DIFFERENTIAL EQUATIONS

A differential equation is a mathematical equation that
relates some function with its derivative. In applications
the function usually represent physical quantities, the

derivatives represent their rate of change.
Examples of differential equation are

dy _ &y ady e ody o
il S + 4dx +8 =0, 1, = Sinx + cos x, Etc.
Order of a differential equation

The order of a differential equation is the order of the
highest derivative appearing in that equation.

For example:
dy dy _ .
(2). 1= Xty o =sinx+cosx,
dy

y—a=x,etc

are all first order differential equations
3

ay _ a2y _(dy

(2). dax? 5+, dx? (dx) =7
d?y 2 dy
71— —+6=0
<dx2> T dx +

are all second order differential equation

d3y . _ d3y 2 dy\ 2 . _
(3). — Tsinx = 0, (ﬁ) +5 (E) +sinx =0

Avre all third order differential equations.

The Degree of a Differential Equation

The degree of a differential equation is the highest
integral power to which the highest order derivative is
raised when a differential equation is written as a
polynomial in unknown function and its derivative.

Example:
(i) Z-xy=0 2212(2) +2=0
dx Y " dx? dx
d das .
X.—y= , —y=Sll’1X—COSX’
x dx dx3

are all first degree differential equations

(i) (2) +xy=0, 2(22) +6x(2) =0

Avre all second degree differential equations

(iii) (%)3 =5(2) +sinx,

dy\? dy\*

(@) +x(&) +w=0
Avre all third degree differential equations.
Example

Determine the order and the degree of the following
differential equations

@t xy=s
@)+ xy =5x

d? d
(b)d—;;—5x£=6x+x2
3, \? 2
(c) xz[%} +3x%+7x=0
X X

2

ay\" _ x . .2
(d)y—Sx(a) =e*+ x°cosx

Solution

(a) First order, first degree differential equation
(b) 2™ order, first degree differential equations

(c) third order second degree differential equation.
(d) first order second degree differential equation.

A Solution of a Differential Equation

A solution to a differential equation is defined as any
relationship connecting the two variables of the
equation and not involving their derivatives. A solution
to a first order differential equation is said to be general
solution (complete solution). If an arbitrary constant
remains in the solution. The solution obtained by giving
a particular value to an arbitrary constant is called a
particular solution.

First Order Differential Equations
(1) Method of separating the variables
Example |
Find the general solution of the following differential
equations
a) (@Z=y

b) G+ =y
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av _ _ ve =v—1
C) du—v(v 1) )
d) Z=1+x)0+y?) 1=v—vde
dx 2 1=v(1—-4e")
ay 1=y _
E) Ix 1—x2_0 v = 1
1— Ae¥

N — 9,3
) (-1 =2xy

d
@2 =1 +0)(1+y)

Solution
dy dy
(a) E_y 1+y2=(1+x)dx
dy 2
— x
f;—fdx tan_1y=x+7+A
Iny=Inx+C x?
Iny —Inx = C y=tan<x+7+A>
y
In{=)=C d
(x) () (x =122 = 2x3y
y
log,==C dy 2x3
X — = 1dx
e€ = Y yoorT
x , 2x3
y = eCx conszderx —31
y = kx 2x2 +2x+2
dv —
(b)—=v(w—1) X=1 ] 23
du —|2x3 — 2x?
v(v—1) 2x% — 2x
1 A B
considetr — = —+ —— 2x
vwv-1) v v-1 2x —2
Alv—-1)+Bv=1 2

ffv=1 fld f(22+2 +2) +——d
—dy = | (2x x x
B=1 y y x—1
_ 2x3
Ifv=0 Iny=—+x?2+2x+2In(x—1) +¢
—A=1 3
- _ ;2
A=-1 Iny—In(x—1)% ==+ x? + 2x
1 3
=>f——+ dv=fdu 293
v v-1 n—2 2=<—+x2+2x>
—lnv+ln(v—-1)=u+c (-1 3
2
In (U ; 1) =u+c (x = 1)2€(§x3+x2+2x) =
v—1 Example 11
log, ( ) =utc Solve the following differential equations.
v—1 d
pUte — (a)x—y=x—1
v dx
v—1
e xef =
v
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Y tany tang
Jg — tanytan

do
(c) 86— = cos?6
dr

d
(d) etd—jtc =sint

d
(e)ex£+y2+4=0

Solution
xZ—i::x—l
x—1
dy = . dx
_ 1
dy = —3

y=x—Inx+A4

dy
(b) 6—=tanytané

(©)

dao
dy
tany
cosy sin @
f sinydy - fcoste

In(siny) =—Incosé@+c

=tan6 df

In(siny) + Incos@ = C
Insinycos6 =C

e¢ =sinycosf

A =sinycos@

6d6
dar

f 6do _ [
cos2 r

JQseCZH d9=Jdr

Consider [ 8 sec? 0 df
u==~0
du
5=
3—; =sec?d
v=tan#f

= cos? 0

1

-[ dvd@— j dudg
u =uv vd@

do

f@seczede = 9tan9—ftan9d9

sin @
=9tan9—f dae
cos @

=0tanf — —Incosf + C
=0tanf +1ncosf + C

(d) et ¥ = sint

dt
sint
dx = | ——dt
e
x = fe_tsintdt
Sign change | Differentiate J‘ (integrate)
+ e_t sint
- —et ™ —cost
+ et N~—sint

fe‘tsint= —e‘tcost—e‘tsint—fe‘tsintdt
Zfe‘t sintdt = —e~¢(cost + sint)
“t 1 _, .
e 51ntdt=§—e (cost +sint) + C
1, _
x=-ce (cost +sint) + ¢

(@ =G+ 1)

dy  —dx
y2+4 X

1
fy2+4dy=f—e‘xdx

1 1 —
Butfm=gtal’l 1(§)+C

= f4 -|-1y2 dy = %tam‘1 (%) +C
:%tan‘1 (32—/) =e*+(C

tan~! (g) =2e*+A4

= tan(4 + 2e7%)

N

y = 2tan(4 + 2e7%)

Example 111
Find the particular solution of the following differential
equation which satisfy the given condition.

dy s
(a) (1+C0529)E_2' y(Z)— 1
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02 = x(y-2) whenx =0,y =5

ity whenx =0,y =
d

©A+¥) == =14y y(2) =3

(d)‘;l—ﬁ: =7, y(3)=0

Solution

1+ cos 2e)ﬂ =2
de

2
dy =—db
y 1+ cos26
2
dy_1+2c0529—1d0
2
dy = dae
Y 2cos? 0
dy = sec?60d@
y=tanf +C
0="y=1
_4’y_
=>1=tanE+C
4
cC=0
y =tan6

(b) ¥ =x(y~2)

dy

yTZ—fJCdX
x2

ln(y—2)=7+(]

whenx =0,y =5
In3=0+C

XZ
In(y—2):?+ln3

dy
14+ x2)—= =1+ y?2
(o ( +x)dx +y

dy  dx
1+y2 1+x2

tan"ly=tan"lx+C
tan"1(3) = tan"1(2) + C

y(2) =3
C=tan '3 —tan"12
Let tan(3) = A
tan'2=B
C=A-B
tan C =tan(A - B)
tan A—tanB
=1+tan AtanB
3-2
1+3x2

tanC=1
7

C=tan* (lj
7

tanC

tanC =

1
tan"'y =tan"1x + tan™? =
1
tan"l'y —tan"!x = tan~! >
y—x 1
1+xy 7

7y—7x=1+xy

7y—xy=7x+1

y(7—-x)=7x+1
7x+1

Example 1V (UNEB Question)
dy

Solve the differential equation i =ytan2x;y(0)=2

X

303



Solution

add = tan 2x dx

y

d
f—y:ftaHZxdx

y

d in 2
f_y:fsm xdx

y cos 2x

1
Iny = —Elnc052x+C

x =0, y=2
1
ln2=—§lnc050+C

1
(In2) = —‘Eln1+C
C=(In2)

1
Iny = —Elnc052x + (In 2)

1
Iny—1In2= —Elnc052x

In (32—/) = —%cost
lnz=< ! )
2 \Wcos2x
y 1
2 cos2x
2
Y= Jeos2x

Exact Differential Equations

A differential equation is said to be exact if and only if
the left hand side can be expressed as an exact

differential.
Example I
Solve the differential equation x° % +2xy =1
X
Solution
dy
27 2 —
X dx + 2xy
d
— (x2%v) =
Y
fd(xzy) =fdx
xly=x+c
Example 11

Solve the differential equation

d
(1- 2x)ey—y —2e¥ =sec’x
dx
Solution

d
(1- Zx)eyé —2e¥ =sec®x

4 (1 - 2067 = sec?
T x)eY =sec x

d(1 —2x)e¥ = sec? xdx
J'd(1—2x)ey =_|'sec2 X dx

(1-2x)eY =tanx+C

Example 111
Solve the differential equation

X2 cos yﬂ+2xsin y 1
dx X

Solution

x? Cos yﬂ+2xsin y 1
dx

X

a ., .
a(x siny) =

RIRXR|R

d o _
dx(x siny) =

1
fd(xz siny) = f;dx

x%siny =Inx+C

Example 4

Solve the following exact differential equations

x dy
(a)Iny +; v secxtanx

d
(b) xy?+ xzyd—z =sec?x
dr
(c) e¥r? + Zre“a = —cosec?*u

Solution

xd
(a)In +——y=secxtanx
Y y dx

d
Tx ((ny)x) =secxtanx

d(x(Iny)) = secxtanx dx
x(lny) =secx +C

(b) xy? + x%y % =sec?x

d <x2y2> X
—_— =sec™ x
dx\ 2
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X

( Zy >=sec x dx
[o(3
x2y?
2

> sec? x dx

=tanx + C

ar
(c) e¥r? + 2re = —cosec?u

E(eurz) = —cosec?u

d(e%r?) = —cosec?u du

fd(e”rz) :j—coseczudu

e¥r? =cotx +c¢

Example 5
Solve the differential equation
dy
Xa,2 2 x 7 — _ 2
e*y” + 2ye I cosecx
Solution

d
eXy? + Zyexé = —cosec’x
i(exyz) = —cosec?x
dx

fd(exyz) =f—coseczxdx

e*y? =cotx + ¢

First order linear differential equation

A first order linear differential equation is a differential
equation of the form

dy _ -
- + @)y = Q(x) v v v e e ()

where p(x) and q(x)are functions of x
Solution
Process of solving first order linear differential equation
(1) Put the differential equation in the standard linear
form of a differential equation
a .
ﬁ +p(x)y=0Q(Xx)....... (1)
(2) Find the integrating factor
| = eIP(x)dx

(3) Multiply both sides of equation (i) by the
integrating factor

4. Integrate both sides and makes sure that you
properly deal with the constant of integration

Example |
Solve the following linear differential equation

@x -2y =0
a xdx y =
(b)dy + 2x+ 1)y = e %’
dy 3
(c) xa +y=x
Solution

d
(a) x—y—2y=0

d 2
& Y (D)
dx x
Y L PGy =
Ix x)y = Q(x)
2
I — ef—;dx
_ 1
_ 21 S | 2 _ -2 _
| = e~ 2Inx — olnx™* _ ;-2 =

Multiplying both sides of equation (1) by 1/x?
We have:

O 4 x4 1)y =
dx y=
. dy —x2Z
Comparing —~ + (2x + 1)y =e™ with

2+ p(x)y = Q(x) gives

P(X)=2x+1,Q(X) = e™**
I = ef2x+1dx
x%+x

I=e
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d
exz”‘% + (2x + 1)eX Ty = X

(j—x (ex2+xy) = e*dx

eX iy = X 4 (

(c) xd—y+y=x3

Zzﬁ' X% oo (1)
Comparing Z—z + P(x)y = Q(x) with Eqgn (1);
P(x) =~
X
I= eI%dx

[=e"* =y

(d) xZ—z+y:x3

d( o,
fd(xy) = fx3dx
—x4+A
Xy = 2
Example 11

Solve the following linear differential equation

dr
—_ 49 =
(a) d9+ rcotd = cosec?0

(b)3y + ( Z)dy— :
yr dx x—2
dy cosx

—Z 42y =
(@x—"+2y

d
(d) sinx£+y = sin?x

Solution

(@) E + 2rcotf =cosec?d ......... (i)
a +P(O) = 0(O)

a0 r=q

P(8) = 2coth

| = ¢J2cotodeé

2cosf

I = ef sin @ a6

] = ¢2Insiné

o .
] = elnsin®0 — ¢ip2 g

dr + 2rcotf = 29
- T 2rcotd = cosec

dar | 2rcosf 1

de ' sin®  sin26
Multiplying both sides by the integrating factor we
have,

in? 6 dr + 2rsinf 6=1
sin? @ — + 2rsinf cos =
deo

d
E(sm 6r)=1

d(sin?6r) = do
rsin? =0 +C

3y + -2 =2
yr X dx x—2
dy 3y 2
dx+x—2 (x —2)2 M
Y 4 Py = 0
I = efP(x)dx
I = efx3T2dx
I = eln(x—2)3
I=(x-2)3
Multiply both sides of equation (1) by the integrating
factor
(x—2)3 +3(x—2)2 =2(x—2)

E(X —2)’y =2(x—2)
d(x —2)3y = 2(x — 2)dx
f(x—2)3 fZ(x—Z)dx
(x—23y=x*—4x+C

_ cosx

e e (1)
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Multiplying both sides of Egn (1) by the integrating
factor, we have

d
x? dic/ + 2xy = cosx

fd(xzy) =fcosxdx

x%y =sinx + C

(d) sinxd—y+y =sinx

dy y o
—— =sinx
dx sinx

1
I = efsinxdx

Consider

sinx

lett =t X

ett =tan—
2

1 2 X
dt = —sec*—=dx

2 2
2dt
secz%
2dt
1+t2

f(1+t2) 2dt

1+t2
- f St
t

| = lntan

dx =

dx =

[

sin x

Int z
ntan

X

= tan—
2

Multiplying both sides of Eqn (i) by the integrating

factor, we have

x
. xdy tan= ) . X
an—— + = Sinxtan

2dx " sinx’ 2
d tan 3 . sin
tanZ y+_—2y=25m§cos§ £
2dx  2sin*cos* COS %

. xd +1 ) , X

an—-—— —sec -y = sm =

2 dx y 2

:—x(tan;—cy) =2 sinzg

jd(tan;—cy) =-[251n2;dx

But cosx =1-2sin’%
2sin® X =1-cosXx
X
fd(tanzy) =1-—cosx

tany=x-sinx+C

Example 11

Find the particular solution of the following differential

equations which satisfy the given condition
(@) (x+1)Z-3y=(x+1)*

y=16 whenx =1
(b) Z—Z+ucot9 = 2cosf

u(§)=3

Solution
dy 4
(x+1)——3y= (x+1)

4y _ 3y _ 3 .
o=+ D @)

dy p _
Py = Q)

I = efP(x)dx

3
I = ef_x+1dx

-3In(x+1) — pln(x+1)73
1
BCEE0
Multiplying both sides of Eqn (i) by the integrating
factor, we have
1 dy 3y
(x+1D3dx  (x+ 1)*

i (G7) -

1

J ()=
1

[CESVERaE
y=(x+1)3x+0C)
Ifx =1,y=16
16 = (2)3(1 + ©)
c=1
y=(x+1)3x+1)

I=e

=1

+C



(b) Z—Z+ucot9 = 2cos6

~du ucosf
= sinf — +

T s sinf@ = 2sinf cosf

0% | v cosd = sin26
Sin dH Uu Ccos = Sin

d :
E(sm@ u) = sin 26
fd(sin@u) =fsin29 de

1
(sin@) u = —5cos 20+ C
uz)=3

T

d=—,u=3
2

(sin%)(3) =_?1c037r+ C

3—1+c
2

c—5
2

1 5
(sinf)u = _EC0529+§

1
(sin@)u = 5(5 — cos 20)

1
u= Ecosec 6 (2 —cos 26)

Example 111 (UNEB Question)

Solve % +2ytan x = cos® X
X

y(0) =2

Solution
ay — cos2 i
T 2ytanx = COS“X c.oovvurrnnnnnnn. (1)

| = eJtanxdx

2sinx

I = ef cosx ax

| = ¢—2Incosx

| = eln(cosx)™? _ 1
cos? x

Multiplying both sides of Eqn (i) by the integrating
factor, we have

d
seczxé + 2(sec®xtanx)y =1

d 2
a(sec xy)=1

d(sec?x y) = dx

sec’x y=x+C

Ifx=0y=2

(sec?0)(2)=0+C

2=C

c=2

(sec?x)y=x+2
x+2

Y= sec?x

y = (x + 2) cos® x

Example 1V (UNEB Question)
Solve the differential equation

dy
— 3)cotx = e™?*
dx+(y+ ) cotx = e~ “*cosec x
Solution
dy )
I + (y + 3) cotx = —e“*cosec x

dy )
a+ (cotx)y + 3 cotx = —e“*cosec x

d
% + (cotx)y = —e?*cosec x — 3 cotx
I = ecotxdx

fcosx x
] = e’ sinx

I = elnsin® — gjn x

:(sinx);i—z + (cosx)y = —e?* — 3 cosx
i(sinx y) = (—e?* — 3 cosx)
dx
fd(sinxy) = J.(—ezx — 3 cos x)dx
1
(sinx)y = —Eezx —2sinx+C

Example

A curve passes through the point (1, 0). The gradient of

the normal to the curve at any point (X, y) is
sec y — x tan y. Find the equation of the curve.
Solution
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% = gradient of the tangent
dx

Gradient of the normaln = — =

dy
dx _ .
& =secy —xtany

dx
d_y= —secy +xtany
dx
E—xtany: —secy

| = e—ftanydy

_fsiny
] = e ’cosy

I = eln(cosy)
| = eln(cosy)  — cos y

ax _ = —cpc? :
i xtany = —sec?y ............. (1)

Multiplying both sides of Eqn (i) by the integrating
factor
d

= cosy%—xsiny =-1

d
- =1
& (cosyx)

fd(cosy)x=f—1dy

xcosy=—-y+C
The curve passes through (1, 0)
>x=1y=0
(Dcos0=—-0+C
1=C
(cosy)x = —y + 1 isthe equation of the curve.

First order homogeneous equations
The function f(x,y)=x>-3x"y—bxy’+2y’ is a
function which is such that each of its terms is degree 3.

Such a function is said to be homogeneous function of
degree 3.

In general a homogeneous function f(x, y) is said to be a
homogenous of degree nif f(tx,ty) = t"f(x,y).
Once we have verified that the differential equation is
homogenous. We use the substitutions

Ly =vx |

Example |

Solve the following homogeneous equations.

a) xZZ—z=3x2+xy

d
b) xyd—izzxz—y2

zﬂ—x2+xy+y2

dx

2dy _ 2
d) 3x*—=—=y

C) x

Solution

2 4

dx
lety = vx

x = 3x% + xy

dy N dv
dx_v xdx

dv
= x? (v + x—) = 3x% + x(vx)
dx

dv
2 — .2
X (v+xdx) x*(3 +v).

dv
v+x—=3+4+v
dx

v=3lnx+c
v=Ind+c
Letc=Ink
v=Iné +Ink
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v2+vxd—v=1—v2.
dx
dv_ )
vxa 1-2v
v dx
f1—2v2 ) x

1

—Zln(l —2v?)=Inx+C.
1

—Zln(l —2v2) = In(xk).

1
In(1 —2v?)7% = Inxk.
1

— =xk.
(1-2v2)
1
_ 4
1_2v2—x A.
Butv =2,
X
1
=x*4
2y?
-=r
1
=>x2—2y2 x*A
X2
2
X
—
X2 =297 x*A
1 20,2 2
sz (x% —2y°)

where —=B
2dy _ 2 2
(c) x = X" txy+ys.
dy N dv
—=v+x—,y=vx
dx d
xz[v+x%j=x2+vx2+v2x2
dx

dv
x? (v + x—) =1 +v+v?)x2
dx
dv

— =1+v2
xdx

-[ dv _ dx
1+v2 | «x

tan"lv=lnx+C

tan™! (%) = In(xk)
i—/ = tan(In(xk))

y = x tan(In xk).

d
(b) 3x2d—z = y2,

y=Vx
dy dv
FrR
3x° (v+nyzv2x2
dx
3 v
v+ BxE =v
3xd—v =v?-3v
dx
3dv  dx
v2—3v  x
Consider.
3 3
v2—3v v -23)
3 A B

vw=3) v v=3
A(v—3)+ Bv =3.
Ifv=3,B=1
Ifv=0, -3A=3
A=-1.
3 -1 1

v(v—3)=7+v—3

3dv
fv2_3v=lnv+ln(v—3)

v
=>1n( )=1nxk.

v—3

= xk.

<

=n

v—3
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y = yxk + 3x
3
Y S 1 —xk
Example 11

Solve the following differential equations.

d
a) 4xy£ =3x2+y?

dy
b)) x—= — vy = 2 _ A2
)xdx y=4x?-y
dy 'y y
C)E—;+tan;.
Solution

dy
4 = 3x% + y2.
(a) Xy o x“+y

y =vx
dy dv
E—V-FXE

d
4xy£ = 3x2 4+ y?

av\ _ 5.2 2.2
= (4x)(vx) (v+xdx)—3x + vex©.

x2(4v) (v + xZ—Z) =x2(3+v?)

dv
4p? +4vxa= 3 + v?

4vxy =3-3v*
dx

4v dx

3(1-v?) x
4vdv

m=lnx+€

2
—§ln(3 —3v2%) =Inxk

1
In 5 | = In xk
(3 —-3v2)3
1
> = xk

3y2\3

(3-3%)
1 — x3k3
3x2 — 3y2\°
X2

1
9(x2 — y2)2
%+

x=A(9(x? - yz))2

=x34

(b) x5~y =/x? =2

(©)

y = vx.
dy dv
E—U-FXE

( dx
d
x<v+xd—Z—v)=x\/1—v2
v
dx
dv _%
1-v¥ X

sin"lv=Inx+ A

sin™! (X) = (In(xk))

X

% = sin(In(xk)).

y = x sin(Inxk).

24 tanZ

dx x x

_ dy 4 dv

Y= e TV T  ax
dv

(v+x—)=v+tanv.
dx

dv_t

xdx_ anv

dv _dx

tanv

X
cosv 1
f —dv = J.—dx
sinv x
In(sinv) = Inx + k.

Insinv = In xk.

sinv = xk
. (Y
Z) = xk
sin (x) x
Y sin~1(xk)
x

y = x sin"t(xk)
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Solve the following differential equations.

a) a)xy%+4x2+y2=0, y(7) =—

a
b) b) (x* —y?) Z=xy, y4) =2
d
) )+ =x-y, y3)=-
Solution
dy 2 2
(a)xya+4x +y* =0

dy dv
y = VX, — =v+x—
dx dx

dv
x(vx) (v + xa) +4x? +vix? =0

vdv _—dx
4 4202 x

1
Zln(4 +2v?)=—Inx+C

1 2y?
Zln 4+—2 =—lnx+C.

<4x + 2y?

4x% + 2y?

> ln +C
<4x + 2y?
1
2 %
2

) ln A.
=k
k
-7

4x% +2y% =
Whenx=7,y =
47+ 20T = X

204= K

72
k=294 x 49
k = 14406

14406
2 2 _
X<+ 2y = 2

Lety=vx
dy dv
E—U‘de—

(x* —vzxz)(v + x%) = X(vX)

2 v
@-v )(v+ x&)_v

f———dv—lnx+C

?v 2_Inv=Inx+c

1 [x?
——(—)—lnzzlnx+C
y b

21114—6
n—Ind=C

1
-2 - <1n§+1n4) =C.

—In2=2C
C =-2—In2.
1 (x? y
—=|—=]—-In==Inx—-In2-2
2()/2) n>=Inx—In
1 (x? y
2—5 F =1n;+ln(x)—1n2
4y? —x? y
———=1In x —1n(2)
2y2 ()
2 _ 2
4y 2x :In(l)
2y 2
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4y? —x? =2y%In (%/)

© G+»ZE=x-y, yB)=-2.

(
x(1+v)(v+x£)=x(1—v).

x%: 1+v
J‘ -1+v) dx

v2+2v—1= x

1
—Eln(v2+2v— D=Inx+C

2 x2
x
In =(lnx)+C
Vy? + 2xy — x?

x — f—
IHW—IH(AX) FOfC—InA,
X _ A
«/yz—ny—xz

1 A
¢y2_2Xy_X2

1

Z=w/y2—2xy—x2.

k =.y%—2xy—x2
When x =3

y==2.

K=+4-2(-6)-9

K=+v16 -9

K=+7

V7 =y — 2xy — x2

7 =y%—2xy —x?

Example IV

Solve the following differential equations.
dy 2x+y-—-2

4 dx  2x +y+1

dy
b)(x+y)a=x+y—2

dy x—y+1
dx x—y+3.
Solution
dy 2x+y-2
@ Y_X+ry--
dx 2x+y+1
Let 2x+y =12z
2dx +dy =dz
dy dz
24+ —=—
+dx dx
d d
Y_ ()
dx dx
dz z—2
= ——-2=
dx z+1
dZ_Z—2+2
dx z+1
dz  z—-2+4+2(z+1)
dx z+1
dz_ 3z
dx z+1
+1
(z )dz=3dx

[ {1+ = [0

z+1Inz=3x+C.

2x+y)+In2x+y)=3x+C.

(b) G+y)Z=x+y—2

dy x+y—2
dx x+y
letz=x+y.
dz =dx + dy.
dz dy
=142
dx +dx
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dy (dz 1)
dx  \dx

<%_1)=z—2

dx z
dz z— 2
== (5+1)
dz z—2+z
dx z

dz 2z—-2
dx  z

z
2Z_2dz=dx

2 _dz=|2d
fz—l Z_f X

1
f1+ dz=2x+c
z—1

z+In(z—-1)=2x+C

x+y+hn(x+y—-1)=2x+C
Inx+y—-1)=x—-y+C

eX IVt =x+y—1
e¥Ve‘=x+y-1

Ae* VYV =x+y—-1

dy x-y+1
© Z=in

dx x—y+3
Z=x—Yy.
dz = dx — dy.
dz dy
dx ~ dx
dy_,_ &
dx dx
dz z+1
_a=2+3

z+1 dz
1_(z+3)=a
(z+3)—z—-1 dz

z+3 :E

2 dz

7+3 dx
2dx = (z+ 3)dz

42
2x=7+32+(].
_(x—y)?

2
X 2

+3(x—y)+C

dx=x2-2xy+y*+6x—6y+A
K =x?+y?—2xy+2x—6y

Application of differential equations (modeling) in
differential equations

We can now move into the application of differential
equations both in class and in general. Almost all the
differential equations that you will use in your job (for
the engineers and their audience) are there because
somebody, at a certain time, someone modeled a
situation to come up with a differential equation that
you are using. First order differential equations can be
applied to real world systems.

=

Newton’s law of cooling

Population growth and decay

Radioactive decay and carbon dating.

Mixture of two salts solution.

Salt solutions

Series circuits.

Draining tank

Economics and finance

Mathematics policies

Men and women

Drug distribution in human body.

. A pursuit problem harvesting of renewable
natural resources.

©ooN kWD

ol
= o

[y
N

Radioactive decay and carbon dating

Example 1

The rate at which a radioactive nuclei decay is
proportional to number of such nuclei that are present in
a given sample. Half of the original number of the
radioactive nuclei has undergone disintegration in the
period of 1500yrs.

a) What percentage of the original radioactive nuclei
will remain after 3000yrs?

b) In how many years will one tenth of the original
number remain?

Solution

dN N
—
dt

dN
E = —kN
dN
IW = f —kdt.
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InN = —kt + C.

att =0,N =N,

InNg =—k(0)+C

C =In(Ny)

InN = —kt + In(Ny).
InN —InNy = —kt.

()= ke

No
N
ekt —
No
N = Nye k¢
When t = 1500, N = %
No
— =N —k(1500)
2 T~ ho¢
1
— — ,—1500k.
2 e
1
In> = ~1500k.

K=+, (1)
~ 1500 "\2/

= N= Noeﬁm@)

When t = 3000.
3000 1
N = Noem‘“(i)

1
N — Noezll’lz

N =N, e‘“(%)
Ny
N=7
No

Percentage = - x 100 = 25%.
0

(b) N = NyewsnG)
When N =&,
10

& = Noeﬁ]n(i)
10

1 ema()
10

1 t 1
In —j =——In (—j
10) 1500 (2

t = 4982.892 years

Example 11

A radioactive substance disintegrates at a rate
proportional to its mass. One half of a given mass of a
substance disintegrates in 136 days. Calculate the time

required for g of a substance to disintegrate. If the

original mass of a substance was 100gm, calculate the
mass after 34 days.

Solution

dm
— .
ac o

dm
— = —km.

dt
dm

-f— = | —kdt
m

Inm = —kt + C.
Whent=0, m=m,.
Inm, = —k(0) + C.

C =Inm,
Inm = —kt +Inm,

Inm —Inmy = —kt.

m
In (—) = —kt
my

m
ekt —

mo
m = mge KL,
mo

When t = 136 days, m = -

m _

M me K(136)

2

1

— — ,—136k

2 e

In% =136k

k=1 (1)

136 "\2

k= — 1 (1)

-~ 136 °\2)

For gmo to disintegrate,
1
m = _mol

8
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136( )

(in3)

t = 408 days.

Example 111

Radioactive isotope has an initial mass 200mg, two
years later, its mass is 50mg. Find the expression for the
amount of isotope remaining at any time.
Solution

dm

— X m.
dt

dm

dm
ey
m
Inm = —kt+ C.

Whent=0,m=m,
Inm, = —k(0) + C.

C = In(my).
Inm = —kt + Inm,
Inm—Inmy = —kt
m
In (—) = —kt.
Mo
m
ekt —
mg
m = mge Xt
my = 200.

m = 200e k.
whent = 2,m = 50mg.

50 = 200e %
1

= o2k
()= -2
n 2 =

Newton’s law of cooling

It states that the rate of heat loss from the body is
directly proportional to the difference between the body
temperature 6 and the temperature 6, of the
surrounding air.

d6 x (0 —6,)

dt 0

6 _ k(6 — 6,)

dt 07
Example |

A hot body at temperature of 100°C is placed in a room
of temperature 20°C. Ten minutes later, its temperature
is 60. Write down a differential equation to represent
the rate of change of temperature 6 of a body with time
t. Determine the temperature of a body after further 10
minutes.

Solution

do x (6 —20)
dt

deo
— = —k(6 —20)

f(9—20) [ ~a

In(6 — 20) = —kt + C.
Whent =0 6 = 100.

In(100 — 20) =C

C =1n80.

In(6 — 20) = —kt + In 80.

In(6 — 20) —In80 = —kt

1(9—20)_ it
"T8o /7

6 —20
80
6 = 20 + 80e 7k,
Whent =10, 6 =60
60 = 20 + 80e 10k

1
— = p—10k

2
1(1)— 10k
n\3)=

K=" (1)
~ 70 "\2

ekt —
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t 1
9 = 20 + 80e10("2)
After further 10 minutes, (t = 10 + 10)
t =20 min
20 1
9 = 20 + 80e10(2)
1
9 = 20 + 80¢2""(2)

1
9 = 20 + 80¢"(@)

0 =20+ 20
6 = 40°C.
Example 11

At 3:00 pm, the temperature of a hot metal was 80°C
and that of the surrounding 20°C. At 3:03 pm the
temperature of the metal had dropped to 42°C.

Write a differential to represent the rate of cooling of a
metal.

Solve the differential equation using the given
condition.

Find the temperature of a metal at 3:05 pm.

Solution
deo
o o« (60 —20)
ao
i —k(6 — 20)

[ [ kae
0—20 '

In(6@ — 20) = —kt + C.
Whent =0, 6 =80
In(80—-20)=0+C

C =1n60.

In(@ — 20) = —kt + (In60)
In(@ — 20) — In 60 = —kt.

1(9—20)_ Kt
"0 /T

6 —20
60
0 = 20 + 60e k¢,
When t = 3 minutes, 6 = 42
42 =20 + 60ek®)
42 =20 + 60e~3k
22 = 60e3k,

ekt —

t, (11
6 = 20 + 60e3™(0)
when t = 5 minutes.

5 11
9 = 20 + 60e3™(0)
6 = 31.3°

Example 111

A police patrol on Kampala Jinja road found a dead
body of a man lying in the middle of the road at exactly
7:00am and its body temperature was 30°c, 10 minutes
later the police surgeon measured the body temperature
and found it to be 28.5°C. If the normal body
temperature is 37°% estimate the time at which the man
was Killed given the temperature of the surrounding air
is 25°C.

Solution
dao
— — 25).
7 x (0 5)
o _ k(0 — 25)
dt

do
f—(e_zs) =f—kdt.
In(6 — 25) = —kt + C.

Whent =0 6 = 30.
In(30 — 25) = C.

C =1In5

In(6 — 25) = —kt + (In5)

1 (9—25)_ Kt
n 5 = .

6 — 25

5
0 = 25 + 5e7kt,
Whent =10 6 = 28.5
28.5 = 25 + 510k

okt —

3.5 = 5e~10k
35
10k _ 22
€ 5
35
10k _ 2>
¢ 50
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k=—1 (7)
=~ 710 "\10/)

t 7
8 = 25 + 5¢10 "o
Before death, 8 = 37
t 7
37 = 25 + 10"(70)

12 = 5e1_toln(%)

| 12_ tl 7
" =110
101n15—2
t= == —24.54 minutes
ll’lﬁ
~ —25 minutes
7: 00
— 25
6:35am

So the man was killed at around 6:35 am.

Population growth rate and decay

Example |

a) Bacteria in a culture increase at a rate proportional to
the number of bacterial present, if the number
increases from 1000 to 2000 in one hour. How many
bacteria will be present after one and half hours.

b) How long will it take for the number of bacteria in a
culture to become 4000.
Solution
dx

— X X.
dt

dx_
dt

dx
[y
X

Inx =—kt+C
Whent= 0, x =1000

In1000 = C.

Inx = -t +1n1000.

(Inx —In1000) = —kt

In (ﬁ) — —kt

—kt _ _*
1000

—kx.

e

x = 1000e~*¢
Whent=1, x = 2000

2000 = 1000e~*

2 =e k@)

(In2) = -k

k=—(In2).

x =1000e "2
When x = 4000, t = t;
4000 = 1000et1(n2)

4 = et1n2)
(In4) =t;(In2)
_ In 4

1" 2
2 hours

Example 11
On 1% January 2015, Kidepo national park had 25 lions
and 60 antelopes, the lions feed on antelopes. The rate
at which antelopes are eaten besides dying natural death
(natural circumstances) is proportional to a sum of 5
and the number of antelopes present. On 30" June, 40
antelopes are present.
Form a differential equation and solve it.

b) How many antelopes are in a park by 15

September 2015.

Solution

x = number of antelopes present

dx

EOC (.X+5)
dx

E= —k(5+X)

f x__ f —kdt
54+x
In5+x)=—-kt+C
Whent=0, x =60
In(5+60) = —k(0)+C
In(65) = C.
In(5 4+ x) = —kt + In(65)
In(5 + x) — In(65) = —kt.

| (5+x)_ it
n 65 = .
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_kt=5+x InP=—kt+1InP,

e
65 InP—InPy = —kt
X = 65e7kt —5 p
When t = 6 months, x =40 In (P—O) = —kt.
40 = 650 — 5, e p
e = —
45 = 65e~°k, P,
s P = Pye~*t.
= g6k 0
13 P
9 Whent=4, P=-2
In (—) = —6k 3
13 P,
K 1l (9 :?:poe—ztk.
e E) .
t. 79 =tk
= _]n(_) 3
X = 65e6 \13/ — 5 1
On 15" September 2015, t=8.5 In (_) k.
85, (9 3
— T3 "\3)

x = 33.6 antelopes.

Example 111 When p= 2%

100
A research to investigate the effect of a certain chemical 5 :
on virus infection crops revealed that the rate at which
the virus population is destroyed is directly proportional

. R . 5 tin(d
to the population at that time initially the population — = e41n(3)'
. 100

was P, at t months later it was found to be P. c A
a) Form a differential equation connecting P and t. lnm = Zln (§)

Given the virus population reduced to one third of 5

the initial population in 4 months. L 41n (m)
Solve the differential equation above: In (%) _

b) Find how long it would it would take for only 5%

- . . t = 10.907 minutes
of the original population to remain.

c) What percentage of the original virus population P=Poe%'"%
. 1
will be left after 2~ months. Whent= 21,
Solution 5ind
4 P=Pe"™
ep x P. P
dt = ExlOO
d 0
w_
dt SYRLE
dp = 2 %100
f— = f —kdt. P
p
InP = -kt + C. =0.50328 x 100
Whent=0,P =Pg =50.328%
InP, =C. Example IV
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An athlete runs at a speed proportional to the square
root of the distance he still has to cover. If the athlete
starts running at 10ms~! and has a distance of 1600m
to cover. Find how long he will take to cover that
distance.

Solution
Assume the athlete has covered a distance x.

| Distance covered Distance he still has to cover
|< X >« 1600-x ————>

dx
— xv1600 — x.

dt
dx
E = —kvV1600 — x.

dx
— = | —kdt.
f V1600 — x f

Consider.

dx
| =
let u = V1600 — x.
u? = 1600 — x.
2udu = —dx.
dx = —2udu
dx —2udu
f V600 —x j u
=-2u+C.
= —2v1600 — x.

dx _
\/1600—x_f dt.

—2\/1600—x =—Kt+C oo (D)
From % = —k«/1600 —X

Whenx =0, % =10
dt

10 = —kv1600 — 0.
10 = —40k

From [

k=—-
4

From Eqn (1), —2/1600— x :%HC
Whent=0,x=0
1
—2v/1600 -0 = ZX 0+C.

—80 = C.
1
—2v1600 — x = Zt — 80.

Example V

A boy starts to sip a 900ml from a bottle at a rate of
10cm®min. Given that the rate of consumption is
inversely proportional to the square root of the volume
of soda remaining at time t. find the time he takes to

empty the bottle.

Solution
dv 1
dr * V500 -7
av - -k
dt — \900 -V

f (v/900 — V) dv = f —kdt.

f(\/900 —V)dv=—kt+C.

Consider [+/900 — v dv.
Let P =+/900 — v
P2 =900 v
2pdp = —dv.
dv = —2pdp.

f\/900—v dv=f—2P2dp

= Zpigc
= _

=2

= =~ (v900—v)’

From [+/900 — v dv = —kt + C.
%2(«/900—v)3 — kt+C

Whent=0,v=0
2
-5 (¥900)° = .
¢ = -18000

2
= (V900 = v)” = —kt — 18000.
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From & = 10cm*minute
dt
Whent=1min,v=10
2
—5(\/900 - 10)3 = —k(1) — 18000
~2(v890)” = —k - 18000

2
k =2 (V890)" - 18000

= %2(\/900:—v ) = (%z(ﬁ ] +18000jt ~18000
Whent=t;, v=900
0= (%2 (v890)” + 18000) t; — 18000
18000 = (18000 —%(@)3) t
~ 18000

= > -
18000 — 3 (v/890)
t=60.167

Example VI

A rumour is circulating in Kampala town that Besigye
has been arrested at a rate which is proportional to the
product of people who have heard it and that of those
who have a not heard it. Given that x is a fraction of the
population of the town who have heard the rumour after
time t. Form a differential equation connecting x, t and
k.

If initially a fraction C had heard the rumour deduce
¢
C+(@1-Cle™

Given that 15% had heard the rumour at 9:00a.m
another 15% by noon. What fraction of the population
would have heard the rumour by 3pm?

that: x =

Solution
dx
I o« x (1 —x).
dx
E = kX(l - x).

Note: If x is a fraction of the number f people who have
heard the rumour then the fraction (1 — x) have
not heard the rumour.

[ [

1 _A+ B
x(1—-x) x 1—x

A(l1—x)+Bx =1.

Ifx=1,B =1.
Ifx=0,A=1

1 _1+ 1
x(1-x) x 1—x

1 1

:>f—+ dx =kt+ A
x 1-x

Inx —In(1—x) =kt + A.

=kt + A.

ln1

Whent=0,x=c

1L_C)=A.

X
In (10_ x) — kt

1-c¢

x(1—10¢)
nc(l—x):
_x—xc

kt.

ekt

Cc—CX.

kt_X—XC

et =
cC—cCx.

kt k

cekt —ceft x = x — xc.

cekt = x — xc + cektx.
x(l —c+ cekt) = ceXt,
B Cekt

1-c+ce"

Cekt (e—kt)
[@-c)+e“](e™)
c

T (l-c)e k4 ¢

c

X

X

:>——kt
c+(l-c)e

c=0.15

0.15
X e —
0.15+0.85¢™

When t = 3hrs, x =0.3
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0.15

03 = 015+ 0850

0.3 1

0.15  0.15 + 0.85e 3k
1

2 =
0.15 4+ 0.85e73k
1=03+1.7e3k

0.7 = 1.7¢73k
7

L -3k
17 ¢
in(2) = -3
"17)°

=1 (7)
~ 3 "\17

From Eqn (1), x= 0.15

i.n[lj
0.15+0.85e* \V/
When t = 6hrs, x = 0.51

The fraction of %will have heard the rumour by

3:00pm

Example VII

The rate at which a disease spreads through a certain
community is found to be directly proportional to the
fraction x of the community infected after t month but
inversely proportional to the fraction not yet infected.
Set up a differential equation connecting x and t. Show
that the general solution to the equation can be
expressed as e*t = Axe™™, where k and A are
constants. When first noticed one half of the community
was infected and by this instant the disease is spreading

at a fraction % per month

Show that the particular solution to the differential
equation is et = 16x*e?™%*,

Find how long (in days) from the instant it was first

noticed, it takes the community to be completely
infected given that a month has 30 days.

Solution
Let x be fraction of the community infected.
1 — x = fraction of the community not yet infected.

dx X
—
dt 1—x

dx_ kx
dt  1—x

1_

( x)dx=fkdt
X

1
f——1=kt+C.
X

Inx —x =kt +C.
Inx =x+ kt+C.

log,x =x + kt + C.
kt,x ,cC

ekteXef = x
X

et = eXeC

ekt = e~Ce™¥x

lete ™ =A

ekt = Ae *x.

ekt = Axe™*.

Whent =0, x=%

A

==
A=2¢”
= e =2xe” e

From % = —kX
dt

k—x

When first noticed, x=0 = —

=t = _
—e+ = 2ezxe”*

1.\% 1

-t = _
(e4 ) = (262xe
el = 16e%x%e**
et = 16x*e?™**

To be completely

')

4

dx
dt

1

4
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x=1

e' =16x‘e* "

e' =16(1)"e*™

e' =16e™

t = In(16e?)

t=In16+Ine?

t=In16-2

t = 0.775 months

t =23.18 days
Example VIII

The number of car accidents x in years on the high way
was found to approximate to % = kx where t is the

time in years and k is constant. At the beginning of
2000, the number of accidents was 50. If the number of
accidents increased to 60 at the beginning of 2002.
Estimate the number that was expected at the beginning
of 2005.

Solution
dx
= kx.
dx
j [ kae
Inx =kt+C.
Whent =0 x = 50.
In50=0+C
C =1n50

Inx = kt +In50.
Inx —In50 = kt.

x

In (50) kt.
x
log, 0" kt
x

ekt — =
x = 50ekt,
whent = 2yrs, x = 60
60 = 50e2k,
o

6
In (g) =2k

vl o

)

In(3)

Nlb—\

)

x = 50e
Whent=5yrs

Eln(é) .
x = 50ez "\s/ = 78.87 accidents

Example IX

The population x of Kampala town follows a logistic

model %:ix—ixz,
dt 100 10°

measured in years. Given that the population of the

town was 100,000 in 1990. Determine the population as

a function of time (t).

where t is the time

In what year does the 1990 population double?
Assuming that the given differential equation applies
for t > 1990, how large will the population ultimately
be?
Solution

dx

1oL
108

= dt
100*
108
106x — x2
108 108 A B
106x — x2 =x(106—x) =;+m
A(10° —x) + Bx = 108
If x=0, A=100
If x = 10°, B = 100
100 100 dx B f i
AT

100(Inx) — 1001n(106 —x)=t+C.

dx =dt

100 (1n x) =t+C.

X
106 —
When t = 0, x = 100,000

1001 )
"\106 = 100,000

(500000
1001n(9
(
(e

000)

1001n

NeR

)=

100 1n 06 —

1
)_ t+1001Ing

[N
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100In—=—~1001n (lj
10° — x 9

9x t
106 —x _ 100.
_t 9x
el100 = —106 g
For the population to double, x =200,000, t=t;
eﬁ _ 9 x 200,000
800,000
1800000
800000 )

In

t= 1001n<

t=81lyrs
1990 + 81 = 2071 yrs.
eﬁ _ 9x

106 — x

t t
10%eT00 — ¢T00x = 9x.

t t
10%eT00 = 9x + xe100

¢
10%e100
X=—""7
9 + e100
106
X=—F—"
9e 100 + 1
106
X=—_t
1 + 9e100
Ast — oo, x =1—06
1+0
x = 10°

Example X

An inverted cone of radius 9cm and height 18cm is
initially full of water. The water starts to leak through
the vertex at a rate proportional to h" where h is the
depth of water remaining and n is a constant. Given that

the depth decreases at a constant rate of %cm/s.
Find the:

i) The value of n.
i) The time taken to empty the cone.

iii) The time taken for the volume to decrease from

1 1 . ..
EVO to EVO where V, is the original volume

Solution

dv dh o
dh dt

The negative sign shows you that as time increases, the

volume of water reduces

Lo 2o g
4™ 3T
k="

12

1 2 n
Enh =kh
n=2

dh -1

dt 3

0 t;
fdh_ f 1dt
= 7 dt.
18

ty
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0

=§1<t>

18

t

h

b

1
—54=—(t - t1)
54’ = tz - tl
=54 minutes are taken to empty the bowel

V= ! h3
—Eﬂ.’ .

Vo = ! 183
o—ﬁﬂ( )

V, = 4867
V, = 4867
1

%Vo = % X 4861 = 60.75.

243 _ 1! h3
7I—127I .

2916 = h3
—h = {2916.

60.75 —1 h3
751 = 5 m

729 = h?.
9=h
dh -1

dt 3
9 ts

1
f dh = '[ ——dt.
32916 t 3

1

9 t,

—

32916
1
(9—32916) = —§(t2 —t;)

t, —t; = 3(9 — ¥2916)
= 15.859 seconds

1

Revision Exercise

1. Form differential equations by eliminating the

arbitrary constants A, B and C.
@ y=x+2
X

(b) y=xInx + AX
(c) y*=Acosx
@ y=x*
() y=Acosx+Bsinx
(f) y=Ae*+ Be*
(9 Y=A¢+Bx+C
(h) y=(Ax+B)e*+C
(i) y=3x"+Ax
M y=2

X
(K) y=4¢-A
M y=Are"
Solve the following differential equations giving in
terms of x

(a) %+ y?> = 12x, when x = -2, y = 30
X

(b) dy =y’ whenx =3,y=-1
dx

(c) 3y2% =2x+1,whenx=2,y=2
X
(d) (cosy)ﬂ = x’cosec?y; when x=1, y:l—1
dx 2 2
(O] xg—y =2:x>0andwhenx=1,y=-3
X

()] xﬂ =2+ﬂ:x>1andwhenx=2,y=1
dx dx

(9) % =4xy;whenx =0,y =4
X

Solve the following differential equations giving y
in terms of x

(a) ﬁ=3x2+1
dx
(b) y:cosl/zx
dx
() x Y =1
dx
(d) (x—1)ﬂ=x+1
dx

(e) a cos?y
dx
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10.

11.

12.

13.

14.

15.

Use the substitution y = uv where v is a function of

X to solve x% = 2x -y, stating:
X
() the general solution and
(b) the particular solution for whichy =5 when x = 1

Use the substitution 4x + y = z to solve % =4x +
X
y given that y = 2 when x = 0.
Use the substitution y = uv where v is a function of
2 2
X to find the general solution of ay L
dx X(x+Yy)

2x — 3y to solve

Use the substitution z =
(2x—3y+3)%:2x—2y+1 given that y = 1
X

when x = 1.
Use the substitution y = uv where v is a function of
x to find:

(@) the general solution of x* —y? + 2xy% =
X
(b) Find the particular solution for which y = 4
when x =2

Use the substitution y = uv where v is a function of
x to find the general solution of (x — ) % =2X+y
X

By substituting x = X —1and y =Y + 3, reduce the
equationﬂ :M to a
dx 2x+y-1

homogeneous equation and hence find the general
solution in terms of x and y.

differential

Use the substitution y = 1 to solve the differential
z

dy

2 2

a7

Use the substitution y = uv where v is a function of

x to solve the differential equation x%
X

equation x

_y:

x°cos X
Use the substitution y = vx* where v is a function

of x to solve the D.E x% —2y=X
X

If z = xe’, where y is a function of x. Find an

. dz . .
expression for g Hence find y in terms of x
X

given that xe’ g—y+ey =2x and that y = 0 when x
X

=2.

Solve the following differential equations, subject

to the given conditions.

16.

17.

18.

19.

20.

21.

22.

(a) d—y-(x+1)2: y=0andx=2

dx_
o Yo L swhenx=3
dx J(2x+3)
dy _

(c) secx— =x: y=0whenx=m
dx
2, dy
(d) (x+y)d—=2x:y=0Whenx=-1
X

dy vy*-1

Solve the differential equation = ,
dx 2tanx

given that y = 3 when % . Hence express y in terms

of x.
Find the general solution of the differential
. dy yo .
equation — =-—————in the region x > 2.
dx (x*—x-2)

Find also the particular solution which satisfies y =
1 when x = 5.
Find the solution of the differential equation

dy _sin®x
dx  y?

which also satisfies y = 1 when x = 0.

. ) . . . d
Find the solution of the differential equation xd—y=
X

3x—2y. Forx>0giventhat y = % when x = 1.

Find the general solution of the given differential
equations expressing y in terms of x in each case.

@ 3L .1 0 Y = oxy
dx dx
dy Vei dy _
— = d —J =Xy
(© ix e’sin x (d) ix e
(e d_y =Xsecy
dx

Find the expressions for y in terms of x

(a) ng—i -y*=0; y=-1whenx=1
ay

(b) d +2xy=0; y=5whenx=0
X

(© cotxd—y =y;y=2whenx=0
dx
(d) ﬂzxe’zy;y=0whenx=0
dx

Find the general solutions of the given differential
equation expressing y in terms of x.
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23.

24,

25.

26.

27.

28.

(a) (1-%) —gy = xy
X
(b) (1) —3y = (¢ + 1)y
X
(©) —jy = (1 +y)
X

(d) eyj—y + 2x = 2xe’
X

Find y in terms of x given that ezxyg—y+2x =0
X

and thaty =1 whenx =0

Find y in terms of x given that xy%z y> -9
and that y = 5 when x = e”.

At time t, the rate of increase in the concentration
C of a micro-organism in a controlled environment
is equal to k times the concentration, where k is a
positive constant when t =0, C = Co. write down a
differential equation involving c, t and k. Hence
find ¢ in terms of Co, t and k. Find also in terms of
k the time at which the concentration has increased
by 50% from its value att = 0.

A body is kept in a room of constant temperature.
The temperature of the body falls at a rate of k¢<C
per minute, where k is constant and © is the
difference between the temperature of the body
and that of the room at time t. Express this
information in form of a differential equation and

hence show that @=@,e™, where 6, is the

temperature difference when t = 0. The
temperature of the body falls 5°C in the first
minute and 4°C in the second minute. Show that
the fall of temperature in the third minute is 3.2°C.
A rectangular tank with its base horizontal is filled
with water to a depth h at time t = 0. Water leaks
out of the tank from a small hole in the base at a
rate proportional to the square of the depth of the
water. If the depth of water is %h at t, find the
further time it will take before the tank is empty.

A radioactive substance decays so that the rate of
decrease of mass at any time is proportional to the
mass proportional at that time. Denoting by x the
mass remaining at time t, write down a differential

equation satisfied by x. Show that x = xoe’kt where

X, 1S the initial mass and k is a constant. The mass
is reduced to 4/5 of its initial value in 30 days.
Calculate, correct to the nearest day, the time
required for the mass to be reduced to half its
initial value. A mass of 625 milligrams of the
substance is prepared. Determine the mass which
is present 90 days after the preparation.

29.

30.

31.

32.

33.

According to Newton’s law, the rate of cooling of
a body in air is proportional to the difference to the
difference between the temperature T of the body
and the temperature T, of the air. If the air
temperature is kept constant at 20°C and the body
cools from 100°C to 60°C in 20 minutes, in what
further time will the body cool to 30°C?

Two liquids X and Y, are flowing into a trough at
the same constant rate of 10 and 20 litres per
minute respectively. The liquid in the trough is
stirred continuously and pumped out at the rate of
30 litres per minute. initually, the trough contains
200 litres of X and 100 litres of Y. after t minutes,
the tank contains x litres of X. By considering the
change in x in a small interval of time &t, show that

%=10—i. Hence find an expression for x in
dt 10

terms of t. Find correct to the nearest litre, the
quantity of liquid X in the trough after 10 minutes.
After how long to the nearest second will there be
less of X in the mixture than liquid Y?

In a certain chemical reaction in which a
compound X is formed from a compound Y, the
masses of X, Y present at time t are x and y
respectively. The sum of the masses of X and Y is
a, where a is constant, and at any time the rate at
which x is increasing is proportional to the product
of the two masses at that time. Show that
dx

i kx(a—x) where k is constant. If _datt=
t 5

0and y—2 att=1In2, show that , _ 2.

2 a
A plant grows in a pot which contains a volume V
of soil. At time, t, the mass of the plant is m and
the volume of soil utilised by the roots is am,
where a is constant. The rate of increase of the
mass of the plant is proportional to the mass of the
plant times the volume of soil not yet utilised by
the roots. Obtain a differential equation for m, and

verify that it can be written in the form
d 1 o )
V—=—+ , Where B is a constant.
B dn m V-—am B

The mass of the plant is initially X—a. Find in

terms of V and 4, the time taken for the plant to
double its mass. Find also the mass of the plane at
time t.

At any instant, a spherical meteorite is gaining
mass because of two effects (i) mass is condensing
onto it at a rate which is proportional to the surface
area of the meteorite at that instant, (ii) the
gravitational field of the meteorite attracts mass
onto itself, the rate being proportional to the
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meteorite mass at that instant. Assuming that the 11 v X
two effects can be added together and the - Y= (1+kx)
meteorite remains spherical and of constant 12

density. Show that its radius r at time t satisfies the |5 yy::klz(xj_x)f nx
: : o dr '
differential equation ~= = A+Br, where AandB Xey%+ey; y= In[x—gj
are constants. If r = r, at t = 0, show that X X
1
r=re® + 2" 1), 15 @ y=3(+)°-9 () y=1+|(2x+3)

() y=xsinx+cosx+1
d) y=Ini@+x%)

Answers .
16. :2+s!nx
1. (@) xﬂ 2X—Yy (b) xﬂ 2y + X 2-sinX )
dx % X+1 X+l
dy dy 17. e —A( —2) 2e :—X—Z
(c) Z&ertanx:o (d) xlnx&zylny
. 1
2 3 2 18. 4y*=6x—3sin2x+4 19, y=X———
@) d ¥+y 0 ) M_ M a_, 4x*
dx dx®*  dy? "X ) %
20. (@) y=(X"—x+¢)
(9) dy d’® ay yM= 1
dX dx? dx® (b) y:(c—3x2) (c) y=-—In(cosx+c)
2
() dy Ay dy d) y=InEe*+c) () y=sin‘(Ex*+c)
dx* dx*  dX X )
21 (@) y= b) y=5e"
(i) x%:3x2+y () x%+y=0 @y 1-2x) ©)y
1 /.2
=2 d == 1
® ﬂ:&( n ﬂ=2xy (c) y=2secx d vy 2n(x +1)
dx dx x
1 2 @ y= Ae”” (b) y=w
2. (@) y=6x"-4x-2 (b y=5— 1-x) (x+1)
; % (c) y=tan(e*+c) (d) y=|n(1+AeX2)
© y=("+x+2)" (d) y=sin™ (X3+§) 23. y=e"J(2x+1)
_ 2
© y=2Inx—=3 () y=2In(x-1)+1 24y = (INx)*+9]
@ y=4e* 25. %—?:kC, C=C,e", t=%|n%
3. (@) y=x*+x+c (b) y=2sinix+c do
26. — =-k@ 27. (1++2)t
© y=ix*+In|x|+c (d) y=x+In(x-1)7°+c dt A++2)
(e) y=tan"(x+Kk) 28. %:—kx,% days, 320 mg
4. (a) y:XJré (b) yzx+ﬂ 29. 40 minutes
X X Ax 30. x=100(1+e™); 137 litres; 6 min 56 sec.
5. y=6e"—-4x-4 6. y:xln{ | |2} 32 tzln_3_ Mo V
x=Y) Y a(l+3e'")

7. 6x2+9y? = 12xy + 18y —6x — 9
8. (8 ¥ +y*=Ax (b) x*+y*=10x

In(y? +2x%) — 2tan’l($) =A
10. (y—x—4)>(y+4x+1)°=A

©
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