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SENIOR FIVE: TERM ONE
CHAPTER 1
INDICES, LOGARITHMS AND SURDS

1.1. Indices
¢ Anindexis a power to any given number. i.e. x¥, y is a power/index/exponent and x
is the base.

The following are the laws of indices;
a™ x g = g™m*n

am + q" = g™

(a™)" = g™

W e

Where a, m and n are real numbers and a # 0

e From the above laws we can deduce that
1
) a®=1 (Da™== (i) ar = Va(@iv)a™" = (Va)"
Example 1
1. Simplify the following;
(a) 23 x 2*
(b)57 + 52

()372x35+372
32\3/5

@ (555)

(e) 4915
Solution

(3)23 X 24 — 23+4

=27
(b)57 + 52 = 5772
=55
(c)372x 3%+ 372 =372+5-(=2)
=35
3/5

/5 5
@G =)
- (5)
(e) 491.5 — (72)3/2
=73

Example 2
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Solve the following equations;

()3 =
(b)2* = 32
(c) 3*+2 = 81

(d)22* —3(2¥)+2=0
(e)22%*1 4 5(2%¥) =3 =0

Solution

(a)3* =373, .x=3
(b)2¥ =2% . x=5
(C) 3x+2 — 34
=>x+2=4;..x=2
(d)(29)2 =325 +2=0
Let2* =y
=12 —-3y+2=0
=y2—y—2y+2=0
=yy-D-2y-1)=0
= @y-Dy-2)=0
Eithery =1;2¥=1;2* =20 . x =0
Ory=2;2*=2% nx=1
~the solutionsarex = 0andx =1
(€)22%.21 +5(2*) =3 =0
= 2(2%)2+5(2¥)-3=0
Lety = 2%
= 2y2+5y—-3=0
= 2y2+6y—y—3=0
=2y(y+3)—-1(y+3)=0
= 2y—-1Dy+3)=0
Either2y =1; 2*=1/2;2*=2"% 2 x=-1
Ory=—3; 2 =—-3 NA
~the only solutionis x = —1
Example 3
Simplify the following;
(1422 2x(142)71/2

(1+x)

J (1—x)%(1 +x)~1/2 +%(1—x)_1/2‘/ (1+x)

(1-x)

()

(b)

Solution
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(1+x)1/2 x
@) (1421225 (14x)71/2 1 i
(14x) (14x)
_ 2(x+1)—x
T 2(14x)3/2
_ 2x+2—x
T 2(1+x)3/2
x+2

T 2(1+x)3/2

Ja-x) | Ja+x)
1/(1—96)%(1+x)‘1/2+%(1—x)_1/2,/(1+x) 2(14:0)1/2 " 2(1-2)1/2

®) (1-x) - (1-x)

o 1=-x+1+x
21 —x)3/2(1+x)
_ 2
21 -x)32(1 4 x)
_ 1
21 —x)3/2(1+x)

Example 4

. . 6°x6" 9
Find the value of x from the equation e = 6
Solution
65+x
= =6°
62

- 63+x — 69

=3+x=09;

X =6

Example 5

If a* = bY = c% and b? = ac show that y = 22
X+z

Solution
= a = b¥/*andc = b¥/?

= ph2 = pY/*_py/z
—1 bZ = b(¥+y7)
=24+L=2

X z

y(x+z)
xz

Example 6

Solve each of the following equations;
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1
(@)x5 =3 (b) x*/3 =81 (c) 2x3/* = x¥/2(d) x/3 — 3 = 28x~1/3

Solution

15
(@)(x5) =35 2x=243
() (x*2)*" = (81)¥*
= x =27
© @) = (1)’
= 24(x3) = x2
= x?(16x—1) =0
~x=0x=1/16
28

1
(d):x§—3 =3
x3

Lety=x§
=>~y—3=E
y
= y2-3y-28=0
=y2—T7y+4y—-28=0
=yy-7+4y—-7)=0
=+ -7=0
:y:—él.; x%=—4; X =—64
Yy =7 x5 = 7;x = 343
~the solutions are x = —64 and x = 343

Exercise 1.1
1. Solve the following equations
(@)9* =27 (b)5¥t3 =1(c) 2* 3 =4**1 (d)3*.3* 1 =9
2. Solve the following equations;
(a)2%* — 5.2 + 4 = 0Ans(x = 0,2)
(b)9X¥*1 — 3%+3 — 3% 4 3 = 0Ans(x = —2,1)
(c) 22¥ —9.2* + 8 = 0Ans(x = 0,3)
(d)3%* —10.3* + 9 = 0Ans(x = 0,2)
(e)16* —5.22**1 + 1 = 0Ans(x = 1/2,-1/2)
(f) 4 — 3.2**1 + 8 = 0Ans(x = 1,2)
3. Simplify the following expressions;
@22 |(1-%)  ®/GZ+a (© (=¥ +2(x - 2)'/?

(d) 2x — D"V2 + (2x — 1)1/2
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4. Solve the following equations simultaneously
2% +3Y =5; 2%t3_3Y+2 =23, Ans(x = 2,y = 0)
5. Solve X=X = 5(2%) — 8
: 4%42%
6. Express with positive indices;
x 2y3z74 9 Yabc—*
Q= X5ma Om=

_ _x-a 1 _ Vxtva
7. Show thatyx —+va = = Deduce that —— ="

8. Simplify (4_ 2n+1 _ 2n+2)/(2n+1 _ zn)
9. Solve the following equations

(2)27%73 =3 x 9%72 (b) 22+2X £ 3x 2¥ —1 =0 (c) 9% = 35%~2

2_1 2% _ n6x—1 _13x+5
(€2 =287 (&) 4% =251 ()8 x 2 = (3)

10. Solve equations simultaneously: 32*%Y = 12, 27V =4
11.Solve each of the following equations for x;

(a)3x3 =375 (b) 98x% =2 (c) x3+ 343 =0 (d) %x‘z +14x =0
9, -5,
(b)zsx =3X
12.Solve each of the following equations;
(@x%3 —x3-2=0 (b)2xY* =9 —4x~V* (c) x® + 8 = 9x3/2,
16¥-4% X\ _
4%42x 5(2%) -8
1.2. Surds

e A surd is a number of the form b+/a where a is not a perfect square

13.Solve the equation

e Surds can be multiplied and divided in the form;
) vaxvb=vab (ii)\/—+\/3=\/% Butva + Vb = (@ +b)

e Two surds are said to be conj ugate of each other if their product is a rational number.
For example v/2 and /2 are conj ugate surds becausev2 x v/2 = V4 = 2.
Similarly 2 — /3 and 2 + /3 are conj ugate of each other because
(2-V3)(2+V3)=22-(V3) ' =4-3=1

e Rationalizing the denominatorof a fraction means making it a rational number.

Example 7
Simplify 3v2 + 5v3 + 7v2 — V3
Solution
3V2+5V3+7V2 =3 =3V2 + 7V2 + 5v3 -3
=10vV2 + 4V3
= 2(5V2 +2v3)
Example 8

Express the following in their simplest forms;
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(a)V8 (b)v20 (c)+/90 (d)V18

Solution

(@VB=VAx2=vVaxV2=2V2

(0)vV20 = V4 x5 =4 x /5 = 2/5
(€©)v90 =9 x 10 =9 x V10 = 32
(VI8 =vVIXx2 =9 x2 =32

Example 9

Express the following as a single surd;
(@) 3v2 (b) 4V6 (c) 2v/3

Solution

(@)3V2=vV32x2=+/9x2=+18
(0)4vV6 = V42 x 6 = V16 X 6 = V96
(©)2V3=V22x3=+4x3=+12

Example 10

Evaluate the following;

@ (B +v2)(2+v3) b (VZ++3)°

Solution
@) (3+v2)(2++v3) =3(2+V3) +v2(2 ++3)
=6+3V3+2vV2+V6
) (VZ+v3) = (VZ+V3)(VZ +V3)
=V2(V2 +3) + V3(V2 + V3)
=2+V6+V6+3
=5+2V6
Example 11

Rationaliz e the denominator of the following;

1 1 2+V3 2V2+/3 1 1 N
@75 M7 @O D% ©Or7s5n5 O Frers

Solution
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@7 =% (3

T -

1 1 3+v/2

(b)3—ﬁ - 3—\/2_(3+\/7)

312
32-(v2)°

_3+V2

T 92

_3+V2

7
24V3 243 (243
OB~ 7» (2+\/§)
_ 4+43+3
T 4-3
_7+43
!

(d) 2v2+4/3 _ 2243 (2\/5+\/§)
2V2-V3  2V2-V3 \2vV2+V3
_ 2V2(2V2+v3)+V3(2V2+V3)
(2v2)*-(v3)*
_ 8+2vV6+26+3
- 8-3
_11+44V6

1 1 1 (3+V2 1 (3-2
(e)3—vi__3+v5'_ 3—J§(3+V§)__3+v7(3+v5)
_3+V2  3-V2
T 9-2 92
_ 3+V2-3+V2
7
_ 22
7
V2 V2
O Fri = Frave et =V3 -5
_ _V2(y2-p)
~ (V2+p)(V2-p)
_2-p\2
=5
2—(V3—5)2
2-(V3-V5)"
_ 2—V6+/10
~ 2-(3-26+5)
2—v6+10
-6+26
_ (2-VBH/T0)(-6-2v6)
~ (-6+2v6)(-6-2V6)
—12+6V6-6v10-4/6+12-2v60
36—24
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_ 24/6-6/10-2v60

12
_ V6-3/10-+60
- 6

Exercise 1.2

1. Simplify the given expressions;

(2)V54 (b) V72 (c) V68 (d) V8% x V140 + V120

2. Express as a single square root.

(@)5V5 (b) x,/y (c) 2a®Vb

3. Rationaliz e the denominator of the following fractions, simplify your answer.

10 3+428 V5+2 1+2v2 V3+v2
(a)\/_g (b) NG (C) V-1 (d) 5—3v2 (e) 32
1+/3

1)

4. Express (\/5—3 in the form a + bv/c where a, b and ¢ are real roots.

5. Given thatv3 =1.732 andv2 =1.414, evaluate the following;

(a) ! (b) (3 + \/?)Z(c)\/g — \/g (d) v0.0675 to 3 significant figures.

V32
. .o 1+V2443
6. Simplify NN

7. Express in the form a + b+/c the following;

2 2
QFaEt e
2—V3  4—3
(b)2+v§ + 2—3
1o (2+V2)(3+V5)(V5-2)
8. Simplify Vo) (1)

1.3. Logarithms
e The logarithm of a positive number N to base a is defined as the power of a which is
equal to N. Thus if

Then x is the logarithm of N to the base a, written as
X =108g N oo .(ii)
Putting equation (ii) into equation (i)
=a&N=N. ... (*) this is so useful.
e Since we have a! = a and a® = 1 it follows that
log, a = landlog, 1 = 0 forall a (+ 0)
e Logarithm to base e is called natural logarithm and is denoted as In x or log, x
e The laws for the manipulation of logarithms are derived directly from the laws of
indices:
1. log, bc =log, b +log, c
Proof
Letlog, b = xandlog,c =y
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= b = a*andc = a”

= bc =a*.a”

= bc = a**Y

Taking logarithm to base a of both sides
= log,(bc) = log, a®**y)

= log,(bc) =x+y

~log, bc =1log, b +10g, Cuvneereemann. ]

2. log, (g) = log, b —log, c

Letlog, b = xand log,c =y
= b = a*andc = a¥

b _a*
c  aYy
b x—

= —-=q y
c

Taking logarithm to base a of both sides
= log, (g) = log, a®™

b
:loga(;) =x-Yy

=~ log, (g) =log, b —10g, Crrermrnrnc. ]
3. log, b? =plog, b
Proof

= bP = (a¥)P = aP*
= log, b? = px=plog, b
4. The change of base of a logarithm;

log, b = 112:2
Proof
Letlog, b =y
=a¥=b

Taking logarithm to base ¢ of both sides
= log.a” =log. b
= ylog.a =log.b

_loghb
- loga
~log, b = 11((::2 ...................... ]
1
5. log,b = Toma
Proof
Lety =log, b
=a¥=b

Taking logarithm to base b of both sides
= log, a” =log, b
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= ylog,a=1

f—1 =
y log a

21oggh = —— e ]

Example 12

Evaluate;
(a)logz;9 (b)logg3

Solution

a)log; 9 = log; 3% =2
g g
(b)logg 3 = — =

=10g;9=10g;32 T2
Example 13

Calculate log 5 and log 0.125 given that log 2 = 0.3010

Solution
10
log5 = log (?)
= log 10 — log 2
=1-0.3010
= 0.699
log 0.125 = log (%)
=log1 —log8
= —3log?2
= —3(0.3010)
= —0.903
Example 14

Express élog 8 —log G) as a single logarithm.
Solution

1 _ 2) = 1/3 _ 2

. log 8 — log (5) =log8 log (5)

-tz ()
z iog gz X 2)

Example 15
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Solve the following equations;
(a)3* =10 (b) 541 =72 ()22* - 2¥ =6
Solution

(@)3*=10
Taking logarithm of both sides gives
log3* =1log 10

— = 1 oglo
1 og3
=L —20959
0.4771

(b) 54x—1 — 7x+2
Taking logarithm of both sides gives
log 54x—1 — log 7X+2
= (4x —1)log5 = (x + 2)log7
= 4xlog5 —log5 =xlog7 + 2log7
= x(4log5 —log7) = 2log7 + log5

— x = 21 o0g7+1 og5
41 og5-10g7
~x = 1.2247

(=22 -2"—-6=0
= (2%)2-(2%)-6=0
Lety = 2%
=y2—y—6=0
=+ -3)=0
Solving gives = —2; 2*¥ = —2 NA
y=3;2%=
Taking logarithms gives
log2*¥ =log3

_log
1 og2

~ x = 1.5850

=X

Example 16
Solve the pair of simultaneous equations

log(y — x) = 0and2logy = log(21 + x)

Solution

Iflog(y — x) = 0, then y — x = 1 using properties of logarithms,
2logy =log(21 + x) becomes

logy? =log(21 + x)

= y2 = (21+x)
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= y?2—x=21
We can now solve

Y2 =% =21 weeeemee. (2)

Subtracting (2) from (1)

=y2—y—-20=0

= (-50@+4)=0

Solving givesy = 5andy = —4
=x=5—-1=4andx=-4—-1=-5

~The solutionsarex =4,y =50rx = =5,y = —4.

Example 17

2b | b?
Prove that 2log.(a + b) = 2log, a + log, (1 +24 ;)

Solution
From LHS
= 2log.(a + b) =log.(a + b)?
= log.(a? + 2ab + b?)

2
=10gca2(1+%+%)
2
= log. a? + log, (1 +%+%)
2
=210gca+10gc(1 +2a—b+%)
= RHS

2
~ 2log.(a+b) = 2log. a + log, (1 + % + %) STV |

Example 18
Solve for x, log, 9 + log,2 3 = 2.5

Solution
log 3

= log, 9 + =25

1 og, x2

= log, 9 + %logx 3=25
= log, 9 + log, V3 = 2.5
= log, 9v3 = 2.5

— 9¢/3 = x25

—, 3(2%3) = 425

— 325 — 425

ax =3
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1
2
3
4.
5
6
7

()

Example 19

Solve the equation 2log, x + 1 —log, 4 =0

Solution

1
z210g4x+1—10&x—0

Lety = log, x

=2y+1 —%: 0
=2y2+y—-1=0

= Qy-1Dk+1)=0

= y=1/20ory = -1

= log,x=1/2;x =42 =2
=log,x=-1;,x=4"1=1/4

~the solutionsarex = 2 andx = 1/4

Example 20
Solve the equation log,o x = logs 2x

Solution
Lety = logiox; 10V = x......(1)
Alsoy = logs 2x

Equation (1) +(2)

10Y _ «x
5Y T 2x
5Y.2Y 1
5 2
= 2V =271
= x =101
1
X = —

10

Exercise 1.3

. Show that log,(a? — x?) = 2 + log, (

. Show that log, b.log;, c.log.a =1
. Solve the equation 3** = 9***  Ans(x = —2,4)

Solve the equation 23%*1 = 5%*1  Ans(x = 1.95)

. Solve the equation 9* —4 x3* +3 =0 Ans(x=0,1)

. Solve simultaneously the equations 2**Y = 8,32*™Y = 27 Ans(x =2,y = 1)

Solve the following equations;
52 -5 + 6 =0
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(b)log, 8 —log,216 =1
(©)logy 3 +logzx = 2.5

(d)logyo () =1
(e)27"_3 =3 x9¥2
(f) 2% x 3x+1 — 52x+1
(g) 10810(x2 + 9) -2 10g10 x=1
a+b

8. Ifa? + b? = 23ab, show hatloga + logh = 2log (T)

1 0gy27+1 0gV8-10gV125 _ 3
1 og6—1 og5 )
10.Express as a single logarithm in its simplest form
log2 + 21og 18 — Zlog36

11.Simplify the following expressions

(a)3log, (g) — 2log, (1790) + log, (%)

(b)log,+/(a* +1) — %loga (1 + %)

(c) logs{(a® + 1)* = (a® — 1)*} —log, 2a

12.Find x from the equation

(a)log(x? + 2x) = 0.9031

(b)3* — 37% = 6.832

(c) 22¥*8 —32(2%) + 1 = 0s

(d)(2.4)* = 0.59

13.1f2logg N = p,log, 2N = q,q — p = 4, find N.

14.1f a® + b? = 7ab, prove thatlogg (a+b) = %(loga + log b)

9. Without using tables, show that

15.If x = log, bc,y = log, ca,z = log. ab, prove thatx +y + z = xyz — 2
16.Solve the equations
(@)log 4 4x =log, x
(b)log, 4 + log, n? =
17.Determine log, 2401 when x3 = 7
18.Prove that logx = —%log{l —{1-{1—x2}"31
19.Solve the following equations
(a)log, 4x = 8log, 2
(b)loge x = log; 3x
20.Given that x and y are both positive, solve the simultaneous equations
X

log(xy) =7, log (;) =1
21.Solve the simultaneous equations;

2% 4 3Y =5, 243 _3y+2 =23
22.Given thatlog(p — q + 1) = 0and log(pq) + 1 = 0, show thatp = q = \/%_0.
23.Solve the pair of simultaneous equations;
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(@) log(x +y) =0, 2logx =log(y — 1)
(b)log, x? +log, y3 =1, log, x —log, y3 =
24.Given that logs x = t, express in terms of t;
(a)logs 5x2 (b)log, 5 (c)log,sx (d) log, 0.2
25.Solve the equations;

(a)log, x* + log, 4x = 12

(b)log; x = 41log, 3

(c)3loggx = 2log, 8+ 5

(d)logs x + logs(1/x3) = 2

(e)2logsx +3log,4 =7

(f) logs x + log, 25 =3

CHAPTER 2
EQUATIONS
2.1 Linear and simultaneous equations
Linear equations in one variable
e Alinear equation is one which can be expressed in the formax + b = 0,e.g. x + 3 = 0.
Example 21
Solve the following equations;
(@Q)3x—7=x+3

M)4(x+1)—-3(x—5)=17

x+5 3x+11

(O ==
2 3
D=5
x+7 4x—19
(e)2x + = T

() ;Gx—4) +-(x+2) =13 —x
6x+1  3x-2

(@ =

2x-5 x+1

Solution

@Q=3x—x=3+7
= 2x =10
“x=5
(b)4x +4—-3x+15=17
= x+19=17
= x=17-19
X =-=2
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(¢) Multiplying through by LCM=10

— 10(5) = 10(222)

= 5(x+5) =23x+11)
= 5x + 25 = 6x + 22

= 5x — 6x = 22— 25
= —x =-3

~“x =3

(d) Cross-multiplying
= 10 =3(x+1)
= 10 =3x+3
= 3x=7
7
X = 3
(e) Multiplying through by the LCM=15
= 15(22) + 15 (22) = 15 (*=2)
= 30x + 5(x + 7) = 3(4x — 19)
= 30x + 5x + 35 = 12x — 57
= 23x = —92
wx=-4
(f) Multiplying through by LCM =21

= (21)5 (5x — 4) + (21)7 (x + 2) = 21(13 — x)
= 7(5x —4) +3(x+2) =21(13 — x)

— 35x — 28+ 3x + 6 = 273 — 21x

= 59x = 295

“x=5

(g) Cross-multiplying
= 6x+1)(x+1)=0Bx—2)(2x—5)
= 6x%+7x+1=6x%—19x + 10
= 26x =9

9
S X = —
26

Linear Simultaneous equations in two variables
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e There are many methods of solving these equations and amongst which we shall
have;

(i) Elimination method

(ii) Substitution

Method 1: Elimination.

Example 22

Solve the pair of simultaneous equations;

5x —7y =27
2x+3y =5

Solution

5x =7y =27 oeimeaemnn. (D
2X+ 3y =5 s (2)

Adding (3) and (4) give

29x =116

x=4

Substituting x = 4 into equation (2) to find y
= 2(4)+3y =5

= 8+3y=5
y=-1
~the solutionisx = 4,y = —1

Method II: Substitution

Example 23

Solve the simultaneous equations
3x+4y—-27=0

5 +y—-11=0

Solution

3x+4y —27 =0 ceeeee. (D
5x+y—11=0 wosrenn. (2)

Making y the subj ect in equation (2) gives
Y =11 —=5X oeiccimieinces (3)

Substituting (3) into (1) gives
3x+4(11—-5x) —27=0
= 3x+44—-20x—-27=0
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= —17x = =17

~x=1

Substituting x = 1 into (3) gives

y=11-50)

Ly=6

-~ the solutionisx =1,y =6

Linear simultaneous equations in three variables

There are a variety of methods for solving these equations

Method I: Eliminations method.
Example 24
Solve the simultaneous equations;

2x+3y+4z=8, 3x—2y—3z=-2, 5x +4y+2z=3

Solution

2x+3y +4z2 =8 ereeeee. (D

3x =2y —3Z= =2 ceeremen (2)

S5x +4y +2Z2 =3 e 3)

yandz may be eliminated easily, we eliminate y as follows
2X(2)+(3):11x —4z=—1uuuueee. (4)
3X(3)—4(1):7x —10 = =23 ciciminnee (5)

5x(4)—2x(5): 41x = 41
~sx=1z=3,y=-2

Method 2: Row reduction to echelon form.

This involves reducing the matrix of coefficients into a meaning matrix of the form

1 a b
(0 1 c)
0 0 1

Example 25
Solve the simultaneous equations;
2x+3y+4z=8, 3x—2y—3z=-2, 5x+4y+2z=3

Solution

Ri /2 3 4\ ,x 8
Ra(3 —2 -3 <y>= -2
Rs\s 4 2/\z 3
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2R2 - 3R1 — Rz, 2R3 - 5R1 — R3

R, /2 3 4\ ,x 8
R0 —-13 -18 <y>= -28
Rz \0 -7 -—16/ \z —34

13R; — 7R, — R,

Ry /2 3 4 X 8
R {0 —-13 -18 <y>= —28
Rs\o o0 -82/\z —246

Ry Ry R3
2 Ry o gy ks
1 15 2\ ,x 4
18 28

0 1 E <y>— E
o 0 1/ % 3
=z=3

18 28 28 18
:>y+EZ_E'y_E_E(3)__2

= x+ 15y +2z=4
=>x=4—-(15x-2)—-(2x3)=1
cx=1y=-2z=3

Method 3: Substitution method

This involves making one letter the subj ect and then we substitutte it in the other two
equations

Example 26

Solve the following equations simultaneously

2a+b+3c=11

a+2b—2c=3

4a+3b +c =15

Solution

2a+b+3c =11 .. (D)
a+2b—2c=3 s (2)
4a+3b+c =15 3)
From (2)a =3 —2b + 2Cecvccvreenne 4)

Putting equation (4) into (1) and (3) gives
23=2b+2c)+b+3c=11

= —3b+7c=5ciieuee . (5)
4(3—-2b+2c)+3b+c=15
= —5b+9¢ =3 s (6)

Solving (5) and (6) simultaneously
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From (5) b =" (7)
Putting (7) into (6) gives
—5(=E) +9c =3

= 25—-35¢c+27c¢ =9

= —8c=-16; c =2
From(7)b=5:—;c=5_+§2)=3

From (4);a=3—-2b+2c=3-2(3)+2(2) =1

~a=1b=3,c=2

Exercise 2.1
1. Solve the following equations;

X+l x-2 _ 2x+43
@) 3 4 6
(b)2x + 3(x — 1) = 4x + 124Ans(x = 15)

x+5 x—1

(©) -~ = TAns(x = —35)

2. Solve the following equations;
(@A)3(5—x)—4(3x—2) =27

6 5
(b)m_3x+4
3x+1  7x+9
(c) 5x — =

(=" —2x+1="2

(e)%(Zx— 3) —i(Sx— 2)=x+1

3. Solve the following equations simultaneously;

(@)2x -3y =7, 2x + 3y = 14Ans(2,-1)

(b)3x—y=1,5x+y =7A4ns(1,2)

©2x—=7y=1, 2x+ 3y = 114ns(4,1)

(d)3x —4y =5, 6x — 4y = 2Ans(—1,-2)

4. Solve the following equations simultaneously
(@3p+2q+5r=7,2p—4q+9r =9, 6p—8q +3r=4
(b)2x +3y+4z=—-4,4x+ 2y +3z=-11,3x + 4y + 2z = -3
(o)d—2e+3f=4,5d+6e—7f=8,7d—5e+6f =4

2.2 Quadratic equations:

e An equation of the form ax? + bx + ¢ = 0; (a # 0) is called a quadratic equation.
e There are three types of quadratic equations;

Typel;ax* +c =0

Example 27
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Solve the following equations

(A)x2—16=0 (b)x?—24=0
Solution
(A= x? =16
= x? = +V16
~x =14
(b)=> 2x2 = 24
=x2=6
= x =1V6
& x = +2.4495
Typell: ax?> + bx = 0

Example 28

Solve the equations;
(A)x?=7x=0 (b)3x*+5x=0

Solution

@=x(x—-7)=0
= x=00rx—-7=0
~x=0o0rx=7
~the solutionsarex = 0and x = 7
(b)=x(Bx+5)=0
= x=00r3x+5=0
~x=00rx=-5/3
~the solutions are x = 0 and x = — 5/3.

Type III: ax? + bx + ¢ = 0:

There are basically three methods of solving these equations;
Method I: Factoriz ation

Example 29

Solve the following equations;

(A)x2+5x+6=0

(b)2x2 —13x—24 =0
()x?—x—-10=x+5
(MBx+1)Rx—1)—(x+2)2=5
(=+2=3
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2x+1 _ 3x-1
X+5  x+7

<)

Solution

Q= x+2)(x+3)=0

=x+2=00rx+3=0

= x=—-20rx=-3

~the solutions are x = —2 and x = —3
M= 2x+3)(x—8)=0

= 2x+3=00rx—8=0

= x=—-—3/20rx =38

~the solutionsare x = —3/2and x = 8
()= x2—-2x—-15=0

= (x+3)(x—-5) =0

=x+3=00rx—5=0

= x=—-30rx=5

~the solutionsarex = —3andx =5
(d=6x2—x—-1—-(x*+4x+4)=5

= 5x2-5x—5=5

= 5x2—-5x—10=0

=5x%?—-x-2)=0

=5x+1Dx-2)=0

=x+1=00rx—2=0

= x=—1lorx=2

~the solutions arex = —1 and x = 2
(e) Multiplying through by the LCM = x(x — 1)

= x(x—1) (ﬁ)+x(x—1) (%) =3x(x—1)
= 4x+3(x—-1)=3x(x—-1)

= 4x + 3x — 3 =3x% - 3x

= 3x2-10x+3=0

= Bx—-1x-3)=0

= 3x—1=00rx—3=0

= x =1/30orx =3

~the solutionsarex = 1/3 andx = 3

(f) Cross-multiply
= 2x+Dx+7)=Bx—1)(x+5)
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= 2x2+15x +7 =3x?>+14x -5
=x2—x—-12=0

= x+3)(x—4)=0
=x+3=00rx—4=0

= x=—-30rx=4%
~the solutionsarex = —3 andx = 4
Example 30

A piece of wire of length 1m is cut into two parts and each part is bent to form a
square. If the total area of the two squares formed is 325c¢m?, find the perimeter of
each square.

Solution

Let one of the pieces of wire be of length x cm. Then the other piece is of length
(100 — x)cm.

A B [
| | |

xeom I (100 —x)cm I

The square formed from the piece AB has sides of lengthf cm

) em

The area, A4,, of this square is given by;
a=()()=()em

The square formed from the piece BC has sides of length (102_)6) cm

(100 - x)
Z cm

(100 —x)
7 cm
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The area, A,, of this square is given by

o= () (22) = (22)

Since the total area of the two squares is 325 cn??

:>A1+A2:325

= () + (5>) =928

= x2 + (100 — x)? = 5200

= x2 + 10000 — 200x + x% = 5200
= 2x2 —200x + 4800 =0

= 2(x? — 100x + 2400) =0

= 2(x —40)(x —60) =0
=>x—40=00rx—60=0
~x=400rx =60

If x = 40 ¢m, the square formed from the piece of wire AB has perimeter 40cm, and
the square formed from the piece of wire BC has perimeter 60 cm.

If x = 60 cm, the square formed from the piece of wire AB has perimeter 60cm, and
the square formed from the piece of wire BC has perimeter 40 cm.

Method 2: Completing squares:

e Completing squares is the process of adding half the coefficient of the x term squared.

: b\?2

e If we want to make x2 + bx into a perfect square we add (E) .
b\?2 b2
x? +bx+(5) =x*+bx+—

() e+

2
= (x + 2) which is a perfect square

e The process of completing squares is used to express a quadratic expression
ax? + bx + cin the forma(x + p)? + q where p and q are constants.
e First we look at those quadratic expressions in which a = 1.
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e Ingeneral x* + bx + ¢ = x* + bx + (g)z te- (2)2

2 2
=(x+3) -Z+c
2 4
Example 31

Express x? + 6x — 1 in the form a(x + p)? + q. Hence solve the equation

x2+6x—1=0.

Solution

=x?+6x—1=x24+6x+9—-1-9
=(x+3)2-10

Rewriting the equation x% + 6x — 1 = Ogives

(x+3)2-10=0

= (x+3)2=10

= x +3 = +/10

= x=-3++10

~the solutions are x = 0.1623 and x = —6.1623

Qn. Use the method of completing squares to solve the equation x? — 3x + 1 = 0.
e We can now look at examples of the form ax? + bx + c.

Example 32

Express 2x% + 8x + 5 in the form a(x + p)? + q and state the values of a, p and q.

Solution

=>2x2+8x+5=2(x2+4x+§)
=2(x? +4x+4+3-4)
=2|(x+2)% -

=2(x+2)>-3
Therefore,a = 2,p = 2and q = -3

Example 33

Express 3x2 + 15x + 20 in the form a(x + p)? + q. Hence show that the equation
3x2 + 15x + 20 = 0 has no real roots.

Solution
2 2 20
= 3x +15x+20=3(x +5x+?)

_ 3<x2 +5x + G)Z - @2)
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2

= (x+3) =-2

2 12
x+2=4[-2
2 12

-~ Since ’—1—52 is not real, the equation 3x? + 15x + 20 = 0 has no real roots.

Example 34

Find the minimum value of f(x) = 13 + 6x + 3x? and state the value of x for which
this occurs.

Solution
f(x) = 13 + 6x + 3x2

=3(x2+2x+§)

=3(x2+2x+1+§—1)

= 3[(x+1)2 +13—0

=3(kx+1)? +10
The minimum value of f(x) is 10 and it occurs when (x + 1)? = 0; x = —1

Example 35

Find by completing squares, the greatest value of the function f(x) = 1 —6x — x?

and state the value of x for which it occurs.

Solution
f(x) = 1—6x —x?

=10 — (9 + 6x +x2)

=10 — (3 + x)?
Since(3 + x)? is the square of a real number it cannot be negative, it is z ero when x=
3, otherwise it is positive. Consequently 10—(3 + x)?is always less than or equal to
10.
~the greatest value of the function is 10 and this occurs when x=-3.
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Example 36
Show that 3x% + 10x + 9 cannot be negative and find its least value.

Solution
By completing squares;
=>3x2+10x+9=3(x2+§x+3)

=3(x2+2x+§+3—§)
3 9 9

2
=3 [(x +3) + 3]
3 9
2
=3(x+3) +2
3 3
. 5\2 . . .
Since (x + 5) is a square, the least value it can take is z ero, so that3x2 + 10x + 9

. )
cannot be zero and its least value isz.

Example 37
Find the least value of the function f(x) = Fl—xz and state the value of x for which it
occurs.
Solution
1

f(x) = 2-2x—x2

_ 1

T —(x242x-2)

1
—(x2+2x+1-2-1)
1
—[(x+1)?-3]
1
T 3—(x+1)2
The least value of f(x) is 1/3 and it occurs when(x + 1)? = 0i.e.x = —1

Example 38
. 1 o
Find the greatest value of g(x) = ————— and state the values of x for which it
13+6x+3x

occurs.
Solution

1
9(x) = 13+6x+3x2

1

3(x2+2x+13—3)

1
3(x2+2x+1+13—3—1)
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1
- 3[(x+1)2 +13—°]
_ 1
T 3(x+1)2 +10
~the greatest value of g(x) is 1/10 and it occurs when (x + 1)? = 0ie.x = —1

Method 3: Quadratic formula:

e Ifax?+ bx+ c = 0,where a, b and c are constants with a # 0, then

__ —btVb?—4ac
x= 2a
Example 39

Solve the equations;

(@Q)x?+ 11 =7x
(b)2x% — 11x + 12 = 0

Solution

(@Q)x2—=7x+11=0
Usinga=1,b=—-7andc =11
—(=7EJ(=7)*—4(1)(11)
2(1)
~x =4.618 orx = 2.382
(b)2x?2 —11x+12 =10
Usinga=2,b=—11andc =12
_ —C1)+/(-1D2-4(2)(12)
2(2)
~x=4orx =15
Qn. Solve the equation;
(A)x2—8x+4=0 (b)5x*+4x+10=0
Discriminant of a quadratic equation:

= X =

=X

e The quantity D = b? — 4ac is called the discriminant of the quadratic equation
ax?+bx+c=0.

e The type of root which arises from a quadratic equation depends on the value of the
discriminant.
If;
(i) D = 0; the roots of the equation arex = ;—2 and x = ;—2 and these are called

repeated/equal roots.

‘s L —b—Vb2—4 —b+Vb2-4
(ii) D > 0; the roots are unequal/distinct and arex = Tac and x = %

(iii) D < 0; there are no real roots of the equation.
e The following are the graphs for the above conditions for a > 0
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0 (i) (i)

Note: If the roots are real then D > 0

Example 40

Find the discriminant and stat whether the equation will have two real roots, no root
or arepeated root in each of the following cases.

(a)3x2—5x+2=0 (b)4x?—28x+49=0 (c)5x> —7x+3=0
Solution

(a) Calculating the discriminant witha = 3,b = —5 and ¢ = 2 gives
D = b? — 4ac
= (-5 -4(3)(2)
=1
Since D > 0, then the equation 3x? — 5x + 2 = 0 has two real distinct roots.
(b) Calculating the discriminant with a = 4, b = —28 and ¢ = 49 gives

D = b? — 4ac
= (—28)* - 4(4)(49)
=0
Since D = 0, then the equation 4x? — 28x + 49 = 0 has equal roots.
(c) Calculating the discriminant witha = 5,b = —7 and ¢ = 3 gives
D = b? — 4ac
= (-7)* - 4(5)(3)
=-11

Since D < 0, then the equation 5x? — 7x + 3 = 0 has no real roots.

Example 41
Find the values of the constant k given that the equation

(5k + 1)x? — 8kx + 3k = Ohas a repeated root.

Solution

For repeated root if the discriminant D = 0

Calculating the discriminant of the equation witha = 5k + 1,b = —8k and ¢ = 3k
= D = b? — 4ac
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= (—8k)? — 4(5k + 1)(3k)
= 64k? — 12k(5k + 1)
~ D =4k* - 12k
Putting D = 0 and factorizing gives
4k? — 12k =0
4k(k—3) =0
~k=00ork—3=0
~k=0o0ork=3
~the required values of k are 0 and 3

Example 42

Find the range of values k can take for kx? — 4x + 5 — k = 0 to have two real distinct
roots.

Solution

The equation kx? — 4x + 5 — k = 0 has two real distinct roots if D > 0
Calculating the discriminant of the equation with a = k,b = —4 and ¢ = (5 — k) gives;
D = b? — 4ac

= (—4)% - 4(k) (5 — k)

=16 — 20k + 4k?

Putting D > 0

= 4(k* -5k +4)>0

= k-4)(k-1)>0

Letk—4=0k=4andk—-1=0;k=1

~k=14%

Investigation table

k 1<k k>4
<1 <4

(k=1 : + +

(k—4) : : +

(k—1)(k + - +

The required ranges are k < land k > 4.
Example 43

If x is real, show that the expression y = (x? + x + 1) /(x + 1) can have no real value
between —3and 1.

Solution
Rearranging as a quadratic in x
= x+Dy=x*+x+1
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=x2+(1—-y)x+1—-y=0

For x tobereal, (1 —y)? —4(1)(1—-y) =0
= 1-y)(-3-y)=0
Letl—-y=0,y=1and (-3—y)=0;y=-3
~y=-3,1

Investigation table

y < -3 -3<y<l1 y>1
1-y) + + -
(=3-Y) + - -
1-y)(=3~-y) + - +

~the expression has no real vales between —3 and 1.
Exercise 2.2a

1. Solve the following quadratic equations;

(A)x2—=5x4+6=0 (b)x2=3x—4=0 (c)2x>—3x—-5=0

D = 7@ = O+ =8

2. The perimeter of a rectangle is 34 cm. Given that the diagonal is of length 13 cm, and
that the width is x ¢m, derive the equation x? — 17x + 60 = 0. Hence find the
dimensions of the rectangle.

3. A train usually covers a j ourney of 240km at a steady speed of v kmh™1. One day, due

to adverse weather conditions, it reduces its speed by 40kmh~'and the j ourneytakes

one hour longer. Derive the equation v% — 40v — 9600 = 0, and solve it to find the
value of v.

4. Use the method of completing squares the solutions to ach of the following quadratic
equations in the form a + b+/n, where a and b are rational, and n is an integer .

(@x2—4x+1=0(Mb)x*+12x+5=0(c) x> —9x+10=10

5. Use the method of completing squares the solutions to ach of the following quadratic
equations in the form a + b+/n, where a and b are rational, and n is an integer .

(A)2x2—3x—-3=0(b)3x2+5x—1=0(c)7x*—14x+5=0

6. Express x? + 4x + 7 in the form (x + p)? + q. Hence show that the equation
x% 4+ 4x + 7 = Ohasno roots.

7. Find the real roots, if any, of the following quadratic equations, giving your answers in
surd form;

(@Q)x2—=3x+1=0(Mb)2x>+3x—-1=0(c)1—-2x—x2=0

8. Find the values of k for which the following equations have equal roots

(@Q)x?+2kx+k+6=0(0b)(x+1D(x+3)=k

9. Find the range of values of p for which each of the given equations has two distinct
real roots.

(@Q)x2+2px—5p=0(b)3x> +3px+p?=1(c) x(x+3) =p(x—1)
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(d)p(x?—1) =3x+2

10.Find the values of p for which the expression x2 + (p + 3)x + 2p + 3 is a perfect
square.

11.Prove that the roots of the equation (k + 3)x? + (6 — 2k)x + k — 1 = 0 are real if and
only if k is not greater than 3/2.

x2—x

12.Show that the function f(x) = x—1_6 takes on all real values.

13.Show that the equation kx(1 — x) = 1 has no real roots if 0 < k < 4.

2

14.Show that for all real values of y, the expression ﬁ always lies between —4/7
and 4.

15.Find the values of u for which the equation 10x2 + 4x + 1 = 2ux(2 — x) has equal
roots.

. x2+1 . . 1
16.Show that, if y = Y takes all values twice, except those for which — —=Yy= 1.

17.Given that the equation x? — 3bx + (4b + 1) = 0 has a repeated root, find the
possible values of the constant b.

18.Show that there is no real value off the constant c for which the equation cx? +
(4c + 1)x + (c + 2) = 0 has arepeated root.

Disguised Quadratic equations:
e These are equations which don’ t appear to be quadratic but in actual sense they are.

Example 44
Solve the equationx* + 5x%2 — 14 = 0

Solution

= (x2)2+5x2—-14=0

Lety = x?

= (y)?+5y—14=0

= y+7NDy-2)=0
~y+7=00ry—2=0
wy=-=7;x2=—7NAory =2; x?> =2
nx = +V2 = £1.4142

Example 45
Solve the following equations;

@)x—9V/x+20=0
(b)x2+2x —4+——=10
xX“+2x

() x*3 +16x7%/3 =17
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Solution

(a) Rewriting the equation gives;
(Vx)" —9(vx) +20 = 0
Lety =/x
= y2—-9y+20=0
= -y -5=0
=y=4+Vx=4:.x=16
=y =05 vJx=5x=25
~the solutions are x = 16 and x = 25.

(b)With z = x? + 2x gives
Z—4+2=0
=z2-4z4+3=0
=(z-3)z—-1)=0
= z=1o0r3
Withz =3
= x2+2x=3
=x2+2x—-3=0
= (x+3)(x—-1)=0
= x=—-30rx=1
Withz =1
=>x2+2x—1=0
£ = Z2E/Ar D

2
x = 04142 or x = —2.4142
~the solution are 1, 0.4142, —2.4142, -3
(c) Rearranging the equation gives
16
X3+ = =17
4/3

Lety =x
=>y+§=17

=y2-17y+16 =0

= @y-16)(y—-1) =0

=y =16; x*3 =16;x = (16)%/* =8
sy=,Lx=1

~the solutionsarex = 1and x = 8

Sketching the graphs of the quadratic functions

Example 46
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Express y = x? — 2x — 8 in the form a(x + p) + ¢ and hence sketch the graph of
y=x%—2x-—8.

Solution
Completing squares
=y=x?-2x—-8=x?-2x+1-8-1
=(x-1)?%-9
Since (x — 1)? > 0 with equality holding when x = 1, the minimum value of y is —9
and this occurs when (x —1)? =0;x = 1
The coordinates (1, -9) is the minimum point of the graph.
The graph cuts the x — axi swheny = 0 i.e.
x2-2x-8=0
x+2)(x—4)=0
x=—-2o0r =4
(-2,0), (4,0)
The graph cuts the y-axis when x = 0. That is when y = —8; (0, —8)

=x%>—-2x—8

-
-

N

Qn. Express y = —x2 + 10x — 21 in the form a(x + p)? + q and hence sketch the
graph of y = —x? + 10x — 21

Exercise 2.2b

1. Solve the following equations for x;
(@)x*—13x2+36 =0 (b)8Vx =15+ x (c) x® + 16 = 17x*

6 10 _ 9 5 4
(Dx?+1== 2+ =% OZ=x+Z@xx+D+

24
x(x+1) -

14

2. Solve the following equations;
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(@Q(x+3)?2-5x+3)+4=0 b)) Bx—1)?+6(Bx—1)-7=0
3. (a) Solve the equation y? — 7y + 10 = 0
(b)Hence find the solutions to (x? + 1)2 —7(x> + 1)+ 10 =0
Ans((a)2,5(b) £1,12)
4. (a) Solve y2 — 5y — 14 = 0.
(b) Hence find the solutions to (x3 —1)? —=5(x3>—-1)—14 =0
Ans((@)(=2,7), (b)(~1,2))
5. For each of the following find the minimum value of y and state the value of x at
which it occurs.
@Qy=x*+4x+6(b)y=2x>+10x—-5(c)y=5x2—-2x+8
1

Ans ((a)y =2,x=-2,(b)y=-175,x =-25(c)y = —7§,x = E)

6. For each of the following find the maximum value of y and state the value of x at
which it occurs.

(Q)y=3-2x—x%2(b)y=3+2x—2x%2(c)y =12 + 7x — 14x?

Ans((a)y = 6.25,x = —-1.5(b)y =3.5,x =05 (c)y = 12§,x = 0.25)
7. Use the method of completing squares to sketch the graphs of these quadratics.
(Q)y=x?>—6x+8(b)y=2x>—4x+5(c)y =3x?> — 18 + 24

(dy=—x>+2x—-3(e)y=15—4x —4x? () y = 10 + 3x — x?

8. A farmer has 40m of fencing with which to enclose a rectangular pen. Given the pen is

x m wide,

(a) Show that its area is (20x — x2)m?

(b) Deduce the maximum area that he can enclose. Ans(100 m?)

9. (i) Write x? + 6x + 16 in the form (x + a)? + b, where a and b are integers to be
found.
(ii) Find the minimum value of x? + 6x + 16 and state the value of x for which this
minimum occurs.

(iii) Write down the maximum value of the function

Ans((x +3)?2+7,(id7 atx = =3 (i i)1/7)
10.Given that, for all values of x, 3x2 + 12x + 5 = p(x + ¢)?> + r
(a) Find the values of p,q and r
(b)Hence, or otherwise, find the minimum value of 3x? + 12x + 5.

(c) Solve the equation 3x% + 12x + 5 = 0, giving your answer to one decimal place.
Ans((a)p =3,9=2,r =-7,(b) — 7 (c¢) — 3.5,-0.5)

x2+6x+16

Simultaneous equations, one linear and the other nonlinear
Example 47

Solve the simultaneous equations y = x2 + 3x + 2andy = 2x + 8
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Solution

Eliminating y, obtaining

x> +3x+2=2x+8

=x>+x—-6=0

= (x+3)(x—-2)=0

sx=-3o0orx=2

Whenx = —-3;y =2(-3)+8 =2

Whenx =2;y =2(2)+8=12

The solutionsarex = =3,y =2andx = 2,y = 12

Example 48
Solve the simultaneous equations

x2+2x—y=14

2x% — 3y =47

Solution

x24+2x—y =14 e, (D

2x2 =3y =47 oeeeee. (2)

From equation (1) y = x? + 2x — 14.......... (3)

Putting equation (3) into (2)

= 2x% —3(x% + 2x — 14) = 47

= 2x%2—3x>—6x+42—-47=0

= —x2—-6x—-5=0

=x24+6x+5=0

= (x+5)kx+1)=0

sx=-50orx=-1

Whenx = —=5;y = (-5)2+2(-5)—-14 =1

Whenx = —1;y = (—=1)2 + 2(—1) — 14 = —15

The solutions are x = =5,y = landx = -1,y = —15.

Example 49

Solve the equations

x+-=1
y

1
y+;—4

Solution

The equations become;
xy+1l=y

xy+1=4x

= y = 4xand on substitution
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1.

= 4x2 +1 = 4x

= 4x? —4x+1=0

= 2x—-1)?=0~x=1/2
=y =4x=4(1/2) =2

~the solutionisx = 1/2,y =2

Exercise 2.2(c)
Solve the simultaneous equations;

(Q)x+2y=3,x2—xy+5y>+2y=7
(b)x? + 2xy = 3,3x% —y% = 26

2 2_gt  1_5
©x*+y —5»xz+yz—4

2.

3.

Solve the simultaneous equations 2x? —xy + y2 =32andy = — 5/x
Ans(x = +5/V2,y=—/2,x =+1,y = +5)
Solve each of the following pairs of simultaneous equations;

@y=3x—4y=x?>—4x+6 (b)xy =2,3y —2x =11

Ans((@)(2,2), (b)(—6,—1/3),(1/2,4))

. . 2 2(y-4
Solve the simultaneous equations % + (xyTz) +3=0x—-y=3

The sum and product of the roots of a quadratic equation

The general quadratic equation ax? + bx + ¢ = 0 can be written as

c

x% + gx LIl U (1)

If @ and B are the roots of the equation ax? + bx + ¢ = 0,
=S x-a)x—-p)=0

=Sx2—(@+B)x+af =0 ercmeeeermnne (2)

Since equations (1) and (2) are identical

= a+f= —g....(sum of roots).....*

We can use our knowledge of (¢ + ) and af to find the value of other symmetrical

expressions in @ and 3.

Also we can find the equation whose roots are known using the formula

x? — (sum of the root x + (productof roots) =0
The following are the useful identities:

(a)From (a + f)? = a? + 2ap + p*?

= a’+ p% = (a+p)?* - 2ap
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(b)From (a + )3 = a® + 3a?p + 3ap? + B3
= a3+ p3=(a+p)3—-3aB(a+p)
(c) From (a — f)? = a? — 2ap + p*?
= (a—p) =Ja?+ p% —2ap
=J((a+p)? - 2ap) — 2aB
=J(a+p)? - 4ap

Example 50
Write down the sum and product of the roots of the equations;

(a)3x2—6x+2=0
(b)5x2+11x+3 =0
()x?+5x=1

Solution

(aA)3x2—6x+2=0
(-=6)

The sum of the roots = ———== 2

wlN W

The product of the roots =
(b)5x%2 +11x+3 =0
The sum of the roots = — an

The product of the roots = %
()x2+5x—1=0
The sum of the roots = =5

The product of the roots = —1
Example 51

Write down the quadratic equation, the sum and product of whose roots are 3/4 and
—7 respectively.

Solution

The equation is x? — %x +(=7)=0ie.4x>—-3x—-28=0
Example 52

Given that one root of the equation 3x2 + 4x + k = 0 is three times the other, find k.

Solution

Let the roots of the equation be aand 3a.

4, 4 1
The sum of the roots = o + 3a = —El.e.4a =—gha=—7
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The product of the roots = a.3a = S

= 3a% =

1\% &k
=3(-3) =5ak=1
Example 53

If @ and B are the roots of the equation 3x? — 5x + 1 = 0, find the values of;
(a ) + () a® + % (c) 5= azﬁ
Solution
5 1
a+,8—§andaﬁ—§

ei=L2-0)- () -s

(b)a? +p% = (a+B)? - 2ap

_ 25 2
9 3
2
3

Example 54

If @ and B are the roots of the equation x? + 7x + 5 = 0, find an equation whose roots
area+landpf +1

Solution

Method 1:

a+f=-7,af =5

Sum of newroots, (a + 1)+ (B+1)=a+ B +2

=—7+42=-5
Product of newroots, (¢ + 1)(B+1) =af+a+ L +1
=5-7+1
=-1

The required equation is x> — (=5)x + (-1) = 0i.e. x> +5x —1 =0
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Method 2:
For the equation withrootsx =a+lorx = +1
=>x—1=aorx—1=p

Since the equation with roots a and Bis x? + 7x + 5 = 0, the required equation must
take the form (x — 1)2+7(x —1)+5=0

=>x?2-2x+1+7x—-7+5=0
~x?24+5x—1=0
Exercise 2.2(d)

1. Find the sums and products of the roots of the following equations.

(@)2x2 —5x—3=0 (b) 4x —==3 (0) 6 +x —x?
Ans((a)5/2,-3/2(b)3/4,-1/4(c)1,—-6)

2. Find the equations, the sum and products of whose roots are, respectively;

(@)3,2 (b)-1/2,3/4 (c)a/b,1/ab

3. Given that one root of the equation 2x? — kx + k = 0, where k # 0, is twice the other,
find k. Ans(9)

4. Given that the two roots of the equation x? + (7 — p)x — p = 0differ by 5,find the
possible values of p.Ans(4,6)

5. If @ and f are the roots of the equationax? + bx + ¢ = 0, prove that;
(i) ifp = 4a then 4b? = 25ac (ii) if B = a + 1 then a? = b? — 4ac

6. If a and f are the roots of the equation x2 — 3x — 2 = 0, f1nd the values of;

@a+p®ap(©a’+p* (d)a’+p%() (@—p) (f)ﬁ2+ (8) a® — B2

7. If p+ q = 5and p? + g2 = 19, find the value of pg and write down an equation in x
whose roots are p and q. Ans(3,x% — 5x + 3 = 0)

8. Ifa— b = 3and a® + b? = 65, write down an equaltion in x whose roots are a and b.
Ans(x? + 11x + 28 = 0)

9. If a and p are the roots of the equation x? — 4x + 2 = 0, find equations whose roots
are (a) 3a,38 (b)a+3,6+3 (c)a+ 36,5 + 3a.
Ans((a)x? — 12x + 18, (b)x? — 10x + 23 = 0, (c)x? — 16x + 56 = 0)

10. Given that the equations 2x? + 3x + k = 0 and 3x? + x — 2k = 0 have a common
root, find the possible values of k. Ans(0, 1)

11.In the equation ax? + bx + ¢ = 0, one root is the square of the other. Without solving
the equation, prove that c(a — b)3 = a(c — b)3.

12.Prove that if the difference between the roots of the equation ax? — bx + ¢ = 0 is the
same as the difference between the roots of bx? — cx+ a = 0 then
b* — a?c? = 4ab(bc — a?).

13.1f @ and B are the roots of the equation ax? + 2bx + ¢ = 0. Prove that
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(et o (p 4 - e

a?c?
e . . V7
14.Find in its simplest rational form, the equation whose roots are VD)
15.Given that the roots of the equation x? + ax + (a + 2) = 0 differ by 2, find the
possible values of the constant a. Hence state the values of the roots of the equation.

1.3  Other equations:
(a) Condition for common roots:

Example 55

Show that, if the equations x? + ax + 1 = 0 and x? + x + b = 0 have a common root,
then (b — 1) = (a — 1)(1 — ab)

Solution

Let the common root be x;

x4 ax; +1=0 e cormenne. (1)
X2 42X+ D=0 cerees e @)

Equation (1)-(2) to eliminate x?

= (a@a-1Dx;+1-b=0
(b-1)

= X1 = (@1 "mrmm—— (3)
Eliminating x;; a X (2) — (1)
=x?(a—1)+(@h-1)=0
— 2 _ (1—ab) 4

Xy =Ty e (4
From (3) and (4)

(b-1)2 _ 1-ab

(a-1)2 ~ a-1

ab=1)2=(@—1)1=ab coeerrerermne. n

Exercise 2.3a

1. Show that, if the equations x? + 2px + g = 0,x? + 2Px + Q = 0 have a common root,
then, (g — Q)* + 4(P —p)(Pq —pQ) = 0.

2. Find the condition that the equations x? + 2x + a = 0, x? + bx + 3 = 0 should have a
common root. Ans((3 —a)? = (6 —ab)(b — 2))

3. Prove that, if the equations x? + ax + b = 0 and cx? + 2ax — 3b = 0 have a common

5a2(c-2)

(c+3)2

4. Show that if the expressions x2 + bx + ¢ = 0 and x? + px + q = 0 have a common
factor then (¢ — q)? = (b — p)(cp— bq).

5. Given that the equation y? + py + g = 0 and y? + my + k = 0 have a common root
show that (g — k)? = (m — p)(pk — mq)

root and neither a nor b is zero thenb =
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(b)Radical equations
e Here we use the identity (a + b)? = a? &+ 2ab + b?
¢ Finally we must check to see the most correct answer.

Example 56

Solve the equation \/(Sx —25) — \/(x -1 =2

Solution
= /(5x—=25)=2+,(x—-1)
Squaring both sides

2 2
= (JGx-25)) =(2+/G-D)
=5x—25=4+4/(x—1)+x—-1
= 4x—-28=4,/(x—-1)
=>x—-7=4J(kx—-1)
Squaring both sides again

2

= x-7?=(J&-D)
=x?-14x+49=x-1
= x? — 15x + 50
= (x—-5)(x—-10)=0
~x=50rx=10
Checking
When x =5
LHS = /(5(5) — 25) —+/(5 — 1) = —2 Nota solution
When x = 10
LHS = \/(5(10) —25) — \/(10 —1) =2 =RHS
~ x = 10 is the only root of the equation.

Example 57

Solve the equation \/(4 —-x)— \/(6 +x) = \/(14 + 2x)

Solution
Squaring both sides;

= (VG0 -JG6+n) = (JTa+20)
=4—x—2/[(4—x)(6+x)]+6+x=14+2x
= —2/[(4 —x)(6 +x)] =4 + 2x

= —/[4-)(6+x)]=2+x
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Squaring both sides again

2
= (/=06 +0]) = @2+x)?
= (4 —-x)(6+x) =4+ 4x + x?
= 24 —2x —x?> =4+ 4x + x?
= 2x2+6x—20=0
=2(x+5)(x-2)=0
= x=20rx=-5

Verifying

When x = 2

LHS = \/(4—2) — /(6 +2) =v2—V8= -2
RHS = /(14 + 2(2)) =18 = 3V2 # LHS
When x = -5

LHS =\ /(4+5) —/(6-5 =v9—-V1=2
RHS = /(14 +2(=5) =V4 =2 = LHS

~ x = =5 is the only solution.

Exercise 2.3b
1. Solve the following equations;

(@)J/(x+ 1D+ (x—2) =3 4ns(3)

b)J/Bx—-3)—Vx=1 Ans(4not1)

©Jx =5 +vx=5 Ans(9)

(d2(x— 1)+ (x—4) =x Ans(5)

(€)2{(2x —12) +,/(2x —3) =3 Ans(14 not 6)

O JoE—D+2/G—4 =4 Ans(5not227)

2. Find the only solution of the equation \/(4x -2)+ \/(x +1) - \/(7 —5x)=0
Ans(1 — %\/7)

3. Solve/(4x +13) —/(x + 1) = /(12 —x) Ans(3)

4. Solve the following equations;

(@)2J(x+5) —/(x+8) =2
() (x+1) +/Bx+1) =2{/(x+6)

(¢) The a quartic equations

e These are equations of the form Ax* + Bx3 + Cx? + Bx + A = 0;
e The coefficients are arranged symmetrically

e We divide through by x? and use a specific substitution.

Example 58
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Using the substitution y = x + %solve the equation 2x* — 9x3 + 14x2 = 9x+ 2 =0

Solution

Usingy = x + i;

= y? = (x + i)z

=>y2=x2+2+xiz; y—2=xz+xi2
Dividing through by x2

= 2x2—-9x + 14 —= =0

2
_2

=2(x*+5) - ( 2+ 14 =
=2y2—9y+14—0
= (y-2)2y—-5)=0
=>y=20ry=§
Wheny = 2
= x4-=2

X
=x2-2x+1=0
= x-1)°2?=0-~x=1,1
Wheny=§
Sx4-=1

X 2
= 2x*—-5x+2=0
S 2x—-1D)x-2)=0~x=1/2, 2
Therefore the roots of the equation are 1/2,1,1, 2

Exercise 2.3c

1. Solve the following equations;

(a) 6x* — 35x3 + 62x% —35x + 6 = 0 Ans(1/3,1/2,2,3

(b)4x* +17x3 + 8x2 + 17x + 4 =0 Ans(—1/4,—-4)

(O)x*—4x3+6x2—4x+1=0 Ans (1)

(d)x*—2x3—6x2—2x+1=0 Ans(—1,2 ++/3)

(e)y*—2y3 —2y2+2y+1=0 Ans(+1,1++2)

2. Using the substitution y = x? — 4x, or otherwise find the real roots of the equation
2x* —16x3 + 77x? —180x + 63 = 0

3. Solve the equation 2x*+x3—6x2+x+2=0

4, pr—x+—expressx +— x3 +—3,x +—1ntermsofp

5. Byputtingz=x+x"", solve the equation;
2x* —9x3 +14x?>—-9x+2 =0 Ans(1/2,1,1,2)
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(d)Relevant equations

Example 59

x+2y  y+2z _ 2x+z

Solve the simultaneous equations x + y + z = 2,

-3 4 5
Solution
X+Y+2Z="2u (D
From x+2y — y+2z — 2x+z —k
-3 4 5

3x+3y+3z _

— = k

3(x+y+z)

— = k
== k=1

T x4 2y = =3 (2)

P22 y+22=4 . (3)

T =1 204225 (4)
From (3)y=4—-2z...........(5)
Putting (5) into (1) gives
x+2(4—-2z)=-3
=X =4z = =11 s (6)
Solving (4) and (6)
X—4z = =11 .. (6)
2X +Z = 5 s (4)

2(6) — (4) gives
—9z=-27;, z=3
From (6) x = -11+43) =1
From (5)y =4 —-2(3) = -2
nx=1y=-2z=3
Exercise 2.3d
1. Solve the following simultaneous equations
x x+y _ x-y+z

T==" T,x2+y2+zz+x+2y+4z—6=0 Ans(2/7,4/7,6/7)

2. Solve the simultaneous equations x% = % = Zzl—x' x+3y+2z=4

() The square root of (a + Vb)

e Here w engage the skills of solving simultaneous equations that we have been using
before.
e Note the following;

@) /(a+ﬁ)=i(ﬁ+ﬁ) (ii) /(a—ﬁ)=i(d‘—ﬁ)

SIMPLIFYING PURE MATHEMATICS: BY MUKOOBA JOEL 0774454151: 0706355884 Page 48




Example 60

Find the square root of 14 + 6v/5

Solution

Let /(14 +6V5) = +(Vx +,/y)

Squaring both sides;
= 14+6VS5=x+2/xy+y
Equating rational and irrational terms;

Putting equation (1) into (2)
= x(14 —x) = 45

= x?—14x+45=0

= x—-9)(x—-5=0
~x=9o0or5andy =50r9

. (14 + 6v5) = +(VI +5) = +(3 + V5)

Exercise 2.3e

1. Find the square root of 5 + 21/6 Ans(i(x/? + \/E))
2. Express the square root of 18 — 12v/2 in the form vx — \/; where x and y are rational
numbers. Ans(+(V12 —6))

3. Find rational numbers a and b such that 3 + V2 = (a + b)(6 — \/i)z
Ans(69/578,37/578)
CHAPTER 3
POLYNOMIALS
3.1 Operation on polynomials
e An expression of the form a,x™ + a,_1x™ ! + a,_,x""% + -+ + a5 where
an,an_q, -, g are real numbers with a,, # 0 and n is a positive integer, is called a
polynomial of degree n.
e Whenn = 2, the polynomial is called a quadratic.
e Whenn = 3, the polynomial is called a cubic.
e When n = 4, the polynomial is called a quartic.

Example 61
Find the degree of each of these polynomials

(a)4x° +3x5 +x3 —x2+5x (b)x*—3x3+2x° -7
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Solution

(a) The highest power of x that occurs is 6. Therefore, the degree of the polynomial is 6.
(b)Rearranging the terms in descending order gives
2x% +x*—3x3 -7

The highest power of x that occurs is 9. Therefore, the degree of the polynomial is 9.
Example 62
Given the polynomial f(x) = 3x* + 2x2? — x + 7, evaluate;
@f(0) () f(=2)
Solution

(@) f(0) =3(0)*+2(02-(0)+7=7
(D) f(=2) =3(=2)*+2(-2)2 - (-2) + 7 =65

Addition and subtraction of polynomials

e Polynomials can be added or subtracted by collecting together terms of the same
degree. In general the result of adding or subtracting is also a polynomial.

Example 63
Given the two polynomials f(x) = 3x3 + 2x?2 — x + 4and g(x) = x3 — x? + 7.

Find;
@f(x)+gx) (b) flx) —g(x)

Solution

@F)+gx)=C@x3+2x2—x+4)+ (x3—x2+7)
=Bx3+x)+2x2—x)+(—x)+@+7)

=4x3 +x% —x+11
M) f(x) —gx)=CBx3+2x2 —x+4)— (x3—x%+7)
=Bx3—-x)+2x2+x)+(—x)+ A -7)
=2x3+3x>-x—-3
Multiplication of polynomials

e When two polynomials are multiplied together each term of one polynomial is
multiplied by each term of the other polynomial. In general, the product of any
number of polynomial is also a polynomial.
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Example 64

Given the two polynomials f(x) = x* + 4x — 1and g(x) = 2x* + x3 — 4x, find in
simplest form each of the polynomials.

@ f()gx) (b) 3f(x) + 4xg(x)

Solution

@) f(x)gx) = (x* + 4x — 1)(2x* + x3 — 4x)
= x*2x* + x3 —4x) + 4x(2x* + x3 — 4x) — 1(2x* + x3 — 4x)

=2x8 + x7 —4x° +8x° +4x* —16x%2 —2x* —x3 + 4
= 2x8 4+ x7 + 4x° + 2x* — x3 — 16x? + 4x

(b)3f(x) + 4xg(x) = 3(x* + 4x — 1) + 4x(2x* + x3 — 4x)
=3x* + 12x — 3 + 8x° + 4x* — 16x?
= 8x° + 7x* — 16x% + 12x — 3
Dividing polynomials

e Before we look at the technique of dividing polynomials, it will be useful to recall a
technique used in the division of numbers.

e One way of dividing’ 19 divided by 5’ is
19 . _ 3 4

5 = 3remainderd orl9=5x (cal L edhe quoti eVDC+ (cal [ ethe remai nier)

e The same method is also applied to polynomial division.
Example 65

Find the quotient and the remainder when the polynomial x? + 4x — 5 is divided by
x+3

Solution

Let the quotient be (ax + b) and the remainder be r

= x’+4x—-5=(x+3)(ax+b) +r

Expanding and collecting like terms

= x?+4x—-5=ax?+bx+3ax+3b+r
=ax?+ (b+3a)x+ (3b+71)

Comparing the coefficients of the x? term gives

a=1

Comparing the coefficients of the x term gives

3a+b=4 3+b=4 +b=1

Comparing the constant terms gives

SIMPLIFYING PURE MATHEMATICS: BY MUKOOBA JOEL 0774454151: 0706355884 Page 51



—5=3b+7r;-5=31)+r; ~r=-8

Therefore the quotientis x + 1 and the remainder is —8.

Note: the symbol =, which means ‘ is identically equal to’ . Strictly speaking should
always be used instead of = when dealing with identities.

Example 66
(a) Find the remainder when the polynomial x3 + x? — 14x — 24 is divided by

() (x+1) (i) x+3
(b) Hence factorizex® + x% — 14x — 24
Solution
(@) () let the quotient and the remainder be (ax? + bx + ¢) and r respectively
= x3+x?2—-14x—-24=(x+1D(ax?+bx+c) +7r
=x3+x2—14x—-24=ax3+bx* +cx+ax?+bx+c+r
=ax3+(@+b)x>+b+c)x+(c+7)
Comparing the coefficients of;
x3: a=1
x*; a+b=1, 1+b=1;, ~b=0
x;b+c=-14; ~c=-14
x%c+r=-24; -14+r=-24;, ~r=-10
When x3 + x? — 14x — 24 is divded by x + 1 the remainder is —10

()= x34+x2—14x—-24=(x+3)(ax®?+bx+c)+r
=ax3+ Ba+b)x?+ Bb+c)x+ (3c+71)

Comparing the coefficients of;

x3: a=1

x*; 3a+b=1; 3+b=1;, ~b=-=2

x3b+c=-14; 3(-2)+c=-14 ~c=-8

x%3c+r=-24;3(-8)+r=-24; ~r=0

When x3 + x? — 14x — 24 is divded by x + 3 the remainder is 0
(b) Since the remainder is 0 when x® + x? — 14x — 24 is divided by (x + 3), then (x + 3)

is a factor of x3 + x2 — 14x — 24

We need to factorizex? — 2x — 8

= x2-2x—8=(x+2)(x—4)

We have x3 + x% — 14x — 2 = (x + 3)(x + 2)(x — 4)

3.2 Theremainder theorem
e When the polynomial f(x) is divided by (ax — B), the remainder is f (g)

Example 67
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Find each of the remainders when the polynomial x3 + 5x? — 17x — 21 is divided by
(@x+1 (b)2x+1

Solution
(@) Let f(x) =x34+5x2—17x —21; letx + 1 = 0;x = —1
= f(-1) = (-1)* +5(-1)* - 17(-1) — 21
=-14+5+1-21
=0
Therefore the remainder is 0
(b)Let2x +1=0;x =—1/2
= f(-1/2) = (-1/2)3 +5(-1/2)? —17(-1/2) — 21
=—+4247-21
91

8
. . 91
Therefore the remainder is — 5

Example 68

Find the remainder when the polynomial f (x) = 2x3 + 5x% — 39x + 18 is divided by
(x + 6). Hence solve the equation 2x3 + 5x? — 39x + 18 = 0.

Solution
= f(—6) = 2(—6)3 + 5(—6)? —39(—6) + 18
= —432+ 180 + 234 + 18
=0
Since the remainder is 0, (x + 6) is a factor of f(x) and
2x3 +5x2 —39x + 18 = (x + 6)(ax? + bx + ¢)
Expanding and comparing coefficients
a =2, b =—7and ¢ = 3. Therefore
2x3+5x2 —39x + 18 = (x + 6)(2x% — 7x + 3)
fO)=(x+6)(2x —1)(x—3)
0=((x+6)2x—1)(x—3)
Solving gives x = —6,x =1/2,x =3

Example 69

Given that when the polynomial f(x) = x3 + ax? + bx + 2 is divided by x — 1 the
remander is 4 and when it is divided by x + 2 the remainder is also 4, find the values
of the constants aand b.

Solution
By the remainder theorem, (1) = 4
= 13 +a()?*+b(1)+2=4
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Also by the remainder theorem, f(—2) = 4
= (-2 +a(-2)*+b(-2)+2=4
= 4a—2b =10

Solving equations (1) and (2) simultaneously givesa = 2and b = —1

Factorising polynomials
We use factorisation method to solve cubic equations.
The factor theorem:

If ax — p is a factor of the polynomial f (x), then f (g) =0

Example 70
Factorise the cubic f(x) = x3 + 3x2 — 13x — 15

Solution
We know that if f(x) has a linear factor ax — 3, the constant § will be a factor of 15.
f(—=1) = 0, meaning that x + 1 is a factor of f(x).
= x3+3x2-13x—15= (x + 1)(ax? + bx + ¢)
Expanding and comparing coefficients by inspection, we geta = 1,b = 2and ¢ = —15.
= x3+3x2—-13x — 15 = (x + 1)(x? + 2x — 15)

=(x+1)x+5)9x —3)

Example 71

Find using long division the remainder when the polynomial x3 — 3x2 + 6x + 5 is
divided by x — 2.

Solution
x*—x+4
x—2x3—=3x24+6x+5

x3 — 2x?

—xil+ 6x
—x? 4+ 2x
4x +
4x —|8

13
~the remainder is 13

Example 72
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When the expression x> + 4x? + ax + b is divided by x? — 1, the remainder is 2x + 3.
Find the values of aand b.

Solution
= x°+4x2+ax+b = (x?—1)Q(x) + (2x + 3) ; wherd(x) is the quotient.
Puttingx=1;14+44+a+b=2+3;a+b=0...... (1)

Puttingx =-1;,-1+4—-—a+b=-2+3;—a+b=-2........ (2)
Equation (1) +(2)
= 2b=-2;b=-1landa=1

Example 73

A polynomial f(x) leaves a remainder 19 when divided by (x — 7) and 1 when
divided by (x + 2). Show that the polynomial f (x)leaves a remainder of 2x + 5 when
divided by x? — 5x — 14.

Solution
f _ 19
== Q:1(x) + P (D)
f& _ S
== Qz(x) + g s (2)
(1)-(2) gives
[ ™ _ A0 1
x=7 x+2 Q(X) t x=7 x+2
fO[x+2-(x=7)] 19x+38-x+7
x2-5x—14 - Q(X) t x2-5x—14
feolo] 18x+45
x2-5x—14 Q(X) T x2-5x—14
J€9) _ QM) n 2x+5
x2-5x—14 9 x2-5x—14
~ R(x) = 2x + 5 is the required remainder
Example 74

When a polynomial p(x) is divided by x? — 5x — 14, the remainder is given by 2x + 5.
Find the remainder when p(x) is divided by

@)x-7 (b)yx+2
Solution

Let a and b be the remainders when p(x) is divided by (x — 7) and (x + 2)

respectively.

:%:Ql(x)+% ......................... €Y
P _ L

=—==0; (x) + g s 2

(1)-(2) gives

p&x) P _ e b

x-7  x+2 Q(x) e T
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P [x+2-(x=7)

1_ ax+2a-bx+7b
x2-5x—-14 —-Q(X)'+ x2-5x—14
p(x)[9] (a-b)x+(2a-7b)
_ —— = ~ e
x2-5x—-14 Q(x)-+ x2-5x—14
(a—b)x+(2a-7bh
px)  _ Q) , V5 )
x2-5x—14 9 x2-5x—14

Comparing the coefficients of the given remainder (2x + 5)

a—b
9

=222, a—b=18 ... (3)

2a-7b
9

=5 20 —Tb =45 ... (4)

Solving (3) and (4) simultaneously
23) -
= b=1anda =19

Exercise 3.1

1. Find the degree of each of the following polynomials;

(a)2x3 +3x2—2x +4 (b)4x —3x* (c)5x+7

2. Given;

(@) f(x) = x? + 3x + 4, evaluate f(2)

(b)g(x) = 5x° + 2x — 1, evaluate f(—1)

3. Given f(x) = x3 + 2x? — 3x + 2 and g(x) = 2x3 — x? + 5x — 4 find;

@ () +g(x) () FG) —3g(@) (© FIg@) () f ) - xg(x)

4. Find the quotient and the remainder when

(a)x? + 6x + 5 is divided by (x + 2)

(b)6x? — x + 2 is divided by (2x + 1)

(¢) x3 + 3x2 — 4x + 1 is divided by (x — 2)

5. The expression 2x3 — 3x% + ax — 5 gives a remainder of 7 when divided by x — 2.
Find the value of the constant a. Ans(a = 4)

6. The remainder when x3 — 2x? + ax + 5 is divided by x — 3 is twice the remainder
when the same expression is divided by x + 1. Find the value of the constant a.

Ans(a = =2)
7. Given that x — 2 is a factor of x3 + 4x? — 2x + k, find the value ofk
Ans (k = —=20).

8. The expression 2x3 + 3x2 + ax + b leaves a remainder of 7 when divided by
x — 2,and a remainder of -3 when divided by x — 1. Find the values of the constants a
and b. Ans(a = —13,b = 5)

9. Given that x? — 4 is a factor of the cubic x3 + cx? + dx — 12, find the values of the
constants ¢ and d, and hence factorise the cubic.
Ans(c=3,d=—-4((x—-2)(x+2)(x + 3))
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10. The remainder when the expression x3 — 2x% + ax + b is divided by x — 2 is five
times the remainder when the same expression is divided by x — 1, and 12 less than
the remainder when the same expression is divided by x — 3. Find the values of the
constants aand b. Ans(a = 3,b = —1)

11.Factorise each of these expression;

@x3—x2-9x+9 (M) x*+2x3—-7x> —8x+12(c) x>+ 7x? —x — 7.

12.Find the real solutions to each of the following equations

(@)x3+x2—10x+8=0 (b) x> +8x2 =2—11x (c) x>+ 5 = 8x — 2x2

13.Given that the expression ax3 + 8x2 + bx + 6 is exactly divisible by x? — 2x — 3, find
the values of a and b. Ans(a = —5,b = 19)

14.The cubic polynomial x3 + Ax — 12 is exactly divisible by x + 3. Find the constant A,
and solve the equation x3 + Ax — 12 = 0 for this value of A.

Ans(A = —13; —=3,-1,4)

15.Show that 12x3 + 16x% — 5x — 3 is divisible by (2x — 1) and find the factors of the
expression.

16.Find the values of a and b if ax* + bx3 — 8x% + 6 has reminader 2x + 1 when divided
by x2 — 1. Ans(a = 3,b = 2)

17.The expression px* + qx3 + 3x? — 2x + 3 has remainder x + 1 when divided by
x% — 3x + 2. Find the values of pand q. Ans(p = 1,q = —3).

18.The expression ax? + bx + c is divisible by x — 1, has remainder 2 when divided by
x + 1, and has remainder 8 when divided by x — 2. Find the values of a, b, c. Ans(a =
3,b=-1,c=-2)

19.x — landx + 1 are factors of the expression x3 + ax? + bx + ¢, and it leaves a
remainder of 12 when divided by x — 2. Find the values of a, b, c.

Ans(a=2,b=-1,c = -2)

20.Show that 3x3 + x? — 8x + 4 is zero whenx = 2/3, and hence factorise the
expression. Ans((x — 1)(x + 2)(3x — 2)

21.What is the value of a if 2x? — x — 6,3x? — 8x + 4 and ax3® — 10x — 4 have a common
factor? Ans(a = 3)

22.Find the values of p and g which make x* + 6x3 + 13x2 + px + q a perfect
squareAns(p = 12,q = 4)

23.1f 4x3 + kx? + px + 2 is divisible by x? + A2, prove that kp = 8.

24. A polynomial expression P(x), when divided by (x — 1) leaves a remainder 3 and,
when divided by (x — 2) leaves a remainder 1. Show that when divided by
(x —1)(x — 2) itleaves a remainder —2x + 5.

25.Given that x3 + x — 10 = 0;

(a) Show that x = 2 is a root of the equation.

(b)Deduce the values of @ +  and aff where a and £ are the roots of the equation. Hence
form the equation whose roots are a?and 2.

26.Using log division find the remainder when x° + 4x2 + 2x + 3 is divided by

@@—-1) (b)x+2)
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27.A polynomial, f (x) when divided by (x — 1) leaves a remainder 7 and when divided
by (x — 2), leaves a remainder 39. Find the remainder when it is divided by
(x—D(x—2).

28.Given the polynomial p(x) = (x — 1)(x — b)Q(x) + R(x) where Q(x) is the quotient

and R(x) is the remainder, show that; R(x) = (x_l)p(?z:g_b)p(a). Hence find the

remainder when p(x) is divided by x? — 25, given that p(x) divided by (x — 5) is 1
and when divided by (x + 5) is —3.

CHAPTER 4
PARTIAL FRACTIONS

4.1 Algebraic fractions

: . i . 1 1
e Earlier on in algebra we have been simplifying an expression such as puriabe by

reducing it to =T

e We have now reached the stage when the reverse process is of value.

e (Given a fraction such as whose denominator factorises, we may split it up into

x2+x—6

: : e 1 1. . . . .
its component fractions, writing it as 5 oy itisnow said to be inpartial fractions.

+3
Example 75
4 2 . .
Express — — —— as a single fraction.
x+6  x+7
Solution
4 2 _ 4(x+7)-2(x+6)
x+6  x+7 (x+6)(x+7)
_ 4x+28-2x-12
T (x+6)(x+7)
_ 2x+16
T (x+6)(x+7)
4 2 _ 2x+16

x+6  x+7 ~ (x+6)(x+7)

Example 76

3 . :
> + —— as a single fraction.
x“+3x+2  x+1

Express

Solution
=x?+3x+2=(x+1(x+2)
Lem= (x + 1)(x + 2)
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2x 3 2x 3

x2v3xrz T el (x+1)(x+2) | (x+1)
_ 2x+3(x+2)

T (x+1)(x+2)
5x+6

T (x+1)(x+2)

2x 3 _ 5x+6

—_—— 2 = 2770
x2+3x+2  x+1 (x+1)(x+2)

Example 77

1 5 . .
Express x + 7 + — — —— as a single fraction.
x—4  x+1

Solution
x+7+L_iE(x+7)(x—4)(x+1)+(x+1)—5(x—4)
x—4 x+1 (x—4)(x+1)
x3+4x2-25x—28+x+1-5x+20
(x=4)(x+1)

_ x344x%2-29x-7
T x—4)(x+1)
5 x3+4x2%-29x-7

1 _
S i (x—4)(x+1)

Example 78

3., 4 : . : 3., 4 8
Express 3=+ — as a single fraction. Hence solve the equation 3=+ — = —
5 x+7 5 x+7 5-x
Solution
3, 4 18 4
3=+—=—+—
5 x+7 5 x+7
_ 18(x+7)+4(5)
5(x+7)
18x+126+20
5(x+7)
_ 18x+146

T 5(x+7)
Using this result, the equation

becomes
18x+146 _ 8

5(x+7) 5-x

Cross-multiplying and simplifying gives
(18x +146)(5—x) =40(x + 7)

= 18x2% + 96x — 450 = 0

= 6(3x+25)(x—3)=0

25
X = —?andx =3

Exercise 4.1
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1.
@)= +—(b) — ——(©)
2.
(a)
3.
4.

5.

Express the following as single fractions;
5x + 6 2x+1

x+3 x+4  x-3 x%2+3  2x-5 (d)
Express each of these as a single fraction
x 2 1 3
draa Tio W3+ o -n @1+
Show that — +
x—2

+22 (o) XL
x—2  x+4 * ) x+2  x-2

3 2

x2-3x+2 x-1

4 7x-11 : 3 4 7
— = ————. Hence solve the equation — + — = -
x—-1 (x=2)(x-1) x=2 X

x—1

3 x . . . 3 X 1
Express — + —— as a single fraction. Hence solve the equation — + —=2-
x—=2 x+1 x—=2 x+1 7

1 b

Given —— — = where a and b are constants, find the values of a and
6x—1 3x+1 (6x—1)(3x+1)

b.Ans(a = 2,b = 3)

, 6 P ox
Given “=+ 7= (x+3)(x—1)
and QAns(P = 2,Q = 8)
Find the values of the constants a and b for which

a 2 _ 3x — —
b T = Gy Ansl@=1b=2).

where P and Q are both constants, find the values of P

4.2 Partial fractions
There are basically four different types of algebraic fraction which can be expressed
in partial fractions.
We must check whether the values obtained are true by either
(i) getting the LCM to go back to the original fraction or
(ii) substituting any value of x on both sides of the equation.

Type 1: Denominator with linear factors.

Each linear factor (ax + b) in the denominator has a corresponding partial fraction of

A
the form @i where a, b and A are constants.

(ax+b
Example 79
x+ . . .
Express G M partial fractions.
Solution
Let_7xt8  _ _A4 B

(x+4)(x—6) _ (x+4) = (x—6)

Multiplying through by (x + 4)(x — 6) gives
7x+8=A(x—6)+B(x +4)

Puttingx —6 =0,x = 6

= 7(6) +8=B(6+4);50 =10B, B=15
Puttingx +4 = 0; x = —4

= 7(—4)+8=A(—-4—-6); —20=—-104, A =2
. 7x+8 2 5
T (x4 (x=6)  (x+4)  (x—6)
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Example 80

9x2434x+14

Express G —ro1p D partial fractions
Solution
x2—x—12=(x+3)(x —4)
Therefore
9x%+34x+14 _  9x’+34x+14
(x+2)(x2—x—12) ~ (x+2)(x+3)(x—4)
9x*+34x+14 _ A B c
(x+2)(x+3)(x—4) ~ (x+2) (x+3) (x—4)
. Y 9x24+34x+14 _9(=2)2+34(-2)+14 _
Puttingx = —21i N I vesdA = D 3
. i 9XP434x+14 . _ 9(=3)%+34(=-3)+14 _
Puttingx = =3 i N I vesB = EDEE 1
. s 9x2434x+14 _9(4)%434(4)+14
Puttingx = 4 1i resyowel’]! vesC = (@) (@=a) 7
9x2+34x+14 3 1 7

(x+2)(x2-x-12)  (x+2) (x+3)  (x—4)

Ans(A=2,B=—1,C = 3)

() ———Ans(A = —-1,B = 1)
B+x)(2—-x)(4—x)
5x+7

Exercise 4.2a
1. Express the following into partial fractions

(x+3)(x=3)

22-16x
(b)
X

(0) oz Ans(4 = 1/2,B =-1/2)
(d)mATlS(A =2,B= 3)

3x+2

(e)mAns(A = 5/2,B = 1/2)

xZ
O coemaaAns(1/2,8=—4,C=9/2)

Type II: Denominator with an irreducible quadratic factor.

e Each quadratic factor (ax? + bx + ¢)in the denominator which is irreducible, i.e. will

not factorise, has a corresponding partial fraction of the form where a, b, ¢,

(ax?+bx+c)
A and B are constants.

Example 81

7x%4+2x-28

Express (x—6)(x2+3x+5)

in partial fractions

Solution
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Since x2 + 3x + 5 cannot be factorised, we assume that

7x%+2x-28 _ A Bx+C
(x—6)(x24+3x+5) ~ (x—6)  (x2+3x+5)

Multiplying through by (x — 6)(x? + 3x + 5) gives
7x% 4+ 2x — 28 = A(x* +3x +5) + (Bx + C)(x — 6)
Letx = 6;7(6)% + 2(6) — 28 = A[(6)? + 3(6) + 5]
236 =594; A=4

Comparing coefficients of x?;

=7=A+8B

= 7=4+4+B; B=3

Comparing constant terms;

= —28=54A-6C

= —28=5(4)-6C; (C=8

. 7x*+2x-28 4 3x+8
T (x—6)(x2+3x+5)  (x—6) = (x2+3x+5)

Exercise 4.2b

1. Express the following into partial fractions
3x+1
(a)mAns(A =-1,B=1,C= 2)
3x+4

(b)(x—ZXx2+x+1)

3x+1
(C)x(x2+1)
(d)

Ans(A =10/7,B = —10/7,C = —9/7)

X+2
(x=2)9x2+4)
3x—4
(e)(x+2Xx2+5x+1)

(D x+1

x3-1

Type I1I: Denominator with a repeated factor:

e Each repeated linear factor (ax + b)? in the denominator has corresponding partial

. A B
fractions of the form + where a, b, A and B are constants.
(ax+b) = (ax+b)?

Example 82
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2x2429x-11

Express —————— in partial fractions
p (2x+1)(x-2)2 p

Solution
2x2429x-11 A B c

(2x+1)(x-2)2 = (2x+1) + (x-2) + (x-2))2

Multiplying through by (2x + 1)(x — 2)?

= 2x2+29x —11=A(x—-2)*+BQRx+ 1)(x—2)+C(2x + 1)
Let —1/2;2(—1/2)% + 29(-1/2) — 11 = A(—-1/2 — 2)%;

= -25=244=—4

Letx =2; 2(2)2+29(2)—11=C2()+1)

= 55=5C; C=11

Comparing the coefficients of the x? terms gives;

2=A+2B
= 2=—-4+4+2B; B=3
o 2x%429x-11 _ -4 3 11

T x+1)(x=2)2 T (2x+1) + (x—2) + (x—2))2

Exercise 4.2c
1. Express the following as partial fractions;

1-8x—x2
(a)mAns(A = Z,B = —3,C = —1)
x+1
(b)mAnS(A = O,B = 1/2,C = O,D - _1/2;E - 1)
x+3

(©

(x+1)(x—1)2
1

Dzmae
Type IV: Improper fractions:

e Animproper fraction is one in which the degree of the numerator is greater than or
equal to the degree of the denominator.

e To simplify an improper algebraic fraction, we divide the numerator (a polynomial)
by the denominator (a polynomial).

e When a polynomial of degree n is divided by a polynomial also of degree n, the
quotient is a constant.

e When a polynomial of degree n is divided by a polynomial of degree m, where m > n,
the quotient is a polynomial of degree n — m.

e We can also use long division to convert an improper fraction to a proper fraction.

Example 83

5x%2-71

Express m

in partial fractions.
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Solution

The degree of 5x? — 71 is 2 and the degree of (x + 5)(x — 4) is also 2. Therefore the

quotient is a constant (written as A below) and we assume that
5x2-71 B c

wroe-n - A e T o

Multiplying through by (x + 5)(x — 4)

=5x2—-71=A(x+5)(x—-4)+B(x—4)+ C(x +5)

Comparing coefficients of;

x%A=5

letx = —=5;5(—5)2 —71 = B(—-5 — 4)

= 54=-9B ~B=-6

letx =4; 5(4)>-71=C(4+5)

=9=9C; ~C=1

Therefore, we have

5x°-71 . 6 1
(x+5)(x—4) (x+5) = (x—4)
Example 84

3x*+7x3+8x2+53x—186 , . .
in partial fractions.
(x+4)(x2+9)

Express

Solution
The degree of 3x* + 7x3 + 8x2 + 53x — 186 is 4 and the degree of (x + 4)(x? + 9) is

3, therefore the quotient is a polynomial of degree (4 — 3) = 1 and so we assume that

3x*+7x348x2+53x—186 c Dx+E
=Ax+ B +
(x+4)(x2+49) (x+4)  (x2+9)

Multiplying through by (x + 4) (x? + 9) gives

3x*+7x3+8x2+53x—186 = (Ax+ B)(x + 4) (x> +9) + C(x*> +9) + (Dx +
E)(x+4)

Comparing coefficients of the x* terms gives A = 3.

Comparing coefficients of the x3 terms gives
7=4A+B

=7=43)+B; ~B=-5

letx = —4; 3(—4)*+7(—4)3 + 8(—4)? + 53(—4) — 186 = C[(—4)? + 9]
= 50=25C; ~C=2

Comparing coefficients of the x? term gives
8=94A+4B+C+D
=8=93)+4(-5+2+D; ~D=-1
Comparing the constant terms

—186 = 36B + 9C + 4E

= —186 = 36(—5) +9(2) + 4E; ~ E =—-6
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3x*4+7x348x2+53x—186 2 x+6
: =3x—-5+

(x+4)(x2+9) - (x+4)  (x249)

Exercise 4.2d
1. Express the following into partial fractions;

C) ooty 1)(x 5Ans(A=-1,B =4)
x*+1
(b)mAns(A =1/2,B=3/2,C=-1)
2x2+2x+3
CE

x342x%2-2x+2

( ) (x—1)(x+3)
Exercise 4.2¢

In the following questions, write each of the expressions in partial fractions.

1. Denominator with two distinct linear factors
5x+6
(x+4(x-3)
O —7
9-8x
( )(Zx 1)(3—x)
(a) (x+3)(x+2)(x+1)
(b) x2-9x+2
(x+3)(x+2)(x—1)
2x2-7x+1
5x2-3x+1
(a) (x2+1)(x-2)
6x2-7x—11
) Zross)

3x—1
( )(x+3)(x 2)
(b)——=
2x+1
(x+2)(x+1)
2. Denominator with three linear factors
2
(x+1)(x—-1)(x-2)
+1
(©) ===
( )(2x+1)(2x 1)(x—2)
3. Denominator with a quadratic factor
6x+7
( )(x2+2)(x+3)
9x+7
(d) (2x2+3)(x+2)

4. Denominator with repeated factor

2x+3
(a) (x+2)2

3x—14
( )xz 8x+16

SIMPLIFYING PURE MATHEMATICS: BY MUKOOBA JOEL 0774454151: 0706355884 Page 65



5x+7
O ey
2x%249x+24
(d)x3+4x2—3x—18
5. Improper fractions
x247x-14
(a) (x+5)(x-3)
2x24+x-5
(b) (x+2)(x+1)
x3+4x%2-—x-17
(C) (x+3)(x-2)
Uses of partial fractions;

3x3-10x2+2x-1
(d) (Bx-1)(x-3)
x34+7x%-18
(e) (x+4)(x—1)(x-2)
x*+x3-19x2-44x-21
(f) (x+3)(x+2)(x+1)

1. Partial fractions may be used to simplify the differentiation of a complicated

expression.

2. Partial fractions are also used to simplify expressions before using the binomial

theorem.

3. By far the most important use of partial fractions is in integration.

5.1 Trigonometric Ratios

CHAPTER 5
TRIGONOMETRY

e Angles which are measured clockwise are negative and those measured anti-

clockwise are positive.

e The axes divide the plane into four quadrants

an

1St

3Td

4_th

e There are six Trigonometrical ratios as derived from the right angled triangle below;

sin@ = X,
r

cosf =Ztang = i ==
r 6
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1
cosecf=——,

1
secl = —,
(o}

cotd =

1

cosfO

sinf os@ tand  simg
e The signs of Trigonometrical ratios in the various quadrants can be deduced as
follows;
y y y y
Py
F X ?)%2 x = 0 0o T x
o + - - 4 0,3 3
P3
The table below gives a summary of what happens in each quadrant.
Quadra sin 6 cos 6 tan @ Positiv Lette
nt e ratio r
st + + + ALL + A
2nd + - — Sine + S
3rd - - + Tange T
nt +
4th - + - Cosine C
+

The letters are placed in a unit circle in an anticlockwise direction. And the order can

be remembered using the acronym “All Students Take Care”

Trigonometrical ratios of special angles
The special angles are {0°,30°, 45°,60%and 90°}

Angle 0 30 45 60 90
90

sin 0 1/2 1/2 V3/2 1
cos 6 1 V3/2 1/v2 1/2 0
tan @ 1/V/3 1 V3 o0

Note: The cosine of a negative angle is positive because, cosine is an even function.
The sine and tangent of a negative angle are negative because these are odd functions.

i.e.cos(—=30%) = + cos(30°) = ?

sin(—=30°) = —sin(30°) = —%andtan(—?)OO) = —tan(30°) = —

1

V3
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Examples 1:
Write each of the following as trigonometric ratios of acute angles.
(a) cos 230° (b) sin 140°
Solution
(a) cos 230° = — cos 50° (in the 34 quadrant)
(b)sin 140° = +sin40° (in the 2nd quadrant)

Example 2
Evaluate the following without using tables of calculator. Leave your answer as
surds.
(a) cos 135°% (b) tan 240°(c)sin(—45°) (d) sin 480°.

Solution

(a) cos 135° (2nd quadrant) = — cos 45° = — \/%

(b)tan 240° (3rd quadrant) = + tan 60° = ++/3

(c) sin(—45°) (4th quadrant) = —sin 45° = — %

(d)sin 480°in this case the rotating arm will be in the same position as for 120°.
sin 480° = sin 120° (2nd quadrant) = + sin60° = +§

Note: The Trigonometric ratio of any angle 6 greater than 360° is the same as the

trigonometric ratio of (8 — 360°).

Maximum and minimum values of Si neand Cosi ne

The trigonometric ratios of all angles differ from the trigonometric ratios of acute

angles only in sign.

From the definition of the sine an cosine:

The maximum value of sin 8 is +1 (when 6 = 90°,450°, ...)

The minimum value of sin 8 is -1 (when 8 = 270°,630°, ...)

The maximum value of cos 6 is +1 (when 8 = 0°,360°, ...)

The minimum value of cos 8 is -1 (when 8 = 180°,540°, ...)

Example 3
Write down the maximum and minimum values of each of the following and state the
smallest value of 8 from 0° t 0360°for which these values occur.

(@)1 —2cos@ (b)3sing—1

Solution
(a) The maximum value of 1 — 2 cos 0 is 1 — —2 = 3 and occurs when cos 8 = —1 i.e.
6 = 180°.
The minimum value of 1 —2cosf is 1 — 2 = —1 and occurs when cos8 = 1ie. 0 =
0°.
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(b) The maximum value of 3sin 8 — 1is 3(1) — 1 = 2 and occurs when sin 8 = 1 i.e.

6 = 90°.
The minimum value of 3sin@ — 1is 3(=) — 1 = —4 and occurs when sin8 = —1 i.e.
6 = 270°.

Graphs of trigonometric functions
Qn.1 On separate graphs draw the graphs of;
(D) y =sin@ (ii)y = cos@ (iii) y = tan 6 using the interval of 30°, from for the range
0% < 6 < 360°.
Qn.2 (a) Plot the graph of y = 1 + sin 2xfor 0° < x < 180°.
(b) Obtain approximate solutions from the graph to the equations
(i) 1 + sin 2x = 1.2Ans(x = 6° or 849)
(ii) sin 2x Ans(x = 22° or 68°)

Solving trigonometric equations:

Example 4
Solve the equation cos x = g for values of x such that 0° < § < 360°

Solution

x = cos~1 (@) = 309,330°

Example 5

Solve the equation tan x = —/3 for values of x such that —180° < x < 180°.
Solution

We first ignore the acute angle and find the acute angle with a tangent of v/3 ;

This is 60° so the solutions will make an angle of 60° with the x-axis and they will be
in the 2nd and the 4th quadrants.

609/ ‘
60°

For the range —180° < x < 180°%,x = —60° or 120°.

Example 6

Solve the following equations for 0° < x < 360°
(@)cosx =0.2 (b)sinx = —0.2

Solution
(a)x = cos™10.2 = 78.46°,281.54°
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(b)Ignoring the negative sign first, the angle with sine 0.2 is 11.54°.
Sine is negative in the 34 and the 4th quadrants
For the range for 0° < x < 360°, x = 191.54°,348.46°

Example 7

Solve cos x = —0.3for —180° < x < 180°.

Solution

Ignoring the minus sign

cos~10.3 = 72.54%rom the calculator or table.

Because cosine is negative in the 2nd and 3rd quadrants then
For the range —180° < x < 180° x = 107.46° or —107.46°

Example 8

Solve sin(x + 10%) = —0.5 for 0° < x < 360°

Solution

Ignoring the minus sign sin™! 0.5 = 30°. But sine is negative in the 3rd and 4t
quadrants

= (x +10°%) = 210°% x = 200%r(x + 10°) = 330°,x = 320°

= For the range 0° < x < 360°,x = 200°,320°

Example 9

Solve cos 2x = 0.6 for 0° < x < 360°

Solution

2x = cos™10.6

= 2x = 53.139,306.87°,413.13%, 666.87°

~x = 26.57°2,153.43°,206.57°,333.43 % O0r the range 0% < x < 360°

Example 10

Solve 3(tanx + 1) = 2 for —180° < x < 180°

Solution

= 3tanx +3 =2

= tanx = —1/3

Ignoring the minus sign give x = tan"1(1/3) = 18.43°.

But tangent is negative in the 2nd and 4th quadrants

- For the range —180° < x < 180°,x = —18.43° or 161.57°

Example 11
Solve si #x + sinx cosx = 0 for 0° < x < 360°
= sinx (sinx + cosx) = 0
Either sinx = 0,,x = 09,1809, 360°
orsinx +cosx =0
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= sinx = —cosx

= tanx = —1 (dividing through by cos x)

Ignoring the minus sign tan™! 1 = 45°, But tangent is negative in the 2rd and 4t
quadrants

= x = 135%,315°

For the range 0° < x < 360°,x = 0°,135°,180°,315°,360°.

Note: /t is important to factorise out si nx, and do not attempt to cancel by si nx,
cancelling would lead to si nx= —c osx and so the solution arising from si nx would
be lost.

Example 12

Solve 6cos’x —cosx—1 = 0 for 0° < x < 360°
Solution

Factorising (3cosx+ 1)(2cosx—1) =0

Either 3osx +1 =0

1
= cosx = —=

1 o L
Now cos™?! 3= 70.53%, but cosine is negative in the 2rd and 34 quadrants

x = 109.47°, 250.53°
or2cosx—1=20
= cosx = %,x = 60°,300°

= For the range 0° < x < 360°,x = 60°,109.47°,250.53°,300°

Exercise 5.1a

1. Express in terms of the trigonometric ratios of acute angles
(a)sin170° (b) sin 250° (¢) cos 200° (d) cot 156° (e) tan(—50)°
Ans((a)si m0°(b)—si 0°(c)—c0s20°(d)—cot24°(e)—t ar50?)
2. Write down the values of the following leaving surds in your answers.
(a) cos 270° (b) tan 135° (¢) sin(—120°) (d) sin 540°
Ans((a)0 (b) — 1 (c) —3/2 (d)0
3. Find the values of 8 from 180%°and 360°, inclusive, which satisfy the following
equations.
(@)cosf = —1/2 (b)sinf = —0.7660 (c) sin(f — 30°) = —+/3/2
4. Solve the following equations for 0° < 8 < 360°
(a) si 60 = 0.25 (b) cos 30 = v/3/2 (c) sec20 = 3 (d) tan(20 — 45°) = 1/2
5. Solve the following equations for values of 8 from —180° to +180°, inclusive;
(a)tartd + tanf= 0 (b) 2si 70 —si nf— 1 = 0 (c) 4co0s>0 = cos 6
(d) 3cosf + 2sec6+ 7 = 0 (e) tanf= 4cot 6+ 3 (f) 5si n6+ 6cosecOH= 17
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6. Write down the maximum and minimum values of the following expressions giving
the smallest positive or z ero value of @ for which they occur.

1 :
(@) —5sin26 (b) 3 +2cos36 (c) ;-

The Pythagoras theorem
Consider the right angled triangle below

\6

Using Pythagoras theorem, x? + y2 = r2........ *)
Butcos 8 = f, x =rcosf andsinf = %,y =rsind

Equation (*) becomes;(r cos 8)? + (rsin§)? = r?
2 COS0+SITO =1 e, (D
Dividing equation (1) by cos?8

cos’0 | si#6 1

cos20 ' cos20  cos26
21+ tart0 =sec0 .. (2)
Dividing equation (1) by si 1776

cos’0 | sintd _ 1

si8 ' sind  si1té
2 cott0+1=cosel...ncrenen-... (3)

Example 13

Solve the equation 1 + cos 8 = 2si 170, for values of 8 between 0° and 360°.
Solution

= Si170 =1 — c05%0 ucrereru.. €))

14+ cosO =2Si 180 ceeercmeercn. (2)

Putting equation (1) into equation (2)

= 1+ cosf=2—2cos*6

= 2c0s’0 + cosf—1=10

= (2co0s60—1)(cosO+1) =0

Either cos6 = 1/2; 6 = 60°,300°

Orcosf = —1; 6 = 180°

Therefore the roots of the equation between 0° and 360° are 60°, 180%and 300°.
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Example 14
Solve the equation 4c0s6 — 3sec= 2t anffor —180° < § < +180°.
Solution

3 siné
= 4c0s0 ——= 2
cos6 cos@

Multiplying through by cos6
= 4c0s*0 — 3 = 2si nf
= 4(1 —si170) — 3 = 2si nf
= 4 —4si 170 — 3 — 25inf= 0
= 4si 170 +25inf—1=0
—-2+/4+16
8
Either si n6= 0.3090; 6 = 18°,162°
Or si nf= —0.8090; 8 = —549, —126°
Thus for the range —180° < 6 < +180°,6 = —126°,—549,18°,162°

= si nf=

Example 15
Prove the identity t ar?8 + si 176 = (sec8+ cosf)(secH— cosb)
Solution
From the RHS
= (secO+ cosO)(secO— cosh) = sec’0 — secOcosb+ cosbOsecb— cos*6
= sec®f — cos%0
=1+ tartd) — (1 —sith)

=tartf + si 170
= LHS
s~ tartd + si 6 = (secO+ cosh)(secO— cosH)............. n
Example 16
Prove the identity 1=cos8 _ cosecO—cot O
1+cos@
Solution
From LHS
1-cosf 1-cos 1-cos . .. .

= \/1+cose = \/(1+cosZ) (1_COSZ)rat10nahslng the denominator

_ |(A=cos6)?

- 1—cos%0

_ |(d=cos6)?

- si %0

__1-cos6

T sind

1 cos6

T sin® sind
=cosecHB—cot O
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= RHS

1-cos@
/ =cosecB—cot............ ]
1+cos@

Example 17

If s = si 19, simplify

@VA=57) O 7 O

Solution

(a)\/(l —52) = /(1 —si 20) = Vcos?0 = cosb
( ) siné sinf _ sinf __
\/(1 52) \/(1 si126) \/cosze cos@

2
(C)l s2 _ 1= si1to _ co.s 0 — cosOcot O

s sin6 sin6

= tanf

Example 18
Eliminate 6 from the equations x = a sin§y = b t ané.
Solution

Since si nfand t anfare the reciprocals of c ose c 8and c ot Bwe use the identity
cosed = cot?6 + 1

a b
= cosecO= o and cot 8= 5

Substituting into the identity cose 6 = cot?0 + 1

Exercise 5.1b

1. Solve the equation 2c0s?6 = 1 + si nffor 0° < 6 < 360°4Ans(6 = 30°,150°,270°)
2\5/2
2. If x = a cos6, simplify (i) a? — x2 (ii) (1 — %)

2_p2
3. Ifsinf = % find the values of cos 8 and tan 6.

4. Solve the following equations, giving values of 8 from 0° to 360° inclusive
(a)3 — 3cos8 = 2si 76 Ans(0°,60°,300°,360°)

(b)si 176 + si nf+ 1 = 0Ans(270°,)

(c) sec®0 = 3t anf— 14ns(45°,63.4°,225°,243.49)

(d)cosed = 3 + cot 6An£26.6°,135°,206.6%,315°)
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(e)3tartd + 5 = 7secHAng60°,300°)

(f) 2cot?0 + 8 = 7cosecHAn£30°,41.8°,138.2°,150°)

5. Show that si 76 + (1 + cos6)? = 2(1 + cos6)

6. If si n=1/+/3 and 0° < @ < 360° find the values of the other trigonometric ratios f
the angle 6.

7. Eliminate 8 from the following equations

(@)x =acosf,y =bsinb

(b)x =acot8y = bcosech

(c)x =atanfy = b cosb

(dx=1-sinfy =1+ cosb

(e)x =asecy=Db+ccosb

(f) x = si nf+ cosb,y = si n6— cos0O

(g)x =secO+tanfy = secO— tanf

8. Iftanf+ si nf= x and t anf— si nf= y, prove that (x* — y?)? = 16xy

9. Show that (1+SinD ( 1+secx) =tanx

1+cos 1+cosec
sing _ 1+cos¢

—cos¢ o sing

10.Show that T

11.1f 6c 050 + 2si 170 = 5, show that t ar?6 =§

12.Show that;
(a)tanB+ cot 8= secOcosecl
(b)(b) 4 — 3cos?0 = 3si 70 + 1

1+cos@ secO-1

(c) 1-cos@ sec+1
1-sinf __ _ 2
(D= (secO—tanb)

13.If x' = xcos8 + ysi nfand y' = xsi n— ycosfshow that (x")? + (y')? = x? + y?

sin6 1+cos@ 2
14.Prove that : =—
1+cos@ sin6 sin6

15.Prove that sin 330° cos 390° — cos 570° sin510° = 0
16.1f secO— cosO = a and cosecB— si nf= b, prove that a®b?(a®? + b*>+3) =1

17.Prove that S£% 59 _ ot at anf
cot Brtana

18.Prove that 22120 = Cos,e = secOH+ tanb

cos@ 1-sinb

cos6-1 cos6+1
19.Show that vocorcans T socotans = 2(1+ tanb)
20.1f xcosO + ysi nf= a and xsi n8— ycos6 = b prove that

_ bxtay 2 2 _ 2 2

(@)tanb= ax—by (b)x“+y“=a*+b

52  Compound Angle Formulae
The formulae for si 4 + B),cos(4A + B) and tanA + B)

1. sin(A+ B) =sinAcosB + cosAsinB
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sin(A — B) = sinAcos B — cos Asin B
cos(A+ B) = cosAcosB —sinAsin B
cos(A—B) = cosAcosB + sinAsin B

siA+B)
tan(A + B) = cosAtE)

sindcosB+cosAsinB

cosAcosB—sinAsinB
sinAcosB  cos AsinB

__ cosAcosB_ cosAcosB sy
= e ass  Dividing through by cos A cos B

COsAcosB cosAcosB
tand+tanB

1-tandAtanB

SRS

tanA—-tanB

6. tan(4 - B) = 1+tandtanB

Example 19
Evaluate the following without the use of table or a calculator
(a) cos 75° (b) tan 15°
Solution
(a) cos 75° = cos(30° + 45°)
= c0s 30° cos 45° — sin 30° sin 45°

BT 1V
2 2 2 2
VE-V2

(b)tan 15° = tan(45° — 30°)

tan45%—t an30°

~ T+tana5 tan300
_ T
B 1+1x§ ERE
Example 20
Given that @ and 8 are acute angles with sina = 7/25and cos § = 5/13, find
(a)sin(a + B)
(b)tan(a + B)
Solution
25 13
7 ( 12
a B
24 c [

Sincesina = 7/25,cosa = 24/25,tana = 7/24 and
Since cos § = 5/13,sinf =12/13,tanB = 12/5
(a)sin(a + B) = sina cos B + cos a sin B
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2 & 24 12 323
= — X — + XL T e
_ tanattanf
(b)tan(a + ﬁ) " 1-tanatanB
7 12
—_ 25 323
= 7N\/(12\ —
1-()(F) 36
Example 21

If sinA = 3/5and cos B = 15/17, where A is obtuse and B is cute, find the exact value
of sin(4 + B)

Solution Y
y
1
3 A 8
) X 15 x
Sincesin4 = 3/5,cosA = —4/5
Since cosB = 15/17,sinB = 8/17
= sin(4 + B) = sinA cos B + cos Asin B
3 15 -4 8
=)+ E) =)
_45_32
"85 85
-3
T 85
Example 22
Solve the equation cos 8 cos 20° + sin 8 sin 20° = 0.75 for 0° < 0 < 360°
Solution

= cos(6 — 20°) = 0.75

= 0 —20° = cos~10.75

= 6 — 20° = 41.41°,318.59°

~ 0 = 61.41°338.59° for the range 0° < 6 < 360°

Example 23
If sin(x + @) = cos(x — B), find tan x in terms of @ and B
Solution
= sinx cosa + cosx sina = cosx cos f + sinx sin 8
= sinx cos @ — sinx sin § =cos x cos f — cos x sin a
= sinx (cosa — sinB) = cosx (cos B — sina)
sinx_ (cosf-sim)

cosx (cosa—sinB)

. __ (cosp-sim)
s~ tanx = —(Cosa_sinﬁ) ............... [ |

Double angle formulae
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From the identity sin(A + B) = sin 4 cos B + cos A sin Bby putting B = A
= sin(A + A) = sinAcosA + cosAsin A

~simA=2simMcosA

Similarly by using cos(4 + B) = cos A cos B — sin A sin B by putting B = A
= cos(A+ A) = cosAcosA —sinAsinA

. c0s2A = cos*A—sitA

Using the identity of cos 24

= cos2A =1—sitA—sitA=1-2sintA

Also cos 24 = c0s?A — (1 — cos*A) = 2cos*’A -1

. . tandA+tanB .
From the identity tan(A + B) = Traiap Py putting B = A
1-tanAtanA
-~ tan24 = 22
1-tar?A

Half -angle formulae
From the double-angle formula for the cosine, it follows that

cos @ = 2cos? g -1

Hence 2coszg =1+ cos6

coszg = %(1 + cos®)

And similarly, as

cosf = 1—25ir§§

Hence 2si r?% =1—cosf

siﬁg = %(1 — cos0)

Hence given the value of cos 8 we can find sing and Cosg

Example 24

Solve the equation 3 cos 26 + sin 8 = 1 for values of 8 from 0° to 360°
inclusive.

Solution

= 3(1 —2si1#6) +sinf =1

= 3 —6si 170 +sinf =1

= 65i 170 +sinf —2=0

= (3sinf —2)(2sin6+1) =0

= sin6 = 2,0 = 41.8°,138.2rsin § = —, 6 = 210°,330°

= For the range 0° < 6 < 360°,6 = 41.8°,138.2°,210°,330°.
Example 25

Prove that sin 34 = 3sin A — 4sin34
Solution
= sin(24A + A) = sin2AcosA + cos2AsinA
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= sin34 = 2sinAcosAcosA+ (1 — 2si #A) sin A
= 2sinAcos?A + sinA — 2si A
= 2sin4 (1 —si1?A) +sind — 2si A
= 2sinA — 2si A +sinA — 2si A
= 3sinA — 4si BA

~sin34 = 3sinA — 4sin?4 ............. m

Qn. Prove that cos 34 = 4cos34 — 3 cos A

Example 26
in6
Prove that (a) L =tanf (b) cose@6 + cot260 = cotb
1+cos260
Solution
(a) From the LHS
simf@ _ 2simdcos6
14+cos20  1+2co0s260-1
__2sinfcosé
T 2cos?0
sind
" cos@
=tanéd
= RHS
in6
" — =tan b ...cocieinenene ]
1+cos260
(b)From LHS
1 26
= cose@6 + cot20 = — 22
sim6 sim26
__ 1+cos26
T sime
_ 14+2co0s?6-1
T 2simfcosh
_ 2cos?0
T 2sim@cos8
__cosé
T simg
= cotf
= LHS
» cose@0 + cot260 = cot 0 ............. ...

Exercise 5.2a
1. Evaluate
(a) sin 50° cos 40° + cos 50° sin 40° Ans(1)
(b) cos 75° cos 15° + sin 75° sin 15° Ans(1/2)
2. Without using tables or calculator find the following, leaving surds in your answer

(a) sin(45° + 30°) Ans <§ (V3 + 1)>
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(b)sin 15° Ans (? (V3 - 1)>

(c) tan 105° Ans(—2 — V3)

3. Find (i) the greatest and (ii) the least values that each of the following expressions
can take and state the smallest value of 8 from 0° to 360° for which these values
occur.

(a) sin 8 cos 20° + cos @ sin 20° Ans(1,70°%; —1,250°)

(b) cos 8 cos 40° — sin @ sin 40° Ans(1,110°; —1,290°)

4. A and B are acute angle such that sin A = %and cosB = g. Without the use of tables or

calculator find the value of;
(a) sin(4 + B) Ans(33/65)
(b)tan(A — B) Ans(33/56)
5. Show that cos(90° + A) = —sin 4
6. Cand D are both obtuse angles such that sin C = % andsinD = % Without the use of

tables or a calculator, find the values of;
(a)sin(C + D) Ans(—56/65)
(b)cos(C — D) Ans(63/65)
7. Solve the following equations for 0° < 8 < 360°
(a)sin @ cos 10° + cos 8 sin 10° = —0.54ns(200°,320°)
(b)cos 40° cos @ — sin40° sin 8 = 0.44ns(26.4°, 253.6°)
(c) sin(6 + 45°) = /2 cos 6 Ans(45°,2259)
8. Prove the following identities;
(a)sin(4 + B) sin(A — B) = sin?A — sin?B
(b) si {A-B) n sif{B-C) sifC-4) _

COsAcosB cosBcosC cosCcosA
9. IfsinC = 1/+/5 find sin 2C, cos 2C and tan 2C if
(a)Cisacute (b) Cisobtuse
10.Eliminate 0 from each of the following pairs of simultaneous equations.
(@A)x+1=cos26,y =sinf
(b)x = cos20,y =cosf —1
11.Prove the following identities

(@) cos’A + cos 24 = 2 — 3si 7A
sinf+sin6

(b) Trcoshrcosgp = tan 0
(c) tan 39 = 2120=tany tla_n:t;t;je
(d) i:zi = sec 2A
(€)5in3 = reons

(f) tan(45° + 4) = ==
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cotx coty-1

(8) cot(x +y) = cotx+coty
(h) (cos @ + cos ¢)? + (sinB + sinp)? = 2 + 2 cos(8 + ¢)

12.If tan(x + y) = gand tanx = %, evaluate tan y.

sim9+ucosf

13.Iftan A = u show that cosO—psid

=tan(6 + 1)
14.Express in terms of the cosines and sines of A, B and C
(i) sin(A+ B + C) (ii)cos(A+ B +C)

tand+tanB+tanC—tandAtanBtanC
15. Show thattan(A+ B + C) =
1-tanAtanB—tanBtanC—tanC tanA

(2-13)

2

16. If cos 30° = v/3/2 show that sin 15° =

0
17. Show that tan 22 % = /2 — 1 without using tables.
18. If tan®x = 1 + 2tan?y show that cos 2x + sin?y = 0.
19. Prove that 22530 _ €066 _ 2(cos 26 — cos 40)

cos6 cos26

20. If sin360 = p and si 770 = Z — q, prove that p? + 16q3 = 12¢?

21. Given thattan A = %and tanB = %, show h=that tan(4 — B)is independent of x.

Inverse trigonometric ratios
This deals with finding the unknowns and simplifying given expressions:

Example 27
Without the use of the mathematical tables or a calculator, find tan @ if

45 17
0 =tan =+ tan" 1 —.
12

24
Solution
LetA = tan~1 > stan A = >
12 12
AndB =tan~'Z : tanB = —
24 24
= 0=A+B
= tan 6 = tan(4 + B)
tanA+tanB
" 1-tanAtanB
5 7
_ (2)*(a)
- 5 7
1-(33)(33)
_ 204
253
~tanf@ = 204
253
Example 28

Without the use of mathematical tables, or calculator, evaluate
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13

tan - + tan™? g, leaving your answer in terms of m.
Solution
LetA = tan_lg s tand = \/2—5
And B = tam_l\/z—§ s tanB = g
3 3
= tan‘1§+tan‘1% =A+B
nA
= tan(A+ B) = tandrtans
1-tanAtanB
V3,V3
__ 3ty
V3\(V3
-(2)(3)
=3
A+B==
3
~tan"12 + tan~1 ?3 ==

Example 29

Find the positive value of x that satisfies the equation tan™! 3x + tan™1 x = %, giving

your answer correct to 3 decimal places.
Solution
LetA=tan"13x ; tan4 = 3x
AndB =tan"lx ; tanB =«
= A+B = f
= tan(A+ B) = tan% =1
tand+tanB
1-tandAtanB

3x+x _
1-Bx)(x)

=3x%+4x—-1=0

MV ()3-4(3)(-1)
2(3)

x = 0.215 0or x = —1.55

~x=0.215

Example 30

Solve the equation cos™ x + cos~(xV3) = %

= X =

Solution
Let A =cos 1x; cosAd =x,sind =+v1— x2
LetB = cos_l(x\/§),cosB = xv/3, sinB =1 — 3x2

A+B==
2
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= cos(A+B) = cos% =0

= cosAcosB —sinAsinB =0

= (0)(xv3) = (V1 —x2)(¥V1-3x2) =0
= x2V/3 = /{1 — 4x2 + 3x%}

Squaring both sides;

= 3x* =1 — 4x? + 3x*
= 4x%2 =1

x=4+1/2

~ x = 1/2 is the only solution.

Exercise 5.2b
1. Without using a calculator find;

o . _1(3 . _1(5
(a)sin@ i f@ = sin™?! (E) + sin™? (E) Ans(56/65)
. 1 (5 8
(b)cos @ i fcos™! (E) — cos (E) Ans(220/221)
(c)tan® i ftan™! G) + tan™? (ﬁ) Ans(4/3)
14 _1(8
(d)sin@ i fsin™?! (5) —cos™t (E) Ans(—13/85)
(e)cos@ i fcos™ ! (%) —sin™1 (1—3) Ans(297/425)
2. Evaluate the following. (Give your answers in terms of 7 and do not use a calculator)
11 1 (1
(a)sin™! (5) + cos™?! (5) Ans(g)
1 (1 1 (1
(b)2tan™?! (5) + tan™1 (;) Ans(m/4)
3. Prove thatsin(2sin™'x + cos™tx) = V1 — x2

. . _1(3 1 (35 . _1(756
. Without the use of a calculator show that 2 sin™?! (E) —cos~ ! (5) = sin~! (ﬁ)

4

5. Find positive value of x that satisfies the equation tan™! 3x + tan™1 2x = EAns(1/6)

6. Find correct to three decimal places, a positive value of x that satisfies the equation
tan~!x + tan™! 2x = tan~1 2 Ans (0.425)

7. Solve the equation cos™! x + cos™!(x+/8) = % Ans(1/3)

T

8. Solve the equation 2 sin™*(xv/6) + sin™1(4x) = 5 Ans(1/16)

9. Solve the equation 2 sin™?! G) + sin~1(xv2) = g Ans{ (6 — 4\/?)}

10.Evaluate sec™ {2} and cot~1+/3
11.Prove thattan ' x 4+ cot ™' x = g

12.Prove that 2 sin™?! (%) =sin ! (\/2—5)

41 _ 13
13.Prove that cot 1§=cot 13 + cos 15

14.Show that there is a positive value of x which satisfies the equation
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tan"!(2x + 1) + tan"1(2x — 1) = tan™1 2

5.3  The factor formulae
e The sums and differences of sins and cosines may be expressed as products of sines
and cosines and vice-versa.

sin(A+ B) = sinAcosB + cosAsinB ......c....... (1)

sin(A —B) =sinAcosB — cosASinB ..cccocemueeeee (2)
Adding (1) and (2)
= sin(A+ B) + sin(A — B) = 2SinAcoSB..c.ceeemee... 3)
WeletA+B=P andA—B = Q; A _P+Q B=22

. . . P P .
= sinP + sin Q =251n%Qcos—Q ............................ ()

2
Subtracting (1) and (2)
= sin(A + B) —sin(A — B) = 2cosAsinB

= sinP —sinQ = 2 cosLQsm _Q ........................... (ii)

cos(A+ B) =cosAcosB — smA SINB ocimieimin 4
cos(A—B) =cosAcosB +sinAsinB ... (5)
Adding (4) and (5)

= cos(A+ B) + cos(A—B) = 2coSACOSB .comemueru.n. (6)
= cosP +cosQ =2 cos—Qcosu .................... (iii)

Subtracting (4) and (5)

= cos(A+ B) — cos(A — B) = —2sinAsinB............. (7

. P+Q . P-— .
= cosP —cosQ = —2 sm%QsmTQ ........................ (iv)

The following is a summary of the factor formulae:

5111P+s110—2s1n1ﬂcosp ¢

P _
sinP—sin) =2cos— +Qs nz—Q

P —_
cosP +cosQ =2cos ;QCOSTQ

. P+Q . P-
cosP —cosQ = —2si n2—051n2—Q

B W hboe

Example 31
Solve the equation cos(x + 20°) — cos(x + 80°) = 0.5 for 0° < x < 360°
Solution
= —2sin(x + 50°) sin(—=30°) = 0.5
Butsin(—30°) = —sin30° = —1/2
= sin(x + 50°) = 0.5
— (x + 50°) = 30°,150°,390°, 510°
= x = —20°100°,340°
Therefore the roots of the equation between 0° and 360° are 100° and 340°
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Example 32

. ) i I5A—si A
Prove the identity 2P P — tand
co0s3A+cos54A
Solution
From the LHS

) _ 5A+3A . 5A-3A
sitbA-simBA _ 2C0S— —sin——
3A—5A
SA=54

2

c0s3A+cos54 ZCOS@CO

__ 2co0s4Asimd
" 2cos44 cos(—A)

Simd .
= ——sincecos(—A) = cos A
COsA

=tanA
= RHS
sin5A—si BA
o————————— = tand .o |
c0s3A+cos54

Note: It is also useful to be able to use these four standard results the other way
round, i.e. to express products as sums and differences.

Example 33
Solve the equationsin(x + 15°) cos(x — 15°) = 0.5, for values of x from 0° to 360°
inclusive.
Solution
sin(x + 15%) cos(x — 15%) = 0.5
= 2sin(x + 15%) cos(x — 15%) =1
= sin2x +sin30° =1
= sin2x = 1 — sin 30°
= sin2x = 0.5
= 2x = 30°,150°,390°,510°
~x = 159,75% 195°,255%0r the range 0° < x < 360°

Example 34

simB6O cosf—si O cos36
Prove : - = tan 260
cos260 cosf—sim6Osimb

Solution

From the LHS

1, . : 1, . :
sin86 cos @ — sin60 cos 39 5 (sin96 +sin76) — = (sin 96 + sin 36)
= : : =
cos 26 cos 6 — sin 36 sin 46 % (cos 36 + cos ) — % (cos @ — cos 76)

__ sim6f-simh
" cos30+cos78
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__2cos50sim6
" 2co0s56 cos20

_ sin 20
" cos 26

= tan 20

= RHS

. simf cosf—sin6l cos36
" cos20cosf-simBOsimb

= tan 260

Example 35

Solve the equation sin x + sin 5x = sin 3x for 0° < x < 180°
Solution

= 2sin3x cos 2x = sin 3x

= sin3x(2cos2x—1) =0

Either sin3x = 0,

= 3x = 0°,180°,360°,540°

= x = 0°60° 120°,180°

Orcos2x =1/2

= 2x = 60°,300°,420°

= x = 30°,150°,210°

- For the range 0° < x < 180°,x = 0°,30°,60°,120°,150°, 180°.

Example 36
If A, B and C are angles of a triangle, prove that

. A . B . C
CosA+cosB+cosC—1=4sm;sm;sm;

Solution
From the LHS
= cosA+cosB+cosC—1=(cosA+cosB)+ (cosC —1)

= (2 cos%cos%) + (cosC — 1)

Butsince A+ B = 180° — C

Then 228 = gp0 _ &
2 2

A+B . C
cos— = sin—
2 2
. . . ..C
Seeing this factor in sin—
. o C
Then cosC — 1 = —2si r@;
. C A-B . o C
= cosA+cosB+cosC—1= 251n5cosT— 2si r?;

.. C A-B . C
= 2sin—|cos— — sin—
2 2 2
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-

5
6
7.
8
9.

. C A-B A+B
= 2sin—|cos— — cos—
2 2 2

. C A+B A-B
= —2sin— [cos— — CoS —]
2 2 2
A Bl . C
= -2 [—2 cos—cos—] sin—
2 2 2

. A. B . C
~coSA+cosB+cosC—1= 451n551n551n5 .............. [ ]

Exercise 5.3
Solve the equation cos 6x + cos 4x + cos 2x = 0, for values of x from 0° to 90°

inclusive.

cosB+cosC B-C

Prove the identity mir = Cot——

IfA+ B+ C = 180° prove thatsinA + sinB + sinC = 4cos%Acos%B cos%C

If cosA — cos B = pand sinA4 — sin B = q, express cos(4 — B) and sin(4 + B) in terms
of p and q.

. Show that sin 7x + sinx — 2 sin 2x sin 3x = 4co0s*3x sinx

. Ifsin@ + sin¢ = a and cos6 + cos¢p = b, show that cos? £=2 ( 24+ p?)

simAsi bA+si Mdsi A
Prove that — - = tan 54
simAcos6A+si MAcos24

. Prove that cos 10° cos 50° cos 70° = +/3/8

Without using tables, prove that cos 165° + sin 165° = cos 135°

10.Prove that 1 + cos 56° + cos 58° — cos 66° = 4 cos 28° cos 29° cos 33°

11.Prove that

1-si 86%+c0s36° _ 3tan9®-tan39°
1+si B6%+cos36° 1-3tan?9°

12.Prove the following identities if A, B and Care to be taken as the angles of a triangle.
(@)sin2A +sin2B +sin2C = 4sinAsinBsinC
(b)tanA +tanB +tanC = tanCtanBtanC

5.4

The Formsacosx + bsi mx

The expression a cos x + b sin x can be expressed in the forms R cos(x ¥ a) and
asinx + b cos x can be expressed in the form R sin(x + a). Where « is an acute angle.

Example 37

Express (a) 4 cos x — 5sinx in the form R cos(x + @),
(b) 2sinx + 5 cos xin the form R sin(x + a).
Solution

(a) Let 4 cosx — 5sinx = Rcos(x + a)

4cosx —5sinx =Rcosxcosa —Rsinxsina
Equating coefficients of;
coSX; 4 =RCOSQ .cermrmmrmrnnns (D
sinx; S5=RsSiNG .coeiercinuuen.. (2)
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Squaring and adding equations (1) and (2)
= R?=4%2+5%;R=+41

Equation (2)+ (1)

= tana = z; a = 51.34°

~4cosx —5sim =41 cos(x + 51.34°)
(b)Let 2sinx + 5cosx = Rsin(x + a)

2sinx 4+ 5cosx = Rsinxcosa + Rcosxsina

Equating coefficients of;

sinx; 2=RCOSQ .cerurmrmrm.-. (1)

COSX;5 =RsSINA cvermrmrcrn.e. (2)

Squaring and adding equations (1) and (2)

= R?=22+52;R=+29
Equation (2)+(1)

= tana =§;a = 68.20°

~2sim+5cosx =v29sifx + 68.20°)

Example 38

Solve the equation 5 cos x — 12 sinx = 6.5for 0° < x < 360°.
Solution

Let5cosx —12sinx = R cos(x + a)

5cosx —12sinx = Rcosxcosa — Rsinxsina
Equating coefficients of;

COSX; 5 =RCOSU .cermrmrmrmrnrns (D

sinx; 12 =RSINA ccemermrmrenn. (2)

Squaring and adding equations (1) and (2)

= R?=52+122;R=13

Equation (2)+ (1)

= tana = 15—2; a = 67.38°

. 5cosx —12sinx = 13 cos(x + 67.389)

= 13 cos(x + 67.38°) = 6.5

= cos(x + 67.38°) = i—:

= x +67.38° = cos~1 0.5
= x + 67.38° = 60°,300°,420°
~x = 232.62°,352.62%or the range 0° < x < 360°.

Note: when one of the coefficient is a surd e.g. V3,2 we strictly use the R-formula
only.
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Example 39

Solve the equation sin x + V3 cos x = 1 for 0° < x < 360°
Solution

Let sinx 4+ /3 cosx = R sin(x + )

sinx + V3 cosx = R sinx cos 8 + cos x sin
Equating coefficients of;

sinx; 1=RcoSL ceumemrmrm-. (1)

cosx; V3 =RsSINS oreemrmrmne. (2)
Squaring and adding equations (1) and (2)

= R?>=12+(/3)?;R=2
Equation (2)=+(1)

ztanﬁ=\/—1§;a=60°

~ 2sinx ++/3 cos x = 2 sin(x + 60°)

= 2sin(x + 60°) =1

= (x + 60°) = sin"1(1/2)

— (x 4 60°) = 30°,150°,390°

x = 90°,330%for the range 0° < x < 360°.

Example 40
Find the maximum and minimum values of each of the following functions
(@) f(@) =5cosf + 3sin b

1
B)f(8) = g 5eems
Solution
(a) Let5cos@ + 3sinf = Rcos(6 — a)
= R(cos O cosa + sin 6 sin a)
= RcosOcosa + Rsinfsina
Equating the corresponding coefficients gives

Rcosa =5 ...... (D

Squaring each of (1) and (2) and adding give
R?cos’*a + R?si ta = 5% + 32

R?(cos*a + sita) = 34

R? = 34andR = v/34 (choosing the positive root)

Dividing (2) by (1) give
Rsinx E

Rcosa 5

tan « =%; a = 31.0°

Therefore, we have f(8) = V34 cos(8 — 31.0°)
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The function f attains its maximum value when the cosine function attains its
maximum value. Now cos(8 — 31.0°) has a maximum value of 1 when 6 — 31.0° = 0.
~the maximum value of f is 34 when 6 = 31.0°. Similarly, the minimum value of f is
—/34 when 6 — 31.0° = 180°; 6 = 211.0°

(b)We start by expressing the denominator of f(6) in the form 3 + R sin(8 — a).

(@) f(x) = 24cos@ + 7sin6 (b) f(x) =

Letsin® — 2 cosO = Rsin(6 — a)
= R(sin6 cosa — cos O sina)
= Rsinfcosa — RcosOsina

Equating the corresponding coefficients gives
Rcosa=1 ... (D

Squaring each of (1) and (2) and adding give
R?cos’a + R?si ta = 12 + 2

R?(cos’a +sita) =5

R? = 5andR = /5 (choosing the positive root)
Dividing (2) by (1) give

Rsimx _ 2

Rcosa - 1
2 0
tana =1 a = 634

Therefore, we have
1

f(G) = 3+V/5si {6-63.49)
The function f attains a minimum when sin(8 — 63.4°) is a maximum. Now

sin(0 — 63.4°) has a maximum value of 1 which occurs when 8 — 63.4° = 90°

o 0 .. . o 1

~ 6 = 153.4and the minimum point is (153.4 ,3+\/§)

Similarly, the function f attains a maximum when sin(6 — 63.4°) is a minimum. Now

sin(8 — 63.4°) has a minimum value of -1 which occurs when 6 — 63.4% = 270°
. _ 0 . . . 0 1
~ 6 = 333.4"and the maximum point is (333.4 ,—3_\@).

Example 41

For each of

_r

2+4sinf-3cosb

Find;

(i) the range of values for f(x) (ii) a maximum point (iii) a minimum point.
Solution

(a) (i) Let 24 cos O + 7sin@ = Rcos(6 — a)
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R =242 + 72 = 25
tana = —: a = 16.3°

24
f(x) = 25 cos(8 — 16.3%)
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the range i sfrom — 25 t o+ 25i.e.—25 < f(x) < 25
(i)  For the maximum point, we have cos(8 — 16.3%) = 1. Therefore 8 — 16.3° =0; 6 =
16.3°
Hence the maximum point is (16. 30, 25 )
(iii) For the minimum point, we have cos(6@ — a«) = —1. Therefore
6 —16.3° = 180°% 6 = 196.3°
Hence the maximum point is (196. 30, 25 )

1
(b)f(x) " 2+4sim@—3cosé

Let4sin® — 3cosO = Rsin(6 — a)
R=VFTF=5

tana = %; a = 36.87°

= 4sinf — 3 cos O = 5sin(d — 36.87°)

= f) = 2+55ir(91—36.87°)

The denominator has a range from -3 to 7 (Remember that 1 + 0 = o) Therefore,
f(x) has arange f(x) = %and fx) < —%

(ii) The maximum point is found where sin(6 — 36.87°) is +1 that s,

0 — 36.87° = 360°, 6 = 396.87°. therefore the maximum point is (396.870, —é)

(iii) The minimum point is found where sin(8 — 36.87°). therefore the minimum is -1.
Thatis 8 — 36.87° = 180°,6 = 216.87° .

Therefore the minimum point is (216.870,%)
Exercise 5.4

1. Express each of the following in the form R cos(x + a) with 0° < x < 360°

(@)3cosx —4sinx

(b)2cosx — 5sinx

(c)3cosx —2sinx

2. Express each of the following in the form R sin(x + a) with 0° < x < 360°

(@) 7sinx + 24 cosx

(b)3sinx + cosx

(c)5sinx + 3 cosx

3. Find the maximum value of each of the following expressions and the smallest
positive value of 8 that gives this maximum value.

(a)cos @ + sin6

(b)3cosO + 4sinb

(c)8sinf + 15cos b

(d)4 cosf — 3sinf

(€)3V2cos@ + 7sinf

(f) V3sin6 + cos @
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(g) cos(8 + 60°) — cos @
4. Express 4sin6 — 3 cos 6 in the form rsin(6 — a). Hence find the maximum and

. 7
minimum value of ———————. State the greatest and least values.
4sinf-3cos6+2

5. Expresscos x + sinx in the form r cos(x — a). Hence find the smallest positive values

, 1 .
of xfor which ————————— has a minimum value.
(cosx+cosx)

6. Express 3 cosx — 4 sinx in the form r cos(x + a). Hence express
in the form 4 + k sec(x + a).

3cosx—4sim
7. Solve the following equations for 0° < x < 360°

(a)8cosx —15sinx =5

(b)8cosx —12sinx = 10

(c)2cosx —sinx =1

(d)5cosx + 2sinx = 2

(e)3sinx —5cosx = —4

(f) 2 cos 2x — 4sinx cosx = V6

8. Solve the following equations for values of 8 from 0° to 360° inclusive.

(@)V3cosf +sinf =1

(b)5sin@ —12cosf8 =6

(c)sin@ + cos O =%

(d)cos8 — 7sinf =2

(e)2sinf + 7cosf =4

(f) 3tanf — 2secld = 4

(g)4cosBsinf + 15cosf =10

(h)cos @ + sin@ = secl

9. Prove that cos 6 — sin 8 = V2 cos(6 + 45°) = —/2sin(6 — 45°)

10.Solve the following equations for 0° < 8 < 360°

(@)cos@ + 7sinf =5

(b)3cos8 —4sinf =5

11.Find the greatest and least value of each of the following expressions, and state,
correct to one decimal place, the smallest non negative value of 8 for which each
occurs.

(a)12sin6 + 5cos 0 Ans(13,67.4% —13,247.4%)

(b)2 cos 6 + sin 6 Ans( V/5,26.6°; —/5,206.6%)

()7 +3sinf —4cosf Ans(12,143.1%;,2 ,232.19)

(d)10 — 2 sin 6 + cos BAns( 10 + \/_ 296.6% 10 —+/5,116.6%)
(e) Ans( 5—,225°; 459)

2+\/— ’
Ans(z ,311.80; o 131.80)

2+sinf+cosb
1

® 7—2cosf+y/5si 9
3

(g) 5cosf—-12sinf+16

Ans(1,112.6% —,292.6°)
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(h) 7—4\/§c0259+si 0]

12.Solve the following equations for 0° < 8 < 3600, giving your answers correct to one
decimal place.

(a)sin @ + /3 cos 8 Ans(90°,330°)

(b)cot @ —/13cosecHAng236.3°,326.3°)

(c) 24 = 10cosecB— 7 cot 8 Ans(7.3°,140.2°)

(d)g sech —tan O = 2Ans(86.6°,326.6°)

(e)V2tan 8 — /3 secH Ans(52.5°%,82.5°,232.5°,262.5%)

13.Show that 1 — V2 < 2c0s%6 + sin20 < 1 + /2 for all values of 6
14.(a) Given that 6¢0s*6 — 8sinf cos @ = A + R cos(26 + a), find the values of the

constants A, Rand a. Ans(A=3,R=5,a = tan~! g)

(b) Hence solve the equation 6¢c0s*6 — 8sin@ cos 8 = 5, for 0° < 6 < 360°.
Ans(6.6°,120.2°,186.6°,300.2°)
15.Solve the equationyv3tan 8 — secd = 1, giving all solutions in the interval
0° < 6 < 360°. Ans(60°,1807)
16.The function f is defines for all real values of x by
f(x) = (cosx —sinx)(17 cos x — 7 sin x)
(a) By multiplying out the brackets, show that f (x) may be expressed in the form
5cos2x — 12 sin 2x + k where k is a constant, and state the value of k.
(b) Given that 5 cos 2x — 12 sin 2x = R cos(2x + a), where R > 0 and 0° < a < 90°,

state the value of R and find the value of a in degrees.
39

fx)+14

Ans( too,near 351.8%)

and state a value of x at which the

(c) Determine the greatest and least values of

greatest value occurs.
55 t —Formulae.
e Equations of the form a cos x + b sin x = ¢ can also be solved using the
substitution t = tan g
e From the double angle formulae
1. cosx = coszg— si 1?%
coszg—si 1%%

1
2X ﬁx
COoS“>—Sli1nt>
2 2

= 2%, i RX
cos 2+szr?2
1-tan?X x
— 2 d- . .
= ——2dividing through by cos* =
1+tan2§ g gh by 2
_1-t2
T 1+4¢2

. . X X
2. sinx = ZSII‘IECOSE

2si g coss
_ 2515085

- 1
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. X X

2sigcos;

T cos?EisinX

cos 2+Slr?2
2tan’2E

_ i e s 2 i
= Toran? dividing through by cos 5

Note: If the cosine and sine are in terms of 2x then we use the substitution t = tan x
Example 42

Solve the equation 5 cos x — 2 sinx = 2 for —180° < x < 180° using the substitution
t = tan£
2

Solution

1-t2 2t
=5 (1+t2) —2 (1+t2) =2
= 5—5t%2 — 4t = 2 + 2t*
= 7t2+4t-3=0
—4+,/42%2-4(7)(-3)

=t= 2(7)
3
=t=-1 ort ==
Hence tang =-1 ortang =3/7

x x
= 5= —45%135% x = —-90°, 27005 = —156.80°,23.20% x = —313.60°,46.40°

~the solutions in the range —180° < x < 180° are x = —90°,46.40°.
Qn. Solve the equation 5 cos 2x — 12sin2x = 3 for 0° < x < 360° using the
substitution t = tan x.

Exercise 5.5

1. Solve the following equations for 0° < x < 360°

(a)2cosx + 3sinx — 2 = 04Ans(0°,112.6°%,360°)

(b)7 cos x + sinx — 5 = 04ns(53.19,323.19)

(¢)3cosx —4sinx + 1 = 0Ans(48.4°,205.39)

(d)3 cosx + 4sinx = 24Ans(119.6°,346.7°)

2. Use the t-formulae to solve the equations

(a)7 cosx + 6sinx = 2 for 0° < x < 360°Ans(118.1°,323.1%)
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(b)9 cos x — 8sinx = 12 for —360° < x < 360°4ns(—46.4°,—36.9°,313.6°,323.1°)

3. By expressing cos 260 and sin 26 in terms of tan 8, solve the following equations for
0° < 6 < 360°

(a) cos 20 — 2sin 20 = 24ns(135%,161.6°,315%,341.6°)

(b)5 cos 20 — 2sin 20 = 2Ans(23.2°,135°,203.2°,315°)

5.6  Solution of Triangles
e In the notation (Euler’ s notation) the vertices are always labelled with capital letters,
say A, B and C, and he same symbols are used to represent the siz es of the angles at
these vertices. The corresponding lower case letters, a, b and c are then used to
represent the lengths of the sides opposite the vertices, i.e. the letter a is used to
represent the length of the side BC as seen in the following diagram.

AW
,’/ CO s
KLE0 >
b/’ a
Z 2N
A B
B €

e The units of angles are degrees. The sub-unit is minute, which is 1/60%" of a degree,

0
and the standard symbol for it is a small dash. So 35912’ = 35 % ; in decimals this

becomes 35.2°.

The sine rule:
b

a c . .
— = —— = —— = 2Ris the sine rule.
sind sinB sinC

In the triangle ABC;

Proof

Let ABC be any triangle inscribed in a circle of radius R.

fig (a)

Let O be the centre of the circle.
Joining BO and produced, it meets the circumference in D. Join CD
£BCD = 90° (angle in the semi-circle)
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£BDC = £A (angles in the same segment)

X = sinBDC = sinAor= =sin4 + - = 2R......... 0]
BD 2R sim
Interchanging A with B
B
fig (b)
2 — §inADC = sin Bor—~ = sin B » —— = 2Ruveuu...(ii)
AD 2R sinB
Interchanging B with C
C
D
R
R "0
fig (c)
A B

28 = SinADB = sin Cor= = sinC + —— = 2Ruuu.... (iii)

AD 2R sinC
Equating equations (i), (ii) and (iii)
a b c
=2R ....... |

“Sim simB  sitC
Example 43
In the triangle ABC,a =10 cm b =8cmB = 50°. Find A, Cand ¢

Solution

8cm

0
5/50%)

10cm

Using the sine rule;
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10 8 _ ¢

sind  sis00 sinC
In this case

10 8
simd _ sims00
. =90
A =sin~? (10‘“ 150 ) = 73.25%7 106.75°

= A+ B+ C =180°
= 73.25° +50° + € = 180° . € = 56.75°

Usin 8 __ <
E5im00 51166750
85si156.75°
=c=————""—=28.7336cm
si 500

~ A =7325%C =56.75%nd c = 8.7336 cm

Example 44

. . a’-b? _ si{A-B)
Prove that in any triangle ABC, 2 = sinasp)

Solution

. . a b c
Using the sinerule; — = —=——==2R
sind sinB sinC

= a =2RsinA,b =2RsinB,c = 2RsinC

From the LHS
a?-b? _ (2Rsim)?—(2RsinB)?
2 (2Rsi )2
_ SittA-si1B
sinrtC

Since C = 180° — A — B; sin C = sin(180° — A — B) = sin(4 + B)

a?-b? _ (sind+sinB)(si M-sinB)

2 si12(A+B)
. A+B A-B A+B . A-B
_ Z(Sl HZ_COST)Z(COSTSI HZ—)
si12(A+B)
. A+B A+B . A-B A-B
_ 2(51 HZ—COST)Z(SI nz—cosT)
si%(A+B)

si {A+B) si {A-B)
si(A+B)

si{A-B)
si{A+B)

= RHS
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. a?-b? _ sifA-B)

The Cosine rule:

The cosine rule has very many proofs. We can use the one which includes the idea of
the scalar product.

In the triangle OPQ, the angle POQ is equal to fand @) =p-—q.

Consider the scalar product Q7 Q7

= QP.QP=(p-q).(p— 9

=p-p+4q.9—-2p.q

=p?+q?—2pqcosB; p.q = |pl.|q| cos O

But QP. QP is equal to QP2,

% QP% =p*+q* —2pqcos6

So, if we are given the values of p and g, and the siz e of the included angle8, we can
calculate the length of QP.

Using the Euler’ s notation the triangle POQ is relettered ABC and the cosine rule
becomes; B

a? =b% 4+ c?>—2bccosA

The letters a, b and c are permuted to give the following alternative forms:
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b? = a? + c?> — 2accosB
c? =a®+ b?—-2abcosC

Note: The cosine rule works well when given the length of two sides and an included
angle.

Example 45

In the triangle PQR, p = 14.37 = 17.5 and Q = 25°
36'. Calculate the length of side PR

Solution:

Using g% = r? + p%? — 2rp cos Q

= q? =17.52+14.32 — 2 X 17.5 X 14.3 cos 25.6°
s q = 7.7054

Example 46

In the triangle XYZ,x = 4 cm,y = 6 cmand z = 3 cm. Calculate the siz e of angle Y.
Solution

Using y? = z% + x% — 2zxcosY

Using 6% = 32 + 42 — 2(3)(4) cos Y

Y =117.28°.

The tangent formulae:
We now derive another set of formulae which are useful in the numerical solution of
triangles. Starting from the sine formula, b = 2R sin B, ¢ = 2R sin C, and after division

of numerator and denominator by “ R, we have
b—c _ simB-siIC

b+c  simB+sirC
B+C B-C

ZCOSTSiHZ—
= ___B+C__B-C
251n2—cosT

B—C
2
1 b—c 1
Hence tanE(B —C) = (E) tanE(B +0C)
. 1 _ 0 1 . . 1 _ b—c 1
Since= (B + C) = 90° — = A4, this can be written as tan=(B — C) = (—) cot-4
2 2 2 b+c 2

B+C
= COtT tan

The two corresponding formulae are
1 c—-a 1

tal’lz (C - A) = (E) COtEB
1 a-b 1

tal’lz (A - B) = (m) COtEC

And these can be similarly derived.
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Example 47

Prove that in any triangle ABC, sin % (B-C)= (%) cos %A
Solution
From the sine rule; a = 2Rsind,b = 2R sinB,c = 2RsinC

b—c 2RsimB—-2RsinC
From{— ) =———F—"—
a 2RsimA

sinB-sinC
sind
__simB-sinC
si{B+C)
Since A =180° —B - C
(E) _ 2cos%(B+C)si %(B—C)
al 251 B(B+C) cosy(B+C)

si %(B—C)
si %(B+C)

.1
(B-C)
=2 incel (B—€) =900 —24
COS;A 2 2

We multiply through by cos %A

.1 b-c 1
smE(B—C) = (T)COSEA ........ ]
The area of the triangle:

(i) When given two sides and the included angle.

Let A denote the area of the triangle ABC and let BD be the perpendicular from B on
AC.

B

Then since BD = csin4
= A= %CA.BD = %bcsinA

In the same way we could show that A= %ac sinB, A= %ab sinC.

1
1 . , .. a ~abc . .
From A= > bcsin A, expressing this in the form i 2 o we could rewrite the sine
a b c abc . . .
formula as — = —— = —— = 2R = —. We can use this to find the radius of the
siM sinB sinC 2A

circumscribing circle.
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(ii) When given the three sides of a triangle.
To find the area of the triangle in term of the sides we consider the following

%bc sinA =A
= 2bcsinA =4A ............ (D
From the cosine rule; 2bc cos A = b% + ¢ — a?.......... (2)

Squaring and adding equations (1) and (2)

= (2bcsin A)? + (2bccos A)? = (40)? + (b? + c? — a?)?

= 4b?c? = 16A? + (b? + c? — a?)?

= A= 1—16{4b202 — (b?% + ¢% — a?)?}using the difference of two squares;
= i{(Zbc + (b? + c? — a?))(2bc — (b? + c? — a?))}
== {((b+0)? —a®)(a® — (b —c)?)}
=—{(b+c+a)b+c—a)a-b+c)a+b—c)}

If we write 2s = a + b + ¢; wheres is half the perimeter of the triangle

= A?=—.25.(25 — 2a)(2s — 2b)(2s — 2¢)

s A= \/s(s —a)(s — b)(s — c)this is also called the Hero’ s rule.

Example 48
Given that the sides of a triangle are of lengtha = 3.57cm, b =2.61cmc=4.72cm
Find its area and the radius of its circumference.

Solution
From2s =a+b+c=357+2.61+4.72
=10.90
s = 5.45

Hence from the formula A= \/s(s —a)(s—=Db)(s—c¢)
= A= /[5.45(5.45 — 3.57)(5.45 — 2.61)(5.45 — 4.72)]

= 4.6089 cm?
From A= abe
4R
abc
= R = E
R = 3.57X2.61x4.72
T 4x4.6089
~R=23856cm

Formulae for the angles of a triangle in terms of the sides

By rearranging the cosine formula a? = b? + ¢? — 2bc cos A in the form
cosA = (b? + ¢? — a?)/2bc.

We can express the angle A in terms of the sides of a triangle.

1. sin%Az {—(S_bzis_c)}
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2. cos%A= {S(S_a)}

bc
1. (s=b)(s—c)
3. tan EA = {—S(S_a) }
Example 49
2
Prove that in a triangle ABC, leos?ia+tco?ip +1co2lic = (@tbto)
2 2 2 2 2 2 4abc
Solution
From the LHS

1 1 1 1 1 1 s(s—a)+s(s—b)+s(s—c)
— 2= - 2= . e
2cos 2A+Zcos 2B+2cos 2C abe
__ 3s2—s(a+b+c)
- abc
352-252

abc
2

N

abc
__ (a+b+c)?
T 4abc
= RHS
(a+b+c)?

-‘-%COSZ%A-}-%COSZ%B +%COSZ%C=W ................ n
Exercise 5.6
Sine rule:
1. Solve the triangle in which ¢ = 26.83m, 4 = 80°30’, B = 40°12’.
Ans(C =59°18',a = 3.77m,b = 20.14m
2. Isthere a triangle in which b = 5,¢ = 7 and B = 48°35’? If so solve the triangle.
3. Solve the triangle in which b = 5.6,¢ = 7.0 and B = 53°8’
Ans(A = 36°52',C =90%,a = 4.2)
4. Solve the triangle in which b = 24.93 m,c = 12.10 m,B = 122°51°
Ans(A = 33°5',C = 24°4’,a = 16.20 m)
5. Use the sine formula to prove that, in triangle ABC,

1 b+c . 1

(a)cosE(B -C)= ——sin-A

b—

(b)a+ ‘= tan-B cos=C
a-b+c 2 2
a+b+c 1 1

(©) T cotEA cotEB

Cosine rule:
6. Solve the triangle in which b = 10.67 m,c = 21.7 m, A = 44°46’
Ans(a = 16.0m,B = 28°1',C = 107°13")
7. Solve the triangle in whicha = 16 m,b = 10.67 m,c = 21.7m
8. Calculate the remaining angles of a triangle in which two sides are
13.46 m,54.31 m and the included angle is 67°24".
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Tangent rule
9. Solve the triangle in which b = 10.67 m,c = 21.7 m, A = 44°46’
Ans(B = 28°C = 107°14',A = 16.0 m)

Area of triangle
10.Find the area of a triangle having sides of length 322.2 m, 644.7 m and 432.1 m.
11.Find the area of a triangle whose sides are 10.4, 12.8and 17.6 m.
12.Find the area of a triangle with sides 4.2 cmand 3.5 cmand the included angle of

51.20.

SENIOR FIVE TERM TWO
CHAPTER 6
VECTORS
6.1Vector algebra [ Vectors in Two and Three Dimensions]

Definition of a vector

e Avector is a physical quantity with both magnitude and direction e.g. force, acceleration,

velocity, displacement etc.
e A scalar quantity is a physical quantity with only magnitude. E.g. mass weight, height,

time etc.

Vector notation
e Avector AB is represented in the following ways;
NA—B’) , ABbut this is done when typing examinations

e Thus 4F indicates both length and direction of AB.

Displacement
e Consider two points A and B with coordinates (x;,y;)and (x,, y,). The displacement

vector AB is given by

AB = OB — 04
X X Xy — X
- (yz) N (yi) - (yz - yi)
Example 1
Write down the displacement vector AB where A(3,5) and B(5,9)
Solution
AB = 0B — 0A

-(5)-()
-(3)

Position vectors
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e The position vectors of the points A, B,C, ...are given by a, b, c, ... with respect to the
origin.
X
e Ifapoint P has coordinates (x, y), its position vector is given by (y) [t is called the

column vector of P.
e Consider the points P, R, Q in a straight line

0

In the figure above R is the point on the line PQ, such that PR = tP—Q). The position vector
of R can be obtained as follows;

From PR = tP—Q)

= OR — OP = t(0Q — OP)

=r—-p=t(q-p)

=Sr=p+tq—tp

= r = (1 — t)p + tqis the position vector of R.

Magnitude of a vector
e The magnitude of a vector is the same as length or modulus.

X
e C(Consider avectora = (y) its magnitude is denoted as |a| where
lal = /x? +y?
X

e This can be extended to three dimensional space where a = <y> and its magnitude is

z
given by |a| = \/x? + y? + z2.
Example 2
Find the magnitude of the following vectors;

2
() a = (‘2*) (b)b = (—4)

5
Solution

(@) |al = V42 +22 =20 = 44721 uni ts
d)|b] = /(2)2 + (=4)% + (5)2 = V45 = 6.7082 uni t s

Unit vectors
e [s avector of magnitude one unit in a given direction.
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e Ifwe denote a horiz ontal unit byiand a vertical unit byjthenm = xi + yj.

. . . . . . ~ ~ a
e A unitvector in the direction of some vector ais usually written as dwhere a = Tl

Example 3
Find the unit vector in the same direction as the vector a = 2i — j
Solution
~ _ a
= .
2i—j 2 ., 1.
= o -
Example 4
Find the vector of magnitude 20 units and is parallel to the vectorb = 3i — 4j.
Solution
Let the required vector be v
= v =20b
3i—4j
[ (3)2+(-4)?
— 20 [31 4]]
= 12i — 16j

Addition and subtraction of vectors
e The diagram below shows the path that could be taken to travel from A to C.
B

e AC =AB+BC

e The vector AC is called the resultant of vectors ABand BC.

e Since vectors may also be written as single letters in bold type, if we letu = AB,v =BC
andw = R,thenwehavew =u+v

e SinceAB = u, we have BA = —u. In other words, the vector AB has the same magnitude

as BA but s in the opposite direction.

Example 5
Given that AB = 3i + 5j — 4kand BC = —i + 4j — k. Find AC.
Solution

AC = AB + BC
= @Bi+5j—4k) + (—i+4j— k)
= (2i + 9j — 5k)
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Example 6
Given that BC = 7i — 2j + kand AC=i- 6k, find BA

Solution

BA =BC +CA
= BC —AC
=(7i—2j+k)— (i— 6k)
=6i—2j+7k

Example 7

Two vectors are given by a = 2i — j — kand b = —i + 3j + 4k, find;
(@)a+b(b)a—-b

Solution
@Qa+b=Qi—j—k)+ (—i+3j+4k)
=i+ 2j+3k
Ma—-b=Qi—j—k)— (—i+3j+4k)
=3i—4j—5k

Multiplication by a scalar

X
Consider a vector a = ( ), and a scalar k then,

~ta=i(()- (5]

For example ifa = (_43),

~sa=5()= ()

Equal vectors
Two vectors a and b are said to be parallel if one is a scalar multiple of the other i.e.
ifa = Ab.
If A is positive, the vectors are parallel and in the same direction: i.e. they are /ike parallel
vectors

/

If A is negative, the vectors are parallel and in opposite directions: i.e. they are unlike
parallel vectors.

/
/
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Example 8

In the parallelogram OABC, 0A = aand OC = c. The point D lies on AB and is such
that AD:DB=1:2. Express the following vectors in terms of a andc

(a) CB(b) BC (c)AB (d) AD (e) OD (f) DC
C B

Ji
0 —2 A
Solution
(a) CF is the same length as 04 and is in same direction
~CB=04=a
(b)ﬁ is the same length as 04 and is in opposite direction
+BC=-CB=-a
(©) AB is the same length as 0C and is in same direction
~AB=0C =c
(d)D is one third of the way along AB,
AD =175 =1c
(e)OD = 04 + AD
=a+c
(f) DC = DB + BC
=§c+(—a)=§c—a
Non-parallel vectors

e For two non-parallel vectors a and b if Aa + ub = aa + fbthen A = a and u = B i.e. we
equate the coefficients ofaand b .

Example 9
The diagram show a parallelogram OABC with OA =aandOC =c.Disa point on AB
such that AD:DB=2:1. OD produced meets CB produced at E. DE = hODand
BE = kCB.
C B E
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Find;
(@) BE'in terms of a and k.
(b)ﬁin terms of A, a and c.
(c) the values of ~and &
Solution
(a)BE = kCB = ka
(b)DE = hOD = h(a + %)
(c) To determine h and k we need a vector equation containing hand k.
= BE = BD + DE
= ka = —ic+ h(a+Zc)
= ka = —c+ ha + 2hc
Equating coefficients of;
ak=h
c;0=—+2h
s~ h=1/2andk = 1/2

Example 10
Show that the points A, B and C with position vectors 3i + 3j + k, 8i + 7j + 4k and
11i + 4j + Skrespectively are vertices of a triangle.
Solution
AB = (8i+ 7j + 4k) — (3i + 3j + k)
= (5i+4j + 3k)
BC = (11i + 4j + 5k) — (8i + 7j + 4k)

=Bi-3j+k)
AC =(11i+4j +5k) — Bi+3j+ k)
= (8i +j + 4k)
= AB + BC = (5i + 4j + 3k) + 3i — 3j + k)
= (8i+j+ 4k)
= AC

- Since 4B + BC = ACand 2—? * % # a scal arthen A, B and C are vertices of a

triangle.

Ratio theorem
e (Consider a triangle OAB and P divides the line AB in the ration A: u then the position
vector of P can be expressed as shown below.
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= OP = OA + AP
=a+ %ﬁ
=a+(b-a)
_ (A+wa+i(b-a)
- A+u
__ Aa+tua+ib-Aa
- A+u
__ uhatdb

= e is the position vector of P (ratio theorem)

e This theorem can be used to obtain the position vector of points that
Divide lines

Division of a line by a point
e The point P can divide the line AB either internally or externally.
e Iffor example P divides AB internally in the ratio 1:3

e In this case AP and PE are in the same direction i.e. AP: PB = 1:3
e Point P dividing AB externally in the ratio 1:3 (By writing this as 1:-3 or -1:3 we do not
state that the division is external)

- a5

B
I (13)

e In this case the vector AP and PB are in opposite direction. Hence the use of the minus
sign in the ratio.

Example 11
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The point K has position vector 3i + 2jand point L has the position vectori + 3j, find
the position vector of the point P which divides KL in the ratio.

(a)4:3
(b)4:-3
Solution
(a) Using the ratio theorem; 4:3 & A: u
— W _ uk+Al
A+u
__ 3(3i+2j)+4(i+3))
- 4+3
_ 9i+6j+4it+12j
- 7
13, | 18,
= 71 + 7]
(b) Using the ratio theorem; 4: —3 & A: u
— O = Kkt
A+u
_ —3(3i+2))+4(i+3))
B 4-3
_ —9i-6j+4i+12j
- 1
= —5i + 6j
Example 12

2 -3

If the position vectors of points A and B are (4) and ( 2 ) respectively, find the
6 8

position vector of the point R which divides AB externally in the ratio 5: 3

Solution

. —’_ua+/1b__ . .
Using OR =T 5:3e Au

2 -3
)(2)
— _\6 8
—5+3
5

(i2-x)

-2

)
)

Other base vectors
We can express a give vector in terms of other vectors a part fromi, j and k.
If a, b and care coplanar vectors,
= c=Ma+ ub,b=21a+ u,c,a = 2A3;b + uscwhereiy, uq, A, Uy, A3, U3 are suitable
scalars.
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e The word coplanar means to lie in the same plane.

Example 13

With a = (2) and b = (_21) as base vector express ¢ = (157
Solution

c=Aa+ ub

= (157) =4 (2) tu (—21)

=31 +2U=5 e (D

SA—=pU =17 e (2)

2XxXeqn(2) +eqn(l)
= 131=39; A=3,u=—2
~c=3a—2b

Example 14

1 6 1
Show that the vectors a = (—3) ,b = <—4> and ¢ = (—10) are coplanar.

2 2 7

Solution
Suppose ¢ = Aa + ub

=(r)= () ()

Thenl =21+ 6u,—10=—-31—4uand 7 = 24 + 2.

Solving the first two equations simultaneously gives A = 4and y = —

These values are compatible with 7 = 24 + 2u
Thus we can write ¢ = 4a — %b, hence a, b and c are coplanar.

Collinear vectors

) in the form Aa + ub

e To be collinear means to lie on the same straight line i.e. if we take three points A, B and

C

e Then A, B and C are said to be collinear points if% = k where k is a scalar and the two

have a common point A.

Example 15

The position vectors of the points A, Band Care 2i — j + k, 3i + 2j — k and

6i + 11j — 7krespectively. Show that A, B and C are collinear.
Solution

o (2)-0)
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g
() ()
(2)-(3)

~ BC = 34B
It is clear that since BC is a multiple of AB, BC and 4B are parallel. But AB and BC
have a common point, namely B. Therefore, A, B and C are collinear

Dot/scalar product of two vectors
The scalar product a. bof two vectors a and b is defined by
a.b = |a||b| cos Bwhered is the angle between the vectors.
When the two vectors a and bare perpendicular, 8 = 90° and cos90° = 0
Thereforea.b = 0
When the angle between the vectors a and bis acute, cos 8 > 0 and thereforea.b > 0

a

b

When the angle between the vectors a and bis between 90°and 180°, cos 8§ < 0 and
thereforea.b < 0

a

b

To see how we calculate the scalar product a. b, leta = a,i + a,j + azkand b = byi +
b,j + b3k. Then

a.b = (a,i + ayj + azk).(byi + b,j + bsk)

= a;by + ayb, + azbzsincei.i=j.j=k.k=1andi.j=jk=ik=0
We use dot product to find a vector perpendicular to other two vectors

Example 16
Find the scalar product of each of the following pairs of vectors.
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2 -3
(@)2i+3jand i — 6j(b)4i — 2j + kand 2i + j — 3k(c) (—1) and < 1 >
4
Solution

@ Q2i+3).(i—-6)=02x1)+(Bx-6)=-16
() (4i—2j+k).Qi+j—3k)=(4x2)+(-2x1)+(1x-3)=3

2\ /-3
(c)<—1>.<1>=(2x—3)+(—1><1)+(4><5)=13
4 5

Example 17

Find the angle between the vectorsa = 2i +j+ kand b =i —j + 3k
Solution

Using a.b = |a||b| cos 6

= Qi+j+k).(i—j+3k) =vV2Z2+12 +12.\/12 + (—1)%2 + 32 cos 6
= 2x1)+(1x-1)+(1x%x3)=v6V11cosb

= 4 =+/66cos 6

= 0 = 2
cosf ==
~ 0 =605°

Example 18
Given that the two vectorsa = (3t + 1)i + j — kand b = (t + 3)i + 3j — 2kare
perpendicular, find the possible values of the constant t.
Solution
aandb are perpendicular ifa.b = 0
= (Bt+Di+j—k).(t+3)i+3j—2k)=0
= GBt+D(t+3)+(1x3)+(-1x-2)=0
= 3t2+10t+8=0
= (Bt+4)(t+2)=0
st=—4/3 andt = -2

Example 19

The points A, B, C and D have position vectors (_32) , (g) , (Z)and (_74) Show that

AC is perpendicular to BD
Solution
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=36 — 36
=0
= since AC.BD = 0, then AC is perpendicular to BD

Example 20
The vertices of a triangle are P(4, 3), Q(6, 4) and R(5, 8). Find the angle RPQ using
vectors.
Solution

= (3)-()=()
Pa=(3)-()=()

Let the required angle be 6

= ﬁ)P_Q’ = |ﬁ||P—Q)| cos 6

= (é) (i) =12 + 52,4/22 + 12 cos O
= (1x2)+ (5x1) =v26.V/5cos @

= 7 =426 X5cos0
.0 =5213°

Example 21
Given the vectorsa = 3i — 2j + k and i — 2j + 2k find a vector c such that it is
perpendicular to bothaand b

Solution

Letc=pi+qj+rk

ac=0

= @Bi—-2j+k).(pi+qj+rk)=0
= 3p—29q+1r =0 cseere. (1
b.c=0

= ({—2j+2k).(pi+qj+1rk)=0
=p—-29q+2r =0 .uceenn.e. (2)
eqn(1) — eqn(2)

=2p—-1r=0

ST =2D e (3)

Putting equation (3) into equation (1)
=3p—-2q+2p=0
= 2q =5p

5
=q=3p

5

= p:q:r = p:;p: 2p
=p:q:r =2:54
L c=2i+5j+4k

SIMPLIFYING PURE MATHEMATICS: BY MUKOOBA JOEL 0774454151: 0706355884 Page 114



The cross product of vectors
e The cross product of two vector a and b is denoted as a X b or aAb.
e When two vectors a and b are crossed, it produces a vector perpendicular to both i.e.
n=axbhb
e The magnitude of the cross product is defined as |a X b | = |al||b| sin & where 0 is the
angle between a andb.

Example 22
Given the vectorsa = 3i + 2j + kand b = 2i + 4j + 3k finda X b
Solution
i —j k
axb=1|3 2 1
2 4 3

12 1 13 1 3 2
:l|4 3|_1|2 3|+k|2 4|
= i(6—4) —j(9—4) + k(12 — 4)
= 2i—5j +8k
The area of a triangle
o The area of the triangle is given by 2|a x blor 2|b X c|or 3|a X c|

Example 23

Find the area of triangle PQR where P is (4, 2,5),Qis (3,-1,6) and Ris (1, 4, 2)
Solution

-6
(-G

i Tk
PRxPQ=|-3 2 -=-3|=-7i+6j+ 11k
-1 -3 1

= |PR x PQ| = V49 + 36 + 121 = /206
Area of triangle = 2v206 = 7.1764 sq.uni t s

Exercise 6.1
1. Write down the displacement vector AB for each of the following pairs of points:
A(2,3),B(2,5) (b) A(5,1), B(8, D(c)A(12,5), B(5.4) () 4 (£, 2),B (5, -3)
2. The points A and B have position vectors aand b. A point C with a position vector clies
on AB such that % = A
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3. A, Band C are three collinear points whose position vectors are a, b and crespectively

and AC = 34B. Express cin the form ¢ = ma + nb

4. A, Band C are three collinear points whose position vectors are a, b and crespectively
and AC = —24B. Express cin the form ¢ = ma + nb

5. Prove thatif aand b are the position vectors of points A and B, then the position
vector of a point P on AB, where AP: PB = m:n is given by (m + n)p = na + mb.

6. A and B are the points (3, 7) and (15, 13) respectively. P is a point on AB such that
AP = sAB. Write down the vector OP in terms of s. Find the coordinates of P, when
(@)s=3/4(Mb)s=3/2 (¢)s=-2
Ans((a)(12,11.5), (b)(21,16), (c)(—21,-5)

7. Given that A is the point (2, 5) and that B is the point (10, -1), find the position vector
of a point P on AB such that

(a)AP = PE (b) 24P = PB (c) AP = 44B (d) AP: PB = 2:3(e) AP:PB = m:n
ans(@ () ) (5) © (Po) @ (G2) @z (5" Tam)

8. A, Band C are three collinear points whose position vectors are a, b and crespectively

and AC = 3E.Express c in the formc = ma + nb, find the scalars m and n and verify
thatm+n = 1.
Ans(—=2,3)

9. Find numbers m and n such that m (g) +n (i) = (g) Ans(m=2,n=-1)

10.Find the magnitude of the following vectors.

(@Qv=3i+jb)a=—-4i+2j+3k(c)p =11i+ 5k

11.Find the magnitude and direction of the following vectors;

(@)3i+4j (b)=5i+12j (c)—10j (d)i—j

12.Find the unit vector in the direction of v = 5i — 2j + 4k

13.Find the vector which has magnitude 15 units and is parallel to 16i+12j

14.Find the vector of magnitude 6 units in the direction of the vector i + j

15.0ABC is a trapezium withOA = a,0C = cand CB parallel to and twice as long as 0A.
The point D and E are the mid-points of AB and CB respectively. Find the following
vectors in terms of a andc.

(a)CA (b) 4B (c) ED.
Hence show that CA4 is parallel to and twice as long as ED
Ans((a) — ¢ + a(b)a + c(c);(a - ©))

16.Triangle OAB has OA =aand OB = b,Cisa point on OA such that 0oC = %a. D is the

mid-point of AB. When CD is produced meets OB produced at E such that DE =
nCDand BE = kb. Express DE in terms of;

(ayn,aand b

(b)k,aand b

(c) Find the values of nand k.
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17.Show that the points P(4, -3), Q(-3, 4), R(-2, 7) and S(5, 0) are the vertices of a
parallelogram PQRS.
18. Given the points A(1, 1), B(5, 4), C(8,9) and D(0, 3), show that ABCD is a trapezium.

1 3 8
19.1f the points A, B and C have position vectors( 3 ), <—2> and ( 7 ) respectively.
-5 9 -1
Show that ABC is a triangle.
20.The points P(2, 3), Q(-11, 8) and R(-4, -5) are vertices of a parallelogram PQRS which
has PR as a diagonal. Find the co-ordinates of the vertex S.
21.Given that A(2, 3), B(4, -7) lies on a straight lie find the position vector of the point P
that divides AB
@)) Internally in the ratio 1:4
(ii)  Externally in the ratio 1:4
(iii)  In the ratio 2:-3
(iv)  Insuch a way that AP:AB=2:6
(v)  Internally in the ratio -2:3

3 3 1
22.Prove that the vectors a = (4) ,b = (—1) and ¢ = <—2> are coplanar.
1 2 1
23.Prove that the vectorsa = 3i + j — 4k,b = 5i — 3j — 2k andc = 4i — j — 3kare

coplanar.
24.The three points A, B and C have position vectors a, b and c respectively. If
¢ = 3b — 2a, Show that A, B and C are collinear.

5 7 11
25.Points P, Q and R have position vectors (4) , (5) and < 7 ) respectively.
1 4 10

(a) Find P—Q)and ﬁ)
(b)Deduce that P,Q and R are collinear and find the ratio PQ: QR

4 1
26.Given that OP = (—3) and w = (0) find the co-ordinates of R when point P, Q and
5 2

R are such that 3@ = 2?@

27.Given that the points A(2, 13,-5), B(3,y, -3) and C(6, -7, m) are collinear, find m and y.

28.The points A, B and C have coordinates (1, -5, 6), (3,-2, 10) and (7, 4, 18) respectively.
Show that A, B and C are collinear.

29.Given that A(2, 13,-5), B(3, 3, -3) and C(6, -7, a ) are collinear, find the constants
anda. Ans(f=8,a=3)

30.Given that AB = ai + 6j + 4k,BC = 4i + Bj — 3kand AC = —3i + vk, find the values
of the constants o, f andy. Ans(a = -7, =—-6,y=1)

31.Given that the vectors ai — 2j + k and 2ai + aj — 4kare perpendicular, find the
values of a.

32.1f the points A, B and C have position vectors i + 3j — 5k, 3i — 2j + 9k and
8i + 7j — k respectively find the angle ABC giving your answer to the nearest degree.
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33.The points P(4, -6, 1), Q(2,8,4) and R(3, 7, 14) lie in the same plane . Find the angle
formed between PQ and QR.
34.Find the angle between each of the following pairs of vectors

(a) 3i — 4j and 12i + 5j(b)(_21) and (g) (€) 2i +j — 2k and 4i — 3j + 12k
Ans((a)75.7°(b)53.19(c)119.2° )

35.Givena = 4i +5j, b=Ai—8jc =i+ yj

(a) Find the value of the constant A given that a and b are perpendicular

(b) Find the value of the constant u given that a andc are parallel.
Ans(1 =10, = 1%)

A -1
36.Given that <2 + /1) and < 3 ) are perpendicular vectors, find the value of the
3 4—-2
constant 4. Ans(4 = 18)
37.Find the unit vector perpendicular both vectors 4i + 2j — 3k and 2i — 3j + k.

Ans {%(7:‘ +10f + 16k)}

38.Evaluate (2i + 3j — k) X (7i + 4j + 2k)Ans(10i — 11j — 13k)

39.Evaluate |AB x CD|, where A is (6, -3, 0), Bis (3,--7, 1), Cis (3,7,-1) and D is
(4, 5,-3).Ans(V15)

40.Show that the vectors i — 2k, —2i + j + 3k and —i + j + k form a triangle. Hence find
the area of the triangle.

6.2 Lines in two and Three Dimensions

Vector equations of lines
e The general equation of a line through the point A and in the direction ofbisr = a +
tbwhere a is the position vector of A, and each value of the parameter t corresponds to a
point on the line.

Example 24

(a)Find the equation of the line through the point (2, 4, 5) in the direction
—2i+ 3j + 8k

(b) Find p and q so that the point (p, 10, q) lies on the line.

Solution

2 -2
(a) The equation of the line isr = (4) + t( 3 )
5 8
(b)If the point (p, 10, q) lies on the line, then for some t we have

¢)e()-()

Considering these coordinates, we have
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Fori;2 =2t =p.cn.-... (D

Forj ;4 + 3t = 10............ 2)
Fork;5+ 8t =q.cicieemee. 3)
From (2) t =2

Substituting t = 2 in (1) and (3), we get
p=—2andq =21
e Letaand b be the position vectors of two point A and B with respect to the origin O. Letr
be the position vector of a point P on the line AB
We have

OP = 04 + tABorr = a + t(b — a)

Example 25

Find the vector equation of the line passing through A(1, 3, 2) and B(0, -1, 4). Does the
point P(-2, 9, 1) lie on the line AB?

Solution

1 0
The position vectors of Aand B are a = (3) and b = (—1)

2 4
The vector equation of the line is given by

r=a+t(b—a)

03
~)()

This could be writtenasr = (1 — t)i + (3 — 4t)j + (2 + 2t)k.
If the point P(-2, 9, 1) lie on the line AB, there will exist unique value of t for which

(3)=(3)()

If =2 =1 —y,thent = 3. However we see that t = 3 does not satisfy 9 = 3 — 4¢t.
Therefore the point P(-2 9, 1) does not lie on the line AB.

e When given three points on the line i.e. A, B and C, the vector equation of the line is given
by r = OA + uBC or r = a + u(c — b)

Qn. Find the vector equation of the line passing through the points A(1, 0, 1),
B(2,-1,5)and C(4,1, 0)

e Whenever they say find the equation of the line, it means the vector equation.
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The Parametric equation of a line
e These can expressed as seen in the following example;

Example 26
Expressr = 2i + 2j + 5k + u(—i — 2k)in parametric form
Solution
x 2 -1
~()-(z)++(2)
z 5 -2
X =2 = coeieemmimemmens (1)
V=2 emieemememnamann (2)
Z=05=2U ceermmimrmeam. 3)

~equations (1), (2) and (3) are the parametric equations of the line.

The Cartesian equations of a line

e To find the Cartesian equation of a line which passes though the point (x4, ¥4, z;) in the
l
direction <m>, we use the vector equation
n
r=a-+tb

Hence, we obtain the vector equation of this line as

X1 l
r= <}’1> +t <m)
Al n
X

e Letthe general vector rbe <y>, which gives
z

)-(2)(z)

e Usingthei,j, k components, we have the parametric equations
xX=x;+tl,y=y,+tmandz =2z, +tn

e Finding t from each of these components, we get
t = X=X1 _ Y™ _ Z7Z4
l m n
e Hence the Cartesian equation of a straight line which passes through the point (x,,y;,2;)

l
1 3 : . X=X — z—z
in the direction (m) jgXTXL _ YN _Z74

l m n
n

Note: we equate the numerators to zero in order to get the point on the line and the
denominators make the directional vector if and only if the coefficients of x, y and z
are +1.

Example 27
Find the Cartesian equation of the line PQ, where P is (2,1, 7) and Q is (3, 8, 4)
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Solution

-

2
Hence, given that the line passes through P(2, 1,7), its vector equation is r = <1) +

)
~()=(:)+(2) s

The its Cartesian equation is given by% ===
Qn. For the line through (4, 7, -1) in the direction 2i — 3j — 5k, find;
(a) its vector equation

(b)its parametric equations
(¢) its Cartesian equation.

Example 28
1-y _ 2z+7

2 5

Find the vector equation of the line x4;3 =

Solution

We always start by rearranging the Cartesian equation in the form
X=X1 _ Y=V _Z7Z4

l m n
—_ —_ +_
Which in this case givesxT3 = y_—; = ZT
2
3 4
Therefore the vector equation of the lineisr=| 1 |+¢t| —2
7 5
T2 2
Angle between lines

e This is obtained from by. b, = |by||b;| cos 8 where b, and b, are the directional/
parallel vectors to the two lines and 6 is the angle required.

Example 29

3 -7
Find the angle between the two lines xT—z =225 = ? andr = (—1) + t( 4 )
Solution

4 -7
The directional vectors are by = ( 2 )and b, = ( 4 )

-1 3
Let 8 be the required angle
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4\ (-7
L))
-1/ \3
V424224 (-1)2./(-7)2+42+32

_ —28+8-3

T V21474

23

Vi554
The minus sign indicates that the angle between the two lines is obtuse. However, the

angle between the two lines would normally be taken to be acute. Therefore, the angle
between the two lines is

cos™?! (\/%) = 5430

= cos O =

Shortest distance of a point from a line
¢ In this we can be asked to find the shortest distance (perpendicular distance), the
equation of the perpendicular and the coordinates of the foot of the perpendicular from a
point to the line.
Example 30

1 3
Given the point A(4, -3, 10) and the liner = (2) +u <—1>
3 2
Find the;
(a) Coordinates of the foot of the perpendicular from A to the line.
(b) The perpendicular distance from A to the line.
(c) The equation of the perpendicular.

Solution
(a) Let P be the point where the perpendicular from A meets the line and P has the
1 3 1+ 3y,
position vector p = <2) + 1y (—1) = ( 2 - ) y
3 2 3+ 2
4 14+ 3wy p lin
=7i-()-(22)
10 3+ 2u, 4
(3 - 3/,¢1> a X
=-S5+
7=21

3 Z
But P4 is perpendicular to L and L is parallel to <—1>

2
3-3m 3
= (—5 +,u1>.<—1) =0
7—2[11 2

= Uy =2
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1+ 3y, 1+3(2) 7
() (252)- 6
3421, 34+2(2) 7
~the coordinates of the foot are P(7, 0, 7)
3 -3 3-3(2) -3
(b)PA = (—5 + m) =|-5+@) |= (-3)
7 —2u 7—-2(2) 3

The perpendicular distance = |ﬁ| =(=3)2+(-3)2+32=3V3=5.1962 units
(c) The equation of the perpendicular is given by r = OA + 1PA

() (3)

e For two lines to intersect there must exist some point (x,y, z) that lies on both lines i.e.

Intersection of two lines
we equate the two lines.

Example 31
Two lines [ and m have vector equations r; = (2 — 31)i + (1 + 1)j + (44) kand
Tm = (=1 + 3w)i+ (3)j + (7 — w)krespectively. Find;
(a) the position vector of their common point.
(b)the angle between the lines
Solution

2 — 31 —1+3pu
(a)r,=<1+/1>andrm=< 3 )
41 7—u
At the point common to [land m, we have

r=r,

2—31 —1+3pu
41 7—u

Equating i, j and k to coefficients, we get

i 2-31=—1+43fueec. (1)
ST T R S 2)
Kt 41 =7 = oo (3)

From (1) A = 2 substituting in (1) gives
2-32)=—-1+3u;u=-1

We notice that 1 = 2, u = —1 also satisfies (3). So, at the common point we have
2-3(2) —4
r=(1+@) |= ( 3 )
4(2) 8

~the position vector of the common point is —4i + 3j + 8k.
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2 -3 -1 3
(b)We know thatr; = <1>+A< 1 >andrm = < 3 >+,u< 0)
0 4 7 -1

-3 3
the directional vectors are b; = ( 1 )and b, = < 0 )
4 -1
let the required angle be a

L)

V(=3)2+12+42,,/32+(-1)2
_ —9-4
~ V26410

13

V260
a = 143.7°

= cosa =

Example 32

The lines L, and L, have Cartesian equations% = yT+2 = Z_;f and x__—11 = y_—+33 = ?
respectively. Show that L, and L, intersect and find the coordinates of the point of
intersection.

Solution

X +2 z—-5
LetZ =22 =22_tand
1 2 -1

t 1—s
=><—2+2t>= —3 —3s
5—t 4+ s

Equating i, j and k to coefficients, we get
Et=1-5; t+5=T1umimiimieens (D
j: =2+ 2t=-3-3s; 2t+3s=-1......(2)
k5—t=4+4+s —t—5=—1uiicinic.n. 3)
2xeqn(1)-eqn(2)

—s=3; s=-3

Putting s = —3 in (1) gives
t—3=1,t=4

Puttings = =3 and t = 4 in (3) we get

—4 —(—3) =—1=RHS

~the lines L; and L, do intersect

t 4 4
:><—2+2t>=<—2+2(4)>=(6>
5—-t 5-4 1

~the point of intersection is (4, 6, 1)

x-1 _y+3 _z—4
-1 -3 1

=S

Parallel and skew lines
e Two lines are said to be parallel if either they have the same directional vector or their
directional vectors are parallel.
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Two lines are said to be skew if they neither meet nor parallel.

Exercise 6.2

1. Find the vector equation of the straight line that is parallel to the vector 2i — j and
which passes through the point with the position vector 3i + 2j

2. Find the vector equation of the line;

(a) through A(Z, -7, 5) in the direction 3i + 4j — 7k.

(b)through Q(-8, 1, -3) in the direction i + 3j — 7k

3. Find the Cartesian equation of the line through each pair of points

(a)A(4,8,-2) and B(1, -3, 4)

(b)P(1,7,-2) and Q(-3, 4, -3)

4. Points A and B have position vectors 2i — j + k and 5i + 2j — 2k respectively. Find
the vector equation of the line AB.

5. Find the equation of the line which passes through the points A, B and C given that the

position vectors of A, B and C are (_11) , (;) and (g)

6. Show that the point with position vectori + 2jlie on the line L with the vector
equationr = 4i —j + B (i — j).
7. Find the equation of the line passing through the point Q(1, 3, -2) and is
perpendicular to the plane containing the vectors —3i + 2j + k and 6i — 5j + 2k
8. Find the equation of the line through the points A(1, 2, 3) and B(4, 4, 4) and find the
coordinates of the point where this line meets the plane z = 0. Ans(—8, —4, 0)
x—2 y—4 z

: . o -7 _
9. Given the equation of the line in the form — = =, express the equation in the

form r = a + thand show that the line passes through the point
(8,14,11)
_z=7

10.Find the unit vector which is parallel to the line xT_l = yT_Z =1

x 2 4 x 10 -2
11.Show that the equations <y> =(3)+m| 6 |and <y> =115 |+m| -3
z 1 -2 z -3 1

represent the same line.
12.Find the acute angle between the lines with vector equations
r=2i+3j+ A>i + 2j)and r = 3i — 2j + A(4i — j), giving your answer to the nearest
degree. Ans(77°)
13.Find the acute angle between the lines the equations
(@r=3i+4j—7k+t(2i—j+ 3k) andr = —2i + 7j + 2k + t(3i + 5j — 3k)

1 7 -2 0
(b)r = (2) + t(—Z) andr = ( 3 ) +s<2)
4 3 11 1
2
14.Find the equation of the perpendicular line form OA = (—1) onto the line
4
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()

15.Find the distance between the pair of parallel lines listed below.

2 1 1 1
(@r= (0) + t(—l) andr = (—1) +s <—1>
3 2 4 2

(D)2 =22 I8 gt 2
1 -1 2 1 -1 2
16.Find the perpendicular distance from the point A, position vector 4i + 5j, to the line L,

vector equationr = —3i + j + A(i + 2j). Ans(2V/5)

. _ (2 2 _ (3 3 . .
17.Show that the liner = (5) + A (_3) andr = (_3) + A (2) are perpendicular and find
the position vector of their point of intersection. Ans (_61)

18.For each of the following parts, find the perpendicular distance from the given point
to the given line.

(a) The point with position vector i + 5j to the line r = =2i + j + A(2i + j)

(b) The point with position vector 2i — j to the line r = —2j + A(4i — 3j)

(c) The point with position vector (g) to the liner = (_65) + A (51,)

19.The lines L, and L, intersect at A and the lines L, and L3 intersect at B. Find AB and
|ﬁ| given that L, L, and L5 have vector equations as follows:
Ly:r=i+3j+ A0 +))
Ly:r =i+ u(5i + 2j)
Ly:r =4i+3j+ni—j)
Ans(6i + 6j,6v2uni t¥
20.Referred to a fixed origin O, the points P, Q and R have position vector 2i + j + k, 5j +
3k and 5i — 4j + 2krespectively.
(a) Find in the form r = a + tb, an equation of the line PQ.
(b)Show that the point S with position vector 4i — 3j — klies on PQ.
(c) Show that the line PQ and RS are perpendicular.
(d)Find the siz e of ZPQR, giving your answer to 0.1°.
21.The vector equations of three lines are stated below
Li:r=17i+ 2j — 6k + A(—9i + 3j + 9k)
Ly:r=2i—3j+4k + u(6i+ 7j — k)
Ly:r=2i—12j —k+n(-3i+j+ 3k)
State which of the lines (a) are parallel to each other
(b) intersect with each other
(c) are not parallel and do not intersect (i.e. are skew)
Ans((a)1&3, (h)2&3 (¢)1&2)
22.Find the vector equation of the line with parametric equationsx = 2 + 34,y =5 —
20,z =4 — A
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23.With respect to a fixed origin O the lines L1 and L2 are given by the equations
Ll1:ir =2i+3j— 2k + A(—2i+4j + k)
L2:r=—6i—3j+k+ u(5i+j—2k)
Where A and u are scalar parameters.

(a) Show that L1 and L2 meet and find the position vector of their point of intersection.

(b)Find, to the nearest 0.1°, the acute angle between L1 and L2.

24.Points D, E and F have position vectorsi — 2j,4i — j + 3k and 7i — 8j —
4krespectively. Find which of these points lie on the line with vector equation
r=Qi—-3j+k)+A(i—j— k).

25.Two lines have vector equations r = 3i + 2j + 7k + A1(4i — j + 5k) and r = 2i + 6j —
13k + A(—3i + j + ak) where A and y are scalar parameters and a is a constant.
Given that these two lines intersect, find the position vector of the point f intersection

and the value of a.

. x+11 +2  z+6 x—6 -5 z+20, , .
26.The two lines — = yT == and - = yT = intersect. Find the coordinates of

the point of intersection.

27.The lines L, and L, have vector equations r = 8i — j + 3k + A(—4i + j)and
r = —2i+ 8j — k + u(i + 3j — 2k) respectively. Show that L; and L, intersect and
find the position vector of the point of intersection. Ans(—4i + 2j + 3k)

1 4
28.Lines L; and L, have vector equations r = ( 3 ) + 4 (0) and
-2 1

5 -1
r= (3) +u ( 0 )respectively. Show that L; and L, intersect and find the position
8 2

9
vector of the point of intersection.  Ans (3)
0
29.For each of the following pairs of lines state whether the two lines intersect and. For

those that do, give the coordinates of the point of intersection.

( )x—l _y+2  z-3 x+1 _z=7
2 1 -1’ -2 T2
y+3 z-5 x- y—8 z—-3
(byx—2=2=22, 22 8 _773
4 2 -1 1 -
x=2 y-3 z+1 x-9 y—=2 z—2
(C)—:—:—, = —_—=
5 -3 2 -3 5 -1
x—1 y+1 z— x+3 -8 zZ+2
1 3 -1 -2 1 -1

Ans((a)(S, 0, 1)(b)(4,59),(c)12,-3, 3), (d)linedonotintersedt
30.Show that the linesry = (6 — 21)i + (1 — 5)j, r; = (Wi + 3(1 — w)j and
r3 = (5 —v)i + (2v — 9)jare concurrent, and find the position vector of the point of
intersection. Ans(2i — 3j)
31.The points A, B and C have position vectors 4i + j — 3k, i + 4j — 2kand 3i + 3j — 2k,
respectively.

(a) Given that the angle between AB and AC is 6,

SIMPLIFYING PURE MATHEMATICS: BY MUKOOBA JOEL 0774454151: 0706355884 Page 127



€)) find the value of cos 6

(ii)  deduce thatsinf = g

(b)Hence show that the perpendicular distance from the point C to the line AB is V6.
32.Points A, B and C have position vectors —i + 3j + 5k, 5i + 6j — 4k and 4i + 7j + 5k
respectively. P is the point on AB such that AP = 4B
(a) Find 4B
(b)Find CP
(c) By considering the scalar product AB.CP find the position vector of the point on the
line AB which is closest to C.
(d) Deduce that the perpendicular distance from the point C to the line AB is 3v/3.
Ans((a)(6i + 3j — 9k), (b)(6A —5)i + (31 —4)j — (V)k,
(c)i+4j + 2k)
6.3 Planes
Equation of a plane
Equation in the formr = a + tb + sc
e The position vector of any point on a plane can be expressed in terms of;
(D) a, the position vector of a point on the plane, and
(ii)  bandc, which are two non-parallel vectors in the plane.
The equation in the formr.n = d
e Given nis a vector perpendicular to the plane, we have
rn=(r=a+th+sc).n
=an+thn+scn
Since b and c are perpendicular to n, b.n = ¢.n = 0. Hence, we have
rn=na
e The vector equation (in scalar product form) of the plane isr.n = d whered is a
constant which determines the position of the plane.
Note the following:
) If n is a unit vector, then d is the perpendicular distance of the plane from the origin.
(i)  When d has the same sign for two planes, these planes are on the sameside of the
origin.
(iii) When d has opposite signs for two planes, these planes are on opposite sides of the
origin.
(iv) Planes are said to be parallel if they have the same normal vector n.

Parametric equation of the plane
e The equation r = a + tb + scis also known as the parametric vector equation of the
plane.
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X X1 a p
e Therefore if it is expressed in the form (y) = <}’1> +t <b> +s (q) then the equations
VA Zq c w
xX=xy+ta+sp, y=y, +tb+sqandz = z; +tc+ sw are the real parametric
equations of the plane.
Cartesian equations of a plane

e Takingr.n = d and replacing rby xi + yj + zk, gives the equation of the plane as

e

e Ifweletn = ai + bj + ck, then the Cartesian equation becomes

X\ /Q
<y>.<b> =dorax+by+cz=d

Z c

Example 33
Find the equation of the plane through (3, 2, 7) which is perpendicular to the vector

1
(—5), giving its equation
8

(a) in vector form and

(b)in Cartesian form.
Solution
(a) Using r.n = a.n, we have

1 3 1
)-06)
8 7 8
1
Hence, the vector equation of the plane is r. (—5) =49

8
(b)Replacingr by xi + yj + zk, we get

-

Therefore the Cartesian equation is x — 5y + 8z = 49.
Note: A plane is defined by;

(D) a vector perpendicular to the plane and

(ii)  apointon the plane.

Example 34
Find the unit vector perpendicular to the plane 2x + 3y — 7z = 11

Solution
a

The vector <b> is perpendicular to the plane ax + by +cz=d
c
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2

Therefore the perpendicular vector to the plane is ( 3 >
-7

The magnitude of this vector is \/22 + 32+ (=7)2 = V62.

The unit vector perpendicular to the given plane is | 7=

Example 35
Find the Cartesian equation of the plane with parametric vector equation

=(2) ) ()

Solution
We eliminate A and y in order to form the Cartesian equation.

=(0)-(3) ) ()

X=142 eiemiens (D
Y=2+A4+2U v, (2)
Z==1421 =l corees 3)

From (1)A=x—-1

Putting A in (2) gives

y=24 (-1 +2 p=""—
Putting A and y in (3) gives
z=-1+2(x—1) - 222
=>2z=-2+4+4x—-4—-y+x+1

~ 5x — y — 2z = 5is the Cartesian equation.
Example 36
Find the equation of the plane through A(1, 4, 6), B(2,7,5) and C(-3, 8, 7)

Solution
Method 1

. 2 1 1
#-()-()-)

5 6 -1
. -3 1 —4
-(0)-(0)-()

7 6 1
Using the equation r = 04 + 14B +yA_C’

=()-(0)++(3) (1)
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Yy=4+31+4U oo (2)
Z=6—=A+F U creemmnm (3)
Adding (1) and (3)

__x+z-7

x+z=7-3u;, u= —

Putting p in (3)

x+z-7
A=6—z+—
1= —18+43z+x+z—-7 _ x+4z-25
3 -3

Putting Aand p in (2)

—=y= 4+3 (x+423—25) 14 (x+_23—7)

= —3y=-12+3x+12z—-75+4x + 4z — 28
s~ 7x + 3y + 16z = 115
Method 2

. 1 . —4
WithAB = 3 | andAC =| 4
-1 1

—n=AB X AC

i - k
=1 3 -1
—4 4 1
= 7i +3j + 16k

Usingr.n=a.n

~0)G)-()G)

= 7x+3y+16z2=74+13+96
s~ 7x + 3y + 16z = 115
Note: instead of a we can take b or cin the formular.n = a.n

Method 3

r
= AB.n=0
1 p
=<3 <q>=0, p+3q—r=0..... (1)
_1 r
= AC.n=0
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_4 p
=\ 4 .<q>=0; —4p+4q+71 =0.cueeere. (2)
1 T

(DH2)
= —3p+7q =0; ngq
7q+9q-3r

16
3 —0,3r—16q,r—?q

puttingp in (1) gives gq +3q—7r=0;

7 16
= p.q.r =:§q:q:?;q

= p:q:r=7:3:16

on=(3)

Usingr.n =a.n

=00 G)-())

= 7x+3y+16z=7+13+96
©7x + 3y + 16z = 115

Example 37
Find the equation of the plane which passes though the point P (2, 5,3) and containing

. x—1 -2 z+1
the line == = =2 = 2=
2 3 1

Solution
P(2,53),b=2i+3j+k A(1,2-1)

w-(i-()-€

Letn = ai+ bj + ck
= AP.n=0

1 a
=~(3>.<b>=0; a+3b+4c=0...... (1)
4 C

=bn=0

2\ ,a
=(3>.<b>=0; 2a+3b+c=0........ (2)
1/ \c

1 -(®)

= —a+3c=0; a=3c
Putting a in (1)

= 3c+3b+4c =0; b=—§c
= a:b:c =3c:—§c:c

= a:b:c=9:-7:3
=n=9i—-7j+3k
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00 )0

= 9% —-7y+3z=9—-14 -3
~9% —-7x+3z=-8

Example 38
Find the equation of the plane which contains the parallel lines xT_l = y—f = Zzil and
xX=3 _y=5 _z+2
4 1 2
Solution
b=4i+j+2k
P(1,3,-1) _—>

QB.572)  —p=aitj+2k

a-(5)-(3)-(2)

nzﬁxb
i —j k
=12 2 -1
4 1 2
= 5i — 8j — 6k

Usingr.n=p.n

-0 ()-(3) ()

= 5x—8y—6z=5-24+6
~5x —8y—6z=-13
Example 40

3 -1
Find the equation of the plane containing the two linesr = <1> +t ( 3 ) and

-()-6) |

Solution
The two vectors in the plane are the directions of the two lines which are by =

(2em-(2)
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= b;.n=0
-1 a
:><3).<b>:0;—a+3b—4c=0 ......... (D)
—4 c
= by.n=

2 a
:(—1).<b>=0; 2a—b+5c=0........ 2
5 c

2 x (1) + (2)gives
5b—3c = 0;b =2c
Putting b into (1) we get
3
—a+3(g)c—4c—0
= —-5a4+4+9c—-20c=0; —-5a—11c =0;a = —%c

11 3
= a:b:c = —Ccccc

= a:b:c=-11:3:5

(1)

Usingr.n =a.n

-0 (2)-0(3)

= —11x+3y+5z=(-11x3)+ (1 x3)+(2x%5)
= —11x + 3y + 5z = -20
~the equation of the plane is 11x — 3y — 5z = 20

Example 41
Find the equation of the plane containing the point A (2, 3, 4) and equidistant from
the points B (3,-5,6) and C (-1, 9, 2).

Solution
B(3,=5.6) M(1,2,4) €(-19.2)
0
°A(2,3,4)

When a plane is equidistant from two points then the mid-point M of BC lies on the
plane
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So letn = ai + bj + ckbe the vector perpendicular to both OM and 04

= O0M.n=0
1 a

= (2)(19) =0;a+2b+4c=0..cociieee .. (1)
4 c

= 0A.n=0
2 a

= (3><b> =0;2a+3b+4c=0.cccc e e v v e (2)
4 Cc

(1)-(2)

= -a—-b=0a=-b

Putting a into (1)
= —b+2b+4c=0;c=—7b

= a:b:c= —b:b:—ib

= a:b:ic=-4:4-1
= n=—-4i+4j—k
Usingr.n =a.n

X —4 2 -4
~0)(2)-G)(4)

z -1 4 -1
= —4x+4y—z=2%x—-4)+(Bx4)+“x-1)
= 4x+4y—-—z=0

~the equation of the planeis4x —4y +z =0
Intersection of plane and a line

e We substitute the parametric equations of the line into the equation of the plane.

Example 42

Find the point of intersection of the line xT_l = _l = ? and the plane
-1

r.| 2 |=-1
3

Solution
X1 _ vy _z#3

LetT =I=T =t

=x=14+2t,y=—-tandz=-3+t
Putting x, y and z into the plane

1+ 2t -1
(= )(z)-m
-3+t 3

= —-1(1+2t) +2(-t) +3(-3+t)=-1
= —-1-2t—-2t—9+3t=-1
> —-t=9.t=-9

SIMPLIFYING PURE MATHEMATICS: BY MUKOOBA JOEL 0774454151: 0706355884

Page 135



1+ 2t 1+ 2(=9) —17
~(e )= )-()
—3+t -3-9 —12

~the point of intersection of the line and the plane is (—=17,9,—-12)
Angle between a line and a plane

Li ner

N

h Pl ane
II
1
1
1

e Ifnand b is the normal to the plane and the directional vector to the line respectively, 8
as the required angle then we can find it using the formulan. b = |n||b| cos(90° — 8).

Normal

Example 43

2 1
Find the angle between the plane 3x + 4y — 5z = 6 and the liner = (4) +t ( 5 )

8 -3
Solution

3 1

Letn = < 4 > and b = < 5 ) and 6 be the required angle
-5 -3

Using n. b = |n||b| cos(90° — ).

L))

/32+42+(-5)2,,/12+52+(-3)2
(3x1)+(4X%5)+(—5%—-3)

V5035

= cos(90° — 9) =

= cos(90° — 9) =

0 _ o\ _ 38
= cos(90° — 9) = o

= 90° — 9 = 24.72°
~ 6 = 65.28°

Angle between a plane and a plane
e (Given that ny and n, are the normal vector any given two plane and 6 the angle between
the planes, we use the formula ny.n, = |n4||n,| cos

Example 44
Find the angle between the planes 3x + 4y + 5z = 7and x + 2y — 2z = 11
Solution
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3 1

Letng = <4), n, = < 2 ) and 6 be the required angle.
5 -2

Using ny.n, = |nq||ny| cos 6

)

— COS 9 = \/32+42+52,\/12+22+(_2)2
_ g — 3+8-10
oS ="=75
1
= cosf = 3v50
s 0= 8730

Intersection of planes
e Two planes intersect along a line and the equation of the line of intersection I obtained as
follows:
e Three planes intersect in a point, we j ust solve the three equations simultaneously to get
this point of intersection

Example 45

Find in both vector and Cartesian form the equation of the line of intersection of the
planes3x =5y +z=8and2x -3y +z=3

Solution

Eliminating z from the two equations by subtraction

3x =5y +Z2=8 s (D

(1D-(2)

=x—-2y=5

Lety =t

= x=5+2t

Putting x and y into (1) we get
36+2t)-5(t)+z=8
=>z=-7—-t

ey
~(2)=(z)+ ()

X 2
~the vector equation of the line of intersection is <y> = ( ) + t( 1 )
-7 -1

Z

. . . . . . x=5 z+7
~the Cartesian equation of the line of intersection is - = Y= -
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Method 2

3 2
The vectors (—5) and (—3) are perpendicular to the planes 1 and 2 respectively.

1 1
i —j k

b=[3 -5 1
2 -3 1

= —2i — j + kis the directional vector to the line f intersection
Given the two equations of the plane

3x—5y+z=8

2x—3y+z=3

Lety =0

3X+Z=8 e (D
2X+Z =3 eeieimieemnns (2)
D-(2)

=x=5;z=8-3(5)=-7
Then the point on the line is A (5,0, -7)

5 -2
The vector equation of the line is given by r = ( 0 ) + A (—1)
-7 1

5 2
Which is the same as r = ( 0 ) + t( 1 >wheret =-1
-7 -1
The Cartesian equation is given byxT_5 =

-1

y z+7
1

Example 46
Find the point of intersection of the three planes;

2x+3y+4z=8, 3x—2y—3z=-2, 5x+4y+2z=3
Solution

Using elimination method

2x+3y +4z2 =8 e (D

3x =2y —3Z= =2 ceieeenen (2)

S5x+4y +2Z2 =3 e 3)

yandz may be eliminated easily, we eliminate y as follows
2X(2)+(3):11x —4z=—T1uueeceeeun. 4)
3X(3)—4(1):7x —10 = —23.icicicreene (5)

5% (4) —2x(5): 41x = 41
x=1,z=3,y=-2
~ the poi ntof intersecti on(1,3,—2)

Shortest distance of a point from a plane
e Give the plane ax + by + cz+ d = 0 and the point P(x4, y4,21)
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axq+by,+cz1+d

e The displacement of P from the plane is given by e

. . . ax1+by1+czl+d|
e The distance is given by Vo7
e The distance of the plane from the origin we Put P(0, 0, 0) into the above formula we
0 . d
obtain, di st ance= |m

Example 47
Find the distance of the plane 2x — 4y + z = 7 from the;
(@) point (1, 4, -3)

(b)origin
Solution
(@)
= (1,4,-3) © (x1,y1,Z1)and2x —4y+z—7=0 ax+by+cz+d =0
. _ |axq1+byi+czi+d
Distance = ST s |

(2x1)+(—4%x4)+(1x-3)-7

_ |2—16—3—7|

=~

= 5.2372units

. . d
(b) using di st ance= Ny
-7
ol N
-7

= |5

= 1.5275units
Example 48
A plane contains a point A, position vector 3i + 4j + 2kand is perpendicular to the
vector i + 2j — 2k. Find;
(a) Scalar product vector equation of the plane.
(b) The perpendicular distance of the plane from the origin.
(c) The perpendicular distance from this plane to the parallel plane
r.(i+2j—k)=-3.
Solution
(a)Usingr.n =a.n
r.(i+2j—2k) = 3i+4j +2k).(i + +2j — 2k)
r.(i+2j—2k)=7
d

(b)Using di st ance= |m

7 7
= [l = el =
(c) The plane r. (i + 2j — k) = —3 is on the other side of the origin and its perpendicular

7 ,
gunl ts

: .. .3 .
distance from the origin is &= lunit
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Thus the perpendicular distance between the planes is g +1= 3% units

Distance of a perpendicular from a point to a plane

e This involves obtaining the coordinates of the foot, distance and equation of the
perpendicular from the point to the plane.

2.

4.

Example 49
Find the distance of the point A (25, 5, 7) from the planel2x + 4y + 3z = 3
Solution
Let P be the point such that AP is perpendicular to the plane.
Then the distance required is the length of vector AP.
We know that 12i + 4j + 3kis a perpendicular vector to the plane.
Let AP = t(12i + 4j + 3k); thenOP = OA + AP
= OP = (25i + 5j + 7k) + t(12i + 4j + 3k)

=25+ 12t)i+ (5+4t)j+ (7 + 3k)k
Hence P is the point (25 + 12¢t,5 + 4t,7 + 3t)
Since the point P lies in the plane, its coordinates satisfy the equation of the plane;
consequently
= 12(25+ 12t) + 4(5 + 4t) +3(7+ 3t) = 3
t=-2
Hence 4P = —2(12i + 4j + 3k)

= —24i — 8j — 6k
4P| = (207 + (=8)2 + (=6)?
=676
=26units

~the distance from the point A to the plane is 26 units.

Exercise 6.3

Find the Cartesian equation of the plane with vector equation

r.(2i + 3j — 4k) = 5.

A plane contains a point A, position vector 3i + 4j + 2kand is perpendicular to the
vector i + 2j — 2k. Find the Cartesian equation of the plane.

Find the equation of the plane which passes through the point (4, 3, -2) and is
perpendicular to the vector i + 3j + 2k.

Find the equation of the plane which passes through the points

(a)A(1,0,-1),B (3,3,2) and C (4, 5, -1)
(b) (1,1,0),(0,1,2) and (2, 3,-8)

5.
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6. Find the equation of the plane which passes through the point (1, 2, 3) and which is

2 6
parallel to h vectors < 4 ) and (—4)
-10 2

7. Find the equation of the line which is perpendicular to the plane
x + 2y — 3z = 10and passes through the point (3, 4, 2)
2
8. Write down the equation of the plane parallel to the plane 7. (3) = 6 and passing
4
through the point with position vector 4i — 2j + 5k

9. Given that A, B and C are points (1, 1, 1), (5, 0, 0) and (3, 2, 1) respectively, find the
equation which must be satisfied by the coordinates (%, y, z) of any point P in the
plane ABC. Ans(x —2y + 6z =5)

1 3 1 -1
10.Given the lines r = (2) +t (4)and r= (2) +t ( 4 ) If the two lines pass through

3 6 3 5
the point A (1, 2, 3). Find the equation of the plane containing the two lines.

3 -1
11.Find the equation of the plane containing the two lines r = (1) +t ( 3 )and

2 —4

-2 2

r= (—3) +s (—1).Ans(11x — 3y — 5z =20)
7 5

12.Find the equation of the plane through (3, 2, 2) which is perpendicular to the line

%:y—:z=§. Ans(4x +y —3z = 8)
13.Find the equation of the plane containing the points A (2, 3, 4) and B (-1, 5, 6)
14.The planes P1 and P2 have Cartesian equations
2x + 5y — 14z = 30, 2x + 5y — 14z = —15respectively. State the vector equation of
P1 and P2 in scalar product form.

15.Find the position vector of the point of intersection of the line

5 1 2
r= ( 3 ) +u (—4>and the plane r. (1) =12
-1 2 3

16.Find the point where the line ? =1 ? cuts the plane 3x —y + 2z =

2
84ns(1,5,5)
17.Point P(14 + 2t,5 + 2t,2 — t) lies on a fixed line for all values of t. Find the Cartesian

equation of the line and find the cosine of the acute angle between the line and the

plane x = z. Ans(x_zi=y7_5=2—z,co59 =g)

18.Find the equation of the common line (line of intersection) of the two planes
m1:3 —y—>5z=7andm,:2x + 3y —4z = -2

0 19
Ans|r=-2)+t| 2
-1 11
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2 -1
19.Two planesr. <1> =11andr. < 0 > = 6 meet at a point whose position vector is

3 1
5i + 2j — 3k. Find the equation of the line of intersection of the two planes.
20.Find the acute angle between the line xz;z = yT_l = ? and the plane

2x+4y+z=9
21.Find the angle between the line CAE y—2= 23 and the plane 3x — 5y +4z =5
4 -1

giving your answer to the nearest degree. Ans(6°)

22.Find the angle between the planes 2x —y+z=5andx+y—z=0

23.Find the angle between the following planes
r.(i—j+ k) =7andr.(2i —j+ 3k) = 10

24.Find in both Cartesian and vector equation of the line of intersection of the two planes
7x —4y+3z=-3and4x+ 2y +z=4

o_y-3 1 0 1
X— 5 VA
Ans <T=_—§=_—3)' r= (i) +#<—%)
1 -3
25.Find the Cartesian equation of the line of intersection of the planes
2x —3y+2z=>5and3x —y+4z=>5

26.Find the distance between the parallel planes 2x + 2y — z = —4and 6x + 4y — 2z =

6. Ans (%)units

27.With respect to the origin O, the points P, Q, R and S have position vectors given by
OP =i—k,0Q =—-2i+4j,0R =4i+2j+k,0S =3i+5j—6k
() Find the equation of the plane containing P, Q and R giving your answer in the
formax + by +cz=d. Ans(2x + 3y — 6z = 8)
(ii)  The point N is the foot of the perpendicular from S to this plane. Find the

position vector of N and show that the length of SN is 7.
28.Find the coordinates of the point N where the perpendicular from (37,9, 10) meets
the plane 12x + 4y + 3z = 3 and also find;
(a) the equation of this perpendicular
(b)the perpendicular distance of the perpendicular.
29.Find the point of intersection of the following planes
2x+3y+z=8x+y+z=10,3x+5y+z=6

30.Find the distance to the plane 3x + 4y — 5z = 21 from the origin. Ans (%)

31.Find the distance from the point (3, -2, 6) to the plane 3x + 4y — 5z = 21. ATlS(S\/E)
32.Find where the line from A(2, 7, 4) perpendicular to the plane
m:3x — 5y + 2z + 2 = 0, meets 7. Ans(3%, 42, 5)
33.The point A has position vector 2i + 3j + 5kand the line [ has equation r = —5i +
6j + 3k + A(2i — 2j — k)
(D Find the position vector of the point N on [ such that AN is perpendicular to .
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(ii)  Show that the perpendicular distance from A to lis v/26.
The points B and C have position vectors —5i + 6j + 3kand 6i + 13j — 7krespectively
and the point D is the mid-point of BN.

(iii)  Show that the plane ANC is perpendicular to [.

(iv)  Find the acute angle between the planes ANC and ACD.

CHAPTER 7

7. COORDINATE GEOMETRY I
7.1 Straight Lines
e We are to look at lines of the form y = mx + ¢, where m is the gradient of the line and
c the y-intercept.
Cartesian equation
e The equation of the form y = mx + c is the Cartesian equation of the line
Gradient of a straight line

e When given two points A(x4,y;) and B(X,, y,) the gradient is given by
__changeiny _ yp—

changeinx  xp—Xx1

Example 1
Find the gradient of the line passing through the points (4, 8) and

(3,-2)
Solution
-2-8
3—4

m= =10

e Also gradient is given by the tangent of the angle that the line makes with the positive
X-axis.

Example 2

Find the gradient of the line that makes an angle of 73° with the positive x-axis.

Solution

— 0 —

e All parallel lines have the same gradient

o __And when two lines are perpendicular the product of their gradient is -1
mm, = -1
Intercepts
e The point where the line cuts the y-axis is called a y-intercept and at this point x = 0.
It has coordinates of (0, ¢)
e The point where the line cuts the x-axis is called the x-intercept and at this
point y = 0. It has coordinates of (x4, 0)
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Example 3
Find the x and y-intercepts of the line 2x — 3y = 6.
Solution
Atthex —intercepy =0
= 2x=6;x=3
~the x-interceptis x = 3
Atthey —intercept =0
= 3y=6y=-2
~they —interceptisy = —2
e We can find the points on a curve by substituting various values
Example 4

Find the y-coordinates of the points on the curve
y = 2x% — x — 1for which x=2, -3, 0.

Solution

whenx =2,y=2(2)?-(2)—-1=5

whenx = -3,y =2(-3)2—-(-3)—-1=20
whenx =0,y =2(0)2—-(0)—1=-1

Example 5

Determine whether the following points lie on the following lines y=6x+7 (1, 13),

y=2x+2 (13, 30)

Solution

For the point (1,13) and the equation y = 6x + 7

whenx =1,y=6(1)+7 =13

~the point (1, 13) lies on the liney = 6x + 7

For the point (13, 30) and the equationy = 2x + 2

whenx =13,y = 2(13) + 2 = 28

~the point (13, 30) doesn’ tlieon tleliney = 2x + 2
Mid-point of a line

e Given two pointsA(x;,y;)andB(x,, y,)the midpoint is obtained from

M = (X1‘2FX2 ) Y1‘;Y2)

e The coordinates of the point P dividing the line j oining the points4(x,, y;) and
uxq+Ax uy1+/1yz)
A+u ' A+u )

B(x,,y,) in the ratio A: u are (

e The coordinates of the centre of gravity or centroid of the triangle formed by the
X1+X2+x3 y1+y2+y3)

points A(xy, y1), B(xz,y,) and C(x3,y3) are ( s 3
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Example 6

Find the midpoint of a straight line j oining the pointsA(6, 2) and B(8, 14)
Solution

The mid-point, M = (ﬂ ﬂ)

2’ 2
= (7,8)
Example 7

The points P(4, -3), Q(-3, 4), R(-2, 7) and S are the vertices of a parallelogram PQRS.
Find

(a) the coordinates of the mid-point of the diagonal PR.
(b)the coordinates of S.

Solution
() If M is the mid-point of the line j oining P(4;3) to R(-2, 7), M has coordinates

4+(=2) (=3)+7\ _
M(—2 . )_M(1,2)

~.Mid-point of PR is the point with coordinates (1, 2)

(b)Since the diagonals of a parallelogram bisect each other, M (1, 2) is also the mid-point
of QS.
Suppose the coordinates of S are (x, y)

= (1,2) = (_32+x’4+7y)

=x=5

-3+x
—1 1 =

=2=%=y=0

~The coordinates of S are (5, 0)

Qn. The points B and C have coordinates (1, 2) and (5, 3). If P and Q are the points
which divide BC internally and externally in the ratio 1:2, find the coordinates of the

mid-point of PQ. Ans (— %, g)
Distance between two points
e The distance between two points with given rectangular coordinatesA(x4,y1) and

B(x2,y2)is given byd = [{(x; — x1)? + (y2 — ¥1)?}

Example 8
Find the distance of a straight line j oining the points A (3, 2) and B (8, 14)

Solution

d=+(8-3)2+ (14 —2)2
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—ETH 122
=169
=13 units

Example 9

Show that the triangle whose vertices are the points (-2, 2), (2, 3) and (-1, -2) is
isosceles.

Solution

Let the coordinates be A (-2, 2),B (2,3) and C (-1, -2)

= |4B| = (2 - —2)? + (3 - 2)?
NS
=V17units

= [BC| =/(-1-2)2 + (-2 -3)?
=9 +25

=+34units

= |AC| = /(-1 --2)* + (-2 - 2)?
=V1i+16
=+V17units
~Since |AB| = |AC|, the triangle is isosceles.
Equation of the line
e The equation of the line can be found in a number of ways
Example 10

Find the equation of the line with gradient 3 which cuts the y-axis at (0, 1)
Solution

wi th m = 3, ¢ = 1the equation becomes y = 3x + 1.
Example 11

Find the equation of the straight line passing through (-5, 2) and (3, -4)
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Solution

—4-2 6 3
= m = = —_——-= —-
3—-5 8 4

Using y = mx + ¢ and the point (-5, 2)
3 7

= 2= (_Z) (=5 +cc=—;
L 3 7

~the equation is given by y = — X3

Example 12

L(-1, 0), M(3, 7) N(5, -2) are the midpoints of the sides BC, CA, AB respectively of
triangle ABC find the equation of the line AB.

Solution
M(X)/\/ (-1,0)
|
A N(5,-2) B
Gradient of ML = >~ =
13 4

Since line ML is parallel to line AB, then they have the same gradient and line AB
contains the point N.

Usingm = Z and N(5,—2)

=,~—2=(Z)><5+c;c=—E
4 4
oy =L, 23
Y=3X7%
~the equation of the line is given by 4y — 7x + 43 =0
Example 13
Find the equation the perpendicular bisector of the line j oinning the points A(2,3)
and B(6, 5)
Solution
Gradient of line AB = 56%23 =2
Gradient of the perpependiular bisector = — ; =1
Grdadi entof AB 2

The perpendicular bisector passes through the mid-point M of line AB

— = (2.52) =

The equation of the perpendicular bisector can be obtained from
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1 =—%(4)+c;c= 3
=~ the equation of the perpendicular bisectorisy = — %x +3o0r2y+x—-6=0

Points of intersection
e To find the point where two lines meet we solve the two equations simultaneously.

Example 14

Find the equation of a line with gradient 3 and passing through the point of
intersection of the two lines 2x — 3y = 6 and 4x + y = 19

Solution
2X =3y =6 eeeeneen. (1
4x+y =19 ...c.c..... (2)

2 X (1) — (2)to eliminate x
=-7y=-7;y=1
From (1)
=2x-31)=6,x=2
The point of intersection is (%, 1)
Withm =3 and (3 1)
9 25

25
y=3x— -
~the equation of the lineis 2y —3x + 25 =0

Example 15
A straight line of the equation x-y=6, the line passed the curve y? = 8x atP and Q.
calculate the length of PQ

Solution
=X =6+Y eimmns (D
Y% = 8X veermmeeeeam (2)

Putting (1) into (2)
= y2=8(6+7Y)
= y2—-8y—48=0
= (y-12)(y+4)=0
=y=12,x=6+12=18; P(18,12)
=y=—4x=6—-4=2; Q(2,—4)
= |PQ| = (2 — 18)% + (-4 — 12)?
=512
= 22.6274units

The area of the triangle whose vertices have given coordinates

e Consider the triangle ABC whose vertices are A(xy,y;) B (X3,¥2), C (X3,y3)
1 .
e AreaAABC = E{X1(Y2 —y3) + X2(y3 —y1) + x3(y1 —y2)}.. (D)
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If we take point C to be the origin 0 (x3 = y3 = 0)the points are0 (0, 0),
A(Xlr Y1); B (XZI yZ)
The formula reduces to Area, AOAB = %{lez —X,V1}

For the formula (i) to give a positive value for the area, it is necessary to take the
points A, B and C in a special order.

We can also find the area of a triangle or any quadrilateral by plotting it and removing
the unnecessary areas.

Example 16

Find the area of the triangle formed by the points (-2, 3), (-7, 5), (3, -5)

Solution

(=2,3) © (x1,y1), (=7,5) © (x,¥2) and (3, =5) < (x3,y3)
Using ,A= %{X1(Y2 —y3) +X2(y3 —y1) + x3(y1 — y2)}
={-2(5— -5 + (-7 (-5-3) +3(3 - 5)}
= 2{-2(10) + (=7)(~8) + 3(-2)}
=15unit$
Example 17

Find the area of the quadrilateral whose vertices are the points A (2,1),B (3, 5),
C(-3,4)and D (-2,-2)

Solution Y
q i 1
]
Vi
1
A
\
v
—4 _3 _1_1 | @ 3
TS
i
[\
4

Here we use area subtraction method

Area of ABCD = Areaof rect ange— Area(l + 11 + 111 + 1V)
=(7x6)—{2(6x1) +2(6x1)+2(4x3)+1iwB+ 7}
=(42)—-3+3+6+5)
=25unit$
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The angle between two straight lines
® Consider the two linesy = m;x + c;and y = m,x + ¢, and suppose that they make
angles of 0, and 0, respectively with the positive x-axis. Let 0 be the acute angle
between the two lines, then

A
y—axi§
0
0
2 L »X —axis
= 0, + 0 = 0, (sum of 2 interior angles make up 1 exterior angle)
=0 = 91 - 02

= tan6 = tan(6, — 0,)

tanf;—tanb
= tanf = —r =z
1+tanf; tanf,

But tan 0, and tan 6, are the gradients of these lines and hence m; = tan 6, and

m, = tan 0,
mi1—m _ mi—m
~tand = —2 =60 =tan 1{#}
1+m1m2 1+m1m2

e Note the following;

(i) That the angle Obetween the lines depends only on the gradients of the lines, the
constants c;and c,do not affect the angle.

(ii) If the value of tan 0 is positive then it is the tangent of the acute angle between the
two lines and if it is negative then it is the tangent of the obtuse angle between the
two lines.

Examples 18

Find the angles between the following pairs of lines
(i) y=2x+5and3x+y=7

(i) 3x—y+7=0andx—-3y+8=0

Solution
(i) = my = 2,m, = —3, let the angle be «
= q = tan"! {i}
1+(2)(=3)
~a=135°

(ii) > m,; =3,m, = é, let the angle be 8

1 33

= B =tan"1{—3=

g {1+<s>e>}
~ B =53.13°

Example 19

Find the tangent of the acute angle between the pairs of the lines whose equations are
3y=x—7and 2y =3 —4x
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Solution

=>m; = é,mz = —2, let the angle be a
1
Z_(-2
= tana = #
1+(§)(—2)
=7

~the tangent of the acute angle is 7.

Perpendicular distance between a point and a line

e The perpendicular distance of the point P(x4, y1) to the lineax + by + ¢ = 0 is given

axq+byq+c

e The displacement of the point P(xq,y;)from the lineax + by + ¢ = 0is given
axq1+byi+c

Yt
Example 20

Find the distance of the points (2, -1) from the line 3x + 4y = 6

Solution
Using
Distance = %b::;c,a =3,b=4c=-6x =2y, =-1
_ (3x2)+(4><—1)—6|
- V3Z+42
-4
=)
= % units
Example 21
Find the perpendicular distance from the line 3y = 4x — 1 to the points
(@) (1,3)
() (1,-2)
Solution
(a) Using
Distance = %,—4x+ 3y+1=0a=-4b=3,c=1,x,=1,y;, =3
_[(=4x1)+(3x3)+1
RS
=1G)
s
= g units
. __ |axatbyq+c A . _ _ _ _
(b) Distance = ﬁ ,—4x+3y+1=0a=-4b=3,c=1%x =1y, =-2
_|(=4x1)+(3x-2)+1
N
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Note
{(_?6), (g)}are the displacements of the points from the line

Since the two values are of opposite signs, this means that the two points are on
opposite sides of the line.

Example 22

Find the equation of the straight line through P(7, 5) perpendicular to the line AB
whose equation is 3x + 4y — 16 = 0. Calculate the length of the perpendicular from P
to AB.

Solution

Consider the line3x + 4y — 16 = 0,m; = _3

4
The gradient of the perpendicular, m, = —1/ (_73) = g

The equation can be obtained fromy = mx +¢; P(7,5)

4 —-13
=75 —-;(7) +c;cC —-—;—

Ly = gx - ? or 3y — 4x + 13 = 0is the equation of the perpendicular.

VIt 3y + 4y —16=0; a=3,b=4c=—16,% =79, =5
a2+b2

(3><7)+(4><5)—16|

V32142

=5units

Example 23

Find the equations of the lines that bisect the angle between the lines

3x —4y + 13 = 0and12x + 5y —32 =0

Distance =

Solution

Any point on a line that bisects one of the angles between the line 3x —4y + 13 =0
and the line 12x + 5y — 32 = 0 will be equidistant from these two lines.

Thus we require the locus of all the points which are equidistant from

3x —4y + 13 = 0and12x + 5y — 32 = 0.

Suppose that (x, y) is the general point equidistant from the two lines, then using

axq+byq+c, 3x—4y+13 12x+5y—32
———it follows that =+
VaZ+b2 V32442 T V122452

= 13(3x — 4y + 13) = +5(12x + 5y — 32)

= 3x+ 11y —47 =0andllx—3y+1=0

~The equations of the two bisectors of the angle between the lines 3x —4y + 13 =0
and 12x + 5y — 32 =0are3x+ 11y — 47 = 0and 11x— 3y + 1 = 0.

Exercise 7.1
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1. The points P(2, 3), Q(-11,8) and R(-4, 5) are vertices of a parallelogram PQRS which
has PR as a diagonal. Find the coordinates of vertex S.

2. A triangle has vertices at A(2, 4), B(4, -2) and C(8, 12). L is the mid-point of AB and M
is the mid-point of BC. Find;

(a) the coordinates of point L

(b)the coordinates of point M

(c) the distance LM.

3. Find the length between the points (4,-7) and (-1,5) Ans (13 uni t ¥

4. Find the length of the sides of a triangle whose vertices are the points
(5,-6), (-3,-2) and (1, -3)

5. The points A, B and C have coordinates (2, 1), (7, 3) and (5, k) respectively. If AB and
BC are of equal length, find the possible values of k. Ans(k = 8 and k = —2)

6. Prove that the points A (-3,4), B (1, 1) and C (7, 9) are the vertices of a right-angled
triangle.

7. The points A, B and C have coordinates (-3, 2), (-1, -2) and (0, k) respectively, where k
is a constant. Given that |AC| = 5|BC|, find the possible values of k.
Ans (k = —%,—2 )

8. A triangle has vertices (1, 2), (13, 7) and (6, 14). Prove that the triangle is isosceles.

9. Prove that the triangle with vertices P (2, 1), Q (5,-1) and R (9, 5) is a right-angled.

10.By first showing that the triangle with vertices A (-3,-1), B (1, -4) and C (7, 4) is right
angled, deduce that the area of the triangle ABC is 25 units2.

11.Find the coordinates of the mid-point M of the straight line j oining A (4,-2) and
B (-3, -1). Verify that the distance AM is equal to the distance BM.

12.Find the distance between the points A (1, 3) and B(6, 15) Ans(13uni t¥

13.Point A and B have coordinates (1, 1) and (5, -1) respectively. Find, by calculation,
which one of the points C (4, -3), D (10, 3) or E (5, -1) lies on the perpendicular
bisector of AB.

14. A triangle has vertices at A(0,7), B(9, 4) and C(1, 0). Find;

(a) the equation of the perpendicular from C to AB.

(b)the equation of the straight line from A to the mid-point of BC.
15.Show that one of the angles of the triangle whose vertices are the points (5, 1),

(-3,7) and (8, 5) is a right angle.

16.A line is drawn through the point (2, 3) making an angles of 45°with the positive
direction of the x-axis, and it meets the line x=6 at P. Find the distance of P from the
origin O, and the equation of the line through P perpendicular to OP.

Ans(V/85; 6x + 7y — 85 = 0)

17.Find the point at which the line 3y — 12 = 4x cuts the y-axis, the x-axis and hence
sketch the curve.

18.Find the length of the sides of the triangle formed by the three straight lines

x—4y=6,3x—2y+1=0andx+y =2
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19.The line y — 2x + 3 = 0 intersect the curve y = x? — 2x at the point A and B. Find the
coordinates of A and B. Ans{(3,3) and (1,—1)}
20.Find the point at which the curve y = 3x%and y = x? — 5x — 3 intersect.

ns(22).19)

21.The line y = ax — 1 and the curve y = x? + bx — 5 intersect at the points P(4, -5) and
Q. Find the values of a and b and the coordinates of Q.

22.Find the point of intersection of the curve
(x —3)2+ (y —4)? = 25and theliney + x = 1

23.Prove, by calculation that the triangle formed by the linesx — 2y +1 = 0,9x + 2y —
11 = 0 and 7x + 6y — 53 = 0 is isosceles. Calculate to the nearest degree, the smallest
angle of the triangle.

24.Find the area of the triangle formed by the line 3x — 7y + 4 = Oand the axes

25.Find the equation to the line which passes through the point (2, 3) and the point of
intersection of the lines2x + 3y —1=0and 3x —4y—6 =0

26.Find the equation of a line which is parallel to the line x + 4y — 1 = 0 and which
passes through the point of intersection of the linesy = 2xandx+y -3 =0

Ans(x +4y —9=0)

27.Find the equation of the lines which pass through the point of intersection of the lines
x —3y =4 and 3x + y = 2, and are respectively parallel and perpendicular to the line
3x+4y=03x+4y+1=0;4x—-3y—-7=0)

28.Find the equation of the line j oining the feet of the perpendicular s drawn from the
point (1, 1) to the lines3x —3y —4=0and3x+y—6=0

Ans(13x +y — 22 =0)

29.The points A(2, 1), P(a, 8) and point B(1, 2) lie in the same plane. PA meets the x-axis
at the point (h, 0) and PB meets the y-axis at the point(0, k). Find h and k in terms of
aand .

30.Find the orthocentre (the point of intersection of the altitudes) of the triangle with
vertices at A(-2, 1), B(3, -4) and C(-6, -1).

31.A line with a variable gradient m passes through the point (6, 2) and cuts the y-axis at
P and the x-axis at Q,

(i)Find the coordinates of P and Q in terms of m.
(ii) If M is the mid-point of PQ, find the coordinates of M in terms of m.
32.The points A and B have coordinates (0, 1) and (4, 3) respectively;

(i) Find the equation of the line passing through B and makes angle of 45°with AB.
(ii) If the line in (i) above cuts the x-axis at C, find the coordinates of C.
(iii) Given that the point A, B and C are j oined to forma triangle ABC, calculate the
area of the triangle ABC.

33.Aline L;with a positive gradient passes through the point (2, 0). It is also inclined at

45° to another line L,. L, Passes through the point(1, 0) and makes an angle 8 with
the positive x-axis.
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1+t anf
1-tanf’
(b)Given that § = tan™?! E], find the equation of a line L3 which passes through the point

(@) Show that the gradient, m of L, is given by m =

(2, 0) and is perpendicular to line L,

(¢) Find the point of intersection of;
() Line L; and linen L,
(ii)  Line L, and line L;

34.(a) Show that the mid-point of the line j oining the fixed point P(7, 8) to the variable
point Q(2t + 3,t — 9)lieon the linex — 2y = 6

35.The point A(1, 1) lies on the line PQ such that |AP| = |AQ| = 2+/13. A perpendicular
from point B(3, -2) meets PQ at A. Find the coordinates of P and Q

36.A line L has gradient and passes through the point (-1, 0). Aline M passes through the
points (0, 3) and (6, 0).

(@) Show that the line L and M are perpendicular.

(b)Find the coordinates of their point of intersection.

(c) Calculate the area enclosed by the lines L, M and the x-axis.

37.(a) Find the points of intersection of the line y = x + 12 and the curve
y = x? — 3x.
(b) Given the points P(2, 8), Q(8, 6) and R(1, -1), find the;
(i) equation of the perpendicular bisector of PQ
(ii) point of intersection of the perpendicular bisector in (i) above and the line
segment QR.

38.Find the equations of the lines that bisect the angles between the following pairs of
lines

(@)3x+y+3=03y=x—-1(y=2x+1, x+2y+2=0)

bB)y=x+1,7x+y+3=0x+3y=1, y=3x+2)

(©O)3x=4y+2,12y =5x+2 Ans(7x+4y =18; 7y =4x —1)

39.Find which two of the points A(1, 1), B(0, -1) and C(-1, 2) lie on the same side of the
line 2x + 3y = 1 and find how far the third is from the line.Ans(4, C, %\/ﬁ)

40.Find the possible values of k given that the point (4, k) is the same distance from
9x+8y+1=0as(2,5)isfromy =12x +2. Ans(-2, 7%)

41.Find the locus of the points that are equidistant from the two lines
6y =7x+19% +2y+3=0A4Ans(x+4y+1=0,y=4x+1)

Exercise 7.2

1. P, Q Rare the points (5, -3), (-6, 1), (1, 8) respectively. Show that the triangle PQR is
isosceles, and find the coordinates of the mid-point of the base. Ans(—5/2,9/2)

2. Three of the following four points lie on a circle whose centre is at the origin. Which
are they, and what is the radius of the circle? A(—1,7), B(5,—5),C(—7,5),D(7,—-1).
Ans(4, B, D \/50)

3. A and B are the points (12, 0) and (0, -5) respectively. Find the length of AB and the
length of the median through the origin O, of the triangle OAB. Ans(13, 6%)

4. Show that the three give points are in each case collinear
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(a)( 3,1),(1,2),(9,4) (b) (0,0), (3,5), (21, 35)
Show that A (-3,-1),B (1, 2),C (0,-1), D (-4, -2) are the vertices of a parallelogram.
6. Show that P (1,7),Q (7,5), R (6, 2),S (0, 4) are vertices of a triangle. Calculate the

lengths of the diagonals, and find their point of intersection Ans (\/ﬁ, (3%, 4%))

7. Find the intercepts on the axes made by the straight line 3x — 2y + 10 = 0. Hence
find the area of the triangle enclosed by the axes and this line. Ans(—10/3, +5; 25/3)

8. Find the equation of the line j oining the origin to the midpoint of the line j oining A (3,
2) and B (5, -1). Ans(y = 3x)

9. P(-2,-4),Q(-5,-2),R (2, 1), S are the vertices of a parallelogram. Find the coordinates
of M, the point of intersection of the diagonals, and of S. Ans (M(O, —%), S(5, —1))

10.Find the points of intersection of the following pairs of straight lines:

(@)2x—3y=6and 4x+y =19

(b)y=3x+2and 2x + 3y =17

11.P, Q, R are the points (3, 4), (7,-2), (-2, -1) respectively. Find the equation of the
median through R of the triangle PQR. Ans(2x — 7y — 3 = 0)

12.Find the circumcentre of the triangle with vertices (-3, 0), (7, 0), (9, -6). Show that the
point (1, 2) lies on the circumcircle. Ans(2, —5)

13.ABCD is arhombus. A is the point (2, -1), and C is the point (4, 7). Find the equation of
the diagonal BD. Ans(x + 4y — 15 = 0)

14.Find the equation of the line j oining the points (6, 3) and (5, 8). Slow also that these
points are equidistant from the point (-2, 4). Ans(5x + y — 33 = 0)

15.Find the equation of the straight line, giving each in the form ax + by + ¢ = 0:

(a) the line j oining the points (2, 4) and €3, 1)

(b)the line through (3, 2) parallel to the line 3x + 5y = 6.

(c) The line through (3, -4) perpendicular to the line 5x — 2y = 3

Ans((a)3x — 5y + 14 =0,(b)3x + 5y — 14 = 0,(c)2x + 5y + 14 = 0)

16.Find the relation between x and y if the point (x, y) lies on the line j oining the points
(2,3)and (5,4). Ans(x —3y +7 =0)

17.Find the coordinates of the points dividing the line j oining the points (7-5) to the
point (-2, 7) internally in the ratio 5:4 and externally in the ratio 3:2.

18.1f x and y are the coordinates of the middle point of the line j oining the points
(2,3)and (3,4),showthatx —y +1 = 0.

19.Show that the four points (2, 9), (-3, 12), (-8, 15) and (7, 6) all lie on the same straight
line.

20.Fid the area of the quadrilateral whose angular points are (1, 1), (3, 5), (-2, 4) and
(-1, -5).

21.Find the coordinates of the centre of the circumscribed circle of the triangle whose
vertices are the points (-2, 2), (1, -2), (1, 3).

22.Find the area of the triangle whose vertices are the points (2, 1), (3, -2) and
(-4,-1)

23.Find the area of the quadrilateral whose vertices are the points (1, 1), (2, 3),
(3,3)and (4, 1)

24.Find the coordinates of the middle point of the line j oining the common points of the
line 2x — 3y + 8 = Oand y? = 8x.

25.Find the values of a and b if the straight line ax + 5y = 7 and 4x + by = 5 intersect at
the point (2, -1). If the lines meet the x-axis at A and B, find the length AB.
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26.Show that the coordinates of the common point of the line y = mx + a/m and the
curve y? = 4ax are (a/m?, 2a/m).

27.Show that the length of the line j oining the common points of the liney = mx + ¢ and
the curve y2 = 4x is % 1+ mz)%(l - mc)%

28.Find the equation to the straight line which passes through the point (1, 2) and makes
an angle of 45° with the x-axis. Ans(x —y + 1 = 0)

29.Find the equation of the line which makes intercepts of -5 and 3 respectively on the
axes of xand y.

30.Find the coordinates of the point of intersection P of the two straight lines
4x + 3y = 7,3x — 4y = —1. Find also the equation to the line j oining P to the point

(-2, 3)
31.Find the distance between the two parallel straight lines 2x + y = 4 and
4x+2y =2

32.Find the equation to the straight line passing through the point of intersection of the
two lines 2x + 3y = 4 and 3x — 2y = 5 and also through the point of intersection of
3x —4y =7 and 2x + 5y = 2.

33.Find the equation to a straight line which passes through the point (3, 5) and makes
equal intercepts on the coordinate axes.

34.Find the equations to the lines through the point (2, 3) which make angles of 45° with
thelinex — 2y = 1.Ans(3x —y = 3,x + 3y = 11)

35.Find the equations to the straight lines passing through the point (3, -2) and making
angles of 60° with the line v3x +y = 1.

36.The base of an isosceles triangle lies along the line 3x + 2y = 2 and one of the equal
sides lies along y = 2x. Find the equation to the other equal side if it too passes
through the origin.

37.A triangle ABC is formed by the lines
3x—4y+3=0(A4B),x+y—3=0(BC)and 4x —3y — 5 = 0 (AC). Find the
equation to the straight line through C perpendicular to AB.

38.Show that the points (2, -1) and (1, 1) are on the opposite sides of the line
3x +4y = 6.

39.Find the equation to the lie which passes through the point (3, 2) and the point of
intersection of the lines 2x + 3y —1 = 0and 3x — 4y — 6 = 0.

Ans(43x — 29y = 71)

40.Show that the point (1, 1) is equidistant from the lines 3x + 4y = 12,5x — 12y +
20=0,4x — 3y = 6.

41.A and B are the points (3, 5) and (-5, -7) respectively. Find the co-ordinates of the
points which divide AB internally and externally in the ratio 3:1

42.Find the coordinates of the mid-point of the line j oining the points A (5 6) and

B (11, 2).

43.P an Q are the points dividing the line j oining A €3, -4), B (5, 12) internally and
externally in the ratio 5:3. Find the co-ordinates of P and Q.

44.The line j oining the points A(3, 4 and B (7, 6) meets the line j oining C (1,3) and D
(11, 8) at the point P. Given P is the mid-point of AB, find its co-ordinates and hence
find the ratio CP:PD.

45.1f the points A (5, 6, P (x,y) and B (2, 3) are collinear show thatx —y + 1 = 0.
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46.Show that the three lines 3x —2y+1=0,x+ 2y +3 =0,7x — 2y + 5 = 0 pass
through the same point.

47.Find the acute angle between the lines y = %x + %;y = %x + g. Ans(8°8")

48.Find the length of the perpendicular from the point P (2, -4) to the line 3x + 2y — 5 =
0 and state which side of the line P is on.

49.Find the equation of the two lines through the point of intersection of the lines
3x + 2y —1=0and 2x — y + 7 = 0 which are also;

(a) Perpendicularto3x +2y — 1 =10

(b)Perpendicularto2x —y +7 =0

50.Find the equation of the line j oiring the points (3, 6), (5, 7) and show that it is
perpendicular to the line j oining the points €3, 4), (-2, 2).

CHAPTER 8
DIFFERENTIATION 1
8.1 Gradient of a Curve

We already know that the gradient of a straight line which passes through the points

A(x1,y,) and B(x5,y,) is given by myp = zz:zi

We have also seen that the gradient of a straight line is the same all through, which is
not true with a curve.

Consider the curve below;

B

e The gradient changes as you move from A to B.
e So the gradient of a curve at a point P is the gradient of the tangent line to the curve at
point P.

8.2 Gradient Function
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Differentiation from first principles

e Consider the point P(x;, y;) on the curve C, shown in the diagram below;

Y
C
YA OV L Q(x + 6x,y + 6y)
. 6y
y ! 5
: : x
X x + 6x

e We want the gradient of a curve at P(x, y)

e Let Q be a different point on the curve such that it has coordinates
(x + 8x,y + 6y) where §x and &y are small.

e The straightline PQ is called a chord of the curve C.

e As the distance dx becomes smaller, point Q moves closer to P and the chord PQ
approaches the position of the tangent at P.

t angentat P

e The gradient of PQ is given by; mp, = (y(:i_g)x;y = %

e As 6x tends to zero(6x — 0), % approaches the value of the gradient of the tangent

Sy

line at P. This value is called the limiting value of(s—z and is written as limg,_,q o

e The limiting value of % is called the differential coefficient or first derivative of y with

. d
respect to x and is denoted by ﬁ.

e The process of finding this limiting value is called differentiation
Note:

e [tisimportant to understand that Z—i’ does not mean dy divided by dx. It means the
derivative of y with respect to x.

d . . . :
e The —~ Is an operator, operating on the function y. To see this more clearly we can

aw)

write dyas
dx dx
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Example 1

Given that y = x2, find Z—z from first principles.
Solution

As x increases by 6x, y will increase by 8y
=y + 8y = (x + 6x)?

= x? + 2x6x + (6x)?

= 8y = x? + 2x6x + (6x)? — x?

= 8y = 2x6x + (6x)?

Dividing through by éx, gives

5
2 = 2x + 6x
ox
5 d
As 6x — O,—y—>—y
ox dx
LA
T 2x
Note:

. d . . . . .
The expression % = 2x is called the derived expression or the gradient function or the

first derivative of y with respect to x.

If the gradient of the curve y = x? at the point P(3, 9) is required. It is given by

d . dy.
é =23)=6 meamngé is evaluated when x = 3.
Alternative notation

e Ifthe equation of a curve is denoted by y = f(x) it is sometimes more convenient to
denote Z—z by f'(x)ory'.
Example 2

Differentiate the following from first principles.

(@Qy=9x+5
(b)y =~
©y=2
(d)y =+x
Solution

As x increases by 6x, y will increase by 8y
@=y+86y=9(x+6x)+5
0y=9x+95x+5—-9x -5
= 96x
Dividing through by éx
sy

$—=9
6x
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5
As6x—>o,—y—>0
Sx

v =9
dx
(b):> y+ 5}1 - (x+6x)
= 8y = —
(x+6x) «x
_ x—(x+6x)
o x(x+6x)
_ —6x
T x24x6x
Dividing through by éx, gives
Sy _ 1
Sx  xZ+xbx
As 6x - 0, oy 4y
ox dx
Ldy 1
. E —_— _;

(c) As x increases by 6x, y will increase by 8y

=y+oy= (x+6x)2
1 1
oy = (x+8x)2 T2

_ x2—(x2+2x8x+(5%)?)

T x2(x2+42x8x+(6%)2)

_ x2-x2-2x85x—(5x)2

T x2(x2+2x8x+(6%)2)

_ —2x8x—(8x)>?

T x2(x2+2x8x+(85%)2)
Dividing through by éx gives
Sy _ —2x—-6x
5x x2(x242x85x+(6x)2)

1) d
As 6x — 0,—y N4
ox dx
dy _ —2x

dx x4
Lay 2

T dx x3
(d)Squaring both sides
=y?=x
= (y +8y)? = x + 6x
= y2 + 2y8y + (6y)? = x + 6x
= 2y6y + (6y)? = 6x
Since &y is very small then (8§y)? = 0
= 2y8y = 6x
Dividing through by éx

=>2y%=1
Sy _ 1

§x  2vx
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5
As6x—>0,—y—>0

ox
dy 1

Cax 2%

Qn. Find from first principles the differential coefficient of y with respect to x if
f(x) = 4x + 2x? and hence find f'(2)

Qn. Differentiate the following from first principles;

(@y=3x* b)y=5x—x*+7()y=2x2+5x =3 (d) y = x> +x°
1
(e)y =

2x+3

Qn.If y = v/x, show that %

d
hence deduce <.
dx

1
T S+ +Vx

Note: When difterentiating a function we normally use the variable given as a respect

. . L, ) . ay ... . .
in which the derivative is taken. If the function y is in terms ofx we use %, Iifitisin

ay ... . . d
terms of t we use d—jt/, ifitis in terms of 6 we use% etc

Summary of results:

Finding the gradient of a curve simply implies differentiation and by differentiation
the law states that “ Multiply the base by the power and subtract 1 from the power”.
Derivative of y = ax™

d _ .
o Ify=ax", then % = anx™"! for all rational values of n.

Notice: If y = a, a constant, then this can be written as y = ax? and
ay _ -1 _
= (ax0)xt=0.
e In other words, the derivative of a constant is always z ero. Thinking about this result
geometrically, y = a is a horiz ontal line which has a gradient of z &o.

Example 3
Differentiate the following;

i y=x°
(i) y=x°
Solution

i Z=2x

. dy _ 2
(ii) o 3x

Example 4

Find Z—z for each of the following with respect too x

3 1 1 1
@y=z0y=x3@Qy=xzdy=;
Solution
3,24 __¢6 _3
(a)y—4x T X T

dy _ 1 -z
(b)ge=3% 3=

33/x2
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- S YO S
@Oy=x2 =3 2="375
_ 5.4 _ -6 _ _ 5
dy=x ,E——Sx =— 3

Differentiation of a sum or difference of two functions

e When y comprises more than one function, to find the first derivative, we differentiate
. d
each function in turn. In other words, when y = f(x) + g(x)then é = f'(x) £ g’ (x).
¢ A function may not be given in the form ax™. In this case, it becomes necessary to
manipulate the expression for y ad write it as a sum of functions, each in the form ax™

Example 5
Find f'(x) for each of the following;

@f(x)=4x+1 (b) f(x) = 2x3 +Vx(c)g(x) = x +§(d) flo) =x*+ 6x3 — 3.
Solution

@f' () =4

(B f(x) = 2x3 + x3

l — 2 —l_ 2 1
= f'(x) = 6x° +2x72 = 6x +ﬁ

(c)g(x)=x+%=x+x_1

g =1-x72=1-=

xZ
rroN 6 -2 2
(d)f'(x) =2x+2x73 —2x+3—\/x_2
Example 6

Find Z—Z for each of the following;
3 2
@y=@+3)2b)y="(0y =x2(4x—2) () y = (x—3)(x + 1)
(e)y=vVx(x?-1)
Solution
(@Qy=x*+6x+9

L4y
..dx—2x+6

5x3  3x2
(b)y=x_2+x_2= 5x + 3

v =95
dx
(©)y = 4x3 — 2x?

2 1ox — 4x
dx
(d)y=x2-2x-3
.‘.d—y=2x—2
dx
5
(e)y = xi—x2
dy 5 3 1 _1
— ==-x2—=-x 2
dx 2 2

Second derivative:
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. dy . od [fdy\. d?y .
e The derivative of —, thatis — (—) is denoted as — and is called the second
dx dx \dx dx?

derivative of y with respect to x.
e The derivative of f'(x) is denoted by f'(x) and is called the second derivative of f(x)
with respect to x.
Example 7
Given that f(x) = x + % find f'(x) and f''(x)
Solution
= f(x) =x+%:x+x‘1
= f'(x)=1-x"2
—1— %
Given that f'(x) =1 — x™2
= f'(x) = 2x73

_ 2

e
Example 8
., d%y .
Find — of the following
dx?

@Qy=x*+7x—-6

(b)y = x — 7x*
3
@y =5x-%
@y=x+3)x-1)
Solution
dy
(a)a =2x+7
Ly
Taxz T
@y _ . 3
(b)dx =1-—28x
2
d—32’ = —84x2
dx
1
(c)y=5x—3x"2
dy _ _3
= 5+43x72
L d%y _5
o E = —%x 2
(dy=x%+2x-3
dy
E =2x+2
a?y
" dx2
Example 9
If f(x) = x3 + 1 find the value of a given that f' (a) = 24
Solution
f'(x) = 3x?
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f''(x) = 6x

Since f''(a) = 24

= 6a = 24

La=4

Example 10

Ify = 4x3, f1nd i and Hence show that y satisfies the equation
dy _

sy 52 -2(2) =0

Solution

dy

= —= = 12x? and—— 24x
dx

= 3yd—y —2 (dy) = 3(4x3)(24x) — 2(12x2)?

= 288x%* — 288x*
=0
Exercise 8.0

1. Differentiate each of the following from first principles:

(a) y=x* b)y=2x2+3C)y=1-x2()y=x3—6x(e)y =+V2x
2. Flnd of the following w1th respect to x

©) y=;x ®y=55©@y=Vx® y=-5

3. Find Z—z of the following W1th respect to x

€)) y=x4—3x2+2(b)y=x+%(c)y=%—1+4x3 (d)y =x7 + 3x*
4. Differentiate the following with respect to x

(a) 2Vx+1 (b)Vx +— (c)4x2+2x—1(d)\/—+1+F
5. Find f1(x) for each of the followmg

@ [ =4x-70) [ =2Vx+ - ©f) ===
6. Find Z—z for each of the following with respect to x

(@) y=x*(x+2)(0)y =vx(5+x) (©y=(x+3)(x—2)(d)
y=(x—2)
7. Differentiate the following with respect to x

@ et ®EE @ @I (e

8. Find d—szz for each of the following:

@  y=3+5x()y=5-x (y=(?-1DQx+3)(d)
y = x?% — 4x°
@y=g7-Vx@Oy=¥c—x’
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9. Giventhaty = F show that 2x ( 32/) + 3 =0

10. Given thaty = —, show thaty (—y) + (%) —10y3 =0

2
11. Given thaty = ax? + bxand ﬁ =4 (%) — 32y; find the possible values
of the constants a and b.

12. Given thaty = x*, show that%y(zﬁ) — (dy)z =0

13. Given thaty = — show that + ( x) +éy =0

Tangent and Normal a curve

e The gradient of a curve at a point P is the gradient of the tangent to the curve at the
point P.

Example 11
Find the gradient of the curve f(x) = x? + i at the point P (1, 2)
Solution
= f(x) = x? +i
=x2+4+x71
= f'(x) =2x —x7?
1

=2x—x—2

= () =20 - 5
=1
~the gradient of the curve at P(1, 2) is 1.
Example 12
The gradient of the curve y = 3x2 + x — 3 at the point P is 13. Find the coordinates of
point P.
Solution

Wheny=3x2+x—3,thenz—z=6x+1

We are given thatz—z = 13 at point P.
=6x+1=13; x=2
=y=3(2)2+2-3=11

~the coordinates of Pare (2, 11)
Example 13

The curve C is given by y = ax? + b+/x, where a and b are constants. Given that the
gradient of C at the point (1, 1) is 5, find a and b.
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Solution

1
Rewriting y = ax? + bvx asy = ax? + bx2

dy p _1 b
= —=2ax+-x"2=2ax+—
dx 2 2Vx

Now the point (1, 1) lies on the curve C.
= 1=a(1)? + b(1)2

= l=a+ba+b=1......... (D
The gradient of the curve when x = 1is 5.
=2(@)+5;5==5

= 4a+b =10

(2)-(1) gives

3a=9,a=3

= b=-2

~a=3andb = -2

Equation of a tangent:

We now look at how to find the equation of the tangent line to the curve at a
particular point.

Example 14
Find the equation of the tangent to the curve y = x2 at the point P (3, 9)
Solution
When y = x?; W _ oy
dx

Whenx =3,2=23) =6

dx
= y=6x+c

The tangent passes through the point P (3, 9)
=9=6(3)+c;c=-9

=~y = 6x — 9 s the equation of the tangent.
Example 15

Find the equation of the tangent to the curve f(x) = xiZ at the point P (-1, 1). Find the

coordinates of the point where this tangent meets the curve again

Solution

y=2x+c

=1=2(-1)+4+c¢ ¢c=3

~y = 2x + 3 is the tangent.

The tangent meets the curve again at the points whose x —coordinates satisfy
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2x+3==

= 2x3+3x2-1=0

= 2x—-1Dx*+2x+1)=0
=x=Jand(x*+2x+1) =0; & (x + )?> = 0;x = —1
Whenx =2 f(2) =4 ;(1/2,4)

Whenx = —1;f(—-1) = 1(1,1)
~the tangent meets the curve again at the point with coordinates (1/2,4).

Equation of the normal

The normal to a curve at a point P is the straight line through P which is
perpendicular to the tangent at P.

angent t othe curveat P

ormal t othe curveat P

Note: Gradient of the normal X Gradient of the tangent = —1

Example 16

Find the equation of the normal to the curve y = 3x2 + 7x — 2 at the point P where
x=-1

Solution

Whenx = -1,y = 3(-1)2+7(-1) — 2 = —6; P(—1,—6)

Wheny=3x2+7x—2;0dl—y 6x + 7

X

d
AtP,é =6(-D)+7=1
Gradient of the tangent is 1 and the gradient of the normal at P is —% =-1
The equation of the normal at P is given by
y+6=-1(x+1)
Ly=—x-—7
Example 17

Find the equation of the normal to the curve y = x3 — 8 at the point where the curve
cuts the y-axis.

Solution
The curve cuts the y-axis when x = 0, and y = —8; P(0, —8) is the point
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d
= 2 = 342
dx

d
AtP;=2 =3(0)* =0

Gradient of the normal is oo

The equation of the normal isy = —8

Example 18

Find the equation of the normal to the curve y = x3 — 3x? + 4 which are
perpendicular to the line y = 24x + 1.

Solution

y = 24x + 1;has gradient 24

Gradient of the normal is — i

Gradient of the tangents is 24.

When y = x3 — 3x2 +4;Z—z= 3x% — 6x

= 3x2 — 6x =24

= 3(x?-2x—-8)=0

= (x>’ —4x+2x—-8)=0

= (x(x-49+2(x-4)=0

= (x+2)(x—4)=0

Eitherx = -2,y = —16; P(—2,—16)

Orx =4,y =20;Q(2,20)

Both equations have the equation of the formy = — ix +c
1 193 1 193
AtP(-2,-16); =16 = ——(=2) +c;c = ——andy = ——x — —
1 121 1 121
At Q(4, 20); 20 = —5(4) +cc= —Tandy ==X +T

1 193 1 121
s y = ——x ——andy = ——x + — are the two normal.
24 12 24 6

Exercise 8.1

1. Find the gradient of the curve y = x2 + 6x — 5 at the point where the curve cuts the
y—axis

2. A curve has equation y = Ax3 + Bx? + Cx + D, where A, B, C and D are constants.
Given that the curve has gradient -4 at the point (1, 2) and gradient 8 at the point (-1,
6),find A, B,CandD.Ans(A=2,B=-3,C =—-4,D =7)

3. Find the equation of the tangent at the point (1,-1) to the curve
y = 2 — 4x? 4+ x3.What are the coordinates of the point where the tangent meets the
curve again? (ans:y = —5x + 4, (2,—6),y = —4x + 2)

4. Find the equation of the tangents to the curve y = x3 — 6x2? + 12x + 2Which are
parallel to the liney = 3x

5. Find the coordinates of the points where the curve y = x? — x — 12 cuts th x-axis and
determine the gradient of y = x? — x — 12 at these points.

6. Theline y = 4x — 5 cuts the curve y = x? — 2x at two points. Find the gradient of
y = x? — 2x at these two points.
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7. Find the equation of the normal to the curve y = (x? + x + 1)(x — 3)at the point
where it cuts the x-axis.(x + 13y —3) =0
8. Find the value of x for which the gradient function of the curve
y = 2x3 + 3x2 — 12x + 3is zero. Hence find the equations of the tangents to the airve
which are parallel to the x-axis
9. Find the equation of the tangent to the curve y = x3 — 9x2 + 20x — 8 at the point (1,
4). At what points of the curve is the tangent parallel to the line4x + y —3 =10
10.Find the equation of the normal to the curve y = x? at the point where
x =2
11.Find the equation of the tangent and normal to the curve to the curve
y = x% — 4x + 1 at the point (-2, 13)

12.The tangent to the curve y = ax? + bx + 2 at (1, %) is parallel to the curve

y = x% + 6x + 10at (-2, 2). Find the values of a and b.
13.(a) Find the equation of the two tangents to the curve y = x? — 5x + 4 at the points
where the curve cuts the x — axi s
(b)Find also the coordinates of the point of intersection of the two tangents.
Ans((a)y = -3x+3,y=3x—-12(b)(5/2,9/2)
14.T is the tangent to the curve y = x? + 6x — 4at (1, 3) and N is the normal to the curve
y = x% — 6x + 18 at (4, 10). Find the coordinates of the point of intersection of T and
N.
15.The gradient of y = x? — 4x + 6 at (3, 3) is the same as the gradient of y = 8x —
3x2at (a, b). Find the values of a and b.
16.The curve y = ax3 — 2x? — x — 7has gradient of 3 at the point where x=2. Determine
the value of a.
17.The normal to the curve y = x? — 4x at the point (3, -3) cuts the x-axis at A and the y-
axis at B. find the equation of the normal and the coordinates of A and B.
18.The tangent to the cure y = 2x? + ax + b at the point
(-2,11) is perpendicular to the line2y = x + 7. Find the value ofa and b.
19.The curve y = ax? + bx + ¢ has a maximum point at
(2, 18) and passes through the point (0, 10). Evaluate a, b and c.
20.The gradient of the curve y = 3x? + x — 3 at the point P is 13. Find the coordinates of
P. Ans (2,11)
21.Find the equation of the normal to the curve y = 3x? + 7x — 2 at the point where
x=—-1.Ans(y=—-—x-17)
22.(a) Find the equation of the normal at the point (2, 3) on the curve
y =2x3 —12x% + 23x — 11.
(b) Find also the coordinates of the point where the normal meets the curve again.
23.(a) Find the equation of the tangent at the point (1, 2) on the curve
y=x3+3x-2.
(b) Find also the coordinates of the point where this tangent meets the curve again.
24.Find the coordinates of the two points where the normal to the curve

y= %x3 — x + 3at the point (0, 3) meets the curve again. Ans ((—2,1),(2,5))
25.The normal to the curve y = x? 4+ 5x — 2 at the point where x = —3, and the tangent

to the same curve at the point where x = 1, meet at the point Q. Find the coordinates
of Q. Ans(—1/3,—16/3)
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26.The normal to the curve y = x3 + cxat the point (2, d) has gradient1/2. Find the
values of the constants cand d. Ans(c = —14,d = —20)

Maximum, Minimum and point of inflexion
: . o . d :
e A pointon a curve at which the gradient is zero, i.e. whereé = 0 is called
astationary/ turning point.
e Atastationary point, the tangent to the curve is horiz ontal and the curve is “ flat”.

e There are three types of stationary point and we must know how to distinguish one
from another.

e Minimum point

250
dy dx
—<0
dx P
\dy_

=0

dx
In this case, the gradient of the curve is negative to the left of point P. To the right of
point P, the gradient of the curve is negative.

To the left of P At point P To the right of P
dy dy dy
—<0 —=0 —>0
dx dx dx >
- 0 +

e Maximum point

I
o

. dy
Maxi mum,—
dx

e In this case, the gradient of the curve is positive to the left of point P. To the right of
point P, the gradient of the curve is negative.
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To the left of P At point P To the right of P

dy dy dy
— >0 — =0 — <0
dx> dx dx<

+ 0 -

e Point of inflexion

e In this case, the gradient has the same sign each side of the stationary point.

Casel
To the left of P At point P To the right of P
dy dy dy
E >0 & =0 a >0
+ 0 +
Case Il
To the left of P A point P To the right of P
dy dy dy
a <0 a =0 E <0

- 0 -

e The above is called the table method of distinguishing turning points.
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Note: The maximum and minimum points can be called the greatest or least values
where necessary.

Examplel9

Find the coordinates of the stationary points on the curve y = x® + 3x2 + 1 and
distinguish their nature.

Solution

Wheny = x3 + 3x2 + 1, then% = 3x% + 6x

At stationary point, Z—z =0

=3x2+6x=0

=3x(x+2)=0x=0,x=-2

Whenx =0,y =(0)3+3(0)2+1=1

Whenx = -2,y =(-2)3+3(-2)2+1=5

The coordinates of the stationary points are (0, 1) and (-2, 5)
Distinguishing between them;

Value L X R L
of x 0

ol R
|
)

Sign - 0 + +
of

dy
==
3x% +
6

The stationary point (0, 1) is a maximum

The stationary point (-2, 5) is a maximum.

Example 20

Find the coordinates of the stationary points on the curve y = x* — 4x3
Solution

L = 4x3 — 12x2

dx

= 4x3 - 12x2 =0

= 4x%(x—3) =0

=x=0x=3

Whenx =0,y = 0;(0,0)

When x = 3,y = (3)* — 4(3)3 = —27;(3,-27)

Value of x L X R L
=0

S| =
w

Sign of - 0 - -
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W _ 4x3 — 1242
dx

The point (0, 0) is a point of inflexion
The point (3,-27) is a minimum.

Using the second derivative test

: a2 ,
For a maximum d—x}z] < 0 (negative)

o d? .
For a minimum d—xj; > 0 (positive)

2
For the point of inflexion % = 0 (no sign change atall)

Example 21

Find the coordinates of the stationary points on the curve

f(x) = x3 — 6x? — 15x + 1, using the second derivative determine their nature.
Solution

When f(x) = x3 — 6x2 — 15x + 1

= fl(x) =3x2—-12x — 15

= 3x2—-12x—15=10

=3x-5x+1)=0

Solving givesx = 5o0rx = —1

When x =5, f(5) = (5)3 — 6(5)2 — 15(5) + 1 = —99; (5,—99)

Whenx = —1,f(-1) = (-1)3 - 6(-1)2 —15(-1) + 1 =9;(-1,9)

The stationary points are (5,-99) and (-1, 9)

The second derivative is given by f''(x) = 6x — 12

At the point (5,-99), f''(5) = 6(5) —12=18 >0

~The stationary point (5, -99) is a minimum.

At the point (-1,9), f'(-1) = 6(-1) —12=-18< 0

~The stationary point (-1, 9) is a maximum.

Qn. Using the second derivative test find the greatest or least value of y on the
following cases;

(@)y = 4x — 2x?
(b)y =3x2+2x—5
(c) 4x% —6x + 2

Exercise 8.2
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®
(i)

1. Find the coordinates of the points on each of the following curves at which
the gradient is z ero.

Q) y=x%2—4x+3

(b)y =6+ 9x —3x% — x3

(c0)y = x3 — 6x% — 36x

(d) y=1-—6x+6x?+ 2x3—3x*

2. Find the coordinates of the stationary points on each of the following curves,
and determine their nature.

(@A) y=x2—-2x+5

() y=x-4)(x—2)

(Qy =x*—2x2+3

(d y=x3-5x2+3x+1

() y=x*—14x% 4+ 24x — 10

3. Find the coordinates of the stationary points on each of the following curves,
and determine their nature.

@ y=x+3
) 16
() y=x2+2
12x%-1
©y =
2 1
(d) Y273

4. Find the greatest or least value of y in the following cases
(a)y = 4x — 2x?
(b)y =3x%+2x—5
(O)y =4x?—6x+2
(d)y = 4x — x?
(e)y =x?+4x+3
5. Find the turning values of y on the graph y = f(x) where
f(x) =5+ 24x — 9x? — 2x3and distinguish between them.
6. The equation of the curve is given by y = 3x* — 12x2 + 5. Determine the minimum
and maximum values of y.
8.3 Curve Sketching

Procedure
The following steps are required in order to come up with a smart curve.

Obtain where the curve crosses the y-axisi.e. when x = 0
Obtain where the curve crosses the y-axisi.e. wheny =0

: . : . : d
(iii)  Obtain the stationary/turning points of the curve i.e. when ﬁ =0

(iv) Investigate the nature of the turning point.

)

Hence sketch the curve.

The following are the obvious curves;
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N

(@)y =x? Dy=&x-q
y
| X
X a
b)y = —x?
(b)y =—x y
X
(©y=x°
Y,
/ |
Example 22

Sketch the following curves;

@)y = 4x — x?
(b)y = 4x3 — 3x*

Solution

(a) intercepts:
whenx = 0,y = 0;(0,0)
wheny = 0,0 = 4x — x?
= x(4—x)=0; x =0;(00,0)
x=4;(4,0)
Turning points

L_ 42«
dx

SIMPLIFYING PURE MATHEMATICS: BY MUKOOBA JOEL 0774454151: 0706355884 Page 176



For turning point,% =0;4-2x=0x=2 =y=42)-(2)?=4; (2,4

Nature of turning point using 2nd derivative test

d? . . .
d—xi = —2>0 - (2,4) is maximum point. yA

2,4

(b)y = 4x3 — 3x*
Intercepts
Whenx =0,y = 0; (0,0) Wheny =0,4x3 —3x*=0;x3(4—3x) =0
— x=0,x=4/3 (0,0),(4/3,0)

Turning points

2 = 1242 — 1243

= 0=12x%—12x3;0 = 12x%2(1 — x)
=x=0x=1;

Whenx =0,y = 0;(0,0)

Whenx =1,y = 4(1)3 - 3(1)* =1;(1,1)
Nature of turning points using 2rd derivative test
d%y

— = 24x — 36x?

dx? )

When x = O,% = 0, (0, 0) point of inflexion
2

When x = 1,% = 24(1) — 36(1)? = —12 < 0; (1, 1) is a maximum
y A

= 4x3 — 3x*
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Note: We can use the intercepts and behaviour of the curve at infinity and sketch
some curves without necessarily obtaining the turning points.

Example 23

Sketch the curvey = (x + 1)(x — 1)(2 — x)

Solution

Intercepts:

Whenx =0,y = -2;(0,-2)

Wheny =0,x = —-1,x = 1,x = 2;(—1,0),(1,0),(2,0)
Behaviour at infinity.

AS x tends to +oo,y t endst 0— o

lT’

AS x tends to —oo, y t endst 0+ oo

y=G+DE-1DQ2-x)

| > X
=2

Qn. Sketch the following curves

(@)y =x*(x —2)
)y =0C+1D*2-x)

SIMPLIFYING PURE MATHEMATICS: BY MUKOOBA JOEL 0774454151: 0706355884 Page 178



Exercise 8.3

1. Sketch the following curves;
@y=x2—x—-20b)y=15+x—-x2(c)y=Q2x+3)(x—2)(d) y = x(4 —x) (e)
y =4x —3x3 (f) y = 5x3 — 27x?

3
2. Determine the turning points of the curve y = x? — x and their nature. Hence sketch

the curve.
3. Given the curve y = x3 — 4x + 2, determine the turning points of the curve and their
nature. Hence sketch the curve.
4. Giventhe curvey = 3x3 — 4x% — x
(a) Find the turning points of the curve
(b) Distinguish between the nature of the turning points.
(c)  Hence sketch the curve.
5. Determine the nature of the turning points on the curve y = 2x(x — 1)2. Hence sketch
the curve.
6. Sketch the curve y = 4 — x?
(a) Find the coordinates of the point of intersection of the tangent to the curve at
(2, 0) and the y-axis.
7. The function y = ax? + bx + ¢ has turning points at (0, 4) and (-1, 5).
(D) find the values of a, band ¢
(ii) sketch the curve.

Applications of maximum and minimum to practical problems:

These are situations where we need to apply the idea of maximum and minimum to
solve daily challenges.

Example 24:

In a right angled triangle ABC shown below, the length AB and BC vary such that their
sum is always 6 cm.

(@) Ifthelength of AB is x cm, write down, in terms of x, the length BC.
(b)  Find the maximum area of the triangle ABC.

Solution
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(@) AB+BC =6
= x+BC =6; BC =6—x
() A=;@B)EC) = ()6~ x) = 3x —;x°

dA
—=3—-—x; 0=3—-x; x=3
dx
: o d2a ,
Using the second derivative test—— = —-1<0;x =3 gi vesnmaxarea

A = %(3)(6 —3) = 4.5cm?

Example 25:

1000m of fencing wire is to be used to make a rectangular enclosure. Find the greatest
possible area, and the corresponding dimensions.

Solution

P =1000m w

=P =2(L+W)
= 1000 = 2(L + W); L =500 — W
A=LW = (500 — W)W = 500W — W?
= X _ 500 - 2w

aw
= 0 =500 —-2W; W = 250m,L = 250m

2

Using the second derivative test% = -2 < 0;W = 250 gi vesu greatestarea

“ Agreatest= (250)(250) = 62500m? and the dimensions are 250m x 250m.
So it is a square that makes the greatest area from the perimeter of 1000m.

Example 26:

A rectangular sheep pen is to be made out of 1000m of fencing wire using an existing
straight edge, find the maximum area possible and the dimensions necessary to
achieve this.

Solution

:Exi stingtrai §t edge
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P =1000m w

L
=P=L+W+W
= 1000=L+W+W
= L =1000 — 2W
= A=LW = (1000 — 2W)W = 1000W — 2W?
= 2 _ 1000 — 4w
aw
= 0 =1000 — 4W; W = 250m, L = 1000 — 2(250) = 500m
2
Using the second derivative test% = —4 < 0;W = 250 gi vesa greatestarea
“ Agreatest= (500)(250) = 125000m? and the dimensions are 500m x 250m.

Example 27:
A closed, right circular cylinder of base radius r cm and height h cm has a volume of
547 cm3. Show that S, the total surface area of the cylinder is given by

S = 10rﬂ + 2nr? . Hence find the radius and height which make the surface area a
minimum.

Solution

The volume, V is given by V = mr2h

= 45m = mr?h; h=>

The total surface area, S is given by S = 2nrh + 2nr?
54
= S= Zm”(r—z) + 2mr?

S=1Orﬂ+2m”2 ............................. m

. . ds
Maximum/minimum surface area occurs when i 0

= §$ =108nr—1 + 2nr?

d
=5 - _108nr 2 + 4mr = — 103” + 4nr
dr r
= 0= —10§”+4ﬂr
s

= 4nr3 =108n;:r3 =27, r=3cm

54
=h=3—2=6cm

Using the 2nd derivative test

2
= L5 _ 216mr73 + 4n
ar

Whenr =3
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__21ém

dzs
==
= 3cmand h = 6¢cmgive the minimum surface area of the cylinder.

Example 28

A right circular cone is to be made such that its slant height is = metres. Show that the
4

. . 2T
maximum volume of the cone is of3

Solution

= n?=1r2+h?% r?=n?—-h?
But Volume, V = lnrzh soV = gh(nz —h?) = g(nzh —h3)

vV _ T 2 o2
=>dh— Z(m? - 3h?)
But for max volume, — v =0
= (n —3h2) = 0; h—%
_n( 2_m\nm _2n*
~ Maximum Volume, IV 3(7r 3)\/§—9\/§ ...................... ]

Exercise 8.3a

1. A farmer has 100m of metal railing with which to form two adj acent sides of a
rectangular enclosure, the other two sides are being existing wall of the yard, meeting
at right angles. What dimensions of the wall will give him the maximum possible area.

2. An open metal tank with a square base is made from 12m? of sheet metal. Find the
length of the side of the base for the volume of the tank to be maximum and find this
value. Ans (2m, 4m3)

3. If A = xy and 2x + 5y = 100, find the maximum value of A and the values of x and y
which gives this maximum value.

4. IfV = 4rx + 2r? and 3r + x = 5, find the maximum value of V and the values of r and
x that gives this maximum value.

5. An aero plane flying level at 250m above the ground suddenly swoops down to drop
supplies, and then regains its former altitude. It is h m above the ground t s after
beginning its dive, where h = 8t? — 80t + 250. Find its least altitude during this
operation and the interval of time during which it was losing height.
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6. Arectangular block has a base x cmsquare. Its total surface area is 150cm3. Prove
that the volume of the block is % (75x — x3)cm?3. Calculate;

(a) The dimensions of the block when its volume is maximum.

(b) This maximum volume

(c) Show that your answer is a maximum rather than a minimum.

7. A cylindrical can is made so that the sum of its height and the circumference of its
base is 45mcm. Find the radius of the base of the cylinder if the volume is a maximum.

8. A company manufacturing dog food wishes to pack the food in closed cylindrical tins.
What should be the dimensions of each tin if each is to have a volume of 1287 ¢m?3
and the minimum possible area? Ans (r = 4cm,h = 8cm)

9. A cylinder of volume V is to be cut from a solid sphere of radius R. Prove that the

. . 4mR3
maximum value of Vis —
3V3

10. A solid right circular cylinder of height h and radius r has a total external surface area
of 600cm?.

(a) Show that h = % — r and hence express the volume, V, in terms of r.

2
(b) Ifhandr can vary, find Z—‘: and ZTZ in terms of r. Show that V has a maximum

value and find the corresponding value of r in terms of
(c)  Calculate the ratio h: r in this maximum case.

11.A box without a top is to be made from a thin sheet of metal of volume 288c¢m3. The
base of the box will be rectangular with its length twice the breadth. Determine the
dimensions of the box for which its surface area will be maximum. Hence find the
surface area.

12. An industry is to produce closed cylindrical cans of radius r cm and height h cm. If
each can is to have a total surface area of 96mcm?, find the;

€)) expression for h in terms of r.
(i) expression for the volume V ¢cm3 in terms of r.
(iii) value of r that gives the maximum volume of each can. Hence find the

maximum volume
13.The profit, £y, generated from the sales of x items of a certain luxury product is given
by the formula y = 600x + 15x2 — x3. Calculate the value of x which gives a
maximum profit, and determine that maximum profit. Ans (20, £10,000)
14. At a speed of x mph a certain car will travel y miles on each gallon of petrol, where

2
y=15+x— %. Calculate the speed at which the car should aim to travel in order to

maximiz e the distance it can cover on a single tank of petrol. Ans (55nph )

15.A ball is thrown vertically upwards. AT time t seconds after the instant of proj ection,
its height, y metres above the point of proj ection, is given by the formula
y = 15t — 5t2. Calculate the time at which the ball is at its maximum height, and find
the value of y at that time. Ans (1.5s,11.25m)
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16.A closed cuboidal box of square base has volume 8m3. Given that the square base has
sides of length x metres, find the expression, in terms of x, for;
(@) The height of the box
(b)  The surface area of the box
Given that the area enclosed is a minimum
(c)  Find the value of x.
8.4 Velocity and Acceleration

The quantities displacement (r) or (s), the velocity (v) and acceleration (a) with
respect to time (t) can be related using differentiation.

ds dv
= —=7v,—=a
dt dt
ds dv .
= L =v=a where s, vand a are given vectors

totaldistanceravellwd increasdnS

e Average velocity = =
8 y totalti met aken increasdnt

e The distance moved during the nth second is given by S,, — S,,_
e The velocity moved during the n* second is given by V,, —V,,_4

e The acceleration moved during the nt second is given by a,, — a,,_4

. increasd nv
o Average acceleration = ———,
increasdnt

Example 29:

A stone is thrown vertically downwards from the top of a cliff, and the depth below
the top, S m, after t s, is given by the formula S = 2t + 4.9¢t2.

(a) Where is the stone after 1, 2, 3, 4?
(b)  Whatis its velocity at these times?
(c)  Whatis its average velocity during the 34 second?

Solution
(a) UsingS = 2t + 4.9t2
= S =2(1) + 49(1)% = 6.9m

= S =2(2) +4.9(2)% = 23.6m

= §=2(3) +4.9(3)% = 50.1m
= S = 2(4) + 4.9(4)? = 86.4m

das
b) V=""=2+98t
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=V =2+98(1) =11.8ms™!
=V =2+98(2) =21.6ms!
=V =2+98(3) =31.4ms™?

=V =2+98(4) = 41.2ms"!

Totaldi splacement S3—S 50.1-23.6 _
P =372 = 26.5ms™!
Totaltime 3-2 1

(c)  Average velocity =

Example 30:

A particle moves such that its position vector at time t is r. Find vector expressions for
its velocity and acceleration at time t given that r = 3ti — 2j + 2t3k.

Solution
dar . 2
= v=—=3i+6tk
dt
=a= v _ 12tk
dt

Exercise 8.4

1. A particle moves along a straight line in such a way that its distance from a fixed point
. . 1 :
O on the line after t sis s m, where s = A t*. Find;

(a) Its velocity after 3 s and after 4 s.
(b) Its average velocity during the 4th second.
() Its acceleration after 2 s and after 4 s.
(d)Its average acceleration from t=2 to t=4.
Ans ((a)18,42Z (b)13.5,422,292(c)8,32 (d)53,422,182)

. . 1 1 )
2. A car starts from rest and moves a distance s min t s, where = - t3+ " t%2 . What s the

s . . 1
initial acceleration and the acceleration at the end of 2rd second? Ans (E' 2. 5)

3. A particle moves such that its position vector at time t is 7. Find vector expressions for
its velocity and acceleration at time t given that
r=(t+1)i+t*j — 6tk.

4. Ifv = 2t3 — 9t2, find the value of t for whicha = 0

. . 1 1 .
5. A car starts from rest and moves a distance Sm in ts, where S = P t3+ " t%. What is

. . . 1
the initial acceleration and the acceleration at the end of the 2nd second? Ans (E’ 2. 5)

6. A stone is thrown vertically upwards at 35ms-1. It is S m above the point of proj ection
t s later, where S = 35t — 4.9t2.
(@) What s the distance moved and the average velocity during the 3rd second?
(b)  Find the average velocities for the intervalst = 2tot = 2.5,t =2tot = 2.1.
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7. Aball is thrown vertically upwards and its height after t s is S m where § = 25.2t —
4.9t2. Find;
(@)  Its height and velocity after 3 s.
(b)  When it is momentarily at rest,
(¢c)  The greatest height reached
(d) The distance moved in the 34 second.
(e)  Theacceleration whent = 22

8.5 Composite Functions
The chain rule:

The process of differentiating a function which is a function of another variable is
known as chain rule.

In this case we first let the inside function to be another variable before we can be
able to differentiate.

Suppose y is a function of t, and t is itself a function of x, if §y, §t and dx are
corresponding small increments in the variable y, t and x then,

8y _ 8y, ot :
Bx = ap X g s @)

When 8y, §t and 8x tend to zero, then

1) d 6 d ot dt
Sy ,dy Sy  dy St _ gt
ox dx” 6t dt” 6x dx

L dy dy _d : .
And equation (i) becomes d—z = d—}t’ X d—; then this the chain rule.

. . d
Another important fact is the ﬁ =

&(g|=

Example 31

_ — 17 find &
Ify = ((3x—1)" find =
Solution

Letu = 3x — 1,theny = u’

du d
=2 =3and =2 =7u
dx du

Using chain rule;

dy _dy du
dx ~ du dx
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(@)
(b)
(©

(d)

(@)

(@)

= (7u®)(3) = 21u®

L4y __1\6
22 =21(3x - 1)

Generally, using the function notation y = f(g(x)), then Z—z =f'(g(x)).g'(x)
In example 30, this can be writtenas y = (3x — 1)7
N % = 7(3x — 1)6(3) = 21(3x — 1)®

We can remember this from the slogan “ drop the power, subtractl from the power
and multiply it with the derivative of the bracket’

Example 32

Find Z—i/ for each of the following functions

@y=201-x)50)y=x*+3)*()y=—=(d)y=véx+1

(3-7x)
Solution
2 = 2(5)(1 - 0)*(~1) = —10(1 — x)*

ay _ 2 3
= 4(x* +3)°(2x)
1

— — _ -1
Y= (3-7x) B =7x)

Y_ T2 () =
== DB =707 = 557
y=v6x +1=(6x+1)2

dy _ 1 -1 3
== (E)(6x+1)z(6)_Jm

Exercise 8.5

. Find % for each of the following functions.

y=Br+2'®y=0"+30"(@Qy=z@Dy=VI+2Z (y=V1-Vi
y=Q2-x)5(8)y = ==

. Differentiate the following with respect to x.

FG) = VAT =5 () f() = (5~ 4E)° (©) f0) = 2= (@) fC) = [2+3

The differentiation of the product

Let y = uv where u and v are functions of x
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d du dv .

=2 = pZ 1 uZ isthe product rule.
dx dx dx

Proof

= y+6y=(u+dw)(v+dv)

Where a small increment dx i nx produces increments du in u, 6vin v and dy in y.
= y + 8y = uv + udv + véu + dudv

And since y = uv

= dy = udv + véu + Sudv

Dividing through by éx

Sy Sv ou . du
- — = —_ — —
5x u8x+v6x+6x6v

As §x = 0, 8u, 6v and 8y also approach 0.

Sy dy dSu du d&v dv

- , - , ——
ox dx  6&x dx’ 6x dx

dy du dv
S =V — T U
dx dx t dx

This formula must be remembered, and this is perhaps most easily done in words

“To differentiate the product of two factors, differentiate the first factor, leaving the
second one alone and then differentiate the second, leaving the first one alone”

So in case of three functions uvw the formula also applies.

dy du dv dw
5 = YW tuw -+ uv -
Example 33

Find Z—Z for each of the following;

(@ y=x*(x+2)°
b)) y=Gx+2)?1-x»*
(©) y=7x*Vx%2-1

Solution

(a) Letu=x% e

dx
v

Alsov = (x + 2)3; Z— = 3(x +2)2(1)

X

SIMPLIFYING PURE MATHEMATICS: BY MUKOOBA JOEL 0774454151: 0706355884 Page 188



(b)

©

. dy du dv
Using—=v—+u—
& dx dx T dx

= (x+2)3(2x) + x>(3(x + 2)?)
=x(x+2)?(2 + 3x)

Letu = (x + 2)?%; Z—Zz 2(x +2)

Alsov = (1 — x?)%; Z—Z =4(1—x2)3(—2x)
ing & — p W
Using T vdx + udx

= (1—x2)*(2(x +2)) + (x + 2)%(4(1 — x?)3(-2x))
=2(1—x2)3(x +2)((1 — x?) — 4x)

Letu = 7x?; B _ 14y
dx

dv 1 -1 x
—rZ 1. _12 15 —
Alsov = Vx2 — 1; — 2(x 1)z (2x) =
ne? = p@ 4 @
Using = Vo, + U—

= 14xVxZ — 1 + 7x2 (\/%)

_ 14x(x?-1)+7x3
- Vx2-1
_ 14x3-14x+7x3
=T
_ 7x(3x%-2)

VxZ-1
Example 34

Show thatif y = (x — a)?V where V is a polynomial in x then dy/dx is a polynomial
with (x — a) as a factor. Hence or otherwise find the values of the constants k and 1 for
which x* — 2x3 + 5x2 + kx + [ has a factor (x — 1)? and solve the equation
x*—2x3+5x2+kx+1=0

Solution
@ _ _ —_ 2
= 2c—a)V+ (x—a) —

av
= (x—a){2V+(x—a)E}
Ifweletx —a=0;x=a

:Z—z=(a—a){2V+(a—a)Z—Z}=O

, d , . d
=~ Si nceﬁ = 0,thenx = aisaroot and (x — a)i safact orof ﬁ

Hence

Ifx=1

= D*-21)3+5(D)*+k(D)+1=0
S kAl =4 e (D

Lety = x* —2x3 + 5x% + kx + 1
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= 2 = 4x% - 6x% + 10x + k
Usingx =1
= 4(1)3-6(1)2+10(1)+k=0;k =-8
From (1) l=—-4—-(-8) =4
~k=-8andl =4
Exercise 8.5a
1. Differentiate the following with respect to x
@ y=0+x*)1-2x?)
() y=x2-x
© y=0Q-x>Vx+1
d y=@E*+Dx+ 1)%
(e y=0&*+D%*(x—-1)7?
2. Determine the turning point of the curve represented by y = x2(x — 3) at the point
when y = 0.
3. If f(x) = (x — a)?g(x), show that (x — a) is a factor of f'(x).

4. Given that R = q/1000 — g2 find;

dR
@ o
(b)  thevalue of g when R is a maximum.

5. Differentiate the following using the product rule;

@ (@+3)(x—4)Db) *x?-5Ux+1)(c)x32+x)?(d)5x?(x?—x+ 1)*

(@) xvx+1(f) (1 —3x)vV2x + 5 (g) (V6 + x)v3 — 2x (h) (3x + 5)%Vx — 2

The differentiation of the quotient

u . .
Suppose y = " where u and v are given functions of x.
du _dv

dy Vg, .
Then é = % is the quotient rule

Proof

u+éu

v+6v

Where a small increment §x i nx produces increments du in u, v in v and §y in y.
u+du  u

y+ oy =

v+8v v
_ v(u+dw)-u(w+dév)
- v(v+8v)
__ uv+vdu-uv—-udv
T (1
v (1+v)
__ véu-udv
= 2(14%
v (1+v)
Su _6v
éz__ Vox Ysx
Sx  2(1.87
F ()

As 8x = 0, 8u, 6v and 8y also approach 0.
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Sy dy dSu du 6v dv
- =, — 5 —, — 5 —
ox dx’ 6x dx’ 6x dx

du dv
dy _ Vaxr Yax
dx  v?
Example 35
Differentiate the following with respect to x
3x+2
(@) T 2x+1
X
®) Y=z
x3
(C) y - x2-1
Solution

du
(a) Letu—3x+2,a—3
Alsov=2x+1;d—v=2

dx

dy a4
Using = = —#-&
(2x+1)(3)-(B3x+2)(2)
(2x+1)2
__ 6x+3—(6x+4)
T (2x+1)2
-1
T (2x+1)2

du
(b) Letu—x,a—l
Alsov = (x? + 4)3; Z—Z = 3(x? + 4)?(2x) = 6x(x? + 4)?

. d
Using é =

(x2+4)3(1)—x(6x(x2+4)2)
N ((x2+4)3)2
_ (x2+4)*(x2+4-6x2)
- (x2+4)6
_ (x2+4)"(4-5x2)
T P+
_ (4-5x2)
T (x244)%

3

x3 x2

© vy= =

x2-1

1
(x2-1)2
3 du 3 1
Letu = x2; — =-xz2
dx 2
1

(2 _ 1) W _ 12 N\ _
Alsov = (x* — 1)z; dx—z(x 1)z (2x) =

X
2

Vx<—1
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. d Vax
Usmg—y = G0
dx

3 1 3

_ sz-l(zﬂ)-(ﬂ)(w’é-)
B (x2-1)
x%{%(xz—l)—xz}
(x2-1)Vx2-1
_ x%(x2—3)

T 2(x2-1)VxZ-1
_ x%(x2—3)

T 2/(x2-1)3
Example 36

Ify=x%/\(x+1) fmd and—

Solution

ay 1/(x+1)(2x)—x2<%(x+1)_71>
dx (x+1)

‘/ (x+1)(2x)—

(x+1)
_ 4x(x+1)—x?
T (x+1)
_ Ax244-x?
(x+1)
_dy  3x%+4
Tax T (x+1)

2,/( +1)

dz_y _ (x+1)(6x)—-(3x%+4)(1)

dx? (x+1)2
_ 6x2+6x-3x2-4
- (x+1)2
_d%y  3x%+6x-4
Tax? T (x+1)2

Exercise 8.5b

1. Differentiate the following with respect to x

@ G OFEEO— = @@ (V-5

(2x—4)4
2. Differentiate the following With respect to X

1
2

x2 1 —7x+4 x2 3x+4

(a) 1+x3 (b) (x2+2x-4)2 (C) (d ) zv_ (e )(Bx 1)3 (f)m
(@) —=3) (x -3)
(x242x— 3)2

3. Differentiate the following using the quotient rule:
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@ = ®mEZo @& <>(2+x)2(f>(3“2)() 2 ) |52 )
Vx+ .\x\/—x x(x)
P WS

Applications of the rules:

These are cases where we see the use of the chain, product and the quotient rules
Example 37

Find the equation of the tangent to the curve y = x?(x + 1)* at the point P(1, 16)

Solution

% = x2(4(x + 1)) + 2x(x + 1)*

=2x(x+1)32x+x+1)
=2x(x+1)3Bx+1)
AtPwhenx =1
— Z—z =211+ 113G + 1) = 64
Gradient of the tangent is m = 64
Usingy = mx + ¢
= y=64x+c
AtP (1, 16)
= 16 = 64(1) + ¢c;c = —48
~ y = 64x — 48 is the equation of the tangent.
Example 38
Find the coordinates of the two points on the curve y = ;—x where the gradient is 1/9

Solution

dy _ (1+x)(1)-()(1)
dx (1+4x)2

_ 1+x—x
T (1+x)?

_ 1
T (1+x)2
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d 1
dx 9

1 1
- -= —
9  (1+x)2

= 14+2x+x*>=9
=x2+2x—8=0

= x?+4x—2x—8=0
=x(x+4)—-2(x+4)=0
= x-2)(x+4)=0

= x=2and x = —4

Whenx =2,y =2 =2 (2,—)

1+2 3

Whenx = -4,y =—=2; (-4,3)

- the required coordinates are (2,;) and (—4, %)

Exercise 8.5¢

1. The equation o a curve is given by y = xg%
Determine;
(D) the slope of the curve at x = 2
(i) the coordinates of the points on the curve at which the tangents are parallel
to theliney = 3x + 7
2. Given the curvey = i:;, find the;
(D) points where the curve cuts the axes.
(i) turning points of the curve and distinguish them.
3. (a) Find the coordinates of the stationary points on the curve f(x) = x;i%
(b) Show that f''(x) = %

(c) Hence determine the nature of the turning points
Ans ((a) (2, %), (—2, 'Tl) (c)max, minrespecti ve) y
4. The tangent to the curve y = 3x+v1 + 2x at the point (4, 36), meets the x-axis at P and
the y-axis at Q. Calculate the area of the triangle OPQ. Where O is the origin. Ans (9 E)

13
5. Show that there is j ust one point, P, on the curvey = x(x — 1)3, where the gradient is

7. Find the coordinates of P. Ans(2, 2)
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2

. dy 4
6. Given the curvey = ZXTx’ show that & ™ )(CZ( ;) Hence find the coordinates of the two

points on the curve where the gradient of the curve is zero.Ans((0,0), (4, —8))

- — /3 F 2x dy _ 3(1+x)
7. Given thaty = xv/3 + 2x, show that = G Hence find the point of the curve

y = xV3 + 2x where the gradientis zero.Ans(—1,—1)
8. The tangent to the curve y = x2 — 4 at the point where x = a meets the x-axis and y-
axis at the points P and Q respectively.
2
(@)  Show that the area of the triangle OPQ, where O is the origin, is given by ~——— (af+a) 4)
(b)  Hence find the minimum area of the triangle OPQ. Ans (32:_)

9. Giventhaty =

coordinates of the turmng point on this curve, and determme its nature.
The parametric functions

In some cases, y is defined as a function of x by expressing both y and x in terms of a
third variable known as a parameter. Such equations are called parametric equations.

For example, the pair of equations;

Y (2) are parametric equations, with the parameter being t.
When the parameter t is eliminated, we form the Cartesian equation of the curve.
From (1);t=x—-1

Equation (2) becomes y = (x — 1)?

= y = x? — 2x + 1 is the Cartesian equation of the curve.

Example 39

Find the Cartesian equation for each of the following parametric forms

@ x=+ty=2t>2-1
b) x=7,y=3t—1

1 3

(c) x :;’ Y= 142t

Solution

(@) t=x?andy=2(x%?)?-1..y=2x*-1
3

® t=landy=3(3)-1 .y=3-
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(©

(2
(b)

(@

(b)

—x(2—t)=1;2x —xt = 1;t = 2L

x
_ 3x . _ 3x
1+2(%) x+4x-2 y 5x—2

=y=

: : . . : t
Qn. Find the Cartesian equation represented by the parametric equations x = P and

t3

Y=15

1+t

Parametric differentiation

Here maj orly the chain rule must be called into play in order to differentiate the

parametric equations.

Example 40
Find Z—Z, giventhatx =t + 1andy = t?
Solution

dx d_y_
dt—land dt—Zt

By the chain rule:

d d dt dt 1
Y = o X — but— = x
dx dt dx dx

Yo _
== 2t(1) = 2t
Example 41
Find Z—z in terms of the parameter for each of the following

y=3p®+2p,x=1-2p
y=(00+2t)3x=1¢t3

Solution

dy _ ax _
5—6p+2and i 2

Using the chain rule:
dy _dy _ dp
dx dp dx

dy _ 1 __
:E—(6p+2)x_2— Bp+1)
@y _ 2 ax _ 5.2
= 3(1 + 2t)%(2) and i 3t
By the chain rule:
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dy _dy dt
dx ~ dt * dx

dy _ 2y (1) _ 2@+2¢)?
= ax (6(1 +21) )(3t2) 2

Example 42

. . : . 2
Find the equation of the tangent to the curve given parametrically by x = " and

y = 3t? — 1 at the point (2, 2)

Solution
dy
==
By chain rule
dy _dy dt
dax  dt’ dx

dx 2
6tand — = ——
dt t2

@y _ _B\ a3
=2 =6t(-2)=-3t
At(2,2),=2=3; t=1
Gradient of the tangent, m = Z—i’ =-3(1)3=-3

The equation of the tangent becomes

= y=-3x+c

At(2,2),2=-3(2)+¢c; c=8

~ y = —3x + 8 is the equation of the tangent.
Example 43

3
Find the gradient of the following parametric equations x = ﬁ andy = # At the

point (1/2,1/2)

Solution

dx _ (A+DW)-@) 1

dat (1+1)2 T (1+1)2

dy _ (1+0)(3t2)-(t3)(1) _ 3t2+3t3-¢3 _ 3t242¢3
at (1+£)2 T @+0? | (1+02
Using the chain rule;

dy _dy dt

dx - E dx
_ (3t%2+2t3 (1+1)2
- ( (1+£)2 ) X
=3t% + 2¢3
Whenx =1/2; =>%:—

=1+t=2t; t=1
Hence gradient= 3(1)2 + 2(1)3 =5

d? d (d dt
= (@)%
dx

NB. The second derivative of parametric equations is given by@ = ™

Example 44
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2
Ifx=a(t?—1)andy = 2a(t + 1), findz—zand% in terms of t.

Solution
dx d
Z=2atandZ = 2a
dt dt

dy _dy dt

dx dt dx

1 1

=) x (=) =1

2at t
d2%y d (dy) dt
—_— = =) X —
dx? dt \dx dx

=2 (D))
=(-2)> ()

1

2at3
Example 45
. . . . t t3 . ,d?%y
Given the following parametric equations x = T andy = o fin ez
Solution
dx _ A+)M-)@) 1
at . +0?2  (1+t)2

dy _ (1+)(3t*)-(¢3)(1) _ 3t2+3t3-¢3 _ 3t%+2t3
dc (1+t)2 T @+2 T (1+1)?

Using the chain rule;

dy _dy dt
dx ~ dt ~ dx

3t242¢t3 1+t)2
( ) v (1+t)

(1+t)2 1
= 3t? + 2t3
d2%y d (dy) dt
—_— = =) X —
dx? dt \dx dx

_d 2 3 (1+t)2
_dt(3t + 2t )><(—1 )

= (6t + 6t2)(1+t)?
= 6t(1+t)(1 +t)?
=6t(1+1t)3
Example 46
Find and classify the stationary point on the curve x = 4 — t3and y = t% — 2t

Solution
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Differentiating parametrically gives;
L _ _3t2and D=2t -2

dt dt

By chain rule;

d 1 2-2t
Y=@-2)(-5) =

dx 3t2 3t2

. .. d
At a stationary point, é =0

=22 _0.2-2t=0; t=1

3t2

To find the coordinates of the point corresponding to the value of t = 1, we substitute
t=1lintox =4—t?andy =t?— 2t

This givesx =3 andy = —1

The coordinates of the stationary point are (3, —1)

. dz? d (d dt
Using 2= (—y) X (—)
dx? dt \dx dx
- ()X ()
T de \ 3¢2 -3¢2

- P ()

_ —6t2-12t+12¢2
T ot4(=3t2)

_6t(t-2)
T _27t6

At the stationary point, t = 1

dz_y _6(m@a-2) _ 2

dx? -27(1)® 9

. dz . . . .
Since d—xJZ/ > 0, the stationary point (3, —1) is a minimum.

Exercise 8.5d

1. Find the Cartesian equation from each of the following parametric equations;

— — ¢2 - ,=-_t =2t — = 2 _
(@ x=t+3,y=t (b)x—1+2t,y—1+2t(c)x—2t 1, y =12t -5

dx =2Vt y=8t2+5 (x=ty=-(Dx=—, y=t(1+1)
2. For the following curves, each of which is given in terms of a parameter t, find an
dy

expression for —~ in terms of t.

@ x=t]y=4t—-1(Mb)x=t° y=6t3-5 (c)x=6t—5y=02t—1)3(d)
2 1

=3—m y = m(e)x=?, y=t2+4t—3

3. In each part of this question find the gradient of the stated curve at the point defined

by the given value of the parameter t.
(@) x=t+5, y=t3—2twheret =2
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(b) x=(t—2)% y=@Bt+4)>wheret=0
(o) x=\/t—1,y=%wheret=10

d x= wheret =5

1 3
vi=a' Y T Vi
4. Ifx =t3+t%3,y=t>+ tfind%interms of t

5. Find the equation of the tangent to the curve x = 3t2,y = 7 + 12t, at the point where

t=2
6. Find the equation of the tangent to the curve x = tZ,y = 6t — 7, at the point where
x=1

7. Find the equation of the tangent and the normal to the curve x = 6t2,y = t3 — 4t at
the point wheret = —1

. . 4 :
8. Find the equation of the tangents to the curve x = Y= t3 — 3t + 2, at the point

where the curve crosses the x-axis.
9. Atwhich points are the tangents to the curve x = 2t? — 3,y = t3 — 6t% + 9t — 4,

parallel to the x-axis.

1

10.Find the equation of the normal to the curve x = t—f, y = 2t — 3 at the points where

the curve crosses the line x = 1.

11.Ifx=1/(1+t?*)andy = t/(1 + t?) findz—z in terms of t

12.A curve is given by x = t2?,y = 4t. The tangent at the point where t = 2, meets the
tangent at the point where t = —1, at the point P. Find the coordinates of P.

13.A curve is given parametrically as x = 2t2,y = 4t — t*. Find the equation of the

normal to the curve at the point (2, 3).
4

t241°

14.A curve is given parametrically by x = 3t and y = Find the equation of the

tangent to the curve at (2, 10).
4

t2+1
general equation of the tangent to the curve in terms of , y and t. Hence determine
the equation of the tangent at the point (3, 2).

16.(a) Find the equation of the tangent to the curve x = 8t + 1,y = 2t? at the points (9,
2) and (-31, 32).
(b)  Show that these tangents are perpendicular, and find the coordinates of the

Find the

15.A curve is represented by the parametric equations x = 3t and y =

point of intersection of the tangents.
i I ay _
17.(a) Given the curve x = o VS 1 show that ol t(t+2)
(b) Hence find the points of the curve where the gradient is 15.
18.(a) Given the curve x = t?(1 — 3t?),y = 5t3(4 — t), show thatz—i/ = 1(;(;__13)
(b) Hence find the values of the parameter t at the points on the curve where the

gradient is 8.

2
19.If x = at?,y = 2at find & andd—z
dx dx
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(@)

(b)

SIMPLIFYING PURE MATHEMATICS: BY MUKOOBA JOEL 0774454151: 0706355884

20.A curve is given parametrically by x = (¢ — 1),y = t3 flnd and
21.For the following curves of which is given in terms of a parameter t, flnd an

expression for & — and —

= — 3 __1 __1 _ 1 _t+l
x=3t+1,y=t +5 (b)x_1+ﬁ’ y_1—\/E(C)x_t+1' y=13 (d)x = V=
i(e)x=t2(2t+3),y=3t4+4t3+1
— 2
22.(a) For the curve x = Ltl, y =
. d
() T=t?-4 (11) Y =2t3

Hence find and classify any stationary values on the curve.

Rates of change

. . d . y. .
e The derivative é = limg,_o 5—2: is called the rate of change of y with respect to x.

. . o d :
e [tshows how changes in y are related to changes in x. For example, if % = 3,thenyis

increasing 3 times as fast as x.
e Also this is an application of chain rule.

Example 47
A spherical balloon is inflated at a rate of 3cm3s-1. Find the rate of increase of the
radius when this radius is 2 cm.

Solution

Let the balloon have radius r and volume V, then V = gnr3

av
= — = 4q17?
dr

: av
We are given that e 3 and we know that
w_av dr
at — ar ~ dt
dar
= 3 =4nr? x —
dt

dr 3

dt ~ 4mr?
Whenr = 2
dr 3

dat ~ 4n(2)?2  1én

. . .. . 3 _
~ the rate of increase of the radius when the radius is 2 cm Is T Cms 1
T

Example 48

The volume of a cube is increasing at the rate of 18cm3s-1. Find he rate of increase of
the length of a side when the volume is 125 cm?3

Solution

Volume V, of a cube is x3 where x cmis the length of the side.
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=V=x3 125=x%x=5cm
av av _ .
= — = 3x%,— = 18cm®s~lrequired is
dx dat
. av _av _ dx
Using—=—Xx—
at  dx dt
2
dt
Whenx =5cm
dx 6 6 -
—=—==—=0.24cms™!
dt  x? 52
=~ the rate of increase of the length is 0.24 cms-1.

dx
dt

= 18 = 3x

Example 49
The side of a square is increasing at the rate of 5 cmsL. Find the rate of increase of the
area when the length of a side is 10 cm.

Solution
Let the side of a square be x cm
dx 1

gl 5¢cms™, x =10cm

dA
=A=x2anda=2x

. dA dA dx
Using— = — X —
dt dx dt
= 2x(5) = 10x
When x = 10 cm; Z—‘t‘ = 10(10) = 100cm2s~1
Example 50

A container in the shape of a hollow cone of semi- vertical angle 30° is held with its
vertex pointing downwards. Water is poured into the cone at the rate of 5cm?s ™!
Solution

Let the depth of water in the cone be x cm

The radius, r cm, of the cross-section of water is given by.

The volume, V ¢m3, of the water in the cone is given by
12 1 (1)2 _1
V—3T[T‘ x=om 7 X = mx

3

av 1
— =-TX
dx 3

2
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. av
We are given that pr 5 and we know that
av _av _ dx
at  dx  at

1 dx
= 5=-mx*>—

3 dt
L dx 15
Tdt T mx?
When x = 10
de 15 3

dr ~ m(10)2 207
The rate of increase of the depth when the depth is 10 cm is, therefore % cms't

Example 51

A container is in the form of an inverted right circular cone. Its height is 100cm and
base radius is 40cm. The container is full of water and has a small hole at the vertex.
Water is flowing through the hole at a rate of 10cm3s-1. Find the rate at which the
water level in the container is falling when the height of water in the container is
halved.

Solution

Let the height of water be h cmand its radius r cm

H=100cm

H h

By similarity = = —

y y R r
100 _ h

2
—==; r==h
40 r 5

And Y = 10cm3s?
dt

15 1 2 3
V=cmrth=cm(ch) h=—_mh
av. 13
— = —=mh?
dh 75
. dv _av _ dh
Using—=—X—
dt  dh’~ dt
12 dh  dh 750
= 10==nh?—; —=——
75 dat’ dt  12mh?

When h =50 cm

dh 750 1 _1
—=————==—Ccms
dt  12m(50)2 407

The rate of falling of the water level when the depth is 50 cm is, therefore

1
— cms!
401
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Exercise 8.5e

1. A spherical balloon is inflated at the rate of 2cm3 every second. What is the rate of
growth of the radius?

2. The sides of a cube are increasing at a rate of 6 cm/s. Find the rate of increase of the
volume when the length of a side is 9 cm.

3. The side of a square is increasing at the rate of 3cms1. Find the rate of increase of the
area of a square of side is 4 cm. Ans (24cm?s™1)

4. The surface area of a sphere is increasing at a rate of 2 cm?2s-1. Find the rate of increase

of the radius when the surface area is (100m)cm?. Ans (2?” cms‘l)

5. The diameter of an expanding smoke ring at time t is proportional to t2. If the
diameter is 6 cm after 6 seconds. At what rate is it then changing? Ans(2 cm/s)

6. Air is escaping from a spherical ball at a rate of 0.30m3 per minute. Find how fast the
radius is decreasing when radius is 0.3m.

7. When sand is poured on level ground, the heap of sand takes on a conical shape with
semi-vertical angle of 45°. Calculate the volume of the sand when the height is h m. If
the sand is poured at a constant rate of 1cm3®mi 7L. Calculate the rate at which the
height of the sand is increasing when the height of the heap is 0.5m.

8. Aninverted cone with a vertical angle of 60° is collecting water leaking from a tap ata
rate of 0.2cm3s~1L. If the height of the water collected in the cone is 10cm, find the rate
at which the surface area of water is increasing.

9. A container in the shape of a hollow cone of vertical angle 90° is held with its vertex
pointing downwards. Water drips into the container at a rate of 3 cm3 per minute.
Find the rate at which the depth of water in the cone is increasing when this depth is 2
cm. Ans(ﬁcmmi nh)

10. After t seconds the area A sq.cm of an ink stain is given by A = ¢ + t3. Find the rate at
which the area is increasing after 2 seconds.

11. A spherical balloon is blown such that its volume increases at a constant rate of
8.0cm3s1, Find the rate of increase of its radius when the volume of the balloon is
200cm3.

12.The surface area of a spherical ball is increasing at a rate of 0.8m2s-! when its radius is
0.65m. Find the rate of change of its volume at that instant.

13.0il is dropping onto a surface of water at the rate ofl—loﬂc m3s~1. It forms a cylindrical

film which has a height of 0.1cm. Find the rate at which the radius of the film is
increasing when the radius of the film is 5 cm.

14. A cylindrical can is made in such away that the sum of its height and the
circumference of its base is 45cm. Find the radius of the base of the cylinder when the
volume of the can is maximum.

15.The surface area of a cube is increasing at a constant rate of 10cm3s-1. Find the rate of
the volume when the side of the cube is 12cm long.
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16.The area of a circular lamina increases at a rate of 10cm?2s-1. Find the rate of increase
of the circumference at the instant when the radius is 50cm.

17.The inside of a glass is in the shape of an inverted cone of depth 8 cm and radius 4 cm.
Wine is poured into the glass at the rate of 4 cm3sL. Find the rate at which the depth

o . : : . 4 -
of the wine in the glass is increasing when this depth is 6 cm. Ans (; cms 1)

18. A container in the shape of a hollow cone of depth 12cm and radius 6 cm is held with
its vertex pointing downwards. Water is poured into the container at a rate of 2cm3s-L.
Find the rate at which the depth of water in the cone is increasing when this depth is

3/4 cm.Ans (gcms‘l)

o
19.A boy is inflating a spherical balloon such that its radius is increasing at the rate of

x m/s. Find the rate at which;
(D) the surface area
(ii)  the volume of the balloon is increasing when the radius is 0.9m.

20.The area of an equilateral triangle increases at a rate of 24cm?s-1. Find the rate of
increase of the side of the triangle when the side is 8cm.

21.A container in the shape of a right circular cone of height 10 cm and base radius 1 cm
is catching the drips from a tap leaking at the rate of 0.1cm3/s. Find the rate at which
the surface area of water is increasing when the water is half way up the cone.

22.A hollow cone of base radius 10 cm and height 10 cm with its vertex downwards. The
cone is initially empty when water is poured into it at the rate of (4w)cm®s ™. Find
the rate of increase in the depth of water in the cone 18 seconds after pouring has

1 —
commenced. Ans (; cms 1)

8.6 Implicit Functions

Functions which cannot be expressed in the form y = f(x) are called implicit
functions. E.g x? + 3xy + y? = 4.

Implicit differentiation:

Example 52
g W e 2 2 _
Flnddx ifxc+y°=2
Solution
Differentiating each term with respect to x gives;
L)+ Lp2y=2L
dx(x )+dx(y )—dx(Z) ....................... (D

By chain rule;

a2y @2 \W _, 4y

dx(y )_dy(y )dx =2 dx

Therefore equation (1) becomes
dy

2x + ZyE =0

. dy .
Rearranging for ﬁ gives;
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(@
(b)
(©
(d)

(@

(b)

(©

(e

()
(b)

(@

dy 2x x

dx 2y - y

Example 53

Find Z—z for each of the following functions.
x2—-6y3+y=0

x?y =5x+ 2

(x+y)2=7x2=0

X3

x+y

Solution

Differentiating each term of x? — 6y3 + y = 0 with respect to x gives

2x —18y? 2+ 2 =0

. dy .
Rearranging for % gives

dy
= E(l —18y?%) = —2x
Ldy  —2x 2x
Tdax T 1-18y%  18y2-1
This requires the use of the product rule;
= xzz—z+y(2x) =5
. d_y _ 5-2xy

" dx x2
Differentiating each term of (x + y)? — 7x? = 0 with respect to x gives

5(x+y)4(1+3—z)—14x=0

dy 14x
=1+>=—"

dx  5(x+y)*
L ay 14x

Tdx T 5(x+y)* -
3
We have xxTy = 2. Multiply through by (x + y) gives
x3=2x+2y
Differentiating each term with respect to x gives

3x2=2+22
dx

. dy _ 3x*-2
Tax T 2
Example 54

Differentiate the following with respect to x
x2+y?—6xy+3x—5y=0

x? —3yx + 2y? —2x =4at(1,—1)

Solution

Differentiating each term with respect to x gives;

2x+2y%—6y—6x%+3—5%=0

:(2y—6x—5)3—z=6y—2x—3
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dy _ 6y—2x-3

E - 2y—6x-5
at (1,-1);x=1landy = -1
dy  6(-1D-2(1)-3 _ -11 11
Tax T 2(-D-6(1)-5  -13 13

(b) Differentiating each term with respect to x gives;
dy dy _
2x—3y—3xa+4ya—2 =0
d_y __ 3y—2x+2
dx 4y—-3x
at(1,-Dx=1andy = -1

_dy _3(-D-2()+2 _ -3 _3
ax ~ 4(-D-3(1) -7 7
Example 55
Find the gradient of the curve x? + 2xy — 2y% 4+ x = 2 at the point (—4, 1)
Solution

Differentiating each term with respect to x gives;
dy dy _
2x+2y+2xdx 4ydx+1—0
dy _ —-(2x+2y+1)

dx (2x—-4y)
At(—4,1);x=—-4,y=1
dy _ -@EH+2(M+1) . 5 5
dx 2(-4)-4(1) -12 12
=~ the gradient of the curve is — %
Example 56
Find the equation of the normal to the curve x? + 3xy + 2y? = 10 at the point where
x=-1
Solution
To find the y coordinates of the points on the curve where x = —1, substitute x = —1

into x? + 3xy + 2y2 =10

= (=1)2 +3(=1)y + 2y? = 10
=2y2-3y+1=10

= 2y2—-3y—-9=0

= 2y+3)(y—-3)=0

Solving gives; y = —; andy =3
The points on the curve at which x = —1 are P (—1, — z) and Q(—1,3)

To find the equation of the normal at each point, we need the gradient of the curve at
each point.
Since x2 + 3xy + 2y? = 10, differentiating implicitly gives;
dy ay _
20+ (3xZ+3y) + 4y 2L =0
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dy _ (2x+3y)

dx (Bx+4y)
At the point P (—1, — g)

@y _ (2(—1)+3(—§)) _ 13
dx (3(—1)+4(—%)) 18
At the point Q(—1, 3)

dy _ D8 _ 7
de  (3(-D+4(3) 9

The normal to the curve at point P has a gradient of(_—113) = %

18

. . 18
So its equation has the form y = HZXta

Since the normal passes through P (—1, — ;), we have;
3 _ 18 3
—s=n D+ o =—
=~ the equation of the bormal atPisy = %x - % or 26y = 36x — 3
The normal to the curve at point Q has a gradient ofﬁ = %
9
So its equation has the form y = ;x +c,

Since the normal passes through Q(—1, 3), we have;

9 30
3 :;(_1)+C2, CZ :7

=~ the equation of the bormal atPisy = ;x + 3—70 or 7y = 9x + 30

Second derivative:

Example 57

. dzy . 2 2
Find —.z given thatx* +y~ =2

Solution
=2 +2y2 =0 1
X+2Y == 0 .. ()

dy\2 d?
=2+2(2) +2y 2 =0 (2)

From (1); Z—z = —§

Equation (2) becomes;
2
X
=>2+2(—;) +2y7—0
. dz_y _ y2+x2
v =—(55)
Since x2 + y? = 2, we have

=)
Cdx2 T y3

Example 58
Find and classify the stationary points on the curve x? + xy + y? = 27
Solution
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At a stationary point, % =y’ = 0. Differentiating x? + xy + y? = 27
= 2x+ (xy' +¥) +2yY" = 0 e (D

Rearranging for y' gives;

2yy' +xy'=-2x—y

=y'Qy+x)=—-2x+y)

r . (x+y)
T @yto
When y" = 0, we have
(2x+y) _
@yt
=S 2X+ Y =0;Y = —=2X e (2)

Substituting y = —2x into x2 + xy + y? = 27 gives

x? + x(=2x) + (=2x)% =27

= 3x% =27;x =43

Using equation (2), when x = 3,y = —6, when x = —3,y = 6. Therefore, the
stationary points are (3, —6)and (-3, 6)

Differentiating equation (1) implicitly gives;

24+xy''+y' +y +2yy""+2(y)* =0

But y’ = 0 at stationary point.

= 24+xy"'+2yy'"'=0

To determine the nature of the turning points, we will examine the sign of y'’ at each
point.

At(3,—6);2+3y' '+ 2(=6)y’'=0; y''= % >0

Since y" > 0, the stationary point (3, —6) is a minimum.

At(=3,6);2—3y"'+2(6)y''=0; y''=—2<0
Since y'’ < 0, the stationary point (—3, 6) is a maximum.
Example 59
2
Find the value ofodl—z and % ifx2 + y2 —6xy + 3x — 5y =0at (1,—1)
Solution
Differentiating each term with respect to x gives
dy dy ay _
2x+2y;—6y—6xa+3—55—0 ...................... (D
at(1,-1)
dy dy ay _

=20 +2(-DZ-6(-1) - 6(1) = +3-52 =0

@v__1

dx 13

Differentiating equation (1) with respect to x

@’y d_y)z_ N Y e
:>2+2ydx2+2(dx 6dx 6dx 6xdx2 dez_o

d2 d dy\?
=2+Qy—6x -5 2+ (-12)2+2(2) =0
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(a)
(b)
(c)
(d)
(e)
Q)

= 2+ (2(=1) — 6(1) —5)%—12 (—%)+2(——)2 =0

. d%y 496

Taxz T 2197

Example 60

If y = v5x2 + 3 show thatydz—y+ [d—y]z =5
dx? dx

Solution

Squaring both sides gives;

= y2 =5x2+3

Differentiating with respect to x gives

= Zy% = 10x ;yj—i/ = 5x on dividing through by 2
Differentiating for the second time we get

=yl =s

Exercise 8.6
1. For each of the following curves express Z—z in terms of x and y
(A)x2—y?2=4(b)3xy —y?2 =7 (c)x?y + xy? =2 (d) 2x — y3 = 3xy (e) x* —yx? =
6x (f)xz(x—3y)=4(g)%=2(h) Y — x5 (i) x® — 5xy3 = 9xy

x2%-7y3
2. In each of this question find the gradient of the stated curve at the point specified.
(a)xy? — 6y =8at (2,—1)
(b)x* —y3 =3at(1,-1)
(0)3y* —7xy? — 12y = 5at (-2,1)
(x+y)?>—4x+y+10 =0at (2,-3)

(e)% —8at (4 2)

3. Find the equation of the tangent to the curve xy? + x%y = 6 at the point (1, -3)
4. Find the equation of the tangent to the curve xy? — x?y = 12 at the point where
y=3
5. Find the equation of the normal to the curve x? + 3x — 2y? = 4 at the point where the
curve crosses the x-axis.
6. Find and classify the stationary values on each of the following curves;
x2+y?—4x+6y+12=0
3x2+y?—6x+4y+6=0
3x2+x%y+y=2
xy+y—x*=8
2xy +y?—x2=0
4xy3 =1+ 4x?y?

_ (n-1)x"72

. d?y
7. Given that x™ + y™ = 1, show that i y2n-1
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8. Giventhatx? +xy+y?—3x—y =3

d 3-2x—
(a) Show that Y
dx x+2y-1

(b)Find, and classify, the maximum and minimum values of y
(c) Determine the coordinates of the points on the curve where the tangents to the curve
are parallel to the y-axis.

8.7 Small Changes
This deals with the approximations of various variables;

Method I

dy

d
—0r6yz—y><6x
dx dx

If 6x is small then; %Y ~
6x

Thus if y is given a function of x we can determine the change in y corresponding to
some given small change in x.

Method 11
Since f'(x) = limy_, {W}, it follows that when h is small
1o~ Fxth)—f(x)
frx) » L
~ f(x+h) = f(x) + hf'(x)
Example 61
If y = 2x2 — 3x find the approximate change in y when x increases from increases
from 6 to 6.02
Solution

Lety = 2x? — 3x; %% = 4x — 3 and §x = 6.02 — 6 = 0.02
e &y = 2
Using 6y =~ - < ox

~ (4x — 3) x 0.02
~ (4(6) — 3) x 0.02

~ 0.42

=~ the approximate change in y is 0.42
Example 62
Find an approximation of Y220
Solution
Let f(x) = ¥x = x3;

, 1 .2 1
:>f (.X') :EX 3 :33\/x—2

Using f(x + h) = f(x) + hf'(x)
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3 3 h
= J(x+h)= \/; + Wx_z
Letx = 216,h =4
= 3220 ~ V216 + 5——

33/(216)2

~
~

3%36
~ 6.04

~ 3220 = 6.04

Example 63

In calculating the area of a circle it is known that an error of +3% could have been
made in the measurement of the radius. Find the possible percentage error in the

area.
Solution
or _ 13 . 64
= — = — and we require —
r 100 - A .
A dA A
For small changes — ~ —; butd = nr? and — = 2nr
4 or cir dr
A +3
= 04 ~—XOr;0r=—r
dr 100

+3
= 0A = 2nr X —7r
100
54 2mr 43

A nr?2 100
5A _ t6
A 100

=~ the percentage error in the area is +6%

Example 64
The time period, T, of a pendulum of length [ is given by T = 27'[\/% where m and g are

constants. Find the approximate percentage increase in T when the length of the
pendulum increases by 4%.
Solution

=T2=—

g
By implicit differentiation

dT 4 dT 2T
>2T—=—;—=—
dl g = dl gT
Sl 4 4
But—~—; 6l =—1
l 100 100
Using 2= ~ &L
851 ; a
s
= 0T = —XxX —1
gT = 100
ST _ 2m 4
T T2 100
2T 4 l
41l
aml 100
(7))
2
~ 100

-~ percentage increase in T is 2%

Exercise 8.7
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Find the approximate value of v25.01

Find an approximate value for v16.08 Ans(4.01)

Find the approximate value of /65 correct to 3 significant figures

Find an approximate value of 1/64.96

Ify = x? + 2x find the approximate increase in y when x increases from 9 to 9.01
If y = 5x* and x increases by 2% of its original value. Find the corresponding
percentage increase in y.

oA W

. -1 . . 1
7. Given that y = x73 use the calculus to determine an approximate value for 55

8. Find an approximate value of (5.02)3
9. The equation of a curve is y = 2x3 — 7x2 + 15. Write down an expression for Z—z and

hence find;
(@) The equation of the tangent to the curve at (2, 3)
(b)  The approximate change in y as x increases from 2 to 2.033, stating whether
this is an increase or a decrease.

10.In measuring the volume of an sphere a 15% error was made. Find the percentage
error that was made in measuring the radius.

11. Use calculus of increment to find v/96 to one decimal place.

12.The surface area of a sphere increases by 2%. Find the corresponding percentage
increase in radius of the sphere.

8.8 Partial fractions
We can use partial fractions to simplify expressions before differentiation

Example 65
_ 9x%+34x+14 . . . dy _
Expressy = G —1p D partial fractions and hence find ™ whenx =0
Solution
x2—x—12=(x+3)(x — 4)
Therefore
9x%+34x+14 _  9x’+34x+14
(x+2)(x2—x—12) ~ (x+2)(x+3)(x—4)
9x*+34x+14 _ A B c

(x+2)(x+3)(x—4) ~ (x+2) (x+3) (x—4)

. o 9XP+34x+14 . _9(=2)2+34(-2)+14 _
Puttingx = -2 n—(x+3)(x_4) givesA = EC 3

. o 9XP434x+14 . _ 9(=3)2+34(=-3)+14 _
Puttingx = —31 n—(x+2)(x_4) givesB = EHEE 1

. s 9x2434x+14 _9(4)%+434(4)+14
Puttingx = 4 1i i 9t vesC = (@) (@=a) 7

9x2+34x+14 3 1 7

T D (P—x-12)  (x+2)  (x43) | (x-2)

PRI RS
dx dx L(x+2) dx L(x+3) dx L(x—4)
-3 1 7
T x+2)? | (x+3)2 (x—4)2
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Whenx =0

dy -3 1 7
dx  (0+2)2 t (0+3)2 (0-4)2
3,1 7
T 479 16
155
T 144

Exercise 8.8

: . . .. d
Expressy = into partial fractions and hence find é

(x+1)2(x+2)
2(x3+x2+1)
(x—1)2(x2+1)
13x+16
(x-3)(3x+2)

: : . . . d
Expressy = into partial fractions and hence find % whenx =0

d [ 13x+16

dx L(x-3)(3x+ 2)] when

Express in partial fractions. Hence find the value of

x=2
2x2-6x—1

Expressy = D1

. . . d 13
in partial fractions, and hence show that é = whenx =0

Express f(x) = in partial fractions. Use your result to write down an

3x
(x—1)(x—4)
-2 8
(x-1)3 + (x—4)3

expression for f'(x) and show that f''(x) =

SENIOR FIVE TERM THREE
CHAPTER 9

INTEGRATION 1

9.1 Indefinite Integrals

The reverse of differentiation

xt1

. d .
In the general case, given é =ax™ theny = + c provided n # —1

n+1
Thus the statement can be verified by differentiation;
ax™+1 dy a(n+1)xn*t1-1

+¢ —=—"""—=qax"asrequired
" odx (n+1) q

Ify = n+1
The process of reverse differentiation is actually called integration. ax™ is called the
integrand and the result is called the integral.

We can now state the rule for integrating ax™

as""i ncreasgthe power of x by one,amd di vi déy the newpower"

Integrating a function, we do it on every part of the function.
xn+1

Using the integral sign [ we write this as [ ax™ dx = + cforn # —1, c the

n+1l
constant of integration. With the ""dx’’ signifying that the integration is carried out

with respect to the variable x.
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(@)

(@)
(b)
(©
(d)
(e)

®

(@)

(@)
(b)
(©
(d)

(@)
(b)
©

symbol because integration can be considered as a summation.
Example 1

Integrate the following with respect to x.

2 (b)m (c)3x (d)3x*(e)3+2x () x —x?(g)ax+b
Solution

0+1
f2dx=f2x°dx=2§T+c=2x+c
[mdx =mx +c¢
2
f3xdx=3%+c
fB+2x)dx=3x+x*+c
2 3

f(x—xz)dx=x?—x?+c

2
[(ax + b)dx = % + bx + ¢ where c is an arbitrary constant.
Example 2
Find an expression for y if % is given by

3x2 (b) 2x> () 6x% — 4x + 2 (d) x?(2x + 1)

Solution
W a2, .3 3
dx—3x, LYy = . +c=x>+c
W 5. ., o 2X0 e
dx—Zx, ~y == +c-3+c

3 2
Z—z=6x2—4x+2; .'.y=%—%+2x+c=2x3—2x2+2x+c

4 3 4 3

Yox2x+D) =203 +x% cy=24T =4 4
dx 4 3 2 3
Example 3

Find () [ 4x% dx (b) [ Sdx (0) [ (5 —x% +3) dx (d) f%dy

Solution

3
f4x2dx=%+c

6

Sdx=[6x3dx =
Jzdx=]
f(S—x2 +i—8)dx =[(5—-x%?+18x"*)dx

4

-2
X 3

+C=——2+C
-2 x

e [g(x)dxisreadas " the integral ofg(x) with respect to x * and we use the extendedS

SIMPLIFYING PURE MATHEMATICS: BY MUKOOBA JOEL 0774454151: 0706355884

Page 215



3 3
x 18x
=5x ——+ +

3 -3

3

x 6
=5x————3+C

3 x

R
=[(y*-1-6y~?)dy
3 -1
y? y - y +c
y——6+ +c

3

Since there is an arbitrary constant c in each of these solutions, we say that these are
indefinite integrals

9.2 Definite Integral
e The integral f; f(x) dx is known as a definite integral because of the limits of

integration i.e.x = a and x = b are known. Where a i sthe | owerl i miand
b i sthe upperlimit
e Suppose f(ff(x) dx = [F(x) + C]}
={(F(b) + O) — (F(a) + O)}
=F(b) — F(a)
e Therefore we write this as f;:; f(x)dx = F(b) — F(a)

Example 4

Evaluate the following integrals

@ JLex-3)dx ® [ (5)dx © [1Gx*-5)dx @) f; (x- )dx
Solution

(@) f_11(2x —3)dx = [x? —3x],

=((1)*-3(1) - ((-D*-3(-1)

=(-2)-(4)

=—6
® [ (5)dx= [ ) ax

[__ 1/2

2x2 1/4

{5)- (=)
2(3)° 2(%)*

=—2+8
=6
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(© f_11(3x2 —5)dx = [x® - 5x]1,

=(1-5—1+5
= —4-4
— _38
(d) f28 (x — %) dx = fzg (x - 3x_%) dx
e

= (32-6v2) - (2 - 6v2)
= (32 -12v2) - (2 - 6v2)
=30 — 6v2
= 21.5147

9.3 Application of Integration

These are some of the situations where integration is called into play
Gradient functions

Here we are given a gradient function and required to find the original function from
which it was obtained.

Example 5

Given that Z—z = 4. Find y in terms of x, given that y = 10 when x = —2. What does

this represent geometrically?

Solution

W _ 4
=>dx—4, ~y=4x+c

whenx =—-2andy = 10

= 10=4(-2)+c¢; ¢c=18

=y = 4x + 18 and this represents a straight line with gradient 4 and y-intercept 18.
Example 6

The gradient of a curve at any point (x, y) on the curve is given by (7x — 1). If the
curve passes through the point (1, 4), find the equation of the curve.
Solution
YW re— 1) oy = g
:E_(%C 1); Ly = 5 x—x+c
At (1,4);x =1andy =4
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_ 7(1)?
)
7x2

.-.y=7x—x+§ or 2y = 7x* — 2x + 3

=4 - (D) +cc=3/2

Example 7

At any point (x, y) on a certain curve, Z—z = (3x — 2)(x + 2). Given that it passes

through (—1, 1) find the equation of the curve. Find and distinguish between the
turning points of the curve.

Solution

=2 =(3x-2)(x+2)

:%=3x2+4x—4; cy=x3+2x2—4x+ A
whenx =—-landy =1
=1=(-1D3+2(-1)?—-4(-1)+4; A=—4
ny=x3+2x%2—4x—4

At the turning pointz—z =0

= Bx—-2)(x+2)=0x=2/3 andx = -2

henx = 21333 = (2 +2 (3 ~4() -4 =12, (2,2

When x = 2;y = (=2)3+2(-2)2—-4(-2)—4=4; (-2,4)
Using the 2nd derivative test:

d%y
ﬁ_ 6x + 4
2
whenx = 2/3;% = 6(%) +4 =8> 0Hence G,—%) is a minimum
2
whenx = —2;% =6(—2)+4=—-8>0Hence(—2,4) is amaximum
Example 8

2

Given that f''(x) =2 — =

and f'(1) = 0, find f’(x). Given that f (1) = 8. Find f(x)
Solution

=2—2x":

= f'(x) = [ f"'(x) dx

= f'(x) =f(2 —%)dx

1

= f'(x) = 2x—2ff+c

2

4
—2x+\/—§+c
But f'(1) =0
4
=0—2(1)+ﬁ+c, c=-6
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"(x) = 4 _
..f(x)—2x+ﬁ 6

= f'(x) = 2x +4x"2 — 6
= f(x) = f'(x)dx
=f(2x+4x"%—6 )dx

=x2+4—9£2—6x+A

f(x)=x?>+8/x—6x+A
whenf(1) =8
=8=12+8/1-6(1)+4; A=5
S f(x)=x*+8/x—6x+5

Displacement, Velocity and Acceleration
The quantities displacement (r) or (s), the velocity (v) and acceleration (a) with
respect to time (t) can be related using differentiation.

ds _

e =
dt

v;thens = [vdt
dv
= = a;thenv = [adt
When s, v and a are given vectors then we should observe the vector symbols.

Example 9

A stone is thrown vertically downwards at 20m/s from the top of a cliff. Assuming
that gravity produces on it an acceleration of 9.8 ms-2, deduce from the differential

d . . : s
d—Jt} = 9.8, expressions for its velocity and position vector t s later.

equation
Solution
= dv = 9.8dt

= [dv=/9.8dt

= v = 9.8t + ¢c; butwhent =0,v = 20
= 20=9.8(0)+¢; ¢=20
~v=9.8t+20

— % _ 98t +20
dt

= ds = (9.8t + 20)dt
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= [ds = [(9.8t +20) dt

= s =49t%>+ 20t + A; but whent =0,s =0
= 0=49(0)2+2000)+4; A=0

. s =4.9t% 4+ 20t

Exercise 9.1

1. Find an expression for y ifcdl—z is given by;

@  3x%(b)2x (c) x3 (d) 5 (e) Vx (F) ——= (g) 2x3 4+ 3x2 (h) 5x + 1 (D)x(4 — 3x)
2. Integrate the following with respect to x;

(@) 2x2(3-— 4x)(b)3" (@7 —2x (d)4x3 +3x%+2x+1

(e) x* + x? +;+x_4
3. Find;
@ [12dx )2 +x)dx(c) [x(x+ 1) dx (d) [(x + 6)(x — 4) dx (e)

[ (10x* + 823 — %) dx (% 3t)dt()f(x+ ) (x—2)dx

4. Evaluate (a) [3t +8]3 (b) [3t%2 —t + k]}
5. Evaluate the following;

@ [0+ 40 dx () LG —ax? 430 dx (9 [ (3 - 2) dx (@ () ax
(@ (x— 2)2 dx Ans ((@% (B2 () =9 (e) - 45)

6. The gradient of a curve at the point (x, y) on the curve is given by 6x. If the curve
passes through the point (1, 4), find the equation of the curve. Ans(y = 3x% + 1)

7. Find the equation of the curve passing through the point (—2, 6) and having the
gradient function 3x2 — 2. Ans(y = x3 — 2x + 10)

8. The gradient of a curve at the point (x, y) is given by (3x2 + 8). If the curve and the
line 2x — y — 1 = 0 cut the y-axis at the same point, find the equation of the curve.
Ans(y =x3+8x—1)

9. The gradient function of a curve is given by (2x — 3) and the curve cuts the x-axis at
two points A(5, 0) and B. Find the equation of the curve and the coordinates of the
curve. Ans(y = x? — 3x — 10; B(—2,0))

10.The gradient of a curve at the point (x, y) on the curve is given by (2x — 4). If the
minimum value of y is 3, find the equation of the curve.

. . . 1
11.The gradient of a curve at the point (x, y) is 12x3 — " and the curve passes through

the point (1, 2). Find the equation of the curve. Ans (y =3x3 + % — 2).
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12.The curve with equation y = ax? + bx + ¢ passes through the point P(2, 6) and
Q(3,16), and has a gradient of 7 at the point P. Find the values of the constants a, b
andc.Ans(a =3,b = —5,c = 4)

13.Find y in terms ofxifj—i/ =3x2—6x+2andy =7 whenx = 0.

14.Find v in terms of t given that % = 5 — 2kt where k is a constant. If v = O when t = 0;

when t = 1 find the value of k.

8

15.Find S in terms of t if% =3t — oy given thats = 1%, whent =1

dAa _ Bx+D)(x*-1)

16.Find 4 in terms of x if )
dt x5

What is the value of A whenx = 2,If 4 =

0 when x = 1.
17.A function f(x) is such that f'(x) = 3v/x — 5. Given that f(4) = 3, find an expression
for f(x).
2
18.Given that% = 6x + % and that y = 1 when x = 1 and that y = 5 when x = 2. Find

an expression for y in terms of x.
19. A particle moves in a straight line with velocity 2t2 ms™1, t s after the start. Find the

distance moved in the third second. Ans (12 %m)

20.Find the displacement (s) in terms of time (t) from the following data

ds

(a) = 3, s=3whent=0, Ans(s =3t+3)

(b) v=4t—1, s=0whent =2. Ans(2t? —t —6)

(0 v=t2+5-2, s=1/3 whent=1 Ans(§t3+5t+2t‘1—7)

t2’
21.A body moves in a straight line. At time t seconds its acceleration is given by
a = 6t + 1. When t = 0, the velocity v of the body is 2m/s and its displacement s from
the origin O is 1 metre. Find the expressions for v and s in terms of t.

22.Ifa=1—tandwhent=2,v=1ands = 42. Find the expression for v and s in

terms of t.
23.A train runs non-stop between two stations P and Q, and its velocity t hours after
leaving P is (60t — 30t%)km/h. Find;
(a) thedistance between P and Q
(b) the average velocity for the j ourney
(¢) the maximum velocity attained
Ans((a)40km (b)20km/h (c)30km/h)
9.4 Area under a Curve
Area defined between the curve and the x-axis
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Suppose A is the area bounded by the curve y = f(x), the x-axis and the lines x = a
and x = b as seen from the figure below.

vt Ly =f(x)

/%
a b > X

For theintervalx = aand x = b

b .
= A= fa y dx is the area under the curve.

Calculations of the area under the curve

e When calculating the area under the curve the first important step is to make the
sketch of the curve.

e We must remember that an area lying above the x-axis will have a positive value,
whereas areas lying below the x-axis will be negative.

e In some cases the required area may lie both above and below the x-axis and
particular care is needed in these situations.

Example 10

Find the area under the curve y = x% betweenx = 1and x = 3

Solution y4
y = x?
/i
{/ Z >*
Let A be the required area, then
A= 12 x? dx

SIMPLIFYING PURE MATHEMATICS: BY MUKOOBA JOEL 0774454151: 0706355884 Page 222



Example 11
Find the area below the curve y = x(x — 3) and the x-axis
Solution

VA

y=x(x—3)

5 » X

A L3
= A= fogx(x—B)dx

= f03(x2 - 3X) dx
3

_ [ﬁ_ﬁ

3 2 1p
-2
=_4%

The area has a negative sign as was anticipated because the area in below the x-axis

. . 1 .
but the numerical value is 4 7 5. units.

Example 12
Find the area between the curve y = x(4 — x) and the x-axisforx =0tox =5
Solution
yﬂ
/vy =x(4—x)
Ay
L5 > X
Area one

= A =f:x(4—x)dx
= [/ (4x — x?) dx
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-2

Area two
= A, = f45x(4 —x)dx
= [, (4x — x?) dx

= [sz e
314
- (s0- ) 2-)
_2_

The total area under the curve between x = 0 and x = 5 is given by the sum of the
numerical values of the two areas

=~ The required area = 10§ + 2% =13 squnits
NB: If we use fOS x(4 — x) dx we obtain 8 é which is not similar to the previous.

Area defined by a curve and the y-axis
Suppose we want to find the area between the curve y = f(x) and the y-axis

yl
y2 = f(b)

y1=f(a)

_ (f®
= A= ) XY
In this case, x must be expressed as a function of y before we can integrate.
Example 13
Find the area between the curve y = x? and the y-axis betweeny = 1 andy = 4
Solution
= A= 14 xdy
4 1
=J, y2dy
3.4
_Fﬂ
|3
1
3
242 2

3

w
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_ 16 2

3 3
_ 14

Example314

Find the area enclosed between the curve y? = 9 — x and the y-axis
Solution

Wheny =0,x = 9;(9,0)

When x = 0,y = +3;(0,—3)and (0,3)

VA

3 x=9-y

<
O

v

=

= A= f_33(9 —y3)dy =2 f03(9 —y2)dy Note: f_aax dy =2 foax dy

313

=2[oy -5,

=2{(27-9) - (0)}

=36
Area defined by two curves:
An area can be defined by two curves and in this case it is essential to make a sketch
and to determine the point of intersection of the two curves.
Suppose the curves y = f(x) and y = g(x) intersect at the point where x = a and
x=>b
The area between the curve y = f(x) and the x — axi sfrom x = a to x = b is given

by [, f(x) dx.
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e The area between the curve y = g(x) and the x — axi sfrom x = a tox = b is given

by J. g(x) dx
=g(x)

vt = f(0)

»X

b

'
|
'
'

a

The shaded area between the two curves is given by;
b b
A= [, fO)dx— [, g(x)dx
b
= [ [f(x) — g(x)] dx
e This can be obtained by saying the upper curve f(x) minus the lower curve g(x).

e The two functions can be either both curves or a curve and a line.
Example 15

Find the area enclosed between the curvesy = x? + 2x + 2and y = —x? + 2x + 10
Solution

We must first find the points of intersection of the two curves.

The x-coordinates of the points of intersection satisfy the equation
x2+2x+2=-x%+2x+10

= 2x2—-8=0

= x%2 =4
= x =412
The sketch follows;
vt =x2+2x+2
10
=—x24+2x+10

N|-----mm e

£3

= A= f_zz{(—x2 +2x +10) — (x% + 2x + 2)} dx
= f_zz(—Zx2 +8) dx
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2

[— _2:3 + 8x]_2

- (-2+16) - (210

32 32
= — 4 —
3 3

=5
3

Example 16
Find the area enclosed between the curve y = x? — 2x — 3 and the liney = x + 1
Solution
We must first find the points of intersection of the two curves.
The x-coordinates of the points of intersection satisfy the equation
x2—-2x—-3=x+1
=x2-3x—-4=0
= x-4)x+1)=0
=>x=4x=-1
The sketch follows;
For the curvey = x2 — 2x — 3
Whenx =0,y = —=3;(0,—-3)
Wheny =0; x2-2x—-3=0 & (x—3)(x+1) =0;(3,0),(—1,0)
For theliney =x + 1
Whenx =0;y =1;(0,1)
Wheny =0,x = —-1; (—1,0)

yA

A=[*{(x+1) - (- 2x—3)}dx
= ffl(—xz +3x +4)dx
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=(-Z+24+16)-(3+1-14)

_ 56 13
=3-(-2)
_ 125
T 6
Exercise 9.2
1. Find the area enclosed between the curve y = x? + 4x and the x-axis from

@ x=-2tox=0 (b)x=—-2tox=2
Ans ((a) ? (b) %)
2. Sketch the curve of y = x3 — 4x2 + 3x and find the area enclosed between the curve

and the x-axis fromx = 0t ox = 3. Ans (%)

3. Find the area enclosed by y = 4x — x2,x = 1,x = 2 and the x-axis. Ans (3 g)

4. Find the area enclosed by the curve y? = 4x an the straightlines x = 1 and x = 4
5. Find the area enclosed by the x-axis, the curve y = 3x? + 2 and the straight lines
x =3and x = 5.
6. Find the area under the curve y = x?(x — 2)
(@ Fromx=0tox=2
(b) Fromx=2tox =28/3
ans((@ - 13 ()13)
7. Sketch the curve y = x? — 5x + 6 and find the area cut off below the x-axis.
8. Sketch the curve y = x(x + 1)(2 — x) and find the area of each of the segments cut off
by the x-axis.
9. Find the total area enclosed between y = (x? — 1)(x — 3)
10.Find the area between the curve y = 2x? and the y-axis cut off by the lines parallel to

the x-axis through the points on the curve where x = 1 and x = 3
11.Find the area enclosed between the curve y? = 4 — x and the y-axis

12.Find the area enclosed between the curves y = 2x? + 3 and y = 10x — x2. Ans (9 S)

13.The line y = 3x + 1 meets the curve y = x2 + 3 at the points P and Q.

(@) Find the coordinates of P and Q

(b)  Sketch the line and the curve on the same pair of axes.

(c)  Calculate the area of the finite region bounded by the line and the curve.
14.Find the area enclosed between the two curves y = 4 —x2 and y = x? — 2x. Ans(9)
15.The curve y = x2 — 1 cuts the x-axis at the points P and Q and meets the line

y = x + 1 at the point R.

(a) Calculate the coordinates of P, Q and R

(b)  Find the area of the region enclosed between the curve and the x-axis.
16.The curve y = x? + 16 meets the curve y = x(12 — x) at the points C and D.
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(@) Find the coordinates of C and D.
(b)  Sketch the two curves on the same pair of axes.
(c)  Calculate the area bounded by the two curves.
17.(a) Sketch, on the same diagram, the curves y = x> — 5x and y = 3 — x?, and find
their points of intersection.
(b) Find the area of the region bounded by the two curves.
ans (14
9.5 Volume of Revolution
e This involves finding volumes of solids generated.
Rotation about the x-axis
e Suppose that the area bounded by the curve y = f(x), the x — axi sand the ordinates
x = a and x = b is rotated about the x-axis through one revolution.

e The volume of the solid formed is givenby V =« f: y? dx, this definite integral can

be obtained and V can be evaluated.

VA
=f(x)

Rotation can be;

(@) Through one revolution or four right angles; V =« f: y?dx
(b)  Through half a revolution or two right angles; V = ;—rf: y? dx

(¢)  Through quarter a revolution or one right angle; V = %fab y?dx

Example 17
Find the volume of the solid generated by rotating about the x-axis the area under

y=§xfromx=0t0x=4
4

Solution
2
4 (3
V=m] (Zx) dx
49
=r [ —x?%dx
0 16
[9x3 4
= T[ —_—
48 1o
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(@)
(b)

9x43
-7 ( 48 )
=12n
Qn. Find the volume of the solid generated by rotating about the x-axis

the areaunder y = x2 fromx = 1 t ox = 2

the areaunder y = x? + 1 fromx = —1tox =1
31 561'[)

Ans ((a) — W)/
Example 18

Find the volume of the solid formed when the area between the curve y = x? + 2 and

the x-axis from x = 1 to x = 3 is rotated through 2m radians about the x-axis.
Solution

yA y =x?%+2

3

V=mn[ y*dx

Now y? = (x2 + 2)%2 = x* + 4x? + 4 therefore
V= nf13(x4 + 4x?% + 4) dx

3

=n[x?5+%3+4x]1

5 3 5 3
- (TP 10T a)

(483 83)
=17(———
5 15

_ 1366m

15
Example 19
The area enclosed between the curve y = 4 — x? and the line y = 4 — 2x is rotated
through 2m radians about the x-axis. Find the volume of the solid generated.
Solution
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The sketch of both the curve and the line on the same set of axes shows the area to be
rotated. y

A

y=4-12

=2l

V=n[l[(4-x*)? - (4-2x)?]dx

= nfoz(x4 —12x% + 16x) dx
N R 21
—n[s 4x° + 8x ]0

- (% —4(2)3 + 8(2)2) - (0

__32m

5
Rotation about the y-axis

e The volume of the solid of revolution formed by rotating an area through one
revolution about the y-axis through 27 radians can be found in the similar way to that
about the x —axi s

e The volume of the solid generated can be givenby V =1« f;:: x% dx where x = f(y)

e The dynamics of rotation apply here also.

Example 20

Find the volume of the solid generated by rotating about the y-axis the area in the first
quadrant enclosed by y = x2,y = 1,y = 4 and the y-axis

Solution

yA

8y

v
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Vznffxzdy
4
=nf ydy

214
= %]
2

™ (((4)? (12
=35 -5
__15m
T2
Example 21
Find the volume of the solid formed when the area between the curve y = x3 and the
y-axis from y = 1 to y = 8 is rotated through 27 radians about the y-axis.

Solution
y A
p=x

8

V= nflg x%dy
Now y = x3, therefore
2 2
y3 = (x%)3
2

o y; = xZ

= ﬂffy%dy
=[],

5 5
=n{F@r)-Gw)}
__93m
s
Example 22
A hemispherical bowl of internal radius 13 cm contains water to a maximum depth of

8cm. find the volume of water.
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Solution

V= nf513x2 dy

= f;°(13% - y?) dy
y3113
- 1oy -2].

13)3 5)3
= (16913) - ) — (169(5) - )
=661 %ﬂ cm?

Rotation about any given line

For this we consider the point of intersection between the line and the curve to obtain
the limits.

Example 23

The area of the segment cut off by y = 5 from the curve y = x2 + 1 is rotated about
y = 5; find the volume generated.

Solution

The point of intersection occur when

x24+1=5

= x2=4

Lx=2o0r—2

=x2+1

<
I
1

Sa
~
N
\
*
.ii. AY
AY
| \
=) ()
1 »
’
’
/7
/
4
7/
7/
4
.
N|------=-=--
.
P
P
P
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V=nf(5-x+1) dx
= nf_22(4 —x2)?dx

T f_22(16 —8x? + x%) dx
2

= [16x —8%3 +’“?5]_2
=n{(16@ -7+ %) - (16¢-2) -+ )
=342q

Exampl:;24

The area of the segment cut off by y = 5 from the curve y = x? + 1 is rotated about
the x-axis; find the volume generated.

Solution

The solid generated is a cylinder fully open at each end, but with the internal diameter
decreasing towards the middle; its volume is found by subtracting the volume of the
cavity from the volume of the solid cylinder of the same external dimensions.

/

y|<2 :
”/77%

-5

0 [
v
=

V, = the volume generated by rotation, about the x-axis, of the rectangle ABCDE
=nr’h = n(5%) x 4 = 1007
V, = the volume generated by rotation, about the x-axis, of the area under y = x? + 1
fromx = —-2tox =2
2
=n [ y*dx
nf_zz(x2 + 1)%dx

i f_zz(x4 +2x% + 1) dx
2

5 3
n[x—+2i+x]
5 3 -2

(L4224 @) - (4224 )]

—27Ln
15
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Required volume V =V; =V,

= 100w — 27 Zm

=72->m
Example 25
Find the volume generated when the region bounded by the curve y = x?2, the x-axis
and the line x = 2 is rotated through 180° about the line x = 3.
Solution
The required volume, V, is found by first calculating the volume, V;, of the solid
generated when the area between the curve y = x2, the x-axis and the line x = 3 is
rotated through 1809 about the line x = 3 and then subtracting the volume, V5, of the
half-cylinder with radius (3 — 2) = 1 and height 4.

A

=203 -x)%dy
2
=203 -y) dy
=§f04(9—6\/§+y)dy
_ s vt
=3y - w3,

=2{(o@ - 2@+ - 0}

2

=61

The volume, V,, of the half-cylinder is given by
v, =2 (14

=2n
Therefore, the required volume, V, is given by
V=rv-V

= 6mr — 271

=47

9.6 Mean Value of a Function
o If we consider the area under the curvey = f(x) fromx =atox =b
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= A= f; y dx
e The mean value of f(x) in the range a < x < b is given by

1 b
Mean value = &= J, ydx
Example 26

Find the mean value with respect to x of the function (5x% — 4x) for1 < x <3

Solution

1
(3-1)

3
1[5x3
213 1

-2(E2 - 20) - (2 -207)

2

Mean val ue= ff(Sx2 — 4x) dx

Exercise 9.3

1. Find the volume of the solid of revolution formed by rotating the area enclose by the
curve y = x + x?, the x-axis and the ordinates x = 2 and x = 3 through one
revolution.

2. The region bounded by the curve y = x? — 2x and the x-axis fromx = 0 t ox = 2, is
rotated about the x-axis. Calculate the volume of the solid formed.

3. The region bounded by the curve y = x2, the x-axis and the line x = 2, is rotated
through one revolution about the x-axis. Find the volume of the solid generated.

4. Find the equation of the chord which j oins the points A¢2, 3) and B(0, 15) on the
curve y = 15 — 3x2.
(@)  Show that the finite area enclosed by the curve and the chord AB is 4 square

units
(b)  Find the volume generated when this area is rotated through 360° about the x-
axis, leaving your answer in terms of .

5. Solids of revolution are generated by rotating about the y-axis the area bounded by
the arc y = 2x?2, the line y = 8 and the y-axis.

6. The curve y = x? + 4 meets the axes of y at the point A and B is the point on the curve
where x = 2. Find the area between the arc AB, the axes, and the line x = 2. If the area
is revolved about the x-axis, Prove that the volume swept out is approximately 188.

7. The area enclosed by y = x2 — 6x + 18 and y = 10 is rotated about y = 10. Find the
volume generated.

8. Find the volume generated when each of the areas, bounded by the following curves
and the x-axis, is rotated through 360° about the x-axis between the given lines.
@ y=xx=0andx=6
(b) y=Vx;x=0andx =4
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(© y=3Vx; x=2andx =4

(d y=5-x; x=2andx=5

() y=vx?+3x;x=2andx =6
x2-2

® y=7;x=1/4 and x = 1/2

1
(2 y=x—2;x=1andx=2

3521 8031

Ans ((@)75n(b)8r()54m (D9 ()2 () 227 (g) )

9. Find the volume generated when each of the areas in the positive quadrant, bounded
by the following curves and lines, is rotated through 360° about the y-axis.

() y=%x;y=0andy=6
(b) y=3x;y=3andy=6
(o) y=%x+3;y=4andy=6

(d y=vx?+1L;y=1landy=3
(e) y=x*4+2;y=2andy=6

Ans ((a) O (b)7m(e) 2T (@) 2 (e)87r)

10.The curve y = x2 meets the line y = 4 at the points P and Q.
(@) Find the coordinates of P and Q
(b) Calculate the volume generated when the region bounded by the curve and the

line is rotated through 360° about the x-axis.

Ans ((a)P(—Z, 4),Q(2,4)(b) %)

11.The curve y = x% + 1 meets the line y = 2 at the points A and B.
(@) Find the coordinates of A and B.
The region bounded by the curve and the line is rotated through 360° about the x-
axis.

(b)  Calculate the volume of the solid generated. Ans ((a)A(— 1,2),B(1,2)(b) 614_:)

12.The region bounded by the line y = x + 1,y = 3 and the y-axis is rotated through

360° about the x-axis. Calculate the volume of the solid generated. Ans (ZBTE)

13.Calculate the volume generated when the region bounded by the curve y = % and the

line x = 1 and y = 1 is rotated through 360° about the x-axis. Ans(9m)
14.The region R is bounded by the curve y = x? + 2, the line x = 1 and the x-axis and y-

axis. Calculate the volume of the solid generated when R is rotated through 360°
51

about the y-axis. Ans ( > )

15.The line y = 3x meets the curve y = x? at the point O and P.
(a) Calculate the coordinates of P.
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(b)  Find the volume of the solid generated when the area enclosed by the line and

the curve is rotated through 360° about (i) x-axis (ii) y-axis
ans (@PG, 9B 22 1) 22"
16.(a) On the same set axes sketch the graphs of the curves y = x(1 — x) and
y=2x(1-x)
(b) Calculate the volume generated when the finite region bounded by the two curves

is rotated through 360° about the x-axis. Ans (1”—0)

17.The curve y = (x — 2)(x — 4) meets the line y = 8 at the points A and B.
(@) Find the coordinates of A and B.
The region bounded by the curve and the line y = 8 is rotated through 360° about the
liney =8

(b)  Calculate the volume of the solid generated. Ans ((a)A(O, 8),B(6,8) (b) 12‘;67'[)

18.The area in the positive quadrant, bounded by the curve y = x?2, the x-axis and the
line x = 3, is rotated through 360° about the line x = 3. Calculate the volume of the

solid generated. Ans (637”)

19.Find the mean value with respect to x of the function (x* —2x + 7) for0 < x <1

CHAPTER 10
SERIES

e Aseries is a set of numbers each of which can be obtained from some definite law.
e Aseriesis also called a progression.
e A Sequence is a list written down in a definite order and there is a simple rule by
which the terms are obtained.
e Each of the numbers forming the set is called a term of the series.
e Eg.3,6912,.
The first term is 3, the second term is 6, the nth term is 3n
We write the nth term as u,,
= u, =3nforn=>1

Example 1

Write down the first three terms of the sequence whose nth term is given by
u, =n?+o6nforn>1

Solution

Letn = 1,thenu, = (1)2+6(1) =7

Letn = 2,thenu, = (2)> + 6(2) = 16

Letn = 3,thenu; = (3)? + 6(3) = 27

The first three terms of the sequence are 7, 16, 27.

Example 2
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Write down an expression, in terms of n for the nth term of the sequence 5,9, 13,17,

Solution

Finding the difference between each of the consecutive terms gives 4.
Consider the sequence defined by u,, = 4n

4,8,12, 16, ...

It is clear that we require the sequence defined by u,, = 4n + 1

e A series may end after a finite number of times in which case it is called a finite series;
or it may be considered not to end its called an infinite series

e There are two important progressions under consideration and these are:-

(a) Arithmetic progression (A.P) and

(b) Geometric progression (G.P)

10.1 The Arithmetic Progression

e A series in which each term is obtained from the preceding one by adding (or
subtracting) a constant quantity is called an Arithmetical progression (A.P).

e Thetermsofan AParea,(a+d),(a+ 2d),(a+ 3d). Where
a is the first term and d is the common difference.

e The difference between each term and the preceding one is called the common

difference (d)

e When three quantities are in A.P the middle one is called the Arithmetic mean of the
other two i.e. for a,b,cthen b = aT+c which is the arithmetic mean.

e Intheseriesa, (a+ d),(a+ 2d), (a + 3d), the coefficient of d in any term is one less
than the number of the term in the series. Thus (a+3d) is the fourth term.

e If then the series consists of n terms and L denotes the last term or nthterm
L=a+(m-1)d

e The sum of the first n terms of an A.P is given by S,, = E{Za + (n—1)d}or

S, = g(a +1L)

Proof

Consider the sum of the first n terms of an A.P:

S, =a + (a+4d) + -4 [a+ (n—1)d] e, €Y)
Writing the term on the right in reverse order gives
Sp=la+(n—=1d]l+ [a+n—=2)d] + 4+ (@) i (2)

Adding (1) and (2) gives
2Sy={a+fla+(n—-1d]}+{(a+dD)+[a+(n—-2)d]}+ - +{la+(n—1)d] +a}
=[2a+(n—-1d]+[2a+(n—1)d]+ -+ [2a+ (n—1)d]
=nl[2a + (n — 1)d]
" Sy = §[2a O G Y- 1 [
Alternatively
Sn=§[a+a+(n—1)d]
= 2(1” term+nthterm
#Sp=7(a+1)
Example 3
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1. Write down the sum of the first 100 numbers.
1+2+3+4+... +97498+99+100
100499498497 +.. . H4+3+2+1
=101+101+101
The numbers in each column have been added together and since there are 100 terms
in the top line, the total is

100X101=10100 But this is twice the sum required hence the required =
5050

10100 _

Example 4
The sum of the first n terms of a series is given by S,, = %(Sn2 +n)forn>1
Find u,, an expression for the rth term of the series
Solution
The rth term can be found by finding the difference between the sum of the firstr
terms and the sum of the first (r — 1) terms;
= U, =85, — S(r—l)
=(5r2+7) == (5(r — 12 + (r — 1))
=%[5r2 +r—=50r—-1)2—-(r-1)]
=%[5r2+r—5(r2 —2r+1)—r+1]
= %(101’ —4)
sy =2 (107 — 4)
The rth term of the series is given by u,, = 5r — 2

Example 5

Find three numbers in an arithmetical progression such that their sum is 27 and their
product is 504

Solution

Let the numbers be (a — d), (a) and (a + d)
Using the sum

= @a-d)+ @+ (a+d) =27

= 3a=27;a=9

Using the product

= 9 -d)(9)(9 +d) =504

= 81 —d? =56;d = +5

Takingd =5

= the termsare (9 —5),9,(9 +5)

They are 4, 9 and 14.

Taking d = —5 gives the terms as 14,9, 4.

Example 6

The first term of an A.P is 25 and the third term is 19. Find the number of terms in the
progression if its sum is 82.

Solution

Given thata = 25 and 3% t ermi s19
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=a+2d =19
= 25+ 2d =19;d = -3
Using S, = E{Za + (n —1)d}
= {225 + (n - D(-3)} = 82
= n(50 —3n+3) = 164
= —3n?+53n—-164 =0
_ —534,/(53)2-4(-3)(-164)
6

=n
41

cn=4 n=—
3

Therefore the value of n is 4.

Example 7
In an A.P the thirteen term is 27 and the seventh term is three times the second term.
Find the first term, the common difference and the sum of the first ten terms.

Solution

a+12d =27 oo (D
a+6d=3(a+d)
T — 2)

Putting (2) into (1)
=>a+12(§a) =27;a=3andd =2(3) =2
The sum of first 10 terms
S10 = 5{2(3) + (10 - 1)(2)}
=120

Example 8

Find the sum of the first 20 terms of the A.P with first term 3 and common
differencel/2.

Solution

n=20a=3,d=1/2

Sy = ?{2(3) +(20—1) (%)}

= 155
Example 9
Find the sum of the series: 6+10+14+..450
Solution
a=6d=10—6=4
UsingL =a+ (n— 1)d
=50=6+((n—-1)4); n=12
= S1, == {2(6) + (12 - D(4)}

= 336

Example 10
The first four terms of an AP are 5,11, 17 and 23. Find the 30t term and the sum of
the first 30 terms.

Solution
a=5d=11-5=6
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The 30t term is given by
U0 =5+ B0—-1)6
=5+ (29)6
=179
The 30t term is 179
The sum of the first 30 terms is given by
S30 = 22[2(5) + (30 - 1)(6)]
= 15[10 + (29)(6)]
= 2760
The sum of the first 30 terms is 2760
Example 11
An AP has a first term of 2 and nth term of 32. Given that the sum of the first n terms
is 357, find n and the common difference of the AP.
Solution
Since the nth term is 32, we have
a+(n—1)d =32
We also know that a = 2. Therefore
2+ (n—-1)d =32
= (n—1)d =30 .coauu.... (1)
Since the sum of the first n terms is 357, we have
g[Za + (n—1)d] = 357
= 2[2(2) +30] = 357
= 34n =714
~n=21
Substituting n = 21 into (1) gives
(21-1)d =30
nd=3/2
The value of n is 21 and the common difference is 3/2.

Example 12
The 3rd, 5th and 8th terms of an AP are 3x + 8, x + 24 and x3 + 15 respectively. Find
the value of x and hence the common difference of the AP.

Solution

Since the 34, 5th and 8th terms of an AP are 3x + 8, x + 24 and x3 + 15,
We have

a+2d=3x+8 i (D
a+4d =x+24 e (2)
a+7d=x34+15 icrrmnne. (3)
Subtracting (1) form (2) gives
2d = —2x + 16

d=—X+8 . imrmimmmrrine (4)
Subtracting (1) form (3) gives
5d = x3 —3x 4 7 weeermimenmanns (5)

Substituting (4) into (5) gives
5(—x+8)=x3-3x+7
= —5x+40=x3-3x+7
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=x34+2x—-33=0

= x-3)(x?+3x+11) =0

Solving gives x = 3 or x2 + 3x + 11 = 0. Since x? + 3x + 11 = 0 has no real
solutions, we have x = 3.

The common difference of the AP is givenbyd = —x + 8 = -3+ 8 = 5.

Roots of cubic equations

=Usingax3 + bx? + cx+d =0

= x3 +§x2 +§x+§= 0

= (x— a)(x— B)(x —y) = 0 where a, B and y are the roots of a cubic equation
Expanding and compare the coefficients

Sa+Bty=—2

a

:By+y0c+cx8=§

= afy = —§
Example 13
Solve the equation 64x3 — 240x? + 284x — 105 = 0 given that the roots are in an

arithmetic progression.

Solution
Let the terms be (a — d), (a)and(a + d) be the terms

=Usingax3 +bx? + cx+d =0

=x3+§x2+§x+§= 0

= (x— a)(x— B)(x —y) = 0 where «, B and y are the roots of a cubic equation
= at+pB+y= —2

:By+yoc+cx8=§

d
= afy = —-
Sum of roots
= @-d+@+@+d=-=

= a= %
Product of roots
= @-d@@a+d =

~3(0) )=

—d=1+2
4

105
64

Substituting the values of a and d in the terms, we obtain the roots as %, %and%

Exercise 10.1

1. The sum of the first n terms of a series is n(n + 2). Find the first three terms of the
series. Ans(3,5,7)

2. The sum of the first n terms of a series is % (n + 8). Find the 1st, 2nd and the 10th terms.

Ans(4.5,5.5,13.5)
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3. Inan AP, the 1stterm is 13 and the 15t term is 111. Find the common difference and
the sum of the first 20 terms.Ans(7, 1590)

4. The 5% term of an AP is 7 and the common difference is 4. Find the 1stterm and the
sum of the first ten positive terms. Ans(—9, 10)

5. The sum of the first five terms of an AP is 65/2. Also, five times the 7t term is the
same as six times the 2nd term. Find the first term and common difference of the AP.
Ans(a =6,d =1/4)

6. The sum of the first ten terms of an AP is 95, and the sum of the first 20 terms of the
same AP is 290. Calculate the 1st term and the common difference. Ans(5, 1)

7. Given that both the sum of the first ten terms of an AP and the sum of the 11th and 12t
terms of the same AP are equal to 60, find the 1st term and the common difference.
Ans(—12, 4)

8. The 17t term of an AP is 22, and the sum of the first 17 terms is 102. Find the 1st term,
the common difference and the sum of the first 30 terms. Ans(—10, 2, 570)

9. An AP has 1stterm 2 and common difference 5. Given that the sum of the first n terms
of the progression is 119. Calculate the value of n. Ans(7)

10.Find how many terms of the AP 3 + 8 + 13 + --- should be taken in order that the total
should exceed 200. Ans(9)

11.An AP has a common difference of 3. Given that the nth term is 32, and the sum of the
first n terms is 185, calculate the value of n. Ans(10)

12.The 1st, 2nd and 3rd terms of an AP are 8 — x, 3x and 4x + 1, respectively. Calculate
the value of x, and find the sum of the first eight terms of the progression.

Ans(3,152)

13.Given that the 2nd, 3rd and 4t terms of an AP are 16 — x, 3x — 2 and 2x, respectively.
Calculate the value of x, and state the 1st term of the progression. Ans(4, 14)

14.(a) Find the sum of the integers from 1 to 100
(b) Find the sum of the integers from 1 to 100 which are divisible by 3
(c) Hence find the sum of the integers from 1 to 100 which are not divisible by 3.

Ans (5050, 1683,3367)
15.Find the sum of the integers from 1 to 200 which are not divisible by 5.Ans(16000)

16.In an AP the nth term is 11, the sum of the first n terms is 72, and the first term is %

Find the value of n. Ans(n = 13)

17.1f the roots of the equation 2x3 + 3x% + kx — 6 = 0 are in an arithmetic progression
find the value of k and hence solve the equation.

18.Find the condition that the roots of the equation x3 + ax? + bx + ¢ = Oare in
Arithmetic progression.

10.2 Geometric progression (GP)
e A series in which each term is obtained from the preceding one by multiplying (or
dividing) by a constant quantity is called a Geometrical progression (GP)e.g.1, 2, 4, 8
e The terms of a GP are a, ar, ar?, ar3,...
e The ratio between each term and the preceding one is called the common ratio (r)
e When three quantities are in a G.P the middle one is called the Geometrical mean

Gm = +abifa and b are the two terms.
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In the series a, ar, ar?, ar3, ...the power ofr in any term is one less than the number of
the term in the series. Thus ar? is a 3rd term

The last term or nth term of the series is given by L = ar
The sum of the first n terms are given by

S, = ag::;‘) for|r|<1;r=0.5-.025etc
__a(@"-1)
"D
Proof
The sum of the first n terms is
Sp=a+ar+ar?+-+ar™ oo (1D
Multiplying throughout by r gives
rSp=ar+ar?+ard+ -+ ar® e (2)
Subtracting (2) from (1) gives
S,—rS,=(a+ar+ar?+-+ar™ 1) —(ar+ar’?+ar®+ -+ ar™)
=5,(1-7r)=a—ar™
a(1-r™)

n-1

for|r| >1r=1.5-2,etc

=S5, = pErunEUERENERRRRRERY IR 3)
Multiplying both the numerator and the denominator of (3) by -1 gives
_a("-1)
"

Which is an alternative form

Examples 14

Find three numbers in G.P such that their sum is 39 and their product is 729
Solution

Let the numbers be a/r,aand ar (3, 9, 27)

The product of the terms gives

(2) (@(ar) = 729
=a3=729; a=9

The sum of the terms gives
(;) +(9) + (9r) = 39

= 3r2—10r+3=0
=3r2—-9 —-r+3=0
=3rr—-3)—-(r—-3)=0
= Br—-1)r-3)=0
=r=3r=1/3

Whenr = 3

The terms are G) ,(9),(9x3)=39,27

Whenr = 1/3
The terms are 27,9, 3

Example 15
Find the sum of ten terms of the GP: 2,-4,8...
Solution

a=2,r=7=—2,n=10
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__a(™-1)

Using S, = —p)
_ A1)
T —2-1
= —682
Example 16

A G.P has first term 10 and common ratio 1.5, how many terms of the series are
needed to reach a sum greater than 2007

Solution
a=10,r=1.5
) __a(™-1)
Using S, = —p
n_
10((11.55_)1 1) — 200
= (1.5)" =11

Taking log on both sides gives
log(1.5)™ =log 11

Thus for §,, > 200, we requiren > 5.9139,i.en =6
Therefore the number of terms required to make a total greater than 200 is 6.

Example 17

Find the geometrical mean of the following 3 and 27
Solution

Leta =3 and c = 27

Geometrical mean = vac =3 x27 =9

Example 18

Insert three geometric means between 162 and 1250

Solution

Let the terms be 162, p, q,z, 1250

Here we use the first term as 162 and the last term as 1250, then n = 5.
Using L = ar™!

= 162r* =1250; r =5/3

=p=ar=162(%) =270

= q=ar?=162 @z = 450

3
=z=ar’=162(3) =750
The required geometrical means are 270, 450 and 750.

Example 19

A GP has a 1st term of 1 and a common ratio of 1/4. Find the sum of the first four
terms and show that the nth term is given by 4(~™,

Solution

The sum of the first four terms is given by
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64

S4zl[ﬁ]:8_5

) . 85
The sum of the first four terms is ”
The nth term is given by

u, = ar™1
(YU _ a1yt
=1(;) =06
= 40-n)

Example 20

The sum of the 2nd and 3rd terms of a GP is 12. The sum of the 3rd and 4th terms is —36.
Find the first term and the common ratio.

Solution

Since the sum of the 2nd and 314 terms is 12, we have

ar +ar? =12

=ar(l1+7r) =12 e ¢Y)

Since the sum of the 3rd and 4t terms is —36, we have

ar? +ard® = -36

= ar?(1+71) = =36 ccrmeereen. (2)

Dividing (2) by (1) gives

ar?(1+r) _ -36

ar(1+r) T 12

=r=-3

From (1)

= —-3a(1-3)=12;a=2

The 1st term of the GP is 2 and the common difference is —3.

Example 21

Show that there are two possible GPs in each of which the 1st term is 8 and the sum of
the first three terms is 14. For the GP with positive common ratio find, in terms of n,
an expression for the sum of the first n terms.

Solution

Since the 1st term is 8 and the sum of the first three terms is 14, we have
8+8r+8r2=14

=8r2+8r—-6=0

=2Q2r-1)@2r+3)=0

Solving givesr = 1/2 orr =—3/2

Hence, there are two GPs which have a first term of 8 and have the sum of their three
terms equal to 14, namely one with a common ratio of 1/2 and a second with a
common ratio of —3/2

To find the sum of the first n terms of the GP with positive common ratio, we use

1-r7" . _ _
S, = a(?)wnha =8andr =1/2
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This gives

1—(%)")

S, =8 &

<1—(5)
=16[1 - (27H)"]
=16[1-2""]

Exercise 10.2

1. A GP has 3t term 75 and 4t term 375. Find the common ratio and the first term.
Ans(5,3)

2. Find the sum of the first ten terms of a GP which has 3rd term 20 and 8t term
640. Ans(5115)

3. A GP has common ratio —3. Given that the sum of the first nine terms of the
progression is 703, find the 1stterm. Ans(1/7)

1 , . ' .
4, A GP has 1stterm I and common ratio 2. Given that the sum of the first n terms is 93.

Calculate the values of n. Ans(10)

5. Find how many terms of the GP 5 — 10 + 20 — --- should be taken in order that the
total should equal 215. Ans(7)

6. In a geometric series the 1stterm is 8 and the sum of the first three terms is 104.
Calculate the possible values of the common ratio, and, in each case, write down the
corresponding first three terms of the series.

Ans(r = —4;8,—3,128;r = 3;8, 24,72)
7. In a GP the sum of the 2nd and 3rd tern is 12, and the sum of the 3rd and 4t terms is 60.

. . 2
Find the common ratio and the 1st term. Ans (5’5)

8. Find the first five terms in the geometric series which is such that the sum of the 1st
and 3rd terms is 50, and the sum of the 2rd and 4t terms is 150.

Ans(5 + 15 + 45 + 135 + 405)

9. In a GP in which all the terms are positive and increasing, the difference between the
7th and 5t terms is 192, and the difference between the 4th and 2nd is 24. Find the
common ratio and the 1stterm. Ans(2,4)

10. A child tries to negotiate a new deal for her pocket money for the 30 days of the
month of June. She wants to be paid 1p on the 1st of the month, 2p on the 2nd of the
month, and, in general, (2"~ 1)p on the nth day of the month, calculate how much she
would get, in total, if this were accepted. Ans(10737418.23)

11.The 3rd,4th and 5t terms of a GP are x — 2, x + 1 and x + 7. Calculate the value of x

and write down the first three terms of the progression. Ans (5, % + % + 3)

12.A G.P has first term 16 and common ratio %4. IF the sum of the first n terms is greater
than 60. Find the least possible value of n.

13.The first term of a G.P is A and the sum of the first 3 terms isi A. Show that there are 2
possible progressions.

14.Solve the equation 54x3 — 111x2 + 74x — 16 = 0 given that the roots are ingeometric
progression (answers: %2,2/3,8/9)

Mixed examples of AP and GP
Example 22
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The 2nd | 3rd and 9th term of an AP form a geometric progression. Find the common
ratio of the GP.

Solution

The 2nd, 3rd and 9t terms of an AP are given by a + d, a + 2d and a + 8d respectively.

If these terms form a GP, the common ratio is given by
a+2d a+8d
= orr =
a+d a+2d
Eliminating r gives
a+2d _ a+8d

a+d a+2d

= (a+2d)? = (a+ d)(a+8d)

= a® + 4ad + 4d* = a® + 9ad + 8d*
= 4d% + 5ad =0

= d(4d +5a) =0

Solving givesd = 0 ord = —%a

When d = 0, all the terms in the AP are the same and

_a+2(0) _
~ a+0
In other words, all the terms in the GP are also the same.
5
Whend = — e

5 5
_ a+2(—za) _ a—Ea

r= 5\ — 5
a+(—za) a—za

=6

The common ratio of the GP is 6.

Sum to infinity
e Consider the general GP; a-tar+ar 3+...
_a@d-r") _a ar®

ne gy _E N E
If-1<<1 thens, = & this is the formula for sum to infinity.
Example 23
Find the sum to infinity of the following series 16+12+9+...
Solution

Example 24
Write the recurring decimal 0.3232 ... as the sum of a GP. Hence write this recurring
decimal as a rational number.
Solution
Now
32 32 32

03232..=—+ +
100 ~ 10000 = 1000000
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. . 32 1 .. e :
This is a GP witha = 100 andr = 700" Since —1 < r < 1 the sum to infinity exists and

is given by
a
Seo = —
*® 1-r
32
— _100
- 1
ED
32

The recurring decimal 0. 32 can be written as %
Example 25
The sum to infinity of a GP is 7 and the sum of the first two terms is 4—78. Show that the

common ratio, 7, satisfies the equation 1 — 4972 = 0. Hence find the first term of the
GP with positive common ratio.

Solution

Since the sum to infinity is 7, we have

1-7
= a=7(1=7) ccrmrermermemnne (D
The sum of the first two terms is g, therefore,
a+ar==

7 48
=a(l+r) = S e, (2)

Putting (1) into (2)

= 71—+ ==

= 49(1 —r?) = 48

21 =492 =0 e [ ]

Solving givesr = 1/7 or = —1/7

Since we require the GP with positive common ratio r = 1/7, from (1) the first term

is given by
a=7(1-7r)
1
=7(1-3)
a=6

The first term of the GP with positive common ratio is 6.

The compound interest

n
e Now after n years the amount will be givenby A = p (1 + ﬁ)

Example 26

Mr. Lule deposits shs.150000/=in a bank at the beginning of every year for 11 years.
How much money does he receive at the end of this period if he is paid a compound
interest of 12.5% per annum? (3581868.80/=)

Solution
150000

n
Using A =p (1 +$) wherep = , r=125%,n =11

1
Amount after the 1styear A; = 150000 (1 + %) = 150000(1.125)

Amount after the 2nd year A, = 150000(1.125)?
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Amount after the 3rd year A, = 150000(1.125)3

Amount after the 11th year A;; = 150000(1.125)11

The total amount = A; + 4, + A3 + -+ Aq4

= 150000(1.125) + 150000(1.125)2 + 150000(1.125)3 + -+ + 150000(1.125)
= 150000(1.125){1 + 1.125 + (1.125)2 + --- + (1.125)10}

= 150000(1.125){sum of a GP}; witha = 1,r = 1.125,n = 11

= 150000(1.125) [1 (L22=1)]

1.125-1
= 3581868.807 /=
Lule receives 3581868.807 /=after 11 years

10.3 Proof by induction
e This involves simplifying one side of the equation to resemble the original form but
passing through various steps.
e The following are the steps
i) Try n=l and see if it holds
ii) Say suppose it holds for n=k
iii)  Then finally add a next term on the LHS and simplify the expression.

Examples 27
Prove by induction that for all positive integral values of n,

1+2+43+4++n=>(n+1)

Solution
For n=1

L.H.S gives 1; R.H.S gives% (1+ 1)=l1, henceitholds forn =1

Suppose it holds forn = k,suchthat1+2+3+4 + -+ k =l§(k+ 1)
Adding the nexttermn = (k+ 1) such that;
14243 +4++k+(k+1) =2(k+1) + (k+1)

=k+1) [l§+ 1]
=Sk + 2]

Butk=n-1
_(n-1+1)

[n—1+2]
=§[n+1]

Since it holds for n=l, k and k+1, it holds for other integral values of n such as 2, 3, 4...
1+2+3+4+---+n=§(n+1)

A more concise way of writing the series 1 + 2 + 3 + 4 + --- + n is to use the symbol £
(a Greek letter pronounced ‘ sigma’ )
"_, f (r) means the series with first term f(1), the second term f(2),... last term f(n)
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Thus1+2+ 3+ 4+ -4+ n =", rand the result proved above can be written as
roaT = %(n + 1)

Example 28
1 n
Prove by mathematical induction that };7_ e D ne1
Solution
Ifn=1LHS= Y, ——=——; RHS = — =2
r=1 (r+1) 1(1+1) ’ 1+1 2
- E
Thus the statementis true forn = 1
Assume the statement is true for n = k such that;
k
2 r(r+1) (k+1)
k+1 _1 1
Adding the nexttermn = k + 1; then) 2 v Zr 1 r(r+1) TTENTTES
1
(k+1) (k+1)(k+2)
_ k(k+2)+1
T (k+1)(k+2)
_ kZ+2k+1
T (k+1)(k+2)
_ k%+k+k+1
T (k+1)(k+2)
_ (k+1)?
T (k+1)(k+2)
_(k+1)
T (k+2)
(k1)
T (k+1+1)
_ n
T (n+1)
Since it holds forn = 1,k, k + 1, then it is true for other values of n such as 2, 3, 4 ...
1 _n_
Thus it is true that )7, D = net
Example 29
Show that 9" — 1 is a multiple of 8 for all positive values of n.
Solution

For n=l; 9' — 1 = 8 which holds for n=1
Suppose it holds forn = k suchthat 9 — 1 =8p; 9 =8p + 1
Adding another termn = k + 1;
= 9k —1=9(9%) -1
=9(8p+1)-1
=72p+8
=809p+1)
= 8N where N is a real number.
Since it holds forn = 1,k and k + 1, then it will hold for other values of n such as 2, 3
and so on. Hence 9™ — 1 is a multiple of 8 for all positive values of n.

Example 30
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Prove by induction that 10™ + 3 X 4™*2 + 5 js a multiple of 9 forn > 1

Solution
Forn=1,10" + 3 x 4"*?2 + 5 =101 + 3 x 41*2 + 5 = 207
=9(23)
Suppose it hold s for n = k, such that; 10¥ + 3 x 4%*2 + 5 = 9A where A is a whole
number.
Forn=k+1;
= 10%*1 4+ 3 x 4%*3 4+ 5 =10(10%) + B3 x 4*¥*3) + 5 v (D
From 10% + 3 x 4k+2 + 5 = 9A; 10X = 9A — (3 X 4K*2 4 5)...ccoo.. ™)

Putting equation (*) into (1)
= 1041 +3 x 4443 15 = 10 (9A — (3 x 452 + 5)) + (3 x 45%3) + 5

=904 — 30 x 42 — 45 + 3 x 4 x 4%+2

= 904 — 18 x 4%%2 — 45

=9(104 — 2 x 4k*2 _5)

= 9N where N is an integer
~ Since it holds forn = 1, k and k + 1, then it will hold for other values of n such as 2,
3 and so on. Hence 10™ + 3 X 4"*2 + 5 is a multiple of 9 forn > 1.

Exercise 10.3

1. In a G.P the sum of the second and third terms is 12. The sixth term is 9 times the
fourth term. Find the 1st three terms of the G.P if it has only positive terms.

2. The age of John and his three children are in G.P the sum of their ages is 120years, and
the sum of the ages of the two young children is 12 years. Find Kato’ s age

3. (a) How many terms are there in the A.P 4% + 7 + -+ + 327 Find the sum of the A.P

(b)The sum of the first two terms of the G.P is -8 and the sum of the fourth and fifth
terms of the G.P is 216. Find the 1st term and common ratio. Calculate the sum of the
1st eight terms.

4. Find two distinct numbers p and q such that p,q,10 are in A.P and q, p, 10 are in G.P
(-5, 2.5)

5. a) The first term of an A.P is 73 and the ninth term is 25, Determine
i) The common difference of the A.P
i) The number of terms that must be added to give the sum of 96
b)A G.P and an A.P has the same 1st term. The sums of their 1st,2nd and 3rd terms are 6,
10.5 and 18 respectively. Calculate the sum of their fifth terms.

6. (a) The 10t term of an A.P is 69 and the sum of the 1st 30 terms is 4 times the sum of
the 1st ten terms. Find the common difference and the first term of the A.P
(b)The angles of a triangle form a G.P. If the smallest is 209, Determine the largest
angle correct to the nearest degree.

7. How many terms of the G.P 1—16 + % + i + --- are needed to make a total of 216 — 1—16

8. Show thatifloga,logb and logc are consecutive terms of a A.P then a, b and c are
consecutive terms of a G.P

9. Find the condition that the roots of the equation x3 + ax? + bx + ¢ = Oare in
Geometric progression.
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10.Jack operates an account with a certain bank which pays a compound interest of
13.5% per annum. He opened the account at the beginning of the year with 500000/=
and deposits the same amount of money at the beginning every year.

a) Calculate how much money he will receive at the end of 9years.

b) After how long the money have accumulated to 3.32millions.

11. A credit society gives out a compound interest of 4.5% per annum. Mugogo deposits
shs.300000/=at the beginning of each year. How much money will he have at the
beginning of 4 years if there are no withdrawals during this period?
(1341212.917/5

12.Prove by induction that the sum of the series 1% + 22 + 32 + --- + n? s
s+ DEn+1

13.Prove by induction the following expressions
2
B423 433440’ ="—(n+1)?
14.Use the method of induction to prove that Y;r_, 2" 1=2" — 1
15.Use the method of induction to prove that 6™ — 1 is divisible by 5 for all positive
integral values of n
16.Prove that 8" — 7n + 6 is a multiple of 7 for all positive integral values of n
17.Prove by induction that f(n) = 3%™*2 — 8" — 9js a factor of 64.

18.Prove by induction that ¥I_, r?(r + 1) = % m+1)(n+2)3n+1)

19.Show that 1.2 + 2.3 + - + n(n + 1) = 2D@2)

3
20.Show that Y51y, 272 = p. 2"
21.Prove that 2™*2 + 32°*1 j5 3 multiple of 7.
22.Prove that 6™ 4+ 8" is a multiple of 7 if n is odd.
23.Show that 6™ — 8"is a multiple of 7 for all even values of n.
24.Show that n3 — n is a multiple of 6.
25.Prove by induction that 17™ — 1 is a multiple of 16.
26.Show that 56" + 23+1 — 3 is a multiple of 7 for all positive integral values of n.
27.Show that 52" — 32" js a multiple of 8 for all positive integral values of n.
28.Show that 34"*3 + 53 is a multiple of 80 for all positive integral values of n.
29.Prove by induction that f(n) = n® — n is a factor of 6 for all integral values of n such

thatn > 2
CHAPTER 11

PERMUTATION AND COMBINATION

Successive operations
If there are 3 pathsj oining A to B and 4 path j oining B to C, then there are (3x4) or 12
different ways of j oining from A, through B to C.

A 4

o)

Y. VVY
(@]
(W)

YV Y

\ 4

Example 1
There are five roads j oining A to B and 3 roads j oining B to C. Find how many different
routes there are from A to C via B
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Solution
There are 5x3=15 routes

Example 2

A man has three choices of the way in which he travels to work; he can walk, go by car
or go by train. In how many different ways can arrange his travel for the 5 working
days in the week?

Solution

On Monday he has three choices, walk, car, train

On the rest of the days similarly Tue, Wed, Thus and Fri.

Hence there are 5 successive operations, each of which can be performed in 3 ways
Total number of arrangements=3x3x3x3x3= 3% = 243ways.

Arrangements

e C(Consider the letters A, B and C. If these letters are written in a row one after another,
and we can arrange these letters in form of 3 letters e.g. (ABC, BCA,..)

e A useful shorthand way of getting the number of arrangements is n!
(Read as n factorial)

e Thus 4! =4x3x2x1, 5! =5x4x3x2x1 and so on.

Example 3
| 1
Evaluate a) = b) Z
2x4l 7 41x2!
Solution
6! 6x5x4!
(a)2><4! T 2x4l
=15
7! 7X6X5%4!
(b)4!><2! = 41x2!
_ 210
T2
= 105
Example 4

Five children are to be seated on a bench find;

(a) How many ways the children can be seated.

(b)How many arrangements are possible if the youngest child is to sit at the left-hand
end of the bench?
Solution

(a)5 4 3 2 1=5!=120 ways

(b)1 x 4! = 24ways

Example 5
Three different mathematics books and other 5 different books are to be arranged on
a bookshelf. Find

(@) The number of possible arrangements of the books

(b) The number of possible arrangements if the three mathematics books must be kept
together.
Solution

a) 8!=40320ways.
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b) Since the 3 mathematics books are to be together, consider these bound together as
one book. There are now 6books to be arranged and this can be performed in
6! =720ways.
Now in each of these arrangements the 3 mathematics books are bound together;
these mathematics books can be arranged in 3x2x1=3! Ways.
=bways
The total number of arrangements =720x6=4320ways

Circular arrangements
e The number of arrangements of n unlike things in a circle is given by (n-1)!
e In those cases where clockwise and anticlockwise arrangements are not considered to

be different this reduces to% (n—1)!

Example 6

Four men Peters, Rogers, Smith and Thomas are to be seated at a circular table, in
how many ways can this be done?

Solution

Number of ways= (4-1)! Ways

Example 7

Nine beads all of different colours are to be arranged on a circular wire, two
arrangements are considered not to be different as they appear the same when the
ring is turned over. How many different arrangements are possible?

Solution

Number of ways = % (n—1)
=-(9-1)!
= 20160ways

Mutually exclusive situations

e When two situations A and B are mutually exclusive then, if situation A occurs,
situation B cannot occur. And vice-versa.

e Insuch cases the number of arrangements of either situation A or situation B
occurring can be obtained by adding the number of arrangements of situation A to the
number of arrangement of situation B

Example 8
How many different four digit numbers can be formed from the figures 3, 4, 5, 6 if
each figure is used only once in each number? How many of the numbers?
a) endina4
b) endina3
c) endina3ora4?
Solution
The 1st digit can be chosen in 4ways, 2rd in 3ways and so on.
Thus there are 4x3x2x1=24 different four digit numbers.
a) The last digit can be chosen in 1 way as it must be a 4, the first digit can be chosen in
3ways, the second in 2ways and the third 1way.
Thus there is 1x3x2x1=6 of the numbers that end in a 4
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b) By reasoning similarly there will be 1x3x2x1=6 of the numbers that end in a 3
¢) The number that end in a 3 cannot end in a 4, so these are mutually exclusive events
=6+6=12 of the numbers end either in a 3 or a 4.or 2x3x2x1=12ways.

NB the permutations in which a certain event A does not occur will clearly be

mutually exclusive with those permutations in which that event does not occur.

No of permutati orIs {Na of permutati oi!s No of permutati onisr}
T

i nwhi dh eventA +4 inwhi h eventB whi & ei hereventA

doesoccur doesoccur doesor doesnotoccu
= t ot amumber of permut ai ons

Example 9
In how many ways can five people Smith, Jones, Clerk, Brown and White be arranged
around a circular table if

a) Smith must sit next to Brown

b) Smith must not sit next to Brown.
Solution

a) Since Smith and Brown must sit next to each, consider these two bound together as
one person. There are now 4 people to sit. Fix one of these and then the remaining 3
can be seated in 3x2x1=6ways relative to the one that was fixed.
In each of these arrangements Brown and Smith are seated together in a particular
way. Brown and Smith could now change seats giving another 6ways of arranging the
5 people. The total no of arrangements=2x6=12ways

b) If smith and Brown are not to sit together the this situation is mutually exclusive with
the situation in (a)
Total number of ways =(n — 1)
Total number = (5 — 1)! = 4!
Required number of arrangements=4!-12

=12ways

11.1 Permutation of obj ects selected from a group
e We usually say that the number of permutations of r obj ects selected fromn unlike
obj ects isn, where n ol

“(n-r)!

e Thus the case of arranging two letters chosen from the five letters A, B, C, D and E

. o 5! .
mentioned above, this gives; _'-'p2=;=20 as required.

NB. npn=(nr_ﬂn)!=n ! since 0!=1

Example 10
Ten athletes are to take part in a race. In how many different ways can the 15¢,2"¢and
374 place be filled?
15t Place to be filled in 10 ways
2"% Place can be filled in 9 ways
374 Place can be filled in 8 ways
Total number of permutations of 15¢,2"¢,and, 3"¢
=10x9x8=720.
|

10!
Or np,.=10 Ps==;
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=720

Arrangements of like and unlike things
e The number ofways of arranging n obj ects where p are like q are like and r are also

alike is given by Y

Example 11

In how many ways can 4red, 3yellow and 2green discs be arranged in a row, if discs of
the same colour are indistinguishable?

Solution

443+2=9 discs

The number of arrangements = —1260ways

Example 12

Find

a) in how many different ways the letters of the word ALGEBRA can be arranged in a
row

b) in how many of these arrangements the two A’ s are together,

¢) in how many of the arrangement the two A’ s are not together.

Solution
71

a)No of arrangement = 2—;=2520

b) If the A’ s are kept together there @e effectively 6 letters to arrange, hence number
of arrangements =6 ! =720.
(c) No of ways =2520 -720 when A’ s not together.

=1800 ways.
Example 13
In how many ways can the letters of the word MATHEMATICS be arranged in a row.
Solution

There are 2M, 2T, 2A and the total number of letters is 11.

11!
No of ways = Y

= 4989600
11.2 Combinations
e A combination is a selection of r obj ects from n obj ects and the order is not important.
e Thus the number of possible combinations of n different obj ects, taken at a time is

. . n
given by nc, also written as (r)

Where nc, —( _r)lrl

Example 14

How many selections of 4 letters can be made from the 6 letters .a, b, c, d, e and f?
Solution

The number of selections is nc,, where r is the number of things selected from a group

of n .Hence for this case n=6 and r=#.

6'
6Cy= T =15

There are 15 selections of 4 letters which can be made from the 6 letters.
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Example 15
How many different commutes, each consisting 3 boys and 2 girls can be chosen from

7 boys and 3 girls?
Solution
7 boys 3 girls
3 2

Number of ways of choosing 3 boys from 7

=7¢; =_- =85

Number of ways of choosing 2 girls from 5

5!
=5 ¢, =— =10
212!

Number of commutes which can be chosen
=35x10=350

Example 16

A team of 7 players is to be chosen from a group of 12 players, one of the 7 is then to
be selected as captain and another as Vice-captain .In how many ways can this be
done

Number of ways of choosing 7 from 12 is 12¢,

=12 ¢, ===

517!
=792
In each choice there are 7 ways of choosing a captain and there are 6 ways of choosing
a captain.
(Alternatively we say the captain and vice-captain can be elected in 7p, ways)
Total number of selectionsis 7 X 6 X 792 = 33264 ways

Example 17
A group consists of 4 boys and 7 girls, in how many ways can a team of five be
selected if it is to contain
(a) No boys
(b) At least one number of each sex
(c) 2 boys and 3 girls.
(d) At least 3 boys.
Solution
(a) No boy is selected so the team is chosen from the 7 girls

Number of ways of choosing 5girls from 7 is 7c5 =ZT—;| =21

(b) Considering mutually exclusive groups

Number of selections with no boys =21.

Number of selections with no girls =0 (as there are only 4 boys)

Total number of possible selections =11c5=462

The number of selections with at least one of each sex is =462 -21=441
(c) 2 boys can be chosen from 4 ,in 4c,=6 ways
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3 girls can be chosen from 7 in 7c3 =35 ways
These are independent events so
Number of events with 2 boys and 3 girls are =6x 35
=210
(d)If the team is to have at least 3 boys, then there must be either 3 or 4 boys.
Number of teams with 3 boys and 2 girls =4 c; Xx7c, =84
Number of teams with 4 boys and 1 girl =4 ¢, x 7¢; =7
Number of teams with at least 3 boys =84+7
=91
Exercise 11a

5!x4!

1. Evaluate the following (a) = (b) == ()

2. Express the following in terms of 5!

@) %' (b) 6! —5! (c)2x6!—3x5! Ans((a)5!(h)5 % 5!(c)9 x 5!)

3. There are three roads j oining town X to town Y; three more roadsj oinY to Z and two
roads j oin Z to A. How many different routes are there from X to A passing though Y
and Z? Ans(18)

4. In how many ways can a group of 10 children be arranged in a line? Ans(10!)

5. The front doors of five houses in a terrace are to be painted blue, brown black, green
and red. In how many different ways can the painting be done if no two doors are to
be the same colour? Ans(120)

6. In how many different ways can the letters of the word THURSDAY be arranged?
Ans(8!)

7. The letters of the word TUESDAY are arranged in a line, each arrangement ending
with the letter S. How many of these arrangements also start with the letter D?
Ans(720,120)

8. How many ways can five women be seated at a circular table? Ans(24)

9. How many numbers greater than 50,000 can be formed using the digits 2, 3, 4, 5and 6
if each number is used only once in each number? Ans(48)

10. There are nine different books on a shelf, one of which is a dictionary and one an atlas.
In how many ways can the books be arranged on the shelf if the dictionary and the
atlas are to be next to each other? Ans(80640)

Exercise 11b

1. Find the number of permutations of two different letters taken from the letters A, B, C,
D, E and F. Ans(30)

2. In how many ways can six books be arranged on a shelf when the books are selected
from 10 different books? Ans(151200)

3. How many three-digit numbers, with all three digits different, can be formed from the

figures 7, 6, 5, 4, 3 and 2? Ans(120)

How many different teams of 7 payers can be chosen from 10 girls? Ans(120)

How many different hands of three cards can be chosen from a pack of 52 cards?

Ans(22100)

6. A group consists of 5 boys and 8 girls. In how many ways can a team of four be
chosen, if the team contains
(@) Nogirl (b) no more than one girl (c) at least two boys
Ans((a)S (b)85(c)365)

Ans((a)56 (b)1008 (c)4)

X
6!

S
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7. In how many ways may a committee of 5 people be selected from 7 men and 3 women
,if it must contain
(@) 3 menand2women (b) 3 women and 2 men (c) at least 1 women.
Ans((a)105(b)21(c)231)

8. In how many ways can a committee of 7 people be selected from 4 men and 6 women
if the committee must have at least4 women on it? Ans(100)

9. A committee of 4men and 3women is to be formed from 10 men and 8 women. In how
many ways can the committee be formed?

10.A group of nine has to be selected from ten boys and eight girls. It can consist of either
five boys and four girls or four boys and five girls. How many different groups can be
formed?

CHPATER 12
BINOMIAL THEOREM
Pascal’ s triangle

By expanding it can be shown that
(a+x)'=a+x
(a+x)? = a? +2ax +x2
(a+x)3 =a%+3a%x+3ax?+x3
(a +x)* =a* 4 a3x+6 a?x+4a x> +x*
e Extracting the coefficient of a and x are obtained in a Pascal triangle

11
1 2 1
13 31
1 4 6 41
Pascal’ s triangle can be used to expandan expression of the type (a + x)".
Example 1
Expand (2 — x)* using Pascal’ s triangle
Solution
= (2-2)°=12)*(—0)° + 4(2)* (=)' + 6(2)*(—x0)? + 4(2)' (—=x)° + 1(2)°(—x)*
=16 — 32x + 24x? — 8x3 + x*
Example 2
Expand (5 + 2x)3 using Pascal’ s triangle
Solution
= (5+ 2x)3 = 1(5)3(2x)° + 3(5)2(2x)* + 3(5)1(2x)% + 1(5)°(2x)3
= 125 + 150x + 60x?2 + 8x3
Example 3

Expand (x — %)4 using Pascal’ s trimgle

Solution

= (x=1) =104 () +4@° () + 62 (1) + 400" (5) +100° ()
=xt+ax’+6+ S+
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NB. The Pascal’ s trianglecannot be used for large values of n. so we use the binomial
theorem.

The binomial theorem for a positive integral index
e Generally, we denote the entry in the nth row, (r + 1)th position by

= " wheren! =n(n—1)(n—2)..3.2.1 (cal l ed fact ori dland where y
)= ———wh (n—=1(n—-2) (called f dland where b

r)  (-r)r!
definition 0! = 1.
¢ Using this definition we can write a general formula for the expansion of (1 + x)™

@+or=1+()a+ ()2 +(5)x% ++a

e This is known as the binomial expansion of (1 + x)",, for positive integer n. This can

also be written using sigma notation (1 + x)™ = }*_, (Z) x"
e Alternatively the expansion can be written as;
(1 +x)"=1+2 4 "(";!1)’“2 + “"‘”;:“”"3 Fot X"
e Notice that this expansion terminates at the term x™ when n is a positive integer.
Example 4
Evaluate the following;
5 6
@) (1) (b) (4)
Solution
5 5!
@) (1) ~ G-
5!
~ A
54321
T 43211
=5
6 6!
(b) (4) ~ (-4l
6!
~ 2
6.5.4.3.2.1
T 2.1.43x2.1
=15
Example 5
Find the coefficient of the x? and x3 terms in the expansion of (1 + x)7
Solution

The coefficient of x? term is

() = 7 = 21

The coefficient of x? term in the expansion of (1 + x)7 is 21
The coefficient of x3 term is

(;) - (7—73!)13! =35

The coefficient of x3 term in the expansion of (1 + x)7 is 35.

Example 6
Expand (3 + y)* in powers of y.
Solution
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In order to use the binomial expansion, we need to express (3 + y)* in the form
(1 +x)* Now

6 =[s(1+2)] (149

Hence we can use the binomial expansion of (1 + x)* with x = %, which gives
(3 +y)* = 3* (1 +X)4

=3[+ (R + Q@) + () + )]

—81[1+4 )+6(y)2+4( )3+( %) ]

=81(1+2+2 +42y7+§—j)

~(3+y)*=81+108y + 54y2 +12y3 + y*

Example 7

Expand (1+x+ x2)(1 — x)& in ascending powers of x up to and including the terms in
x3

Solution

Using the expansion (1 + x)" withn = 8 and x = (—x)

(1 —x)8=1-8x +28 x2-56x3+.....

(144 x2)(1 — x)® =(14x+ x?) (1-8x +28 x2-56x3+..)

Expanding and ignoring terms of order x* and above gives
(1+x+x)(1—x)8=1—7x + 21x% —36x3 ...

Example 8

Given that (1 — 2x)%(2 + x)® = a + bx + cx? + dx3 + -+, find the values of the
constants a, b, c and d

Solution

Expanding (1 — 2x)> using the binomial theorem gives;

(1-20° =1+ (3) (20 + () (207 + () (-20° +

=1—10x + 40x? — 180x3 + ---
Expanding (2 + x)® using the binomial theorem gives;

@t =22(1+3) =2 [+ (YO + () + () +-|

= 64[1+3x+15x +2°x3+---]

= 64 + 192x + 240x2160x3 + -

Therefore, we have

(1-2x)°(2 +x)°
= (1 —10x + 40x% — 180x3 + ---)(64 + 192x + 240x%160x3 + ---)
= 64 — 448x + 880x2 + 320x3 + ---
Therefore, the values of the constants a, b, c and d are
a =064, b=—488, c =880, d =320
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Example 9
Write down the expansion of (1 + y)*. Hence find the first four terms in the expansion
of (1 + x + x?)%.
Solution
A+y)*r=1+ (Lll)y+ (g)yz + (g)y3 + y*

=1+4y +6y%2 +4y3 + y¥ s (1)
Writing (1 + x + x%)* as [1 + (x + x?)]* and using (1) withy = x + x? give
[T+ +x)]*=1+4(x +x2) +6(x+x2)?+4(x +x2)3 + (x + x2)*

=1+4(x+x?)+6x?(1+x)%+4x3(1 +x)% +x*(1 + x)*

Since we require only the first four terms of the expansion, we can ignore terms
involving x* and higher powers of x. Therefore,
[T+ x+x)]*=1+4(x+x%) +6x2(1 + 2x) + 4x3(1)
(14 x+x2)*=1+4x 4+ 10x? + 16x3 + -

Example 10
Expand (1 + x — x2)7 in ascending powers of x up to and including the term in x3.
Solution
Using (1 + x)™ withn = 7 and (x — x?) substitute for x;
1+x—x2)"=[1+(x—x2)]

=1+ (Z) (x—x%)+ (Z) (x —x%)?%+ (;) (x —x?)3 + -

=1+ 7(x—x2)+21x%2(1 —x)? + 35x3(1 — x)3 + -

=1+ 7(x—x2)+21x%(1 — 2x) + 35x3(1) + -
c(l4+x—x)"=1+7x+ 14x2 = 7x3 + -

Example 11
Given that the first three terms in the expansion in ascending powers of x of

n ) : ) 1+ .
(1 +x+ xz) are the same as the first three terms in the expansion of ( 3ax j , find
— lax

the value of ¢andn.
solution

n(n - 1)(x + x2)2 N

2!

(1+x+x2)n=1+n(x+x2)+

=1+nx+nx2+%n(n—l)x2+...

( 1+ ax j (1 @) (1 - )

1-3ax

=(1+3a)c+3azx2 +...X1+9ax+18azx2 +)
= 1+ 9ax + 54a*x* + 3ax + 27a*x* + 3a’x* +. ..
= 1+ 12ax + 84a’x” +...

Thus 1+ nx + nx’ +%n(n—1)x2+...= 1+12ax +84a’x” +...

Equating coefficients, we get n =12qa ............ (1)
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84a’ =n+ n(nz— Yo (if)

84a* =12a + %, 84a’> =12a + 72a° - 6a

~—

12a* =6a =0, fora =0, a:%thus n==6

Example 12

Calculate the value of the constant a if the coefficient of the x3 term in the expansion
of (a + 2x)* is 160.

Solution

The x3 term in the expansion of (a + 2x)* is

(g) a(2x)? = 160

32a =160
~a=>5

Approximate values

We use expansions to find values of various expressions

Example 13

Expand (2 + x)* and use your expansion to find
a)(2.1)*

b) (1.9)*

Solution

@+x)* =24(1 +§)4

4N (x 4\ (x\2 4\ [x\3 x\*
=2(1+() )+ Q) +G)E) ()
=16(1+20+ 2+ 245

=16 + 32x + 24x% + 8x3 + x*
@ @ED*=Q2+01D%x=01
= (2.1)* = 16 + 32(0.1) + 24(0.1)? + 8(0.1)3 + (0.1)*
= 19.4481
(b) (1.9)*=2-01*%x=-0.1
= (2.1)* =16 + 32(—0.1) + 24(-0.1)? + 8(—0.1)% + (—0.1)*
= 13.0321
Example 14
Expand (1 + 4x)* in ascending powers of x, up to and including the 4t term. Hence
evaluate (1.0004)4, correct to four decimal places.
Solution
Using the binomial expansion gives

14 _ 14 14 2 14 3, ..
(1 +40™ =14 () @0 + () @02 + () 40)® +
=1+ 56x + 1456x% + 23296x3 + -

Since (1.0004)* = [1 + 4(0.0001)]**
We can use the above expansion with x = 0.0001, which gives
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(1.0004)* = 1 + 56(0.0001) + 1456(0.0001)% + 23296(0.0001)3
= 1.005614583
= 1.0056 to four decimal places.

Exercise 12a
1) Simplify the following;

(a) (g) (b) (122) ©" (;) Ans((@)10 (b)66 ()35)

2) Expand the following using Pascal’ s triangle.
a)(5 + 2x)3
b)(x — )3

3) Use the binomial theorem to expand (1 + x)*2in ascending powers of x up to and
including in x3.

4) Find the coefficient of the term indicated in square brackets in the expansion of each
of the expressions below.
@ @+x)7 [x*] (b)(1+x)° [x?] Ans((a)35 (b)36)

5) Ifx is such that terms involving x* and higher powers can be neglected. Find an
approximate expansion of (1 + 2)20.

6) Expand the following in ascending powers of x.

a) (142x) (1 —x)1°

b) (142x-2x2)(1 + 2x)7

) (1+x+x%)°

d) (1+2x—x?)°,

7) When (1 + ax)? is expanded in ascending powers of x the series expansion is
A+ Bx + Cx? 4+ 15x3 + ---.. find the values of A,B,and C Ans: {%, 1,5,11 i}

8) Ifxis sufficiently small to allow any term in x> or higher powers of x to be neglected
show that (1 + x)(1 — 2x3)1% in 1+6x+15 x2-105x*.

9) Obtain the expansion of (1 + x — 2x2)3as far as the term in x3

10) Find the first three terms of the expansion (2 — x)®and use it to find (1.998)°correct
to two decimal places

11) Expand (1 — 3x + 2x2)° in ascending powers of x as far as the term in x

12) Expand (1 + 3x)'%in ascending powers of x up to and including the term in x3.Hence
evaluate (1.003)° correct to 3 places of decimal Ans {1.03041}

13) (a)Expand (1 + 2x)* in ascending powers of x up to and including the term in x3
(b) Hence evaluate (1.02)* correct to three decimal places.
Ans((a)1 + 28x + 364x2 + 2912x3(h)1.319)

14) By first factoriz ing the quadratic3 — 7x — 6x2, deduce the first three terms in the
binomial expansion of (3 — 7x — 6x2)°. Ans[243 — 2835x + 10800x?]

15) Use the binomial expansion of (1 + x)32 to the first four terms to find (1.01)8 correct
to five significant figures.

2

5
16) Expand (1 — %x — xz) in ascending powers of x as far as the term in x*

15 | 35 15 515
Ans: (1 —Zx+=x2—=x% - —x4)
2 2 4 16

Particular terms of a binomial expansion
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e By considering the general term of a binomial expansion a term involving a particular
power of x may be found.
e The general term u,,4 is given by nc.a"~"x" which is used to find terms involving
particular powers.
Example 15
Find the term involving x'? in this expansion of (3 + 2x)?°.
Solution
Using the general term in the expansion of
(a+ x)"as up, 1 =nc,a™ "x"
Substituting for a=3, 2x for x and n=15,
we have 15¢,(3)1>7"(2x)".
To find the term involving x? we need r=12 (in the 13" term)
Thus the required term is 15¢;,33(2x)1?
— 15! 33511,12
12!3!
Example 16
Find the term independent of x in the binomial expansion of (3x — x%)lg

Solution
The general term u,., 4 in the expansion of (a + x)" is given by nc,.a™ " x".

Substituting 3x for a, (;—i) for xand n=18
-2
We have u,,;=18 ¢, (3x)'8 ")
=18 Cr318(_2)rx18—3r
This term is independent of x if 18-3r=0 i.e.r=6

Thus the required term is u,=18C,3%%(-2)°
=18(,31226

Example 17

Determine n if in the expansion of (2 + 3x)™ in ascending powers of x, the coefficient
of x12 is four times that of x*!

Solution

Using the general term nc,.a”b™ ", we have the term in x2 as nC;,(3x)?(2)""12
And the term in x1 is nC;; (3x)*1(2)""11

Equating the coefficients; nC;,(3x)*?(2)" 2= nC,, (3x)11(2)" 11

n! 12 9n-11 9-1 _ n! 11 9n-11
(n—12)112!" .2 27 =4 (n-11)'11!" .2
3 _ 4
gn—12)!iz><11!><2 T (n-1D)(n—-12)!11!
8 (n—-11)
=n—11=32
~n =43

Exercise 12b
1. Find the term involving x& in the expansion of(4 + x)!2.
2. Find the term independent of x in the expansion of each of the following

a) (3x + i)lo
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by (222 +4)"
C) (— — Zac)6

6
3. In the binomial expansion of (% - Zx) find the coefficient of the;

(a) the term independent of x

(b)x3

The binomial theorem for any rational index
n n ny , (M 3
o For(1+ x)( —1)1 + (1)(x -:)((Zz)x + (3)x +
nmn 2 nn n— 3
=1+ + += +-
For all ne]R pr0v1ded 1k felx| <1
¢ Note that the condition |x| < 1 is necessary because with n factorial or negative the

series is infinity and the condition |x| < 1 ensures that this infinite series converges.

Example 18
Expand (1 + 3x)~° in ascending powers of x stating the first four terms and the range
of x for which the expansion is valid
Solution

. _ nx  nn-1) o,  nn-1)n-2) 3
Using(1+x)" =1+ TR TEE A fraen i i
We substitute n= -5 and x=3x
(1+3075=1+ 2 3x) + E2E2 (3x)2 + £ (353 4

=1—15x + 135x% — 945x3 + -

The expansion is valid for |3x| < 1i e|x| < %

Example 19

Expand (( ; in ascending powers of x up to and including the term in x3 and state
the values for which the expansion is valid

Solution

(1+2x)2

o) =(1 + 2x)?(2 — x)~! however, we cannot expand (2 — x)~1in the form as the

binomial expansion for negative and fractional n only applies to (1 + x)", not
(a+x)™

However (2 —x)™! = [2 (1 - g)]_l
x\ 1 2\
—2-1(1-%)7 =1(1-%)

s 1 i (1-)

e CoEaEn()
2! T 3!

=(1+4x +4%) 5|1+ (D () +

25x2% | 25x3
8 16

=+24
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The expansion is valid for |%| <lielx|<?2

Example 20
Expand (3 + x)~2 in ascending powers of i stating the first four terms only and the

values of x for which the expansion is valid
Solution

<lie|x]|>3

The expansion is valid for |;

Example 20
Find the first four terms in the expansion of (1 — 8x)%in the ascending powers of x.
Substitute x = ﬁand obtain the value of v23correct to five decimal places.

Solution
-1

ot =1+ &+ G - BEIE) gyt

—1—4x—8x —32x + -
1 2 3
(1= = 1-4(2) () ~%2(%)
’1 ~ 0.959168

(4100) ~ 0.959168

= 223 ~ 0959168
~ V23 = 4.79584 to five decimal places.

Example 21
Obtain the first four terms in the expansion ofﬁlx

Solution
Now

: =(1+x)1

Using the binomial expansion gives

A+207 =1+ (-Dx+E 1)(2,1 Dyz 4 CUCIDCID 5
=1—x+x?>—x3+-- validfor|x] <1

Example 22

(1+x)3

(2-x)
(1.2)3 correct to 2 decimal places.

Obtain the expansion of up to and including the term in x3. Hence evaluate
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Solution

Now

(1+x)3 _ 3 _ -1

2 1+x)2—-x)

Expanding (1 + x)? using the binomial theorem gives
3 _ 3 3Y,2 4 .3

1+x)° = 1+(1)x+(2)x +x

=1+3x+3x%+x3

Expanding (2 — x) ! using the binomial theorem gives
@-0"t=27(1- ’2—“)_;
=3(1+(3))
e )
(

=1(1 +£+x_+x_+...)

2 2 4 8

S4E4E 4 4 valid for |£| <lielx|<2
2 4 8 16 2
Therefore, we have
1+x3Q2-x"1= (1+3x+3x2 +x3)(5+f+ﬁ+x—3+--- )

,\2 48 16
_1 + 7x + & + 27x
3 1 19x2 27x3 ° 1

MLl + 22X 42 4 valid for x| < 2

(2-x) 2 16
Letx = 0.2 (whlch hes in the valid range) then,
(1+0.2)3 1, 7(0.2) 19(0.2)2 N 27(0.2)3

~ +
(2-02) 2 4 8 16

3
(-2 _ 0.9585
(1.8)

~ (1.2)3 ~ 1.8 X 0.9585
~ 1.73 (2 decimal places)

Example 23

Show that if x is small enough for its cube and higher powers to be neglected,
1-x x? . _1 583
T 1—x+ 7by putting x = gshow that /7 =~ 2 2

Solution

Now

J?—(l—x) (1+x)2

Expanding (1 — x)f using the binomial theorem gives

(1—x)§=1+()( x)+(1)( Y o2t

Expanding (1 + x) 2 using the binomial theorem gives
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_ _ny_i_
1+02 =1+()® e PRSI
— 1_£+§x2 +...
2 8
Therefore, we have

l _—1_ X 2 X 3 2
(1—-x)z(1+x)> —(1————x + - )(1—5+§x +)
=1—x+—
2
o —1—x+—
1+x
Using x =

Exercise 12¢
1) Show that if x is small enough for its cube and higher powers to be neglected,

/ix =1+x+ —by putting x = —show that V5 ~ 18811

2) Find the first four terms in the expansion of (1 + 3x)§ in ascending powers o f x and
state the range of values of x for which the expansion is valid.

3) In the expansion of (1 + ax)™, the first three terms are 1 — gx + %:'xz ,findn and a

and state the range of values of x for which the expansion is valid.
4) Find the coefficient of x° in the expansion of (2x — 3)*

1
5) Expand (1 + x)z in ascending powers of x as far as the term in x? and hence find an
approximation forv1.08. Deduce that

V12 = 3.464.
6) (a)Find the values of the constants a and b for which the expansion in ascending

1
powers of x of the two expansions (1 + 2x)z and % up to and including the term in

x? are the same
: o . -1 :
(c) With these values of a and b use the result (1 + 2x)z = 1:% with x = Too 0 obtain an
approximate value for v/2 in the form § where p and q are positive integers.

7) For each of the following expand up to the term in x3

(i) (G2

8) Use the binomial theorem to find v1.05 to four places of decimals.
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/ — 2
9) Expand J(rsx—4x?)
(1-2x)2

value of x is such that the expansion converges.

10) In the expansion of (1 + ax + 2x2)%in powers of x, the coefficients of x? and x1! are
27 and -192 respectively. Find a and the coefficient of x3and x1°.

11) Find the value of n for which the coefficients of x, x? and x3 in the expansion of
(1 + x)™ are in arithmetical progression. Ans(n = 8)

15
12) Find the coefficient of x17in the expansion of (x3 + %) (Ans:1365)
X

13) Show that, if x is so small that x* and higher powers of x can be neglected. Then

{(1 +§)3 —(1+ 3x)§} s (1-2x) =242

in ascending powers of x as far as the term in x3, assuming that the

9
14) Write down and simplify the term independent of x in the expansion of (3x2 - %) .

15) Ifxis so small that x® and higher powers can be neglected, show that (1 —
5
%x) (2 +3x)% = 64 + 96x — 720x>

1
16) Find by binomial theorem the coefficient of x® in the expansion of (3 — 5x2)z in
ascending powers of x.

17) Given that x is so small that x3 and higher powers of x can be neglected, show that

1 x | 3x? . 1 . . . 256
Ner=a 1- St By letting x = " find a rational approximation of V5. Ans [—]
1

115
18) (a) Show that (1+ =)' =1+ x2 X
25/ 50 5000 250000

(d) By substituting x = 1 into your answer to part (a), deduce that
V26 = 5.09902

3

Use of partial fractions in Binomial expansion
Partial fractions are used to simplify expressions before using the binomial theorem

Example 24

Express f(x) = %and hence expand f(x) using binomial theorem in the

ascending powers of x up to the term in x?and state the range of values of x for which
the expansion is valid.
Solution

4-3x 1 2
O =mem ==t =

. 1 2 1 1
Re-arranging P el 1_%x

-1
or(1—x)"t+ (1 — %x) in order to make each

term to be expanded begin with unity.
= A-x)1T=1+x+x%+-

=>(1—%x)_1 = 1+§x+§x2+~-~

-1
C (1 — -1 _1 — 345,24 .
~(1-x) +(1 2x) =2+Zx+ x4+

SIMPLIFYING PURE MATHEMATICS: BY MUKOOBA JOEL 0774454151: 0706355884 Page 272



The binomial theorem is valid since each term begins with unity provided that
x and %x lie between 1. The expression is therefore valid provided x lies between
+1.

Example 25

7+x
Expand m

range for which the expansion is valid.

Solution
7+x 3 4—-3x

A+0)(1+x2)  1+x © 1422
=31+x)1+@-3x)(1+x*)71
=31 —-x+x*—x3+x*— )+ @4 -30)QA —x?+x*—x°+-)
=7 —6x —x?+ 7x*+ -
. 7+x _ 7 _ A2 4
e = 7—6x—x°+7x"+

the series being convergentif —1 < x < 1

in ascending powers of x as far as the term in x* and state the

Exercise 12d
1. Expand the following using binomial theorem up to the term in x3 and state the range

of values of x for which the expansion is valid.
(1-x)?
@) (1-2x)3
X

(b) (14+x)(1-x)2
x3+6x%+17x+4
(x2+1)(6+x—-2x2)

Show that, neglecting x3 and higher

L 1 49 11
powers of x, the expression is equal to 3 (2 toxt o 2)

in its partial fractions. Hence obtain the first four terms in the

2. Express in partial fractions

X
3. EXpI'ESS m

expansion of the expression, stating the necessary restrictions on the value of x.
3
X

4. Express > as a sum of three partial fractions; and obtain an expansion in

(1+x2)(1-x)
ascending powers of x, of this expression as far as the term in x”

5. Express 5 in partial fractions. Hence obtain the first four terms in the

x—
(x+1)2(x—-2
expansion of this expression in ascending powers of x, stating the necessary
restrictions on the value of x

END
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