MAT 163

Surds, Indices, and Logarithms

Radical

Definition of the Radical

For al real x, y>0, and al integers a>0,

x =y ifandonly if x=y?

where a istheindex

\/_ istheradical

X istheradicand.
Surds

A number which can be expressed as a fraction of integers (assuming the denominator is never 0)

iscalled arational number. Examples of rational numbers are g , —g and 2.

A number which cannot be expressed as a fraction of two integersis called an irrational number.
Examples of irrational numbers are V2, Y7 and 7.

Anirrational number involving aroot is called a surd. Surds occur frequently in trigonometry,

calculus and coordinate geometry. Usually, the exact value of a surd cannot be determined but an
approximate value of it can be found by using calculators or mathematical tables. In this chapter,

Ja meansthe positive square root of a while -Ja meansthe negative square root of a.

General Rules of Surds
Multiplication of surds
\/EX\/B =+axb

For example (i) V3x4/12 =+/3x12 =/36 =6
(i) /32x/2=+32x2=/64=8
(i) /5x\5=+B6x5=425=5
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Division of surds

For example (i) \/ﬁ+\/§:\/222:\/%:6
(i) V45+5= §:@:3

These rules are useful for smplifying two or more surds of for combining them into one single
surd.

Note, however, that ~/3++/6 #+/3+6 and /6 /2 #/6—-2 which can be easily checked by a
calculator; and, therefore, in genera Ja++b#Ja+b and Va-vb#Ja-b.

Example 1

() 3/5+/5=(3+1)5 (i) 40 =+/4x10 =/4x~/10
:4\/3 :2@

Example 2

simplify ()  ~243-J12+2J75
(i)  /50+8+32

Solution:

(i)  ~243-\12+275 =/81x3-/4x3+2,/25%3
=\/81x+3-/4x+/3+225x/3
:9J§—2xJ§+10xJ§
= (9-2+10)v/3
=173

(i)  \/50+/8++/32=/25x2 +/4x2 +/16x2
= 25 %2 +JAx2 +/16 %2
:5xJ§+2xJ§+4xJ§
=(5+2+4)N2
=112

Try This1

Smplify () <27 (ii)~/28 -/175 ++/112 (i)  /5x\/125x+/8
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Rationalization of the Denominator

When afraction has a surd in its denominator, e.g. 3 , itisusual to eliminate the surd in the

V2

denominator. In fact, the writing of surds in the denominators of fractions should be avoided.
The process of removing this surd is called rationalizing of the denominator.

Jm+vn and Vm-n are specially related surds known as conjugate surds. The product of
conjugate surds is aways arational number.

(m+yn)m-+n) = (m)? - (/n)? =m-n

For example  (v/9+5)(+/9-5) =(+/9)? - (5)* =9-5=4
W7 +V3)(T7-V3) =(V7)* - (3)* =7-3=4

Example 3 Example 4
. . 5 . . 4
Simplify — . Simplify ———.
p y\fg p yﬁ+\/§
Solution: Solution:
i:ixﬁ 4 — 4 xﬁ_\/é
NENERNE NN NN NN
3 7-3
~J7-3
Example 5
o ) ) 1 1
Simplify, without using tables or calculators, the value of + )
Pty J 3-J2 3+42
Solution:
1 1 . (3+2) . (3-V2)

32 3+42  (3-DE+V2)  (B+2)E-2)
_(3+/2)+(3-+/2)
- 9-2

6
7
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Try This2
smplify (i) % (i) ﬁ (i) %
Answersto Try This
L@ 33 2. (i) @
(i) 7 (ii) ﬁ;‘/é
(i) 502 (iii) 11+;ﬁ
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Indices

If apositive integer ais multiplied by itsalf three times, we get a3, i.e. axaxa=a’*. Hereais
called the base and 3, the index or power. Thus a* means the 4™ power of a.

In general, a" means the nth power of a, where nis any positive index of the positive integer a.

Rules of Indices
There are severa important rules to remember when dealing with indices.

If @, b, mand n are positive integers, then

(1) a"xa"=am*" eg. PxF=38
(2 a"+a"=a"" " eg. 5%+5=5"
(3) (am)n — amn e-g- (52)6 — 512
(@)  a™xb™=(axb)" eg. Px2°=6
m 4

m . pm a 4. 5
5 am+bM=| = eg. 5'+3'=|=
R 5 o 57<[3
6 a’=1 eg. 5°=1

_ 1 _ 1
7 a"=— eg. 573%==
(7 " g =

1 1
@ an=%a eg. 83=3%8

m 2
© an=Ya" =@a)" eg. 8 =38 =(¥B)
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Example 1
1 3 _3
Evauate (i) 22 (i) 8 (i) 164 (iv) 252
Solution:
1
. - 1 1 . -
i 23=—"== ii 83=3y8=2
(i) 275 (if) s
3 -3
(i) 164 = ({16)° (iv) 25 2:—§
252
:23 = 1
(\25)°
=8 :i?’:i
5° 125
Try This1
Evaluate each of the following without using a cal cul ator
3 _2
(i) 71 i) 17° (iii) 492 (ivy, 83
3 1 _4 -2
= . 5 . 1) 3 1
v 2435 Vi 814 Vil — Viii =
Q0 i) wi) (5] " wi (3
Example 2
i 2 1 1
Simplify (i)  aSxaS-<a? i)y  (a%?)* (i) Ya=Ya? x(ah)?
Solution:
12 1 1
(0) adxas +a? i) (a%?) (i) Ya+a?x(@h)?
1,2 1 i 2z 1
=ad 5 2 =a®* 2" * =a3+aSxa 2
s 12 1
:a30 — 12b8 :a3_a5xa 2
1.2, _lj
=33 5 2
_u
=a 30
Try This?2
Simplify each of the following, giving your answer in index form:
_5 _3 12
(i) a’+a“*xa’ (i) 16a 2+4a 2 (iii)  (adxbd®)®




Solving Exponential Equations
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Example 3
Solve the following exponentia equations
(i) 2*=32 i)y 4**'=025
Solution:
(i) 2X=32 i)y 4*'=025
2X — 25 4X +1 — 1
4
Ox=5 grlt=gt
Xx+1=-1
Ox=-2
Try This3
Solve the following equations:
. .. 1
i 3 =81 i 32" =8 iii 7=
(i) (if) (iii) 9
(iv) 5% =1 (v) 3¥=27¢*3 (Vi) 4*x3*=6
Example 4

Solve the equation 22 * 3 +2%*3 =1+2%,

Solution:
22x+3+2x+3=1+2x
28 x2Xx 2%+ 2Xx 2% =1+ 2*
Let y=2
8y’ +8y =1+y
8y*+7y-1=0
By-1(y+1)=0

1
==—or -1
y 8

When y= when y=-1

X == 2% = -1 (inadmissible)

¥ =273
x=-3
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Try This4
Solvethe equation 3> *1+9=3*3+3%,

Example 5

If 3¥x9?Y =27 and 2*x47Y :%, caculate the values of x and y.

Solution:
%92 =27 el @
v 1
RXxq4YV == 2
3 (2

From (2): 2x(2%)Y ==

(3 -(4): 6y =6

Substitute y =1 into (3): X+4(1) =3
x=-1

Ox=-1land y=1.

Try This5
Solve the simultaneous equations ~ 3* *¥ = 243,

22x—5y:8




Answersto Try This

. 1

1. @) >
(V) 27

2. () a’

3. 0] x=4
(iv)  x=0

4, x=-1or2

5. x=4,y=1

(i)
(vi)

(ii)

(i)
v)

w B~

x

x

© ulw

(iii)
(vii)

(iii)

(iii)
(Vi)

343
81

(iv)
(viii)

S A~

6

MAT 163



Logarithms

Definition:

For any number y such that y=a* (a>0 and a#1), thelogarithm of y to the base a is defined

to be x and isdenoted by log, y.
Thusif y=a*, then log, y = x

81=3"
100 =107

For example,

Ulog;81=4
Ulog,,100=2

Note: Thelogarithm of 1to any baseisO, i.e. log,1=0.

The logarithm of anumber to a base of the same number is 1, i.e. log, a=1.

The logarithm of a negative number is undefined.

Example 1
Find the value of ()

(iii) Ioggé

Solution:

() Let log, 64 = X
64 =2*
26 =2%
Ox=6

(i) Let logy~ = x
9

1,
9

37=3

Ox=-2

log, 64

(i)

(iv)

(i) logy 3
(iv)  logg0.25

Let logg 3= X
3=9"
3=3*
1=2x

Dx=1
2

Let logg 0.25= x

0.25=8"

1
4
2—2 - 23X
3x=-2

Dx:—g
3

— 23X

10
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Laws of Logarithms

Q) log, mn =log, m+log, n eg. log;5+log;2=10g;10
2 Ioga%=logam—logan e.g. I0935+Iog34=log3(:51j
3 log, mP = plog, m eg. log, 52 = 2100,,5
Example 2

Without using tables, evaluate log,, % +log,, 70-1log,, 471 +2log,, 5.

Solution:
41 41
log,, 35 +logy, 70-log,, o 2log;5

41 41
=log,y| —x70+—x5
910(35 > j

=log,,100
=log,,10°
=2l0g,,10
=2

Try This1
Simplify 2log;5-10g;10+3log; 4.

Changing the Base of Logarithms

Logarithms to base 10 such as log,, 5 and log,,(x+1) are called common logarithms. An
aternative form of writing log,, 5 is 195 .Common logarithms can be evaluated using a
scientific calculator.

Logarithms to base e such as log, 3 and log, x are called Natural logarithms or Napierian
logarithms. Natural logarithms are usually written in an alternative form, for example, log, 3 is
written as In3. (Note: e=2.718...)

log. b

If a, b, and c are positive numbersand a #1, then Iogab=| .
0g. a

11



Example 3
Find the value of 1og;16.
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Solution:

logg16=12%016 _ 1204 _, 45,
log,,5 0.699

Try This2

Find the value of log, 54.

Solving Logarithmic Equations

Example 4
Solve the equation 3* =18.

Solution:
3¥=18
Taking logarithms to base 10 on both sides,
log,, 3" =log,,18
xlog,,3=10g,,18

= log,,18 _ 1.2553

log,, 3 04771
=2.631

Try This3
Solve the equation 5% ** =30.

Example 5

Giventhat log,, 4+ 2log,, p =2, calculate the value of p without using tables or calculators.

Solution:
logyy 4 +2logy, p=2

log,o(4x p*) =2
4p® =10
> 100
P
p?=25
p=t5

Since p cannot be -5 because log,,(-5) isnot defined, p=5.
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Try This4

+
Solve the equation log, Sx+l
X_

2X-=7

=3.

Example 6
Solve the equation 10g,,(3x+ 2) — 2l0g,, X =1-100,,(5x - 3) .

Solution:
l0g,,(3x+2) —2l0g,, x =1-l0g,,(5x—23)
log,,(3x+ 2) —log,, X* +l0g,,(5x—3) =1

3x+2)(5x—3
g, G2

(3x+ 2)25x—3) _10!
X
15x% —9x +10x - 6 =10x°
5x%+Xx-6=0
(5x+6)(x-1) =0

Dx:—E or x=1

Since x cannot be negative, x=1.

Try Thisb
Solve the equation log, x* = 4+log,(x—3).

Answersto Try This

1. log;160
2 2.877
3 x=1.113
4, X= E
13
5 x=4 or 12.

13



