LOGARITHMS

A logarithm of a number to base x is the power to which x
must be raised to give a number e.g.

x=a"* =>a=log, m
The following 3 statements are equivalent

(i) 16 = 2* and log, 16 = 4

(i) 27 = 3% and logs27 = 3

(ili) 64 =8%andlogg 64 =2
Logarithms appear in all sorts of calculations in
engineering and science, business and economics. Before
days of calculators, they were used to assist in the process
of multiplication by replacing the operation of

multiplication by addition similarly they enabled the
operation of division to be replaced by subtraction.

Laws of Logarithms
(1) loggx +log,y = log,xy
(2) Ioga X_Ioga y: Ioga (ﬁj
y

(3) logyx™ = mlog,x
4) log,1=0
(5) log,b = iZZ—CZ (Change of base law)

Example I

Prove the following laws of logarithms
(1) loggaxy = logyx + log,y
(2) loga’, = logax — logay

(3) log,x™ = mlog,x

(4) logab = Z:%Z
(5) logab =1~
Solution:
(1) Suppose x =a™ and y =a™ then -equivalent

logarithmic forms are

logex =nandlog,y =m
Using the first rule of indices,

xy =a"xa™

xy = q"tm
Now the logarithmic form of the statement
xy =a"t™islog,xy = n+m,

butn = log,x and m = log,y

Putting this result together we have:

log,xy =log,x + log,y

Therefore, log,xy =log,x +log,y (as required.)

(2) For log, x—log, y =log, [5)
y

Suppose x = a™ and y = a™ with equivalent respective
logarithmic forms

log,x =nandlog,y = m.

X n m
—=a" " ~a

y

=g m

X

y

log, <£> = log,a™™
y
X
log, (;) =n—-m
X

log, (;) = log,x — log,y

X
log,x —log,y = loga;

~ log, (g) = log,x — log,y as required

(3) Forlog,x™ = mlog,x
Suppose x = a™ or log,x = n.
Suppose we raise both sides of x = a™ to the power
m
XM = (an)m

Using the rules of indices this can be written as;

xM = ghm
Thinking of the quantity x™ as a single term, the
logarithmic form is

log, X" =log, a™

m
log, x" =nmlog, a



log, X" =nm
mlog, x™ =m(n)
log, x" =mlog, a

(4) For log,b = 292

log.a

Letlog,b =y

Introducing log,. on both sides of equation (1)

log.a’ =log. b
ylog. a=1log b
_log.b
log. a
_ logcb
log,b = Togca
_ 1
(5) Forlog,b = Tooch
Lety = log,b
b=a¥

logyb = log,a”
logyb = ylog,a

_logyb
~ logpa
1
y= logya
ol b =
9a log,a
Example 11
Solve log; x+2log, 5=3
Solution
log, x+2log,5=3
But log,5 = Togox
ol =
0gsx + l0gex
Let logsx =m
2
m+—=23
m

m?+2=3m
m?—-3m+2=0
m-1)(m-2)=0
m=1landm=2
Since logsx =1,

~ 5l=x

log, x=2

52 = x

x =25
~x=50rx=25

Example 111
Solve log,x — log,8 = 2
Solution:
log,x — log,8 = 2
log,8
log,x — logox
log,23
log,x — log,x
3log,?2
log,x — log,x
3 —
log,x — logyx
Letm=log,x
3
m——=2

m
m?—3=2m
m?2—-2m—-3=0
m-3)(m+1)=0
m=3m=-1
log,x =3

23 =x

x=28

logox = -1

27l =x

X =

N =

Example IV
Solve for x: 3logz x — logx2 = 2
Solution

3logz x —logx2 =2
1

log,x

Butlog,2 =

= 3l — =2
0g2% log,x

Letlog,x =y
3y ——=2
Y y
3y2—-1=2y
3y2-2y—-1=0
3y2-3y+y—-1=0

3y-D+1(y—-1) =0



By+Dy-D=0
1
= —— =1
y 3’y
Since log,x =y

~log,x = —3
_1
23=x
log,x =1
2l =«
Example IV
Solve In(6x — 5) = 3
Solution
In(6x —5) =3
log.(6x—5) =3
. e3=6x-75
6x=e3+5
_e*+5
=6
_e*+5
*= 7%
Example V
Prove that logex = 1?1?;—39;
Solution
_ logsx
logex = [0g, 6
logsx

- log;3 + log;2

_ logsx
" 1+1log;2

Example VI (UNEB Question)

Given that logsx = p and log.gx = q.

=4
loge3 = —

Solution

logigx = q

Equating equation (1) and (2)

189 = 3P
3P =181
loge3P = loge184
ploge3 = qloge18
ploge3 = q(loge6 + loge3)
ploge3 = qloge6 + qloge3
ploge3 — qloge3 = qloge6
(r —@loge3 = q

q

loge3 = ——
" T"p—q

Example VII

If logym = a,log;,m = b. Prove that
a+b
a—>b

log;48 =

Solution
loggm =a
4% =m
1
4 =ma
log;,m=0>b
12 =m

IS

12=m
1 1
4 X12 =ma X mb
11
48 = ma'p
b+a
48 = mab
b+a
log;48 = logsm ab’

Butm = 4¢
Substituting for m = 4% in Eqgn (1);

b+a
log;48 =

b+a
log;48 =

log;48 = %loggél .................... 2)
Sincem = 49, 12> =m

4% =12b

log;4% = log;12P

alog;4 = blog;12

alog;4 = b[logs3 + logs4]



alogz4 = b + blog;4
alogz4 — blogz4 =b

b

lOg34 = Gop Tt s sanane (3)

Substituting egn. (3) in eqgn. (2)

] 48—<b+a)><( b )
093%¢ =\Tp a—b

b+a
a—b>b

log;48 =

Example VIII (UNEB Question)

Prove that logy x=2%log, x . Hence find logs6 if 10gs3 =

0.7925.
Solution
log, x
logg X=—"— ..., 1
9 log, 8 @)
But log, 8= log, 8
log, 4
_log, 2°
log, 2°
_3log, 2
2log, 2
09,8=— .o 2)
substituting Eqn (2) in Eqgn (1);
] log,x
0ggX = ——
3/2
loggx = 2/3 log,6
= 2/3 [logs2 + log,3]
__logyp2
But, log,2 = Tog,1
_ logp2 1
T log,22 2
logg6 = 2/3[0.5 + 0.7925]
= 0.867
Example (UNEB Question)
Solve logx 5 + 4logs x = 4
Solution

log«5 + 4logs x =4

log,5+4log, x=4

log. x=
% log, 5

= log, 5+ =4

9,5

Let m =logx 5
m+i=4
m
=m?+4=4m
m?—4m+4=0
(m-2)2=0
m=2
log5 =2
x?=5

X=4+/5, x:—\/g

Example 1X d

Solve 6logs x + 6logry =7
4loge x + 4logsy =9
Solution
6logzx +6logy7y =7.ccvininninn.... (1)
4logox +4logsy = 9. (2)
From equation (1)
6logsy
log;27
6log;y
3logs3
6logsx +2logsy = 7..c.cccviiinini 3)

6logsx +

6log;x + =7

From equation (2)

4logsx
logs9
4logsx
2logs3

2logzx +4logsy =9..cccoiiiiiii. 4)
Let A=logsX, B = logsy
6A+2B =7 it 5)
2A+4B =9 ... (6)

+ 4log;y =9

+ 4logsy =9

Solving equation 5 and 6 simultaneously
1
A= > and B =2

But, A =logsx

1
5= logsx

N[ =

x= 3



B=logsy 20=x-3y+2

2=1logsy l=x-3y+2
y=32 X=3Y=-1 . i, (1)
y =9 log,(x+1)—1 = 2log,y
x=3%  y=9 log,(x +1) — log,2 = 2log,y
Example X log,2(x + 1) = log,y®
Given that logzx + 2l0g4y = 4, show that Xy = 16. yZ = Z(x + 1) ............................... (2)
Hence solve for x and y in the equations. From eqn. (1)
log,x + 2log,y = 4 xTH =Y i 3)
logiox +y=1 Substituting Eqn (3) in Eqn (2)
Solution (x + 1)?
log,x +2logsy =4..c.ccoevvinvininn.n. (1) 9 - 2(x+1)
From egn. (1) (x + 1)2
2log,y 5 T 2(x+1)=0
log,x + =4
log,4 1 x+1 =0
But log, 4 = 2log, 2 e+ )[ 9 ]_
=2 x+1=0 Lx =-—1
x+1
log, X+ 2log,y _ 4 5= 2
2
x+1=18
log, x+log,y=4 x=17
log, xy =4 x=-1,x=17
24=xy Example
16 = XYoo 2) Solve the equation |()g4 X2 _6|()gx 4-1=0
ll:rom . Solution
0g10Xx +y = 2
log, x“—6log, 4—-1=0
10" =x+y % 9
Y =20 = X oo 3) 5y 100,4- 1
Substituting Eqn (3) in Eqn (2); log, x
Substituting Egn (3) in Egn (1) | ) 1-0
- =log, x* — —-1=
16 = X(10 — x) 9 log, x
16 = 10x — x?
x2—10x+16=0 = 2log, x - -1=0
(X—2)(x—8) =0 log, x
X=2,x=8 2y—§—1=0
10=x+y
Ifx=2, 10=2+y 2y’ -6-y=0
y=8 2y +3)(y-2)=0
If x =8, y=2 -3
y= ?1 y=2
Example XI | )
Solve for x and y; Ify=2 = "09X=
log,(x—3y+2)=0 42 =x
(log, x+1)—1=2log, y x =16
Solution iY== =log, x=—

log,(x—3y+2)=0



4% =x

|~

Application of Indices

Example XI11I
Solve the equation 2°*** —32(2")+1=0
Solution
2% _32(2")+1=0

(2)%2.28-32.2¥4+1=0

256(2%)2 - 32(2")+1=0
Let2* =y

256y —32y+1=0

256y2 — 16y — 16y +1=0
16y(16y —1) —1(16y — 1) = 0

(16y —1)(16y—1)=0

1
Y =16
2% =

T 16
L1
=
2X = 24
x= —4

Example IV
Solve the following equations
(i) 52 —5¥tl 4 4 =90
(i) 9*—12(3%)+27=0
@iy 4*+2=3 x 2%
(iv)
Solutions
0] 52 —5**t1 4 4 =0
(5)2-5*514+4=0
y2=5y+4=0
y2—y—4y+4=0
yy-1D—-4y-1)=0
y-Hly-1=0
y=4andy=1
5% =4
5% =1
For 5% =4,
=log,, 5" =log,, 4

x =194 _ o635
log,, 5

For5* =1, — 5*=5°
x=0
(i) 9 —12(3%)+27=0
= (3%)2—12(3%) +27 =0
[Since 9% = (3%)* = (3%)?]
Lety =3*
y2—12y+27=0
=3y -9=0
y=3,y=9
Buty = 3*
3*=3
~x=1
3*=9
Sx =2

(i) 4+2=3x2x

2H*+2=3x 2*
(2¥)2+2=3X2*
Lety = 2%
y2+2=3y
y2—3y+2=0
-Dr-2)=0
y=1y=2

2 =1

x=0

2% =2

x=1
sx=0andx =1

(iv) 9*—3*1=10
(3%)* —3%.31 = 10
(3%)%2 —3%.31 = 10
y2—=3y—10=0
-5@+2)=0

y=5,y=-2
3*=5
xlogi03 = log1p5
x:log¢5

log,, 3
X = 1.465

Example (UNEB Question)
Solve the equations:
9*-3**1=10
Solution

o —3*1=10



(3)*—3*x3=10 3'=5
(3)()2 ~3.3%x —10=0 = log,, 3" =log,, 5

Let 3=y xlog,,3 = log,,5
—y?2-3y—-10=0 o 109,05
(y-5)y +2) =0 1000 3

y:5, y:_2 X =1.465



ROOTS OF QUADRATIC EQUATIONS

Any equation of the form ax? + bx + ¢ = 0 where a = 0 is called a quadratic equation.

—b++/b*—4ac . . .
X = — s is the formula used to solve quadratic equations.
a

b% — 4ac is a discriminant and determines the nature of the roots.

Nature of roots of quadratic Equations

—b++/b®—4ac . )
=————— is the formula used to solve the equation ax? + bx + ¢ = 0, we see that

X
2a

Either

—b—+/b* —4ac
2a

Therefore in general, a quadratic equation has two solutions (called roots).

Or x=

1. If b? — 4ac is positive
Jb? —4ac can be evaluated and the equation has two real and distinct (different) roots.

Illustration

X1 \ X2

2. I1f b®>—4acis zero
. . . -b .
\Jb? —4ac is zero; the equation is satisfied by only one value of x; X = 2a and we say that it has

repeated roots or equal roots.



y=ax?+bx+¢

3. If b?2—4ac is negative

Jb? —4ac has no real values; so the equation has no real roots.

To summarise the equation ax? + bx + ¢ = 0;

Has two distinct roots if b? — 4ac > 0

Has equal roots if b>— 4ac =0

Has no real roots if b? — 4ac < 0; and b? — 4ac is
called a discriminant.

Example I
Determine the nature of roots of the following equations:

(@ 4x2-7x+3=0
(b) x*+ax+a’=0
(€ ¥*-px-q=0

Solutions
(@) 4x2-7x+3=0
Compare 4x> — 7x + 3=0withax? + bx + ¢ =0, it follows thata=4,b=-7andc=3
The discriminant = b? — 4ac
b? — 4ac
=(-7)?-4x4x3
=49 48
=1>0
Since b? — 4ac >0,
= The equation 4x? — 7x + 3 = 0 has two real distinct roots

(b) x2+ax+a’?=0.
The discriminant is b? — 4ac
b2 —4ac = (a)? - 4 x 1(a%)
=a’—4a’
= -3a?
Since a? is positive irrespective of the value of a,
b? — 4ac < 0. So the equation x? + ax + a2 = 0 has no real roots.
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() xX*—px—-0¢?=0
Comparing x? — px — g? = 0 with ax? + bx + ¢ = 0, it follows that a= 1, b = -p, and ¢ = -g%
The discriminant is b? — 4ac
b? - 4ac = (-p)* - 4(1)(-0%)
- p2 + 4q2
p? + 4% > 0 irrespective of the values of p and q.
Since b? - 4ac > 0,
= X2 — px— g2 = 0 has two real distinct roots.

Example 11
Determine the nature of the roots of the following equations:
(@ x*-6x+9=0
(b) x*-2x+1=0
(c) x*—6x+10=0
(d) 4x*-12x-9=0

Solution

(@ x>-6x+9=0
Comparing x> —6x + 9=0withax? + bx +c=0givesa=1,b=-6,c=9
The discriminant is b? — 4ac

=(-6)>-4x1x9
=36-36
=0

Since b? - 4ac =0,
= The equation x? — 6x + 9 = 0 has repeated roots.

(b) x2-2x+1=0
Comparing x> — 2x + 1 =0 with ax? + bx + ¢ = 0, it follows thata=1,b=-2,c=1
The discriminant is b? — 4ac
=(-22-4x1x1
=4-4
=0
Since b —4ac =0,
= The equation x? — 2x + 1 = 0 has repeated roots.

(c) x*-6x+10=0
Comparing x> —6x + 10 =0 with ax? + bx + c=0givesa=1,b=-6,c =10
The discriminant is b?> — 4ac =0
=(-6)>-4 x 1x 10
=36-40
=4
Since b? - 4ac <0,
= The equation x> — 6x + 10 = 0 has no real roots.
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(d) 4x*-12x-9=0
Comparing 4x? — 12x -9 =0 with ax> + bx + c =0 givesa=4,b =-12, ¢ = -9.
The discriminant is b? — 4ac
=(4)? -4 x 4 x (-9)
=16-16 x -9
=16+ 144
=160
b?—4ac>0
= The equation 4x2 — 12x — 9 = 0 has two real distinct roots.

Example 111

Find the values of k for which the following equations have equal roots.
(i) 3x2+kx+12=0
(ii) x2-5x+k=0

Solution

(i) 3x2+kx+12=0
For a quadratic equation to have equal roots,

b? = 4ac
Comparing 3x? + kx + 12 = 0 with ax? + bx + c=0 givesa=3,b=kand c = 12
b2 = 4ac
= (k)?=4x3x12
k? =144
k=+12
=k=12,k=-12

(i) x2-5x+k=0
For the equation x? — 5x + k = 0 to have real roots,

b2 = 4ac
= (-5)’=4x1xk
25 = 4k
_25
=7
Example IV
Prove that kx? + 2x — (k — 2) = 0 has real roots for any values of k.
Solution

K+2x—(k-2)=0
Comparing kx? + 2x — (k —2) =0 withax? + bx +c=0givesa=k,b=2,c=-(k-2)
The discriminant is b? — 4ac

=(2)>~ 4 x K[-(k-2)]

=4+ 4k(k—2)

=4+ 4k2 - 8k

=4k’°-8k+4
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= 4(K? — 2k + 1)

= 4(k — 1)°

Since 4(k — 1)>> 0, = kx? + 2x — (k — 2) has two real distinct roots for any values of k.

Example V

Find the range of values k can take for 9x? + kx + 4 = 0 to have two real distinct roots.

Solution

Comparing 9x% + kx + 4 =0 with ax?>+ bx + c=0givesa=9,b =k, c=4.
The discriminant is b? — 4ac

=(k)>-4x9x4

=Kk 144

For two distinct real roots, b2 — 4ac > 0

k?-144>0

(k+12)(k-12)>0
For the boundary conditions, k = -12, k = 12

k<-12 |-12<k<12 |k>12
k+12 -ve +ve +ve
k-12 -ve -ve +ve
(k+12)(k—12) +ve —-ve +ve

= For 9x2 + kx + 4 = 0 to have real roots, the product
(k + 12)(k — 12) must be positive.
=k <-12 and k > 12 are ranges of values for which
9x2 + kx + 4 = 0 has real distinct roots.

Example VI (UNEB Question)

Find the value of k for which the equation

Solution

X2 —x+1 _

x-1

k

x2—x+1=kx—k

x2—x—kx+1+k=0

x>—(k+1Dx+k+1=0

For repeated roots, b? = 4ac
Comparing x? — (k + 1)x + k + 1 = 0 with
ax?+bx+c=0givesa=1,b=-(k+1),c=k+1)

b% = 4ac

[(k+D]P?=4x1(k+1)
(k+1)>=4k+4

K2+2k+1=4k+4

k2—2k-3=0
(k—3)k+1)=0
—~k=30Rk=-1

1 k has repeated roots. What are the repeated roots?

39



Ifk=3,
X2—(k+1)x+k+1=0
X>—4x+4=0
(x-2)2=0
X=2,X=2
When x = 3, the repeated roots are x=2 and x = 2
If x=-1;
X2—(k+1)x+k+1=0
x2=0
x=0,x=0
When k= -1, the repeated roots are x=0 and x =0.

Maximum and Minimum values of a quadratic function
Considery =ax?+ bx + ¢

Using the method of completing squares, the quadratic equation can be reduced to:

(i) a(x—p)>+q
(i)  g-a(x—p)

(i) Lety=a(x-p)*+q
Since (x — p)? is never negative, the least value of y occurs when (x —p)?=0

(i) Fory=q-a(x-p)}
Since (x — p)? is never negative
= The maximum value of y is q.

Examples
Find the greatest or least values of the following functions:
(@) x2—2x+5
(b) 5-4x—x?
() x*—3x+5
(d) 2x2—4x+5
(e) 7+x-x2
(f) x*-2
(9) 2x—x?

Solution
(@ x*-2x+5
By completing squares,
X2 —2x+5=x2—2x+ [%(—2)]2 —[%(—2)]2+ 5
X2-2x+1-1+5
(x—1)>+4
y=x?-2x+5
y=4+(x-1)
The least value of y is 4 and it occurs when (x-1)% =0
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(b) 5-4x-x2
By completing squares;
5-5Xx—x2=5—(x?+ 4X)
=5-(xX*+4x+4)——4
=5-(x+2)%+4
=9 (x+2)?
y=9-(x+2)
The greatest value is y = 9 and it occurs when
(x+2)?=0

() x2-3x+5
By completing squares;

X2—3x+5=x2-3x+ 9.9 +5
4 4

11 ?
The least value of y is n and it occurs when (x—gj =0

(d) 2x>—4x+5
2(x2—-2x) +5
20®-2x+1)-2+5
3+2(x—1)
y=3+2(x—1)?
The least value of y is 3 and it occurs when
2(x—1)>=0

(e) 7+x-x°

7—(x2—x)

1 -1
7T—(X—x+=)—-—
( 4) 4

2 . ’
The greatest value of y is 79 and it occurs when (x —%) =0

) x2—2
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The least value of y is -2 and it occurs when x? = 0

@ 2x-x
y=2X—X?
y =-(x—2x)

By completing squares;
y=-(x*-2x+1)--1
y=-(x-1y+1
y=1-(x-1)?
The greatest value of y = 1 and it occurs when x =1

Sum & Product of the roots of Quadratic Equations
Consider the equation ax? + bx + ¢ =0
I ()
a a

Suppose o and £ are the roots of the equation

X2 + bx <=0
a a

We can use « and $ to form an algebraic equation in which the unknown quantity x is satisfied by putting
X=aorx=z.

X=a or X=p

X—oa=0 or Xx-p=0

(X-—a)(x-£)=0

X2—px—ox+af=0

X (0 +BX+aB=0 . oeiiiiiiiiiiiiin (ii)

Eqgn (i) and Eqgn (ii) have the same roots, must be precisely the same equation written in two different
ways.

Equating coefficients of the same monomials in Eqgn (i) and Eqgn (ii);
b
- + = —
= -(a+p) )

-b
a
¢

(a+p)=

Similarly, off = )

= For a quadratic function with roots o and f3,

Sumofroots=a + = _?b

c
Product of roots aff = 3

@+ = (0 +p — 20
@+ [P= (0 )~ 3af (a+ )
o+ = (o)’
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(a—p)= (@~ p)’

=a-f =\’ -2aB+p’
o—p= \/a2+ﬁ2—2aﬁ
a-pB=J(a+p)?-2ap-2ap

(@=p)= \(@+p) -4op.

1 1 a+p
5+ﬁ_ af
11 1
axﬂ_aﬁ

= The following are important formulae used
under roots of quadratic equations.
(0 +p7) = (a + B)’ - 2ap
@’ + f° = (a+ B)* - 3ap(a + p)

a-p= «/(a+/)’)2—4aﬂ

Example I
If o and S are roots of the equation x? + 8x + 1 = 0, find the values of
(@ aop
(b) a+p
©) o®p+ap?
d) o+ p?

Solution
@ x*+8x+1=0
Comparing x? + 8x + 1 = 0 with ax? + bx + ¢ = 0 gives
a=1,b=8,c=1

b
(0) a+p=—.

-8
+ 8 =—
o+ f 1

oa+tf=-8

©) ap+afp
=apla+p)
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=1(-8)
=-8
a2ﬂ+ aﬂZ =-8

d) a+p=(a+p)}-2ap
o+pf=-8
af=1
a?+pf2=(-8)?-2x1
=64-2
=62

Example 11

If o and S are roots of the equation x?> — x — 3 = 0, state the values of a + 8 and o and find the values of:
@ o +p°
(0) (a-p)?
©) @ +p°

Solution
Comparing x> —x—-3=0withax*+ bx+c=0givesa=1,b=-1,¢=-3

-b
+p=—
o+t p N

(@) o +
(o + p)* — 208
= (1) - 2(-3)
=1-6
=7
(b) (o-p)=a*~20p+f°
=a?+ B2 - 20
But «? + % = (a+p)? — 20
= (o + )~ daf
(o~ B)* = (o + B)* — 4op
=12-4x (-3)
=13

© &+ =(a+p)>-3af(a+p)
o+ p3=(1)°-3(-3)(1)
=1+9
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Example 111

If o and 3 are roots of the equation 2x?> — 5x + 1 = 0, find the values of:

(@ a+p

(b) a p

(©) o +3af +

(d) a®—3ap + 2.

(€) o+ af?

1 1

() F; -
Solution
Comparing 2x? — 5x + 1 = 0 with ax? + bx + ¢ = 0 gives
a=2,b=-5andc=1

_ b
o+ f= N
a+,8=—_75
S>at+f=—
-
aﬁ—a
:>aﬁ=%
(c) @®+3apf +f?
= (@ + ) + 30
= (a+ B)* = 20p + 3ap8
=(a+p)}?+ap
-(3) 3
== +=
2 2
25 1
= —4+=
4 2
2z
!
(d) @*—3ap+p°
a’ + 2 —3ap
(a+p)?—2aB—30p
(a + p)’ —5ap

|
I/
N | on
N—
N

|

ol
7\
N |-
N
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(d) @’p+aff
=af (o +f)
=apl(a+ f)*—2 af]

{5+
A

1 1
) —+—
() 5
_a+p
7
=2
%
=5
Example IV
If o and S are roots of the equation 6x? + 2x — 3 = 0, find the values of:
a p 1 1
Q) —+— by —+—
(a) 5 a (b) 7
2 1 1 1
© 2 @ -1t
+% af a «
1 1
€ a+p ®) 7 F
Solution

Comparing 6x? + 2x — 3 =0 with ax? + bx + ¢ = 0,
givesa=6,b=2,¢c=-3
a p_d+p
b« aop
a’+ B (a+p) -2ap
o ap

atpf=

a
-2 -1
=+ = — =—
o+ pf 5
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C
aﬂ—a

-3 -1
Y

(a+ B ~2af _(3)'-2(2)

_(a+ B)’ —2ap

 (ap)

_ () -2(H)
(%)?

© &+ p=(a+p)}>-3apla+p)



-GS
3 2 )3
11
27 2
29
54
O Len=lre
B
_(a+ ) ~3ap(a+f)
ey

(3 -3()3)

Example V

If a2 and f8? are roots of the equation x? — 21x + 4 = 0, and « and j3 are both positive, find a 8 and o + p.
Solution

Comparing x? — 21x + 4 = 0 with ax? + bx + ¢ = 0 gives

a=1Db=-21,c=4

-b
2 2 —
o +ﬁ —?
2
T
=21
a2ﬂ2=4

a+p=(a+p)}-2ap
(a+pB)?-208=21
(@+pB2-2x2=21

(a+p?=25

(a+p)=5
Example VI
Write down the equation whose roots are:
(@ 3,4 (b) -2, %

1 -2 -1

c) =, — d —.,0
© 3 - @ -

(e) a? a2 f) -(k+1),k*-3



Solution

Any quadratic equation is given by
x2 — (sum of roots)x + product of roots =0

(@ x=3,4
Sumofroots =3+4
=7
Product of roots =3 x 4

=12
x? — (sum of roots)x + product = 0
xX2—(7)x+12=0
X2-7x+12=0

1
b) x=-2,x==
(b) 5
1
Sum of roots = -2 + >

-3
Sum of roots = >

Product of roots = -1
x? — (sum of roots)x + product = 0

X2 — (_—3jx+-1=0
2

3
X+ -x-1=0
2
2X2+3x—-2=0
1 -2
C) X==,X= X=—
(©) 3 c

Sum of the roots = 1 + _—2
3 5

-1

15

Product of the roots = 1><_—2
3 5

_ 2
15
x2 — (sum of roots)x + product of roots = 0

O x+_—2=0
5 15
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15x+x-2=0

(d) xzjl, x=0

(€)

-1 -1
Sumofroots= — +0= —
4 4
Product of roots =0
x2 — (sum of roots)x + product of roots = 0
X2 — - x=0
4
4x2+x=0

Xx=a% x=a
Sum of the roots = a? + a2

= 2a’
Product of the roots = a? x a?

= a4

X2 — (sum of roots)x + product of roots = 0
x?—(2a%)x+a*=0
x2—-2a’x+a*=0

(f) -(k+1), k-3

(9)

Sumof roots = -k + 1 + k* -3
=k?-k-2
Product of roots = -(k + 1)(k? — 3)
=-(k® -3k + k? - 3)
Product of roots = -k® + 3k — k? + 3
x? — (sum of roots)x + product of roots = 0
X2—(k®—k—-2)x+3k+3-k*-k¥=0

2

Sum of roots = E+C—
a b

_ b*+ac?
ab

2
Product of the roots = x% =

2 2 2
xz—[b +§C jx+c—2 =0
a a

abx? —a(b?+a*)x+c¢?=0

b
a

Example VII
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The roots of the equation x? — 2x + 3 = 0 are « and . Find the equation whose roots are:
@ a+2, p+2

1 1
) @,
@ <2
p «
Solution
X2-2x+3=0
Comparing x> —2x +3=0withax?+bx+c=0givesa=1,b=-2,andc = 3.
b —(-2)
+f= —=—> ‘=2
“rhE T
c 3
=—=—=3
K a 1
New sum of roots =a+2+ f+2
=at+f+4
=2+4
=6

New product of the roots = (a + 2)(f + 2)
=af+20+26+4
=of+2a+p)+4
=3+2(2)+4
=3+4+4
=11
Any quadratic equation is given by:
x2 — (sum of roots)x + product of roots = 0

X2—(2)x+11=0

X2 —2x+11=0
1 1

by —, =

(b) 2 7
o+ =2
af=3

1
New sum of roots = — + Z

o
_a+p 2
- af :§
New product of roots = ixizi
a p af
1

x? — (sum of the roots)x + product of roots = 0.
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X2 — (gj X + 1 0
3 3
3x2-2x+1=0
© o p
ot f=2
af=3
New sum of the roots = a? + 2
=(@+p)P-2ap
=22_2(3)
=4-6
=-2
New product of roots = a? 2
= (ap)?
=32
x2— (sum of the roots)x +product of the roots = 0
x2—(-2)x+9=0

X2+ 2x+9=0

(04
@ %, 72
p «a
at+p=2 af=3
New sum of roots = g+£
f «
at+ B
aff
_(a+p) -ap
ap
_22-2x3 _4-6
3 3
_=2
New product of roots = gxé
p «a
=1

x2 — (sum of roots)x + product of roots = 0

xz[_—z)x+1=0
3

X +2x+3=0

€ a=p, f-a
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o+tpf=2, af=3

New sum of theroots=a—-f+f—a
=atp—(a+p)
=0

New product of the roots = (a — £)(8 — )

=af—ol~ i+ of
= 20f - (62 + )]
= 20f ~[(a + f)F - 20]

x2 — (sum of the roots)x + product of roots = 0

= 4o —(a + )
=4x3-(2%
=8
x2—(0)x+8=0
x?+8=0
Example VIII

The roots of the equation 2x? + 7x — 3 = 0 are « and . Find the equation whose roots are (‘”ij and

o2
[04
Solution

Sumoftheroots=a + f = ?

c
Product of the roots = a 8 = 5 ==

New sum of the roots = a+%+ﬂ+§

(2

ot

a

eerd)

New product of roots = [a + EJ(ﬁ + Ej
p a
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25
= +5+5+ ==
op op

=aﬁ+§+10

x2 — (sum of roots)x + product of roots = 0
- [ L)y 9 . 0
6 6
6x2+91x - 49=0

Example IX

Given that & and £ are roots of the equation

4x2 + 7x — 5 = 0. Find the equation whose roots are 2a — 1 and 28 — 1
Solution

Comparing 4x? + 7x — 5 = 0 with ax? + bx + ¢ = 0 gives
a=4,b=7,andc=-5

Sum of the roots =a + f = _?b
-7
> oa+hH= —
o+pf 2
Productoftherootszaﬂzg
_
4
New sumofroots =2a—-1+24-1
=2(a+p) -2
:2(;7)_2
4
_-4 -,
4
2 -1
4 2

New product of roots = (2a—1)(2 5 — 1)
=4off —20—-20+1
=daf-2(a+p)+1

:4(—_5]_2(—_7}1
4 4
=5+ 24

4
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_—20+14+4

4
-1

X2 — (sum of roots)x + product of roots = 0

X2 —(_—njx +1 =0
2 2
X*+11x-1=0

Example (UNEB Question)

If the roots of the equation x? + 2x + 3 = 0 are « and S, form an equation whose roots are o — 8 and 2 — a.
Solution

Comparing x? + 2x + 3 = 0 with ax? + bx + ¢ = 0 gives

a=1,b=2andc=3

Sumofroots=oa+f= 'y
C
Product of the roots = 5

Sa+f=—=-2

>af=—=-=3

oo
Rlw T

New sum of the roots = o® — f + 2 — a
=a’+ [~ (a+p)
= (a+p)’ — 20— (o + p)
= (-2 -2(3)- (-2)
=4-6+2
=0
New product of roots = (o — B)(8 — «)
=a2ﬂ2—a3—ﬂ3+aﬂ
=(@p}-(®+f) +ap
=(@p?~[(a+p)P’~3ap(a+p)l+ap
=3 -[(-2)°-3(3)(-2] +3
=9-[-8+18]+3
=9-[10] +3
=2
x? — (sum of the roots)x + product of roots = 0
x2—(0)x+2=0
x2+2=0

Example (UNEB Question)

3_ 3_
1and’8 !
a

If o and 3 are roots of the equation x? — px + g = 0, find the equation whose roots are e
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Solution
Comparing x? — px + ¢ = 0 with ax? + bx + ¢ = 0 gives
a=1b=-p,c=q

Sum of the roots =a + f = _?b

_ (D) _

1 P

Product of the roots = a f =

20

1
a’— N p°-1
a B
_af-praf-a
- 7
_—(a+p) +ap(a’ + B°)
ap
_~(a+p)+aplla+p)’ —2ap]
ap
_~(p)+qlp®-2q]
q
_-p+p'g-2¢’
q
New product of the roots = (aa _1](EJ
a B

New sum of the roots =

_a3ﬂ3—0[3—ﬂ3+1
_ 7
_(@p) - (@®+p) +1

ap
_(af)’ ~[a+ B)’ —3af(a+ p)]+1

ap

_ o’ -[p’-3aq(p)] +1

q
_ 4 -p’+3pg+1

q

x? — (sum of the roots)x + product of the roots = 0
. (Pg-p-29°) . q°-p’+3pq+1 _
q q
- (P’q-p-209)x+q*-p>+3pg+1=0

X 0

Example (UNEB Question)



If o and p are roots of the equation ax? + bx + ¢ = 0, express (a — f) (8 — 2a) in terms of a,b and c. Hence
deduce the condition for the root to be twice the other.
Solution

atp=—
ﬂ a

C
apf= 2
(a—2p)(B - 20)
af —20% — 2% + 4ap
afp—2(a® + p*) +4ap
=af—a[(a+ p)’ -2ap]+4ap
=50 - 2[(a + p)’ - 2af]

5¢ [bZ—Zacj
:——2 2
a a

_ bac—2b’ +4ac

_ 9ac-2b°

a2

=@-28B-2a)
For one root to be twice the other, (a — 26)(f —2a) =0
9ac —2b’
:):—2 =
a

9ac = 2b?

0

Example (UNEB Question)

Given that a and f are roots of the equation x? + px + g = 0, express (a — £%)(8 — a?) in terms of p and q.
Deduce that for one root to be a square of another root, p® - 3pg + ¢+ q=0
Solution

Sum of the roots =a + f§ = ?

(x+ﬂ: -p

af=q

(a+ ) (B - &)
=af -+ (af)?
=aﬁ—[(a+ﬂ)3 —3aﬂ(a+ﬁ)}+(aﬁ)2
=q-[(-p*-3a(-p)] + &
=q+p*-3pq+ ¢’

57



For one root to be a square of the other,
(@ -p)p-0a?)=0
a=p B=da
(0= p)(B~0?)=q+p*-3pg + ¢

=p’-3pg+q+0°=0

Example (UNEB Question)

Given that « and S are roots of the equation ax? +bx +c= 0, determine the equation whose roots are o +
and o2 + 3.

Solution

-b
Sumofroots=a+ g = ’y
c
Product of roots = aff = 3

New sum of roots = (a + ) + o + 2
=(a+p)+[(a+B) —3ep(a+p)]
b [—b3 3c(—bﬂ
=—+|—5-=|—
a a al a
-b | -b* 3bc
a a® a®
b [3abc—b3}
:—+ —3
a a
—a’b + 3abc —b*

a3

New product of roots = (a + f)(a® + 2
= (o + B+ )’ —3ap (a.+ p)]
_ —b[-b® 3c(-b

B ?_?_Z(?ﬂ

_ —b[-b? 3cb}

S|\ Tz

al a a

a a

_ —_b_—b3+3abc}

—3ab%c+b*

a4

b* —3ab’c
a4

x2 — (sum of roots)x + product of roots = 0
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b* —3ab’c
+ =

, [@a’b+b®—3abc
X2+ =

X

a*x? + (a%h + b® — 3abc)x + b* + 3ab%*c =0

Example (UNEB Question)

Given that equations y? + py + g = 0 and y? + my + k = 0 have a common root, show that (q — k)? = (m —

p)(pk — ma)
Solution

Let the common root be a.

= a2+pa+q=0
a?+ma+k=0
Eqn (i) — Eqgn (ii);

=>{pP-ma+g-k=0
-(Mm-p)a+q-k=0

a= 97K
m-p
Substituting Eqgn (iii) in Eqgn (i);
J— 2 —
(q k)2+p(q k\J +q:0
(m-p) m-p

(q-Kk?+p(m-p)(@-k)+q(m-p)*=0
(q—k)?+ (m—p)(pq —pk + gm —pg) =0
(q—k)*+ (m—p)(gm - pk) =0
(q—Kk)?—(m—p)(pk —gm) =0

p)(pk —am)

If o and S are roots of px? + gx + r = 0, form an equation with algebraic integral coefficients whose roots

(@-K?=(m-
Example
are 1_—a and ﬂ
1+« 1+
Solution
+p= —
a+f N
= o +ﬁ: __q
p
C
(XIB— g
= of= r
p

New sum of the roots =

l-a 1-p
l+a 1+p
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- (l-a)1+B)+1-p)1+«a)
L+ a)1+B)
1+f-a—-af+l+a—-p-aff
1+ f+a+ap
2-2ap
1+(a+p)+ap
o_ 2

= p
1+;pq+%
- 2p-2r

p—q+r
- 2(p-n)

p—q+r

New product of the roots = L—)L=5)
A+a)t+p)
1-p-a+ap
1+ f+a+ap
_1z(e+p)+ap
1+(a+p)+ap
1-(FD+5
Topar
p
p+q+r
p—-q+r
x? — (sum of the roots)x + product of the roots = 0
2 _2(p—n)x_ p+a+r _,
P—q+r p-q+r
(P-q+N—2(p-nNx+p+q+r=0

X
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11.

12.

13.

14.

15.

16.

Revision Exercise

The roots of the equation 4x? + 4x — 1 = 0 are « and p. Find the values of: (a) 1 +%
o

() o’ +p°

If o and 3 are roots of the equation 3x? — 6x + 2 = 0. Find

(@) a®—3ap + p?

(b) o’p + ap?

© ~+

a p

If « and p are roots of the quadratic equation x* — 2x — 5 = 0. Find the quadratic equation whose roots
are:

@ a-4, -4

1 1
(b) ,

a+2 f[+2
1 1
) —., —
( ) aZ ﬂz
The roots of the equation 3x? — 8x + 2 = 0 are « and . Find an equation whose roots are % and s :
(04

2

If the roots of the equation ax? + bx + ¢ = 0 differ by 4, show that Z— =4a+c.
a

Prove that if the roots of the equation ax? + bx + ¢ = 0 is three times the other, then 3b? = 16ac.
The roots of the equation x? + 2px + g = 0 differ by 8. Show that p? — 16 = q.

The roots of the equation x? + 2x + k are g and g — 1. Find the value of k.

The roots of the equation ax? + bx + ¢ = 0 is a square of the other. Prove that c(a — b)® = a(c — b)®.

. If o and p are roots of the equation px? + gx + r = 0, form an equation with integral coefficients

1— _
whose roots are ——2 and 1= .
1+ 1+ 4

Given that a and S are roots of the equation 2x? — 8x + 2 = 0, show that o® + * = 52. Hence that a® +
=27
Find the relationship between p, g and r if the roots of the equation px? + gx + r = 0 double each

log. 243+ log. (2)® +log.(27%)" +log. a°
other. Show that th +109,(5) +2093( )" +log;a :§
log,a® +2 2

If the roots of the equation 2x?> — 3x — 1 = 0 are « and 3, find the value of o? + 2 and hence form the
equation whose roots are a2 and 2.

Given that o is a common root of the equations

x? —2x —k =0and x? — 5x + 2k = 0, where k # 0. Find the numerical values of k and a.

In the equation m?x? + 2mnx + n? + 1 = 0, m and n are constants which are real numbers. Show that
the equation has no real roots for any values of m and n.

The roots of the quadratic equation ax? + bx + ¢ = 0 are « and 4. Write down the expression for (a +
£) and af. Express in terms of o and f

61



17.
18.

19.
20.

21.

22.

23.
24.

25.

26.

27.

28.

29.

30.

a-b+c

. —C .
i) — ii
M - (i)
. 2
(b) The roots of the equation 2x?> — 3x + 4 = 0 are « and 3. Prove that — and % are also roots of the
o

equation.
Solve the equation 22¢*D _5x 2+ 1=0

Solve the simultaneous equations

2X+y+3=x+y+2=2x*-11y*+ 3

The roots of the equation x? + ax + b = 0 is the square of the other. Find the roots in terms of a and b.
The roots of the equations 2x? — 3x + 5 = 0 are « and . And the roots of the equation px>+x=q=0
are

a—1and g — 1. Find the value of p and g.

If o and S are the roots of the equation 2x2 — x = 5, find the equation whose roots are o + 28 and 8 +
2a.

. . . 1
If « and p are roots of the equation 2x? — 3x — 4 = 0, find the equation whose roots are —+ £ and
o
—+a.
If the roots of the equation x? — 5x + 1 = 0 are « and 3, form an equation with roots a + 38, 3a + .
If o and S are roots of the equation 3x?> — 3x — 1 = 0, form an equation whose roots are « 1 and
(04
1
ﬁ S
B
If o and 3 are roots of the equation 3x? + x + 2 =0,

1
(a) Evaluate s +—

. . 1 1
(b) Find the equation whose roots are —; and —
(04

B
(c) Show that 27a* = 11a + 10
The roots of the equation x? + 6x + ¢ = 0 differ by 2n, where n is real and non-zero. Show that n> =9
— ¢. Given that the roots have opposite signs, find the set of all possible values of n.
Prove that the equation x(x — 2p) = g(x — p) has real roots for all values of p and g. If p = 3, find the
non-zero value for g.
If the roots of the equation x? + bx + ¢ are a and 8 and the roots of the equation x2 + Abx +A%c = 0 are
v and J. Show that the equation whose roots are ay + 6 and ad + By is x> — Ab%x + 2A%c(b? — 2¢) = 0
The roots of the quadratic equation x? — px + q = 0 are a and 8. Determine the equation having the
roots
a?+ p?and g% + a2
Prove that the roots of the equation

. e 3 .
(y +3)x2+ (6 —2y)x +y—1=0are real if and only if y is not greater than > Find the values of y if

one root is six times the other.
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31.
32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.
43.

Form the equation whose roots are the cubes of the roots of the equation x2 — 3x + 4 = 0.
Show that if the equations x? + bx + ¢ = 0 and
X2 + px + g = 0 have a common root, then
(c—a)*= (b - p)(cp - ba)
(i) Write x? + 6x + 16 in the form (x + a)? + b, where a and b are integrals to be found.
(i) Find the minimum values of x? + 6x + 16 and state the value of x for which this minimum value
occurs.
The roots of the equation 2x? + 3x — 4 = 0 are o8. Find the values of: () a? + 52

1 1

(b) E+E

© (a+1)(B+1)
p

(d) ;+E

If the roots of the equation 3x2 — 5x + 1 = 0 are a and 3, find the values of:

@ of’+a’p (b) a®—ap+p

2 2

© @+f @ L+l
p «a
The equation 4x? + 8x — 1 = 0 has roots « and 4. Find the values of:
1 1
(a) Py (b) (o p)?
1 1

© aB+op @ 5t
If the roots of the equation x? — 5x — 7 = 0 are « and S, find the equations whose roots are:
@ o p (b) a+1,p+1
© ap af?

The roots of the equation 2x> — 4x + 1 are a and S. Find the equations with integral coefficients
whose roots are:

@ a-2p-2 ) =1 ¢

a p p «a
Find the equation with integral coefficients whose roots are the squares of the roots of the equation
22 +5x-6=0

The roots of the equation x? + 6x + g = 0 are « and

a — 1. Find the values of g.

The roots of the equation x? — px + 8 = 0 are a and

o + 2. Find the two possible values of p.

The roots of the equation x? + 2px + g = 0 differ by 2. Show that p?=1 +q

If the roots of the equation ax? + bx + ¢ = 0 are « and 3, find expressions in terms of a, b, and ¢ for:

@ @praf ) @F
© @+ f © g
CR 0 o+ p
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44,

45.
46.
47.

48.

The equation ax? + bx + ¢ = 0 has roots a and . Find equations whose roots are:
@ —a,—f (b) a+1,p+1 (c) o f°
@ L2 @a-pp-a () 2a+pa+2p

a p
Prove that, if the difference between the roots of the equation ax? + bx + ¢ = 0 is 1, then a2 = b? — 4ac
Prove that if one root of the equation ax? + bx + ¢ = 0 is twice the other, then 2b? = 9ac
Prove that if the sum of the squares of the roots of the equation ax? + bx + ¢ = 0 is 1, then b? = 2ac +
a2,
Prove that if the sum of the reciprocals of the roots of the equation ax> + bx + c=0is 1, thenb + ¢ =
0.

Answers
1. (@) 4 (b) %
2 16

3. (@ x*+6x+3 (b) 3x?—-6x+1=0

() 25x2—-14x+1=0

4. 3x*-26x+3=0

8.

10.
13.
14.
18.

20.
22.
24,

25.
29.
30.
31.

k=2
4

(P-q+nNX*+2(r—p)x+p+q+r=0
?, 4x?-13x+1=0

k=3,a=3 17. x=0, x=-2
1+:177
22
p=-2,q=-4 21, 2x*-3x-4=0
4x? -3x—1.  23. x*—-20x + 79.
X2 —4x—-1=0

x=-1, y=

L —11 ..
0] e (i) 4x*+11x+9=0

02— (p* - 20)(9* + 1)x + (@ + 1)*=0
-11, §
25

x2+9x+64=0

33.() (x+3)2+7 (i) 7 atx=-3

w2 0O O
BE@S 0T O 0 @

16 -9

36.(a) 72, (b) 53 (© ) (d) -32
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37.

38.

39.
40.

43.

(@ x*-39x+49=0
(b) x*—7x-1=0
(c) x*+35x—343=0
(@ 2x*+4x+1=0
(b) xX2—4x+2=0
(c) x*-6x+1=0
4x* - 49x + 36 =0

% 41. +6
4
—bc b? —2ac b(3ac —b?)
(@ a (b) 2 (© al
—b b? — 2ac b* — 4ab’c + 2a’c?
(d — () (f 7
ac a

44 (@) ax®*—bx+c=0

(b) ax?+ (b—-2a)x+a—-b+c=0
(c) a®?+ (2ac —b?)x+c?=0

(d) cx*—bx+a=0

(e) a®?—(b*—4ac)=0

(f) a?x? + 3abx + (2b®+ac) =0
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POLYNOMIALS

A polynomial is an expression consisting of variables and co-efficient which only employs the operations
of addition, multiplication and non-negative integer exponent.

Consider the expression
P(x) = Cox™+ Cyx™ 1+ Cpx™ 2+ -k

Where C, # 0 then P(x) is said to be a polynomial of degree n. When we solve P(x) = 0 we get n
unequal roots. When x is equal to each of the unequal values
X=a, X=a,x=a;s ..x = a,then

X —a;, X —azx—as,..x —a, are factors of P(x)

Polynomials must have whole numbers as exponents for example x2 — 4x + 7 is a polynomial but
1
9x~1 + 12xz is not a polynomial.

Polynomials appear in a wide variety of areas of mathematics and science. For example they are used to
form polynomial equations which encode a wide range of problems from elementary word problems to
complicated problems in science. They are used in calculus to approximate other functions.

Remainder Theorem
If when a polynomial P(x) is divided by x — a, the quotient is Q (x) and remainder is R then;

Px)=(x—-a)Q(x)+R

If P(a) = 0then x — a is a factor of P(x)

This approach can be extended to the division of the polynomial f(x) by polynomial g(x) of the degree
less or equal to the degree of f(x).

If the division gives the quotient @ (x) and remainder R (x) then f(x) = g(x)Q(x) + R(x)

Where R(x) is of lower degree than g(x)

The Remainder Theorem
When P(x) is divided by x — a, the remainder is P(a)
Proof P(x) = (x —a)Q(x) +R
Equating the divisor to zero
x—a=0
X =a
P(a) =(a—a)Q(x) +R
P(a) =R

Example |
Find the remainders when
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(i)  3x?—4x?+5x—8isdivided by x — 2
(i)  2x*—3x?-5x + 6 is divided by x + 2
(iii) 2x*—7x+6isdivided by x -3
(iv)  x>+x-9isdivided by x +1
Solutions
P(x) =Q(x)D(x) +R
Where Q(x) is the quotient, D(x) is the divisor and R is the remainder
(i) P(x) =3x3—4x?>+5x —8
D(x)=x—-2
x—2=0
x=2
P(2) =3(23)—4(22)+5(2) -8
=24—-16+10-8
=34-24
=10
R =10
The remainder when 3x3 — 4x2 + 5x — 8 is divided by x — 2 is 10

(i) P(x)=Q(x)D(x)+R
P(x) =2x3—3x>-5x+6
Dx)=x+2
Equating the divisor to 0
=>x+2=0
x=-=2
P(-2) =2(-2)°-3(-2)*-5(-2)+6
P(=2) = -12
The remainder when 2x3 — 3x? — 5x + 6 is divided by x + 2 is -12

(i) P(x) = Q(x)D(x) + R
D(x)=x-3

Equating the divisor to 0

x-3=0

X =3

P(x)=2x3—7x+6

P(3) =23)%-7(3)+6

P(3)=54—21+6

P(3) =39

The remainder when 2x3 — 2x + 6 is divided by x — 3 is 39

(iv) x> +x—9=P(x)
Dx)=x+1
Equating the divisor to 0
x+1=0
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x=-1
P(-1)=(-1D°+(-1)-9
= —-1-10
=-11
The remainder when x° + x — 9 is divided by x + 1 is -11
Suppose a polynomial f(x) has a repeated
factor x —a. So that f(x) = (x — a)? . g(x)
So by differentiating
flx) = (x - a)? g'(x) + 2(x — a) g (x)
(differentiation by product rule)

Hence if f(x) has a repeated factor of x — a
then (x — a)is also a factor of f1(x)

= If (x —a)? is a factor of a polynomial
f(x) ifand only if f(a) = fl(a) =0

Example 11

Given that the polynomial f(x) = x3 + 3x? - 9x + k has a repeated linear factor, find the possible values of
k.

Solution

flx)=x3+3x2—9x +k

fl(x) =3x%2+6x—9

f(x) =3(x?% +2x —3)
fr)=3x-Dx+3)

The repeated factor of f(x) is either (x — 1) or (x + 3)
If x — 1 is afactor of f(x), then f(1) =0
=>143-94k=0

If x + 3 isafactor f(x), then f(—3) =0
—27427+27+k=0
k=-27
The possible values of kare k = 5 and k = —27

Obtaining the remainder by long division
Here are the steps required for dividing by a polynomial containing more than one term

Step I: Make sure the polynomial is written in descending order. If any terms are missing, use a zero to
fill in the missing term (this will help with the spacing)

Step 11: Divide the term with the highest power inside the division symbol by the term with the highest
power outside the division symbol
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Step I111: Multiply (or distribute) the answer obtained in the previous step by the polynomial in front of
the division symbol

Step 1V: Subtract and bring down the next term

Step V: Repeat step (1), (111) and (IV) until there are no more terms to bring down.

Step VI: Write the final answer. The term remaining after the last subtract step is the remainder and must
be written as a fraction in the final answer.

Example

Find the remainder when x3 — 4x? + 2x — 3 is divided by x + 2

Solution

STEP |

Make sure the polynomial is
written in descending order.
If any term is missing, use
zero to fill in the missing
terms (this will help with
the spacing). In this case,
the problem is ready as it is.

X3 — 4x2 + 2x — 3

STEP Il

Divide the term with the
highest power inside the
division symbol by the term
with the highest power
outside the division symbol.
In this case, we have x*
divided by x which is x

X+2

X2

x3—4x2+2x—3

STEP Il
Multiply (or distribute) the

X3 —4x2+2x -3

answer obtained in the | x+2

previous step by polynomial x3 + 2x?

in front of division symbol.

In this case, we need x? and

X+2

STEP IV 2

Subtract and bring down the

next term x+2 | X -4 +2x-3
X3 + 2x2

-6x%+2x -3

STEP V 2 — Bx

Divide the term with the

highest power inside the | x+2 | X —4X°+2x-3

division symbol by the term X2 —2x?

with the highest power Bx2+2x -3
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outside the division symbol.
In this case, we have -6x?
divided by x which is -6x.

STEP VI
Multiply (or distribute) the

X2 — 6X

3 2

answer obtained in the | X 2 ); 74); rax=3
previous step by the X 2x
polynomial in front of 'GXE *
division symbol. In this ¢ = 12x
case, we need to multiply
(-6x) by x+2
STEP VII X2 — 6X
i:)k()ttrtae:;and bring down the (42| a2+ 2x—3

X2 —2x?

-6x2+ 2X
-6x%2 — 12x
14x -3

STEP VI X2 —6x + 14
Divide the term with the W@ Ay + 2% — 3
highest power inside the x+2] s 5
division symbol by the term X 2x
with the highest power '6X§ * o2
outside the division symbol. 6" — 12x
in this case, we have 14x 14x=3
divided by x which is +14
STEP IX X2 —6x + 14

Multiply (or distribute) the

X3 —4x?+2x -3

answer obtained in the ﬂ . ,
previous step by the X 2x
polynomial in front of the 'ze + 22X
division symbol. In this X" — 12x
case, we need to multiply 14 4x -3
by X+ 2 14x +28
X2 —6x + 14
STEP X X3 —4x2+2x-3
Subtract and notice there are | X* 2 s )
no more terms to bring X2
down -6x2+ 2x
-6x2 — 12x
14x — 3
14x +28
-31
STEP XI , -31
Write the final answer. The | X 6x + 14 + )

term remaining after the last
subtract  step is  the




remainder and must be
written as a fraction.

= The remainder when x® — 4x2 + 2x — 3 is divided by x + 2 is -31.

Example 11
By using long division, obtain remainders and quotients when

(i) x3+3x%—4x —12isdivided by x> + x — 6
(i) 2x* —8x3 + 5x2 + 4 is divided by x — 3

(iii) 5x3 — 6x% 4+ 3x + 14 is divided by x + 1

(iv) 2x* + 6x3 — 7x% + 9x + 11 is divided by x + 4
(v) x*—16isdivided by x — 2

Solution
(i) x®+3x2—4x—12isdivided by X2+ x -6
X+2

x24x-6 [X3 +3x% —4x — 12

x3+ x2 —6x
2X2+ 2x — 12
2X2 + 2x — 12
0
X3 +3x2 —4x-12 0
> =(X+2)————
X"+ X—6 X" +X—6
R=0

Q(x) = x + 2 (the quotient)

(i) 2x* — 8x3 + 5x% + 4 is divided by x — 3
2x* — 8x3 + 5x2 +0x + 4
23 —2x2—x-3

x — 3 [2x* — 8x% + 5x% +0x + 4
2x4 - 6x°
23+ bx?+0x+4
-2x3 + 6%
X2+ 0x + 4
-x% + 3x
-3x+4
-3x+9
-5

203 =232 —x -3+ ——
x—3

0(x) =2x3—2x2—-x-3
R=-5
Where Q(x) = Quotient and remainder =R

(iii)  5x®*—6x2+3x + 14
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5x2—11x + 14

X+ 1 Ppx*—6x*+3x + 14
T B3+ 5%
-11x% + 3x + 14
-11x% — 11X
14x + 14

14x + 14
0

5x3 —6x%2 +3x + 14
x+1

R(x) =0,Q(x) =5x%2 —11x + 14

=5x%—11x + 14

(iv)  2x*+6x3—7x2+9x + 11

23 —2x2+x+5

X + 4 |2x* + 6x3 — 7x% +9x + 11

2x* + 8x°
23— TX2+9x+ 11
-2x3 — 8x2
X2+ 9x + 11
X2 + 4x
bx+11
5x + 20
-9

4 3 2
2XT +6X° —7x +9X+1l:2x3—2x2+x+5— 9
X+4 X+4

Q(x) =2x3—2x>+x+5

R=-9
(v) x*—16is divided by x — 2
X3+2x2 + 4x + 8
x — 2| x*+0x3 4+ 0x* +0x — 16
x4 — 2x8
2x3+ 0x2+0x — 16
2x3 — 4x?
4x° + 0x — 16
4x2 — 8x
8x — 16
8x — 16
0
r=0
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(x)=x3+2x*+4x+8
Were r = remainder

And Q(x) = x3 +2x% + 14x + 8

Obtaining the remainder by synthetic approach

Definitions :
Dividend: The number or expression you are dividing into

Divisor: The number or expression you are dividing by

Synthetic division: is a quick method of dividing a polynomial when the divisor is of the
form ax+borx—c

Steps involved when obtaining the remainder by synthetic approach

(1) Write the value obtained after equating the divisor to 0 and the coefficients of the dividend in
descending order in the first row. If any x terms are missing, place a zero in its place

(2) Bring the leading coefficient in the top row down to bottom (third) row

(3) Next multiply the number in the bottom row by ¢ and place this product in the second row under the
next coefficient and add these two terms together

(4) Continue with this process until you reach the last column

(5) The numbers in the bottom are coefficients of the quotient and the remainder. The quotient will have
one degree less than the dividend

Example I
Use synthetic approach to obtain the remainder when 2x* — 8x3 + 5x2 + 4 is divided by x — 3
Solution

First note that the x term is missing so we must record zero in its place

x4 | x| x? X X0
2 -8 5 0 4

X=3
L6 6]-3]-9
(2] 1] 3]-5

Therefore, the quotient is 2x3 — 2x2 — x — 3 and the remainder is -5.

Example 11

Use synthetic approach to obtain the remainders when
(i) x*—16isdivided by x + 1
(ii) 5x3 —6x%+ 3x + 14 isdivided by x + 1
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(iii) 2x* 4+ 6x3 — 7x% + 9x + 11 is divided by x + 4

Solution
Q) Equating the divisor to zero

x+1=0

x=-1
x| x| x| x
x=-1 1 0 0 0 16
-1 1 -1 1
( vi-1]1]-1]-15

R =—-15

Qx) =x3—x*+x—1

Where R = remainder
And Q(x) = Quotient

Note: Synthetic method only work where the
divisor is of the form
x—corax+b

(i) 5% —6x2+3x+14
Equating the divisor to zero
x+1=0,x =-1
x| x| x | x
x=-1 5 -6 3 14
4 -5 |11 | -14
5 1-11] 14| 0

Q(x) =5x*>—11x + 14

R=0
Where Q(x) = Quotient
R is the remainder
(iii) 2x* +6x3 —7x%2 +9x + 11 = P(x)
D(x)=x+4
Equating the divisor to zero
X+4=0
X=-
X2 x| x| x| x°
x=-4 2 6 -7 9 11
L -8 8 -4 | -20
2] 1]5]-9

Q(X)=2x—2x*+x+5
R=-9

Where Q(x) = quotient, R = remainder




More examples on polynomials
Find the values a in the expression below if the following conditions are satisfied
(i) x3+ ax?+ 3x — 5 has a remainder -3 when divided by x — 2
(i) x3 + x? — 2ax + a? has a remainder 8 when divided by x — 2
Solution
(i) Px)=Q()D(x) +R
X° +ax’ +3x—5=Q(x)(x-2)+-3...... (1)
Equating the divisor to zero

Substituting x = 2 in Eqgn (1);
25+a(2>)+3x2-5=0+-3
8+4a+6—-5=-3
9+ 4a=-3
4a =—-12
a=-3
(i) x°+x*—2ax+a®=Q(x)(x—2)+8.... (1)

Substituting x = 2 in Eqgn (1);
8+4—4a+a*=0+8
a’?—4a+4=0
(a—2)?%=0
a=2

Example 11

Show that 12x3 + 16x? — 5x — 3 is divisible by 2x — 1 and find other factors

Solution
6x2+11x+3

ox — 112x3 + 16x% — 5x — 3
123 —6x?
22x> —5x — 3
22x% — 11x
6x — 3
6x — 3

Since the remainder is zero
12x3 + 16x2 — 5x — 3 is divisible by 2x — 1

12x° +16x° —5x—3=(2x—1)(6x* +11x +3)

For 6x% + 11x + 3
The other Factors are 2, 9 and product of factors is 18
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6x% +2x+9x+3

2x(3x+1)+30Bx+1)

=>2x+3)3x+1)

6x? + 11x + 3 =(2x + 3)(3x + 1)

12x3 +16x%2 —=5x—3=(2x—1)2x+3)(3x + 1)

The other factors of 12x3 + 16x? — 5x — 3 are (2x + 3)and (3x + 1)

Example 111
x + 2 is a factor of 2x3 + 6x2 + bx — 5. Find the remainder when the expression is divided by 2x — 1

Solution
P(x) =2x3+6x?>+bx—5
Since x + 2 is a factor,
x+2=0 = X=-2
P(—2) = 0 (Since x + 2 is a factor of P(x)

(Remainder = 0)
P(=2)=2(=2>)+6(=2%)+b(-2)-5
P(—-2)=-16+24—-2b-5

P(-2)=-21+24-2b

P(-2)=3-2b

3—-2b=0

b=15
Example IV

The remainder obtained when 2x3 + ax? — 6x + 1 is divided by x + 2 is twice the remainder obtained
when the same expression is divided by x — 3. Find a

Solution
P(x)= 2x3+ax?>—6x+1
P(-2)=2(-2)° +a(-2*)-6(-2)+1

=—164+4a+12+1

P(2) = -3+ 4a
P3)=23*+aB?»)-6(3)+1

=54+9a—-18+1
P(3) =37+ 9a
P(-2) = 2P(3)

34+4a=(37+9a)x2
—3+4a=74+18a
—77 = 14a
a=-55

76



Example V

A cubic polynomial 6x3 + 7x2 + ax + b has a remainder 72 when divided by x — 2 and exactly divisible
by x + 1. Calculate the values of a and b. Show that 2x — 1 is also a factor. Obtain the other factor

factor

Solution:

P(x)=6x3+7x>+ax+b

P(2) =72

P(-1)=0

P2)=6(23)+72>) +a(2)+b
=48+ 28+ 2a+b

P(2)=7642a+b

72=76+2a+Db

P(-1)=6(-1)3+7(-1)?+a(-1)+b

P(-1)=—6+7—a+b

0=1—a+b
—l=—a+b.ciiiiiiiiiiii )
Egn. (1) —eqgn. (2)

-3=3a

a=-1
Substituting a = -1 in Eqn (2);

= -1=1+D

b=-2

P(X)=6x3+7x2—x—2

We can apply long division to obtain other factors
6X>+Xx — 2

X+ 10C+7¢—x—2
6x3 + 6x2
X2—x—2
X2 + X
-2X — 2
22X —2

= (6x>+x—2)(x + 1)
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But 6x% + X — 2 = 6X> + 4X — 3Xx — 2
=2x(3x+2) - 1(3x + 2)

=63+ 7% -x-2=(2x-1)(Bx+2)(x +1)

= The other factors are (3x + 2) and (x + 1)

Example VI
x — 1and x + 1 are factors of x3 + ax? + bx + c and it leaves a remainder of 12 when divided by x —
2.find the values of a, b, and c.

Solution
P(x)=x3+ax?>+bx+c
P(1) =0
P(-1) =0
P(2) =12

P(1)=13+a(1®)+b(1) +¢c
Pl)=14a+b+c

0=14+a+b+c
sa+b+c=—1...cooiiiii. )
P(-1D)=(C-13+a(-D?*+b(-1D) +¢c
P(-1)=-14+a—-b+c
0=-14+a-b+c

P(2)=23+a(2®)+b(2) +c
12=84+4a+2b+c
4a+2b+c=4.....cc.cciiiiiiinin 3)

Egn. (1) —egn.(2)

2b=-2
b=-1

Egn.(1) — eqn.(3)
—3a-b=-5

Butb=-1
—3a+1=-5
—3a=-6
a=2

Substitutinga = 2,b = —1ineqgn. (1)
2—=14+c=-1
c=-2

ca=2b=—-1landc = -2

Example I1X
When a polynomial P(x) is divided by x — 2, the remainder is 4 and when P(x) is divided by x — 3, the
remainder is 7. Find the remainder when P(x) is divided by (x — 2)(x — 3)
Solution
P(2)=4andP(3) =7
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The remainder is of the form
R(x)=ax+b

P(x) = Q(x)D(x) + R(x)
PxX)=Qx)(x—2)(x—3)+ax+b

Equating the divisor to zero
x—2)x—3)=0
x=2,x=3
P(2)=2a+b
P(3)=3a+b

ButP(2) =4and P(3) =7

Eqgn (2) — Egn (1)

Substituting a = 3 in egn. (1)
2X3+b=4
6+b=4
b=4-6
b=-2
R(x)=ax+b
R(x)=3x-2

Example VIII
When a polynomial p(x)is divided by x — 1, the remainder is 5 and when p(x) is divided by x — 2, the
remainder is 7. Find the remainder when the same expression is divided by (x — 1)(x — 2).
Solution
The remainder takes the form R(x) = ax + b.

p(x)=@)x—-1D)x—-2)+ax+b
Equating the divisor to zero
x—1Dx-2)=0

x=1landx =2

p(1)=a+b
p(2)=2a+b
S5=a+4+b. (1)
7=2a+b...ccccoiiiiiiiiiii 2)
Eqgn. (2) —eqgn. (1)
2=a
a=2
Substituting a = 2 in eqn. (1)
5=2+b
b=3

The remainder is 2x + 3
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Example IX

Given that the polynomial f(x) = Q(x)g(x) + R(x) where Q(x)is a quotient, g(x) = (x — a)(x —

B)and R(x) is a remainder. Show that
(x = B)f(a) + (@ —x)f(B)

R(x) = oy

Solution
f(x) = Q(X)D(x) + R(x)
f)=Qx)(x —a)(x—B)+ax+b
Where R(x) =ax + b
Equating the divisor to zero

x—a)(x=pB)=0
x=a,x=p
f@=aa+b.....c..c.ccoeevininn... €))
fB)=af +b.ccccceiiiiiiiini. )

Egn. (1) —egn. (2)
a(e —p) = f(a) —f(B)

4= f@) - f(B)

=="F
fl@)-1(B)

Substituting a = 5

in equation (1)

@ a (f(a) - f(ﬁ)) i,

a=p

af (@) — af (B)
a—p

_ af (@) = Bf(a) — af (&) + af (B)

= =

_af(B) = Bf (@)

=5

b=f(0£)—<

b

b

Butsince R(x) =ax+b
SR CELC)

R(x) =

xf(a) = f(B)x af(B) —Bf(a)
+
a—p a—pf
xf(a) — Bf(a) + af (B) —xf(B)

R(x) = = F
_ & =p)f(@) + (e —0)f(B)

R(x) prpy

Example
If x2 + 1 a factor of 3x* + x3 — 4x% + px + q. Find the values of p and g
Solution
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3x" +x° = 4x" + px+q = (X" +1)(ax’ +bx+c)
But
(¢ +1)(ax® +bx+c)=ax" +bx* +cx’ +ax’ +bx+c
=ax’ +bx’ +(a+c)x* +bx+c
3x* +x° —4x* + px+q=ax’ +bx> + (a+c)x* +bx+c

Equating co-efficients of the same monomial;
=>a=3,b=1

=p=landq=-7

Example XII
If f(x) and g(x) are polynomials.
f(x) = (x —a)?>g(x) + Ax + B. Find f1(x)and hence find A and B in terms of f(a) and f*(a) and
deduce that x — a is a repeated factor of f(x) ifand only if f(a) = f1(a)
Solution
f(x)=(x—a)’g(x)+Ax + B
f1(x)=(x-a)’g"(x)+g(x)2(x—a)+A
fl@)=0+4
A=flia)

f(@)=0+Aa+B

f@=f"()+B

B =f(a) —af'(a)
If (x —a)? is arepeated factor of f(x)

fO) = (x—a)*Q,(x)
f(@=(a—a)*Q,(x) =0

fl@=0
f1) = (x = a)?Qi () + Q1 ()2(x — )
fi@=0

= If (x — a)? is a repeated factor of f(x) if and only if

f@=fa)=0

Example (UNEB 2015)
(@) Given that f(x) = (x — a)?g(x), show that f '(x) is divisible by (x — «)

(b) A polynomial P(x) = x® + 4ax? + bx + 3 is divisible by (x — 1)2. Use your results above to find the
values of a and b. Hence solve the equation p(x) = 0
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Solution
f(x) = (x - @)’g(x)
f'(x) = (x— )?*g'(x) + g(x)*(x — )
= f'(x) is divisible by (X — a)
p(x) = x3 +4ax? + bx + 3
p'(x) =3x2+8ax+b

Since x — 1 is a factor of p(x) and p'(x),
=p@)=0andp'(1)=0
1+4a+b+3=0

da+b=-4 ... (1)
pP@)=0
3+8a+b=0
Ba+b=-3 ... (i1)
Eqn (ii) — Eqgn (i);

4da=1

1
a=—

Substituting a:% in Eqn (ii)

:>8(lj+b=—3
4

2+b=-3

b=-5

p(X) =x3+x2+-5x + 3
p(l)=1+1+3-5=0

p'(X) =3x*+2x -5
p(1)=3+2-5

p(1)=0

P(X)=x3+x?-5x+3

(3 + x> —5x + 3) = (x — 1)%g(x)

(O3 + %% =5x + 3) = (x> — 2x + 1)g(x)

X+3

2 _ox + 1+ X2 —5x + 3

X3 =2 +x
3x2—6x+3
3x2—6x+3

=+ X2 -5x+3)=(x2—2x+ 1)(x + 3)
(x*-2x+1)(x+3)=0
(x—-1)*(x+3)=0
x—1=0 OR x+3=0
x=1 X=-3



Example (UNEB Question)

When the quadratic expression ap? + bp + ¢ is divided by p — 1, p— 2 and p + 1, the remainders are 1, 1 and

25 respectively. Determine the factors of the expression.

b) Express 2x3 + 5x? — 4x — 3 in the form

(x? + x —2) Q(x) + Ax + B; where Q(x) is a polynomial in x and A and B are constants. Determine the values

of A and B and the expression Q(x).
Solution
Letf(p) =ap?+bp+c
Now f(l)=a+b+c
But f(1)=1

f2)=4a+2b+c

But f)=1
f-1)=a-b+c
But f(-1) = 25

Eqgn (i) — Eqgn (ii)
-3a-3b=0

Eqgn (ii) — Eqgn (iii)

3a+3b=-24
a-3a=-8
-2a=-8
a=4

Substituting for a into Eqn (iv)
b=-12

Substituting for and b into Eqn (i)
4-12+c=1
8+c=1
c=9

Hence f(p) = 4p°> - 12p + 9

By factorization,

4p? - 12p+9=4p>—-6p—-6p+9
=2p(2p-3)-3(2p-3)
=(2p-3)(2p-3)

Hence the factors of 4p? — 12p + 9 are

(2p-3)and (2p-3)

b) Let 2x3 + 5x? —4x -3

By opening brackets on the L.H.S

2X3+5x2 —4x -3 =2x3+Dx>+ 2x> + Dx - 4x - 2D + Ax + B
23 +5x2 - 4x-3=2x3+(D+2)x*+(D—-4)x-2D+ Ax+ B
2 +5x2 - 4x-3=2x3+(D+2)>’+(D+A—-4)x-2D +B

atb+c=1.................. @)
=4da+2b+c=1................. (i1)
=>a-b+c=25................ (iii)
Ba=bho @iv)
at+tb=-8 ... )

=(X2+x-2)(2x+D)+Ax+B
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Equating corresponding coefficients,

For x?,
D+2=5
D=3

For x
“4=D+A-4
D=-A
3=-A
A=-3

For constant
-3=-6+B
B=6-3
B=3

Hence 2x3 + 5x2 —4x -3 =(X*+Xx—2) (2x+3) - 3x+ 3
Alternatively
By using long division,
2X+3
(x> + x—2))2x3 +5x% —4x-3
2x3 4+ 2x* — 4x

3x*-3
3x° +3x—6
-3x+3

Hence 2x3 + 5x? —4x -3 =(X*+ x—-2) (2x+3) —3x + 3

Revision Exercise
1. Find the constants p, g and r such that
2y’ -9y +14=p(y-1)(y-2) +qly—-1) +r
2. Find the relationship between p and r so that
A? + 3gA?% + PA + R shall be a perfect cube for all values of A.
3. When the expression p® + 4p? + ap + b is divided by p? — 1, the remainder is 2p + 3. Find the values
of aand b.
4. Find the remainder when:
(@) 4x®—5x + 4 is divided by —(1 — 2x)
(b) y°+y-9isdividedbyy+1
5. Find the values of £ in the expressions below when the following conditions are satisfied:
(@) y®+ py?+ 3y —5 has remainder -3 when divided by y — 2.
1
(x+2)*

(b) x°+ 4x*—6x% - px + 2 has a remainder 6 when divided by

6. (p—1)and(p+ 1) are factors of the expression
p? + ap? + bp + c and it leaves a remainder of 12 when divided by p — 2. Find the values of a, b, c.

7. The expression ax* + bx® + 3x? — 2x + 3 has a remainder x + 1 when divided by x? — 3x + 2. Find the
values of a and b.

8. What is the value of a if 2x> — x — 6, 3x? — 8x + 4 and ax® — 10x — 4 have a common factor?
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10.

11.

12.

13.

14.
15.

16.

17.

18.

19.

20.
21.

22.

23.

24,

25.

26.

27.

28.

29.

30.

Factorise the expression 3k — 11k? — 19k — 5.
Find the values of a and b which make
y*+ 6y + 13y2 + ay + b a perfect square.

If X2 + nx + g and x2 + dx + m have a common factor (x — p). show that p = m—_(? :

The remainder obtained when 2x3 + ax? — 6x + 1 is divided by (x + 2) is twice the remainder obtained
when the same expression is divided by (x — 1). Find the values of a and b.
Given that (x + 2) is a factor of 2x® + 6x2 + bx — 5, find the remainder when the expression is divided
by (2x - 1)
Find the values of p and q if the expression 2y® — 15y + py + q is divisible both by y — 4 and 2y — 1.
Use the remainder theorem to find the factors of
x4+ 3x% - 4.
Find p and q so that
yA =7y  + 17y? — 17y + 6 = (y — 1)2(y? + py + q) Hence find all the factors of the quadratic equation.
Factorise (a) 2y —y?+2y -1

(b) 2y*+5y*+y -2
Use the synthetic approach to find the remainder when:
(@) 8y*—10y?+ 7y + 3 is divided by 2y — 1
(b) 5+ 6x+7x2—x3is divided by x + 2
Find the range of values of g for which
(2 - 3q)x% + (4 — q)x + 2 =0 has no real roots.
Find the value of k for which the line y = mx + c is a tangent to the curve x>+ xy + 2 =0.
Express the polynomial f(x) = 2y* + y® — y? + 8y — 4 as a product of two linear factors and a quadratic
factor g(y). Prove that there are no real values of y for which q(y) = 0.
The polynomial ax® + bx? — 5x + 1 has 2x — 1 and x — 1 as its two factors. Find a and b.
f(x) = 2x3 + px? + gx + 6 where p and q are constants. When f(x) is divided by x — 1, the remainder is
-6, when divided by (x + 1) the remainder is 12. Show that f(%2) = 0 hence write f(x) as a product of
linear factors.
Find the remainder when
(@) 3x>—x2+ 1isdivided by x + 2
(b) x*—2x?+ 3x— 6 is divided by x*> + 4x + 3
Use long division to find the missing factors:
(@ X3 +x*+3x3+5x2+2x+8=(x2—x+2)(...)
(b) 6x°+x*—x*-15x+5=(3x—...)(....)
The expression 2x® + ax? + bx + 6 is exactly divisible by (x — 2) and on division by (x + 2) gives a
remainder of -12. Calculate the values of a and b and factorise the expression completely.
f(x) = x? + ax + b when f(x) is divided by x — 2 the remainder is 8 and when f(x) is divided by x + 3
the remainder is 18. Find the values of constants a and b.
If f(x) denotes the polynomial 2x3 — 3x? — 8x — 3, find the remainders when f(x) is divided by:
(i) x-1 (i) x+3 (iii) 2x+1
State the remainder when the cubic polynomial x* + ax? — 3x + 4 is divided by (x — 3) the remainder
obtained is twice the remainder obtained when the polynomial is divided by (x — 2). Calculate a.
When f(x) = x* — 2x3 + ax? — bx + ¢ is divided by x — 2, the remainder is -24 and when divided by x +
4, the remainder is 240. Given that x + 1 is a factor of f(x), show that x — 1 is also a factor.
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31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44,

45.

46.

47.

Given that f(x) = x* + kx?2 — 2x + 1, When f(x) is divided by (x — k), the remainder is k. Find the
possible values of k.

When the polynomial p(x) is divided by (x — 1), the remainder is 5 and when p(x) is divided by (x —
2), the remainder is 7. Find the remainder when p(x) is divided by (x — 1)(x — 2).

When the polynomial p(x) is divided by (x — 2), the remainder is 4 and when p(x) is divided by (x — 3) the
remainder is 7. Find by writing p(x) = (x — 2)(x — 3)q(x) + ax, the remainder when p(x) is divided by (x —
2)(x — 3). If p(x) is cubic when the coefficient of x3 is unity and p(1) = 1 determine g(x).

Find the quotient and remainder when:

(@) 6x2—x+ 2is divided by 2x + 1

(b) 6x2—7x + 5 is divided by 2x — 3

(c) x®+3x?—2x+ 1is divided by x — 2

(d) 2x3—3x2—4x + 1is divided by x — 4

(e) 4x%—3x%+ x + 2 is divided by 2x + 3

Use the remainder theorem to find the remainder when

(@) 3x?+ 2x — 4 is divided by x — 2

(b) 2x3 + 4x% - 6x + 5 is divided by x - 1

(c) 8x3+ 4x + 3is divided by 2x — 1

(d) 6x3—2x2+5x —4 is divided by x

(e) 3x®+ 6x — 8 is divided by x + 3

The expression 2x3 — 3x? + ax — 5 gives a remainder of 7 when divided by x — 2. Find the value of the
constant a.

The remainder when x3 — 2x? + ax + 5 is divided by (x — 3) is twice the remainder when the same
expression is divided by x + 1. Find the value of the constant a.

The remainder when cx® + 2x? — 5x + 7 is divided by x — 2 is equal to the remainder when the same
expression is divided by x + 1. Find the value of the constant c.

Given that x — 4 is a factor of 2x® — 3x? — 7x + b, where b is a constant. Find the remainder when the
same expression is divided by 2x — 1.

The expression cx® + dx? + 3x + 8 leaves a remainder of -6 when divided by x — 2 and a remainder of
-34 when divided by x + 2. Find the value of the constants ¢ and d.

The expression x3 — x2 + ax + b has a factor of x + 3, and leaves a remainder of 6 when divided by x —
3. Find the values of the constants a and b and hence factorise the expression.

The remainder when the expression x3 — 2x? + ax + b is divided by x — 2 is five times the remainder
when the same expression is divided by x — 1, and 12 less than the remainder when the same
expression is divided by x — 3. Find the values of constants a and b.

Show that (x — 2) is a factor of x® — 9x? + 26x — 24. Find the set of values of x for which x® — 9x? +
26x —24<0

The expression 6x? + x + 7 leaves the same remainder when divided by x — a and by x + 2a, where a
# 0. Calculate the value of a.

Given that x2 + px + g and 3x? + g have a common factor x — b, where p, g and b are non-zero. Show
that 3p? + 49 = 0.

Express the polynomial f(x) = 2x* + x® — x? + 8x — 4 as a product of two linear factors and a quadratic
factor q(x). Prove that there are no real values of x for which q(x) = 0.

Find the remainder when:

(@) x3+3x>—4x +2isdivided by x — 1
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48.

(b) x®—2x%+ 5x + 8 is divided by x — 2

(c) x*+x—9isdivided by x + 1

(d) x®+3x%+3x + 1isdivided by x + 2

Find the values of a in the expressions below when the following conditions are satisfied.
(@) x®+ax?+3x—5 has remainder -3 when divided by x — 2.

(b) x®+x2+ax + 8isdivisible by x — 1

(c) x3+ x?—2ax + a? has remainder 8 when divided by x — 2

(d) x*—3x2+ 2x +ais divisible by x + 1

49. Show that 2x3 + x? — 13x + 6 is divisible by x — 2, and hence find the other factors of the expression.
50. Show that 12x3 + 16x? — 5x — 3 is divisible by 2x — 1 and find the factors of the expression.
51. Factorise:
x3—2x2 -5x +6
XX—4x2+x+6
2X3 + X2 - 8x — 4
2x3 +5x2+x 2
52. Find the values of a and b if ax* + bx® — 8x? + 6 has remainder 2x + 1 when divided by x* — 1
53. The expression px* + gx® + 3x? — 2x + 3 has remainder x + 1 when divided by x? — 3x + 2. Find the
values of p and g.
54. The expression ax? + bx + c is divisible by x — 1, has remainder 2 when divided by x + 1 and has
remainder 8 when divided by x — 2. Find the values of a, b and c.
55. (x— 1) and (x + 1) are factors of the expression
x3 + ax? + bx + ¢ and leaves a remainder of 12 when divided by x — 2. Find the values of a, b, and c.
56. What are the values of a and b if x — 3 and x + 7 are factors of the quadratic equation ax? + 12x + b?
57. Show that 3x® + x2 — 8x + 4 is zero when x = 2/3, hence factorise the expression.
Answers
1. p=2,9=-3,r=7 2. P?=27R?
3.a=1,b=-1 4. (@) 2 (b) -11
5 () -3 (b) -2 6. a=2,b=-1,c=-2
7.a=1,b=-3 8. 3
9. k+1)(x-3)(3k+1) 10. a=12,b=4
12. 1% 13. -2.5
14. p=31,q=-12 15. (x+1)(x—1)(x—-2)
16.p=-5,9=6; (y-1)(y-2)(y-3)
17.@) ¢*+D@y-1) (b) y+1Hy+2)(2y-1)
18.(a) 5 (b) 29 19. -16<q<0
20. t+4 21. 2y - D)(y—-2)(y2-y-2)
22. a=2,b=1
23.()p=3,g=-11 b) (2x—-1)(x+2)(x—1)

24,
25.
26.
217.
29.

(a) -99 (b) 35x — 39

(@ x®*+2x2+3x+4=0 (b) 2x*+x*-5
a=-9,b=7, [(Xx—1)(x—3)(2x +1)]
a=-1,b=6 28. (i) -12 (ii) -60 (iii) O
a=-10 30.a=-9,b=2,c=8
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SLk=1%E [F  32(x+3

33. [3x—2, (x—-1)]

34.(a) 3x—2, 4 (b) 3x+1,8
(c) x> +5x+8,17 (d) 2x2+5x + 16, 65
(e) 2x2—3x%+3x -4, 14

35.(@) 24 (b) 5 (c) 6 (d) -4 () 1

36. a=4 37. a=-2

38.c=1 39. b =52, remainder = -56
40. ¢c=1,d=-7 41.-8,12, (x —1)2(x + 3)
42. 3,-1 43.x<20r3<x<4

44, % 46. (2x — L)(x + 2)(x* —x + 2)

47.(@) 2 (b) 18 (c) -11 (d) -1

48.(@) -3 (b) -10 (c) 2 (d) 4

49. (x+3)(2x-1) 50. (2x—1)(2x + 3)(3x + 1)

51. (@) (x—-1(x+2)(x-3) (b) x+1)(x-2)(x-3)
() 2x+1D(x-2)(x+2) (d) x+1)(x+2)(2x-1)

52. a=3,b=2 53. p=1,q=-3
54. a=3,b=-1,c=-2 55. a=2b=-1c=-2
56. a=3,b=-63 57. (x— 1)(x + 2)(3x - 2)

BINOMIAL THEOREM

Objectives of the topic:

e Create rows of Pascal’s triangle

e Compute factorial values

e Compute binomial co-efficient by the formula

e Expand powers of binomial by Pascal’s triangle and by binomial theorem
e Approximate numbers using binomial expansion

Pascal’s Triangle

88



1 5 10 10 5 1
1 6 15 20 15 6 1
1 7 21 35 35 21 7 1
We can use Pascal triangle to expand expressions of the form (a + b)"
(a+b)l=a+b
(a + b)? = a? + 2ab + b?
(a + b)® = a3+ 3a?b + 3ab? + b3
Pascal’s triangle helps us to calculate the powers of a binomial (a + b)" without actually multiplying it
(a +b)* = a* + 4a3b + 6a%b? + 4ab3 + b*

Note
The literal factors are all combination of a and b where the sum of the components of the power is 4 a*, a3b, a?b?,b*
The degree of each term is 4. The first term is actually a*b° which is a*(1).

Thus, to expand (a + b)° we would anticipate the following terms in which the sum of all the components of the powers
is 5.

? a®+ ?a*b +? a®b%47a%b3+ 2ab*+?7b°

The question is what are the co-efficients. We can obtain the co-efficients from the Pascal’s triangle above (line five
above)

Example
Use Pascal’s triangle to expand the following.
a) (x+2)°
b) (2x-3)3
1 2)"
C) (x + 2x )
d) (x?2-1)*
e) (2x —3y)°
f) (2-3x)°
Solution

Consider the Pascal’s triangle

1 5 10 10 5 1
1T 6 15 20 15 6 1

We can use Pascal’s triangle to find (x + 2)°
=2x>+?2 (0)*(2)+?x3(2)?+2x2(2)3+7x(2)*+? x°

We can obtain the coefficients from the Pascal’s triangle above (line 6).

@(x +2)°>=1(x>+5xH(2) + 10(x3)(2)% + 10(x2)(2)% + 5(x)(2)* + 1(2)°
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(x +2)° = x>+ 10x* + 40x3 + 80x? + 80x + 32

(b) (2x —3)* = (2x)* + 3(2x)%(-3) + 3(2x)(-3)* + (-3)°
=8x% +-36x° +54x 27
=8x> —36x? +54x — 27

1
X

=i4+§+ 24%% +32x° +16%®
x* X

(= 1D* = (®)* + 4?1 + 6(x>)*(-D? + 4(x*)(-1)* + (-1)*

=x®+—4x° +6x* —4x* +1

=x®—4x® +6x* —4x* +1
(2x —3y)5 = (2x)5 + 5(2x)*(—3y) + 10(2x)3(—3y)? + 10(2x)?(—3y)3 + 5(2x)(=3y)* + (—3y)°
=32x% + —240x*y + 720x3y — 1080x%y3 + 810xy* — 243y°

= 32x% — 240x*y + 720x3y — 1080x2y3 + 810xy* — 243y°>

(2 —3x)° = (2)° + 6(2)°(=3x) + 1529 (=3x)? + 20(2%)(—3x)3 + 15(2%)(—3x)* + 6(2)(—3x)> + (—3x)°

=64 — 576x + 2160x* — 4320x° + 4860x* + -2916x°

- (-)4 +4 (%)3 (2x2) + 6 (%)2 (2x)? +4(3) (20%)° + (2x%)*

+ 729x°

We have seen that Pascal’s triangle can be used to expand (a + b)" for the known value of n where n is a positive

integer.

However, as n becomes large it becomes difficult to determine the co-efficient of a triangle. Imagine a task to expand (a

+ ) 10000,

This is so tedious yet indeed, we may not require all the terms of the expansion but just few. in the above case, we can

use binomial theorem.

Binomial Theorem
It states that if n is a positive integer then

n(n — 1)a™2p?2
(@a+b)"=a"+na" b+ 5 + 4 b

It is also stated as

(a+b)" = (g) a™ + (111) a" b+ (721) a"2p% + -+ (Z) b"
An important particular case is when (a = 1) and (b = x) giving
nn-—1) o4 nn—1)mn-2) I

n _—
A+0)"=14+nx+ T 3

The binomial expansion discussed up to now is for the case when the exponent is positive

For the case when the number n is not positive, the binomial expansion (1 + x)" is valid when -1 <x <1 OR |x| < 1.

Example

48



x 4
Expand (2 + 5)
Solution:
Using the binomial theorem;
n(n-1)a" b’
2!

(a+b)"=a"+na"b+ +..0"

(2+3) = (" +4(2)° (3)+ —4(3)(;)(5)

N 43)(2)(2)'(%)° N 43)2)(M(2°)(2)*
3l 41
e 32 x4 1
= 37718 T27x6 81"
S 164 xSty Ly
= 3 ¥T3% Ty Tt

4

Example 11
Expand (2x — 3y)*
Solution
Using binomial expansion,
~ n(n — 1)a™2?bh?
(a+b)"=a"+na" b+ 2T + - b™
HR)20A(=3y)?  (@)(3)(2)(2x)(—3y)?
(2x — 3y)* = (2x)4+(4)(2x)3(—3y)+( )(3)( 2|) (=3y) +( )(3)( )g' )(=3y)
4 3 432 2,,2 3 4
=16X" +-96x y+7x y° +-216xy° +81ly
=16x" —96x°y + 216x°y* — 216xy° +81y*
Example 111
x  2\3
Expand (E+§)
Solution
_ n-2p,2
(a+b)”=a”+na"‘lb+W+...b”
. 2
X
(o8 -0 v @20
2 x 2 2 X 2! X
x\ [ 4
_* s (2)+6(7)(x—2 .8
-8 4 ) \x 2 x3
_x3 4 3 4 6 4 8
—g 2T T

The r'" term in a binomial expansion
(co-efficient of a term in a binomial expansion)
The r'" term of a binomial expansion is given by

U = nCr a(n—r)br

Ur+1 — nCra(n—r)br

Example |

+ (=3y)*
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Write down the terms indicated in the expansion of the following and simplify your answers.

a) (x+2)8terminx®
b) (3x —2)°termin x3

1 12 . 7
C) (Zx - 5) term in x

d (2x+y)!!terminx3

Solution
(x+2)=(a+b)
n=8,a=x,b=2
@) Upeq =nC (07(2)
=8 CT 2Tx8—7'
=>8—r=5
r=3
8C5 x°(2)3 = 448x5

(b) (3x —2)° term in x3
(B3x—2)¥°=(a+bh)"
a=3x,b=-2
Upy1 =nCra™"b"

5C, (3x)° " (-2)"

5Cr 35—r X5—r (_2)r

5-r=3

r=2

U .y =5C, (3x)5 2 (-2)?
=5C, (4)(27x%)
=1080x

o (ex-3"
(2x-1)? =(a+b)"

a=2x, b=_—1
2

T

— 12, (22)12" (— %)

T
— 12CT 212—Tx12—7‘ (_ l)

2
12-r=7
r=>5
1 5
Ug = 12C5 (2)7x7 (— E)
— —3168x”

(d) (2x +y)'! termin x3
Upp1 =nC-a™"b"
— 11CT (Zx)ll—ryr
=11C,; 21 "xt -y "
11—-r=3
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11Cg (2)3x%y®
= 1320 x3y8
Example 111

9
Find the term independent of x in expansion of (x2 - i)

Solution

9
( 2——) =(a+b)"
a=x?, b—_—1

3X

T

= 9C, (x2)°" (—%x)

Example IV

10
Find the co-efficient of x in the expansion of (x + %)

Solution
2 10
(x+x—2> = (a+b)"
a=x, b=%, n=10
X
Upyr =nCa™"b"
2 T
= 10C,x10°" (x_z)
— 10CT xlO—T(z)T(x—Z)T
— 10CTx10—7‘(2)Tx—2T
— 10CT 27‘x10—3T
= 10-3r=1
r=3
= 10C323x
= 960x
The coefficient is 960
Example V

8
Find the co-efficient of the term in x© in the expansion (x - %)
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Solution

The coefficient is -16

@+x)"=1+nx+

=8C, x87" (— %)
=8(C, x8" <ﬂ>

xT
— 8Cr x8—1‘(_2)rx—r
— 8Cr (_z)r x8—2r
8—2r=6
2=2r
r=1
8C,(—2)tx6
= —16x°

Validity of a Binomial Expansion

nin-)x* n(h-1)(n-2)x°
2! i 3! "

When n is not positive the binomial theorem is valid for —1 < x < 1 orwhen |x| < 1

Example I

State what values of x for which the following expansions are valid:

9 (1-3)

b) (1 +2x)
C) ((Z-I-lx)z)

1

d) (1 + i)z

Solution
(1 + x)™is valid when |x|<1

So (1 - g)_S is valid |-§| <1
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x <2

> -2<x<2
x—s
(1—5) isvalidwhen—2<x <2

(b) (1+2x)2

(14 x)™ isvalid when |x| < 1
|2x] <1

+(2x) <1

1
= (1 + 2x)z is valid when —%< X <%

1

(© G = (2+x)?

=272(1 +g)

-2

x
itis valid when |§| <1

(d) (1+3), forvalidity |3 <1

1
— <1, 1< x|
|x|

> isvalid—2<x<?2

1
=>(2+x)

1

[x| > 1 for expansion (1 + i)g to be valid

More examples on Binomial Expansion

Example I (UNEB Question)

1
Expand (1 — x)z as far as the term in x3. Hence evaluate /24

Solution

n(n—1)x . n(n-1)(n-2)x> .

@+x)"=1+nx+
2! 3!

-0 =1+ (0 + 2 (=D BH-DH-2

2!

3!



it ol BED <—x)2+<%> (DD

2! 3!
1 3—1 L 1 > + -
(1-x)3 §x ax ax
V2 =3\/27—3=(27—3)§
1 1
27 3l 27113§311§
—_— 3 = 3 —_——_— = [
@733 =275(1-5) =3(1-3)
1
= 1
Comparing(l—%)3 with(l—x)§:>x—%
1
1\3

(1__> ) _%(1)__(> 851(;>3+

(1-2)" ~0.961506545

Wln-l@l

= 1 §
@73 ~ 3 (1 _ 6)
= 3(0.961506545)

=2.8845
= V24 = 2.8845
Example 11

1

Determine the expansion of (1 - E)E as far as the term in x3 Hence evaluate /8
Solution

— 2 _ _ 3
(1+X)”=1+nx+n(n2'1)x L@ 1)g'1 2%,

=

+

fonf a1 n, OEDEY  AEDEAE

3 2 3

2
1_f_x__ 1 %3

1
Comparing ( %)2 with (1 _g)z
x 1 1
=>—=—, X==
3 9 3
1 1 12
(1 1>f 1.3 (3) 1 (1)3+
(12 =1-2_— b
9 6 72 432\3
1
2
V8 = (1——)
1 1 1
Goafioio o)
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V8 = 2.8284

Example 111

Expand (1 + 5) up to and including the term in x3.
Solution

n(n-1)x* . n(n—1)(n—2)x° .

@+x)"=1+nx+
2! 3!

X\ 2 X
(1 . g)ls s (g) . 15(12)' (g) . (15)(14;(13) (§) .
x\15 15x 35x2 455x3
(1+§) = 14—+t

Example IV

1
Expand (1 + 2x)2 as far as the term inx*.
Solution

1
(14 2x)2

nin-1)x* n(h-1)(n-2) ,
T al X +...

@@ QD@ QD () (e
2! 3! 41
= 1+x—%x2+%x3—§x4‘+---
1 1 1 5
(1+42x)z = 1+x—§x2 +5x3—§x4+---

@+x)"=1+nx+

1 1
(1+2x)2= 1+§(2x)+

Example V

X

Expand (1-%)" as far as the fourth term
Solution

nin-1)x> n(n-(n-2)x°
TR a +...
X\ nn—1x? nn-1mn-2)x3
(1—5) =1+nx+ o + 3 +
2 3
xS x 96 (-7) HE6)-7(-7)
(1—5) =1+(—5)(—§)+ - + 5
-5 5 15 35

(1-;) :1+§X+TX2+§X3+"'

@+x)"=1+nx+

+ .-

Example VI
Expand (3+X)” as far as the third term
Solution

+ .-



But (1 +§) 2

1 ) x+x2+
V3 6 24

1 1 1

x+——=x%+-
V3 6V3 2443

Example VII

)* as far as the term x-°

Find the expansion of (1+%
Solution:

nin-)x* n(n-1)(n-2)x°
2! " 3! i

1(1), 36 | A
AR CRCOREC O

@+x)"=1+nx+

1

(1+1)§—1+1 Ly
x) 2x 8x%  16x3

Example VIII

Expand (1 —x)3(2 + x)° up to the term in x2.
Solution

(1-%°Q2+x)°

=1+3( x)+ —3(2);)()2

= (1—3x+3x2..)(64 + 192x + 240x2 + --)
= 64 + 192X + 240x? — 192X — 576x2 + 192x2+ ...

= 64 — 144x2
Example IX
Expand (T_r)x(;z up to and including the term in x2.
Solution 2 .
1+x X\ 73
a+x) @ +x?(1 _E)

(-3

(2% +6(2)° x +

6(5)(2")x*

2!

+...)
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=(1+2x+ XZ)[1+ (=3)(=)+ —(_3)(_24|)(2X)2 +.. J

(1 + 2X + xz)(1+%x+%x2...)

2
1+3—2X+3%+2x+3x2 +Xx2....

2
1+B+11X

EPTRLAE
2 2

Example X
Show that, if x is small enough for its cube and higher powers to be neglected,

/1_—)( Clox+ iy +...
1+x 2

. 1
By putting x = g show that /7 =2&

128

Solution
1-x [1-x)1-x)
1+x A+ -x%)
_1-x
J1-x2
1
=1-x)(1-x3"2
From
n(n — 1)x?
(1+x)"=1+nx+%
1 1y
(1-x2)27= 1+(—§) (=x2) + -
1 1
(1—x%) 2=1+Ex2+---
1 1
1-x)1-x>)2=0-x)1+=x%+-
2
1
=1+§x2—x—§x3+--~
—1-xtoxt+
= X 2X
I i S
1+x 772
. 1
By putting x = =

8

57



V7 128-16+1
3 128

113
7=-—7=X3
V7 128

Example XI

+2X up to and including the term in x3. Hence find /% to 4 decimal places.
X .

Use Binomial expansion to expand

Hence deduce the square root of 51
Solution

(1-2x)(1+2x) V1—4x2
=[1+2x)(1- 4x2)_%
n(n — 1)x?
2!
1- 4x2)_% =1+ _71(—4x2) +

j(1 +20(1+2x)  1+2x

From(1+x)"=1+nx+

1
= L+ 2X)(1-4x%) 2 =(1+2x)1+2x* +..)
=1+2%+2X+ 43+ ...

1+ 2x
= =1+ 2x + 2x% + 4x3 + -
1-—2x
1+ 2x=1.02
x =0.01
1.02
595 = 11+2(0.01) + 2(0.01)% + 4(0.01)3 + ---
102 = 1.020204
98
\/E X V51 = 1.020204
V2 x/49
V51
— =1.020204
7
V51 = (7 x 1.020204)

V51 =7.1414
Example XI1



Given that, the first three terms of the expansion in ascending powers of x of (1 + x + x?)" are the same as the first three

3
1+ axxj , find the values of a and n.

terms in the expansion of (

Solution

(1 + x + x2)™ from

n(n — 1)x?
(40" =14+ o e
_ 2y2
(1+x+x2)”=1+n(x+x2)+n(n l)é)IHX) +...
n(n — 1)x?
=1+nx+nx2+%
=1+nx+(n+@)x2+--- ...... (1)
1+ax ) 3 3
=(1+ax)’(1-3ax)
1-3ax
3(2)(ax)?
(1+ax)3=1+3(ax)+#+---
2,2
=1+ 3ax + >

(1+ax)® =1+ 3ax +3a%x% + -

(1-3ax)3 =1+ (-3)(—3ax) + >

(1+ax)3(1—3ax)"3 = (1 + 3ax + 3a®x? + ---)(1 + 9ax + 54a?

=1+ 9ax + 54a®x? + 3ax + 27a*x? + 3a%x? + -
=1+ 12ax + 84a%x? + --- (2)
Comparing Egn (1) and Egn (2);

=n=12a

nn—-—1

+ % = 84(12
1041220280 o)
24a + 144a® — 12a = 168a?

12a — 24a* =0
12a(1-2a) = 0
a=0a=3
n=12a

1
5 n=12x-=6
n 2

Example X111
Find the first three terms of the expansion

1
(4 + x) 2 in ascending powers of x. Deduce the approximate value of

1
\4.16

Solution
1

G+x)2=472 (1+ z)-z

_ _ _ 2
(HEHBa?

=1+ 9ax + 54a%x? + -

xz + ...)
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50"

1 - ~1)(=3)(x)?2
:§[1+(71)(§)+—(2)(22)(4) +}
_1(1 1 3 24 )

2\ T8 128"
(4 + )‘%— 1 1 3 2 +
¥) 2= G~ 16% " 256" )
1 1 1 1 3
= == - —x0.16+—x0.16>
J4.16 J4+016 2 16 256

1
— = [10.4903
J4.16
Example XIV

Write down the expansions in ascending powers of x up to the term in x2.
1

@ (1+x)2
-1

(b) @1—-x)z

Hence or otherwise Expand i—i in ascending power of x up to the term in x2. By substituting x = 0 use your

expansion to find the Jit.
Solution

(2)(-2)~

+ .-
2

1 1
(1+x)2 :1+§(X)+

1 1 1
(1+x)2 =1+Ex—§x2+---

-0 =14(2) o+ B,

2

1
/1 tr_QHDP -2
N (1-x)2

—1+1 12+ 1+1 +32+
=( 5%~ g¥ )( SXTgx )

1 3 1 1 1
=14+=-x+=x?+-x+=x2—=x2...
TpXtgX tyxty 8

—1+1 +3 2+
= 2X 8x

1
=1 +x—5x2+...

= /1+_x S1ex—iy
1-x 2

1
When x = —
10
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10 2\10
vit_ 1 1
Vo 7 10 200
1
Jﬁk-(1+16—zﬁ+ )
Example (UNEB Question)
. - (8- 24x)% 1% .
(a) By using the binomial theorem, expand as far as the 4t term. Hence evaluate to one decimal
place.
2 10
(X + —Z\J
b) Find the coefficient of xin the expansion of X
Solution
a) By using binomial distribution theorem,
(1+y) =1+n(y)+ n(n-1) Y+ n(n-2) Y 4
21 3!
2 2 2
Now (8-24)7 =87 (1-3x)"* = 4(1-3x)"*
2
Here n= A and y =-3x
By substitution,
3
=4P_2X_X2_££l
2 _ 2 3
4(1- SX)A = 4|:1+ E(—3)() + (E)(_—l) ( SX) + (E) (_—1)(_—4) (39 :| =4 —-8x— 4X2 — E X3
3 3/\3 2 3/\s/\3/) & 3
_ %
Evaluating :

4% = (8-24)%

> % %
RS

2
V%
Comparing 4(1-3x) with 2
1
=3X==
2
1
X==
6
%
-t ()
2 6 36) 31216
=25 (ldp)

2
X+—

( )10
b) When expanding X"J ", we could use Pascal’s triangle to get the coefficient of x, but this may seem tedious,
so by using binomial expansion

2 10 2 10
(x+?j =x1°(1+Fj
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2
Here, y= X n=10

10
= x"° 1+£3 =xY 1+2—8+@ ieijMX%“L"-
X X 2 6 X

X

X

The coefficient of xis 960
OR By using the expansion of

10
X (l+ %j =x° +20x” +18x* + 960X + ...

B _1)a"2p2 1)(n=2)a"3p3
(a+b)" =a" +n" by n(n )Za' b + n(n )(nSI Ja b +.+b
10 8 7 3
(sz :X10+1OX9[2\=10x9xx X[2\110x9x8xx X[z] N
x2 x2) 2 x2) 6 x2

10 2 4
=X +20x" +180x " +960x The coefficient of xis 960

OR We could handle it by using direct approach

2
10, X' (—2

j3
The term in X"/ is the one needed which is expanded as,

3
10, X(%) =10, ><X7><%:lOC x 8X
3 X 3 X 3

The coefficient = Oc, x8

=120x8
=960

Revision Exercise

1. Write down and simplify the terms indicated in the expression of the following in ascending powers of x.

(@) (1+x)° 4" term
(b) (2-3)", 4" term
(c) (3+x)7,5"term
(d) (x+1)%, 34 term.
2. Expand (1+2x-x%)° in ascending powers of x as far as the term in x*.

3. Use the Binomial theorem to expand:

@ (x+y)
(b) (a—by

(©) (2+p?°
(d) (2h—K)5
© (x+1)’

) (z2+%)
4. Expand the following using the Binomial theorem
(@) (1+3x)°

(b) (2x+y)*
(©) (2-3x)°
5. Write down and simplify the coefficients of the terms indicated in the expansions of the following

@ (4t+1)° termintt

(b) (4+%X)6 , term in x®
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© o

10.
11.
12.
13.

14.
15.
16.

17.

18.

19.
20.

21.

22.

23.

24.

25.
26.

217.

(c) (2x-3)", termin x®

Expand in ascending powers of x as far as the term in x*.

L+ x)1+x?)

X
Use the Binomial theorem to expand (1 + x)2 in ascending powers of x up to and including the term in x5,
Write down the coefficients of the terms indicated in the expansions of the following in ascending powers of X
(@) (1+x)* 39term
(b) (2-x)%, 18" term
(c) (3+ 2x)%, 4" term

d) (2 +%x)8 , 5" term

1y 1Y
Expand and simplify (2x+?j +(2x——2j

If x is so small that x* and higher powers can be neglected, show that (1—§x)5 (2 +3x)6 = 64 + 96x — 720x?
The coefficient of x3 in the expansion of (1 + x)? is four times the coefficient of x2. Find the value of n.
In the Binomial expansion of (1—§x)n , the fourth and fifth terms are equal. find the value of n

The coefficient of x° in the expansion of (1 + 5x)8 is equal to the coefficient of x* in the expansion of (a + 5x)’. Find
the value of a.

If the first three terms of the expansion of (1 + ax)" in ascending powers of x are 1 — 4x + 7x2, find n and a.

Use the expansion of (a + b)* to evaluate (1.03)* correct to 2 decimal places.

If x is so small to allow any term in x® or higher powers of x to be neglected, show that (1 + x)8(1 — 2x°)2° ~ 1 + 6x +
15x% — 105x%.

15x2 .
oX + .... Find the values of n

When (1 + ax)" is expanded in ascending powers of x, the expansion is 1 + 2x +

and a.
When (1 + ax)™¥ is expanded in ascending powers of x, the series expansion is A + Bx + Cx? + 15x® + .... Find the
values of a, A, B and C.

Find the ratio of the term in X7 to the term in x? in the expansion of (1-1x)"(3x +2)’

Expand the following in ascending powers of x as far as the terms in x3 and state the values of x for which the
expansions are valid.

@ (1+x)7?

(b) @+x)*

) (1+x)”

(d @+3)°

Write down and simplify the term independent of x in the expansion of (3x2 —i)g which is the numerically

S . 1
greatest term In this expansion when x = E .

In the binomial expansion of (1 + x)™?!, n being an integer greater than 2, the coefficient of x* is six times the
coefficient of x? in the expansion of (1 + x)™. Determine the value of n.

Find the value of n for which the coefficients of x, x2 and x® in the expansion of (1 + x)" are in arithmetical
progression.

3
1+ x*)(1-x)?
expression as far as the term involving x’.
If "C, denotes the coefficient of x" in the expansion of (1 + x)", prove that "C. +2("C,,,)+"C,,, =""*C,,

If the coefficients of x™, x", x** in the binomial expansion of (1 + x)" are in arithmetical progression. Prove that n? —
n@dr+1)+4r>-2=0.
Show that if x is so small that x* and higher powers of x can be neglected, then

Express as a sum of three partial fractions and obtain an expansion in ascending powers of x of this
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15x?
8

(@)’ -A+30)" |+ 1-2) =

1 1 1 .
28. (@) If X—Z=U , EXpress x3—F and XS_F in terms of u.

(b) Assuming that (1—2kx+ x2)” may be expanded in a series of ascending powers of x, obtain the expansion as

far as the term in x3. Simplify the coefficients.
29. Write down the expansion in ascending powers of x. up to the term in x? of (i) (1+ x)%

(i) 1+ x)” and simplify the coefficients.
Hence or otherwise, expand TL—X in ascending powers of x up to the term in x2. By using X=E, obtain an
- X

estimate, to three decimal places for .
30. Find the term independent of x in the expansion of

, 1Y 1Y 1Y
o ol

Answers
1. (a) 84x® (b) -14080x3
(c) 945x* (d) 190x2.

15 35 4,2 15 3 515 4
2. 1—7X+7X _TX _EX e

(@) x*+ 4x%y + 6x2y2 + Axy® + y4
(b) a’ - 7a% + 21a%h? - 35a*h® + 35a%h* — 21a2b® + 7ab® — b’
(c) 64 + 192p? + 240p* + 160p° + 60p® + 12p™° + p'?
(d) 32h5 — 80h?c + 80h%k? — 40h%3 + 10hk* — kS

; 3.1
() x>+ 3x+ N + N

7 7 1 1
f) 22-4z°+72" -77° "2 e 16 e
4. (a) 1+ 12x+54x2+108x3 + 81x*
(b) 16x*+ 32x3y + 24x%y? + 8xy® + y*
(c) 64 —576x + 2160x% — 4320x° + 4860x* — 2916x° + 729x°
105
5 (@) — b) 540 c) 6048
@, ® ©

6. 7T—6X—X2+T7x*+ ...
7. 64x5+ —+ =
X

8. 1+ 12x+ 66x%+ 220x°
9. (a) 120 (b) -9120 (c) 4320 (d) 5670.
11. 14 12. 15 13. 2 14. 18, -¥%

15. 1.13 17. 16, % 18. %,1,5,11%
19. 5
45x%

20. (@) 1-2x+3x>-4x3,-1<x<1
DIFFERENTIATION |

64



Suppose we have a smooth function f(x) which is represented graphically by the curve y = f(x). Then we
can draw a tangent to the curve at point P. It is important to be able to calculate the slope of the tangent of
the curve. A graphical method can be used but this is rather imprecise, so we use the following analytical
method.

We chose a second point Q on the curve which is near P and join the two points with a tangent line PQ
called secant and calculate the slope of the line.

Then we can allow Q to approach P so that the secant swings around until it just touches the curve and
become a tangent. The limit of the slope of the secant is required to find the slope of the tangent.

y =f(x)

y + 8y (x+8X, y+8Y)

P(x,y)

The gradient of the secant PQ =
Ay oy _ f(x+ox)-f(x)

AX  OX X+ O0X — X
_ f(x+0x) - f(x)
OX

= The gradient of the tangent at P(f '(x))
m f(x+0ox)— f(x)

f'(x)=li
(x) ™
as ox——0
Example
Find the gradient of the tangent to the curve y = x2.
Solution
The gradient of the tangent to the curve y = f(x)
Q(f ') = lim f(x+0x)— f(x)
dx OX
ox——0

f(x) = x2
f(X +0x)=(x +0x)?
= X% 4+ 2X0X + Ox?

)= {Iim X% + 20X + (0X)? — xz}

OX

ox——0
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f'(x) =lim(2x +0x)
ox——0
=2X

:d—y=2x

dx

If y =x", then a_ nx"" = f'(x)
dx

For example: If y = x*
ﬂ —4x+t
dx
=453
Example |
Differentiate the following functions:
(@)  x¥+2x%+3x
(b) 4x*-3x*+5
(c) ax’+bx+c
Solution
(@) y=x3+2x2+3x

g—yz 3 T+2x 2 1+ 3 x1(x Y
X

=3x%+ 4x + 3xX°
=3x%+4x+3

(b) y=4x*-3x*+5
dy . .
—= =4x41_2x3x2°1+0

dx
= 4x3 - 6X
(c) y=ax*+hbx+c
@ 2ax+b
dx
Example 111
Find the gradient of the curve y = x(2 —x) at x = 2
Solution
y=x(2-x)
y =2X — X?
d_y =2-2X
dx
L] 2-2x2
dX x=2
=-2
Example IV
Find the gradient of the curves at the given points:
(@) y=(4x-5) (3.9
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(b) y=3x3-2x? (-2, -24)
(€) y=(x+2)(x-4) (3, -5)
Solution

(@) y=(4x-5)
y = 16x2 - 40x + 25

d—y=32xf40
dx
W gy % — 40
Al o
=16-40
=24
(b) y=3x3-2x?
dy = Ox% — 4x
dx
ay =9 x 22 4(-2)
dx (-2, —24)
=36+8
=44
() (x+2)(x—4)
y=x?-2x-8
d_y =2x-2
dx
d—y =2x3-2
dX| s s
=4

Tangents and Normals to curves
A tangent is a line which touches a curve at only one point. A normal is a line which is perpendicular to
the tangent.

Normal
Normal
Example I
Find the equations of the tangents and normal to the curve at the given points:
(@ y=x (2, 4)

(b) y=3x?+2 (4, 50)
() y=3x2-x+1 (0,1)
(d) 3—-4x-2x> (0,1)

Solution
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— =2X

dx

ﬂ =2x%x2
dX|ez, 4

= The gradient of the tangent = 4
Let n be the gradient of the normal
nx4=-1
-1
4
Equation of the tangent:
= y_—4 =4
X—=2
y—4=4(x-2)
y—4=4x-8
y=4x-4

n=

Equation of the normal:
_y-4_ -
Xx-2 4
4y—-4)=1(x-2)
dy-16=x-2
y=x-14

(b) y=(3x*+2)
dy
dx
dy
dx (4,50)

=24
Gradient of tangent = 24
Let the gradient of the normal be n
nx24=-1
-1
n=—
24
Equation of the tangent:
- y—50
X—4
y—50=24(x —4)
y —50 = 24x — 96
y = 24x — 96 + 50
y = 24x — 46

= 6X

=6x4

=24

Equation of the normal:
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y-50 -1

x—-4 24

24(y —50) =-1(x — 4)
24y — 1200 =-x + 4
24y + x =1204

(c) y=3x?-x+1 (0, 1)

d_y =6x-1
dx

=6x0-1=-1

dx| o,
Let the gradient of the normal be n
nx -1 = -1
n=1
Equation of the tangent:
= y__l =-1
x—-0
y—1=-x
y=-x+1
Equation of the normal:
= y__l =1
x—0
y—1=x
y=x+1

(d y=3-4x-2x> (1,-3)

ﬂ =-4—4x
dx
&y =-4-4x1
dx (1,-3)
=-8
Let the gradient of the normal be n
nx-8=-1
1
n==
8
Equation of the tangent:
Y= 34
x-1
y+3=-8(x-1)
y+3=-8x+38
y=-8x+5
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Equation of the normal:

y—-3 1
x-1 8
8y+3)=x-1
8y+24=x-1
8y +25=x

Example 11
Find the coordinates of a point on y = x2 at which the gradient is 2. Hence find the equation of the tangent
to the curve y = x? whose gradient is 2.

Solution

y=x

ﬂ = 2X

dx

=2X=2

x=1

Ifx =1, fromy = x?
y=1
y=1

= The pointis (1, 1)

Equation of the tangent:

y_—l :2
x-1
y—-1=2(x-1)
y=2x-1
Example 111

Find the equation of the normal to the curve y = x? + 3x — 2 at the point where it cuts the x-axis.
Solution

y=x*+3x-2
&y =2x+3
dx

At the y-axis, x =0
Fromy =x%+ 3x - 2,
—y=02+3%x0-2

y=-2
(01'2)
Bl w043
dX(o,fz)
=3

The gradient of the tangent = 3
Let the gradient of the normal be n
nx3=-1
-1

n=—
3
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y—-2 -1
x-0 3
3(y —-2) = -1(x)
3(y+2)=-x
3y +6=-x
y+x+6=0

Example IV
Find the value of k for which y = 2x + k is a normal to the curve y = 2x? - 3.
Solution
y=2x+Kk
Comparing y = 2x + k withy = mx + c;
=>m=2

=~ Gradient of the normal = 2

y=2x2-3

d_y =4x

dx

Let the gradient of the normal be n.

dxxn=-1

_ -1
T 4x
Since the gradient of the normal = 2,

n

Example V
Find the equations of the tangents to the curve
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y = (2x — 1)(x + 1) at the points where the curve cuts the x-axis. Find the point of intersection of these

tangents.
Solution
y=(2x-1)(x+1)
y=2x2+x-1
At the x-axis, y =0
=0=(2x-1)(x+1)
X= 1 , x=-1
2
(*2, 0) and (-1, 0)
= The curve cuts the x-axis at (2, 0) and (-1, 0)
y=2x2+x-1

d—y=4x+1
dx

dy 1
dx ¥ 0) 2

y=-3(x+ 1)
Y=-3X—=3 (i1)
Equating Eqn (i) and Eqgn (ii);

:>3x—§=—3x—3

6x=—3+§
6x=_—3
2
-1
X=—
4

Substituting x = _Tl in Eqn (i);

-1 3

=3x ———

y 4 2
y= 22
4
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= The two tangents intersect at (%, %)
Example VI

Find the coordinates of the point on y = x2 — 5 at which the gradient is 3. Hence find the value of ¢ for

which the line
y=3x+cisatangenttoy=x>-5
Solution

y=x2-5

(3, ‘%)
y=3x+cC
(%, ) satisfiesy =3x+c

_—11=3><§+C
4 2
-11 9
—=—+C
4 2

-29

4

Example VII

A tangent to the parabola x? = 16y is perpendicular to the line x — 2y — 3 = 0. Find the equation of this

tangent and the coordinates of its point of contact.

Solution

x? = 16y

2x dx =16 dy

dy 2x X

dx 16 8

x-2y-3=0

X—3=2y
13

= ZxX——
¢ 2 2

. . . . 1
Since the tangent is perpendicular to the line y = EX - g :

Let the gradient of the tangent be t.
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When x = -16,
-162 = 16y
y=16
(-16, 16)
y-16 _
x—"16
y—16 =-2(x + 16)
y—16=-2x-32
y+2x+16=0
= The equation of the tangent is y + 2x + 16 = 0 and the point of contact is (-16, 16)

-2

Example VIII
Find the equation of the tangents to the curve y = x® — 6x? + 12x + 2 which are parallel to the line y = 3x.
Solution
y=x3-6x2+12x+2
Comparing y = 3x withy = mx + ¢ gives m = 3
L =3x2-12x + 12
dx
=3x°-12x+12=3
3X2-12x+9=0
X2—4x+3=0
x-1)(x-3)=0
x=1 and x=3
Ifx=1,
y=13-6x12+12x1+2
y=1-6+12+2
y=9
Ifx=3,y=3-6x32+36+2
y=27-54+38
y=11
= The points are (1, 9) and (3, 11)
:>y__9 =3
x—1
y—9=3(x-1)
y—9=3x-3
y=3x+6
y-11 _,
X—3
y—11=3(x-3)
y—-11=3x-9
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y=3x+2

Maximum, Minimum and Inflexion points of a curve
A Maximum

/ , (minimium)
/ X =a x=b Xl:C

Points A, B, and | are stationary (turning points) of the curve. We say that f(x) has a maximum value at x
= a, if f(a) is greater than any value immediately preceding or following, we say that a function f(x) has a
minimum value at x = b, if f(b) is less than any value immediately preceding or following.

The tangent to the curve at points A, B and C are horizontal (parallel to the x-axis).

= The gradient of each tangent to the curve is zero;
fx)=0

At points immediately to the left of the maximum point, C the slope of the tangent is positive. i.e. f '(x) >
0 while points immediately to the right at point D, the slope is negative i.e. f '(x) < 0.

In other words, at the maximum f '(x) changes sign from + to (-).

At the minimum point, f '(X) changes sign from - to +. We can see thisat E and F.

Recall f'(x) = %

Maximum [Minimum |Inflexion
Sign  of L R i
dx
changes when
moving through /—/ \—\
stationary
values.

To locate maximum, minimum, and inflexion points of a curve without necessarily drawing the curve, we
proceed as follows:

(a) Find the gradient g—y of the curve
X

(b) Equate to zero the expression for % :

(c) Find the values of x which satisfy this equation.
(d) Consider the sign of % on either sides of these points.

(e) Find the value(s) of y which correspond(s) to the values of x.

Distinguishing stationary points using the second derivative method
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In order to distinguish the turning points, we find the second derivative.

2
If Z—Z < 0at (X1, y2), = (X1, Y1) is a point of maximum
X
2

If % > 0 at (X1, Y1), = (X1, Y1) iS @ minimum point;
X

d?y

If o =0 at (X1, Y1), = (X1, y1) is a point of inflexion.
X

Example I
Find the coordinates of the stationary points of the
curve y = 2x3 — 24x and distinguish between them.

Solution
y = 2x3 — 24x
@ _ 6x% — 24

dx

At stationary points, % =0

=6x2-24=0
x2-4=0
x+2)(x-2)=0
x=-2andx=2
If x =-2,y=2(-2)% - 24(-2)
y=-16 +48
y =32
= (-2, 32) is a stationary point.
If x=2,y=2(2)%-24(2)

y=16-48
y=-32
= (2, -32) is a stationary point
g_y =6x°—24
X
2
j—g =12x
2
4yl —1ax-2
dx (-2, 32)
=-24<0
. d?y . . .
Since —5- <0, = (-2, 32) is a point of maxima.
X
2
3—2’ = 12x
X
d?y
> =12x2
dx (2,-32)
=24>0
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d?y

Since —-
dx

Example 11

Investigate the nature of stationary points of the following curves.

(@) y=x(x*-12)

(b) y=x*(3-x)

(©) y=x(x-8)(x—-15)

(d) y=x%2-x)

(e) y=3x*+16x3+24x + 3

Solution
(@) y=x(x*-12)
y =x3-12x

gy =3x2-12
dx

At a stationary point, % =0
=3x*-12=0
X>—4=0
X==2
Ifx=2,y=x(x*-12)
y=2(4-12)
y =2(-8)
= (2, -16) is a stationary point.

Ifx=-2,y=-2(-22—12)

y=-2(4-12)
y=-2(-8)
y=16
(-2, 16) is a turning point.
2
d_zl = b6X
dx
2
IVl —ex2=12
dx (2, -16)
= (2, -16) is a point of minima
d’y
2 =6x%x-2=-12<0
dx (-2,16)

= (-2, 16) is a point of maxima.

(b) y=x*(3-x)

y=3x%-x
dy _ 2
— = 6Xx—3x
dx

At a turning point, dy =0
dx
6x —3x°=0

>0, = (2, -32) is a point of minima.
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3X(2-x)=0
x=0andx=2
Ifx=0,y=x*3-X)
y=0
= (0, 0) is a stationary point.
Ifx=2y=2%3-2)
y=4
= (2, 4) is a stationary point

Turning points:

dy = 6Xx — 3x?
dx

2
9Y -6 6x
dx
d?y —6

2
dx 0.0
= (0, 0) is a point of minima
2
4yl -6 -6x2
dx 2.4

=-6<0

= (2, 4) is a point of maxima.

(€) y=x(x-8)(x—-15)
y = x3 - 23x% + 120x

dy = 3x% - 46x + 120

dx
. . dy
At stationary points, i =
3x2-46x+120=0
Xx=12, x= E
3

Ifx=12,y =x(x —8)(x — 15)
y =12(12 - 8)(12 - 15)

y =12(4)(-3)
y=-144
= (12, -144) is a stationary point

When x = % y :%(%—8)(%—15)

_10(-14)(-35) _ 4900
Y=3173 |\ 3 )" 27

= (1%, “%4,)is a stationary point.

2
% = 6x— 46

X

2
d_g’ =6x12—46
dx (12, -144)
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(d)

(€)

=26>0
= (12, -144) is a point of minima.

2
a7y _6x0_46
OX e, e
=-26<0
= (1%, *%) is a point of maxima.

y=x%2-x)
y=2x3—x*

@ 6x2 — 4x3
dx

At stationary points, :—y =0
X

6x>—4x3=0
2x2(3-2x)=0

x =0, x=E
2

Ifx=0, y=x32-x)
y=0%2-0)
y=0

(0, 0) is a stationary point.

el

,- (1) 2
812 16

2
% = 12x — 12%?
X
d’y|  _ 0
dx? 0.0

= (0, 0) is a point of inflexion.
2 2
% =12x§-12[§j -9
Xl 70
= (%, %) is a point of maxima

y =3x*+ 16x3 + 24x% + 3
dy
dx

= 12x3 + 48x2% + 48x

At stationary points, :_y =
X
12x3 + 48x% + 48x =0
12x(x +4x+4) =0
x=0, X=-2

= (%, 24s) is a stationary point
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Ifx=0,y=3
= (0, 3) is a stationary point.
If x =-2,y=3(-2)* + 16(-2)> + 24(-2)* + 3
y=48-128+96+3
y=19
= (-2, 19) is a stationary point.

2
9Y 3652 + 96x + 48
dx
2
9Vl —48>0
dx ©.3
= (0, 3) is a point of minima.
2
% = 36(-2)2 + 96(-2) + 48 = 0
X

(-2,19)
= (-2, 19) is a point of inflexion.

Example 11
If p=4s?—10s + 7, find the minimum value of p and the values of s which gives the minimum value of p.

Solution

p=4s*-10s +7
dp =8s-10
ds

For minimum value of p, 3—2 =0

8s-10=0
_10 5
8 4
p=4s?—10s+7

2
= {2 -0[2) 7
4 4

_100 50 .
™7 16 4

= p is minimum when S = % and the minimum value of p is %

Example IV
A cylindrical can is made so that the sum of the height and the circumference of its base is 457 cm. Find

the radius of the base of the cylinder if the volume of the can is maximum.
Solution
Let the radius of the base be r and the height h cm.
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(Height + circumference) = 45

h+2nr=45m7
N=4577 — 270 oo (D)
V=ar?h (i)

Substituting Eqgn (i) in Eqn (ii);
V = mr*(45m- 2nr)
V = 4572%r% - 272%r®
dv

— =9077°r - 6712
dr

For the maximum volume, %—V =0.
r

907°r-67°r’=0
67°r(15-r)=0
r=0orr=15
Butr+0
=r=15cm

Example V

Onyango wishes to fence a rectangular farm. He wants the sum of the length and the width of the farm to
be 42 cm. Calculate the length and width of the farm for the area of the farm to be as maximum as
possible.

Solution

Let the length and width of the rectangular farm be | and w respectively.
I xw =42
=42 -w
A=lxw
A= (42 -w)w
A= 42w — w?
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d—A =42 - 2w
dw

For the maximum area, d—A =0
dw

=42-2w=0
w=21
=42 -w
=42-21
=21
Example VI
The length of a rectangular block is twice its width, and the total surface area is 108 cm?. Show that if the

width of the block is x cm, the volume is %x(Z? —x?). Find the dimensions of the block if the volume is

maximum.

Solution
Let the width be x cm

X
2X
V=Ixwxh
V=2xxxxh
V=20 1)

Total surface area A = 2(lw + wh + hl)
108 = 2(2x2 + xh + 2xh)

54 = 2x% + 3xh
54 —2x?
=h.o ii
~ (i1)
Substituting Eqgn (ii) in Eqgn (i);
_ 2
Ly oy 342X ]
3X

2
v =2x(54_2x ]
3

v= X071
3
. dv
For the maximum volume, d_ =0
X
V= % (27 —2)

V= %(27X—X3)
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d_V = i(27—3x2)
dx 3

For Vimax, d—V =0
dx

% (27 - 3x®)=0

=27-3x*=0
x2=9
= x=3
I =2x
=6
_ 2
h= 54 - 2x
3x
_ 54-2(3)
3x3
_ 54-18
9
h=4
Example VII
A cylindrical volume V is to be cut from a solid sphere of radius R. Prove that the maximum volume of
3
the cylindar, Vis V = 4zR
33
Solution
Let the height of the cylinder be h
s____h_¢
L
2
n| \R
2
I N Y
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v =7R? —Eﬂ'h2
dh 4

For the maximum volume, Z—\; =0

7R? —gﬂ'h2 =0
_ 4R
3

h:g
J3

h2

Example VIII
A cylinder is inscribed in a hemisphere of radius r as shown in the figure below.

Find the maximum volume of the cylinder in terms of r.
Solution
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x?+h?=r?

¥2 =2 _ h2
Volume of the cylinder, V = mx*h
V = m(r? — hd)h
V = mr*h — mh®
v mr? — 37h?
dh
. av
For maximum volume, el
m?—3mh?=0
m(r?—3h?) =0
r2
— =h?
3
r
h= —
NG
XZ - r2 h2
x2=r2— ﬁ
3
3
V = nx*h
2r r
xX*= — , h=—
3 3
r

2r?
Vmax= ﬂ'T(—S =

Example IX

A rectangular block has a base x cm square. Its surface area is 150 cm?. Prove that the volume of the

block is % (75x — x3).

(a) Calculate the dimensions of the block when the volume is maximum.

(b) The maximum volume.
Solution
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mm———————— ] [ —

S.A = 2(lw + wh + hl)
150 = 2(x? + xh + xh)
75 = (x? + 2xh)

2
75—X —h
2X
V=Ixwxh
V = x°h
2
V:X2[75—xj
2X
v=275-)
2
1
V=§(75x—x3)
d_V:£(75_3X2)
dx 2

For maximum volume, %—V =0.
X

%(75 ~3x9) =0

75-3x*=0

X2 =25

Xx=5

h= 75— x?
2X

h= 75-25
10

h=5

Example X

(a) A variable rectangular flower garden has a constant perimeter of 40. Find the length of the side when
the area is maximum.

(b) A variable rectangle has a constant area of 36 cm?. Find the length of the sides when the perimeter is
maximum.

Solution
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Perimeter of the flower garden P = 2(1 + w)

40=2(1 +w)
20=1+w
1=20—-w
A=lw
A= (20 -w)w
A = 20w — wW?
d—A =20-2w
dw
For the maximum area, d—A =0
dw
20-2w=0
w=10
1=20-w
1=10
(b) P=2(1+w)
lw =36
_ 3%
w
P= 2(§+WJ
w
P= 2 + 2w
w
P=72w!+2w
ap =-72w? +2
dw
. . dpP
For the maximum perimeter, d_w =0
72
Wl
w? =36
w=6
1=6

Example XI

Mukasa wishes to enclose a rectangular piece of land of area 1250 cm? whose one side is bound by a
straight bank of a river. Find the least possible length of barbed wire required.
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Solution

xy=1250
1250
X
P=x+y+y
P=x+2y
P=x+ (ZX@)
X
2500
X
dP 2500
=l
dx X

P=x+

For the least possible length, z—P =0
X
2500 _

2

=1 0

2500

2

1
X =50
_ 1250 _
50

25

Example XI1
A closed right circular cylinder of base radius r cm and height h cm has volume of 541 cm?. Show that S,

the total surface area of the cylinder, is given by S = 1087

+27r? hence find the radius and height which

makes the surface area minimum.

Solution /\
:r
h
V = ar?h
5477 = 7r?h
54
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Surface area of a cylinder A = 2712 + 2rh
A=2m*+ 2m(54j

3
A= s 1007
r
dA 1087
—=47r ———
dr r

. A
For the minimum surface area, d— =0
r

B 1087

r? =0

47 — 1087 =0
r3:@

4
ré=27
r=3
_54_54

rr 9
h=6

dnr

Example X111
A company that manufactures dog food wishes to pack the feed in closed cylindrical tins. What should be
the dimensions of each tin if each is to have a volume of 25077 cm® and the minimum possible surface
area?
Solution

A=2nr?*+ 2nrh

V = nr’h

2507= mr*h

h= 250

r2

A=2mr’+ 2m[250j

r.2

A=om?+ 5007

B 5007

2

d—A:4m‘
dr r

. dA
For minimum surface area, o =0
r

5007z

r? =0
m(4r® —500) =0
ré=125
r=5cm

250
h= 2

h=10cm

4rr -
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Example (UNEB Question)
Write down the expression of the volume V and surface area S of a cylinder of radius r and height h. If

the surface area S of the cylinder is kept constant, show that the volume of the cylinder will be maximum
when h =2r

Solution

S=2m?+ 2nrh

S —27r?
2rr

V = nr’h

V _ ﬂ.rz S - 272'[’2
27y

V= %(Sr—an?’)

h=

d_V = E(S—Gﬂfz)
dr 2

. dv
For maximum volume, — =0

=S-6m2=0

S=6nr
h= S—27r?
2xr
h= 6r’ —27r?
27r
h=2r

For maximum volume, h = 2r

Example (UNEB Quiestion)
A right circular cone of radius r cm has a maximum volume. The sum of its vertical height h and

circumference of its base is 15 cm. If the radius varies, show that the maximum volume of the cone is
125
—cnv.
3
Solution
The base is circular
= The circumference of the base = 27ar
2ar +h=15
h=15-2mr

Volume of the cone = % arch

V= %m‘z(15 —2mr)

= %72(15r2 —2mr)

dv _ #(30r - 67r°)
dr 3
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For maximum volume, Z—V =0
r

%(30r76m’2)=0
30r-6m?=0
6r(5—mr)=0
5=ar

5
r=—
T
E

V=Zmr’h
3

h=15-2ar; Butr= >

T
h=15—211[5j
Vs
h=5
2
V—Z(Ej x5
3\«
\% %cm3
3

Example

A match box consists of an outer cover open at both ends into which a rectangular box without a top. The
length of the box is one and a half times the width. The thickness of the material is negligible and the
volume of the match box is 25 cm?. If the width is x cm, find in terms of x the area of the material used.
Hence show that if the least area of the material is to be used to make the box, the length should be 3.7
approximately.

Solution

Area of the inner surface = 2(lw) + 2(1h)

= 2(§xxj+2(§x hj
2 2

=3x?+ 3xh
Area of the water surface = (lw + 2lh + 2wh)
= 3—X-x+3—x><2><h+2xh
2 2
2
=3, 5xh

The total surface of the match box

2
=3% + 5xh + 3xh + 3x?

= — +8xh . (1)

From volume =1 x w x h,
_ 3x’h
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2
5= 3x°h

_ 50
3x2
Substituting Eqn (2) in Eqgn (i);

2
A= QL-FSX( 50]

2 3x?
2
o OF 400
2 3x

For the least area, Z—A =0
X

dA 400
— =9x- 7
dx 3X

| =3.68403 cm
|l ~3.7cm
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Techniques of Differentiation

Chain, Product, and Quotient rules

We can now move to some more properties involved in differentiation. To summarise, so far we have
found that:

1. The derivative of a sum is a sum of its derivatives.

2. The derivative of a difference is the difference of the derivatives.

However, it turns out that:
1. The derivative of a product of derivative f(x)g(x) is not a product of the derivative.

£ ([(9900) * F g )
X

2. The derivative of a quotient is not the quotient of the derivative

i( f(x)]i f'(x)
dx\ g(x) ) 9'(x)
3. The derivative of the composition f(x) is not the composition of the derivatives.

The chain, product and quotient rules tell us how to differentiate in these three situations.

The chain rule states that:

dy _dy at
dx dt dx
Example I
Given that y = (x2 + 7)1, find g—y
X
Solution
y = (X2 + 7)100
Lett=x>+7
ﬂ = 2X
dx
. y - thO
a_ 100t%
dt
dy _dy dt
dx dt dx
= 100t* x 2x
= 200xt%°
= 200x(x% + 7)%°.
Example 11

Given that y = (X" — ¥, find :_y .
X
Solution
y = (X — x2)%2
Lett=x"-x> = y=1t%
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dy _dy dt
dx dt dx
y=t42
d—y=42t41
dt
t=x"-x?
£=7x6—2x
dx

dy _dy ot
dx dt dx

= 42(t*) x (7x5 — 2x)

= 42(7x° - 2x)t4

= 42(7x5 — 2x)(x" — x?)*

Example 111

Find g—y in terms of t in the following expressions:

X
(@ x=t, y=4t-1

(b) y=3t2+2t, x=1-2t
) x=22, y=5t-4

(d) x=%, y=€+4t—3

@ x= 2o, y=+t

3+\/f’
Solution
(@ x=t3 y=4t-1
y=4t-1
%:4
dt
X = t?
L
dt
dy _dy dt
dx dt dx
%:4)( i :z
dx 2t t

(b) y=3t2+2t, x=1-2t
dy

— =6t+2

dt

dx _

dt

dy _dy dt

dx dt dx

ﬂ :(6t+2)x __1
dx 2
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() x=2t,y=5t—4

(d)

Yo g1

dx

%:int’%

dt 2

g_dyxdt
dx dt dx

= (2t + 4) x -2

= 28 4P

3+t
x=2(3+t)*
dx

dt
-1

G

y=qt

dy _ 1t7% _

dy _dy dt
dx dt  dx

© x= == y=+k

1

dt 2 24t

7
G =2
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L TN N
24t

dx 2t
_ @Y
2
Example IV
Find g—y interms of t if x = at? and y = 2at
X
Solution
X = at?
% = 2at
dt
y = 2at
Y~ 2a
dt
dy _dy dt
dx dt dx
ﬂ =2ax i =1
dx 2at  t

ExampleV  (UNEB Question)
A curve is defined by the parametric equations
x=t2—t
y=3t+4
Find the equation of the tangent to the curve at (2, 10)
Solution
x=t?—tandy =3t +4.
dx
dt
Y _s
dt
dy dy ' dt
dx dt dx
= 3><L
2t-1
3

2t-1
At point (2, 10), x =2 and y = 10.
x=t2—t
y=3t+10
Substituting, for x = 2,
2=t>—t
t?-t-2=0
t2-2t+t—2=0
t(t—2)+ 1(t—2)=0
t-2)t+1)=0
Either t—-2=0,
t=2

=2t-1
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Or t+1=0
t=-1
Substituting for y = 10,
10=3t+4
3t=6

Example VI

If x = at?, y = 2at, find g—y and d z/ in terms of t.
X X
Solution
X = at?, y = 2at
% = 2at; d_y =2a
dt dt
dy _dy dt
dx dt dx
— Zaxi
2at

1

t

@y 9() o

dx* dtldx /) dx

-1 1
2at

t—ZX

1
2at®

Example VII
A curve is represented parametrically by
X =(t?-1)%
., dy
Find —
dx
Solution
x=(t?-1) y=t
ax _ . .,
™ 2(t° - 1)2t
= 4t(t? - 1)
y=t

y=*t
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dy

= 3t?

dt

dy _dy dt

dx dt dx
=3t? x 1

4t(t* —1)
-t
A(t* 1)

Consider y = uv, where v and u are functions of x.

y+ oy =(u+ou)v+ ov)

y+ 0y =uv+uov +vou+ ouov

As ou 0, ov 0
ouov =0

= 0y +y=uv+uov+vau
0y =uv+uov +vou —y
dy=uv+uov +vou —uv

0y =uodv +vau
XY _ M,
OX ox  oX

As oOx——0
oy dy ov _dv dau du

—_—— — A —

, and — ~—
ox dx ox dx ox dx
dy dv du
=

Uu—+v—
dx dx dx

dy dv du
—=U—+V—
dx dx dx

Example |

Differentiate the following
(a) (¢+1)(xX°+2)

(b) x*(x +1)°

(€) (L+x)*0%

(d) (x-DVx*+1
) J(x+1)(x-2)°
(f) (x-1)*3IJ1-2x
Solution

(@ y=0+1)(x+2)
Letu=x2+1, v=x3+2

dy dv du
—~=U—+V—
dx dx dx
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d—i = (x> + 1)(3x%) + (x* + 2)2x

= 3x*+ 3x2 + 2x* + 4x
=5x* + 3x% + 4x
= 5x* + 3x% + 4x

:d—y = 5x* + 3x% + 4x.
dx

(b) y=x?(x+1)3

Letu=x%v=(x+1)3
dy_ v du

v
dx dx  dx
g—y =x23(x + 1)%-1 + (x + 1)%2x
X
=X(x + 1)7[3x + 2(x + 1)]

= Xx(x + 1)%(5x + 2)
= X(x+ 1)%(5x + 2)

© y= @+0*(x-1*

(d)

dx (¢ +1)%

u= (1+x)%,v= (x-1)%
dy dv du
—=Uu—+V—
dx dx dx

Y 1+ %" -%(x—l)% L4 (x—1)% -§(x 1% 1

%zl(x—l)%(x+1)y[ (x+1)+ 3= 1)}

dy 1(x D (x4 1)y(5+5x+6(x—1))
dx 2

dy 1 % 4 (11x -6
o =5 (D (x+) (—2 j

dy (x—l)%‘(x +1)”(11x - 6)
dx 4

y= (x=Dvx*+1

Letu=x—1,v=+x>+1

&_ (x-1) -E(xz +1) 7% -2x+(«/x2 +1)-1
dx 2

z—y = x(x=)(x* +1) 7 + (x* +1)”
X

j_i: (x? +1)%[x(x—1) + X2 +1]
dy_ 1 [X*—x+x*+1]
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d

() y=
= [(x+D(x-28]"

X —x+l]

T

(x+1)(x—-2)°

y= (x+1)%(x-2)*

Y xS x-2) 1 (-2 (D)

dx
dy
dx

dy _
2(x+1)%

dy _

dx

dx

1u+nyu 2)%[3(x+1) +(x-2)]

_ %
(x=2)" [3x+3+x-2]
1 X—2

A i1 [4x+1]

M y=(1-x)>%31-2x

Letu=(1-x)%v=(1-2x)"

Example

y =uv
dy _dv, du
dx dx dx

@ _ (1-x)? .1(1— 2X) 7 =24 (1-2%)" - 21— x)("D)
dx 3

9¥=2a—@a—2m%{Zla—xy+1a—2@}
dx 3

dy _ 2(1-x) {—1+x—3(1—2x)}

dx  (1-2x)* 3
dy  2(1-x) {—1—3+x+6x}
dx  (1-2x)% 3

dy  2(1-x) [7x—4}

dx  3fa-2x?L 3

dy_2)_1-X |4y g
dx 3[3’(1_2)()2}( X )

(UNEB Question)

Given that R = q4/(1000-g?), find:

drR
@ a

(b) The value of g when R is maximum.

Solution

=qy/(1000-q°)

@ R
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Letu=gq,v= /(000-q?);

dr dv. du
—=Uu—+V—
dg dg dqg
i_zwéaooo-qﬁ%x—zq+\/1000—q2 x1

‘;—Rz— 2(1000 - %) + /1000 — g

q
= (1000 - g*) **[ (-9” +1000 - ¢*) |
_ 1000 -29°

J1000 - ¢?

(b) For Rmax, d—R =0
dq

_ 2
_, 1000-2g

1000 — ¢
1000 - 2q2 =0

q? = 500

=100 x &

g = +100x5
q=+10+5

q=105 orq=-10+/5

=0

. u .
Consider y = —, where u and v are functions of x.
v

u
y=-<
v

u+ou
=+ =
y+oy V + oV

u+ou
V+0ov
_u+ou u

V+OV Vv

oy = (U+ou)(v—ov) u
B (V+ov)(v—ov) v

_uv+uov+vou—aduov u

vZ —(0v)* v
As ov 0, du 0and ovou~0, (6v)* =0

oy =

oy

140



oy=—— "7 =2
y V2 v
ay_g+vau—uav_g
u v? v
VOuU — uov
:V—2
oy _ va—ug
ox v2
AS 0OX 0, a_y d_y
OX dx
ou du
_—)_
OX dx
ov dv
_—>_
OX dx
dy _v§-ug
dx v?
Example
Differentiate the following:
x?+1
(@ (b)
x* =1 \/x +1
(x+2)° /(x+1)3
c - d -
©) x-1 () X+2
(e) M (f) 2x° —
Xt -1 x?
Solutions
x*+1
a
(@ 71
u
y=—
v
dy v@E-ug
dx v?

uv+Vvou—uov u

u=x2+1; v=x-1
dy _ (x* =1)2x— (x* +1)2x

dx (x> —1)°

dy _ 2x[(x* =1) - (x* +1)]
dx (x* =1)?

d -2

d_i > [(X 1) J

dy_ A

dx (x> -1)?
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y-u
v
dy vE-ug
dx V2
dy VX +1x(D)-x-1(x*+1)% x2x
o
dy  (® +1)#[(x* +1) - x*]
dx x* +1
dy _ (¢ +D)*[1]
dx X2+l
dy 1
dx  (x+1)*
dy 1

a2 +1)°

_(x+2)°
(c) y—,/—x_l

(x+2)”"

dy VG -Ug
dx V2

dy  (x=1)%x8(x+2)"% — (x+2)% x } (x—1)
dx [(X—l)%]z

dy L(x+2)"
dx (x-1)"
dy 1 [ x+2
dx 2\ (x-1)°

_ /(x+1)3
@ y= X+2

_(x+1)%
T (x+2)"

(3x—3-x-2)

(2x-5)

u
y=—
\'

d d
dy _Ve—Uik
dx v?
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dy _ (x+2)% 30+ D)% - (x+D)* S (x+2) % 1

dx [(x+2)%T
dy  1(x+2) P (x+D*[B(x+2) - (x+1)]
dx X+2

dy 1 (x+1)"
dx 2 (x+2)”

(3x+6—-x-1)

dx 2 (x+2)°

1—+/x)?
@ y-T

-1
u=1-Vx)?, v=+x*-1

u
y:_

v
v _ (N —1)20-%) - 2x ¥ —@-VX)* 1 (< ~1) % - 2x
o (X -1)°
d_y_(xz_l)%(l—\/;)x%[z(xz _1).%_(1_\/;))(}
dX_ Xz_l

dy  1-x [ X +1-(WX)xA-=+/x)
dx Jx(x? -1)* Jx

dy 1-Ux | =X +1-xx + %
dx x(x-1)% Jx

dy  1-x {1—x\/§}

dx Jod-1?| X

Example (UNEB Quiestion)
Differentiate:

@) (x+1)%(x+2)?

2x% +3x
(b) x_a7
Solution
@) (x+1)%(x+2)?
y=uv
dy v du

Uu—-+v
dx dx dx
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3—y= (X+1)22(x +2) + (X + 2)? -%(x +1)7%
X

dy _ (x+1)7(x+ 2)[2(x +1)+1(x+2)}
dx 2

dy Xx+2 | 4(X+1)+x+2
&_m[ 2 }
dy x+2
dx x+1
dy  x+2

dx Ix+1

_2x%+3x
(x-4y
dy vi-uy
ax V2
dy _ (x—4)*-(4x+3)—(2x* +3x)-2(x - 4)

[4x+4+x+2]

[5x+6]

(b) y

dx [(x-4)°T

dy (X=4)[ (x=4)(4x+3)-2(2X +3X) |
dx (x—4)*

dy -19x-12

dx  (x—4)°

Differentiation of Implicit Functions

Example I
Find g—y when x? + 2xy +y> =8
X

Solution
L perayey)=1 @)
dx dx
2xdx + 2(xdy + ydx) + 2ydy =0

2x+2xd—y +2y+ 2yd—y =0
dx dx

y (2x + 2y) =-2x - 2y
dx

dy _ —2(x+y)
dx  2(x+vy)
Yy_
dx

Example 11

If X2 — 3xy +y? -2y + 4x =0, find j—y
X

Solution
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X2—3xy+y?—-2y+4x=0

L -3y +y2-2y+ 0= 2 (0)

dx dx

2x dx — 3(xdy + ydx) + 2ydy — 2dy + 4dx = 0

2x—3xd—y —3y+2yd—y —2d—y +4=0
dx dx dx

OI—y(2y—3x—2)=—4—2x
dx

dy _  —4-2x
dx 2y-3x-2
Example 111

Find dy when 3x2 —4xy =7
dx

Solution
3x2—4xy =7

d d

— (3 —4dxy)= — (7
i )= 0
6x dx —4(xdy +ydx) =0

6x—4xd—y —4y=0
dx

6x—4y=4xd—y
dx

dy 6x-4y
dx 4x
Example IV

If x? + 3xy —y? =0, find j—y at (1, 1).
X

Find the equation of the tangent and normal at (1, 1)
Solution
X2+ 3xy—-y?=0
L eray-y=
dx dx
2xdx+3(xdy+ydx)-2ydy=0
dy dy _

2X+3X— +3y—2y— =
dx y ydx

dy (3x—2y) =-2x -3y
dx

dy -2x-3y
dx 3x-2y

dy| _-2-3_
dX|p,y 3-2

:>y—_1=—5
x—-1
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y—1=-5(x-1)

y—1=-5x+5

y =-5x + 6 is the equation of the tangent
Let the gradient of the normal be n

nx-5=-1

5y-5=x-1
5y — 4 = x is the equation of the normal.

Example V
Find the x-stationary points of the curve
XX—y —4x2+3y=11x+4
Solution
Xy —4x?+3y=11x+4

i(><3—)’3—4X2 +3y) = i(11x+4)
dx dx
3x? dx — 3y? dy — 8x dx + 3dy = 11 dx
(3—3y?) dy = (11— 3x2—8x) dx
dy _ 11-3x° —8x
dx 3-3y°
At stationary points, @ _
dx
11-3x* —8x
3-3y?
11-3x*-8x=0
3X2+8x—-11=0

x=1, x=_—11
3

=0

Application of Differentiation

If A(x, y) is a general point in the curve with equation y = f(x) and B(x+6x, y+8Y) is a point in the curve
close to A, then 6x is a small increase in x and 8y is a small increase in'y
We know from differentiation that

:nm(@j:ﬂ
ox) dx
ox——0
So when ox is small, we can say that a_yzd_y
ox dx

dy
o0y = —-0X
d dx
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The approximation can be used to estimate the value of a function close to a known value y + 8y can be
estimated if y is known.

Example I
Given that y = 3x2 + 2x — 4. Use small changes to find the small change in y when x increases from 2 to
2.02.
Solution
y=3x2+2x-4

d—y=6x+2
dx

dy
oy = ix OX
ox =(2.02-2)=0.02
X=2; ox =0.02
ﬂ-ax
dx
oy = (6x + 2) ox
oy=1[(6x2)+2] x0.02
oy=0.28

oy =

Example 11

Use small changes to estimate /101
Solution
y = 4101
Y + 0y = /X +0X
y=+/x
d_y = l X% = 1

dx 2 2%

x=100, ox=1

x =100, y=+/x

y =+/100 =10
10 +0.05 = /100+1
10.05 = 101
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Example 111

In an experiment, the diameter x of a metal is measured and the volume V cm? is calculated using the

formula V = %EXS . If the diameter is found to be 10 cm with a possible error of 0.1cm, estimate the

possible error in the volume calculated.
Solution

oy = %ﬁ(m)2 %(0.1)

=bx
Hence the possible error in the volume is 57cm?®

Example IV
Find the approximate value of 31003
Solution

y=3/x

x=1000, ox=3

y + 0y = 31000 + 3
y + 0y = 31003

y=3x
y=x*
dy 1., 1
dx 3 3x%
dy
=—=-0X
% dx
dy
=—2_.3
» 3x%
__1 g4
3(1000)%
_3 o0t
300
y + 0y =3/1003
y=3x
y =3/1000 =10

10+0.01=<3/1003
10.01=%/1003
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Example |
Use small changes to find the cube root of 1005

Solution
y =3/1005
y +0y =3 x+0x
y=x*
ﬂ — l Xi% — 12
dx 3 3’
x =100, ox=5

y+0y =x+ox
y=x*
y =1000%
y=10
y +dy = 31005
10+6y=3/10ﬁ

dy
=—=-0X
% dx

1
6 =—2'5
V=3

1
—— x5
3(1000)%

5
¥=300
oy =0.016667
10+ 0.016667 = \3/1005
10.016667 = /1005

/1005 =10.01667

oy =

Example
Use small changes to find /627 .

Solution
y=vx
Y + 0y = /X + 06X
y=+x
ﬂ:le}é i

dx 2 2%
dy
oy =—-0X
4 dx
X =625, Ox=2
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1

= 2x/625
_1
25

y=+x

y =+/625

y=25
25+%=\/625+2

7625 =25+0.04
7625 =25.04

Percentage Small Changes

An error of 3% is made in measuring the radius of the sphere. Find the percentage error in the volume.
Solution

x 2

\Y =£7rr3
3
d—V=47rr2
dr
or = ir
100
ov =%-ar
or

oV =4xr? 3 r
100

3

oV = ‘127rr
100

12713 12713
Y 100=19 x100= 20,100
\Y \Y sr

=9%
Example 11

The height of a cylinder is 10 cm and the radius is 4 cm. Find the approximate percentage increase in the
volume when the radius increases from 4 to 4.02 cm.

Solution
V =zr*h
d_V: 2zrh
dr
oV =g-6r
or

or=4.02-4=0.02
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oV =27zrh(0.02)
oV =27x10x4(0.02)

oV =1.6rx

V = zr’h
V=7rz(@4)>x 10
V=160

. . . oV
Percentage increase in the volume is 87 %100

_ 167 100-1%

Ox

Example 111
The period T of a simple pendulum is calculated from the formula T = Zﬁ\/lg where | is the length of the

pendulum and g is the acceleration due to gravity constant. find the percentage change in the period
caused by lengthening the pendulum by 2%.

Solution
T= 27[\/I
g

%
T=2”Iy
gQ

d_T_ﬁI’%_ 7
dl g» gh1”
aT:d—T-al

dl

T2,
g’ 100
_ 27 |%
100g”
27 |L
100\ g
. . oT
Percentage change in period = Tx100

= 120776_% x100
Zﬁ\/y_g
=1%
Example
An error of 2.5% is made in measuring the area of a circle. What is the percentage error in the

circumference?
Solution
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6A:%-8r
or

A=rxr?

—=2xr

dr

oA = 2.5A
100

OA=27xr-or
E A=2rxr or
100

E7rr2 =27r or
100

_1.25r
100

6C:£-8r
or
6C=2ﬂx%r
100

_ 2.5xr
100

oC

Percentage error in circumference = = % x100

2.5xr
=10 _+100=1.25%
2rr

Example
If 1 is the length of a pendulum and t is the time of a complete swing, it is known that | = kt?. The length
of the pendulum is increased by x%. x is so small. Find the corresponding increase in the time of the
string.
Solution

| = kt?

dl

— =2kt
dt
dl

ol =—-ot
dt
ol =2kt - ot

X = okt-ot
100
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x|
R

2kt 200kt
~ x(kt?) _xt
200kt 200

. L ot
Percentage increase in time = T x100

2 X
:ﬂX].OO:—%
t 2
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Application of derivatives

Example I

A side of a cube is increasing at a rate of 6¢cm/s. Find the rate of increase in the volume of the cube when
the length of the side is 8cm.

Solution
i X
X
X
V=x
d_V — 3)(2
dx
% =6.cm/s
v _av dx
dt  dx dt
d—V =3x’x6
dt
v =18x2
dt
d—V =18x8?
dt x=8
=1152
dv

— =1152 cm?/s
dt

Example 11

The volume of a cube is increasing at a rate of 2 cm®s. Find the rate of change of the side of the base
when the length is 3 cm.

Solution

e == ] J—

—=2cmd/s
dt
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dv

—=3

dl

av_dv d

dt dl dt

d—V:3|2><ﬂ

dt dt

2=3Izﬂ

dt

d_2

dt  3I?

dp _ 2 2

dt|_, 3x3* 3x9

dat 2

—=—Ccm/s

dl 27
Example 111

The area of the circle is increasing at a rate of 3cm?/s. Find the rate of change of the circumference when
its radius is 2cm.

Solution

9A_s

dt

A=rzr?

dA dA dr

dt dr dt

d—A=2n'r'£

dt dt

3=27rl’ﬂ
dt

dar 3

dt 2zr

arf 3

dt|, 27zx2

dar 3

dt 4ar

C=2nr

dc _dc dr

dt  dr dt

d—C=27Z'><i

dt A

dc 6

a4

d—C=1.5cm/s

dt
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Example 111 (UNEB Question)

A spherical balloon is inflated such that the rate at which its radius is increasing is 0.5cm/s. Find the rate
at which:

(a) the volume is increasing at the instant when r = 5.0cm

(b) the surface area is increasing when r = 8.5 cm

Solution
V= ﬂ7rr3, ar_ 0.5 m/s
3 dt
v =471’
dr
v _dv dr
dt dr dt
d—V= 271
dt
v 27(5)° = 507 cm?/s
r=5
A = 4r?
dA_dA dr
dt dr dt
d—A =8xr x0.5
dt
d—A =4xr
dt
A =47(8.5)
d r=8.5
gA =34z cm?/s
dt r=8.5
Example IV

A hollow circular cone is held vertex downwards beneath a tap leaking at a rate of 2cm?/s. Find the rise of
water level when the level is 6 cm. Given that the height of the cone is 18 cm and its radius is 12 cm.

Solution
2cm
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V =—7zh?
dv 12

— === 7h?
dh 27
dv _dv dh
dt dh dt
dv _12zh dh
dt 27  dt
12zh% dh
2= X —
27 dt
dh 54
dt  127h?
h=6
dh 54
dt  127(6)?
dh 54 1

—=——=—2cm/s
dt 432r 8rx

Example V
An inverted right circular cone of vertical angle 120° is collecting water from a tap at a steady rate of 181
cm®min. Find:
() the depth of the water after 12 minutes
(b) the rate of increase of the depth at this instant.
Solution

60°|60°

Volume of the cone V = %nrzh

W _ 187 cm¥/min
dt
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1 min —— 18w cm?®
12 min—— x cm?®

Xx=12 x 18%x
=2167cmd

r r
tan60=—=+3=—
h J_ h

r=+/3h

\Y :lm‘zh
3

Y =%;;(J§ h)?h

V =7zh®
V = zh®

216 7 = zh®
216 =h?

h=6¢cm
V = zh®

d—V=37zh2

dh

v _av dn

dt dh dt

187 = 37h? x@

dt

dh_18

dt 3h?

dh 18 1 .
—| ==—==—=cm/min
dt|,s 3x6° 6

Example VI
An inverted cone with vertical angle of 60° is collecting water leaking from a tap at a rate of 2cm?/s. If the
height of water collected is 10cm, find the rate at which the depth is decreasing at that instant.
Solution
r
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1 r
—=— =h=43h
5 h
h
r:_
J3
V—lm’zh
3
2 2
VEES LA
37 \J3) 373
=17rh3
9
d—V:Eﬁhz
dh 3
v _dv dn
dt dh dt
0.2=17rh2-%
3 dt
06 _dh
zh?  dt
When h = 10,
dh_06
dt  zh?
dh 06
dt  7(10)
dh _ 06
dt 100z
dh 6
—= cm/s
dt 1000«

Example
A hemispherical bowl is being filled with water at a uniform rate when the height of water is h cm. The

volume is 7z(rh? —1h*)cmd, r being the radius of the sphere. Find the rate at which the water level is
rising when it is half-way to the top, given that r = 6 and the bowl fills in 1 minute.

r
—

V =z(rh? —%h3)
When itis full, r=h
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V= z(h®-1h?)

(Because the bowl fills in a minute)
When the bowl is not full, r #h
r=6c¢cm
V =7z(rh® —1h?)

V =7z(6h° —1h?)

d_V = (12h—h?)
dh
When h =3, OI—V=7z(36—9)
dh
d_V: 277
dh
av _av dh
dt dh dt
d—V= 277r><%
dt dt
1447 = 277r><@
dt
dh 144z 48
dt 277 9
dh 16 . 4
— ="— cm/min=— cm/s
dt 3

Example
A horse trough has a triangular cross-section area of height 50 cm and base 60cm and height 2m long. A
horse is drinking steadily and when the water level is 5¢cm below the top, it is being lowered at a rate of

1cm/min. Find the rate of consumption in litres per minute.

Solution

h=50
Vz(lxbxhjxl
2

1 =200cm
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\ :%xbxhXZOO

V = 100bh

h_50

b, 30

2h _5

b 3

2h="2b

3
Nl
5

vV :100(%jh =120h?
N _aon

dh

dv _dv dh

dt  dh dt

N oaohx1

at

N _os0n

at

‘L_\t’ — (240 20) = 4800 cm*/min
dv

— =4.8 litres/minute
dt

Example (UNEB Quiestion)
A hemispherical bowl of radius a cm is initially full of water. The water runs out through a small hole at
the bottom of the bow! at a constant rate such that it empties the bucket in 24 s. Given that when the depth

. .1 .
of water is x cm and the volume of water is gﬂxz (3a—x) cm?, show that the depth of water at that instant

is decreasing at a rate of a®(36(2a — x))*. Find how long it will take for the depth of water to be %acm

and the rate at which the depth is increasing at that instant.
Solution

v =%7zx2(3a— X)

When it is full of water, x = a
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vl (3a-a)
3
\Y, =%7ra2 (2a)

V = gﬂ'ag
3
Because it empties in 24s
245 — %neﬁ cm?
1s ——X
X= i7za3 cmd/s
72

dv za® 3
—=—cm’/s
dt 36

When x=a

V =%7rx2(3a—x)

v _dv d
dt  dx dt
ra’

=(27rax— ﬂ'Xz)%
6 dt

%_ za’
dt 36zx(2a-Xx)
dx

— =a’[36x(2a — X
ot *[36x( 0
hzla

3

v =%7zx2(3a—x)

v=l z(%a)’ (3a-1a)

(%J g

1

8ra’

Volume of water in the bowl =

Volume of the water emptied
3

_ 2za® 8ra’ _4672&3
"3 81 8l
av ra’
dt 36
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l1s—>—
36
467a°
XS
81
a6xa 467a® 36
X=—-=
= 81 za’
X = 20.4445 cm

(b) 1+ ix — ix*+ &x°,-1<x<1
() 1+ 3x+3x*-4ix*, -1<x<1
(d) 1-3x +3x* - 2x°,-2<x<2
567

21, —, 6" 22. 8 23.7
16

1 1 2
. + -
1+x* (1-x)° 1-x
23 (a) ud + 3u, u® + 5u® + 5u

, 2X3 + AxH + 45 + 4x8 + 6%

(b) 1+kx+ %(SK2 ~Dx? +g(5k2 -3)%°

29(i) 1+ 1x— lx2
2 8

(i) 1+ix+2x*, 1+ x+ 1x% 3315

258
30(@) —— (b) -307.
@ 5 ®

CIRCLES

A circle is a 2-dimensional shape in Euclidean geometry made by drawing a curve that is always the same
distance from the center

A circle can also be defined as a locus of all points P(x, y) which are equidistant from the same given
point fixed point C(a, b) [center]

Suppose that the distance of the points P from the given point C (a, b) isr

y-axié

A

(x—a)?+ @y -b?=r?
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(x —a)? + (y — b)? = r? is the equation of the circle wit center (a, b) and radius r
If the center C is (0, 0) then the equation of the circle is x? + y? = r2
For (x —a)? + (y — b)?> =r?
x?—2ax +a?+y?—2by+b? =12
x2+y%2—2ax—2by+a*+b*?—12=0
Suppose —a = g,—b = f,C = a? + b* —r?
=>C=g*+f%—-r?

The equation of the circle becomes
x2+y?+2gx+2fy+C=0

x2+y%2+2gx+2fy+C =0 is the standard equation of a circle with center (-g, -f) and radius r =
VoP+f?-C

Example |
Find the center and the radius of the circles below
@ -1+ -2?%*=9
(b) (x+1)%2+(y—-3)2=25
(€ x?+y?—4x—2y=14
(d) 2x2 +2y%2 —2x+2y=1

Solution
@ x-1D*+@—-2)%*=9
Comparing (x — 1)? + (y — 2)2 =9 with (x —a)? + (y — b)? =12
a=1b=21%=
= ThecenterisC (1,2)andr = 3
(x — 1)% + (v — 2)? = 9 is a circle with radius 3 units and center (1, 2)

(b) (x+1)>+ (y—3)2=25
Compare (x+1)* +(y—23)* =25 with (x—a)’ +(y—b)* =r?
a=-1,b=3,r2=25
r=5
The center is (-1, 3)
~(x +1)% + (y — 3)% = 25 is the equation of the circle with center (-1, 3) and radius 5.

(€ x*+y*—4x—-2y=4
X2+y?—4x—-2y-4=0
Comparing x? + y? — 4x — 2y — 4 with
x2+vy2+2gx+2fy+C=0
29 = —4,2f = -2
C = —
g=-2,f=-1
=—4
Since the center is (-g, -f),
The center is (2, 1)

Radius =\/g? + f?2—-C
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r=y(=2?+ (=D’ - (-4
r=v4+1+4

r=3
x% + y? — 4x — 2y = 4 is acircle with radius 3 units and center (2, 1)

(d) 2x*+2y?>-2x+2y=1
2x2+2y2 2x 2y 1
2 2 2 2
1
x2+y2—x+y—§=0

2

Comparing x? + y2 —x +y —% with
x2+y2+2gx+2fy+C=0
-1

20x = =X, 2fy =y, c=?

-1 1
= — f = —
J 2’ 2
Center (-g, -f)
Centre (%, - %)
Radius = /g2 + f2 - C
2 _1\2 _
Radivs = (1) + (2)° -2

. 1 1 1
Radius = ’Z+Z+E
=1
=1
2x% + 2y% — 2x + 2y = 1 is the equation of the circle with center G —%) and radius 1.

Example 111

Find the equation of the circle with the following centers and radii
(@) Center (2, 3) radius 1

(b) Center (3, -4) radius 5

(c) Center (_73 2) and radius%

-1 1 . 1
(d) Center (T' E) and radius E\/f
(e) Center (0O, -5) and radius 5

Solution
(a) Center (2, 3) radius 1
Given a circle of centre (a, b) and radius r. The equation of the circle is (x —a)? + (y — b)? = r2,
Consider the equation of the circle
(x —a)? + (y — b)? = r? with center (a, b) and radius r
(x—2)2+(y—-3)2 =12
(x—2)2+(@w-3)7?=1
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x2—4x+4+y2—6y+9=1
x2+y?2—4x—6y+13—-1=0
x2+y2—4x—6y+12=0

The equation of the circle with center (2, 3) and radius 1is x2+y%2 —4x — 6y +12 =10
(b) Center (3, -4) radius 5

(x—a)+@y-b?=r?

(x=3P+@y-—-4?=5°

(x—3)2+(y+4)? =52

x2—6x+9+y%+8y+16 =25
x2+y2—6x+8y=0

The equation of the circle with center (3, -4) and radius 5is x2 + y2 —6x+ 8y =0

-3 . 1
(c) Center (7, 2) and radius >
2 2

(:-3) +o-2°=()
(x+;>2+(y—2)2=%

2+3 +9+ Z—4y+4 !
X X+~ - =—
g Ty T 4
x24+y2+3x—4y+6=0

Equation of the circle with center (_73 2) and radius r = % is x> +y? +3x—4y+6=0

(d) Center (‘T1 %) and radius v/2
N 2
-6 -

2 2

o) +6-Y o

16x% 4+ 16y> +8x— 16y —3=0

(e) Center (0, -5) and radius 5
(x —0)% + (y — —=5)% = 52
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x% + (y +5)% =52
x?+vy%+10y + 25 =25
x2+y2+10y=0

Example 111

State which of the following are equations of the circles
(@ x2+y2-5=0
(b) x2+y2+10=0
(©) x2+y24+c=0
(d) x2+y2+bxy=1
(e) 9x%2 +9y%2 =1
(f) 7x%2+3x—y%2+2y =16
(@) x2+3x—y2=7
(h) x2 +y2+2x—8y=1
(i) x?+2xy+y?>=4

Solution

(@ x2+y2-5=0
x2+y?=5
(x—0)2 + (v~ 0) = (V5)’

x? +y? — 5 = 0 is an equation of a circle

(b) x* +y*+10=0
x2+y%2=-10
(x = 0)? + (y — 0)% = (V=10)°

x% +y2 + 10 = 0 is not an equation of a circle, since r = v/—10 is not real.

) x2+y24+c=0
x?2+y?=—c
(x=0)2 + (v = 0)2 = (V=¢)’
x% 4+ y? + ¢ = 0 is an equation of the circle when ¢ < 0.
(d) x2+y*+bxy=1
x2+y2+bxy=1
Comparing x? + y? + bxy = 1 with x?2 +y2 4+ 2gx + 2fy+C =0
=x2 + y2 + bxy = 1 is not an equation of a circle because of the component of bxy

(e) 9x% +9y%2 =1

9x% 9y? 1
ot 9y _1
9 9 19
2 2 _
x“+y =9
12
(-0 + (-0 = 5)
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9x2 4+ 9y2 = 1isacircle

(f) 7x2+3x—y%2+2y =16
Is not a circle because the co-efficient of x2and y? are not the same

(9) x> +3x—y?=7
Is not a circle because the co-efficient of x? and y? are not the same.

(h) x2+y?+2x—8y=1
Is a circle

(i) x2+2xy+y%2=4
Is not a circle

Example IV (UNEB Question)
The equation of the circle with center O is given by x? + y2 + Ax + By + C = 0 where A, B and C are
constants. Given that 4A=3B,3A=2Cand C=9

Determine
(2) The coordinates of the center of the circle
(b) The radius of the circle

Solution

Substituting egn. (3) in eqgn. (2)
34 =2(9)
34 =18
A=6
Substituting A = 6 in Eqn (1)
4x6=3B
B=28
x2+y2+Ax+By+C=0
x24+y2+6x+8y+9=0

Comparing x? + y? + 6x + 8y + 9 = 0 with x> + y2 + 2gx + 2fy+C =0
20=6 =>9g=3
2f=8, =f=4
C=9
Centre (-3, -4)
Radius=./g?+ f2-C
Radius = /(—3)2 + (—4)2 — 9
=v9+16-9
=4
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Example V
Find the equation of a circle whose center is (2, 1) and passes through (4, -3)

Solution
(41 _3)
r=42-4)2+(1--3)2
r=v4+16
r =420
(x—a)?+(y—b)?=r?
(x —2)% + (y - 1)* = (V20)?
x2—4x+4+y2—-2y+1=20
x2+y?—4x—2y—15=0
Example VI

The points (8, 4) and (2, 2) are end points of the diameter of the circle. Find the center, the radius and the
equation of the circle
Solution

(8,4)
(2,2)
‘(& |

C(X1+x2 Y1 +3’2)
2 ’ 2
24+8 2+4
‘ )

2 ' 2
¢(5,3)
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r=(5-8)%+ (3—4)?
r=v9+1
r =10

(x—a)?+ @y —b)?*=r?
(x—=5)?%+(y—-3)2=10

x2—10x+25+y%2—6y+9=10
x2+y2—-10x—6y+34—-10=0

x2+y2—-10x—6y+24=0

Example VI

Find the equation of a circle passing through points (2, 3) and (4, 5) having its center on the line

y=4x+3

Solution

Let the center be (X, y). Since it lies on the line
y = 4x + 3 = 0, let the x-co-ordinate of the center be a.
Then the y-co-ordinate

y=4x+3
(2,3)

(4,9)

r=y(a-2)" +(4a+3-3)’

I = J(@-2)%+(4a)’

r=va’—4a+4+16a’
r=+17a’—4a+4

r, =/(a—4)? + (4a+3-5)’

r, =(a—4)" + (4a-2)°
r,=a’—8a+16+16a’ —16a+4

r,=+17a’ —24a+20

n=rn=r

J17a% —4a+4 =17a% — 24a + 20

y=4x+3

y=4a+3

170



1782 —4a+4=17a>-24a+ 20
20a =16
_16_4
20 5
L=r=17x(4)?-4(2) +4

_ [17x16 _ 16
r=\"%—-%+4

292
25

Centre(a, 4a+3)
centre (£, %£+3)

centre (£, £)

(-4 +(y-2) =(JE)
(x—4) 4 (y—2y? = 222

, 8x 16 62y 961 _ 292

+
5 25 5 ' 25 25
8x 62y 977 292

Xy ————=
5 5 25 25
8x 62y 685 _

Xy —-—-=2
5 5 25

=5x?+5y? - 8x—-62y +137=0

Example
What is the equation of the circle whose center lies on the x — 2y + 2 = 0 which touches the positive
axes.
Solution
Let the y-coordinate of the centre be a
X-2y+2=0
x—2a+2=0
X=2a-2
(2a-2,a)
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(0, 2a - 2)

A

v
2a-2=a
a=2
The center is (2, 2); radius r =2
(x=2?+(y—2)*=2?
x2—4x+4+y?—4y+4=4
x2+y?—4x—4y+4=0
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Equation of circle passing through three points

Example I
Find the equation of the circle passing through the points
(@ A(-2,1) B(6, 1) and C(-2, 7)
(b) A(-1,4) B(2, 5) and C(0, 1)
(c) A(3,1)B(8,2)and C(2, 6)
(d) A(5,7)B(1,6)and C(2, 2)

Solution
(a) A(-2,1) B(6, 1) and C(-2, 7)
(-2, 1) 6.
('21 7)

r=y(@a-"2)7%+(b-1>
r, = (@a—6)% + (b —1)’
r,=+y(@-"2)?+(b-7)

Equating the radii; rn=ra=r

J@-"27+(b-1? =\(a-6)* + (b-1)°
(a+2)2+(b—1)2 =(a—6)2+(b—1)2
a’+4a+4+b*-2b+1=a*—-12a+36+b*-2b+1
a?+b’+4a—-2b+5=a?+hb*-12a—2b + 37
4a —2b+5=—12a — 2b + 37
16a = 32
a=2

Alsori=rs=r

J@—=22+b-12=./(a——-2)2+(b—7)2
(a+2)?+(B—-1)2%=(a+2)*+(b—7)>

a’+4a+4+b?>—2b+1=a*+4a+4+b*—14b+ 49
b?—2b+1=Db?-14b + 49
12b = 48
b=4
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Center (a, b) = (2, 4)

radius = \/(a — —2)2 + (b — 1)?
=J(2—--2)2+ (4 -1)2
=16 +9
=5

(x—a3?+(y-b)=r?
(x—2)+ (y—4)? =52
x?—4x+4+y2—8y+16 =25
x2+y% —4x—8y+20=25
x2+y%2—4x—8y—-5=0
Alternatively; Consider the general equation of the circle x? + y? + 2gx + 2fy + C =0

At (-2, 1)
—224+1%2+42g9(-2)+2f(1)+c=0
—4g+2f+c=—5.. @)

At (6, 1), 6° +1° +2g(6)+2f (1) +c=0
36+1+12g+2f+c=0
129+ 2f +C= =370, )

At(-2,7), -2 +7*+29(-2)+2f(7)+c=0
4449 —4g+14f+c=0
—4g+14f +c=-53.................. 3)
Solving equation (1), 2 and 3 simultaneously
g=-2,f=—-4c=-5

Substituting g = —2, f = —4, ¢ = =5 in the general equation of the circle x* + y? + 2gx + 2fy + C =
0

x2+y?2+2x(-2)+2y(—4)+-5=0

x24+y2—4x—8y—-5=0
(As before)

(b) A(-1, 4) B(2, 5) and C(0, 1)
(2,5)

('11 4)

0, 1)

r =+(a——-1)2+ (b —4)?
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1, =+/(a—2)%+ (b —5)2

r3 =+/(a—0)2+ (b — 1)2
N=r>=r
J@+1)? +(b-4)? =\[(a-2)? + (b -5)’

(a+1)2+(b—4)2=(0L—2)2+(b—5)2
a’?+2a+1+b*-8bh+16=a%>—4a+4+b*>—-10b+ 25

2a —8b+ 17 = —4a — 10b + 29
6a+2b =12
=3a+b =6 (nH
Similarly, ri=rs=r

Ja@a+1D2+(B-42=,/(a—0)2+(b—1)2
(a+1)2+ (B —4)?%=(a—-0)2+(b—1)?
a’?+2a+1+b>*-8b+16=0a’>+b*—-2b+1

2a—8b+17=-2b+1
2a—6b =-16

From egn. (1)
b=6-3a
Substituting b = 6 — 3a in egn. (2)
a—3(6—3a)=-8
a—18+9a =-8
10a =10
a=1
=>hb=6-3x 1
b=3
Center (1, 3)

r=+(a+1)2+ (b—4)2
r=y1--1)2+ 3 —-4)?2
r=v4+1
r=+5

(x—a)?+(y—b)*=r?
(x—1D*+ (y —3)? = (V5)?
x2—-2x+14+y>—6y+9=5
x2+y2—-2x—6y+5=0
Alternatively
x2+y2+2gx+2fy+C=0
At (-1, 4): (-1)*+4*+2g(-1)+2f(4)+c=0
1+16-2g+8f+c=0
—2g+8f +c=-17
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At (2,5): (2)*+5°+29(2)+2f(5)+c=0
4425+4g+10f +c =0
4G +10f +C=—290ooiieeeei 2)

At (0,1):0*+1* +2g(0)+2f () +c=0

Solving eqgn. 1, 2 and 3 simultaneously
g=1f=-3,c=5
Substituting g = —1, f = —3,¢ = 5 in the general equation of the circle x2 + y2 + 2gx + 2fy+C =0
x2+y2+2x(1)+2y(-3)+5=0
x%2 +y?—2x—6y+5 =0 (as before)
(c) A@3, 1) B(8, 2) and C(2, 6)

(2, 6)

(CRY)

(8.2)

r=+(@-3)2+ (- 1)
r, = (a—2)2+ (b —6)?
r, =+/(a—8)%2 + (b — 2)2
n=rn=r
V@—=32+ (b -1)?%=/(a-2)%+(b—6)?

(a=3)2+(b—-1)?%=(a—2)*+ (b—6)>

a’—6a+9+b*—2b+1=a’—-4a+4+b*-12b+36
—6a—2b+10=—4a—-12b + 40
—2a+ 10b = 30
—a+5b=15

Similarly; n=r3=r

J@—=32+(b-1)2=,/(a—8)2+ (b—2)2

(@=3)2+ (b —1)% = (a—8)2+ (b —2)?
a’—6a+9+hb’—2b+1=a’—-16a+64+b*—4b+4
—6a—2b+10=—-16a —4b + 68
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10a + 2b = 58
S50 +D =29, )

Substituting equation (1) in (2)
5(5b—-15)+b =29

25b—75+b =29
26b = 104
b=4
a=5b—15
a=5Xx4-15
a=>5

Center (5, 4)

r=+(G-3)2+4-1)2
r=v4+9
r=+13
(x =52+ (y -4 = (V13)?
x2—10x +25+y2—8y+16 = 13
x?+y2—10x — 8y +41 =13
x*2+y2—10x—8y+28=0
Alternatively

x2+y2+29x+2fy+C=0
At(3,1): 3 +1°+2g(3)+2f(1)+c=0
9+1+6g+2f+c=0
6g+2f+c=—10..c..cccociiiiiiii. @)
At (8,2): 8 +2°+2g(8)+2f(2)+c=0
64+4+16g+4f +c=0
16G +4f +C=—68.c0rvoereerreri, )

At(2,2): 22+2°+29(2)+2f(2)+c=0

44+4+4g+4f+c=0
4g+4f+c=-8.......... 3)

Solving eqgn. 1, 2 and 3 simultaneously
g=-5/f=-4,c=128

Substituting the values of g, f and c in the general
x2+y2+2gx+2fy+C=0
x2+y2+2(-5)x+2y(—4)+28=0

equation
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x2+y2—-10x—8y+28=0
(As before)
(d) A(5,7)B(1, 6) and C(2, 2)

(2,2) (1, 6)

(5,7)

n=+y(@=-2?+(b-2)?

r,=v(@- 12+ (b~ 6)?

r3=+(@=5)2+(b~-7)?

Equating the radii
rn=ry=r

J@-27+(0-27%=/(a-1?+(b-6)* ......... (1)

J(@-2?%+(-2)7 =(a-5)2+(b-7)% ......... )

From equation (1)
(a—2)2+(b—-2)2=(a— 12+ (b—6)2
a’?—4a+4+b*—4b+4=0a*>-2a+1+b*-12b+36
—4a—4b+8=—2a—12b + 37
12b —4b —4a+ 2a =37 -8
8D —2a =29 cciiiiei (3)

From egn. (2)
(@-2?%+(b-20*=(a-5+(b-7)°
a?—4a+4+b*—4b+4=a*—10a+ 25+ b* — 14b + 49
—4a—4b+8=—-10a—14b + 74
6a+10b =74-8
6a + 10b = 66
3a+5b =33 4
Solving Eqgn (3) and (4) simultaneously

7
=a=z, and b =

N | ©

Center G 2)
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V34
2
(x-a) +(y- b} = 1

(=) +(r-3) =%
XT3 Y=3) %

w

r =

2_ g +49+ 2 _g +81_34

Ty T Ty
2, 2 96
x“+y —7x—9y+7=0

x2+y2—7x—9y+24=0
Alternatively

x2+y?+2gx+2fy+C=0
At(5,7): 5°+7*+2g(5)+2f(7)+c=0

25+49+10g+14f +c=0
10g+14f +c==T74...cccccviiinnn. (1)

At(1,6): 1°+6°+2g(1)+2f(6)+c=0

1+36+2g+12f+c=0
20+ 12f +c=—=37 i (2)

At(2,2): 22+2°+29(2)+2f(2)+c=0
4g+4f+c==8...coiiiii 3)
Solving eqgn. 1, 2 and 3 simultaneously

==
g_z’f_z'c_

Substituting g, f and c in the general equation of the circle

x2+y2+2gx+2fy+C=0.

-7 -9
x2+y2+2(7)x+2(7)y+C=0

x2+y2—7x—9y+24=0

Parametric Equations of circle
Consider a circle (x — a)? + (y — b)? = r? the parametric equations of the above circles are x —a =
rcosfandy —b =rsiné
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~x=a+cosf andy =b +rsinf

Example I

Find the parametric equation of the circle (x —4)? + (y —3)? = 4

Solution

The parametric equations

Example 11

Find the parametric equations of the circle
x+1D?+(y—-2)2=9

Solution

xXx—4 = rcosb

y—3 = rsinf
r=2
x—4 = 2cosf
y—3= 2sin6
x=4+4+2cosf
y=3+2sin6
of the
x=4+2cosf
y =3+ 2sin6

(x-4*+(y-3)*=2?

circle (x—4%*+(y—3)2=4are

Comparing (x + 1)? + (y — 2)? = 9 with the equation of the circle (x — a)? + (y — b)? = r?

Example 111

Find the parametric equations of the circle
x2+y2—4x—-2y+1=0

Solution

By completing squares;s

a=-1,b=2,r=3

x+1= rcosf

y—2=rsinf
x+1= 3cosb
y—2=23sin6
x= 3cosf—1
y=2+3sinf

x2+y?—4x—2y+1=0

(x2—4x+4)—4+y*-2y+1=0

x—2= rcosf

y—1= rsinf
x—2= 2cosf
y—1= 2sin6
x= 2+ 2cos0
y=1+ 2sin@

x-22*+@y-1*=4
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Example IV
Find the parametric equation of a circle
x2+y?2—6x+4y—12=0
Solution
x> +y*—6x+4y—12=0
x2—6x+y?+4y—-12=0
By completing squares;
X —6X+9-9+Yy +4y* +4-4-12=0
(x—3)2+(y+2)2=25
(x —a)? + (y — b)? = 52
a=3,b=-2,r=5
x—3= rcosf

y+2=rsinf
x—3= 5cosf
y+2=>5sin6

x =34+ 5cosf
y=-—2+5sin6

Example V

Find the Cartesian equation of the circle with parametric equations
x=-—2+3cosf

y=3+3sin6
Solution
x+2_ p
3 = cos
-3
yT=sin0

cos’@+sin“0=1
(x+2)? | (y—3)?

el L U= 4
9 9

2 Y

BUt (x+2) +()/ 3 _
9 9

(x+2)?2+(@y—-3)?%=9
x> +4x+4+y>—6y+9=9
x2+4x+y?—6y+4=0
x24+y2+4x—6y+4=0

Tangents to the Circle

A tangent to the circle is a line which touches the circle at only one point and makes 90° with the radius
of the circle.
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Length of the tangent to a circle

Example
Find the length of the tangent from (5, 7) to the
x2+y2—4x—6y+9=0
Solution
Comparing x? + y2 + 4x — 6y — 9 = 0 with
x2+y2+2gx+2fy+C=0.
g=-2,f=-3,c=9
Center (-g, -f)
Center (2, 3)

r=+g*+f%*-c
r=v44+9-9
r=2
A B(5, 7)
2
C(2, 3)

CB=,(2-5)?%+3-7)?
CB=+v9+16
CB =5
AB? + AC? = CB?
AB% 4+ 22 =57
AB? =52 — 22
AB? =21
AB = 21 units
The length of the tangent is J21 units
Example 11

Find the lengths of the tangents from the given points to the following circles

(@ x2+y%?+4x—6y+10=0,(0,0)
(b) x2+y?2+6x+10y—2=0,(-2,3)

circle
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Solution
(@ x2+y%+4x—6y+10=0,(0,0)
Comparing x? + y2 + 4x — 6y + 10 = 0 with
x2+vy2+2gx+2fy+C=0.
2gx = —4x
g=-2
2fy = -6y

Center (-g, -f)
Center (2, 3)

C(2 3)

V3
A(0,0)

B

AC=(0-2)2+ (0-3)?
AC =V4+9
AC =13
AB? + CB% = AC?
AB? + (V3)% = (V/13)?
AB?2 +3=13
AB? =10
AB =10

(b) x*+y?>+6x+10y—2=0,(-2,3)

Comparing x? + y2 + 6x + 10y —2 =0 with x% +y% +2gx+2fy +C = 0.
g=3f=5c=-2

Center (-3, -5)

r=4g*+f*—c
r=vVv9+25—--2
r==6

A(-2,3)
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AC = /(=2 —-3)2+ (3 — —5)2

AC =1+ 64
AC =65
AB? + 6% = (,[65)
AB? +36 = 65
AB? = 65— 36
AB? =29
AB =+/29

Alternative method of finding length of the tangent to a circle

The length of a tangent drawn from a point (x;, y,) to the circle x? + y? + 2gx + 2fy + C = 0 is given
by

L=fo+yf+29x1+2fy1+c

= ,/S; where L = length of the tangent
The square of the length of the tangent from the point P is called a power point with respect to the circle.

Example I
Find the length of the tangent drawn from the point (5, 1) to the circle x2+y2+6x—4y—3 =0

Solution
Comparing x? + y2 4+ 6x — 4y —3 = Owith x2 +y2 +2gx + 2fy+C =0

g=3f=-2,c=3

(x1,¥1) = (5, 1)

L=\/X12+y12+29x1+2fy1+c

L=452+12+2g(5) +2f(1) +c

L=452+12+2 x3(5)+2(-2)(1) -3

L=vV25+1+30—-4-3
L = 7 Units

Example 11
If the length of the tangent from the point (f, g) to the circle x? + y? = 4 is four times the length of the

tangent from (f1, gu) it to the circle x? + y? = 4x, show that 15f° +15g9,> —64f +4=0

Solution
x2+y?—4=0
g=0,f=0,c=-4

L, =\/xf+y12 +2gx; +2fy; + ¢
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L1=\/g12+f12+0+0+—4

L1:\/912+ f12_4

Forx>+y?—4x=0,9=-2 and f=0

L, =\/x12+y12+2gx1+2fy1+c

Lzz\/g12+ f?—2(-2)g,+0+0

L, =40, + f,” +4g,

But L1=4L2
\/gf +f?-4 :4\/gl2 +f2+4g,
g+ f,7-4=16(g,” + 1" +4g,)

g’ + f? —4=16g,° +16f? + 649,
159, +15f, + 649, + 4=0(as required)

Equation of a Tangent

Example I
Find the equation of the tangent to the circle x? + y? + 2x — 2y — 8 = 0 at (2,2)
Solution

d d

2,2 2 9y — Q) = —

dx(x +y*+2x—-2y—8) dx(O)
2xdx + 2ydy + 2dx — 2dy =0

dy dy
2 2y—+4+2-2—=0
X+ ydx+ dx
Y ay—2)=—2-2
dx y B x
dy —2-2x
dx 2y —2
dy —-2(1+x)
dx 2(y—-1)
dy —-1(1+x)
dx  y—1
dy —-1-x
dx  y-—-1
dy _—1-2
dx(Z,Z)_ 2—1
dy
2 =_3
dx
y—2
=-3
x—2
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y—2=-3(x—-2)
y—2=-3x+6
y=-3x+8

Alternatively
Note: The equation of the tangent to the circle x2 + y? = a? at (x1,y,) is xx; + yy; = a?

The equation of the tangent to the circle x? + y? + 2gx + 2fy + C = 0 at x4, y, is xx; + yy; +
gx+x)+f+y) +c=0

We can now find the equation of the tangent to the x? + y2 + 2x — 2y —8 = 0 at (2,2)
Comparing x? + y? + 2x — 2y —8 =0 with x2 +y2 + 2gx +2fy +C =0
g=1f=-1,c=-8
xxp +yy1 +gx+x) +fy+y)+c=0
x2)+y2)+gx+2)+f(y+2)—8=0
2x +2y+1(x+2)—-1(y+2)—8=0
2x+2y+x+2—-y—-2-8=0
3x+y=28
y = —3x + 8 (as before)

Example 11
Find the equation of the tangent to the circle 2x? + 2y? —8x — 5y —1=0at C (1, -1)
Solution
2x24+2y2—8x—-5y—1=0
4xdx + 4ydy —8dx — 5dy =0

dy dy
4x+4ya—8—5a=0
d—y(4y—5)=8—4x
dx
dy 8-—4x
E=4y—5
dy|  8-4(1) .
dx|, , 4x1-5 -9
y——-1 -4
x—-1 9

Iy+1)=—-4(x—-1)
9y +9=—-4x+4
9y = —4x -5

Alternative method
From 2x? + 2y? —8x -5y -1 =0,
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S5y 1

X2+ y2 —4x — ==0
2 2

X2+ y2+2gx+2fy+¢c=0

:>g:-2, f= __S,C:__l
4 2

X1 = 1, Y1 = -1
The equation of the tangent is given by
XX1 +yy1 + g(X +X1) +f(y +y1) +¢=0
XD +yED) +20x+ D+ Sy-1+ L =0

x—y—2x—2+ﬂ+§—£—0
4 4 2
W 5 g
4 4
-4x—-9y-5=0
4x+9y+5=0
Example 111

The tangent to the circle x> + y? — 4x + 6y — 77 = 0 at the point (5, 6) meets the axes at A and B. find A
and B

Solution
x2+y2—4x+6y—77=0
2xdx + 2ydy — 4dx + 6dy =0

dy dy
2 2y——44+6—=0
X+ ydx + dx

dy
2 ——=4-2
(y+6)dx x

dy 4-2x
dx 2y +6
dy|  _ 425
dX|q 2(6+6
dy —6
dx 18
-1
3
y—6 -1
x—5 3

3(y —6) = -1(x - 5)
3y—18=—x+5
3y =—x+23
X+3y=23
Alternative method
Comparing x? + y> — 4x + 6y — 77 = 0 with x> + y> + 2gx + 2fy + ¢ =0
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g=-2,f=3,¢=-77
X1=5, y1=6
The equation of the tangent is
XX +yy1 + g(X +Xi) +fy +y1) +c=0
=>b5x+6y+-2(x+5)+3(y+6)-77=0
5x +6y—2x—-10+3y+18-77=0
3x + 9y =69
=X + 3y = 23, as before.
At the x- axis (A),y=0

0=—x+23
x =23
The tangent meets the x- axis at (23, 0)
At the y- axis (B),x =0
3y =23
23
Y=

The curve cuts the y- axis at (0, 2—3)
3

Example VII

Find the equation of the tangent to the circle x? + y? — 30x + 6y + 109 = 0 at (4,—1)

Solution
x%2+y2—30x+6y+109 =0
d d
2 2 _ 109) = —
dx(x + y* —30x + 6y + 109) dx(O)

2xdx + 2ydy — 30dx + 6dy =0

d d
2x+2y£—30+6£=0

2y +62 =30-2
Y dx x

dy 30-2x
dx  2y+6
dy 15-x
a_y+3
dy _15-4 11
dxl, , -1+3 2
y——-1 11
x—4 2
2y +2=11x—44
2y = 11x — 46

0=11x — 2y — 46

Alternatively

188



Given a circle x4+ y% +2gx + 2fy + c = 0 the equation of the tangent at (x;,v;)is xx; + yy; +
gx+x)+fy+y1)+c=0

Comparing x2? + y? —30x + 6y + 109 = 0 with x? + y? + 2gx + 2fy +c =0

g=-15f=3,c=109,x1=4,y:=-1
xx3 +yy1 +g(x+x) + f(y+y) +c=0
= x(4)+y(-1)+-15(x+4)+3(y+-1)+109=0
4x —y—15x—60+3y—3+109=0
—11x+2y +46 =0
11x — 2y — 46 = 0 (as before)

Example IV
Show that y = mx + c is atangent to the circle x% + y? = a? if c? = a?(1 + m?)
Solution
y=mx+c
x?+y?=a?
c+ (mx +c¢)? =a?
x2+m?x?+2mex+c? =a
x2+m?x?+2mex+c?—a* =0
(1+m?)x?+(@2mec)x +c2—a?>=0
B? = 4AC (for tangency)
(2me)? = 4(1 + m?)[c? — a?]
4m?c? = 4(1 + m®)[c? — a?]
m?c? = (1 + m?)[c? — a?]

m?c? = ¢? — a? + m?c? —m?a?

2

c? = a? + m?a?
c?2=a?(1+m?
Example V
Show that the line y = x + 1 touches the circle
x2+y2—8x—2y+9=0.
Solution
x24+y2—-8x—-2y+9=0
y=x+1
x2+(x+1)?2-8x—-2(x+1)+9=0
x> +x24+2x+1-8x—-2x—24+9=0
2x>—8x+8=0
x> —4x+4=0
For the line to touch the circle

B2 = 4AC
(-9 =41
16 = 16
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The line y = X + 1 touches the
x24+y2—8x—2y+9=0

Note:
If y=mx+cisalineand x? + y> =a?isa
circle then
(i) €% > a?(1+ m?) the line is a secant to
the circle
(ii) If C? = a%(1 + m?) the line touches the
circle

(iii) If C2 < a?(1+m?) the line doesn’t
meet the circle

Example VI
For what values of ¢ will the line y = 2x + ¢ be tangent to the circle x? + y? = 52
Solution

y=2x+c

xZ +y2 — 52

x2+(2x+c)?=5
x2+4x? 4+ 4xc+c?=5
5x2+4xc+c?—5=0
For tangency B? = 4AC
(4¢)? = 4(5)(c®> - 5)
16¢? = 20c? — 100

100 = 4¢?
25 = ¢?
c=5

Example VII
For what values of a, does the line 3x + 4y = a touch the circle x? + y? — 10x = 0?
Solution

3x+4y=a............. (1)
X2 +y?2—10x=10.......... (ii)
Substituting y = “_T“ in Eqn (ii)
) a — 3x\?
= x +( ) —10x=0
2_|_a2—6ax+9x2 L0x = 0
x 16 x=

16x% + a? — 6xa + 9x%2 — 160x = 0
25x%2 + (—6a —160)x + a®> =0
For tangency B? = 4AC
(—6a — 160)% = 4 x 25 (a2)
36a? + 1920« + 25600 = 100a?

circle
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64a? —1920a — 25600 = 0
a?—30a —400=10
(a —40)(a+10) =0
a=40,a = —10

Example VIII
Find the equation of the tangents to the circle
x% +y? — 6x + 4y — 12 = 0 which are parallel to the line 4x + 3y + 5 =10
Solution
Let the tangentbe y = mx + ¢
Since the tangent is parallel to 4x + 3y +5 =0 (y = —43—x - g)
—4

m=?

y=—?+c

3y + 4x = 3c is equation of the tangent
Comparing x2? + y? — 6x + 4y — 12 = 0 with
x2+y?4+2g9x+2fy+c=0

g=-3f=2,c=-12

Center (+3, -2)

(31 _2)

B 4x+3y=3c

r=4g*+f%-c
r=v9+4—--12
r=>5
But we can obtain r using the formula for perpendicular distance of a point from a line
axy + by; +c¢
VaZ + b2
|4(3) +3(-2) + -3¢
r =
Va7 + 32
B |12 —6—3c
B 5
6 — 3C)
5

5=
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25=6—-3c
3c=6-25
3c=-19

s--(55)

25=-6+3c
31 =3c

Since the tangents to the circle are given by
4x + 3y = 3c
= The equations of the tangents are 4x + 3y =-19 and 4x + 3y = +31

Example ix
(i) Find the equation of the tangents to the circle x? + y? — 2x — 4y — 4 = 0 which are parallel to line
3x—4y—-1=0
(if) Which are perpendicular to the line 3x—4y — 1=0
Solution
Comparing x% +y2 +2gx + 2fy+c=0with x2+y2 —2x —4y—4 =0
g=-1f=-2,c=-4
Center (1, 2)

r=JgTFfi=c
r=vita——4
r=3
3x—4y—-1=0
3x 1
T

Since the tangents are parallel to the line

> m= %for the tangent y = mx + ¢

y = 34—" + C, (4y — 3x) = 4C are the equations of the tangents

1.2

B -3x + 4y =4c

axy + by, +c
r = |

VaZ 1 b2
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3 ‘—3(1)+4(2)+4c
V=32 + 42

54 4c

2= 5

5

3_+(5+4C)
= 5

_ 5+4c
5
15 =5+ 4c
4c =10

3 <5+4C)
B 5

15=-5-4c
4c = -20
Since the equations of the tangent that are parallel to the line 3x — 4y — 1 = 0 are —3x + 4y = 4c

= The required tangents are:
—3x+4y =10
—3x+4y=-20
(ii) Let the tangents that are perpendicular tothe line3x —4y —1=0bey =mx +c¢
3x—4y—-1=0
4y=3x-1
3x 1
Y= T3

y—ﬂ+c
3

3y +4x = 3c
Center (1, 2)
r=3

(1.2

B 4x+3y=3c
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ax; + by, +c
\ ’4(1)+3(2)—3€’
V13
4+4+6—3c
:| 5
10 — 3¢
B
15=10-3c
3c=-5
—(10 — 3¢)
3=
15=-10+3c
3c =25

Since the tangent are;
3x+4y =3c
3x+4y =25
3x +4y =-5
Director Circle
The locus of the point of intersection of two perpendicular tangents is called the Director circle of a given

circle. The Director circle of a circle is a concentric circle having radius equal to v/2 times the original
radius.

Example
Find the equation of the director circle of the circle (x —2)? + (y + 1)2 =2
Solution
(x=2+@+1D%*=2
Center (2, -1)

Radius r =+/2
The center of the director circle is (2, -1) and the radius of the director circle is
V2 x r
=V2X+2
=2

The equation of the director circle is
(x—2)2+ (y+ 1) =22
x2—4x+4+y>+2y+1=4
x24+y2—4x+2y+1=0

Example 11
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Find the equation of a director circle of the circle whose diameters are 2x — 3y + 12 = 0 and x + 4y —
5 = 0 and has an area of 154.

Solution
2x—=3y+12=0.cccciiiniinnn. @)
X+4y—=5=0..cciiiiiiii 2)
Solving eqn. (1) and (2) simultaneously
x=-3,y=2
The center of a circle is (-3, 2)
nmr? = 154
— X7r? =154
r=7

Radius of the director circle is 7v/2
The equation of the director circle is
(x=3)*+ (y — 2)* = (7V2)?
(x=3)?2+(y—2)2=098
x2+6x+9+y2—4y+4=98
Therefore, x? + y2 + 6x — 4y — 85 = 0 is the equation of the director circle.

Equation of acommon chord of two circles

Let the equations of two intersecting circles be
x2+y2+2g:x+2fiy+c; =0...... (D
And
x2+y%+2g,x+2f,y+c; =0....... )
Intersect at P(xy,y,) and Q (x5, y-)

P(X, Y,

QX, Y,)

Now we observe from the figure that P(x,,y;) lies on both given equations therefore, we get
x12+y12+2g1x1+2f1y1+cl=0 ...... (3)

X2+ y2 4+ 20,0 + 2foy1 =0 . (4)

Eqgn. (3) — Eqgn. (4)

2091 —g2)x1+2(fi —fo)yrtecr—c, =0 ... (5)

Again we observe from the above figure that point Q (x, y,) lies on both circles
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x2 4+ vy2+2g.%,+2f1y, + ¢, =0 ......(6)
X3 +y2 4+ 29,0+ 2foya + 3 =0 (7)
Eqn. 6 —eqn. 7
2(9, - 9,)% +2(f, - f,)y, +¢,—¢,=0...... (8)
From eqn. 5 and 8, it’s evident that the points P(xq,y;)and Q(x,,y,) lie on 2(g; — g2)x + 2(f; —
f2)y + ¢4 — ¢, = 0 which is a linear equation in x and y.

Note: While finding the equation of the common chord of two given intersecting circle, we fast express
each equation in the form

x2+y?+2gx+2fy+c=0

Example

Determine the equation of the chord of the two intersecting circles x? + y? — 4x — 2y — 31 = 0 and
2 x% +2y%? — 6x + 8y — 35 = 0 and prove that the common chord is perpendicular to the line joining
the two centres of the circles.

Solution
x?+y?—4x—2y—31=0........... (1)
2x%+2y?—6x+8y—35=0
x4+ y2—3x+4y—T=0...... )
Eqgn. (1) - Egn. (2)
27
—-Xx—6y+ - = 0
—2x—12y+27=0
—2x 27
A VIREY)

The equation of the chord:
The gradient of the chord is —

Comparing x? + y? —4x — 2y —31=0with x> + y2 + 2gx + 2fy+¢c =0

g = —2,f = -1
Center (2,1)=C;

Comparing x2+y2—3x+4y—32—5= 0 with x2 +y2 +2gx+2fy+c=0
g——if—Z
>
Center(%,—2)=CZ

The gradient joining the two centers
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Gradient of chord x gradient of line joining the two centres
6x - =1
=

The chord is perpendicular to the line joining the two centers

Example

Show that the common chord of the circles x? +y? =4 and x%+y2—4x—2y—4=0 passes
through the origin

Solution
x2+y2=14
X2 4y2—4=0 ... (1)
x2+y?—4x—2y—4=0 ........... )
Egn. (2) —egn. (1)
4x + 2y =
y = —2x is the equation of the common chord
At(0,0), x=0,y=0
0=-2x%0
0=0

The common chord passes through the origin.

Example

Find the equation of the common chord of the circles
x24+y2—4x-2y+1=0
x2+y2+4x—16y—10=0

Solution
x24+y2—4x—2y+1=0 ............ (1)
x2+y2+4x—16y—10=0.......... (2)

Eqgn. (2) —eqgn. (1)
+8x—14y—-11=0
14y = —11+ 8x

Example

Find the point of intersection of the two circles
x?2+y2—-2x—6y+6=0 and

x> +y*—6x—6y+14=0

Solution

When we are finding the point of intersection, we first find the equation of the common chord and then
we solve it simultaneously with one of the equations of the circles

x24+y2—2x—6y+6=0 ........... (1)

x2+y?—6x—6y+14=0 ......... ()

Eqgn. (1) —eqgn. (2)
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4x—-8=0
x =
x = 2 is the equation of the common chord
Substituting x = 2, in egn. (1)
22492 -2 x2-6y+6=0
y2—6y+6=0
_6+V36—-4x1x6

y= 2X1
6 +V12

Y=
y=3++3

(2,3—+3)and (2,3 +V3)
The point of intersection of both circles is (2,3 —v3)and (2,3 +V3)
Example

Find the point of intersection of the circles

X%+ Y% +2x+2y—23=0and X* +y? —~10x—7y+31=0

Solution
x2+y?4+2x+2y—23=0............. (1)
x2+y2—10x—7y+31=0 .......... )

Eqn (1) - Ean (2)
12x+9y —54=0
4x + 3y = 18
18 — 4x
T3

, (18 —4x\? 18 — 4x
x+< 3 )+2x+2( 3 )—23=0

o p 324 -144x +16x° 36 —8x

y

+2X+ -23=0

9x? +16x? — 144x + 18x + 108 — 24x + 324 + 108 — 207 = 0
25x% —150x + 225 =0
x> —6x+9=0
(x—3)2=0
x =3
18—4 x 3
Y= T3

y=2
The point of intersection is (3, 2)
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Types of intersecting circles

(1) Touching each other internally
Two circles touch each other internally if the distance between their centers is equal to the distance
between their radii
CiC=1r—1

GG =1 —n
(2) Circle intersect at two distinct points when C,C, <1, — 1,

(3) Concentric circles

These are circles with the same center.
(4) Circle which touches each other externally if the distance between their centers is equal to the sum of

their radii.

Example
Prove that the circles x*+y®—10x—7y+31=0 and x*+y’+2x+2y—23=0 touch each other
externally.
Solution
x2+y2—10x—-7y+31=0
x2+y2+2x+2y—23=0
Comparing x? + y> —10x — 7y +31 =0 with x> + y2 + 2gx + 2fy+c=0
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Center (5% )

Radius =./g%?+ f%2—c

r= \](—5)2 4 (_77)2 ~31

)

Comparing x? + y2 + 2x + 2y — 23 = 0 with x2 + y2 + 2gx + 2fy+c =0
g=1f=1c=-23

Center (-1, -1)

radius = /(=1)? + (1)2 — —23
r=>5

7
C; (5,5) and C,(—1,—-1)

CC, =/6- 17 +(2—-1)°

cc 15
1“2 — 2

C,C, =75

rn+nr=75

Since C1C2 =" + Iy

The two circles touch each other externally

Orthogonal Circle

Two circles are said to be orthogonal if the tangents at their point of intersection cut at right angles as
illustrated below.

AN
\/

rf + 17 = (C,C,)?

200



Example

Prove that the circles x? + y2 + 4x — 2y — 11 = 0 and x2? + y? — 4x — 8y + 11 = 0 are orthogonal

Solution

Comparing x? + y? + 2gx + 2fy + c = Owith x> + y? +4x -2y — 11 =0
g=2,f=-1,c=-11

Center C;(—2,1)

ro =22 +-12 - —11
=4
Similarly
Comparing x2? + y? — 4x — 8y + 11 = 0 with
x2+y2+29x+2fy+c=0
g=-2,f=—-4,c=11
Center C,(2,4)

1, =+/(=2)2+ (42 -11

r,=VA+ 16— 11
T2=3

WA
\/

CiCy=+/(=2-2)2+(1—4)2
C1C2 == 5

Since 12 +12 =C,Cp
The two circles are orthogonal

Example (UNEB Question)
13. a) Form the equation of a circle that passes through the points A (-1, 4), B (2,5) and C (0, 1)
b) The line x + y = ¢ is a tangent to the circle
x? +y? —4y + 2 = 0. Find the coordinates of the point of contact of the tangent for each value of c.
Solution
General equation of the circle is
X2+y?+20x+2fy+c=0

At A(-1, 4),
20+ 8f+C=-17 i 0]

At B(2, 5);
4g +10f +C = -2, (i)

At C(0, 1):
2+ C=-1iii (iii)

2 Eqgn (i) + Eqn (ii)
10c =50
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c=5
From Eqn (iii);

From Eqn (i)
-29 +8(-3) + 5 =-17
-29=24-17-5
=-1
Hence the equation of the circle is
X2+y?—2x—-6y+5=0

Alternatively
A(-1, 4)

0=+ (T=yP= (1-xP+ (4 -y

Also
O =X+ (1 =y =@ =X+ (5 -y

Eqn (i) + Eqn (ii)
S5y =15
y=3
33)—x=8

x=1

Centre of the circle = (1, 3) and the radius is

Jo-12+1-32 =5

Equation of the circle is x> +y?—2x -6y +5=0

b)x?+y?—4y+2=0,

Andy=c—x

At the point of contact,
X+ (c—x)2—4(c—-x)+2=0
2X°+(4—20)x+(c>—4c+2)=0

For tangency, b? = 4ac
(4—2c)>=4x2x(c®?—4c+2)
42—-c)’=8(c?—4c+2)
(2-c)?=2(c?—4c+2)
4—4c+c?=2c2-8c+4
c?—4c=c(c—4)=0

Eitherc=0o0rc=4

Ifc=0,y=-x

= X2+ x2+4x+2=0
2X2+4x+2=0
X+2x+1=(x+1)>=0

= x=-1

2f+5=-1
2f=-6
f=-
Y =X =8 (M
AR b G (i)

202



Thereforey =1

The pointis (-1, 1)

Ifc=4, y=4-x
4-xP+x2-44-x)+2=0
16 —8X+x2+x2—16+4x+2=0

2X2—4x+2=0
X2 =2x+1=(x—-1)>=0
x=1y=3

The point is (1, 3)

Example (UNEB Question)
a) Find the equation of a circle which passes through the points (5, 7), (1, 3) and (2, 2).
b) i) If x=0and y = 0 are tangents to the circle, x?+y?+ 2gx + 2fy + ¢ = 0, show thatc = g =f2.
ii) Given that the line 3x — 4y + 6 = 0 is also a tangent to the circle in (b) (i) above, determine the equation of
the circle lying in the first quadrant. (06 marks)
Solution
(a) The equation of the circle is given by;
X2+y?+29x+2fy+c=0
Substituting for (5, 7),
25+49+10g+14f+c=0
74 +10g + 14f+c=0
10g+ 14f+c=-74 .............. (1)
Substituting for (1, 3)
1+9+2g+4f+c=0
29 +6f+c=-10............... (ii)
Substituting for (2, 2)
4+4+4g+4f+c=0

Eqn (i) — Eqn (ii)
6g + 10f = -64

Eqn (i) — Eqgn (iii)
6g + 10f = -66

3 Eqn (iv) — Eqn (v)
3g+3f=-24
3g +5f=-33
-2f=9
fo9
2
Substituting for f in Eqgn (iv)

9
925—82_%

Substituting for f and g in Eqgn (iii)
-9
4= )+ 4] —= |+c=-8
(74)+ (2j+c

-28—36+2c=-16

2c=64-16
0:4—8:24
2

The equation of the circle is x> +y2 — 7x — 9y + 24 =0
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b) Given x? +y? + 2gx + 2fy + ¢ =0
Wheny =0, X2+2gx+c=0
For tangency, b? = 4ac

(29)° = 4c

492 =4c

g’=c
When x =0, y?>+ (2f)?+c=0
For tangency, b? = 4ac

(2f)>=4c
4f2=4c
f2=¢

Hence ¢ = g% = f?
ii) Fromthe line 3x -4y +6=0
4y =3x+6
_ 3x+6
=73
, (3x+6)°
16
Substituting for y and y? in the equation
X2 +y?+20x+2fy+c=0

2
3Xx+6
x2+( ) +2fx+2f(3x+6 +f2=0
16 4

16x2 + (3x + 6) + 32fx + 8f(3x + 6) + 16f 2=0

16x2 + 9x2 + 36x + 36 + 32fx + 24fx + 48f + 32f 2=0

25x2 + (36 + 54f)x + (36 + 48f + 16f2) = 0
For tangency, b?=4ac
(36 + 54f)2 = 4 x 24(36 + 48f + 16f 2)
(36 + 54f)2 = 100(36 + 48f + 16f 2)
By opening brackets and simplifying we obtain
2f2—f-3=0
2f2-3f+2f—3=0
f(2f - 3)+1(2f-3)=0
@f -3)f+1)=0
Either 2f—-3=0

2f=3

f=23/2
Or f+1=0

f=-1
Now f=g

= g=3/2 or-1

Centre of the circle is (-g, -f). Since it is in the first quadrant, then the centre is (1, 1)

Butc=g?= f2=1
The equation of the circle is x2+y>—2x -2y +1=0
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LOCI

When a point moves in the plane according to some given conditions, the path along which it moves is
called a locus.

A locus is a set of points which satisfy certain geometric conditions. Many geometric shapes are most
naturally and easily described as a loci. For example a circle is a set of points in the plane which are fixed
at distance r from a given point P (center).

Problems involving describing a certain locus is often solved by explicitly finding equations for the
coordinates of the points in the locus. Here is a step by step procedure for finding plane loci

Step I: If possible, choose a coordinate system that will make computations and equations as simple as
possible

Step I1: Write the given conditions in mathematics from involving the coordinates (X, y).
Step I11: Simplify the equations.
Step 1V: Identify the shape out by the equations.

Example I
Find the locus of a circle with center at the origin and radius 5 units.
Solution
y A
- P(x,y)
5
-~ |00 X
v
VE-0+ (-0 =5
x> +y?=5

The locus is x? +y?=5
Example 11

What is the locus of a point which moves so that its distance from the point (3, 1) is 2 units?
Solution
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P(x,y)

A
v

v

JE =32+ -1 =2
(x=32+ @ -1)?=2?
x2—6x+9+y2—-2y+1=4
x2+y?—6x—2y+6=0
The locus is a circle with center (3, 1) and radius 2

Example 111
What is the locus of point which is equidistant from the origin (0, 0) and the point (-2, 5)
Solution

y A
A(-2,5
(2.3 § P(X.Y)
< ©.0) %
v Ap=pB

V& +2)2+ (=5 = /x2 +y?
(x+2)2+(y—5)?2=x%+y?
x2+4x +4+y% —10y + 25 = x2 + y?
4x — 10y +29=0
The locus is a straight line with a positive gradient.
Example IV
Find the locus of a point which is equidistant from the line x = —1 and the origin.
Solution
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y A
Al PKYy)
h (0, 0) X
x=-1
(x+1=0) v
The perpendicular distance of the line ax + by + ¢=0 from (x;,y,) is |%b+yg;c

Comparingx+1=0withax+by+c=0
a=1,b=0c=1
The perpendicular distance of the point (x,y) from the linex + 1 =0'is
1(x)+0(y)+1
Ja 02
Ap=x+1
pB =/x? +y?
Ap = pB
x+1= \/m
(x+1)2 =x2? + y?
x2+2x+1=x%+y?

AP = =x+1

y2=2x+1

The locus is a parabola
Example
Find the locus of a point which is equidistant from the point (0, 1) and the line y = —1

y A

1
G4 P(x, )
) X
y=-1
A
v

Comparing y + 1 = 0 (y = —1) with general equation of the line ax + by + c =0
a=0,b=1c=1
The perpendicular distance of the point P(x,y) fromthe lineisy =-1 (y+1=0)
ax; + by, +c¢

JZ 1 b2
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0x)+1(y)+1
N
AP =y +1
PB =./(x—0)2 + (y — 1)2
P e
AP = PB
y+1 =TG- IF
+D*=x*+@-1?
y2+2y+1=x2+y2-2y+1
x? =4y

‘=y+1

The locus is a parabola

Example VI (UNEB Question)

A point p is twice as far from the line x + y = 5 as from the point (3, 0). Find the locus of P.

Solution

y

A

P(x,y)

A

B(3, 0) \ "
X+y =
AP = PB

The perpendicular distance of point (x,y) from the linex + y —5 =0 s
|ax1 + by, + C|

JaZ 1 b2
|1(x)+1(y)—5|
Viz+1Z
x+y—ﬂ
V2
PB =./(x —3)2 + y?
AP = 2PB

x+y-—5
———=2/(x—3)2+y2
V2 ( )ty

v ty—5=2Z[/G=DF 7
(x+y—5)% =8[(x - 3)* +y?]
7X* +7y? —2xy —58x +10y +47 =0
Example VII

ap = |

Find the locus of a point which moves so that the sum of squares of its distances from (-2, 0) and

(2, 0) is 26
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P(x,Y)

A(-2,0) B(2, 0)

Solution
(AP)? + (PB)? = 26
2

(\/(x+2)2 +(y-0)? )2 +(\/(x—2)2 +y2) =26

(x+2)2+y2+(x—2)2+y2=26
x2+4x+4+y2+x2—4x+4+y% =26
2x% +2y? =18
x2+y?2=9
The locus is a circle with center (0, 0) and radius 3 units

Example VIII
Find the locus of the point P which moves so that its distance from the point (5, 0) is a half its distance
fromthe linex —8 =10

Solution
yA
P(x,
(x,y) A
h B(5, 0) X
X=8
v
PB = 2pa
)
2PB = PA
PA=8-x
PB =/(x —5)% +y?
2PB = PA
2/ (x—5)?%+y2=(8-x)
4[(x = 5)* + y?] = (8 — x)?
4[x% — 10x + 25 + y?] = 64 — 16x + x2
3x2+4y? —24x+36=0
Example IX

Find the locus of a point which is equidistant from the line x = 2 and the circle x + y? = 1
Solution
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P(X,y) B

v

A

(O! O) X

P
<«

AP =B
x2+y?2—-1=2-x
JaZ+y2=3-x
x2+y?=(3-x)?
x%?+y%=9—6x+x?
y2+6x—9=0
The locus is a parabola

Example X
The points R(2, 0) and P(3, 0) lie on the x-axis and Q(0, -y) on the y- axis. The perpendicular from the

origin to QR meets PQ at point S(X, -Y). Find the locus of S.

Solution
y A
0 R 0) P@3.0) X
S(X, -Y)
‘VQ(O’ -y)
Since Sis interms of X and Y
Then the locus of S must be in terms of X and Y
From the figure above,
(The gradient of PQ) = (Gradient of SQ)
O-—-y -—Y-—-y
3-0 X -0
y —Y+y
37 X
yX = =3Y+3y ..o (1)

(Gradient of RQ) X (Gradient of OS) = -1

)@
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x -t
Y= )
Substituting eqn. 2 in (1)
2X? 2X
=3V +3 (7)

2X?%? = -3Y?2 4+ 6X
3Y?2 = —2X? 4+ 6X
3Y?% = 2X(3 — X) is the locus of S

Example XI

Variable lines through the point O(0, 0) and A(2, 0) intersect at right angles at the point P. Show that the
locus of the midpoint of OP is y? + x(x — 1) = 0

Solution

A
P(x,y)

M(X, Y)

v

A

0(0, 0) A(2,0)
v

(The gradient of OP) x (Gradient AP) = -1

Let the midpoint Op be M(X, Y)

But x and y satisfy the above equation.

Substituting x =2X andy = 2Y in Eqgn (1);
(2Y)? = 2X[(2 — (2X)]
4Y? = 2X[2 — 2X]
Y? = +X[1-X]
Y?=—-X[X—-1]
Y2+ X[Xx—-1]=0
Example XI1
P is a point on a line of length 12 units, which moves so that it’s length lie on the axes. Find the locus of P
when its
(a) The midpoint of line,
(b) The point of trisection near the y-axis.
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Solution

M(, ) ML = 12 Units

P(x,y)

y

©.0 X, 0) x>

v
Since P is a midpoint of LM
_0+X

2x =X
Similarly, y=2F
2y =Y
Applying Pythagoras theorem on triangle OLM
X% +Y? =122
X?+Y?% =144

X24+Y2=144......................

Substituting X = 2x and Y = 2y in equation (1)
(2x)%? + (2y)? = 144
4x% + 4y% = 144
x*+y2 =36
The locus of p is a circle with center (0, 0) and radius 6
A

o, Y)\

v

©.0 X, 0)
v

Since P(x, y) is a point of intersection near the y-axis

Substituting X = 3xand Y = 37y in Eqn (1)

212



3 2
(3x)% + 2\ — 144
2
9 2
9x2+%=144

2
y
Z+—=16
Ty

4x% + y% = 64
Example X111
The fixed points A and B have coordinates (-3a, 0) and (a, 0) respectively. Find the locus of P which
moves in the coordinate plane so that AP = 3pB. Show that the locus is a circle, S which touches the axis

of y and has a center at the point(?’z—a, 0). A point Q moves in such a way that the perpendicular distance

of Q from the y-axis is equal to the length of the tangent from Q to the circle S. find the equation of the
locus of Q. show that this locus is also a locus of points which are equidistant from the line 4x + 3a =0

and the point (%a 0).
Solution
P(x, y)

“AC3a,0) BGO)

AP = 3PB
=J(x+3a)2+y2=3/(x —a)2 +y2
(x +3a)®> +y? =3[(x — a)* + y?]
x% 4+ 6ax +9a® + y? = 9[x? + y? — 2ax + a?]
x% + 6ax +9a® + y? = 9x? + 9y? — 18ax + 9a?
8x% +8y% —24ax =0
x2+y%2—3ax=0
Comparing x? + y2 + 2gx + 2fy+c =0

2g = —3a
3a
g = Y
f=0
Center (3a,0)

2
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A
A Qx, y)
S
=2
< - >
C(z2 .
v CS2 4+ QS? = CQ?
9a2+S 2_( 3a>2+ )
2 Q- =|x > y
SQZ—( 3a)2+ 5 9a?
—\FT) Y Ty
9a? 9q?
S 2 2_3 - 2__ 7
Q x ax + 2 +y 2
5Q? = x*+y? —3ax
AQ = SQ
AQZ=SQZ
x? =x?+y?-3ax
y? = 3ax
A
i P(x,y)
=3e 1 i
B( 2 .y !
< A (3aia,0)
3a
X= 4 4
4
4x+3ax =0
PR =d= 4(x) + 3a
Vi
_4x+3a
4

4x+3a_ ( 3a>2+ 5
s 7)Y
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N o gk

10.

11.

12.

13.

14.

16x? + 24ax + 9a? 3 9

— 42 _ = 42 2
16 x 2ax+16a +y
3 3 9
24 - 22— 2 2 42 2
X +2ax+16a X 2ax+16a +y
y? = 3ax

Revision Exercise
Find the equation of the circle which passes through the origin and the points (2, 0), (3, -1).
Fid the radii and coordinates of the centres of the following circles.
(@) x*+y*+4x-6y+12=0
(b) *+y?2—2x—4y+1=0
(c) xX*+y?-3x=0
(d) x*>+y?+3x—-4y-6=0
Find the equations of the circle with the following centres and radii:
(@) (3,2),4
(b) (-1,-2),1
(c) (0,0),5
(d) (*20), %

(®) (4,-1), B

Find the equation of the circle which has the points (0, -1) and (2, 3) as ends of its diameter.

What is the equation of the circle with centre (2, -3) and touches the x-axis?

Find the equation of the curve having AB as diameter where A is the point (1, 8) and B(3, 14).

Find the range of the values of k for which each of the following represents a circle with non-zero radius.
(@) x2+y?=k

(b) x>+ ky?—2x-8=0

(c) kx®+y?+4y+9=0

(d) 2x2+2y>+kxy—9=0

Find the equation of the diameter of the circle x*> + y?> — 6x + 2y = 15, which when produced passes
through the point (8, -2).

. Find the radii of the two circles with centres at the origin which touch the circle x? + y? — 8x — 6y + 24

=0
Find the equation of the tangent to the circle (x — 2)? + (y — 3)? = 16 at the general point ((2 + 4cosé),
(3 + 4sind)). Hence find the equation of the tangent at the point (4, 3+2 \/§) .

Find the equation of the tangents to the following circles at the given points:

(@ x2+y?=5, (-2,1)

(b) X2 +y?—4x+2y=3. (0,-3)

(c) x*+y?+6y—-1=0, (3,-4)

(d) 2x2+2y>+9x -4y +4=0, (-2, 3)

Find the equation of the circle whose centres lies on the line y = 3x — 7 and which passes through the
points (1, 1) and (2, -1).

Show that the distance of the centre of the circle x? + y? — 6x — 4y + 4 = 0 from the y-axis is equal to
the radius. What does this prove about the y-axis and the centre?

Prove that the circles x? + y> — 4x — 6y = 0 and x? + y? — 4x — 6y = 3 are concentric. Find the radius of
the common centre.
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15.

16.

17.

18.
19.

20.

21.

22.
23.

24,

25.

26.

217.

28.

29.

30.

31.

Find the lengths of the tangents drawn from the following points to the given circles:

(@ (6,-1),x*+y?=12

(b) (-1,3),x2+y?—8x+4y+19=0

() (4,-2),x*+y>-10y—-4=0

(d) (3,-4), x*+y>+x-3y=0.

If O is the origin and P, Q are the intersections of the circle x2 + y + 4x + 2y — 20 = 0 and the straight
line

X — 7y + 20 = 0. Show that OP and OQ are perpendicular. Find the equation to the circle through O,
P and Q.

The circle x2 + y2 + 2gx + 2fy + ¢ = 0 passes through the points A(-1, -2), B(1, 2), C(2, 3). Write
down three equations which must be satisfied by g, f, c. Solve these equations and write down the
equations of the circle ABC.

Prove that the line y = 3x — 1 neither cuts nor touches the circle (x — 1)+ (y — 1)2=9

Find the greatest and least distance of a point P from the origin as it moves round the circle

(@) x2+y?—-24x—-10y+48=0

(b) x*+y?+6x—-8y—-24=0

A circle which passes through the origin cuts off intercepts of lengths 4 and 6 units on the positive x
and y-axes respectively. Find the equation to the circle and the equations to the tangents to the circle
at the points other than the origin where it cuts the axes.

A is the point (3, -1) and B is the point (5, 3). Show that the locus of the point P, which moves so that
PA? + PB? = 28 is a circle Find its centre and radius.

Prove that the line y = 2x — 3 is a tangent to the circle (x —5)? + (y —2)*=5

Find the equation of the circle which has the points

(-7, 3) and (1, 9) at the end of a diameter. Find also the equation of the tangents to the circle which
are parallel

() to the x-axis

(b) to the y-axis

The point (a, b) is the midpoint of a chord of the circle x* + y*> = R2. Show that the equation to the
chord is ax + by = a% + b2,

A circle touches the x-axis and cuts off a constant length 2a from the y-axis. Show that the equation
to the locus of its centre is a curve y* — x? = a2,

Find the length of the chord joining the points in which the straight line (3)+ (%) = 1 meets the
circle x> + y2 = R?,

Show that the line 2x — 3y + 26 = 0 is a tangent to the circle x* + y* — 4x + 6y — 104 = 0 and find the
equation to the diameter through the point of contact.

Find the length of the tangent to the circle x> + y> — 4 = 0 from the point (x, y) and deduce the
equation of the locus of P, when it moves so that the length of the tangents to the circle is always
equal to the distance of P from the point (1, 0).

Prove that the line x —y — 3 = 0 is a common tangent to the circles x? + y2 — 2x —4y — 3 =0 and x> +
y? + 4x — 7y — 13 = 0. What are the coordinates of the point in which it meets the other common
tangent?

Show that the common chord of the circles x? + y? = 4 and x? + y? — 4x — 7y — 4 = 0 passes through
the origin.

Show that the following pair of circle are orthogonal:
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32.

33.

34.

35.

36.

37.

38.

39.
40.

No ok

©

10.
11.

(@ x2+y?—6x—-8y+9=0,x2+y?=9

(b) x2+y?—4x+2=0,x2+y?’+6y-2=0

() X®+y?—6y+8=0,x>+y?—4x+2y—-14=0

(d) x2+y?+10x — 4y — 3=0, x> + y?> — 2x — 6y + 5=0

Prove that the line y = 2x is a tangent to the curve x? + y> — 8x —y + 5 = 0 and find the coordinates of
the point of contact.

A and B have coordinates (-3, 0) and (3, 0). Show that the locus of a point P which moves such that
PB = 2PA is a circle with centre (-5, 0) and radius 4.

A triangle has vertices (0, 6), (4, 0), (6, 0). Find the equation of the circle through the midpoint of the
sides and show that it passes through the origin.

Prove that the following pairs of circles touch each other and state whether the contact is external or
internal.

(@) x?+y?-2x=0,x2+y>-8x+12=0

(b) x2+y?2—2x—-2y=18,x>+y?>—14x-8y+60=0

(€) X2 +y?—12x -2y =12, x> +y? —4x+4y+4=0

(d) x®+y?—4x+2y=8,x>+y*+6x—13y+22=0

Prove that the circle 2 + 32 - 2x- 6y + 1 = 0 cuts the circle 2 + y2 - 8x- 8y + 31 = 0 in two
distinct places and find the equation of the common chord.

Points A(0, 2) and B(4, -2) lie on the circumference of a given circle. Points C(-3, -3) and D(7, 2) lie
outside the circle but the centres of the circle lie on the CD. Find the equation of the circle.

Show that the x? + y? + 4x — 2y — 11 = 0 and x? + y? — 4x — 8y + 11 = 0 intersect at right angles.

Show that the line x + 3y — 1 = 0 touches the circle X2 +y> - 3x -3y +2=0

Show that the locus of a point which moves such that the square of its distance from the point (3, 4)
is proportional to its distance from the line x + y = 0, one of the locus being the point (1, 2), is a
circle and find its centre and radius.

Answers
X2+y?—2x+4y=0
@) 1, (-2 3) 0) 2, (1, 2)
© %, (%.,0 7% (%2
(@) xX*+y?—6x—-4y—-3=0
(b) x2+y*+2x+4y+4=0
(c) x*+y?=25
(d) x2+y>-x-2=0
X2+y?-2x-2y-3=0
X*+y?—4x+6y+4=0
X*+y?—4x—-22y+115=0
@) k>0 (b) k=1
(b) Novalueofk (c) k=0
X+5y+2=0
(4,6)
(y - 3)sing+ (x — 2)cosf=4, y/3 +x =10+ 3/3.
(@ y=2x+5 (b) x+y+3=0
(c) x+y+3=0 (d) x+8y=32.
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12.
13.
14.

15.
16.
17.
18.
19.
20.
21.
22.
23.

24.
25.

26.

27.

28.

29.
30.
31.
32.
33.
34.
35.
36.
37.

X*+y?*-5x-y+4=0

(2,3)

@5 (b) 7 ()6 (d) 210
x> +y?+5x-5y=0
X2+y?-16x+8y-5=0

(@) 24,2 (b) 12, 2
4,1),3

X2+y2—4x—-6y=0

a’b?
2 || R? =
( a?+ sz

3x+2y=0

JOC+y -4, 2x-5=0

(7, 4)
(1,2)

X2 +y?2-5x-y=0

3x+y=15

X*+y?—2x+2y=8

Locus

L and M are the feet of perpendiculars from a point P onto the axes. Find the locus of P when it
moves so that LM is length 4 units.

A variable line through the point (3, 4) cuts the axes at Q and R. and the perpendiculars to the axes at
Q and R intersect at P. What is the locus of the point P?

A variable joint P lies on the curve xy = 12. Q is the midpoint of the line joining P to the origin. Find
the locus of Q.

P is a variable line on the curve y = 2x2 + 3 and O is the origin. Q is the point of intersection of OP
nearer the origin. Find the locus of Q.

A line parallel to the x-axis cuts the curve y? = 4x at P and the line x = -1 at Q. Find the locus of the
midpoint of PQ.

Find the locus of a point which moves so that the sum of the squares of its distance from the lines x
+y=0andx-y=0is4.

A is the point (1, 0), B is the point (2, 0) and O is the origin. A point P moves so that the angle BPO
is a right angle and Q is the midpoint of AP. What is the locus of Q?

A line parallel to the y-axis meets the curve y = x? at P and the line y = x + 2 at Q. Find the locus of
the midpoint of PQ.
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Answers to Locus Questions
X2 +y2=16
Xy = 3y + 4x
Xy =3
y=6x2+1
y2=8x+4
X2+y2:4
4x2 +4y?> - 8x+3=0
2y=x2+x+2

coONoG~LNE

SERIES AND SEQUENCES

Objectives:

After reading this book, you should be able to

- Recognize the difference between a sequence and series

- Recognize an arithmetic progression

- Find the n" term of an arithmetic progression

- Find the sum of an arithmetic progression

- Recognize a geometric progression

- Find the n'"term of a geometric progression A. P

- Find the sum to infinity of an a G.P with common ratio when |r| < 1
- Understand ). notation for sum of series

- Be familiar with standard formula for Y. r, Y. 2, Y r3.

- Prove expressions by mathematical induction.

- Apply geometric and arithmetic progression to solve word problems.

Introduction
A sequence is a set of number stated in a definite order such that each number forming a set can be
obtained from the previous one according to some rule.

For example

(a) {2,4,6 8,10......}

() {1,-1,1,-11.. o}

(o) {10, 11912813 .

(d) {1491625 }

(e) {8 —4,2, 1 = }

() {1,1,2358 e v}

A series is obtained by adding up all the terms of the sequence for example. Suppose we have a sequence
Uz, U2, U3eeeve e e eeeeee e e Un

The serie can be obtained from the above sequence. The serie IS UiHUzFUs+....co.ee vt ves e e ee ee el

From the examples of sequences above. It is possible to give a formular for the general or n' term of each
of the above series.

Thus for a, un.=2n, wheren=1,2, 3, ....

Forb, u, = (—D)"*1wheren=1,2,3, ....
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For c, uyis not easy to find but we can give a separate formulae for odd and even terms of the sequence.
Uy, =10+n
Upper = 10—n

Ford u, =n?wheren=1,2,3, ....

For e, the formula u,, is not obvious

To obtain each successive term we divide by 2 then change sign. Thus at each stage we multiply by

(— %) which means that
1 n—-1

wn =8(=3)

For f, each term is a sum of two previous terms. This can be expressed formally as a relation between
Uy, and U, _1, U, (Un = Un_1 + Un_2). In this case more advanced technique are needed to find the
formula.

If the sequence ends after a certain number of terms it’s said to be finite. A sequence which continues
indefinitely is said to be infinite.

ARITHMETIC PROGRESSION (A.P)

Arithmetic progression is a serie in which one term is obtained from the previous one by adding a
constant number.

For example:

(@)1+2+3+4+--98+99

() 6+ 10 + 14 + 18 + ---46+50

()10 +7+4+1+-+.—47—50

The constant number is called a common difference. In the above examples the common differences are 1
for a, 4 for b and -3 for c respectively.

The arithmetic progression is completely defined when the first term (a) and common difference, (d) are
given
Generally, the arithmetic progression series is given by

a+(@a+d)+(@+2d)+--a+Mn—-1)d

a = first term

d = common dif ference

a+ (n—1)d =nt" term

Example 1
Which of the following series are arithmetic progression. Write down the common difference of those that
are

(@)7+114+15+ -

(b)—7—-5-=3+--

(c)—17-12-7+--+4+13

d1+11+11+ 93
(@) 4 72 4
() 12+ 22 +32 +42 .

Solution
(&) 7+114+15+ -
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a=7
d=11-7=4
d,=15-11=4
=d, = d, =d = 4(common dif ference)
=>7+11+ 15+ -
Is an arithmetic progression with first term a = 7 and common difference d = 4
b)—7-5=3+--
a=-7 dy=-5--7=2
dy=-3—--5=2
dy =d, =d =2 (common difference)
It is an arithmetic progression with first term a = -7 and common difference 2
(c)—17-12-7+--13
a=-17
dy=-12—--17=5
dy=-7—-12=5
It is an arithmetic progression with the first term
a =-17 and common difference (d) =5

(@1+5+3+ 39
4 2 4
a=1
d—S 1—1
17y T4
d_3 5 1
272 474
=1, d,=d —d—l
a=1, 1 — %2 = _4_

5 3 39. . . i
:1+Z+§+ ) is an arithmetic progression

(e) 1?2 +22+3%2+42
a=1%*=1
d,=22-1*=3

dy=32—22=5

d; =4%-32=7

dy # d, # ds.
12+ 22+ 32+ 42+ . is not an arithmetic progression.
Example 11

Write down the terms indicated in each of the following arithmetic progression
(D2+6+10+ 14+ - 12"

(ii))10+8+ 6+ 4 ... 15"

(iii)10+8+6+ 4+ -

i 61 5 31 2 12th
(iv) — 7=5-35- +

Solution
2+6+10+ 14+ ... 120
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The n'" term of an A.P (uy) is given by:
u,=a+mn-14d
a=2,d=4
=u,=2+n—-1)4
u, =2+4n—-4
U, =4n -2
12" term, n=12

= u,=4x12-2

=48 -2
=46
(i)10 +8+ 6 + 4..15"
n"term, u, =a+ (n—1)d
Uys = 10 + 14 X =2

=10 — 28
=-18
(ii)7+3—-1—-5+--19t"

a=7
d=3-7=-4

up,=a+mn-1d
=7+-=72
U9 = _65

_ 1 1
(V) =65+ -5—35-2+-
a=-—6.5
d=1.5
n"termu, =a+ n—1)d
u, = —6.5+ n—-1)(1.5)
Uy = =65+ (12—1) X 1.5
=—6.5+16.5
=10

Example 111

Find the number of terms in each of the following progression

(@)5+8+11+14 + 59 + 62
(b)1+6+11+16 + 501 + 506
(c) — 193 — 189 — 185 + - — 21 — 17
1 17 9 1 17
()25 +255+355+207+20
Solution
5+48+11+14+ 594+ 62
a=5 d=8-5=3
ntfterm =a+ (n —1)d
62=a+ (n—-1)d
62 =5+ (n—1)3
62—5=3(n—1)
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(b)) 1+ 6+ 11+ 16 + 501 + 506
a=1 d=6-1=5
n"termu, =a+ (n-1)d
u, =1+ (n-1)5
506 =1+ (n— 1)5

505 = 5(n — 1)
101=n-1
n =102

(c)—193 + —189 + —185+ -+ — 21 + —17

a=-193
d=-189 — —193
d=4

The n term

u, =a+m-—1)d

u, =—-193+ (n—1)4
—17 = -193 + (n — 1)4
~17+193 = 4(n—1)
176

——=n-1
4 n

n =45

Example IV

An AP is given by k%g 0..
(i) Find the sixth term

(ii) Find the nth term

(iii) If the 20" term is 15. Find K
Solution

—kd=" k="
a=ha=- 3

nthterm (u,) =k+ (n—1) (%k)

th _ _k
6" term (ug) =k+5

3

sk

B 3
2k
-3

k
(intterm=k+n—-1) (— (§>>
nk k
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But uzo = 15

_4k nk

3 3
_§ —n)

k
=15 =3 (4 - 20)

Sum of Arithmetic Progression
Generally, the arithmetic progression is given by
a+t(@a+d+(@+2d)+...a+(n-2)d+a+(n-1)d
Let the sum of the arithmetic progression be S,,

Sp=a+(@+d)+(a+2d)+-a+(n—2)d+a+(n—1)d

45 = k(—16)
L= —45
16

Suppose the terms are added in opposite order

Sp=a+(n—1Dd+a+n—-2)d+-(a+2d)+(a+d)+a

adding eqn (1)and (2)
=25, =2a+(mn—-1)d+2a+(n-1)d
+2a+(n—1)d+-2a+(n—-1)d
+2a+(n—1d+2a+n—-1d...........

Since there are n terms of equation (3) that have been added together. The total is 2S,, = n(2a +

(n—-1ad)

=25, =na+ n-1)d

.. (3)

n
Sp = E(Za + (n—-1)d)

Sn

n
5 2a+ (n—1)d)

This is the formula for the sum of arithmetic progression

Example I

Find the sum of the first 50 terms of an A.P

Solution

Example 11

1+

3454749+

a=1d=2

n
Sp==QRQa+ n-1)d)

50
Sso =~ (2% 1+49x2)

2

Seo = 25(2 + 98)

Find the sumof 5+ 9 + 13 + --- to 20 terms

Solution

S0 = 25(100)
Seo = 2500

138



20
Sy = 10(10 + 19 x 4)

Example 111

n

Sy = E(Za +(n—-1)d)

520 = 10(86)
SZO = 860

Find the sum 27 + 22 + 17 + ... to 10 terms

Solution

10
S10 =~ (2% 27 + (10— 1) X =5)

Example IV

Find the sum of the following A.P
(i) 6+10+14+...50
(i)  10+7+4+...-50
(iii)  5+9+13+...101
(V) 1+17+15+-92
(v) 83+80+77+...5

Solution

(Da=6,d=4
U,=a+(Mn—-1)d
50=6+(Mn—-1)4
44 =4(n—-1)
11=n-1
n=12

n
Sp = E(Za +(n—-1)d)

12
Si2=—5 @x6+(12-1)x4)

= 6(12 + 44)
512 = 6(56)
= 336

(i) 10+ 7 + 4+ - — 50
a=10, d=7-10=-3
n"term=a+ (n—1)d
—50 =10 + (n — 1)(-3)
—60 = —3(n—1)

a=27,d=22-27

d=-5
n

Sy, = E(Za +(n—1)d)

10
510 = 45
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20=n—-1
n=21

S, =~ 2a+ (n—1)d)
2 21
Sp1= S [2% 10+ (21 - 1) x 3]

21
=~ (20 + —60)

(iii) 5 + 9 + 13 ... 101
a=5 d=4,
nfterm=a+ (n—1)d
101 =5+ (n— 1)4
96 = 4(n — 1)
24=n-1
n =25

n
Sn =E(Za+(n—1)d)

25
Sp5 =5 (2% 5+ (25 1) x 4)

25
==-(10+96)

25
==~ (106)
S,s = 1325
_ 1 1 3
(IV)1+1Z+1E"'9Z
5 3 39
1o +5 .

1
a=1,d=1
39
T=a+(n—1)d
39 1
T=1+(n—1)1
39 1 1
T=1+Zn_1
39 3 1
T3t
39=3+n
n =36

S 36 (2 1+B6-1) 1)
= —_— X —_ X —
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S = 18(2 + 8.75)
=1935

(v) 83+80+77 + -5
a=83, d=80-83
d=-3
u,=a+m-1)d
5=83+n—-1)(—-3)
5=83+ —-3n+3
5=86—-3n
3n =81, n=27

27
Sp7 = (2% 83+ (27— 1) x =3)

27
=~ (166 + ~78)

_ 27(88
= > )
= 1188

Example V

In an A.P the sum of the first 10 terms is 520 and the 7™ terms doubles the 3™ term. Find the first term a

and common difference (d).
Solution

n
Sp = E(Za + (n—1)d)
SlO == 520

10

510 = 5(2(1 + 9d)
520 = 5(2a + 9d)

104 =2a+9d ... ... ... ...

7" term
un=a+ (n—1)d
u;=a+ 6d
39 term
Us=a+2d
Uz = 2U3
a+6d=2(a+2d)
a+6d=2a+4d
0=a-2d
a=2d
Substituting eqn (2) in egn (1)
104 = 2(2d) + 9d
104 = 4d + 9d
13d = 104
104

T 13
d=38
a=2d
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a=16

Example V
The first and last terms of an A.P with 25 terms are 29 and 179 respectively. Find the sum of the series
and it’s common difference
Solution
n =25,a =29, n"term
un=a+ (n—1)d
179 =29+ (25— 1)d
150 = 24d
d = 6.25

25
Sps =~ (2% 29 + (25— 1) X 6.25)

S, = 12.5(58 + 150)
= 2600

Example VI

The nth term of the series is 10-3n. Find the first three terms of the series and the sum of the first 15
terms.
Solution
nt term = 10 — 3n
firsttermn =1
>a=10—-3x%x1

=7
2™ termn = 2
=10—-3%x2
=4
3" term=10—-3x 3
=1
7+4+1+4--
a=7, d=-3

S, = g(Za +(n—1)d)

15
S15 =5 (@%7+(15-1)x =3)

15
= (14+ —42)

=-210

Example VIII

Given that the first and third terms of an A.P are 13 and 25 respectively. Find the 100" term and the sum
of the first 15 terms

Solution

a=13

a+2d =25

13+ 2d =25

2d =12

d=6
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ntfterm=a+ (n—1)d
nthterm =13+ (n—1)6

100" term = 13+ (100 — 1) X 6

Uoo= 13 4+99 X 6
= 607

n
Sy = E(Za +(n—-1)d)

15
Si5 = (2% 13+ (100 = 1) X 6)

S, = 4650

Example VII

The second and seventh terms of an A.P are -5 and 10 respectively. Find the fifth term and the least
number of terms that must be taken for their sum to exceed 200

Solution

a+6d=10...................

eqn (2) —eqn (1)
5d = 15
d=

uh=a+(n-21d
Uus=-8+(5-1)x3
Us = -8 + 12

Us=4

S, = g(Za +(n—1)d)

n
S, ==(2%x -8+ n—1)3)

T2
n
S, = E(—16+ 3n —3)
n
S, = E(—19 + 3n)
S > 200

Sy = g(—19 + 3n)> 200

-19n + 3n? > 400
3n?-19n-400>0

3(n2 —%nj > 400

>
3 3
By completing squares;
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n2_19n 361 361 400
3 36 36 3
( 19)2 400 361
n—-—_, >—+—
6 3 36

19 5161

n-=—| >—-
6 36

19 [5161
n-—»>, [—

16 36

19 [5161

_+ [

6 36
n>15.1400167
n=16

Example VIII

In an A.P the sum of the first 15 terms is 615 and the 13™ term is six times the second term. Find the first

three terms
Solution

n
Sp = E(Za +(n—1d)

15
Sis =~ (2a + (15— Dd) = 615

15(a + 7d) = 615
15a + 105d = 615

+7d—615
T
a+7d =41
2a=41-7d..................... )

13" term = a + (13 — 1)d
Uis=a+ 12d

2" term=a+d

U1z = 6U2

a+12d = 6a+ 6d

Substituting Egn (1) in Eqgn (2)
=>0=5M41-7d)—-6d
0 =205—-35d — 6d
0=205-41d
d=5
a=41-7d
=>a=41-35
a=6

The first three terms are: 6, 11, 17...

Example IX
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In an A.P the sum of the first 2n terms is equal to the sum of the next n terms. If the first term is 12 and
common difference is 3. Find the non-zero value of n.

Solution

In an A.P the sum of the first 2n terms

2n
Son = 7(2 X 12+ (2n—1)3)

=n(24 + 6n—3)
=n(21+ 6n)
= 21n + 6n?
The total of 2n terms and the next n terms is 3n terms.

3n
San = > [2%x124+ (3n—1)3]

3n
San =7[24+9n—3]

3n
= 7(21 +9n)

_63n 27n?
) 2
The sum of the next n terms after 2n terms is
2
(63771 + 2%) — (21n +6n?)
63n + 27n% — 42n — 12n?
2
21n + 15n?
2
Sum of first 2n terms = sum of the next n terms.
21n + 15n?
= 21n+ 6n? = —
42n + 12n% = 21n + 15n2
0 =3n?-21n
0=3n(n-7)
n=20 n=7

n##0 =>n=7

Example X

The sum of the first n terms of a certain series is

3n? + n. Show that the series is an A.P find the first term and common difference.
Solution

S,=3n?+n

Spe1=3n—-1)2?+n-1

Sp—q =3n%—5n+2

nfterm =S, — S,,_4

=3n?2+n)—(Bn%?-5n+2)
=6n-—2

ifn=1 (1% term)

a=4
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if n=2(second term)

6x2-2=10
If n =3 (third term)
6xX3—-2=16

first term = 4
Common difference=6
4,10, 16, ...

= The series is an A.P

Example XI

The sum to n terms of a particular series is given by
S, = 17n — 3n?
(a) Find an expression for the sum of (n-1) terms
(b) Find the expression for the n'" term of the series.
Show that the series is arithmetic progression. Find the first term and common difference.

Solution:

S, = 17n — 3n?

Stm-1) =17(n — 1) = 3(n — 1)?
=17n—-17-3(n?-2n+1)
=17n—17-3n> +6n -3
=23n—3n%-20

nt"term =S, —S,_;

= (17n — 3n?) — (23n — 3n? — 20)
=—6n+20

=20—-6n

For n = 1. (first term)

20— 6 =14

Forn = 2. (second term)
20-6x2=38

For n = 3 (third term)
20—m6x3=2

First terma = 14

Common difference

d=-6

Example XI1

The sum of the three terms in A.P is 30 and the sum of their squares is 398. Find the numbers.

Solution
a+(a+d)+a+2d=30
3a+ 3d =30

a’?+ (a+d)? + (a + 2d)? = 398

3a% + 6ad +5d*> =398 ........... )
fromegn (1)

a=(10—-d)

Substituting a = 10 — d in Eqgn (2);

= 3(10 — d)? + 6d(10 — d) + 5d? = 398

3(100 — 20d + d?) + 60d — 6d? + 5d? = 398
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300 — 60d + 3d? + 60d — d? = 398

2d? =98
d? =49
d=+7
Ifd=7
a=3

3, 10, 17 ..
If d=-7
a+d=10
a—7=10
a=17
17, 10, 3

The numbers are 3, 10 and 17.

Example X111
Show that the sum to 20 terms of the series
loga + logab + logab? + logab3 + -+
can be written in the form log a*b” and find x and y.
Solution
d =logab —loga
=logh

S, = g(Za +(n—1d)

20
So0 = > [(2loga + (20 — 1) logb]

= 10[(loga® + 19logb]
= 10[(loga? +log b*%]
= 10[loga? + log b*?]
10[ loga’h* |
Iog(a2b19)10
— log a20p1%
= loga*bY
x =20, y=190

GEOMETRIC PROGRESSION

A geometric progression G.P is a sequence where each new terms after the first is obtained by multiplying
the preceding term by a constant r, called a common ratio. If the first term of the sequence is ‘@’ then the
geometric progression is
a+ar+ar?+ard+-ar*!
a = first term,r = common ratio
ar™ 1 = nth term.
Examples of geometric progression are:
(D)2+6+ 18454+ -

()1+2+4+8+--128+ 256

1 1
(111)27_9+3_1+mﬁ_8_1

From the above examples
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24+6+18+54+ -

First term (a = 2)

o8 18 54
common ra 10—2— 6 —18—

For1+2+4+8+--128 + 256

. 2
a=1,commonrat|o(r)=1=5=1=2

FOr27 —9+3+ —1+4m——
27 81
First term a = 27
-9 3 -1

commonratior=—=—=——
27 -9 3

Example |

Which of the following series are geometric progression write down the common ratios of those that are:

(D)3+9+27+81...
(i)—1+2—-4+8...
(iii) 1+1.1+1.21 + 1.331...
(iv) 1+1/4+1/16+1/64+ ...

1 1 1 1
(V) E+E+E+g...

Solution
(i)3+9+27+81...
r1—3—
_T_,
), = 5 =
_81_,
BT

r =T, =13 = commonration = r=3
= 3+ 94 27+ 81 ...is a geometric progression

()—1+2+ —4+8
2

=—=—2
7 1
T, = > =
r3—_4—
N=T,=13=r=-2

Common ratio

= —1+4+ 2+ —4 + 8 is ageometric progression with a common ratio r = —2

(i) 1+1.1+1.21+1.331...

_u_
n=—]=1
_la_
N
_um_
8=921 " &

It is a geometric progression with a common ratio r=1.1
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()14t —+—...
4 6 64

A
)
n=\1)71
1
1
1
= _ :—)(4:—
2 4) 16 4
1
(22 1
=L |==x16=-

. . . . . 1
It is a geometric progression with a common ratio r = 7

1 1 1 1 . . . .
= > + P + = + 36 1S not a geometric progression because the common ratio is not the same.

Example 11
State the common ratio and the next two term of the following geometric progression (G.P)
D1+ —2+4+ -8+

C)1+1+1+
ll4 )

1
(iii)200 + 50 + 125 + -+
(iv) 162 + 54 + 18 + ---

Solution
Let the next two terms be x and y

1+ -2+4+ -8+x+y+--

2
r= BE] = —2 = commonratio
X 2
> —=—
-8
x =16
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= The ext two numbers of the sequence
1+ -2+4+ —8+--arel6and — 32

11
{)=+-+1+-

42
1 4
y 271

Let the next numbers of the sequence be m and n.

LN R,
Z E m n

I

n=
= The next two numbers of the sequence

1
—+-+1+--are2and4

472
(iii) 200 + —50 + 12%+
50 1
~ 7200 4

Let the next two numbers of the series be m and n

1
= 200 + —50+12§+m+n+---

m. 1
125 4
4m = —12.5
-25

m=—-3.125 m=——
m=-33
n 1
m 4

-1
n=—m

4

—1(—25)
n=_ —_—
4 8
= The next two terms of the series
200+ —50 + 122 + - are — 2and 2
2 8 32
(iv) 162 + 54 + 18 + ---
Let the next terms of the sequence be m and n.
162+54+18+m+n+...
m 1
18 3
3m =18
m=6
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n=2
= The next two terms of the sequence
162+54+18+m+n+...are 6 and 2

Example 111
Write down the terms indicated in each of the following progression

1
(i)5+1+2+---8”1

1
(i) 200 — 50 + 25 + .- 5th
(iii) 162 + 54 + 18 + --- 6t

————— 1+ -7t
(iv) 373
Solution
The n'" of a geometric progression is given by;
U, = ar™?!

1
For §+1+2+---8”‘

1
> Up =5 @™
For the 8"term, n=8

1
= Ug =5 (27) =64

(ii) 200 — 50 4+ 12.5 4 -
The n"term U,, = ar™?!

1
a=200r=-—

4
1\~
U, = 200 (— Z)

For the 5" term

1,51
=2 —
Us oo( 4)

1

Ue = 25
5732
= The 5" term isE
32
Example IV

162 + 54 + 18 + --- 6" term
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— 4pn-1
U, =ar

541
"T162" 3
a=162

U, =162 (1)
no 3

n-1

6—1

1
6t term = 162 (§>

4 2
————— 1+ -7t
9 3
2
3
az_f' r=—| =%
9 9
-2 9 3
= — X — = —
TT3TET?
U, =ar™"1

_4 3 n-—1
:7<§)

For the 7" term,n =7

_4_ 3 7-1
=30
77 9 \2
_ —4 <729) _ 81
“9\64/) 16
-81

= The 7th t s ——
e ermis 16

Example VI

How many term are in a geometric progression
2+4+8+--+128

Solution:

The n" term is given by U,, = ar™1

=2, =—=2
a r 2

=128 =2x (2)"!
128 = 2™
27 =2n
n=7

Example VII

The first term of a G.P with positive common ratio is 80. If the sum of the first three term is 185, find the

common ratio.
Solution
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a =80 (firstterm).

a+ar+ar?=185
a(l+r+1r?) =185
80(1+r+1r?) =185

1+7r+ 2 185
T r —80
14+r+7r2 37
T rt=-—
16

16 + 161 + 1612 = 37
1672 +16r—21=0
4r+7)4r—-3)=0

3 7
Ty A
Example VIII

In a G.P the second term exceeds the first by 20 and the fourth exceeds the second by 15. Find the two

possible values of the first term

Solution

2" term = ar

15t term=a
a+20=ar

4thterm = ard
second term = ar
ar + 15 = ar?3

15=ard—ar ......................... )

Eqn (1) +~ Eqn(2)

20 a(r—1)

15 ar(r2—1)

4_ r—1

3 r(r2-1)

4_ r—1

3 r3—r

4r3 —4r =3r — 3
473 —4r —3r+3=0
473 —7r+3=0

20—1

= —Ea—a
20——g
2
a=-40
Whenrz_—g,
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When r =1, a is not defined.

Example IX
The second and fifth term in a G.P are 405 and -120 respectively. Find the seventh term.

Solution

Eqgn (2) ~ Egn (1)

,  —120

405
3 _ -8

27

2

T:—§

( 2) = 405
a 3 =
a=-607.5

2
ar® = (—607.5) (— §)
160

3

r

6

Example IX

The second, fourth and eighth terms of an A.P are in geometric progression, the sum of the third and fifth
terms is 20. Find the first four terms of the progression.
Solution

secondterm=a+d

4™ term = a + 3d

8" term =a + 7d

(a+d), a+3d, a+7d

a+3d a+7d

a+d a+3d

(a+3d)?=(a+d)(a+7d)

a? + 6ad + 9d? = a® + 7ad + ad + 7d?

2d?—2ad =0

2d(d—a)=0

d=0 butd=+0
A=Aocoiiiiiiiiiiiiiiiiiii ., (1)
a+2d+a+4d =20

2a + 6d=20

a+3d=10 ... )
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Substitute Egn (1) in Eqgn (2)

a+3a=10
a=25
2.5,5,7.5,10 ...

Sum of a Geometric Progression
Let the sum of a geometric progression be S,

Sp,=a+tar+ar?+-ar™?+ar™t .. (D)
multiplying equation (1)by r
rSp,=ar+ar’+ar>+-ar™t+ar™..... .. ()

Eqn (1) — Eqn(2)
=>S,—rS,=a—ar®
Ss(1—r)y=a(l—-1")

a(l—7r"

5 =
1—1r
g _a(l—r") <1
i forr

a(r*—1)
Sn=?forr>1
Example I

Find the sum of six terms of the progression

246+ 18454+ -

Solution

:2’ =—=3
a r >

B a(r™—-1)
no r- 1
2(3°-1)
Sg = — "
6 3-1
=728
Example 11
Find the sum of the first 20 terms of a G.P with first term 3 and common ratio 1.5
Solution
a=3 r=1.5
_a(@"-1)
"Tor—1
B 3(1.5%9 - 1)
207 15-1
S,0 = 19945.54038
Example 111
Find the sum of the first six terms of a G.P
100+10+ 1+ ---
Solution
=100 = 10 = !
a=0 T=700 10
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_a(l-r")

n 1—r
6
100 <1 - (11—0) )
S6 = 1
1-15
S =111.111
Example IV

Find the sum of the following G.P Progression

8) T+ +64
b) 1000 + 200 + --- + 0.32
C) -3+ +64

d) 2-3+--+223

Solution
Ll e
4 2
1
IS ol S
Ty TS W |T2YT
ar™ 1l =y,
:1(2)”‘1:64
4
1 i
4XZ(2) =64x4
2n-1 = 256
2n—1=28
n—1=8
n=9
a(r™—-1)
T
n r—1
1(99 _
89:4(2 1)
2-1
S —1(511)
97 4
Sy = 127.75
(ii) 1000 + 200 + - + 0.32
= 1000, r =22 _ 2
a= 2 T = 1000

ar®™ 1 =,
1000 (0.2)* 1 = 0.32
(0.2)"! = 0.00032
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(0.2)"1 = (0.2)°

n—1=5
n==~6
a(l—7r"
P )
1—7r
1 6
7(1—-029
Se=2—— =
1-0.2
_1(0.999936)
74\ 08
=0.31248

()1 1+ 64
9373

A |l =

r=-

e

a =
ar®™ D = 64
1

2(-2)" =64
4( )

(=2)" 1 =64 x 4
—2"~1 =256
(2" = (-2)°
n—1=8
n=9
a(l—7")
T 1-r
1 9
20— (=2
2T 1--2

s _1(1——512)
974 3

Sy = 42.75
(d) 2+ —3+--222

Sn

ar™1 =22 §
32

3\"1 729
(3 -5
2 32

n-1
(ﬁj _» ,
2 32

(—3)”‘1 729

2 64

! 4 2
= —— X = —
2
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n—1=
n=7
_a(l-1r")
"o 1—r
3 7
2 <1 -(-3) )
S7 = 1 ~ __3
2
S, = 14.46875
Example V
Find the sum of the first n terms of the G.P
1 1 3
tatat
how many terms of the series are needed to reach a sum greater than 100
Solution
! + ! + > +
12 4 4
a= 1 , r:ﬁ_lxlz
12 Y, 4
r =
a(r™"—-1)
n r—1
G- 1)
S =
" 3-1
5 = 1/3"-1
12\ 2
¢ = 3"—-1
n 24
S, > 100
1. 100
24
3" —1> 2400
3" > 2401

loglo 37’1 > 10g10 2401

log,, 2401
logq03
n > 7.08497
n=3~8
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Example VI

The sum of the first seven term of a G.P is 7 and the sum of next seven terms is 896. Find the common
ratio of the progression. If the k™ term is the first term of a G.P which is greater than 1, find k.

Solution

sum of the first seven terms =7

sum of the next seven term = 896

sumof the 14 terms = 7 + 896

=903
_a@m-1)
Tor—1
a(r*—-1)
=g
a(r* -1
M =903
r—1
a(r*—1)=903(r— 1) ...... ... (D
57 = 7
a(r™—=1)
—~  Z_7
r—1
a@’ -1 =70r-1) e e . (2)
Eqn (1) = Eqn (2)
ri4 —1
=129
r’—1
letr” =P
PPl 129
P-1
p-1
p+1=129
p=128
Butp=r’
r’ =128
>5r=2
Example VII

A G.P has first term 16 and common ratio %a. If the sum of the first n terms is greater than 60. Find the
least possible values of n.
Solution
a=16, r= 2
a(l—rm")
"o 1—r

16 (1 - (%)n)

> 60
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>
16 4
1 ("
logyo (E) > logqo (Z)
1

3
logso (E) > nlogio P
10g,0(Gs) _
logy, (3)
9.638<n
= n=10

Sum to Infinity of A G.P
Consider the general geometric progression (G.P)
a+ar+ar®+-+ar™?

The sum of the n terms is denoted by
_a(1-r"M)

Sp = > for|rl<1
Since n cannot be negative it implies that as n increases r™ decreases for |r| < 1

a(l—7r")
n=——7

1—-r
on = a ar™
n_l—r 1—r
But as n tends to a big positive value (n =),
ar® 0
1—7r

=S, =% (sum to infinity of a G.P)

We say that the G.P with a common ratio, r and first term (a) converges when —1 < r < 1 and the limit

of the sum is & . There is no limit of a geometric progression whose common ratio lies outside the

range.|r| <1

Example I
Find the sum to infinity of a G.P with first term 3 and common ratio %
Solution

G a
2o a-n
g 3
2
S 3
==1
2
S =6
Example 11
Find the sum to infinity of
1+—+3—2+3—3
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Solution

Example 111 (UNEB Question)
Find how many terms of the series

must be taken so that the sum will differ from the sum to infinity by less than 1076

Solution

L4op ity
5 52 53

_a(l-r")
"o1-r .
1(1-(3))

1

I-3

Sp =

> (1)n <10°°
4\5

1\" 107°x4
(E) <75
1 n
(E) <8x1077
(0.2)" <8 x 1077
n(log;o0.2) < log;u8 x 1077
o g108 % 1077
log100.2
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(Sign changes because the denominator is negative)
n > 8.7227

n> 8.7227
n=9

Example IV
The sum to infinity of a G.P is twice the sum of the first two terms. Find the possible values of the

common ratio.
Solution

S=a+ar

a
2(a+ar) =:

2(1+r)=1_r

20-1r>) =1

1—1r2=

1 1
Z—r

2

1
2
2

r

r=+

N| =
5l -

Example V
The first and fourth terms of a geometric series are 135 and -40 respectively. Find its common ratio and

the sum to infinity.

Solution
a=135
ar3 = —40
13573 = —40
s__ 40
135
B -2
=73
s - &
1-r
s 135
co — 1 B __2
3
S, =81
Example VI

The sum of the first n terms of a geometric progression is 8 — 2372 Find the first term, its common ratio

and its sum to infinity.
Solution
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B a(l—71")

n 1—r
8_23_2n:a(1—r”)
1—-r
23 _ n3-2n _ a(l—r")
1(1—T‘rn)
3 —2yn _ AT

N\ a(l-r"

3 N . - @7
2 <1 (4) ) 1-—r

i =r by Comparison

The sum to infinity = 8

Example (UNEB Question)
In an arithmetic progression u; + Uz + Uz + ...., Us = 15 and uis = -3. Find the greatest integer N such that
Un> 0. Determine the sum of the first N terms of the progression.
Solution
Let a = 1% term of the A.P. and
d = common difference of the A.P.
The n'" term of the A.; un=a + (n— 1)d
=> 4" term, us=a+3d
But us = 15
=> a+3d=15.....ccccciiiiiicrn (i)
The 16 term use = a + 15d
But uis = -3
=> a+15d=-3...ceee (i)
Eqn (i) — Eqn (i1)
-12d =18
d=-15
From eqgn (i)
a+3(-1.5) =15
a=15+45
a=195
Substituting foraand dinu,=a+ (n— 1)d
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=>Uu,=195+(n—-1) x-1.5
=19.5-1.5(n—-1)

Now for u, >0

=> 19.5-15(n—-1)=>0

19.5-1.5n+1.5>0

21-1.5n>0

21>1.5n

14>n

Hencen< 14

The greatest integer, N is 14

Sum of n terms of the A.P. is given by

S, :g[2a+(n—1)d:|

Sh =%[2><19.5+(14—1)x—1.5:|

=7[39+(13x-15) ]
=7(39-19.5)
=136.5

Example (UNEB Question)

Show that In2", r = 1, 2, 3 is an arithmetic progression.
ii) Find the sum of the first 10 terms of the progression.
iii) Determine the least value of m for which the sum of the first 2m terms exceeds 883.7.

Solution
a)i)Forr=1,
In2t=1n2
Forr=2
In22 =2In2
Common difference = 2In2 — In2 = In2
For r=3
In22=31n2

Common difference=3In2-21In2=1n2

Since the difference between any two consecutive terms is the same i.e. In 2, Therefore the progression is

an arithmetic progression.

S :g[2a+(n—1)d]

ii) Foran A.P., !
Where n=10,a=1In2 and d = In2
= Sj =%[2|n2+(10—1)|n 2]

=5[2In2+(10-1)In2]

=55In2
=38.1231 (4 dp)
iii) Givea=1n2
d=1In2
n=2m
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=S, :27m[2ln2+(2m—1)ln 2]

=m[(2+2m-1)In2]
= m[(l+ 2m)In 2}
For Szn >8837

= m(l+2m)In2>883.7
883.7
In2
2m? +m>1274.9
2m? +m-1274.9>0

—1+1+8x1274.9

m >
4
. ~1+4/10200.2
4

—-1+100.996

m>———
4
m > 24.999
Hence the least value of m is 25.

m+2m? >

Example (UNEB Quiestion)
The first term of an arithmetic progression (A.P) is 73 and the 9" is 25. Determine

i) The common difference of the A.P.

ii) The number of terms that must be added to give a sum of 96.
b) A geometric progression (G.P.) and an arithmetic progression (A.P) have the same first term. The sums
of their first, second and third terms are 6, 10.5 and 18 respectively. Calculate the sum of their fifth terms.
Solution
Let a=1%termand

d = common difference of an A.P

Now 1% term = 73 and
The 9" term = 25
But 9" term = a + 8d
=> a+8d=25
73+8d=25
8d=25-73
8d =48
d=-6
Hence the common difference of the A.P is -6
ii) Let n=number of terms required

n
S, =E[2a+(n—l)d]
But S, =96
:g[2a+(n—1)d:|:96
Substituting fora=73and d = -6
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2146+ (n-1)x—6]=96

2[146—6(n—1)]=96

n[73-3(n-1)] =96
73n—3n?+3n =96
3n2-76n+96=0
n:76i\/762—4><3><96
2x3

_ 76++/5776-1152

6

76468
6
76 +68
n=
6
=24

Hence the terms that must be added to give a sum of 96 are 24
b) Let a =1 term of both A.P. and G.P.
d = common difference of A.P. and

r = common difference of a G.P.
Now for an A.P:

1tterm=a

2¥tern=a+d

3dterm = a+2d

4" term=a+ 3d

5" term = a + 4d

Also fora G.P.:

Itterm=a

2" term = ar

39 term = ar?

4" term = ar®

5" term = ar*

Sum of their 1t terms = 2a

= 2a=06

a=3

Sum of their second terms=a +d + ar
= a+d+ar=105
3+d+3r=10.5

A+3r=75 e, 0]
Sum of their third terms = a + 2d + ar?
= a+2d+ar’=18
3+2d+3r’=18

2d+3r2=15

Making d the subject from Eqn (ii)
d=7.5-3r

Substitute for d into Eqn (ii)
2(7.5-3r)+3r2=15
15-6r+3r2=15
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3rr—6r=0
r=2
d=75-3x%x2=1.5
The sum of their 5" terms = a + 4d + ar*
=3+4x15+3x2*
=3+6+48
=57
Example (UNEB Question)
a) The n'" term of a series is U, = a3" + bn + c. given that U; = 4, U, = 13 and Us = 46, find the values of
a,bandc.
Solution
a) Given U, =a3"+bn+c
Substituting forn=1, 2, 3...
Forn=1
2 3a+tb+C=4 . (i)
Forn=2,
= 9a+2b+Cc=13 s (i)
Forn=3
2 27a+3b+C=46..cccciiiiii, (iii)

Eqn (i1) — Eqn (i)

Eqn (v) — Eqn (iv)
12a=24
a=2
Substitute for a in Eqgn (iv)
12+b=9
b=-3
Substituting for b in Egn (i),
6-3+c=4
c=1
Sa=2,b=-3andc=1

Example (UNEB Question)

9.(a) The tenth term of an arithmetic progression (A.P) is 29 and the fifteenth term is 44. Find the value of
the common difference and the first term. Hence find the sum of the first 60 terms.

b) A cable 10 m long is divided into ten pieces whose lengths are in a geometric progression. The length
of the longest piece is 8 times the length of the shortest piece. Calculate to the nearest centimeter the
length of the third piece.

Solution:

(@) The n' term of A.P. is given by
Uo=a+(n-1)d

Given U = 29,

=a+9d=29 ... ()
Given Uis = a + 14d

=a+1l4d=44 ...t (i)

Eqn (i) — Eqgn (ii);
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5d =15

d=3

Substituting for d in Eqn (i)
a+27=29

a=2

The sum of the first n terms of A.P. is given by
S, =g[2a+(n—1)d]

S =5 [2(2)+59(3)]

=30[4+177]
=5430
b) Given length of cable = 10m
Number of divisions = 10
Here, length of divisions makes a G.P.
By considering the first to be the shortest and the 10" to be the longest,
Let Iterm=a
10" term = ar®
3 term = ar?
ar®=8a
=38

r=g8 Py

S, za(r” —1}
r-1

1

%

8/9 _
10=a
=

%
2751
10=
)

10-a 9.0794
0.2599

a=02863 (4d.p)
Length of the 3" piece, U; = ar?
Us =0.2862 x 2”
=0.4544m
~45cm

Application of Geometric Progression

UNEB Question
A credit society gives out a compound interest of 4.5% per annum. Mugagga deposited 300,000 at the
beginning of each year. How much money will he have at the end of the 4" year in no withdrawal is made
between this period.
Solution

A=A+ 4, + A,
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A{ = 300,000 (1 +

Az = 300,000

ii0)

4.5

A, = 300,000 (1 +—0)
14—

(+3m)

A. = 300,000 (1 +—
3 ’ (+100)

A =300,000(1 + 0.045) + 300,000 (1 + 0.045)% + --- 300,000 (1 + 0.045)*
A =300,000(1.045 + 1.045)? + --- 1.045%)
" =-1)
r—1
a = 1.045
_ (1.045)?
~1.045

_ 300,000 x 1.045(1.045* — 1)
N 1.045 — 1

A =1341212.918

A =300,000a

= 1.045

Example Il (UNEB Question)

A Finance society gives out a compound interest of 8% per annum. Moses deposited £100 into a saving
account at the beginning of each year. How much will his saving be worth after ten years?

Solution:

A =A1 +A2 +A3 +"'A10
2 10

8 8 8
A—100<1+m)+100<1+m> +---100(1+ﬁ)

A =100(1.08 + 1.082 + --- 1.0819)
a(r™—1)
A=100———
r—1
100 x 1.08(1.08° — 1)
a 1.08 —1
A = 1564.55
€1564.5548746

Example 111
5 millions are invested each year at a rate of 15% interest. In how many years will it accumulate to more
than 50 millions.

A=A +A, +A3 + A,

A=5(1.15+ 1.15% + --- 1.15™)

a=1.15
B 1.152 115
"TH15 T ¢
_ 5a(r - 1)
- r—1
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5% 1.15(1.15" - 1)

115—1
5x115(L1S" -1
115—1
115> 2
23

53
log191.15™ > logyg (ﬁ)

53
nlogyy 1.15 > (log10 ﬁ) .

53
nlogyy 1.15 > (log10 ﬁ)

53
logi073

> _—
n log;o1.15

n > 5.97
n==a6.

Example IV

A man pays a premium of £100 at the beginning of every year to insurance company on understanding
that at the end of fifteen years he can receive back the premiums which he has paid with 5% compound
interest. What should he receive? Give your answer correct to three significant figure.

Solution
5 1 5 2 5 15

A= 100<1+m) +100(1+W) +"'100(1+W>
A = 100[(1.05 + 1.05% + --- 1.05%)]

100a (" — 1
A= 100a (" - 1)

r—1
A= 100 x 1.05(1.05%> — 1)
- 1.05—-1

A = 2265.74917.

A = £2270 (to 3 significant figure)

Proof by induction of summation of other series

Mathematical induction is a method of proof in which a statement is proved for one step in a process and
it’s shown that if the statement holds for that step, it holds for the next. Proof by induction is not a direct
proof because the method doesn’t produce the expression it’s self but it can only be used to prove that a
given expression is a required sum.

Mathematic proof by induction involves 3 steps
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Step 1: (initial step) is to prove the given statement for all natural numbers.

Step 2: (induction step) prove the given statement for any natural number implies the given statement for
the next natural numbers.

Step 3: (conclusion step).

If you have just covered induction with your teacher and you are feeling uneasy about the whole thing. If
you are anything like me, you are having the same thought that I had. Can’t you prove anything is true. If
you assume it to be true in the first place, what is left is to prove.

If you have already proved isn’t that cheating any how

First step don’t get mad at your teacher.

Induction makes a perfect sense to him and he honestly thinks he has explained it clearly. When | was still
at school like you | had a good math teacher so | had good lessons of induction from my teacher.

But still I didn’t trust induction so I tried to pick up where my teacher had left me and fill in some gaps.
Before the lesson ended. | asked my teacher, ‘excuse me teacher’

Excuse me teacher, ‘excuse me teacher, excuse me teacher. Mathematical proof by induction is confusing
me because | cannot seem to reason with myself as to how to go about getting to the solution and also
asked why is it called mathematical proof by induction not substitution induction’.

Example 1
Prove by induction that

1
1+2+3+---n:§n(n+1)
Solution

1
1+2+3+~--n:§n(n+1)

Forn=1
1

1=2(1)()

1=1.

Itistrueforn=1
Assume the result holds for some general value of n say n = k.

1
14243+ K =2k(e+1)

It must also be true for the next value of n i.e
n=k+1
Adding the nextterm,n = k + 1

1
514243+ +k+k+1=ckk+1)+k+1
= (k+ D4k +1]

=%w+nm+m

=%(k+ 1)k +2)
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:>1+2+3+...+k+k+1:%(k+1)(k+2)

For the next integer
n=k+1=2.
k+1=2.
k=1.

1
=1+2=-(1+1D(1+2)

3—1 2)(3
=>@0)

3=3.
Since it’s true for n = 1, n =2 and so on hence it’s true for all positive integral values of n.

Example 11
Prove by induction that

1
12+22+4+3%2+..n?2= gn(n +1)(2n +1).
Solution
12422 432 4 o2 = %n(n +1)2n+1)
Forn=1

1
1=2-(D@E).
1=1
It’s true for n = 1.
Assume the result holds for the general value of n say n=k, it must be true for the next value of ni.e
n=k+1

1
12422432+ k%2 = gk(k + 1Rk +1)
Adding the nextterm n =k + 1

12422432+ k?2+ (k+1)? =%(k)(k+1)(2k+1)+(k+1)2
:%(k+ D[2k? + k + 6(k + 1)]

1
= g(k+ D[2k? + 7k + 6]

= %(k + D[(k + 2)(2k + 3)]

2 2 2 12 2—1
1°4+24+3+-k*+(k+1) —6(k+1)(2k+3)
For the next integer

n=k+1=2
k=1.

1
12422 = 3 (2)(3)(5)
5=5

Since itis true for n=1and n =2 and so on, and so on hence it’s true for all positive integral values of n.

Example 111
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Prove by induction that

a(l1—rk
a+ar+ar?+--ar™? =—( )
1-r
Solution
Forn =1.
1-7)
a=a
1—r
a=a
It’s true forn =1
Assume the result holds for the general value of nsay n = k
2 k-1 (1 - Tk)
a+ar +arc+---ar =a—1_r
It must be true for the next integer
n=k+1.
Adding the next term
n=k+1
2 k-1 k (1 — rk) k
a+ar +arc+---ar + ar =aﬁ+ar

_ a(l — rk) +ark(1-7)

1—-7r
_a—arf+ar‘-ar*!
1-r
_a_ark+1
o 1-7
_a(l_.r.k+1)
B 1-7r
a 1—7"k+1
a+ar+ar?+--arkl +ark =%
For the next integer
n=k+1=2
k=1.
a(l—r?
a+ar=(—)
1—r
al+r)(A—-1)
a+ar =
1-—7r

at+ar=a(l1+7)
a+ar =a+ar
Since it’s true forn = 1, n = 2, n = k so on hence it’s true.

Example IV
Prove by induction that Z?=1ﬁ = %
Solution
n t 1,1, 1
T=lyrir+1) ~ 2 tetn T n(n+1)
1 4 1 4 1 4 1 n
= —4—4+—+--- —
2 6 12 nn+1) n+1
Forn =
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2 2.
It’s true for n = 1.
Assume the result holds for general value of n, say n = k.
1 1 1 1 k
2 e T 2T k¥ D k+1
It must be true for the next integern = k + 1
adding the nexttermn =k + 1
1 1 1 1 1 k 1
2 et T kD T DGk k+ 1 kE DKk +2)
k(k+2)+1
T (k+ Dk +2)
k% + 2k + 1
T (k+ Dk +2)
k% +2k+1
S k+1D(k+2)
(k+1)2
T (k+D(k+2)
k+1
C(k+2)
1 1 1 1 1 k+1
=t e T Rt kD T A D+ T k+2
Forthe nextinteger,n=k+1 =2k = 1.

1 1

1 1

Since itis true for n = 1,n = 2 and so on hence it’s true for all positive integral value of n.

Example V
Prove by induction that Y% _, m3 = inz(n +1)2
Solution
n
Z m3=13+234+33+...03
m=1

=13+23+33+..n3 = %nz(n + 1)?
forn=1

18 = (1927

1=1.
It’s true forn = 1.

Assume the result holds for the general value of
n=k
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1
P+22+33 4+ k3= Zkz(k +1)2

It must be true for next integern = k + 1
Adding the nexttermn =k + 1

1
B+234+33+k3+k+1)3 =Zk2(k+ D2+ (k+1)3

= %(k + 1)%[k? + 4(k + 1)]

1
= Z(k + 1)2(k? + 4k + 4)

:%(k +1)? (k+2)?

P+22+3%+ K+ (k+1)°= =%(k+1)2(k+22
1
P +2° =223

9=9
Since it true for n=1, n=2and so on, it is true for all positive integral value of n.

Example VI
Prove by induction that

1
1xX24+2%x3+-nn+1) =§n(n+1)(n+2)
Solution

Ix2)+2x%x3)+-nn+1) =%n(n+1)(n+2)

Forn=1
1
1x2= 5(1)(2)(3)
2=2.
Its true result holds for general value of n say

n==k.
(1><2)+(2><3)+---k(k+1)=%k(k+1)(k+2)

It must be true for the next integer n = k + 1
Ix2)+2x3)+k(k+1D)+k+1)(k+2)

=%k(k 1)k +2)+ (k +1)(k +2)
= %(k + 1)k + 2)[k + 3].
= %(k +1)(k + 2)(k + 3)

1><2+2><3+---k(k+1)+(k+1)(k+2)=%(k+1)(k+2)(k+3)
For the next integer, n =k+1=2, k=1
1x2+2x%x3 =%(2)(3)(4).
8=8
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Since it is true forn = 1,n = 2 and so on hence it’s true for all positive integral values of n.

Example VII
Prove by induction that
a(x”) =nx™ L
Solution
E(x”) =nx""1,
Forn =1.
d (x)=1
dx X) = 1.
Assume the result holds for the general value of n say
n=xk.

d
o (xF) = kxk1
It must be true for the next integern = k + 1
d
a(xk“) = (k + Dxk.
Forthe nextinteger,n=k+1=2k=1
d
—(x¥) =2
Ix (x%) x
Since itis true forn = 1,n = 2, and so on, it is true for positive integral values of n.
Example VIII

Prove by induction.

1
12432452+ -4+ (2n—-1)* = §n(4n2 - 1)

Solution
1
12432452+ +(2n—1)* = §n(4nz -1)
Forn=1
1
12 =21
1=1

Itis true for n = 1.
Assume the results holds for the general value of n = k.

1
12432452 +.....2k—1)? = §k(4k2 -1)

It must be true for the next integern = k + 1
Adding the nexttermn =k + 1

1
12+324+52+--Rk—-—1)?+ (2k+1)?% = §k(4k2 -1+ 2k + 1)
1
= §k(2k + 12k —-1)+ 2k + 1)?
1
= §(2k + D[2k? =k + 32k + 1)]

= %(zk + D[(2k? + 5k + 3)]
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1

= 2@k + )@+ Dk + 1)
12422 + - (2k — 1% + (2k + 1)?

Z%(k +1)(2k +1)(2k +3)

For the next integer
n=k+1=2.
k=1
1
12 +32 = 2 (2)(3)(5)
10=10

Since itis true for n = 1,n = 2 and so on hence it is true for all positive integral values of n.

Example IX

Prove by induction that 6™ — 1 is divisible by 5 for all positive integral value of n

Solution
n—1
let a, = z
forn=1
_6—1_1
a; =

It’strue forn=1
Assume it holds for the general value of n say n = k.

6 -1
ap = 5
Sap=6F—1.........ccc......... (1)
It must be true for the next integern = k + 1
6k+1 -1
Ak+1 =5
SApe; =61 —1 .. (ii)

eqn(ii) — eqn(i)

5ak+1 — 5ak = (6k+1 - 1) — (6k — 1)

= gk+1 _ gk
=66 - 1)
= 5(6“)
For the next integer
n=k+1=2

k=1.

5a, —5a; =5x%x6
5a, —5x1 = 30.
5a, = 35.

a, =7

Since itis true forn =1, n =2 and so on, it is true for all the positive integral values of n.

Example X

Prove by induction that 4™ — 1 is divisible by 3 for all positive integral value of n.

Solution
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4" —1

I =—
forn=1

_41—1_1
@ =—F=

Itistrueforn=1
Assume the result holds for general value of n say n=k

4 -1
ap = 3
Bap=4%—1.................. (i)
It must be true for the next integer n =k + 1
4k+1 -1
A+1 =3
Bagsy, =41 —1 . (ii)

eqn (ii) — eqn(i)
Bagsr — 3a, = (471 — 1) — (4% - 1)

— 4_k+1 _ 4k
=4%(4-1)
= 3(4%).

Forthe nextinteger,n=k+1 =2k = 1.

3a, — 3a; = 3(4Y).

3a2 —3=12
3a2:15
a2:5.

Since it’s true forn = 1 n = 2,n = k and so on it’s true for all positive integral values of n.
Example

Prove by induction that 8" — 7n + 6 is divisible by 7 for all positive values of n.

Solution
8"—-7n+6
a, = e
Forn=1
_8—7+6_1
a = 7 =
It’s true for n = 1 for the general value of n say
n==k.
8 —7k+6
ap = 7
Ta,=8—T7k+6.....cc....ccceeonnn.n. (1)
It must be true for the next integer
n=k+1
g+t —7(k+1)+6
Qg1 = 7
Ty, = 81 -7k -7+ 6.
Tager =881 =7k —1................. )

eqn (2) —eqn (1).
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Tays1-7a; = (851 =7k — 1) — (8% — 7k + 6)

=8k+1_8k_7
=gk.g -8k —7.
=8k@B-1)-7
=78k—7
=7(8%-1)

7(ap+1 — ax) = 7(8% — 1)
For the next integer
n=k+1=2k=1
7(a, —a;) = 7(81 — 1).

a,—a, =7
a,=7+a;
a,=7+1
a, =8

Sinceitistrue forn = 1,n = 2 and so on it’s true for all positive integral values of n.

Example (UNEB Question)
Prove by induction that 2™ + 32"~3is always divisible by 7 forn > 2
Solution
on + 3211—3
an = —7
forn=2
22+3
a, = - = 1
it's true forn = 1.
Assume the result holds for the general value of nsay n = k

2k + 32k—3
ak = —7
Tap, =28 +3283 €))
For the next integer,n =k + 1
2k+1 + 32k—1
A1 = — 7

Tpyq = 2KF 432021 (2)
Egn (2) - Egn (1)
Tapsy — 75 = (2k+1 + 32k—1) _ (zk + 32k—3)
=2k 2 4 32k=3 32 _ ok _ 32k=3
— Z(ZR) —2k 4 32(32k—3) — 32k-3
=2k2-1) +32%k3(9-1)
=2k +8(3%+73)
= 2k 4 32k-3 4 7 32k-3
=7a +73*7°
= 7(ay + 3%F73)
7(ape1 — a) = 7(ay + 3273)

Forthenextintegern =k +1=3, k=2
7(az —az) = 7(a; + 3)
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a3_a2=a2+3

a3=2a2+3
a3=2+3
a3=5

Since itistrue forn = 2, n = 3 n = k and so on it’s true for all positive of n.

Example XI
Prove by induction that 8" — 6" is always divisible by 7 for all even integers of n.
Solution
8"—-6"
a, =
7
2 2
Forn=2, a2:8 -6 :64—3624
7 7
Assume the result holds for the general even integer n =k
8“ — 6"
a, = Z
Tag=8—6 ...l (D
8k+2 _ 6k+2
For the next even integer, a, ,, = —
Tag.1 =816 ... )

Eqgn (2) — Egn (1)
7(ak+2— ak) = 8k+2 _6k+2 _8k + 6k
7(ak+2—ax) = 8(82— 1) — 662 — 1)
= 8%(63) — 35(6%)
ak+2— ax = 9(8) -5(6%)
A+ 2= ax + 9(8%) — 5(6%
For the next integern=k+2=4,k=2
as = a2 + 9(82) — 5(6%)
ay=4+396
as =400
n n 4 4
Froman= &0 a4=8 =5 400
7 7

Since it is true for n = 2, n = 4, and so on, hence it is true for all positive even integers.

Revision Exercise

1. Which of the following series are arithmetical progressions? Write down the common difference of

those that are.

(i) 7+82 +10+ 115 + ...
(i) 2-5-8—-11+...
@(i)1+1.1+12+1.3+...
(V) 1+ 11+ 11+1.11+...

1 5 7 3
V) =, +=+ =+ =+ ...

2 6 6 2
(vi)12+ 22+ 32+ 42+ .,
(vii) n+2n+3n+4n+ ...
(viii) 1+£+1+l+...

2 3 4
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11.
12.
13.

14.

15.

16.

17.

18.

19.

Write down the first term and common difference of each of the following arithmetic progressions.
@ 8+11+14+17+ ...

(b) 23 +25+27+291 + ...

() 19+16+13+10+...

(d) 131 +15+ 163 +18+ ...

Find the sums of the following arithmetic progressions
(@ 4+11+...to 16" term
(b) 3+ 81 + ... to 20" term

(c) 19+ 13 +... to 10" term.

(d) -9—1+...to8Mterm.

Write down the terms indicated in each of the following Arithmetic progressions.
(@ 3+11+...,10"and 19"

(b) 8+5+..., 15" 31 term.

(c) l+Z+... 12t pth
4 8

(d) 50+48+ ..., 100" nt

Find the 18" term of a series that has an n™ term given by (2 + 3n)

Find the sum of the arithmetic progression -7 — 3 + 1 + ... from the 7" to the 13" term inclusive.
Find the number of terms in the following arithmetic progressions:

@ 2+4+6+...+46

(b) 50 +47+44+ ...+ 14

() 2+4+...+4n

(da+@+d)+...+1

Find the 31% term of a series that has an n™ term given by %(10 +2n)

Find the sum of all odd numbers between 0 and 500 which are divisible by 7.

. The 2" term of an arithmetic progression is 15 and the 15" is 21. Find the common difference, the

first term and the sum of the first 10 terms.

Find the 5" and 7" terms of a series that has an n* term given by (-1)"(2n + 1)

Show that the sum 1 +3 + 5 + ... +(2n — 1) is always a perfect square.

The 4™ term of an arithmetic progression is 18, and the common difference is -5. Find the 1 term
and the sum of the 1% 16 terms.

Find an expression for the n term of each of the following arithmetic progression and use your
answer to write down the 100" term of each series.

@ 5+8+11+14+ ...

(b)y 5+2+-1-4+...

(€) 12% + 16+ 19% +23 + ...

A piece of string of length 5m is cut into n pieces in such way that the lengths of the piece are in an
arithmetic progression. If the lengths of the longest and shortest pieces are 1m and 25 cm
respectively, calculate n.

Find the difference between the sums of the first 10 terms of the A.P whose first terms are 12 and 8
and whose common differences are respectively 2 and 3.

Find the sum of each of the following arithmetic progressions:

@ 2+4+6+8+10+... 146

(b) 100 +95+90 + 85+ 80 + ... + 20

(c) 4+10+16+22+28+ ... +334

(d) 5%a+4%+3%+ ... +-3

The 10" term of an arithmetic progression is 10 and the sum of the first 10 terms is -35. Find the first
term and the common difference of the progression.

The first term of an arithmetic progression is -12, and the last term is 40. If the sum is 196, find the
number of terms and the common difference.
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20.
21.

22.
23.

24.

25.
26.

27.
28.

29.
30.

In an arithmetic progression, us = -0.5 and S; = 21. Find a, d, and us.
The sum of the first four terms of an arithmetic progression is twice the 5" term. Show that the
common difference is equal to the first term.
Find the sum of the even number divisible by 3 lying between 400 and 500.
The sum of the first ten terms of an arithmetic progression is 120 and the sum of the first 20 terms is
840. Find the sum of the first 30 terms.
Find the arithmetic mean of:
(@) 3and 27
(b) 3and-27
1 1
(c) 3 and T
(d) log 3 and log 27

Show that the sum of the integers from 1 to n is %n(n +1).

An arithmetic progression has a common difference, d. If the sum to 20 terms is 25 times the first
term, find in terms of d, the sum to 30 terms.

Three numbers in an arithmetic progression have sum 33 and product 1232. Find the numbers.

Show that the sum of the first n terms of the arithmetic progression with first term a and common

difference d is %n(Za +(n-1)d).

In an arithmetic progression, a = -61 and d = 4. Find the least value of n such that S, > 0.
An arithmetic progression has first term -5 and common difference 1.5. Find the greatest number of
terms the arithmetic progression can have given that the sum of the terms does not exceed 450.

Answers

1@ 1% ()-3 (© 01 (d %(g) n

2.(3) 83 (b) 23,2 (c) 19,-3 (d) 13%, 1%
3.(a) 904 (b) 1188 (c) 88 (d) 193%

4.(a) 75,147 (b) 34,82 (c) 74, %(5n—3)

(d) -148, (52 — 2n)
5. 56 6. 1512

7. (@ 23 (b) 13 (©) 2n (d) (1-a)

8.
11.
14.

15.
17.

18.
20.
22.

24.

26.
29.

(d+1)
24 9. 9072 10. 2,13, 220
13, -15 13. 33,-72
(@) 2+3n, 302

(b) 8-3n,-292

(c) ¥2(18 + 7n), 359

8 16. 5

(a) 5402 (b) 1000
(c) 9464 (d) 13%
-17,3 19. 14,4
13Y%, -3%, -14%

7650 23. 2160

@ 15 (b) -15 (0) % (d) log 9

1575d  27. 8,11,14
32 30. 28.
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10.

11.

12.
13.
14.

15.

Revision Exercise two

For each of the following G.Ps, state the common ratio and the next two terms.

(a) 4+20+100+500+...

(b) 24+ 12+6+ ...

(¢c) 45+15+5+ ...

Write down the terms indicated in each of the following G.Ps. Do not simplify your answer.
(@ 5+10+..., 11" 20"

(b) 10+25+ ..., 7" 19"

(c) E+§+...,12t“, nth
3 4

(d) 3—-2+...,8" n"
Find the sum of the following G.Ps
(a) 100+ 10+ ... to 7 terms

(b) 1- %+...to6terms

(c) 3—6+...tonterms
(d) a®+ a2 +af*+ .. tokterms

Using the formula s - agf” —)1> , find Ss and Se for the G.P 18, -9, 4%, ... and hence deduce the value
" r—1

of Us.

Find the number of terms in the following geometric progressions:
(a) 81 +27+9+ ... +1/27

(b) 0.03+0.06+0.12+ ... -1

8 4 2
C) ———4+2_ —1u
© 81 27 9 1

(d 5+10+20+...+5x2"
(e) a+ar+ar’+.. +ar"!
Find the distinct numbers p and q such that p, g, 10 are in arithmetic progression and p, g, 10 are in
geometric progression.
Find the value of the common ratio of the G.P that has a third term equal to 6and 8" term equal to
1458.
The third term of a geometric progression is 10 and the 6™ term is 80. Find the common ratio, the
first term and the sum of the first six terms.
Find the geometric mean of:
(@) 3and27
1 1
(b) 3 and 57
(c) 103 and 107
In a geometric progression, the 71" term equals 8 and the 9" term equals 18. Find the possible values
of the common ratio.
The third term of a G.P is 2 and the fifth is 18. Find two possible values of the common ratio and the
second term in each case.
Given that the geometric mean of the numbers 4x — 3 and 9x + 4 is 6x — 1, find the value of x.

Find the sum of the first ten terms of a G.P that has a sixth term % and a seventh term of 12

The three numbers n — 1, n, n + 3 are consecutive terms of a geometric progression. Find n and the
term after n + 3.

If the sum of the first two terms of a G.P is 162 and the sum of its first four terms is 180, find the
sum of the first 6 terms, Find also the possible values of the sixth term..
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16.

17.

18.

19.

20.
21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

The geometric mean of two numbers a and b (b > a) is equal to four fifth of the arithmetic mean of
the two numbers. If a = 6, find the value of b.

A man starts saving on 1% April. He saves 1p the first day, 2p the second, 4p the third and so on. If
he managed to keep on saving under this system until the end of the month (30 days), how much
would he have saved?

The sum of the first six terms of a G.P is nine times the sum of the first 3 terms. Find the common
ratio.

Prove that the arithmetic mean of two different numbers exceeds the geometric mean of the same
two numbers.

Show that the sum of the series 4 + 12 + 36 + 108 + ... to 20 terms is greater than 3 x 10°.

The sum of (n + 12) terms of the G.P 2 + 4 + 8 + ... is twice the sum of n terms of the G.P 2 + 12 +
48 + .... Calculate the value of n.

A geometric series has first term 5 and common ratio 3. Find the least number of terms the series can
have if its series exceeds 2000.

Find the ratio of the sum of the first 10 terms of the series log x + log x? + log x* + log x® + ... to the
first term.

A geometric series has first term 35 and common ratio 2*. State the set of values of x for which the
series is convergent. Find the value of x for which the sum to infinity of the series is 40.

The sum of the first two terms of a G.P is 9 and the sum to infinity of the G.P is 25. If the G.P has a
positive common ratio r, find r and the first term.

The 2™, 4™ 8" terms of an A.P are in geometric progression and the sum of the third and fifth terms
is 20. Find the first four terms of the progression.

For each of the following geometric series, find the range of values of x for which the sum to infinity
of the series exists.

(@ x+x2+x3+x4+ ..

x> X

(b) AR N
3 9 27
1

1 1
©) l+=+—5+— +...
X X° X

2 3
(d) (x+lj+(x+£j +(x+lj +o.
2 2 2
S is the sum of n terms of a geometric progression, P is the product of the n terms and R is the sum of

the reciprocals of the terms. Prove that (%) =P,

Three unequal numbers a, b, ¢ are such that 1, are in arithmetical progression. Prove that b, a, ¢
a

ol

1

‘c
are in arithmetical progression.

2X ( 2X

2 + 2

3+ X 3+X

2
Prove that the G.P 1+ j + ... is convergent for all values of x and find the limit of its

sum.

Prove by induction that:

(i) 33"*2 4 57+ s divisible by 3

(i) n3+ 2n is divisible by 3.

(iii) 4"*1 + 52771 s a multiple of 21.
(iv) 11™*2 + 122"+ js divisible by 133.

Answers

1. (a) 5, 2500, 12500
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© Noug &

12.
14.
16.
18.
22.

24,

26.
217.

(b)

(©)

(a) 5x 21, 5 x 219
(b) 10(3)°, 10(3)"

OO

(a) 111.1111

182
b) =22
(b) 243

() 1-(-2)
af(@* -1
O e
122, 1188, =2
16
(@) 8 (b) 7 (c) 8 (d) n+1 (e)
-5, 2%

3,1

NI

2
1151

Wl NP

oo

3 8. 2, 2%, 167Y%
@9 (b g (© 10°
2
. 1Y% 11. 3, ig
13 13. 31
6, 13% 15. 182, 1, -1
24 17. £1,070,000
2 21. 12
7 23. 1023
x<0 25. ﬂ, 5
5
2%, 5, 7%, 10
(@) <1 (b) <3
-3 1
c) X>1 d —<x<=
© K @ S <x<3

COMPLEX NUMBERS



A complex number is represented by an expression of the form a + bi where a and b are real numbers
and i is a symbol with a property i? = —1.

i = v—1 was introduced by a Swiss mathematician Euler. Traditionally the letters Z and W are used to
stand for complex numbers.

Given a complex numbers z = a + bi.

The real part of a complex number z is Re(z) = a and the imaginary part of z is Im(z) = b.
Both Re(z) and Im(z) real numbers.

Thus the real part of Z =4 — 3i is Re(w) = 4 and imaginary part of Z is Im(Z) = —3

By identifying the real number a with a complex number a + oi we consider R (real numbers) to be
subset of C (complex numbers).

Consider the equation x? + 9 = 0, this can be written as x? = —9 and we can see that the equation has no
real roots since we cannot find the real root of a negative number, But with i2 = —1 (Euler) we are able
to find the square root of complex numbers.

x?=-9
x% =9i?
Vx2 =49i?
x = =13i
x =31 x=-3i
Example
Solve the following equations
(@) 4x2+49=0
(b) x2+2x+6=0
Solution
4x>+49=0
4x?% = —49
49
2 _ 7
x 4
49
2 _ _ " ;2
X 2!
49
= |22
X i
x=x-i

(b) x*+2x+6=0

—b ++/b? —4ac

From, x=
2a

(-2 /@7 -4 ©®)
2x1

X =
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x:
2
_ —2+V4i2 x5
= 2
-2+ 2iV5
X=—"
2
x=-1+1iV5
x=—1—i\/§

With this new concept we are in position to find the roots of any quadratic equation.

When the imaginary part of a complex number is zero, the complex number becomes a real number.
Thus, all real numbers are complex numbers.

Definition
Given a complex number z = x + iy, the complex conjugate of Z denoted by z or z* is a complex
number given by z =x—iy. Thereforeifz =4 + 3i, w = =2 + 4i

Then z=4-3i, w-2—4i

Algebra of complex numbers
1. Addition
Given that two complex numbers
zy = xq +iy;, z, = x, + iy,. Then
Z1+ 2, =x1 + iy, + x5 + iy,
=x; +x +i(y1 +y2)
Therefore if z; =3+ 5iand z, =2 - 7i
z1+2,=3+5i+2-7i
=B+2)+5i—7i

=5-2i
Example
1. Subtraction:
2, =X +1iy;
Z, =X, +1y,
2, -7, = (X +1y,) — (X, +1y,)
=X =X, +iy; =1y,
=(x1—x2)+i(y1—y2)
zy=4-3i
Z, = 6—14i
Find (z; — z,)

(Zl_ZZ) = (4_3i)_(6_14i)
=4—-6-3i+ 14i
=—-2+11i

2. Multiplication
zZy =x1+ 10y, Z; =X+ 1y,
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712y = (x1 + iy) (x2 + iy,)
= x1X + X1 Y50 + Y120 + P2y, Y,
= X1X, —Y1Y2 + (1 X2 + x1Y7)i

Example

7z, =34+5i, z,=2-7i

Find z,z,

Solution

Find z;z, = (3 + 5i)(2 — 7i)
=3(2—7i)+5i(2 —70)
=6—21i + 10i — 35i?
=6+354+ (10 — 21)i

=41 -11i
3. Division
zy=x1+iy,and z, = x, + 1y,
Zy Xty
Z; X+ iy,
2 _ X + iy, (2 — 1y7)
Z; Xy +iy(xp —iy;)
Z _X1Xp — X1Y20 + x40 — i2y1y,
Zy (x2)? — i2y,?
_ X% + ¥1Y2 + (2y1 — X1Y2)i
X22 + y,?
_ XX +y1y2 (Y1 — x1Y2)i
X% + yo? X% + y,?
Example I
Simplify z =2
2460 2+6i(3+10)
T3 T B-DB+0)
23+ i) +6i(3+1)
= 32 _ ;2
_6+2i+18i+6i2
B 10
_ 6+20i—6
- 10
_ 0+ 20i
10
= 2i
Example 11
—142i . .
Express — in the form a + bi
1+3i
Solution

—1+2i  —1+2i(1-30)
14+3i  1+3i(1-3i0)
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_ —1+3i+2i-6i
()2 -3B0)?
_5i+5
10
_ 5+5i
10
1 1

=E+El

The Argand Diagram
Complex numbers can be represented graphically on a graph of Real (Re) and Imaginary (Im) axes called
a complex plane. The complex plane is similar to the Cartesian plane where the imaginary axis
corresponds to the y-axis and the real axis corresponds to the x-axis. The diagram representing the
complex number in complex plane is called an argand diagram named after JR argand 1806.

On the argand diagram a complex number is represented by a line with an arrow on the head to show
direction

If z = x + iy we can represent z on argand diagram as shown below.

Im Axis

x Re (axis)
If Z1 = X1 + l.V1 and Zy = Xy + lyz '[hel’]

zZ1+2; =x1+x, +i(y1 +Y2)

Im 0‘

Y2

Real axis

71,2, and z; + z, is represented by vectors OP;, OP, and 0Q respectively. The diagram shows that P, Q
is equal 0—P£ in magnitude and direction

00 = OP, + P,Q = OP, + OP,

Thus the sum of two complex numbers z;and z, is represented in the argand diagram by the sum of the
corresponding vectors OP; and OP,
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Representing z; — z, on the argand diagram.

QW
t; N
W N

Py

73 -

(21 - Zz) = OP; - OP;
= PP,
Since OP; — OP, = P, P,
7z, — Z, can be represented by P; P,

Example

Represent the following complex numbers on the argand diagram.
zy=3+4+4i, z,=—-2+1i,2z3 =-5—-4i,

2y =2—3i, z5=—4-2i

Solution

7

-5 -4 tz 2 L 2 3 4
Regl axis

Modulus of a complex number
Given a complex number z = x + iy, the magnitude or length of z is denoted be |z| is defined by

2l = V/x? + 2
Example I
Givenz = 1 ++/3i find |z|
Solution

z=1+(V3)i

1zl = J(1)2 + (V3)

~ V3
=2
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Example II

Find |z| if z = —%—gi
Solution
1 3,
=737
l2]=(3)* + (=)’
1 3
AR
= V1
=1
=|z|=1
Example 111
z=-3+4ifind |z|
Solution
z=-3+4+4i
|z| =V (=3)% + (4)?
=vV9+16
=25
=5

Properties of modulus
If z; and z, are complex numbers then

(D) |z123| = |z41|| 22|
.~ |21 | Zl|
i) [=| =—
W=,
Example I
7z, =5-—12iand z, = 3 — 4i
Find |z,2,| and |2
Z
Solution
7, =5-12i, Z, =3 —4i
|z122| = |z1||2;]
= |(5 - 12i)(3 - 4i)|
=15 - 12i||3 - 4i|
=J(5)2 + (—12)2/(3)2 + (—4)?
=169 x V25
=13 %5
=65

Alternatively
lez = (5 - 121)(3 - 4‘l)
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=15 — 20i — 36i + 48i?
=15 —-48 — 56i
= —33 —56i
|1z12,] = /(—33)% + (=56)2
= 65 units

7z, =5-12i, z,=3-4i

zy| |zl J(5)*+(—12)2
zl lz2l  [(3)% + (—4)2
13
-5
Alternatively, i=5_—12_'
z, 3-4i

(5 —12)(3 + 40)
(3 —40)(3 +40)
zy 15+ 20i — 36 — 48i?

z, (32— (4)?

_ 63— 16i
9+ 16
63 16
25 25°

z 63\2 16\2

ol = (ﬁ) +(‘£)

Zq (63)2 + (16)2
Zl 252
65 13
=257 5

Argument of a complex number Z (arg 2)

The argument of a complex number z is defined to be the angle (6) which the complex number z makes

with the positive x-axis.

From the diagram above,
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tanf = % = 0 =tan™?! (%)

Note: For a given complex number, there will be infinitely many possible values of the argument, any
two of which will differ by a whole multiple of 360°.

To avoid confusion we usually work with the value of 6 for which -t < 6 <m or —180 < 6 < 180.
This is called the principle argument of z denoted by arg z.

In practice the formula tan 6 = %
—1(Y
— 1
6 = tan (_x)

Which is often used to find the principal argument of a complex number z, despite the fact that it tends to
two possible values for 6 in the permitted range. The formula is necessary but not sufficient to help us
obtain the arg z. The correct value of arg z is chosen with the aid of a sketch.

Example

Find the principal argument of the following complex number
(@W1+i B)-1-ivV3 (¢)-5

(d)—V3+i (e)V3—i

Solution
Consider zz=1+i

Im axis

Y S

1 Realaxis

1
6 =tan™?! (I) = 45°
Since 180° = mr radians

_4571_71
180 4
= argz; = 45°
4572' T
argz, =——=—
9%~ 780 "%

(b) Letz, = =1 —i/3
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Im axis

&

(N

-1 Real axi
E /91 eal axis

V3
1

0 =tan~! (?)

0 = 60°
argz, = 0,
= argz, = —120°

tan =

OR argz, = —gn

Im axid

R

-5 Real axis

Z3 = _5 + 0i
argzz = 180° or argzz =m

(d) Let z,=—V/3+i

\150"
2}

-3 Real axis

0 = tan~t () = 30
= tan — | =
V3
Z4_ = _\/§ + l
argz, = 150°, from the sketch above

(e) V3-—i
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Z5:\/§_i

Im axis

6 V3 Re axis

1
tanf = —
V3
0=t ‘1(1> 30°
= tan — | =
V3

arg zg = —30° from the above diagram

Properties of Arguments
Given the two complex numbers z; and z, then
arg(z,z,) = argz, + argz,

arg (z_:) =argz, —argz,

Example |

Giventhat z; = —1 —iv/3 and z, = 1 + i. Find the arg(z,z,) and arg C_l)
2

Solution

21:_1_i\/§

Im axis

; -1 0 /91 Real axis

T —V3|

0=tan™ ?J = 60°

argz, = 0, = —120°

Zo=1+i

[ENY IR,
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(1
argz, = tan (I) = 45°
arg(z,z,) = argz, + argz,
= —120+45°
= —75°
Zq
arg (—) =argz,; —argz,
Z3
=—120—-45
= —165
Modulus—argument form of a complex number
(Polar form of a complex number)

Im axis

x  Real axis

Consider a complex number z = x + iy making an angle 6 with the positive x — axis
argz =0

From the diagram above cos 6 =

QIR

sinf =2
T
x=rcosf rsinfd =y
z=x+1iy
z=rcosf +irsinf
z=1 (cos@ +isin0)
(modulus argument form a complex number)

Where r = |z]| = /x% + y?

Example
Express the following complex numbers in modulus —argument
a) 5+5iV3
by V2+i
c) — ‘/; + %i
d) —3v2+3v2i
e) —5i
f) —5-—12i
Solutions
7, =5+ 5iV3

r= )2 +(5v3)
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=+25+75
=10
53
argz, = tan™! <T> = 60°

z; = 5+ 5iv3 = 10(cos 60 + i sin 60)

(b) z, =2 +i

zal =7 = |(V2)" + (1)?

V3

1
argz, = tan™! (ﬁ) = 35.3°

Z, =r(cosf +isinf
v3[cos 35.3 + i sin 35.3]

V3 o1
() —£-1
V3 1
Z3 > 21
2 2
= (-2 +(ﬂ
=l 2 2
_ 13, 1_
= 4+4—1
Im axis
: 5 '
_\/73? /91 Real axis
-0.5
0 = tan—1 | —24V| = 30°
V3/
2
_\/§ 1
T2 2"
argzs = —150°

z3 =1r(cosf + isinf)
z3 = 1(cos —150 + i sin—150)

(d) z, = —3V2+ (3V2)i

2] = {(-3v2)" + (3v2)

=36
=6
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Im axis
ps = 32
D
_3\/5 Real axis
3v2
0 =tan™?! <—>
3v2
0 = 45°

arg(z,) = +135°
z4 = 6(cos 135 + isin 135)

(€) zs=-5i=0+ —5i

|zs| = /0% + (=5)2

|zs| =5

Im axis

29 Real axis

-5
argzs = —90
Zzs = 5(cos —90 + i sin —90)
Z6 == 3 + 4‘l
r=lzgl = (3)% + (4)?
=25
=5

4

0 =tan™! (g) =53.1

Zs = 5(c0s 53.1° + i sin 53.1°)

|z6| = y/(=5)? + (—12)?
= V169
=13

12
0 =tan?! (—)

5
6 =674
Z;=-5-— 12i
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Im axis

_5; 6 /91 Real axis

——— 12

argz, = —112.6°
|z;] = /(=5)% + (—12)2
=25+ 144
=169
=13
13(cos—112.6 + isin—122.6)

Example 11
zy =11(cos@, + isin6,)
z, =1,(cos 0, +isinb,)
Show that
Z12y = 1y1p(cos(6; + 6,) + isin(6, + 65))

And 2 = 1 (cos(8; — 6,) + i sin(6; — 6,))
Zy T

Solution
2,2, = 1,(cos B + isinB;)r,(cos O, + isinb,)

= 1113 [(cos B cos B, + cos B, (i sinf,) + i sinB; cos O, + i? sinf; sin ;)]
= ry1y[(cos 8, cos B, — sin 6, sin B, + i(sin B, cos B, + cos B, sin6,)]
[

= r1y[(cos(6; + 6,) + isin(8; + 6,))]
z, r(cosg, +icosd)
7, 1,(cos6, +ising,)
_ r(cos@, +ising,)(cosd, —isind,)
" 1,(cosd, +isin6,)(cos B, —isinb,)

I | cosé, cosd, —icosd sinb, +isin g, cosd, +sin g, sin b,
cos’ 8, +sin’ 6,

o (cosé’lcos@2 +sin@,sin 6, +i(sin 6, cosé, —003913“192)J

r, c0s°6, +sin’d,
2, _ 1 (cos(6,—6,)+isin(é, - 6,)
Z, . 1
22 (as required)
4 _Lcos(g,-6,) +isin(6, - 6,)
ZZ rZ
Example 111

Giventhatz; =1+
Zy :\/§_l
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Find in polar form z,z, and 2*
2

Solution
Z]. = 1 + l

|z,] =12 + 12 =2

(1 T
argz; = tan (I) =7

z; = 1y(cos B, + isinb,)

s T

Zq =\/§(cosz+isinz)
Zy :\/g_l

22 =1y = J(V3)" + (122

=4
=2
argz, = —30°
T di
=——7
5 adians
T

aI‘gZZ = _g

z —2(cos—z+isin—z)

27 6 6
Z125 = 111y (cos(6; + 6,) + isin(6, + 6,)
= 24/ Ty MYy isin(f+ "
=2 2(cos(4+ 6)+lsm(4+ 6)

=22 (cos%+ isinln—z)

Z1 N .
— = —(cos(6; — 6,) + isin(6; — 6,))
Zz T

= V2 eos (- ) o isin (B - )]

2 4 6 4 6
s (55) 50 ()]
> cos 17 i sin 17

Demoivre’s Theorem
Demoivres theorem states that for real values of n

(cos@ +isin@)™ = (cosnf + i sinnh)
Proving Demoivre’s theorem by mathematical induction

(cos@ +isin@)™ = (cosnb + i sinnh)
Forn=1, (cos@ + isin@)! = (cosO + isinh)

It’s true for n =1
Assume the results holds for the general value of n=k
(cosO + isin6)* = (cos kB + i sin k@)
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It must be true for the next integern = k + 1
(Cos6?+isin¢9)k+1 =(cos@+isin H)k (cos@+isin®)
= (cos k6 + isinkf)(cos 6 + isin )
= cos kB cos 8 + i coskO sinf + i sin k6 cos O + i? sin 6 sin kO

= [(cos k6 cos 8 — sinkf sin0) +
i(sink@cosd +coskdsin 9)]

= cos(kf + 0) + isin(k6 + 0)
=cos(k + 1)0 + isin(k + 1)0
= (cosf + isin0)**1 = cos(k + 1)0 + isin(k + 1)0
For the next integer , n =k +1 =2
=k=1
(cos @ + isin0)? = (cos 20 + isin 26)

Since it’s true for =1, n = 2 and so on it’s true for all positive integral values of n.

Example I
. 1 . .1 \12
Find the value of (coszn + lSanT[)
Solution
(cos@+ising)" =cosnd+isinng
1 1 12
(cosZn+ isinZn) =
( L 12 + isi L 12)
- X - X
COS4T[ lSln4T[

=cos3m +isin3m

=—1
Example II
Express (1 — iv3)" in the form a + bi
Solution
(1-v3)"
Letz=1-iV3
2
|z| = /(1)2 +(—V3) =2
argz = —60
_ T
E
=_z
argz = 3

z =r(cos 6 + ising)
zZ= 2(cos—z+isin—z))
3 3
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z4 =24 (cos—g+isin—g)4

=16(cos=4= +isin=4z)

1 V3
=16(—=+—i
-2+ 7)
= —-8+8V3i
Example 111
Evaluate ;3
(1-iv3)
Solution:
1 -3
=(1-iv3
1—iV3 ( )
Letz=(1—i\/§)
2
|z| = /12+(—\/§)
=2
_ T
argz = 3 n n
(1—i\/§):2(cos—§+isin—§)
R m L M7
(1 l\/§) =2 (cos 3+lsm 3)
—1( L% —3+isin—=x 3)
—8 COS 3 LSin 3
1
=3 (cos+m + isin+m)
_ 1
8
Example IV

Express v/3 + i in modulus —argument form. Hence find

1
(V3 +i)'® and——— in the form of a + bi

(V3 +1i)
Solution
Let z=+V3+1i

2l = J(V3) +1=2

argz =~

T T
z=2(cos€+151n—

6
10

(V3+ i)10 =210 (cos (—) + isin( c
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1024 i(1024)V3

2 2
=512 — 512+/3i
;7 = (\/§ + i)_7

(V3 +1)

= (2 (cos% + isin%)>_7
=277 (cos—7xg+ isin—7 xg)

=%(cos%+isin‘77”)

1 ( V3 1,>
=—|——=+ i

V31
~256 T 256"
V31,
~ 256 T 256"

Example V
Express (-1+i) in modulus — argument form. Hence show that (—1 + )2® is real and that

——— is pure imaginary.
1+ P4 ginary
Solution

z=-1+1i

2] = J(-1)2 + 12

=2

argz = 135°

z =/2(cos 135 + i sin 135)

216 = (vV2) *(cos 135 x 16 + i sin 135 x 16)

= 256(cos 2160 + i sin 2160)

= 256(1)
= 256
= (—1+ i)' =256 Soitis purely real
As required
L (e
(1+1)

276 = (V2) "(cos 135 x —6 + i sin 135 x —6)

1 041) = 1.
g0+ =gt
= z~% is purely imaginary.
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Example VI

a) (cosO +isinf)?(cosh + isinh)3
b) -
(cos B+isin6)2
cosB+isiné
C) (cosB+isin@)*

8
(cosln—7+i sin%)
(cosl—i sini)g

17 17
e) (cosO+isinB)(cos26+isin20)

d)

(cos§+isin§)
2w, . . 2m\8
f) (cos?ﬂsm?)
(cos3—"—isin3—n)3
5 5
Solutions

(@ (cos@ +isinB)%(cosh +isinfh)3
= (cos@+ising)***
= (cos 6 + isin6)®
= (cos 560 + isin50)

(b) :

(cos+isin0)2
= (cos @ +isinf)~2
= cos —26 + isin—20
= cos 260 — isin 260

(C) cosO+isinf
(cos@+isin )4
= (cosO + isinB)(cos @ + isinH)™*
= (cosf +isin@)1t*
= (cos @ +isinf)™3
= cos—360 + isin—36
= (cos 36 —isin36)

(cos & +isin z)°
(cos & —isin z)°

(d)

(cosz +isin 7r)%
(cosz +isinz) 7"

(cosz+isin 7[)%_%79
(cosz +isin )"

(cos@ +isinB)(cos26 +isin 260)
(cos4+ising)
(cos@ +isin)(cos @ +isin B)°
(cos@ +isin 9)”

(€)
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(cos@ +isin6)®
(cos@ +isin§)”

(cos@+isin9)”
cos30+isin30

(f) (COS—+l sm?)

(COS—n—l 81113—71:)3
5 5

(cos % + isin %)16

(cos% +i sin%)_9

T T\ 16—-9
cos—+isin—)
( 5 5

cos (25 X %) + isin (25 X %)

Example VII

Use De-moivre’s theorem to show that

Solution

(cos 30 + isin30) = (cosf + isinf)3
but (cos6 + isin )3 =
= c0s36 + 3(isin ) cos?6 + 3(isin0)? cos O + (i sinH)3

= (cos® 0 — 3sin® O cos ) +

= cos 36 + isin 36

2 8
((cos +lsm )

tan30 =

(o))

3

= (cos5m + isin 5m)

3tan 6 — 3tan®0

1 — 3 tan?0

Equating real to real and imaginary to imaginary;

= sin36 = 3sinf cos?0 — sin36 ..... (1)
cos 30 = cos3 6 — 3sin%0cos B ... ... ...

Eqgn (1) + Egn (2)
3sin @ cos?6 — sin36

= tan 360 =
an c0s389 — 3sin?0 cos @

3sinf cos?0 sin®6

_ cos3 0 " cos30
tan36 = cos36 3sin?6 cosH
cos3 6 cos3 6
an36 = 3tanf — tan? @
ansy = 1—3tan%6

i(3sin @ cos? 6 — sin® )
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Example VIII
Use Demovre’s theorem to show that
4tanf — 4tan30

1—6tan?0 + tan* 0

tan46 =

Solution
(cos@ + isin8)* = (cos O + isinH)*

= cos*0 + 4 cos® 0 (isinfh) + 6 cos? O (isinh)? + 4 cos O (i sin )3 + (i sinH)*

= cos* 6 + (4 cos® GsinB)i — 6 cos?0 sin?0 — (4cosBsin3 )i + sin* 9

= (cos4 0 + isin46)

Equating real to real and imaginary to imaginary
cos 46 = cos* 6 — 6 cos?0sin?6 + sin* 9 .... (i)
sin40 = 4cos30sinf — 4cosHsin3 0 ........(ii)
Eqgn (ii) + Eqn (i)

4 cos3 0 sin® — 4 cos O sin3 6

tan40 =
an cos* 0 — 6 cos%0sin20 + sin* 8
4cos®@sinf 4cosBsin6
_ cos* 6 cos* 6
tan 46 = cos*6  6cos?6 sin?6 | sin* @
cos* @ cos* o cos* @

and = 4tanf — 4tan30
ansy = 1 — 6tan?0 + tan* @

Example IX

Show that

1
z" +— = 2cosnf
Z
N
z" — i 2isinnd
Hence show that cos* 6 = %(cos 40 +4c0s260 +3)

Solution
z=-cosf +isind
z™ = (cos@ +isind)"
= (cosnf + isinnh)
z7" = (cosf +isinf)™
= cos —nf + i sin —nd
= cosnf — isinnd

1
z" +z_n = cosnf + isinnf + cosnf — i sinnf

= 2 cosnf
1
n_ __

Zn
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= (cos 8 + isinnf) — (cosnb — i sinnh)
= 2isinnf

1
from z™ + p = 2cosnf

1
z+—=2cos0
z

n

1 .
z —Z—n=2151nn9

1
z——=2isin8
Z

1
z+—=2cos0O
z
14
(z+—) = (2cos9)*
z

4
But (z+13)
3

i @rec ) wal ()

L1 , 1 1*
(z +—4)+4(z +—2>+6= (z+—)
z z z
2cos4 0 +4(2cos20) + 6 = (2cosh)*
16c0s*@ = 2cos4 6+ 4(2c0s26) + 6

1
cos* @ =E(2cos49 + 8cos 26 + 6)

4

1
cos*6 = g(cos 40 + 4 cos 20 + 3)

Example XI
Given that z = cos 8 + i sin 8 show that

n

1 .
Z —Z—n=2151nn9

Hence or otherwise show that
1
sin® 0 = R(sin 560 — 5sin360 + 10sin8)
Solution
1 .
z™ — - = 2isin@

z——=2isin@
z
1\5
(z——) = (2isin6)°
z
N
(z—;) =i°(32)sin® 0
G
(z—;) = (32i x i*sin® 0)

NS
(z ——) = 32isin° 0
z
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4

1 1 1
=25———5<Z3——)+10<Z——)
z5 z3 z

z" —%=2isinn0
z

zs—is=2isin50
z

-1 aising
z

1 5
(z — ;) = (2isinf)®
2isin 50 — 5(2isin30) + 10(2isinf) = 32isin®
1
sin® @ = 3—2(2 sin560 — 10sin 36 + 20 sin 6)

1
sin® 0 = E(sin 560 — 5sin360 + 10sin8)

Example XI1
Prove that cos® 8 + sin® 6 = %(3 cos46 + 5)
Solution

1
z”+Z—n= 2 cosnb

Z +1 = 2cosfO

z
1\6

(z + —) = (2cos 9)°
2

(z + %) = 64 cos® @

But (Z + é)e =754+ 62° G) + 1524 G)Z + 20273 G)3 + 1522 G)4 + 62 6)5 + 6)6
o1 , 6 , 15
= (Z +_6)+ (62 +—4>+ (15Z +—2) + 20
z z z

= 2cos 660 + 6(2cos40) + 15(2cos26) + 20
= 64c0s®0 = 2cos 66 + 12 cos46 + 30cos 20 + 20
64 c0s® 0 = 2cos66 +12cos46 + 300520 + 20 ... e e vee eveereve ee . (1)

1 .
(z——) = 2isin®
z
6

1
(z - —) = 64i°®sin® 0
z

1\ 6

<Z ——) = —64sin® 6
z

But
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(Z - i)e =z% + 62° (— i) + 15z% (— E)z +20z3 (— E)B + 15272 (— %)4 + 6z (—§)5 + (

1 1 1
= <Z6+Z—6)—6(Z4’+Z—4)+ 15(z2 +Z—2)—20
= 2cos60 — 6(2cos48) + 15(2cos20) — 20

= 2c0s60 — 12 cos48 + 30cos 260 — 20 = —64sin® 6

—64sin®0 = 2cos66 — 120540 + 300520 — 20 ... cevvee cvr e ee ee e e (2)
Eqgn (2) - Egn (1)
= 64 c0s® 0 — —64sin® 6 = 24 cos 46 + 40

8
cos® 8 +sin® g = a(?) cos 40 + 5)

1
cos® 6 + sin® f = §(3 cos46 +5)

Solving Complex Equations
Given that x and y are real numbers. Find the values of x and y which satisfy the equation.

2y +4i y

2x+y x—i
Solution

2y +4i y —0

2x+y  x—i

2y+4t y

2x+y  x—i

2y+4i _ y X+i
2x+y x—i>< X+
2y+4i  xy+iy
2x+y  x2+1
2 4i X i
y_, Y L
2x+y 2x+y x*+1 x2+1

Equating real to real and imaginary to imaginary

2
. A A
2x+y x*+1

4 Yy
- =— et e e e e a2 (2)
x+y x+1

(1D

From equation (1)
2y(x?2 +1) = xy(2x +y)
2x%y + 2y = 2x%y + xy?
2y —xy?*=0
y2-xy)=0
y=0orxy=>2
4y
2x+y  x2+1
A2 + 4 =2xy +y?

From Eqgn (2),

1

z

.
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Fory=0,4x2+4=0
x2+1=0
x2=-1
X2 = i?

X =i

For xy = 2, y=g
X

:>4x2+4=4+i2
X

4x2—Xi2:0
Letx?=m

4m—i:0

m

dm?—-4=0

m>—1=0

(m+D(m-1)=0

m=1 m=-1
Whenm=1,x*=1 = x=+41
Whenm=-1,x*=i? =X = #i

Xy =2
Ifx=1,y=2
Ifx=-1,y=-2
Ifx=i,y=-2i
Ifx=-i,y=2i
Example 11
Find the values of x and y in
X y 6+2i
2+3i 3—-2i 1+8i
Solution
x y  6+2i
2+3i 3-2i 1+8i
x(2 — 30) y(3+2))  (6+2)(1—8i)
2+3i(2—-3i) (3-20)(3+2i) (1+8i)(1-8i)
(2x —3xi) (3y+2yi) (6 —48i+2i+16)
13 13 B 65
2x -3y 3x+2y 22 46
13 13 '~ 65 65
2x—3y 22
= =—
13 65
5(2x —3y) =22
10X — 15V = 22 etv e eee v e v s e e e (1)
Similarly, My _ 1
13 65

5(3x + 2y) = 46
15% + 10Y = 46 ere v eee e e e e (2)
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Solving eqgn (1) and egn (2) simultaneously
=x=28 y=04

Example 111
Find the values of x and y if 2=+ -2 =2+ 4i
Solution
x y
—=2+4+4i
T+i 2= “*™H
x(1—1 2+1
(, ),+ y(, ),=2+4i
aA+da-i) R-D2+1i)
x—xi 2y+yi
+ yry =2+4i

2 5
5(x —xi) +2Qy +yi) =2+ 4i
5x — 5xi + 4y + 2yi = 20 + 40i
Equating real to real and imaginary to imaginary;

S5x+4y=20............... (D)
2y —=5x=40............... 2)
Solving Egn (1) and Eqgn (2) simultaneously;
y =10
x=-4
Example IV
Find the values of x and y. given that
xi 3x + 4i

1+iy x+3y
Solution
xi(1—iy) (Bx + 40)
(1+iy)(1—iy) x+3y
xi+xy 3x+4i
1+y2  x+3y

xy 4 xt  3x 4 4i
1+y2 1+y2 x+3y x+3y
R xy  3x 1
1oy a3y e (D)
x 4
- (2)

ToyZ g gy
From equation (1)
x%y + 3xy? = 3x + 3xy?
= x%y =3x
=>x2y—3x=0
x(xy—3)=0

x=0 orxy=3

From eqn (2)

x%2 4+ 3xy =4+ 4y?

Whenx =0, 0 = 4 + 4y?
_1=y2
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y =i
When xy =3
3
y _-x

Substituting y = % and xy = 3in Eqgn (3);

X +3(3) =4+ 4(§j
X

x2+9:4+$
X
36
xz +9 =4 +'—75
x
36
Xz'—'jzﬁ's =0
x
let x2 =P
P 36+5 =0
> =

P?2-36+5P =0
P2+5P—-36=0
P+9)(P-4)=0
(x> +9)(x?2-4)=0
x’—4=0 = x=+2
x=2, x=-2
When x = 2, y:%

Whenx = -2, y=—-

x2+9=0
x?=-9
x=13i
when x = 3i
3 1
T
y=-1
when x = —3i
y =+
Example V
If z is a complex number such that z = % +—L_ Where pandqarereal. If |z =7,argP = % . Find the

1+3i
value of p and g.

Solution
P q
2= it 113
P(2 +1) q(1 —3i)

‘T 2-D2+D)  (1+3D)0=3D)
_2p+Pi+q—3qi
-5 10

Z
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Z_2(2p+ pi)+qg—3qi

10
Z_4p+2pi+q—3qi
10
,_4p+q+(2p—30)i
10
2P —3q
()
— ran—1] +q r
arg = tan k 0 )—2
2p — 3q T
-1 _
tan Cp ) =2
2p —3q
4P +q
4P+ q =
q=—4P
|z| =
4P+q\? 2P-3q\? _
JCE (7 =7
Substituting q = -4p in Eqn (1)
2
02+(14—pj =7
10
14p
10
p=>5
q=-4x5
q=-20

Example VI

Given that (1 + 5i)p—2q =3 + 7i, find p and q
(a) When p and g are real

(b) When p and q are conjugate complex numbers
Solution

(@) (1+5i)P—2q=3+7i
P+5Pi—2q=3+7i

P—2q+5Pi=3+7i

P—2g=3 ... (1)
SP=7 2)
From Eqn (2),

p=1

, S

’ 3=2

R =zq
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——=2
-=2q
8_
10 1
T4
=73
L7 s
p_sl q_ 5

(b) Let p=x+iy

q=x-—1iy
A+5)(x+iy) —2(x—iy)=3+7i
x+iy+5xi—5y—2x+2yi=3+7i
(x—5y—2x)+(y+5x+2y)i=3+7i
(—x—=5y)+ By +5x)i=3+7i

—x—5y=3
X==3=5Y e, 1)
3+ 5X =7 o (2)

Substituting Egn (1) in Eqgn (2)
3y+5(-3-5y)=7
3y—15—-25y =7

—22y =22
y=-1
x=-3-5(-1)
x=-3+5
x=2
p=x+iy
p=2-—i
q=2+Ii

Square root of Complex Numbers
Example |

Find the square root of 35 — 12i

Solution

Let V35 — 120 = x + iy
2
(V35 —12i) = (x + iy)?
35— 12i = x? + 2xyi + i%y?
35— 12i = x? — y% + 2xyi

=>x2—-y2=35
2xy = —12
xy =—6
6
Y=7%

, 36

X —x—2=35
x* — 36 = 35x?

241



x*—35x2-36=0
Let x2 =m
m?—-35m—-36=0
(m—-36)(m+1)=0
(x2=-36)(x>+1)=0

But x is real
=>x2-36=0

x =6
Whenx =6 y=—g
y=-1
when x = —6, y=1
=35 -12i=6—i
orv35—12i=—-6+1i

Example VIII
Find the square root of 5 — 12i
solution
Let V5 —12i =x + iy
5—12i = (x +iy)?
5—12i = x? + 2xyi + yi?
5—12i = x% —y? + 2xyi
Equating real to real and imaginary to imaginary;

Sx2—y2 =5 (1)
2xy = —12
Xy = —6
6
y= B RRRR AR R SRR (2)
Substituting Egn (2) in Egn (1)
, 36
X — X_Z =5
(x?)? — 36 = 5x2
let m = x?

m? —36 =5m
m?—5m—36=0
m—-9)(m+4)=0
(x2-=9)(x%?+4)=0

x?2=9
x =43
whenx =3, y=-2
when x = =3, y=2
V5 —12i =3 - 2i
orV5 —12i =3 + 2i

Example IX
Findtherootsof z2 — (1 —i)z+7i—4 =0
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Solution

7=

(1-0)+/(1-D?—-4(1)(7i - 4)
7 =

_ —b++yb® -4ac

2a

2x1

_1—ii\/1—2i—1—28i+16

V4

1-i1++/16 —30i

2

But /16 —30i =a + bi

16 — 30i = a? + 2abi — b?
a’?-b’>=16

2ab =-30

ab=-15

-15
a=—
b

2
(Ej ~b? =16
b

%—bzzm

Let m=Db?
%—mzm
m
m?+ 16m—225=0
m=9, m=-25
b?=9
b=+43
ab=-15
a=5
Whenb=-3, a=5
Whenb=3, a=-5

a+hbi=5-3i, -5+3i

J16—30i = +(5 - 3i)

V4

2

_1—ii(5—3i)

B 2
z=3—2i
z=-2+1i

Example X

Show that 1 + 2i is a root of the equation

Solution

273 =72 4+4274+415=0

z=142i
z? = (1 + 2i)?
=1+ 4i + 4i>
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=—-3+4i
723 =zx2z%=(1+2i)(=3+4i)
=—-3+4i—6i—8
=-11-2i
222 - 72+ 47+ 15
=2(=11-2i) — (-3 +4i) + (4(1 + 2i) + 15
=—-22—-4i4+3—-4i+4+8i+15
=—-22+22-8i+8i
=0+0i
=0
= 1 + 2i is a root of the equation.
Since z = 1 + 2i is a root of the equation
223 —724+4z+15=0
The complex conjugate Z = 1 — 2i must also be a root of the above equation
= 1 — 2i = z is also a root of the equation
223 —724+4z+15=0
223 —724+42z+15=0

z=1+2i
z=1-2i
Sumofroots=1+2i+1—2i
=2
Product of roots = (1)% — (2i)?
=1+4
=5
z% — (ij:)ff )z + product = 0

z2—-2z4+5=0
=z%2 —2z+5 isafactor of 2z3 — z%2 + 4z 4+ 15

2z+3

72 — 2745|223 —2z%2 + 42+ 15

273 —47% + 10z

3z%2 —6z+ 15
3z%2 —6z+ 15
0

(2z+4+3)(z?—2z+15)=0

3
Z=—§ z=1+4+2iandz =1 - 2i

Example XI
Given that 2 + 3i is a root of the equation
z3 — 6z% + 21z — 26 = 0. Find the other roots
Solution
z=2+3i isaroot = z =2 — 3iisalso aroot of the equation z3 — 6z2 + 21z — 26 = 0
Sumofroots=2+4+3i+2—3i
=4
Product of roots = (2 + 3i)(2 — 3i)
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=22 — (3i)?
=4+9
=13
= z? — 4z + 13 is a factor of
z3—62z24212—-26=0
z—2

72— 47+ 13 |23 — 622 +21z—26

73 — 4724+ 13z

—2z%24+8z—26
—27z24+8z—-26
0

=>((z-2)(z>—-4z+13)=0
= z=2,z=2+3iand z = 2 — 3i are roots of equation of z3 — 622 +21z2—26=0

Example XII

Show that 1 + i is a root of the equation
z* +32z% — 6z + 10 = 0. Hence find other roots

Solution
z=1+1i

2=1+2i+1i°
z2=1+2i—-1

z2 =2

Z3:ZZ.Z
=2i(1+1)
=2i—2

=—4

=z +322-62+10
=(-4)+3Q2)—-6(1+i)+10
=—4+6i—6—60i+10
=-10+ 10 + 6i — 61

=0+0i

=0

z =141 isaroot of the equation

= 1 — 1 isalso a root of the equation
Sumoftheroots=1+i+1—i

Product of roots = (1)2 —i2 =2

z? — (sum of roots)z + product = 0

z* = (z%)% = (20)? = 4i?

=2

72 —-2z42=0

= z2 — 2z + 2 isafactor of z* + 322 — 62 + 10

245



z2+2245

72 —274+2|z* +32z2 - 62+ 10
7% — 223 4272
273 + z%2 — 62 +10

273 — 472 + 42
5z2 — 10z + 10
5z2 — 10z + 10

0

(z2—-22+2)(z2+2z+5)=0
=2z2+2z+5=0

2-27+2=0
2
F0r22+22+5=0, Z:—Zi (2)? —4x1x5
4x1
_ —2+V16i?
‘= 2
i =0
T2
z=—1+2i
z=—1-2i

=-1+2i,-1-2i,1+i,1—iare roots of the equation z* +3z%2 —6z+10=0

Example X111
Show that 1 — i is a root of the equation
4z* — 823 + 922 — 2z + 2 = 0. Find the other roots.
Solution
z=1-1i
z2 = (1-1)?
=1-2i+i?
= =2i
z3=2%2z
=-2i(1—1)
= —2i + 2i?
=-2-2i
Z4- — (ZZ)Z — (_21)2
=—4
4z* —82z3+9z%2 —2z+2 =
4(—4) —8(=2—-20)+9(=2))—2(1 —i) + 2
=-164+16+16i —18i—2+2i+2
=0+4+0i=0
Since z = 1 — i is a of the equation and it implies that 1 + i is also a root.
Sumofroots=1—-i+1+i
=2
Product of the roots = (1 + i)(1 —i)
12-i%2=2
=2z2-22)+2=0
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= z2 — 2z + 2 is a factor of
z* =823 4922 -22z42=0.

4z% + 1

72— 27+ 2|42z* —8234+9z2 - 22+ 2

47% — 873 + 872

22-272+2
72-27+2
(z2-2z+1)(4z>+1) =0
1
47% = —1 2= =
VA Z 4
1 1
2=-i2, 2=4-
=z 41 , _21

Example XIV

Given that z =2 — i is a root of the equation
z3 —32z%2 4+ z+ k =0, kisreal. Find other roots.
Solution

z=2—1

z2 =(2—i)?

=4 —4i+i?

=3—4i

z3 =2 —-10)(3 -4

=6 —8i — 3i + 4i?

=2-11i
=(2-11)-3B—-4)+2—-i+k=0
2—11i—94+12i+2—-i+ k=0
—-11i+11i+4-94+ k=0

0—-5+k=0

k=5

=2z3-3224+z+5=0

z=2—-1i

z=2+i
z=2-1
z=2+1i

Sum of roots = 4

Product of roots =5
z?> — 4z + 5 =0 is a factor of
z3—-3z224+2z+5=0

z+1
72— 4745|223 -322+z+5
z3 — 47?2 4+ 5z
72 —4z+5

(z+1)(z%2—4z+5)=0
(z+1)=02z=-1
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=>z=-1, z=2+1i, z=2-—1i areroots of the equation z2 -3z + z+ k=0 where k=5

Example XIV

Solve for z;and z, in the simultaneous equations below
z1+(1 -1z, =0

3z,—3zy=2-5i

Solution

Al € ) VR | IR ¢ §)
32 =321 =2 =5l e e i e e v e e . (2)
From eqn (1)

2z =—(1-1)z,

substitute in eqn (2)

3z, = 3[(-1(1 —i)zz)] =2 —5i
322 + 3(1 - i)ZZ =2-5i

322 - 3iZZ + 322 =2-5i

6Z2 - 3iZ2 =2 - Sl

z,(6 —3i) =2 —5i

25
%2 =6 3
_(2-50)(6 +3)
%2 =16 -30)(6 + 30
124 6i—30i + 15
%= 36 +9
27 — 24i
%2= "5
9—8i
%2 =5
9 8
%=15715
z1=—(1—-1)z,

o =-(a-0(5)

9-8i—9i—-8
o

15
1-17i
= _< 15 )
-1+17i
TS
1 17
zZ1 = —1—5+E
Example XV

Solve the equation z3 -1

Solution
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z22—-1=(2)°%-()3
=(z-1D(EZ*+z+1)
Since a® — b3 = (a — b)(a? + ab + b?)
z22-1=(z-1D(Z*+z+1)=0
z=1
z2+z+1=0
, - ED V1?2 - 4@
2x%x1
_—1+43i2

V4

Alternatively we can use Demovre’s theorem
3 _
z2—1=0

z3=1
z3=1+0i
1
z= (14003
letP=1+0i
Pl=v1=1
0
arg P = tan™?! (I) =0
P = r[cos(0) + isin(0)]
P =1(cos0 + isin0)
z=P%
1
z = 13(cos(0 + 360n) + i sin(0 + 360n))
Forn=0,1,2 ..

(Depending on the number of roots you want)
1 1
Forn=0, z = 13(cos(0 + 360) + i sin(0 + 360))3
1
z = 13(cos 120 + i sin 120)

1 1
Forn=1, z=1%[cos(0+360x1)+isin(0+360x1)]*
z = 1(cos 120 + isin 120)

zZ=—=+—1I

2 2
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1 1
Forn=2, z=13[cos(0+360x2) +isin(0+360x 2)]*
z = 1(cos 240 + i sin 240)

1 V3.

22—5—71
1 V3 1 V3
sz=lz=ogtol z=og o

Example XVI
Solve: z3 +27 =0
Solution
z3+33=(z+3)(z?+3z+9)
From a3 + b3 = (a + b)(a® + ab + b?)
=22z3433=(2z+3)(z2+32z+9)
z=-3
z24+3z+9=0
-3+43%2-4(1)(9)

Z =
2
_ —34V2712
T2
3 3V3i
Z = —3, Z = —E + )
-3 33,
"2 2!
Alternatively, we can use Demovre’s theorem
z34+27=0
z3 = =27

z=(=27+ Oi)%
let P =-27+0i
|[P| =/ (—27)% + oi)
= 27
argP =180

P = 27(cos 180 + i sin 180)
1 1 1
z = P3 = 273(cos 180 + i sin 180)3

1 1
z = 273(cos(180 + 360n) + i sin(180 + 360n))3

1 1
Whenn =0, z = 273[(cos 180 + i sin 180) ]z
z = 3(cos 60 + i sin 60)

1 i3
=3<§+77>

3 33,

—+—i

2 2

1 1
Forn=1,z = 273[(cos(180 + 360 x 1) + i sin(180 + 360 x 1)])3
z = 3(cos 180 + i sin 180)
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z=-3
1 1
Forn=2, z = 273[(cos(180 + 360 x 2) + i sin(180 + 360 x 2)])3
z = 3(cos 300 + i sin 300)
3 3V3 .

-+ ——i

2 2
3 3
== _—Z43i
5~ 5 V3

3V3 . 3 3V3.
\/_l andz=——£l

3
z=-3 z=-4+—
’ 2+ 2 2 2

Example XVII
Solve the equation
zt+1=0
z¥=—-1+0i

z4 = (—1+0i)%
letP =—-1+0i
|P| =1

argP = 180

P = 1(cos 180 + i sin 180)
1 1 1
z = P2 = 14[(cos(180 + 360n) + i sin(180 + 360n))]4

1
Forn =0, z = 12(cos 45 + i sin45)

1 1
z = 14(cos 540 + i sin 540)%
z = 1(cos 135 + i sin 135)
B —\/§+ iv2
2 2
1 1
For n= 2,z = 12(cos 900 + i sin 900)=
z = 1(cos 225 + i sin 225)
7 V7
2 2!
Forn=3
1 1
z =14(cos 1260 + isin1260)4
z = 1(cos 315 + i sin 315)

V4

7Z =

(V2 V2
zZ = ) 2l
Forz*+1=0
V2 V2. V2 V2. V2 V2. N2 N2,
z=—+—1i, —-——1I, ——+—1, ——5——1
2 2 2 2 2 2 2 2
Example XVIII
Find the fourth roots of -16
Solution
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7=(-16)" = (16 + 0i)”*
LetP = —16 + 0i

1 1
z=P4=(-16+01)4
|P| =16
argP =180

z= P% = 16%[(cos(180 + 360n) + isin(180 + 360n))]%
Forn=20
z = 2(cos 45 + isin45)
z=v2+2i
forn=1
z = 2(cos 540 + i sin 540)
z = 2(cos 135 + isin 135)

=—V2+iV2
Forn =2,z = 2(cos 225 + isin225)

=—V2-iV2
Forn=3,z = 2(cos315 + isin315)

z=+2-+2i

= Forz = (-16+ Oi)%
2=VZ - (V2)i, I + (V2)i
VI (VD) —vZ-(V2)i

Example XIX
Find the cube roots of 27i

1
z= (042703

letP =0+ 27i
|P| = /02 + 272
=27

1 (27
arg = tan”~ (F) =90
P = 27(cos90 + isin90)
1 1
z = 273(cos 90 + i sin90)3

z = 27%(cos(90 + 360n) + isin(90 + 360n))%
Forn=20
z = 3(cos 30 + i sin 30)
z= %§ + ;i
n=1
z = 3(cos 150 + i sin 150)
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for =2
z = 3(cos 270 + isin 270)
=-3i

Loci in the complex plane
What is a locus

A locus is a path possible position of a variable point, that obeys a given condition. It can be given as
Cartesian equation or it can be described in words.

Example I
The complex number z is represented by the point P on the Argand diagram.
Giventhat |z — 1 —i| = |z — 2| find in the simplest form the Cartesian equation of the locus

Solution
lz—1—-1i| =|z—-2]|
letz=x+1iy

[x +iy—1—i| =|x+iy— 2|
lx =14+ (y—Di| =|x -2 +iy|
Va-1D2+ @ -1D?=y(x-2)%+y?

-1+ -1)2=(x-2%+y°
x2—=2x+1+4+y2-2y+1=x?>—4x+4+y?
—2x—2y+2=—-4x+4
2x—2 =2y
y=x—-1
The locus is a straight line with a positive gradient y = x — 1) which can be represented on the complex

plane.

Im éxis

N\

1 Real axis

1

Exam pIeH/

Given that |z — 2| = 2|z + i|. Show that the locus of P is a circle.

Solution
|z —2| =2|z+i]
Letz=x+1iy

|x +iy — 2| = 2|x + iy + i
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[(x —2) +iy| = 2|x + (y + 1)i]

\/(x— 2)2+y? = 2\/x2 + (y + 1)?
(x—2)2+y?2=4(x*>+(y + 1)

x2—4x+4+y2=4x2+4y2+8y+4

0 = 3x? +3y® + 4x + 8y

8

4
X2 +y?toxt 2 =0

3 3

This is sufficient to justify that locus is a circle.

Comparing x2 + y? + %x + 8?3’ = 0 With

x2+y2+2gx+2fy+c=0

Lt
9=3
2

973
8y

2fy =Y
Y=

—

3

centre(—g,—f)

. (2 4)
centre 373

r=+g*+f%*-c
4 16

- -+=—0
"= 1979

Im axis

Real axis
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Example 111
Show the region represented by |z — 2 +i| < 1
Solution
Letz=x+1iy
[x + iy — 2+ i
[x—-2+@+Dil<1

Jx-2)+F+12<1
(x—22+@w+1)2<1

It’s a circle with centre (2, -1) and radius less than 1.
It can be illustrated on the argand diagram

o] AN

X,

\ 2,-1

1

N
PN
N

N .

\
\
\Y
N
N

o

y

In order to represent (x — 2)? + (y + 1)? < 1 on the diagram, we can either take a point inside the circle
or outside the circle as our test point.

Taking (2,-1) as the test point.
>02-2%+(-1+1)2<1

0+0<1
0<1

(2, —1)(the point inside the circle satisfies our locus). It implies that (2,-1) lies in the wanted region.
Therefore, we shade the region outside the circle.

Example IV
Given that

z—1
z+1
find the Cartesian equation of the locus of z and represent the locus by the sketch on the argand diagram.
Shade the region for which the inequalities.

=2

z—1
z+1

> 2
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Solution

z=x+1iy
x+iy—-1)
x+iy+1l

(x—1+1iy)
x+1D+iy

lx—1+iy|
[(x +1) +iy|

|[(x — 1) +iy| =2|(x+ 1) + iy|
Jax—12+y2=2/(x+1)2 +y2

(x—1%+y2=4((x+ 12> +y?)

x2—2x+14+y2=4(x%+2x+1+y?)
3x2+3y2+10x+3=0
10
x2+y2+?x+1=0
The locus is a circle comparing

2 ) 10 )

x“+y +?x+1=0w1th

x2+y2+2gx+2fy+c=0

10 5
29=?, g=§, 2f=0andf=0

Center (32, 0)

r=4g*+f*—c

= 25+O 1—4

"= 19 =3
Forﬂ>2

z+1

D

i
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Example V
Shade the region represented by |z — 1 —i| < 3
Solution

Note: Shade the region represented by |z — 1 — i| < 3. Implies that we shade the wanted region.
Letx + iy
lx +iy—1—-1i] <3
[x—1+i(y—1)| <3
Ja-1D2+ @y -1)?%<3
(x—1D2+(@-1)2?<9
It is a circle with centre (1, 1) and radius less than 9

Im axis

N

L-7 =7~
’ ~
7
/ /\‘
’ \
ZL

~
Real axis”

Taking (1, 1) as our test point
1-1D%+(1-1)>2
(0+0)<9
=The region inside the circle is the wanted region.

Example VI
Show that when

Re ((ZZ : ;)) =0,

the point P(X, y) lies on a circle with centre —1, — %) and radius%\/g
Solution

(x+iy+i)
e|l———
x+iy+2

x+ (y+ 1)i
re () =0
x+2+iy

R (x+(y +Di)(x+2-iy)
S x+2) iy (x+2-1y)

R x(x+2)—xyi+(y+ D +2)i+y(y+1)
e( (x +2)2 + 2 )

Re X2+ 2X+ Y2+ Y +[(y +D(x+ 2) — xy]i
(Xx+2)° +y?

- x2+2x+y2+y+[(y+1)(x+2)—xy]i _p
(x+2)* +y? (x+2)* +y?
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x2+2x+yz+y_0
(x+2)2+y2
x2+y2+2x+y=0

Comparing with
X2 +y2+ 2x +y = 0 with
x2+y2+2gx+2fy+c=0
2g=2,9=1
2y =y
1
=3
1
centre (—1, _§>

radius =/g*+ f?—c

1
4

Example VII

Given that z = x + iy . where x and y are real. Show that lm(g) =0

is equation of a straight line
Solution
x+iy+i)
m(x+iy+2) =0
1)i 2)—i
m{(x+(y+ )i)(x+2) W} 0

(X+2+iy)(x+2—iy)

x(x+2)—xyi+ (y+D(x+2)i+y(y+1)
m =0
(x+2)? +y?
—xy+ @+ Dx+2)
(x +2)? + y? B
—xy+xy+2y+x+2
(x +2)2 +y? B
2y+x+2=0

- i1
Yy=73

Which is a straight line with a negative gradient.
Loci in and diagram for arguments of complex numbers

If arg(z — A) = a is the equation of half line with end point A inclined at an angle « to the real axis
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I Y\
maxis P(x,y)

~N
Real axis™

N
=

Example I
Sketch the loci defined by the equation

1
arg(z—1-2i) = 2"

Solution

z—1-2i=z—(1+2i

Thus if Ais a point representing 1 + 2i

arg(z — (1 + 2i))is the angle AP makes with the positive real axis. Hence the equation arg(z — 1 —

2i0) = in represents the half line with end point (1, 2) inclined at angle 217 to the real axis.
4 4

/)
Im axis P(x,y)
1
ZT[
1 2)
pd N
~ 0 Real axis™
A\
Example 11
Sketch the locus of the equation.
2
arg(z +2) = —37
Solution
2
arg(z+2) = — 3

z+2=(z- -2)
Thus A is a point (-2, 0). Arg(z-2) is the angle AP makes with the real axis. Hence arg(z — —2) = — %n

represents a half line with end point (-2, 0) inclined at angle gn measured clockwise from the positive
axis.
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Im axis

i ~
—2,0) Ré¢al axis ~

N

P(x,y) 7
Example 111
Show by shading the region represented by
1
37 <arg(z—2)<m
Solution
The equations arg(z — 2) = %n and arg(z — 2) = m represent half lines with end point (2, 0). Hence the

inequalitygn <arg(z—2)<m
Represent the two lines and region between them

IN ’

N
4 Real axis”

X
|
3

Example IV
Sketch the separate argand diagram the loci defined by

1

(Darg(z+1-3i) = —"

1
(i)arg(z+2+1i0) = En
Solution

1
(arg(z+1-3i) = —gm

1

z—(—1+4+3i) = 5"
Thus A is a point (-1, 3)
Arg(z — (-1 + 3i) is the angle AP makes with the real axis Hence arg(z + 1 — 3i) = —%n

is equation of the half line with end point (-1, 3) inclined at an angle of én measured clockwise from the
real axis
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A(-1, 3)

Real axis
N
>

N

1
(i)arg(z+2+1i) = En

1
arg(z —(-2- i)) =5m
Thus, point Ais (=2, —1).
arg(z — (-2 —1)) is the angle AP makes with the real axis and arg(z + 2 + i) = %n is the equation of the

line through A inclined at and angle of %n to the real axis

Im axis
P Real axis
~ 7
@\2____|________.
(_2! - 1)
\4

Sketching of loci involving arg (g) =Y

zZ—a

Equation involving arg (;)are more difficult to interprete. If arg(z — a) = «,
arg(z—b)=p arg(z_ a) =y
’ z—b ’
arg(z—a) —arg(z—b) =y
a—B=y. y=(a—p)=*2mifnecessary

Thus y is the angle which the vector AP makes with the vector BP.

If the turn from BP to AP is anti-clockwise the « is negative

forarg (%) >0
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YA
Im axis

< N
SV Real axis x
YA
Im axis
P ~
S Real axis

For instance, if arg (S) = i”' then the locus of P is a circular arc with end point A(3, 0) and (1, 0) such

that LAPB = %n

Similarly if arg (%) = %n then the locus of P is a circular arc with end points A (-2, 0) and B(0, +1)
such that ZAPB = %n since both cases the given arguments are positive, the arcs must be drawn so that

the turn from BP to AP is anti-clockwise.

z+2> 1
==

z—1i 3

arg (
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Im axi

B(0, 1

Real axis

Example 11
Sketch on different argand diagram the loci defined by the equations.

@sre() =3

37T
) (Z—3)_1
e\ -2i) 74"

©are(;77) =3
Solution

(z—l)_l
Ae\zx1) 73"

The locus of P is a circular arc with end point A(1, 0) and B(-1, 0) such that
LAPB =7

Im axid]

P(x, )

B(-1, 0) A(3,0) Real axis

Z—3) 1
T4

®ars(;—

The locus of P is a circular arc with end points (3, 0) (0, 2) such that LAPB = in
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Im axi4

A0, 2)

N

B(3, 0) Real axis

@re( =57 =37

z
e g 2"
z
z—4+ 2i
1
A(0,0) and B(4, —2) such that ZAPB = ET[

arg( ) is a circle with end points

Im axis /\
<A0.0) R
iz
§ B(4, -2)
Vv P
Example
Find the locus of arg (;—6) =2
Solution
let z=x+iy
arg( - ) =argz —arg(z — 6)
z—6 -
= arg(z) —arg(z—6) = o
T
arg(x +iy) —arg(x +iy — 6) = >
T

tan (L) -tan (%) = 5

let A=tan™? (%)
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tanA =

B =tan ! (x{6)
y
x—6
A-B) =7

=1

tanB =

tan(A — B) = tan (z)
2
tanA —tanB

1+tanA +tanB
y__Vv

X xXx—6
2
1+x(x—6)
y(x —6) —xy
x(x—6)
x2—6x+y2
x(x —6)
xy — 6y —xy
- =0
x2+y2_6x

= 0

= 0

= x% + y? — 6x = 0 which is a circle.

8.
9.

10.

11.

Revision Exercise 1
Prove that if |Z| = r, then ZZ* = r2,

Express 43 + i in modulus-argument form. Hence find (v/3 +i)° and % in the form a + ib.
(V3+1)
Express -1 + i in modulus-argument form. Hence show that (-1 + i) is real and that ﬁ is
—1+i

purely imaginary, giving the value of each.

Simplify the following expression:

@ (cosF —isin%)’ \ (cos? +isin )"
(cos = +isin 2)* (cos ¥ —isin ¥)°

Find the expressions for cos 30 in terms of cos 0,

sin 36 in terms of sin 6 and tan 30 in terms of tan 0.
Express sin 56 and cos 56/cos 6 in terms of sin 6.

3 5
Prove that tan56 = Stan £ —10tan & + tan 9. By considering the equation tan 56 = 0, show that

1-10tan?@ +5tan’* @

tan2(rt/5) = 5 — 25

Find expressions for cos 66/sin6 in terms of cos 6 and for tan 66 in terms of tan 6.
Express in terms of cosines of multiples of 6:

(@) cos®®  (b) cos’®@ (c) cos*d

Express in terms of sines of multiples of 6:

(@) sin®®@ (b)) sin’® (c) cos*Osin®0

Prove that cos®0 + sin°0 = 1 (3cos'0 + 5)
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12. Evaluate (a) [sin®0 d& (b) [cos*6sin’0 do
0 0

13. (a) Express the following complex numbers in a form having a real denominator.
1 1
3-2i"  (1+i)?
(b) Find the modulus and principal arguments of each of the complex numbers Z=1+2iand W=2 —
I, and represent Z and W clearly by points A and B in an Argand diagram. Find also the sum and
product of Z and W and mark the corresponding points C and D in your diagram.
14. If the complex number x + iy is denoted by Z, then the complex conjugate number x — iy is denoted
by Z*,
(@) Express |Z*| and (Z*) in terms of |Z| and arg(Z).
(b) If a, b, and c are real numbers, prove that if
aZ?+bZ + ¢ =0, then then a(Z*)?> + b(Z*) +c =0

(c) If pand g are complex numbers and q # 0, prove [%) = %
15. Find the values of a and b such that (a + ib)? = i. Hence or otherwise solve the equation z2 + 2z + 1 —

i =0, giving your answer in the form p + ig, where p and g are real numbers.
16. If Z = %(1+ i), write down the modulus and argument for each of the numbers Z, 72, Z3, Z*. Hence or

otherwise, show in the Argand diagram, the points representing the number 1 + Z + 72 + 73 + 74,
17. If Z =3 - 4i, find

@) z= (i) Zz* (i) (Z22)*
18. Simplify each of the following:

(@ (B+4i)+(2+3i) (b) (2—4i)-3(5-3i)

(b) (2i)° © i
19. Simplify each of the following:

(@ 2+E-i) (b) (5-2i)6+1)

() 4-3i)(12-10) (d) (3+1i)(2-5i)

20. Express each of the following in the form a + ib

20 4
@ = ® =
2i 1
(c) - (d) 1-7i
21. Solve the following equations:
(@ x2+25=0
(b) 2x2+32=0
(c) 4x2+9=0

(d) x2+2x+5=0

22. If 3—2iand 1 + i are two of the roots of the equation ax* + bx3 + cx? + dx + ¢ = 0, find the values of
a,b,c,dande.

23. Find the square roots of the following complex numbers:

(@ 5+2i
(b) 15+ 8i
(c) 7-24i

24. Find the quadratic equations have the roots:
(@) 3i,-3i (b) 1+2i,1-2i
() 2+i,2—i (d) 2+3i,2-3i

25. Find real and imaginary parts of the complex Z when:
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26.

217.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

z

(l) ﬂ:1+2|
Z+i Z+i
() 777=7-3

Find the modulus and principal argument of the following complex numbers
(@31 (b) 15 (c) -3i (d) -1
Find the modulus and principle argument of:

1-i -1-7i
@5 ©® 7
1+i 3+i)°
© 35 @ T
If Z, and Z, are complex numbers, solve the simultaneous equations
471 +372=123
Z2'+iZ2?=6

giving your answer in the form x + iy

Given that 2 + i is a root of the equation

Z® —11Z + 20 = 0. Find the remaining roots.

Show that 1 + i is a root of the equation x* + 3x2 — 6x + 10 = 0. Hence write down the quadratic factor
of x* + 3x2 — 6x + 10 and find all the roots of the equation.

The complex number satisfies the equation —ziz =2—1i. Find the real and imaginary parts of Z and
the modulus and argument of Z.

If Z; = 4(cos%z +isin¥r) and Z,= 2(cos¥ +isin¥), find Z—l and Z1Z; in the form a + ib.

If Z;= 2cos2= +isinZ= and Z, = 6(cos = +isin =) | find:

(i) Z—l (i) arg( ) (iii)

(iv) arg (Z_ij

One root of the equation Z2 + aZ+b=0 where a and b are real constants, is 2+3i. Find the values of a
and b.
If Z1 and Z2 are two complex numbers such that |Z1 — Zo| = Z; + Z»|, show that the difference of their

_z
Z

LT 3z
arguments is 5 or =
J— i 2 1 —
(a) Find the modulus and argument of %
(b)If Z,= 11+_7' nd Z,= 127 27' Find the moduli of Z1, Z», Z1 + Z, and Z1Z.

Use Demoivre’s theorem to show that:
(cos 30 +isin30)°(cos @ —isin H)°
(cos5@ +isin560)’ (cos 20 —isin 26)°
Use Demoivre’s theorem to show that:
Ccos 40 = co0s*0 — 6c0s?0 sin%0 + sin‘*d
sin40 = 4c0s°%0 sinB — 4cos 0 sin®e

Show that (%j =cosn(Z - @) +isinn(z - 6)

=c0s13¢ —isin1360
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40.

41.

42.
43.

44,

45.

46.

47.

48.

49.

Use Demoivre’s theorem to find the value of V3-1

3+
Find the two square roots of | and the four values of (-16)%.

Find the three roots of the equation (1 - Z)% = 73
If W is a complex cube root of unity, show that
(L+W-W?)3— (1-W+W?)3=0
Use Demoivre’s theorem to find the four fourth roots of 8(-1 + i+3) in the form a + ib, giving a and
b correct to 2 decimal places.
Use Demoivre’s theorem to show that
COS5x
COS X

=1 - 12sin?x + 16sin*x

Z —6i
Z+8
diagram is a stralght line.

Prove that if =—— is real, the locus of the point representing the complex number Z in the Argand

Prove that |f 57 21 is purely imaginary, the locus of the point representing Z in the Argand diagram

is a circle and find its radius.

If Z is a complex number and E 1 = = 2, find the equation of the curve in the Argand diagram on

which the point representing it lie.
The complex numbers Z — 2 and Z — 2i have arguments which are
(i) equal and

(ii) differ by %n and each argument lies between —mt and . In each case, find the locus of the point
which represents Z in the Argand diagram and illustrate by a sketch.

50. Show by shading on an Argand diagram the region in which both |Z -3 —i| > |Z — 3 - 5i|
Answers
1.
J’ J3.
2. @1, (b) -i (c) o= d) -= +
3. 2(cosf +isinZ); 512 — 512431, £+i|
256 256
4. N2(cos¥ +isiniz); 256 — i
5 (@1, (b) -1
_ 3
6. 4cos*@— 3cos - 4sin’6, M
1-3tan° 6
7. 16sin®6— 20sin3@+ 5sin 6, 1 — 12sin?6 + 16sin*6
8.
_ 3 5
9. 32c0s9- 48cos*@ + 18cos?6— 1, 32cos°d— 32c0s38 + 6¢os = btang — 20tan"6 + 6tan” 6

11.

1-15tan? @ + 15tan* @

. (@) #£(cos50 + 5co0s30 +10cos0),

(b) & (cos70 + 7cos560 + 21cos360 + 35c0s )

(c) % (2cos@ — cos36 — cos56)

() 1(3sin —sin30), L (35sin6 — 21sin36 + 7sind —sin76),
(C) L(3sin@ +sin30 —sin50 —sin76)
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12. (@) 22, (b) &

13. (3) 3;32',% (b) 5, 63.4°, 5 , -26.6°, 3+,
4 + 3i.
15.a=1 ioraz_—lb:_1

N N %" %

Z=-1+—-—0orZ7Z=-1-—-
V2 vl
N

16. g . 45°: % 90°: g 135° 1 180°

17. (i) 3+4i (i) 25 (iii) -7 + 24i
18.(a) 5+ 7i (b) -13+5i (c) -4 (d) 1
19(a)7+i (b)32—7i (c)1—7i(d) 11—13i
20.(@)6—-2i (b)2-2i (c) -1+i (d) L+2i
21 (@) x50 (b) x=+4i (c)£2i (d)x=-1%2i
22.a=1,b=-8,c=27,d=-38,e=26
23. (@) (3 +2i) (b) +(4+1i) (c) +(4 - 3i)
24. (@) x2+9=0 (b)x*-2x+5=0

(c) x*-4x+5=0 (d) xX*-4x+13=0
25 (i) -1, ¥ (i) L, 2
26.(a) 3, W2 (b) 15,0 (c) 3,-m/2 (d) 1, w
27.(a) 1, -m/2 (b) ¥2, 2=, (c) &, 1.25
28.2+3i 19.2-i,-4
31. (i) Re(2) =-3, Im(2) =-1 (ii) V10, -2.82 rads
32. 1+ 3i; —4N2 + 42
33. (i) U3 (i) Z= (i) 3 (iv) =
34.-4,13
36.(a) 5, 0.6435rad (b)5, 6.5, 2.061, 32.5

41, i(f/;), 2 +iN2

42. 1,11+ iv3). 44 +(L.73+1), + (L—1.73)
47. centre Y4 + i, radius /7
5 16

2
48. [ x+=| +y? =—
( 3j y 9

49. () x+y=2 (i) (x— 12+ (y—1)?=2

Exercise 2

Show on the Argand diagram the region represented by the following:

argz= +m,
arg(z—i)= im
arg(z+1-3i)=im
argz-3+2)=m

Eal A
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5. argz+2+i)=1im
6. argz-1-i)=-im
7. |lz+1=z-3|
8. |z|=|z-6i|

z—i| _
9. m _1

10. (a) arg [i—;ﬂ

z-3)\ z _1
11. (a) arg[Z_Zij—Zﬂ' (b) (mj—gﬂ'
In questions 12 to 24 find the Cartesian equation of the locus of the point P representing the complex
number z. Sketch the locus of P each case.
12. 2z+ 1=z 2]
13. |z + 4i| = 3|z — 4]

1
3T

Z | _
14. —7l = 5
Z+i | _
o m‘ -1
Z | _
16. 8l = 5
z-11_,
18. z—5=Ai(z + 5), where A is a real parameter
19. 22%22' = Ai, where A is a real number.
20. z = 3i + A(2 + 5i), where A is a real parameter.
21. Im(z%) =2
22.Re () =1
23. Re(z—%) =0

24. Im(z +%) =0

In questions 27 to 34 shade in separate Argand diagrams the regions represented by:

25. z—i]<3

26. |z—-4+3i|<4

27.0<argz< 37

28. tm<argz<inm

29. —tr<arg(z-D <7

30. —izx<arg(z+i)<irx

31. |z|> |z + 2|

32. z+i| <[z -3i

33. Represent each of the following loci in an Argand diagram.
(@) arg(z—1)=arg(z+1)
(b) argz=arg(z—-111)
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34.

35.

36.

37.

38.

(c) argz-2)=m+arg z

(d) arg(z—1)=m+arg(z—1)

Find the least value of |z + 4] for which

(@) Re(z) =5 (b) Im(z) =3

(© lzZ=1 (d) argz=im

Given that the complex number z varies such that |z — 7| = 3, find the greatest and least values of |z —
.

Given that the complex number w and z vary subject to the conditions |z— 12| =7 and |z — i| = 4, find
the greatest and least values of |w — z|.

In an Argand diagram, the point P represents the complex number z, where z = x + iy. Given that

z+ 2 =Ai(z + 8), where A is a real parameter, find the Cartesian equation of the locus of P as A varies.
If also z = p(4 + 3i), where A is real, prove that there is only one possible position for P.

(i) Represent on the same Argand diagram the loci given by the equations |z — 3| = 3 and |z| = |z — 2|.
Obtain the complex numbers corresponding to the point of intersection of these loci. (ii) Find a complex
number z whose argument is /4 and which satisfies the equation [z +2 +i|=|z—4 + i|.

Answers

12.
15.
17.
18.
19.
20.
23.
24,
34.

35.
37.

X2+y2+4x=0,13. X2 +y2 - 9x - 9x —y + 16
5x+3y=14. 16.2x*+2y>+25x+75=0
5x2+5y2 - 26x + 8y +1=0.

x? +y? = 25, excluding (-5, 0)

X2 +y2 - 2x + 2y = 0, excluding (2, 0).
BXx—2y+6=0 21.xy=1. 22.x2—-y?=1
x(x? +y? - 1) =0, excluding (0, 0)

y(x? + y? —9) = 0, excluding (0, 0).

@9, (b) 3, (c)3, (d) 4.

5V2 +3, 52 - 3. 38.24,2.
X*+y?+10x+16=0

38.(1) 1+iv5 (i) 1 +i.

Revision Exercise 3

Show on the Argand diagram the region represented by the following:

=

)

i
2-2-3i| _
Z+2+i
Express the complex number z, = % in the form x + iy where x and y are real. Given that z, = 2 —

5i, find the distance between the points in the Argand diagram which represent z; and z,. Determine
the real numbers o and g such that az; + fzo = -4 + 1.

(i) Find two complex numbers z satisfying the equation z% = -8 — 6i.

(ii) Solve the equation z2 — (3 — i)z + 4 = 0 and represent the solutions on an Argand diagram by

vectors OA and OB, where O is the origin. Show that triangle OAB is right-angled.
If z and w are complex numbers, show that:
z—w[ +|z+w[=2f z +|w[}
Interpret your results geometrically.
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6. A regular octagon is inscribed in the circle |z| = 1 in the complex plane and one of its vertices

represents the numberiz(1+ i) . Find the numbers represented by the other vertices.

N

7. (i) Two complex numbers z; and z; each have arguments between 0 and 7 If 21z, = i — /3 and Zz—l =
2

2i, find the values of z; and z, giving the modulus and argument of each.
(ii) Obtain in the form a + ib the solutions of the equation z2 — 2z + 5 = 0, and represent the solutions
on an Argand diagram by the points A and B.
The equation z2 — 2pz + q = 0 is such that p and q are real, and its solutions in the Argand diagram
are represented by the points C and D. Find in the simplest form the algebraic relation satisfied by
p and g in each of the following cases:
(@) p?<q,p#1landA, B, C,D are the vertices of a triangle;
(b) p* >qand ,CAD=1r
8. (a) If —-mr< arg z1 + arg z, < m, show that arg(z1z2) = arg z1 + arg z2. The complex numbers a =43 +2i
and b=43+7i are represented in the Argand diagram by points A and B respectively. O is the
origin. Show that triangle OAB is equilateral and find the complex number ¢ which the point C
represents where OABC is a rhombus. Calculate |c| and arg c.

(b) z is a complex number such that z = L+L_ where pand q are real. Ifargz=m/2 and |z| =7

2—-q 1+3i
find the values of p and g.
9. .
10. (a) Show that (1 + 3i)® = -(26 + 18i).
(b) Find the three roots z1, z, z3 of the equation z° =-1
(c) Find in the form a + ib, the three roots z'1, ', z's of the equation z% = 26 + 18i.
(d) Indicate in the same Argand diagram the points represented by z and z', for r = 1, 2, 3, and prove
that the roots of the equations may be paired so that |21 — 25| =z, — 2> = |23 — Z's | = 3.
11. Write down or obtain the non-real cube roots of unity, wi and wy, in the form a + ib, where a and b
are real. A regular hexagon is drawn in an Argand diagram such that two adjacent vertices represent
wy and w, respectively and centre of the circumscribing circle of the hexagon is the point (1, 0).
Determine in the form a + ib, the complex numbers represented by the other four vertices of the
hexagon and find the product of these four complex numbers.
12. A complex number w is such that w = 1 and w # 1. Show that:
(i) ww+w+1=0
(i) (x+a+b)(x +wa+w?h)(x + w?a + wh)
is real for real x, a and b, and simplify this product. Hence or otherwise find the three roots of the
equation x3 — 6x + 6 = 0, giving your answers in terms of w and cube roots of integers.
13. (i) Find, without the use of tables, the two square roots of 5 — 12i in the form x + iy, where x and y
are real.
(ii) Represent on an Argand diagram the loci |z — 2| = 2 and |z — 4| = 7. Calculate the complex
numbers corresponding to the points of intersection of these loci.
14. (i) Given that (1 + 5i)p — 29 = 7i, find p and q when (a) p and q are real (b) p and q are conjugate
complex numbers.
(ii) Shade on the Argand diagram the region for which 3n/4 < arg z < mw and 0 < |z| < 1. Choose a
point in the region and label it A. If A represents the complex number z, label clearly the points B,
C, D and E which represent —z, iz, z + 1 and z? respectively.
15. (i) Show that z = 1 + i is a root of the equation z* + 322 — 6z + 10 = 0. Find the other roots of the
equation.
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(ii) Sketch the curve in the Argand diagram defined by [z — 1| = 1, Im z = 0. Find the value of z at the
point P in which this curve is cut by the line |z - 1| = |z — 2|. Find also the value of arg z and arg(z
—2)atP.

16. (i) If z =1 + i+/3, find |z and |z°, and also the values of arg z and arg(z®) lying between - and .
Show that Re(z®) = 16 and find the value of Im(z°).

(ii) Draw the line |z| = |z — 4| and the half line arg(z — i) = /4 in the Argand diagram. Hence find the

complex number that satisfies both equations.
(cosZ +icosZ)*

17. (i) Without using tables, simplify —— .
(cos§—ising)

(ii) Express z1 = ;+—;'ii in the form p + qgi, where p and g are real. Sketch in an Argand diagram the

locus of the points representing complex numbers z such that |z — zy) = /5 . Find the greatest value
of z subject to this condition.
18. (i) Given that z = 1 — i, find the values of r(>0) and 6, -m < 6 <, such that z = r(cos 6 + i sin 6).
Hence or otherwise find 1/z and z°, expressing your answers in the form p + iq, where g, r € R.
(ii) Sketch on an Argand diagram the set of points corresponding to the set A, where A = {z:z € C, arg
(z — i) = m4}. Show that the set of points corresponding to the set B, where B ={z:z e C, |z + 7i| =
2|z — 1]}, forms a circle in the Argand diagram. If the centre of this circle represents the numbers z,
show that z; € A.
19. Use De Moivre’s theorem to show that
cos 768 = 64cos’ §— 112cos°H + 56c0s36— 7cosd
20. (i) If (1 + 3i)zs = 5(1 + i), express z; and z;2 in the form x + iy, where x and y are real. Sketch in an
Argand diagram the circle |z — za| = |z1| giving the coordinates of its centre.
(ii) If z=cos @+ i sing, show that:

z=1=2isin9 z”:i:Zisinne
z 2"
Hence or otherwise, show that

16sin®@ = sin 58— 5sin 34+ 10sin &

21. .

22. (i) Given that x and y are real, find the values of x and y which make satisfy the equation
2y+4i Yy
2X+Yy X—i

(ii) Given that z = x + iy, where x and y are real, (a) Show that Im(%) =0, the point (X, y) lieson a

straight line (b) Show that, when Re(%) =0, the point (x, y) lies on a circle with centre (-1, -

5) and radius 15
23. (i) Find |z| and arg z for which the complex numbers z given by (a) 12 — 5i, (b) % , giving the

argument in degrees (to the nearest degree) such that -180° < arg z < 180°.
(ii) By expressing +/3 — i in modulus-argument form, or otherwise, find the least positive integer n

such that (v/3 — i)"is real and positive.
(iii) The point P in the Argand diagram lies outside or on the circle of radius 4 with centre at (-1, -1).
Write down in modulus form the condition satisfied by the complex number z represented by
point P.
24. Sketch the circle C with Cartesian equation x?> + (y — 1)> = 1. The point P representing the non-zero
complex number z lies on C. Express |z| in terms of &, the argument of z. Given that z' = 1/z, find the
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modulus and argument of z' in terms of &. Show that, whatever the position of P on the circle C, the point
P' representing z' lies on a certain line, the equation of which is to be determined.

25. (a) The sum of the infinite series 1 + z + z2 + 23 + ... for values of z such that |z| < 1 is 1/(1 - z). By
substituting z = ¥2(cos @ + isin @) in this result and using De Moivre’s theorem, or otherwise, prove
that 1sin 0+isin 29+isin ng+...= _2sind

2 2? 2" 5—4cosd

Answers

3.1+2i;5v2:-2, -1
4. (i) £(1-3i), (i) 2-2i, 1 +i

5. sum of squares of a parallelogram = sum of squares of sides TRlGONOM ETRY

Trigonometry is a branch of mathematics that studies relationships involving lengths and angles of a
triangle. It comes from two Greek words — trigonom (triangle) and metron (measure).

There is an enormous number of the uses of trigonometry and trigonometric functions. For instance, the
technique of triangulation is used in astronomy to measure the distance between land marks. Although it
was first applied in spheres, it had a greater application to planes. Surveyors have used trigonometry for
many centuries.

Within mathematics, it is used in calculus (perhaps its greatest application), linear algebra, and statistics.
Trigonometric tables were created over 2000 years ago for computation in astronomy.
A student is expected to be familiar with the definitions of trigonometric ratios for acute angles.

If one angle is 90° and one of the other angles is known, the third can be determined because the three
angles of any triangle add up to 180°. The two acute angles therefore add up to 90° (complimentary
angles).

Once the angles are known, the ratios of the sides are determined regardless of the overall size of the
triangle. If the length of one side is known, the other two are determined. These ratios are given by the
following trigonometric functions of known angle, A; where a, b, and c refer to the lengths of the sides
accompanying the figure.

2| |a
o
A A Adjacent |_
4] C

Sine function (sin)

This is the ratio of the opposite side of the triangle to its hypotenuse.
sin A opposite _ a
hypotenuse ¢
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Cosine function (cos)

This is the ratio of the adjacent side to the hypotenuse
adjacent b

COSA=—— —=—

hypotenuse ¢

Tangent function (tan)
This is the ratio of the opposite to the adjacent side.

tan A=

olm
[Ke)

OIUU

J

a

b
a

(zl—(
_sinA

" cosA

sin A
cos A

tan A=

The hypotenuse is the side opposite to the 90° angle. It is the longest side of a triangle and one of the
sides adjacent to A.

The term perpendicular and base are sometimes used for opposite and adjacent sides respectively.

Many people find it easy to remember what sides of the right angle are equal to sine, cosine, or tangent by
memorising the mnemonic SOH-CAH-TOA.

The reciprocals of the functions are named cosecant (cosec), secant (sec) and cotangent (cot)
1 _ Hypotenuse _c

sinA Opposite  a

sec Ao 1 _ Hypotenuse ¢

COsA Adjacent b
1 _ Adjacent _cosA b

tan Opposite sinA a

cosec A=

Consider the following triangle ABC

C
r
y
o
A \ X |_B
sin@:l , cos&:i;and tanﬁzl
r r r
y=rsin 6, X=rcos 8

Applying the Pythagoras’ theorem to triangle ABC;

= (rcos 6)? + (r sin &> =r?
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r2cos? 8+ r%sin? @=r?
cos? @+sin? =1
Cos2@+siN?@=1........c.ccceiiiiiiiin (i)

| cos? @+sin26=1 |

Dividing equation (i) by cos?&
cos’d  sino 1
cos2f  cos’d  cos’O
1 + tan?6 = sec?d
1+1tan?0=5eCc%0 ..........ccoeiiiiiiiiiiiiii, (ii)
| 1+ tan?6=sec’d |

Dividing Eqgn (i) by sin?8

cos’d sin’é 1

St =

sin“d sin“@ sin“é

cot?d + 1 = cosec?d

1+ Cot20=COSEC?H ......ceveeneiieieeie, (iii)
| 1+ cot?d=cosec’d |

Trigonometric Ratios for general angle

2" quadran X, y)

1%t quadrant

th
3" quadrant 4™ quadrant

Angles measured from the x-axis in the anti-clockwise sense are termed as positive angles while those
measured in the clockwise sense are negative angles.

When A is in the 1% quadrant, x and y are positive. When A is in the 2" quadrant, x is negative and y is
positive. When A is in the third quadrant, x and y are all negative. When A is in the 4" quadrant, x is
positive and y is negative. r is taken to be positive for all positions of the line OA.

The trigonometrical ratios for angles xOA of any magnitude are defined precisely in the same way as for
acute angles.

Thus sin = % cos #= ; and tan 19:%
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The appropriate signs are attached to x and y according to the position of point A. hence for angles in
which OA lies in the 1% quadrant; since x and y and r are positive, the sine, cosine, and tangent will all be

positive.

For angles in which OA lies in the 2" quadrant, since y and r are positive and x negative, the sine is
positive. Cosine and tangent are negative.

For angles in which OA is in the 3" quadrant, sine and cosine are both negative but tangent is positive. In
the 4™ quadrant, sine and tangent are negative while cosine is positive. This is illustrated below.

Trigonometric ratios of 30°, 45°, and 60°

Consider the equilateral triangle ABC of side x

Considering triangle CAN:

Applying the Pythagoras’ theorem:

(g)2 +(CN)? =
X2

JE— _222
4+(CN) X

ALL
SINE (+ve)
(+ve)
TANGENT COSINE
(+ve) (+ve)
y

A_60°

1=
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CN)Y? =x2— X
(CN)* =x )
—2  3x°
CN = v
on = 3
2
Using SOH-CAH-TOA
sing — Opposite
Hypotenuse
. CN
sin@ = E
B
sin60° = 2%
X
_\3
2
o X121
sin30° = =2
oSO Adjacent
Hypotenuse
B
Sin60° =-2-= ﬁ
X 2
B
C0s30° = 2% = W3
X 2
B
tan60°=-2-=+/3
2
_%
tan30 = ]
1
tan30=—
NG
Consider a right isosceles triangle with two sides of lengths x units.
A
X
B
Applying the Pythagoras’ theorem on ABC:
X2+ x2 = AC?
2x2 = AC?
AC = x+2

Applying SOH-CAH-TOA

—
450

45 C
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Opposite

sing = Hypotenuse
in4ge = %
sin45° = AC
. X 1
SiN45° = —==—
W2 2
oSO = Adjacent
Hypotenuse
. X 1
SiN45° = —==—
x2 2
_ Opposite
tand= Adjacent
sin45°=2 =1
X
Example I

Write down the values of the following, leaving surds in your answers (the calculator should not be

used).
(a) cos 780°
(b) sin 780°
(c) tan 780°
(d) sin 540°
(e) cos540°
(f) cos 210°
(9) sin 150°
(h) sin(-270°)
(i) sin225°
(J) sin405°
(k) tan(-60°)

Solution
(a) cos 780.

(s
N

cos 780° = cos 60°

sin 780° = sin 60°

_\B

2
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tan 780° = tan 60° = «/§

sin 540°

sin 540° = sin 180° =0°
cos 540° = cos 180° = 0°

cos 210°

30
c0s 210° = -cos 30° = #
sin 150°
150°
<
y
. o 1
sin 150 = +sin 30 = 3

sin -270°

270°

L
<

sin-270 = +sin90° =1

sin 225°
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450\
\
sin 225° = -sin 45° = -1
V2
sin 405°
/‘ 45°
\
sin 405° = sin 45° = -
2

Trigonometric Curves

For any angle 9, a single value of sin #or cos £ can be found. The same applies to tan #unless when &= 1+90°
and +270° for which the values of tan # are not defined. Thus sin #and cos & are functions which are defined
for all negative values of 4.

Tan 6 is a function which is defined for all positive and negative values of 6 except +£90° and
+270°.

To draw the graphs of sing, cos@and tang, we construct a table of values, giving ordered pairs of
these functions and hence plot the graph.

Example
y =sind

6 [-270[-180(-90| 0 |90 [180(270[360|450(540
y=sind 1 | 0 |[-1[0[1]0[-1]0|1]0O

y=sinf

y = cosé
6 |-180|-90 | 0 |90(180(270|360|450
y=cosg 1 | 0 (1]0|-12(0]1 |0
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/ y =coséb

180  -90 d 0 450 7

y =tané
6 |-270(-180|-90| 0 |90 |180(270|360|450
y=tang o | 0 |0 | 0|0 | 0 || 0 |

1
1
1
|
1
y=tang/ .
i
1
1
1

270 )

S
[e]
o

2710 -180 9p 9

4

From the graph of sin # and cos &, the maximum values of cos # and sin #are 1 and 1
respectively. The minimum value of cos #and sin #are -1 and -1 respectively.

The graphs for sing and cosé# repeat themselves at regular intervals of 360° while that of tan#
repeat itself at regular interval of 180°. These intervals are called periods. These trigonometric
functions are examples of periodic functions.

Trigonometric Equations

Trigonometric equations differ from algebraic equations in that they often have unlimited
number of solutions.

Example |
Solve the following equations for 0< 6 < 360°
. -1
0=—
(@) sin 5
(b) seco=2
(©) tano=—3
. 1
d 20==
(d) sin 5
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Solutions

sin9=_—1
2

The acute angle whose sine is % is 30°. But sin@is negative in the 3™ and 4™ quadrants.

"D

30° 30°

=Forsin@ = -1
2

0 =210°

0 =330°

(b) secH=2

1,
cosd

= l=cos¢9 :>cos¢9=1
2 2
The acute angle whose cosine is % is 60° but cos 0° is positive in the 1 and 4™ quadrants.

30° 60°

For cosd = % 6= 60°, 300°

(c) tano=—/3

The acute angle whose tangent is /3 is 60° but tand is negative in the 2" and 4™ quadrants.

XD

\ 60°

= For tan@=—/3, 0 =120°, 300°

283



sing = J_ri
2
. 1 . -1
=sind=—= and singd —=
2 2
The acute angle whose sine is % is 45° but sin#is positive in the 1%t and 2" quadrants.
135°
45N /45°
. 1
= For sind=—, 6 =45, 135
2
For sind=—
V2
253 45°
. -1
Forsin® = —
2
& =225°, 315°

For sin?6= %, 0 =45, 135°, 225°, 315°

Example 11
Solve the following equations for -180° < 6 < 180°.
(@) Sin(26 +30)=0.8
(b) tan?’B+tan 06 =0
(c) sin@ +sin®=0
(d) 2sin%0 —sin@—-1=0

Solution
(@) sin(26+30°)=0.8
26+ 30° =sin-1(0.8)
26+ 30° =53.1°,126.9°
= 26=23.1,96.9
0 = 11.55, 48.45
Forsin(26+ 30°) = 0.8, 6 = 11.55, 48.45.
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(b) tan’6+tan 0 =0
tanB(tanB +1)=0
tan6=0 ORtan0=-1
Fortan 6 =0,
0 =tan-10
0 =0, -180, 180
For tan 6 = -1, the acute angle whose tangent is 1 is 45°. But tan 0 is negative in the 2nd and 4t
quadrants.

135°

45°

For tan 0 = -1, 6 = 135°, -45°
= tan’d +tand=0
6 =-180°, -45°, 0, 135°, 180°

(c) sin?0+sin®=0
sinB(sin6 +1) =0
sinf=0, sing=-1
For sin 6 = 0°, =0, 180°, -180°
For sin 6 = -1,
The acute angle whose sine is 1 is 90°. Sine is negative in the 3" and 4™ quadrants.
Forsin#=-1, 6=-90
For sin? 6 + sin 6 = 0°, § = -180°, -90°, 0°, 180°

(d) 2sin?0-sin®-1=0

dng - D 4@

2x2

J’_
sin9=E
4

= sinfd=1, sin@= _?1

For sind=1,
6=sin-1(1)
8=90°
. -1
Forsind= —,
2

6= -30°, -150°
= 6=-30°, -150°, 90°

Example 111
Solve the following equations from 0° to 360° inclusive.

B3

a) cos30= —
(a) )
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(b) tan(30-45°) =

(c) sec20=3
(d) 4cos260=1

(e) tan?9= %
(f) sin220=1

N |-

Solutions

B

a) cos 30 = —
(a) 5

2

30 = cos™* [—
2

36 = 30°, 330°, 390°, 690°, 750°, 1050°
= 6=10° 110°, 130°, 230°, 250°, 350°

(b) tan(30— 45°) = %

36-45= tanl(%]

36— 45 = 26.6, 206.6, 386.6, 566.6, 746.6, 926.6
= 6=23.9° 83.9° 143.9°, 203.9°, 263.9°, 323.9°

(c) sec26=3
1 _3
cos20

l =C0s26
3

20=cos (%)
260=70.5°, 289.5° 430.5° 649.5°
0= 35.25° 144.75°, 215.25°, 324.75°

(d) tan?0 =

For tan 6= i, 6=30° 210°

B

For tan 6 —i, 6=150°, 330°

B

= When tan?0 = %, 6=30°, 150°, 210°, 230°
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(e) sin20=1
sin2@=+1
Forsin2 6=1,

260 =90°,450° = 0 =45°, 225°

sin26= -1,

20=270,630 = 06 =135° 315°
= Whensin?26=1,
6=45°, 135°, 225°, 315°

Example IV

Solve the following equations for values of & from -180° to 180°

(f) tand=cotd +3
(9) sec §=2cos 6

(h) 5sin & +6cosec 6 = 17
(i) 3cos@+2secH+7=0

Solution
(@) tand=4cotH+3

tan 6 = i +3
tan @

tan%0 = 4 + 3tan 0.

tan?d—3tan 6—4=0

ang= St J(-3)° —4(1)(-4)

2(1)

tan 6 = 4, tand=-1

When tan 6 = 4,
0 =tan(4)

0 =76°, -104° (for -180° < § < 180°)

When tan 6 = -1,

0 = tan(-1) = -45°, 135° (for -180° < 0 < 180°)
= Fortan 6 = 4cot 6 + 3°,
0 =-104°, -145°, 76°, 135°

(b) secd=2cosé

L:Zcose
cosé

1 = 2co0s?8

N

5

For cos@ =

0 =45°, -45°,
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For cosd = _—1, @ =135°, -135°

V2

For sec 8= 2cos &, 8= -135°, -45°, 45°, 135°.

(c) 5sin @+ 6cosec 8= 17
Solution
5sing + 6cosecd =17
55in0+_i =17
siné@
5sin2@+ 6 = 17sind
5sin’@ — 17sin@ + 6
17+/(-17)? - 4(5) x 6
2x5

_17+4/289-120

10

sin@ =

sin@

singd=3

sind=0.4

f=sin?(0.4) = 6 =23.6,156.4

6= sin}(3) = & has no value since sin@is maximum when it is 1

(d) 3cos 6 +2sec 8 +7 =0
+7=0

3cos 8+
cosd

3c0s? @+ 2+ 7cos 8=0
3c0s? @+ 7cos 8+2=0

—7+(7)? -4 2
cosf = (7) x3x

2x3
Cosé?zﬂ
6
cosf= —
3
cos@d=-2

For cos@= -2, @has no values because the minimum of cos@ is -1
For cos 6 = _—1
3

6 =109.5° -109.5°.

Example IV
Solve the following equations from 0° to 360°
(@) 3 — cosf = 2sin?0
(b) cos’4+ sinf+1=0
(c) sec’d=3tand — 1
(d) cosec?d= 3+ cot 8
(e) 3tan?@ +5="Tsec 8
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Solutions

(@ 3 —cosd = 2sin%9
3 —3cos 8= 2(1 - cos?6)
3—-3cos =2 — 2cos?a
2c0s°0—3c0s8+1=0

J_r,/— Z_4x2x1
0059:3 =3 xex

2x2

+ _
Cosezu

cosd=1,ORcos b=

N |-

Forcos =1,
0 =cos™(1)
6 =0°, 360°

For cos 6 = l ,
2
0 =cos(1/2)

6 =60°, 300°
= For 3 —3coséd = 2sin’g, 8= 0°, 60°, 300°, 360°

(b) cos?6+sind+1=0
1-sin?@+sind+1=0
sin2@-sin 6-2=0

1i\/(—1)2—4><1><—2

2

sin g =

sin49=E
2

sin@=20Rsing=-1

For sin 8 = 2, the value of @ is not defined because sin @ is maximum at 1
Forsin6=-1, 0 = 270°

(c) sec?d=3tan 8- 1
sec’d=1 +tan’d
=1+tan’6=3tan -1
tan’d—3tan 6+ 2=0

+.J(-3)? -
tan49=3 (-3)"—4x1x2

2x1

tané = E
2
tand=2 ORtan@=1
For tan 6= 2,
0= tan(2) = 63.4°, 243.4°
Fortan =1,
@ =tan1(1) = 45°, 225°
~ Forsec?d=3tand— 1, 8= 45°, 63.4°, 243.4°, 225°.
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(d) cosec?d =3+ cotd
But cosec?d = 1 + cot?9
=1+cot’d=3+cotd
cot’d—cotd—-2=0
1+ (-1)? — 4x1x(-2)
2x1

cotd =

1+3
2
cot =2 ORcotd=-1

cot@d =

:tanezé OR tan@ =-1

For tanf = 1 ,0= tan'l(l)
2 2

0 =126.6° 206.6°
For tang = -1, § = 135°, 315°

= For cosec?d= 3 + coté,
f=26.6° 135°, 206.6°, 315°

(e) 3tan?@ + 5 = 7sec
3(sec?0 — 1) + 5= 7secd
3sec?d — 3 + 5= T7secHd
3sec?d —7secO+2=0

7i1/ —7)? —4x3x2
secd = =) e

3x2

secd =

\l
o+
&)

secd=2 ORsecHd= %
= c0sf = % OR cosf = 3

For cosd = 1, #=60°, 300°
2

For cosé@ = 3, 0 is not defined because cosd is maximum at 1.

(f) 2cot?0 + 8 = 7cosech
1 + cot?0 = cosec?d
cot?0 = cosec?d — 1
2(cosec?d — 1) + 8 = 7cosecd
2c0sec®d — 2 + 8 = 7cosecd
2cosec?d — 7cosecd + 6 =0

+.(=2)% -
CosecH = 7_«/( 2)"—4x2x2

2x2

7+5
cosecld= 7

cosechd =3, OR cosect = %
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=singd = =, OR sind=2

w|

For sind = % 0=195 160.5

For sinf = 2, 6 = sin(2)
The values of 6 are not defined.

Example | (UNEB Questions)
Find all the values of 8, 0°< 8 < 360°, which satisfy the equation

sin? @ —sin 26 -3 cos? 8= 0.

Solution
a) sin?6@—2sinHcos §—3cos?H=0
Dividing through by cos? 6,
tan?f —2tan 6 —3 =0
tan? ) —3tan & +tan H -3 =0
tanf(tan&—3)+ 1(tanH—3)=0
(tan 6 — 3)(tan O+ 1) =0
Either tand—3=0
tan =3
0 =tan}(3)
0=71.6° 251.6°
Or tand+1=0
tand = -1
6 = tan''(-1)
0 =135°, 315°

Example 11 (UNEB Question)

Solve cos 4 + sin 20 = 0 for 0° < 6 < 360°.
cos@+sin20=0
cos @+ 2sindcos =0
cosf(L+2sind)=0

Either cos6=0
0 = cos*(0)
6 =900 270°

Or 1+2sin6=0
2sing=-1

sinf= _=
2
. 1
6 =sin(-=
(-3)

6 = 210°, 330°
For 0° <0 <360°, 0 =90° 210° 270°, 330°

Example 111~ (UNEB Question)
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Solve cot?4 = 5(cosec & + 1) for 0° < # <360°

Solution
(@) cot? &= 5(cosec 0 + 1)
But cot?d = cosec?d — 1
cosec? @ — 1 = 5(cosec O + 1)
cosec?’d—1=5cosecO+5
cosec’?#—5cosec—6=0
cosec? § — 6 cosec O +cosecd—6=0
cosec O(cosec 6 — 6) + 1(cosec € —6) =0
cosec 8 —6) (cosec d+1)=0
Either cosec 6 =6
1 6
sin@
sin@ = 1
6

0=9.6°170.4°
Orcosecd+1=0

1 —

sing

0 =270°

Hence 8 = 9.6°, 170.4° and 270°

Example IV (UNEB Question)
Solve 2sin 2x = 3cos X, for —180° < x < 180°.

Solution
2 sin 2x =3 cos X
2sin2x-3cosx=0
But sin 2x = 2sinxcosx
4sinxcosx—3cosx=0
cos X (4sinx—3)=0
cosx=0
x = cos(0)
X =90°, -90
4sinx—-3=0

: 3
sinx= —
4

X = sin‘l(Ej
4

x = 48.6°, 131.4°
= X =("90°, 48.6°, 90°, 131.4°) are the solutions to the equation 2sin 2x = 3cos X

ExampleV  (UNEB Question)
Solve the equation cos x + cos 2x = 1 for values of x from 0° to 360° inclusive

Solution
COSX + cos2x =1
But cos2x = 2cos? x — 1
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By substitution, we have
COSX + 2c0s?X —1=1
2c0s’x + cosx —2=0
N JO? —4x2x(-2)
2x2

Taking cosx = = +4\/1_7
x=38.7°,321.3°

-7

4
cosx = -1.280776406

Taking cosx =

(The values of x are not defined because x is maximum at 1)

Hence x = 38.7°, 321.3°

Example VI (UNEB Question)
Solve 7tané + cot @ = 5secd for 0° < § < 180°.

Solution

(@ 7tan 8+ cotd=5secd
sin @ N cosd 5
cos® sind cosd

Multiplying through by cosé sing
7sin%@ + c0s?d = 5sind
7sin?+1—sin20=5sin 6O
6sinP0—5sin@+1=0
6sin?6—3sinf—2sinf+1=0
3sin@(2sin@—1)—-1(2sind—1)=0
(2sin@—1)(3sinf—1)=0

Either 2sing=1

sin6’=l
2

0 =sint (lj
2

6 = 30°, 150°
Or 3sing—-1=0

sin6'=l
3

f=sint (lj
3
0 =19.5% 160.5°
= 19.5° 30°, 150°, 160.5° are the solutions to the equation

Example VIl  (UNEB Question)
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Solve the equation 4cosx — 2cos2x = 3 for 0° < x <.
Solution
4cosx—2(2cos’x—1)=3
4cosx—4cos’x+2=3
4cosx—4cos’x—1=0
4cos’x—4cosx+1=0
4c0s’X—2cosX—2cosXx+1=0
2cosx(2cosx—1)—1(2cosx—1)=0
(2cosx—1)2cosx—1)=0
= 2cosXx—1=0
2cosx =1

1
COSX =—
2

X =60°,300°

Example
Eliminate #from the following equations:

(i) x=acosh,y=bsinb

(i) x=acotd,y=bsecd

(iii) x=atanb,y =b tand

(iv) x=1-sinB,y =1+ cosb

(v) x=sind +tand, y = tanb —sind

(vi) xcosb +ysind =a, xsind—ycosd=h

Solution

(i) x=acosd y=hbsing
5=cose, Xzsine
sin?8+ cos’6=1
Xty

2z 0
(if) x =acotd, y = b cosect
X y_

—=cotd, =
a

1 + cot?d = cosec?d

X 2 2
()

a b
1+ X_:y_

a? b?

(ili) x=atand y=bcoséd

w|§
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=tan@, = =cosd :>E=sect9
a b y
1 + tan®8 = sec?d

2 2

1+ X_ = b_

a> y
(iv) x=1-sing, y=1+cosd
sind=1-x, y—1=cosd

sin%0 + cos? = 1
(1-x2+(y-1°=1
= (x-172+(y-1)?=1

(V) x=sinfd+tan @........................ @)
y=tan@-sin@.............c.coeeenn.. (i)
Eqn (i) + Eqn (ii);

=X+y=2tand

X+Yy
2
Egn (i) — Eqn (ii);

X—y=2sind

XY _sing
2

tang=

From tan@ = %

= cotf = i
X+Yy

From sing=>-Y

= cosecd= i
X=y
1 + cot?d = cosec?d

2 2
1+£Lj [Lj
x+y x—y
4 4

Y (x—y)
= (x? —y?)? = 16xy

1+ 5

(vi) xcos@+ysind=a...................... 6))]
XSing—ycosfd=b........c...cooeenen. (i1)
From Eqn (i);
Cos0 = w ................. (iif)
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Substituting Eqgn (iii) in Egn (ii);

Xsin@ — y(iﬂnej =b
X
= x%sind — ay + y?sind = xb
(X2 + y?)sind = xb + ay
bx + ay

sing =
x> +y°

Substitute Egn (iv) in Egn (iii)

bx+ay

a-—y(

= cosH = Koy’
X
2 2 _ay2
cosh = & +ay2 bxzy ay
X(X“+y9)
2_
cosé = axz—bxzy
X(X* +y9)
cosé = M
X2 +y?

sin%0 + cos?4 = 1
(bx+ay)® (ax—by)* _
+ =1
(X +y)? (¢ +y?)?
(bx + ay)? + (ax — by)? = (x> + y?)?
b°x? + 2abxy + a%y® + a®x? — 2abxy + b%y? = (x* + y?)
(@ +y?)(@® + b?) = (x* + y?)?

Proving Trigonometric Identities
(i) secd + cosech cotd = sech cosec?d

(i) sin?0(1 + sec?d) = sec?d — cos’0

... 1-cosé 1

(i) ———=

sin@ cosecé +cotd

tang+cotd 1
secd +cosecd sin@+cosd

(v) sec’f= Lece.
cosecd —sing

(iv)

~ 1+sing

(vi)

=secf+tand

1+sind
1-sin@
cota +tan B
cotf+tana

= (secd + tan 6)?

(vii)

(viii)

=cotatan g

Solution
(a) secéd + cosecd cotd
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1 s 1 (cos&)
cosd sin@d\ sind
1 cosd
cos@ sin“ o
_sin@+cos’ 0
sin@cos® O
__ 1t
sin®@cos’ O
1 1
= X —
cos@ sin?é
=secHdcosecd

(b) sin0(1 + sec?d)
=sin?@+sin’ #sec’
sin’ @
cos’ 6
= sin%0 + tan?0
= sin%0 + sec?) — 1

=sin’0+

=1-c0s%4 + sec’d—1

= sec?d — cos?d

1-coséd
sin@
_1-cos® 1+cosd
sind 1+cosd
~ 1-cos’@
sin@ +sin@cosé
~ sin® @
sin@ +sin@cosd
sin®@
sin® @
sind | sinfcos@
sin? o sin? @
B 1
cosecd +cotd

(©)

tan @ + cot @

secd + cosect

sin@ cosé

cosé + sin@
1 1

cos@ + sin@

(d)

sin” +cos” @
sin 6 cos

= sinf+cosd
sindcosd

1

" sin@+cosd
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e) sec’d=
(€) cos’ 0

sec? @ = !

1

1-sin’ 6

1

sin@

sin@
cosecd

~ cosecd —sind

1+sin@

()

__sin®g
sin@

=secHd +tand

1+sin@ (1+sind)cosd
cosd cosé xcosé

_ cos@ +sin@dcosd
cos’ @
singcosé

cosé@

~ cos?d

1

" cos@ cosd
=secd +tand

(9)

cos’ 0
sin@

1+sin@(@+sinO)

1-sin@(L+sind)
_ (1+sing)?
~ 1-sin%0
_ (1+sing)’
~ cos’ o

_1+2sin@+sin’ 6

1

cos’ @

2sin@

= o, T o, T 2

cos“@ cos“@ cos @
=sec’@+ 2tanfsechd + tan’ 0
= (secd + tan )*

cota +tan g
cotf+tana

(h)

cosa
sina
cos g
sin g

+

sin g8

cos g

sina
Cosa
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cosa cos f+sinasin S
sina cos B

" cosacos f+sinasin B
cosasin g

_cosasin
~ cosBsina
_cosa sing
“sina cos
=cotatan g

Formulae for sin(A = B), cos(A = B), and tan(A = B)
sin(A + B) = sinAcosB + cosAsinB
sin(A — B) = sinAcosB — cosAsinB
cos(A + B) = cosAcosB - sinAsinB
cos(A — B) = cosAcosB + sinAsinB

tan(A + B) = tan A+tan B
l-tanA+tanB
tan(A - B) = tan A—tan B
l1+tan A+tanB
Examples

Find the values of the following:
(a) cos(45° —30°)

(b) cos 105°

(c) cos 75°

(d) sin(60° + 45°)

(e) sin 15°

Solution
(a) cos(45° —35°)
= c0s45° c0s30° + sin45°sin30°

1 3. 11
—$x7+$x5
_B 1
V2 22
_1+J§
N
_(1+3)2\2
(2V2)(242)
_2\/§+2\/€_J§+J€
8 4
(b) sin(30° +45°)
=sin30 cos45 + cos30 sin 45
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_ 1.8

202 202

_\/§+1

S22

_22(\3+1) _\B++2

4 2

(c) cos 105°

= cos(60° + 45°)
= €0s60 cos45 — sin60 sindb
IEE NS
2 2 2 2
_1 B
T2V2 22
_\B-1 _(-\B|W2
T2 222
-6
T4
(d) cos 75°

= c0s(30° + 45°)
= c0s30° cos45° — sin30° sin45°

V3.1 1 1
2R 2%
B
2 22

_B-1_(3-n2\2
2 22x2\2
J6 -2

4

(f) sin(60° + 45°)
= sin60 cos45 + cos60 sin45
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& e
S

3

\/§+1

S22

_(B+1242
- 2\/§x 2\/5
_242(3+1)

+

N |-

ol

1
+_
202 22

J6 +2

8

(f) sin 15°

=sin(45 - 30)

= sin45 cos30 — cos45 sin30

1 B

= —X X —
22 2 2

3

22 22

_23-1
-5

_(B3-n22 VB2

8

Example 11

If sin A= g and sinB = % , where A and B are acute angles, find the values of the following:

(@) sin(A +B)
(b) cos(A +B)
(c) cot(A+B)

Solution

X2+ 32=52
X>+9=25
x? =16
Xx=4

4

v

p2 + 52 = 132
p? + 25 =169
p? =144
p=12

v
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:>sinA=§; cosAzﬂ;tanAzE
5 5 4
sinB:E; cosBzg;tanBzi
13 13 12
sin(A + B) = sinA cosB + cosA sinB
3 12 4 5
= —X—+4+ —X—
5 13 5 13
36 20
= — 4+ —
65 65
_ 56
65

(b) cos(A + B) = cosA cosB — sinA sinB
4 12 3 5
= X — ——X—
5 13 5 13

(c) cot(A+B)= m

tanA+tan B
1-tan AtanB
1-tan Atan B

tan A+tan B
1-3x3

tan(A + B) =

= cot(A+B) =

4712
3
:1_%:%
%o T
33 6
_— X —

16 7

99

56

Example 111
If sinA = g , COSB = %,Where A is obtuse and B is acute, find the values of:

(a) sin(A-B)
(b) tan(A-B)
(c) tan(A +B)

Solutions
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4
A > \B >
X o p o
X2+ 42 =52 p?+122=132
X%+ 16 = 25 p? + 144 = 169
x2=9 p? =25
X=3 p=5
A is obtuse
:sinA=£; cosA=_—3; tanA=_—4
5 5 3
B is acute

:sinBzi; cosBzg; tanB=£
13 13 12

Sin(A —B) = sinA cosB — cosA sinB

4 12 -3 5
= —X——— X —
5 13 5 13
_ 48,15
65 65
_ 83
65
(b) tan(A—B) = tan A—tanB
1+tan Atan B
4 _ 5
— _3 12
1+ 3 %3
i 63
4% 16
(¢) tan(A + B) = tan A+tan B
1-tan AtanB
=11
— 12
1+2
£ 56

Example 111
If cosA = E and tanB = %; where A and B are reflex angles. Find the values of:
(a) sin(A-B)

(b) tan(A -B)
(c) cos(A+B)
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Solutions

v
v

A and B are reflex

=C0SA=—; SinA=—; tanA:_—4
5 3

ol w

cosBz_—S, sinB=_—12; tanB:E
13 13 5

(a) sin(A—-B)=sin AcosB—cos AsinB

-4, 38 -12
5 13 5 13
20 36

= — 4+ —

65 65
_56
65
(b) tan(A—B) = tan A—tanB
1+tan Atan B
=4 _ 12

- _3 5
1+
_ s _56
- 33

(c) cos(A + B)=cos A cos B -sin AsinB

3 5 -4 -12
=—X———X —

5 13 5 13
_-15 48

65 65
_683

65

Example IV

From the following, find the values of tan x
(@) sin(x + 45°) = 2cos(x + 45°)
(b) 2sin(x —45°) = cos(x + 45°)
(c) tan(x—-A)= 2, wheretan A=2

(d) sin(x + 30°) = cos(x + 30°)
Solution

(@) sin(x + 45°) = 2cos(x + 45°)
sinx cos45°+cosx sin45° = 2(cosx cos45°-sinx sin45°)
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sinx-i+cosx- 1 =2(cosx-
NN I I
2. 2

~Zsinx+~——cosx = 2(*Zcos x — Zsin x)
2
%sinxqtgcosx =2 cosx —/2sinx

(%h/?)sinx: 2COSX—§COSX

32 V2

——SinX=——C0s X
2 2

3sin X = cos x
3sinx _ cosx

COSX  COSX
3tanx=1

tanx=l
3

(b) 2sin(x —45°) = cos(x + 45°)

2(sinx cos45 — cosxsind5) = cosx cos45 — sinxsin45
2(sin x(%) —Cos x(%) = CO0S x(g)—sin x(@))

J2 sinx — /2 cos x = % cos x — Lsinx
V2 sinx + Zsinx = /2 cos x + 22 cos x
32 gin x = &2 cos x

tanx=1

(c) tan(x - A)- ,tanA=2

tanx—tanA_§
l+tanxtan A 2
tanx -2 _§
1+2tanx 2

2(tan x — 2) = 3(1 + 2tan x)
2tan x — 4 = 3 + 6tan x
Adtan x = -7

tanx= —
4

(d) sm(x + 30) = cos(x + 30)

sin x cos 30 + cos x sin 30 = cos x cos 30 — sin x sin 30

Bsinx+ Lcosx=v3cosx— Lsinx

2 2 2 2
Bsinx+ Lsinx= V3cosx— 1cos x
2 2 2 2

sin x (¥3+1) = cos x(¥3-1)
2 2

—=sinx)
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sinx £
cosx Bt
tan x = E
1+\/§
tan x = (\3-1)(L-B)
anx= ~——— 2/
(v3+1)1-+3)
tan x = V3-3-1+43
-2
tanx=2- 3
Example V

Solve the following equations for 0° < < 360°

(a) 2sin x =cos(x + 60°)
(b) cos(x + 45°) = cos x

(c) sin(x —30°) = % COS X

(d) 3sin(x + 10°) = 4cos(x — 10°)

Solutions

(@)

(b)

2sin x = cos(x + 60°)
2sin X = cos x cos 60° — sin x sin 60°
2sin x = 1cos x — V3 sin x

2 2
2sin x + ¥3sinx = 1 cos x
2 2
(4 + /3) sin x = cos x
tan x = L
4++/3
X =9.9° 189.9°

cos(x + 45°) = cos X
COS X €0s 45° — sin x sin 45° = cos X

V2 cos x — ¥2sin x = cos X
2 2

32 605 X + cOS X + COS X = ¥ 5in X
(2 +1)cos x = sin x
(22) cos x = Y2 sin x

2

J2+2  sinx
J2 cosx

V242 _ ooy
J2

X =67.5° 247.5°
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(c) sin(x +30) = %cos X

sin x cos 30 — cos x sin 30 = %cosx

ﬁsinx- %cosx: %cosx

2
ﬁsin X = COS X

2
sinx 2
cosx +f3
tan x =

&l

X =49.1°, 229.1°

(d) 2sin(x + 10°) = 4cos(x — 10°)
2(sin x cos10 — cosx sin10)

2sinxcos10—2cos x sin10=4cos x cos10+4sinxsin10

2sin x cos 10 — 4sin x sin 10

sin x(2cos 10 — 4sin 10) = cos x(4cos 10 + 2 sin10)
sinx  4co0s10+2sin10
cosx  2c0s10—4sin10

_ 4c0s10+2sin10

~ 2c0s10—4sin10

X =73.4° x =253.4°

tan x

Example VI
If tan(x + 45°) = 2, find the value of tan x

Solution
tan(x + 45°) =2.
tan X + tan 45°

1-—tan xtan 45°
tanx+1 _o
1-tanx

tan x + 1 =2(1 —tan x)
tanx +1 =2 —2tan x

tanx =1
tan x = 1
3
Example VII

If tan(A +B) = % and tan A = 3, find the value of tan B.

tan(A+B) = %

= 4(cosx cos10° + sinx sin 10°)

=4cos x cos 10 + 2cos x sin 10
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tan A+tan B _l
l1-tan AtanB 7

tanA=3
3+tanB 1
1-3tanB 7

7(3+tanB)=1-3tan B
21+ 7tanB=1-3tan B
10tan B = -20

tan B =-2

Example VIII

Express the following as single trigonometric ratios.

(@) %cosx— gsin X

J3 + tan x
1—-+/3tanx

() isin X+ icos X
2 V2

1
c0s24co0s15—sin 24sin15

(e) %cos 75+ ?sin 75

(b)

(d)

1-tanl5

fj — <Y
M 1+tanl5

Solutions
1 .
@ Ecos X — ﬁsm X
2

= c0s60 cos x — sin 60 sin x
cos(60 + x)

= %cosx— ?sinx=cos(60+x)

J§+tanx
1—-+/3tanx
tan 60 + tan x

- 1-tan60tan x
=tan(60 + x)

(b)

(c) is.in X+ icos X
2 2

= c0s45 sin x + sin45 cos x
= cos(45 —x)

1
c0s 24 cos15—sin 24sin15

(d)
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1
~ c0os(24 +15)
1

B cos39
=sec 39°

(e) %cos 75 + ?sin 75

cos 60° cos 75° + sin 60° sin 75°
cos 75° cos 60° + sin 75° sin 60°
cos(75° — 60°)

cos 15°

1-tanl5 _ tan45-tanl5

1+tanl5 1+tan45tanl5
= tan(45 — 15)
=tan(30)

()

Example IX
Prove the following identities:
(i) sin(A +B) +sin(A-B)=2sin Acos B
(ii) cos(A + B) —cos(A-B) =-2sin Asin B
sin(A+ B)
cos AcosB
(ivitan(A+B +C) = tan A+tanB +tanC —tan AtanBtanC
1-tanBtanC —tan AtanC —tan Atan B

(iiltan A+tan B =

Hence prove that if A, B, and C are angles of a triangle, thentan A+ tanB +tan C=tan Atan Btan C

Solution

sin (A + B) + sin(A—-B)
sin A cos B + cos A sin B + sin A cosB — cosA sinB
=2sin Acos B
= sin(A + B) + sin(A — B) = 2sin A cos B

(i) cos(A + B) — cos(A — B)
cos A cos B —sin A sin B — (cos A cos B + sin A sin B)
=-2sin Asin B
= co0s(A + B) — cos(A — B) =-2sin Asin B

(ili)) tanA+tanB

sin A N sinB

cosA cosB

sin Acos B +cos Asin B
cos AcosB

sin(A+B)

cos AcosB
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sin(A+ B)
cos AcosB

= tanA+tanB =

(iv) tan(A+B+C)
LetB+C=D

tan(A + D) = tan A+tan D
1-tan AtanD

_ tanA+tan(B+C)
1-tan Atan(B+C)

tanB+tanC
tan A + 1-tanBtanC

- _ tan B+tanC
1 tan A(l—tan BtanC

tan A—tan AtanBtanC+tan B+tanC
1-tanBtanC

= l-tanBtanC—tan Atan B—tan A+tanC
1-tanBtanC

_ tanA+tanB+tanC —tan AtanBtanC
1-tanBtanC —tan AtanC —tan Atan B

Since A, B, and C are angles of a triangle, then
A+B+C=180°
tan(A + B + C) = tan 180°
tan(A+B+C)=0
tan A+tan B +tanC —tan Atan BtanC 0

- =
1-tanBtanC —tan AtanC —tan Atan B
tanA+tanB+tanC-tanAtanBtanC=0
tan A + tan B + tan C = tan A tan B tan C.

Example (UNEB Question)
Without using tables or calculator, evaluate tan 15°
Solution
tan 15° = tan(45° — 30°)
_ tan45-tan30
1+tan45tan 30

ik

1+5

_N3-1

_\/§+1

_ (3-1)(-3)
(V3+D)-+/3)

_3-3-1+.83

- 1-3

2\/52—4=2_J§

Example (UNEB Question)
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The acute angles A and B are such that cosA = %, sin B = 1/3. Show without the use of tables or calculator,

show that
tan(A+ B):@
Solution
C C
NG 2 ! 3
B
A |1
| - A J8
tanB:izﬁ
8 8
_22_\2
8 4
tanBzﬁ
2
From compound angle formula,
tan(A+ B) = tan A+tanB
1-tan AtanB
ek
1-(3xP)
4\/§+\/§
_ 4
- 4—\/§><\E
4
_4\/§+J§X 4
4 4-+6
(a3+2)
[+
(4454 2)(4+ )
 (4-B)(4++B)
_16\/§+4\/1_8+4\/§+«/1_2
B 16-6
_16\/§+4x3\/§+4\/§+2\/§
a 10
=18J§+16ﬁ
10
:9J§+8J§
5
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By writing A = B in the additional formulae for sine, cosine, and tangent, we obtain the double angle
formula for each of them.

sin(A + B) =sin A cos B + cos A cos B
= sin2A=sin(A+ A)

=sin Acos A+ cos Asin A
=2sin A cos A

| sin2A=2sinAcosA |

cos(A + B) = cos A cos B—-sin Asin B
cos(A + A)=cos A cos A —sin Asin A.
= C0s%A —sin’A

But cos?A =1 —sin’A
=¢0S 2A =1 —sin?A —sin’A
=1-2sin’A
But when sin’A = 1 — cosA
C0S?A = c0s?A — sin’A
= c0s?A — (1 — cos?A)
=2c0s’A -1

cos 2A = 2cos’A -1 OR
cos 2A =1 — 2sin?A

tan A+tanB

1-tan AtanB ’
tan A+tan A

1-tan Atan A
_ 2tanA
C1-tan’A
2tan A
1-tan® A

tan(A +B) = where A=B

tan(A + A) =

tan2A =

sin 3A =sin(A + 2A)
=sin A cos 2A + cos A sin 2A

sin A(1 — 2sin?A) + cos A(2sin A cos A)
sin A — 2sin®A + 2cos?A sinA

=sin A — 2sin®A + 2(1 —sin?A)sin A

=sin A — 2sin®A + 2sin A — 2sin®A

=3sin A —4sin® A
| sin3A=3sin A—4sin’A |

cos 3A = cos(2A + A)
= Cc0S2A cos A —sin 2Asin A
= (2c0s?A — 1)cos A — (2sin A cos A)sin A
= 2c0s%A — cos A — 2sin?A cosA
= 2¢0s°A — cos A — 2(1 — cos?A)cosA
= 2c0s%A — cos A — 2cos A + 2c0s°A
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= 4c0s°A — 3cos A
= c0s 3A = 4c0s°A — 3cos A

tan 3A =tan(A + 2A)
_ tanA+tan2A
1-tan Atan2A

2tan A
— tan A+ 1-tan? A

" 1-tan A(M)

1-tan? A

2tan A
— tan A+ 1-tan? A

~ 1-tan A( 2= )

1-tan? A

tan A—tan® A+2tan A
1-tan’ A
= 1-tan®A-2tan’A
1-tan® A
3tan A—tan® A
1-3tan® A

3
:>tan3A=3tanA tz;m A
1-3tan“ A

Example I

Simplify the following expressions
(i)  2sin17cos 17

(ii) 2tan 30°

1-tan®30°

(iii) 2cos?42 -1

(iv)  2sin}écos3 6

(v) 1-2sin?221°

1
(i) 2tan 2249
1-tan®§
(vii) 1-2sin?380
2
(viii) 1-tan® 20
tan 20

(ix) sec @cosec @
(X)  2sin 2A cos 2A

Solutions
(i) sin2(17°) = 2sin 17° cos 17°
sin 34° = 2sin 17° cos 17°
= 2sin 17 cos 17 =sin 34

tan 30° + tan 30°

(ii) tan(30° + 30°) =

1-tan30°tan30°

2tan 30°

tan 60° = ————
1-tan-30°
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2tan30°

————— =tan60°
1-tan“ 30°

(iii) 2cos?42° -1
cos 260 =2co0s’°6—1
COS 2(42°) = 2c0s?42° — 1
cos 84° = 2c0s%42° — 1
2c0s°42° — 1 = cos 84°

(iv) 2sin1 @cos: @
sin 26 = 2sin dcos 6
sin2(36) = 2sin ;6 cos35 6
sin® =2sin10 cos10
=sin #=2sin;Hcos 10
2sin;6cos56 =sin &

(v) 1-2sin?22%%°
cos 2A =1 — 2sin’A
cos 2(22%) = 1 — 2sin?22Y%
cos 45 = 1 — 2sin? 22Y%
1 — 2sin? 22% = cos 45

2tan}0  tanj6+tan; 0
1-2tan’10 1-taniftanlie
=tan (36 +356+)
=tan 8

(vi)

(vii) 1-2sin?g
cos2(36) =1 - 2sin? 38
cos 64=1—2sin’38
1 - 2sin36=cos 64

1—tan®20
tan 20
tan 40 = tan(20 + 20)
2tan 20

~1-tan220
1 1-tan’20
tan40  2tan20
2 1-tan’20
tan40  tan20
1—tan?20
tan 20
1-tan®20
tan20

(viii)

2cot40 =

2cot40
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X 1
cos@ sing
1

- cosgsin@
But sin 20 = 2sin@cosd

(ix) secHcosecd =

%sin 20 =sin 6 cos O

secycosecld = —
3sin20

sec@cosecd =

sin26
sec@cosecd = 2cosec 26

(x) 2sin 2A cos 2A
sin 4A = sin2(2A)
= 2sin 2A cos2A
= 2sin 2A cos 2A = sin 4A

Example 11

Evaluate the following without using tables or calculator:

() 2sin 15° cos 15°

(b) 2cos?75° -1

(c) cos? 22Y2° - sin? 22 %°
1-2co0s® 25

d) ———

1-2sin° 65

2tan223%

@ 2@ 2}
1-tan®223

(f) 1-2sin’671

Solution

(a) 2sin 15° cos 15° =sin 2(15°)
=sin 30°
_1

2

(b) 2co0s?75° — 1 = cos 150°
= -cos 30°
_ B

2

(c) cos? 22¥5° - sin?22 1»°
=C08(225°+223°)
=cos 45

Na

2
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1-2c0s’25 —1(2cos’25-1)

d -
@ 1-2sin*65  1-2sin’65
~ —1(cos50°)
€0s130°
_ —1(cos50°) 1
—c0s50°
2tan221
——— 2 =tan(223°+221°)
(e) 1-tan®221
tan45°=1
1
_2W@N225 _ onaso—1
1-tan“ 221

(f) 1-2sin®674=cos 135°
= -cos 45°
_ 2

2

Example 111

Solve the following equations from 0 < 6 < 360°
(@ cos20+cos@+1=0

(b) sin 20 cos @+ sin?@=1

(c) 2sin 0(5cos 20 + 1) = 3 sin 20

(d) 3cot206+cotb=1

(e) A4tan ftan26=1

Solution
(@) cos20+cosf+1=0

2c0s’0—-1+cosfd+1=0

2c0s” @ +cos6 =0

cos@(2cosf+1)=0

cosé =0, cosez_?

For cosé =0, 6 =90°, 270°
For cos@ = _?1 0 =120°, 240°

= The solutions to the equation

cos 20+ cos 8+ 1 =0 are 90°, 120°, 240° and 270°.

(b) sin 26 cos 8+ sin’8=1
(2sin@cosd)cosé +sin* 6 =1

2c0s? @sinf +sin?0 =1
2(1—sin*@)sin@ +sin*0 =1
2sin@—2sin*@ +sin’6 =1
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2sin®@—sin?6 - 2sinf+1=0
sinfd=1, sind=-1

sim9=1
2

For sin@=1, 8=90°
For sin@=-1, 8=270°
For sin6’=%, 0 =30°, 150°

= 30°, 90°, 150°, 270° are the solutions to the equation sin 26 cos @+ sin8=1

(c) 2sin §(5cos 26 + 1) = 3 sin 26
2sing[5(2cos* @ —1) +1]=3-2sinGcos &

2sinA(10cos® @ —5+1) = 6sin O cos &
20c0s? @sin & —8sin @ = 6sin Hcos &

20c0s? @sin @ —8sin@ —6sin@cosd =0
2sin@[10cos® 6 —3cos@—4] =0

sind=0, cosd=0.8, cos@=?
For sin #=0, £=0°, 180°, 360°
For cos = _?1 £ =120°, 240°
For cos #=0.8, = 36.9°, 323.1°

=0, 36.9, 120, 180, 240, 323.1, 360 are the solutions to the equation
2sin #(5cos 20 + 1) = 3 sin 20

(d) 3cot28+cotfd=1
3 1

4+ —=
tan26 tan@

tan 29:%
1-tan“ @

1-tan’@ 1
=3 + =1
2tan @ tan @
3-3tan’H+2=2tané

3tan?@ +2tanHd—-5=0
tan@ =1, tams':_?5
For tan0 = 1, § = 45°, 225°

For tang = _?5 6=121°, 301°.

(e) 4tan Atan 26=1
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Atan H(Lnf)zl
1-tan” @

8tan’0
1—tané
8tan’d =1-tan’ 0
9tan?6 =1

tan@ = J_r1
3
When tan@ = % ,0=18.4° 198.4°

When tan@ = %1 , 0= 161.6° 341.6°

t-formula
Ift=tans,
. 2t 1-t2
sinx=——, COSX=——
1+t 1+t
And if t = tan x
. 2 —
sm2x=—t2, c052x=1—
1+t 1+t
Proof
Ift= tan%,

sinx =sin(%+%)
=sin%cos +cos3sin3
=2sin%cos3
2sin3cos}
1
2sin;cos}
sin® X +cos® %

sinx=

sinx=

Dividing through by cos® %

inXx X
2sin 5C0S3
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SII’]XZ—2

1+t
COSX =C0s(3 +3)
=cos’ % —sin® %
cos® X —sin %
=COSX =

cos® £ —sin? %
cosx=——2——=
2

sin”% +cos’
Dividing through by cos® %

cos?X  sin2x

2 2
cosz% coszg
COSX = — 7%
sin“%¥ | cos%
cos% cos%
1-tan®%
COSX =——F—=
tan® 3 +1
_ 2
COSX = >
1+t
For t =tan x
. 2sin XCcos X
sin2x=——"-
2sin Xcos X

sin? x + cos® x
Dividing through by cos® x
2sin xcos x

- 2
Sin 2X = %
SIn” X + COS” X
cos?x  cos®x

. 2tan x

SiN2X = ———
tan x+1

Sin2X = —
1+t

c0s2x =2c0s’ x—1
2
Tsec?x
_ 2-sec’ X
 sec?x
_2—-(1+tan®x)
-~ sec’x
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COS2X = ————
1+tan®x

2
COS2X = ——
1+t

Note: The t-formula is used to solve equations of the form acos@+bsingd=c

Example I
Solve the following equations for 0 < 6 < 360°

(a) 2cos@+3sind-2=0

(b) 3cosf@—-4sinf+1=0

(c) 3cos@+4sinfd=2

(d) 4cos@sinf+15c0s260 =10

Solution
(@) 2cos@+3sind=2

-t 2t
cosf=——, sind=—-, for t=tan$
1 1+t

_ 2
2 L tz +3[ 2t2j=2
1+t 1+t

21— 1) +3(2t) = 2(1 + ©)
2 22 +6t=2+20

4 -6t=0
2t(2t-3)=0
t=0
0 — 6_3
=tang=0and tan§=—
2

For tan¢=0, gz tan*(0)

Q: 0°, 180°, ...

2

6=0, 360.
For tan§:§, gz 56.3°
2 2

0=112.6°
= 0°, 112.6°, and 360° are solutions to the equation 2cos@+3sind—2=0

(b) 3cos@—4sind+1=0

_ 2
3 L tz —4( 2t2)+1=0
1+t 1+t

3-32-8t+1+t2=0
2t2-8t+4=0
t?+4t-2=0
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t_—4i\/(4)2—4><1><(—2)
B 2x1

t_—4J_r\/16+8

2
t=—2+./6
tan%=-2-+/6
tan2=-2+/6
Fort= —2-6, tan2=—2-/6

% =102.7, 282.7

8=205.4°

Whent= tan%=-2+6
g =tan’(-2 + \/6)
o =24.2°

2

g=48.4°

(c) 3cos@+4sind=2

2

3 1 t2 +4( 2t2)=2

1+t 1+t
3-3t2+8t=2(1+1)
3-3t2+8t=2+2t?
5t2-8t—1=0
t=8i\/(—8)2—4><5><(—1)

2x5

. 8%/64+20

10

. 8+./84
10

t=-0.11652

t=1.71652

Fort=-0.11652, tan4 = -0.11652

§= 1734 = 6=346.7°

tang =1.71652

§= 59.8° = #=119.6°

= 6= 48.4° and 205.4° are the solutions to the equation

= 119.6° and 346.7° are solutions to the above equation.
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(d) 4cos 8sin 6+ 15 cos26 =10
2 x 2sin@ cos @ + 15co0s 20 = 10
2sin 20 + 15co0s 260 = 10
2sin 20 + 15c0s 20=0
Lett=tan @

1-t?
1+t

2
2( 2t2j+15 L t2 =10
1+t 1+t
4t + 15— 15t2 = 10 + 1012
25t2 —4t—5=0
t:4i\/(—4)2—4><25><(—5)
2x25

sin@ = 1 2t and cosé@ =

tZ

N

t=0.5343
t=-0.3743

Fort=0.5343
tan 6=0.5343
0 =28.1°
0 =208.1°
Fort =-0.3743, tan 8=-0.3743
0= tan(0.3743)
6=159.5°, 200.5°
= 28.1°, 208.1°, 159.5° and 200.5° are the solutions to the above equation

The R- Formula
The R-formula is used to solve equations of the form acosé+bsing =c.
Rcos(@+a)=c

Rsin(@+a)=c
Where R = va? +b? and o =tan™ (%)
Example I
Solve the equation 3cosé8 + 4sind= 2 for 0 < 6 < 360°
Solution
Rcos(f—a)=2

R(cos@cosa +sindsina) =2

Rcos@cosa + Rsin@sina =2
By comparison
Rcosdcosa =3cosd
Rsin@sina =4siné
=Rcosa=3 ... (1)
Rsina=4 ..............ccocoiiii. (i1)

Eqn (ii) = Eqn (1);
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=tana =

o= tanl[ﬂ]
3

a =53.1°
R2cos’ o + R?sin @ =3 + 42

w| b

R?(cos® a +sin’ ) = 25
R=5

Rcos(f—a)=2
5cos(f—53.1) =2

6-53.1=cos™ (gj
5

6 —-53.1° = 66.4°, 293.6°
6—-119.5°, 346.7°

Alternatively
3c0s 0 +4sin =2
Rcos(f—a) =2

R=+a%+b?

=3 +4°

=5

a=tan? (E)
a

a=tan? [ﬂj
3

a=531
5cos(0—-53.1) =2

cos(f—53.1°) = g

6—53.1° = 66.4°, 293.6°
6=119.5° 346.7°

Example 11
sin @+ /3cos@=1"for0 < < 360

Solution
Rsin(0+a) =1

R=y(1)* +(/3)" =2
a=tan™ {?J =60°

Rsin(6+a)=1
2sin(6+60°) =1

sin(@+ 60°) = %
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6 +60° =sin(%2)

6 +60° =30, 150°

6 =-30, 90°

= 6 =90°, and 330°.

Example 111
cos 6 — 7sin @ =2 for 0° <0 < 360°
Solution
cosf—7sinf=2
Rcos(@+a)=2

R=1? +(-7)* =+/50

aztan‘l(%] = a=81.9°

J50 cos(@ +81.9°) =2

cos(6 +81.9°) = 2

/50
6+ 81.9°=73.6° 286.4°
0=-8.3° 204.5°
= 0=204.5° 351.7°

Example IV
Solve: 5singd— 12cosf=6
Solution

Rsin(6—a) =6

R=4/52 +122 =13

a=tan? (Ej
5

a=674°
13sin(6—-67.4) =6
. 6
sin(@—-67.4) = —
( ) 13
60— 67.4° =27.5°, 152.5°
6=94.9° 219.9°

Example V
Solve cos@+ sind=secdfor 0 < < 360°
Solution

cos¢9+sin0=L
cosd

COS* @ +SINACOSH =1.....cooererrirerrrnn. (i)
But cos 20 = 2cos?6 — 1

= c0s’ 6 = %(1+ c0s 26)

Subsituting for cos?0 and sin 6 cos 6 in Eqgn (i);
sin 20 = 2sinf cosd
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sing cos 0 =% sin26
%(1+ €0s26) +%sin 20=1

l00526?+lsin 20 :l
2 2 2

cos260+sin26=1
Rcos(260—a) =1

R=v12+12 =2

a=tan™ (}] =45°
1

J2 cos(26 - 45°) =1

1
cos(20 —45°) = —
20-49=5
26 — 45° =cos™ (ij
J2

26 - 45° = 45°, 315°, 405°
6= 45°,180°, 225°

Example VI
Solve the equation 4cosésing+ 15cos 26 =10
Solution
4cosf sind + 15c0s 260 = 10
2(2siné cosd) + 15c0s26 = 10
2sin26 +15c0s26 = 10
Rsin(260+ a) =10
R =4/2? +15°
=+/229
V229 sin(26+ a) = 10
a=tan™ (Ej =82.4°
2
\J229 sin(26 + 82.4°) = 10
10

\229

26 + 82.4° = sint| 2 j
(=
260 +82.4° = 41.4°, 138.6°, 401.4°, 498.4°
0 =339.5° 28.1°, 159.5°, 208°

sin(26+ 82.4°) =

Example VII
Show that 3cosf + 2siné can be written as /13 cos(6 — a). Hence find the minimum and maximum values
of the function, giving the corresponding values of 6 from -180° to 180°
Solution
3cosd + 2sind
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Rcos(0 — a)

R=+a’+b?

R=+/37+2° =13

a=tan™ (Ej =33.7°
3

= 3cos0 + 2sinB = R cos(0 — o)
=+/13cos(d —33.7)

Lety =+/13cos(0—33.7)
For the maximum value of y, cos(6—-33.7) =1

= Yoo = V13

And for minimum value of y, cos(9-33.7)= -1

= Ymin = _'\/]3

For ymax cos(f — 33.7°) = 1,

=0-33.7°=cos (1)
6 —33.7° =0, 360°.
0=33.7°

For ymin cos(d —33.7°) = -1,
0 —33.7° = 180°.
0=213.7°

Example VII
Find the maximum and minimum values of the following expressions, stating the value of 6 for which
they occur (from 0° to 360°)

() 8cosh — 15sind

(h) 4sind — 3cosd

(i) sin@—6cosH

() cos(f + 60) — cosd

Solution
(&) 8cosd — 15sind
R cos(0 — a)

R=+/8"+15" =17

a=tan? (%) =61.9°

17cos(0 - 61.9°)
Lety=17cos(6—61.9°)
For yma, c€0s(0—61.9°)=1
= Ymax = 17
0 —61.9° = cos*(1)
0 —-61.9°=0, 360°
0=161.9°

For ymin, c0sS(@—61.9) =-1
= Ymin = -17

0 —61.9° = cos(-1)

6 —61.9°=180°
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0=241.9°

(b) 4sind— 3coséH
R=y4*+3 =5
Rsin(6— a)
5sin(6- a)

a=tan™ (E) =36.9°
4

5 sin(8— 36.9°)
Lety =5 sin(8- 36.9°)
Ymin = -5
Ymax = 5
For Ymin, Sin(H— 3690) =-1
6—36.9° = 270°
6=306.9°
FOr Ymax, sin(d—36.9°) =1
6—36.9° =90°
6=126.9°

(c) sin@—6cos@

R= 1> +(-6)2 =37
J37 sin(6- a)

a=tan™ G] =80.5°

y = /37 sin(6- 80.1)
Ymax = /37 and it occurs when sin(6—80.1) =1
6-80.1° =90°
6=170.5°
Ymin = —/37 and it occurs when
sin(6—-80.1) =-1
6-80.1° = 270°
6= 350.5°

(d) cos(@ + 60) — cos@
= cosé@cos 60 —sindsin60 — cosé

= 1¢0sf - sind\3 — cosd
2 2

_ -1 3

= —c0sfd——sind
2 2

B3

y =—Fcos¢9+—sin 0}
2 2

y = —[Rcos(0—a)]
NoER
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y = —[cos(6 - a)]

a:tan’l(«/§)=60°

y = -[cos(&— 60)]
Ymin OCCUrs When cos(8—60) = 1
6—-60° =0, 360
6=160°
ymax = 1 and occurs when cos(é - 60°) = -1
6—60° = cos™(-1)
6= 240°

Example VIII (UNEB Question)
Solve COSH+\/§Sin9: 2for0<6<nmw
Solution

0S8 +~/3sing =2
R cos(f—a) =2
R=\12+(/3)* =2
2cos(@—a)=2

o =tan™(L£)=60°
2 cos(f —60°) =2

cos(f—60°) =1
0 —60° = cos*(1)

6-60°=0
60 =60°
o==
Since 180 = mt radians, = 6 _80z _~x
180 3

Example IX  (UNEB Question)
(a) Express 4cosd — 5sind in the form R cos (8 + B), where R is a constant and 3 an acute angle.

Determine the maximum value of the expression and the value of 8 for which it occurs
(b)Solve the equation 4 cos § — 5 sin 6 = 2.2,
for 0° < 6 <360°.
Solution
4cosf — 5sind
Rcos(0 + B)
f=tan*(%)=513°

R=+4 +5? =+/41
J41 cos(6+51.3°)
Lety= \/ﬁcos(0+ 51.3°)

ymax = \41and it occurs when cos(8+ 51.3°) = 1
6+51.3°=0
6=-51.3°
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= 6=2308.7° (0° < # <360°)
4cosf —5sind = 2.2

= +«/4lcos(f+51.3°)=2.2

cos(f+51.3°) = 22
N

6+ 51.3°=69.9°, 290.1°

#=18.6°, 238.8°

Example XI  (UNEB Question)
Express y = 8cosx + 6sin x in the form R cos (x — « ) where R is positive and « is acute . Hence find the

1
8cosx +6sinx+15

maximum and minimum values of

Solution
8cosx + 6sin X = Rcos(X — a)
8cosx + 6sin x =R cos x cos @+ R sin x sin a

By comparison
RCOS =8 ..o (1)
RSiINa=6.........ccccvvviveeeeee (i)

Eqgn (i)? + Eqgn (i)
R?=8%+ 62 =100
R=10

Eqn (ii) + Eqgn (i)

tana:§
8

a =36.87°
Hence 8cosx + 6sinx = 10cos(x — 36.87°)
1 B 1
8cosx+6sinx+5 10cos(x—36.87)+15
Note: For y to be maximum, the denominator must be minimum and for y to be minimum, the
denominator must be maximum.
1

" 10cos(x —36.87) +15

VI
10x(-1)+15
1 1
= ===0.
-10+15 5
1
10x1+15

1
=—=0.04
25

Now

Let m

min

The maximum and minimum values of ! are 0.2 and 0.04 respectively.

8cosx +(sinx +15)
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Factor Formula

sin P +sin Q = 2sin(%2) cos(52)
sin P — sin Q = 2cos(52)sin(52)
cos P + cos Q = 2cos(%52) cos(T52

cos P —cos Q = - 2sin(%2)sin(52

A Wb P

Application of the factor formula
Example 1

Express the following in factors:
(@) sin 76 + sin 56

(b) sin 4x —sin 2x

(c) cos 7x + cos 5x

(d) cos 3A —cos 5A

(e) sin(x + 30) + sin(x — 30)

(f) cos(x + 30) — cos(x — 30)

(9) cos £x—cos %

(h) % +C0s 20
(i) 1+sin2x
() Sin 2(x + 40) + sin 2(x — 40)
Solution
() sin 70 + sin 50
From sin P + sin Q = 2sin (£2)cos (52)
sin 76 + sin 50 = 2sin (1%%¢)cos 143¢
=2sin64cos 4
(b) sin 4x —sin 2x
From sin P —sin Q = 2cos ¢ sin =2
sin 4x — sin 2x = 2c0s 442 gjn 42
sin 4x — sin 2x = 2c0s 3x sin X
(c) cos 7x + cos 5x
From cos P + cos Q = 2cos (552) €0s (553)
= Cos 7x + cos 5x = 2¢0s (22*) cos (25>)
= 2C0s 6X CO0S X
(d) cos 3A—cos5A
From cos P — cos Q = -2sin 552 sin 52
cos 3A —cos 5A = -2 sin (34522) sin (34524)
=-2sin 4Assin (-A)
=2sin4Asin A
(e) sin(x + 30) + sin(x — 30)
=-2sin (_(X+30)Z(X-30)) cos ((X+30);(x—30))
=-2sinx cos 30
(f) cos(x + 30) — cos(x — 30)
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- ZSin ((x+30)+2-(x—30)) Sin ((x+30);(x—30))

= 2sinx sin30
3 x 3 _x
(9) cos(¥) -cos % =-2sin 272 ) gjn [ 222
2 2
=2sinxsin %

(h) % +cos 26

cos 60 + cos 26
- 2COS 60;26 cos 60;26
=2¢0s(30 + &) cos(30 - )
(i) 1+sin2x
sin 90 + sin 2x
2sin 252X cos W2
= 2sin(45 + x)cos(45 — x)
(J) sin2(x + 40) + sin2(x — 40)
= ZSin 2(x+40);2(><—40) cos 2(x+40);2(x—40)

= 2sin 2x cos 80

Example 11

Solve the following equations from x = 0° to 360° inclusive.
(@) cosx+cos5x=0

(b) sin3x—sinx=0

(c) sin(x+10)+sinx=0

(d) cos(2x + 10) + cos(2x—10) =0

(e) cos(x +20) —cos(x—70)=0

Solution
(@) cosx+cos5x=0
2c0s 2% cos X% =0

2c0s 3x cos—2x =0
2c0s 3x cos 2x =0
cos 3xcos 2x =0
= cos2x=00R
cos3x=0
For cos 2x = 0;
2x = cos~(0)
2x = 90°, 270°, 450°, 630°, 810°
= X =45° 135°, 225°, 315°,
For cos 3x =0;
3x = cos—1(0)
3x =90°, 270°, 450°, 630°, 810°, 990°, 1170°
X = 30°, 90°, 150°, 210°, 270°, 330°.

. The solutions to the equation cosx + cos 5x = 0 are 30°, 45°, 90°, 135°, 150°, 210°, 225°, 270°,

315°, 330°.

(b) sin 3x —sinx=0
2c0s X sin X =0
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2c0s2x sinx =0
cos2x sinx=0
= 2x = cos—*(0)
2x =90°, 270°, 450°, 630°, 810°, 990°
= X = 45°, 135°, 225°, 315°
And for sin x =0;
x = sin-(0)
x =0, 180°, 360°
= The solutions to the equation sin 3x —sin x = 0 are 0, 45, 135, 180, 225, 315, 360.
(c) sin(x+10)+sinx=0
ZSin (x+120+x) cos (x+120—x) - O
2sin(x + 5) (cos 5) =0
sin(x+5)=0
X + 5 =sin-10)
x+5=0, 180°, 360°
x = 355°, 175°.
=X = 175°, 335° are solutions to the equation
sin(x + 10) +sinx =0

(d) cos(2x + 10) + cos(2x —10) =0
2 COS((2><-¢-10);—(ZX—10) ) COS((2x+10);(2x—10))

2cos 2xcos10=0
cos2x=0
2x = cos~1(0)
2x =90°, 270°, 450°, 630°.
x = 45°,135°, 225°, 315°
= The solutions to the equation cos(2x + 20) + cos(2x — 10) = 0 are x = 45°, 135°, 225° and 315°

(f) cos(x + 20) — cos(x — 70) = 0
—2sin 2T iy (020 0cT0) - g

—2sin(x — 25)sin 45 =0
sin(x—25)=0

x — 25 =sin-1(0)
x—25=0, 180°, 360°
x = 25, 205°, 385°

Example 11

Prove the following identities:

(@) cc_>sB+c_osC _ t%
sinB-sinC

(b) C(-)SB—C-OSC :—tan%
sinB+sinC

(c) sinB-sint B —s!nC = cot B:C tan &€
sinB+sinC

(d) sinB+sinC  tan 18
cosB +cosC

Solution
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cosB +cosC

@) sinB—sinC
_2c0s(®3¢) cos(3)
© 2008(8:¢)sin(22)
_ Ccos B3¢
~singe
= cot(&%)
(b) cc_)s B- c.osC
sinB +sinC
_ —2sin &;Csin 8¢
2sin 25¢ cos 8¢
_ —sin8¢
~ cosBC
=—tan(%%)
C0SB=COSC _ _an(esc)
sinB+sinC
sinB-sinC
© GnBrsinc
sinB—sinC _ 2cos(®5%)sin(®;¢)
sinB+sinC  2sin(8%)cos(85%)
_ cos(®5%) y sin(&%)
Sin(®,)  cos(®°)
= cot(&=) tan(25%)
sinB +sinC
@ cosB +cosC
_ 2sin B2 cos B¢
= tan &%
sinB+sinC — tan&<
cosB +cosC
Example IV

Prove the following

(a) sinx + sin 2x + sin 3x = sin 2x(2cosx + 1)

(b) cos x + sin 2x — cos 3x = sin 2x(2sinx + 1)

(c) cosé —2cos 36 + cos 56 = 2sind (sin 26 — sin 46)
(d) sin x—sin(x + 60) + sin(x + 120) =0

(e) 1+ 2cos 20 + cos 40 = 4c0s20 cos 20

Solutions
(@) sinx + sin 2x + sin 3x
=sin X + sin 3x + sin 2x
= 2sin £ cos 2 + sin 2x
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= 2sin 2x cos(—x) + sin 2x
= 2sin 2X €S X + sin 2x
=sin 2x(2cos x + 1)
= sin X + sin 2x + sin 3x = sin 2x(2cos x + 1)

(b) cos x + sin 2x — cos 3x
= C0S X — €0S 3X + sin 2x
= —2sin XX sin =2+ sin 2x
= —2sin 2x sin(-x) + sin 2x
= 2sin 2x sin x + sin 2x
=sin 2x[2sin x + 1]
= CO0S X + Sin 2x — cos 3x = sin 2x[2sin x + 1]

(c) cos@ — 2cos 30 + cos 56
= cos # — cos34 + cos 56 — cos 36
= —2sin 26 sin(-0) + —2sin 46 sin 6
= 2sin 26 sin 6 — 2sin 46 sind
= 2sin @ (sin 20 — sin46)
= €0SH — 2¢0s 36 + cos 50 = 2sin 4 (sin 260 — sin46)

(d) sin x —sin(x + 60) + sin(x + 120)
=sin x + sin(x + 120) — sin(x + 60)
= 2sin(x + 60)cos -60 — sin(x + 60)
=sin(x + 60) — sin(x + 60)

= sinx—sin(x + 60) + sin(x + 120) = 0

(e) 1+ 2cos 26 + cos 46

Since cos 460 = cos?26 — 1,

= 1+ 2cos 20 + 2c0s?26 — 1
= 2c0s 26 + 2c0s?20
= 2¢0s26 [1 + cos 26]
= 2c0s 20 [1 + 2co0s?0 — 1]
= 4 c0s?é cos 26

= 1+ 2cos 26 + cos 40 = 4 cos?d cos 20

Example V

Solve the following equations for values of 6 from 0° to 180° inclusive

(a) cos @+ cos 30 +cos50=0
(b) sin@ — 2sin 260 +sin 360 =0
(c) sin@+cos20 —sin30 =0
(d) sin 26 +sin 46 +sin66=0
(e) cos$ 6+ 2cos2H+cos30=0
Solution
(@) cosd+cos30 +cos50=0
cos@+cos50 +cos30=0
2cos3 8cos—2 9 +cos3d =0
cos 3 6(2cos2 6 +1]1=0
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Eithercos 30 =0 OR
cos 20 = !
2
For cos 36 = 0;
36=cos~}(0)
36=90°, 270°, 450°, 630°, 810°, 990°
6 =30°, 90°, 150°, 210°, 270, 330°
= 6=30°,90°, 150° (for 0° < #<180°)

For cos 260 = —%;

20=cos™'(3%)
20 =120°, 240°.
6 =60°, 120°

= 30°, 60°, 90°, 120°, 150° are the solutions to the equation cos 36 + cos 36 + cos 560 =0

(b) sinf — 2sin 260 +sin 36 =0
sin @ +sin 36— 2sin 260 =0
2sin 20 cos(-6) — 2sin 20 =0
2sin 26 cos 6 —2sin 20 =0
2sin 26 (cos#-1)=0

Eithersin26=0 OR coséf=1
For sin 26 =0;
260 = sin—*0
26 =0°, 180°, 360°
= 0=0° 90°, 180°

(c) sin@+cos26 —sin36 =0
sin@—-sin 30+ cos20=0
2c0s 20 sin -0+ cos 20=0
cos 20(-2sin9+1)=0

cos 20=0 OR sin@=

Forcos26=0
260 = cos™0
20 = 90°, 270°, 450°
= 45°, 135°

For sin 6 = 1;
2
0 =sin(1)
6 = 30°, 150°
= 30°, 45°, 135°, 150° are the solutions to the equation sin 8 + cos 26 —sin 36 =0

(d) sin26 +sin46+sin60=0
(sin 26 +sin 66) +sin46=0
2sin 46 cos -260 +sin46=0
2sin 46 cos 20 +sin 46 =0
sin40 (2cos20+1)=0
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For sin 46 =0;
40 =sin'0
46 =0, 180, 360, 540, 720
=0, 45, 90, 135, 180

For2cos260+1=0

cos20= —l
2

20 = 120°, 240°
0 = 60°, 120°
= 0°,45° 60°, 90°, 120°, 135°, 180° are the solutions to the equation sin 26 + sin 46 +sin 66 =0
(e) cos$O+2cos2@+cos26=0
cos3@+cos 30+2cos 30 =0
2c0s 22 cos(-0) + 2cos ¥ =0
2c0s¥ (cos O+ 1) =0
cos¥ =0
30
2

% =90, 270, 450

6 =60, 180

= cos(0)

For (cosf + 1) = 0;
cosf="1
0 =cos*(1)
6 =180
= 60, 180 are the solutions to the equation
cos;O+2c0s26+cos26=0

Example V
Prove the following identities if A, B and C are taken to be angles of a triangle.

(@) sinA+sin(B-C)=2sinBcosC
(b) cos A—cos (B—-C)=-2cosBcosC
(c) sin A +sin B +sin C = 4cos 4 cos £ cos &

(d) sin 2A +5sin 2B +sin 2C =4sin Asin B sin C

(e) cosA+cosB+cosC-1
=4sin4sin3sins

Solutions
Sin A +sin(B-C)
= 2sin AB=C cog A50)
= 2sin £43-C cos ASL2
ButA+B+C =180
A+B+C-2C=180-2C
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A+B-C=180-2C
A+B-C -90_C

= sin &3 =5in(90 - C)

sin 90 cos C —cos 90 sin C
=cos C

A+B+C=180

A+C+B-2B=180-2B

A+C-B=180-2B

cos A+C-B — cos 180-2B
2 2
cos 28 = cos(90 — B)

=c0s 90 cos B +sin90 sin B
=sinB

= sinA+sin(B-C) =2sinBcosC

(c)sinA+sinB +sinC
=sin&EcosA2 +sin C
= 2sin 258 cos 458 + 2sin& cos &
ButA+B+C=180
C=180-(A+B)

c _ ..
— =sin (90 - &&)
2
sin & =sin 90 cos &2 - cos 90 sin 42

= A+B

= cos 458
cos < =c0s(90 - £8)
cos$ = cos 90 cos 258 + sin 90 sin A&

= qjn A+B

=sin A
= 2c0s % cos 458 + 2cos 4B cos &

= 2c0s < cos 458 +2c0s 4B cos &

- C A-B A+B
= 2c0s$[cos 252 +cos 4B
— C A B
=2cos 5 [2cos £ cos 3 ]
= A B C
= 4c0s 5 C0S+ COS~ .
sin A +sin B + sin C = 4cos 4 cos 2 cos % .

(&) sin 2A +sin 2B + sin 2C.
= 2sin(A + B) cos(A —B) + 2sin C cos C
ButA+B+C =180
C=180-(A+B)

= sin C =sin[180 — (A + B)]

sin C =sin 180 cos (A + B) — cos 180 sin(A + B)

sin C =sin(A + B)

cos C = cos(180 — (A+B))

cos C = cos 180 cos(A + B) + sin 180 sin(A + B)

=—cos(A + B)
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= 2sin(A + B)cos(A — B) + 2sin C cos C
= 2sin C cos (A — B) + 2sin C(-cos(A+B))
= 2sin C[cos(A — B) — cos(A + B)]
= 2sin C[-2sin A sin —B]
=4sinAsinBsinC
= sin 2A +sin 2B +sin 2C =4sin Asin Bsin C

(e) cosA+cosB+cosC—1
cos C = 2cos?S -1
cos C=1-2sin*<
=2sin’$ =1-cos C
cos A +cos B +cos C—1=cosA+cos B-2sin*$
= 2c0s 4B cos A2 — 2sin’S
A+B+C=180
$ =90- 48
sing =sin (90 - £8)
sin< =sin 90 cos 258 - cos 90 sin 458
=sin% =cos 458
= 2c0s 4B cos A58 - 2sin$sing
= 2c0os A8 cos A58 - 2sin & cos A5
=2sin§cos 452 - 2sin% cos A2
= 2sin%[cos 452 - cos A58 ]
=2sin$[-2sin 4 sin=2 ]
=2sin%[2sin4sin2 ]
=4sin4sin2sins
= CoSA+cosB+cosC-1=4sin4singsins

Example VI (UNEB 2007)
Show that s!nH—ZS!n 20+s!n3¢9 =—tan2€
sin@ + 2sin 26 +sin 30 2

Solution
sin@—2sin 26 +sin 360
sin@+ 2sin 26 +sin 360

_ Sin30 +sin @ —2sin 20
sin3@+sin g + 2sin 20

. (30+0 30-6 .
25'”( 5 jcos( 5 j—2s|n26 _ 2sin260cos - 2sin 20
= _  2sin20c0s @+ 2sin 26
25in(302+0jcos[36 6)+25in2¢9

_ 2sin 20(cos6-1)
~ 2sin26(cosd +1)
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_cos#-1_ —(1-cos¥)
cos+1 1+cos@
But cosd=1— Zsinzg

cos® =2sin”* ¢ -1

_—(1-cosh) —(1-(L-2sin*9)
1+cosé 1_25in2g

Example VII  (UNEB Question)
Show that SIN3gsin6o+sindsin2g _

- - =tan56 .
sin360co0s68 +sin@cos26

Solution
_sin6@sin36 +sin20sin 6
~ cos66sin30 +cos20sin
cosA—cosB =—sin#Esin &2

sin £:Bsin A2 :?1(cos A—-cosB)

sin64sin 360 =_?1(cos A—cosB)

A+B

60
2
A+B=660....ccceviiiiininn (1)
A-B =30
2
A-B=60....cccccciviiiiiii. (i)
Solving Eqgn (i) and Eqgn (ii) simultaneously;
A=96,B=3¢

sin6gsin36 = _?1(00599 —c0s30)

sin3@sin 66 +sin gsin 26
sin30cos 66 + sin @cos 20

5 (c0s90 —c0s36) + 5+ (cos30 —cos 6)

2(sin96 —sin36) + £ (sin36 —sin 6)
_ 3(cos@—cos90)
2(sin96 —sin )
—2sin58sin(—40)
2c0s560sin40
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2sin5@sin(46)
2cos50sin 46

tan56

Example VIII (UNEB Question)

If A, B, C are angles of the triangle, show that
cos 2A + cos 2B + cos 2C = -1 — 4 cosA cos B cos C.

Solution
cos 2A + cos 2B + cos 2C
2cos(A + B) cos(A — B) + 2cos?C - 1
= -1+ 2cos(A + B) cos (A — B) + 2cos?C
A+B+C=180
A+B=(180-C)
cos(A + B) = cos(180 — C)
cos (A + B) = cos 180 cos C + sin 180 sin C
=-cosC
= -1+ 2cos(A + B) cos (A — B) + 2cos’A
=-1-2cos C cos(A — B) + 2cos?C
-1 —2cos C[cos(A — B) — cos C]
-1 —2cos C[cos(A — B) —cos C]
cos C =-cos(A + B)
=-1-2cos C[cos(A —B) + cos (A +B)
=-1-4cos A cos B cos C.
cos 2A + cos 2B + cos 2C = -1 — 4 cosA cos B cos C.

Example IX  (UNEB Question)
sin(A+2B)+sinA

Use the factor formula to show that =tan(A+B)
cos(A+2B)+cos A
Solution
sin(A+2B)+sin A
cos(A+2B)+cosA
_ 2sin(A+B)cosB
2cos(A+B)cosB
_sin(A+B)
cos(A+B)
=tan(A + B)
in(A+2B)+sin A
sin(A+2B)+sin _tan(A+B)
cos(A+2B)+cos A
UNEB 2008
. A B A+B
(i) Prove that COSAYCRZ _ ot ot
sin A+sin B 2
(ii) Deduce that CosA+cosB tan Ewhere A, B and C are solution
sin A+sinB 2
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cosA+cosB  2cos A58 cos A3

i =
® sinA+sinB  2sin 258 cos 458
2cos A58
T ain AB
2sin ==
_ A+B
= cot =5~
(i) A+B+C=180°
A+B=180-C
A+B 49 C
2 2
cos(90-5
ot AtB O (90-5)
2 sin(90-%)
_€0s90cos § +sin90sin §
sin90cos$ —cos90sin §
_sing
cos<
=tans
cos A+cosB c
.-y
sinA+sinB

Example X  (UNEB Question)
Solve sinx —sin 4x = sin2x —sin3x for — 7z < X<

Solution

sin X — sin 4x = sin 2x — sin 3x
sin 3x + sin X = sin 4x + sin 2x
2sin (252 ) cos (25 ) = 2sin (442 )cos (£52)
2sin(2x)cosx = 2sin3xcosx
sin2xcosx —sin3xcosx =0
cosx(sin2x —sin3x) =0

Taking cos=0
x =cos*(0)
—-T T
X=—"=
2 2

Taking sin 2x —sin 3x =0
sin 3x —sin 2x =0

2003[3X+ 2xjsin(3x—2xj o
2 2

cos($x)sin(£x)=0

Either cos(g xj =0
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5
or  Sin(2x)=0

—x=0, - %, F ZF % 37 =37 are the solutions to the equation
2'2' 5'5'5" 5

Relationship between sides of a triangle
In a triangle ABC with angles A, B and C, we denote the side opposite these angles by their
corresponding small letters a, b, and ¢ respectively as shown in the figure below.

The sine rule
Let O be the centre of the circle circumscribing the triangle ABC with radius, R.

Figure |
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Figure Il

Figure 111

From figure I, « BCD = 90°
Since this angle is subtended by the diameter,

= sin A= from figure 1.
2R
a
=2R=—— .. i
sin A O
From figure II;
sinC= .
2R
c ..
2R=—— e,
sinC («9
From figure I11;
sinB:L
2R
b
2R= ——
sinB i)

Equating equations (i), (ii), and (iii)
a b c

—— == =2R
sinA sinB sinC

This is the sine rule

The Cosine rule
Consider a triangle ABC. Assume angle A is acute.
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C b—x
Considering the right-angled triangle BDA,
XPHh2=C% (1)

from the right-angled triangle BCD,
a?=(b—x)?+ h?

a?=bh%-2bx+x>+h?.............. (i)
From Eqn (i);
h2=C2—X2 . i, (iii)

Substituting Eqgn (iii) in Egn (ii)
a?=hb? - 2bx + x? + ¢ — x?

a?=b?-2bx+C% ... (iv)
From triangle ABD;
COsA= X
c
X=CCOSA ..o, v)

Substituting Eqgn (v) into (iv)
—=a?=h*—-2bccos A +c?
a’=Db?+c?>—2bc cos A

Application of cosine and sine rules

Example I
?—b®> sin(A-B)

Prove that in a triangle ABC, a =
c sin(A+ B)

Solution
b ¢
sinA sinB sinC
a=2RsinA,b=2RsinBandc=2RsinC

From the sine rule; =2R

4R?sin? A—4R’sin’B

4R%*sin’C
sin> A—sin’B

sin®C
(sin A+sinB)(sin(A—sin B)
sinCsinC

A+B+C=180
C=180-(A+B)
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sin C =sin(180 - (A + B))
sin C = sin 180 cos (A+B) — cos 180 sin (A+B)
=sin (A+B)
(sin A+sinB)(sin A—sin B)
[sin(A+B)J?

_ 2sin AP cos A2
"~ sin(A+B)

_ sin(A-B)

" sin(A+B)

Example 11

: . a’ +b? —c?

Prove that in any triangle ABC, ———

a‘—b+c

Solution

From the cosine rule;
a?=b%+c>-2bCCOSA .........c........ (i)
b?=a?+c>-2accosB .................. (ii)

c2=a’+b*-2abcosC.................. (iii)

From Eqgn (i);
2ac cos B =a?+c?—b?
From Eqn (iii);
2abcosC=a?+bh>—c?
a’+b*—c® 2abcosC
a?—b?+c’> 2accosB
_bcosC

~ ccosB
But from the sine rule;

a b

= tanB cot C

c

sinA:sinB :sinC

a=2RsinA,b=2RsinB,andc=2RsinC
bcosC 2RsinBcosC
ccosB  2RsinCcosB

_sinB y cosC

~ cosB sinC
=tan B x cot C

2 2 2
%ztanBcotC
a‘—b°+c

Example 111

Prove that in any triangle ABC, tan&¢ =2=<cot4
Solution

Lcot2

b+c

_ 2sin#Bcos#58 - 2cos A45Bsin A2
[2sin 258 cos 248 |[sin(A+ B)]
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Prove that in any triangle ABC,

From the sine rule,

sinA sinB sinC

From the sine rule;

sinB-sinC

ot4 = ——————cot4
sinB+sinC

_ 2cos&EsinBCcos s

in B+C B-Cqin A
2sin %= cos 25=sin 5

2RsinB —-2RsinC
= - - c
2RsinB +2RsinC

ButA+B+C=180

A=180-(B+C)
5290_B+C
2 2

cos4 =cos(90 — &)
= 0s 90 cos &< + sin 90 sin &<
=sin&<

sin =sin(90 - &)
=sin 90 cos &< — cos 90 sin &<

= B+C
=cos &¢
B+C ojn B-C ¢jn B+C
2€0s°35=sin 5=sin 5~ _ tan B¢
25sin B:C cos B:C cos B:C 2
b-c
= tan&=——cot$
b+c
Example IV
bc  cosec (B+C)

ab+ac cosecB +cosec C

Solution

b
sinA sinB sinC

=2R

a=2Rsin A, b=2RsinB,c=2RsinC

a=2RsinA,b=2RsinB,andc=2RsinC

bc

2RsinB-2RsinC

ab+ac - (2Rsin A)(2Rsin B) + (2Rsin A)(2RsinC)

4R?sinBsinC
4R?sin Asin B + 4R?sin AsinC
sinBsinC
sin Asin B +sin AsinC

sinBsinC
— sinBsinC

sin AsinB sin AsinC
sinBsinC sinBsinC

1

sin A sin A
snC T sing
1
1 1 1
sin A(sinC +ﬁ)
1

sin A(cosecB + cosec C)
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1 1
= X
sin A (cosec B +cosec C)

From triangle ABC,;
A+B+C=180
A=180-(B +C)
sin A =sin(180 — (B + C))
=sin 180 cos B + C — cos 180 sin(B + C)

=sin (B + C)
N 1 8 1 __cosec (B+C)
sin(B+C) (cosec B+cosec C) cosecB + cosec C
bc  cosec (B+C)

ab+ac cosecB +cosec C

Area of a triangle
Let D denote the area of a triangle ABC, then

D= lbcsin A
2

=D =lbc -2sin£cos4
2

D =bcsin £ cos4
a+b+c

2
Where S is the semi perimeter.
From the cosine rule, a? = b? + ¢ — 2bc cos A

S=

2 A2 A2
cos A = b+C_a
2bc
cosA=1-2sin’4
sin24 = 1-cosA
2
2 2 2
SinZ% = 1 1_b+C—a
2 2bc
. 1(a®-bh*-c*+2bc
sin?& = =
) 2bc
ins = _1[@ b0y
2
2 2bc
. (a+b-c)(a+c-h)
sing =

4hc
a+b+c=2s
a+b-c=za+b+c-2c
=2s-2¢C
=2(s-c¢)
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a+c-b=a+b+c-2b
=2s-2b
=2(s—h)
2(s—c)2(s—b)
4bc

sin4 = f(s—b)(s -C)
bc

From the cosine rule, a? = b? + ¢? — 2bc cos A
b? +c?—a’

2bc
cosA=2cos’s —1

inA—
sind =

CoS A=

cos?4 = %(1 +Cos A)

, 1(2bc+b2+cz—a2J

2bc
coszgzl((t”c)z —azj
2 2bc
(b+c+a)b+c-a)
4bc
(b+c+a)b+c—a)
4bc

2 A _
Cos™ 5 =

A _
cos4 =

a+b+c=2s
b+c-a=a+b+c-2a
=2s-2a
=2(s—a)
CoS%:\/ZS-Z(s—a) _ [s(s-2a)
4bc bc
From the area of a triangle D;
D =bcsin4cos4

cos4 = bC\/(s —-b)(S-c .\/S(S —a)
bc bc
be JS(S-a)(s—b)(S -c)
bc
=/S(S-a)(S-b)(S-c)
The area of a triangle is /S(S —a)(S —b)(S —¢)
This is called the Heron formula named after the Greek Mathematician Heron

Differentiation and integration of trigonometric functions
Function | Differentiate | Integrate

Sin X Cos x —COSX
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COS X -sinx sin X

Sin ax a cos ax -1
—=co0s ax
a

COS ax -a sin ax 1 .
Zsin ax
a

sin 3x 3 cos 3x -1
— cos 3x
3

cos 3X —3sin 3x 1.
Zsin 3x
3

Example I

Differentiate the following
(a) sin 6x
(b) —3 cos 5x
(c) —4sindx
(d) sin x?
(e) 2sin1(x+1)
Solutions
(a) y=sin6x
dy
dx
(b) —3 cos 5x
y = —3 C0s 5x
dy

ol —3[5(-sin5x)]

d_y =15sin5x
dx

=6C0s6X

(c) —4sin3x
y= —4sin2x

%=—4x§cos%
dx 2

=-6cos ¥

(d) sinx?
y =sin x?

349



dy _ 2Xc0s X°

dx
(e) 2sin}(x+1)
y=2sin}(x+1)

dy 1
—Z =2x=cosi(x+1
ax 2 :(x+D)

dy .
—~ =cosi(x+1
dx (1)

Example 11

Differentiate the following
(@) sin*
(b) 4cos?x
(c) cos®x
(d) 2sin®k
(e) 3sin*2x

(f) «/sin2x

Solutions
(@) sin*
y = sin?x

vy = 2sin x(cos X)
dx

(b) 4cos?x

y = 4c0s?X

Yy =8cos x(—sin x)
dx

=—8sin xcos x

g—y =—8sin xcos x

X

(c) cos®k

y = cos®x

a_ 3(cos’® x)(—sin x)
dx

dy _ —3c0s? xsin x

dx

(d) 2sin®k

y = 2sin®x

dy_ 65sin® x(cos x)
dx

dy_ 65sin? x(cos x)
dx
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(e) 3sin“2x

y = 3 sin“2x
dy 3
—==12sin" 2x(2c0s 2X)
dx
dy 3
— = 24sin” 2XC0S 2X
dx
(f) /sin2x
ﬂzl(sinzx)%-ZCOSZX
dx 2
_ C0S2X
/sin2x
Example 11

Differentiate the following

(a) xcosx
(b) x sin 2x
(c) x%sinx
d)
sin x
2
& —
COS X
) COS2X
X
Solutions
(@ y=xcosx
Fromy = uv;
dy dv du
—=U—+V—
dx dx  dx
d_y = Xx(-sinx) + cos X
dx
dy .
—~ = -XSin X + COS X
dx
(b) xsin 2x
y = Xsin 2x
d_y =X .2C0S 2X + sin 2x.1
dx
dy :
— = 2X C0S 2X + sin 2X
dx
(c) x%sinx
y = X%sin x
dy dv du
—=U—+V—
dx dx  dx
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@ _ X2c0s X + (sin x) 2x

dx
ﬂzxz COS X + 2x sin X
dx
X
(d) —
sinx
=X
sin x
o
v
dy VvE-UE
dx v2
X
y=—-—
sin x
dy _sinx-1-xcosx
dx (sin x)?
dy _sinx—xcosx
dx (sinx)?
2
X
(e)
COS X
XZ
y:
COS X
Fromy = E;
v
dy vi-ug
dx v2
XZ
y:
COS X
dy _cosx-2x—x*(=sinx)
dx (cos x)?
dy _ 2xcosx + x*sinx
dx cos® x?
C0S2X
()
_ C0S2X
X
Fromy = 4 ;
v
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dy _ X-"2sin2x—cos2x

dx X
dy _ ~2xsin2x —cos2X
dx X

Derivatives of tan x, cot x, sec x, and cosec X
. d s
(i) — (tan x) = sec?x
dx
d
— (sec x) = sec x tan x
dx
d — 2
— (cot x) = -cosec* x)
dx
d
X (cosec x) = -cosec X cot X
X

Proofs
a (tanx) = i(wj
dx dx \ cosx
_ c0osx(cosx)—sinx(—sinx)

- (cosx)?
cos®+sin” x

cos’ X

1
cos® X

= a4 (tan x) = sec?x
dx

i (cotx) = i(_c_osx]
dx dx \ sin x

sin x(—sin x) — cos x(cos x)
(sinx)?

—sin? x —cos’ x
sin® x

_ —(sin® x +cos® x)

- sin? x

= -c0Sec? X

— =-c0sec? x
dx

(iii) %(sec X)
- i(ij
dx \ cosx
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dy cosx-0-1("sinx)
dx cos® X

sin X

cos? x
1 sin X

X

COSX COSX

=sec X tan x

d
= —(Sec X) = sec x tan x
dx

d d( 1 j
= —C0SeC X = —| ——
dx dx \ sin x

_sinx-0-1-cosx)

(sin x)?
—COS X
sin’ x
_—cosx 1

sinx sinx
= -cOot X COSEC X

Example I
Differentiate the following
(a) tan 2x

(b)) cot 3x
(¢) 2cosec$x

(V) —tan (2x + 1)
@) %sec(3x -2)

(P tan~/x
Solution

(a) tan2x
y = tan 2x

dy = 2sec?2x
X

(b) cot 3x

y = cot 3x
@ _ 3(-cosec? 3x)
dx

= -3cosec?3x

(c) 2cosec;x
— 1
Yy = 2c0secC ;5 X
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dy_,1

dy
o (—cosec4 xcot 4 x)

(d) —tan (2x + 1)
y=-tan (2x + 1)

dy -2sec(2x + 1)
dx

(e) %sec(3x -2)

y= %sec(?,x -2)

dx
dy =sec(3x — 2) tan(3x — 2)
dx
(f) tan/x
y = tan+/x
dy 1 4
— =2X7?sec” X
dx 2 W
dy _sec’ Jx
dx  2Jx
Example 11
Differentiate the following:
(a) xtanx
(b) sec x tan x
(c) x%cot x

(d) 3x cosec x
(e) cosec x cot x

tan x
f —
X

Solutions
(@ xtanx
y = X tan x

@ X sec?x + (tan x).1
dx

d
Y sec?x + tan x
dx

(b) sec xtanx
y = sec X tan x

5 (—cosec xcotix)

d_y = % -3sec(3x — 2) tan(3x — 2)
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dy
dx
dy
dx

= sec X sec?x + tan x- (sec x tan x)

= sec3x + tanxsec Xx.

(d) 3xcosec x
y = 3X COSec X

dy = 3x(-cosec x cot X) + cosec- 3

dx

dy _

d_ = -3X cosec X cot X + 3cosec X
X

(e) cosec x cot x
y = COSec X cot x
dy
dx
dy _
dx

= COSEC X- -COSec?X + (Cot X)(-cot X COsec X)

C0Sec3X — COt2XCOSEC X

Example 111
Differentiate the following
(@) tanx
(b) sec?x
(c) 3cosec?x
(d) —tan?2x

(e) % cot?3x

(f) +tanx

(9) -2cosec* x

Solution
(@) tan®x
y = tan®x
dy
dx
dy
dx

= 2tan x(sec?x)

= 2sec?x tan x

(b) sec?x
y = sec’x
dy = 2sec x(sec x tan x)
dx
gy

= 2sec?X tan x
dx

(c) 3cosec?x
y = 3cosec?x
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dy
dx

d
Y~ 6cosecixcot x
dx

= 3 x 2cosec x(-cosec X cot X)

(d) -tan?2x
y = -tan?2x

g—y = -2(tan 2x)(2sec?2x)
X

dy_
dx

-4sec?2x tan 2x

(e) % cot?3x

1
= = cot®3x
y 2

dy -1 x 2 cot 3x(-3cosec?3x)
dx 2

= -3cosec?3xcot 3x

(f) tanx
dy
dx
dy  sec’x

dx 24/tan x

(g9) -2cosec*x
y = -2cosec’x
dy
dx
dy
dx

= %(tan x)? -sec? X

= -8cosec3x(-cosec x cot X)

= 8cosec* x cot x

Integration is the process of obtaining a function from its derivative

Note: jcosax dx = ls.in (ax) +c¢
a

jsin ax dx = -1 cos(ax) + ¢
a

Example I

Integrate the following
(@) cos 3x
(b) sin 3x
(c) cos(3x—1)
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(d) sin(2x +1)
(e) 6 cos 4x

Solution
(@) cos 3x
y = cos 3x

fydx = _[cosBx dx
= lsin 3X+cC
3

fcosSxdx :%sin 3Xx+c¢C

. 1 .
b sin3x dx==sin3x + ¢
(b) | .

-1
= —cos3x+cC
3

(©) [cos(3x—1) dx= %sin(3x —1)+c

(@) [sin(2x+1)dx= _71003(2x F1)+e

(e) _[60054x dx = 6_[cos4x dx

= 6Fsin 4x} +c
4

N | w

Example

Integrate the following
(a) sec?2x
(b) 3sec x tan x
(c) —cosec?1x
(d) %cosec 3x cot 3x
(e) 2sec?x tan x

sin x

f —

COS” X

1

sin? 2x

COS 2X

sin® 2x

(9)

(h)

Solution

sin4x +c

d
Note: — (tan x) = sec?x
dx
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:Iseczx dx =tanx + ¢

d

—(secx) =sec x tan x

dx

= [secxtanx dx =sec x +¢
d 2

—(cotx) =-cosecx

dx

= j cosec’x dx = -(cot x) + ¢
d

d—(cos ec X) =-COSec X cot x
X

= ICOSGC Xcot x dx = -cosec X + ¢

() jsecz 2x dx

Let u = 2x
du = 2dx
dx = d_u

2

fsec2 2X dx=.|.seczu-d?u

:lfseczu du
2

1
=—tanu+c
2
1
= Etan(2x) +C
(b) szecxtan xdx
= 3jsec xtan x dx

=3secx+c

(©) I “cosec® L x dx

Letu= Ex
2

dw_1

dx 2

dx =2 du

f —cosec’ 1 x dx = _[—coseczu(Zdu)
=2I—cosec2u
=2[cotu]+c
=2c0t3X+C

(d) j%cosec 3xcot 3xdx
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Let u = 3x

du = 3 dx
dx=d—u
3

I 1cosec 3xcot 3xdx = % j cosec 3xcot3x dx
= 1Icosec ucotu- au
3 3
1
= —Icosec ucotu du
9
1
= 9 (-cosec u) + ¢

-1
= —cosec3x+¢C

(e) I 2sec’ xtan x dx

Consider % (sec?x) = 2sec x(sec x tan x)

= 2 sec?x tan x
= J‘Zsec2 xtan x dx =sec’ + ¢

sin X
f dx
® J‘cosz X
_sinx 1
COSX COSX
=jtan Xsecx dx
=secx+C
= | cosec®2x dx
© sin? 2x I
Let u = 2x
du =2 dx
dx:d—u
2
J cosec?2x dx = jcoseczu (du
2
=1J.coseczu
2
-1
=—cotu+c
2
=_—1cot2x+c
2
COS2X
h -
() sin? 2x
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dx

_JAcost' 1
sin2x sin2x
=Icot2xcosec 2X dx

Let u = 2x
du =2 dx
dx:d—u

2

du
fcotucosec u 3
1
=—jcosecucotu du
2
1
=3 (—cosecu) +c

-1
= ?COSECZX +C

Example 111
Evaluate the following

(a) Ifsian dx
(b) J.isec2 X dx
(c) Ioﬂsinz x dx

Solution
@ jfsin 2X dx

={_—1c052x}
2 0
-1 -1
=—¢052(Z)——cos0
2 (2) 2

-1 1
==(-D+=

2 D3
=1

(b) Eseczx dx
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=[tanx]

=tan(Z)—tan(£)

-5

1
=£+@

B, g4B
3 3
(c) _[o”sinz X dx
From cos 2x = 1 — 2sin® x
sin?x = % (1 —cos 2x)

V4

rsin2 X dx =J'1(1—c052x) dx
0 0 2

=l{x—lsin 2x}
2

0

:_Kﬂ—%sin 2;;]—(0—0)}
=]

==

N

R N

=N

N

Example
A particle moves in a straight line such that its velocity in m/s after passing through a fixed point O is
3cos t — 2sint. Find:

(a) Its distance from O after $7's

(b) Its acceleration after s

(c) The time when its velocity is first zero.

Solution
V=3cost-2sint

d—S=3cost—23int
dt

dS = (3cos t — 2sin t) dt
S=3sint+2cost+c

Whent=0,S=0
0=3sin(0) +2cos (0) +c
-2=¢C
=S=3sint+2cost-2.
Whent= 17,
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S=3sinZ +2c0s% -2

S=3-2

S=1m
V=3cost-—2sint

= d_V =-3sint—2cos t
dt

a= d—V =-3sint—2CcoST
dt |,
=2 m/s?

=a=2m/s?

V=3cost-2sint
3cost—2sint=0.
R=cos(t+a)=0
R=32+22 =13
J13 cos(t + a) = 0
J13 cos(t +33.7) =0
cos(t+33.7)=0
t+33.7 =cos?0
t+33.7=90

t=156.3

5637
180
t=0.983s

t

Revision Exercise
1. Solve the following for all values of x from 0° to 360°.

d) tanx=-1
(@) sinx= 1 @ N
(e) sinx= ——
- 2
(b) cosx=—
(F) cosx= =8
(c) tanx=1 2
2. Solve the following equations for values of x from -180° to 180°
. -1
sinx=—
(@) >
1
b) cosx=—
(b) cosx=>
(c) sinx= ?
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(d) tanx=+/3
e) CosSX=—
(e) N
(f) cosx= _—\2/5
3. Solve the following equations for all values of x from 0° to 360°
sinx=—
(@ >
(b) cosx=-0.7
(¢c) tanx-0.75
1
d) cosx ==
@ .
(e) sinx=2cos X
() 2sinx—3cosx=0
(g) sin2x= B
2
1
(h) cos2x= >
(i) sin(x +20) = %
(G) tan(x-30)=1
(k) 3(cosx-1)=-1
(D) sinx(1-2cosx)=0
(m) cos x(2sinx +cosx) =0
(n) 2sinxcosx+sinx=0
(o) 4sinx cos X = 3c0S X
(p) 4cos?x +cosx=0
(@ tanx=4sinx
(r) (@sinx-1)(sinx+1)=0
(s) 2sin’x—sinx—-1=0
() 2tan>x—tanx-6=0
(u) 2tanx-— 1 - 1

tan x

Solve the following equations for all values of x from
-180° to 180°

1.
2.

C0SX = 3
4
sin 2x = 2cos 2x

-1
cos(x —20) = —=
( ) 7
cosx(sinx—1)=0
3sin®x = 2sin x cos X
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6.

2c0s’X —5c0sx+2=0

Factorise the expression 6sing coséd + 3cosd + 4sind + 2. Hence solve 6siné cos@ + 3cosé + 4siné +

2=

0 for -180° < 180°

Factorise the equation 3sing cosé— 3sind + 2cosd— 2. Hence solve 3sing cosd— 3sind + 2cosf = 2.

Without using tables or calculator, find the values of:

10.

11.

12.

(a) sec45b° (g) cosec 330°
(b) cot 45° (h) sec 240°
(c) cosec 30 (i) cot-135°
(d) sec 60° (j) sec -60°
(e) cosec 135° (K) sec(-120°)
(f) sec 120° () cosec 315°
Simplify the following expression:

@ /(L-sin A)(L+sin A)
(b) cosecftand
© :

sin? @ cos2 6

(d) coto~1-cos® 6

Prove the following identities

() sin@tand+ cosé = secd

(b) cosecd- sing = cotdcosd

(c) (sin@+ cosd)? + (sind—cosH)?0=2
(d) (sin@+ cosecd)? =sin’4 + cot’4+ 380
(e) cot*d+ cot?d= cosec*d— cosec?d

) 1-cosé = cosecd— cotd
1+cosé@

@ sin@ +1+_cos@ — 2c0secd
1+cosé sin@

(h) cosecd — cotd
cosd +tanéd

i) —2"29_ _iang
1+ cos20

() sin@ + sing = 2cosecd

1-cos@ 1+cosé
(k) cos*x — sin“x = cos?x
() cosA+cos(B+C)=0
(m) —— cos*6 = 2co0sé
1+cot’ @
Prove the following identities:
(a) 2cosec 26 = cosecdsecld

(b) tan A + cot A = 2coesec 2A

() rtan” A 1+tan A — sec 2A

2—tan’ A
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13.

14.

15.

16.

(d) cot 2A = cosec 2A —tan A

(e) _sin20__ cotd

1-cos26

(f) tan@—cotfd=-2cot 284

Prove the following identities:
1+co0s26 _

() ——— =tan%g
1+cos24

3tand—tan®@
1-3tan’ @
©) sin @ +sin 26 —tan @
1+ coséd +cos26
Eliminate 8from each of the following pairs of relationships
(@) x=sinf, y=cosb
(b) x=3sin 8, y=-cosecd
(c) bx=sin 0, y=2cosé#
(d) x=3+sind, y=cosb
(e) x=2+sin, cosf=1+y.
Solve the following equations for all values of 8 from -180° to 180°.
(@) 4 —sin 8= 4cos? 8
(b) sin?d+cos +1=0
(c) 5—5cos 8= 3sin?g
(d) 8tan 8= 3cos &
(e) sin?@+ 5c0s280=0
(f) 1—cos?8=-2sin @cos &
Solve the following equations from 0° to 360°
(@) sec =2

(b) tan 30=

(b) cot26= %2

(c) 3cotf=tan 8
(d) 2sin #=-3cot &
(e) 2sec’d—3+tan #=0

17. If A+ B + C =180°, prove that

C0S2A + c0s2B + c0s2C = 1 — cosAcosBcosC

18. Prove that sin 3A = 4sinAsin(60 + A)sin(60 — A)
19. Show that in a triangle ABC, if 2S=a + b + c, then

l1-tand +tan3 = ¢
A

20. Prove that in any triangle ABC,

(a+b+c)(tang +tan2) =2ccot$.

21. Prove that in any triangle

a+b-c

ABC,
a+b+c

= A B
=tan4tang
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22.

23.
24.

25.

26.

27.

28.
29.

30.

31.

32.
33.

34.

35.
36.

37.

38.

From a point A, a light wind due to north of A has an elevation a from a point B, due west of A. The
angle of elevation is . Prove that the angle of elevation from the midpoint of AB. is

tan™ 2
J3cot? a + cot? 8

Solve: 4cos oo — 3sin ot = 2
Solve the equation 15cos2 8+ 20sin26+7 =0

Find all the possible values of x that satisfy tan™3x + tan™" x :%

Prove that sin8&cos @ —sin 66 cos 30 _tan20

€0s26cos —sin30sin46
Solve the equation 2cos?(x—2)—3cos(x—%) =0for0 < x < 2m.

. 7 T
Solve cos*x + sin*x = 3 for0<x< 3

Find the value of x for 3cos®x — 8cosx + 4 =0
1+sin6’—cos€)2 _1-cosé

1+sin@+cosd) 1+cosd

tand N cotd
l1-cotd 1-tané
Solve the equation cos x — cos 4x = ¢c0s 2x — cos 3x for—-r< X < .
Given that y = 4cos x — 6sin x. Express y in the form Rcos(x + a), where R is a constant. Find the
maximum and minimum value of y.

Show that (

Prove that =1+tan@+cotd

Express (45° + x) in terms of tan x. Hence or otherwise express tam 75° in the form a + b/3.

. . -4 . . .
Given sin x = —, where 180° < x < 270, find without using tables or calculator the value of tan 3x.

Show that:

21 .1 7z
(@) tan l§+sm IEZZ
(b) 2tan’1%+tan’1%=%
(c) cosx +sinx = %
Solve the equation

(@) tan(2x + 1) + tan}(2x — 1) = tan'2
(b) tan(1 +x) + tan*(1 —x) = 32

(c) cosx + cosx /8 = %

(d) 2sin 2 tsintxy/2 =%
2 2

. . 1 1 1
Without using tables or calculator, evaluate tan™ > +tant c +tant c
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6. +1, +i, . 1 (1—i), LA+
iﬁ( )@( )
7. ()-1+iv3,2,2m3; B + 1i, 1, /6
2
(i) 1 £2i; @ p*=q-4,(b) 2p=q+5

8. (a) —3v3 + 5i; 213, 2.38 rad, (b) 5,-20.

9. (i) -1—1i, 3n/4, (i) 2—1i, 2; -10.

10.(b) -1, % N gi L(©) -L-3i, 11— 3V3) + 13+ V3)i
V3 V3

11. —%i7';1ii«/§;, $—-ii28

12. (i) x® —3abx + a® + b% 2 -4, 02 - ¥4, ?¥2 - ¥4

13. (i) +(3 - 2i), (i) 3 +i+/3.

14. (i) (@) 7/5, -4/5; (b) 2 + i

15. (i) 1—1i, -1 + 2i, (i) (3 + iv/3) ; /6, 21/3

16. (i) 2, 32, /3, -1/3; —16+/3 , (ii) 2 + 3i

17. (i) -1, (i) 1 + 2i, 2+/5

18. (i) V2, -m/4; 1 + Li, 8i.

20. (i) 2—1i,3-4i; (2, -1)

21. (i) 3x2 + 3y2 + 10x + 3= 0.

22. () x=1,y=20rx=-1,y=-2

23. (i) a) 13, -23°, (b) 1, 90°; (ii) 12;
(iii)lz+1+i|>4

24. 2sin@; Lcosechd, — 0; y = —1. 25. 222 2.

VECTORS

Straight line in space

A straight line is uniquely determined in space if
either; we know one point on the straight line and its
direction or two points on the straight line.

Vector equation of a line

The vector equation of a line is given by

r=a+ 148

r=a+AAB
A
r=a+ 4B
r=a+ad

Where; a = any point on the line
d = directional vector of the line.

The Cartesian equation is given by;
X —Xp Y—Xo Z—Z
= = - = A

a b
Where a, b and c are direction vectors

Example 1

Find the vector and Cartesian equation of a line
passing through 3i —j + 2k and is parallel to 3i—

j+2k
Solution;
r=a+d

(-

Cartesian equation
X 3 3
0
z 2 2
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x=3+31
y=-1-121
z=2+21
x—=3 _y+1 ~ z-2
3 7 -1 2
x=3 y+1 z-2
3 -1 2

Example 11
Find the vector and the Cartesian equation of a line
passing through A(3, 4, -7) and B(1, -1, 6)
Solution

r=a+Ad

d=AB=0B—-0A4

(2)-(5)-(3)
( )+ ( )<vectorequanonoﬂme>
2)-(5) ()

X=3-2A
y=4-5\
z=-7+13)

X=3_,
-2

-5
z+7=/1
13
Cartesian equation
x—3 y—-4 z+7

-2 -5 13

Example 111

Find the vector and Cartesian equation of a line

passing through (2, -1, 1) and is parallel to the line

whose equation

x—3 y+1 2z-2
2 7 =3

Solution

=1

Since the lines are parallel, it implies that they have

the same parallel vectors.
r=a+Ad

-

Cartesian equation:

£)-() ()

x—2:2)\:>%2:/1

y+1

y+l=7TA=>-—=41

1= ==

Xx-2 y+1 z-1_
2 7 -3

Example 111
Find the vector and Cartesian equations of the a line
passing through the following points
(@) 5,-4,6)and (3,7, 2)
(b) (3,4,-7)and (5, 1, 6)
Solution
r=a+AAB
r=a+ad

()-(2)-)
o) ()

X-5 y+4 7-6_

2 11 -4
(b) A3, 4,-7) and B(5, 1, 6)
r=a+d

5 3

6 -7

2

13

3 2

-7 13
x—3: y—4=z+7=/1

2 -3 13

Example IV
Find the coordinates of the point where the line joining
the points (2, 3, 1) and (3, -4 -5) meets the x-y plane

SORIE
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x=2+21
y=3-71
z=1-6A

For the line to meet the x-y plane, z=0
0=1-641
1

A==
6

P
=47

The coordinates are (13 161 , O)

Example V
Show that 4i
r=2i+3j+4k+ (i —

Solution

RRe

(4,-1,12)

4 2 1
)= ()
12 4 4
4=24+A=1=2
-1=3-21 = 21=2 and
12=4+41 = A1=2

~ The point lies on the line since the values of g are
the same.

—j— 12k lies on the line
2j+ 4k

Example V
The points A, B, C have position vectors

( ) < ) (1) Find which of the three points lie in
7
-1
the line r = ( 4>+A< )
1 2
Solution
-1 3
r= ( 4 ) + /1(—1)
1 2
-4
ForA,r = ( 5 )
-1

—4 -1 3

(5)-(1)(3)

-1 1 2
—4=-1+3A = A=-1

5=4-A=2A=-1
1=142A = A=-1

—4
= ( 5 > lies on the line.

5=-1+3\A = A=

2=4-A=> A=2

3=1+2A=> A=1

Since the values of A are not the same, point B
does not lie on the line.

8
ForC,[1
7

8=-1+3A = A=

1=4-2= A=3

7=1+22 = A=3

= Since the vales of A are the same, point C lies
on the line.

Angle between two lines

The angle between two lines is the angle between their

directional vectors

Consider two lines L; and L, with vector

equations

r=a+2Ad:; and r = b + pd; respectively

The angle between the two lines is given by
d,-d,

|d, [ld, |

the formula

Examples
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1. Find the angle between the lines;
r=3i+2j—4k+ A(i+ 2j + 2k)
r=5i—2j+ u(3i+ 2j+ 6k)
a.b = |a||b|cos 0

a.b
cos @ = ——

Solution
-1 2 -2 -1 - -7
:>x _y+2_z and x-1_y 3:z

2 1 -1 -2 1 2
N x—1= y—3= -7
-2 1 2

2 -2
d1:<1>andd2:(1>
-1 2

1 3 d,-d
d=(2) dy=(2 COs0 =
|d,[-d, |
2 6 2 2
1 3 -~
2)2) )0
-1 2
— 2 6 cosO =
cos & _\/12 + 22 + 22\/32 + 22 + 62 \/22 +12 + (_1)2 \/(_2)2 +12+ (2)2
p_3t4+12 osp o AT 12
CoStU = —mm—m -
VoV49 V6.9
g 19 = The acute angle between the two lines is 47.1°
CosU = 1
6 = cos—1 (2 Example 1V
= oS 21) Find the angle between the lines:
6 = 25.2° - - - _
X 1=y+1=z 22/1 and X 5=y 1=£=ﬂ
3 2 1 1 1 2
Example 11 Solution
Find the angles between the lines 3 1
x+4 y+1 z+43 x+1_y—4_z—5 d1:<2)andd2=(1)
3 5 4 1 1 2 1 2
luti .
Solution oS0 = d,-d,
_dyd |d,|-|d, |
cosf = 1 2
|dq11d,] 3 1
d=(5] d2=|1 cosf = VAR
4 2 S22+ (2 (D2 + 12 + (2)2
3+2+2
5/(1 cos = ——
cos 8 = 4/ \2 V14 .6
V32 + 52 + 42412 + 12 + 22 6=402°
3+5+8 = The acute angle between the two lines is 40.2°
c0sf = ———
(V50)V6
0 16 Note: If two lines are perpendicular, then
COSU = —— =
16
6 = cos™! (—) Point of Intersection of two Lines
V300 Example
§ = 22.5° xampie . .
' Find the point of intersection of the lines
Example 111 f:y+2:Z—5&x—1:y+3:z—4
Find the acute angle between the lines: 1 2 -1 -1 —3 1
Xx-1 y+2 z7-2 and 1-x y-3 z2-7 Solution
2 1 A 2 1 2 AN e UTUNON (i)

1 2 -1

371



x-1 _y+3 _ z-4
-1 -3 1
From equation (i)
X =R o (1i1)

From equation (ii)
x=—pu+1 ... (vi)
y+3=-3u
AT TV SRR 741} |
ISP+ (viii)
A=—-u+1.. v e e e e e e (%)
20 -2 = —3;1 3
pY R TR N € 1))
Substituting Eqn (*) in Egn (**)
20— +3u=-
2—2u+3u=-—
2+u=-1
u=-3
A=—-u+1
A=3+1
A=4
Equating Eqn (v) and Eqgn (viii)
—A+5=u+4
—4+5=-3+4
1=1
The two lines intersect
x=4
y=21-2
y=8-2
y=6
z=—4+4+5
z=-4+5=1
The point of intersection of the lines is (4, 6, 1)

Example 11

Find the point of intersection of the line
r=i-2j+3k+ AQ2i+j—k)
r=—i+3j+7k+ u(=2i+j+2k)
Solution

Fromr =i—-2j+3k+ AQ2i+j—k)

xy (1422
<y> = (—2 + ,1> ........................ (1)
z 3-1

r=—i+3j+7k+ u(—2i+j+2k)

-1 -2
r=(3)+/1<1)
1 2
—-1-2u
(r)=( 3+u )
1+ 2u

X -1-2u
<y> = ( 3+u ) S 3
z 7+ 2u

Equating the corresponding x components:
1421=-1-2u
204 2u = =2
A+pu=-1... e (3)
Equating the correspondlng y components
—24+A=3+u
A—u=5. e (4)
Equating the correspondlng z component
3—1=7+2u
20+ A=—=4 (5)
Eqn (3) —eqgn (4)
2u=-6
u=-3
From Eqn (4)
A—(-3)=5
A=2
Substituting A = 2 and u = —3 in Egn (5);
= The two lines intersect at (5, 0, 1)

Example 111
Find the point of intersection of the lines
y+3 z—-5_ x—-1 y—-8 z-3

XmI=Tm e 11 =2
Solution
y+3 z-5
x—1 y—-8 2z-3
< =1 - = 7R €2
From equation (*)
x—2=2
X=24 A e e e e v e e e (1)
y+3=141
Y=41 =3 et et et e (2)
z—5=21
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Z=2245 i e e (3)
From equation (**)

x—1=—u

LA N S 3

y—8=u

BT T - SRR ¢ )

zZ—3=2u

Z=20F 3 it e e e e e e e e (0)

Equating the corresponding components
24+4A=1—-yu
pu+8=41-3
[Ty R RN )
Ean(8) - (7)
54 =-10
A=2
Substitute A = 2 in Egn (8)
p—4x2=-11
u=-3
~ The point of intersection is (4, 5, 9)

PLANES

A plane is a surface which contains at least three non-
collinear points. If two points are taken then the lines
joining the two lines lies completely on the surface of
the plane.

A plane is completely known if we know one point
that lie on the plane and then the normal to the plane.

Equation of a Plane

Suppose a plane P passes through a point A with a
position vector a and is perpendicular to vector n. Let r
be any point (X, y, z) in the plane.

If two lines are perpendicular, dot product of their
direction vector = 0

AN

a r

ARn=0

(A0 +0R).n=0
(—a+r)n=20
(—na+nr)=0
na=n.r

Equation of a plane isgivenby n.7 = n.a

Where n = normal and a = the point that lies on the
plane.

Example I
Find the equation of a plane passing through (1, 2, 3),
and is perpendicular to vector 4i + 5j + 6k
Solution
nr=na

0-0))

4x+5y+6z=4+10+18
4x + 5y + 6z =32

Example 11
Find the equation of a plane which contains A with
position vector 3i + 4j + 2k and is perpendicular to
i+2j-—2k.
Solution

nr=na

(2)6)-() 0

x+2y—2z=3+8-4
x+2y—-2y=7

Example 111
Find the equation of a plane passing through a point A
with a position vector —2i + 4k and is perpendicular
to the vector i + 3j — 2k.
Solution

nr=n-a

(3)6)-()()

x+3y—2z=-2+4+0-8
x+3y—2z=-10
x+3y—2z4+10=0

Angle between two planes

The angle between two planes is the angle between
their normals

373



n..n,

|nqlIn,|

cosf =

Example |
Find the angle between the planes 2x + 3y + 5z = 7,
3x+4y—z=8

Solution
2 3
Tl1 = 3 ,nz = 4’
5 o -1
InqlIns|
2 3
3 4
5/ \—-1
cosO =
V22 +32 4+ 52.4/32 + 42 + 12
6+12-5 13
cos@ = =
V38.426  /38.426
13
0=cos ! ——
V38.4/26
0 = 65.6°
Example 11

Find the angle between the planes 3x — 3y —z = 0 and
x+4y—2z=4
Solution

e (5) ()

nin;
cosf =
|ny|In,|
3 1
cosO = —1/ \—2
V32 + (=3)2 + (—1)2.\/12 + 42 + (—2)2
3—12+2 -7
cos@ = =
Vv19.421  21.4/19
-7
0 = cos™ ! (—)
V21.419
0 = 69.5°

Angle between aline and a plane

r=a+id

=,

nd=| ||d|cosa

6 +90°+ a = 180°

6 +a=90°

a=90°—-6
n.d = |n||d| cos(90° — @)
n.d = |n||d]|sin @

ind n.d
sSIno =
Inlld|
in @ n.d
sSIino =
|n||d]
Example

Find the angle between the lines
r=1i+2j—2k+ u(i—j+ k)andthe plane 2x —

ytz=4
Solution
ng n.d
Sin =
In||d]
1 2
sin 6 1 1
V12 4+ (=12 +12.,/22 + (=1)2 + 12
- 24141
sing = —
3.4/6
o - ()
Sind = |—
18
- )
= Sin e —
18
6 = 70.5°

Find the acute angle between the line

x-1 _y-8 _ z-3 _ _
-/ -1 T = and 7x y+5z=-5
Solution
ng n.d
SIno =
In|ld]

374



56

sinf
V52 + (12 +12./72 + (—1)2 + 52
o _35+1+45
SiInt = ——
V27.475
ing ( 41 )
Sino =
V2025
g _ _1< 41 )
= Sin
V2025
6 = 65.7°
Solution
Find the angle between the line == = =2 = = and
x+y+z=12
Solution
ing n.d
SIno =
In|ld|
1 2
1 5
. 1/ \—1
sin@
V12 +12 412,422 + 52 + 12
g 2¥5-1
SN0 = ————
V3.4/30

ant = ()

6 s'n‘1< 6 )
= si N

NEN)
0 = 39.2°

Point of intersection of a line and a plane

Example |
x+1 _ y-3

P =

Find the point of intersection of the line
Zoandx+y+z=19
Solution
x+1 y-3 z+1
5 -1 1
From (*)
x+1=21
X=21—=1..ccoii (1)
y—3=051

x+y+z=12
A-D+G+3D)+(=21-1) =12
41 =16

A=4
From equation (1)
x=24)-1=7
From equation (2)
y =5(4)+3=23
From equation (3)
z=—-1—-4=-5
~ The point of intersection (7,23, —5)

Example 11

X +2
Find the point of intersection of the line E = yT
and the plane 3x + 4y + 2z = 25
Solution

X y+2

5 2

3x +4y +2z =125

350) +4(22—-2)+2(4A1+1) =25

154 4+84—-8+81+4+2 =25

311=25+6

314 =31

A=1

x =5, y=2-2=0, z=5
=~ The point of intersection = (5, 0, 5)

Example
Find the point of intersection of the line; % =

z —4 and the plane 2x —y + 3z =10
Solution

y-—2
2

x+2 y-—-2

1 —T—z—4—/1
X==A—2 (1)
Yy=2A+2.. (2)
Z=A+4. 3)

2x—y+3z=10
2(=1—=2)—(2A+2)+3(1+4) =10
—21—4-21-2+4+31+12=10
—41+31+6=10

—1=4

A=—4

x=—4-2=-6, y=-8+2=—6,
z=—4+4=0

The point of intersection (-6, -6, 0)

z-1
4
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Perpendicular distance of a point from a
plane

The perpendicular distance of a point (x4, y;, z;) from
the plane ax + by + cz + d = 0 is given by the
formula;

D |ax+by+cz+d|
VaZ + b2 + 2
Example
Find the distance of a point (—2, 0, 6) from the plane
2x—y+3z=21
Solution
ax+by+cz+d

va? + b? + c2

D=

x1,¥1,Z1 = (—2,0,6)
Comparing ax + by + cz + d = 0 with
2x—y+3z—21=0;
a=2, b=-1,
—-44+0+4+18-21

22+ (-1)2+32

-7 -7 .
D= s = 7 Units

c=3, d=-21

p-|

Line of intersection of two planes
Two planes intersect in a line

Examples |
Find the line of intersection of the planes 2x + 3y + 4z
=landx+y+3z=0
Solution
2x+3y+4z=1
x+y+3z=0
Letz=21
2x+3y=1—4A ..o (D)
X+Y =31t e e e (2)
Eqgn (2) x2
2X+ 2y =—=6A oo 3)
Ean (1) — Eqn (3);
y=1+24
y—1

T:A

From Eqn (2);

Buty=1+241
X+y=-3A
X+1+2A=-3A
x+1=-31-21
x+1=-54

Example 11
Find the line of intersection of planes 2x + 3y —z =4
andx—y+2z=5.
Solution
2x+3y—z=4
x—y+2z=5
Letz=21
2x+3y—1=4
xX—y+24=5
2x+3y =44+ ..ol (1)

Multiply Eqgn (ii) by 3;
3x =3y =15—-64............... (iii)

Eqn (iii) + Eqn (i);
5x =19 — 51
5A=—-x+19

d=—x

Multiply Eqgn (ii) by 2;

2x—2y=10—4A ............... @iv)
Eqn (iv) — Eqn (i);

—5y=6—-51

5A=—-6+5y

1=y

,_6
1=

Example
Find the Cartesian equation of a line of intersection of
the lines.

2x—3y—z=1

3x+4y+2z=3

Letx =1

—3y—z=1-21............... (1)

4y+2z2=3-31....ccoinn. (i1)
Egn (i) x 2
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—6y—22=2—4A ..o (iii)
Eqn (iii) + Eqn (ii)
—2y=5-721
—2y—-5=-71
—2y-—5
-7 A
5
~2(y+3)
-7
Eqgn (i) x 4
=>—-12y—4z=4—-81........... (iv)
Egn (i) x 3
12y +62=9—9A ...l v)
Eqgn (iv) + Egn (V)
2z =13 —-17A
2z—13
-17
13
2(2-%) _ \
—-17

=1

Equation of a Plane
Given three points on the plane, we can find the
equation of a plane;

Example I

Find the Cartesian equation of a plane passing through
A,3,-4)B(2,-1,2)and C (7, 4, -1)

Solution

p
Let the normal = ( >

(2>-(‘6)‘°

2p—4q+6r=20
P—2q+3r=0 ..o, 1)

(£)()-¢

Tp+q+3r=0....cccciiiiinini.. (ii)
From (i)
D=20 =31 oot (ii1)

=>7(2q—-3r)+q+3r=0
14q - 21r +q+3r =0

15q —18r =0
5 —6r=20
5q = 6r
6 .
q = T (iv)
L (6r) 3
p_ 5 r
12
p=?r—3r
3
5)- (e )-5(2)
q)=1| ér ==l 6
r r/5 5 5

nr=na

x -3 -3 0
()(e)-(e) ()
z 5 5 —4
—3x+6y+5z2=0+18—-20

—3x+6y+5z=-2
3x—6y—5z—-2=0

Example 11

Find the equation of a plane passing through points
P(4,2,3),Q(5,1,4)and R(-2, 1, 1).

Solution

p
Let the normal to the plane be <q>
r

() ()
()00
()

p—q—1=
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()¢

—6p—q—2r=0
p+q+2r=0.....cccccinninnn.. (i1)

From Eqgn (i);
p=q-—r1
6(q—r)+q+2r=0
6q—6r+q+2r=0
79 —4r =0

X\ /—3 -3 4
2)(1)-(4)C)
zZ 7 7 3
—3x+4y+7z=-12+8+21

—3x+4y+7z=17
3x—4y—-7z+17=0

Example 111
Find the equation of the planes passing through the
following points:
(i) A(0,2,-49B(2,02)C(-8,4,0)
Solution

p
Let the normal n = <q>

OROK®
(-0

(9)(2)-

2p—2q+6r=20

()

—8p+2q+4r =20
Ap+g+H2r=0..ccciiiiiiii (i1)
p—q+3r=0
p=q-—3r
—8(q—3r)+2q+4r=0
—8q+24r+2q+4r=20
—6q+28r=20
6g = 28r

14r

o)) (o))

5x+ 14y +3z=0+4+28-12
5x+14y+3z—16=0

(i) A(-1,0,1),B(3,3,-2),C(-1,1,1)
p
Let the normal = (q)
r

w-(3)
(1)
(@)(z)-0

4p+3q—3r=0....ccceiiiii... (1)

p\ /0
()
r 0
q=0
Substitute g = 0 in Eqn (i);
4p = 3r

o= 3r
4
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nr=na

£6)-G)(e)

3x+4z=-3+4
(Bx+4z=1)
3x+4z—1=0

Example IV

Find the Cartesian equation of a plane containing the
point (1, 3, 1) and it’s parallel to vectors (1, -1, -3) and
(2,1,-3)

Solution

50-00

Example V

Find the Cartesian equation of the plane passing
through the points A(1, 0, -2), B (3, -1, 1) parallel to
the line

r=3i+Qa—-1j+G-a)k

Solution:

r=3i+2aj—j+5k—cak
r=3i—j+5k—a(0j+2j—k)

MONGRG
(3

1 2
AB = (—1>and AC = ( 1 )
3 -3

p
Let the normal = (q)

r

AC =

0
2
-1

(2)0)-

20— G+3=0 oo, (i)

(0)2)-

p—q+3r=0......... (1)
P\ [/ 2

()(3)-

r/ \-3
2p+q—3r=0.................. (1)
p=q—3r

2(q—3r)+q—-3r=0
2q—6r+q—3r=0
3g—9r=0

q=3r

p=3r-3r

p=0

(£)(2)-

From Eqgn (ii);
=>r=2q
2p—q+3(2q)=0
2p—q+6qg=0
2p+5q=0
-5

P=7CI

nr=na

0G)-G )

(=5x+ 2y +4z=—-13)
5x —2y—4z—-13=0
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Example VI
Find the equation of the plane containing line

1 -2
r= (—1) + t( 1 ) and is parallel to the line

0 -1

~Ge
o=(3) =) (o)
(1{(2)-

-2p+q-r=0
S20-0+r=0........o (i)
p\ /-1

<Cl>( 1 >=0

r 2
P+HO+2r=0.....ociinnin (ii)
From Eqn (i);

r=-2p+q

=p-q-2(q-2p) =0
P-0-2q+4p=0

5p-3q=0
=3
P 5
3q
:—2 —_—
r (5j+q
]
5

S
Il
RS
SQT
N~
Il
ald Q olg
Il
vl
I
—_ [ B OS]
N~

nr=na

x 3 3 1
b1 (5)-()5)
z -1 -1 0
3X+5y—-z=3-5+0
3x+5y—-z=-2

Example VII

Find the Cartesian equation of the plane formed by the
lines r =-2i + 5) — 11k + A(3i + j + 3k) and
r=8i+9j+A(4i + 2j +5k)

Solution

o ()-G))-

3p+g+3r=0...cccceiininn ..l (1)

p 4

<q).(2):o

r/ \5
4p+29+5r=0..............ee. (i1)
From Eqn (i);
g=-3p-3r
4p+2(-3p—3r)+5r=0
dp—6p—6r+5r=0
2p—-r=0

r=-2p

q=-3p-3(-2p)

q=3p

()-()-+(3)

£ (2)-() ()

X+3y—22=-2+15+22
X+3y—22=35

INTERNAL AND EXTERNAL DIVISIONS
Let A and B be points in space with position vectors A
and B.

0

Let R be a point on a line segment AB dividing AB
internally in the ratio of A : u

OR=0A+AR

0R=a+LAB
A+u

—a+— b-a)
_a/1+,u a
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_al+au+bl—al

A+u
_ap+ba

A+pu

OR

Example |

4 1
Given that; OP = (—3),0() = <0> Find the
5 2

coordinates of R such that PR :RQ = 1:2
_au+bi

r =
A+u

on=2(3)1(s)
()

R=(3-24)

Example II

2 7
The points A (—1) and B (6) form a line segment

6 1
which is divided externally in the ratio of 4:-1. Find

the coordinates of T

2 7
_1<_1)+4(6)
_ 6 1
G -1+4

-2+ 28
< 1+ 24 )
_\—-6+4
oT ——263
1
-()(=)

T_<2625 2)
“\3’3" 3

Example 111

3 9
Find the position vectors <—2> and < 1 ) , Find the
5 -1
position vectors of C which divides AB externally in
the ratio of 5:-3
Solution:

“(2)()

5+ -3

L) G

2

-9+ 45
6+5
—-15-5

2

2 -20

18

11
/2
10

ocC =

C—<1811 10)
- I2P

Example IV
Given that A(0, 5,-3), B(2, 3,-4) and C(1, -1, 2).
Find the coordinates of D if ABCD is a rectangle or

parallelogram.
D c(1,-1,2)
B(2,3,-4)
A (0,5, -3)
AB =DC

(0B — 04) = (0C — 0D)
0D = 0C + OA — OB

({2
o-(2)-(})
o)

D =(-1,1,3)
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Proving that three points are vertices of a d-—x_ y 1-z
6

triangle 2 3
x—4 y z-1
Give a triangle ABC with vertices 2T T 3
A = (x1y121) B (X2, y2, 22) C (X3, y3, Z3) A(2, 3, -4)
C
B(4-21), 6X, (1-3%)
A R 4 -2
AB+BC+CA=0 T=(0>+3(6>
OB —0A+0C—0B+0A-0C=0 -1 -3
X 4 -2
Example <y> = ( 0 |+1] 6
Show that 3i + 3j + k, 8i + 7j + 4k and z -1 -3
11i + 4j + 5k are vertices of a triangle X 4—22
C(11,4,5 <y) _ ( 1 )
z -1-32
-2
AB.( 6 |=0
-3
B(8,7,4
A(3,3,1) r = 0B —
AB+BC+CA=0 AB = 0B — 04
4—-21-2 2—-22
OB —0A+0C — 0B + 0A— 0C =< 13 )=(6/1_3)

~

OG-0 pan,
B e

8 8 —4+41+361—18—-15+91=0
<1> < i) <> 0 361 +94+44—-18-15-4=0
491 = 37
i : 37
Length and the equation of the perpendicular A=—
drawn from the point 9
Example |

[\]
|
[\]
/-~
B
O

Find the equation and length of the perpendicular
drawn from a point (2, 3, -4) to the line
4—x y 1-z
2 6 3

o~
w O

oS
o
Il
~— _
(o))
—
| w
~
~—
|
w
N

/-~
B
O

Solution
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24/49
AB = | 75/49 |

\134/49/

24
49

2
r=|3 |+1| &
—4

134
49

Equation of the perpendicular
Xx-2 y-3 z-4
72/ 69/ 186
49 49 49

Length of the perpendicular AB

24\%  75\%  /134\?
1= |(G5) + () +(59)
AB = 3.1719 units
Find the length and equation of the perpendicular
drawn from a point (5, 4, -1) to the line; r = i +
AQ2i+9j + 5k)
Solution

A5, 4, -1)

B(1+21, 92, 51)

1+21-5 21 -4
AB=< 91 -4 )=<9A—4>
5A+1 5A+1

AB.d =0

2
o

5
24— 4\ /2
B
51+ 1/ \5

(2C2A—4)+9(91—4) +5(5B1+1) =0

41 —-8+811—-36+254+5=0
814+ 254 +44—-8+5-36=0

1104 =39
39

4B| = (—362)2 (—89)2 (—305)2
B 110 110 110
|AB| = 4.379 units

Equation of the perpendicular bisector is

—362
110

5
r=|4 |+up| %
-1

305
110

x—5 y—4 z+1
—362 =89 ~ 305 —H
/110 /110 /110

Shortest Distance between Parallel Planes

Example |
Find the perpendicular distance between two parallel
planes;

2x + 5y —14z =30

2x 4+ 5y — 14z = —15

Solution
ri=d,
Plane 1
2i+5j—14k\ 30
(T) " 15
<2i + 5j — 14k) _5
' 15
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<2i +5j — 14k) _
' 15 B
Plane 2
r.2i + 5j — 14k = —15 = units
2i +5j — 14k °
(S o
15 ¢ unit
_3 + 4 _7 units
2 units J6 6 \/6
1 unit
Shortest distance between two parallel
lines
A
0
Example 11 d
Find the perpendicular distance between two parallel
planes;
x+2y—z=—4andx+2y—z=3 6
ri=d, 0 B
For plane 1 A
r(i+2j—k)=-4
r0+2j—k)_:i
R d
For plane 2
C 0
r(i+2j—-k)=3 o U B
Or0+2j—k)_ii
NG Distance between a point A and line B

d = ABsiné

Example I
Find the shortest distance between the following
pairs of parallel lines

Xx-2 y-1 z-3
1 -1 2

and

384



x+1 y-3 z-1
1 -1 2

AB = (2+1) +(1-3)' +(3-1)°
AB =17

AB =0B-0A
(1)-()-C)

A(2,1,3)

0 = 26.8°

d
sin 26.8° = —
V17
d = 1.859 units

Example II

Find the distance between the following pairs of
parallel lines

B
()L

Solution

A(2,0,3)
0

B(1,-1,4)
+(0+2)" +(3-4)°

2

il 1
Ve

cosfO =

AB
AB
AB

J(2-1)
+1+
2

B

0 = cos‘l(
0 =61.9°

=IEs
(o]
N—

sinf =

il =~

in61.9° d
sin61.9° = —
V3

d =/35sin61.9°
d = 1.52789 units

SKEW LINES

These are lines which are neither parallel nor
perpendicular

Shortest distance between two skew lines

Example I
Find the shortest distance between the following
skew lines

(o)

AN2F 2}\*3”\\

NS

B(2u, -1+u, 143y)
AB =0B-0A
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2u—1+ 1) 2u—A+1
1+ pu—(2+24) |-| u—24-3
1+3u—(3+ ) 3u—A—2
20— A+1\(1
u-22-32|=0
3u—1-2)\1
20— A+1+2u—4—6+3u—-1-2=0
TENY N S @)
20— A+1)(2
u—-22-31|=0
3u—1-2)\3
Ap—-22+2+pu-22-3+9u—-31-6=0
144-74-7=0
T NTI R (2)
-1 7
H=5 s
2
AB=|-04
-1.2

AB = /2% +(=0.4)% +(~1.2)? = 2.3664units

Example 11
Find the shortest distance between the following
pairs of skew lines

x-2_y+1_z x+1 y-1 z-1

= =— and = =
0 1 2 1 -3 -2
Solution
2 0 -1 1
r=|-1\+A{1|,r=|1 |[+u|-3
0 2 1 -2

"1+A ZA.)

B(-1+y, 1-3p, 1-24)

AB=0B-OA

(1+ﬂ) u-3
(1-3u)—(- 1+/1) =| -3u—A+2
( ) 1-2u-22
u—3 0
Bu-A+2|1(=0

1-2u—-24 )\ 2
Bu-A+2+2-4u-41=0
—Tu—-54-4=0

Tu+51-4=0

TRy R S )
-3 1
Bu-A+2|-3|=0
1-2u-24 )| -2

1—3+9u+31-6-2+4u+42

%
14u+72-11=0 AB=| -84
%

UApu+72=11.cccii. (2)
9
==, 1=-1
u=s

2 2
AB = —12 + i +(§j
7 7 7
AB = /144+§+i
49 49 49
3J21
7

AB = units

Vector Geometry

Example I

Triangle OAB has OA=a, OB=Db. C is a point on OA
such that Ocz%a. D is a mid point of AB when CD

is produced, it meets OB at E such that DE = nCD and
BE=kb. Express BE, DE in terms of;
ayn,aandb

b) k, b and a. Hence find the values of n and k.
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—+k==x3
¢ D
Ssao Example 11
TSeao Given that OA is a and OB=b point R is on OB such
0 SSsoE that OR:RB=4:1. Point P is on AB such that
B BP:PA=2:3. When RP and OA are both produced, they
meet at Q. Find OR and OP in terms of aand b
DE =nCD i) OQ in terms of a
. - . Solution
DE =n| CA+AD |
— 1 _}
DE=n|-a+ AD
3
DE =n 1a+lﬁ}
13772
DE = 1na+inb-1na
3 2 2
DE = —tna+ 2 nb )
6 2
DE = DB+ BE
ﬁ:%ﬁmb OP =OB + BP
. 2
ﬁ:%(b—a)mb OP=b+gBA
— 2
bE-1p-tatuo OP=b=+¢(@=b)
2 2 1
OP ==(3b +2a)
1 1 5
DE = E+k b-—=a
9 . 0Q =A10A=Ja
Sa=gha 0Q=0R+RQ
1 1 — 4 .
1_1, 0Q =—b+ uRP
2 6 5
6=2n — 4 -4, 1
OQ==b+u| —b+=(2a+3b
n=3 Q=5 ”(5 5 )J
— (4 1 2
OQ=|—-——Zul|b+=pua
(%+kjb:%nb Q (5 5”) 5%
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4 1 1
—_Zu=0 OT=a+ u(a+ =h)
5 5% 4
u=4 OTZa—,ua+%yb
122, OT=(1—m)a+ b (i)
5 4
8 Equating components of vectors a and b in Eqns (i)
A=¢ and (ii);
1
PRy — (iii)
0Q=-a 1 1
A= = i, i
27 4 )
O, A and B are non collinear points OA=a, OB =hb,C 24 =u
is midpoint of AB, D is a point on OB such that p)
=>—=1-2u
OD= %OB . T is a point of intersection of OC and AD. 2
51
Find the vector OT in terms of a and b. ) =1
Solution )
1==
5
_4
#75
OT:g(laJrlbj
52 2
1
OT ==(a+b)
5
Revision Exercise
a
© A 1. Inatriangle ABC, the altitudes from B and C meet
OT =20C the opposite sides at E and F respectively. BE and
OC=0B +BC CF intersect at O. Taking O as the origin, use the
1 dot product to prove that AO is perpendicular to
=b+ =BA
2 BC
b) Find the point of intersection of the line
=b+ L(a-b) ®) At
2 X _Y+e_ Z—1 withthe plane
1 5 2 4
OC=Z(a+bh) X+4y+22-25=0
2 . .
1 1 (c) Find the angle between the line
OTzi[EaJrEbj x+4_y-2_z+1andtheplane4x+3y+1=
8 2 4

OTzl/Ia+1/1b
2 2

OT =0A + AT
=a+ uAD
AD =AO0 +0OD

—a+t 1b
4

0
(a) Show that the equation of the plane through
points A with position vector 2i + 2k
perpendicular to the vector i + 3j — 2k is x + 3y —
2z+10=0
(b) (i) Show that the vector 2i — 5j + 3.5k is
perpendicular to the line r = 2i —j + A(4i + 3j +
2k)
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10.

(ii) Calculate the angle between the vector 3i — 2j
+ k and the line in (b)(i) above.

A point P has coordinates (1, -2, 3) and a certain
plane has the equation x + 2y + 2z = 8. The line

through P parallel to the line g _y +11 - Z_“;l

meets the plane at a point Q.
(a) The line through A(1, -2, 2) and perpendicular
to the plane 4x —y + 2z + 12 = 0 meets the plane
in point B. Find the coordinates of B.
(b) Given that the vectors ai — 2j + k and 2ai + aj
— 4i are perpendicular, find the values of a.
Find the equation of the plane through the point
(1, 2, 3) and perpendicular to the vector r = 4i + 5j
+ k.
() The vertices of a triangle are P(2, -1, 5), Q(7,
1, -3) and R(13, -2, 0). Show that ZPQR = 90°.
Find the coordinates of S if PQRS is a rectangle.
(b) Find the equation of the line through A(2, 2, 5)
and B(1, 2, 3)
(c) If the line in (b) above meets the line
x-1_y-2_z-1 at P, find the:
1 0 3
(i) coordinates of P,
(ii) angle between the two lines
The position vector of points P and Q are 2i — 3j and
3i — 7j + 12k respectively. Determine the length of
PQ. PQ meets the plane 4x + 5y — 2z = 5 at point S.
Find:
(@) the coordinates of S,
(b) the angle between PQ and the plane.
(a) Find the angle between the line r = 3k + A(7i — j
+ 4k) and the plane r- (2i — 5j — 2k) = 8
(b) Show that the lines with vector equations
ri=(1+40)i+ (1-2)j+(20)k, and
r2=(5+3u)i+ (2u)j + (2 - Spk.
intersect at right angles and give the position
vector of the point of intersection.
Find the equation of the line with directrix vector d
which passes through the point with position vector
a given that
(@ a=i+2j-k d=3i-k
(b) a=4i-3k, d=i-3j+3k
Find the vector equation of the line which passes
through the points with (a) position vectors 3i — 3j
+kand-2j +j+k.
(a) position vector i+ 4jand 3i—j + 2k,

11.

12.

13.

14.

15.

16.

17.

(b) coordinates (0, 6, -6) and (5, -7, 2)

(c) coordinates (0, 0, 0) and (5, -2, 3)

Write down in parametric form the vector

equations of the planes through the given points

parallel to the given pairs of vectors.

@ (1,-2,0);i+3jand —j + 2k

(b) the origin; 2i —j and —i + 2j — 7k

() 3,1,-D;jandi+j+k.

Find a vector equation for the plane passing

through the points with position vectors 2k, i — 3j

+ k and 5i + 2j.

Find the vector equation of the plane through the

points A(1, 0, -2) and B(3, -1, 1) which is parallel

to the line with vector equation r = 3i + (21— 1)j

+ (5 —A)k. Hence find the coordinates of the point

of intersection of the plane and the line r = gi + (5

—wj +2u-"7k.

Find a vector equation for the line joining the

points

(@) (2,6)and (5, 2)

(b) (-1, 2, -3) and (6, 3, 0).

(a) Points A and B have coordinates (4, 1) and (2,

-5) respectively. Find a vector equation for the

line which passes through A and perpendicular to

the line AB.

(b) Points P and Q have coordinates (3, 5) and (-3,

-7) respectively. Find a vector equation for the

line which passes through the point P and which is

perpendicular to the line PQ

Find a vector equation for the perpendicular

bisector of the points:

(@) (6,3)and (2,-5)

(b) (7,-1) and (3, -3)

Points P, Q and R have position vectors 4i — 4j, 2i

+ 2j, and 8i + 6j respectively.

(a) Find a vector equation for the line L, which is
the perpendicular bisector to the points P and
Q

(b) Find a vector equation for the line L, which is
the perpendicular bisector to the points A and
R.

(c) Hence find the position vector of the point
where L; and L, meet.
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18.

19.

20.

21.

22.

23.

24,

25.

26.

217.

Two lines L; and L, have equations

B

(a) Show that L; and L, are concurrent (meet at a
common point) and find the position vector of
their point of intersection.

(b) Find the angle between L; and L..

Points P, Q, and R have coordinates (-1, 1), (4, 6)

and (7, 3) respectively.

(a) Show that the perpendicular distance from the
point R to the point PQ is 3v2 .

(b) Deduce that the area of the triangle PQR is 15
sg.units.

Points A, B and C have position vectors —i + 3j +

9k, 5i + 6] — 4k and 4i + 7j + 5k respectively. P is

the point on AB such that AP = 1AB . Find:

(@) AB

(b) CP

(c) Find the perpendicular distance from the point

C to the line AB.

Two lines L; and L have vector equations

ri=(2-37\)i+ (1+2)j+4Ak

r, = (-1 + 3A)i + 3j + (4 — M)k respectively. Find:

(a) the position vector of their common point of

intersection.

(b) the angle between the lines.

Find the equation of the plane containing points

P(1,1,1),Q(1,2,0)and (-1, 2, 1).

Find the equation of the plane containing point (4,

-2, 3) and parallel to the plane 3x — 7z = 12

Show that the point with position vector 7i — 5j —

4K lies in the plane r=4i +3j + 2k + Mi—j — k) +

W(21 + 3j + k). Find the point at which the line x =

y — 1 = 2z intersects the plane 4x —y + 3z = 8.

Find the parametric equations for the line through

the point (0, 1, 2) that is parallel to the plane x +y

+z=2and perpendicular to the linex=1+t,y =
1-tz=2t.

Find the distance between the parallel planes

z=x+2y+land3x+6y—3z=4

Two planes are given by the parametric equations

X=r+3 and x=1+r+s
y=3s and y=2+r
72=2r and z=-3+5

28.

29.

30.

31.

32.

33.

34.

35.

Find the Cartesian equation of the intersection
point.

2
The equation of a plane P is given by [GJ — 33
9

where r is the position vector of P. find the
perpendicular distance from the plane to the

origin.
The line through point P(1, -2, 3) and parallel to
the line g .Y 1 z +1 meets the plane x + 2y

+ 27 8 at Q. find the coordinates of Q.

(a) Find the angle between the plane x + 4y —z =

72 and the line r = 9i + 6j + 8k.

(b) obtain the equation of the plane that passes
through (1, -2, 2) and perpendicular to the line
Xx-9 y-6 z-8

4 a1 1

(c) Find the parametric equations of the line of
intersection of the planex +y +z =4 and
X-y+2z+2=0

Find the point of intersection of the three planes

2X—y+32=4,3x-2y+6z=3and 7x -4y + 52

=11

Find the Cartesian equation of the plane with

3 2 1
parametric vector equation  _ [OJ + ,{_1} 4 ﬂH

1 0 1

Find the Cartesian equation of the plane
1
containing the point with position vector | 3 | and
1
1 2
parallel to the vectors | -1| and | 1
3 -3

Find the Cartesian equation of the plane
containing the points with position vectors
1 2 3

2,1 and|-3].

-1) \-2 3
Find the perpendicular distance from the plane
r.(2i — 14j + 5k) = 10 to the origin.
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36.

37.

38.

39.

40.

Find the position vector of the point where the

2 5
line r =| 1|+ 4| 3| meets the plane
3 2
2
r-|-1(=15.
-3

3 1
Two lines have vector equations , — [_1] i ,{ 2]
1 -1

4 -1
and ( - {4] 4 /1[ 1 J Find the position vector of
1 2

the point of intersection of the two lines and the
Cartesian equation of the plane containing the two
lines.
The position vector of points P and Q are 3i - j +
2k and 2i + 2j + 3k, respectively. Find the acute
angle between PQ and the line 1 —x =
y-3 4-1
2 4
(b) Find the point of intersection of the line x — 2
=2y+1=3-zandtheplanex +2y +z = 3.
(c) Find the equation of the plane through the
origin parallel to the lines r=3i+ 3j —k + s(i—j —
2k) and r = 4i — 5j — 8k + t(3i + 7j — 6K)
(a) The points A and B have position vectors a =
2i —j + 6k and b = 7i — 6] + k respectively. Find
the coordinates of a point P which divides the
vector AB in the ratio:
@i 41
(i) 1:4
(b) Find the Cartesian equation of the plane
through the origin parallel to the lines
x—3=3—y=£i}am
-2

X—4 y+5 x+8

3 7 -6
(c) Find the angle between the line

1_y-Y=3_4-2 and the plane
2 4

2x—-3y—-2z+5=0.

41.(a) Determine the unit vector perpendicular to the

plane containing the points A0, 2, -4),
B(2, 0, 2) and C(-8, 4, 0).

(b) Find the equation of the plane in (a) above

(c) Show that the point T(5, -4, 3) lies on the plane
in (a) above.

(d) Write down the equation in the formr=a + Ab
of the perpendicular through the point P(3, 4, 2)
to the plane in (a) above.

(e) If the perpendicular meets the plane in (a) above
at N, determine vector NP.
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