x+c.
2x 1 x=1
I 1 A T
S‘J,zta_n \ﬂ +¢, (Msin” \,"3+r'{g}\|."1 tan 72 + e,

Z
{h) 5sin” B

+c.

In tan 4x +c.

—2 In cos 46 + ¢

@+ L mEd+4 @ 203+ 3%

@) iintan x+c,b) =3 (1 +tan 30) ' +e (€ In {x +/(x* — 1)} 4+

!
(a) ?ii tan~* (E tan x)+c, (b) —In (1 —tan® x}+c.
1
(a) In (x* + 2x + 10) + & tan ! % -

(b) Ssin~!

{d)3x —3In(3cos x+sinx)+c

{-nl (b} 3.

(b) 4w, (e) 1, () m/3.

ﬁe“{z sin 3x — 3 cos Jx) 4+ e

{a) and (b) J_];c‘l[mslx+25in 2x) + ¢, no.

1 sin x cos® x +§ sin x cos x + §x +c.

(a} 4 sin x cos? x+%sin x4, (b) sin x —4sin* x4

2 4 25— 4x— ¥+ &, () e — 4 In (sin ¥ + cos ) + ¢,

Qu. 25 .

Qu. 26
Qu. 29

{a) 35m/256, (b) 128/315, (c) 63m/512.
{a) 7, (b} 2/x, (c) 4/3. {d) 1/2.

Exercise 13a, page 230
1 (a)2 sin x —2x cos x +¢, (b) Hx — 1)e* + ¢, (¢) 1 5in 2x — 3x cos 2x + ¢,

(d)5x

3Inx—1)+c (e) xsin(x+2)+cos(x+2)+¢

(51 + 0)*(8x — 1)+, (@) Ixe** —de?*+ ¢, (W) de* + ¢,
(i) — %{Inx+ 1)+e () xtan x +Incos x + ¢,
i+ 12 Y+ Dinx -1} +e. (Hn 3 xFxn3—1)+c

2 (X

In2x—x+c¢ (B xsin ' 3x+4,/(1—9x% +¢ (€ 20n y— 1)+ ¢,

{d) @ tan ! g— In(440%) +e e)roos te— J(1 —tH)+e
{fy2e 4 /x=D+c




Piige 230

3 (@ e = Dt (B) ~de 46 (¢) ~de (1 x?) e,
(d) 4% sin x* + bcos x* 4 ¢, (e) 4 tan % + §Incos x* + ¢,

4 (a)4x? sin 3x + dx cos Ix — < sin 3x 4, (B)ef(x? — x4 6x —6) + ¢,
()4 cos 21 — 2xY) 4 dxsin 2x + ¢, (d) —e Hx? +2x+ )+, -
(e ix® + 4222 — 1) sin 2x + dxcos 2¢ + ¢, (N4x* 1 —21In x + 2ln x)*} + e

5 (a) 4 sin 2x —1x cos 2x + ¢, (b) —e X1+ x)+ ¢, (c) dall + 2x)%(12x— 1) + e,
(d)dln yF +¢ (@ Hl +u?) tan P u—du+co () —de " 40, '
(g) —e %(x? + 3x" + bx + 6) + ¢, (h) —74ll — ) +¢, ‘
(i) 41> — 4t sin 2t —d cos 2 +¢, (j) de¥(3v — 1) + .

6 (a) xtlan x+Incos x—4x7 4+ ¢

7 (a)dn— 120571, (b) e —2=0718, (c) e’ + 1 =839, (d) 4 — | =0.571,
(e} /4 =247, () 50 —99/(4In 10) = 39.2.

Exercise 13b, page 238

1 (a) 2(1 —4x3%) Y2, (b) M2 + 6x 4+ 9x%) "2, (e} —&(1 —4x%) V3,
(d) 28 + 2x —x3) 12, () (x7 4+4) ", (D24 —9x%) 12, (g) —(1 4+ x)7",

(h) ﬁ_m 2681+ x%) 7! +2xtan " 22, () 0.

2 (a)4tan” 1§+.:*.{h] 3sin™! ; +e{c)dtan™" Ju e (d)dsin~" 4x + o,

P . TWTI
[e];?t:m 'J3+c.[f}isml I\I"5+?{E}2\ifff;u G +¢,
i . L=
{h}w—ﬁﬂlﬂ t\fjx*‘f,il}mlﬂﬂ I_T""f.'.
ul 5—3 sin ! I-:E:-z-ll"j +

3 {a2in ran%+c;fb]‘} In (sec 20 + tan 26) +¢, (c)  Intan 3x + ¢,

(d) 4 In (sec 4 +tan 4¢) + ¢, (e} Intan x + ¢, (f) tandy + ¢,
{g) —(1 +tanx)" "+ ¢, (h) In (1 —cos #) + ¢,
i3 +tanix)—im(3—tandx)+c (tan Y3 tanith + e

4 [a}%lan" (J3tanx)+¢, (b)tn(l +2tanx)—}In(l —2tan xj+¢,

(€) /2 tan~! (%tan x)—x-Hu (ditin(l +3tanx)—+In(l =3 tan x) +c.
N
x

5
5 (a)dIn 5.1:1+3t}+ﬁ lan'le 4o (b)In(y+3)—(y+3 L 4e

lw::lilr!-:nr"+1J!auc+5]|+imn‘*m +¢, (d) 7/(4x — x3) — 11 sin ! -’C;E ‘e

2
()40 + L In{sin # +cos ) + ¢, (f) x + 3 In (sin x + cos x) + ¢
6 (a) 1, (b) n/6.
7 B2, (e) 4. (D1, (g) —3(In2+ 1)~ — 0847, () —1,
(i) 4 —4sin~ ! § = 0.4205, (j) n.

Page 239
B (a) tends 1o, (b) tends to infinity.
D |5n,

1 256/3,

Exercise 13¢, page 241

1 (a) 15e™(3 cos 2x + 2 sin 2x) + ¢, (b) 75e*(4 sin 3x — 3 cos Ix) + ¢,

(¢) 2 ~(sin 4t — 2 cos 31) + ¢, (d) te*[sin{2x + 1) — 2 cos 2+ 1)} 4

(e) 4™ (2 + cos 26 + sin 20) + ¢.

1 tan x sec x +4 In (sec x 4 tan x) +c. N
() x* (4 1n x— 1) +¢ (b) y tan™* 2y—LIn (1 +4y7) +¢. (c) —de " +¢,
(d) dsin 3x — 3x cos 3x) + ¢, (e} 4 cos 2x(1 — 2x%) + Jx sin 2x + ¢,

(1) f5e>* (3 sin 2x — 2 cos 2x) +¢, (g) de"T® — 1)+ ¢,

() mg2x — 1 (12x + 1 + ¢, (i x* = Din(x—1)—fx* —dx + ¢

(D x(n3x— )+ (k) de™(2x7—2x + 1) + ¢,

(3e Ysindy—2costy)+e (m) —fx (1 +2Inx)+e,

(n)t sin"%+ J{E—r*}+c.{u}3x{inx— 1)+,

(p) 437 +4(2y* — 1) sin 2y + 4y cos 2y + ¢, (g) $ sin x¥ + ¢,
(dx? (In x* — 1) 4+ ¢, (s) $sin 87 — 167 cos B% + ¢,
() 3(2x2 — 3x) sin 2x + Y 2x* — ) cos 2x + ¢

[

ax

e’ : g ;
4 C=mz {ﬂ COE b:n:+ h sin b_r], S=ﬁéi{a sin bx—'b cos bx}.
6 8
7 (dn—1, &m).
8 (/4 — 1/x, O)
10 &1 +e*)

Exercise 13d, page 145

—4 cos x sinx — § cos x sin x + #x +¢ /16,

—4 cos x sin® x — % cos x sin® x—{% cos x + ¢, Tk
(a) 4. (b) 5m/32, (c) §1L (d) 3n/16, (e) 63n/512, (1) 45
(a) &, (b) &, (c) 5m/96.

(a) 32, (b) 3n/8, (c) Sw/16, (d) O, (e} 0, () $3, () 63/256. (h) 357/128.
m—3 f _ (m—1)m=3)
mAn—=2" T g mlm 4 n—2)

_ {n— 1%n — 3)in—3) N
{-h]' Im—-l-,n-_ {m_l__ﬂ‘_l{l:m_l_n_ﬁxm_'_ﬂ_sj f1'|'| don — i l.'c}-fgﬁa
(d) (1) 15, (i) Srm/4096, (iii) w8y (v} Tio-
() =k, (b) Tr/2048.
(@) 1, =(nja) 1, , (b) 452
lrl: Hl_l_-'l-la—h [a}ﬁ_% Iﬂ Eﬁﬂ.ﬂ'?ﬂ. {b} i‘ﬂ—l—-jﬁ"gtﬂ_{)ﬁl_
10 (b) 1328,/3/2835,

U b e

I:il]' fr|:—1.ll= Im- A

w e =l




Cvercive Lle, puge 248 {

Uo(o) 3/ + 1> 4 e, (B /(x> 4+ 3x — d) 4 ¢ t;.'j sin w4 sin® i 4 | 5in®
| : . ‘. i + e
(d) tan 0 + § tan 0+ 4 tan® 0+ ¢, (e} 4 sec® x — § sec? x + sec x +*-.', R
() —3cosx* 4 ¢ (g) 2tan x + & (W) dn (222 + N+al) —de =+

(i) In sec‘g +.

2 @ Hx+1JCx=3" +¢ (b) A My + 1) (3x — 1) +¢,

= I 3
(€) y+16(y —4) ’+f~id]ﬁsm '§2—F+c,{e}3—{.jtan"J3ﬁ+c.
I. _1u—-3 [ {x_”\."lz W
mzva;’ tan 272 +¢, (S}E!ﬂﬂ I—-—S +¢,

(h) 3 33/(4 = ) + 2 5in ! §+r. (i)sec™" 3x +¢, ()4 tan ™! (4 tan 10) + ¢,

3 @™ +e, (b)(In 1010 +.¢, (¢) —de = + e, ()4 Inx+c
(e)dln(3x+4) +¢, m—‘ilﬂih—s}_,?g, i A

1+
(1) § In S & [ x(lnx — 1) +¢, (j) 229 /x - 1)+ ¢

l—x
! I+ x yo— 3 s
d@iniI e mint" i@l sndizl .
— }u x ¥ ]

()44 —x)" " +1n (4 —x) +e (e) L R
3 x4+ 1)?
n_[x-l'—]]

1] i e
“] x:_x+],+f

S (a) 2x sin 3x + 4 cos 4x +¢, (b) de¥x — 1)+ ¢ {c) In sin
A " Yy=ycol y- e,
['d}“—1‘!’2’{2[}’+]H1—3j'_:|j+l:',‘ﬂ}{1n3]_3}‘{x1n3—1}+ffl !
[fjixﬁ'! Irl_."!x—l}_+c,{g}r{1n:—1]+c, (h)xtan™ " 3x—2In(1 +9%%) + ¢,
D) 4%In 4)™" + ¢, (j) x(6 — x*) cos x + 3(x? — ) sin x + .
1 2x
6 (a)4In (4x? ———=tan™}
{a) 4 In (4x* + 3) 3tan J3+__ﬁ,

2\! 1
e =
(h) 4\1"]:1 +2}'_}?1}—3 gin ! .l'_z + &, {B}%H-—#—In {2 cos ! — sin h+e

{d) £ In (4 sin x+3cnsx}—%xic~.
1 _18—10./2

7 (a) n/9, {hjﬁtan '—TJ,{E] 1 (d) 435, (e) 231n/2048, (1) 5m/128,
(8) 35m/128, (h) 0, (i) 128/230 945, (j) 4 In .

8 (a) —%cos Sx+¢ (b) 3 sin dx +¢ (¢) 4 In sec Sx +c, (d) 2 In sin $x + ¢,
(e} In tan x + ¢, (f) In (sec x + tan x) + ¢ or In tan (4x + im) + .

9 (a)3tan $x +¢, (b) — L cot 4x + ¢, (¢) dx—Lsin 2x + ¢
(d) Ix+4sin2x + ¢, () tan x —x +¢, (f) ~cot x— x + ¢,

10 (a) § cos *x —cos x +¢, (b) sin x — 4 sin Tx +¢, (c) § tan® x + In cos x + ¢,
(d) —4cot® x —Insinx +e, (€) 4 tan x sec x + In Jlsec x + tan x) + ¢,
(f) 4 In tan 4x — + cot x cosec x + c.

I (a) 5(12x—8 sin 2x + sin 4x) + ¢, (b) 34(12x + 8 sin 2x + sin 4x) + ¢,
() x—tanx +4tan’ x + ¢, (d) — L cot Yx —cot x + ¢,

—In{x+ 1) +¢,

Page 150
(@) 4 tan *x + tan x 4 ¢, (1) x + cot x ~ feot* x 4 .
12 () xsin”! x4+ J00=xP) +e(b) xeos ! x— I £+ ¢,
@ xtan P x—4inl +xH)+e (drxcot ' x+din(l +x%) 4o
(@) xsee ' x—In [x+ J(x*= )} +c. (D xcosec ' x+In{x+ JOx* = 1)} 4 ¢

13 25 tan ! E
W Wi
(d)Lin 2+ 3%+ ¢, (@) 53 +lrx1]"' + g
FIin3+ 2%+ #tan ‘% +o, (@) dn{x?—dy 4+ N +0
(h) b f(x* + 2) +In {x + \_a"{x}+ M+ ,
()3 n(x* —4x+5)—5tan ' (x—2)+o (j) 739 — 4/ (2 + 3x)" + e

34

i4 [a}w%sin' - % +e, (b)) —&3x+ 21 =3 +c ()5 In 3 _: ¥

(d316—x)"" + ¢, (6) —3J6=x*P +e () —3In{(4—x%) +¢

(@) 4, /(4 — x%) + 2sin” ! % +e (h) =41 -2 +¢,

(i} —4,/(3 —4x%) —sin™* ZT}; +¢, ti)In {x+J(x* =9} +e
Y,

¢ (B S5+ 8x%) 4 e, tehIn {x + (1 + o | I

15 {a}@s‘m x° +¢, (b} ¥ sin 4x — §x cos 4x +¢, (c) 21n tan 360 + ¢,
“ -

(d) —4cos” x+Fcos® x —fyeos'! x + ¢ (e) ytan y+Incos y +o,

() sin x — x cos x 4 ¢, (g) —4eos x? + ¢, (h) (w® — 2) sin u+ 2ucos u + ¢,
(i) 4 v — <y sin 4y + ¢, () — (3 cos Tx + T cos 3x) + ¢

| +2 tan ¢
& WL S
16 l:a]l;1|'1iﬂ'+~r:.tt:]4111l_lmnlﬁr
{d]ln{m&ﬂ+35h}ﬂ}—ﬂ+c.[&]—Iml}x+c.fﬂ%mn'*{3luf;xl+c'.

. 1 4 tan 3t
(g)4 In (sec 4y + tan 4y) + ¢, (h) tan x + sec x + ¢, (i) § lnm%ﬂ + 1,

+ ¢, (¢} tan x — seC X + ¢,

(j) $x + 4 In (cos x + sin x) +¢.

17 (@) —e "(x*4+ 33 +6x+6)+¢ (b)) (x+2)In(x+2—x+¢ () 27" + 0,
(d) 2J1n t + ¢, (e} (1 + 9x%) tan~" 3x —fx + ¢, () Hsin ™" xP+e,
(g)(In4) ' 4% + ¢, (h) x{In 10} "10% — (In 10)7* 10* + ¢,

(i) 4x% In 2x —sx* + ¢, () (e — D + e

Exercise 13f, page 252

1 (a)4x°—2x% —dx "' 4 ¢, (b) £5(4 cos 2x —cos 8x) + ¢,
@2hhx—In{l+x+ct
2 (@1 +xH¥ 4, (b dIn (1 +2x)—In (1 - 2x) +¢,
@i inx - 4o fsn’ — 3
1 | 1
Alsx A0—x Z(+5)

3

tSec also pp. 346, 148,




Page 252
-
4 (u)In : ; e () et ™ v —de 4 b tan ! x4 g

(C)x—In{x*+2x +2) 4c.
S@In(x+2)—In(x+4)+e, it lny I 4, —
(@ xsin™' x+ Ml —x?)+e 24 /2
6 In{—4
8 {a) —fcosec’ x+ ¢, (b) —\(7T—6x— 3+

9 {a)sin™! x_—;—g +oib) — e+ )+ e

10 im+d
1 3/19-2
12 fa) x+In{x—2)—In(x+2)+¢;, (b) —e " 2x2 42 +e
[i:jsirn"x—_-—2 rBﬁE
3 N
13 53— 2e).

14 (a) —(2x—3)"12 +¢, (b) sin x— x cos x+¢, () A3x +BYx— 4P + o m.

15 (a) Positive, (b) zero, (c) negative.
16 (a) Positive, (b) zero, (c) positive.
18 (a)dn—4In2 (b) 4+ &n

Chapter 14

Qu.1 y=4dAx+8 y=3x—5
Qu.2 y=x'+4.
Qu.3 x*+yi=4
Qu. 4 s=-}§r‘+Ar+ﬂts=m+}a:’.
dy dy y _ dr dy
Qus (@-t=0m2_¥ o< - V. _ 2 ey
a2 {}dx x,f-:}ldﬂ+_r._tanﬂ n'[d]dx_ x"E}E_-F‘
dy d¥y  [dy\? dy
Mx—= ' AR s 2y -
dex }'1“}1fE}J’dJI (dx),{h}xdllnx-}',

. d
{i)(1 +x2Jd—£13n'1 o=
Qu.7 {a) x* —y?+ A =0, (b) y=Ax, () x= Ae’™?, (d) x = A sin y,

—1
{e}In \/jm——-e’+xl, Ny =2/(x*+ 1)+ A

Qu. 8 ¢?=u’+ 2as

Qu9 (a)x*y=x+A4,(b)tlnx=3sin £+ A, (c) x* sin u=In (kx),
(d) xe? — 2+ A |

Qu. 10 (a) x.x*y =de™ + A, (b) x, x%e’ =dx* + 4, (¢) = xp* = In (kx),

(d) r, ¥ tan =20+ A.
Qu. 1l y=i+de ™ y=t_e ¥
Qu. 12 x*
Qu.13 (@) y=1+xtan x+Asecx,(b) y=x—4+ 4o =

1 i y

¥ d A v frall 4w
Qu, 14 (n) (x) . (b} Ted kX (e) X (67 + )

Qu. 15 (a), (b}, (d), (e).

Qu. 16 (a) xe™ = A4, (b) x* —2xy= A, (c) x — 2y + Axy=0.

Qu 17 y=xln (4x%). _

Qu. 19 (a) y=2x1In x+ Ax+ B, (b) y =2 sin x — x cos x + Ax + B,
3 @ y=x*+Alnx+B,(d)y*=Ax+B—2cosx.

Qu. 20 (a) y=A4e™or y=C, (b)y=—3x"+3x+1

Qu2l y=Ihx'+A4x '+B

Qu. 22 (a) x=acos (2t +¢), (b) y=acos (3x+£)(c) y= —Ex' 4+ Ax+ B

Qu. 23 ZE.

= dx dx

Qu. 24 x=2cos (31), I_a}m =3./(4—x7), [b]a= — 3 sin (31).

Qu. 25 (a) x =a cos nt, (b) x =a sin nt.

Qu. 26 (a) x =a cos at, (b) x = a sin nt.

Qu.27 +u3.

Qu. 28 {a}_'p-——ums{h+s}—1.{b}ﬂ'=acus{.u."?.l+s]+3,
(€)x=A+Br—4*—§t*

Exercise 14a, page 261

| e e
mg}!-:xid. d’y _dy d* d’y dy
2 @) 35 =9 0) 5 =35 O g =9 @ gz~ g~ =0.
| {c}%—ﬁg+lﬁy={}.

3 3x—10py—35=0.

4 y=x*-3x+1L

5 s=A-3%s=12-3" .

6 (a)y=c*—3Ixcosx+3sinx—1,(b) y=c"—3xcos x+ 3 snx—

7 (a) y=Ae", (b) y=15(x— D3x+ 2 /(x — 1) + 4, () y = Alx + 2),
@x=Ly+isin2y+4,(e)o—1=dAee", (fy=xInx—x+ A4,
(g) sin y= Ae*, (R)x=ytan~' y —In /(1 + y¥) + 4, (i) p* =27 —2x + 4,

i It : i
(ly=A * ;+{k}r=]n(.«4tan§).tﬂy+3=Ae' HE (m) p = Axe’,

ghe,

%+
{n) cos 0 sin ¢ = A, (o) r — 0 tan @ + In (A cos 8), (p) 23" = x*(In x* — 1) + A,
fg)r=—f—In{cos @ —sin ) + A4, (B 2y +3=A(x—2)%,

(s)x=A —4c '(cost+sin), (t) y=2tan (2&"* + A).

; : T+ 1
8 (a) y=tan 6, (b) (y — 2 =%, () 3= —

T
9 834 minutes.
1 905 kg, 34.7 minutes.

(d) y = sin (x—Ln).




L= - B ¥

10

Exercise Hb, puge 269 '

A | . |
:-'1.' _|IIJ = T . Ii1 “j'! y - .|L.2 "JIII x | .‘I.J.. (Ch x I V= BEl X .,L
(d) Il1—r2x}u*' =tan x4 4, (e)iie' =rsint 4 A, (0 rfe* = cot u £ A,
(@) x” sin y =35+ A, (b) xp=e¢"+ A, (c) x tan p=e*" + 4,
(d) ye* = In (A4y).

(@) y =€~ 2(sin X+ A) (b) 5 = + A, (0 y= (1 + Ae ),
(d)r=(8 + 4) cosec’ 6, (e) r = (0 + A) cos 6, () y = x~*(sin x + A, .,
gly=xl A1) h x = 1 =

y=xin ut }}I=‘3—+3+Ax 't'}y=‘-t_5'ﬂx+-‘“(l{?ljfx.

Dy=(x=2""+ Ax—2"%
(a) x* = Ae”™, (b) ¥*(x? = 2p%) = A, (¢) tan ! f =In(4x), (d) 3x — y + Axy =0,

() ¥ = Ae”"™ {f) 2x = (2x — ) In [A(2x — )}, (g) sin T (Ax).
x

) Pir—
() y =l Ax — 1), (i) (x + )2x — )2 = A, Lj}%:an" (iTx)=ln{Ax}.
- - X
X—y —Zxy+dx=Au,
{a) y—2=Ae" 32 (b fr— y — 3 4 2y — = A,
Xyt —2xp—dx—By+ 4 =0.
(@) x—y+Ad=In(2x+y) (b) x4 y— | = de*"7,
(a) p=1{x +;1}{x + 3% (b} x=(x—y) In (Ax), () (y + Hsin x = A ~ Lo~ 2,
s Ax—1 dy=1)
{:; huny_m,:e; tan ITE = In {A(x? + 497 — 41 — By + 8)),
( }'+1=.te“+Ac’,{g}}"‘?:.d5inx,[hj[2r+3}ltanﬂ=3ﬂ+A i) xy = Ae’’*
() + 92— 2xy+ 2x — by 4+ A =0, g ‘
{a) ¥y =1(x + 1)*, (b) 1= sin 6 + 2 cosec #, (c) xF—_dxy—yt=17,

()4 — =2y In % () elx—=1—1/.

Exercise 1de, page 278

T

(a) y=2x1In x+ Ax+ B, (b) y=1In sec 6 + 4 In (sec # + tan ) + B,
(Cly=2¢"*+Ax+B,(d)y=Aln {B2x+ 1)}, (e)y=e’(x— 1)+ Ax* + B.
(@) A+ Bx=¢"% (b)6x=y"+ Ay + Bory=C,

fcly=Atan" ! x4 B

s=In {d(t + B)'").

{a) y=In cosee x + A In tan% + B, (b) dx? + {42 ~§x+1{]n{x+2;i+ i,

(€)36y=6x*lnx—5x? + 4x ' + B.

y+mid=gsin ! x+4x /(1 - x7)

(a) § =acos (5t +¢), (b) y=a cos (3x +&), (c) 5= A+ BI— 7,
::ﬂy-—-acns(%r+e ;

k|
=4 —
5 oS e

Piigw 279
L
H ‘:’I:: = —8x x=12cos (.1: + :)
9 ALO; 125
W 0, 6s.
11 x=./2cos (2t—m/d), f2m, —nfds ns

15

Exercise 14d, page 280

I
3

5

7

»

11
14

16

17
18
19
20

22

Chapter 15

Qu. 1 (a) y— de* + Be™* (b) p= Ae?* + Re'™ (c)y=Ade ** + Bets,

Qu.2 (a)z=dc* 4+ Be ¥, (b) z=4e"? 4+ Be ",
Q‘“- 3 (a):z =65’ _&—H‘ [b] 2= IE{c”l—e“”}.
Qu 4 fix)=2—¢"

Qu 5 (a) V=(Ac+ Bie ™, (b) r = (At + Bje3ie,
Qu. 6 y=nxe".

Sm, 0927 s, 4n 5
(@) =/2, (b) 7/12, (¢) m/2, (d) m, (e) Tm/12.

3 1
{a) y=acos (2x + &) — 3. (b) 0 =a cos (sz! +s) 3

. "
() s=A+ Br+ 4 =& (d) x=/2 cos (Zr +I)_2'

(a) y=A+ Be** —x, (b} y=A + Be* or y=C, (c) x =acos(f+&)
(d)y=Aln(Bx)or y=C, (e)(3y—1)"=Ax+Bory=0C.

x=Alsect+tant) 2y=xInx—x"+Ax

#
}l=i\:'sinx+.‘|x+5. 4!=2Iﬂi‘l§—ﬁ+ﬂ.
2
6 y=u ms(j-jx-i-a).
] y+%|n{Ay—l]=3x+Bnr y=C,

10 x=4 cos (§r +7m/3).

v=3cosdx. 12 s5=2cos(3r—m/I)+1 13 x3y=(x—1e*+1.
Iny=4x% In x —dx* + 4 15f=4%—xf"‘-£c'“-

(a) y = Ae ¥ 442, y=1e?* +e7 ), (b) :T:; —miy=0.

y=£& ”?.

¥ sin x=(—2 cos 4x %+ 4 cos 2x + 5)/16.

y=36e "6+ 27: 11min; 27"

k=20, x =4 sin 2t 4+ 3 cos 2t + 5, max. speed = 1{);

(a) {m/2 — tan"' 0.75)(b) m—tan " 0.75 = 2.50.

J::ﬂe_z': j-’='dﬂ|:l!_:'lz—ﬂ_h}.lf3,

il Ax
(y+1 -

y={2x—1)"+ A2x—1)7%
v=4HIn u)* + A

(d) y= Ae** + Be™'",



Qu 8 (a) y= 5" sin Tx, (b)) =g "[cﬂs 5t 4 2 sin 51, (e)r=
Qu. 11 y=2xT—3x + L&

Qu. T (W) y o oA con 7+ B sin ), (b) ¥ w &9 bols St + B win 80

f !
(€)r=A cos_ + Bsin-.
b 6

i

Exercise 15a, page 293

1
3
5
B
11
13
15
17
20

y=Ae™+Be™. 2 y= de¥* 4 Ba-ix

¥=eA cos Sx+ Bsin 5x). 4 y=Ae¥? 4 Be-¥5.
x={At+Br>. 6 x=(At+Be"*, 7 = Ade"? 4 Bepi'?
y=4A+ Be™ %2 9 x=AeM? 4 gov 10 r=4+ Be® |
y=e “H cos 4x + B sin 4x). 12 r=4 cus—lE,,I+Bsinl—]5r
y=de "4+ Be 4 [ 14 y=(4x + Bye?*+2, o
x=g “{At:mr+Bsin 1 +4, 16 y=3e8% 4 22

uzﬁasm 3t +4 cos 3, 18 r={1 —t)e™ 19 z=4cos 4.
=g

Exercise 15b, page 301

OOB -3 L b bl B e

10
11
12
13
15
16
19
20
21
22
23

24

y=Ae** 4 Be** 1 1,
Y=de g Bex 3,

V=4 cos 3x + B sin 3x + Ze*,
y=(Ax+ e ** + 5 v

y=e"4d cos x+Bsin x)+x* +3x4 1.
r=(At + B 4 3¢",

I=Acos 5r+ B sin 5r+ 0.4,

u=e""*(4 cos 3t + B sin 3t) + de ",
V=44 Be ™ +46 —(3 cos A+ sin 8)/10,
X=Ac" + Be M2y le2 ) N g
=%~ —de™* (3 sin x +cos x)/10. -
y=2xt —dx+3 —(2x 4 32,

y=2c0s 5x + 3 sin Sx + e

x=gle™ — 1)/k? + gr/k.

x = (COS wt — cos ni)f{n® — w3 + (V/n) sin nt,
{a) 3, 9, (b) 5.
x=—3e"'+4de ¥ +cos 1+ 3sin g /10,
X =12 sin 3t + 5 cos 3t + 2; 15, 39: 0.967.
¥y=Asin 3x* + B cos 3x* -}

;;—Asin 2x+Bcos 2x+2—cos x y=2 — cos x + 4 cos 2x.
a;‘;—+'1u—24:_p—x{silllx+ﬁr}.

Chapter 16

Qu.
Qu.

1 10209
1 0.809,

. &

1-
sin —,
4

i

"{a)
Ou B (x) = la) + Fa) (x = a) + 5 (x = a)?
1-#
OQu. 9 Tl )=o)+ Diaih -+ iﬁj I,

Qu. 11 14 2h+ 2k +5h".

Qu 12 3 — Hx—o) —5ix — o) + Alx—a).
xI x.'l- _4 _.':5 I £+x_

Qu. 13 m'""*j*’f““_ﬁ*ﬁ*m s tar

Qu. 15 (a)0, 1,0, —4, 0, (h) x — §x* + 4% — 4o,

Qu. 16 1+ x+4x* —gx*,

Qu. 17 144 — 3% + o + 4t

A

Qu. 18 (a) —2<x=<2,(b) —1sx=1,(g) — 2= x =0, (d) all values of x,
(€ —i---:xé},{ﬂ—1@3:&1.{3}—%{3:{%,{}1] —lox=l,

f{j—1=x=1L
Qul9 (a)x=—2orx>2 (bjx<=lorxzl
Qw20 (1)0=x<d (b)) —l<x<l+nr

Exercise 16a, page 312
1 In2—-3+x—4x%

2 sin x+ (cos mlx—a}—?{x—u}l.
| L . 1
3 '[=1]'|+EII—E]—2—E5[X—-EI1+@II—E}’—@lr—f‘]‘.

(b) | +4 (x — /2P + 55 (x— /20",
4 0381

T ri'rr'] "uli[}
5 [0y + O + Eé[‘?—} x4+ 3{! }.\" e _ﬁi[.r_:"t* + ..
2 3 4
6 (a) 1 +2x+2x* + 424 ..., (b) _I_%_"% B f;: .
4 B 12 x 3 xs- .1.'1
Ol-—F+a & " 92 g w0 w510

8 (a) 14918, (b) 0.1823, (c) 0955, (d) 0.199,
—1) . —=1n=2

9 (a) x*—4x* (b) | 4+ nx + "_":ﬂj_-_‘-- + il —: - lr-‘.

in2F (xin2)’

ic) ! +xln1+{x ;! ) +1131 .

(Bl x+x2 +4cd 5’ (D x—4x'
I x+x*+ 4 — g™ —apx"
11 Ind+Hx—4) — e — 42+ chylx 4% 13910,

(d) /2 — x -+ x"/8,

Exercise 16b, page 318

1 (a) x + 3+ 2x5 + pax’, (b) x b h + e, s
(e) 4 + dx —dx? o e — ®, (d) b — x — dx? —



ey !
Page 118 A Qu.t (n)aly +2ys+ 2yy+ 2y + v+ 2y + 200+ yalf 14

X oat xt i T (bl vy 263+ o1+ 20 g+ 2= 2)
2 (a) 1+ 2 B al n i (by 1+ : rie TR (€)1 - i-‘l + 3%, Qu.7 0.694, -
(d) x+ 327 4+ e’ (@) —d* — o, (D x — 4 4 Ad — et Qu.8 376m

Qu. 9 (a) fdl yy + 4y + 2ya + Bya + ¥a)

() In 24+ dx + dx? —daxt,
¢ s (b ddl ¥, +4ys+ 2y + 4va + 2vs + 4y + 252 + 4¥s + Yok

: ga::;dlnne.[bj —l=<x<l{c) —l<x<l,id} —2<x<2 (el —1<x=<1. Qu. 10 0.6931 :
6 3142 ‘ C . Qul 304375,
7 2—”‘?‘; ; . Exercise 17, page 335
8 ﬁ__wf—]x-l_mx:_ﬁxl’ —lex<l ' I (a) 0.347, (b) 0.350, (c) 0.347.
E 2 (b) 1.49, (c) 1.46.
Exercise 16¢, page 319 3 166%.
-2  2x+4 4 0.7468.
' 553 x—’"-i‘—‘_i-jaﬂ+gggx—1f$x:'-j§inx3,-l-:x{1. 5 () 494 cm?, (b) 49.9 em*: 312
3
2 x4+t =t 4t — 4, g ::;%c]:rm
| 3 | ;
B i T L 8 (a) 0.2983, (b) 0.2983,
x+2 (x+2F " x—3 9 {3,;58,9.9??.
8 In2+dx+8x*+04x —1<x<1;2In3 1098 10 3.142.
9 x—2x? 42 — x4, 1 14
1 oy =y 1314 10x° +d5x° + 120x%; 0.204; 0.204,
! s 14 (a) 0.879, (b) 0.879.
12 3x% 4+ o 4 ety —Iﬁx{];z—;-_-_l—l, 15 0.867.
) hataa n2 16 0467, 0475 1~ 312,
T — 17 @x oy bx ¥
4 T;iz_z i 0 1 1] 1
16 t—SesSdiyel=ay . 01 1 001 1
17 x+x%/3; 0.0014%, 14.4%. =5 E‘§ }'Eim E‘Eﬁ :%ﬁ
18 (a) d(e" + ¢ ), de* —e ) i{ez“-{-c'z‘]_{-;“—n_ _ 04 10611 004 10006
(b)3x—3 x2+ 3 — 42 &%, —d<x<id . o {a}ilj L.I[IEE- [b}:.-::us ;mm
19y, =ax—a’x*2 +(a*/3 — a/6)x* + (a*/6 — a*/4)x*, 0 1 0 1
Yr=ax —a*x3 2 a6 a=+ 1. 0.1 1.2 0ol 102
20 1,0; 1+ x—x%/3—x*6 — x%/30; 1.099650. 02 145 0.02 1.0405
03 176 0.03 10615
04 2142 0.04 10830
Chapter 17 0.5 26104 005  1.1051
g;.'l T.7 m. 19 {a]:]cﬁ ﬁ {b}gs ﬁ
2 25.0m, : ;
Qu.3 0816, 304/375 % 0,811, | 0.6 0025 £31 Q005

0.7 D061l 0.52 00051
08 01104 0.53  (.0078
09 01757 0.54 (0106
Lo 02397 0.55 00133

Qu. 4 {a)ddiy, + 2y, + 2yy + 2y + 2ys + 2yg + 2yq + ¥,
(b) Jell y, + 202+ 2V + 2y + 2ye + 2y + 234 4 25 + o).

Qu. 5 2,41? to nearest 10. (First two ordinates are further apart than the
others,)




Page 338

20 (a)x ¥ by x ¥
i | 0 |
(1 1.1 0] I 1
02 11990 0.02  1.0200 =
03 1.2951 003 1.0300

04 1.3865 004  1.0400
05 14717 005 10500

21 x ¥ 2 x ¥
0 1 0 1
0.1 | 0.1 12
0.2 1.02 02 15
0.3 100" 03 1.84
0.4 1.0824 04 2.296
0.5 1.1274 0.5 28354

23 y=1+4 x%/2 (the coefficients of x and x* are zero); 1.005, 1.02.

24 p=142x+3x243x3% 1227, 1513,
25 y=1+x+x +$x% 1111, 1.251,

Chapter 18

Qu 1 (a)sinh 4 +sinh B =2 sinh 4(4 + B) cosh {4 — B),
(b) cosh A +cosh B=2 cosh (4 + B) cosh {4 — B),
(c) cosh 4 — cosh B=2 sinh 4(4 + B) sinh 3{4 — B),
{d) sech® £ = 1 —tanh?® 8, () cosech? ft = coth® #—1,
{f) cosh 30 = 4 cosh® 8 — 3 cosh #,
{g) tanh 38 = (3 1anh @ + tanh® /(1 + 3 tanh? @),

Qu.2 {a) 2sinh 2x, (b) § cosh ix, (c) sinh 4x, (d) 2 cosh 4x,
{e) 2 sinh x cosh x =sinh 2x, () 6 cosh? 2x sinh 2x.

Qu3 {a)x=acosh@(b)x=asinhd

Qu. 5 (a) x=atan & {or x=a sinh &),
(b) x = @ tanh # (or x = a sin # or x = a cos ).

Qu7 (@L%(p)L "

Qu. 8 The two expressions differ by a constant (possibly zero).

Qu. 10 (a) DBR13, (b) 1.3169, (c) 0.5515.

Qu. 11 5 cosh 30— § cosh 0 + c.

Exercise 18a, page 340

3 —l1<tanhx=<1.
tanh 4 4 tanh B tanh A — tanh B
1 +tanh A4 tanh B' | — tanh A tanh B’
15 In 1.8,
16 a’=b +c%

Exercise 18b, page 345

2 simh x+ ¢, cosh x +c.

Piagre Y d
3 (u) X sinh 3x, (b) 2 cosh 2x, (¢) sinh 2x, (d) 6 sinh? x cosh x, (e) 6 sech® 2x,

(f) —sech® x tanh x, (g) 3 sinh 6x, (h) — 4 cosech® x,/(tanh x),
{i) 2 tanh 4x sech? ix.
Domain= |x:xe R —1 <x < 41}, range = [R; tanh x is odd.
{a) 2 cosech 2x, (b) e®*, (¢} 4 sech? ix.
(a)4 tanh 2x + ¢, (b) —sech x +¢.
4

I,If‘r"t] + x%),
0

(a) 15 cosh 5x + 4 cosh x + ¢, (b) § sinh 4x + § sinh 2x + ¢

e — 1)°,

bx cosh @ — ay sinh #§ —ab =0,

ax sinh # + by cosh & —(a* + b*) sinh 0 cosh # =10,

4’ x? b

@+ by a4y

d’y dy

=%y . h2x =2 —2y).

(dxr 4})13cuth3xcmh2x 2] 5(:::!1 xdx 2])
x 2t .

15 x—— 4 —.

I T
x! -3 xil‘l

16 x+?+?+...+m+...,

17 ln\/‘+x_
1—x

I8 (+sinh 4, --5“.1’5] min,, (0, =11} max’

Exercise 18¢c, page 150

sinh™ ' 4x + ¢

3sin ' x=24+c

cosh™* (2x) +¢.

x+2

codh 1Y€ L,
2

i 2x+1
1

5 \.G

6 sinh™ ' (x=3)+c

7

8

B L b e

$.J/3tan

Leosh™' (Bx+ 1)+

-3

3

9 sinh~! L= 0481,

10 cosh™' $=0.795..

11 sinh™'4—sinh ' 320.2763.

12 i-\,-'rﬂ ginh ! .\,."'221].31{}-

13 4x+4sinh 2x+e

14 4 sinh* x +sinh x + ¢ =14 sinh 3x + § sinh x + ¢

, Bx

4 s5in” +¢.



15
6
17
I8
19
20

Page 150

{12% — 8 sinh 2x 4 sinh 4x)/32 4 ¢,

X —tanh x + ¢

In cosh x + ¢ R

In sinh x — { cosech? x ¢

x—tanh x —4 tanh? x4 ¢

In {{e* — Dfe™ + 1)} + ¢ =In tanh 4x + ¢.

Exercise 18d, page 351

2
3

e =1 = LA

12 y

13

14
15
16

18
19

{a} 0, —In 3,(b) In 2+ /3), In (3,2 + V512

-1-

d
T —(p? +ff21‘“" + g’y =0.

) 2 i l — b3 sinh® § + 1)
{a) '[ll R (i) '\I"ll“ +x2j1{ Jn * sinh® f cosh® '
...fl—fn {142

ab(} sinh 26 — @), (

(120, 1.81),
4,/3na’h,

3
(a) (1) 2x + E-—

4a sinh® §
3(sinh 26 — 28y

llx}!h = 2 ET‘

xi xd- 2n 5
M1+ b b — = i
FIIT Gt 1 -+ %

{a) (sinh x — x)/x2, (b) cosh 2 — 1.
=5 cosh 2x + 4 sinh 2x,
ol
-'2
(b} kf < ks
(a) sinh w, (b) sech «; in.
In (7 +5,/2).

{a) cosh ™! (x-3|-2

+c.

In 2; Pa® =n® + m2h

Chapter 19
Qu. 2 -%‘n:a
Qu3 —sinh 2kn

Ek

Qu.4 Lnal
Qus Ir+1/3
Qu. 8  mah,
Qu.9 17%

TR "["] L

Jan- lxi'.'u

2

O, 10
Ou. 11

Qu. 12

Qu. 13
Qu. 14
Qu. 15

Qu. 16
Qu. 17

Qu. 18
Qu. 19
Qu. 20
Qu. 21
Qu. 22
Qu. 23
Qu. 24
Qu. 25

Qu. 26

Qu. 27
Qu. 28
Qu. 29
Qu. 30

Qu. 31
Qu. 32
Qu. 33
Ou. 34
Cuo. 38
Qu. 39
Qu. 41
Qu. 42

Qu. 43

Qu. 44
Qu. 45
Qu. 46
Qu. 47

dy’\?
,{h] ,ll \/{I+(dx) }
ﬂ.

In 3.

L ginh ™! 2y + 3\,-"2.

.

zi? (96 +4)¥% — 8}

.

Ba.

{a) br, rof,

a (1 + k)™ — 1)k,
Lafsinh ™'+ m /(1 + %))
B

28,/5r.

(a) 4ra?, (b) 2mah,

2
3’“‘ 2/2-1).

Jfrm"‘.

2nh,/(2b* + a*) + /2na® sinh ' (/2h/a).
Sina®,

15r cm?,

Lrrlh, nrl.

A =+ h)(2r + k)

{2/m) = (radius) from centre along axis of symmetry.

{a) 2n*a’h, (b) 4n’ab.
1/{4a).

{a) 2,/5/25, (b) .
—1/{2alt® + 1713},
— 1/{4a).

ds
e, v
x4yt —dex —dey + 6t =0
The centre of curvature.
k.
fa) & (b} . (c) & (d) 3a?/h.

Exercise 19, page 167
1 9x/2,

a’,

ok b

2¢2 In a.
2na’(cos & + 2 sin a), Talcos = + 2 sin 2)/(1 + ).
gra’,




Page M7
-IF gmul e J""l‘”".

z_ha
8 (”— --.u). -
il

9 ¢ sinh %, 2me (xsinh X — ¢ cosh E) + el =
¢ c
10 4 sinh 2n
1 {sn
12 (a) 3na’, (b) 16a/(9m), (c) §na’.
13 24a, 12na*.

14 {a) 1/8a), (b) 16a, {c) 216,/ 3na®/35.
15 x4+ —3xy=0.

16 2.58.
3t + 1) cgr‘*+3])

18 -:~r“—f’x+ry—c=0(
i Yy

1 Jix2+1)—1 !
19 0 ) | [ | o el S S | N |
Vi + 11+2mwﬁﬂr:‘+ljk+1 V2 2'“{3_2‘ﬁ]1

misinh ™! x4+ {1 4 x3)—In (1 + 2)—. /2.
20 3,/2ma*{,/2 cosh B,/(2 cosh?  — I?ﬂl—ms‘f:['}' {s/2 cosh h— 2+

+ecosh™! /2.

Chapter 20

Qu2 wWip-4=L

Qu.3  (a)cos 560+ 1 sin 56, (b) cos 26 — i sin 20, {c) cos 38 + 1 sin 30
(d) cos 50+ i sin 56, () cos (6 — ¢) + i sin (6 — &), ’
(f} cos (0 + ) + 1 sin (0 + @),

Qu. 4 (a) cos E+isinH.[h]ms§ﬂ+isin§-n=—é+é /3
{c)cos 360 + i sin 30, i

Qu5 1, —1+4/3i

Qu7? —1,i:+i/3i -
- T

W10 2 =

Qu. 13 cosh = =cos iz, sinh z = —j sin iz

Exercise 20a, page 372

I {a)4+5i (b) 2+ 30, (c) —1+7i, (d) 34 (e} —7+ 240, (1) — 117 + 44,

3 izl {3—4i\i}’3§1 {hy (1 =i)y2
5, 0.927; /2, 0.785. (a) /41, 0.896; (b) /13, 0.983; (c) /50, 1.713:
(d) /12.5,0:142; (c) 25, 1.855: (1) 125, 2782 () 0.2, E;IT: '
(h) 1//2, —0.785.
3247
S (a)lx— 107+ =25 (b) x=y.

Exercise 20b, page 376
1 (a) enlargement x a, (b) translation (;) {e) translation (;:),

- I BT ]

= D 00 =1 3n Lh ok e b e

—

15
16
17

21

Page 376

{d) rotution through arctan (bfa) and enlargement = ||,

{e) reflection in real axis,

I =|wl=4.

O<argw) = r/2

Iw:jw]| =125 0< arg(w) < n/3).

{a) v =20, (b) the positive p-axis, (c) the ncgative p-axis.

The region between the circles (u — 3 + v’ =4 and (u —§* + ¥ =4
x = ki the parabola v* = 4k3(k* — u).

y = ki the parabola ¢* = 4k3{k? + u).

Exercise 20e, page 380

cos 30+ i sin 58,

cos 40 + 1 sin 44,

cos B4 1 sin 6.

cos &+ 1 sin £,

cos B+ 1 sin 86,

cos 34 +1 zin 38,

cos (2¢ + 30) + 1 sin (2¢b +30).

cos (68 — 6) + i sin (66 — 6eh).

L —Li —i 4201 £ i) 1/2-1 1)

1, cos #n + i sin #r, cos ¥n +1 sin #m;

(x*—1D=(x—1(x*—2xcos gn + 1)ix* —2x cos I + 1).

L, L1+ 308 1£/3i50* 1 x0 Ix* x4 1),

Rotate the radiug vectors through an angle of n/2n.

When n is a prime number. If n is odd but not prime, the first property
will hold for some roots bot not for others. The second holds for all n
() (x — 1) (x* — 2x cos #m + 1){x* — 2x cos 4w + 1)Mx* — 2x cos §n + 1),
(b (x+ 1)x? —2xcos dm+ 1) (x* —2x cos 3n+ 1),

() (x— Dix+ ]}(xz—lx cus%+ I)...(:n:I —2x cos :"_"”“ =i 1)_

cos 30 =4 cos® 8 —3 cos {.

sin 3¢ =73 sin # — 4 sin® &,

cos 40=8 cos* 0 — B cos® 6+ 1.
e 6t — 200 + 607
I s+ 150 —

(zl") r-(i"):u =1 '(zn-" I)rl""l
tan 2nfl = 7 — J
1_(2")‘?+---+{—1r:'-'-

2 1 In+1
(H;— )T—( + )r3+_,,+{—|:|.fh+l
tan (2n 4 1) =

3
n+1 Dy L
|_( 5 )r‘+...+t—l]( i )r"

where { =tan 0.




Page IR sl
IT 503 0668, 0.199, 1.50
23 - 1.69 —042], 0225 L1, 108,
M u=x'—3xp?, 0= -y, g
e+ bd + i(be — ad) gt
25 T d .
. |
26 (a) £(2+3i), (b) + EII -+ i)
{1 —z"1 —2z%) sin 4ni? cos 4(n — 1)0
z? h = e R T
)= 4 5in’ Lo sferc sin 14 2
5o sin yntl sin 4(n — 1é
sin 4 :
8 Co l—acosl—a""" cos (n+ 1)0 +a"*2 cos FIE.
1 —2a cos 0 +a*
g_4 sin #—a"*! sin (n+ 1)@+ a"* 2 sin nd
| —2a cos 0+ a° ’
29 Multiply by sin 18 and 1 —2a cos 0 + a2 respectively,
3 0

Exercise 20d, page 385

L =N- R |

LU

11

12

(&) x® — 15x*y* + 15x7p* — 9 £ i’y — 2063y 4 6xyY),
Jcos =1 . ~2sin #
{b) = +i .
Scos?B—6eos B+ 5 15:1:;5’#—5:05 fl+5
s X+ =1 ; —2y
() c0s 30+ 5in 39, {d}x’—2x+l ~i-_J.:E +|x=—ix+ 4%
(a) cos 6 —i sin @, (b) cos 80 + i sin 86,
(o S8 =2+ (= 1)~ cis (n — 40
2 cos i# ?
The circle x* + 3 + 4x = 0; EZ*— Nz 4z¥) =iz — %) =4 =0,
(a) sin* & = }(cos 40 — 4 cos 20+ 3),
(b) tan (&, + 0, + 0, + 48,
_ 2 tan B, —Y tan @, tan @, tan 6,
1—% (tan 6, tan 0,) + tan , tan @, tan @5 tan @,
(@) cos m+i sin m (2 + 1)z — 4 —4,/3 i)z -$+4./310),
(b) (x —allx? — 2ax cos 3x + a*)x* — 2ax cos $n + a?).
22 —4z413=0:1, 1, 31 +./3 i)
@ —2+1 244, (b) 1 =10, 2+ 3i.
=~1.

442 cosd

S5+dcos i
]_—2 cos 20— 2" cos An+4 1)A+27%2 cos a0
5—4 cos 20 ’

sin® @

I +sin® 8 —sin 20"

Pirge IR6
13 () 0,(b) ek v —2=0,(c) |w|=1,(d)|w—4|=2
4 (@) u—20=0,(b)v—3=10(c) |w]=3,(d) |w— )=,
15 (a) (u, v) moves round |w|= 1 twice in a counter-clockwise sense,
(b) (1, v) moves round |w| =4 twice in a counter-clockwise sense.
16 Circle, centre (5/3, 0), radius 4/3,
1T Circle, centre (0, —5/4), radius 3/4.
18 (a) (5 —14i)/13, (b) /34, —0.54, (i) circle, centre O, radius V34
(i) 3v = 5u — 34 (haif-line, from (5, — 3) with gradient 5/3).
19 1+./3i 2, =/3; —512. .
20 (a} Circle, centre (—4, 1), radius 3/2; (b) circle, centre (1, 0), radius J2
(e)dx?+ 3y =12; y=0.

21 (a) (i) /2, —m/d, (i) 4, m, (iii) 1, m/3, (b) 2'/® cis (2nm/3— n/12), n=0, 1, 2.
22 '=44—u)
23 f(a) (=2, 1), (b} (i) circle, centre (0, 2/3), radius 4,3, (ii) line 40 — 2u + 3 =0,
24 Centre (0, D), radius 2 v =0,
25 (a) u= —4, v increasing; (b) u=4, v decreasing.
26 cos z=cosh iz, sin z= —i sinh iz.
27 cosh z=(c"+ € %2, sinh z=(c"— e )2,
tosh z = ¢os iz, sinh z= —i sin iz,

cos® z +sin? z =1, sin (w + z) = sin w-eesz + cos w sin 2.

28 J(x*+ %), tan " (y/x) if z lies in 1st or 4th quadrants, tan ' (y/x)+ m if
z lies in 2nd quadrant, tan ™" (y/x} — n if = lies in 3rd quadrant:
(a, b), fla* + b* —e).

1 L—CR,? : -
30 (a)+ \/(C_L * m) (b) 3(3 + 4i), H1 +i,/3).
Chapter 21

OQu.3 (a) O, A, B, C coplanar, (b) when a, b, ¢ form a left-handed set.
Qu.5 7i—4j—3k
Qu7 5

Exercise' 21a, page 392

I (a) 19, 2,21, (b) 33, —34, —1.

Z 459, 31, =31 4 (—3, -5 -9

5 The diagonals of a rhombus are perpendicular.
9 r=1p+iq.

10 (w)eusxi+sinaj (b)cos fl+singlc)e—f

Exercise 21b, page 397

I (a)i—j (b) —2k, (c) 5j— 15Kk, (d) 17i + 5j — 9k,
2 (a) L (b) —16,(c) 0, (d) —2
3 (a)1,(b) —16,(c) 0, (d) -2




Page 397
5 {a) =7 +7 =7k (b) 3 —9)— 15Kk
6 (a) —k, (b} 5i— 5j + 18Kk, (o) 2i -+ 8) — 10k, () 0.

10

I # 3
4,2, =6

Exercise 21¢, page 401

B

10
12

(a) —4, (b) —28i — 16] + Bk, (¢) 3i —4j + k.
1154 18— 13k; 11x + 18y — 13z =0.

x4+ 2y4+3=2=12
2 —1
r=|1 ]+t 201D -3 -1 x—y+3z=4
|
(4]
(a) 16//310, by r=| 5 | +4 [-2
2 1
1 2
(a)r= 0+ 1 1, (b} no solution,
3 —3

(@) (2, 4, 6), (b) (47, /7, =2/T) (e x* + 2+ =dx, P+ P + 7= —x,

250 — 30t + 46,
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