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PREFACE

Principles of Applied Mathematics is the
culmination of many years of experience and
research right from the times when | was still just a
high school student to now while am undertaking
my post graduate studies in one of best universities
in China.

With reference to the report made by UNEB on the
performance of candidates in the year 2017, the
examiners noted that students still had particular
weaknesses in performing mathematic tasks with
higher cognitive demands, such as taking real-world
situations, translating them into mathematical terms,
and interpreting mathematical aspects in real-world
problems especially in the section of Mechanics.

This book is my effort to address these weaknesses
by presenting a sound but simple treatment of
applied mathematics at Advanced Level. It in great
detail consists of three sections: Mechanics,
Statistics and Numerical Methods as stipulated by
the NCDC syllabus.

Mechanics itself is an endearing and very useful
educational tool. It teaches the student to understand
physical laws that are expressed in mathematical
terms and to apply those principles in unfamiliar
situations. It teaches how to work logically and
provides an excellent training in problem-solving.

Applied mathematics requires the use of some basic
knowledge of pure mathematics. Some proofs in the
section of mechanics require knowledge of
trigonometry while some questions like in numerical
methods require knowledge of integration,
especially when asked to find the error made in
using the trapezium rule which requires finding the
exact value of the integral. Also topics like centre of
mass require the knowledge of finding the area
under the curve and solids of revolution. The reader
will find a number of scenarios where applied
mathematics builds on the earlier concepts learnt in
pure mathematics.

The worked examples in each section have been
carefully selected to serve the needs of a wide range
of students and teachers. At the end of each topic are
self-evaluation exercises with answers to help the
students to widen their experience and build their

confidence. Some problems require more thought
and application and might appear to be quite more
demanding for average learners. They should
therefore not rule out guidance from their teachers
in such situations.

At the end of each section are examination past
paper questions to help the learners get exposed on
how questions are examined in various topics or
subsections by UNEB. My decision not to group
them according to their respective topics or
subsections is to help the learners identify for
themselves the topic or subsection where the
question is coming from.

It is therefore my sincere hope that students, teachers
as well as general readers will find this book a good,
reliable and an indispensable guide to applied
mathematics and | am therefore optimistic that it will
meet the needs of readers at all levels.

Finally, all misfortunes, if any in this book are
purely my responsibility because it is difficult to
claim perfection. I will be glad for any comments or
compliments that will be directed to me. For no one
is a monopolist of knowledge and no scientific
theory is born in vacuum. Each scientist builds on
the work of his predecessors.

This edition gives me the opportunity to thank all
those people who have suggested ways in which the
book might be improved. | am particularly grateful
to all the individuals who undertook the laborious
task of assisting with proof reading and for the
invaluable suggestions made throughout the
preparation of this book.
Kawuma Fahad
BBPG (MUK)
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EXAMINATION TECHNIQUE

Problem solving

Problem solving is one of the most important aspects of your
mathematics course so you will need to spend a large part of
your private study time tackling problems to improve your
understanding of a topic and your ability to answer
questions.

Persevere with your problem solving: do not give in too
easily, but on the other hand do not waste time on a problem
that is not yielding to your strategy and on which you do not
have any alternative strategies to try. Leaving a problem and
coming back to it can often be fruitful, the break giving you
new insight into its solution.

As you work through each topic, cover the solution to each
worked example, try to answer the question yourself and
then compare your working with that given. When you feel
that you understand a topic, try to answer the self-evaluative
exercises and the questions from examination past papers.
This will build up your confidence in your problem-solving
abilities.

Learning

Mathematics is a very demanding discipline. To understand
some of the basic ideas and concepts will involve you in
some hard thinking and for the first time in your intellectual
development you may be aware of consciously directing
your critical powers to discover the nature of any
misunderstandings which you may have.

There are a large number of identities, formulae and
equations in mathematics and most probably you may be
provided with tables with a list of formulae for you to use.
There is no reason why many of these formulae should not
be committed to memory. If you try to memorise new results
when you first see them it is not such a daunting task as it
may appear and the effort pays handsome dividends when
you do not constantly have to refer to a formulae book when
solving problems. However, if you are not confident in your
memorising abilities, regular use of formulae book will help
you to get to know where in the book appears so that you
can check and also put in mind the formulae that are not
listed in the book for you to do your best to memorise them.

Answering the questions: Before you attempt to answer a
question, read it all again carefully, jotting down points such
as formulae and information relating to that question. These
hints should help you when writing an answer.
1. Make sure that your writing is legible.
2. Draw a large clearly labelled diagram if appropriate
3. Present your solution in a neat, logical and concise
way.
4. Show all your working; many marks are given for the
working not the answers.
5. Solve the problem which has been set and not the one
you think is being posed.

6. Do not do things you are not asked or, for example,
do not do proofs unless specifically requested.

7. State any principles, results, formulae, etc. used.

8. Check any formulae you use with the formulae sheet,
if provided.

9. Use and state the correct units, e.g. ms™2, N s, etc.

10. Always do a rough estimate of any calculation to
check that your answer is sensible.

11. When using a calculator, make sure that each
calculation is shown clearly in your answer.

12. Give your final answer to the required degree of
accuracy.

13. In questions saying ‘hence or otherwise’, try ‘hence’
first since it is usually easier and uses the suggestion
given in the first part of the question.

14. If you get ‘stuck’, re-read the question carefully to
check that you have not missed any important
information or hints given in the question itself.

15. When you have completed your solution, re-read the
question to check that you have answered all parts.

Examination discipline

It is important that you try to keep the times you have
allocated to answering a question or section and that you
answer the correct number of questions. If you answer less
than the number required, you are limiting the number of
marks available to you.

In short answer sections, which are often compulsory,
if you can not see how to solve a problem fairly quickly,
leave it and return to it later if you have time. A fresh look
at a question often helps.

In longer question sections, do not overrun your time
allocation on any question by more than a minute or so. Do
not be lured into thinking ‘just a few more minutes and 1’11
have the answer’. In most examinations, the first parts to
many questions are easier than the later parts so it is usually
easier to gain more marks by attempting all the questions
required than by completing a question.

The Examination Board has different policies regarding
candidates who have answered too many questions. This can
vary from year to year so check the Board’s policy.

1. Marks all your questions and ignores your worst

marks — hand in all your answers.

2. Ignores your last questions — cross out the
questions you feel you have done badly, leaving
only the correct number to be marked.

Avoid any kind of examination malpractice. This can be a
disaster to your future if discovered.

Finally, there only remains for me to say good luck. But
exams have little to do with luck. Luck goes to a
prepared mind. If you have done the work and revised
thoroughly, you will undoubtedly do well.

v
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Mechanics

Introduction

Mechanics deals with motion and the action of forces on
objects. You will encounter a variety of forces in mechanics.
These force diagrams show some of the most common
forces.

e The weight (or gravitational force) of an object acts
vertically downwards.

e The normal reaction is the force which acts
perpendicular to a surface when an object is in
contact with the surface. In this example, the
normal reaction is due to the weight of the book
resting on the surface of the tabe.

Reaction of table on
the book

v

Weight of book acting
on table

e The friction is a force which opposes the motion
between two rough surfaces.

Direction of motion
 ——_

L R
Friction force %}j
4— P 3

e If an object is being pulled along by a string, the
force acting on the object is called the tension in
the string

Tension in the

e Ifan object is being pushed along using a light rod,

the force acting on the rod is called a thrust or

compression in the rod.

Compression or
s, thrust in the rod

e

Mathematical modelling

Mathematical models can be constructed to simulate real-
life situations, but in most cases it is necessary to simplify
the problem by making assumptions so that it can be
described using equations or graphs in order to solve it.
The solution to a mathematical model needs to be
interpreted in the context of the original problem. It is
possible your model may need to be refined and your
assumptions reconsidered.

This flow chart summarises the mathematical modelling
process.

Real world
problem

\ 4

Set up a mathematical world

e What are your attempts?

e \What are the variables? A

Reconsider

assumptions
\ 4

Solve and interpret

Is your answer
reasonable?

Report
solution
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Mechanics

Model

Modelling assumptions

Particle — Dimensions of the object are negligible

mass of the object is concentrated at a single
point

rotational forces and air resistnace can be
ignored

Rod — All dimensions but one are negligible, like a
pole or a beam

mass is concentrated along a line
no thickness
rigid(does not bend or buckle)

Lamina — object with area but negligible
thickness,like a sheet of paper

mass is distributed across a flat surface

Uniform body — Mass is distributed evenly

mass of the object is concentrated at a single
point at the geometrical centre of the body —
the centre of mass

Light object — Mass of the object is small
compared to other masses,like a string or a pulley

treat object as having zero mass
tension the same at both ends of a light string

Inextensible string — A string that does not stretch
under load

acceleration is the same in obejects connected
by a taut inextensible string

Smooth surface

assume that there is no friction between the
surface and any object on it

Rough surface — if a surface is not smooth,it is
rough

objects in constact with the surface experience
a frictional force if they are moving or are
acted on by a force

Wire — Rigid thin length of metal

treated as one dimensional

Smooth and light pulley — Most of the pulleys you
consider will be smooth and light

pulley has no mass
tension is the same on either side of the pulley

Bead — Particle with a hole in it for threading on a
wire or string

moves freely along a wire or string
tension is the same on either side of the bead

Peg — A suport from which a body can be
suspended or rested

dimensionless and fixed
can be rough or smooth as specified in
question

Air resistance — Resistance experienced as an
object moves through the air

usually modelled as being negligible

Gravity — Force of attraction between all objects.
Acceleration due to gravity is denoted by g

assume that all objects with mass are attracted
towards the Earth

Earth’s gravity is uniform and acts vertically
downwards

g is constant and is taken as 9.8 ms~2, unless
otherwise stated in the question

3
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Mechanics

Drawing force diagrams

Drawing a clear force diagram is an essential first step
in the solution of any problem in mechanics which is
concerned with the action of forces on the body.

The following are important points to remember when
drawing such a force diagram.

1.

Make the diagram large enough to show clearly all
the forces acting on the body and to enable any
necessary geometry and trigonometry to be done.
Show only forces which are acting on the body
being considered. A common fault is including
forces which the body is applying to its
surroundings (including other bodies).

Weight always acts on a body unless the body is
described as light.

Contact with another object or surface gives rise to
a normal reaction and sometimes friction
Attachment to another object (by a string, spring,
hinge, etc.) gives rise to a force on the body at the
point of attachment

Forces acting on a particle act at the same point.
Forces acting on other bodies may act at different
points.

Check that no forces have been omitted or
included more than once.

Note that the drawing of force diagrams is a skill. It is
essential to acquire during the study of mechanics.
Although it does not appear in an examination
question, it is often the first step in the solution of
problems in this section.

Principles of Applied Mathematics by Kawuma Fahad
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Kinematics

KINEMATICS

Kinematics is the study of displacement, velocity and
acceleration.

Displacement is the position of a point relative to the origin
0. Itis a vector and Sl unit is metre (m)
Distance is the magnitude of the displacement. It is a scalar.

Velocity is the rate of change of displacement with respect
to time. It is a vector and Sl unit is metre per second (ms™1)
Speed is the magnitude of the velocity. It is a scalar.

Uniform velocity is constant speed in a fixed direction.
change in displacement

Average velocity is jrsp—

. change in distance
Average speed is prTn—

Acceleration is the rate of change of velocity with respect
to time. Itis a vector and Sl unit is metre per second squared.
Negative acceleration is sometimes called retardation.

Uniform acceleration is constant acceleration in a fixed
direction.

Equations of uniformly accelerated motion
If a body changes its velocity from u to v in a time t, its

v-u

acceleration, a =

v=u-+at

Since the acceleration is uniform, the average velocity
during the time ¢t is given by

Average velocity = %(initial velocity + final velocity)
= ;(u +v)

The displacement during the time ¢t is
s = average velocity x time

=%(u+v)><t

=%(u+u+at)xt

t+1 t?
sSs=u —a
2

Alternatively;
Consider a body with initial velocity u and final velocity v
as it moves from A to B.

Velocity/ms™?
A

Displacement = total area under velocity time graph
= Area of OABD + Area of ACB
Area of OABD = ut

AreaofABCzix tx(wv—u)but v=u+at
=Area of ABC = %atz
~Total area = ut + %at2

> s = ut+-at?

Now, fromv =u+at, t = %

(5) <t == ()< ()

uv—uv—u?+v? v

But s =

S =
2a

v2 =u? + 2as

To solve problems using these equations of motion;
(@) Choose the positive direction
(b) List the five quantities (s, t, u, v, a), fill in known
values and mark which are to be found
(c) Use the appropriate equation(s) to find the required
unknown(s). If any three of the quantities are
known, then the other two can always be found.

Note: These equations do not apply to acceleration which is
not uniform.

Problems about non-uniform acceleration must be solved by
graphical methods or by calculus

Example 1

A car is being driven along a road at a steady speed 25 ms ™!

when the driver suddenly notices that there is a fallen tree

blocking the road 65m ahead. The driver immediately

applies brakes giving the car a constant retardation of

5ms™2

(@) How far in front of the tree does the car come to rest?

(b) If the driver had not reacted immediately and the brakes
were applied one second later, with what speed would

the car have hit the tree?

Solution
@
u=25 v=20
< 65m >

u=25a=-5s=d,v=0
v? =u? + 2as
0 =25%2-2(5)d

10d = 625

d=625m
Required distance, x = 65 —d = 65 —62.5=2.5m
~The car stops 2.5 m in front of the tree

(b) Distancetravelledinls =vxt=25%x1=25m

5
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Kinematics

1 1
d+200=44—T+§><§T2

d +200 = 44T +-T% ... (ii)
Comparing (i) and (ii);

1 1
35T+§T2 + 200 = 44T+ZT2

! T24+9T —200=0
20 B

T? + 180T — 4000 =0
T? + 200T — 20T — 4000 =0
T(T +200) —20(T +200) =0
(T +200)(T—20)=0
T=-2000rT =20
~T=20s

From (i); d = 35T + = T?

1
d = 35(20) +(20)* = 700 + 80 = 780 m

Distance before finishing post, x = 1000 — d
x =1000—780 =220 m
Thus, car B passes car A 220 m before the finishing post.

When both cars arrive at the finishing post, d = 1000 m
Car A travels distance of 1000 m (1 km) while car B travels
a distance of 1200 m

Let the times travelled by car A and car B be T, and Ty
respectively

For car A;

1
1000 = 35T, + =77

T? 4+ 175T, — 5000 = 0
T? + 200T, — 25T, — 5000 = 0
T,(T, + 200) — 25(T, + 200) = 0
(T, +200)(T, —25)=0
T, =-200 orT, =25
~Ty=25s
For car B;

1
1200 = 44T + T3

T2 +176T; —4800 =0
T2 + 200T5 — 24T — 4800 = 0
T5(Tz + 200) — 24(T5 4+ 200) = 0
(T 4 200)(T — 24) =0
Ty = —200 or Ty = 24
Ty =24s

Ty—Tg=25—-24=1s
Therefore, car B reaches the finishing post 1 s earlier than
car A

Example 8

A particle is moving in a straight line and is observed to be
at a distance a from a marked point initially, to be at a
distance b after an interval of n s, to be at a distance c after
2ns, and at a distance d after 3ns. Prove that if the

acceleration is uniform, d —a =3(c —b) and that the
c+a-2b

acceleration is equal to —;
n

. Find also the initial velocity

Solution
1 u 1 1 !
1 1 !
1 1 1 1
K—.a 1 1 !
1
| : : 1
|< b J 1 :
1
‘ ': 1 !
1 1 1 !
c 1 1 1
¢ T §| 1
1 1 1 !
1 1 !
J di ! )
< T T >
1 1 !
1 1 1 1
Ma_rked Observing
point point

Let the initial velocity observed at a distance a from the
marked point be u and the uniform acceleration be A.
After n s, the particle has travelled a distance of b — a, a
distance of ¢ — a after 2n s and a distance of d — a after
3ns.

= ut +~ar?
s=ut+5a
Afterns,
b—a=nu+%An2 ...... )
After 2n s,
1
c—a=2nu+ EA(Zn)2
c—a=2nu+24n? ... (i)
After 3n s,
1
d—a=3nu+ EA(3n)2
d—a=3nmu+2An? . (i)
(i) - (i);
3
c—b=nu+ EAn2
From (iii);

3
d—a=3(nu+zAn2)

d—a=3(c—Db)
Eliminating u from (i) and (ii), the acceleration can be
obtained.
(i) - 2 (i);
(c—a)—2(b—a) = (2nu + 24n?) — (2nu + 4An?)
c+a—2b=An?
c—2b+a
A=
Eliminating A from (i) and (ii), the initial velocity u can be
obtained
4 (i) - (ii);
4(b—a) — (c — a) = (4nu + 24n?) — (2nu + 24n?)
4b —c—3b =2nu
_ 4b —c—3b
w= 2n
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Kinematics

13. A train is timed between successive points A, B and C
each 2 km apart. If it takes 100 s to travel from A to B
and 150 s from B to C, find the retardation of the train,
assuming that it remains uniform after the point A. Find
also how far beyond C the train travels before it stops.

[Ans: 0.053 ms™2, 0.82 km]

14. Two cars A and B are traveling along a straight path.
The cars are observed to be side by side when they are
at point P of the path and again at another point Q.
Assuming that A and B moved with a uniform
acceleration a, and a,, prove that if their velocities are
u, and u, respectively, the distance PQ is given by;

2(uy — ux) (w0, — uqay)
(a; — ay)?

15. A car A, moving with uniform velocity u, along a
straight road, passes a point X a car B, moving in the
same direction with velocity ug and uniform
acceleration b. B overtakes A at a point Y
(@) Prove that the time taken to reach Y is

2(uy —ug)
b

(b) Find the distance XY
(c) After passing A but before reaching Y, find the
distance between the cars at time T, and prove that

— 2
the maximum distance between them is (ua—up)”

(d At Y, A now accelerates with a uniform
acceleration a and B changes to a uniform velocity,
keeping the velocity it had on arrival at Y. If A
overtakes B again after it has travelled a further
distance equal to XY, prove that

(2uy —ug)b

q=-—4 7B7

Uy

[Ans: (b) 22484712 () (1, — up)T — 2 bT?]
16. Two trains P and Q, travel by the same route from rest
atastation A to rest at a station B. Train P has a constant
acceleration f for the first third of the time, constant
speed for the second third and constant retardation f for
the last third of the time. Train Q has a constant
acceleration f for the first third of the distance, constant
speed for the second third and constant retardation f for
the last third of the distance. Show that the times taken

by the two trains are in the ratio 3v3 : 5

17. A railway train is moving along a straight level track
with a speed of 10 ms~! when the driver sights a signal
which is green. As soon as the signal is sighted the train

starts to accelerate. Given that the acceleration has a

constant value of f ms™2, show that the distance in

metres moved by the train during the nth second after
the signal is sighted is

(10 - ]EC + nf)
Find the value of f given that the train travels 25 m
during the 8™ second after the signal is sighted.

Graphs in kinematics

You do not always have to use equations to describe
mathematical models. Another method is to use graphs.
There are two kinds of graph which are often useful in
kinematics.

The first kind is a displacement-time graph and the other is
a velocity-time graph.

Displacement-time graph

A displacement-time graph (or s-t graph) for a body moving
in a straight line shows its displacement s from a fixed point
on the line plotted against time ¢.

The velocity v of the body at a time t is given by the gradient

of the s-t graph at ¢, since v = %

The s-t graph for a body moving with constant velocity is a
straight line. The velocity v of the body is given by the
gradient of the line.

A
N

v=20
fﬁ‘(\ i.e. at rest o)
N e 2,

S
3 &
& K

&
~
~

The s-t graph for a body moving with variable velocity is a
curve.

The velocity at any time may be estimated from the gradient
of the tangent to the curve at that time.

The average velocity between two times may be estimated
from the gradient of the chord joining them.

Velocity-time graph

A velocity-time graph (or v-t graph) for a body moving in
a straight line shows its velocity v plotted against time ¢.
The acceleration a of the body at time ¢t is given by the

gradient of the v-t graph at ¢, since a = %

The displacement s in a time interval is given by the area
under the v-t graph for that time interval, since s = [ v dt
The v-t graph for a body moving with uniform acceleration
is a straight line. The acceleration a of the body is given by
the gradient of the line.

v A constant
velocity
N
& &S
OOQ \@{b lblef O«SZ?
& &,
> [}O’?

v

The total displacement s of a body can be found from a v-t
graph of the above type by calculating the area of the
trapezium.

The wv-t graph for a body moving with variable
acceleration is a curve.

Principles of Applied Mathematics by Kawuma Fahad



Kinematics

The acceleration a of the body at any time may be estimated journey the train retarded uniformly. Sketch a speed-time
from the gradient of the tangent to the curve at that time. graph of the journey and hence, or otherwise, calculate

The displacement s of the body in a given time interval may (i) the maximum speed, in km/h, attained by the train
be estimated by finding the area under the v-t in that (ii) the acceleration of the train during the first %

interval by a numerical method. minute, stating the units

[Ans: (i) 48 km h™1 (ii) 64 km/h/min]

2. A motorist starting a car from rest accelerates uniformly

to a speed of v m/s in 9 seconds. He maintains this speed

for another 50 seconds and then applies the brakes and

decelerates uniformly to rest. His deceleration is

numerically equal to three times his previous acceleration
(i) Sketch a velocity-time graph

Example

Two points P and Q are x metres a part in the same straight
line. A particle starts from rest at P and moves directly
towards Q with an acceleration of a ms~2 until it acquires a
speed of ¥V ms™1. It maintains this speed for a time T
seconds and is then brought to rest at Q under a retardation

ams™2. Prove that T = %-% (ii) Calculate the time during which deceleration takes
Solution place
Let t;, and t, be the times for which the particle is (i) Given that the total distance moved is 840 m,
accelerating and being retarded respectively. calculate the value of v.
Sketch the velocity-time graph (iv) Calculate the initial acceleration
A [Ans: (ii) 3 s (iii) 15 ms™? (i) 12 ms™?]
3.
VT I I 4 Q R
: : 9O~~~ T T T T =S i 7
| | P o
! l £ 72—+ P ! !
f: | | = i ! !
g | | | -
| | g ' i S
0 t | l > 0 4 Time/min 13 16
' . r g The figure above shows the speed/time graph for a train
time (¢) journey taking 16 minutes. The train reaches a speed of
Using the definitions of acceleration and retardation 72 km h~1 after 4 minutes and 90 km h~! after a further
AN = v 6 minutes. The train maintains a steady speed for the next
ty a three minutes and then decelerates to rest in the last 3
a4 = 4 >t = v minutes. Calculate
ts a (i) the acceleration in ms~2 during those parts of the
We know that the total distance travelled between P and Q journey to OP and PQ
is x m and this is represented by the area under the graph (i) the total length of the journey
X = 1Vf1 +VT + %Vtz (iii) the average speed for the whole journey in km h™1
. 1 _ 1 _ ..
Substituting for ¢, and t, gives [Ans: (i) 5 ms™: o ms™ (i) 17250m (i)
V2 V2 64.7 km h™1]
X = 2a +VT + 2a 4. Trials are being undertaken on a horizontal road to test the
V2 performance of an electrically powered car. The car has a
*= +VT to speed V. In a test run, the car moves from rest with
V2 uniform acceleration a and is brought to rest with uniform
W=x-— retardation r.
_x vV (a) Ifthe car is to achieve top speed during a test run, by
"V oa a velocity-time sketch, or otherwise, show that the
length of the test run must be at least
Self-Evaluation exercise VZ(a+71)
1. A train travels between two stations 3.9 km apart in 6 ~ 2ar
minutes, starting and finishing at rest. During the firstz (b) Find thezleast time taken for a test run of length
minute the acceleration is uniform, for the next 3% (i) %
minutes the speed is constant and for the remainder of the (ii) %

11
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Vertical motion under gravity

When a body is projected vertically upwards, we regard the
upward direction as the positive direction, and the body will
experience a retardation or negative acceleration g.

If u is the initial velocity of projection, the equations for
motion with uniform acceleration thus become

v=u—gt...... )]
s=ut—-gt? ... (ii)
v?=u?-2gs.... (iii)

At the highest point, it is clear that the velocity v must be
zero, so that by putting v = 0 in equation (i), we get the time
taken to reach the highest point.

O=u-—gt

t==
g

If t is greater than u/g, v is negative and as t increases, v
increases numerically, that is, after reaching the highest
point the body begins to descend, and its speed increases.
Equation (iii) gives the greatest height by putting v = 0 i.e.
0=u%-2gs
s=u?/2g
The greatest height attained is u?/2g

The velocity on returning to the point from which it was
projected is given by putting s = 0 in equation (iii), and then
v? =u?
v=42du
The + sign gives the velocity on starting, and the - sign the
velocity on returning to the point of projection. The
magnitude is the same as that of the velocity of projection,

but the body is now moving downwards.

The time of flight is obtained by putting s = 0 in equation
(i), and this gives

0=ut L t2
t=00rt=2—”
g

The two values of t corresponding to the height s = 0; the
value of t = 0 obviously refers to the time of projection,
while the value of 2u/g gives the time required to return to
the point of projection i.e. the time of flight.

Note that this is twice the time to the greatest height. For any
given height (less than the greatest) above the point of
projection, equation (ii) will give two values of t, one the
time taken to reach that height on way up, the other the time
on way down.

If we require the time taken to reach a point below the point
of projection (when the body is projected upwards), we need
not find the time up and down to the point of projection, and
then the time taken to reach the point below. We simply
substitute the distance below the point of projection for s in
equation (ii), giving it a negative sign.

Velocity due to falling a given vertical distance from rest
The positive direction is now taken downwards and the
equation of motion is
v? = u? + 2gs

Since the body starts from rest, u = 0, and hence the
velocity acquired in falling a distance h is given by

v? = 2gh

v =2gh
This is also the velocity required to take the body to a height
h when projected vertically upwards.

Example 1
A stone is thrown vertically upwards with a speed of
20 ms~! from a point at a height h above the ground level.
If the stone hits the ground 5 s later, find the

(i)  velocity with which it hits the ground

(if) the value of h

Solution

Taking the upward motion to be positive,

Final velocity, v is
negative
Acceleration, a = —g

u=20ms Lt=5s

NN

M Fromv =u + at
—v=u-—gt
—v=20—-98x%5

v=29ms™?

(ii) Displacement, h below point of projection is negative.
Froms = ut + %at2

—h=ut—§gt2
—h=20><5—§><9.8><52
h=225m

Alternatively; using v? = u? + 2as
(—v)* =u* +2(-g)(-h)

v? =u?+ 2gh
292 =202+4+2x98xh
h=222"_ 225m
19.6
Example 2

A body is projected vertically upwards with a velocity
21 ms~1. How long will it take to reach a point 280 m
below the point of projection?

Solution

= ut 1 t2
s=ut—-g

s=-280,u=21,g=98
—280 = 21t — 4.9t?

13
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49t2 —-21t—280=0
7t2 — 30t —400=0
7t2 — 70t + 40t — 400 =0
(t—10)(7t +40) =0
t=10ort =—40/7
~t=10s

Example 3

A boy throws a ball vertically upwards from a 7 m high roof.
(@) If, after 2 seconds, he catches the ball on its way
down again, with what speed was it thrown?
(b) What is the velocity of the ball when it is caught?
(c) If the boy fails to catch the ball, with what speed

will it hit the ground?
Solution

(@)

S

SR

a=-98,t=2,s=0,u=?
= ut +~at?
s=u 2a

0=2u +%(—9.8)(4)

u=98ms!

(b)
—9.8? u
0 ¥ __s=0
T
v? =u? + 2as
v?2 =9.82 — 2(-9.8)(0)
v=9.8ms™?
The ball is falling at 9.8 ms~! when caught

(©

e,
The ground is 7 m below the point of projection so the
final displacement of the ball is —7 m. Working from
the time when the ball was thrown gives

u=98s=-7,a=-98,v =?
v? =u? + 2as
v? = 9.82 + 2(—9.8)(—7)
v? = 233.24
v=1527ms™?!
The ball hits the ground at 15.27 ms™?

Example 4
A stone is projected vertically upwards from the top of a cliff
20 m high. After a time of 3 s, it passes the edge of the cliff
on its way down. Calculate

(@) the speed of projection,

(b) the speed when it hits the ground,

(c) thetimes when itis 10 m above the top of the cliff,

(d) the time when it is 5 m above the ground

Solution

Take up as positive

@ s=0,t=3s,u=2,v=?,g=98

- ut 1t2
s=ut—-g

1
0=3u~-5(98)3%

u=147ms™?

() s=-20m,t=2,u=147ms 1, v=?,a=-98
v?2 =u? + 2as
v? = 14.7% + 2(—9.8)(—20)
v? = 608.09
v=24.66ms"!
() s=10m,t =2, u=147ms™ 1, a=—-9.8

= ut +2at?
S=u 2a

10 = 14.7t + % (—9.8)t?
49t* —14.7t+10=0
14.7 £ /(—14.7)% — 4(4.9)(10)
L= 2(4.9)
t=196so0rt=104s
(d s=-15m,t =2, u=147ms™ ', a = -9.8 ms™?

= ut + 2at?
S=u 2a

1
—15 = 14.7t — > (9.8)t2
4.9t —14.7t =15 =0
14.7 £ ,/14.72 — 4(4.9)(-15)
b= 2(4.9)
t=38so0ort=—-08s
~t=38s

Example 5

A stone is thrown vertically upwards with a speed of
20 ms~1. A second stone is thrown vertically upwards from
the same point and with the same initial speed 20 ms~? but
2 s later than the first stone. Show that the two stones collide
at a distance of 15.5 m above the point of projection.

14
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Example 9
A body falls from rest from the top of a tower and during the

last second, it falls % of the whole distance. Find the height
of the tower.

Solution
Let the height of the tower be h and the time taken to fall to
the ground be t

= t+1 t?
S=Uu 2(1
h—0+1 t2
h = 49t% ... (i)

Distance covered in the last second is given by
S§ =St = St—1
- 142 1,02
St —O+Egt =58t
Seer = 0+28(t— 1)% = ~g(t? — 2t +1)
S2h=1gt2 1oz —
25h—2gt 2g(t 2t+1)
9h—1 t? ! t? + gt !
250 T 280 T8 TEETOE
—h =98t —49 . (ii)
Comparing (i) and (ii);

° X 4.9t? = 9.8t — 4.9
o5 X4 =0, .

1.764t> — 9.8t + 4.9 = 0
. 9.8 +/9.8%2 — 4(1.764)(4.9)
h 2(1.764)

t=5ort=>
9

~t=5s
From (i); h = 4.9t
h=49(5%) = 1225m

Example 10

A particle projected vertically downwards descends 100 m

in 4 s. Show that it describes the last 30 m in about 0.7 s.
Solution

Let the initial velocity of the particle be u. The particle is

undergoing uniform acceleration.

t+1 t?
S=UuU —a
2

1
100 = 4u + (9.8)(16)

u=>54ms?!

Let the time taken to travel 130 m from the beginning be T
130 = 5.4T + 4.9T?
49T% + 54T —130=0
_ —5.4+./5.42 — 4(4.9)(-130)
B 2(4.9)
T =4.630rT =-5.73
~T=463s
Time taken to describe the last 30 m is given by
t=463—-4=063s

Example 11
A particle is projected vertically upwards and at the same
instant another is left to fall to meet it. Show that, if the
particles have equal velocities when they impinge, one of
them has travelled 3 times as far as the other.

Solution
Let the distance travelled by the particle moving downwards
be x and be y for the particle moving upwards. Let the two
particles collide with the same velocity V' after time T. We
are required to show that x = 3y or y = 3x
For particle moving downwards,
u=0a=gv=V,s=x,t=T
From v = u? + 2as

V? =0+ 2gx
V2 =2gx ....()
Also, fromv = u + at
V=0+gT
v ..
T=-..
- (i)

For particle moving upwards,
u=u,a=-gv=V,s=y,t=T
From v = u? + 2as
VZ=u?—2gy ... (iii)

Also, fromv = u + at

V=u-—gl

u=V+gT
But from (ii), T =V /g

V+ (V> 2V
u= gl—| =
g

Substituting for w in (iii);

V= (2V)? - 2gy

VZ=4V2-2gy

2gy = 3V?
From (i), V2 = 2gx
2gy = 3(2gx)
y = 3x

~ The particle projected upwards has travelled 3 times as far
as one released from rest moving downwards.
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22

23.

24.

25.

26.

217.

28.

29.

30.

(a) how long it takes to reach the highest point
(b) the distance it ascends during the third second of its
motion
[Ans: (a) 3.57 s (b) 10.5 m]
. A ball is thrown vertically upward with a speed of
14 ms™1. Two seconds later a second ball is dropped
from the same point. Find where the two balls meet.
[Ans: 11.0 m below their initial position]
In the last second of the motion of a ball dropped from
rest at the top of a tower, it falls through a distance
which is a fifth of the height of the tower. Find the
height of the tower.
[Ans: 440 m]
A ball A falls vertically from the top of a tower 63 m
high. At the same time as A begins to fall, another ball
B is projected vertically upwards from the bottom of the
tower with speed 21 ms~1. The balls collide. Find the
distance of the point where the balls collide from the
bottom of the tower.
[Ans: 18.9 m]
A particle is projected vertically upwards from a point
0 with speed u ms~1. The greatest height reached by
the particle is 62.5 m above 0. Find
(@) the value of u
(b) the total time for which the particle is 50 m or more
above 0
[Ans: (a) 35 ms™? (b) 3.2 5]
A ball is thrown vertically downward from the top of a
tower with speed 18 ms™2. It reaches the ground in
1.6 s. Find the height of the tower.
[Ans: 41 m]
A particle P is projected vertically upwards from a point
X. Five seconds later, P is moving downwards with
speed 10 ms~. Find
(@) the speed of projection of P
(b) the greatest height above X attained by P during its
motion
[Ans: (@) 39 ms™? (b) 78 m]
A ball is thrown vertically upwards with speed
21 ms™1, It hits the ground 4.5 s later. Find the height
above the ground from which the ball was thrown.
[Ans: 4.7 m]
A particle is projected vertically upwards from a point
O with speed ums~1. Two seconds later it is still

moving upwards and its speed is %u ms~!. Find

(@) the value of u
(b) the time from the instant when the particle leaves
O to the instant it returns to O

[Ans: (a) 29 (b) 6 s]
A ball A is thrown vertically downwards with speed
5 ms~* from the top of a tower block 46 m above the
ground. At the same time as A is thrown downwards,
another ball B is thrown vertically upwards from the
ground with speed 18 ms™~1. The balls collide. Find the

3L

32.

33.

34.

distance of the point where A and B collide from the
point where A was thrown.
[Ans: 30 m]
A ball is released from rest at a point which is 10 m
above a wooden floor. Each time the ball strikes the
floor, it rebounds with three-quarters of the speed with
which it strikes the floor. Find the greatest height above
the floor reached by the ball
(a) the first time it rebounds from the floor
(b) the second time it rebounds from the floor.
Hint: Consider each bounce as a separate motion
[Ans: (a) 5.6 m (b) 3.2 m]
A particle P is projected vertically upwards from a point
0 with speed 12 ms™1. One second after P has been
projected from O, another particle Q is projected
vertically upwards from O with speed 20 ms™*. Find
(@) the time between the instant that P is projected
from O and the instant when P and Q collide
(b) the distance of the point where P and Q collide
from O
[Ans: (a) 1.4 s (b) 7.2 m]
A stone is dropped from the top of a building and two
seconds later, another stone is thrown vertically
downwards at a speed of 25 ms~*. Both stones reach
the ground at the same time. Find the height of the
building.
[Ans: 155 m]
A ball is projected vertically upwards with speed
10 ms™! from a point X which is 50 m above the
ground. T seconds after the first ball is projected
upwards, a second ball is dropped from X. Initially the
second ball is at rest. The balls collide 25 m above the
ground. Find the value of T
[Ans: 1.2 s]
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Components and resultant of forces

COMPONENTS AND RESULTANT OF
FORCES

Coplanar forces are forces whose lines of action all lie in
the same plane.

Concurrent forces act at the same point. If forces act on a
particle, then they must be concurrent.

Resultant of forces

If two forces P and @Q are concurrent, then they act at a point,
O say. Their resultant R may be found by vector addition
using the triangle law, i.e. P+ Q = R

The magnitude of R is given by the cosine rule;
R = /P2 + Q%+ 2PQ cos b
since cos(180° — 8) = —cos @
The resultant R also acts at the point O as shown below;

The direction of R is given by the sine rule;
sina = %sin 0

If P and Q are at right angles, then 6 =90° and
R = P2+Q2andtana=%
Example 1
A particle is acted upon by forces in a horizontal plane. 6 N
in a direction NE, 7 N in a direction S 26°E. Find the
resultant force.

Solution

N
A

T
26°

The magnitude R of the resultant force is given by
R=+62+72+2x6x7cos109°
R=+36+49-2735
R =+/57.65 =759 N

If a is the angle between the direction of the resultant and
the 7 N force, then

. 6 o
sina = ﬁsm 109° = 0.7474
a = 48.4°

Resolving a force

A single force can be split into two components or resolutes
by the converse of the triangle law for vector addition. This
process is a called resolving a force.

-
b

Although a force may be resolved in an infinite number of
ways, the most useful way is when the components are
perpendicular to each other

Fsin@
\0

|
F cos @

F is resolved into perpendicular components F cos 6 and
Fsin®

Note: In problem solving, it is often necessary to resolve a
force in one or more directions e.g. horizontally, vertically,
parallel to the plane, perpendicular to the plane, etc.
For example, a particle is acted upon by the coplanar
concurrent forces W, R and F as shown below.

R

The table below gives the components of forces in four
directions.

irection | Vertical | Horizontal | || to| L to
Force slope slope
w w 0 Wsin@ | W cos@
R R cos @ Rsin6 0 R
F Fsin@ F cos@ F 0

Resultant of a system of forces
To find the resultant of a system of coplanar concurrent
forces:
1. Resolve each force in a stated direction and find the
sum of the resolutes, P say, in that direction
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Solution

>
A 24N

By the cosine rule on triangle ABC
|AC|? = |AB|? + |BC|? — 2|AB||BC]| cos 60°

1
(20)* =247 +x* =2 X 24 X X X5

4x? = 516 + x? — 24x
3x2+24x—576 =0
x2+8x—192=0
By the quadratic formula or completing the square;
(x+4)?2-16-192=0
(x + 4)2 = 208
x +4 = +208
x=—-4+4V13
Sincex > 0, x = —4 + 4V/3

Example 8
Two forces, F; N and F, N, are acting on a particle so that
the resultant of the two forces has magnitude 120 N and acts
on a bearing of 120°. It is further given that the F; acts due
North and has magnitude 80 N.Calculate the
(@) magnitude of F,
(b) the direction in which F, acts

Solution
Looking at two separate diagrams

Equating downward forces in the two diagrams;
xcosf — 80 = 120sin 30°
xcos6 =80+ 60
xcosf =140 ... (i)
Equating forces to the right in the two diagrams
xsin® = 120 cos 30°
xsinf = 603 ... (ii)
Squaring and adding;
x2 cos? 6 = 19600
x?sin? = 10800
x2(cos? 8 + sin? 6) = 30400
x? = 30400
x =40V19 = 174 N
Dividing side by side;
xsin@ 60V3
xcosf 140

tanf = 0.742
6 = 36.6°
Bearing = 180° — 6 = 180° — 36.6° = 143.4°

Alternative method by geometry
Looking at the triangle of forces

By using the cosine rule;
x? =80%+ 120%2 — 2 x 80 x 20 cos 120°
x% = 6400 + 14400 — 19200 cos 120°
x% = 30400
x = /30400 = 40v/19 = 174 N
Now by the sine rule;
sin @ _sin 120°
120 «x
1205sin 120°
40V19
0 = 36.6°
Bearing = 180° — 8 = 180° — 36.6° = 143.4°

sinf = = 0.596

Example 9
Find the angle between a force of 7 N and a force of 4 N if
their resultant has a magnitude of 9 N

Solution
Since the magnitude of the resultant of the forces is greater
than the magnitude of the larger force, the angle between the
forces is acute. Let it be 6

A 7N B

From triangle ABC, using the cosine rule, we obtain
92=724+42-2x7X4cosa
81 =49+16 —-56cosa
—56cosa =16
cosa = 0.286
a =106.6°
0 =180° — a = 180° — 106.6° = 73.4°

Example 10
Find the angle between a force of 10 N and a force of 4 N
given that their resultant has magnitude 8 N
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Solution
Since the magnitude of the resultant of the forces is smaller
than the magnitude of the larger force, the angle between the
forces is obtuse. Let it be 8

(l/\

By cosine rule;
82=102+42-2x4x10cosa
64 =100+ 16 —80cosa
—52 =—-80cosa
cosa = 49.5°
6 = 180° — @ = 180° — 49.5° = 130.5°

Example 11
ABC is an equilateral triangle. Forces of 12 N, 10 N and
10 N actalong AB, BC and CA respectively, the direction of
the forces being indicated by the order of the letters. Find
the magnitude and direction of the resultant.

Solution

—:X=12—-10cos60°—10cos60° =2 N

T:Y =10sin60° — 10sin 60° = 0
R=+X2+Y2=\22+0=2N

The resultant has a magnitude of 2 N in the direction AB

Example 12

ABCD is a rectangle with AB =1.5m and AD = 1m.
Forcesof2 N,1N,1N,4 N and 3 N actalong AB, BC, CD,
DB and AD respectively. Calculate the magnitude and
direction of the single force that could replace this system of
forces.

Solution
1N
D C
9 -
4 N
ImA3pN ALN
2N
>
1.5m B
tan 8 ! 2: in 0 —2 d 7] —3
an = —_— = — Sin = and CcoSs =
1.5 3 V13 V13
3
> X=24+4cosf—-1=2+4Xx—-1

V13

X=433N
2
,Y=34+1—-4sinf=4—-4x—
V13
Y=178N

1.78 N

oo

433N

R=+X2+Y?2=./4332+1782 = 468N
1.78

tan o Zm

tana = 0411
a = 22.35°
The single force is of magnitude 4.68 N at 22.35° to the
direction AB

Example 13
ABCDEF is aregular hexagon. Forcesof 2 N, 3 N, 4 N and
5 N act along AC, AE, AF and ED respectively. Find the
single force equivalent to this system stating both the
magnitude and direction.

Solution

—; X =2c0s30°+5—4cos60°=4.732N
T;Y =2sin30°+ 3 +4sin60° = 7.464 N

7.464 N

=

a.= ]
4732 N

R =/4.7322 4 7.4642 =884 N
64

The single force equivalent to the system has magnitude
8.84 N at 57.6° to the direction AB
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Projectiles

PROJECTILES

A projectile is a particle which is given an initial velocity
and then moves freely under gravity.

It is assumed that gravity is the only force acting on the
particle i.e. air resistance is negligible.

If its initial velocity is vertical, then the particle will move
in a straight line under gravity.

If its initial velocity is not vertical, the particle will move in
a curve (a parabola).

Examples artillery shells, shot putts, high jumpers and balls
in games such as tennis, football, basketball, volley ball,
cricket, golf, only to mention but a few.

Analysis of results
Consider a particle projected with initial velocity u at an
angle a to the horizontal and has velocity v at time t

y
A

»
»

X

Its flight can be analysed by considering horizontal and
vertical motion separately and using the equations for
uniform acceleration in a straight line, i.e.

v=u-+at

t+1 t2
S=UuU —a
2

v? =u? + 2as
Horizontal motion Vertical motion

u U, =ucosa u, =usina
a Xx=0 y=-g

v v, =ucosa vy, =usina — gt
s

x = (ucosa)t

1
y = (usina)t — Egt2

Vector approach

If a particle is projected with initial velocity ai + bj, then its

velocity at any time t can be expressed in the form
v=ai+ (b—gt)i

and its position at any time t can be expressed in the form

1
r=ati+ (bt —Egt2>j
Any problem on projectiles may be solved using vector

methods but in general it is unwise to do so unless the
problem is phrased in vector terms.

Example 1
A particle is projected from ground level with speed
30 ms™! at an angle of 30° to the horizontal. Calculate

(@) the time of flight

(b) the range

Solution
30sin 30°
y — 15 30
30°
30 cos 30°
430 S =15V3

R

(@) Consider vertical motion
When the particle reaches the ground, s = 0
u=15v=?,a=-98,s=0,t =?

Using s = ut + %at2

1
0=15t+ E(_9'8)t2

0 = t(15 — 4.9t)
t=0ort=3.06s
t = 0 is the starting time, t = 3.06 is the time of flight
(b) The horizontal velocity is given by 15v/3 ms~! and it
is constant. Since the particle travels for 3.06 s at this
velocity,
Range, R = 15v3 X 3.06 = 79.5 m

Example 2

Initially a particle is at an origin O and is projected with a
velocity ai ms™2. After t seconds, the particle is at the point
with position vector (30i — 10j) m. Find the values of t and

Solution

aims™?!

30i — 10j

Considering vertical motion;
u=0,a=g,s=10,t =?

1 2
s=ut+ Eat
10 = %gt2
10 = 4.9¢t?
t? = 2.04
t=143

Considering horizontal mation;
u=a,a=0,s=30t=143
1 2
s=ut+ Eat

30 =at
30=a x1.43
a = 20.98

27
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X
ucosa
. ( X ) gx?
=usina -
y ucosa’/ 2u?cos?a

2
X 2
=xtana — =——sec’a
Y 2u?

y = xtana — gx?(1 + tan? a)

Example 3
A tennis ball is served horizontally with an initial speed of
21 ms~?! from a height of 2.8 m.
(@) By what distance does the ball clear a net 1 m high
situated 12 m horizontally from the server?
(b) How far behind the net does the netball land?
Solution

A

-
(@) Consider vertical motion from serving point to the net
u=0,a=gs=y,t=?
Horizontal motion;

. Dist: 12 4
Timetaken = —— == =23
Speed 21 7

Considering horizontal motion;

t+1 t2
S=Uu —a
2

—2xos()
y=377°\7

y=16m
Now;
x+16+1=28
x+26=28
x=02m
-~ Required distance is 0.2 m
(b) Considering vertical motion from serving point to

ground
u=0,a=gs=281t=0
1
28=0+ 5(9.8)1:2
t? =0.571
t =0.756s
Horizontally;

12+d =21x%x0.756
12+ d = 15.876
d =3.876m
The distance behind the net where the balls is 3.876 m

Example 4

Two particles A and B are projected simultaneously under

gravity; A from a point O on horizontal ground and B from

a point 40 m vertically above O. B is projected horizontally

with speed 28 ms~. If the particles hit the ground

simultaneously at the same point, calculate

(@) the time taken for B to reach the ground and the
horizontal distance it has then travelled

(b) the magnitude and direction of the velocity with which
A is projected and the horizontal distance then travelled.

(c) Show that, just prior to hitting the ground, the directions

of motions of 4 and B differ by about 18%°

Solution
Take the horizontal and vertically upward displacements
from O as x and y respectively.

Ya
21 ms™?!
40 m v
a
> x
0 80 m

(@)
xp = 28t, yp = 40—~ gt?
When B strikes the ground, yz = 0.
Sotz=2

At this time, x = 28t = 28 (?) =80m
Therefore, B strikes the ground 2.86 s later having travelled
a distance 80 m horizontally
(b) For A: Let the horizontal and vertically upwards
components of the velocity of projection be v cos @ and

vsina.
Thenx, = (vcosa)t, y,= (vsina)t— %gtz.
Since A and B travel the same distance horizontally in the
same time, in order to collide, they must have the same
horizontal speed i.e.
vcosa = 28

When t = ?, ya = 0,s0 v(sina)t = égt2

. _9.8(20)_14
vsina = 2 7 =

and y, = —9.8 (%) = —28

tana = -
2

=>a=26.6°
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Considering vertical motion;
u=5Vsin9=5V><§=4V,a=—g,s=—h

t+1 t2
S=Uu —a
2

h_4v<16V> 1 (16V)2
g ) 25

L _64V2 1 (256V2
g 28T

64V2 1282
h= -

g g
64172
h=
g
(if) When P is directly level with O, considering vertical
motion
s=0,u=4V,a=—g, t =?
=ut+ ! t?
S=u 2 a
0 =4Vt ! t2

0—t(4V L t)
t=00rt=ﬁ
g

St =—
8
Considering horizontal motion;

s=0P =, t=%,u=3V

8V 24V?2
OP =3V xX—=
g g

For the second particle;

24W sina

a

»

24VI7 cosa

Considering horizontal motion;

2
u=24Wcosa,a=0,t=T,s=48V

48V2

= (24W cosa)T

o2z
r= gW cosa
Considering vertical motion
64v?
g

u=24Wsina,a =—-g,s = —

64V?

1
= (24W sina)T — EgT2

6412 _ 212 1 2V \°
- g = (24W sin a) g— ——g|———

W cosa 2 gW cosa
64V? _ 4812 X g 4V
g g ana—s g2W2cos? a

4
—64V? = 48V?%tana — Wsec2 a
VZ
—32 =24tana — Wz (1 + tan® a)
—32 =24W?tana — V?(1 + tan a)
—32W? =24W?tana —V? —V?tan?«a
VZtan? a — 24W?2tana + V2 —32W? =0
When a = 45°;
VZtan? 45° — 24W?2tan45°+ V2 —32W?% =0
V2 —24W? +V?2-32W? =0
2V2 —56W2 =0

V2 = 28W?2
oV
27

Now
28W2tan? a — 24W?2tana + 28W?2 — 32W?2 =0
28tan’a — 24tana —4 =0
7tan’a —6tana —1 =0

Example 7

The motion of the ball in a successful free shot in basketball
is illustrated above.
The ball is projected from a position, distance 4 m
horizontally and 1 m vertically from the basket, with speed
v ms~1 atan angle a to the horizontal. The ball falls into the
basket.
(@) Show that v and a must satisfy
78.4
172

(b) Use this equation to find the required speed of

projection when angle « equals 45°
(c) Also, use this equation to find the two possible

trajectories when v = 8.0 ms™?!
For the ball to fall through the basket, the angle made with
the vertical at the basket should be as small as possible.
Which of your two solutions above would be preferred?

Solution

1=4tana — sec’ a

(&) Considering horizontal motion

u=vcosa,s=4m,a=0,t=?

1 2
s = ut+§at
4 = (vcosa)t
4
~ Vcosa
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Example 17

Two footballers 100 m apart, stand facing each other. One
of them kicks the ball from the ground such that the ball
takes off at a velocity of 25 ms™? at 45° to the horizontal.
Find the speed at which the second footballer should run
towards the first baller in order to trap the ball as it touches
the ground, if he starts running at the instant the ball is
kicked.

Solution

2" footballer

Considering the ball;
At the point A, the vertical displacement,y = 0
~From y =utsinf — %gt2
0 = 25¢5in45° — > x 9.8 x t2

Either t = Oi.e.at0 or 25sin45°—=x 9.8t =0
~ 4.9t = 25 X sin 45°
t=3.61s
From x = utcos@
x = 25X 3.61 X cos45° = 63.82m
Alternatively; as the ball touches the ground, it has
travelled a distance equal to the range.

__ u?sin26

R =
g

2 i o

257sin90° _ £389m

Consider the second footballer;
He is supposed to travel a distance of

(100 — x) = 100 — 63.82 = 36.18 m
Since the second footballer starts running at the instant the
ball is kicked and is supposed to run so as to trap the ball as
it falls, he should take the same time as that taken by the ball
to land.

X =

= He should take 3.61 s

. _ Distance _ 36.18 _ -1

~ speed = e = e = 10.02 ms
Example 18

Vo v

(o
3 \I— .
| do >
L

A ball is kicked at an angle 8 = 45°. It is intended that the
ball lands in the back of a moving truck which has a trunk
of length L = 2.5 m. If the initial horizontal distance from
the back of the truck to the ball, at the instant of the kick is
d, = 5 m, and the truck moves directly away from the ball
at a velocity of V =9 ms™! as shown above, what is the
maximum and minimum velocity so that the ball lands in the

trunk? (Assume that the initial height of the ball is equal to
the height of the ball at the instant it begins to enter the
trunk)

Solution
When the ball begins to enter the trunk, the horizontal
distance, d, travelled by the ball is given by d, =
(v, cos )t which is also equal to the distance d, + V't for
minimum v, and d, + L + Vt for maximum v, where t is
the total time.
Considering vertical motion;
u=v,sin45°,a =-98,5s =0,t =7

t+1 t?
S=Uu —a
2

0 = (v, sin 45°)t — 4.9t?

Vg Sin 45°
t=0ort= o
ot =0.1443v,

The position of the two ends of the truck bed are given by
549t and 7.5+ 9t
Considering horizontal motion;
For the ball to land on the back of the truck bed,
(v, cos45°)t =5+ 9t
v, c0s45° X 0.1443v, = 5 + 9(0.1443v,)
0.102v2 = 5 + 1.299v,
0.102v2 —1.299y, - 5=0
_1.299 +/1.2992 — 4(0.102)(—5)
a 2(0.102)
v, = 15.83 0orvy, = 3.1
%1V, =15.83 ms™?
For the ball to fall on the front of the trunk bed,
(v, cos45°)t = 7.5+ 9t
v, cos 45° x 0.1443v, = 7.5 + 9(0.1443v,)
0.102v2 = 7.5 + 1.299v,
0.102v2 — 1.299v, — 7.5 =0
~1.299 +,/1.2992 — 4(0.102)(-7.5)
a 2(0.102)
v, = 17.050r v, = —4.31
& v, =17.05 ms™?
The minimum velocity of the ball is 15.83 ms™! and the
maximum velocity is 17.05 ms™?!

Vo

Vo

Example 19

Two particles, A and B, are projected from the same fixed
point O, with the same speed u ms™1, at angles of elevation
6 and 26 respectively. It is further given that B is projected

gs after Aand tan 8 = %.

If A and B collide in the subsequent motion determine the
value of u.

Solution
Suppose the collision takes place t seconds after A was
projected.
For A collision, both particles must have the same x and y

displacements, at time t and ¢ —g

38
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24T = 78.4
T=2=326s
15
Finally, vertically for P;
v=u-+at
v =26sin0 — 9.8t
=26 X 12 9.8 X
V= 13~ °715
2401
v=24 ———

75
601 8.01 ms-
v=-—r=-80Ims

The negative sign implies that it is falling

Example 21
A particle is projected at an angle a above the horizontal,
from a vertical cliff face of height H above level horizontal
ground. It first hits the ground at a horizontal distance D,
from the bottom of the cliff edge.
Assuming that air resistance can be ignored, show that the
greatest height achieved by the particle from the level
horizontal ground is
Dtan?a

+ 4(H + Dtana)

Solution

H

Vsina

D

Let T be the time taken to reach the maximum height.
v=u+at
0=Vsina —gT
_ Vsina
g
Hence the maximum height above the ground is given by

1 _ 1
H+ut+§at2 =H+VTsm0(—EgT2

Vsinay . 1 /Vsina\?
=H+V( )sma——g( )
2 g
VZsinfa 1V?sin?a
=H+ -=
g 2 g
V2sin? a
=H+——
2g
We need to get rid of VV from the expression. Let 7 be the
flight time
Horizontally;
D = Vcosa)r
D
" Vceosa
Vertically;

t+1 t?
S=Uu —a
2

1
—H = (Vsina)t — Egrz

) 1
—H = V‘L'smoc—zg‘r2

Substituting for t;

1=V (o) 0o 5 (o)
B Vcosa sma Zg Vcosa

H=Dt & b?
- ptana 2VZ2cos?2a

g D?
2V2cos?a
2V2cos?a 1

gD? “H+Dtana

2 2 cos® a 3 1

gd? | H+Dtana
_ gDh? « 1
" 2cos?a’ H+Dtana

v2sin? a

Finally substitute into H + 2%
gD? 1 sin? a
+ X X
2cos?2a H+Dtana 2g
. D sin? a
h 4cos?a(H + Dtana)
. Dtan?a
B 4(H + Dtana)

=H+ Dtana

VZ

Example 22
A tennis player standing on a level horizontal court serves
the ball from a height of 2.25 m above the court. The ball
reaches a maximum height of 2.4 m above the court and first
hits the court at a horizontal distance of 20 m from the point
where the player served the ball. The ball rises for T; s and
falls for T, s. The ball is modelled as a particle moving
through still air without any resistance.
(@) Show clearly that
Ty
T_l —_ 4
(b) Determine the magnitude and direction of the velocity
of the ball
(i) when it was first served.
(if) as it lands on the court.
Solution

Usina

Vertically, 0 to 4;
v=u-+at
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0=Usina —gT;
Usina = gT;
Vertically, O to 4;

1
s=ut+ Eat2
0.15 = (Usina)T, — gT?

3 ,
0~ 2(Usina)T, — gT#

3
10 = 2(gT)T, — gT?
3
p—
10 8M

3

TZ=—

1 7 10g
Vertically, A to B;

t+1 t?
S=Uu —a
2

1 2
2.4 = - gT}

4.8 = gT?
24

grs = =
24
T} = —
2 Sg
Combining the results;
T; 24/5g
T2 3/10g
E =4
T

(b) (i)

Flight time, T = T, + T, = /%ng\/?_;:\/%Jr\/%

_ V6,2 = 5 =
=1a T7VO=1,V0
Horizontally from O to B;
5
20 = X —+
0=Ucosa 12 6

Vertically from O to B;

- 5 1 (s
—225= Usmaxaxfg—zg(_

14

—2.25 =Usina X i\/g— 3.75

5
1.5 = Usi —6
sina X 14\/_
Dividing the equations;
. 5
Usina xﬁ\/g B 1.5

5 — 20
Ucosaxﬁ\/a
3

tana = —
an a 20

a = 4.29°
Hence 20 = U cos a X %\/3
20 X 14

~ 5v6c0s4.29°
U=229ms™?!
(ii) Now using v2? = u? + 2as for OB

v? = (Usina)? — 2 x 9.8 x (—2.25)

v? = U?sin? a + 44.1
From 1.5 = (Usina) x %\/E

7
Usina =—v6
sina 10\/_

Thus, v2 = 27 + 44.1
50

v? = 47.04
v =+v47.04

28
5V

»

B
\47.04

Thus V = /47.04 + %

V =23.87ms !
V47.04

8
=6
B =16.7°

tanf =

N

Example 23
Two particles are projected simultaneously from the same
point with angles of projection @ and 8 and initial speeds u
and v. Show that at any time during their flight the line
joining them is inclined to the horizontal at
usina —vsinf

arctan————————
ucosa —vcospf
Solution
Let the angle made by the line joining them to the horizontal
be 6

s
< - >
< ! >

X2

Consider the motion of particle A;
Horizontal motion;

x; =uT cosa
Vertical motion;
u=usina,a=-g,s =y,

1
y1 = (usina)T — EgT2

1
v, =T(usina — EgT)

Consider the motion of particle B;

Principles of Applied Mathematics by Kawuma Fahad



Projectiles

Horizontal motion;
x, =vT cosf8
Vertical motion;

1
Y2 = (vsin )T — gl

1
Y, =T(vsinf —5gl)
Now
tar19 =:221::¥Xl
X2 — X1
T(vsin,B—1 T)—T(usina—1 T)
28 28

tanf =
vT cos B —uT cosa

1 1
T|vsinf —5gT —usina +5gT
g o LS~ 2¢]

T[vcosB — ucosa]
vsinf —usina -1
tan = —— X —
vcosf—ucosa —1
usina —vsinf
tan = ——
ucosa —vcospf
usina — vsin
7] =:tan_1—————————————li
ucosa —vcospf

Example 24

A particle is projected from a point O with initial speed u to

pass through a point which is at a horizontal distance a from

0 and a distance b vertically above the level of 0. Show that

there are two possible angles of projection. If these angles

are a; and a,, prove that tan(e; + a,) = —(a/b)
Solution

Let the angle of projection be «

u

A
v

a

t+ ! t?

S=u —-a
2

Considering horizontal motion;

a = (ucosa)t
a

_-lLCOSCZ
Considering vertical motion;

1
b= (usinor)t—gt2

1 2
b = (usina) (u czs a) - E(u ccols a)

2
a 2
b= atana — s—sec”a
2u

ga* 2
b= atana—z—uz(l + tan‘ a)

2u’b  2u? 5
=—-T+tana —1—tan‘«a
ag

ga*
2u? 2u®b 3

tana ———tana +1+—5 =10
ag a

5 2u? ga® + 2u?b
tan‘a ———tana +|—————| =0
ag ga
This is a quadratic equation in terms tana hence two
possible angles of projection.
Now;
2u? 2u?b+ga?
tana; + tana, = — andtana; tana, = (—2)
ag ga
From compound angle formula;
tana, + tana,

tan(a; + ay) = ——————
(@ 2) 1—tana; tana,

_ (u?/ag)
- <2u2b + gaz)
1- (2580
ga
(2u*/ag)
(ga2 —2u?b — gaz)
ga?
U —2uth

ag ~ ga?
ag  —2u?b
_a
~ b
~tan(ay + ay) = — (%)
Example 25
A ball is projected so as just to clear two walls, the first of
height a at a distance b from the point of projection, and the
second of height b at a distance a from the point of
projection. Show that the range on a horizontal plane is
a’?+ab + b?
a+b
and that the angle of projection exceeds tan™! 3
Solution
Let the speed of projection be u and the angle of projection
be a

/™ = =

HEE /////////////////////////////////////////////////A

»
»

A

a

Using the trajectory equation
x2
— 2
y=xtana — 212 sec“a

For clearance at first wall,
g 2
a=btana — =—sec’a
2u?
gh® .
btana —a = ﬁsec a ....(>1)
For clearance at second wall,
ga’

b=atana ———sec’a
2u
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4
sin20 = —

5
260 = 53.13°
6 = 26.6°
(b) Now for the ratio of times, we can use
Time for no bounce throws, t is %E

Total time for one bounce through, T = t; + t,
T = 2usin@ + usin@ — 3usin@ — 3usin 26.6° — 1.34u
g g g g g

The ratio of the times is given by;
t w2 134u w2 g

= X
T g g g 1.34u

= 1.06

Example 27

The muzzle speed of a gun is v and it is desired to hit a small
target at a horizontal distance a away and at a height b above
the gun. Show that this is impossible if v2(v? — 2gb) <
g?a?, but that, if v?(v? — 2gb) > g?a?, there are two
possible elevations for the gun.

Show that if v2 = 2ag and b =%a, there is only one

possible elevation, and find the time taken to hit the target.
Solution
Let the angle of elevation be a

target

The trajectory equationisy = xtana — W
For the shell to hit the targetat x = a,y = b
ga?(1 + tan? a)
2v2
= ga’tan® a — 2av?®tana + 2v%b +ga? =0 .. ()
This a quadratic equation in tan a, which must have real
solutions for the target to be hit.
(@) The target cannot be hit if the discriminant < 0
i.e.if 4a?v* — 4(ga®)(2v?b + ga?) < 0
v* — 2gbv? —g2a? <0
v2(v? — 2gb) < g?a?
(b) If the discriminant > 0, i.e. if vZ(v? —2gh) >
g?a?, then equation (i) has two real distinct
solutions for tan a and hence for the elevation

(c) Ifv2=2gaandb = %a, then (i) becomes

b=atana —

ga’tana — 4ga’® tana + 3ga® + ga®* = 0
tana —4tana +4 =0
(tana—2)2=0
tana =2
i.e. only one possible elevation, tan™* 2

Horizontal displacement, a = (v cos a)t = ,/2ga (\/ig) t

t_ax/g_ 5a

- \2ga - J2

Time taken for the shell to reach the target is \/3—:

Example 28

i | S

¢+——¢——r—>
12 m 6 m 6 m

A ball is projected from a point A a height of 2.8 m above
the ground with velocity components U and V vertically and
horizontally respectively. It passes over a net at a horizontal
distance of 12 m from A, landing 6 m behind the net. It
bounces to a point B which is at a height of 0.75 m and at a
distance of 6 m from the point of bounce. The ball takes
0.6 s to cover the 24 m. Assuming that there is no air
resistance and the ball bouncing does not affect the
horizontal velocity of the ball, find
@ UandV
(b) the distance by which the ball just clears the net if it is
1 m high?
(c) the direction of the ball at B
Solution
(@) Since the bouncing does not affect the horizontal
velocity of the ball,

1 2
Sy = Uyt + Eaxt

24=Ux%0.6
U=40ms™?
Considering the mation of the ball from the A to where
it bounces.
Time taken is given by
distance s, 18

=—=—=045
speed u, 40 S

A

<
<«

v

18 m
Vertically;

1 2
Sy = Uyt +-ayt

2.8 = V(0.45) +%(9.8)(0.45)2

2.8 = 0.45V + 0.99225
0.45V = 1.80775
V =4.02ms™?!

44
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Newton’s Laws of motion

Force

A force is necessary to cause a body to accelerate. More than
one force may act on a body. If the forces on a body are in
equilibrium, i.e. balance out, then the body may be at rest
or moving in a straight line at constant speed.

If there is a resultant force on the body, then the body will
accelerate.

Force is a vector, i.e. has magnitude and direction.

S.1 unit of force is the Newton (N).

1 Newton is the force needed to give a body of mass 1 kg an
acceleration of 1 ms™2

Mass and weight

Mass and weight are different.

The mass of a body is a measure of the matter contained in
the body. A massive body will need a larger force to change
its motion. The mass of a body may be considered to be
constant, whatever the position of the body, provided that
none of the body is destroyed or changed.

Mass is a scalar, i.e. it has magnitude only.

S.1 unit of mass is the kilogram (kg)

The weight of the body is the force with which the earth
attracts it. It is dependent upon the body’s distance from the
earth.

Weight is a vector, since it is a force.

S.1 unit of weight is the Newton (N).

The weight, W, in newtons, and mass m, in kilograms are
connected by the relation W =mg, where g is the
acceleration due to gravity in ms™2.

NEWTON’S LAWS OF MOTION

Newton’s three laws are the fundamental basis of the study
of mechanics at this level. Although there is no direct proof
of these laws, predictions made using them agree very
closely with observations.

1st law

Every body will remain at rest or continue to move in a
straight line at constant speed unless an external force acts
on it.

Consequences
e If a body has an acceleration, then there must be a
force acting on it
e Ifabody has no acceleration, then the forces acting
on it must be in equilibrium

2nd law

The rate of change of momentum of a moving body is
proportional to the external force acting on it and takes place
in the direction of that force.

So when an external force acts on a body of constant mass,
the force produces an acceleration which is directly
proportional to the force.

Consequences
e The basic equation of motion for constant mass is
Force = mass X acceleration
(in N) (in kg) (in ms~2)
e The force and acceleration of the body are both in
the same direction
e A constant force on a constant mass gives a
constant acceleration.

3rd law
If a body A exerts a force on B, then B exerts an equal and
opposite force on A.

Consequences

These forces between the bodies are often called reactions.
In a rigid body, the internal forces occur as equal and
opposite pairs and the net effect is zero. So only external
forces need to be considered.

Problem solving
1. Draw a clear force diagram
2. If there is no acceleration, i.e. the body is either at rest
or moving with uniform velocity, then the forces
balance in each direction
3. If there is an acceleration
(a) mark it on the diagram using —a 5y
(b) write down, if possible, an expression for the
resultant force
(c) use Newton’s 2nd law i.e. write the equation of
motion
force = mass x acceleration

Body at rest on a rough inclined plane

R

o mg

No acceleration so forces balance:
[l to plane = F = mgsina
1 toplane = R = mgcosa

Body sliding down rough plane at constant speed

R

(04 me

| to plane = F = mgsina
L toplane = R = mgcosa
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Body sliding down rough plane with acceleration

No 'a’ L to plane

= R =mgcosa

Resultant force down the plane is mgsina — F
2nd law = mgsina — F = ma

Example 1
A lift of mass 500 kg is lowered or raised by means of a
metal cable attached to its top. The lift contains passengers
whose total mass is 300 kg. The lift starts from rest and
accelerates at a constant rate, reaching a speed of 3 ms™!
after moving a distance of 5 m. Find
(@) the acceleration of the lift
(b) the tension in the cable if the lift is moving vertically
downwards
(c) the tension in the cable if the lift is moving vertically
upwards
Solution
@ u=0,v=3,s=5a=?
v2 =u? + 2as
32=0+2X5a
a=09ms™2
(b) Net downward force = ma

800g

800g — T = 800a
T =800(g—a)
T =800(9.8—0.9) =7120N
(c) Net upward force = ma

T

i

800g

$a

=%
=)o

T — 800g = 800a
T =800(g+ a)
T = 800(9.8 + 0.9) = 8560 N

Example 2

A
400g

600g

B

A light scale-pan is attached to a vertical light inextensible
string. The scale pan carries two masses A and B. The mass
of A is 400g and the mass of B is 600 g. A rests on top of B,
as shown in the diagram above. The scale-pan is raised
vertically, using the string, with acceleration 0.5 ms™~2.
(@) Find the tension in the string
(b) Find the force exerted on mass B by mass A
(c) Find the force exerted on mass B by the scale-pan.
Solution
(@) Letthe tension in the string be T
For the whole system
R(M); T — (0.4 + 0.6)g = (0.4 + 0.6)a
T—g=1x05
T=103N
(b)

Al 0.4kg

'

0.4g

T 0.5 ms~2

For A only:
R(1); R—0.4g=04x0.5
R=412N
So the force exerted on B by A is 4.12 N downwards

(©)

0.5 ms~2

For scale-pan only:
Since it’s light, its mass is zero.
R(M); T—-S=0x05
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T=S
S=103N
So, the force exerted on B by the scale pan is 10.3 N

Example 3
A car of mass 800 kg pulls a trailer of mass 200 kg. The
force produced by the engine is 4000 N. The resistances
acting on the car and trailer are 600 N and 300 N
respectively. Calculate:
(@) the acceleration of the car and trailer
(b) the tension in the tow bar

Solution

(@ Apply F = ma to the car:

4000 — T — 600 = 800a

3400 — T = 8004 .... (i)
Apply F = ma to the trailer:

T —300 = 200q ... ... (ii)
Adding (i) and (ii0;

3100 = 1000a
a=31ms?
(b) From (ii):
T —300=200x3.1
T =920N
Example 4

A car of mass 1500 kg is towing a trailer of mass 500 kg by
means of a light rigid horizontal tow-bar. The car is
experiencing a constant air resistance of 300 N, while the
corresponding constant air resistance on the trailer is 100 N.
The car and trailer are modelled as particles.
(@) Given the tension in the tow-bar is 200 N, calculate

(i) the acceleration of the system.

(if) the driving force of the car.
Later in the journey, the car’s driving force is removed and

200 — 100 = 500a

100 = 500a
a=0.2ms?
Car:
D —300— 200 = 1500a
D —500 = 1500 x 0.2
D =800N
(b)
a a
100N a' 300N -
WWJWWBQfWW
Trailer:
T — 100 = 500a
Car:
—300 — T — 400 = 1500a
Adding:
—800 = 2000a
a=—0.4ms™?
T —100 = 500(—0.4)
T=-100N

- Deceleration of 0.4 ms~2 and thrust of 100 N

Example 5
A car of mass 1500 kg is towing a trailer of mass 1000 kg
by means of a light inextensible rope. The car is
experiencing a constant air resistance of 200 N, while the
corresponding constant air resistance on the trailer is 300 N.
The car and trailer are modelled as particles, with the tow
rope remaining taut and horizontal throughout the motion.
(a) Given that the driving force acting on the car is 750 N,
determine
(i) the acceleration of the system.
(i) the tension in the tow rope.
Later in the journey, the car and the trailer are ascending on
a road which inclined at 5° to the horizontal. The air
resistance on the car and trailer are unchanged.
(b) Assuming that the system now moves with constant
speed, calculate
(i) a new value for the tension in the tow rope.
(ii) a new value for the driving force of the car.

the car’s brakes are applied, providing a constant breaking Solution
force of 400 N, on the car only. The air resistance on the car @
and trailer are unchanged.
(b) Determine a a
(i) the deceleration of the system.
(i) the thrust in the tow-bar. 300 N 200 N
Solution ﬁ' T 78 Ela 750 N
(@) < @ o
a a o s
—>> —>> Looking at the car and the trailer separately (F = ma)
300 N Car:
100 N
00 a-' 200 208 T 750 — T — 200 = 1500a
i Trailer:
) T —300 = 1000a
Trailer: Adding:
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250 = 2500a
a=0.1ms?
T —300=1000x0.1
T =400 N

(b)

Constant speed = equilibrium
Looking at the direction of motion, only for each object
Trailer:
T =300+ 1000gsin 0
T = 300 + 1000(9.8)(sin 5°)

T =1154N
Car:
D =T+ 200+ 1500gsin 6
D = 1154 + 200 + 1500(9.8)(sin 5°)
D =2635N
Example 6
Recovery truck

e e e

A recovery truck of mass 2800 kg is towing a car of mass
1200 kg along a straight horizontal road. The tow cable is
inclined at an angle 6 to the horizontal, where cos 8 = 0.75,
as shown in the figure above. The tow cable is modelled a
light inextensible string and the two vehicles as particles.
The two vehicles were travelling at constant speed 12 ms™!
with the tow cable taut as they were travelling in an urban
area. On leaving this area, the truck begins to accelerate
uniformly bringing their speed to 27 ms™! over a distance
of 2.34 km.
(@) Calculate the acceleration of the truck and the car.
There is a constant resistance to the motion of the truck of
600 N, and a constant resistance to the motion of the car of
270 N.
(b) For the part of the journey during which the two

vehicles accelerate, determine

(i) the force in the tow cable.

(i) the driving force of the truck

Solution

(@) By kinematics

u=12mst,a=3,5s=2340m,t =2, v =27 ms~ !
v? =u? + 2as
277 = 122 + 2a(2340)
729 = 144 + 4680a

4680a = 585
L 0.125 ms—?
a= g=0 ms
(b) ()
0.125
—>> T
<0 ___.
2704 1 1200
Tcos@ —270 = 1200a
3T 270 = 1200 x 1
4 - 8
3 T =420
27 =
T =560N
(i)
0.125
—>>
-—g1==
T 2800 —» D
600
D —Tcos@ — 600 = 2800a
3 1
D —=x560— 600 = 2800 x —
4 8
D — 480 — 600 = 350
D =1370N
Example 7

— /ﬂ\ \
— //"
(I Trailer \/
\
!

600 kg

6

A trailer of mass 600 kg is connected to a car of mass 1500
kg by means of a light rigid tow bar. The car is moving up a
line of greatest slope of a plane inclined at 8 to the

- . 7 - .
horizontal, where sin 6 = o as shown in the figure above.

A constant resistance of magnitude 400 N acts on the car,
and a constant resistance of magnitude 300 N acts on the
trailer. The engine of the car produces a constant forward
driving force of 8400 N. Determine the acceleration of the
car and the tension in the tow bar.

Solution
Let the acceleration be a and the tension in the tow bar be T
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Connected Particles

CONNECTED PARTICLES

When particles are connected by a taut string the tension is
the same throughout its length even if the string passes over
a (frictionless) pulley. When the system is moving, the
motion of each particle satisfies F = ma, the particles
having accelerations of equal magnitude.

Example 1
Two particles of masses m; and m, kg are connected by a
light inextensible string passing over a smooth fixed pulley.
Find the resulting motion of the system and the tension in
the string.

Solution
The tension is the same throughout the string. Let this be
T N. Letalso m; > m,, then m, will move downwards and
m, upwards, and since the string is inextensible, the upward
acceleration of m, is equal to the downward acceleration of
m,. Let this acceleration be a ms~2.

R
T T
aT T T
yo
m, my
m,g mg

The resultant force on m, is downwards
mg—T =mya ....(I)
The resultant force on m, is upwards
T —myg =mya.....(ii)
Adding (i) and (ii);
(my —my)g = (my + my)a

m; —m;
a=—-
From (i);
T'=my(g—a)
m; —m;
(1)
2mym,
T my +m,

If the parts of the string not in contact with the pulley hang

vertically, the force R on the pulley
4mym,

Example 2
Two particles A and B are connected by a light inextensible
string passing over a smooth fixed pulley. The masses of A

and B are %m and gm respectively. With A and B hanging

vertically, the system is released from rest with particle A a
distance d above the floor. If a time t elapses before A hits
the floor, show that 20d = t?g

Solution

T T

T T

$ a

a$ A B
9
11 z

- me 28

For particle A; %mg —-T= %ma ()]

For particle B; T — %mg = gma ..... (i1)
Adding (i) and (ii);

11 9 11 9
7mg — Emg = 7ma + Ema
mg = 10ma

1
a = Eg

Considering the motion of A;

u=0,a=ig,t=t,s=d
10

= ut + 2 at?
S=u Za

d—0+1><1 t2
=UT 108

20d = gt?

Example 3
A particle of mass m, lies on a smooth horizontal table and
is connected to a freely hanging particle of mass m, by a
light inextensible string passing over a smooth fixed pulley
situated at the edge of the table. Initially the system is at rest
with m, a distance d from the edge of the table.

mag

Show that the acceleration of the system is —=— and that
mq+my

the time taken for m; to reach the edge of the table is
2d(mq+my)
mag
Solution

a
—>>

Ry
TM
T

my
[PFF77r PP PP P PP 7 F P77 P77,
T
mg
m; & a
m,;8
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Now the 3 kg mass is stopped by the ground, the string
becomes slack and the 10 kg mass moves with velocity v,
and subject to a retardation given by

F =ma
0—2g=10a
a= —% = —1.96 ms 2

The time t s taken to up the plane and return to the point
from which it began to move freely is given by

1
0 =122t — > (1.96t%)

122
098 V8

After this interval, the string again becomes taut.

Example 10

The diagram above shows a body A of mass 13 kg lying on
a rough inclined plane, coefficient of friction . From A, a
light inextensible string passes up the line of greatest slope
and over a smooth fixed pulley to a body B of mass m kg
hanging freely. The plane makes an angle 6 with the
horizontal where sin® =%. When m = 1kg and the
system is released from rest, B has an upward acceleration
of a ms™%; when m = 11 kg, and the system is released
from rest, B has a downward acceleration of a ms™2. Find
aand u.

Solution

When m = 1 kg;

13gcos@

For A:
13gsin@ — (T — uR) = 13a
13gsin® — T — u(13gcos ) = 13a
5 12
13g (1—3) _ T — u(13g) (E) — 13a
5g —T —12ug =13a .. (i)
For B:

(i) + (ii);
4g —12ug = 14a
2g —bug="7a ....(iii)
When m = 11 kg,

o
R

13gcos8 | 11g

For A:
T'—(13gsinf + uR) = 13a
T' —13gsinf — u(13gcos6) = 13a
, 5 12
T'—13g (E) —u(13g) (§> =13a
T'—5g—12ug =13a ..... (iv)
For B:
11g—-T'=11la ... (v)
(V) + (iv);
6g — 12ug = 24a
3g—6ug=12a .... (vi)
Solving (iii) and (vi);
2g—6ug="7a
—3g —6ug =12a
-g = —5a
a= % = 1.96 ms™2
From (iii);
2g—6ug="7a
2g—bug=—
3
—6u = _g
— 1 —
U= 0° 0.1
Example 11

Masses of 5 kg and 15 kg are held at rest on inclined surfaces
as shown in the diagram. The masses are connected by a
light, taut, inextensible string passing over a smooth fixed
pulley. The coefficient of friction between each mass and
the surface with which it is in contact is 0.25. The inclination

of the plane is such that sinf = E When the system is
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released from rest, the 15 kg mass accelerates down the
slope.
(a) Find the magnitude of this acceleration and the tension
in the string.
(b) Calculate the magnitude of the force on the pulley
Solution

(@)

For the 15 kg mass:
15gsin@ — (T + uR,) = 15a

3
15g (E) — (T +0.25 X 15gcos @) = 15a

4
9g — (T+ 0.25 x 15gx§) = 15q

9g —T —3g=15a
6g—T =15a..... (1)
For the 5 kg mass:
T — (5gsinf + uR,) = 5a
T — (5gsin 8 + 0.25 X 5gcosf) = 5a

4
T—(ng§+0.25x5gx§)=5a
T—(3g+g =5a
T—4g=15a ....(i0)
Adding (i) and (ii) gives;
2g = 20a
_ 85 _ -2
a—10 0.98 ms
From (ii); T = 4g + 5a
g B8
T—4g+2— > =441N

(b) Looking at the diagram below showing only the forces
acting on the pulley;

a=90°-0
The force on the pulley is given by
R =2T cosa

R = 2T cos(90° — 6)
3
R =2Tsinf =2 x44.1 XE =53.28N

Example 12

A
R

Two particles A and B have masses 2 kg and 5 kg,
respectively. The particles are attached to the ends of a light
inextensible string. The string passes over a small smooth
pulley P which is fixed at the top of the cross section of a
triangular prism RPQ, where £PRQ = APQR = 30°. The
string lies in the vertical plane which contains the pulley and
lines of greatest slope of the inclined planes, PR and PQ, as
shown in the figure above. When A is held at Q with the
string taut, B is at P, on the line of greatest slope PQ. The
point M, lies on PQ so that PM : MQ = 1: 3.
The lines of greatest slope of the inclined planes, PR and
PM, are smooth but the line of greatest slope MQ is rough.
The system is released from rest with the string taut, when
Aisat Q and B is at P, on the line of greatest slope PQ. The
system initially accelerates but due to the rough section MQ,
B comes to rest as it reaches Q. Assuming that the string
remains taut throughout the motion, show that the
coefficient of friction between the B and MQ is 0.49.
Solution

Let’s start by determining the acceleration of the system

30° 30¢

o

T — 2gsin30° = 2a

For B:
5gsin30°—T = 5a
Adding;
7a = 3gsin 30°
a=21ms"?
Now kinematics
Let PQ = 4d, then the smooth section is d and the rough
section is 3d
u=0,a=21,s=d,v=?
v? =u?+ 2as
v2=2x21xd
v? =4.2d
Next the motion in the rough section
u=+v42d,a=?,s=3d,v=0
v2 =u? + 2as
0 = 4.2d + 2a(3d)
0 =4.2d + 6ad
6a = —4.2
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a = —0.7 ms~2 (new deceleration)

Looking at the dynamics of A, once B is on the rough section

Q)

7

F =ma
T' —2gsin30° = 2(—0.7)
T'—98=-1.4

T' = 8.4 N (new tension)
Dynamics of B, once in the rough section

~N
A \Q>

5g

F =ma
5gsin30°—T — uRg = 5(—0.7)
24.5 — 8.4 — u(5gcos30°) = —3.5
20.6 = pu(5gcos 30°)

20.6 = 42.44u
= 0.49

Example 13

The diagram shows two slopes; the upper slope is inclined
at an angle 6 to the horizontal where sin8 = % the lower

slope at 30° to the horizontal. A particle A of mass 3 kg is
held at rest on the upper slope. This particle is connected by
a light inextensible string, passing over a smooth pulley, to

a particle B of mass 2 kg on the lower slope.

(@ In the case where both slopes are smooth and A is

released from rest, find
(i) the acceleration of the particles
(ii) the tension in the string

(b)

(@)

(iii) the speed of each particle after travelling 0.63 m,
assuming both particles remain on their respective
slopes.

In the case where the lower slope is smooth and the

upper slope rough, the system is in limiting equilibrium.

Find the coefficient of friction between particle A and

the upper slope

Solution
Let the acceleration of the particles be a and the tension
in the string be T

For the 3 kg mass:
T +3gsinf = 3a
3g

T+z=3a (l)

For the 2 kg mass:
2gsin30°—T = 2a
g—T =2a...(ii)
Adding (i) and (ii);

7
Zg=5a
78 2
a—%—3.43ms
From (ii);
14 6
T=g—2a= —2—0g=£=2.94N

u=0,a=343,s=0.63,v=?
v? =u? + 2as
v2=02+2x%343x0.63
v=208ms™!

(b) When the system is in limiting equilibrium, the

acceleration is 0

For the 2 kg mass:
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Example 1
A string, with one end fixed, passes under a moveable pulley
of mass 2 kg, over a fixed pulley and carries a 5 kg mass at
its other end. Find the acceleration of the moveable pulley
and the tension in the string.

Solution

Let the acceleration of the moveable pulley be a
=

a
P v
5g
For the mass:
5g—T =5(2a)
5¢—T =10a .....(I)
For the moveable pulley:

2T —2g=2a
T—g=a ....(ii)
Adding (i) and (ii);
4g = 11a

a=igms_2 or 3.56 ms™2
11 '

From (ii);

T=g+a= +4 _2 N or 8196 N
=gta=g+7g=778N or 8L

Example 2

A string, with one end fixed, passes under a moveable pulley
of mass m,, over a fixed pulley, and carries a mass m,, at its
other end. With the system released from rest, show that the

tension in the string is :mlﬂ and that, after time ¢, the

maz+my
gt2(2ma—my)

movable pulley has moved a distance
2(4my+my)

Solution

b

For moveable pulley mass m;
2T —myg=mya ..... (1)
For mass m,;
myg—T =m,(2a) ....(ii)
Multiplying (ii) by 2 to eliminate T
2m,g — 2T = 4m,a
Adding;
2m,g —myg = 4mya + mya
_ (2my; —my)
4m, + my
From (i);
2T =my(a+g)
(2my; —my)
2T =m1< 4m, + my g+g)
2m, —my +4m, + my
4m, + my )
m,g(6m,)
4m, + my
3mym,g

2T = mlg(

2T =

- 4m, + m,
Now using kinematics;
@mz—my)

u=0,t=ts=?a=
4my+my

= ut + 2 ar?
s=ut+-a
1 Zmz_ml
=0+—><<—) 2
A 2 \4m, +my
_gt*@2m, —my)
~ 2(4m, +my)

Example 3

Masses of 5 kg and 2 kg are suspended from the ends of a
string which passes over two fixed pulleys and under a
movable pulley whose mass is m kg, the portions of the
string not in contact with the movable pulley being vertical.
Find the value of m in order that when the system is
released, the movable pulley may remain at rest, and in this
case the accelerations of the other masses and the tension of
the string.

Solution

i

For the 5 kg mass: T —5g = 5a, ..... ()
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The string passes over a smooth pulley at the edge of the
plane, under a second moveable pulley of mass 2 kg and
over a third fixed pulley, and has a mass of 2 kg attached to
the other end. Find the
(a) acceleration of the masses and the moveable pulley
(b) tension in the string
Solution
(@) Let the tension in the string be T and the accelerations
be a;, a, and a5 in the respective directions as shown
in the diagram.

Relationship between the accelerations
1
a =5 (a; +as3)

For the 1 kg mass:
gsin30°—T = a4

8 ;

E_T =a ... (0)
For the moveable pulley:

2T — 2g = 2a,

2T — 2g = a; + a; ... (ii)
For the 2 kg mass:
2g —T = 2a; ....(iii)
2(0) + (i);
g—28=2a+(a; +az)
—g = 3a, + as ... (iv)
(ii) + 2(iiD);
4g —2g = (a, + a3) + 4a;4
2g =a, +5a;....(v)
(v) = 5@v);
78 = —14a,

g

=—2=_49ms2
2 ms

a,
The acceleration of the 1 kg mass is 4.9 ms~2 up the slope.
From (iv);
as = —g—3a
8

= —g — X ——=
as g—3 >
8 -
=-=49 2

as > ms

The acceleration of the 2 kg mass is 4.9 ms~2 downwards.

Now
1,8 8
2(-5+3)=0

The acceleration of the moveable pulley is 0 (stationary)

(b) From (i)

1
a; =E(a1+a3) =

The tension in the string is 9.8 N

Example 6
Two pulleys, of masses 12 kg and 8 kg, are connected by a
fine string hanging over a smooth fixed pulley. Over the
former is hung a fine string with masses 3 kg and 6 kg at its
ends, and over the latter a fine string with masses 4 kg and
x kg. Determine x so that the string over the fixed pulley
remains stationary, and find the tension in it.

Solution
Let the acceleration of masses on the 12 kg pulley be a, and
that of the masses on the 8 kg pulley be a,.
Let the tensions in the strings be Ty, T, and T as shown in

the diagram.
b

T2 T3
T,
T, v T3
12g 8g
a, f a2$
T, T3
3g xg f a
yo
6g g

For the 12 kg pulley:

Tl = 2T2 + 12g ™ (l)

T2 - 3g = 3a1 e (11)

6g—T, =6a, .. .. (iii)
For the 8 kg pulley:

Tl = 2T3 + 8g e (IV)

T3 _4g = 4a2 ...(V)

xg—T; =xa, .. (vi)
Adding (i) and (ii);

3g =94
a ==
173
From (ii);
- —2(8 -
T, —3a1+3g—3(3)+3g—4g

From (i);

T, = 2T, + 12g = 2(4g) + 12g = 20g
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15.

16.

17.

18.

19.

20.

pulley of mass 6 kg, over another fixed pulley and has
a load of mass 3 kg attached to its other end. Find the
acceleration of the moveable pulley and the tension in
the string.

[Ans: %g ms~? |, gg N]
A fixed pulley carries a string which has a mass of 4 kg
attached at one end and light pulley A attached at the
other. Another string passes over pulley A and carries a
mass of 3 kg at one end and a mass of 1 kg at the other
end. Find:
(a) the acceleration of pulley A
(b) the acceleration of 1 kg, 3 kg and 4 kg masses
(c) the tensions in the strings
[Ans: (@) 1.4ms™27T (b)) 7ms™21, 42ms 21|,
1.4ms™2 1 (c) 33.6 N, 16.8 N]
A fixed pulley carries a string which has a load of mass
7 kg attached to one end and light pulley attached to the
other end. This light pulley carries another string which
has a load of mass 4 kg at one end, and another load of
mass 2 kg at the other end. Find the acceleration of the
4 kg mass and the tensions in the strings.

[Ans: 3i7gms‘1 1, %}gN, 13i72gN]
A string, with a particle A attached to one end passes
over a fixed pulley, under a moveable pulley B, over
another pulley, and has a particle C attached to its other
end. The masses of 4, B and C are 3m, 4m and 4m
respectively. Find the acceleration of A and the tension

in the string.

[Ans: 13—9g ms~2 |, %mg]
To one end of a light string passing over a fixed pulley
is attached to a particle of mass 8 kg and to the other
end a light pulley. Over this pulley passes a light string
to the ends of which are attached particles of masses 5
kg and 3 kg respectively. Find the acceleration of the 8
kg mass and the tension in the string attached to it.

[Ans: 3% ms~?; 7§g N]

One end of a light inextensible flexible string is attached
to a mass of 9 kg, which is at rest on a smooth horizontal
table. The string passes over the edge of the table and to
its other end is attached a smooth light pulley. Over this
pulley passes another similar string, to the ends of
which are attached masses of 5 kg and 2 kg. If the
system is released from rest with the hanging portions
of the strings taut and vertical, show that the 9 kg mass
moves along the table with acceleration 40g/103.
A particle of mass 2 kg rests on the surface of a rough
plane which is inclined at 30° to the horizontal. It is
connected by a light inelastic string passing over a light
smooth pulley at the top of the plane, to a particle of
mass 3 kg which is hanging freely. If the coefficient of

friction between the 2 kg mass and the plane is % find
the acceleration of the system when it is released from

21.

22.

rest and find the tension in the string. Find also the force
exerted by the string on the pulley.

[Ans: 2.8 ms™2; 21 N; 36.4 N at 30° to the vertical]
A particle A of mass 6 kg is connected by a light
inextensible string passing over a fixed smooth pulley
to a light smooth moveable pulley B. Two particles C
and D of masses 2 kg and 1 kg are connected by a light
inextensible string passing over the pulley B. When the
system is moving freely, find the acceleration of the 1
kg mass and the tensions in the strings.

[Ans: %gms‘z; %gN : ggN]
The diagram below shows two particles A and B, of
masses 3 kg and 5 kg, connected by a light inextensible
string passing over two fixed smooth pulleys and a light
smooth moveable pulley C, which carries a particle D

of mass 6 kg.
s

A

The system is released from rest. Find the

(a) acceleration of the particle A,
(b) acceleration of pulley C
(c) tension in the string

[Ans: (3) ;gms™2 1 (b) sgms™2 1(c) Tg N]
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MOMENTUM

The momentum of a moving body is the product of its mass
m and velocity v
momentum = mv
It is a vector whose direction is that of the velocity.
S| unit of momentum is the newton second (Ns)

Impulse is the time effect of a force. It is a vector.
For a constant force F, acting for time ¢,
impulse = Ft
For a variable force F, acting for time T,
impulse = fOT Fdt
Sl unit of impulse is the newton second (Ns)

Example 1
Find the momentum of a particle of mass 1.5 kg moving in
a straight line at 5 ms™*
Solution
Momentum =1.5%x 5 =7.5Ns

Example 2
A constant force acts on a particle of mass 0.5 kg changing
its speed from 3 ms™! to 7 ms™?, the force acting in the
direction of motion. What is its impulse?
Solution
Impulse, I = Ft
But F = ma
I = mat
v=utat>at=v—u
at=7—-3=4
So, impulse = 0.5x 4 =2 Ns

Relation between impulse and momentum

Consider a constant force F which acts for a time t on a body
of mass m, thus changing its velocity from u to v. Because
the force is constant, the body will travel with constant
acceleration a where

F =ma
v—u
F=m

Ft =mv—mu
impulse = mv — mu
The impulse of a force is equal to the change of momentum
it produces.

Example 3
A golf ball of mass 0.06 kg resting on a tree is given a
horizontal impulse of 1.8 Ns. Calculate the velocity v with
which it moves off.
Solution
Impulse = change in momentum
1.8 =0.06v—0.06 X0

v=30ms™?!

Example 4
A body moving with initial velocity (2i — 7j) ms™? is given
an impulse causing its velocity to change to (—8i + j) ms™1.
The mass of the body is 0.5 kg. If the duration of the impulse
is 0.2 seconds, calculate the magnitude of the constant force
involved.
Solution
Impulse = mv — mu
= 0.5(=8i +j) — 0.5(2i — 7j)
= —4i + 0.5j — i + 3.5j
= —5i + 4j
Impulse = Ft
—5i+4j=F x0.2
F = (—25i+20j) N
|F| = /(=25)% + 202 = V1025 = 32
The magnitude of the constant force is 32 N

Example 5

A body of mass 5 kg is travelling at 3 ms™1. It is brought to

rest by an impulse. Find the magnitude of this impulse.
Solution

When no direction is specified, we can choose the positive

direction to be shown to the right.

>+
—>»u=3ms? ! 0 ms™*
! ! _
(516 | 51
A S | 4
: ’
Before ! After
Impulse = mv — mu
=5%x0-5x%x3

=0-15
Impulse = —15 Ns
The magnitude of the impulse is 15 Ns. The negative sign
means that the impulse acts in the opposite direction to the
original motion.

Conservation of momentum
The principle of conservation of momentum states that the
total momentum of a system is constant in any direction
provided no external force acts in that direction i.e.

initial momentum = final momentum

Collisions of two bodies

Consider two bodies A and B of masses m; and m, moving
with velocities u, and u, respectively. When they collide
head on, their respective velocities are now v, and v,.

Uy U2 Y1 > V2
> > . —>
- ik | -
|
W D & O
s b % | b A
A B i A B
I

Before impact After impact
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Example 7
A gun of mass 1000 kg can launch a shell of mass 1 kg with
a horizontal velocity of 1200 ms~1. What is the horizontal
velocity of recoil of the gun.

Solution
mg = 1000, mg = 1, vy = 1200, Vg =?
Using conservation of momentum;

MmgVUs — Mgy = 0
1x1200 —1000v, =0
Vg = 1.2
The gun recoils with a velocity 1.2 ms™?!

Example 8

A gun of mass M, whose barrel is at an angle of elevation 6,
fires a shell of mass m and recoils horizontally with velocity
V. The shell travels at speed v relative to the barrel of the
gun.

I
/

L "o,
m

Ve— Nm

Velocity triangle for the shell

|4

Velocity of shell, relative to the ground, as it leaves the
barrel is the resultant of v and V
For the gun (=): —Icos8 = —MV
For the shell (=): Icos8 = m(vcos6 — V)
For the shell (T): I sinf = mvsin 8
By conservation of momentum (-=);
0=m(vcos —V)— MV

Example 9

A gun of mass km fires a shell of mass m. The barrel of the
gun is elevated at an angle a« and the gun recoils
horizontally. Show that the shell leaves the barrel at an angle
B to the horizontal where

+1
tanf =

tan

k
Solution

By conservation of momentum;
0 =mvcosfB — kmV

_vcosp

k

Using a velocity triangle;

By the sine rule;

v vV
sina  sin(f —a)
v vcosf

sina ksin(f — a)
k[sin B cosa — sina cos ] = sina cos B
sinfcosa sinacosP] sinacosf
[sinacosﬂ " sina cos B] " sinacos
k[tanBcota—1] =1

t.
k[mﬁ—4=1
tana

tanf —tana

k[ tana ]

ktanf —ktana = tana

ktanf = ktana + tana
+1

tanf = tana

Impulses in strings

When a string jerks taut, impulses, which are equal in
magnitude but opposite in direction, act at the two ends. If
two particles are attached by a string which jerks taut, then
the two particles will experience equal and opposite
impulses.

Consider this system involving two masses m, and m,,

Just before jerk

() ()
F

At jerk
v 1%

my m;

Just after jerk

For massm;: = = myv —myu
Formass m,: [ = myv —m, X 0
By conservation of momentum:

mu = mv + myv
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Impulse problems for other connected particles may be
solved in the same way if the string is considered to be
straight and the particles move in a straight line.

iu I vl
' f
my my my v

m, m; m;

At jerk

Just before jerk Just after jerk

Example 10
Two bodies, P and @, are lying on a smooth horizontal table.
Their masses are 1 kg and 3 kg respectively. The two bodies
are connected by a light inextensible string which is initially
slack. Body P is projected horizontally with velocity 4 ms™?
away from Q. Find
(@) the speed of P and Q after the string becomes taut.
(b) The magnitude of the impulse due to the tension in the

string

Solution

1

—» +tve 4 ms~

—>
AL
before impulse

Q
3kg 1kg)p

After impulse

(@) By conservation of momentum;
Momentum before = momentum after
1X44+0=3v+v
v=1ms™!
So after impulse both bodies travel with speed 1 ms™!
(b) Impulse = change in momentum of Q
=3xv—-0
=3x1=3Ns

The pile driver

A pile driver consists of a hammer of mass m dropped from
a height h onto a pile of mass m,, whose point is just resting
on the surface of the ground. Assume that the ground resists
motion of the pile into the ground with a constant force R.

mLO

) J
mo mO -

Ll o
Drop Impact

(m+mg)g
Penetration

Phase 1: The drop

The hammer drops from rest a distance h and hits the pile
with speed u. By conservation of energy, the gain in kinetic
energy = loss of potential energy

Emu2 = mgh

u=,/2gh
Alternatively;

initial vel. = 0, final vel. = u, distance, s =h,a=g
v? =u?+ 2as
u? = 0%+ 2gh

u=,/2gh

Phase 2: The impact

Let v be the speed of the combined system just after the
strike (but before resistance R starts). The momentum of the
hammer just before it strikes is the same as the combined
system (instantaneously) just after the strike.

m,/2gh = (m + my)v

v= m \/ 2gh

m+my

Phase 3: The penetration

The vertical momentum is not conserved as the resistance
force acts to slow the hammer & pile. However, we can use
the concept of energy to assert that the kinetic energy of the
hammer & pile just after the strike is dissipated as the work
done against the resistance and the loss of gravitational
potential energy.

If we set the zero of the potential energy to be the point
where the pile driver comes to rest, then

Principles of Applied Mathematics by Kawuma Fahad



Momentum

(@) Given that the speed of A immediately after the
explosion is 12 ms™1, determine the speed of B.

In the subsequent motion, A experiences no resistance or

ground friction but B experiences constant ground friction.

I 255 m

The explosion takes place 2.55 m away from a smooth

vertical wall which is perpendicular to the direction of

motion of A. A has a perfectly elastic collision with the wall,

it rebounds and collides directly with B, 0.75 s after the

explosion. All collisions are instantaneous.

(b) Show that the speed of B just before the two particles
collide is 2.4 ms™1.

(c) Calculate the coefficient of friction between the ground
and B.

Solution
@ 0 ——ptVe
> 12 u
oy —>
1
A+B A B
Before After

By conservation of momentum;
(1x0)=04x-12+06X%Xu
0=-48+0.6u
0.6u = 4.8
u=8ms™?!
(b) Particle A moves with constant speed of 12 ms™! for
0.75s
dy=12%x0.75=9m
9 — 2 x 2.55 = 3.9 m (to the right of the explosion)
Now kinematics for B; As friction is constant, deceleration
must also be constant.
u=8,a=?s=39,t=0.75,v =?
5= u+v

8+v
39 = X 0.25

v+8=104
v=24ms?!
(c) Letus first obtain deceleration for B
v=u-+at
24 =8+ 0.75a
0.74a = 5.6
112
15

a=

R—06><< 112)
pre="= 15
(0.68) = 0.6 x =2
e T
~ 210 762
TR

Example 25

A gun of mass 600 kg is free to move along a horizontal

track and is connected by a light inelastic rope to an open

truck containing sand whose total mass is 1490 kg. The

truck is free to move along the same track as the gun. A shell

of mass 10 kg is fired from the gun towards the truck and

when it leaves the barrel has a horizontal velocity of

915 ms™! relative to the gun and parallel to the track. The

shell lodges in the sand where it comes to relative rest before

the rope tightens. Find

(a) the speeds of the gun and shell just after the shell leaves
the barrel,

(b) the speed of the truck before the rope tightens when the
shell is at relative rest inside the truck;

(c) the speed of the gun and truck just after the rope
tightens;

(d) the loss in kinetic energy due to the rope tightening;

(e) the magnitude of the impulsive tension in the rope.

Solution

(@) After the shell leaves the gun let the speeds be vs and

vg (in opposite directions).

Vg -—-— —- Vg
File' [ e
o= 53
600 kg 10 kg 1480 kg

By conservation of linear momentum;
100vs = 600V,
vs = 60v; ... (1)
Velocity of shell relative to the gun,
sV = Vs — (—Vg) = vs + v
vs + v =915 (i)
Solving (i) and (ii);
60v; + vz =915
915 _
v, = 1" 15 ms
vs =915 —v; = 915 — 15 =900 ms~?!
The speeds of the gun and shell are 15ms™! and
900 ms™? respectively.
(b) When the shell is at rest relative to the truck, let their
common speed be vy
By conservation of momentum:
10(900) = 1500w,

1

1

vr =6ms”
Speed of the truck before the rope tightens is 6 ms™*
(c) Before rope tightens, total momentum in the direction
of motion of the gun = 600(15) — 1500(6) =0
Therefore total momentum after rope tightens is 0
Gun and truck are at rest after rope has tightened.
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Second case: The block can move and the bullet now leaves
with speed %u, relative to the block.

—» +Ve
0 v+3u
u, —> vy 2

|
|
|
i
@E—MEE—M
|
|
|
|
|
|
|
|

' d ' ' d '
Before After

Let T’ be the time to traverse through the moving block

_u+17
ST
u+%u
= T'
d > X
d_SuT’
8
T’—Bd
T Su

Impulse on the bullet;

— 3mu? <8d>_ 3
= =~ \T8a )\5u) T 5™

Impulse = change in momentum

3 _ ( +1 )
—gmu—mv Zu —mu

3 _ +1
5mu—mv 3 — mu
3 _ 3
5mu—mv 4mu
3
v—zou

Finally, the impulse on the block is the negative of that on

the bullet.
My =—( >
v = Smu)
3 Mu =
20 u= Smu
M =4m
Example 29

A shell of mass 20 kg is travelling horizontally at 100 ms™?
when it suddenly explodes into three pieces A, B, C of
masses 12 kg, 6 kg and 2 kg respectively. The diagram
shows the direction of travel of shell before the explosion
and the directions of the three pieces 4, B and C after the
explosion.

Before explosion 10kg >——>»100ms™!

60 ms~?!

After explosion 30°

@—»v ms~!

120 ms~?!

Calculate
(@) the angle & made by the direction of C with the

backward horizontal direction
(b) the speed of A

Solution
Since no external impulse acts on the system, momentum is
conserved in any chosen direction.
Using conservation of momentum at right angles to original
direction of travel, we have;
6 X 60cos60°—2x120sinf =0

ing = >
sin 2

3
f =sin"1- = 48.6°
sin”' 5

Using conservation of momentum parallel to the original
direction of travel, we have
6 X 60c0os30°+ 12v—2x120cosf = 20 x 100

500
U=T+200059—15\/§
Since sin@ = %, cos@ = g
500
V=T+5\/7—15\/§

v =154ms™?!

Self-Evaluation exercise
1. A bullet of mass 0.04 kg travelling horizontally at
100 ms™? hits a stationary block of wood of mass 8 kg,
passes through it and emerges horizontally with a speed
of 40 ms™1. If the block is free to move on a smooth
horizontal plane, find the speed with which it is moving
after the bullet has passed through it.
[Ans: 0.3 ms™1]
2. A gun of mass 2000 kg fires horizontally a shell of
mass 25 kg. The gun’s horizontal recoil is controlled by
a constant force of 8000 N which brings the gun to rest
in 1.5 seconds. Find the initial velocity of the shell
(a) relative to the gun
(b) in the air
[Ans: (a) 486 ms™? (b) 480 ms™1]
3. A particle of mass m, initially at rest, is subjected to an
impulse I. In the ensuing motion the only force on the
particle is a force directly opposing the motion of the
particle and of magnitude k times the square of the
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FRICTION

When one body slides or attempts to slide over another,
forces of friction usually exist between the two surfaces in
contact.

Forces of friction act between rough surfaces in contact.

Smooth surfaces in contact are frictionless.

The following experimental laws describe the behaviour of

frictional forces.

1. A frictional force only exists when one body slides or
tries to slide over another

2. A frictional force always opposes the tendency of one
body to slide over another

3. The magnitude of a frictional force may vary, always
being just sufficient to prevent motion, until it reaches
the maximum value called the limiting value.

4. The limiting value of the frictional force is uR, where
u is called the coefficient of friction and R is the
normal reaction for surfaces in contact. u is a measure
of the degree of roughness of the two surfaces in contact
and is different for different pairs of surfaces

5. When one body slides over another, the frictional force
between them equals the limiting value uR. A
consequence of laws (3) and (4) is that the frictional
force F obeys the relation F < uR

Angle of friction
The resultant S of the frictional force F and the normal
reaction R is called the total reaction.

normal
reaction

»

F' Frictional force

It makes an angle 8 with the normal, where tan 6 = g

The normal reaction R is constant, but frictional force F may
vary.

As the frictional force F increases from zero to its maximum
value F;, the limiting value uR, the angle 8 increases from
zero to a maximum value A, called the angle of friction.

|
|
|
|
|
|
|
|
|
|
»l

Limiting friction, F:z UR

R
tanlz%zu
A=tan 'y

When the frictional force has reached its limiting value;

the direction of the total reaction S, is at an angle A to the
normal reaction.
the magnitude of the total reaction is given by

VR? + u2R% = Ry/1+ %2 = Rsec

Problem solving:

The following points are important when solving problems

involving a frictional force F.

1. Draw a clear force diagram. Show the frictional force
as F, don not use uR. Remember F tends to oppose
motion.

2. Ingeneral F < uR. If F has reached its limiting value,
then F = uR may be used in the solution.

3. Limiting equilibrium indicates that the body is at rest
but on the point of moving and that F = uR

4. If Aisgivenand not u, then it is often easier to solve the
problem by considering the total reaction, rather than F
and R separately. This is often the case in three force

problems.
Example 1
Find the angle of friction if the coefficient of friction is%
Solution
u=tanAl

3
A=tan"'p =tan?! 5= 23.2°

Example 2
A sledge of mass 200 kg is pulled along a horizontal snow
field. The sledge travels at constant speed and the applied
force is 400 N. Find the angle of friction and the resultant
reaction.

Solution

S

F-4+—»400 N

v
200g = 1960 N

Using Pythagoras’ theorem;
R? = 4002 + 19602
R =20004 N
S0 S =2000N
400

tan/1=—1960

A =tan"10.2041 = 11.53°

Example 3

A particle of weight W rests on a rough horizontal plane
with which the angle of friction is 1. A force P inclined at
an angle 0 to the plane is applied to the particle until it is on
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the point of moving. Find the value of 6 for which the value ~ Applying Lami’s theorem to find «;

of P will be least. sin(105° —a) _ sin 145°
Solution 49 30
49 sin 145°
T 51n(105 - a) = T
P sin(105° — a) = 0.937
105° — a = 69.6°
HR ¢ /w‘v‘ a = 35.4°
“ Applying Lami’s theorem to find S
v S _ 30
w sin(110° 4+ a)  sin 145°
30
When the particle is in limiting equilibrium, F = uR S= sin 145° < sin 145.4°
Resolving —; Pcos@ = uR ... (i) §$=297N
Resolving T; R + Psin8 = W .... (ii)
From (ii); R =W — Psin 6 Example 5
Substituting in (i); A small block of weight 32 N is lying in rough contact on a
Pcosf = u(W — Psin6) horizontal plane. A horizontal force of P newtons is applied
Butu =tanl = sin4 to the block until it is just about to move the block. If P = 8,
cos sin 1 find the coefficient of friction u between the block and the
Pcosf = p— (W — Psin 6) plane. .
PcosfcosA =W sind— Psinfsinl Solution
PcosfcosAd+ Psinfsind =Wsind R
P cos(6 —A) =W sinA T
_ W sin A
~ cos(6— 1) 1R ‘ |, p=38
P will be least when cos(6 — A) is greatest, since W and A =4
are constant, i.e. when cos(d — 1) =1and 6 — 1 = 0.
Therefore P is least when 8 = A and its value then is W sin A 3‘2'N
Example 4 Resolving —; 8 — uR = 0
UR =8
Resolving T; R —32 =10
R =32
_ UR _ _ 1
F=R™32712

Example 6
A particle of mass m rests on a rough horizontal plane and
is pulled by a force of magnitude % inclined at an angle 60°

A mass of 5 kg is pulled at constant speed up a slope inclined
at 20° to the horizontal. The angle of friction is 15° and the
force pulling the mass up the slope is 30 N. Find the angle
between the 30 N force and the slope and the resultant
reaction.

to the horizontal. Find the minimum value of u, the
coefficient of friction between the particle and the plane
if the particle does not move.

Solution
Let the normal reaction and friction force be R and F
respectively

Solution

30N

105° — «a

2\
Al

110°+ea 1 & VY __1__

mg

49 N
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Resolving vertically;

R + 2 sin 60°
—=SIn =m
73 8

mg mg
R=mg——=—
meT T
Resolving horizontally;
F =28 cos60° = —2
= —=cos =—
V3 2V3
Since the particle does not move, F < uR
mg mg
— < u—
237" 2
1 <
SSH
- 1
= 3
.. -1
The minimum value of u is N
Example 7
. 55N
| 25°

10kg

The figure above shows a small box of mass 10 kg pulled
by a rope inclined at 25° to the vertical, along rough
horizontal ground. When the tension in the rope is 55 N the
box rests in equilibrium, on rough horizontal ground.
Calculate

(@) the normal reaction between the box and the ground.
(b) the magnitude of the total force exerted by the ground

on the box.
Solution
@ R 55N
259
F
10g

Resolving vertically; R + 55 cos 25° = 10g
R =10g —55c0s25°=482N
(b) Resolving horizontally; F = 55 sin 25°
F=232N

Total reaction is VF2 + R2

=4/23.2%2 4+ 48.22

=535N

Example 8

A book of mass 0.5 kg is placed on a slope inclined at 30°
to the horizontal. If the book is just on the point of moving
down the slope, calculate the value of the coefficient of
friction.

Solution

Resolving L to the plane \;
R =4.9cos30°
R =424 N
Resolving || to the plane v;
F = 4.9sin 30°
F < uR
4.24u = 245
u=0.577

Example 9

A body of mass 5 kg lies on a rough plane which is inclined
at 35° to the horizontal. When a force of 20 N is applied to
the body, parallel to and up the plane, the body is found to
be on the point of moving down the plane, i.e. in limiting
equilibrium. Find u, the coefficient of friction between the
body and the plane.

Solution

20N

30,
< 5gcos 35°
58

Resolving L to the plane \;
R = 5gcos 35°
R=40.14 N
Resolving || to the plane v;
5gsin35° = 20 + uR
28.11 =20+ 40.14u
40.14u = 8.11
u = 0.202

Example 10
A particle of weight 8 N is resting in rough contact with a
plane inclined at an angle a to the horizontal where tan ¢ =

%. The coefficient of friction between the particle and the

plane is u. A horizontal force P newtons is applied to the

particle. When P = 16, the particle is on the point of

slipping up the plane.

(@ Findpu

(b) Find the value of P such that the particle is just
prevented from slipping down the plane
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Solution

Resolving parallel and perpendicular to the plane involves u
in only one equation

Resolving 7;
16cosa = uR + 8sina
4 3
16 X T= UR +8x 3
8 =uR
Resolving \;

R =16sina + 8cosa

R—16><3+8><4
B 5 5

(b)

Resolving T; Rcos a + ;R sina =8
4R + 3R _g
5 10
1R _
10
p o 80
11
Resolving —; P + %R cosa = Rsina
piiR=2R
55
_ R
"5

80

= '5—16—145N
={75=17=1

P
11

Example 11

A fixed hollow hemisphere has centre O and is fixed so that
the plane of the rim is horizontal. A particle A of mass m
can move on the inside surface of the hemisphere. The
particle is acted on by a horizontal force of magnitude P,
whose line of action is in the vertical plane through O and
A. The diagram shows the state when A is in equilibrium,
the line 0A making an acute angle 6 with the vertical.

(@) Given that the inside surface of the hemisphere is
smooth, find tan 6 in terms of P, m and g

Given that instead the inside surface of the hemisphere
is rough, with coefficient of friction u between the
surface and A, and that the particle is about to slip

downwards, show that

(b)

(a)

Resolving vertically;
P =Rsing ....(1)
Resolving horizontally;
mg = Rcos@ .... (ii)
(i) (i);

P
— =tanf
m

Resolving horizontally, —»
Rsin@ =P + uR cos 8
Rsinf — uRcosd =P
R(sinf —pcosf) =P ... ()
Resolving vertically, T
URsin6 + Rcosf = mg
R(usin@ + cos0) = mg .... (ii)
Dividing (i) by (ii);
(sin® —ucosf) P
(usin@ + cos@) m_g
Dividing by cos 9;
tan—u P
ptanf +1 m_g
mg(tanf —p) = P(utan 8 + 1)
mgtan6 — uymg = uPtan6 + P
mgtanf — pPtanf = P + umg
tan 6 (mg — uP) = P + umg
P + umg

tan 8 ng—uP
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Example 12

Find the least force P required to just prevent the particle
from sliding down the above inclined plane.
Solution
Resolving || to the slope;
Pcosf8 + F =mgsina
F =mgsina — P cos @
Resolving L to the slope;
R+ Psinf = mgcosa
R =mgcosa — Psinf
Limiting friction, so F = uR
mgsina — P cos 8 = u(mgcosa — P sin )
mgsina — P cos 8 = uymgcosa — uP sin @

. sind
Using u =tanl = —
) p p sin A P sing sin A
mgsina — P cos@ = mgcosa — Psin
& & osA cos A

mgsina cosA — P cos 0 cos A
=mgcosasinA — Psinfsin A
P(cos 6 cos A — sin 8 sin 1)
= mg(sina cos A — cosa sin 1)
P cos(68 + 1) = mgsin(a — 1)
__mgsin(a — 1)
~ cos(8 + 1)
P is a minimum when cos(6 + 4) is a maximum i.e. 1
Hence, minimum P = mgsin(a — 1)
This occurswhen (6 + 1) =0i.e. 8 = -1

Example 13

A particle P of weight W is in limiting equilibrium on a
rough plane which is inclined at an angle « to the horizontal.
Prove that the coefficient of friction between the particle and
the plane is tan «

Q

H P Y
a a

Fig (a) Fig (b)

The figure (a) shows a horizontal force H, which is applied
to P and acts in the vertical plane containing the line of
greatest slope of the inclined plane which passes through P.
If equilibrium is limiting with P on the point of moving up
the plane, find H in terms of W and «

The figure (b) shows a force Q which is applied to P in the
vertical plane containing the line of greatest slope through
P. This force is inclined at an angle 8 to this line. If
equilibrium is limiting with P on the point of moving up the
plane, show that

_ Wsin2a
" cos( —a)
Find, in terms of «, the value of 6 for which Q is least.
Solution

Resolving L to the slope;
R=Wcosa.....(1)
Resolving || to the slope;
UR =W sina
Dividing (ii) by (i);

... (ii)

U=tana

[2A)
4
W W cosa

Resolving L to the slope;
R =Wcosa+ Hsina
Resolving || to the slope;
W sina + uR = H cosa
Wsina + u(W cosa + Hsina) = Hcosa

sina

Buty =tana =

cosa
/ sin a .
Wsina+——(Wcosa+ Hsina) = Hcosa
cosa

W sina cosa + W sina cos a + H sin? @ = H cos? a
2W sina cosa = H(cos? a — sin? a)
W sin 2a = H cos 2a
W sin 2a

cos 2a
H =W tan 2«

Resolving L to the slope;
R+ Qsinf =Wcosa
R=Wcosa—Qsinf
Resolving || to the slope;
Qcosf = Wsina + uR
Qcosd =Wsina + u(W cosa — Q sin )
sina

Buty =tana =

cosa
) sina .
Qcosf =Wsina+—— (W cosa — Qsin8)
cosa

QcosfBcosa =Wsinasina + W sinacosa — Q sinf cosa
Q(cosOcosa + sinfsina) = 2W sina sin a
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(b) Find the speed with which mass m is moving when
mass M hits the horizontal plane
(c) For how much longer will mass m continue to move up
the plane?
(d) What will happen then?
Solution
Let the initial acceleration of the system be a

mgcos30° Mg

(&) For mass m:
T — (mgsin30° + uR) = ma

1
T — (m sin 30° + —mg cos 30°) =ma
g N g

For mass M:
Mg—T = Ma
Adding (i) and (ii) gives;
Mg —mg = Ma +ma
(M —m)g=(M+m)a

... (i)

_ M —m)g
M+m
(b) When M hits the floor, m has travelled a distance of 1 m
u=0,a—(M_m)g, s=1,v=?
M+m
v?2 =u? + 2as
M—-m
v=otrzx M-ME,
M+m

- 2(M —m)g ms-1
M+m

(c) When M hits the floor, the string will become slack
(T = 0) and mass m will move will move with a new
acceleration a’ until it comes to rest at some point on
the plane.

0 — (mgsin30° 4+ uR) = ma’

mg 1
0-— (— +—mgcos 30°> =ma’

2 '3
0 —mg=ma'
a' =-—g

Now using v = u + at

_|2(M —m)g

0_‘ Mim &
1 Z(M—m)g_ 2(M —m)
t_g M+m  |M+mg"

(d) The limiting frictional force is given by
_ ol o_ M8
F, =uR = ﬁmgCOSSO =5
This will be equal to the component of the weight down
the plane i.e. mgsin 30°
Then the particle will be at rest in limiting equilibrium

on the point of moving down the plane.

Self-Evaluation exercise
1. A particle of weight 10 N rests in rough contact with a
plane inclined at 30° to the horizontal and is just about
to slip. Find the coefficient of friction between the plane
and the particle.
[Ans: 1/4/3]
2. Ablock of weight 10 N rests on a rough plane inclined
at 30° to the horizontal. The coefficient of friction is %

Find the horizontal force required
(@) to prevent the block from slipping down
(b) to make just about to slide up the plane
[Ans: (a) 0.6 N (b) 15.2 N]
3. A particle P, of mass 7m, is placed on a rough
horizontal table, the coefficient of friction between
P and the table being u. A force of magnitude 2mg,
acting upwards at an acute angle « to the horizontal is
applied to P and equilibrium is on the point of being
broken by the particle sliding on the table. Given that

tana = % find the value of u

.8
[Ans: ;]

4. A small object of weight 4W in rough contact with a

horizontal plane is acted upon by a force inclined at 30°
to the plane. When the force is of magnitude 2W, the
object is about to slip. Calculate the magnitude of the
normal reaction and the coefficient of friction between

the object and the plane.
[Ans: Either 3W, 1//3 or 5W, v/3/5]
5. The figure below shows a small box of mass 20 kg,
pulled along rough horizontal ground by a light
inextensible rope, which is inclined at 30° to the

horizontal. The force supplied by the rope is P N.
PN

l

Given further that the coefficient of friction between the
box and the ground is 0.25 and that the box is on point

of slipping, calculate the value of P.
[Ans: 49.4 N]
6. The figure below shows a small box of mass 5 kg,
pushed by a constant force P. The force pushing the box
has magnitude P N and is inclined at 6 to the horizontal.

PN
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WORK, ENERGY AND POWER

Introduction

¥

Steven Kiprotich, a long-distance runner won a gold medal
at the 2012 London summer Olympics becoming the second
Ugandan to reach that milestone.

He clinched the Olympic gold with a winning time of
2:08:01 in hot, sunny, and humid conditions. This was the
first Olympic medal for Uganda since 1996, the first
Olympic gold medal since 1972, and the country's first ever
in the marathon.

He completed the 42 km course in 2 hours, 8 minutes and

1 second. This gives him an average speed of 19.7 kmh~?!
for the race.

time
By the end of the race, Steven Kiprotich would have been
very tired.
How could this “tiredness” be measured? To be able to
answer this question, several assumptions will have to be
made. Steven Kiprotich will have to be modelled as a
particle travelling at constant speed. The course will be
assumed straight and level. The resistances to motion are
assumed constant.

——p constant speed

resistances

Resolve —;
force - resistances = 0
force = resistances
Since the resistances are constant, then the applied force
must also be constant. As he covers more and more distance,
he would become more and more tired. This is because he is
applying the same force continuously, over a longer and
longer distance. A measure of this effort could be the force
multiplied by the distance covered.
force x distance
In mechanics, this measurement is called the work done.

Work done
Work may be done by or against a force (often gravity). It is
a scalar.

A

When a constant force F moves its point of application from
A to B, the work done by F is F cos 6 - AB
Sl unit of work is the joule (J)

Energy

Energy is the capacity to do work. It is a scalar. Sl unit of

energy is the joule (same as work).

A body possessing energy can do work and lose energy.

Work can be done on a body and increase its energy i.e.
Work done = change in energy

Kinetic and potential energy
Kinetic and potential energy are types of mechanical energy.

Kinetic energy (KE) is due to a body’s motion. The KE of a
body of mass m moving with velocity v is imv2

Potential energy (PE) is due to a body’s position.
Gravitational potential energy is a property of height.
The PE of a body of mass m at a distance h,

(a) above an initial level is mgh

(b) below an initial level is —mgh
The initial level can be any level you choose and the
potential energy at the initial level is zero.

Elastic PE, a property of stretched elastic strings and
2
springs or compressed springs is ’1% where A is the modulus

of elasticity of the string, [ is its natural length and x is the
extension.

Mechanical energy
The mechanical energy (ME) of a particle (or body)
= PE + KE of the particle (or body)
If a system includes one or more elastic strings, then
Total ME of system = PE + KE + elastic PE

Mechanical energy is lost (as heat energy or sound energy)
when we have

(a) resistances (friction) or

(b) impulses (collisions or strings jerking taut)

Conservation of mechanical energy
The total mechanical energy of a body (or system) will be
conserved if
(@) no external force (other than gravity) cause work to
be done
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(b) none of the ME is converted into other forms.
Given these conditions:
PE + KE = constant
or loss in PE = gain in KE
or loss in KE = gain in PE

Note:
An alternative equation of the work-energy principle can be
represented as below

KEart + PEgtare + Win = KEepng + PEeng + Wyt
Sometimes work done by external forces (W;,,) will increase
the energy of the particle. In this formula, weight is not
treated as an external force.
The work done to overcome resistances (W) Wwill
decrease the energy of the particle.

Example 1

A mass of 2.5 kg is pulled along a smooth horizontal surface
by a 25 N force which acts horizontally. The work done by
this force is 125 ]. Determine the distance covered by the
mass.

Solution
'€ s .
Y g
R
25N
rF
2.5g
W =125],F =25N,s =?
W=FXs
125 =25x%xs
s=5m

Example 2
A mass of 10 kg is pulled up a smooth inclined plane for a

distance of 10 m. The plane is inclined at sin_lgto the

horizontal. Calculate the work done against gravity.
Solution

10 m

. 9_3
sinf = =

3
h=1OSin9=1OX§=6m

Work done against gravity = mgh

=10%x9.8%x6
= 588]

Example 3
A toolbox, of mass 3 kg, is knocked off a table which is
0.3 m above the ground. Using conservation of energy,
calculate the vertical speed with which the toolbox lands on
the ground.

Solution
‘9
3g
0.3 m
ST 7T T e PE level
PE, = KE,
h =L
mgh = 5 mv

1
3><9.8><0.3=§><3><v2

v? =588
v=242ms™?!

Example 4

A 10 kg mass is pulled along a rough horizontal surface by
a horizontal force of magnitude 100 N. The mass is initially
at rest and it is pulled by the force for a distance of 10 m.
The coefficient of friction between the mass and the surface
is 0.6. Use the work-energy principle to find the final speed
of the mass.

Solution

The work done by the 100 N force is needed to overcome
the work against frictional force and to increase the kinetic
energy of the mass.

Win = KEg + Wy

1 2
Fs = 5 mv + Es

1
100 x 10 = > x 10v% + 10F,

1000 = 502 + 10,
F. = uR = 0.6 x 10g = 588 N
1000 = 5v% + 588
v? =824
v =19.08ms™?
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bottom of the hill. The cyclist then ascends a vertical
distance of 30 m to the top of another hill at point B. The
speed of the cyclist at B is 12 ms~1. The combined mass of
the cyclist and his bike is 80 kg. The cyclist and his bike are
modelled as a single particle subject to a constant non-
gravitational resistance of 25 N, throughout the motion.
Find the work done by the cyclist.

Solution

KEtart + PEstart + Win = KEeng + PEena + Wout

~(80)(102) + 80(9.8)(40) + Wi,
= ~(80)(122) + 80(9.8)(30) + 25 X 600

4000 + 31360 + W;, = 5760 + 23520 + 15000
Win = 8920]
The work done by the cyclist is 8920 ]

Example 12

A car of mass 1500 kg is travelling up a hill on a straight
road, with the engine of the car working at the constant rate
of 13 kW for 1 minute. During this minute the car increases
its speed from 7 ms™?! to 24 ms™?! and in addition to the
work done against gravity, 80000 J of work is done against
resistances to motion parallel to the direction of motion of
the car. Calculate the vertical displacement of the car in this
1 minute interval.

Solution
Win

time

Power =
in
60
Wi, = 780000 ]
Taking the level at which the speed of the car is 7 ms™? as
the zero potential level;
KE, + PE, + Wy, = KEp + PEg + W, ¢

13000 =

1
5 (1500)(7%) + 780000

1
= 5 (1500)(24°) + 1500gh + 80000

36750 + 780000 = 432000 + 1500gh + 80000
1500gh = 304750

Example 13

A particle P of mass 4 kg is moving on the line of greatest
slope of a rough plane, inclined at an angle 6 to the
horizontal, where tan 6 = Z The particle is projected up the

plane with a speed u ms™! from a point A on the plane,
comes to instantaneous rest at a point B, and then slides back
down the plane passing through A again. The coefficient of
friction between the particle and the plane is %and the

distance AB is 2.5 m. Find

(@) the value of u.

(b) the speed of the particle as it passes through A again.
Solution

@ m=4p=>

t 9—3:'9—3 d 9—4
ang = =sin6 = and cost = ¢

)
ih
|
|

Zero PE level

F = uR
= u(4gcosh)
4
==-X4X%x98x%x~=
7 5
=8.96

KEA+PEA+M/in:KEB+PEB+Wout

1
Emu2 = mgh + friction X 2.5

1
5 X 4u” = 4(9.8)(2.55in6) +8.96 X 2.5

3
2u? = 4(9.8)(2.5) (g) +224
2u? = 81.2
u? = 40.6
u =637 ms?!

(b)

|
|
|
0 |
““““ Zero PE level

KEp + PEg + Wy, = KE; + PE;, + Wy

1
mgh = Eva + friction x 2.5

1
4(9.8)(2.55in 0) = = (4)v? + 22.4
2v% =588 —22.4
v? =18.2
v=427ms !

Example 14

The figure above shows a box of mass 120 kg being pulled
up the line of greatest slope of the plane inclined at an angle
B to the horizontal, by an electrically operated cable. The

Principles of Applied Mathematics by Kawuma Fahad



Work, Energy and Power

cable is supplying a constant tension of 1500 N and is
inclined at an angle S to the plane. The box passes through
the point A with speed 5ms~1and through the point B
which is higher up the plane with speed v ms~1. The
distance AB is 10 m. There is a constant non-gravitational
resistance of 180 N acting on the box. The box is modelled
as a particle and the cable as a light inextensible string.

Giventhattan g = % find the value of v.

Solution
A)
Pl
|
|
z th
\»/ :

Zero PE level

5

an,8—4,smﬁ—5,cos[3—

h=10sinf=10xXx==6m

By energies; °

KE, + PE, + Wi, = KEg + PEp + W,
%(120)(52) +0+ 1500 cos B x 10 = %(120)(1]2) +
120(9.8)(6) + 180(10)

1500 + 12000 = 60v2 + 7056 + 1800

60v2 = 4644
v =774
v=88ms™ !

Example 15

Two particles A and B, of mass m and 3m respectively, are
attached to each of the ends of a light inextensible string.
The string passes over a smooth pulley P, at the top of a
fixed smooth plane, inclined at 30° to the horizontal. Particle
Ais held at rest on the incline plane while B is hanging freely
at the end of the incline plane vertically below P, as shown
in the figure below.

The two particles, the pulley and the string lie in a vertical
plane parallel to the line of greatest slope of the incline
plane. The particles are released from rest, from the same
horizontal level with the string taut. When B has fallen by a
distance [, its speed is v, and A has not yet reach P. Ignoring
air resistance, express v in terms of g and 1.

Solution

Total ME on release = Total ME after both moving by [
OZKEA+KEB+PEA+PEB

1 1
0= zmv2 +5 (3m)v? + mgl sin 30° + 3mg(—10)
0=Ltmv? + 2 mv? 4 2mgl — 3mgl
= 5mv? +5mv? +5mgl - 3mg
0 = mv? + 3mv? + mgl — 6mgl
0 = 4mv? — 5mgl

4v? = 5gl

1 5gl

v=-.5¢

Example 16

A particle of mass m is projected directly up a rough plane

of inclination a with velocity V. If u is the coefficient of

friction between the particle and the plane, calculate how far

up the plane the particle travels before coming to rest.
Solution

Let [ be the distance along the slope the particle travels.
Friction force, F = uR = umgcosa
At the bottom of the slope;

Total energy = %sz

At the top of the slope,
total energy = mglsina
Work done against friction = umgl cos «
Initial total energy
= final total energy + work done against friction

1
EmV2 = mglsina + pumgl cosa

V? = 2glsina + 2ugl cos
V? = 2gl(sina + p cos a)
VZ
- 2g(sina + pcosa)
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Power
Power is the rate at which a force does work. It is a scalar.
Sl unit of power is the watt (W)

1 watt (W) = 1 joule per second
When a body is moving in a straight line with velocity
v ms~! under a tractive force F newtons, the power of the
force is Fv watts.

Moving vehicles
The power of a moving vehicle is supplied by its engine. The
tractive force of an engine is the pushing force it exerts.
To solve problems involving moving vehicles:
(@) Draw a clear force diagram
Note: non-gravitational resistance means frictional
force.
(b) Resolve forces perpendicular to the direction of
motion
(c) If the velocity is
(i) constant (vehicle moving with steady speed),
then resolve forces parallel to the direction of
motion
(ii) not constant (vehicle accelerating), then find
the resultant force acting and write down the
equation of motion in the direction of motion
(d) Use power = tractive force x speed

Common situations
1. Vehicles on the level
(a) moving with steady speed v

N

I
!

w
Resolve (T); N =W
Resolve (=); F =R
Power, P = Fv

R€4—

(b) moving with acceleration a and instantaneous
speed v

R<€4—

s [—=

Resolve (T); N =W
Equation of motion; F — R = ma
Power, P = Fv

2. Vehicles on a slope of angle a
(a) moving with steady speed v
(i) moving up

Resolve L toplane: N =W cosa
Resolve || to plane: F =R + W sina
Power, P = Fv

(i) moving down
*

w

a

Resolve L to plane: N =W cosa
Resolve || to plane: F + W sina = R
Power, P = Fv
(b) moving with acceleration a and instantaneous
speed v
(i) moving up

Resolve L toplane: N =W cosa
Equation of motion || to plane:
F—R—-—Wsina =ma
Power, P = Fv
Note: If the vehicle is moving up the plane but
retarding, then F < R + W sina
(ifymoving down

N

«

Resolve L toplane: N =W cosa
Equation of motion || to plane:

F+Wsina—R =ma
Power, P = Fv

100
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Note: If the vehicle is retarding, using the
engine for braking, then F acts up the plane and
F+R>Wsina

Example 1

A train of total mass 200 kg is moving at a speed of

72 kmh™?! on a straight level track. If the non-gravitational

resistance is 200 N, at what rate is the engine working.
Solution

N

!
I

200g

100 N +—

72000

3600
Resolve (=); F = 100 N

Power = Fv
=100 x 20
=2000W

-1

v = 0 ms

Example 2

A cyclist travels at a constant speed of 10 ms~! along a

straight horizontal road. The power the cyclist develops is

400 W and the mass of the cyclist and the bicycle totals

80 kg.

(@) Find the magnitude of the resistance forces at this speed

The resistance forces are found to be proportional to the

cyclist’s speed

(b) Write down the equation for the resistance forces

(c) Calculate the acceleration of the cyclist when his speed
is 20 ms~1 if the power developed remains unchanged.

Solution
(@ P=400W,F =?,v=10ms"?!

——»10ms !
N

?
R €+— —> F

VIIIIIIIIIII"IIIIIIIIIIIIIIIIIIIJ

80g
P=Fv
400 =F x 10
F=40N

Since the speed is constant, the cyclist is in dynamic
equilibrium (a = 0)
R=F=40N

(b) Rxv

R=kv

40 =k x 10
k=4
R =4v

(c)
—>»a
——p»2ms!
?
R €4+— —» F
L O IIIIIIIIIIIIIIIIIIIIIIIIIJ
80g
P=Fv
400 =F x 2
F=200N
R=4v=4%x2=8N
F =ma
200 — 8 = 80a
80a = 192
a=24ms?
Example 3

A tractor of mass 700 kg pulls a trailer of mass 300 kg along
a straight level road. The total resistance to motion is
1500 N and the tractor is using its full power of 30 k.

(@) Show that when the tractor’s speed is 36 kmh™2, its
acceleration is 1.5 ms™2.

(b) Assuming that the resistive force is divided between the
tractor and the trailer in the ratio of their masses, find
the tension in the coupling between the tractor and the
trailer when the speed is 36 kmh™?!

Solution

a
—>>

T T

FEFTTTTS IITIJ T ETT II:IIIIIII.

R, «—

Trailer Tractor—»

300g 700g
Total resistance, R = R; + R, = 1500
km 1000 . 1
36? = 36 X 3600 ms~ = 10 ms
P=FXxv
30000 =F x 10

Tractive force, F = 3000 N
(a) Considering the motion of both the Tractor and the
trailer;
F—R=ma
3000 — 1500 = 1000a
1500 = 1000a
a=15ms?
(b) Taking the ratio of the masses of the tractor and the
trailer
R, 700
R, 300
7
R1 = ng
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From R, + R, = 1500
7

10k, _ 1500
=
R, = 450

R, = 1500 — R, = 1500 — 450 = 1050
Considering the separate motion of the tractor;
F— (T +R,) =700a
3000 — (T + 1050) = 700 x 1.5
1950 — T = 1050
T =900 N

Alternatively, by considering the separate motion of the
trailer;

T — R, = 300a
T — 450 = 300 X 1.5
T =900 N

Example 4

A woman and her bike are modelled a single particle of
combined mass 72 kg. The woman cycles with constant
speed of 5 ms™1, up a straight road, which lies on the line of
greatest slope of a plane inclined at an angle 6 to the

horizontal, where tan @ = % The total non-gravitational

resistance experienced by the cyclist is assumed to be
constant at 25 N.
(@) Find the power generated by the woman when cycling
up the hill.
The woman then turns her bike around at some point A on
the road. She freewheels down the same road starting with a
speed of 5 ms™*. She passes through some point B on that
road with a speed vms~!. The total non-gravitational
resistance experienced by the cyclist is assumed to be the
same as in part (a).
(b) Given that the distance AB is 180 m, find the value of
V.
Solution
(@) Constant speed = zero acceleration = equilibrium in
the direction of motion a
A s

D =25+ 72gsin6

2
D_25+72><9'8XH
D=922N
P=DXxv
P=922x5=461W

(b)

I
I
th
I
I

““““ Zero PE level

h =180sin8 = 180 2 120

= = X—=—
Sin 1 7

KEA+PEA+VVin:KEB+PEB+WOUt

1 120 1
ST5)(E) +72(98) (T) = 2 (72)v% + 25 x 180
900 + 12096 = 36v2 + 4500
36v2 = 8496
v=154ms™?!

Example 5

A car of mass 1300 kg is travelling on a straight road which
lies on the line of greatest slope of a plane inclined at an
angle 0 to the horizontal, where sin 6 = 1% The total non-

gravitational resistance experienced by the car is assumed to
be a constant force of magnitude of 400 N. The engine of
the car is working at the constant rate of 30 kW. The car is
passing through the point A with a speed 10 ms™! and
continues to accelerate up the plane, passing through the
point B with speed 30 ms™1, 30 s after passing through A.
Find
(@) the acceleration of the car at A.
(b) the distance AB.

Solution

/;'10

(@)

P =30000W

ing = 1
Sin —10
1300g
Power=D x v
30000 =D x 10
D =3000N

Resolving parallel to the plane:
D — (400 4+ 1300gsin ) = 1300a

1
3000 — (400 +1300g x E) — 1300a

1326 = 1300a
a=1.02ms?

Win
(b) Power = pre.
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Now the gain in kinetic energy and potential energy must be
equal to the work in, supplied by the pump.

W,, = Gainin KE + Gain in PE
1
Wi, = Emv2 + mgh

W; 1
SHCIGE

1
P= EpAv3 + pvAgh

1
900 = 5 X 10004 % 203 + 1000 X 204 x 9.8 X 10

(a) Calculate the effective power being exerted
Given that the resistance is proportional to the square of
the velocity, calculate
(b) the power required to go down a hill of 1 in 30
(along the slope) at a steady speed of 120 kmh™?
(c) the acceleration of the car up this hill with the
engine working at 20 kWat the instant when the
speed is 80 kmh™!,
[Ans: (a) 20 kW (b) 6.93 kW (c) 0.201 ms™2]

6. The mass of a car is 800 kg and the total resistance to
900 = 40000004 + 19600004 its motion is constant and equal to a force of 320 N.
596004 = 9 (@) Find, in kW, the rate of working of the engine of
A = 0.000151 m2 the car when it is moving along a level road at a
A = 0.000151 X 1002 = 1.51 cm? constant speed of 25 ms™.
(b) What is the acceleration in ms~2, when the car is

Self-Evaluation exercise moving along a level road at 20 ms™* with the

1. The engine of a car is working at a constant rate of engine working at 11 kW?

6 kW in driving the car along a straight horizontal road (c) What is the maximum speed attained by the car

at constant speed of 54 kmh~?. Find the resistance to with the engine working at this rate?

the motion of the car. [Ans: (a) 8 kW (b) 0.2875 ms ™2 (c) 34.375 ms™]
[Ans: 400 N] 7. (Take g=10ms™) A car of mass 1000 kg is

2. A motor car of mass 800 kg is towing a trailer of mass travelling up a slope, inclination sin™*0.05, at a
300 kg along a straight horizontal road. Resistances, constant speed of 25 ms™*. The engine is generating its
which are constant are 600 N for the car and 240 N for maximum power of 1.2 x 10% W. Show that, excluding
the trailer. gravity, the car is experiencing a resistance to motion of
(a) Calculate the tractive force exerted by the motor 4.5%x10° N

and the tension in the coupling between the car and Assuming that the resistance is proportional to the

the trailer in each of the following cases speed of the car determine:

(i) when both are travelling at constant velocity () the maximum speed of the car on the level road,

(i) when both are acceleration at 2.5 ms ™2 (b) the maximum acceleration of the car when it is
(b) Calculate the power developed by the motor when travelling at 10 ms™" on a level road.

the car and are travelling at a constant velocity of [Ans: (a) 26.4 ms™* (b) 10.4 ms™?]

15 ms™?! 8. A car of mass 1000 kg moves with its engine shut off

[Ans: (@) (i) 840N, 240N (ii) 3590N, 990N (b) down a slope of inclination a, where sina =%, a

12.6 kW] steady speed of 15 ms™t.

3. The frictional resistance to the motion of a car of mass (a) Find the resistance, in newtons, to the motion of the
1000 kg is kv newtons, where v ms™* is its speed and car
k is constant. The car ascends a hill of inclination (b) Calculate the power delivered by the engine when
sin™! (%) at a steady speed of 8 ms~!, the power the car ascends the same inclination at the same
exerted by the engine being 9.76 k. steady speed, assuming the resistance to motion is
(a) Prove that the numerical value of k is 30. unchanged. [Take g as 10 ms™]

(b) Find the steady speed at which the car ascends the [Ans: (@) 500 N (b) 15 kW]

hill if the power exerted by the engine is 12.8 kW 9. Water is being raised by a pump from a storage tank

(c) When the car is travelling at this speed, the power 4 m below the ground and delivered at 8 ms™ through

exerted by the engine is increased by 2 kW. Find a pipe at ground level. If the cross-sectional area of the

the immediate acceleration of the car. pipe is 0.12 m?, find the work done per second by the
[Ans: (b) 10 ms™ (c) 0.2 ms~2] pump. (density of water = 1000 kgm™~3)

4. A pump raises water at a rate of 500 kg per minute [Ans: 68352 W]
through a vertical distance of 3 m. If the water is 10. A water pump raises 50 kg of water a second through a
delivered at 2.5 ms~?, find the power developed. height of 20 m. The water emerges as a jet with speed

[Ans: 276 W] 50 ms™.

5. A car of mass 1200 kg is travelling along a straight (@) Find the kinetic energy and the potential energy
horizontal road at a constant speed of 120 kmh™? given to the water each second and hence the
against a resistance of 600 N. effective power developed by the pump
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22.

23.

24.

25.

A locomotive of mass 48900 kg pulls a train of 8 trucks
each of mass 9200 kg, up a straight slope inclined at 1°
to the horizontal, at a constant speed of 8 ms~1. The
total of the resistances to motion of the locomotive and
its trucks is modelled at a constant force of magnitude
4000 N. Calculate the power generated by the
locomotive.
At a later instant the locomotive and trucks are
travelling along a straight horizontal track at a speed of
20 ms™1, with the locomotive continuing to work at the
same rate as before. With the same model for the total
of the resistances as before, find the acceleration at this
instant.
[Ans: 203 kW, 0.050 ms—2]
A car of mass 1220 kg travels up a straight road which
is inclined at an angle « to the horizontal, where sin a =
0.05. The resistances to motion are modelled as a
constant force of magnitude 1400 N. the car travels a
distance of 25.8 m whilst increasing its speed from
8ms™~1, at the point X, to 12ms™~! at the point Y.
Calculate the work done by the car’s engine in
travelling from X to Y
The car’s engine works at a constant rate of 40 kW.
Calculate the time taken to travel from X to Y
[Ans: 101 kJ, 2.52 s]
A car of mass 700kg descends a straight hill which is
inclined at 3° to the horizontal. The car passes through
the points P and Q with speeds of 12ms™! and
30ms™! respectively. The distance PQ is 500 m.
Assuming there are no resistances to motion, calculate
the work done by the car’s engine for the journey from
P to Q.
Assuming further that the driving force produced by the
car’s engine is constant, calculate the power of the car’s
engine at P, at Q, and at the midpoint of PQ.
[Ans: 81.4 kJ, 1,95 kW, 4.89 kW, 3.72 kW]
A car of mass 1050 kg moves along a straight horizontal
road with its engine working at a constant rate of 25 kW.
Its speed at point A on the road is 12 ms~. Assuming
that there is no resistance to motion, calculate the time
taken for the car to travel from A until it reaches a speed
of 20 ms™1.
Assume now that there is a constant resistance to
motion and that the car’s engine continues to work at 25
kW. It takes 10.7 s for the car’s speed to increase from
12ms~! to 20 ms~1. During this time, the car travels
179 m. Calculate the work done against the resistance
hence find the magnitude of the resistance.
Later the car moves up a straight hill inclined at 2° to
the horizontal. The engine works at the 25 kW as before,
and there is a constant resistance of the same magnitude
as before. The car travels a distance of 393 m while its
speed increases from 12 ms™! to 20 ms™*. Calculate
the time taken by the car to travel this distance.
[Ans: 5.38 s, 133 kJ, 744 N; 22.8 5]

26.

217.

28.

29.

A car starts from rest and travels on a horizontal straight
road. A resisting force acts on the car. By modelling the
resisting force as a constant force of magnitude 750 N
acting in the direction opposite to the motion of the car,
calculate the maximum speed which the car can reach
with its engine working at a constant rate of 30 kW.
The maximum power of the car is 40 kW and the mass
is 1250 kg. Calculate the maximum speed the car can
attain after starting from rest and while travelling up a
straight hill inclined at 3° to the horizontal, assuming
that the resistance of 750 N continues to act.
[Ans: 40 ms™?; 28.5 ms™1]
A car of mass 1200 kg travelling along a horizontal road
experiences a resistance to motion of magnitude 150 N.
The car is accelerating at 0.5 ms~2. Find the forward
driving force acting on the car.
A trailer of mass 800 kg is now attached to the car.
When the car and trailer are travelling along the same
road, the resistance to motion on the trailer has
magnitude 500 N. The resistance on the car, and the
forward driving force are the same as before the trailer
was attached. Find the acceleration of the car and trailer,
and find also the force in the tow-bar between the car
and the trailer.
[Ans: 750 N; 0.05 ms™2, 540 N]
The total mass of a cyclist and her bicycle is 120 kg.
While pedaling, she generates power of 640 W. Her
motion is opposed by road resistance of magnitude 16
N, and by air resistance of magnitude 8v N, where
vms~1 is her speed.
(@) Find the cyclist’s acceleration when she is riding
along a horizontal road at a speed of 5 ms™1
(b) Find the greatest speed that she can maintain on a
horizontal road
(c) When cycling down a hill, she finds that she can
maintain a speed of 10 ms~!. Find the angle of
inclination of the hill to the horizontal
[Ans: (2) 0.6 ms™2 (b) 8 ms™! (c) 1.5°]
A resistive force acts on a cyclist, as she free-wheels
down a straight hill at constant speed. The cyclist and
her machine are modelled as a particle of mass 70 kg,
and the resistive force as a constant force. This constant
force has magnitude 48 N and acts upwards in a
direction parallel to the hill. Calculate the angle of
inclination of the hill to the horizontal.
The cyclist reaches the foot of the hill at a speed of
6 ms~! and starts to pedal, travelling along a horizontal
straight road. The cyclist works at a constant rate of 624
W. By modelling the resistive force as a constant
horizontal force of magnitude 48 N, calculate the
acceleration of the cyclist immediately after she starts
pedaling. Show that her subsequent speed on the
horizontal road cannot exceed 13 ms™?
[Ans: 3.93°; 0.8 ms™2]
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r= f(8t3i —3t%j + 2tk) dt

r=2tf—t3+t’k+c
Substituting the boundary condition, r = 2i + j — k when
t = 0 gives

r=2t*i—t3+t’k+2i+j—k
r=2@*+ i+ (1 —-¢3)j+ (%2 - 1Dk

When t = 2,
Velocity = 8(2)%i — 3(2)?%j + 2 x 2k

=641 — 12j + 4k ms™?
Acceleration= 24(2)%i + (1 — 23)j + (22 — Dk

=96i — 12j+ 2k ms™2
Position vector = 2(2* + 1)i+ (1 — 2%)j + (22 — Dk

=34i—7j+3k m
Example 2
The position vector of a particle at time t seconds is given
by
r = sin 2t i+ cos 2t j metres
(a) Find the velocity and acceleration as a function of t
(b) Show that the speed of the particle is constant and that
its direction of motion is perpendicular to r
Solution
(@ r=sin2ti+ cos2tj
V=%= 2cos2ti—2sin2tj

az%z —4sin2ti— 4 cos2tj

(b) speed of particle is
lv] = \/(2 cos 2t)? + (2 sin 2t)2
= \/4(cos? 2t + sin? 2t)
=V4=2

The speed of the particle 2 ms™! is constant
The scalar product can be used to show that the direction of
motion is perpendicular to r.

v'r=(2cos2ti— 2sin2tj) - (sin 2ti+ cos2tj)

v:r = 2cos 2t sin 2t — 2 sin 2t cos 2t

vr=0
A scalar product of zero proves that v is perpendicular to r

Example 3

A particle P has position vector r at time ¢t where
r=2(1+ cos2t)i+ 2(t —sint)j + 3k

Show that the speed of the particle at time ¢ is 4 |sin£| and

that the acceleration has constant magnitude.
Solution
r=2(1+ cos2t)i+ 2(t —sint)j + 3k
v=r=—-2sinti+ 2(1 — cost)j + 0k
a=tf=-2costi+ 2sintj+ 0k
(speed)? = |f|? = 4sin®t + 4(1 — cost)?
= 4(sin’t + 1 + cos?t — 2 cost)

= 8(1 —cost)

_ —(1—-9qin2k
=8(1 (1 25in?%)
= 165in?

Speed = [16sin?% = 4 |sin5|
2 2

(Acceleration)? = 4 cos?t + 4sin®t
= 4(cos®t + sin?t)
=4

|Acceleration| = 2 which is a constant

Example 4
A particle moves so that its position vector at time t seconds
is given by r metres, relative to a fixed origin O, where r =
2t3i — 9¢j. Calculate the speed of the particle when ¢ = 1 s.

Solution

r = 2t3i — 9¢j
v = dr = 6t —9j

de

whent =1,v = 6i —9j

speed = V62 + 92 = /117 = 10.82 ms™!

Example 5
The position vector r of a particle at time t is given by

r = (2t? — 4t + 15)i + (4t — 7)j
Find the velocity of the particle at time t and the initial
velocity.
At time t = t,, the direction of motion is at right angles to
the original direction of motion. Find ¢, and the distance of
the particle from its initial position at this time.

Solution
r = (2t%? — 4t + 15)i + (4t — 7)j
dr ) )
v=&= (4t — 4)i + 4j
Initial velocity v, is when t = 0;
Vo = —4i + 4j

Velocity v, attime t; is (4t; — 4)i + 4j
If these velocities are perpendicular, vo - v, =0
—4(4t; —4) +4(4) =0
—-16t; +16+16=0
t; =2
Whent = 0, ry = 15i — 7j
Whent = 2,r, = 15i +j
Displacement of particle = r, — ry = 8j
-~ Distance from the initial position = 8 units

Example 6
A particle of mass 500 g moves under a force F so that its
position vector after t seconds is given by

r=(1+t+ 5t —-3t3)i+ (3 — 4t)j
Find F and the magnitude of the force after 3 seconds

Solution
r=(1+t+ 5t —3t3)i+ (3 — 4t)j
I = (1410t — 9t2)i — 4ij
= (10 — 18t)i
But force = mass x acceleration
F = 0.5(10 — 18t)i = (5 — 9t)i
Whent = 3,F = —22i
|[F| =22 N
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_3t% t2.+. "
r—21 2] 1 ]

3t2 o[t )
r= (T+1>1_<?+4>]
Att =2;r = 7i— 6
The position vector of P relative to O whent = 2 is 7i — 6j

Example 14

A body of mass 3 kg moves along a curve under the action

of a resultant force F N. At time t seconds, the position

vector r m of the body is r = 2ti + t3j + t2k.

(@) Find an expression for F in terms of t

(b) Find an expression for P(t), the power of the force at
time t seconds.

(c) Calculate the work done by F betweent =0and ¢t = 2

(d) Verify that the work done calculated in (c) is equal to
the change in kinetic energy of the body over the same
interval

Solution
(@ r=2ti+t3+¢t%k

dr
v=—=2i+3t%+ 2tk
dt

dv )
a= E = 6tj + 2k
Using F = ma;
F = 3(6tj + 2k) = 18tj + 6k
(b) P(t)=F-v
= (18tj + 6k) - (2i + 3t?j + 2tk)
= 54t3 + 12t
The power of the force at time t seconds is (54t3 +

12t) Watts
(c) Work done is

2 2
f (F -v)dt =f (54t3 + 12¢) dt
0 0

= [13.5t* + 6t2]3
=240]
The work done is 240 ]
(d) Attimet=0,v=2i
vl =2

KE =2 (3)(&) = 6)

Attime ¢t = 2, v = 2i + 12j + 4k
lv| = V164

1
KE = 5(3)(164) =246]
Change in KE = 246 — 6 = 240]

Example 15
A particle of mass 4 kg starts from rest at a point
(2i — 3j + k)m. It moves with acceleration a = (4i + 2j —
3k) ms~2 when a constant force F acts on it. Find the
(@) force F
(b) velocity at any time ¢
(c) work done by the force F after 6 seconds
Solution

@ F=ma
F=4(4i+2j—3k) = (16i +8j — 12k) N
(b) v=[adt

vzf(4i+2j—3k) dt

v = (4ti + 2tj — 3tk) +c
Att=0,v=0
c=0
o v = (4ti + 2tj — 3tk) ms™!
() r=fwvdt

r= f(4ti + 2tj — 3tk) dt

3
r:2t2i+t2j—§t2k+c
Att=0,r=2i—3j+k)
c=Qi-3j+k)

3
r= 2t2i+t2j—§t2k+ i—-3j+k)

3
r=Qt2+2)i+ (t?*-3)j + (1 —Etz)k
At t = 6, the displacement d is given by;
3
d = [2(36) + 2]i + (36 — 3)] + [1 - E(36)] k

d = 74i+33j — 53k
The work done by a constant force is given by F - d
Work done = (16i + 8j — 12k ) - (74i + 33j — 53k)
=16X744+8x%x33+12x%x53
=2084]

Self-Evaluation exercise
1. A particle moves in the xy plane such that its
displacement from O at time t is given by r = 3t%i +
(4t — 6)j. Find vector expressions for the velocity and
acceleration of the particle when t = 4.
[Ans:24i + 4j; 6i]
2. A particle moves in the xy plane such that it has an
acceleration a at time t where a = 2i —j. Initially the
particle is at rest at the point whose position vector is
3i +j. Find the position vector of the particle at time t.
[Ans: (t2 +3)i + (1 - %tz)j]
3. A particle is moving so that at any instant its velocity
vector, v, is given by v = 3ti — 4j + t?k. When ¢t = 0,
it is the point (1,0, 1). Find the position vector when
t = 2. Find also the magnitude of the acceleration when
t=2.
[Ans: 7i — 8j +%k ;5]
4. A particle moves in the xy plane such that its velocity
at time t is given by v =3t + (t — 1)j. Find the
acceleration vector and position vector of the particle
when t = 3 if, initially, the particle is at the origin.
[Ans: 18i +j; 27i +2]]
5. At time t, the position vector of a particle of mass m is
(cost)i+ t%j. Find the resultant force acting on the
particle when t = . [Ans: ((i + 2j)m]
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d
Buta ==
dt

v=J.adt
5
v=f—(3+—(t+1)2)dt
5
v=—<3t—t+—1)+c
Whent=4,v=0

0= (12 5)+
= — —g c

c=11
5
LU= —(3t——)+11
t+1
Whent = 0,
v=—(0-5+11=16ms™?!
Example 3

A particle P of mass 0.5 kg is moving along the positive x-
axis. At time t seconds, P is moving under the action of a
single force of magnitude [4 + cos(mt)]N, directed away
from the origin. When t = 1, the particle P is moving away
from the origin with speed 6 ms™1. Find the speed of P
whent = 1.5

Solution

F =ma

0.5a = 4 + cos(nt)
dv

Frin 4 + cos(mt)
f 0.5dv = f4 + cos(mt) dt

sin(mt)

0.5

0.5v =4t +

Whent=1,v=6
3=4+4+c>c=-1

+c

When t = 1.5,
1
05v=6——-1
T

v=936ms™!

Example 4
A particle P moves on the positive x-axis. When the
distance of P from the origin O is x metres, the acceleration
of P is (7 — 2x) ms~2, measured in the positive x-direction.
When t =0, P is at O and is moving in the positive x-
direction with speed 6 ms™*. Find the distance of P from 0
when P first comes to instantaneous rest.
Solution
a=7—-2x
dv

—=7-2
de X

fvdv=f7—2xdx

1
Ev2=7x—x2+c

Whenx =0,v=06

1
5B36)=c=>c=18

1
.-.Evz =7x—x*+18

When v = 0;
x> —7x—18=0
x> +2x—9x—18=0
x+2)(x—9) =0
x=—-20rx=9
The distance from O when P comes to rest is 9 m

Example 5
A particle P is moving in a straight line. At time t seconds,
P is at a distance x metres from a fixed point O on the line
and is moving away from O with speed % ms™1,
(a) Find the acceleration of P when x = 14
Giventhat x = 2 whent = 1,
(b) find the value of t when x = 14
Solution

dv

@ a= v
10 -10 -10
a= X =
x+6 (x+6)2 (x+6)3
When x = 14;

-0 1
N CVAIS AT
dx
(b) v=—
dx_ 10
dt x+6

14 T
f x+6dx=j 10dt
2 1

2 14 T
—+ 6x] = IlOtl
e <[

196
——+6(14) — [2+12] = 10T - 10

10T = 178
T=178s

Example 6

A particle P of mass 0.5 kg moves along the positive x-axis
under the action of a single force of magnitude F newtons.
The force acts along the x-axis in the direction of x
increasing. When P is x metres from the origin 0, it is

moving away from O with speed /(Bxg —4)ms™1 Find F

when P is 4 m from O.
Solution

v= 8xg—4
J( )

3
v? = (8x2 —4)
2dv_3(8 %)
dx 2 x
dv

12 7
—_= 2
dx x
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1 1
F =ma=0.5x%x12x2 = 3x2

1
Whenx =4,F =3 x 42 =12

Example 7
A particle P of mass m kg slides from rest down a smooth
plane inclined at 30° to the horizontal. When P has moved
a distance x metres down the plane, the resistance to the
motion of P from non-gravitational forces has magnitude
mx? newtons. Find
(@) the speed of P when x = 2
(b) the distance P has moved when it comes to rest for the
first time
Solution
(@) Equation of mation along the plane;
mgsin 30° — mx? = ma

g , av
2T TV
fg—xzdx=fvdv
2
gx  x3 VP
2 3t°T7
Whenx =0, v=0=¢c=0
cgx x® v?
"2 3 2
When x = 2;
U2
8737
v =378
(b) Whenv = 0;
gx x3
7‘?50
2 _ 98
=7
x=j%=3.83m
Example 8

A particle P is moving along the positive x-axis. Attimet =
0, P is at the origin O. At time t seconds, P is x metres from
0 and has velocity v = 2e™ ms~tin the direction of x
increasing.

(@) Find the acceleration of P in terms of x.

(b) Find x in terms of t.

Solution
dv
(@) a=v_—
a=2e*x—-2e”*
a=—4e™”*
dx
(b) v=—
dx _pp-x
ac ¢
e*dx = 2dt

fe"dx= det

e*+c=2t
Whent=0,x=0=>c¢c=-1
e*—1=2t
e*=2t+1
x=1Int+1)

Self-Evaluation exercise

1. A particle P is moving along the positive x-axis. When
the displacement of P from the origin is x metres, the
velocity of P is v ms™! and the acceleration of P is
9x ms~2. When x = 2, v = 6. Show that v = 9x2,

2. A particle P of mass 0.6 kg is moving along the x-axis
in the positive direction. At time t =0, P passes
through the origin O with speed 15 ms™1. At time ¢
seconds the distance OP is x metres, the speed of P is

vms~! and the resultant force acting on P has

magnitude ——=— newtons
9 (t+2)2 !

directed towards O.
4
(@ Showthatv =5 (H—Z + 1)
(b) Find the value of x whent =5

The resultant force is

[Ans: (b) 50.1]

3. Aparticle P of mass 3 kg is moving along the horizontal

x-axis. At timet = 0, P passes through the origin O
moving in the positive x direction. At time t seconds,
OP = x metres and the velocity of P is v ms™*. At time
t seconds, the resultant force acting on P is 3(26 -
x) N, measured in the positive x direction. Fort > 0
the maximum speed of P is 32 ms™?. Find v? in terms
of x.

C 2 1.2
[Ans: v _3(26x 2x)+10]

4. A particle P is moving in a straight line. At time ¢t

seconds, the distance of P from a fixed point O on the
line is x metres and the acceleration of P is (6 — 2t)
ms~2 in the direction of x increasing. Whent = 0, P is
moving towards O with speed 8 ms~?!
(a) Find the velocity of P in terms of t.
(b) Find the total distance travelled by P in the first 4
seconds.
[Ans: (8) v = 6t — t2 — 8 (b) 8 m]

5. A particle P of mass 0.6 kg is moving along the

positive x-axis in the positive direction. The only force
acting on P acts in the direction of x increasing and has

magnitude (3t + %) N, where t seconds is the time after

P leaves the origin O. Whent = 0, P is at rest at O.

(a) Find an expression, in terms of ¢, for the velocity
of P at time t seconds.

The particle passes through the point A with speed

10 1

— ms~
3

(b) Find the distance OA.
[Ans: (a) v =2t + 2t (b) 1.2 m]
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RELATIVE MOTION

Resultant velocity

Since velocity is a vector quantity with both magnitude and
direction, two velocities can be combined to form a single
velocity. Such velocities are usually met in problems of
crossing a river by a boat or swimmer, aircraft moving in
the inflence of wind, etc.

Example 1
Find in vector form, the resultant velocity of the following
set of velocities:
(2i = 5)ms™!, (Bi+ 7)) ms™1, (—6i — 8j) ms™?
Solution

= ()= ()= (5)
Resultant velocity, v = v; + v, + v3
v=(%)+()+ ()=o)

The resultant velocity is (—i — 6j) ms™?!

Example 2
If the resultant of (ai + bj) kmh~* and (bi — aj) kmh™1 is
(10i — 4j) kmh™?, find the values of a and b

Solution

n=(p)m =G =(29)

(2= ()

(Gra)=C%)
a+b=10... ()
b—a=—4 ...\

(i) + (ii);
2b=6
b=3
Substituting for b in (i);
a+3=10
a=7

Example 3
Find by calculation the magnitude and direction of the
resultant of these veocities
10 kmh™1 N 35° W, 15 kmh~1 § 40° W
Solution
Let us begin by showing the directions of the velocities
using the compass direction as a frame of reference

N
10 kmh™?
35° w E

40°
15 kmh™?!

Method 1: Velocity traingle

Using the cosine rule;
v? = 152 + 102 — 2(15)(10) cos 75°
v? =247.35
v =15.73 kmh™!
Using the sine rule;
15 v
sina  sin75°
15sin 75° _
1573 - 0.921
a =sin"10.921 = 67.1°
180 — (@ + 35°) = 180 — (67.1° + 35°) = 77.9°
Direction of the resultant velocity is S 77.9° W

sina =

Method two: Vector method

= (e o= (o=
vV=v+ 1,
v = (F0cos557) 4 (13 cos 500y
_ (—15.38
v= ( -33 )

|v] = /(—=15.38)2 + (—3.3)2 = V247.43 = 15.73 kmh™!

15.38

15.73 kmh™?
33
A& =1538
a=121°

The resultant force is 15.73 kmh™1 § 77.9° W

Example 4
The resultant of two velocities is a velocity of 10 kmh™?,
N 30° W. If one of the velocities is 10 kmh~! due west, find
the magnitude and direction of the other velocity.

Solution

10 kmh™?!
S

10 kmh™?!
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Method 1: Velocity triangle

10 kmh?!

10 kmh!

Using the cosine rule;
vZ = 10% 4+ 102 — 2(10)(10) cos 60°
vz =100
v, = 10 kmh™!
Using the sine rule;
10 v,
sina  sin 60°
10sin60°
BT sin 60
a = 60°
The other force is of magnitude 10 kmh™! in the direction
N30°E

sina =

Method 2: Vector method

v = (_30); VU = v = (—11005(;356%(30)

V=v+ 1,
_11005(;286?)8 ) B (_3 0)

V2 = (535)

jv,] = 52 + (5v3)° = V100

|v,| = 10 kmh™!

U2=17—U1=(

10 kmh™?
|
|5
a |

5V3

5 1
tana = ——

5v3 V3
a = 60°
The magnitude of the other force is 10 kmh™! in the
direction N 30° E

Crossing a river

Consider a problem of crossing a river from a point on one
bank to a point on the other bank. Assuming that the banks
are parallel, we shall consider three cases.

Case 1:

If one is to cross from point A on one bank to a point B
directly opposite to A on the other bank, course set by the
boat or swimmer must be upstream.

River bank B
|
water current_ Ve
175 9
—
River bank A

In the figure, v, is the velocity of water current and v, the
velocity of the boat or swimmer in still water.

Resolving velocities; v, sin@ = v,
The resultant velocity in crossing the river is along AB and
is given; v cos 6

It is instructive to note that in this case the boat or swimmer
crosses the river by the shortest distance.

Case 2:

If the river is to be crossed by the shortest time possible (as
quickly as possible), the course of the boat or swimmer is
directly across (perpendicular) to the river bank, such that
the water current carries the boat or swimmer down stream.

B Cc River bank
I
water current
Vg —_—  »
0 v
.
A River bank

Resultant velocity,

v = /v + 1.2

This resultant velocity is at an angle 6 to the horizontal,

where tan 8 = %

S

. . 4B C
Time taken to cross the river = — = =

Vg v
The distance BC, which the boat or swimmer moves down
stream=wv, X t

Case 3:

In order to cross the river and reach a point B on the other
bank, the course set must be in such a direction that the
resultant velocity of the boat is in the direction OB

River bank B P
||

I

current Ve |

» v I

Vg |

River bank 0

v =v,+ v
Example 1

A boy who can swim at 2 mst in still water wishes to swim
across a river, 150 m wide. If the river flows at 1.5 ms™, find
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(i) the time the boy takes for the crossing and how far
downstream he travels, if he is to cross the river as
quickly as possible.

(if) the course that he must set in order to cross to a point
exactly opposite the starting point, and the time taken
for the crossing

Solution
()

B C River bank

L v,
water current
Vs 150m ———»
9 U

[ v

A River bank

v, =15ms? v, = 2ms?
Time taken = 22 = % =75s

Vs
Distance down stream = v, X t = 1.5 X 75
=1125m
(i)  Let the course be set at an angle 6

vssinf = v, = sinf =1?'5
~ 6 =48.6°
The course set is therefore upstream at an angle of

(90 — 48.6) = 41.4° to the river bank
Speed across the river = v, cos 0 = 2 cos 48.6°

150 - = 113415

Time taken = ————
2c0s48

Example 2
A boat is rowed with a velocity of 8 kmh™? straight across
a river which is flowing at 6 kmh™1.
(@) Find the magnitude and direction of the resultant
velocity of the boat
(b) Ifthe river is 100 m wide, find how far down the river
the boat will reach the opposite end
Solution
The component velocities of the boat are 8 kmh™! and
6 kmh~1 at right angles.

B c

i , A

L6,

\s A, 100 m
0

A

(@)
Let v = resultant velocity
v =v62 + 82 =+/100 = 10 kmh™?!
Let 6 be the direction this velocity makes with the bank.

tan @ =2

6
6 = tan~? (g) = 53.13°

(b) If Ais the point from which the boat starts and B is the
point directly opposite on the other bank, C will be the
point where the boat reaches the opposite bank.

BA
tanf = —
BC
BA 100
BC = =—5=75m
tan 6 s

Hence the boat will be carried downstream a distance of
75 m.

Example 3
A stream is running at 3 kmh~! and its width is 100 m. If a
man can row a boat at 5 kmh1, find the direction in which
he must row in order to go straight across the stream and the
time it takes him to cross.

Solution
Let A be the point from which the man starts and AB is
perpendicular to the banks.

100 m

Resultant velocity is along AB,
v =52 =32 = 4kmh™?!
cosf =

6 =cos™'- = 36.87°

Direction is 36.87° to AB

distance

ml-{sml";

Time taken to cross =

velocity

. _ 4000 10 —
velocity =4kmh™! = —=—ms™!
3600 9

Time taken = %0 =90s

9

Example 4

0.5 ms™ oC

Ae¢ ®*B

20'm

\ 4

A river is 20 m wide. A woman can swim at 2 ms™ in still

water. The current in the river flows at 0.5 ms™

(@) The woman swims at right angles to the river bank,
starting at A.
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(b) Let the pilot set the course in the direction S a® E

vy = 300 kmh™?!
S
The direction of the resultant velocity v must be in
the direction BA
v=v+7,
0 300sina —50 cos 30°
(—v) - (—300 cos a) (—50 sin 30°)
300sina = 50 cos 30°
50 cos 30°
300
a=8.3°
—v = =300 cosa — 50sin 30°
v = 300co0s8.3° + 25 = 321.85
lv] = /02 + (—321.85)% = 321.85 kmh™!
Distance _ 500
"~ 321.85

sina = = 0.144

Time = =1.55h

speed

Example 7

Two heliports A and B are 150 km apart with B on a bearing
045° from A. A wind of 30 kmh~! is blowing from a
direction 260°. Assuming this wind remains constant
throughout, find the time required for a helicopter to fly
from A to B and back to A again, if the helicopter can fly at
100 kmh™1 in still air.

Solution

30 100

sina - sin 35°
30sin 35° — 0.172
100
a=9.9°

sina =

6 = 180° — (a + 35°) = 180° — (9.9° + 35°) = 135.1°
v2 = 302 + 1002 — 2(30)(100) cos 135.1°
v = 123.09 kmh™?!
Time from A to B is given by
Distance 150

= 12300 22h

4B = speed

From B to 4;

10° + 90° + 45° = 145°

30 100

sina  sin145°
30sin 145°
oo 0.172
a=9.9°

0 = 180° — (145° + a) = 180° — (145° + 9.9°) = 25.1°

v? =30% 4+ 1002 — 2(30)(100) cos 25.1°

v? = 5466.59
v =73.9kmh™?!
Time from B to A is given by
Distance 150
“speed ~ 739" 2.03h
Total time from A to B and B to A again is given by
T =Ty +Tgy=122+2.03=3.25h

Therefore, the total time required is 3.25 hours or 3 hours
and 15 minutes.

sina =

BA —

Self-Evaluation exercise
1. Calculate the magnitude and the direction of the
resultant of the velocities 8 kmh™' in a direction
N 80° W and 5 kmh™! in a direction S 25° W
[Ans: 10.5 kmh™? in a direction S 72.53° W]
2. Aboat can be rowed at a steady speed of 5 ms™~? in still
water. The current in the river flows at 2 ms™1.

0]-“
}lOm

De !l <EX

[10m
0(:+

80 m
-

(@ The boat is rowed directly towards E.
(i) How long will the boat take to cross the river?
(i) How far from E will the boat be when it
reaches at the other side?
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11. A man swims in a straight line due west from the end of
a pier A to a buoy B, a distance of 2 km, and then back
to the pier. The constant speed of the swimmer is
2v/3 kmh~1 in still water, and he experiences a current
of 2 kmh™! from 30° west of north. Find the directions
in which the man must head on the outward and return
journeys and the total time taken

[Ans: N 60° W; N 60° E; 1 hour 30 minutes]

Relative velocity

For a person in a moving vehicle, trees and buildings near
the road appear to be moving in the opposite direction, yet
those that are far appear to be moving in the same direction.
If a car B moving with velocity vy overtakes another car A
moving with a velocity v,, the passenger in car A sees car B
apparently moving towards him. However, the person in car
B sees a gradual catching up. In this case, car A appears to
be stationary as B overtakes it .

The velocity car B appears to have to an observer in car A is
called the velocity of B relative to A.

Therefore the velocity of B relative to A is the resultant
velocity of B when A appears stationary.

Va Va

The velocities of A and B can be represented on a velocity
triangle as shown below

¥a
ava

—y
FLL] A

The velocity of A relative to B is given by
AVB =Va—Vp
The velocity of B relative to A is given by
BVA=Vp —Vy
Hence, AUB = — BUA
For three moving bodies A, B and C,

AVB = 2VUc — V¢ OF qUp = 4Uc+ (VUp

Example 1
Joe rides his horse with velocity (264) kmh~* while Kim is

riding her horse with velocity (152) kmh™1.

(a) Find Joe’s velocity as seen by Kim
(b) What is Kim’s velocity as seen by Joe?
Solution

v =)= (1)

@ vk =v —vg

7¥x = (264) - (152) - (112) kmh™*

(b) KV = Vg~V

KV = (152) - (264) = (—_112) kmh™
Alternatively;
KVy=— Vg = — (112) = (__112) kmh™?!

Example 2

A plane P flies at 600 kmh~! on a bearing of 300° and a

helicopter H flies at 200 kmh™! on a bearing of 060°.

Calculate the velocity of the plane relative to the helicopter.
Solution

200 kmh™1

Let us resolve the velocities in two components along the i
and j directions.
_ (—600sin 60°\ _ (—519.6
ve = ( )=(T00")

600 cos 60° 300
S (200 sin 60°) _ (173.2)
H ™ X200 cos 60° 100

PV =Vp — Vg

_ (—519.6 173.2\ _ (—692.8
P”H_( 300 )_( 100)‘( 200 )
pVy = —692.8i + 200j
| pvu| = /(—692.8)% + (200)2 = 721.1 kmh™*

True velocity

Suppose v,, the true velocity of A, is known, and ,vg, the
velocity of A relative to B, is also known, then by using
4Vp = v, — vg, the true velocity of B can be found.

Example 1

To a man standing on the deck of a ship which is moving
with a velocity of (—6i + 8j) kmh~?, the wind seems to
have a velocity of (7i — 5j) kmh™1. Find the true velocity
of the wind.

Solution

Let v, and v, be the velocities of the man and wind
respectively, and 17, be the velocity of the wind relative
(as it appears) to the man

wVm = (_75)1 Um = (_86) Uy =7

wVm = Uy — U
YV = wUm + U
=25+ (3)=()

The true velocity of the wind is (i + 3j) kmh™?

Example 2
A ship P is moving due west at 12 kmh~1. The velocity of
a second ship Q relative to P is 15 kmh™? in a direction 30°
west of south. Find the velocity of ship Q

Solution
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Let the velocities of P and Q be v, and v, respectively, and
the velocity of Q relative to P be ,vp.

N
w E
12 kmh™? 5
15 kmh~1x°30°

Method 1: Velocity triangle

Using the cosine rule;
v = 122 + 152 — 2(12)(15) cos 120°
v§ = 549
vy = 23.4 kmh™!

Using the sine rule;
sina _ sin 120°

12 = 234
_12sin120°
)

a = 26.3°

Hence the direction of motion of Q is S 56.3° W

Method 2: Vectors
_ (12, _ (—15co0s 60°\. —9
Vp = ( 0 ) Qvr = (—15 sin60°)’ Vo =
QvP = UQ - UP
UQ B va + vp

0= (3 ()

Vo = (—_ 112().559)

|[ve| = V/(19.5)2 + (—12.99)? = 23.4 kmh™*

19.5

12.99

23.4 kmh™?!

" _12.99_0666
ana = o5

a =33.7°
Direction is S 56.3° W

Example 3
To a motor-cyclist travelling due north at 50 kmh™?, the
wind appears to come from north west at 60 kmh™?, what is
the true velocity of the wind?
Solution

Let v,, and v, represent the velocities of the wind and cyclist
respectively, and ,, v, the velocity of the wind relative to the
cyclist
v, = 50kmh™!, ,v, = 60 kmh™?, v, =?

N

60 kmh™?!

50 kmh™!
w E 45°

S

Method 1: Velocity triangle

Vw

By the cosine rule;
v2 = 60% + 502 — 2(50)(60) cos 45°
v, = 43.1kmh™!
By the sine rule;
sin _sin 45°

60 ~ 43.1
) 9_6OSin45°
SV =731
6 = 79.9°

= The true velocity of wind is 43.1 kmh~?! from S 79.9° W

Method 2: Vectors

v = (50): e = (S amase): v =7

wle = Uy — V¢
Vw = wVe + V¢
Vw = (—620C :isn4455°) + (500)
_ (4243)
7.57

lv, | = /42.432 + 7.572 = 43.1 kmh™!

w
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vl = | (~4V3)” + 102 = V148 = 1217 kmh ™!

10
tana = —— = 1.443

4V3
a =tan"11.443 = 55.3°
0 =90°—a =90°—55.3° = 34.7°
The true velocity of the wind is 12.2 kmh™* blowing from
S34.7°F

Example 7

To a cyclist riding due north at 3 ms™2, the wind appears to

be blowing from the East. If the cyclist doubles his speed

but does not change his direction, the wind appears to be

blowing from N 60° E.

(a) Find the true wind speed and direction

(b) The cyclist now turns around and cycles due south at
3 ms~1. Calculate the apparent wind direction

Solution

(@) When the cyclist rides at 3 ms™1, let the magnitude of

the apparent speed of wind be v

o= Q= (3=

wle = Uy — V¢

w=wietve=()+()=(3)

When the cyclist doubles his speed i.e. to 6 ms™1, let
the magnitude of the apparent speed of wind be v’

Qo= (2

wVé = Uy — Ve
v, = WU+ V.
—v' sin 60°
—v' sin 60° 0
— — 1
Yw (—v’ cos 60°) + (6) < 6— Ev’ )
Since the true speed of wind does not change,

_ —v' sin 60°
-1 )

—v = —v'sin 60°
3=6 L !
v'=6
6v3
v = v’ sin 60° == 33
T <_33\/§)

v, | = (—3\/5)2 +32=+/36=6ms"!

. 3 1

ana = ——=—
3v3 V3
a = 30°

6 =90°—a =90°—30°=60°
The true wind speed is 6 ms~! blowing from S 60° E
(b) When cyclist cycles dues south at 3 ms™?,

Ve = (_03)

o= —u = (3F) - (5) = (37

6

6 _2 _ 155
33 V3
a=49.1°
6 = 90° — @ = 90° — 49.1° = 40.9°

The apparent wind direction is from S 40.9° E

tana =

Relative displacement
The displacement of A relative to B, is given by
AT = T4 — T
The displacement of B relative to 4, is given by
BTA =T — 14
Distance between 4 and B = | 47| = | p7a]
At time t, the respective displacements of A and B are given
by
1, (t) =14 + U4t
rg(t) =15 + vgt
where 1, and rp are the initial positions of A and B
respectively
The displacement of A relative to B at time t is given by

aTp(8) = 14(t) —15(t) =14 + vut — (15 + V1)

arg(t) =14 — 15+ (V4 —Vp)t

The displacement of B relative to A at time t is given by
pta(t) =15 =14+ (vg — V)t

Least distance occurs when ,rg. 4v5 = 0 (or when |ATB|2

is a minimum)

Collision will occur if 4vp =k 415, provided ,vgp is a

constant vector or if r,(t) = r5(t)

Example 1
Points A and B have position vectors of 2i + 3j — 5k and
(61 —j + 2k) respectively. Determine

(@) ars

(b) the distance AB
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Solution

oo
e 3)-()-(5)

T = —4 + 4 — 7]
(b) Distance AB = | 41| = /(—4)% + 42 + (=7)2
=+V16 + 16 + 49 = 9 units

Example 2
y vy
Uy \.
Field
> x
Heliport

A helicopter A leaves a heliport and flies with velocity
(10i + 4j) ms™t. At the same time another helicopter B
takes off from a field whose position vector relative to the
heliport is (36i+ 2j) m. The velocity of B is (—8i+
3)) ms™?!
(@) Find, after t seconds,
(i) the position vector of A relative to the
heliport
(if) the position vector of B relative to the
heliport
(iii) the displacement of B from A
(b) Explain what happens when t = 2
Solution

= (in= ()

VB = (_38) T8 = (326)

(@)
Q) 1,(t) =14 + vt
0 10 10t
= (0) + (14) t= (14t)
=10ti + 14tj m
(i) rg(t) =15 + vpt
36 -8 36 — 8t
=(2)+(3 )t=(2+3t)
=(36—-8t)i+ (2+3t)j m
(iii) pTa(t) = 15(t) —14(0)
_ (36 —8t 10t\ _ (36 — 18t
_(2+3t)_(14t)_( 2—t )
| 5ra ()| = /(36 — 8t)2 + (2 — t)2
= /1300 — 1300t + 325¢2
(b) Whent = 2;

| 54| = /1300 — 1300(2) + 325(2)2 = 0
Since the displacement between the helicopters is 0,
they collide

Self-Evaluation exercise
1. Bird A has a velocity of (7i — 3j + 10k) ms~* and bird
B has a velocity of (6i — 17k) ms™2, find the velocity
of B relative to A.
[Ans: (=i + 3j — 27k) ms™1]
The body of particle A is 2(i—j) ms™! relative to
particle B which moves with velocity —4(i + j) ms™1.
Find the speeds of both particles
[Ans: speed of A = 6.32 ms™!; of B = 5.66 ms™!]
3. A particle with position vector 40i + 10j + 20k moves
with a constant speed 5 ms~! in the direction of the
vector 4i + 7j + 4k. Find its distance from the origin
after 9 seconds [Ans: 85 m]
4. Acarisbeingdriven at 20 ms~! on a bearing 040°. The
wind is blowing from 330° with a speed of 10 ms™?.
Find the velocity of the wind as experienced by the
driver of the car

N

[Ans: 25.2 ms™~! from 018.1°]
5. A, B and C are three aircraft. A has a velocity
(200i + 170j) ms™1. To the pilot of 4, it appears that
B has velocity (50i — 270j) ms™*. To the pilot of B it
appears that C has a velocity (50i + 170j) ms™?. Find,
in vector form, the velocities of B and C
[Ans: (250i — 100j) ms™1; (300i + 70j) ms™1]
6. An aircraft is moving at 250 kmh~1in a direction
N 60° E. A second aircraft is moving at 200 kmh™? in
a direction N 20°W. Find the velocity of the first
aircraft as seen by the pilot of the second aircraft
[Ans: 292 kmh~! § 77.9° E]
7. To the pilot of an aircraft 4, travelling at 300 kmh™!
due south, it appears that an aircraft B is travelling at
600 kmh™? in a direction N 60° W. Find the true speed
and direction of aircraft B
[Ans: 520 kmh™?! west]
8. Jane is riding her horse at 5 kmh™* due north and sees
Sasha riding her horse apparently with a velocity
4kmh™1, N 60° E. Find Sasha’s true velocity
[Ans: 7.81 kmh™!, N 26.3° E]
9. To a passenger on a boat which is travelling at
20 kmh™? on a bearing of 230°, the wind seems to be
blowing from 250° at 12 kmh™2. Find the true velocity
of the wind. [Ans: 9.64 kmh~?! from 024.8°]
10. To a jogger jogging at 12kmh~! in a direction
N 10° E, the wind seems to come from a direction
N 20°W at 15kmh™1. Find the true velocity of the
wind
[Ans: 7.57 kmh~! from N 72.5° W]
11. A man walks with constant speed 6 kmh™! due north
and to him, the wind appears to have a velocity
u, (V3i — 3j) kmh~1. Without changing speed, the man
alters course so that he is walking in the direction of the

vector —§i+%j and the velocity of the wind now

appears to him to be u, i kmh~*. Find u,, u, and hence
the actual velocity of the wind
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[Ans: u; = 1; u, = 4V3; (V3i+ 3j) kmh™]

12. To abird flying due east at 10 ms™?, the wind seems to

come from the south. When the bird alters its direction

of flight to N 30° E without altering its speed, the wind

seems to come from the north-west. Find the true
velocity of the wind

[Ans: 10.6 ms~! from S 69.9° W]

13. To an observer on a trawler moving at 12 kmh™! in a

direction S 30° W, the wind appears to come from

N 60°W. To an observer on a ferry moving at

15 kmh™? in a direction S 80° E, the wind appears to

come from the north. Find the true velocity of the wind.

[Ans: 26.8 kmh™?! from N 33.4° W]

Interception and collision
Two bodies A and B, moving with constant velocities v, and
vg respectively, will reach either a position of interception
or of closest approach.
When solving such relative motion problems:
(a) Draw an initial sketch using the given information
(b) Imagine yourself to be on one of the bodies, B say
Inan interception problem, B should be the body being
intercepted
(c) State the relative velocity rule i.e. 4vp = v, — vg
(d) Draw the correct velocity triangle for 4vg
(e) To find the magnitude and direction of ,vg, use the
trigonometry of the velocity triangle
If it is an interception problem:
the time, t, at which interception occurs is given by
. initial distance apart

AVB
If it is a closest approach problem:

AV

BO. Ag

(i) draw a displacement diagram showing the
initial positions A, and B, of A and B
respectively and ,vg

(if) find d, the shortest distance between A and B
during motion, by trigonometry or scale
drawing

Example 1

A dinghy in distress is 6 km S 50°W of a lifeboat and
drifting S 20° E at 5 kmh™1. In what direction should the
lifeboat travel to reach the dinghy as quickly as possible if

the maximum speed of the lifeboat is 35 kmh™?. Find also
the time it takes the lifeboat to reach the dinghy.

Solution
Imagine yourself on the dinghy D. The lifeboat will appear
to travel directly towards you i.e. ;v will be in direction
S50°wW

5kmh™!

Method 1: Velocity triangle

In the velocity triangle; v, = v, —vp
v, = 35kmh™!, v, = 5 kmh™!
Using the sine rule;

sin @ _ sin110°

5 35
5sin110°

35
6=177°
a =50°—7.7°=42.3°
The lifeboat must travel S 42.3° W
180° — (6 + 110°) = 180 — (110° + 7.7°) = 62.3°
Using the cosine rule;
wE =vE+v3—2(v,)(vp) cos 62.3°
V3 =352 + 52— 2(35)(5) cos 62.3°
vp =V1087.31 = 32.97 kmh™*
Time taken, t for interception is given by
_ initial distance apart

sinf = =0.134

LVp

t =0.182h

= 3297
It takes the lifeboat 0.182 hours or 10 minutes 55 seconds

to intercept or reach the dinghy.
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- J(=5)2+32 34
~ 102+ (—-6)2 V136

Collision will take place at 12 : 30 pm
After t hours, the position vector of A will be given by
TA(t) =Ty + UAt

=0.5h

After 0.5 hours,

_ (N, 1y _ (4
= (7) +E(2) =(g)
Position vector of collision point is (4i + 8j) km
The position vector of B could equally be used asr, = rg

Example 4

At 2 p.m, the position vectors r and velocity vectors v of

three ships A, B and C are as follows:

1y = (5i + j)km v, = (9i + 18j) kmh™?
rg = (12i+ 5))km  vg = (—12i + 6j) kmh™?!
re = (13i + 3j)km ve = (9i + 12j) kmh™?

(@) Assuming that all the three ships maintain these
velocities, show that A and B will collide and find when
and where the collision takes place

(b) Find the position vector of C when A and B collide and
find how far C is from the collision

(c) When the collision occurs, € immediately changes its
course, but not its speed, and steams direct to the scene.
When does C arrive?

Solution
(@) To show that A and B collide, we must show that

AV = K 47p

aVs = Va = Vp = (192) - (_612) A (i%)
v=r-r= )~ ()= ()
ws=(33)=-3(23)=-3.m

AV = =3 4Tp
Collision will occur between ships A and B
Time taken for collision to occur is given by

_distance AB | 7]
" relative speed | Ay3|
(=7)2+(-4)2 65 1 ]
= =—h =20 min
V212 + 122 /585 3

Collision will take place at 12 : 20 pm

After t hours, the position vector of A will be given by
1,(t) =14+ 4t

After 1/3 hours,

5 ,1/9 8
n=(}) +§(18) =(5)
Position vector of collision point is (8i + 7j) km
(b) A and B collide after t = 1/3 hours
After t hours, the position vector of C will be given by
re(t) =10 + Vet
After 1/3 hours,

o= ()45 = )+ (=)

Position vector of C will be (16i + j) km

en=re=n=(7)-(5)=(%)
| CrA| = \/m =10
Ship C is 10 km from the collision
(c) When C steams directly to the scene, the course of C
will be in the direction of CA or CB.
Time to intercept where the collision takes place is
given by
distance AC | C7‘A|
~ Telative speed - | cVA|

CUA = UC - UA = IJC Slnce UA = 0
10 10 2 _
T=W=E=§h=40mm
C will arrive at the scene after a further 40 minutes from
when A and B collide.

C will therefore arrive at the scene at 3 p.m

Example 5
Ship A is 4 km due north of ship B. Ship 4 is travelling at
10v/3 kmh™! due east while ship B is travelling at
20 kmh~1 on a bearing of 060°. If the two ships collide, find
the time at which the ships collide and where the collision
takes place.

Solution

g
|

A¢e——»10V3 kmh?!

4 km

Method 1: Vectors
_ (10\/§)_ _ (20 sin 60°) _ (10\/§)
4 0o /' 7 \20cos60° 10
Take the position of B to be the origin;

0= 2) o= )

After time ¢ hours,
TA(t) = TA + UAt

=)+ (100@> . (1oft)

TB(t) =T1p + UBt

w® = (o) + (195%) = (055")
When the ships collide, ,(t) = r5(t)

(10«@:) _ (10\/§t)
4 10t
4 =10t
t=04h
The ships collide after 0.4 hours or 24 minutes
Distance =S X T = 20 X 0.4 = 8 km
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Closest approach

If two bodies do not collide, then there will be an instant at
which they are closer to each other than they are at any other
instant.

Distance of closest approach

To find the closest distance of approach and the time taken,
we can use two methods i.e. (a) vectors and (b) velocity
triangle and the displacement diagram

(a) Vectors
If two bodies A and B are moving relative to one another,
then they are closest to each if the following conditions are
satisfied
(i) arg- 4avg = 0. The displacement vector of A
relative to be will be perpendicular to the velocity
vector of A relative to B attime t
(ii) The displacement |AB| at the time t when A and B
are closest apart must be a minimum. By completing
the square or differentiating with respect ¢, we can
find the time taken for closest approach and hence
the distance of closest approach.
el _ oy 2@® _

0
dt dt

(b) Velocity triangle and displacement diagram
Draw a velocity triangle and use it to find ,v;p.
Draw a displacement diagram showing the initial
positions of A and B respectively and ,v;p.
Find d, the shortest distance between A and B during
motion, by trigonometry

A

The right-angled triangle ABC can be used to calculate
the shortest distance, BC. The time to arrive at point C
can be found using

AC AC

ti = =
tme speed of Arelativeto B |

AUB|
Note: It is clear that BC gives the shortest distance.
Look at either side of C, BX and BY will be longer than
BC because they are hypotenuses of the triangles BCX
and BCY respectively.

Example 1
Two particles P and Q are free to move in a horizontal plane.
The particles move with constant velocities (9i + 6j) ms™!
and (5i +4j) ms™! respectively. At time t =4s, the
particles P and Q have position vectors, referred to the origin
0, of (961 + 44j) m and (100i + 96j) m, respectively. Find
(@) the position vectors of P and Q attimet =0s
(b) the position vector of Q relative to P at time t
(c) the time at which P and Q are nearest to each other and

the length of PQ at this instant

Solution

@ ve=(g)ive=(,)

When ¢ = 4,1, = (ZZ) and 7o = (19060)

rp(t) = 1p + vpt
(ZZ) =1p+4 (2)
=3~ (G4) = 50)
7 = (60i + 20j) m
1o(t) =19 + Vot
(19060) =1+ (i)
To = (1906()) - (ig) = (28)
ro = (80i + 80j) m
® 0 =(50)+ (@)= (o1 o)
0®=(50) + (3)¢= (50 + 4r)

® =0 -0 = (301 5) - (3
() = (

20 — 4t)
60 — 2t
otp(t) = (20 — 4t)i + (60 — 2t)j
(c) Distance PQ = /(20 — 4t)% + (60 — 2t)?2
= /400 — 160t + 16t2 + 3600 — 240t + 42
= /4000 — 400t + 20¢2
=/20(t2 — 20t) + 4000
By completing the square;
PQ =/20(t — 10)2 + 2000
Minimum distance occurs whent — 10 = 0
t=10s
Least distance = /2000 = 44.7 m

Alternatively;
Least distance occurs when o715+ qvp = 0

wr=vo-v=(3)-(3)=(5)

r®=(Go " 3,)

20 — 4t [(—4Y\ _
(60-20) (52 =0
—4(20 — 4t) — 2(60 — 2t) = 0
—80+ 16t — 120 + 4t = 0

20t = 200
t=10s
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Relative motion
€Y (b)
10 ms™! N 18 ms~!
8ms™?! ’_I f
|
|
A 20° '
30 m B
Solution
Initial sketch:
JVB
Uy
20°
A
0 /i

Velocity triangle

From the velocity triangle, ,vp = v, — vp
Using the cosine rule;
2 _ 2 2 o
|AVB| = |val? + |vg|* — 2|v4l|vp| cos 70
| wvg|" = 82 + 10% — 2(8)(10) cos 70°
| svs| = 10.5ms™!
Using the sine rule;
105 10
sin70°  sina
105sin 70°
10.5

a = 63.5°
0 =a—20°=63.5°—20° =435°

Displacement diagram;

sina = = 0.895

30m
A B
(7]

c
Distance of closest approach, d is given by BC

d =30sinf = 30sin43.5° = 20.7 m
Time taken to reach C is given by

AC _ 30cos43.5°
| vs| 105

=2.07s

Solution
Initial sketch:

From the velocity triangle; gv, = vy — v,
Using the cosine rule:

| sva|” = 182 + 152 — 2(18)(15) cos 70°
5V4 = 19.1 kmh™?!
Using sine rule:

| AUBl _ [Vl

sin70° sina
185sin 70°

19.1

a=624°
6 =a—30°=62.4°—30°=32.4°

sina = = 0.886

Displacement diagram;

A
d

cld

80 m

BVa \
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Relative motion

ing = —
Sin 30

d =80sin32.4° =429 m
The closest distance of approach is 42.9 m
The time taken to reach is given by
BC  80cos32.4°

= |BvA| = 191 = 3545

t

Example 4

Two straight roads, one running North-South and the other
running East-West, intersect at a crossroads 0. Two men A
and B are cycling at steady speeds towards 0. At a certain
instant, A is 20 m from O and travelling due North at
3ms™! and B is 20 m from O and cycling due West at
4 ms~!. Calculate the shortest distance apart of the two
cyclists and the time which elapses before this is attained.

Solution
Initial sketch (situation seen by fixed observer)

4 ms™?!
0 i
20m ¢ °B
20m
A 3 mS—l
LY\
Velocity triangle
4 ms™?!
3mst

0 BVA

| pva| =32 +42 =5ms™?
The direction of zv, is given by 6 where;
tan 0 =§,sin9 =§ and cos @ =§

Displacement diagram (as seen from A)

0 20 m B
9 BVa
<6
A

A sees B travelling along the direction BC. The cyclists are
closest together when A sees B to be at a position C, where
AC is perpendicular to BC. The shortest distance apart is
therefore AC

Using this displacement diagram;

INAOBD,OD =20m, 0D = —=— =20 x>=15m
tan @ 4

AD =0A—-0D=20—-15=5m
In AACD,AC = ADsin® =5xZ=4m
Hence the shortest distance between the cyclists is 4 m

To find the time taken to reach the closest position, we first
calculate distance BC

20
BC =BD +DC =——+5cos@
sin @

5 3
BC=20XZ+5X§=25+3=28m

A sees B travelling along BC at zv, = 5ms™!
Time taken to travel the 28 m is given by

t—28—56
=g =56s

Hence, the cyclists are at the closest position after 5.6 s

Example 5

The diagram below shows the velocities and initial positions
of two particles A and B. Find the closest distance between
the particles and how long they take to reach that position

N
A
100°
A
10 ms™?!

300 m

12 ms™?!
B

Solution

Initial sketch;

Velocity triangle !
l
|

/ /800 v, 17(10) 80° |

From the velocity triangle; ,vp = v, — vp
Using the cosine rule;
| wws|" = 122 + 10% — 2(12)(10) cos 40°

| svs| = 7.76 ms™!

Using the sine rule;
7.76 12

sin 40° - sina
12 sin 40° — 0.994
776

sina =
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Relative motion

Closest distance, d = 16 sin 8 = 16 sin 20° = 5.47 km
Time taken to reach the position of closest approach is
_ BC _ 16c0s20°
| sval 24
t =0.626 X 60 = 38 min
The ships A and B are closest together at 10:38 a.m

t =0.626h

Method 2: Vectors -
Y =( 14 sin 29 )=( 6.79 )

—14 cos§9° ;313.224
17 sin 50° .
Ve = (172;2 500) = (10.93)

(@ pva=vg—1vy
_(13.02\ [ 679 \_ (623
BV = (10.93) (—12.24) = (23.17)
| pva| = v6.232 + 23.17% = 24 kmh ™!

Direction is N (90° —tan? 23'17) E=NI15°F

6.23

The velocity of ship B relative to ship A4 is 24 kmh™?!
on a bearing of N 15° E
(b) Let ship A be at the origin at 10:00 a.m

0= ()on- (i) (28
Bla=Ts=Ta= (—_1?;.11) - (o) = (:1é.11)
After t hours past 10 a.m;
pTa(t) = pTy + puat

-9.18 6.23 —9.18 + 6.23t
s7a(t) = (—13.11) + (23.17) t= (—13.11 + 23.17t)
At closest approach, gry - gvs =0

( —9.18 + 6.23¢ )-( 6.23 )=0

—13.11 4+ 23.17t 23.17
6.23(—9.18 + 6.23t) + 23.17(—13.11 + 23.17t) = 0

—57.19 4+ 38.8t — 303.76 + 536.8t = 0
575.6t = 360.95
t=0.627h
t =0.627 X 60 = 38 min
The ships A and B are closest together at 10:38 a.m
—9.18 + 6.23(0.627) 527
T4 = <—13.11 + 23.17(0.627)) - ( 1.42 )
| s7a| =V (=5.27)% + 1.422 = 5.46 km
The closest distance between the ships is 5.46 km

Example 7
Two motorways intersect at a point 0. Car A is on the first
motorway travelling in the direction 8i + 15j while car B is
on the second motorway travelling in the direction 3i + 4;.
The unit vectors i and j are due east and north respectively.
Attimet = 0, when car A is at the point O and has a constant
speed of 85kmh™%, car B is still 2.5km from O and
travelling at 100 kmh™?
(@) Write down, in terms of t where appropriate,

(i) the velocity of B relative to A

(ii) the position vector of each car relative to O

(iii) the position vector of B relative to A
(b) Given that visibility is 2.5 km, show that the cars are

within sight of each other for just over 11 minutes

Solution
(a) Unit vectors in the directions of the motorways are;
For 4;
1 . ) 8. 15,
—W(& + 15j) = 7l +ﬁ]
For B;
1 N T
7324_—42(31 + 4j) = ol +§]
If B is still 2.5 km from 0, the initial position vector of B
relative to O is
g =25 (—%i —g
+2j) = 40i + 75) kmh~!

j) = —1.5i — 2j km
8 .
—1
17
_ 3., 4.\ _ s : -1
vy =100 (2i +3j) = 60i + 80j kmh
(i) Velocity of B relative to A is given by
_ . _(60\ _ 40\ _ (20
BVA = Vp — V4= (80) (75) = ( 5)

gVa = 20i + 5j

(if) Attime t, the position vectors of A and B relative to O

are
1,(t) =14+ vt = (g) + (47“5)) t= (;“5);)
r5(t) = 15 + vpt = (__125) + (gg) t= (63&__1;)
(iii) The position vector of B relative to A is given by

gTa(t) = 15(t) — 1,(t)

0= (B (- (53

sTa(0) = (20t — 1.5)i + (5t — 2)j km
(b) | g7a| = +/(20t — 1.5)2 + (5t — 2)2
= /400t2 — 60t + 2.25 + 25t2 — 20t + 4

= /425t2 — 80t + 6.25
When | BrAl = 2.5km
425t% — 80t + 6.25 = 6.25
425t>—80t =0
t(425t —80) = 0

t =0andt =-> = 0.188 hours
425

Therefore, cars are within sight of each other for 0.188
hours or 11.3 minutes

vA=85(

Self-Evaluation exercise
1. A particle Q is 200 m on a bearing of 040° from a
particle P. Particle Q has a uniform speed of 25 ms™?
due south and particle P has a speed of 30 ms™ on a
bearing of 070°. Find the smallest distance between the
particles and the time at which it occurs.
[Ans: 4.74 m; 4.43 s]
2. An aeroplane has a speed of 300 kmh™! due west. A
helicopter is 50 km due south of the aeroplane and it
travels 250 kmh™* on a bearing of 320°. Calculate the
closest distance between the aeroplane and the
helicopter. How long does it take for the aircraft to
reach this position?
[Ans: 29.4 km; 0.171 h]
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Relative motion

t =0.7hor42 min
The motor boat reaches closest approach at 12:42 p.m

o= (S04 500m) = (C13)

| srv| = V(—=19.2)2 + (—14.4)2 = 24 km
The motorboat gets as close as 24 km to the yacht

Example 2

Motorboat B is travelling at a constant speed of 10 ms™?
due east and motorboat A is travelling at a constant speed of
8 ms~1. Initially A and B are 600 m apart with A due south
of B. Find the course that A should set in order to get as close
as possible to B. Find this closest distance and the time taken
for the situation to occur

Solution
Initial sketch;
R B v5(10)
‘ / g
\
\
\
N 600 m

Velocity triangle;

0= 8 =08
cosf =75=0

6 =cos™10.8 =36.9°

Direction = 90° — § = 90° — 36.9° = 53.1°
The motor boat A should set course in the direction
N 53.1°E

| avs|” + [val? = vp]?

| svs| = /102 — 82 = 6 ms™!
Closest distance,
d = 600sin8 = 600sin 36.9° = 360.3 m
Time taken to reach position,

600cos8 600cos36.9°
t= = =80s

|Av3| 6

Example 3

At 8 a.m, two boats A and B are 5.2 km apart with A due
west of B, and B is travelling due north at a steady
13 kmh™1. If A travels with a constant speed of 12 kmh™?,

show that, for A to get as close as possible to B, A should set
a course of N 6° E where sin8 = %
Find this closest distance and the time at which it occurs

Solution
Initial sketch:
v,(12) vg(13)
0
5.2 km
A o5
A
Il
N Id!
Vs T~ N/ i
=~/
C y Vs
Velocity triangle;
90° -6 [
12
v,(12) —vy(13)

AVB

| avs|” + lval? = |vp)?

| svs| = V132 — 122 = 5 kmh™?

. _ |AVB| _ 5
sinf = o] =3
Closest distance, d = 5.2sin8 = 5.2 X % =2 km

Time taken to reach C (closest approach);

A 12
AC  52cosf S52ZX3z

= = = =0.96h
| 4vs| 5 5

t = 0.96 h or 57 min 36 sec
Therefore, closest approach occurs at 8:57 and 36 sec

t

Example 5

A ship A is moving with a constant speed of 24 kmh~t in a
direction N 40° E and its initially 10 km from a second ship
B, the bearing of A from B being N 30° W. If B moves with
aconstant 22 kmh™1, find the course that B must set in order
to pass as close as possible to A, the distance between the
ships when they are closest, and the time taken for this to
occur.

Solution

v,(24)

6 +30°+a =90°
0 =60°—«

vp(22)

144
Principles of Applied Mathematics by Kawuma Fahad



Relative motion

Velocity triangle;

Velocity triangle;

22
cos(40° —a) = 22

40° — a = 23.6°
a =16.4°
B must set course in the direction N 16.4° E

| svs| = V24% — 222 = 9.6 kmh™!
6 =60°—a=60°—16.4°=43.6°
Closest distance between the ships;
d =10sin8 = 10sin43.6° = 6.9 km
Time taken for this to occur;
_ 10cos @ _ 10 cos 43.6°

96 96
It occurs after approximately 45 min

=0.754h

Example 4
A battleship commander is informed that there is a lone
cruiser positioned 40 km away from him on a bearing
N 70° W. The guns on the battleship have a range of up to
8 km and the top speed of the battleship is 30 kmh~1. The
cruiser maintains a constant velocity of 50 kmh~1, N 60° E.
Show that whatever the course the battleship sets, it cannot
get the cruiser within range of its guns.

Solution
To get the cruiser within range of its guns, the battleship
must approach as close as possible with a distance d such
that d < 8km. It should thus set course in direction
perpendicular to the relative path.
Let v, and vy represent the velocities of the cruiser and
battleship respectively and v, be the velocity of the
battleship as seen by the cruiser
Initial sketch:

6 +70°+a=090°

30
cos(60° —a) = =0

o __ — -1 _
60 a = cos z

60° — a = 53.1°
a=6.9°
0 =20°—a=20°-6.9°=13.1°
Distance of closest approach,
d =40sinf = 40sin13.1° = 9.1 km
Since d > 8 km, the battleship cannot get the cruiser within
range of its guns.

Self-Evaluation exercise

1. A particle at point A travels on a bearing of 060° at
12 ms™1. A second particles starts at point B, which is
due east of point A and has a maximum speed of
5ms~*. Find
(a) the course that the second particle must set to get

as close as possible to the first particle
(b) the closest distance between the particles and the
time at which this will occur
[Ans: (a) 354.6° (b) 2.81 m, 2.74 s later]

2. Two bodies X and Y start at two points P and Q
respectively. Point P is 100 m on a bearing of 150°
away from Q. Body X moves with a constant speed of
30 ms~! on a bearing of 090°. Body Y has a maximum
speed of 22 ms™1.

(@) Determine the course for Y to get as close to X as
possible

(b) Calculate the time taken to reach this position and
this distance between the two bodies.
[Ans: (a) 132.8° (b) 1.45 s; 95.5 m]

3. Two objects P and Q are initially 20 m apart, with P
being south west of Q. Object P has a speed of 16 ms™?
due north and Q can have a maximum speed of
10 ms~1. How close can Q get to P?

[Ans: 2.20 m]

4. A and B are two ships which, at 1200 hours, are at P
and Q respectively where PQ = 39 km. A is steaming
at 45 kmh™? in a direction perpendicular to PQ and B
is steaming on a straight course at 30 kmh™* in such a
direction as to approach A as closely as possible.

(a) Show that B steams at an angle of sin™! 2 with PQ
(b) Find when the ships are closest together
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Moment of a force

The resultant of a set of parallel forces is parallel to the
original forces. Its magnitude is the algebraic sum of the
magnitude of the individual forces.

The location of the resultant may be found using the
principle of moments.

Example 3
7N R = 19N 12N
A A
A T
< X »>
A -B

<
<

0.57m

In the given diagram, find the distance x of the resultant R
from the point A.
Solution
Moment of R about A is 19x
Resultant moment of 7 N and 12 N forces about 4 is
(7x0)+ (12x0.57) = 6.84

By the principle of moments:

19x = 6.84

x =0.36m

Couple
A couple is formed by two equal unlike parallel forces which
are non-collinear.

It has zero resultant but it does have a moment.
The moment of the couple shown is Fd. This is constant
about any point in the plane of the couple.

Example 4
Calculate the turning effect about O of the force F; = 3i + j
acting at the point r, =i+ j and the force F, = 2i — 5j
acting at the point r, = 2i —j

Solution

Total clockwise moment about O
=3Bx1)+(5x%x2)=13Nm
Total anticlockwise moment about O

=(1x1)+(2x1)=3Nm

Resultant moment about 0 = —13 + 3 = —=10 Nm
i.e. a clockwise moment of 10 Nm

Equivalence
Systems of coplanar forces which produce exactly the same
linear and turning effects on a rigid body are equivalent.
To establish that two coplanar system are equivalent, show
that:
1. the total resolutes in two perpendicular directions
are the same in both systems and
2. the resultant moment about a point in the plane
containing the forces is the same in both systems
A known system of coplanar forces may be replaced by an
equivalent, often simpler, system using (1) and (2).

Example 5
These two systems of forces are equivalent
I
C
8V2N 4N
A
an B

AB=BC=1m

System | System |1
Resolve || AB | 8v2sin45°—3 =75 13sind =5
Resolve L AB | 8v2cos45° + 4 = 12 13cos @ = 12
Moments (4) 4x1=4 13x 0.8sin 8 = 4

Reduction to a force or a couple

The resultant of a system of coplanar forces, which is not in
equilibrium, is either a single force or a couple. This
resultant is equivalent to the original system of coplanar
forces.

A system reduces to a single force if:
one or both of the total resolutes in two perpendicular
directions is non-zero.

To locate the position of the line of action of the resultant
force, take moments about any point in the plane and use the
principle of moments.

A system reduces to a couple if one of the following sets of
conditions is satisfied.

SET I:

1. The total resolutes in two perpendicular directions are
each zero, and

2. The resultant moment about any point in the plane is hon-
zero
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Moment of a force

SET II:
The resultant moments about three non-collinear points are
each non-zero.

Example 6
ABC is an isosceles triangle with AB = AC =5 cm and
BC = 6 cm. M is the midpoint of BC. Forces of 15, 12, 5
and 8 N act along AB, BC, CA and MA respectively. Show
that this system of forces is equivalent to a couple and find
its moment.

Solution

A AB=AC=5m=0.05m
BM = MC =3 cm=0.03m

a a = =
15N 5N So0AM =4cm = 0.04m
8N
> - C
12N M

Let ZMAB = £tMAC = «a
. 3 4
Sosina ==, cosa = -
5 5
Resolve || to BC:
12 — 15sina — 5sina

=12 15><3 5><3—0
= 5 =

Resolve 1 to BC:
8—-15cosa+ 5cosa

=8 15><4+5><4—0
= = c =

Moments about A:

4
12 X 0.05cosa =12 x 0.05 % T =048 Nm

Example 7

ABCDEF is a regular hexagon of side 2 m. Forces of

magnitude P, 3, 5 and Q newtons act along AB, DC, EF and

AE respectively. Show that this system of forces is not in

equilibrium.

(@) If the system is equivalent to couple, find its moment
and the value of P and Q.

(b) If the system is equivalent to a single force through E,
find P

Solution

=3x2V3-5xV3 =43
Since this sum is not zero, the forces are not in equilibrium.
() If the system is equivalent to a couple, it will have the
same moment about any point in the plane.
- the moment of the couple is V3 Nm
The sum of the components of the forces in the couple
is zero in any direction,
-~ resolving in the directions AB and AE
- P 4+ 3cos60°—5cos60°=0
T Q —3sin60°—-5sin60° =0
P =2cos60°=1
Q = 8sin60° = 4v/3
(b) If the system is equivalent to a single force through E,
then the sum of the moments about E will be zero.
Taking moments about E;

Px2V3—-3xvV3=0

Reduction to a force and a couple

Any system of coplanar forces acting on a rigid body may
be replaced by an equivalent system which consists of a
single force, acting at a particular point in the plane of the
forces, together with a couple.

Example 8

Forces 3 N and 5 N act along the sides AC and BC of an
equilateral triangle, side a metres. A force of 2 N acts along
the altitude AD. Find the force at B and the couple which
together are equivalent to this system.

Solution

Let R be the required single force at an angle 8 to BC and G
be the moment of the required couple.

A

M
o

2N
B \Q\A
> c
sN D R
Resolve along BC for original system: 5 + 3 cos 60°
for new system: R cos 6
SORcos8 =5+ 3cos60° ... [1]
Resolve 1 to BC for original system: 2 4+ 3 cos 30°
for new system: R sin 6

SORsinf =2+ 3cos30°.....[2]
Solving [1] and [2];

_ 2 4+ 3 cos 30°
tanf = 5+ 3 cos 60°
6 = 35.3°
From [2];
Rsin 35.3° = 2 4+ 3 cos 30°
The sum of the moments of forces about A R=796N
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7N
B > C
5N 4
vy 2N
A > D
3N

(@) Let X and Y be the resolutes of the resultant force in the
directions AD and AB respectively.
X=((7-3)N=4N
Y=(5-2)=3N

R 3

/) n
4

Hence, R =v4? +32=5N
atanangle 8 = tan™! G) to AD

(b) Moments about A for the system of forces gives
G=(7x2)+2x%x2)Nm
= 18 Nm, clockwise
(c) LetR, the resultant of the forces, cut DA produced at P
Let AP = x metres
Moments about A for the resultant force gives
G =5sin8 xx
Since the moments G must be equal
5sinf x x =18

3
5 X gx =18
XxX=6m
Hence, the resultant of the forces cuts DA produced at
6 m from A
Example 12

A square ABCD of side 3 m has forces of magnitude 8, 3, 3,
4 and 2v2 N acting along AB, CB, CD, AD and BD
respectively. If the system is reduced to a force acting
through A together with a couple, find the magnitude and
direction of the force and the moment of the couple.

If the system is reduced to a single force acting through a
point E on AB at a distance d metres from 4, find d.

Solution
3N
D < C
4N A 2V2N
v 3N
p 45°
8N B

Suppose that the given system is equivalent to forces X and
Y acting along AB and AD respectively, together with a
couple of moment G in the sense ABCD.
Resolving in the directions of AB and AD:

- X =8-3-2V2c0s45°=3

TY =4-3+2V2sin45° =3
Taking moments about A:

G=3x3-3%x3+2V2x3sin45°=6

3v2 3

/) =
3

Hence the system is equivalent to a force of 3v2 N acting
along AC together with a couple of moment 6 Nm in the
sense ABCD.
The single equivalent force through E has a moment G about
A and components X and Y in the directions of AB and AD
respectively.

f
Ag >F

X
> B
d

Taking moments about A:

G=Yd

6 =3d

d=
Example 13
A
B
15N 20N
¢ - > X
0 10N A

Find the equation of the line of action of the resultant of the
forces shown in the diagram, given that tan @ = % and that
A is the point (7, 0).

Solution

y A
AY
> 3
X a
c 4
> X

Let Xand Y be the components of the resultant in the
directions of the x- and y- axes respectively. Let the line of
action cut the y-axis at the point (0, ¢).
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23.

24.

25.

26.

27.

28.

29.

respectively. Find the single force equivalent to this
system and where its line of action cuts AB.
[Ans: 8.84 N, 57.6° to AB. 2.32 m from BA produced]
Three forces are represented by the vectors —2i — 3j,
3i + 4j and —i —j. The forces act at the points (2,0),
(0,3) and (1, 1) respectively. Show that the three forces
combine to form a couple, and find the magnitude of the
couple.
[Ans: 15 units]
The force 5j acts at the point (2, 3) and the force F acts
at (6, 1). If the system forms a couple.
(@) state the force F,
(b) find the magnitude of the couple
[Ans: (a) —5j (b) 20 units]
ABCD is a square of side 1 metre. Forces of magnitude
3N,6N,5N and 4 N act along the sides AB, BC, DC
and AD, the sense of each force being indicated by the
order of the letters. Find
(i) the magnitude of the resultant of the forces
(ii) the total moment of the forces about A
(iii) the perpendicular distance from A to the line of
action of the resultant.
[Ans: (i) 2v41 N (ii) 1 Nm anticlockwise (iii) ﬁ m]
ABCD isasquare of side 2 m. Forces of magnitude 2 N,
1N, 3N, 4N and 2v2 N act along 4B, BC, CD, DA
and BD respectively. In order to maintain equilibrium,
a force F, whose line of action cuts AD produced at E,
has to be applied. Find
(@) the magnitude of F,
(b) the angle F makes with AD
(c) thelength AE
[Ans: (a) V10 N (b) 71.6° (c) 4 m]
ABCDEF is a regular hexagon of length a. Forces
having magnitudes 6W, 10W, 3W, 6W and 5W act
along the sides AB, BC, CD, DE and EF, the direction
indicated by the order of the letters.
(@) Prove that the resultant of this system of forces

intersects AB produced at a point X distant %a from

B.
(b) The magnitude of the resultant is R and its direction
makes an angle 6 with AB. Find R and 8.
[Ans: (b) 7/, 81.8°]
ABCD is a square of side 3m. Forces of magnitude 1 N,
2N, 3N, s N,and t N act along the line AB, BC, CD,
DA, and AC respectively, in each case the direction of
the force being given by the order of the letters. Taking
AB as horizontal and BC as vertical, find the values of
s and t so that the resultant of the forces is a couple.
[Ans: s = 4, t = 24/2]
OABC is a square of side 1 m. Forces of magnitude 2,
3, 4 and 5V2N act along OA, AB, CB and AC
respectively in the directions indicated by the order of
the letters and a couple of moment 7 Nm acts in the

30.

3L

plane of the square in the sense OCBA. Find the
magnitude and direction of the resultant of the system
and the equation of its lines of action referred to 0A and
OC as axes. What is the magnitude and direction of the
least force introduced at A if the resultant of the original
system and this new force is to pass through 0?

[Ans:V65 N at tan™* 8 to 0A; line of action Z m from

O in direction OA and 3 m from O in direction CO, so
y = 8x + 3; 3 N in direction BA]
A rectangle ABCD has AB =3 cm and BC = 4 cm.
Forces, all measured in newtons and of magnitudes 2,
4, 6, 8 and k, act along AB, BC, CD, DA and AC
respectively, the directions of each force being shown
by the order of the letters. The resultant of the five
forces is parallel to BD. Find k and show that the
resultant has magnitude z newtons. Find the distance
from A of the line of action of the resultant.

[Ans: k = %; 43.2 cm]
Force of magnitude 2P, P, 2P, 3P, 2P and P act along
the sides AB, BC, CD, ED, EF and AF respectively of
a regular hexagon of side 2a in the directions indicated
by the letters. Prove that this system of forces can be
reduced to a single force of magnitude 2P+/3 acting
along AC together with a couple. Find the magnitude of
the couple.
Show that the system of forces can be reduced to a
single force without a couple. If the line of action of this
force cuts FA produced at X, calculate the length of AX.
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EQUILIBRIUM Solution
Resolving vertically (to eliminate force P)
Particle in equilibrium R cos30° — 10 — 3 cos 60° = 0
When a particle is in equilibrium under a system of coplanar RV3 3
concurrent forces, the following condition is satisfied. 5 = 10 + 5
The resultant of all forces in any direction must be zero RV3 = 23
When solving problems about particles in equilibrium;
: 23V3
(a) Draw a clear force diagram R = — N

(b) Choose a direction for resolving, remembering that
the component of a force in a direction
perpendicular to itself is zero

Resolving parallel to the slope (to eliminate R);
P cos30°—3 —10cos60° =

(c) Resolve the forces acting in any chosen direction i? =345
and equate to the resultant to zero 2
(d) If necessary, resolve the forces acting in another PV3 =16
suitable direction and equate the resultant to zero p= % N
3
Example 1
An object is in equilibrium under the action of the following ~ EXample 4
three forces: The four coplanar forces, shown in the figure below, are in
2 a 4 equilibrium.
() w5 wara () o
Calculate a and b !
Solution '

B+(5)+ (-6
GED=0)

h—4=0=h=4a Determine the value of X and the value of Y.

Solution
Example 2 Resolving —; . o
A body is acted on by the following forces: 20iN, X + 24 cos 30° = 40 sin 60
(-11i—8j)) N, (3i—14j))N and (=7i+17)) N. The X +12v3 =203
addition of a fifth force P, brings about equilibrium. Find X=8V3=139N
the force P Resolving T;
Solution Y = 40 cos 60° + 24 sin 30°
Let the force P be xi + yj N Y =20+12
20 -11 3 -7 X\ _ (0 Y=32N
(0)+(_8)+(_14)+(17)+(y)_(0)
3+x)_ (0 Example 5
(—5 + y) B (0) P

The four coplanar forces, shown in the figure below, are in

3+x=0=>x=-3 equilibrium.

-54+y=0=>y=5
The fifth force is (—3i + 5j) N

Example 3
Determine the value of X and the value of Y.
Solution
Resolving —; X 4+ 10 cos 30° = Y sin 45°
V2
A particle on a slope is subject to the forces shown in the X+5V3= Y

diagram above and is in equilibrium. Find the forces Rand  Resolving 1; Y cos 45° = 30 + 10 sin 30°
P.
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Example 9
Z

50kg

A light inextensible string passes through two smooth light
pulleys at C and B, and the other end is tied at a point A on
a fixed horizontal ceiling. A box of mass 50 kg is attached
to the pulley at B. The string remains taut at all times by a
force acting at D in the direction CD. The sections AB and
BC are both inclined at 30° to the vertical and DCB = 90°.
The system is in equilibrium with the points 4, B, C and D
lying on a vertical plane which is perpendicular to the
ceiling.
(@) By considering the forces acting at B, find the tension
in the string.
(b) Determine the magnitude and direction of the force
exerted by the string on the pulley at C.
Solution

(a) | FFFEEFEEFEEEEEEEEEEEEEEEEEEEEE

Looking at pulley at B (vertically);
T cos30° 4+ T cos 30° = 50g
2T cos 30° = 50g
_ 25g
"~ c0s30°
T =283N
(b) Looking at the pulley at C

Resolving —; T sin 60° = X + T sin 30°
X = T(sin 60° — sin 30°)
X = 283(sin 60° — sin30°) = 103.55 N
Resolving T; Y = T cos 60° + T cos 30°
Y = T(cos 60° + cos 30°)
Y = 283(cos 60° + cos 30°) = 386.45 N

X

R =/103.552 + 386.452 = 400 N

o, Y _ 38645
N =¥ T 10355
6 = 75°

Example 10
The diagram shows masses A and B each lying on smooth
planes of inclination 30°

130°

Light inextensible strings attached to A and B pass along the
lines of greatest slope, over smooth pulleys and are
connected to a third mass C hanging freely. The strings make
angles of ¢ and a with the upward vertical as shown.

If A, B and C have masses 2m, m and m respectively and
the system rests in equilibrium, show that sina@ = 2 sin ¢
and cos a + 2 cos ¢ = 2. Hence find ¢ and «a.

Solution

For particle A;
7 T; = 2mgsin 30°
T, =mg
For particle B;
N T, = mgsin 30°

mg
T, =—
272
For particle C;
Resolving —; T, sina = T, sin ¢

mg . .
TSma = mgsin ¢

sina = 2sin¢
Resolving T; T, cosa + T, cos ¢ = mg
m

7gcosa +mgcos¢p = mg

cosa+2cos¢p =2
From sina = 2sin ¢

sin?a = 4sin? ¢ .... (i)
Fromcosa + 2cos¢ =2
cosa=2—2cos¢

cos?a=4—8cosp+4cos?¢p ... (i)

Adding (i) + (ii) gives;
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5 N force at 122.9° and 6 N force at 224.2°
Or (imagine the diagram flipped)

6 N force at 136° and 5 N force at 237.1°

Lami’s theorem
The third special result is Lami’s theorem which is a
version of the sine rule.

If three concurrent coplanar forces P,Q and R are in
equilibrium and the angles between Q and R, R and P, P and
Q are a, ff and y respectively as shown, then Lami’s theorem
states that:
P Q@ R

sina  sing  siny
This is particularly useful when one of the forces and the
angles between the pairs of forces are known.
It may also be used to solve the triangle of forces when this
has been sketched.

Example 13

A particle P, of weight 300 N, is hanging in equilibrium by
two light inextensible strings, AP and BP, which lie in the
same vertical plane. It is further given that AP forms an
angle of 60° with a vertical wall and BP forms an angle 6
with a horizontal ceiling. Calculate the value of 8 and the
tension in BP, if the tension in AP is 120 N.

Solution

30°

120

300

Using Lami’s theorem;
T 120 300

sin60°  sin(90° + 6) ~ sin(210° — )
1205sin(210° — 8) = 3005sin(90° + 9)
2[sin 210° cos 8 — sin 8 cos 210°]
= 5[sin 90° cos 8 + sin 6 cos 90°]
2sin210°cos 8 — 2sin 8 cos 210° = 5cos O
2sin210° — 2tan 6 cos 210° =5

2sin210° -5
tanf = W = 3.464
6 =73.9°
120 o
= Sin(90° 1 g) < Sin 60
120 ,
= m X sin 60° = 374.75 N
Example 14

LSS Y

00

LS

A particle P of weight 60 N is suspended by two strings
from a fixed horizontal ceiling. The particle hangs in
equilibrium. The strings are light and inextensible and are
inclined at 40° and 20° to the ceiling, as shown in the figure
above. Find the tension in each of the two strings.

Solution
T,
Using Lami’s theorem;
n T, 60
sin110°  sin130°  sin 120°
= X si ° = 65.
T S 110° sin110° = 65.1 N

0
= — X Si ° = .
T, sni1os < sin 130°=53.1N
Example 15

One end of a string is fixed to a point A and the other is
fastened to a small object of weight 8 N. The object is pulled
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tan@ = 2
For equilibrium:
Resolving forces vertically, R = W
Resolving forces horizontally, S = F
Taking moments about 4,
S(2lsin8) = W(lcosB)
w w

S = tang 4
F—S—W
T4
F < uR

The least value of u is 0.25
(b) Let the particle be attached at a distance x from A

U N

P77l 702777
F, A

Resolving forces vertically; R, = 2W
Resolving forces horizontally, S; = F;
Taking moments about 4,
S:1(2lsin@) = W(xcos@) + W(lcos8)
W+ Wk+D

17 2ltane ~ 4l
F_S_W(x+l)
TR g

F, x + 1 1/x

- Sar=sle)

R, 214l) 8\l

Giveny=%,£—1$%

1/x 5

(=+1)<—

8(l+)_16
x+1<5
l 2
x 3
< =
12
X=3

Therefore, the highest point at which the particle can
be attached is %l from A

Example 18

A ladder of length 2a and mass m, has one end A on smooth
horizontal ground and the other end B against a smooth
vertical wall. The ladder is kept in equilibrium by a

horizontal force of magnitude gmg acting at a point C on the

ladder, where AC = %a, as shown in the figure below.
=

7

The angle between the ladder and the vertical wall is 6. By
modelling the ladder as a uniform rod show that tan 6 = %

Solution

NN

{-"/ff/ff/ff/ff/fff/ff{ff/fﬁ

(M; R =mg
(=) N =2mg
Taking moments about A4;

1 1
(gmgcose xza) + (mgsinf x a) = (N cos ) X 2a

%mga cos O +mgasin@ = 2Na cos 0
1 1
gmgacose +mgasinf =2 (gmg)acose
1 2
gcose +sinf = §c059

cosO + 6sinf = 4 cosf
6sinf = 3 cos @

tanf = -
an >

Example 19

The figure below shows a ladder AB resting in equilibrium
with one end A on rough horizontal ground and the other end
B against a smooth vertical wall. The ladder is modelled as
a uniform rod of length 5 metres and mass 20 kg, and lies in
a vertical plane perpendicular to the wall and the ground,
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inclined at an angle ¢ to the horizontal. When a person of
mass 60 kg stands at a point C on the ladder, where AC = 4

metres the ladder is at the point of slipping.
Z
B

S5 m

A

4

Given that the coefficient of friction between the ladder and
the ground is % find the value of ¢, to the nearest degree.

Solution

7 ?fffffffffffff}ff{/ﬁj 711

(7); R = 60g + 20g = 80g

(=); N =puR

~ A; 20gcos @ X 2.5+ 60gcosp X4 = Nsingp X5
290g cos @ = 5(uR) sin ¢

1
240gcosp =5 (Z X 80g) sin ¢
tang = 2.9
@ =tan"129 =71°

Example 20

/
The figure above shows a uniform ladder AB of length 2a

and of mass m resting with the end A on rough horizontal
ground and the end B against a smooth vertical wall. The
ladder is inclined at an angle 6 to the ground. When a child
of mass 2m is standing on the ladder at B, the ladder is about

to slip. Given that the coefficient of friction between the

ladder and the ground is % find the value of 6.

Solution

UR_ 0
’///////////ﬂ///i////}

(M; R =3mg
(=) N =uR
~ A;mgcosO X a+ 2mgcosf X 2a = Nsinf X 2a
5mgcos6 = 2N sin 6
Smgcos = 2(uR) sin 6

5
S5mgcos6 = 2 Xﬁx 3mgsin 8

1
6 = =sin6
cos 7 sin

tanf = 2
6 = 63.4°

Example 21

A uniform ladder AB of mass m and length 2a has one of
its end A on rough horizontal ground and the other end B
against a smooth vertical wall. The ladder lies in a vertical
plane perpendicular to the wall and the ground, and makes
an angle of 30° with the vertical wall. The coefficient of

friction between the ladder and the ground is % The greatest

distance from A that a man of mass 4m can walk up this
ladder is ka, where k is a positive constant. By modelling
the man as a particle and the ladder as a uniform rod,
determine the value of k.

Solution

o \\\\\\\\\\\\\\\\\\\\\\\X\/\V

Y UR
?////ff[ﬁf/////////////ﬁ
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Rods and Hinged joints

Example 29
nlC

A 30° B

3m

10kg
The figure above shows a uniform rod AB, of length 3 m
and of mass 20 kg, smoothly hinged at the point A, which
lies on a vertical wall. A particle, of mass 10 kg, is
suspended from the end B of the rod. The rod is kept in a
horizontal position by a light inextensible string BC, where
C lies on the same wall vertically above A. The plane ABC
is perpendicular to the wall and the angle ABC is 30°.
(a) Determine the tension in the string.
(b) Show that the reaction at the hinge has magnitude

98vV13 N

Solution
(@)
S Vi T
= . T
S 15 1.5
! v
T 20g 10g

(M; Y+ Tsin30° = 20g + 10g
(=); X =T cos30°
~ A; (20g x 1.5) + (10g x 3) = T'sin30° x 3

3
30g + 3Og=ET

3T—60
2 - g

T =40g=392N
(b) Using the vertical and horizontal equations with T =
392

40gV3
=2
> 0g\/§

Y + Tsin30° = 30g

X =Tcos30°=

1
Y=30g—40g><§=10g

Total reaction, R = J(lOg)Z + (20V3g)”

= \/100g2 + 1200g?
= \/1300g?

= /100gZ x V13
= 10gV13
=98V13 N

Example 30

7

¥ 2D
7z

The figure above shows a uniform rod AB, of length 2.5 m
and mass 10 kg, with one of its ends A smoothly hinged
vertical wall. The rod is kept in equilibrium in a horizontal
position by a light rigid strut DC, where D lies on the same
wall vertically below A and C lies on the rod such that AC =
AD = 1 m. A particle of mass 5 kg is placed at B. The plane
ACD is perpendicular to the wall.

(@) Calculate the force exerted by the strut on the rod.

(b) Determine the magnitude and direction of the force

exerted by the hinge on the rod AB.

Solution
(a)
T (Thrust)
pom ¢ G B
P74 o.zsi 1.25
|
y ' v
Y‘
o 10g 5g
D

ACD is right angled and isosceles, . 8 = 45°
(M; Tsinf =Y 4+ 10g + 5g
(=); X =TcosH
~ A;Tsinf x1=10g X 1.25 + 5g X 2.5
T sin45° = 25g
T = 245V2 = 346 N
(b) X =T cos® = 2452 cos 45° = 245
Tsing =Y +15g
(245V2) sin45° = Y + 147
245 =Y + 147
Y =98
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Determine
(@) the tension in the wire
(b) the normal reaction between the ground and
the pipe
(c) the frictional force acting on the pipe
(d) the coefficient of friction between the ground
and the pipe if the pipe is in limiting
equilibrium
[Ans: (a) 10400 N (b) 9310 N (c) 1810 N (d) 0.195]
9. The diagrams below show uniform rods AB hinged at A
being held in equilibrium by a piece of string.

@ %

30° .

2

7

v/

% 10g

,/,5‘ 80 cm >
(b) 7

60°

A <t———> B

? 20 cm

7

7 !

% g

24 60 cm >

For each one, determine
(i) the tension in the string
(if) the magnitude and direction of the reaction at
the hinge A

[Ans: (a) (i) 98 N (ii) 98 N at 30° from AB anticlockwise

(b) (i) 84.9 N, 49 N at 30° from AB clockwise]

10. A uniform bar AB of weight W and length 4a rests on
a rough peg at a point C, where AC = a. The bar is
maintained in equilibrium, with A above B, by a force
of magnitude %W acting at A in a direction
perpendicular to the bar.

(@) Find the angle which the bar makes with the
horizontal

(b) Given that the bar is about to slip, find the
coefficient of friction between the bar and the peg.

[Ans: 60°; ?]

Jointed rods

Example 38
Two uniform rods AB and BC, each of length 2a and of
mass 2 kg are smoothly hinged at B. The ends A and C are
each smoothly hinged to two points in the same horizontal
straight line and distance 2a apart. Find the horizontal and
vertical components of the reaction at each hinge.

Solution

For the whole system

By symmetry, the horizontal reactions at A and C must be
equal.

Let X and Y be the horizontal and vertical components of the
reactions at A

Let X and Z be the horizontal and vertical components of the
reaction at C.

Resolve (T); Y +Z =50

Moments about A; Z X 2a = 20 x%a+ 30 x%a

Z=275N
Y +275=50
Y =225N

For separate bodies
Let P and Q be the horizontal and vertical components of
the reaction at B

Y =225 Z =275
oy
a
a
20N
B P
Q

Moments about B for BC;

1
30><§a+X><2asin60°=Z><2acos60°
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T_W
T2

(b) Let X, Y be the horizontal and vertical components of
the action of the hinge at A on AC
Resolving horizontally for AC;

V3

X =T cos30°= X ZTW

| I
|G

Resolving vertically for AC,
Y+ W =W + Tsin30°
11
V=-T =W
The resultant reaction R at A is given by

3 1 1
R=VX2+Y2=W |41 =5W

16 16
It is inclined to the horizontal at an angle
t Y tan™? !
an ~— =1tan T —
X V3
Example 41

Two uniform rods AB, BC of equal lengths are freely joined
together at B. The mass of AB is m and that of BC is 2m.
The rods stand in equilibrium in a vertical plane on a rough
horizontal plane, and the angle ABC = 2a. The coefficient
of friction at A is y,, and the coefficient of friction at C is
U,. Find the horizontal and vertical components of the

reaction between the rods at B and prove that y;, > gtan a
and p, = étan a.
Solution

For the whole system

For rod AB, taking moments about A,
X(2acosa) =Y(2asina) + mg (asina)
X = (Y +E)tana ...(1)
2
For rod BC, taking moments about C,
X(2acosa) +Y(2asina) = 2mg(asina)
X=(mg—-Y)tana.... (ii)
Adding (i) and (ii);

3mg
2X=Ttana

3mg

X =—t
7 ana

Subtracting (ii) from (i);
- mg
0= (ZY—T)tana
mg
Y =—
4
Thus the horizontal and vertical components of the reaction
3 1
at B are Jmgtana and Smg

Resolving horizontally for each rod,;
3mg
X=F,+F =Ttana

Resolving vertically for each rod;

Ry,=mg+Y
mg 5mg
R, = — =
4 =mgt 7
Rc+Y =2mg
mg
Rc+—=2mg
4
7mg
R =—=
€7 4
R s5mg 5
AtC,Fi:M:Etana
Rc 7mg 7

But, since the system is in equilibrium,

jA JC
> — d > —
Uy and U, .

Therefore,

3 3
p1 2 _tana and u, = Stana.

Example 42

A pair of steps can be modelled as a uniform rod AB, of mass
24 kg and length 2 m, freely hinged at A to a uniform rod
AC, of mass 6 kg and length 2 m. The mid-points of the rods
are joined by a light inextensible string. The rods rest in a
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CIRCULAR MOTION

Consider a particle P of mass m moving in a horizontal
circle, centre 0, radius r, with constant speed v

v

CAP

The linear velocity v of P is directed along the tangent to
the circle at P.

The constant angular velocity w of P is w = ;

w is measured in radians per second (rad s™1)
There is no acceleration along the tangent since the particle
moves with constant speed around the circle.
The acceleration of P is in the direction Wj i.e. towards the
centre of the circle.

2

a=" = wr?
r

By Newton’s second law, this acceleration must be
produced by a force which is also directed towards the
centre of the circle.
So the equation of motion for the particle is

1)2

force = ——or mw*r

This force may be the tension in a string, a frictional force,
a gravitational force, etc.
The time period is the time taken for the object to complete
one revolution. One revolution is equivalent to a rotation of
2m radians.

Example 1
Find the velocity and acceleration of a particle moving in a
horizontal circle, radius 20 cm, at a constant angular
velocity of 30 revolutions per minute.

Solution
Angular velocity, w = 30 revolutions per minute

=30 x 2L radst
= 60ra N

=mrads”
Velocity, v = wr = 0.2 X T = 0.628 ms™!
Acceleration, a = w?r = 72(0.2) = 1.97 ms™?

1

Example 2
A car travels around a circular curve at 40 ms~?. The radius
of the curve is 20 m. Determine
(@) the car’s angular speed
(b) the time the car takes to complete one circuit
Solution

(@ v=40ms ™, w=2r=20m

V= wr

40 = w X 20
w=2rads™!
() w=2rads™?, T =?
_27‘[
T w

2m
T=—=mn=314s
T

Motion in a horizontal circle
When a particle is moving in a horizontal circle, its speed is
constant.

Example 1

A particle of mass 0.5 kg is attached by a light inextensible
string, length 2 m, to a fixed point O on top of a smooth
horizontal table. The particle is made to rotate in a horizontal
circle with the string taut at a constant speed of 8 ms™1.
Calculate the tension in the string.

Solution R

F=ma=
r

Equation of motion along PO is
82
T =0.5x% > =16 N

Example 2

A car of mass m moves in a circular path of radius 75 m

round a bend in a road. The maximum speed at which it can

move without slipping sideways on the road is 21 ms™?.

Given that this section of the road is horizontal, calculate the

coefficient of friction between the car and the road.
Solution

R =mg
Friction force = uR = umg
_ mv?
pmg = —
v? 212
e T
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T,—Tg =3%x5%9.8
T,—Ts =147 ... (J)
Acceleration towards the centre;
Tysin@ + Ty sinf = m x 0.6sin § X w?
T, + Tz =5 x 0.6 X 10?
Ty + Ty = 300 ..... (i)
(1) + (i)
2T, = 447
T, = 2235N
Ty =300 —-T, =300—223.=765N
Note: The string AQ can never be slack but the string BQ
could become slack. In order that it shall remain taut, its
tension Tz must not become negative i.e. Ty = 0

Example 7
Two rigid light rods AB, BC each of length %m are

smoothly jointed at B and the rod AB is smoothly jointed at
A to a fixed smooth vertical rod. The joint at B has a particle
of mass 2 kgattached. A small ring, of mass 1 kg is
smoothly jointed to BC at C and can slide on the vertical rod
below A. The ring rests on a smooth horizontal ledge fixed

to the vertical rod at a distance g m below A. The system

rotates about the vertical rod with constant angular velocity
6 radians per second. Calculate
(@) the forces in the rods AB and BC
(b) the force exerted by the ledge on the ring

Solution
From trigonometry, the angles at A and C will be 30°
Let T, and T, be the forces in the rods AB and BC
respectively and let R be the force exerted on the ring by the
ledge. A

|G

Resolving vertically for C;
T,cos30°+R=g
BBy R=g ..l
Resolving vertically for B;
Ty cos30° =T, cos30° + 2g
W3 T,V3
2 2
3T, = 3T, + 4V/3g

+2g

3T1 = 3T2 + 67.9
Equation of motion for B;

... (i)

T, cos 60° + T, cos 60° = 2 x%x62
n T
2t =18
T, +T, =36 ... (ii)
Solving (ii) and iii);
3(36 —T,) = 3T, + 67.9
108 — 3T, = 3T, + 67.9
6T, = 40.1
T, = 6.68 N
T,=36-T,=36—668=2932N
Substituting for T, in (i);

6.68v3
\/_+ R =98

6.68v3

R=98-— =4.01N

Example 8

30°

04 m

AN

04123

TP (3ke)

< | »orads?

A particle P of mass 3 kg is attached by two light
inextensible strings to two fixed points A and B on a fixed
vertical pole. Both strings are taut and P is moving in a
horizontal circle with constant angular speed 6 rads™?.
String AP is inclined at 30° to the vertical. String BP has
length 0.4 m and A is 0.4 m vertically above B, as shown
above. Find the tension in
(i) AP
Solution

Let the tension in AP be T, and that in BP be Tg
A

(ii) BP.
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> X4_ X gX

3mg S—m % T
3
T—za

T
tana =—=>h =
h tan a

h—3 x4—2
T%%3T e

The height of C above V' is 2a

Example 11

A hemispherical bowl of internal radius 2r is fixed with its
circular rim horizontal. A particle P is moving in a
horizontal circle of radius r on the smooth inner surface of
the bowl, as shown in the figure above. Particle P is moving

with constant angular speed w. Show that w = g§
Solution
cos~! — = 60°
2r

Let the mass of the particle be m

T Rsin60° = mg
«  Rcos60° = mw?r

tan 60° = iz
w?r
2__ 8 __ 8
rtan60°  r(v/3)

o RNE

Car rounding a bend on a banked track
(@) Car cornering at maximum speed

Resolve (1);

Rcosa =mg+ Fsina
Equation of motion along PO:

) mv?
Rsina+ Fcosa = ——
r

(b) Car cornering at minimum speed

Resolve (T);

Rcosa + Fsina =mg
Equation of motion along PO:

mv?

Rsina — Fcosa =

r

Example 12

A car of mass 800 kg is driven at constant speed v ms™!
round a bend in a race track. Around the bend, the track is
banked at 20° to the horizontal and the path followed by the
car can be modelled as a horizontal circle of radius 20 m.
The coefficient of friction between the car tyres and the track
is 0.5. Given that the tyres do not slip sideways on the track,
find the maximum value of v.

Solution

Resolving vertically (1);
R cos 20° = F cos 70° + 800g ... (i)
Using Newton’s second law (=);

R cos70° + F cos 20° = 800% ... (1)

F =pR = 0.5R

From (i); R cos 20° = 0.5R cos 70° + 800g
800g

k= (cos 20° — 0.5 cos 70°) = 101993
From (ii);
40v? = 10199.3 cos 70° + 0.5(10199.3) cos 20°

40v? = 8240.5
v=1438ms™!

Example 13

A bend of a race track is modelled as an arc of a horizontal
circle of radius 120 m. The track is not banked at the bend.
The maximum speed at which a motorcycle can be ridden
round the bend without slipping sideways is 28 ms~1. The
motorcycle and its rider are modelled as a particle and air
resistance is assumed to be negligible.
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of mass m. An identical string has one end attached to
the fixed point B, where B is vertically below A and
AB = 4a, and the other end attached to P, as shown
below.

A

B
The particle is moving in a horizontal circle with
constant angular speed w, with both strings taut and
inclined at 30° to the vertical. The tension in the upper
string is twice the tension in the lower string. Find w in

terms of a and g.
. (38
[Ans: /—Za]

28. A particle moves with constant speed u in a horizontal
circle of radius a on the inside of a fixed smooth

hemispherical shell of radius 2a. Show that u?v/3 = ag

Motion in a vertical circle

CAP

When a particle P, of mass m is moving in a vertical circle,
centre 0, radius r, its speed v is variable.

The particle P has an acceleration a in the direction PO ie.
2
towards the centre of the circle, given by a = ”7 or w?r. So

this acceleration is variable too.

By Newton’s 2nd law, the acceleration towards O must be
produced by a force which is also directed towards O.

So the equation of motion for the particle along the radius
PO is

muv?

or mw?r

force =

The variable force will be the resultant of the weight force
mg and at least one other force.

Types of motion
There are two main types of mation in vertical circle for a
particle with initial speed as described below.

1. The particle cannot leave the circular path, e.g. a bead
threaded on a vertical wire. (motion restricted to
circular path)

The particle can do one of these three things
(i) Complete the circle if v > 0 at the top and u? >

4gr v>0

u

(ii) Come to rest at top if v = 0 at the top and u? = 4gr

v=20
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(iii) Oscillate if v = 0 for 0 < 8 < w and u? < 4gr

/7 AN

7 N\

/ N
// \ v=20
/ \
| \
I 0 !
| T~ |
(o L/‘\\\\ )

0
ri
|
|
|
|
u

2. The particle can leave the circular path and become a
projectile e.g. a particle attached to a string, a body
moving on the inside/outside surface of a sphere, etc.
The particle can do one of these three things. (T is the
tension in the string or normal reaction)

(i) Complete the circle if T = 0 for all values of 6 and
u? > 5gr

u
(if) Become a projectile if T =0 for =< 6 < and
2gr < u? < 5gr

(iii) Oscillate if v = 0 for 8 < Zand u? < gr
2

Problem solving:
When solving problems in which a particle P describes a
vertical circle, centre O:
(@) Draw a clear force diagram
(b) Use conservation of mechanical energy i.e.
Initial (PE + KE) = (PE + KE) at any point

(c) Write down the equation of motion for the particle
along the radius PO

Note: It is most important, when tackling a problem on

vertical circular motion, to decide whether or not the particle

can leave the circular path or is restricted to it. The special

conditions that can be applied are different in the two cases.

Example 1
A particle of mass m is suspended from a fixed point O by
a light inextensible string of length I. When the particle is
hanging freely in equilibrium, it is given a horizontal speed
of \/3_gl Find the tension in string when the angle between
the string and the downward vertical is 60°

Solution

6 P
mg
+/3gl
Height of P when the string is inclined at 60° is given by
h=1-1cos60°=1(1—- cos60°)
By conservation of mechanical energy;

1 2 1
Em(,/3gl) = Emv2 + mgl(1 — cos 60°)
L n(3el) = tmv? + l(l)
>m(3gh) = omv” +mgl(7
3gl=v?+gl
v? = 2gl
Equation of motion along PO;
mv?
T — mgcos 60° = ]
T (1) _ m(2gl)
me\2) T T
T =2mg+ mg _ >

Example 2

A trapeze artiste of mass 60 kg is attached to the end A of a
light inextensible rope 0A of length 5 m. The artiste must
swing in an arc of a vertical circle, centre O, from a platform
P to another platform Q, where PQ is horizontal. The other
end of the rope is attached to the fixed point O which lies in
the vertical plane containing PQ, with £POQ = 120° and
OP = 0Q =5 m, as shown below.
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at the point C, where £A0C = 6, and strikes the plane at the
point P, as shown.

(@) Show that cos 8 = %
(b) Find magnitude and direction of the velocity of the

particle as it reaches P.
Solution

(@) Letthe speed at C be u
Using conservation of mechanical energy;
Total ME at A = Total mechanical energy at C
1 /1 2 1
Z Z [ 2
Zm(z,/ga) + mga 2mu + mga cos 6

2

ga u

§+ga:7+gac059
9ga u?
T=7+gaC059

4u? = 9ga — 8ga cos @
2 _ 84
u —7(9—8c059)

Equation of motion along CO:;

mu?

mgcosf —R =

mg
mgcosf —R =T(9 —8cosh)
When the particle leaves the surface, R = 0
m
mgcos 0 = Tg(9 —8cos6)

4cosf =9 —8cosb
12cosf =9

g9 _3
Ccos 12 2

(b) Let the velocity of the particle as it reaches P be v at an
angle a below the horizontal

Ux

v
Vy
h=a+acosf=a+ o=’
=a acosv =a 2 = 2
vy =uj + 2gh
21ga 7a 245ga
2 = —_— =
V= ey TRX T =gy
_ |245ga
= |64
245ga  27ga 272ga
2 _ 3,2 2 —
viEn I =Tt e 64
272ga
= 6.4
e =6 5vVa
f245ga
v 245
tne=2=Y 6% _ 2% _ 54y
x 27ga 27
64
a=72°

The velocity as it reaches P is 6.45va at 72° below the
horizontal

Example 10

A smooth sphere with centre O and radius a is fixed with a
point B of its surface in contact with a vertical wall. A
particle P of mass m rests at the highest point A of the
sphere. It is slightly displaced so that it moves from rest
towards the wall in the plane OAB. If at any instant in the
subsequent motion, the line OP makes an angle 6 with the
line OA and the particle is still in contact with the sphere,
find the expressions for the velocity of P at this point and
for the reaction of the sphere upon it in terms of m, g and 6.

Prove that the particle leaves the sphere when cos 6 = g and
that its speed is then ,/(2ga/3).
Show that P hits the wall at a height %a(Sx/g —9) above B

Solution
Let the velocity of the particle at this point be u

2 =89 _ _8(g_g(3)) =2
AtC,u —4(9 8c059)—4<9 8(4))—4ga
3ga
Tl 4
3 27ga
(P)uy =ucosf = |—Xx— g = 2.033va
4- 4
3ga V7 |21ga
(VD uy, =usinf = 8¢ - = 8% _ 1792va
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2
(@) AtB,mgcos60°+R = %
When the particle loses contact, R = 0

1 _mv2
ng_ a
ag
2 _ 78
VT
_ |28
A2

(b) Conservation of mechanical energy between A and B

1 1 ag
_ 2 — i o4 _ =
o mu mga sin 30 +2m(2)

ag 3ag

2 2

u?=ag+

(©)

Horizontal velocity = \/%cos 60° = %\/% z
Initial vertical velocity = \/%sin 60° = /%

VP = Uy + 2gh

© |3

A hollow sphere has internal radius r and centre 0. A bowl
with a plane circular rim is formed by removing part of the
sphere. The bowl is fixed to a horizontal floor with the rim
uppermost and horizontal. The point B is the lowest point of
the inner surface of the bowl. The point 4, where angle AOB
=120°, lies on the rim of the bowl, as shown above.

A particle P of mass m is projected from A, with speed U at

90° to OA, and moves on the smooth inner surface of the

bowl. The motion of P takes place in the vertical plane OAB.

(@) Find, in terms of m, g, U and r, the magnitude of the
force exerted on P by the bowl at the instant when P
passes through B.

(b) Find, in terms of g, U and r, the greatest height above
the floor reached by P.

Given that U > ,/2gr

(c) show that, after leaving the surface of the bowl, P does
not fall back into the bowl.

Solution

Let the speed of the particle as it passes through B be v
(@) Using conservation of energy

1 1
Emv2 = EmU2 + mgr(1 + cos 60°)
3
v? =U?+ 2gr (E)
v? =U? + 3gr

Equation of motion in the direction BO:
2

R—mg=

m 2
R—mg=7(U + 3gr)

2

R = + 3mg +mg
m 2
R =4mg+ -
(b) P leaves the bowl with speed U at 60° to the horizontal

e

Vertical component of velocity = U sin 60° = 3

v? =u? + 2as

v=0,u=UT\/§;s=7,a=—g
_(UV3Y
-(7) -
_3U2
"~ 8g
3U?

Greatest height reached = %r + e
(c) When the ball falls to the level of the rim, the vertical
displacement will be zero. Let t be the time taken to

level of rim
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ELASTICITY

Hooke’s law:
The extension in an elastic string is proportional to the
tension provided the elastic limit is not exceeded.

T = kx
The value of k varies from one string to another and is called
the stiffness of the string.

The modulus of elasticity

natural length / |
Soa Vi - - et
string just taut 7
Z

)
|
|
|
|
! x
1 1 extension x ‘g\
> ! < —_—

tension T T ~

string oxtended

AN

For a particular material, the value of k is inversely
proportional to the natural (i.e. unstretched) length of the
string. This fact can be included in the formula for tension,
giving

T=—
l

where

T = tension (N), x = extension of the string or spring (m),
A = modulus of elasticity (N); [ = natural length (m)
When x = [, then total length is 2 and A = 2T

Note:

This is the formula most often used for tension at this level
in mathematics. The modulus of elasticity, 4, is equal to the
tension required to double the length of the string.

Springs
tension T T
») { —

A Aere——
exiension x

spring extended

A

'

!

i

natural length / i
»!

100000000000000000000,

spring just taut

A

compression
' X

'
L >
' 1
' |
ren
-

thrust T

spring compressed

NN

When springs are stretched, they are also subject to Hooke’s
law. When springs are compressed, they exert a thrust
outward. Hooke’s law still applies, but now T represents the
thrust and x is the compression.

Example 1
An elastic rope is extended by 20% when it is used to secure
goods on a lorry. If the tension in the rope is 140 N, find the
modulus of elasticity.

Solution
A=,T=140N
[ and x are not known by since x is 20% of [, then

x =0.21

T_/lx
Tl

_Ax 0.21

140

140 = 0.24
A=700N
The modulus of elasticity is 700 N

Example 2

The spring in a suspension system exerts a thrust of 3 kN

when it is compressed to a length of 17.5 cm. The modulus

of elasticity is 24 kN. Find the natural length of the spring
Solution

l=?, T=3kN=3000N, x=101-0175m, A =
24 kN = 24000 N
Ax
r==
24000(1 — 0.175)
3000 = ]
30001 = 24000(l — 0.175)
[ =8(l—-0.175)
[=8l—-1.4
701=1.4
[=02m

The natural length of the spring is 0.2 m or 20 cm

Example 3

A box of weight 49 N is placed on a horizontal table. It is to
be pulled along by a light elastic string with natural length
15 cm and modulus of elasticity 50 N. The coefficient of
friction between the box and the table is 0.4. If the
acceleration of the box is 20 cm s~*and the string is pulled
horizontally, what is the length of the string?

Solution
0.2 R =015
—>> T =50
T fu=0.4
K _ !
D “—>
i 015 " x”

49

1 1

a=20cms™ =0.2ms~
Resolving T; R = 49
Box moving, F = E,4,, = uUR = 0.4 X 49 = 19.6
Resolving —; using Newton’s 2" law;
T—F=ma
T —19.6 =5(0.2)
T = 20.6
By Hooke’s law;
_ Ax

l

50x
206 = —

T

x =0.062m
The length of the string is 0.15 + 0.0612 = 0.212 m
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Example 4
An elastic spring is fixed at one end. When a force of 4 N is
applied to the end the spring extends by 0.2 m. If the spring
hangs vertically supporting a mass of 1 kg at the free end,
the spring is of length 2.49 m. Find the natural length and
modulus of elasticity of the spring.

Solution
Let the natural length of the spring be [ m

#
/] 1 T,
/ > < ° 4
/
P ¢———>
d I 0.2
Extending force = Tension
T1 = 4
From Hooke’s law;
0.2
n=1(7)
_ 0.22
A =201
FF PPN
sz
I 249 -1
T2 = /‘{( )
ButT, =g=9.8
. 249 — 1
2:49 9.8 = 201( )
9.8 = 49.8 — 201
l=2m
AT -
2 12491 1= 201
v e A=20%xXx2=40N
g

The natural length is 2 m and modulus of elasticity is 40 N

Example 5

Two springs AB and BC are joined together end to end to
form one long spring. The natural lengths of the separate
springs are 1.6 m and 1.4 m and their moduli of elasticity
are 20 N and 28 N respectively. Find the tension in the
combined spring if it is stretched between two points 4 m
apart.

Solution
4 * ,
A7 w7 Te B T Te¥c
; 1.6 X 1.4 ::

Let the extension in spring AB be x, AB = 1.6 + x
Length of spring BC =4 — (1.6 + x) = (2.4 — x)
Since the natural length of spring BC = 1.4 m

Extension in spring BC = (24 —x)—14=1—x

Since the point B is in equilibrium, the tensions in AB and
BC are equal
Using Hooke’s law;

Ax
r==
x (1-x)
Ty = ZOR and Ty = 28 12
x 1-x)
x=1.6(1-x)
1.6
Xx=oo= 0.615
T % _ 20(0.615) _ 769N
1.6 1.6

The tension in the spring is 7.69 N

Example 6
Two identical elastic strings AB and BC of natural length a
and modulus of elasticity 2mg are fastened together at B.
Their other ends A and C are fixed to two points 4a apart in
a vertical line (4 above C). A particle of mass m is attached
at B. Find the height above C at which the particle rests in
equilibrium.
Solution

A

LT

YT,

»d
Ll ]
s ]

Ll |

TZ
‘.;1(‘(.{1

b

Let x be the extension in AB.
Extension in BC = (4a —2a —x) =2a —x
Since the particle at B is in equilibrium,

T1 == T2 + mg
Using Hooke’s law
_Ax 2mgx
“a oa
AR2a—-x) 2mga—x)
T2 — —
a a
2mgx  2mg(2a — x)
= +mg
a a
2x 2x

Z=4-"41
a a
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10.

A particle, P, of mass 1.04 kg is attached to two strings
AP and BP. The points A and B are on the same
horizontal level 130 cm apart. The string BP is
inextensible and of length 120 cm. The particle hangs
in equilibrium with AP = 50 cm and APB = 90° as
shown below.

130 cm

A

o]

50em NT' Ty 490 em

P

1.04g

(a) Find the tension in each of the of the strings AP and
BP
(b) The string AP is elastic and its modulus of
elasticity is 9.8 N. Find the natural length of the
string AP
[Ans: (@) T; = 9.4 N, 3.9 N (b) 25.5 cm]
Two springs AB and BC are fastened together at B. The
ends A and C are fastened to two fixed points on a
smooth horizontal table where AC is 2 m. AB and BC
have natural lengths of 0.6 m and 0.8 m and the moduli
of elasticity 2 N and 4 N respectively. Find the
stretched lengths of AB and BC.
[Ans: 0.96 m; 1.04 m]
A body of mass 2.5 kg is attached to the end B of a light
elastic string AB of natural length 2 m and modulus 5g
N. The mass is suspended vertically in equilibrium by
the string whose other end A is attached to a fixed point.
Find the depth below A of B when the body is in
equilibrium.
[Ans: 3 m]
A light elastic string, of unstretched length a and
modulus of elasticity W, is fixed at one end to a point
on the ceiling of a room. To the other end of the string
is attached a particle of weight . A horizontal force P
is applied to the particle and in equilibrium it is found
out that the string is stretched to three times its natural
length. Calculate
(@) the angle the string makes with the horizontal
(b) the value of P in terms of W
[Ans: () 30° (b) W+/3]
An elastic string of natural length 41 and modulus of
elasticity 4mg is stretched between two points A and B
which are on the same level, which are on the same
level, where AB = 4l. A particle is attached to the
midpoint of the string and hangs in equilibrium with
both potions of the string making 30° with AB. What is
the mass of the particle?
[Ans: 0.62m]
Two fixed points A and B on the same horizontal level
are 20 cm apart. A light elastic string, which obeys

11.

12.

13.

Hooke’s law, is just taut when its ends are fixed at A
and B. A block of mass 5 kg is attached to the string at
a point P where AP = 15cm. The system is then
allowed to take up its position of equilibrium with P
below AB and it is found that in this position the angle
APB is aright angle. If ZBAP = 6, show that the ratio
of the extensions of AP and BP is
4cosf -3
Hence show that 6 satisfies the equation
cos6 (4cosf —3) =3sinf (4sinf — 1)
Two points A and B are 1.56 m apart in a horizontal line.
A body of mass 1.3 kg is suspended from A and B by
two light elastic strings AC and BC. In the equilibrium
position, AC is perpendicular to B and tan ABC = 5/12.

A 1.56 m

C

(a) Calculate, by resolving horizontally or otherwise,
the ratio of the tensions in the two strings and find
the magnitude of the tension in the string AC

(b) Given that the unstretched length of the string AC
is 54 cm, calculate the modulus of elasticity of this
string.

[Ans: () 12.5,1.76 N (b) 106 N]

The diagram below shows a particle C of mass 2 kg

suspended by two strings. The two strings are fixed to

points A and B on a horizontal ceiling where AB =

0.3 m. The string AC is light and inextensible, with

length 0.4 m while the string BC is light and elastic,

with natural length 0.4 m and modulus 32 N. A

horizontal force of magnitude P N holds the system in

equilibrium with AC vertical.

A 03m B

0.4m

P C

(@) Show that the tension in BC is 8 N
(b) Find the value of P
(c) Find the tension in AC

[Ans: (b) 4.8 N (c) 13.2 N]
An elastic string of length 1.6 metres and modulus of
elasticity 30 N is stretched between two horizontal
points, P and @, which are a distance 2.4 metres apart.
A particle of mass m kg is then attached to the midpoint
of the string, and rests in equilibrium, 0.5 metres below
the line PQ. Find the value of m.

[Ans: 1.5]
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Elastic potential energy

When a force stretches an elastic string, the force does work
and the string is given potential energy. An object at the end
of a stretched string will move if it is released. The energy
which is converted into kinetic energy is called the elastic
potential energy and can be abbreviated as EPE

Elastic potential energy (EPE), a property of stretched
elastic strings and springs or compressed springs is given by

Ax?

EPE = —ii—

Derivation

The work done in stretching the string can be found by
multiplying the average force by the distance moved in the
direction of force.

As the extension increases from 0 to x, the force increases

from 0 to ATx

A A .
So average force = (0 + Tx) +2= 2—’; and distance moved
is x
Ax  Ax?

~ Work done = x x T = T

This formula can also be derived using the area under a
force-displacement graph or by integration.
When a variable force F moves an object a small distance
éx, then work done is given by

Work done = F X 8x
When the force moves the object a total distance x, then the
total work done is given by

Ax?

Total work done = [* F dx = ’%foxxdx ==

This work done is stored as elastic potential energy

Example 1

An elastic string of natural length 2 m and modulus of
elasticity 6 N is stretched until the extending force is of
magnitude 4 N. How much work has been done and what is
the final extension?

Solution
T_/Ix
T
4_6x
2
_4
x—3m
Ax? 6 N2 8
Work done = EPE—7—E><(§) —gl

Example 2

The firing mechanism in a pinball machine contains a spring
of natural length 4 cm whose modulus of elasticity is 10 N.
The work done in compressing the spring is 0.05 J. By how
much is the spring compressed?

Solution
x =?.1=10N, work done = EPE =10]
Ax?
EPE =—

0.05 — 10x2
77008

, 0.05x0.08 0.004
X© = 10 = U
x = 0.02m
The spring is compressed by 0.02 m or 2 cm

Conservation of energy and the work-energy principle
Many problems involving elastic strings and springs can be
solved using the principle of conservation of energy and the
work-energy principle.
In such problems;
(a) Draw clear diagrams showing all the main details
(b) Decide on a zero level for potential energy
(c) Find expressions for the total mechanical energy at
two points in motion
(d) Decide whether any external forces should be
included. If no external forces are involved, use the
principle of conservation of mechanical energy. If
external forces are involved, use the work-energy
principle.

Example 1
A toy engine has a mass of 800 g. When it reaches a buffer
at the end of the line, it is travelling at 0.1 ms™!. The buffer
consists of a spring of natural length 3 cm and modulus of
elasticity 4.5 N. Find the compression in the elastic spring
when the engine comes to rest.

Solution
The engine is modelled as a particle with m = 0.8 kg and
the buffer as a spring with I = 0.03mand 1 =4.5N

0ims! —p

@ 0000000000 |7

0.8 kg Z
S 1=003 A=45N

x=7 Y,

-—t

ol

Qm)

v=0 2

Before engine meets buffer,
KE = ~mv? ; EPE =0
Total ME = %mvz = 2% 0.8x0.12 = 0.004]

When the engine comes to rest,
2 2
KE =0, EPE =25 = 25 _ 75,2
21 2(0.03)
Total ME = 75x?

Using the principle of conservation of mechanical energy;

75x2 = 0.04
x = 0.0073 m
Example 2 B
DERRR LR AR RS

A

A light horizontal spring, of natural length 0.25 m and
modulus of elasticity 52 N, is fastened at one end to a point
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v? = — 0,562 - 0.287] - 2(9.8)(0.28)
05%06"" ' o
2 47 147 686
T 03 625 125
b2 = 784
© 25
28 — 5.6ms-1
v = 5 = ms

Example 13

A particle P of mass 12 kg is attached to the midpoint of a

light elastic string of natural length 0.25 m and modulus of

elasticity A N. The ends of the string are attached to two

fixed points A and B, where AB =0.8m and AB is

horizontal. When P is held at the point M, where M is the

midpoint of AB, the tension in the string is 216 N.

(@) Show that 4 = 360.

The particle is next held at the point C, where C is 0.3 m

below M, and then it is released from rest.

(b) Find the initial acceleration of P.

(c) Calculate the speed of P as is passes through M.
Solution

(a)

« 025 Il0'15I'I0'15II 025 ,

A‘ 216 T 216 B
< 08

By Hooke’s law;

v

AC =+/0.32 + 0.42

=05m
x=05-0.25=10.25
03 3
cos 6 =05~%

12g

Natural length [ = 0.25, Extension, x = 0.25
_ Ax _360(0.25)

T 1 025

F =ma
2T cos @ —12g = 12a

= 360

3
2><360><§—12><9.8= 12a
432 —117.6 = 12a

12a = 314.4
a=26.2ms?
(c) By taking the level of AB as the zero potential level
KE; + PE; + EPE. = KEy; + PEy, + EPEy,

0.252
0 - 12g(0.3) +2 [360 x 722
1 5 0.152
= 5 (12)v? +2[360 x =2
882 | 00— ep? 4324
25 = ov*
93
2 2%
vt =35

v=193ms™?!

Example 14

A light elastic string, of natural length 1.42 m, has each of
its two ends attached to two fixed points, A and B, where AB
is horizontal and AB = 1.68 m. A particle, of mass 2 kg, is
attached to the midpoint of the string, M. The particle is
hanging in equilibrium at the point C, where MC is vertical
and MC = 0.35m. The particle is then held at M and
released from rest. Calculate the speed of particle as it passes
through C.

Solution
Let us start by finding the modulus of elasticity of the string

A___084tm M __084m _B
H
i AC =/0.352 + 0.842
O =091m
| sing = 294 = 12
0.91 13
0.35 5
cosf =—=—
0.91 13
2g
Resolving vertically;
2T cos 0 = 2g
T x >
13~ 8
Ax 5
TX1378
Extension in each string, x = 0.91 — 0.71 = 0.2
A 0.2 X 5
071 138
A=9045N

Now taking the level of AB as the zero potential level,
A, 1

—x =—mvz—mg><M—C+ix2
20°M 27 217°¢
90.45 1 2
[ZXO” (0.13)? ] = 2% 2v% — 2g(0.35) +
90.45
2[5 027
2.1531 = v? — 6.86 + 5.096

2=3917
v=198ms™?!
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Elasticity

(b) Calculate the elastic energy in the string when the
particle is in this position.

[Ans: (a) 84 N (b) 245]]
A light elastic string has natural length a and modulus
of elasticity zmg. A particle P of mass m is attached to
one end of the string. The other end of the string is
attached to a fixed point A. The particle is released from
rest at A and falls vertically. When P has fallen a
distance of a + x, where x > 0, the speed of P is v.

3gx?
(@) Show that v? = 2g(a + x) — sa
(b) Find the greatest speed attained by P as it falls
After release, P next comes to instantaneous rest at a
point D
(c) Find the magnitude of the acceleration of P at D
2

[Ans: (b) $/6ag () 2 g]
A particle P of mass m is attached to one end of a light
elastic string, of natural length a and modulus of
elasticity 3mg. The other end of the string is attached to
a fixed point 0. The particle P is held in equilibrium by

a horizontal force of magnitude %mg applied to P. This

force acts in the vertical plane containing the string, as
shown below.

Find
(@) the tension in the string,
(b) the elastic energy stored in the string.

[Ans: (a) Smg (b) = mga]
A particle P of weight 40 N is attached to one end of a
light elastic string of natural length 0.5 m. The other
end of the string is attached to a fixed point 0. A

horizontal force of magnitude 30 N is applied to P as

shown below.
9]

' g
Given that the particle P is in equilibrium and the elastic

energy stored in the string is 10 J, calculate the length
oP

[Ans: 0.9 m]
A particle P of mass m is attached to one end of a light
elastic spring, of natural length [ and modulus of
elasticity 2mg. The other end of the spring is attached
to a fixed point A on a rough horizontal plane. The
particle is held at rest on the plane at a point B, where

10.

11.

AB = %l , and released from rest. The coefficient of

friction between P and the plane is 0.25. Find the
distance of P from B when P first comes to rest.

[Ans: 0.751]
A small ball of mass 3m is attached to the ends of two
light elastic strings AP and BP, each of natural length [
and modulus of elasticity kmg. The ends A and B of the
strings are attached to fixed points on the same
horizontal level, with AB = 21. The mid-point of AB is
C. The ball hangs in equilibrium at a distance
%l vertically below C as shown below

2f

4
.

k4

A C B

3

3m)
P
(@) Showthatk = 10
The ball is now pulled vertically downwards until it is

at a distance %l below C. The ball is released from rest.
(b) Find the speed of the ball as it reaches C.

[Ans: (b) [(Z2g1)]
A particle of mass 0.8 kg is attached to one end of a
light elastic string of natural length 0.6 m. The other
end of the string is attached to a fixed point A. The
particle is released from rest at A and comes to
instantaneous rest 1.1 m below A. Find the modulus of
elasticity of the string.
[Ans: 41.4 N]
A particle P of mass 1.5 kg is attached to the mid-point
of a light elastic string of natural length 0.30 m and
modulus of elasticity A newtons. The ends of the string
are attached to two fixed points A and B, where AB is
horizontal and AB = 0.48 m. Initially P is held at rest
at the mid-point, M, of the line AB and the tension in
the string is 240 N.
(@) Show that 1 = 400
The particle is now held at rest at the point C, where C
is 0.07 m vertically below M. The particle is released
from rest at C.
(b) Find the magnitude of the initial acceleration of P.
(c) Find the speed of P as it passes through M.
[Ans: (b) 89.8 ms~2 (c) 2.3 ms™!]
A light elastic string has natural length 5m and
modulus of elasticity 20 N. The ends of the string are
attached to two fixed points A and B, which are 6 m
apart on a horizontal ceiling. A particle P is attached to
the midpoint of the string and hangs in equilibrium at a
point which is 4 m below AB.
(@) Calculate the weight of P.
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Simple harmonic motion

(b) the magnitude of the acceleration when the
displacement is 0.1 m

Solution

2 2 2w
(a) T=:=>(A)=?=n—/4=8
Using v? = w?(a? — x?)
v? = 82[(0.5)? — (0.25)?]
v=v12=346ms™!
(b) Using acceleration = —w?x
= —82(0.1)
= —6.4ms™?
= The magnitude of the acceleration is 6.4 ms™2

Example 2

A body describes simple harmonic motion with an
amplitude of 5cm and a period of 0.2s. Find the
acceleration and velocity of the body when the displacement
is

(@ 5cm (b)3cmand(c) 0 cm

Solution
Herea=5cm; T = 0.2 s;
_2m  2m 1
—T—@—lonrads

If a particle executing SHM, has displacement x, then
2
Acceleration, ZTf = —w?x; Velocity, v = wva? — x?2

(@ Whenx =5cm = 0.05m,
d?x
= —(10m)? x 0.05 = =512 ms™2
v = 1014/ 0.052 — 0.052 =0
(b) Whenx =3 cm =0.03m
d?x ~
e —(10m)? x 0.03 = —3n2 ms™2

v = 107/0.052 — 0.032 = 0.47 ms !
(c) Whenx =0cm,
d*x

—— = —(10m)2x 0 =0
T (10m)

v = 10m+/0.052 — 02 = 0.5t ms™?

Example 3
An object performs simple harmonic motion at a rate of 20
oscillations per second between two points A and B which
are 12 cm apart. If C is the midpoint of AB calculate the time
take to travel directly
(@ fromAtoC
(b) from C to the midpoint of AB

Solution

I i ® |
4 < G

6 cm 6 cm

.. —»
positive direction

a=6cm=0.06m
f = 20 oscillations per second

r=2_21_00s
TFT200 08

(@) Time taken to travel from A to C = iT

Time taken to travel from Ato C = % x 0.05

=0.0125s
(b) To find the time to move from C to the midpoint of CB,
it is necessary to use one of the formulas for x in terms
of t. As the question does not give the position of the
object when t = 0, it can be assumed to be at C moving
in the direction CB. The corresponding formula for x is
x = asin wt

1 1
x—ECB—EX0.06—0.03m

_ 21 _ 21
T T T 005
0.03 = 0.06 sin 407t
0.5 = sin 407t

40mt = =
™=%

1
t—mS—0.00‘l—ZS

Example 4

The velocities of a particle executing SHM are 4 cm s™* and

3 cm s~ when its distance from the mean position is 2 cm

and 3 cm respectively. Calculate its amplitude and period
Solution

v, =4cms 1 =0.04ms ! x;, =2cm=0.02m

v, =2cms 1 =0.02ms !, x;, =3 cm=0.03m

vy =wJa—xF @)
v, = wya? — x5 ... (i)

Squaring and dividing the equations;
-
o= 2
v,  ac—x;
2( 2 2\ — 1,202 2
vi(a® —x3) = vi(a® — x1)
v%a2 - v%x% = 17%a2 - v%x?

via? — via® = vix5 — vix}

,  Vix; — vixt
vi - v3
,  (0.04x0.03)* - (0.03 x 0.02)*
a” =
0.04% — 0.03%
a=+/1543x103 = 0.03928 m
N, v 0.04?
From (i); w = \/az_x% = Tisesxioooor
w = 0.0473rad s !
_fm_ _m =132.76
~w 00473 C47PS
Example 5

A particle is in simple harmonic motion about 0. When it is

6 m from 0, its speed is 4 ms™1, and its deceleration is

1.5 ms~2.

(@) Find the amplitude of the oscillation and the greatest
speed as it oscillates
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Simple harmonic motion

of P when it is at a distance of 0.3 m from O, given that it
comes to instantaneous rest at a distance 0.5 m from 0.

Solution
l l |
I I 1
N 0.5 T 0.5 g
T=2ma=05
_2m 2m
©w= T 2m
v? = w?(a? — x?) = 12(0.52 — 0.3%)
v? =0.16
v=04ms?!
Example 11

A particle P is moving on a straight line with simple
harmonic motion of period % s. Given that the maximum

speed of P is 12ms~! , find the speed of P 0.2 s after
passing through the centre of the oscillation.

Solution
| ] |
I I 1
A 0 B
Period, T = il Vmax = 12
w
oo wa =12
’ = 5 12a =12
w=12 a=1
X = asinwt
X = aw cos wt
x=1X12cos12t
x =12cos 12t
Whent = 0.2, x = 12cos 2.4
x = 8.8487
|[%] = 8.85 ms™!
Example 12

A particle P is moving on a straight line with simple
harmonic motion of maximum speed 5 ms™~! and maximum
acceleration 10 ms™2. Calculate the speed of P when it is
2 m from the centre of the oscillation.

Solution
2
Vmax = 5 aw” 10
wa =5 aw 5
- w =2
|5é|max =10 2a =5
w?a =10 a=25

Using v2 = w?(a? — x?)
v? = 22(2.52 — 22)

9
Z=4x-
v 4
v2=9
v=3ms!

Example 13
A particle is about to move in a straight line with simple
harmonic motion. It is released from rest from a point A and

travels directly to a point O, arriving there 0.75 s later with

maximum speed V ms™1.

(@) Giventhat AO = 1.5 m, determine the value of V.

(b) Find the time it takes the particle to cover the first
2.25 m of the motion.

(c) Calculate the speed of the particle when is at a distance
of 0.5 m from O.

Solution
0 > [V imax
l > ' |
1 > # :
A 15 0 P B
4+— 225 ——»
(a) Period, T = 2;”
2m
3=—
w
_ 21
®=73
21
Vmax = 00 = —= % 1.5=3.14ms™?
(b) AP =2.25
Taking the point A as the +a amplitude

x = —0.75
s~ X = acoswt

21
—0.75 = 1.5cos <? t)

2n _21‘[
37 3
t=1s

Alternatively;
By taking displacement from O
OP =AP-—A0 =225-15=0.75m
x = asin wt

2m
0.75 = 1.5sin (? t)

. <2nt> 1
sin 3 =

2
21Tt_7t
3 6

t= 3 = 0.25
—12— . S

Time to cover first 2.25 m of motion is given by
TAO + Top = 0.75 + 0.25 = 1.0 S

(c) Whenx =0.5, v?=w?(a?-x?
2

v = (2?") [1.5% — 0.52]

v=296ms™!

Example 14

A particle P is moving on a straight line with simple
harmonic motion of maximum speed 10 ms~! and
maximum acceleration 10 ms~2. Calculate the distance of P
from one of the endpoints of the oscillation 0.5 s after
passing through the centre point of the motion.
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Using v? = w?(a? — x?)
32 — 22(a2 _ 22)

2 _ ——
a 4 2

25
2 =
=%
a=25

Modelling the particle to be at B, heading for C (B is +a)
X = acoswt
x = 2.5cos2t
2 =25cos2t
cos2t =0.8
2t = 0.6435
t =0.3175

~CtoBto(C,T=2x0.3175=0.6435s
CtoOtoAtoOtoC;
T = Period — 0.6435 = 7 — 0.6435 = 2.498 s
The two possible values of T are 0.6435 s and 2.498 s

Example 18
A particle moves on the line Ox so that after time ¢, its

2
displacement from O is x and ZT; = —9x.Whent =0,x =
4 m and % =9ms™. Find
(@) the maximum displacement of the particle from O
(b) the position and velocity of the particle whent = /6 s
Solution

i=-9%x>w?=9-~w=3

Att=0,x=4andv =9
(@) Using v2 = w?(a? — x?)

92 = 32(a? — 4?)

a’—-16=9
a? =25
a=5

Maximum displacement from O is 5 m
(b) Using x = asin(wt + ¢)
x = 5sin(3t + ¢)
Whent =0,x =4
4 = 5sin(3(0) + ¢)
sing = 0.8
¢ = 0.9273
x = 5sin(3t + 0.9273)
When t = %
x = SSin(3(6) +0.9273) = 55in2.498 = 3m
x = 5sin(3t + 0.9273)
% = 5(—3) cos(3t + 0.9273)
% = —15 cos(3t + 0.9273)

When t = %;
% = —15cos (3 (%) + 0.9273)
= —15c0s2.498
—12ms™?
|lv| =12 ms™!

Alternatively; v = wva? — x?
v=3/52-32=3(4) =+12ms™ !

|lv| =12 ms™!

Example 19
A particle P moves along te x-axis. Attime t = 0, P passes

through the origin 0, moving in the positive x-direction. At
time t seconds, the velocity of P is v ms™* and OP = x

. .1
metres. The acceleration of P is 5 (30 — x) ms~2 measured

in the positive x-direction. Given that the maximum speed
of P is 10 ms™1, find an expression for v* in terms of x.

Solution
W1
X = 5(30 —Xx)
For v,,,,(10); X = 0
1
" (Bo—-x)=0
x =30
. dv
Now x = v—
dx
=1 (30 - x)

dx
vdv=ﬁ(30—x) dx

fvdvzifBO—x)dx

2
(30x——) +c

|| N|<N

When x = 30, v = 10

102 1
T = —2(30(10) ——) +c
c=12.5

2

Z= (30x——)+125

v? =25+5x——x
12

Example 20
Three points O, A and B lie in that order on a straight line.

A particle P is moving on this line with simple harmonic
motion of period 3 s, amplitude 0.6 m and centre at O. It is
further given that 0A is 0.1 m and OB is 0.5 m. At a certain
instant P is observed passing through B moving in the
direction OB. Calculate the time when P reaches A.

Solution
0.6
A b T P 0
1
1 '< ’I 1 1
0 0.1
«— 05—
lte<e<e<e<’

. 2 2
Firstly; w = = = =%
T 3

Time taken to travel from O to Q then Q to O is %T =15s
x = asinwt
. 21
x = 0.6sin (? t)
FromOto A
. 21
0.1 = 0.6 sin (? t)
s 2n _1
Sin (? t) = P
2?’% =0.1674
t=0.08s

From O to B (or B to 0)
. 27
0.5 = 0.6sin (? t)
. 27 _ E
Sin (? t) = P
%"t =0.9851
t=047s
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Forces producing S.H.M

A force directed towards a fixed point and proportional to
the displacement from that point produces S.H.M

A simple example of a force producing S.H.M is the tension
in a stretched elastic string or spring.

To show that the motion produced is S.H.M

(@) Draw a clear force diagram showing the particle in
equilibrium

(b) Use Hooke’s law to find the static extension

(c) Draw a diagram showing the particle at a point
between the equilibrium position and an extreme

(d) Write down the equation of motion measuring
displacement from the equilibrium position

(e) Compare this equation with the basic equation of

2
SHMie &= —wk
dt
Once a motion has been shown to be S.H.M, then

the equations of S.H.M can be used to find w, v, a,
etc.

Example 1

A particle of mass m hanging on the end of an elastic string
of natural length [ and modulus 2 is pulled down a distance
a(<mgl/2) below its equilibrium position and then
released. Prove that the subsequent oscillations are simple
harmonic, find the period of oscillations and state the
amplitude.

Solution
Let e be the static tension in the equilibrium position
Equilibrium Ext_er_wded
position position
i s
l l

a
mg
~extreme
By Hooke’s law;
Ae
Te = T
Resolving vertically;
T, =mg
Ae
Thus mg = T

In the extended position;
By Hooke’s law;

Ale +
T, = (el x)
Equation of motion is given by;
d?x
mg—T, = moz
Ale +x) d?x
mg-———=myy
le Ax d?x
e T T e
Ax d?x
mg—mg——=m—_
d?x A
ez ml”

2
The motion is in the form ZT;C = —w?x hence S.H.M

|4
= ml
Period of oscillations, T = 2:" =2r mTZ
Amplitude is a
Notes:

e |fa > e, the mass will perform SHM as long as the string
remains taut; when the string is not taut (not under
tension), the mass will move freely under gravity.

e If a spring is used, then the mass will perform SHM for
any a (as long as the mass does not try to go above the
top of the spring)

Example 2

A particle P of mass 0.2 kg is attached to one end of a light

elastic string of natural length 0.8 m and modulus of

elasticity 16 N. The other end of the string is attached to a

fixed point A on a smooth horizontal surface on which P

rests. With the string at natural length, P receives an impulse

of magnitude 5 N, in the direction AP.

(@) Show that in the subsequent motion, while the string is
taut, the motion of P is simple harmonic.

(b) Determine its amplitude of the motion.

(c) Find the time it takes P to travel between the extreme
points of its motion.

Solution
(@)
5
P A N A B
Hl—”‘f’“T’l A
T «—e

Consider particle in an arbitrary position P with the

string taut.
mi =-T
L A
mx = ] X
A
X=—-——x
ml
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Centre of mass

CENTRE OF MASS

The centre of mass of a body is the point at which the mass
of the body may be considered to be acting.

The centre of gravity of a body is the point through which
the line of action of its weight acts.

The centre of mass and centre of gravity of a body coincide
in a uniform gravitational field.

A uniform body has uniform density

Density is mass per unit area for laminas and mass per unit
volume for solids.

Centre of mass and centre of gravity

The terms centre of mass and centre of gravity are often used
to mean the same thing. However, this is not strictly true.
The centre of gravity can be different from the centre of
mass. This is caused by the fact that the acceleration due to
gravity can vary at different pints in space. This means that
the weights for particles of the same mass will vary
depending on their position. This effect will only be
important for large objects, for example a planet. For small
objects, the acceleration due to gravity will change so
slightly over its length that this effect can be neglected.

Centre of mass of particle systems

Centre of mass is defined as the single point at which the
total mass of the system can be placed and still have the
same characteristics. The moments caused by the single
mass must be the same as the moments caused by the
separate masses.

Example 1

Masses of 10 kg and 20 kg are placed at the points with
position vectors —6i — 8j and 3i + 2j respectively. Find the
position vector of their centre of mass.

Solution
VA .
) L
i
2=~ -9 20kg
-6 | -
: 0 3 » X
|
|
|
| S — -8
10 kg
VA
30 kg
7|
0 P » X
r = Xi+ yj

Mass | Weight x-coordinate y-coordinate
(kg) Distance from Oy | Distance from Ox
10 10g —6 -8
20 20g 3 2
30 30g x y

Equating moments about Oy;
10g(—6) + 20g(3) = 30gx
—60 + 60 = 30x
x=0
Equating moments about Ox;
10g(—8) + 20g(2) = 30gy

—80 + 40 = 30y
—40 = 30y
4
y=73

The position vector is F = —=j
3

Example 2
Find the centre of mass of the following system of particles

A B
[ ®
0.5 kg 0.8 kg

40 cm
0.3 kg v
®
D¢ . C
60 cm
Taking AD and DC as reference axes
Mass | Weight x-coordinate y-coordinate
(kg) Distance from AD | Distance from DC
05 | 0.5g 0 40
03 | 0.3g 0 0
0.8 0.8¢ 60 40
1.6 1.69 x y

Equating moments about AD;

0.5g(0) + 0.3g(0) + 0.8g(60) = 1.6g%

X =30cm

Equating moments about DC;

0.5g(40) + 0.3g(0) + 0.8g(40) = 1.6gy

1.3g(40) = 1.6gy
y=£x40 =32.5cm

Position is 30 cm from AD and 32.5 cm from DC.

Example 3
Four uniform rods AB, BC, CD and DA are each 4 m in
length and have masses of 2 kg, 3 kg, 1 kg and 4 kg
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Centre of mass

respectively. If they are joined together to form a square
framework ABCD, find the position of its centre of gravity.

Solution
D 1:kg C
*3k
4 kg [ ) g
A g
2 kg B
Mass | Weight x-coordinate y-coordinate
(kg) Distance from AD | Distance from AB
2 29 2 0
3 39 4 2
1 g 2 4
4 4q 0 2
10 10g X y

Equating moments about AD;
10x = 2(2) + 3(4) + 1(2) + 4(0)
Xx=18m
Equating moments about AB;
10y = 2(0) + 3(2) + 1(4) + 4(2)
y=18m
The centre of gravity is at 1.8 m from AD and 1.8 m from
AB

General formula for centre of mass

In the above examples, it should be noted that the
acceleration due to gravity always cancels when moments
are taken. An alternative way of calculating the centre of
mass for masses m;, m,, ms,....... , m, acting at the
coordinates (x4, ¥1), (2, ¥2), (X3, ¥3), «...., (X5, ¥,) CaN be
stated without including g.

In the x-y plane, the centre of mass (%, ¥) is given by

_ o oMyXy Fmyx, Fmaxs + o myx, Y mx;
X = =
my+my,+mg+--+m, ym;
5= m;y; + Mpy, + Mayz + -+ MypYy _ xmy;
m+m,+mg+--+m, ym;
Example 4

Four masses of 2 kg, 3 kg, 4 kg and 5 kg are placed at the
coordinates (0, 2), (4,4), (4,0) and (1,1) respectively.
Determine the centre of mass of the system.

Solution
2(0)+3(4) +4(4) +5(1) _ 33
= 2+3+4+5 14
2@ +3@)+40) +5(1) 21
Y= 2+3+4+4+5 T 14

The centre of mass is at (33) or (2.36, 1.5)

Example 5
Two masses of 2 kg and 4 kg are positioned at the
coordinates (3, 2) and (—1, —2) respectively. Another mass
of 4 kg is added to the system so that the centre of mass is
located at (—1, 1). Determine the location of the 4 kg mass.
Solution
Let the position of the 4 kg mass be (a, b)
23) +4(-1) +4(a) _
24+4+4 B
2+4a=-10
a=-3
2(2) +4(=2) + 4(b) _
2+4+4 a
—4+4b=10
b=35
The location of the 4 kg mass is (—3, 3.5)

Self-Evaluation exercise
1. Find the coordinates of the centre of gravity of four
particles of mass 5 kg, 2 kg, 2 kg and 3 kg situated at
(3,1), (4,3), (5,2) and (—3, 1) respectively.
[Ans: (2,1.5)]
2. Three particles of mass 2 kg, 1 kg and 3 kg are situated
at (4,3), (1,0) and (a, b) respectively. If the centre of
gravity of the system lies at (0, 2), find the values of a
and b
[Ans: (=3,2)]
3. The rectangle ABCD has AB = 4 cm and AD = 2 cm.
Particles of mass 3 kg, 5 kg, 1 kg and 7 kg are placed
at the points 4, B, € and D respectively. Find the
distance of the centre of gravity of the system from each
of the lines AB and AD
[Ans: 1 cm, 1.5 cm]
4. The rectangle EFGH has EF =3 mand EH =2 m.
Particles of mass 2 g, 3 g, 6 g and 1 gare placed at the
mid-points of the sides EF, FG, GH and EH
respectively. Find the distance of the centre of gravity
of the system from each of the lines EF and EH
[Ans: gm; %m]
5. A uniform rectangular lamina ABCD is of mass 3M,
AB =DC =4 cm and BC = AD = 6 cm. Particles
each of mass M, are attached to the lamina at B, € and
D. Calculate the distance of the centre of mass of the
loaded lamina
(@ fromAB (b) from BC
[Ans: (a) 3.5 cm (b) g cm]
6. Masses p, g and r are placed at the points whose
cartesian coordinates are respectively (0, 0), (20, 0) and
(0,16). Ifp:qg:r=1:4:3, find the coordinates of
the centre of mass of the three masses
[Ans: (10, 6)]
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Finding centre of mass by integration

When an object can be divided into a small number of parts,
the mass and centre of each part being known, the centre of
mass of the whole object can be found by using > m,, x,, =
X Y, m,, with similar expressions for y and Z when the object
is three dimensional.

Some bodies cannot be divided up in this way, but can be
divided into a very large number of very small parts whose
masses and centres of mass are known. In cases like this, it
may be possible to evaluate ), m,x, and Y m, by using
integration.

Semicircular lamina

Consider a semicircular lamina, bounded by the y-axis and
part of the curve with equation x2? + y2 = a2, divided into
vertical strips as shown. The x-axis is a line of symmetry so
the centre of mass lies on it.

YA YA 2 2 _ 2
/x +y“=a
\‘m (x' J’)

0 (a, 0)>x 0 X
>
X

ox

For one elementary strip of width &x,
the length is 2y so the area is approximately 2ydx
the mass is approximately 2ypdx where p is the mass
per unit area
the distance of the centre of mass from the y-axis is
approximately x

Therefore, mx = (2ypSx)x or 2xypdx

Now we can sum all the elements using Y mx =

X ). m where
a a
Z mx = Z 2xypbx
0 0

As the width of the elemental strips approaches zero i.e.
6x — 0, the limit of

a
Z 2xypdx = fa 2xypdx
0 0
and the limit of ), m is the mass of the semicircle i.e. %nazp
Now x2 + y? = a?
R
2p foa xVaZ — x2dx = %nazpf

1 3% 1 _
2 [_Q (a? — xZ)Z] = Enazx
0

3m
The centre of mass is at a distance of 4a/3m from the plane

surface of the semicircular lamina

Triangular lamina
Consider a triangular lamina of height h and base 2b

VA ox
b
X
Comparing similar triangles
x_ Yy
h b
_ bx
Y=
Let the mas per unit area be p
Shape Area Mass Distance
from Oy
i b
Small strip | 2ydx 2p <_x) Sx x
=2 (b_x) ox h
h
Whole bh pbh x
shape

Equating moments;

_ : bx
pbhx = Z [Zp (7) ox X x]
0

h
2b
pbhx = sz x? 6x
0

=~

h3
h2%.= ——0

3
W 1 _h
XT3 T3

The centre of mass is g from the base of the cone and %h
from the edge of the cone along the axis of symmetry.
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Uniform lamina in the shape of a sector of a circle
Consider a uniform lamina in the shape of a sector of a
circle, centre O and radius r. The sector subtends an angle
of 2a at 0.

VA VA
T T B
0 ¢ e x 0 ' x

Element OAB subtends an angle 66 (in radians) at 0. By
considering this element as a triangle and by allowing 6 to
range from —a to +a, the centre of mass can be obtained as
follows.

lw—= >
X

OAB approximates a triangle so centre of mass is Z?T from 0.

Distance from y-axis is gr cos
Let the mas per unit area be p

Shape Area Mass Distance
from y-axis
i 1 1 2
Small triangle Erzc%? Epr269 2 cos
Whole shape ra pria x

Equating moments;
a

Zax = 1 250 z 0
preax = 5PT ><3rcos
-a
(24

2 —_1 3
pr ax—3pr cos@ 66

-a
a

r
ax =§2c050 60

—-a

As 56 - 0, Y%, cos 8 560 — f_aa cos 0 df
r a
0(9?=—J- cosOde
3 -

-_— r . a
ax =z [sin6]%,

(sina — sin(—a))
2rsina

3
2rsina

3a
For semicircular lamina, a = g

X =

LT
_ 2rsm7 5 2 47
=L S m T
3(3)

The centre of mass is at a distance of :—; from the centre
along the axis of symmetry.

Solid circular right cone

Consider a right circular cone of radius r and height h.

A
y ox

— _—
et -

Each cylinder has its centre of mass on the axis Ox. The
radius of each cylinder is y and the thickness of each
cylinder will be &x. So the volume of each cylinder will be
Ty?6x.

Using similar triangles, y can be found in terms of x.

r
y
0 x 0 h
y_ r
x h
_ rx
a—
Let the weight per unit volume be W
Shape Volume Weight Distance
from Oy
Small Ty?6x rix? x
cylinder r2x? mw (7) ox
=1 (?) ox
Whole 17rr2h —aWr?h x
shape 3

Equating moments;
h

1 - r2x?

§T[WT hx=z oW 7 ox X x
0

2

1 th__nWr
371 r°“hx = %

1 1 3
§hx=ﬁZx ox

As dx - 0, Y x35x - foh x3 dx
1 1 (h

§hf_—

= x3 dx
h? 0
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The centre of mass is zh from the vertex

Solid hemisphere
Consider a solid hemisphere of radius r

y A bx
=~
I: ________
|
T/ [
! y
|
|
0 i - » X
|
|
|
|
|
x |
e — )

Each cylinder has its centre of mass on the axis Ox. The
radius of each cylinder is y and the thickness of each
cylinder will be &x. So the volume of each cylinder will be
Ty?58x.
Using the equation of a circle with centre 0, y? can be found
in terms of x

x2 4+ y2 = 2

yz =72 _ y2
Let the weight per unit volume be W

2 . [t r* 0

37 YT 272
2 r*
35 =
37Ty

o r* 3 3r

= — X — = —

YT Y378

The centre of mass is at a distance of %r from the centre along
the axis of symmetry.

Circular arc
Consider a circular arc with radius r and angle 2a.

Va

Each small length is 56 long. The distance of the centre of
mass from Oy will be OP since the length 66 will be
extremely small and so the centre and end of this arc will be
negligible distance apart. This is calculated using
trigonometry, OP = r cos 6.

Let the weight per unit length be W

Shape Length Weight Distance
from Oy
Small arc 86 Wréo rcos @
Whole shape r(2a) 2Wra x

Equating moments;

QWra)x = Z(Wrde X 1 cos 0)

Shape Volume Weight Distance
from Oy e,
Small my?6x W (r? — x?)éx x 2Wrax = Wr? Z cos 6 66
cylinder | = n(r? — x?)6x —a
Whole 2 2 X a
shape §7TT3 gnr?’W 2ax = rz cos 6 56
Equating moments; -
r As 80 > 0,%% cos0 80 - [~ cos6db
2 -
— 3 Yy — 2 _ 42 a
37T Wx ZO:[T[W(r x%)6x X x] oaF = T_f cos 0 do
-a
-
2 2ax = r(sin 0]%
—_ 73 Wx = 2 _ 4,3 a
3" Wi =nW Z(xr *)8x 2ax = r[sina — sin(—a)]
r 2ax = 2rsina
Er3f = Z(xr2 —x%)6x rsina
3 X =
0 a
As 8x - 0, Yh(xr? — x3)6x — for(xr2 —x3)dx Sem'c'rcwér arc .
2 r For a semicircle, a = =
—7r3x = f (xr? —x®) dx o
3 0 _ rsing 2 2r
2..2 47" X = =rX—=
I T
3 2 4
0
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Uniform hemispherical shell

Consider a uniform hemispherical shell of radius r. The
shaded portion is a small circular element of the shell. This
element is parallel to the plane face of the hemisphere and
at a distance r cos 6 from it. The element may be considered
to approximate to a circular ring of radius rsin@ and
thickness r86. If 6 is allowed to range from 0 to g these

elements together form the hemispherical shell.

Y A r&0
|

Let the mass per unit area be p
Mass of whole shell = 2zr?p
Mass of circular element = 2z (r sin 0)(r660)p
Equating moments;
/2

2nr?px = Z[Zn(r sin 8)(rd60)p X r cos 6]
0

/2
2nrpx = nr3pz sin 26 66
0

/2
2x = rz sin 20 66
0
As 86 — 0,37/ sin26 66 - [ sin 26 do

/2
2x =J’ sin 26 d6@
0
1 TI/Z
2x = r[——cos 29]
2 0

2X = =[—cosm + cos0]
2X=r1

r

2

The centre of mass is at g from O (base) along the axis of

X =

symmetry.

Alternative method: We can use the theory of compound
bodies to find the centre of mass of a hemispherical shell.

Note that if you use this method in an exam question which
asks for a calculus technique, you would have to use
calculus to prove the results for a solid hemisphere first.
From a hemisphere of radius r+ ér, we remove a

hemisphere with radius r to form a hemispherical shell of
radius r and thickness dr.

Shape Mass G above
base
2 3 3
gn(r + 6r)3p 5 (r+ 6r)
r+ or
2 3 3
r
;7‘[(7‘ + 6r)3p y
—%m’3p

%n(r + 61)3p x %(r + 61) — gm‘e’p X Zr
= Gn(r +67)3p — gnr3p) y
Now by expanding and ignoring (67)? and higher terms;
%71(7“L +4r3p...—r%) = gn(r3 +3r%6r...-1¥)y
r38r = 21261y
Asér -0,y = %r

The centre of mass of mass of a hemispherical shell is on the
line of symmetry, %r from the base (centre).

To find the centre of mass of a non-uniform lamina
Situation 1:

Consider finding the position of G of a hon-uniform lamina
formed by the area enclosed by the curve/line y = f(x), the
x-axis and the lines x = a and x = b. Since the lamina is
non-uniform (no line of symmetry), the position of G will
have two coordinates i.e. (x, y)

Ya
ox y=fx)
x > e

8G (%, )

y ¢Il
Al Sy
e

viiv 2

To find x;

Strip area = ydx
Mass of strip = pydx where p is the mass per unit area
Mass of whole shape = f: pydx
Equating moments;
Moment of whole shape = sum of moments

_ (b b
X[ pydx = [ pydxxx
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with equation y =+/32 — 8x. The centre of mass of a 3 f
. . . . 32u? —u* du
uniform lamina whose shape is that of R, is denoted by G. ~ 512
Use integration to determine the exact coordinates of G 3 e
Solution m 3 __u ]
y=2xandy =32 —8x _ 3 2048 %]
2x =32 — 8x S 5121 3 5
4x? = 32 — 8x _14
4x2 +8x —32=10 5
x> +2x—8=0 Py f22(32 8x)dx 3
x?—2x+4x—8=0 y= °ydx 16/3 —EL16—4xdx
x=2)x+4)=0 . 3
x = 2 or x = —4 (outside region) =16 —[16x — 2x?];

Whenx =2,y =2(2) =4

3
Wheny =0,v32—8x=0=x=>=4 = 1gl64 =32 - (32-8)]

3
Y A y =2x )
Let the mass per unit area be p
| Shape Mass x y
! y =+32—8x Triangle 4p 2__(2)_f 1(4)_f
! 33" 3
R, | R Curved 16 14 3
! 2 lamina 3 P 5 2
7 5 T Whole shape | 28 x y
?P
1 - 28 4 16 14
Areaof Ry =-X2x4 =4 o px=4pX—t—pxX—
4 1 3 3 3 5
Areaof R, = f2 (32 — 8x)zdx 140x = 80 + 224
1 3t _ 304 76
=[—E(32—8x)z]2 F=o=ac
1 32 28 _— ><4+16 ><3
=ﬁ[(32—8x)7] g PY= PR3P
1 64 416 56y = 32 + 48
—[64-0] = — _ 80 10
12 12 3 Y=ge=7
b
d V32 —8xd 4
X= fabxy *_ fz X e i[ x(32 — gx)% dx The centre of mass is (76 170)
fa y dx 16/3 16 J,
By substitution; ) Self-Evaluation exercise
u=(32-8x)2 1. Use integration to show that the centre of mass of a
u?=32—8x uniform solid hemisphere of base radius a is a distance
2ual_u — _gy Za from the centre of the base of the hemisphere.
dx 2
1
dx = — Zu du y
A
X u
2 4
4 0 2a
8x =32 —
x u 2a > x
x=4--u? ¢ g
3 (° 1 3 (°
3?=E ) xu(—zudu>=af4 u?x du 2a
3 [ 1
== | w(s-gw)d
64 ), “ ( gt )
_ 3 4 a2 1, d The figure above shows a uniform lamina in the shape
T 64 ), ur—guau of an equilateral triangle of side length 2a. The lamina
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Standard results for centre of mass

Previously, integration was used to find formulas for the
centre of mass of common shapes. These results can often
be used straight from tables instead of being proved by
integration each time. The table of standard results is shown
below

Shape Centre of mass
Circular arc, radius r and Tijnafrom the centre, 0
angle 2«
Sector of a circle, radius r 2’:;““ from the centre, 0
and angle 2«
Semicircular lamina, ;*_7: from the centre, 0
radius r
Hemispherical shell gfrom the centre, O

(hollow), radius r

Solid hemisphere, radius r 38l from the centre, O

Solid right circular cone,
height h
pyramid)

3h h
" from the vertex V or "

(tetrahedron, from the base

Hollow cone, height h g from the base or % from

the vertex

Triangular Iamina, hEIght h g from the base or % from

the vertex

These results can be used to determine the centre of mass of
composite shapes

Composite bodies
A composite is one made from two or more parts (usually
standard).
To find the centre of mass of a composite body
(i) Draw a clear diagram s
(if) Mark any lines of symmetry
(iif) Choose two axes at right angles to each other. If a
line of symmetry exists choose this as an axis.
(iv) Divide the body into known (standard) bodies
(v) Tabulate the masses/weights and distances of
centres of masses from the chosen axes.
Note: In a uniform lamina, mass/weight o< area
In a uniform solid, mass/weight « volume
(vi) Take moments about the chosen axes
(vii) Use the principle of moments:
Moment of total mass/weight about an axis = sum
of moments of separate masses about the same axis
This method can also be used to deal with a body from which
a part has been removed.

Example 1
E 8 cm D
g ¢ B
(&)
© 1
! :
1 ~
1
1
0 X Zcm 4

Find the centre of mass of the above uniform lamina taking
OA and OE as axes

Solution
Divide the lamina into two rectangles OXDE and XABC
Let the mass per unit area be M

Shape Mass Distance of C.0.G
from OE From OA
OXDE 48M 4 3
XABC 8M 8+2) 1
=10
OABCDE 56M X y

Moments about OF give;
48M x4 +8M x 10 =56 X X

X=—ocm
7

Moments about 04 give;
48M x3+8M Xx1=56XYy
_ 19
y = - cm

The centre of mass is at a point which is ? cm from OF and

? cm from OA

Example 2

A semi-circle of radius r is cut out from a uniform
semicircular laminar of radius 2r. Find the position of the
centre of mass of the resulting shape.

Solution
14

|
|
|
|
|
I
.
0
B EE—

2r
By symmetry, the centre of mass will lie of the axis of
symmetry OA.

Mass of small semicircle = %Ttrzp
Mass of large semicircle = %ﬂ(Zr)Zp = %(4m’2p)
The mass of the compound shape is
1
M —

== (4nr? —mr?)p = %nrzp

- . . 4
and the centre of mass of a semicircle is é from the centre
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Solution

——————— > x
. i 10cm
axis of symmetry
Let the weight per unit volume be W
Shape Volume Weight Distance
from Ox
Largecone |1 ., 1000W h 30
51(5%)(30) 157
= 10007 =75
1 15
Small cone gn(sz)(15) 125rW T"' 15
= 125n = 18.75
Whole 875m 875nW y
shape

Equating moments;
875tWy = 1000W X 7.5 — 125aW x 18.75
875y = 7500 — 2343.75
y =5.89cm

Example 6

Find the centre of gravity of the lamina made of three
semicircles as shown above.
Solution
There is an axis of symmetry and so the centre of gravity
must lie on it
vA

' axis of symmetr
|
|
|
|

Let the weight per unit area be W

Shape Area Weight Distance
from Ox
Small 1 2 12.5nW 4r 20
.. —mT X5 —_— =
semicircle 2 37 3w
=125
Small 12.5m 12.5nW ﬂ _ E
semicircle 37 31
1 4R
Large_ 2% 102 50mW _an
semicircle 2 3T
=507 _ﬂ
3
Whole shape 75m 75nW y

Equating moments;

_ 20 20 40
75tWy = 12.5nW X —+ 12.5nW X — 4+ 50nW/ X ——
T 3n 3n

__ 250
- 3

755 =

75y

250 2000

3w 3
1500

3

_ 500 20

751

3

. 20 .
The centre of mass is 5. cm below the line Ox

Example 7

A body consists of a solid hemisphere of radius r joined to
a solid right circular cone of base radius r and perpendicular
height h. The plane surfaces of the cone and the hemisphere
coincide and both solids are made of the same uniform
material. Show that the centre of gravity of the body lies on

. . 3r
the axis of symmetry at a distance

the cone.

2_n2
4(h+2r)
Solution
A
yl
|
|
| T
|
| h
|

¢

from the base of

0 r
— | R A } x
I 131‘/8
'3
I
Let the weight per unit volume be W
Shape Volume Weight Distance
from O
1 1
Cone —nr?h —mr?hW ﬁ
3 3 4
Hemisphere 2 .3 2 3y _3r
3 3 8
1 1 v
Whole shape §77:r2(h + 27) §m‘2(h +2r)W y
Equating moments;
L2t 29 Wy = 2w x 4 2w x =T
37TT r y= 37rr 2 37TT 3
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(h+2r) — _ h* 12
ATy
(h+2r) — _ h%-3r2
3 YT T
_ _ h?-3r?
Y= e
— _ 3r?-p?
Y = T it

2_p2
The centre of gravity lies at 377 helow the base of the
4(h+2r)

cone. (within the hemisphere or below 0Ox)

Example 8

A uniform right circular solid cylinder has a radius r and
length 4r. A solid hemisphere of radius r is cut from one
end of the cylinder, the plane face of which is one of the
plane faces of the cylinder. The hemisphere so removed is
now attached by its plane face to the uncut plane face of the
cylinder thus forming a new solid. Find the position of the
centre of mass of the new solid.

Solution

Line of
symmetry

Let O be the point on the line of symmetry at the extreme
end of the solid.

Let x be the distance of the centre of mass of the new solid
from 0.

Let the mass per unit volume be M

Shape Mass Distance of G
from O
4r3M r+2r=3r

2 M +4 3
<] 37'[7' r T 87'
37

( C 4rr3M x

Moments about O give;

_ 2 5 2 37
4nr3M x ¥ = (4nr3M X 3r) + (§HT3M X —r) - (gnr3M X ?r)

8
_ 5 37
4 =12r+—r——r
12 12
_ 112r
4x =
12
_ 7
X=-r
3

Example 9
20 cm

A child’s toy is formed by gluing a cylinder onto a
hemisphere. The centre of mass of the toy lies on the glued
edge. Calculate the height of the cylinder.

Solution
Let the height of the cylinder be h

y* 10 cm

¢ s
b

oi “““ >
i
¢

N | =

@ 1w

|
axis of symmetry
Let the weight per unit volume be W

Shape Volume Weight Distance
from Ox
Cylinder m(10%)h 100whW h
= 100mh 2
Hemisphere | 2 3 2000 _3r
§7r(10 ) 3 1474 8
2000 __30
= —7 8
3 =-3.75
Whole 1007th (IOOnh
shape 2000 y=0
+ 3 T 2000
+ TT[) w

Equating moments;
2000 h 2000
(100nh +Tn) W x 0 =100mhW x 3 + TT[W X —3.75

0 = 50h% — 2500
h%? =50
h =+/50 = 7.07 cm

Self-Evaluation exercise

1. A circular lamina, made of a uniform material, has its
centre at the origin and a radius of 6 units. Two smaller
circles are cut from this circle, one of radius 1 unit and
centre (—1, —3) and the other of radius 3 units and
centre (1,2). Find the coordinates of the centre of

gravity of the remaining shape.
[Ans: (—i, 15)]

13 _E
2. Auniform lamina is formed by removing a circular disc

of radius r from a circular disc of radius 2r as shown.
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5.

Find the position of the centre of gravity of the lamina 6. Calculate the position of the centre of mass of the
with respect to the axes Ox and Oy as shown. uniform solids

30 cm
A (@)
y
40 cm
T
0 > x
50 cm
(0) Cone drilled out of a cylinder

[Ans: x = Sg—r; y = 0]
A badge is cut from a uniform thin sheet of metal. The
badge is formed by joining the diameters of two
semicircles, each of radius 1 cm, to the diameter of a
circle of radius 2 cm, as shown in the diagram.

20 cm

20 cm

Solid cone and solid hemisphere joined
[Ans: (a) 29.375 cm from open end (b) 0.625 cm

above joined faces]
7. A child’s spinner is made from a right circular cone and

The point of contact of the two smaller semicircles is O. a cylinder of the same material. Find the centre of
Determine, in terms of m, the distance from O of the gravity of the spinner
centre of mass of the badge. _Y 20 cm

. 4 I
[Ans: P cm]

Determine the centre of mass of the uniform laminas

|
|
|
shown below l 10 cm
(a) i
|
|
! 14 cm
|
10 cm T
————
4 cm
[Ans: 2.29 cm above joint]
~ 20em = 8. The figure below shows a plate of uniform thickness,
(b) circular in shape, which has two circular holes drilled
through it. The radius of the plate is 80 mm and AOB
‘ and COD are perpendicular axes of the plate.
6 cm 6cm D

(o
A B
[Ans: (a) 9.07 cm from bottom of shape (b) 12/x Q\\/

from vertex]
A spike is made from a hemisphere, a cylinder and a

cone. Determine the centre of mass of the spike ) C )
One hole, of radius 20 mm, has its centre on OB at a

distance of 5 mm from O; the other, of radius 10 mm,
has its centre at a distance of 40 mm from OA and 20
mm from OC. Show that the centre of mass of the plate

10 cm

20 cm ~20cm is located on the axis COD and find its distance from O.
.40
[Ans: 28 cm from vertex of the cone] [Ans: — mm from 0]
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10.

11.

12.

13.

14,

The diagram shows a square OABC of side a. The mid-
point of BC is D. Triangle ADB is cut off.

C D

7

A
With respect to OA and OC as axes, find the coordinates

of the centre of mass of a uniform lamina in the form of
the figure OADC.

18’ 9
A uniform solid right circular cone has its top removed
by cutting the cone by a plane parallel to its base,
leaving a truncated cone of height h, the radii of its ends
being r and 4r. Show that the distance of the centre of

gravity of the truncated cone from its broader end is % h

[Ans: (7—a 4“)]

A can in the form of a circular cylinder, without a lid, is
made of a thin metal sheeting of uniform thickness and
with a mass per unit area of 1 g/cm?. The radius of the
can is 10 cm and its height is 20 cm. The can is placed
with its base on a horizontal plane and is half-filled with
a liquid of density 1.5 g/cm?®. Calculate the height of the
centre of gravity of the can together with the liquid,
above the base of the can.

[Ans: 5.75 cm]
Prove that the centre of gravity of a uniform circular arc
subtending an angle 20 at the centre of a circle of radius
a is asin @ /a from the centre. Deduce that the centre
of gravity of a uniform sector bounded by that arc and

the radii to its extremities is g a sin 6 /6 from the centre.

Show also that the centre of gravity of a segment of a
circular lamina cut off from a chord subtending a right

angle at the centre of the circle is gx/Za/(n — 2) from

the centre.

The diagram, shows a uniform lamina formed by
drilling a circular hole of radius 2 cm in a rectangle
ABCD with length AB = 87 c¢cm and the breadth BC =
12 cm. The centre of the hole is 9 cm from AB and is
equidistant from AD and BC. Find the centre of mass of
the lamina from AB

D C

O

A B
[Ans: 5.87 cm]
The base of a uniform solid hemisphere has radius 2a
and its centre at 0. A uniform solid S is formed by
removing, from the hemisphere, the solid hemisphere of
radius a and centre 0. Determine the position of the
centre of mass of S.

15.

16.

17.

18.

19.

20.

[Ans: on the axis of symmetry 455—: from O]

A solid uniform cylindrical piece of metal, of height h
and radius r, has a cone shape removed from it as shown
in the diagram. The base of the cone is of radius r and
its height is h

<r—>

Show that the centre of gravity of the resulting solid is
at a distance of % from the point A measured along the

axis of symmetry
A solid frustum of a uniform cone is of thickness h, and
the radii of its end-faces are a and b (a > b). A
cylindrical hole is bored through the frustum. The axis
of the hole coincides with the axis of the cone, and the
radius of the hole is equal to that of the smaller face of
the frustum. Show that the centre of gravity of the solid
thus obtained is at a distance from the larger face of the
frustum equal to
h(a + 3b)
4(a + 2b)
A hollow conical vessel made of a thin sheet of metal is
closed at its base. If it is cut across by a plane parallel
to the base at half the perpendicular height, and the
upper cone removed, prove that the distance from the
base of the centre of gravity of the remainder of the
vessel is
2lh
3(3L+4r)
where h is the perpendicular height of the original
vessel, [ is its slant height, and r the radius of the cone
A four-sided plane lamina has the shape of a rectangle
ABCD surmounted by a triangular part BEC, the side
BE of which is a prolongation of AB. If the lengths of
AB, AD, BE are a, b, c respectively, find how far the
centre of gravity of the lamina is from AB and AD. Also
prove that the centre of gravity will lie of BC if ¢ = av/3
3a+c_3a%+3ac+c?
2a+c’  3(2a+c)
A frustum of a cone has its circular ends of radii r; and
1, and at a distance h apart. Its curved surface is covered
with a thin uniform material. Show that the height of the
centre of gravity of the covering material above the end
of radius r;, is

[Ans: b
3

h(2r, + 1)

3(ry +13)
A piece of cardboard is in the form of a rectangle,
ABCD, where AB =5 cm and BC = 8 cm. A piece of
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cylinder. The resulting composite solid is shown in the
figure below.

(@) Show that the centre of mass of the composite is at a
vertical distance % h from the plane face containing A.

(b) The composite is freely suspended from A and hangs in
equilibrium with the axis AB inclined at an angle
tan~! 13 to the horizontal. Express a in terms of h.

Solution
(@)
X
a1 a
l h
|
|
!
| 2h
|
|
|
|
B
v
y
Let the weight per unit volume be W
Shape Weight x y
Large cylinder m(6a)?(2h)W 0 h
= 72wa’hW
Small cylinder wa?hW a
7 h
Whole shape 71ma’hW x y

Equating moments;

1
71ma’hW X y = 72ma’hW X h — ma?hW X Eh

_ h
71y =72h -5

(b) Also,
71ma’hW X ¥ = 72ma’hW X 0 — ma’hW X a
71x = —a
a

x=—ﬁ

Vertical (Weight)

Now tan~! 13 to the horizontal is the same as tan~?! % to
the vertical

Self-Evaluation exercise

1. A uniform triangular lamina ABC is in equilibrium,
suspended from a fixed point O by a light inelastic
string attached to the point B of the lamina, as shown in
the diagram below. 0

B
D

AB = 45 cm, BC = 60 cm and angle ZBC = 90°.
Calculate the angle 8 between BC and the downward
vertical
[Ans: 36.9°]
2. Athin uniform plate is formed by a square of side 6 cm
being surmounted by an isosceles triangle whose
vertical height is 3 cm as shown below

3cm
B D
6 cm
A E
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Toppling bodies

When a body rests in equilibrium on a plane, it will be stable
provided the line of action of the weight force lies within the
extreme points of the contact between the body and the plane

-
3

o~
S «—
w

Stable equilibrium

The body will topple if the line of action of the weight force
lies outside one of these extreme points of contact. It will
topple about the point of contact nearest to the line of action
of its weight

*

A B v
w

Body topples about B

If the body is on a rough inclined plane, it will topple if the
line of action of the weight force lies outside the lower point
of contact of the body with the plane.

On an inclined plane, the equilibrium of a body may be
broken by sliding rather than toppling unless the plane is
rough enough to prevent the body from sliding.

*

Body topples about A

Example 1

A (6+k)cm D

6cm

\

B 6cm (C

The figure below shows the cross section of a solid uniform

right prism which in the shape of a right-angled trapezium

ABCD. It is further given that AB =BC =6 cm, AD = (6 +

k) cm and ADAB = 4ABC = 90°.

(a) By treating ABCD as a uniform lamina, find in terms of
the constant k the position of the centre of mass of
ABCD, relative to the vertex A.

(b) The prism is resting with ABCD perpendicular to a
horizontal surface and the face which contains BC, in
contact with this horizontal surface. Calculate the
greatest value of k which allows the prism not to topple.

(c) The prism is the placed on a rough plane inclined at 8
to the horizontal, with BC lying on the line of greatest
slope of the plane. The value of k is taken to be 3+/6.
Given the prism is about to topple, determine the exact
value of tan 6 .

Solution

(a) Let the mass per unit area be M

6

A

B 6
Shape Mass Distance of C.0.G
from AB from AD
ABCC’ 36M 3 3
! 1 1
cc'D 3kM 61tk | Liey=2
3 3
ABCD B6+3kM X y

Equating moments about AB;

1
(36 + 3k)MZ = 36M x 3 + 3kM X (6+§k)

1
(k +12)% =36 + k(6 + k)

3(k+12)x = 108 + 18k + k2
k? + 18k + 108

3(k +12)
Equating moments about AD;

(36 + 3k)My = 36M X 3 + 3kM x 2
(k +12)y = 36 + 2k

2k + 36
k+12

X =

y =
(b) Fornotoppling, x < 6
k% + 18k + 108 -
3(k+12)
k? + 18k + 108 < 18k + 216
k? <108
k <108
k < 6V3
kmax = 6\/§
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1 3
y(2 +tan 6) =than9 —Zr

y(2+tanf) = %(rtan f)tan 6 — %r
4y(2 + tanf) = rtan® g — 3r
4y(2 +tan6) = r(tan3 0 — 3)
_ tan?6 -3
y= 8+ 4tanf r
(b) To return to the upright position, the centre of mass of
S must be inside the hemisphere, i.e. y < 0

As0<60<90°8+4tanf >0
~tan’f8—-3<0

tan’?0 < 3

tan6 < +V3

0° <6 <60°

Example 5

A uniform solid S, consists of a hemisphere of radius r and
mass M, and a right circular cone of radius r, height 4r and
mass m. The centre of the plane face of the hemisphere is at
O and this plane face coincides with the plane face at the
base of the cone, as shown in the figure above. The point P
lies on the circumference of the base of the cone. S is placed
on a horizontal surface, so that VP is in contact with the
surface, where VP is the vertex of the cone. Given that S
remains in equilibrium in that position, show that m <10M.

Solution

Shape Weight Distance

from O
Cone M 1 4r) = r
4

Hemisphere m 3 Er
8
Whole shape M+m y

Equating moments about O;

3
M+ m)y = Mr ——mr

8
8(M +m)y = (8M — 3m)r
__ 8M-3m
Y8 +m)"

Now looking at the object in equilibrium.
Note that in the above calculation we took ¥ to be positive
in the cone, so if we take positive in the hemisphere
_, _(Bm—8M)
T B8M+m)

G
)—/I//‘/
/Q //
4r//’/
7 "\ 6
AL
P
\ 4
M+m
Comparing similar triangles;
AVOP; tan® = = = and APOG; tan 6 = %&£
4ar 4 T
oG _ 1
r 4
106] =+
- < 1
ﬁ —
Y =%
(B3m-8M) 1
—7r < -7
8(M +m) 4
3m—-—8M < 2M +2m
m< 10M

Example 6

The diagram above shows a child’s toy which consists of a
head and a body. The head is a uniform sphere of radius a
and density p. The head is rigidly attached to the body,
which is spherical, of radius 2a and centre 0. The upper half
of the body is a uniform hemisphere of density p and this is
rigidly attached to the lower half of the body which is a
uniform hemisphere of density kp. The common plane
surface of the two hemispheres is perpendicular to the axis
of symmetry of the toy.
(@) Find the distance of the centre of mass of the toy
from O
(b) The toy is now placed on a horizontal plane and
rests with its axis of symmetry vertical. Show that
when it is displaced to a different position, it will
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always return to the vertical position provided that

Self-Evaluation exercise

k>?2 1. Find the position of the centre of mass of the laminas
Solution shown and determine whether the laminas will topple
(a) Density is mass per unit volume (mass = density x vol) (@) A 30 cm B
Shape Volume Mass Distance
from O
Head (upper 4o fﬂagp 3a
shere) 3 3
Uppgr 2 2ay? Eﬂcﬁp 3(2a)
hemisphere 3 16 3 8
_l6 _3a (b)
3 = T o
LOW_er -n(2a)3 E7ra3kp — 3_(1 <
hemisphere 16 3 4 15 cm
= ?mﬁ 4 20 cm
Whole shape gmgp(s + 4k h 20 o
Equating moments about O; . 15cm
4 — cm
Ena3p(5 +4k) x h 7z 7
4 16 . 3a 16 3a
—3tar x3a+ ?fa px 4 + 3 p x 4 [Ans: (a) 10.3 cm from AD and 3.67 cm from D; topple
(5+4k)h =3a+3a —3ka (b) 8 cm from AB and 17.5 cm from BC, does not topple
- 3a(2-k) (just about to topple)]
~ 5+4k 2. A toy consists of a solid hemisphere of radius a to
(b) Let the weight of the child’s toy be W and be displaced which is glued a solid circular cylinder of radius a and
to the position shown. Now look at the two positions of height 2a so that the plane end of the hemisphere is in
G i.e. one with in the lower hemisphere and the other complete contact with a plane end of the cylinder. The
within the upper hemisphere. cylinder is made of uniform material of density p, and
the hemisphere is made of a uniform material with
density kp. The toy is designed so that if placed on a
horizontal table with the hemisphere downwards and
then tilted on one side, it will return to the vertical
position. Show that k > 8. The toy is placed on a desk
of slope a where sina = é, sufficiently rough to
prevent slipping. It rests in equilibrium with the
hemisphere in contact with the desk. Find an expression
giving the (acute) angle § made by its axis of symmetry
with the vertical. Hence deduce that k > 13.5
It is clear that for the toy to return to its vertical position, L 34k
. . . . . [Ans: sin B = ]
the point of action of its weight must lie on the left of P 3(k-8)
ieh<0 3. A thin uniform rectangular metal plate ABCD of mass
3a(2 — k) M rests on a rough plane inclined at an angle « to the
“5tak <0 horizontal. The plate lies in a vertical plane containing
3a¢(2-k) <0 a line of greatest slope of the inclined plane, with the
2-k<0 edge CD in contact with the plane and C further up the
2<k plane than D, as shown.
nk>2 B
Thus, body will always return to vertical position A
provided k > 2
C
D
a
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5. The region R is bounded by part of the curve with 7. The shaded region R is bounded by the curve with
equation y = 4 —x?2, the positive x-axis and the equationy = ix(6 — x), the x-axisand the linex = 2,
positive y-axis, as shown below. as shown below. The unit of length on both axes is

y 4 1 cm. A uniform solid P is formed by rotating R through
4 360° about the x-axis.
y F 3
R
o 2 x 5 N
The unit of length on both axes is one metre. A uniform 2 B o
solid S is formed by rotating R through 360° about the (@) Show that the centre of mass of P is, to 3 significant
weaxis figures, 1.42 cm from its plane face.
' s The uniform solid P is placed with its plane face on an
(a) Show that the centre of mass of S is = m from O. inclined plane which makes an angle 6 with the
A horizontal. Given that the plane is sufficiently rough to
prevent P from sliding and that P is on the point of
toppling,
(b) find the angle 6.
[Ans: (b) 70.5°]
8. A uniform right circular solid cylinder has radius 4a
c o S and height 6a. A solid hemisphere of radius 3a is
T removed from the cylinder forming a solid S. The upper
. plane face of the cylinder coincides with the plane face
m of the hemisphere. The centre of the upper plane face of
l the cylinder is O and this is also the centre of the plane
face of the hemisphere, as shown below.
- /m —
The figure above shows a cross section of a uniform
solid P consisting of two components, a solid cylinder A
C and the solid S. The cylinder C has radius 4 m and 4 /
length [ metres. One end of C coincides with the plane ‘\\
circular face of S. The point A is on the circumference - - 61
of the circular face common to C and S. When the solid
P is freely suspended from A, the
solid P hangs with its axis of symmetry horizontal. T -
(b) Find the value of I. u v
[Ans: (b) 1 = 2%
. ) . . 3 +—dg—>»

6. A b_OWI’ B consists of a unlform SO_I'd hemisphere, (_)f Find the distance from O to the centre of mass of S.
radius r and centre O, from which is removed a solid Ans: 357
hemisphere, of radius 21 and centre O as shown below. [Ans: 104 al

3 9. Atoy is formed by joining a uniform solid right circular
cone of base radius 3r and height 4r, to a uniform solid
cylinder, also of radius 3r and height 4r. The cone and
the cylinder are made from the same material as shown
below. The centre of this plane face is O

4r
4r
Show that the centre of mass of B from O is %r
275

Principles of Applied Mathematics by Kawuma Fahad



Centre of mass

hemisphere coincides with a circular end of the cylinder
and has centre O, as shown below

The density of the hemisphere is twice the density of

the cylinder.

(@) Find the distance of the centre of mass of the solid
from O.

(b) The solid is now placed with its circular face on a
plane inclined at an angle 6° to the horizontal. If
the plane is sufficiently rough to prevent the solid
from slipping and the solid is on the point of
toppling, find the value of 8

[Ans: (a)gz (b) 36.1°]
14. The figure below shows a uniform equilateral triangular

lamina PRT with sides of length 2a.
R

P Py T

(@ Using calculus, prove that the centre of mass of

PRT is at a distance :ﬁ a from R.

(b) The circular sector PQU, of radius a and centre P,
and the circular sector TUS, of radius a and centre
T, are removed from PRT to form the uniform
lamina QRSU shown in below

Show that the distance of the centre of mass from

f 2a
U of QRSU is P

15. A model tree is made by joining a uniform solid
cylinder to a uniform solid cone made of the same
material. The centre O of the base of the cone is also the
centre of one end of the cylinder, as shown below. The
radius of the cylinder is r and the radius of the base of
the cone is 2r. The height of the cone and the height of

the cylinder are each h. The centre of mass of the model
is at the point G.

(a) Show that OG =—h

(b) The model stands on a desk top with its plane face
in contact with the desk top. The desk top is tilted
until it makes an angle 6 with the horizontal, where

tan @ =%. The desk top is rough enough to

prevent slipping and the model is about to topple.
Find r in terms of h.

[Ans: (b) 7 = -]
16. The shaded region R is bounded by the curve with
equation y = (x + 1)2, the x-axis, the y-axis and the

line with equation x = 2, as shown in the figure below.
¥ A

/

a 2 X

The region R is rotated through 2 radians about the x-

axis to form a uniform solid S.

(@) Use algebraic integration to find the x-cordinate of
the centre of mass of S

A uniform solid hemisphere is fixed to S to form a
solid T. The hemisphere has the same radius as the
smaller plane face of S and its plane face coincides
with the smaller plane face of S, as shown above. The
mass per unit volume of the hemisphere is 10 times
the mass per unit volume of S. The centre of the
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EXAMINATION QUESTIONS

SECTION A
1. Auniformrod AB of length 3 m and mass 8 kg is freely
hinged to a vertical wall at A. A string BC of length 4 m
attached to a point C on the wall, keeps the rod in
equilibrium. If C is 5 m vertically above A, find the;
(@) tension in the string
(b) magnitude of the normal reaction at A
[2019, No.2: Ans: (a) 31.36 N (b) 56.535 N]
2. A stone is thrown vertically upwards with velocity
16 ms™?! from a point H metres above the ground level.
The stone hits the ground 4 seconds later. Calculate the;
(@) value of H
(b) velocity of the stone as it hits the ground
[2019, No. 5: Ans: (a) 14.4 m (b) 23.2 ms™1]
3. A particle is moving with Simple Harmonic motion
(SHM). When the particle is 15 m from the equilibrium,
its speed is 6 ms~1. When the particle is 13 m from the
equilibrium, its speed is 9 ms™1. Find the amplitude of the
motion.
[2019, No. 8: Ans: 16.426 m]
4. A stone is thrown vertically upwards with a velocity of
21 ms™1. Calculate the:
(&) maximum height attained by the stone
(b) time the stone takes to reach the maximum height.
[2018, No. 1: Ans: (a) 22.5m (b) 2.143 s]
5. A particle of mass 15 kg is pulled up a smooth slope by a
light inextensible string parallel to the slope. The slope is

10.5 m long and inclined at sin™?! G) to the horizontal.

The acceleration of the particle is 0.98 ms~2. Determine
the:
(a) tension in the string
(b) work done against gravity when the particle reaches
the end of the slope.
[2018, No. 4: Ans: (a) 98.7 N (b) 882 J]
6. In an equilateral triangle PQR, three forces of magnitude
5N, 10N and 8N act along the sides PQ, QR and PR
respectively. Their directions are in the order of the letters.
Find the magnitude of the resultant force.
[2018, No. 7: Ans: 16.09 N]
7. A particle is projected from a point O with speed 20 m/s
at an angle of 60° to the horizontal. Express in vector
form its velocity v and its displacement r, from O at any
time t seconds.
10 ) o
;=

[2017, No. 1: Ans: v:(loﬁ—9.8t

10t
(10\/§t - 4.9t2>]
8.In a square ABCD, three forces of magnitudes 4N, 10N
and 7N act along AB, AD and CA respectively. Their
directions are in the order of the letters. Find the
magnitude of the resultant force.
[2017, No.4: Ans: 5.14 N]

9. The engine of a lorry of mass 5,000 kg is working at a
steady rate of 350 kW against a constant resistance force
of 1,000 N. The lorry ascends a slope of inclination 6° to
the horizontal. If the maximum speed of the lorry is
20 ms™1, find the value of 6.

[2017, No.8: Ans: 19.68]

10. A ball is projected vertically upwards and it returns to its

point of projection 3 seconds later. Find the:
(a) speed with which the ball was projected
(b) greatest height reached
[2016, No. 1: Ans: (a) 14.7 ms™! (b) 11.025 m]
11. A body of mass 4 kg is moving with an initial velocity
of 5 ms~? on a plane. The kinetic energy of the body is
reduced by 16 Joules in a distance of 40 metres. Find the
deceleration of the body.
[2016, No. 4: Ans: —0.1 ms™2]
12. A particle of mass 2 kg rests in limiting equilibrium on a
rough plane inclined at 30° to the horizontal. Find the
value of the coefficient of friction.
[2016, No. 7: Ans: 0.5774]
13.Find the magnitude and direction of the resultant of the
forces

( 13) N, (3) N, and (%) N
[2015, No. 1: Ans: 5.83 N at 30.96° to the horizontal]
14.Two cyclists A and B are 36 m apart on a straight road.
Cyclist B starts from rest with an acceleration of 6 ms™2
while A4 in pursuit of B with velocity of 20 ms™* and
acceleration of 4 ms~2. Find the times when A overtakes
B.
[2015, No. 4: Ans: 2 s]
15. A fixed hollow hemisphere has centre O and is fixed so
that the plane of the rim is horizontal. A particle A of
weight 30v/2 N can move on the inside surface of the
hemisphere. The particle is acted upon by a horizontal
force P, whose line of action is in a vertical plane
through 0 and A. OA makes an angle of 45° with the
vertical. If the coefficient of friction between the particle
and the hemisphere is 0.5 and the particle is just about to
slip downwards, find the
(&) normal reaction
(b) value of P
[2015, No. 8: Ans: (a) 40N (b) 14.14 N]
16.A particle starts from rest at the origin (0,0). Its
acceleration in ms~2 at time t seconds is given by a =
6ti — 4j. Find its speed when t = 2 seconds.
[2014, No. 2: Ans:14.42 ms™1]

17.Forces of (D N, (z) N, (_19) N and (_53) N act at the

points having position vectors (3i — j) m, (2i + 2j) m,

(=i —j) m and (—3i + 4j) m respectively. Show that
the forces reduce to a couple.

[2014, No. 5]

18. A bullet of mass 50 grammes travelling horizontally at

80 ms™~! hits a block of wood of mass 10 kg resting on
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and moves uniformly for 15 minutes. It is then brought

to rest at a constant retardation ofz ms™2 at station B.
[2003, No. 8: Ans: 23212.8 m]
52.A driver of a car travelling at 72 kmh~! notices a tree
which has fallen across the road, 800 m ahead, and
suddenly reduces the speed t036 kmh™* by applying the

brakes. For how long did the driver apply the brake?

[2002, No. 3: Ans: 53.33 s]
53.The resistance to the motion of a lorry of mass, m kg is

L of its weight. When travelling at 108 kmh™* on a

particle starts from rest, determine the time it takes to
move a distance of 100 m.

[2000, No. 7: Ans: 10v/6 s]

60.A particle executing simple harmonic motion about a

point 0, has speeds of 3v/3 ms™" and 3 ms~! when at
distances of 1 m and 0.268 m respectively from the end
point. Find the amplitude of the motion.

[2000, No. 8: Ans: 2 m]

SECTION B

200 1.Car A is 80 m North West of point 0. Car B is 50 m

level road and ascends a hill its engine fails to work. Find
how far up the hill (in km) the lorry moves before it
comes to rest. Give your answer correct to one decimal

place.

[2002, No. 6: Ans: ——22%0__
g(1+200sin @)

54. A particle moves in the x —y plane such that its
position vector at any time, t is given by
r=Gt2—1Di+ @t3+t—1)j
Find:

N30°E of 0. Car A is moving at 20 ms™! on a straight

road towards O. Car B is also moving at 10 ms™! on

another straight road towards 0. Determine the;

(a) initial distance between the two cars.

(b) velocity of A relative to B

(c) shortest distance between the two cars as they
approach 0.

[2019, No. 9: Ans: (a) 82.642m (b) 1991 ms™?!,

E15.98°S (¢) 9.7 m]

(a) its speed, 2.A force F= (2ti+j—3tk)N acts on a particle of

(b) the magnitude of acceleration,
aftert =2
[2002, No. 8: Ans: (a) 50.448 units(b) 48.374 units]
55.A particle of mass 5 kg is placed on a smooth plane

inclined at tan~?! (\/ig) to the horizontal. Find the

magnitude of the force acting horizontally, required to
keep the particle in equilibrium and the normal reaction
to the plane.

mass 2 kg. The particle is initially at a point (0, 0, 0) and
moving with a velocity (i + 2j — k) ms™1. Determine
the;
(a) magnitude of the acceleration of the particle after 2 s.
(b) velocity of the particle after 2 s
(c) displacement of the particle after 2 s
[2019, No. 12: Ans: (a) 2.55m™2 (b) 3i+ 3j —
4k ms™1 (c) 13—"1' +5j — 4k]

[2001, No. 5: Ans: 56.58 N] 3.The diagram below shows a trapezium ABCD, AD =

56.4, B and C are points on a straight road such that AB =
BC = 20 m. A cyclist moving with uniform acceleration
passes A and then notices that it takes him 10 s and 15 s
to travel between A and B, and A and C respectively.
Find:

(i) his acceleration,
(i) the velocity with which he passes A
[2001, No. 7: Ans: (i) 0.27 ms™2 (ii) 0.65 ms™1]
57.An inextensible string attached to two scale pans A and
B, each of weight 20 gm, passes over a smooth fixed
pulley. Particles of weight 3.8 N and 5.8 N are placed on
pans A and B respectively. Find the reaction of the scale
pan holding the 3.8 N weight, if the system is released
from rest. [Take g = 10 ms™2].
[2001, No. 8: Ans: 4.56 N]

58.A boat travelling at 5 ms™! in the direction 030° in still

water is blown by wind moving at 8 ms™! from the

DC =CB =1 metre and AB = 2 metres. Forces of

magnitude 1N, 3N, 5N, 6N and 2v3N act in the
directions AD, DC, CB, BA and AC respectively.

5N

60°

B

6N

(a) Calculate the magnitude of the resultant force and the
angle it makes with side AB.

(b) Given that the line of action of the resultant force
meets AB at X, find the distance AX.

[2019, No. 15: Ans: (a) 2+/3N at 30° below AB (b) 6.5 m]

bearing of 150°. Calculate the true speed and course the 4. A particle of mass 4 kg starts from rest at a point

boat will be steered.
[2000, No. 4: Ans: 7 ms™* on a bearing of 111.8°]
59. A force acting on a particle of mass 15 kg moves it along
a straight line with a velocity of 10 ms™!. The rate at
which work is done by the force is 50 watts. If the

(2i —3j + k) m. It moves with acceleration a = (4i +
2j — 3k) ms™2 when a constant force F acts on it. Find
the

(a) force F

(b) velocity at any time ¢

(c) work done by the force F after 6 second
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16 4t where tana = >. If the shortest distance between the
[2018, No. 10: Ans: (@) 8 |N (b)| 2t |ms™'(c) o 4 ) )
-12 —3t ships is 4.2 km, find the time to the nearest minute when
2084 ] the distance between the ships is shortest.
5.The figure below shows a uniform beam of length 0.8 [2017, No. 16: Ans: 12:35 p.m]
metres and mass 1 kg. The beam is hinged at A and hasa  10.Five forces of magnitudes 3N, 4N, 4N, 3N and 5N act
load of mass 2 kg attached at B. along the lines AB, BC, CD, DA and AC respectively, of

a square ABCD of side 1 m. The direction of the forces
is given by the order of the letters. Taking AB and AD as
reference axes; find the

(&) magnitude and direction of the resultant force

(b) point where the line of action of the resultant force

i B cuts the side AB
? 0.4 m [2016, No. 10: Ans: (a) 5.196 N at 60.8° with AB (b)
444 0.8m > 1.764 m from A]
‘4 K 11. A particle starts from rest at a point (2, 0,0) and moves
vy 8 such that its acceleration at any time t > 0 is given by
é a = [16 cos 4ti + 8sin 2tj + (sint — 2 sin 2t)k] ms™?

The beam is held in a horizontal position by a light Find the:

inextensible string of length 0.5 metres. The string joins (a) speed whent = %

the mid-point M of the beam to a point C vertically above (b) distance from the origin when ¢ = %

A. Find the:

[2016, No. 13: Ans: (a) 4.062 ms™?! (b) 4.248 m]

12. A particle of mass 2 kg moving with Simple Harmonic

Motion (SHM) along the x-axis, is attracted towards the

origin O by a force of 32x Newtons. Initially the particle

is at rest at x = 20. Find the

(a) amplitude and period of oscillation

(b) velocity of the particle at any time, t > 0

(c) speedwhent == s

(a) tension in the string
(b) magnitude and direction of the force exerted by the
hinge.
[2018, No. 13: Ans: (a) 81.67 N (b) 68.21 N]
6. At 10: 00 a.m, ship A and ship B are 16 km apart. Ship A
is on a bearing N35°E from ship B. Ship A is travelling at
14 kmh™! on a bearing S29°E. Ship B is travelling at
17 kmh~1 on a bearing N50°E. Determine the;

(a) velocity of ship B relative to ship 4 [2016, No. 16: Ans: (a) 20 m; % s (b) v = —80sin4t¢
(b) closest distance between two ships and the time when (©)0]
it occurs. 13.The diagram below shows a 12 kg mass on a horizontal
[2018, No. 16: Ans: (a) 24 kmh™*, N15°E (b) 5.46 km; rough plane. The 6 kg and 4 kg masses are on rough
10:38 a.m] planes inclined at angles of 60° and 30° respectively.
7. A particle of mass 3 kg is acted upon by a force F = 6i — The masses are connected to each other by light
36t%j + 54tk Newtons at a time t. At time t = 0, the inextensible strings passing over light smooth fixed
particle is at the point with a position vector i — 5j — k pulleys A and B. 12 k
and its velocity is 3i + 3j m/s. Determine the A % g
(a) position vector of the particle at time t = 1 second
(b) distance of the particle from the origin at time t = 1
second. 6 kg 4 kg

[2017, No. 10: Ans: (a) 5i — 3j + 2k (b) 6.164]
8. A non-uniform rod AB of mass 10 kg has its centre of
gravity at a distance iAB from B. The rod is smoothly

hinged at A. It is maintained in equilibrium at 60° above A ¢qo 30°

the horizontal by a light inextensible string tied at B and a
right angle to AB. Calculate the magnitude and direction
of the reaction at A.
[2017, No. 13: Ans: 85.75 N in the direction E68.2°N] (a) acceleration of the system
9. At 12 noon, a ship 4 is moving with constant velocity of (b) tensions in the strings
. . -2
20.4 kmh™" in the direction N6°E, where tan@ = >, A [2015,N0. 11: Ans: (a) 0.738 ms™ (b) 44.04 N, 25.4 N]
L. . 5 14. A ball is projected from a point A and falls at a point B
second ship B is 15 km due north of A. Ship B is moving

. . . o which is in level with A and at a distance of 160 m from
with constant velocity of 5 kmh™! in the direction Sa°W/,
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The planes are equally rough with coefficient of friction
i. If the system is released from rest, find the;




Examination questions

power it develops is approximately 2.25 kW (to 3
significant figures).

(b) A car of mass 1000 kg, has a maximum speed of
150 kmh™! on a level rough road and the engine is
working at 60 kW.

(i) Calculate the coefficient of friction between the
car and the road if all the resistance is due to
friction

(if) Given that the tractive force remains unaltered
and the non-gravitational resistance in both
cases varies as the square of the speed, find the
greatest slope on which a speed of 120 kmh™?
could be maintained.

[2005, No. 13: Ans; (b) (i) 0.1469 (ii) 3.03°]

44. A particle P moving with a constant velocity 2i + 3j +

8k, passes through a point with position vector 6i —

11 + 4k . At the same instant, a particle Q passes

through a point with position vector i — 2j + 5k ,

moving with constant velocity 3i + 4j — 7k. Find the

(@) position and velocity of Q relative to P at that
instant.

(b) shortest distance between P and Q in the subsequent
motion.

(c) time that elapses before the particles are nearest to
one another.

1 -5 1
[2005, No. 14: Ans: (a)( 1 >< 9 )+< 1 )t(b)
—15 1 —15

10.32 units (¢) - ]

45. A uniform ladder of length 21 and weight W rests in a

vertical plane with one end against a rough vertical wall
and the other against a rough horizontal surface, the

angles of friction at each end being tan™! % and tan‘lé

respectively.

(a) If the ladder is in limiting equilibrium at either end,
find 6, the angle of inclination of the ladder to the
horizontal.

(b) A man of weight 10 times that of the ladder begins
to ascend it, how far will he climb before the ladder
slips?

[2005, No. 16: Ans: (a) 39.8° (b) g the ladder]

46.A car of mass M kg has an engine which works at a

constant rate of 2H kW. The car has a constant speed of
V ms~?! along a horizontal rod.
(@) Find in terms of M, H, V, g and 6, the acceleration
of the car when travelling:
(i) up a road of inclination 6 with a speed of
3 -1
=V ms
4
(if) down the same road with a speed ofEV ms™?,

the resistance to the motion of the car apart from
gravitational force, being constant.

(b) If the acceleration in (a)(ii) above is 3 times that of
(a)(i) above, find the angle of inclination 6, of the
road.

(c) If the car continues directly up the road, in case (a)(i)

above, show that its maximum speed is EV ms™1,

[2004, No. 13: Ans: (a) (i) w (ii)

4000H+3mvgsin 6 (b) sin—1 (ZOOOH) ]
3mv 12mvg,

47.(a) A non-uniform ladder AB, 10 m long and mass 8 kg,

lies in limiting equilibrium with its lower end A resting
on a rough horizontal ground and the upper end B resting
against a smooth vertical wall. If the centre of gravity of
the ladder is 3 m from the foot of the ladder and the
ladder makes an angle of 30° with the horizontal, find
the:
(i) coefficient of friction between the ladder and the
ground.
(ii) reaction at the wall
(b) The diagram below shows a cross-section ABCD of a
uniform rectangular block of base, 8 cm and height,
10 cm resting on a rough horizontal table.

C
D 0

i ZB 7z

An increasing force, F, parallel to the table is applied
on the upper edge. If the coefficient of friction
between the block and the table is 0.7, show that the
block will tilt before sliding

[2004, No. 15: Ans: (a) (i) 2 (ii) 222

N (b) show that
UR = F]

48.Two planes A and B are both flying above the Pacific

Ocean. Plane 4 is flying on a course of 010° at a speed

of 300 kmh~?1. Plane B is flying on a course of 340° at

200 kmh™!. At a certain time, plane B is 40 km from

plane A. Plane A is then on bearing 060°. After what

time will they come closest together, and what will be

their minimum distance apart?

(Give your answer correct to 1 decimal place)

[2004, No. 16: Ans: 14.5 minutes; 8.1 km]

49.A particle of weight 24 N is suspended by a light

inextensible string from a light ring. The ring can slide
along a rough horizontal rod. The coefficient of friction

between the rod and the ring is % A force of P newtons
acting upwards on the particle at 45° to the horizontal,
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keeps the system in equilibrium with the ring at a point
of sliding. Find the
(i) value of P
(ii) tension in the string
[2003, No. 14: Ans: (i) 6v2 N (ii) 6v/10 N]
50.Blocks A and B of masses 2 and 3 kg respectively are
connected by a light inextensible string passing over a
smooth pulley as shown below.

30° M

Block A is resting on a rough plane is inclined at 30° to
the horizontal while block B hangs freely. When the
system is released from rest, block B travels a distance
of 0.75m before it attains a speed of 2.25ms™!.
Calculate the
(i) acceleration of the blocks,
(ii) coefficient of friction between the plane and
block A
(iii) reaction of the pulley on the string
[2003, No. 11: Ans: (i) 3.375 ms™2 (ii) 0.16 (iii) 33.4 N]
51.Two particles P and Q initially at positions 3i + 2j and
13i + 2j respectively begin moving. Particle P moves

with a constant velocity of 2i + 6j while particle Q

moves with a constant velocity of 5j, the units being in

metres and metres per second respectively.

(@) Find the

(i) time the two particles are nearest to each other
(if) bearing of particle P from Q when they are
nearest to each other.

(b) Given that after half the time the two particles are
moving closest to each other, particle P reduces its
speed to half its original speed, in the direction to
approach particle @, and the velocity of Q remains
unchanged, find the direction of particle P.

[2003, No. 16: Ans: (a) (i) 4 s (ii) 333.43° (b) N50.8°F ]
52.(a) A particle of mass 3 kg is attached to the lower end

B of an inextensible string. The upper end A of the string
is fixed to a point on the ceiling of a roof. A horizontal
force of 22 N and an upward vertical force of 4.9 N act
upon the particle making it to be in equilibrium, with the
string making an angle « to the vertical. Find the value
of a and the tension in the string.

(b) A non-uniform rod of mass 9 kg rests horizontally in
equilibrium supported by two light inextensible
strings tied to the rods of the rod. The strings make
angles of 50° and 60° with the rod. Calculate the
tensions in the strings

[2002, No. 12: Ans: (a) 45°, 33 N (b) 46.92 N; 60.34 N]

53.(a) The velocities of two ships P and Q are i + 6j and
—i+ 3jkmh™! respectively. At a certain instant the
displacement between the two ships is 7i + 4j km. Find
the:

(i) relative velocity of ship P to Q
(ii) magnitude of displacement between ships P and
Q after 2hours
(b) The position vectors of two particles are:
r;=@i-2)t+@i+jt? and r, =10i+4j+
(51 — 2j)t respectively. Show that the two particles
will collide. Find their speeds at the time of collision.

[2002, No. 15: Ans: (a) (i) 2i + 3j kmh™? (ii) 14.87 km (b)

16.245 kmh™1; 5.385 kmh™!]

54. A particle is projected from level ground towards a
vertical pole, 4 m high and 30 m away from the point of
projection. It just passes the pole in one second. Find:
(a) its initial speed and angle of projection,

(b) the distance beyond the pole where the particle will
fall.
[2002, No. 16: Ans: (a) 31.29 ms™?; 16.5° (b) 24.42 m]

55. An object of mass 5 kg is initially at rest at a point whose
position vector is —2i + j. If it is acted upon by a force,
F = 2i + 3j — 4k, find

(i)  the acceleration,

(i) its velocity after 3 s,

(iii) its distance from the origin after 3 s.
[2001, No. 13: Ans: (i) § (2i + 3j — 4k) (ii) g(éi +9j —
12k) (iii) 5.166 m]

56. (a) Prove that the centre of mass of a solid cone is ¥ of
the vertical height from the base.

(b) The figure ABCDE below shows a solid cone of
radius r, height h, joined to a solid cylinder of the
same material with the same radius and height H.

E

|

|

|

|

|

'h

I

I

I

l
pl—_ " 1 " Ng
H
C B

If the centre of mass of the whole solid lies in the
plane of the base of the cone where the two solids are
joined, find H. If instead H = h and r = %h, find the
angle AB makes with the horizontal, if the body is
hang from A.

[2001, No. 16: Ans: (b) 32.01°]
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57. (a) A mass oscillates with S.H.M of period one second.
The amplitude of the oscillation is 5 cm. Given that the
particle begins from the centre of the motion, state the
relationship between the displacement x of the mass at
any time, t.

Hence find the first times when the mass is 3 cm from its

end position.

(b) A particle of mass M is attached by means of light
strings AP and BP of the same natural length a m
and moduli of elasticity mg and 2mg N respectively,
to the points A and B on a smooth horizontal table.
The particle is released from the mid-point of AB,
where AB = 3am. Show that the motion of the
particle is S.H.M with period

1
- 47%q\2
=3

[2001, No. 14: Ans: (a) x = 0.05 sin 27t ; 0.066, 0.434 ]
58. A particle moving with an acceleration given by
a=4e 3+ 12sintj— 7 costk is located at the point
(5, -6, 2) and has a velocity, v = 11i — 8j + 3k at time
t = 0. Find the
(i) magnitude of the acceleration when t = 0,
(ii) velocity at any time ¢,
(iii) displacement at any time, t.
[2000, No. 11: Ans: (i) 8.06 (ii) %((37—43‘3t)i+ (4-

112 cost)j + (3 — 7 sint)k) (iii)

4¢3t

- )i+(—6+4t—125int)j+(—5+3t+7cost)k]

59.The diagram below shows a uniform rod AB of weight
W and length [ resting at an angle 8 against a smooth
vertical wall at A. The other end B rests on a smooth
horizontal table. The rod is prevented from slipping by
an inelastic string OC, C being a point on AB such that
0C is perpendicular to AB and O on the point of
intersection of the wall and the table. Angle AOB is 90°.

r=(2+Zc+
9 3

Find the
(i) tension in the string,
(ii) reactions at A and B in terms of 6 and W
W tan? @

[2000, No. 13: Ans: (i) 7 tan? 8 (ii) =]
60.Six forces, 9N, 5N, 7N, 3N, 1 N and 4 N act along the

sides PQ, QR, RS, ST, TU and UP of a regular hexagon
of side 2 m, their directions being indicated by the order

of the letters. Taking PQ as the reference axis, express
each of the forces in vector form. Hence find the
(i) magnitude and direction of the resultant of the
forces
(ii) distance from P, where the line of action of the
resultant cuts PQ
[2000, No. 16: Ans: (i) 8.9 N at 43° with PQ (ii) 7.43 m]
61.

2¢cm
A7 2cm D C 2cm B
8cm 8cm
J E F G
4cm 4cm
! 6cm H

The figure ABCDEFGHI] shows a symmetrical
composite lamina made up of a semi-circle, radius 3
cm, a rectangle CDEF 2cm X 8cm and another
rectangle GHIJ 6 cm X 4 cm.
Find the distance of the centre of gravity of this lamina
from IH.
If the lamina is suspended from H, by means of a peg
through a hole, calculate the angle of inclination of HG
to the vertical.

[1998, March: No. 16: Ans: 6.716 cm ; 24.07°]

62.
D
A
Ilcm Ilcm
ety Sl RN
I | Lcm 1cm\ lcm
6cm | 2 cm |<—>( <+ j—>
| | \ /
I_____J \\_//
A
< > C
B 8cm

ABCD is uniform rectangular sheet of cardboard of
length 8 cm and width 6 cm. A square and a circular
hole are cut off from the cardboard as shown above.
Calculate the position of the centre of gravity of the
remaining sheet. [1999, No. 16: Ans: 3.944 cm from
AB 2.825 c¢cm from BC(C]
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Statistics

INTRODUCTION

Statistics is the science of investigating, collecting,
organizing, analyzing, interpreting, and presenting data to
assist in making more effective decisions. Statistics allow a
researcher to make reliable inferences from data observed in
any research setting, and make conclusions regarding
population(s). In general, statistics as a field consists of two
subdivisions: descriptive statistics and inferential statistics.
If mathematics is the handmaiden of science, statistics is its
whore: all that scientists are looking for is a quick fix
without the encumbrance of a meaningful relationship.
Statisticians are second-class mathematicians, third-rate
scientists and fourth rate thinkers. They are the hyenas,
jackals and vultures of the scientific ecology: picking over
the bones and carcasses of the game that the big cats, the
biologists, the physicists and the chemists, have brought
down.

Statistics tells us how to evaluate evidence, how to design
experiments, how to turn data into decisions, how much
credence should be given to whom to what and why, how to
reckon chances and when to take them. Statistics deals with
the very essence of the universe: chance and contingency are
its discourse and statisticians know the vocabulary. If you
think that statistics has nothing to say about what you do or
how you could do it better, then you are either wrong or in
need of a more interesting job.

Probability

The world around us is full of phenomena that we perceive
as random or unpredictable. Probability is concerned with
events which occur by chance. Examples include occurrence
of accidents, errors of measurements, production of
defective and non-defective items from a production line,
and various games of chance, such as drawing a card from a
well-mixed deck, flipping a coin, or throwing a symmetrical
six-sided die. In each case we may have some knowledge of
the likelihood of various possible results, but we cannot
predict with any certainty the outcome of any particular trial.
Probability is a mathematical area which has developed over
the past three or four centuries. One of the early uses was to
calculate the odds of various gambling games. Its usefulness
for describing errors of scientific and engineering
measurements was soon realised. Probability has so many
practical uses, ranging from quality control and quality
assurance to communication theory in electrical
engineering.

Importance of statistics

In recent days, we hear talking about statistics from a
common person to highly qualified person. It only shows
how statistics has been intimately connected with wide
range of activities in daily life. Students in the biological,
physical and social sciences often face the study of statistics
with mixed emotions, they realise that work in their fields
require some understanding of statistics. It indicates the
importance of statistics.
Statistics is widely used in the policy-making process in
such diverse field as law, medicine, public health, public

administration,  health-care  administration,  politics,
education, agricultural science, criminology, economic
development, regional planning, and the like. Let us
examine the importance of statistics in some fields as
follows:

Statistics and Medicine

There are a number of applications of statistics in the
medical field (health sciences) which include but not limited
to epidemiology, screening for disease, forensic medicine,
health-care planning, creation of expert systems for
diagnosis, clinical research and selection of drugs and
vaccines to develop.

Statistics in Government: Statistics are extensively used as
a basis for governmental plans and policies. The government
of every country collects numerical data in relation to its
people, its economy and its socio-economic conditions as a
routine job. Every government makes an estimate of its
receipts and expenditure. Export and import, production,
consumption, price variation, labour, crime, etc., all require
some statistical treatment for their compilation.

Statistics and Economics: Statistics is gaining an ever
increasing importance in the field of economics. Statistics
and economics are so interrelated to each other that the new
disciplines like econometrics and economic statistics have
been developed. Statistics has become indispensable for
description, comparison and correlation of economic data.

Statistics and Economic Planning: For the proper
utilization of natural resources, labour, etc., statistics play a
vital role. In economic planning, we need al such type of
statistics and that is why it is essential to collect data on
overall resources of the community including physical,
financial and human. In Uganda, the Uganda Bureau of
Statistics (UBOS) was established to provide all type of
information at state level which is useful in economic
planning of the country.

Statistics in Business and Commerce: In the past, business
was small. Now the picture has completely changed,
industrial and commercial units have expanded their size,
competition has grown and thus the problems of business
organisations have increased. In such situations, it is very
essential to know about past as well as future. Market
conditions are changing their shape rapidly and therefore, it
is necessary for a businessman to use some scientific
approach to maintain his position in the market. To earn
better price in a competitive market, it is necessary to watch
the quality of the product, which is possible by effective
quality control. This is a statistical analysis. For increasing
sales, market research is necessary i.e. study the habits,
tastes, need and other allied matters of the society. A study
on these points cannot be done unless we have past figures.
In absence of these figures, a trial and error method is
adopted which entails a lot of waste.

Many business organisations have their own research and
development department, which is responsible for collection
of such data. These departments also prepare charts, graphs
and other statistical analyses for the purpose.
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DESCRIPTIVE STATISTICS

Descriptive statistics is the term given to the analysis of data
that helps describe, show or summarize data in a meaningful
way such that, for example, patterns might emerge from the
data. Descriptive statistics do not, however allow us to make
conclusions beyond the data we have analysed or reach
conclusions regarding any hypotheses we might have made.
They are simply a way to describe our data.

Descriptive statistics are very important because if we
simply presented our raw data, it would be hard visualize
what the data was showing, especially if there was a lot of
it. Descriptive statistics therefore enables us to present the
data in a more meaningful way, which allows simpler
interpretation of the data.

When we use descriptive statistics, it is useful to summarize
our group of data using a combination of tabulated
description (i.e. tables), graphical description (i.e. graphs
and charts).

Data classification

In order to present and analyse data in a logical and

meaningful way, it is necessary to understand some of the

natural forms that they can take. There are various ways of

classifying data and are as follows

a) By source: Data can be described as either primary or
secondary, depending on their source.

b)By measurement; Data can be measurement in either
numeric (or quantitative) or non-numeric (qualitative)
terms.

c)By preciseness: Data can either be measured precisely
(described as discrete) or only ever be approximated to
(described as continuous)

d)By number of variables; Data can consist of
measurements of one or more variable for each subject or
item. Univariate is the name given to a set of data
consisting of measurements of just one variable, bivariate
is used for two variables, and for two or more variables
the data is described as multivariate.

Discrete data
Discrete data can be described as data that can be measured
precisely. One way of obtaining discrete data is by counting.
For example:
i. the number of components produced from an
assembly line over a number of consecutive shifts:
45, 51, 44, 44, 43, 50, 46, 43, ... etc.
ii.the number of employees working in various
offices of a company
12,32,8,13,8, 6,11, 24, ... etc.
Discrete data can also be obtained from situations where
counting is not involved.
For example:
iii. shoe sizes of a sample of people:

8,10, 10, 6=,9,9,9=, 82, ... etc.
2 2 2

iv. weekly wages in thousands of shillings for a set of
workers
121.45, 162.85, 133.37, 108.32, ... etc.
A particular characteristic of discrete data is the fact that
possible data values progress in definite steps, i.e. shoe sizes

are measured as 6 or 6% or7or 7% ... etc. or there are 1 or
2 or 3 ... etc people (and not 3.5 or 4.67

Continuous data
The most significant characteristic of continuous data is the
fact that they cannot be measured precisely; their values can
only be approximated to. Examples of continuous data are
dimensions (lengths, heights); weights; areas and volumes;
temperatures; times.
Although continuous values cannot be identified exactly,
they are often recorded as if they were precise and this is
normally acceptable. For example:
i. diameters (in mm) of a sample of screws from a
production run:
411, 4.10, 4.10, 4.10, 4.15, 4.09,4.12, ... etc.
ii.weights (in gm) of the contents of a selection of cans
of baked beans:
446.8, 447.0, 446.8, 447.2, 447.1, .. etc.

Frequency distributions

This is concerned with the organisation and presentation of
‘numeric (univariate)’ data. It describes how numeric data
can be organized into frequency distributions of various

types.

Raw statistical data
Before the data obtained from a statistical survey or
investigation have been worked on, they are known as raw
data. The table below gives an example of a set of raw data.
Hours worked in one week by employees in a
company’s production department
45.1 456 46.1 45.0 435 39.2
423 39.6 389 444 434 438
43.5 42.0 424 424 428 429
40.0 39.6 42.1 39.8 443 46.2

46.3
39.2
44.2
41.3

39.2
43.2
42.9
46.2

Simple frequency distributions

Some sets raw data contain a limited number of data values,
even though there may be many occurrences of each value.
In this type of situation, the standard form into which the
data is organized is known as a simple frequency
distribution.

A simple frequency distribution consists of a list of data
values, each showing the number of items having that value
(called the frequency). This type of structure is normally
applicable to discrete raw data (i.e. where values have
usually been obtained by counting), since data values are
quite likely to be repeated many times. A simple frequency
distribution is not normally suitable for continuous data,
since the likelihood of repeated values is small.
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Sometimes limits and boundaries will coincide, as in the
structure ‘12 and up to 13°, ‘13 and up to 14°, ‘14 and
up to 15°, ... etc.

c) Class widths (or lengths or intervals)
There are the numerical differences between the lower
and upper class boundaries (and not class limits)

d) Class mid-points (class mark)
These are situated in the centre of the classes. They can
be identified as being mid-way between the upper and
lower boundaries (or limits).
For example:
Class 10 to 19 has a midpoint of 14.5 (not 15);
class width= 10 (19.5 — 9.5)
Class 20 to 29 midpoint = 24.5; class width = 10
Class 30 to 39 midpoint = 34.5; class width = 10

etc.
However:
Class 30 and up to 40 has a midpoint = 35; class
width =10
Class 40 and up to 50 has a midpoint = 45; class
width =10
etc.

Cumulative frequency distributions
Any frequency distribution can be adopted to form what is
known as a cumulative frequency distribution. Whereas
ordinary frequency distributions describe a particular class
of values according to how may items lie within it
cumulative frequency distributions describe the number of
items that have values either above or below a particular
level. Cumulative frequency distributions come in two
different forms described as follows
a) Less than distributions

Here, a set of item values is listed (normally class

Note carefully, in the case of transformed distribution, how:
i. the description of classes need to be changed
ii.the frequencies are accumulated

b) More than distributions
Here, a set of item values is listed (normally class
‘lower boundaries’), with each one showing the number
of items in the distribution having values greater than
this. The table below shows the distribution from a)
transformed into a cumulative (more than) distribution.

Miles travelled Number of salesmen
More than 100 20
More than 200 17
More than 300 12
More than 400 10
More than 500 2

Note again how:

i. the distributions of classes need to be changed

ii. the frequencies are formed by accumulating ‘in
reverse’

Formation of grouped frequency distributions

Given a set of raw statistical data, there is no single grouped
frequency distribution which is uniquely correct in
representing them; many different structures of classes
could be set up to describe the data. However governing
principles such as the class width and starting class can be
important to specify the frequency distribution we are
supposed to arrive at.

Example 2

Thirty AA batteries were tested to determine how long they
would last. The results, to the nearest minute were as
follows:

‘upper boundaries’), with each one showing the number
of items in the distribution having values less than this.
For example, let us transform an ordinary frequency
distribution into a cumulative (less than) distribution.
Ordinary frequency distribution:
Miles travelled Number of salesmen
100 and up to 200 3

423 369 387 411 393 394
371 377 389 409 392 408
431 401 363 391 405 382
400 381 399 415 428 422
396 372 410 419 386 390

Construct a grouped frequency distribution with class width

200 and up t0 300 > 10, starting with the class 360 — 369
300 and up to 400 2 colution
400 and up to 500 8 Battery life (minutes) Tally Frequency (f)
500 and up to 600 2 260 — 369 77 >
Cumulative frequency distribution: 370 — 379 /1] 3
Miles tr(:welleij Numbér of salesmen 380 — 389 1+ 5
Less than 200 3 390 — 399 +HH1/ 7
Less than 300 8 400 — 409 4 5
Less than 400 10 410 — 419 /11/ 4
Less than 500 18 420 — 429 /] 3
Less than 600 20 430 — 439 / 1
Total 30
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Statistical measures

Statistical measures describe the basic analysis of univariate
data (data obtained from measuring just one attribute). The
measures themselves are split into various groups. We shall
discuss two groups of these measures.

a) Measures of central tendency

b) Measures of variation (or spread)

a) Measures of central tendency
These are statistical constants which give us an idea about
the concentration of the values in the central part of the
distribution.
Generally, a measure of central tendency of a statistical
series is the value of the variable which is representative of
the entire distribution. The following are the measures of
central tendency discussed in this book.

i.  Arithmetic mean or simply mean

ii. Median

iii. Mode

i. The arithmetic mean/mean
The arithmetic mean of a set of values is defined as ‘the sum
of values’ divided by ‘the number of values’.

the sum of all values

Arithmetic mean =
the number of values

The arithmetic mean is normally abbreviated to just the
‘mean’

Example 3
The mean of the values 12, 8, 25, 26 and 10 is calculated
as

12+8+25+26+10 81
5 =?=16.2

Formula for the mean of a set of values
The mean of a set of values x,, x,, ...., x,, is calculated as
follows
X1+ X+ X, XX
n T n

X =

Example 4
To calculate the mean or the set: 43, 75, 50, 51, 51, 47, 40,
48.
Here,n = 10and ), x = 502
Yx _ 502

Therefore: X = — = —— = 50.2
erefore: ¥ = — 10

Formula for the mean of a frequency distribution
The mean for a frequency distribution is calculated using the
formula

Example 5
To calculate the mean of the following simple distribution

Number of vehicles(x) | 0 | 1 | 2 | 3 |4 |5

Number of days (f) 2 |5 |11 4 |41
the normal layout for calculation is
x f fx
0 2 0
1 5 5
2 11 22
3 4 12
4 16
5 1 5
D 27 60
Thus:
g=2/X_80_o,
Xf 27

Hence, the mean number of vehicles is 2.2

Example 6

The following data relates to the number of successful sales
made by the salesman employed by a large computer firm in
a particular quarter.

Number of sales Number of salesmen
0—-4 1
5-9 14
10— 14 23
15—-19 21
20 — 24 15
25 —29 6
Calculate the mean number of sales
Solution
The standard layout and calculations are shown as follows:
Number of Number of Class
sales salesmen | mid-point
() () fx
0—-4 1 2 2
5-9 14 7 98
10 — 14 23 12 276
15—-19 21 17 357
20 — 24 15 22 330
25 —-29 6 27 162
> 80 1225
Here ). fx =1225and ), f = 80
_ Xfx 1225
~ mean number of sales, X = W = 80 = 15.3

Manipulation of the mean formula
There are some circumstances where the
manipulation of the formula

simple

Mean, X = Lfx _ Xx
xf Xx==—
Note: For a grouped frequency distribution, x is the class to become
mid-point Y x = n¥
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ii. The median

The median of a set of data is the value of that item which

lies exactly half way along the set (arranged into size order).

Note:

1. When a set of data contains an even number of items,
there is no unique middle or central value. The
convention in this situation is to use the mean of the
middle two items to give a (practical) median.

2. For aset with an odd number (n) of items, the median

can be precisely identified as the value of the (nT“)th
term. Thus in a size ordered set of 15 items, the median

would be the ~th = the 8th item along.

Example 11
(@) The median of 43, 75, 48, 51, 51, 47, 50 is determined
by size ordering the set as
43,47, 48,50, 51, 51, 75
Then the median = middle term = 50
(b) The median of 2, 4, 6, 1, 2, 3, 3, 2 is found by size-
ordering the set as
1,2,2,2,3,3,4,6
noticing that there is an even number of items which
gives

. . 243
median = mean of middle two = 5 =25

Median for a simple frequency distribution

When there is a large number of discrete items in a data set,
but the range of values is limited, a simple frequency
distribution will probably have been compiled.

To calculate the median for a simple(discrete) frequency
distribution, the following procedure should be followed

Xf

1
1. Calculate the value of T+ (identifying the

central item)
2. Forma F (cumulative frequency) column

3. Find that F value which first exceeds %

4. The median is that x-value corresponding to the F
value identified in step 3
Note: Sometimes Y. f is replaced by N for convenience.

Example 12
Calculate the median for the following distribution of
delivery times of orders sent out from a firm.

Delivery time (days) Number of orders
0 4
1 8
2 11
3 12
4 21
5 15
6 10
7 4
8 2
9 2

10 1
11 1

Solution
Delivery time | Number of orders Cum f
(x) () (F)
0 4 4
1 8 12
2 11 23
3 12 35
4 21 56
5 15 71
6 10 81
7 4 85
8 2 87
9 2 89
10 1 90
11 1 91

The median is the %th value = % = 46 th term

The first F value to exceed 46 is F = 56
The median is thus 4 days

Median for a grouped frequency distribution
There are two methods commonly employed for estimating
the median:

(@) using an interpolation formula

(b) graphically using a cumulative frequency curve

(O-Give)

Interpolation in this context is a simple mathematical
technique which estimates an unknown value by utilizing
immediately surrounding known values.

Estimating the median by formula
The procedure for estimating the median (by formula) for a
grouped frequency distribution is:

1. Form a cumulative frequency (F) column

2. Find the value ofg (where N =Y f)

3. Find that F value that first exceeds (or equal to),
which identifies the median class m

4. Calculate the median using the following
interpolation formula
N
z o
median = L,,, + c
fm

where:

L., = lower bound of the median class

F,, = cumulative frequency of class immediately before the
median class

fm = actual frequency of median class

¢ = median class width

Example 13

Calculate the median or the following data which represents
the ages of a set of 130 representatives who took part in a
statistical survey

298
Principles of Applied Mathematics by Kawuma Fahad



Descriptive Statistics

Age in years Number of representatives
20 and under 25 2
25 and under 30 14
30 and under 35 29
35 and under 40 43
40 and under 45 33
45 and under 50 9
Solution
Class f
20 —< 25 2 2
25—< 30 14 16
30 —< 35 29 45
35 -< 40 43 88
40 —< 45 33 121
45 —< 50 9 130
N _ 130 _

The median class is the class that has the first F greater than
65. Here it is 35—< 40.
Ly =235 f,=43,c=5

N

25

fmn
—35+(65_45)><5
B 43

= 37.33 years

median = L, + c

Estimating the median graphically
The procedure for estimating the median graphically for a
grouped frequency distribution is:
1. Form acumulative frequency distribution
2. Draw up a cumulative frequency curve by plotting
class upper bounds against cumulative frequency
and join the points with a smooth curve
3. The middle number of the distribution is located on
the cumulative frequency axis and the
corresponding value of the variable is the median.
Note: The quartiles, percentiles or deciles can be found in a
similar way.

iii. The mode
The mode of a set of data is that value which occurs most
often or, equivalently, has the largest frequency.

Example 14
(@) The mode of the set 2, 1, 3, 3,1, 1, 2, 4 is 1, since
this value occurs most often
(b) The mode of the following simple discrete frequency
distribution
x 4 5 6 7 8 9 10
f 2 5 21 18 9 2 1

is 6 since this value has the largest frequency (of 21)

The mode for grouped data
For a grouped frequency distribution, the mode (in line with
the mean and median cannot be determined exactly and so
must be estimated. The technique used is one of
interpolation, similar to that used to estimate the median of
a frequency distribution. There are two methods that can be
used to estimate the mode:

(@) using an interpolation formula

(b) graphically, using a histogram

Formula for the mode of a grouped frequency
distribution
An estimate of the mode of a grouped frequency distribution
can be obtained using the following procedure.

1. Determine the modal class

(@) For frequency distribution with equal class
widths, modal class is the class with the
highest frequency.

(b) For frequency distribution with unequal class
widths, modal class is the class with the
highest frequency density.

2. Calculate D, = difference between the largest
frequency (or frequency density) and the frequency

(or frequency density) immediately preceding it

3. Calculate D, = difference between the largest
frequency (or frequency density) and the frequency

(frequency density) immediately following it.

4. Use the following interpolation formula
1
Mode = L + (m) c
where:
L =lower bound of modal class
¢ = class width of modal class
It should be noted that when the frequency distribution has
unequal class widths, we use differences in the frequency
densities instead of the differences in the frequencies

Example 15
Calculate the mode of the following distribution of ages

Age (years) Number of employees
20 —-25 2
25-30 14
30 =35 29
35—-140 43
40 — 45 33
45 -50 9
Solution

The highest frequency is 43 and thus the modal class is
35 —-40
D, =43-29=14
D, =43-33=10
Lower class bound of modal class is 35
Class width of modal class is 5

Mode = L ( ! )
ode +D1+D2C
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=35+ ( 14 ) X5
B 14 + 10
= 37.92 years

Example 16
The frequency distribution below shows the ages of 240
students admitted to a certain university.

Age (years) Number of students
18—< 19 24
19—-< 20 70
20—< 24 76
24—< 26 48
26—< 30 16
30—< 32 6
Calculate the modal age of the students
Solution
Age (years) f Class width | Frequency
¢ density,f
18—< 19 24 1 24
19-< 20 70 1 70
20—< 24 76 4 19
24—< 26 48 2 24
26—< 30 16 4 4
30—< 32 6 2 3

Modal class is 19—< 20
D, =70—24=46,D,=70—-19=51,c=1

Mode = L ( L )
ode +D1+DZC

Mode = 19 + ( ) X 1 = 19.5 years

46 + 51

Example 17

Given below is the distribution of 140 candidates obtaining
marks X or higher in a certain examination (all marks are
given in whole numbers)

X Cumulative frequency
10 140

20 133

30 118

40 100

50 75

60 45

70 25

80 9

90 2

100 0

Calculate the mean, median and mode of the distribution
Solution

This cumulative frequency distribution is a ‘more than’
distribution i.e. > 10, > 20, > 30 and so on. Thus the class
limits will be 10 — 19, 20 — 29, 30 — 39, and so on.

The respective frequencies are calculated as 140 — 133 =
7,133 —118 = 15,118 — 100 = 18, and so on.

Class f Class x F fx
boundaries (less
than)

10 —-19 7 9.5-195 14.5 7 101.5
20—29 | 15 19.5 -29.5 | 24.5 22 367.5
30—39 | 18 29.5—-39.5 | 345 40 621
40—-49 | 25 39.5—-49.5 | 44.5 65 1112.5
50—-59 | 30 | 49.5-59.5 | 545 | 95 1635
60—69 | 20 | 59.5—-69.5 | 645 | 115 1290
70—-79 | 16 69.5—-79.5 | 745 | 131 1192
80 — 89 7 79.5—-89.5 | 84.5 | 138 591.5
90 — 99 2 89.5—-995 | 945 | 140 189
Total 140 7100

_ X fx 7100

Mean, X = Z—f = a0 =50.7
N _ 140 _
>= 5 = 70
The first F above 70 is 95, thus median class is 50 — 59
N
. 7~ F
median = L, + c
fm
i 70 — 65
median = 49.5 + ( 30 ) x 10 =51.2

The modal frequency is 30, thus the modal class is 50 — 59
D, =30-25=5,D,=30—-20=10

Mode = L L )
ode +(D1+D2 c

5
—49.5+(5+ IO)X 10 =52.8
Graphical estimation of the mode
The graphical equivalent of the mode extrapolation formula
is to construct a histogram. Identify the histogram bar with
the highest frequency (frequency density for classes with
unequal class width) and draw two lines as shown below.
The mode estimate is the x-value corresponding to the
intersection of lines.

mode estimate
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b) Measure of dispersion
The measures of central tendency give us an idea of the
concentration of the observations about the central part of
the distribution. If we know the average alone, we cannot
form a complete idea about the distribution as will be clear
from the following example.
Consider the series (i) 7, 8, 10, 11 (ii) 3, 6, 9, 12, 15
(i) 1, 5,9, 13, 17.
In all these cases, we see that n, the number of observations
is 5 and the mean is 9. If we are given that the mean of 5
observations is 9, we cannot form an idea as to whether it is
the average of first series or second series or third series.
Thus we see that the measures of central tendency are
inadequate to give us a complete idea of the distribution.
They must be supported and supplemented by some other
measures. One such measure is dispersion.
Measures of dispersion describe how spread out or scattered
a set or distribution of numeric data is. There are different
bases on which the spread of data can be measured.
The following are the measures of dispersion

i. Range

ii. Interquartile range and quartile deviation

iii. Standard deviation and variance

The range

The range is the simplest measure of dispersion available in
statistics analysis.

The range is defined as the numerical difference between the
smallest and largest values of the items in a set or
distribution.

Example 18
The values below represent the number of students who sat
for A-level exams in the year 2019 in ten different schools.

161 161 163 167 162
168 170 172 165 166
Find the range for this data.
Solution

Range = 172 — 161 = 11 students

Standard deviation and variance
A procedure for calculating the standard deviation is now
described and at the same time, demonstrated using a set of
values 2, 4, 6 and 8.
Step 1: Calculate the mean

2+4+6+8 c

x:T_

Step 2: Find the sum of the squares of deviations of items
from the mean
(2-5)2%+(4—-5)?%+(6-5)72+(8-5)2
= (=3 +(-D?+ (1)* +3)*
=9+1+1+9
=20
Step 3: Divide this sum by the number of items and take the
square root.

’20
== V5 =2.24

This value so obtained, 2.24, is the standard deviation.
This procedure can be summarized as follows.

Standard deviation for a set of values

,Z(x—f)z
s= |22 20
n

In other words, the standard deviation can be defined as ‘the
root of the mean of the squares of deviations from the
common mean’ of a set of values.

Note:

If the mean is not a whole number, the calculations could
involve some awkward, decimal bound work. An example
of this follows:

Example 19

Find the standard deviation of 6, 11, 14, 10, 8, 11 and 9
Solution

The layout of calculations is shown in the table for

convenience

x xX—x (x — %)?
6 —3.857 14.876
11 1.143 1.306
14 4.143 17.164
10 0.143 0.020
8 —1.857 3.448
11 1.143 1.306
9 —0.857 0.734
69 38.854

69 _

X = - = 9.857

¥ (x — x)? = 38.854

. Jz(x -0 _ \]38.854 .
n 7

In such cases, a computational formula is generally
preferred since it involves less awkward arithmetic.

Computational formula of standard deviation of a set

xxr
s = — x2
n

From example 19,
6

Y x2 =719 andf=79

X |719 (69)2_ 272 _ ..
T T Ty ) T e T

Both formulas will always yield the same value for the
standard deviation.
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Example 20
Calculate the mean and standard deviation of the values
43,75, 48, 51, 51, 47, 50, 47, 40, 48

Solution

x x?

43 1849
75 5625
48 2304
51 2601
51 2601
47 2209
50 2500
47 2509
40 1600
48 2304

Yx =500 | Yx%=25802

n =10, x =500, ¥ x% = 25802

>x 500
X =—=——=2750
T T 10
x2 25802
s= Z——JZZ: — 502 = 8.96
n 10

Hint:

When calculating Y, x2, a student may choose to square and
add automatically using the calculator. This will ensure the
least effort for the information needed.

Standard deviation for a frequency distribution

For large sets of data, a frequency distribution is normally
compiled and the computational formula for the standard
deviation for a set is adopted as follows:

5= Zf"z_(M)z
Xf \%f

When the assumed mean is given, then the standard
deviation is given by

_ [Zra (M)
CTIEF O\ES
Example 21

The data below relates the number of successful sales made
by the salesmen employed by a large computer firm in a
particular quarter.

Number of sales Number of salesmen
0—4 1
5-9 14
10 — 14 23
15-19 21
20—24 15
25-29 6

Calculate the mean and standard deviation of the number of
sales.

Solution
Class f x fx fx?
0—-4 1 2 2 4
5-9 14 7 96 686
10— 14 23 12 276 3312
15—-19 21 17 357 6069
20 — 24 15 22 330 7260
25—-29 6 27 162 4374
> 80 1225 21705
1225

M ¥ = —— = 15.3 sal
ean, X 30 5.3 sales

Y fx? (foy

Standard deviation, s = \]

xf \Xf
21705 /1225\*
=J 80 _<W)
= 6.1 sales

Example 22
The table below shows the weight in kg of 100 boys in a
certain school

Weight (kg) Frequency
60 - 62 8
63 - 65 10
66 - 68 45
69-71 30
72 - 74 7

Using the assumed mean of 67, calculate the mean and
standard deviation

Solution

Weight f x d fd fd?
60—-62 | 8 61 | —6 | —48 | 288
63-65| 10 | 64 | =3 | =30 | 90
66-68 | 45 | 67 | 0 0 0
69-71| 30 | 70 | 3 3 270
72-74 | 7 73 | 6 6 252

y 100 54 900

Mean, ¥ = a+zzifd= 67 + =

= 67 + 0.54 = 67.54 points

_ {900 54 )2
s= T ()
=v9—-10.2916
=+/8.7084 = 2.951

Standard deviation, s =

Variance

In many situations, it is the square of the standard deviation,
s2, which is important. We call s? the variance.

The formulae for variance can be given by removing the
square roots from the formula for standard deviation i.e.
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P, —F,
Q:LQ+[QfQ b]c

1303

(@) For Q4: Position is % === 325.75
So Q, liesin class 500 — 1000
Ly =500, F, = 210, f, = 184, ¢ = 500

325.75 — 210
Q. = 500 + [—

184
For Qs: Position is sl =977.25

_ 3(1303)
So Q, lies in class 2000 — 2500
L, = 2000, F, = 974, f, = 1151, ¢ = 500
— 2000+ [977.25 — 974
Qs = 177

The semi-interquartile range is given by
Qs —Q; 2009.2—8145

] x 500 = 814.5

] X 500 = 2009.2

= 597.35
2 2
(b) For 60™ percentile
Position |s N =-—x 1303 =781.8

100

So P, Iles in class 1500 — 2000

P, = 1500 + [781'8 — 626] X 500
60 348
P60 = 223.9

(c) The middle 60% range can be represented by the
diagram below of a frequency curve.

Middle 60% range = P80 on
To get Py, position is —N oo % 1303 = 1042.4

S0 Py, lies in class 2000 - 2500

Ly = 2000, F, = 974, fo =177, ¢ = 500

1042.4 — 974
77

To get P,,, position is EN =250 X 1303 = 260.6

So P, lies in class 500 — 1000
Ly =500, F, = 210, f, = 187, ¢ =500

P,y = 500 + [260'6 _ 210] x 500 = 637.5
20 ™~ 184 e

~ The middle 60% range = 2193.2 — 637.5 = 1555.7
(d) To get Dy, position is =N = —x 1303 = 1172.7
So D, lies in class 2500 — 3000
Ly = 2500, F, = 1151, f, = 83, ¢ = 500
1172.7 — 1151
83

Pgo = 2000 + [ ] X 500 = 2193.2

Dy = 2500 + X 500 = 2630.7

Finding population mean and variance given sample
parameters

The population mean is denoted by u and its variance o2
whereas the sample mean is denoted by x and its variance
52,

If we can calculate the sample mean, X and variance s? (or
if they have been given), then we can use sample parameters
to obtain the population parameters. The population
parameters are known as unbiased estimates.

a) The unbiased estimate for the population mean, u is fi

whereﬁ=f=&=w
n  Xf
Hence the population mean is the same as the sample
mean.
b) The unbiased estimate for population variance, o2 is 62
n
where 62 = 52
n—1
and
, Xx? [(¥x 2
s = ——
n n
Thus,
L, n [Zxr (Zx)’
o= n—1| n n
1 (Xx)?
32 — 2 _ M7
orgt=——y [Zx "
Example 27

The number of cars caught speeding on a certain length of
motorway is 7.2 per day, on average. Speed cameras are
introduced and the results shown in the following table are
those from a random selection of 40 days after this.

Number of cars caught | 4 |5 6 | 7 | 8|9 | 10
speeding

Number of days 5718|1052 3

Calculate the unbiased estimates for the population mean
and variance for the number of cars per day caught speeding
after the cameras were introduced.

Solution

X 4 5 6 7 8 9 10 | Total

f 5 7 8 10 5 2 3 40

fx | 20| 35 | 48 | 70 | 40 | 18 | 30 | 261

fx? |80 | 175 | 288 | 490 | 320 | 162 | 300 | 1815
x 261
Mean, X = zz::—ff = 20 = 6.525

The unbiased estimate of the population mean is 6.525 per
day.

Variance, s? = —6.5252 =28

Y fx? (2 fx>2 _ 1815
Xf Xf 40
The unbiased estimate of the population variance, o2 is

given by

2—40><28—2871 d
a—n_ls =39 8 =2 per day
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Graphical representation and interpretation of data

Frequency polygon

This is a line graph drawn from class frequencies plotted
against class marks.

A frequency polygon may be also be drawn by joining the
midpoints of the tops of the rectangles which would form a
histogram. In this case, we say that the frequency polygon
has superimposed the histogram.

Example 28
The table below (right) the age distribution of 60 members

Age in years No. of members
20-30 3
30 — 40 6
40 - 50 12
50 - 60 15
60 — 70 14
70 — 80 8
80 —-90 2

Construct a frequency polygon for the data

A FREQUENCY POLYGON
16
14
12
> 10
S
qg)_ 8
L
6
4
2
0 >
20 30 40 50 60 70 80 90
Age in years
Histogram Histogram
Histograms are used to illustrate continuous data. The A
columns in a histogram may have different widths and the 18
area of each column is proportional to the frequency. Unlike 16
bar charts, there are no gaps between the columns because 14 Mode = 46.5 mm
where one class ends, the next begins. 12
>
. . . 3 10
Continuous data with equal class widths => 8
A sample of 60 components is taken from a production line ff
and their diameters, d mm, recorded. The resulting data are 6
summarized in the table below. 4
Diameter Frequency 2 —|
25<d <30 1 0 >
30<d <35 3 25 30 35 40 45 50 55 60 65
= - <4 Z Diameter (mm)
<
43}0 ; 3 < 4(5) 1 The boundaries are 25, 30, 35, 40, 50, 55, 60 and 65. The
=a< width of each class is 5.
45=d <50 17 The area of each column is proportional to the class
50=d <55 10 frequency. In this example, the class widths are equal so the
55<d <60 5 height of each column is also proportional to the class
60 <d <65 2 frequency.

Construct a histogram for the data above and use it to
estimate the modal diameter

The column representing 45 < d < 50 is the highest and
this tells you that this is the modal class.
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Continuous data with unequal class widths When the
class widths are unequal, we use

Example 29

The frequency distribution below shows the ages of 240

frequency density =

frequency
class width

students admitted to a certain university.

Age (years) Number of students
18—< 19 24
19—-< 20 70
20—< 24 76
24—< 26 48
26—< 30 16
30—< 32 6

(a) Calculate the mean age of the students
(b) (i) Draw a histogram for the data
(ii) Use the histogram to estimate the modal age

80

70

60

50

Frequency density
N
o

30

20

10

Solution
Let ¢ = class width, x = class mark, frequency density =£
Age f | c f x fx
C
18—< 19 | 24 1 24 18.5 444
19—-<20 | 70 1 70 19.5 1365
20—< 24 | 76 4 19 22 1672
24—< 26 | 48 2 24 25 1200
26—<30| 16 | 4 4 28 448
30-<32| 6 2 3 31 186
Total 240 5315
(a) The mean age is given by
Y fx 5315
X =—=—=——=22.15
X S F 220 years

(b) (ii) Modal age is 19.5 years

HISTOGRAM

18

20 22

24 26
Ages of students

28

30

v

32
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Cumulative frequency curve (O-Give) (b) Estimate the median from the graph and by calculation
A cumulative frequency curve is obtained by plotting the  (c) How many students would fail if the pass mark is 45?
upper boundary of each class against the cumulative  (d) If the top 10% of students are to be given a grade I,

frequency. The points are joined by a smooth curve. what is the lowest mark which will achieve this?
The cumulative frequency curve can be used to estimate the Solution
median, quartiles, percentiles and deciles as discussed inthe ~ The cumulative frequency distribution is:
previous sections. Mark F
10 — 18
Example 30 20 — 52
The table below is the frequency distribution of marks 30 — 110
obtained in a test by 200 students. 40 — 152
Mark f 50 — 176
10 — 18 60 — 186
20 — 34 70 — 192
30 - 58 80 — 90 200
40 — 42
50 — 24 (b) From the graph, the median ~ 38 marks
60 — 10 (c) 200 — 134 = 66
70 — 6 66 students would fail if the pass mark was 45
80 — 90 8 _ (d) ==X 200 = 20 i.. top 20 students = F = 180
(@) Draw a cumulative frequency polygon to illustrate the 63 is the lowest mark for grade I
data.
OGIVE
A
200
180 ________________________________________________ T
I
I
160 |
|
|
140 I
Y . |
> I I
2 120 I i
3 | !
o ! |
= : !
2 100 [ l : |
g | | |
E o i
S 80 ' l I
O : : I
| ! |
| ! |
! |
60 l : !
. |
| : !
40 I ! !
N :
[ ! '
| : |
20 ! . I
| | |
I | !
0 Y ! Y >
10 20 30 40 50 60 70 80 90
Marks
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Example 31
A random sample of people were asked how old they were
when they first met their partner. The histogram represents

this information.
A

&

7 F

=3

i
T

o

)

frequency density (people per vear)

(=)

R I

] 10 20 3n 410 a0 il ITD I SIEI ”90 I lDID
age (years)

(a) What is the modal age group?

(b) How many people took part in the survey?

(c) Calculate the mean age that a person first met their
partner

(d) Draw a cumulative frequency curve for the data and use

the curve to estimate the middle 60% range of the age.

250

225

200

175

150

125

100

Cumulative frequency

Solution
(@) The bar with the greatest frequency density represents
the modal age group.
So the modal age group is 20—< 30

frequency

(b) Frequency density =

class width

Frequency = frequency density X class width

Age f.d| c f x fx F

0—-< 20 4 20 80 10 800 80

20—-< 30 7 10 70 25 | 1750 | 150
30—<40 | 42 | 10 42 35 | 1470 | 192
40—-<50 | 28 | 10 28 45 | 1260 | 220

50—-< 60 1 10 10 55 550 | 230

60—< 100 | 0.5 | 40 | 20 | 80 | 1600 | 250
2 250 7430
The total number of people is 250
_Xfx _ 7430 _
() Mean = 57 = 20 = 29.7 years

(d) Middle 60% range implies P, to Pg,
th

p —(20 250) = 50t"value = 43
20 = 100>< ) = value =

th

P, _(SOXZSO) = 200%"value = 13
50 = | T00 = value =

Middle 60% age range is 43 — 13 = 30

A OGIVE

75
50
25
0
0 10 20 30 40 50 60 70 80 90 100
Age in years
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9.

10.

The table shows the marks, collected into groups, of
400 candidates in an examination. The maximum mark

was 99.

Marks Number of candidates

0-9 10
10 —-19 26
20—-29 42
30 -39 66
40 — 49 83
50 — 59 71
60 — 69 52
70 —79 30
80 — 89 14
90 — 99 6

13.

Tensile strength Number of specimens
405 — 415 4
415 — 425 3
425 — 435 6
435 — 445 10
445 — 455 5
455 — 465 2

(@) Compile the cumulative frequency table and draw
the cumulative frequency curve. Use your curve to
estimate:

(i) the median
(ii) the 20th percentile

(b) If the minimum mark for Grade A was at 74,
estimate from your curve the percentage of
candidates obtaining Grade A.

[Ans: (a) (i) 46.25 (ii) 29.80 (b) 9.125%)]

A visit to Mama Babies Home revealed the following

about the ages, in weeks of the babies under their care:

Draw a cumulative diagram of this distribution.
Estimate the median and the 10th and 90th percentiles.

[Ans: 437, 412.5, 453 kN m™2]

The following table summarises the masses, measured
to the nearest gram, of 200 animals of the same species.

Mass (g) Frequency

70 —-79 7

80 — 84 30

85— 89 66

90 — 94 57

95 —-99 27
100 —109 13

Age (in weeks) Number of children
11-16 2
17 — 22 8
23 —28 16
29 - 34 15
35—-40 16
41 - 46 1

14,

(@) Calculate estimates of median and upper quartile of
the distribution

(b) Estimate the number of animals whose actual
masses are less than 81 g.

(c) Calculate the mean and standard deviation of the
distribution

[Ans: (a) 89.27 g, Q3 = 93.62 g (b) 16 (c) 89.725 g,

6.52 g]

A train travelled from one station to another. The times,

to the nearest minute, it took for the journey were

recorded over a certain period. The times are shown in

the table.

Calculate the:
(a) median age of the babies
(b) interquartile range
[Ans: (a) 29.7 (b) 11.25]

11. An inspection of 34 aircraft assemblies revealed a

12.

number of missing rivets as shown in the following

table.
Marks Number of candidates
0—-2 4
3-5 9
6—8 11
9-11 6
12 - 14 2
15—-17 1
18 — 20 0
21 —-23 1

15.

Time for journey (minutes) Frequency
15-16 5
17 — 18 10
19 — 20 35
21-22 10
Calculate the 5% and 95% interpercentile range.
[Ans: 6.2]

The weights of a random sample of a variety of apples,
in grams, is summarized in the table below.

Draw a cumulative frequency curve. Use this curve to
estimate the median and the quartiles of the distribution.

[Ans: 6.6, 4, 9.25]
30 specimens of sheet steel are tested for tensile
strength, measured in kN m~2. The table gives the
distribution of the measurements.

Weight (grams) Frequency
120 <w < 140 6
140 <w < 150 16
150 <w < 160 30
160 <w < 170 36
170 <w < 180 30
180 <w < 190 0
190 < w < 220 1
(a) Calculate the mean and standard deviation of these
weights

(b) Calculate the median and quartiles of these weights
[Ans: (a) 161, 13 (b) Q; = 152.6, Q, = 162.2, Q5 =
170.4]
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INDEX NUMBERS

Index numbers provide a standardised way of comparing the
values, over time, of commodities such as prices, volume of
output and wages. They are used extensively, in various
forms, in Business, Commerce and Government.

An index number measures the percentage change in the
value of some economic commaodity over a period of time.
It is always expressed in terms of a base of 100

Examples of typical index number values are:

125 (an increase of 25%), 90 (a decrease of 10%), 300 (an
increase of 200%)

Simple index number construction
Suppose that the price of a kilogram of sugar was 3000 in
January and 3600 in April. We can calculate as follows
3600 — 3000
3000

In other words, the price of a kilogram of sugar rose by 20%
from January to April.
To put this into index number form, the 20% increase is
added to the base of 100, giving 120. This is then described
as follows:

“The price index of a kilogram of sugar in April was 120
(January = 100)”
Note that any increase must always be related to sometime
related, otherwise it is meaningless. Index numbers are no
exception, hence the (January = 100) in the above statement,
which:

(i) gives the starting point (January) over which the

increase in price is being measured
(if) emphasises the base value (100) of the index number

Percentage increase = x 100 = 20

Some notation
Prices and quantities (since they are commonly quoted
indices) have their own special letters, p and g respectively.
In order to bring in the idea of time, the following standard
convention is used.
Index number notation
Do = price at base time point
p1 = price at some other time point

q, = quantity at base time point

q, = quantity at some other point
In the example above, time point 0 was January and time
point 1 was April, i.e. p, = 3000 and p; = 3600.
Note:
It is also convenient on occasions to label index numbers
themselves in a compact way. There is no standard form for
this but an example is given below

I1985/1983 = 97
which is translated as
“the index for 1985, based on 1983(as 100), is 97”

Index relatives

An index relative (sometimes just called a relative) is the
name given to an index number which measures the change
in a single distinct commodity.

The following shows the method of calculating a price and
quantity relative

Price relative: Ip = % x 100
0

Quantity relative: I = % % 100
0

Example 1
The table below gives details of prices and quantities sold of
two particular items in a department store over two years.

1984 1985
Price Number Price Number
Item (shs) sold (shs) sold
A 438 37 462 18
B 322 26 384 45

Calculate the price and quantity relatives for 1985 (1984 =
100) for both items:
Solution
Base year = 1984, Current year = 1985
For commodity A:
. : P1 462
Price relative: [, = a x 100 = 138 x 100 = 105.5
1

18
Quantity relative: I, = - x 100 = — x 100 = 48.6
qo 37

For commaodity B:
. . p1 384
Price relative: [p = — X 100 = =——= x 100 = 119.3
Do 322

45
Quantity relative: [, = % x 100 = 26 x 100 = 173.1
0

Example 2

The wage of nurses in Uganda in 1995 was shs 20,000. The
wage of the same nurses in 1997 was increased by shs
25000. Using 1995 as the base year, calculate the nurses’
wage index for 1997.

Solution
W, = 20,000 + 25,000 = 45,000
W, = 20,000
W 45000 ~
Wage index = WO X 100 = m X 100 = 225

Therefore, the nurses wage increased by 125% in 1995

Simple aggregate price index
This is a simple method for constructing index numbers. In
this, the total of current year prices for various commodities
is divided by the corresponding base year total and
multiplying the result by 100
Simple aggregate price index = g—zl x 100

0
where
Y. p; = the sum of commodity prices in the current year

Y. po = the sum of commodity prices in the base year

313

Principles of Applied Mathematics by Kawuma Fahad



Index numbers

Example 3
Calculate the price index number for 2003, taking the year
2000 as the base year

Commodity | Price in the | Price in the
year 2000 year 2003
A 600 800
B 500 600
C 700 1000
D 1200 1600
E 1000 1500
Solution
S.A.P.I= é‘,:_::) x 100 = 860000++65000()++1700000+Jr 11260000: 11050000 x 100
_ 5500 B
= 2000 x 100 = 137.5

This shows that there is an increase of 37.5% in the prices
of the commaodities

Example 4

Data chip manufactures and sells three computer chip
models; the basic, financial and scientific. The respective
retail prices are 950, 3500 and 7000 in 1994; 150, 1800
and 2500 in 1998; 80, 600 and 1250 in 2002. Calculate
the simple aggregate price index for 1998 and 2002 taking
1994 as the base year.

Solution
Chip Model Retail price
1994 1998 | 2002
Basic 950 150 80
Financial 3500 1800 600
Scientific 7000 2500 | 1250
> 11450 4450 1930
Simple aggregate price index for 1998
4450
:11450><100=38.86
Simple aggregate price index for 2002
1930 B
= 11250 x 100 = 16.86
Conclusion:

Since the index in the base period, 1994 is 100, the
difference in the indices for 1994 and 1998 indicates that
the average price of the three models is declined by;

100 — 38.86 = 61.14%
The decline in price from 1994 to 2002 is 100 — 16.86 =
83.14%

Simple average price index

This price index is constructed giving equal weights to all
commodities and it is called the simple price index number.
In this case, all the commaodities are given equal importance.
The average price is calculated simply by dividing the sum
of prices by the number of commaodities.

P1
Zﬂ x 100

Simple average price index = n

Example 5

Construct by simple average of price relative method the
price index of 2004, taking 1999 as the base year from the
following data

Item A B C D E F
Price 6000 | 5000 | 6000 | 5000 | 2500 | 2000
(in 1999)
Price 8000 | 6000 | 7200 | 7500 | 3750 | 3000
(in 2004)
Solution
Item Price in | Price in | Price relatives
1999 (po) | 2004 (P1) | (2 x 100)
Po
A 6000 8000 133.33
B 5000 6000 120.00
c 6000 7200 120.00
D 5000 7500 150.00
E 2500 3750 150.00
F 2000 3000 150.00
823.33
ZPE X100 gy333

= 137.22

Simple price index =
imple price index - A

Example 6
Find the simple price index for 2001 taking 1996 as the
base year from the following data

Commodity | Wheat | Rice | Sugar | Ghee | Meat
Price (1996) | 1200 | 2000 | 1200 | 4000 | 8000
Price (2001) | 1600 | 2500 | 1600 | 6000 | 9600
Solution
Commodity | Price in | Price in | Price relatives
1996 (po) | 2001(p,)

Wheat 1200 1600 133.33

Rice 2000 2500 125.00

Sugar 1200 1600 133.33

Ghee 4000 6000 150.00

Meat 8000 9600 120.00

Y 661.66

p1
Simple price index = w = 2019 _ 13233

Example 7
The table below shows the average price in shillings of a
kilogram of sugar during the years 1983 - 1988

Year 1983 | 1984 | 1985 | 1986 | 1987 | 1989

Price 110 | 120 130 | 150 | 165 185

(@ Using 1983 as the base, find the price index
corresponding to all years. By how much would a
family have reduced their consumption of sugar in
1988 if they had to spend the same amount of money
as they did in 1983?

(b) Using 1986 as the base, find the retail price index for
the given years
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Example 19

The table below shows the prices for six items and the
number of units of each consumed by a typical family in
1995 and 2005.

Value index

The value index number compares the value of a commodity
in the current year, with its value in the base year.

The value of the commodity is the price of the commodity

Item 1995 2005 and the quantity. So the value index number is the sum of
Price | Quantity | Price | Quantity | the value of the commodity of the current year divided by
Bread (loaf) 770 50 1980 55 the sum of its value in the chosen base year. The formula is
Eggs(dozen) | 1850 | 26 [2980 | 20 as follows:
Milk (litre) 880 102 1980 130 Value index — 2 q1P1 % 100
Apples (5009) | 1460 | 30 | 1750 | 40 2 qoPo
Juice (300ml) | 1580 40 1700 41
Coffee (4009) | 4400 | 12 | 4750 | 12 Example 20
Determine the weighted price index and interpret the result. Ve can calculate the value index number of the items from
Solution example 16 as follows;
Using the Laspeyres calculation X q1p1 = 622600 and X qopo = 336160
Item Po | @ | P | @ | 4o | qopo Value index = 29171 - 2;2?28 % 100 = 185.2
Bread | 770 | 50 | 1980 | 55 | 99000 | 38500 % GoPo
Eggs 1850 | 26 | 2980 | 20 77480 | 48100 e 2
Milk | 880 | 102 | 1980 | 130 | 201960 | 89760 | EX@mple2l _
Apples | 1460 | 30 | 1750 | 40 | 52500 | 43800 The table below shows some selected items consumed by a
Juice 1580 | 40 | 1700 | 241 | 68000 | 63200 certain low income earner in 1990 and 1995.
Coffee | 4400 | 12 | 4750 | 12 57000 52800 _ 1990 _ 1995
Item Price Qty (kg) Price Qty (kg)
> 555940 | 336160 (shs) (shs)
Weighted Price index = é—q"pl x 100 Rice 700 20 700 30
555940 doP1 Millet | 1500 10 1600 10
= 336160 x 100 = 165.4 Beans 150 5 200 7

This result shows an increase of 65.4% in the prices of the

items between 1995 and 2005

Using the Paasche calculation:

" 369730

Item Po | 9 | P1 q1 q1P1 41Po
Bread | 770 | 50 | 1980 | 55 | 108900 | 42350
Eggs | 1850 | 26 | 2980 | 20 | 59600 | 37000
Milk | 880 | 102 | 1980 | 130 | 257400 | 114400
Apples | 1460 | 30 | 1750 | 40 | 70000 | 58400
Juice | 1580 | 40 | 1700 | 41 | 69700 | 64780
Coffee | 4400 | 12 | 4750 | 12 | 57000 | 52800
> 622600 | 369730
Weighted price index = 222% x 100
Y Poq
= £22090 » 100 = 168.4

This result indicates that there has been an increase of
68.4% in the prices of the items between 1995 and 2005

Calculate the value index for the year 1995 using 1990 as
the base.

Solution

Item Po o P1 e Podo P1d1
Rice 700 20 700 30 | 14000 | 21000
Millet | 1500 | 10 | 1600 | 10 | 15000 | 16000
Beans | 150 5 200 70 750 | 14000

29750 | 51000

. 2. 411 51000

Value index = m = 39750 X100 =171.4

Some uses of index numbers

Index numbers are used to reflect general economic
conditions over a period of time, for example, the retail price
index measures changes in the cost of living.

In particular, they can be used by Government to decide on
tax changes, subsides to industries or regions or national
retirement pension increases.

Trade unions often use national cost of living across national
boundaries, regions or professions.

Insurance companies use various cost indices to index-link
house (building or contents) policies.
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28. Calculate the cost of living index number from the
following data.

Groups Index number (I) | Weight (W)
Food 360 60
Clothing 295 5
Fuel and Light 287 7
House rent 110 8
Miscellaneous 315 20

[Ans: 322.64]
29. From the following data, calculate the composite index
price number for the groups combined.

Group Weight | Index Number
Food articles 50 241
Liquor and tobacco 2 221
Fuel, power, etc. 3 204
Industrial raw materials 16 256
Manufactured items 29 179

[Ans: 223.91]

30. The average price of mustard oil per litre in the year
1984 to 1988 are given below:

Year | 1984 | 1985 | 1986 | 1987 | 1988

Price | 295 | 275 | 300 | 225 250

[Ans: 98.3,91.7, 100, 75, 83.3]

31. Find the cost of living index number from the following

data.

Commodity | Base Price (E) | Current Price (£)
Rice 35 42
Wheat 30 35

Maize 40 38

Fish 105 120

[Ans: 111.5]

32. The table below gives the average wholesale price in

Chinese Yen (¥) for three commodities during the years
1985 — 90.

Commodity A B C
Price (¥)

1985 25.3 17.3 7.8
1986 30.8 14.5 5.4
1987 33.4 4.9 6.7
1988 35.5 5.7 5.6
1989 35.3 17.1 7.2
1990 36.0 11.6 10.2

Construct the index numbers for all the years using price
relative method taking 1985 as the base year.
[Ans: 100, 92, 82, 82, 111, 113]
33. The price relatives and weights of a set of commaodities
are given in the following table

Commodity A B c D
Price relative 120 | 127 | 125 119
Weight 2wy | wy w; | wy +3

If the index for the set is 122 and the sum of the weights
is 40, find w; and w,.
[Ans: 7, 8]

34. Find the weighted price index number from the
following data:

Commodity | Weight | Current price | Base price

Cloth 13 250 225

Wheat 18 26 22

Rice 25 32 26

Potato 8 65 70
[Ans: 115.5]

35. Given below are the data on prices of some consumer
goods and the weights attached to various items.

Items | Unit Price Weight
1988 1989

Wheat kg 0.50 0.75 2

Milk litre 0.60 0.75 3

Egg dozen 2.00 2.40 4

Sugar kg 1.80 2.10 8

Shoes pair 8.00 10.00 1

Compute price index numbers for the year 1989 (Base
1988 = 100), using
(i) simple average,
(if) weighted average of price relatives.
[Ans: (i) 127.4 (ii) 123.3]
36. Find the weighted index number, using the following
data:

Items Index Weight
Food 152 48
Clothing 110 5
Rent 130 10
Fuel and lighting 100 12
Miscellaneous 80 15

[Ans: 128.29]
37. Calculate the Laspeyres’ and Paasche’s index numbers
from the following data:

Items Base year Current year
Price (£) | Quantity | Price (E) | Quantity
Rice 40 6.0 30 7.0
Meat 90 4.0 50 5.0
Tea 90 0.5 40 1.5
[Ans: Laspeyres’ index = 62.02, Paasche’s index =
60.12]

38. From the following table, calculate the Paasche’s
quantity index number for 1989 with 1971 as base:

Items Quantity Value

1971 1989 1989

A 54 250 540
B 93 75 825
C 18 56 448
D 6 8 56
E 23 47 141

[Ans: 144.12]
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REGRESSION AND CORRELATION

Regression analysis

Regression analysis is a mathematical measure of the
average relationship between two or more variables in terms
of the original units of data.

In regression analysis there are two types of variables. The
variable whose value is influenced or is to be predicted is
called dependent variable and the value which influences the
values or is used for prediction, is called independent
variable. In regression analysis, independent variable is also
known as regressor or predictor or explanatory variable
while the dependent variable is also known as regressed or
explained variable.

Line of regression
If the variables in a bivariate distribution are related, we will
find that the points in the scatter diagram will cluster around
a line called a line of regression.
The line of regression is the line which gives the best
estimate to the value of one variable for any specific value
of the other variable. Thus the line of regression is the line o
“best fit” and is obtained by the principles of least squares.
Let us suppose that in the bivariate distribution (x;, y;);
i=1,2,...,n yis depended variable and x is independent
variable. Let the line of regression of y on x be

y=a-+bx
The regression line passes through the point (X, y) where
__Xx _ Xy
X=— and y = —
n n

Finding the equation of the line of best fit

The equation of the line of best fit can be obtained in the
similar way we obtain an equation of a line.

Since the line of best fit is generally a line that passes
through the point (x, ¥), then ¥ = a + bx gives an equation
for the line.

To find the constants a and b, we choose any other point
(x1,y1) on the line such that y; = a + bx;.

Thus the equation of the line of best fit can be obtained from
the above two equations.

Alternatively, one might choose any two points (x,, y,) and
(x4, y2) lying on the line of best fit to obtain its gradient then
its equation. Thus calculating the mean point (X, y) is not a
must.

Note:

We can estimate the value of y for a given value of x or a
value of x for a given value of y by substituting in the
equation of the line of best fit.

If we have not been asked to determine the equation of the
line of best fit, then we can estimate the required values from
the graph directly.

If you don’t wish to calculate the mean point (%, ¥), then you
can predict by use of eyes where the line of best fit can pass.

Scatter diagrams and correlation

If a change in one variable is matched by a similar
proportional change in another variable, than the technique
used to measure the degree of association is called
correlation.

Relationships can sometimes be shown to exist between the
most obscure of variates. Justification is perhaps based only
on the fact that both variates change with respect to time in
a similar manner.

Before quantifying the interdependence of two variables, it
is often useful to plot the paired observations on a scatter
diagram. By inspection if a straight line can be drawn to fit
the data reasonably well, then there exists a strong linear
correlation between the variables.

The three types of correction can be described below

(a) Positive correlation
Both variables increase together

® X
X%

The points lie close to a straight line which has a positive
gradient.

(b) Negative correlation
As one variable increases, the other decreases.

The points lie close to a straight line, which has a negative
gradient.

(c) Zero correlation/ No correlation
The is no connection between the two variables.

There is no pattern to the points
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Yd*=9
6 d? 6(9)

————=1—-——+-—-=0.893
nn?—-1) 8(63)

p=1

Example 5
The table below shows scores by 10 students (A to J) in
Physics and Mathematics tests

Student Mathematics (x) Physics (y)
A 28 30
B 20 20
C 40 40
D 28 28
E 21 22
F 31 35
G 36 35
H 29 27
| 33 31
J 24 23

Calculate the rank correlation coefficient for the data and
comment on your result.

Solution
Student R, R, d d?
A 6.5 5 1.5 2.25
B 10 10 0 0
c 1 1 0 0
D 6.5 6 0.5 0.25
E 9 9 0 0
F 4 2.5 1.5 2.25
G 2 2.5 —-0.5 0.25
H 5 7 -2 4
1 3 4 -1 1
] 8 8 0 0
Y 10
6 d?
p=2= nmn?—1)
6(10)
©10(102 — 1)
60
T 7990
=0.939

There is a very high/strong positive correlation between the
two scores.

Example 6

Nine gymnasts performed in a gymnastic competition. Their
names were Arnold (A), Brian (B), Christian (C), Denis (D),
Enock (E), Fabian (F), Gordon (G), Harry (H) and lan (1).

Rank 1 2 3| 4 5 6 718109

udgel | D | c|E|B|F a1l |H]|G

Judge2 | D | E|F | C |1 |B|A| G |H

() Calculate Spearman’s rank correlation coefficient for
this data

(b) Test whether or not the judges are generally in
agreement, at the 1% level of significance.

Solution
(a) Rewrite the table in a more user-friendly form

Gymnast | Judge 1 | Judge 2 d d?
rank rank

A 6 7 -1 1

B 4 6 -2 4

Cc 2 4 -2 4

D 1 1 0 0

E 3 2 1 1

F 5 3 2 4

G 9 8 1 1

H 8 9 -1 1

I 7 5 2 4

> 20

6y d? 6(20)
p=1—m=1—m=0.833

(b) The critical value for n = 9, at 1% significance is 0.83
As 0.833 > 0.83, there is evidence that the judges are
in general agreement.

Example 7
The table below shows the heights to the nearest c¢cm and
masses to the nearest kg of 10 students, A to /

Student Mass (kg) Height (cm)
A 53 148
B 68 172
c 57 156
D 66 139
E 64 163
F 63 158
G 64 168
H 58 151
I 57 144
] 68 170

Calculate the rank correlation coefficient and comment on
your result.

Solution
Student Ry Ry d d?
A 10 8 -2 4
B 1.5 1 0.5 0.25
C 7.5 6 1.5 2.25
D 9 10 -1 1
E 3 4 -1 1
F 4 5 -1 1
G 5 3 2 4
H 6 7 -1 1
I 7.5 9 -1.5 2.25
Ji 1.5 2 —05 | 0.25
3 17
DX
T nn?-1)
6(17)
T 10(102 — 1)
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PROBABILITY THEORY

Probability (or chance) is a way of describing the likelihood
of different possible outcomes occurring as a result of some
experiment.

Terminologies used

An experiment has a finite number of outcomes, called the
outcome set S.

An event E of an experiment is defined to be a subset of the
outcome set S.

The complement of E, E’, is the subset of S where E does
not occur.

Venn diagram showing outcome set S and its subsets E and
E

S

o]

Two events of the same experiment are mutually exclusive
if they cannot occur simultaneously.

Two events are independent if the occurrence of one has no
effect on the occurrence of the other.

For example, if a die is thrown once, then two different
scores, e.g. 2 and 3, cannot occur simultaneously, so they are
mutually exclusive events. If the die is thrown again, the
second score is independent of the first.

If an experiment has n(S) equally likely outcomes and n(E)
of them are the event E, then the theoretical probability of
event E occurring is

Note:0 < P(E) <1
If the outcomes S has only n different possible events E;,
E,, ....., E,, then

P(E)) + P(E,) + -+ P(E,) = Z P(E) = 1

and P(E') =1—-P(E)

Probabilities of 0 and 1

The two extremes of probability are certainty at one end of
the scale and impossibility at the other. Here are examples
of certain and impossible events.

heads or tails

Experiment Certain event | Impossible event
Rolling a | The result is in | Theresultisa7
single die the range 1 to 6

inclusive
Tossing a coin | Getting  either | Getting  neither

heads nor tails

Certainty

As you can see from the table above, for events that are
certain, the number of ways that the event can occur, n(E)
in the formula, is equal to the number of possible events,
n(s).

n(E) _
n(s)
So the probability of an event which is certain is one.

1

Impossibility
For impossible events, the number of ways that the event can
occur, n(E), is zero.

n(E) 0

n(s  nlS)
So the probability of an event which is impossible is zero.
Typical values of probabilities might be something like 0.3
or 0.9. If you arrive at probability values of, say, —0.4 or
1.7, you will know that you have made a mistake since these
are meaningless.

Example 1
A fair die is thrown. List the possible outcomes.
What is the probability of scoring:
(a) a multiple of 3, (b) not a multiple of 3?
Solution
S ={possible scores with a die} = {1, 2, 3, 4, 5, 6}
(@ E = {multiple of 3 scores} = {3, 6}
n(E) 2 1
(b) P(E") ={not multiple of 3 scores}

1 2
P(EN=1-PE)=1-3=3

Intersection of events

If A and B are two events of the sample space S, then the
intersection of events is denoted as AN B and contains
sample points common to both A and B.

Addition rule

A B

If A and B are two events of the same experiment, then the
probability of A or B or both occurring is P(A or B) or
P(A U B) given by
P(AorB)=P(A)+P(B)—P(ANB)
P(AUB) = P(A) +P(B) —P(ANB)

If A and B are mutually exclusive, then P(ANB) =0

B

SoP(AUB) = P(A) + P(B)

If A and B are independent events, then
P(AnB) =P(A)-P(B)
SoP(AUB) = P(A) + P(B) — P(A) - P(B)
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Conditional probability
If A and B are two events (not necessarily from the same
experiment), then the conditional probability that A will
occur given that B has occurred is
P(ANB)

P(B)
If A and B are mutually exclusive, then P(A|B) = 0
Two events A and B are independent, if

P(A) = P(A|B) and P(B) = P(B|A)

P(A|B) =

Multiplication rule
If A and B are any two events, then the probability that both
A and B occur is
P(AnB) =P(A) X P(A|B)
= P(B) X P(B|A)

Interaction with the set theory
The following results can be deduced from the set theory for
any two events A and B

(a) Result1
A B
P(A)=P(ANB)+P(ANB")

(b) Result?2
A B
P(B)=P(AnB)+P(A'NnB)

(c) Result3

A
B//(A UB)’ %

P(A) =P(A' NnB)+P(A NnB")
P(A'nB)=P(AUB)

777

B# A'nB’

W

(d) Result4

7

%

P(B)Y=P(ANB)+P(A' NB)

(e) Results
P(A'UB)=P(ANB)

The contingency table
The alternative way of recalling the results is by using the
contingency table as shown below.

Event
Event B B’ Total
A P(AnB) | P(AnB") P(A)
A P(A'nB) | P(A'nB" P(A")
Total P(B) P(B") 1

P(A)=P(ANB)+P(ANB)
P(A) =P(A' nB)+P(A' NB")
P(B) =P(ANB) +P(A' N B)
P(B') =P(ANB") +P(A' nB")
1=P(A) + P(4)
1=P(B) + P(B")

Example 2
The events A and B are such that P(4) = 0.43, P(B) =
0.48, P(A U B) = 0.78. Show that the events A and B are
neither mutually exclusive nor independent.
Solution
A and B are mutually exclusive if P(AUB) = P(4) +
P(B)
P(AUB) =0.78
P(A) + P(B) = 0.43 +0.48 = 0.91
# P(AUB)
~ A and B are not mutually exclusive events, in which
case
P(AnB) = P(A) + P(B) —P(AUB)
=091-0.78=10.13
If A and B are independent events, then P(ANB) =
P(A) x P(B)
P(A) x P(B) = 0.43 x 0.48 = 0.2064
# P(ANB)
A and B are neither mutually exclusive nor independent

Example 3
A bag contains 10 red balls, 9 blue balls and 5 white balls.
Three balls are taken from the bag at random without
replacement.
(@) Find the probability that all the three balls are of the
same colour
(b) Find also the probability that all the three balls are of
different colours
Solution
A and B are neither mutually exclusive nor independent
(@) With an obvious notation we have,
10R, 9B, 5W, a total of 24 balls
3 balls are drawn at random without replacement.
P (3 balls of the same colour)
=P(R;NR,NR;)+ P(B;NB, NB3)
+P(W, N W, N Ws)
10 9 8 9 8 7 5 4 3
—ﬁxﬁxz+ﬁx§7xﬁ+ﬁxﬁxﬁ

~ 1012
(b) P(balls all of different colour)

P(R, N W, NB;y) + P(R, N B, N W;)
+P(Wy;NnR, N B3) + P(W, N B, NR3)
+P(B;NR, N W;3) + P(B; nW, NR3)
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= P(E;)P(E;)P(E3) +_P(E1)_P(E2)P(E3)
+ P(E))P(E;)P(Es)
(Since E;, E, and E; are independent)
=0.5%04x%x0.24+0.5x%0.6x0.2
+05x%x0.4x%0.8
=0.26
(b) At least two hits can be registered in the following
mutually exclusive ways:
(i) E,NnE,nE; happens, (i) E;NE,NE;
happens, (iii) E; N E, N E5 happens (iv) E; N E, N
E; happens
Required probability
=P(E,NE,NE;)+P(E;NE, NE;)
+P(E,NE,NE)+P(E,NE,NE

=05%x06x%x024+05%x04x%x08+0.5x0.6x0.8

4+ 0.5%x 0.6 x0.8
=0.06+0.16 + 0.24 + 0.24 = 0.70

Example 14

Two dice are thrown. The scores on the dice are added.
(@) What is the probability of a score of 4?

(b) What is the most likely outcome?

Solution
First die

1 2 3 4 5 6

1 2 3 4 5 6 7

2| 2 | 3| 4|56 | 7|8
o 3 4 5 6 7 8 9
S| 4 5 6 7 8 9 | 10
B 5 6 7 8 9 10 | 11
6 7 8 9 10 11 12

(@) Number of events with a sum of 4 = 3
Total number of events = 36

Probability of a score of 4 = viabr
(b) The most likely outcome is a score of 7

3 _ 1

Problems involving an ‘at least’ situation
P ( happening of at least one of the events)
= 1 — P(none of the events happens)
or equivalently,
P(none of the given events happens)
= 1 — P(at least one of them happens)

Example 15
(a) Find the probability of obtaining at least one six when
five dice are thrown
Find the probability of obtaining at least one six when
n dice are thrown
How many dice must be thrown so that the probability
of obtaining at least one six is at least 0.99?

Solution

In one throw, P(6) = %and P(not 6) = E

When five dice are thrown,
P(at least one six) = 1 — P(no sixes)

-G

(b)
(©)

(@)

6

= 0.598
(b) When n dice are thrown,
n
P(at least one six) = 1 — (E)

(c) You need to find n such that
n

1 <5> > 0.99
z) =0

5

n

(5) <001
2) <o.

Take logs to the base 10 of both sides
5
nlog (g) <log0.01

Divide both sides by log (g) Since log (g) is negative,
this will reverse the inequality sign.

log 0.01
= 5
log ()
n =253
The least value of n is 26

3)

Probability tree diagrams

Tree diagrams are useful for organizing and visualizing the
different possible outcomes of a sequence of events. For
each possible outcome of the first event, we draw a line
where we write down the outcome and state of the world if
that outcome happened. Then, for each possible outcome of
the second event, we do the same thing.

Tree diagrams are very helpful for analyzing dependent
events. A tree diagram allows you to show how each
possible outcome of one event affects the probability of the
other events.

Tree diagrams are not so useful for independent events since
we can multiply the probabilities of separate events to get
the probability of the combined event.

Event B

Event A

P(BlA) P(ANB) =P(A) - P(B|A) @

P(BIA) 1P(AnB)=P(A)-P(B|A) @

P(BIA) P(AnB)=P(A)-P(BIA) ®

P(AnB)=P(4)-P(B|Ad) @

P(BIA)

Remember:
(a) The total probability for any one set of ‘branches’ = 1
(b) The sum of final probabilities (intersections) = 1
(c) The tree shows conditional probabilities for (B|A) etc.
If P(A|B) is required, then:
(i) Look in the final column for the intersections
containing B; inthiscase P(B) =1+ 3
(ii) Find the term giving A N B, in this case 1,
P(ANB) 1

Then P(A|B) = PB) 143
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Easier to work: P(both the same type)

~ P(both different) = 1 —

= P1P2 +M1M2 +W1W2
6 4 4 3 5 5

= — X — — X — —_— X —

15712 "15712 137 12
_ 24412+25 61
B 180 " 180

61 _ 119

180 180

Self-Evaluation exercise

1.

(@)
(b)

The events A and B are such that P(A n B") = 0.25,
P(A) = 2P(B) and P(A U B) = 0.45. Determine
(@ P(ANB)
(b) P(AUB")

[Ans: (a) 0.15 (b) 0.95]
The chances of winning of two race-horses are 1/3 and
1/6 respectively. What is the probability that at least
one will win when the horses are running
(@) in different races, and
(b) in the same race?

[Ans: (a) 8/18 (b) 1/2]
A bag contains just 10 balls, of which 5 are red and 5
are black. One ball is drawn at random from the bag and
replaced; a second ball is drawn at random and replaced
and then a third ball is drawn at random. By means of a
tree diagram, or otherwise, show that the probability of

drawing 2 black balls and one red ball is Z

Event A is that the 3 balls drawn include at least 1 red
ball and at least 1 black ball. Event B is that the 3 balls
drawn include at least 2 black balls. Find P(A4) and
P(B) and show that the events A and B are
independent.

Given that event C is that the first 2 balls drawn are of
the same colour, ascertain whether events B and C are
mutually exclusive.

[Ans: P(A) = Z; P(B) = %; independent; not mutually
exclusive]

A bag contains blue, yellow and red discs and these
show on their face a single whole number. The

probability of drawing of a blue disc is i the probability
of drawing a yellow disc is § and the probability of
drawing ared disc is % % of the blue discs show an even
number, g of the yellow discs show an even number and

1 . . .
" of the red discs show an even number. A disc is drawn

at random from the bag.

Determine the probability that the disc will show an

even number

Given that the disc that was drawn was showing an even

number, find the probability that the disc was not red
[Ans: (a) - (b) 2]

The events E and F are such that P(E) =0.5,

P(F|E) =0.6 and P(E' N F") = 0.4. Determine the

value of

(@ P(ENF)

(b) P(EIF)

() P(F'IE")

6.

10.

11.

12.

[Ans: (@) 0.3 (b) 0.75 (c) 0.8]
The events A and B are such that P(A) = P(B) =p
and P(AUB) =0.84 . Given that A and B are
independent events, determine the value of p.
[Ans: p = 0.6]
Mass-produced ceramic tiles are inspected for defects.
The probability that a tile has air bubbles is 0.0015. If
a tile has air bubbles the probability that it is also
cracked is 0.55 while the probability that a tile free
from air bubbles is cracked is 0.0055.
(@) What is the probability that a tile selected at
random is cracked?
The probability that a tile is discoloured is 0.0065.
Given that discolouration is independent of the other
two defects,
(b) find the probability that a tile selected at random
has no defects.
[Ans: (a) 0.00632 (b) 0.987]
The events A and B satisfy P(A) =x, P(B) =y,
P(AUB) = 0.6 and P(B|A) = 0.2.
(@) Show clearly that 4x + 5y = 3
(b) The events B and C are mutually such that P(B U
C)=0.9and P(C) = x + y. Find the value of x
and y
(c) Show that A and B are independent events
[Ans: (b) x = 0.5,y = 0.2]
The events A and B are such that P(4) = % P(A'|B) =

%, P(AUB) = S, where A’ is the event ‘A does not

occur’.
(@) Using a Venn diagram, or otherwise, determine
P(B|A"), P(Bn A)and P(A/B").
(b) The event C is independent of Aand P(ANC) =
%. Determine P(C|A")
(c) State, with a reason in each case, whether
(i) Aand B are independent
(if) A and C are mutually exclusive
[Ans: (@) 1/5, 1/5, 3/7 (b) 1/4
independent (ii) not mutually exclusive]
Three boxes A4, B and C contain coins. Box A contains
3 gold coins, Box B contains 2 gold coins and 2 silver
coins. Box C contains 4 gold coins and 1 silver coin. A
box is selected at random and 2 coins are selected. Find
the probability that box C was selected, if both coins
selected were gold.

(c) (i) not

[Ans: g]
At a college course 75% of the students are male and
25% are female. It is further known that 60% of the
male students own a bike and 40% of the female
students own a bike. A student is selected at random.
Given that the student selected owns a bike, determine
the probability that the student is female.

[Ans: %]
A, B and C are independent witnesses of an event
which is known to have occurred. A speaks the truth

three times out of four, B four times out of five and C
five times out of six. What is the probability that the
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Example 4
The discrete random variable X has probability function
given by
1 X
(E) x =1,2,3,4,5,
p() =1 X=6
0 otherwise,

where c is a constant
Determine the value of ¢ and hence the mode and mean of
X

Solution
x 1 2 (3 |4 |5 |6
PX=x| 1 | 1 )1 11 )p1"¢
2 | 2| 8|16 32
LSS B S
27278 16327
31 _
3277
1
€732

Mode is the value of x with the highest probability
Mode = 1, since P(X = 1) = =

Mean, E(X)=1(3)+2(5)+3(5)+4(;)+5(5)+
6(3)
63

=-—==197
32

Variance (Var)

The variance of a probability distribution associated with the
random variable X is

Var[X] = E[(X — u)?] where u = E[X]

Computational formula:

Var[X] = E[X?] — (E[XD?

Properties of Var

If a and b are constants:
Var[a] =0

Var[aX] = a*Var[X]
Var[aX + b] = a*Var[X]

Example 5
The random variable X has probability distribution
X 1 2 3 4 5
P(X=x) | 0.10 p |020] g | 030

Given that E(X) = 3.5, find

(@) the value of p and q

(b) Var(X)

(c) Var(3 —2X)

Solution

@ XaxPX=x)=1
010+p+020+g+030=1
p+q=04 ...(%)
E(X) ZZallxxP(X =x)
0.10 + 2p + 0.60 + 4g + 1.50 = 3.5

2p+4q =13
p+2q = 0.65 ... (i)

(i) - (i);

q =0.25
Using (i); p + 0.25 = 0.4

p =0.15

(b) E(X?) = 1%(0.10) + 22(0.15) + 32(0.20) +
42(0.25) + 52(0.30) = 14
Var(X) =14 — 3.52 = 1.75

(c) Var(3 —2X) =4Var(X)=7.00

Example 6
The discrete random variable X has probability function
k(2—-x), x=0,1.2
P(X =x)=13k(x—-2), x =3,
0 otherwise

where k is a positive constant
(@ Show that k = 0.25
(b) Find E(X) and show that E(X?) = 2.5
(c) Find Var(3X —2)
Solution

(@)

x 0 1 | 2] 3
PX=x)| 2k | kK | 0 | k
2k+k+0+k=1

4k =1
k=025
(b)
x 0 1 [ 27 3
P(X=x) | 05 [025| 0 [0.25
xPX=x) | 0 [025] 0 [0.75
x2P(X=x)| 0 [025] 0 [275

EX)=XxP(X=x)=0+025+0+0.75=1
E(X*)=0+025+0+225=25
(c) Var(3X — 2) = 3?Var(X)
=9(23—-1%) =135

Example 7
The discrete random variable X has probability function
kx =23
2+l T
P(X =x)=1 2kx
m, X = 4, 5
0, otherwise

(@) Show that the value of k is g

(b) Find the probability that X is less than 3 or greater than
4
(c) Find F(3.2)
(d) Find (i) E(X) (ii) Var(X)
Solution

(@ Whenx=2,P(X=2) = — =2¢

2241 5
Whenx =3,P(X =3) =

%
10
Whenx =4,P(X =4) =

8k
15
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CONTINUOUS RANDOM VARIABLES

A random variable X is said to be continuous if it can take
all possible values between certain limits. A continuous
random variable can be measured to any desired degree of
accuracy. Examples include age, height, weight, etc.

The probability density function (p.d.f) of the continuous
random variable X is a function f (x) such that

b
P(aSXSb)zf f(x) dx

Since P(X =a) =P(X =b) =0, the values P(a < X <
b),P(a <X < b)and P(a < X < b) are also given by this
integral.

It follows that we can now think of probabilities as areas
under the graph of f(x).

f()
A

- b > X
As probabilities are never negative, f(x) = 0 for all values
of x. Since the sum of the probabilities of all possible
outcomes of an experiment is 1, the total area under the
graph must be 1 i.e.

f_if(x)dx =1

Mean and variance of a continuous random variable
For a discrete random variable X, E(X) = u = Y x p(x) and
Var(X) = 0% = X(x —w)?p(x) = Tx?p(x) —p?.  To
obtain similar formulae for the mean and variance of a
continuous random variable X, let us consider the
probability that the value of X lies between x and x + dx.
Provided that &6x is small, this probability is given
approximately by f(x)8x. Thus we get

E(X) = (gl}icrjloz:xf(x) ox = fooxf(x) dx

Applying similar arguments to the variance, we have:
For a continuous random variable X,

EX)=u =f xf (x) dx

Var(X) = 6% = fwxzf(x) dx — u?

Mode
A mode or modal value of a continuous random variable X
with probability density function f(x) is a value of x for
which f(x) takes a maximum value. Thus the modes of a
distribution are the x-coordinates of the maximum points on
the graph of f(x).
Mode is thus the solution of

f'(x)=0and f"(x) <0
provided it lies in [a, b]

Median
Median is the point which divides the entire distribution in
two equal parts. In case of a continuous distribution, median
is the point which divides the total area into two equal parts.
Thus if m is the median, then
m b 1
f f)dx = f fO)dx ==
a m 2
Thus solving
m 1 b 1
f f(x)dx == or J- f)dx ==
a 2 m 2
for m, we get the value of median.
If there is more than one interval, we must test for the
reasonable interval where the median lies.

Quartiles and Deciles
The lower quartile Q, and the upper quartile Q5 are given by
the equations

Q1 1 Q3 3
f(x)dx =— and f(x) dx =—
a 4 a 4
D;, the i th decile is given by
Dj i
dx = —
| reode=5
Example 1
Let X be a continuous random variable with p.d.f.
ax, 0<x<1
a, 1<x<2
f@) = —ax+3a, 2<x<3
0, elsewhere

(a) Determine the constant a
(b) Compute P(X < 1.5)
Solution
(@) Constant ‘a’ is determined from the consideration that
total probability is unity, i.e.

J::f(x) dx=1

1 2 3

faxdx+jadx+] (max+3a)dx =1
0 1 2

1

2
+a|x|l+a
0

%+a+a[(—;+9)—(—2+6)]=1

3
=1
2

2 2

x+3
a > x

2

 ta+e=1
2T T
2a=1
_1
“=3
(b) P(X <1.5) = afolxdx + fll'sadx
2|t 1.5
:a7 +a|x|1
0
—g+05a
5 +0.
=a
_1
)
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(b) EX) = J; xf(x) dx

4 3
= af (9x% — x3) dx
0

513

4 33 X
= — xX° ——
81 5 0
—4(1 3)
B 5
=1.6

(© fG)=—=(x—x%
! _4 2 _4 2
f'@) = 57(9-3x) = (3~ x?)
f@)=0
4 2 —
ﬁ(3—X)—0

x =3 =173

Hence the mode of the distribution is 1.73
1

(d) If m is the median, fomf(x) dx =1

2

4 m 1

= — 3 -

81]; (9x — x3) dx 3
4 9x? x4 1
81| 2 40 2

1 1
- 2 _ 04y —
81(18m m*) 3
36m? —2m* =81
2m* —36m?+81=0
36+ /362 — 4(2)(81)
B 4
9
m? =9 +-v2
m? = 15.364 or m? = 2.636
Since0 <m < 3,

m2

m? = 2.636
m = 1.62
Hence the median of the distribution is 1.62.

Example 6
A probability density function is defined as

f(x): %X(Z—X) 0<x<2

0 otherwise
Find P(|X — u|l < o)
Solution

Before we can attempt the solution we must first understand
what is meant by the probability statement ‘P(|X — u| <
0)’. X — u is contained between two vertical lines which
mathematically means whatever is the result of subtracting
u from X, always take it as positive. It is known as the

or adding u to each term
u—o<X<u+o
and so we require the area between y — o and u + o.

2
Mean u =f
0

3 2x3 x*?
413 4
0

3
ZxZ(Z —x)dx

4
_3[16 al =1
=713 =

2
3
Variance o2 = f ng(z —x)dx —12
0

Standard deviation, ¢ = v0.2 = 0.447

1+4+0.447
P(IX — ul < 0) =f

1-0.447
1.447
3 [ x3

Zx(Z —x)dx

x% ——

3

0.553

4

[1.084 — 0.2491]
=0.626

S w

Cumulative distribution functions
Another function used when modelling continuous
probability distributions is defined as follows:
The cumulative distribution (c.d.f) of the continuous random
variable X is the function F (x) such that

F(x)=P(X <x)
If X has probability density function f(x), then

F(t) = P(X < t) = ft £(x) dx

It follows that: F'(x) = f(x)
If M, Q,, Q5 are the median, lower and upper quartiles of x,

then

3

1 1
F(M)=§, F(Q1)=Z» F(Qa)=z

Remarks:
1. 0SF(x)<1l,—-o0o<x<o
2. From analysis, we know that

F'(x) =%F(x) =f(x)=0
F (x) is non-decreasing function of x

3. F(=w) = lim F(O) = lim [° f(x)dx =
S fdx=0
F(+o0) = lim F(x) = lim [7_ f(x)dx =
[ fdx =1

4. F(x) is acontinuous function of x on the right

modulus of X — p. 5. The discontinuities of F(x) are at the most countable
The statement |X — u| < o can therefore be written as 6. Itmay be noted that
—o<X—u<o
349
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(b) Proceed as follows;

If1<x<3
Xl b
F)=| —(x—Ddx=| —x——
@ = [ G -Ddr= | x-gr
1 X
— | 2 _
_[24x 1271,
_(1 1 ) (1 1)
=¥ 1Y)\
1, 1 1
22" 1224
f3<x<6
1 1 1
F X3 - x3ho =
13) = 3 12 3+24 6
xq 1
ot [t
2 (%) 6+_L6x 6+ 6x3
-5+(5%-3)
6 6" 2
11
“6¥ 73
1f6 <x<10
1 1 2
= — X —_—_—— =
F,(6) ‘ 6 373
F()—+x5 ! —2+5 12]x
=R ) 12T 2 T3 12" T ast
-+ -5 -G-3)
37 \12* " a8* 2 4
5 1, 13
T2 12
( 0 x <1
L 1t L 1<x<3
22 T12¥ "% X
F(x)—<1 ! 3<x<6
= 6x 3 X =
1L, 5. B
8 TR T2 N
1 x> 10

(c) From the construction of F(x), it is evident that the
median lies in the ‘middle section’

(€) E(X) = [} xf(x)dx

3 1 6 1
E(X) = X—x-1d X=d
X flx 12(x ) x+f3x c x

+f610x(15—2—%x)dx
10
e o R
3 3 1 1 3\ (125 125
F0=(3-5)- (3 20)* G-+ (%)
-(3-3)
1 9

E(X)—3+ N +125 9 61
8 72 4 18 2 12

Example 13
A random variable X has probability density function f(x)
given by

(1 0<x<1

_43
f(x)_L;xz 1<x<2
0 otherwise

(@ Find E(X)
(b) Specify fully the cumulative distribution function of X
(c) Find the median of X

Solution

@ ECO =[x+ [F2dx

[l [

-+(Gsm)
“6 \28 28
26

T 21

B

XtZ

(b) F(x) = [;5dt

1 jlld N it = [ZtT
= S dx ——dt =
Fx) 2 03 1
111 12
6 L e 2 3721 21
Zx=Z 2x 5
6~ 6 +51
x=5 0 x <0
The median is 5 x
(d) Using the C.D.F . 15 O<x<1
PR2<X<4)UP(G<X<09) _|2_x3 <<
=[P(X<4)—PX<2)]+[P(X<9)—P(X <5)] \21 21 -0
=F(4)—F(2)+F(9) —F(5) ) 1 x>2
= [F(4) + F(9)] — [F(2) + F(5)] (€ F(m) =
1 1 1 5 13 H H H
= [(g 4) - 5) + (_E(g)2 +— 9) — E)] — It is clear that the med|a3n lies between 1 and 2
(Eer-1@+2)+(®-2) m s 1
24 12 24 6 3 21 21 2
1 47 1 1 2m® 11
=(3+35) ~(za*2) 21 22
_37 , 11
48 me=y
m=14
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Example 14
A random variable X has cumulative distribution function
( 0 x<0
1
—x2 0<x<2
F(x) = L
—2+2x—§x2 2<x<3
1 x=>3
Find

(a) P(X <1.5)
(b) the median
(c) the probability density function f(x)
(d) Sketch F(x) and f(x)
Solution
(@) P(X<15)=F(15) = %(1.5)2 =0.375

(b) The median is the value m such that F(m) = %
Since F(0) =0 and F(2) = 2 m lies in the interval

from 0 to 2 and thus F(m) = %mz

1 1
—_m2 =_
6" T2
m=+3

Hence the median of the distribution is 1.73
(c) The probability density function f(x) = F'(x)

For0 <x <2, f(x) =%(%x2) =1y

For2 <x <3, f(x) = (-2 + 2x — 3x?)

Otherwise, f(x) =0
1
(—x 0<x<2
172
x) =
f& 2— §x 2<x<3
0 otherwise
(d)
F(x)
A
1mmmmm e :
|
|
I
2 |
P |
3 |
| |
| |
| |
| |
| |
| |
I I .
0 1 2 3 > X
f(x)
A
2
3T T/ |
|
|
|
|
|
|
! >
0 1 2 3 > X

Self-Evaluation exercise
1. For the following density function
fxX)=cx?*(1—-x), 0<x<1
Find
(i) constant ¢
(ii) mean
[Ans: (i) c = 12 (ii) 0.6]
2. A continuous distribution of a variable X in the range
(—3,3) is defined by

: (B +x)? 3<x<-1
16 X SX S
1
f(x)= E(6—2x2) -1<x<1
| Lz 1 3
— (3 - <x<
l 16( x) <x<
0 otherwise
Find the mean and variance of the above distribution
[Ans: 0, 1]

3. A continuous variable X is distributed at random
between two values, x =0 and x =2, and has a
probability density function of ax? + bx. The mean is
1.25.

(a) Show that b = 2 and find the value of @
(b) Find the variance of X
(c) Verify that the median value of X is approximately
1.3
(d) Find the mode
[Ans: (a) —3/16 (b) 19/80 (d) 2]

4. The continuous random variable X has probability

density function given by
2
f = {k0+xD

where k is a constant.
(a) Find the value of k
(b) Determine E(X) and Var(X)

(c) AistheeventX > i; B is the event X > %. Find
(i) P(B)
(i) P(BlA)
[Ans: (a) 3/8 (b) 0, 0.4 (c) (i) 85/512 (ii) 85/152]
5. A continuous random variable X has the probability
density function defined by

-1<x<1
otherwise

—cx, 0<x<3

fOI=97" 3<x<4
0, otherwise
where ¢ is a positive constant.

Find
(@) the value of ¢
(b) the mean of X
(c) the value, a, for there to be a probability of 0.85
that a randomly observed value of X will exceed a
[Ans: (a) 2/5 (b) 13/5 (c) 3/2]

6. The continuous random variable X has probability

density function f(x), given by

k(x? —2x+3) 0<x<2
1

flx) = 3k 2<x<3
0 otherwise
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THE UNIFORM (RECTANGULAR) DISTRIBUTION
It is common to describe distributions by the shapes of the
graphs of their p.d.fs, U-shaped, J-shaped, etc.

The uniform (rectangular) distribution is particularly simple
since its p.d.f is constant over a range of values and zero
elsewhere.

In the figure below, X may take values between a and b, and
zero elsewhere. Since the area under the graph must be 1,

the height is ﬁ. The term “uniform distribution” can be

applied to both discrete and continuous variables so in the
continuous case it is often written as ‘uniform(rectangular)’

f(x)
A

0 o b »x

The continuous random variable X has a uniform
distribution in the interval a < x < b if the probability

density function is given by
1

f(x)={b—

0 otherwise

a<x<bh

The mean and variance of the uniform (rectangular)
distribution.

E(X)=fbxf(x)dx=fbbiaxdx=b ! fbxdx

~ 11
_b—aix]a 2%b—a
_b-a)b+a)
— 2(b-a)
a+b
EX) =
b 2 b 1
E(X2)=fx2f(x)dx=f -

a

x? dx

b
b
b—al3" |,

xb—a
b3 _a3
" 3(b—a)
_(b—a)(b*+ab+a®) b*+ab+a
- 3(b—a) B 3
Var(X) = E(X?) — (E(X)?)
_b*+ab+a? (a+b>2
N 3 2
_b*+ab+a® a®+2ba+b?
= 2 2
_ 4b% + 4ab + 4a® — (3a* + 6a + 3b?)
B 12

_a’+b*—2ab
B 12
(b — a)?
Var(X) = T
Note:
a®+ b3 = (a+b)(a®Fab+b?)
Example 1

A junior gymnastics league is open to children who are at
least five years old but have not yet had their ninth birthday.
The age, X years, of a member is modelled by the uniform
(rectangular) distribution over the range of possible values
between five and nine. Age is measured in years and decimal
parts of a year rather than just completed years. Find

(@) thep.d.f. f(x)of X

(b) P(6<X<7)

(c) E(X)

(d) Var(X)

Solution

(a) The p.df. f(x)_i=§ for5<x<9

() P6<X<7) = f(x) dx=f7ldx
6
= [4] ZZ_Z:Z
© EX)=[" xf(x)dx =f —d

-5z

(d) Var(X) = [ x*f(x)dx — [E(X)]2
9X2
=| —dx—7%
s 4
23]’
-[iz] -+
729 125
12 12
=1.33
Example 2

The radius r of a circle is a continuous random variable R
uniformly distributed in the interval 7 < r < 11

(a) State the mean and variance of R

The circumference of the circle is denoted by C

(b) Determine, in terms of 7, the mean and variance of C
(c) Calculate P(C > 53)

The area of the circle is denoted by A

(d) Find the mean of A

Solution
(@) R~U(7,11)
E(R)—a+b—7+11—9
B 2 2_ 2 B 2
_(b-a? (11-7)?% 4
Var(®) =—H—="73 =3
(b) E(C) =EQ@nR) =2nE(R) =2n x9 =181
Var(X) = Var(2nR) = (2m)?Var(R)
=4 2 X f — E 2
L R
(©) P(C>53)=P(2nR > 53)

358

Principles of Applied Mathematics by Kawuma Fahad



Binomaial Distribution

0.25

0.2

0.15 I I
x
[a

0.1

0.05 N

0 0 H H 0

01 2 3 4 5 6 7 8 9 101
X
n=11 p=05

Note:

You can check the above property with the other values of
n where the probability of success is 0.5.

Example 1
Seeds have a probability of germinating of 0.9. If six seeds
are sown, what is the probability of five or more seeds
germinating?
Solution
This is a binomial situation with n = 6 and
P(success) = P(germination) = 0.9
P(X = x) = (2) (0.9)%(0.1)"*
P (5 or more germinates) = P(X = 5 or 6)
=P(X=5)+P(X =6)
- (g) (0.5)5(0.1)' + (2) (0.9)6(0.1)°
= 0.88

Example 2
Ten coins are thrown simultaneously. Find the probability
of getting at least seven heads.

Solution

p = probability of getting a head = §
q = probability of not getting a head = %
The probability of getting x heads in a random throw of 10

coins is
_ 10y (1) (1
r0 =) @)
The probability of getting at least seven heads is given by

P(X ? 7) N p(7) + p(88) + 192(9) + 'p(10)9 )
S IR B 66
(G )

120 45 10 1

10—x

Example 3
The probability that a marksman will hit a target is z. He

fires 9 shots. Calculate the probability that he will hit the
target

(@) at least 7 times

(b) no more than 6 times

Solution

P (hitting target) = P(success) = >

o

P(not hitting target) = P(failure) = %
Making the nine shots to be the independent events the
probability distribution of X, ‘the number of targets hit’ is

p(o5)amsorcr=0=) ()" ()
(@ P(at least 7 targets hit) =P(X=7)+P(X =8) +
P(X=9)
5\ (1\? 5\% 1\ 5\7 /1
-()E) 6 +QE) 6 +OE) 6
= 0.822
(b) P(no more than 6 targets)
=PX=0+PX=1D+PX=2)++PX =6)
=1-[PX=7)+PX =8)+P(X =9)]
=1-0.822=0.178

0

Example 4
An irregular six faced die is thrown and the expectation that
in 10 throws it will give five even numbers is twice the
expectation that it will give four even numbers. How many
times in 10,000 sets of 10 throws each, would you expect it
to give no even number.

Solution

P(X =x) = (1960) p*q1;x =0,1,2,3, ...,10

(B)ra=2( e
252p°q° = 420p*q®
3p =5¢q
3p=51-p)
3p=5-"5p
8p=5

p =
q =
=0-(2)(E) 7
P(X_x)_(x)<8 8
Hence the required number of times that in 10,000 sets of
10 throws each, we get no even number

3 10
= 10,000 x P(X = x) = 10,000 x (g) ~1

] wWoo| v

10—x

= + + + Example 5
1024~ 1024 1024 1024 It is given that the discrete random variable X satisfies
176
=— X~B(n,p)
1024 Given further that P(X = 2) = P(X = 3), show that
E(X)=3-p
362

Principles of Applied Mathematics by Kawuma Fahad
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just a smaller probability than can be expressed in the
four decimal places used in this table.
P(X>9)=P(X =10)+P(X =11)
= 0.0007 + 0.0000
= 0.0007
(e) Here, you want to find the probability equal to 3 and 5
and everything in between. In other words, you want the
probabilities for X = 3, X = 4 and X = 5. Reading off
from the tables and adding;
PB<X<5=PX=3)+4PX=4)+PX=5)
= 0.1774 + 0.2365 + 0.2207
= 0.6346

Cumulative binomial probabilities

We shall compare the use of the binomial tables to obtain
the individual probabilities and the cumulative table to
obtain probabilities P(X = r). Let us follow the example
below.

Example 13
By estimates, 20% of Ugandans have no health insurance.
Randomly sample n = 15 Ugandans. Let X denote the
number in the sample with no health insurance.
What is the probability that exactly 3 of the 15 sampled have
no health insurance?

Solution
Here n = 15, p = 0.20. We are required to find P(X = 3).
Using the binomial tables

x
n r 0.01 0.05 010 015 0.20
15 0 | 0.8601 4633 2059 | 0874 0352
1 | 0.1303 3658 3432 | 2312 1319
2 | 0.0092 0307 2669 | 2856 2309
3 | 0.0004 0049 1285 | 2184 2501
4 0006 0428 | 1156 1876
5 0105 | 0449 1032
6 0019 | 0132 0430
7 0003 | 0030 0138
8 0001 0035
9 0007
10 0001
11
12
13
14
15

P(X = 3) = 0.2501

What is the probability that at most one has no health
insurance?

Solution
“At most one” means either 0 or 1 of those sampled have no
health insurance. That is, we need to find

PX<1D)=PX=0)+PX=1)
From the binomial table,
P(X <1)=0.0352+0.1319 = 0.1671

What is the probability that more than seven have no health
insurance?

Solution
“More than seven” in the sample means 8, 9, 10, 11, 12,
13, 14, 15. As the following diagram illustrates, there are
two ways to calculate P(X > 7).

| 1 I\ ﬂ [ | [ |
LTI (5 NP NN
6 7|18 9 10 11 12 13 14 15

| I
4 5
P(X>T7)orP(X = 8)

|
]
01 2

|
|
3
<

P(X<7)

P(X<15)=1

We would calculate P(X > 7) by adding up P(X = 8),
P(X=9), up to P(X =15). Alternatively, we could
calculate P(X > 7) by finding P(X < 7) and subtracting
from 1. But to find P(X < 7), we would still have to add up
P(X=0), P(X=1), up to P(X =7). Either way, it
becomes readily apparent that answering this question is
going to involve more work than the previous two questions.
It thus becomes clearly helpful to use an alternative to the
binomial tables or the binomial p.d.f. This alternative
involves cumulative binomial probabilities.

To find the cumulative binomial probabilities,
e Find n, the number in the sample, in the first
column on the left
e Find the column containing p, the probability of
success
e Find the r in the second column on the left for
which you want to find P(X > r)
e Ifyouwanttofind F(r) = P(X < r), then subtract
the value read off from the table from 1 i.e.
calculate PX <r)=1-PX =71)
Let us try this in our health insurance example

What is the probability that at most 1 of the 15 has no health
insurance?

Solution
If we use the cumulative binomial distribution,

[ |
T
45

bija

L] |$| 1 1T 1 1
6 7 8910 11 12 13 14 15

P(X>1)orP(X = 2)

P(X<1)

P(X<15)=1
PX<1)=1-P(X>2)=1-0.8329 =0.1671
To find P(X = 2),
e Find n = 15, in the first column on the left
e Find the column containing p = 0.20
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e Find the 2 in the second column on the left, since
we want to find P(X > 2).

x
n r 0.01 0.05 010 0.15 | 0.20
15 1 1 | 0.1399 5367 7941 9126 | 9648
2 | 0.0096 1710 4510 6814 | 8329
3 | 0.0004 0362 1841 3958 | 6020
4 0055 0556 1773 | 3518
5 0006 0127 0617 | 1642
6 0001 0022 0168 | 0611
7 0003 0036 | 0181
8 0006 | 0042
9 0001 | 0008
10 0001
11
12
13
14

Now, all we need to do is read the probability value where
p = 0.20 column and the (n = 15, r = 2) row intersect.

What is the probability that more than 7 have health
insurance?
Solution
As we discussed previously, we can calculate P(X > 7) by
finding P(X = 8)directly from the cumulative table.
The good news is that the cumulative binomial probability
table makes it easy to determine P(X =8). To find
P(X = 8) using the table, we
e find n = 15 in the first column on the left
o find the column containing p = 0.20
o find the 8 in the second column on the left, since
we want to find P(X = 8)
Now, all we need to do is read the probability value where
the p = 0.20 column and the (n = 15, r = 8) row intersect.
Thus, P(X > 8) = 0.0042
~P(X>7)=0.0042

What is the probability that at least 1 has no health
insurance?
Solution
We can find P(X = 1) by reading it directly from the
cumulative binomial tables i.e.
P(X > 1) = 0.9648

What is the probability that fewer than 5 have no health
insurance?

Solution
“Fewer than 5” means 0, 1, 2, 3, or 4. Thatis, P(X < 5) =
1—P(X =5)and P(X = 5) can be readily found using the
cumulative binomial table.

(IIIIIII|II|\

Ill(gll NP
56 7 8 101112131415)

P(X <5)

P(X>4)orP(X =5)

P(X<15) =1

Read the probability value where the p = 0.20 column and
the n = 15,r = 5) row intersect.
P(X > 5) = 0.1642
P(X<5) =1—-P(X>5)=1-0.1642 = 0.8358

Note:

We have now taken a look at an example involving all of the
possible scenarios....at most, more than, exactly, at least,
and fewer than... of the kinds of binomial probabilities that
you might need to find.

Have you noticed that p, the probability of success, in the
binomial table only goes up to 0.50?. What happens if your
p equals 0.60 or 0.70? All you need to do in that case is to
turn the problem on its head, for example, suppose you have
n=10 and p =0.60, and you are looking for the
probability of at most 3 successes. Just change the definition
of a success into a failure, and vice versa i.e. finding the
probability of at most 3 successes is equivalent to 7 or more
failures with the probability of failing being 0.40.

Example 14
In January 2020, it was reported that 70% of the people
infected with the novel corona virus recovered from the
infection after treatment. If 10 patients were randomly
selected from a hospital in China, what is the probability that
at least four recovered?

Solution
Let X be the number of patients who recovered, then
X~B(10,0.70)
Let Y be the number of patients who did not recover, then
Y~B(10,0.30)
We are interested in P(X >4) and we can’t use the
cumulative binomial table because it only goes up to 0.50.
The good news is that we can rewrite P(X = 4) as a
probability statement in terms of Y.

PX>4)=P(-X<-4)=P(10-X<10-4)

=P(Y <6)
————f—+—+—
0 1 2 3 4 5 6JL7 8 9 10)
P(Y <6) P(Y =27)
P(Y <10) =1

PY<6)=1-P(Y =7)
Reading off the probability value where p = 0.30 column
and the (n = 10,r = 7) intersect,
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NORMAL DISTRIBUTION

A random variable X is said to have a normal distribution
with parameters p (called mean) and o2 (called variance) if
its density function is given by the probability law:

1 2 2
fx:ip,0) = ——=e @ W/20° _ 00 < x<00,0>0
oVan

Remarks:
1. Arandom variable X with mean u and variance o2 and
following the normal law is expressed by X~N(u, 0%)

2. If X~N(u,02), then Z =% is a standard normal

variate with E(Z) = 0and Var (Z) = 1
and we write Z~N(0,1)
3. The p.d.f. of a standard normal variate Z is given by
1
oV2mn
and the corresponding distribution function, denoted by
®(2) is given by

e—(x—y,)Z/ZO'Z —00 < x < 00,

o(z) =

z

®(z)=P(Z<2)= J- o) du

L fz e %2 gy

Ve )
We shall prove below two important results on the
distribution function ®(z) of the standard normal

variate.
Result1: ®(—z)=1—-®(2)
Proof:
®(—z) = P(Z < —z) = P(Z = z) (By symmetry)
=1-P(Z<2)
=1-®(2)

Result2: P(a <X <b) = ® (b%‘) —® (%)
where X~N (u, 02)
Proof: P(a < X < b) ZP(a;SZSb;)

b_
=P(Zs—”)—P(Zsa
g

b—u a—u
=0 (=) -0 (5
4. The graph of f(x) is famous ‘bell-shaped’ curve. The
top of the bell is directly above the mean u. For large
values of g, the curve tends to flatten out and for small

values of g, it has a sharp peak.

X=pu
Characteristics of Normal distribution and Normal
Probability curve
The normal probability curve with mean p and standard
deviation ¢ is given by the equation

1
@)=

e_(x_ll)z/zo-z —o<x < oo

(i) The curve is bell shaped and symmetrical about the line
X=U

(if) Mean, median and mode of the distribution coincide

(iii) As x increases numerically, f (x) decreases rapidly, the
maximum probability occurring at the point x = u, and

given by a;\/ﬁ

(iv) Since f(x) being the probability, can never be negative,
no portion of the curve lies below the x-axis.

(v) x-axis is an asymptote to the curve

(vi) The points of inflexion of the curve are given by

[r=ntofe=

1 1
ez]
oV2m

Calculating probabilities
Example 1
X is arandom variable with mean 30 and standard deviation
5. Find the probabilities that
(@ 26<X <40
(b) X =45
(c) 1X—-30|>5
Solution
Hereu =30 and 0 =5

(a) WhenX = 26,7 = Xg;” = 26;30 =-08
and when X = 40, Z = 40;30 =2
—-0.8 0 2

P26 <X <40)=P(-08<Z<2)
=P(-08<Z<0)+P(0<Z<?2)
=P(0<Z<08)+P(0<Z<2)
=0.2881 + 0.4772

= 0.7653
(b) WhenX =45,z =""2=3
7
s
0 3
P(X>45)=P(Z2>3)=05-P(0<Z<3)
= 0.5 — 0.4987
=0.0013
(©) P(IX —30| <5) = P(25 < X < 35)
25 — 30 35 — 30
= ( <Z< )
=P(-1<Z<1)
=2P(0<Z<1)
=2x0.3413
= 0.6826
P(IX — 30| > 5) = 1— P(IX — 30| < 5)
=1-0.6826
= 03174
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=0.5—0.4772

=0.0228

(i) P(X <20)=1—P(X > 20)
=1-0.0228

=0.9772

([ii)PO<X<12)=P (% <7< 12;12)

=P(-3<7<0)
=P(0<Z<3)
= 0.4987

x'-12

(b) WhenX =x',Z =

then, we are given
P(X >x') =024

>P(Z>2z)=024ie.P(0<Z<2z)=026

0.26
0.24
H Z1
From normal tables, z; = 0.71
x'—=12 0.71
7 -0

x'=12+4x%x0.71=1484
(c) We are given
P(xy <X <x})=050and P(X > x}) = 0.25
The points x; and x; are located as shown below

0.25 0.25
0.25
Xo M x1
—Z1 0 Z1
WhenX = x|, z=2"22—7
4
andwhen X = x, Z =22 = _,

4
P(Z > z) =025
=>P(0<Z<2z)=025
From critical tables, z, = 0.674

12674
—=o.
X =12+ 0.674 x 4 = 147
xp— 12
= 0674

x)=12—4%0.674 =93

Example 13

The mean yield for one-acre plot is 662 kilos with a standard
deviation 32 kilos. Assuming normal distribution, how
many one-acre plots in a batch of 1000 plots would you
expect to have yield

(@) over 700 kilos

(b) below 650 kilos

(c) what is the lowest yield of the best 100 plots?

Solution
Let the random variable X denotes the yield (in kilos) for
one-acre plot, then we are given that X ~N (u, 6?) where u =
662 and o = 32.
(@) The probability that a plot has a yield over 700 kilos is
given by

700 — 662
P(X > 700) = P(Z > 3—2)
=P(Z > 1.19)
=05-P(0<Z<1.19)
= 0.5 — 0.3830

=0.1170
Hence in a batch of 1000 plots, the expected number of
plots with yield over 700 kilos is
1000 x 0.117 = 117
(b) Required number of plots with yield below 650 kilos is
given by 1000 x P(X < 650)
650 — 662
P(X < 650) =P (Z < T)
= P(Z < —-0.38)
= P(Z > 0.38) (By symmetry)
=05-P(0<Z<0.38)
=0.5—-0.1480
= 0.352
Number of plots below 650 kilos = 1000 x 0.352 =
352
(c) The lowest yield, say, x; of the best 100 plots is given

by

100
1000

P(X >x) =

1 X1
0 Z4
WhenX=x1,Z=ﬂ=w=z1 ¥
o 32
P(Z>Zl) =0.1

>P0<Z<z)=04
From Normal probability tables, z, = 1.28
Substituting in (*), we get
X, — 662
—35 = 1.28
X, = 662+ 1.28 x 32 = 702.96
Hence the best 100 plots have yield over 702.96 kilos

Example 14

In an examination it is laid down that a student passes if e
secures 30% or more marks. He is placed in the first, second
or third division according as he secures 60% or more parks,
between 45% and 60% marks and marks between 30% and
45% respectively. He gets distinction in case he secures
80% or more marks. It is noticed from the result that 10%
of the students failed in the examination, whereas 5% of
them obtained distinction. Calculate the percentage of
students placed in the second distribution. (Assume normal
distribution of marks)
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15.

16.

(c) Given that the weight of a marmalade jar is
between 249 and 253 grams, determine the
probability that the jar weighs more than 250
grams.

[Ans: (2) o = 2.6 (b) 0.5825 (c) 0.7145]

The length of an engine part must be between 4.81 cm

and 5.20 cm. In mass production, it is found that 0.8%

are too short and 3% are too long.

(@) If these lengths are normally distributed, find the
mean u and standard deviation o

Each part costs $4 to produce; those that turn out to be

too long are shortened, at an extra cost of $2; those that

turn out to be too short have to be scrapped.

(b) Find the expected total cost of producing 100 parts
that meet the specification.

[Ans: (a) . = 5.03 cm, 0 = 0.09 cm (b) $409.27]

A sample of 100 apples is taken from a load. The apples

have the following distribution of sizes.

Diameter to nearestcm | 6 7 8 9 10

Frequency 11 | 21| 38 |17 | 13

17.

18.

19.

(a) Determine the mean and standard deviation of
these diameters.

(b) Assuming that the distribution is approximately
normal with this mean and this standard deviation,
find the range of size of apples for packing, if 5%
are to be rejected as too small and 5% are to be
rejected as too large.

[Ans: (a) 8cm, 1.16 cm (b) 6.09 t0 9.91 cm]

A machine packs flour into bags which nominally

contain 1 kg but there is a variation in the actual weight

(kg), which is described by a normal random variable

of mean u and variance 2. Previous investigations

indicate that ¢ = 0.03 kg and that the probability that a

bag is underweight is 0.02.

(@ Find the value of u at which the machine is
operating.

An attempt is made to improve the machine with hope

that, while it operates with the same value of u, o will

be reduced.

(b) Find the value of o which is required to ensure that
the probability that a bag is underweight is 0.001.

(c) Assuming this improved value of ¢ to have been
achieved, show that the new probability that a
random bag will weigh more than 1.1 kg is just less
than 0.03

[Ans: (a) 1.06 (b) 0.020]

The lengths of pine needles, in cm, are normally

distributed. It is further given that 11.51% of these pine

needles are shorter than 6.2 cm and 3.59% are longer
than 9.5 cm. Find the mean and standard deviation of
the length of these pine needles.

[Ans: u =7.52,0 = 1.1]

The weights, W grams, of shaving from canisters are

normally distributed with a mean of 125 and a standard

deviation of 4.

(a) Determine the probability the weight of one such
canister will be between 127 and 132 grams.

20.

21.

22.

23.

(b) Find the value of b, so that P(b < W < 128) =
0.7672.
[Ans: (a) 0.2684 (b) 115]
The random variable Y is normally distributed with
mean u and variance o2. Given that P(Y < 48) =
P(Y > 57) = 0.0668, find the value of P(50.1 <Y <
55.8).
[Ans: 0.6524]
The weights of packs of cheese, in grams, are thought
to be normally distributed with a standard deviation of
4.
(@) Find the mean weight of a pack of cheese, if 95.5%
of these packs are heavier than 248 grams.
Using the value of the mean obtained in (a),
(b) determine the probability that a randomly chosen
pack of cheese weighs between 250 and 256 grams
(c) determine the probability that a randomly chosen
pack of cheese weighs more than 248 grams then
its actual weight is less than 256 grams.
Ten packs of cheese are selected at random.
(d) Calculate the probability that exactly 6 of these
packs weigh over 248 grams.
[Ans: (@) w =255 (b) 0.4931
0.000653]
Adult men in a certain country have heights which are
normally distributed with a mean of 1.81m and a
standard deviation of 0.05 m.
(@) Estimate the number of men in a random sample of
100 men whose heights, when measured to the
nearest 0.01 m, exceed 1.90 m
Find the probability that a man selected at random
will have a height, when measured to the nearest
0.01 m, less than 1.72 m
(c) Find the height which is exceeded by 90% of the
men.

() 0.5798 (d)

(b)

[Ans: (a) 4 men (b) 0.0446 (c) 1.746 m]
Find the mean and variance of the normally distributed
variable X in each of the following cases.
(@ P(X>3)=05PB3<X<5) =01
(b) P(X >20) =P(X < 10) = 0.05
(c) P(X <60)=0.01,P(X>90)=0.3
(d) P(X>10)=0.1,P(9< X <10) =0.2

[Ans: (a) 3, 62.3 (b) 15, 9.24 (c) 84.5, 111 (d) 8.31, 1.74]

24,

25.

A machine is producing curtain rails whose lengths are

normally distributed with mean 2.4 m.

(@) If 5% of the rails are longer than 2.42 m, find the
standard deviation of the distribution.

(b) If the machine is adjusted so that 95% of the rails
have lengths between 2.38 m and 2.42 m, find the
new standard deviation of the distribution.

[Ans: (a) 0.0122 (b) 0.0102]

In an examination, 30% of the candidates fail and 10%

achieve distinction. Last year the pass mark (out of

200) was 84 and the minimum mark required for a

distinction was 154. Assuming that the marks of the

candidates were normally distributed, estimate the
mean mark and the standard deviation.
[Ans: 104, 38.8]
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Normal approximation to the binomial distribution

The normal distribution may be used to approximate the
binomial distribution when n is large (n > 20)and p is not
too big or small. If n is very large, then the approximation is
good even if p is near to 0 or 1.

If X~B(n,p), then X~N(np,npq) since E(X) = np and
Var(X) = npq.

Continuity correction

To compensate for the change from a discrete distribution
(the binomial) to a continuous distribution (the normal), a
continuity correction is made.

The discrete integer value a in the binomial distribution
becomes the class interval [(a — 0.5) up to (a + 0.5)] in the
normal distribution i.e. the discrete variable 3 becomes the
class interval 2.5 up to 3.5.

Continuity correction table
IfP(X=a)useP(a—05<X<a+0.5)
IfP(X=a)use P(X =a—0.5)

If P(X >a)use P(X >a+0.50

IfP(X <a)use P(X <a+0.5)

If P(X <a)use P(X <a-—0.5)

IfPa<X <b)useP(a+05<X<b—-0.5)
IfP@a<X<b)use P(a—05<X<b+0.5)

Example 21
The discrete random variable X takes integer and is to be
approximated by a normal distribution. Apply a continuity
correction to the following probabilities.
(@ P(X =25)
(b) PX<T7)
(c) P(X<10)
(d) P(X>5)
(e) P(X =3)
(f) P17 <X <20)
(@) P(18< X < 30)
(h) P(28 < X < 40)
(i) P(23 <X <35)
Solution
(@) P(X =25) = P(24.5 < X < 25.5)
(b) P(X<7)=P(X<75)
(c) P(X <10)=P(X <9.5)
(d) P(X>5)=P(X =5.5)
() PX=3)=PX =25)
(f) P(17 <X <20) = P(16.5 < X < 20.5)
(@) P(18 <X <30)=P(185 <X <295)
(h) P(28 < X <40) = P(28.5 < X <40.5)
(i) P(23 <X <35)=P(225<X < 345)

Example 22
The discrete random variable X has a probability distribution
X~B(160,0.125)
Find P(18 < X < 25)
Solution
Calculate the mean and variance
E(X) =np =160 x 0.125 = 20
Var(X) = np(1 —p) = 20 X 0.875 = 17.5

Approximate by normal, Y~N(20,17.5)
P(18 <X < 25) = P(18 < X < 24)
=P(17.5 <Y < 24)5)

_p (17.5 —20 245 — zo>
B V175 V175

= P(-0.598 < Z < 1.076)

24

24.5

P 20

17.5 20

=P(-0598<Z<0)+P(0<Z<1.076)
= 0.2251 + 0.3591
= 0.5842

Example 23
A machine manufacturing nails makes approximately 15%
that are outside set tolerance limits. If a random sample of
200 is taken, find the probability that more than 20 will be
outside the tolerance limits.

Solution
Let X be the random variable ‘number of nails outside
limits’, then X~B (200, 0.15)
E(X) =200 x 0.15 = 30
Var (X) = 30 x 0.85 = 25.5
So X~N(30,25.5)
We require P(X > 20.5) using the continuity correction

P(X >205) =P (Z S 205 - 30)
R 5.05
= P(Z > —1.88)
205 30
188 0
=05+ P(—-1.88 < Z < 0)
= 0.5 + 0.4699
= 0.9699

Example 24
It has been established over a long period of time, that in
Enzo’s restaurant, 30% of the orders are vegetarian. Find
the probability that in a given day with 80 orders, there will
be more than 30 vegetarian orders.
Solution

Let X = number of vegetarian orders

X~B(80,0.3)
E(X) =np=80x0.3=24
Var(X) = np(1 —p) = 24 x 0.7 = 16.8
Approximate by Y~N (24, 16.8)

P(X >30) = P(X = 31) = P(Y > 30.5)

30.5 — 24)

=P (Z >
v16.8
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E(X) = np = 500 ><52—0 =290
Var(X) = np(1 — p) = 290 x % =1218
Let X~N(290,121.8)

r+ 0.5 —290

Vv121.8
r —289.5
P (Z

> _—
Vv121.8

P(X>r)=P(Z> )<o.oo1

)< 0.001

290 r
0 VA
From the critical tables, zg 490 = 3.1
r —289.5 531
V1218 '
r > 289.5+3.1v121.8
r > 323.71

Hence the least integer value of r is 324

Example 28
The discrete random variable X~B(n,p). The value of n
and the value of p are such that X can be approximated by a
normal distribution.
e Using a normal approximation, the probability that
X is at most 82 is 0.1056
e Using the same normal approximation, the
probability that X is less than 95 is 0.7734
Determine the value of n and the value of p
Solution
X~B(n,p) is approximated by Y ~N(np, np(1 — p))

01056 0.2266
82 0 94
82.5 0 94.5
P(X < 82) = 0.1056
P(Y < 82.5) = 0.1056

825—u
p (z < T) — 0.1056
825 —
S TR 125
o
82.5—u=-1.250..(i)
P(X < 95) = 0.7734
P(X < 94) = 0.7734
P(Y < 94.5) = 0.7734
94.5 —
p (z < T) = 0.7734
94.5 — 1

=0.75

o
94.5 — = 0.750 ... (ii)
Solving simultaneously;

@0 — @;

12 =20
=6
From (ii);
U =945 —0.750 = 94.5 — 0.75(6) = 90

Finally;
o=np(l-p)=6
u=np=90
np(1—p) =36
90(1 —p) =36
1-p=04
p=20.6
90 90
n=—=

=" =1
p 06 50

Example 29
The random variable X~B(200,0.2). Use a suitable
approximation to estimate
(@ P(X <45
(b) P(25<X < 35)
(c) P(X=42)
[Ans: (a) 0.7881 (b) 0.163 (c) 0.0636]
Solution
n=200,p=02,q=038
Mean, up = 200 x 0.2 = 40
Variance, npq = 40 x 0.8 = 32
(@ P(X <45)=P(X <44.5)

445 —4

P(X <445)=P (Z < '70) = P(Z < 0.796)

8

o

0.796

P(Z < 0.796) = 0.5+ P(0 < Z < 0.796)
= 0.5+ 0.2871
=0.7871
(b) P(25 < X < 35) = P(25.5 < X < 34.5)
P(25.5 < X < 34.5)

(25.5 — 40 34.5 - 40)

V32 V32
= P(—2.563 < Z < —0.972)

£

—2.563 —0.972

P(~2.563 < Z < —0.972)
=P(0<Z<2563)—P(0<Z<0972)
= 0.4952 — 0.3346
= 0.1606
(€) P(X =42) = P(41.5 < X < 42.5)
P(415<X<425)=P(41'5—_40
5<X <42 =

= P(0.265 < Z < 0.442)

42.5 - 40)
V32
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SAMPLING DISTRIBUTIONS

Introduction

In everyday life, people who are working with the same
information arrive at different ideas/decisions based on the
same information in a given population.

A population can be defined as a collection of all items.
Populations can be at least partially described by population
parameters such as mean, variance, proportion, etc.
Because populations are often very large (maybe infinite,
like the output of a process) or otherwise hard to investigate,
we often have no way to investigate the exact values of the
parameters.

Statistics or point estimators and interval estimation are the
used to estimate the population parameters.

An estimator is calculated using a function that depends on
the information taken from a sample from the population.

Point estimation
Point estimation involves using a statistic from a random
sample to find an estimator for the corresponding population
parameter.
A statistic is a random variable that is a function of the
sample which contains no unknown quantities/parameters.
Examples include
e A calculation based solely on observations from a
given sample
e A calculation based only on date from a sample
e A calculation based on known observations from a
sample
An unbiased estimator is a sample statistic whose
expectation is equal to the population parameter.
The best or most efficient estimator is the unbiased
estimator which has the smallest variance.
Some important results are shown in the table below

Sample | Best estimator for population
statistic
Mean x x foru
Variance s? ns? 5
for o
n—1

The unbiased estimate of the population mean X or u is
given by X or ji where

Yx
n
The unbiased estimate of the population variance o2 is 62
where

X =

n
~2 2
o~ = S
n—1
and s? is the sample variance.
The sample variance is given by

[Zﬁ Gufl Y(x — )2
s = —|— or §s=——
n n n

Substituting

n—-1| n n
or
o= L[S - B
n—1| n
or
1
~2 _ 2 _ =2
o —n_l[Zx nx
or
2 n [Y(x-%?* Xx-%)?
[s2 = =
n—-1 n n-—1
Example 1

A computer company repairs large numbers of PCs and
wants to estimate the mean time to repair a particular fault.
Five pairs are chosen at random from the company’s records
and the times taken, in seconds, are

205 310 405 195 320
Calculate unbiased estimates of the mean and the variance
of the population of repair times from which this sample has
been taken.

Solution

Y x =205+ 310 + 405 + 195 + 320 = 1435
¥ x? =205% 4 3102 + 4052 + 1952 + 3202 = 442575

x 1435
X= Z— =——=1287
n 5
1

A2 _ 2 _ =2

g% = n—1 [Z X nx ]

1

6% = 1(442575 —5(287)?) = 7682.5

Example 2

The table below gives the frequency distribution of the
masses of 113 animals, recorded to the nearest gram.
Mass(g) 41 | 42 | 43 | 44 | 45| 46
Frequency | 3 17 | 36 | 38 | 15| 4
Calculate the unbiased estimate of the mean and variance of
the given frequency distribution

Solution

X f fx fx?

41 3 123 5043
42 17 714 29988
43 36 1548 66564
44 38 1672 73568
45 15 675 30375

46 4 184 8464
Total 113 4916 214002

Unbiased estimate of the mean is

u=f=§—¢=%=43.5g
Var Xt (Bfx)
ariance, s = Zf ( Zf )
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s = 214002 —43.52 =157
113
Unbiased estimate of the variance
6% = n 52 = g>< 1.573 =1.46
n—1 112
Example 3

A fishing crew recorded the masses in kilograms of 200 fish
of a particular species that were caught on their traveler. The
results are summarized in the table below. The weights

given are mid-class values.

Weight of fish (kg)

Number of fish in class

0.5 21
1.25 32
1.75 33
2.25 24
2.75 18
3.5 21
4.5 16
55 12
7.0 11
10.5 12

Assuming that these fish are a random sample from the

population of this species, estimate

(@) the mean mass, in kilograms, of a fish of this

species
(b) the variance of masses of this species
Solution

x f fx fx?
0.5 21 10.5 5.25
1.25 32 40 50
1.75 33 57.75 101
2.25 24 54 121.5
2.75 18 49.5 136.1
3.5 21 73.5 257.2
4.5 16 72 324
5.5 12 66 363
7.0 11 77 539
10.5 12 126 1323

Total 200 626.25 3220.1875

(@) To find the mean of the sample, use the formula

X fx 62625

Sf 200
Since the sample mean is an unbiased estimator of the
population mean, the estimate of the mean mass of all
the fish in this species is 3.13 kg

(b) An unbiased estimate of the population variance is

given by
s M foZ__(fo)z
n—1| Xf xf

20073220.1875
— [ _ 32]

~199[ 200
= 6.33 kg

X = = 3.13

Interval estimation

Interval estimation involves using the data from a random
sample to find an interval within which an unknown
population parameter is expected to lie with a given degree
of confidence (probability).

The interval is called a confidence interval and the two
extreme values are called the confidence limits.

If a sample has been drawn from a large population with
mean p and variance o2, i.e. there is no significant
difference between the sample mean (k) and population
mean (u), then

_iow
=
Confidence limits for y are given by
Zl| <z ie. _ <z
1Z| o/
—u
—z< <z
0/\/7_1
o < 7 < o
g — < - g
TR R
o S cs g
zZr— —X>—z—=
v H Vn
X + i >u>x 7
Xtz — X—z —
v H Vn
1 1
5 (100 — @)% 5(100 — )%

—Z z

Case 1:
If x is the mean of a random sample of size n from
N(u, ?), where o? is known, then a symmetric a%

confidence interval for u is given by

¥tz—
Vn

L o _ o
le.X—z—=<u<x+z—

Vn Vn
where z is the % (100 — @)% point of N(0, 1)

o
— 1s called the standard error of the mean

Vn

Case 2:
If a large sample (n = 30) from any distribution has a
sampling distribution which is approximately normal

2
N (u, ‘%) where u is the mean and o2, the variance of the

parent population, both unknown, then a symmetric a%
confidence interval for u is

A

_ o _ o
X—zZ—=<u<x+z—

Vn Vn

where X, 62 are the mean and variance of the sample and
Zis thei(lOO — a)% point of N(0, 1).
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= 2x0.3849
= 0.7698
(b) Since the width is measured 16 times, n = 16

N 0.52
x w—g

P(lx—w| <03) =P (IZI < £)

0.125
=P(|Z| < 2.4)
=2xP0<Z<24)
=2x0.4918
= 0.9836

C or 0 contiaence limits, — = 0. = Z = L.
(c) For 98% confidence li 't': 0.01 2.326

0.5
356+ 2326 x —
V16

35.6 + 0.3
(35.3,35.9)

Example 13

A random sample of the daily sales (in $) of a small
company is taken and, using tables of the normal
distribution, a 99% confidence interval for the mean daily
sales is found to be

(123.5,154.7)
Find a 95% confidence interval for the mean daily sales of
the company.
Solution

1
X = 5(123.5 +154.7) = 139.1
For 99% confidence interval, % = 0.005,z = 2.576

o
X+ z— = 154.7

Vn
o
139.1 + 2.576\/—H = 154.7
o 15.6 _
ﬁ =5576 " 6.056
For the 95% confidence interval, % =0.025,z=1.96
¥+ 1.96—
E R
139.1 £ 1.96 X 6.056
139.1 £ 11.87

S095% CI = (127.23, 150.97)

How large a sample do you need?

You are now in a position to start to answer the question of
how large a sample needs to be. The answer depends on the
precision you require, and the confidence level you are
prepared to accept.

Example 14
The officer plans to take, secretly, a random sample of n
sacks, find the total weight of the coal inside them and
thereby estimate the mean weight of the coal per sack. He
wants to present this figure correct to the nearest kilogram
with 95% confidence. What value of n should he choose?
Solution

The 95% confidence interval for the mean is given by

X — 1.96\% to X + 1.96%

and so, since o = 1.5, the inspector’s requirement is that
1.96 x 1.5

<05
Vn

1.96 x 1.5
S —
0.5 <Vn

n > 34.57
So the inspector needs to take 35 sacks

Example 15
The mean muscular endurance score of a random sample of
60 subjects was found to be 145 with a standard deviation
of 40.
(@) Construct a 95% confidence interval for the true mean.
(b) Assuming that the sample size is large enough for
normal approximation, what size of sample is required
to estimate the mean within 5 of the true mean with a
95% confidence?
Solution
(@) Wearegiven:n =60,x = 145and s = 40
95% confidence limits for true mean () are:

s
X+ 1.96— (02 = s?, since sample is large)
Vn

—145+196><40
ST T B0

=145+ 10.12
= 134.88,155.12
Hence 95% confidence interval for y is (134.88, 155.12)
(b) |x—ul<5=E,z=1.96,6=5s=40

A

E xa
=z —_
N
ZX\%  /1.96 X 40\?
n=( B ) =(T) = 245.86 ~ 246

Example 16

The guaranteed average life of a certain type of electric light
bulbs is 1000 hours with a standard deviation of 125 hours.
It is decided to sample the output so as to ensure that 90%
of the bulbs do not fall short of the guaranteed average by
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EXAMINATION QUESTIONS

SECTION A
1. The table below shows the masses of bolts bought by a
carpenter.

Mass (grams) | 98 | 99 | 100 | 101 | 102 | 103 | 104

No. of bolts 8 | 11 | 14 | 20 | 17 6 4

Calculate the;
(@) median mass
(b) median mass of the bolts.
[2019, No. 1: Ans: (a) 101 (b) 100.7625]

2.A discrete random variable X has the following
probability distribution:
X 0 1 2 3 4 5
P(X=x)|011|0.17 | 0.2 | 013 | p | 0.09
Find the;

(@) valueofp
(b) expected value of X
[2019, No. 4: Ans: (a) 0.3 (b) 2.61]
3.The amount of meat sold by a butcher is normally
distributed with mean 43 kg and standard deviation 4 kg.
Determine the probability that the amount of meat sold is
between 40 kg and 50 kg.
[2019, No. 7: Ans: 0.7333]

4. Twoevents A and B are such that P(A|B) = g P(B) = 2

4
and P(4) = g Find
(@ P(ANnB)
(b) P(AUB)
[2018, No. 2: Ans: (a) 0.1 (b) 0.35]
5. The price index of an article in 2000 based on 1998 was
130. The price index for the article in 2005 based on
2000 was 80. Calculate the:
(a) price index of the article in 2005 based on 1998
(b) price of the article in 1998 if the price of the article
was 45,000 in 2005.
[2018, No. 5: Ans: (a) 104 (b) 43,269.23]
6. A biased coin is such that a head is three times as likely
to occur as a tail. The coin is tossed 5 times. Find the
probability that at most two tails occur.
[2018, No. 8: Ans: 0.8965]
7.The probability that a patient suffering from a certain
disease recovers is 0.4. If 15 people contracted the
disease, find the probability that:
(&) more than 9 will recover
(b) between five and eight will recover
[2017, No. 2: Ans: (a) 0.0338 (b) 0.3837]
8.A box A contains 1 white ball and 1 blue ball. Box B
contains only 2 white balls. If a ball is picked at random,
find the probability that it is:
(&) white.
(b) from box A given that it is white.
[2017, No. 5: Ans: (a) 2 (b) 7]

9. The table below shows the retail price (Shs) and amount
of each item bought weekly by a restaurant in 2002 and
2003.

Item Price (Shs) Amount
2002 2003 | bought
Milk (per litre) 400 500 200
Eggs (per tray) 2,500 3,000 18
Cooking oil (per litre) 2,400 2,100 2
Baking flour (per packet) 2,000 2,200 15

(a) Taking 2002 as the base year, calculate the weighted
aggregate price index.

(b) In 2003, the restaurant spent Shs 450,000 on buying
these items. Using the weighted aggregate price index
obtained in (a), calculate what the restaurant could
have spent in 2002.

[2017, No. 7: Ans: (a) 119.65 (b) 376,096.95]
10. The table below shows the values of two variables P and
Q.
P 14 15 25 20 15 7
Q 30 25 20 18 15 22
Calculate the rank correlation coefficient between the
two variables.

[2016, No. 2: Ans: —0.4714]
11.A continuous random variable X has a cumulative
distribution function:

0, x<0
F(x):{lx3, 0<x<4
1, x=>4

Find the
(@) value of the constant A
(b) probability density function, f(x)

[2016, No. 5: !

Ans: (a) — () fl)=
{ixz 0<x<4

64 ]
0  otherwise
12. A bag contains 5 Pepsi Cola and 4 Mirinda bottle tops.

Three bottle tops are picked at random from the bag one
after the other without replacement. Find the probability
that the bottle tops picked are of the same type.
[2016, No. 8: Ans: 0.1667]
13.The table below shows the mass of boys in a certain
school.
Mass (kg) 15 | 20 25 30 35
Number of boys | 5 6 10 20 9
Calculate the mean mass.

[2015, No.3: Ans: 27.2 kg]

14.Events A and B are independent. P(A) = x, P(B) =
x + 0.2 and P(A U B) = 0.65. Find the value of x.

[2015, No. 5: Ans: 0.3]

15.The marks in an examination were found to be normally

distributed with mean 53.9 and standard deviation 16.5.

20% of the candidates who sat this examination failed.

Find the pass mark for the examination.
[2015, No. 7: Ans: 40%]
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[2004, No. 5: Ans: 0.0439]
48.Eight applicants for a certain job obtained the following
marks in aptitude and written tests:

Applicant | A | B | C | D|E|F |G| H
Aptitude | 33 | 45 | 15 | 42 | 45| 35 | 40 | 48
test
Written 57|60 |40 | 75|58 |48 |54 | 68
test

Calculate a rank correlation coefficient of the applicants’
performance in the two tests. Comment on your result.
[2004, No. 7: Ans: 0.78]

49.Events A and B are such that P(4) = % P(B) = g and

P (%) = % Find:
(i) P(ANnB)
(i) P(B|A)
[2003, No. 1: Ans: (i) — (ii) 2]
50. In an examination, scaling is done such that candidate A
who had originally scored 35% gets 50% and candidate
B with 40% gets 65%. Determine the original mark for
candidate C whose new mark is 80%.
[2003, No. 4: Ans: 45%]
51.The table below shows the marks scored in a
mathematics examination by students in a certain school.

Marks Number of students
30 -39 12
40 - 49 16
50 -59 14
60 — 69 10
70 —79 8
80 — 89 4
(i) Draw a histogram and use it to estimate the
mode.

(if) Calculate the mean score
[2003, No. 7: Ans: (i) 46 (ii) 54.19]
52.0n a certain day, fresh fish from lakes: Kyoga, Victoria,
Albert and George were supplied to one of the central
markets of Kampala in the ratios 30%, 40%, 20% and
10% respectively. Each lake had an estimated ratio of
poisoned fish of 2%, 3%, 3% and 1% respectively. If a
health inspector picked a fish at random,
(a) what is the probability that the fish was poisoned?
(b) given that the fish was poisoned, what is the
probability that it was from lake Albert?
[2002, No. 1: Ans: (a) 0.025 (b) 0.24]
53.The chance that a person picked from a Kampala street
is employed is 30 in every 48. The probability that that
person is a university graduate given that he is employed
is 0.6. Find the:
(a) probability that a person picked at random from the
street is a university graduate and is employed
(b) number of people that are not university graduates
and are employed from a group of 120 people.
[2002, No. 4: Ans: (a) 0.375 (b) 30]

54.The table below shows the cumulative distribution of the
age (in years) of 400 students of a girls’ secondary
school.

Age (in years) | Cumulative Frequency

<12 0

<13 27
<14 85
<15 215
<16 320
<17 370
<18 395
<19 400

Plot an ogive for the data and use it to estimate the:
(&) median age,
(b) 20™" to 80™ percentage range
[2002, No. 7: Ans: (a) 14.9 (b) 2.1]
55.Two events A and B are neither independent nor

mutually exclusive. Given that P(4) = % P(A) = % and
P(ANB") =+, find
(i) P(A'UB")
@iy P(A'|B")
[2001, No. 1: Ans: (i) 2 (ii) 7]
56.A coin is biased so that a head is twice as likely to occur
as a tail. If the coin is tossed 15 times, determine the,
(i) expected number of heads,
(ii) probability of getting at most 2 tails
[2001, No. 4: Ans: (i) 10 (ii) 0.0793]
57. A physics student measured the times taken in seconds
for a trolley to run down slopes of varying gradients and
obtained the following results:
35.2, 34.5, 33.5, 29.3, 30.9, 31.8
Calculate the mean time and standard deviation.
[2001, No. 6: Ans: 32.53, 2.065]
58. A family plans to have three children.
(i) Write down the possible sample space and construct
its probability distribution table
(if) Given that X is the number of boys in family, find
the expected number of boys.
[2000, No. 1: Ans: (ii) 1.5]
59. Two balls are randomly drawn without replacement from
a bag containing 10 white and 6 red balls. Find the
probability that the second ball drawn is
(i) red given that the first one was white,
(i) white
[2000, No. 3: Ans: (i) 0.4 (ii) 0.375]
60.0n a certain farm, 20% of the cows are infected by a tick
disease. If a random sample of 50 cows is selected from
the farm, find the probability that not more than 10% of
the cows are infected.
[2000, No. 6: Ans: 0.0558]
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SECTION B
1. The table below shows the marks obtained in a
Mathematics test by a group of students.

Marks No. of students
5—-< 15 5
15—< 25 7
25—< 35 19
35—< 45 17
45—< 55 7
55—< 65 4
65—< 75 2
75—< 85 3
(&) Construct a cumulative frequency curve (Ogive) for
the data.

(b) Use your Ogive to find the;
(i) range between the 10™ and 70" percentiles.
(ii) probability that a student selected at random
scored below 50 marks.
[2019, No. 10]

2. Two events A and B are such that P(B) = %, P(ANB) =
1—10 and P(B|A) = % Determine the;
(@) P(4)
(b) P(AUB)
(c) P(AIB)
[2019, No. 13: Ans: (a) 0.3 (b) 0.325 (c) 8/35]
3. A biased die with faces labelled 1, 2, 2, 3, 5 and 6 is
tossed 45 times. Calculate the probability that 2 will
appear;
(a) more than 18 times
(b) exactly 11 times
[2019, No. 16: (a) 0.1339 (b) 0.0568]
4. The frequency distribution below shows the ages of 240
students admitted to a certain university.

Age (years) Number of students
18—< 19 24
19—-< 20 70
20—< 24 76
24—-< 26 48
26—< 30 16
30—< 32 6

(a) Calculate the mean age of the students
(b) (i) Draw a histogram for the given data
(i) Use the histogram to estimate the modal age
[2018, No. 9: Ans: (a) 22.15 (b) (ii) 19.5]
5. The table below shows the number of red and green balls
put in three identical boxes A, B and C.

Boxes A B C
Red balls 4 6 3
Green balls 2 7 5

A box is chosen at random and two balls are then drawn
from it successively without replacement. If the random
variable X is “the number of green balls drawn”,

(a) draw a probability distribution table for X

(b) calculate the mean and variance of X
[2018, No. 15: Ans: (b) 0.9979, 0.462]
6. A random variable X has a normal distribution where
P(X >9) =0.9192 and P(X < 11) = 0.7580. Find:
(a) the values of the mean and standard deviation
(b) P(X > 10)
[2018, No. 12.: Ans: (a) 10.33, 0.9254 (b) 0.6368]
7.A discrete random variable X has a probability
distribution given by
kx, x =1,2,3,4,5.
P(X =x) = { 0, Otherwise
where k is a constant.
Determine;
(@) the value of k
(b) P2<X<5)
(c) Expectation, E(X)
(d) Variance, Var(X)
[2017, No. 9: Ans: (a) % (b) é ©) 13—1 (d) %“]
8. The times taken for 55 students to have their lunch to the
nearest minute are given in the table below.

Time(minutes) | 3—4 | 5-9 | 10-19 | 20-29 | 30-44

No. of students 2 7 16 21 9

(a) Calculate the mean time for the students to have lunch
(b) (i) Draw a histogram for the given data
(ii) Use your histogram to estimate the modal time for
the students to have lunch.
[2017, No. 12: Ans: (a) 20.65 (b) (ii) 22]
9. The number of cows owned by residents in a village is
assumed to be normally distributed. 15% of the residents
have less than 60 cows. 5% of the residents have over 90
COWS.
(a) Determine the values of the mean and standard
deviation of the cows.
(b) If there are 200 residents, find how many have more
than 80 cows.
[2017, No. 15: Ans: (a) 11.19; 71.59 (b) 45]
10.The data below shows the length in centimetres of
different calendars produced by a printing press. A
cumulative frequency distribution was formed.

Length(cm) | <20 | <30 | <35 | <40 | <50 | <60
Cumulative 4 20 32 42 48 50
frequency

(a) Construct a frequency distribution table
(b) Draw a histogram and use it to estimate the modal
length
(c) Find the mean length of the calendars
[2016, No. 9: Ans: (b) 33.5 (c) 31.7]
11.A newspaper vendor buys 12 copies of a sports
magazine every week. The probability distribution for
the number of copies sold in a week is given in the table
below.
Number of copies sold| 9 10 11 12
Probability 0.2 | 0.35 | 0.30 | 0.15
(a) Estimate the
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(i) P(T/3 <X <37/,)
(b) Show that the mean, u of the distribution is 1 +%
[2008, No. 12: Ans: (a) (i) = (ii) 0.6982]
36.(a) Sixty students sat for a mathematics contest whose
pass mark was 40 marks. Their scores in the contest
were approximately normally distributed. 9 students
scored less than 20 marks while 3 scored more than 70
marks. Find the:
(i) mean score and standard deviation of the
contest
(if) probability that a student chosen at random
passed the contest
(b) The times a machine takes to print each of the 10
documents were recorded in minutes as given below:
16.5, 18.3, 18.5, 16.6, 19.4, 16.8, 18.6, 16.0, 20.1,
18.2.
If the times of printing the documents are
approximately normally distributed with variance of
2.56 minutes, find the 80% confidence interval for the
mean time of printing the documents.
[2008, No. 15: Ans: (a)(i) 39.32, 18.65 (ii) 0.4856
(b) (17.25, 28.55)]
37.The departure time, T of pupils from a certain day
primary school can be modelled as in the diagram below,
where t is the time in minutes after the final bell at 5: 00
p.m.

f(x)
[

0 10

Nl ——————
~

Determine the:
(@) value of k,
(b) equations of the p.d.f.
(c) E(T)
(d) probability that a pupil leaves between 4 and 7
minutes after the bell
—t; 0<t<5
[2007, No. 9: Ans: (a) = (b) £(t) = L(10-0) ;5<t<10
0 otherwise

(c) 5 (d) 0.5]

38. Below are marks scored by 8 students 4, B, C, D, E, F,
G and H in Mathematics, Economics and Geography in
the end of term examinations.

A|B|C|D|E|F |G| H

Mathematics | 52 | 75 | 41 | 60 | 81 | 31 | 65 | 52

Economics | 50 | 60 | 35 | 65 | 66 | 66 | 69 | 48
Geography | 35|40 | 60 | 54 | 63 | 63 | 55| 72

Calculate the rank correlation coefficients between the
performances of the students in:

(i) Mathematics and Economics

(ii) Geography and Mathematics
Comment on the significance of Mathematics in the
performance of Economics and Geography
[Spearman, p = 0.86, Kendalls, T = 0.79 based on 8
observations at 1% level of significance]

[2007, No. 12: Ans: (i) 0.8512 (ii) 0.1905]

39.(a) A box contains 7 red balls and 6 blue balls. Three
balls are selected at random without replacement. Find
the probability that:

(i) they are of the same colour

(ii) at most two are blue

(b) Two boxes P and Q contain white and brown cards.

P contains 6 white cards and 4 brown cards. Q
contains 2 white cards and 3 brown cards. A box is
selected at random and a card is selected. Find the
probability that:

(i) abrown card is selected

(if) box Q is selected given that the card is white.

[2007, No. 15: Ans: (a)(i) 0.1923 (ii) 0.9301 (b)(i) 0.5 (ii)

0.4]

40.(a) Among the spectators watching a football match,
80% were the home team’s supporters while the rest
were the visitor team’s supporters. If 2500 of the
spectators are selected at random, what is the probability
that there were more than 540 visitors in this sample?
(b) The times a factory takes to make units of a product

are approximately normally distributed. A sample of

49 units of the product was taken and found to take

an average of 50 minutes with a standard deviation of

2 minutes.

Calculate the 99% confidence limits of the mean

time of making all units of the product.

[2006, No. 9: Ans: (a) 0.0215 (b) (49.264,50.736)]
41.The table below is the distribution of weights of a group

of animals.

Mass (kg) Frequency
21-25 10
26 —30 20
31-35 15
36 — 40 10
41 -50 30
51 —65 45
66 — 75 5

(@) Draw a cumulative frequency curve and use it to
estimate the semi-interquartile range.

(b) Find the:

(i) mode,

(ii) standard deviation of the weights.

[2006, No. 12: Ans: (a) 24 (b)(i) 28.83 (ii) 11.77]

42.A continuous random variable X has a probability

density function given by
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[2004, No. 14: Ans: (a) 160.9, 5.6 (c) (i) 161 (ii) 10]
49. Given the cumulative distribution function,

x? -1
> —x;1<x<2;
F(x) = x?
3x—7;23x<3;
1;x=3
(a) Find
(i) thep.d.f.

(i) Pl2<x<24)
(iii) the mean of x
(b) Sketch f(x)
x—1;1<x<2
[2003, No. 10: Ans: (a) (i) f(x) =43 —x ; 2 < x < 3 (ii)
0 elsewhere

0.8 (iii) 2]

50. In a school of 800 students, their average weight is 54.5
kg and standard deviation 6.8 kg. If the weights of all the
students in the school assume a normal distribution, find
the

(i) probability that a student picked at random
weighs 52.8 or less kg.
(i)  number of students who weigh over 75 kg
(iii) weight range of the middle 56% of the students
of the school
[2003, No. 13: Ans: (i) 0.4013 (ii) 1 (iii) 49.25 — 59.75]
51.The table below shows the percentage of sand, y, in the
soil at different depths x (in cm).

Soil depth (x) Percentage of sand, (y)
35 86
65 70
55 84
25 92
45 79
75 68
20 96
90 58
51 86
60 77

(@) (i) Plot a scatter diagram for the data. Comment
on the relationship between the depth of the soil
and the percentage of sand in the soil.

(ii) Draw a line of best fit through the points of the
scatter diagram. Use it to estimate the
- percentage of sand in the soil at the depth
of 31 cm
- depth of soil with 54% sand

(b) Calculate the rank correlation coefficient between
the percentage of sand in the soil and the depth of
soil.

[2003, No. 15: Ans: (b) —0.9485]
52.A pair of dice is tossed 180 times, determine the
probability that a sum of 7 appears:
(a) exactly 40 times,
(b) between 25 and 35 inclusive times.

[2002, No. 10: Ans: (a) 0.0108 (b) 0.7286]
53.(a) A random variable X has the probability density

function
1

fX)=ib-—a’
else where

0 ’
. . (b-a)?
Show that the variance of X is 0

a<x<b;

(b) During rush hours, it was observed that the number
of vehicles departing for Entebbe from Kampala old
taxi park take on a random variable X with a
uniform distribution over the interval [x,, x,]. If in
one hour, the expected number of vehicles leaving
the stage is 12, with variance of 3, calculate the:

(i) values of x; and x,
(ii) probability that at least 11 vehicles leave the
stage.

[2002, No. 11: Ans: (b) (i) x, = 9, x, = 15 (ii) g]
54.The times taken by a group of students to solve a
mathematical problem are given below:

Time (min) No. of students
5-9 5
10 — 14 14
15-19 30
20— 24 17
25—-29 11
30 —34 3

(a) Draw a histogram for the data. Use it to estimate the
modal time for solving a problem
(b) Calculate a mean time and standard deviation of
solving a problem.
[2002, No. 14: Ans: (a) 17.3 (b) 18.5, 5.99]
55.(a) Bag A contains 2 green and 2 blue balls, while bag B
contains 2 green and 3 blue balls. A bag is selected at
random and two balls drawn from it without
replacement. Find the probability that the balls drawn are
of different colours.
(b) A fair die is rolled 6 times. Calculate the probability
that
(i) a2 or4 appears on the first throw,
(ii) four 5 s will appear in the six throws.

[2001, No. 10: Ans: (a) g (b) (i)§ (ii) 0.008]
56. The table below shows the weights to the nearest kg of

150 patients who visited a certain health unit during a
certain week:

Weight (kg) No. of patients (f)
0-19 30
20—-29 16
30—-39 24
40 — 49 32
50 -59 28
60 — 69 12
70 —-79 8
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Numerical Methods

INTRODUCTION

Numerical methods are techniques where mathematics
problems are formulated as a series of arithmetic and logical
operations. An example is if we have a function y = f(x),

we can approximate the derivative as
ay o fl+A)-f(x)
dx Ax
If you recall from calculus, the definition of the derivative
of the function is
d . x+Ax)—f(x
d_§=A1,‘fl‘of( A; f&)
In numerical methods, we just drop the limit and just use a
Ax that is really very small and in so doing we can
approximate the derivative by a couple of simple arithmetic
operations i.e. addition, subtraction, function evaluation and
division. The process is implemented usually with an
algorithm, which is a series of steps and a strategy.

Why study Numerical methods

1. Numerical methods help us to solve problems that are
difficult/ tedious or impossible to solve analytically.
Some simple equations can be solved analytically i.e.
x2+4x+3=0.

-42/42-4()(3)

2(1)

x=-landx = -3
Many other equations have no analytical solutions i.e.
x° —2x545=0,x =e™*, x = cosx, etc.

2.  Numerical methods form the “guts” of most analysis
software in engineering and science. They underly
finite element analysis used in structures and
mechanical design, computational fluid dynamics,
electric circuit modelling, only to mention but a few.

3. Studying numerical methods can enhance your

understanding of higher-level mathematics. (calculus,
differential equations, linear algebra, etc.).
Just like the numerical algorithm for the derivative
example | provided at the beginning, you will be taking
a series of such higher-level mathematical concepts and
break them down in a series of arithmetic operations
and in so doing, that can enhance your understanding of
how those higher-level mathematical concepts actually
work.

Analytic solution roots =

Examples of Numerical Methods

o Finding the roots of non-linear equations, a case where we
have an equation f(x) = 0 and we would like to find x.
Sometimes that is not possible to do analytically and we
need a numerical method to do that. The numerical
methods to solve f(x) = 0 that are covered in this book
are graphical method, general iterative method (fixed
point iteration) and the Newton’s method.

e Solving systems of algebraic equations from different
mathematical models that may include linear systems and
non-linear systems of equations. These may be impossible
to solve analytically.

For example, there is an analytic solution for the motion
of two objects interacting gravitationally but no solution
for three or more objects. This is why we can prove that

two objects orbit in ellipses but the motion of three or
more bodies is unpredictable. This inability is the
infamous “three body problem”. It shows up in atoms as
well; we can analytically describe the shape of electron
orbitals and energy levels in individual hydrogen atoms (1
proton + 1 electron = 2 bodies), but not easy for other
elements.

The numerical method in this case will describe how
individual pieces interact with neighbours, then assemble
a large number of pieces and the resulting equations are
relatively simple to solve since they have to be solved in
the context of their neighbours. Now we can bring to bear
a large body of knowledge regarding linear algebra and
matrices to solve the problems.

o Fitting mathematical models to experimental data. This

can be done by curve fitting and how to assess that a
model you fit to assess a set of data is an appropriate
model for that data.
In this book we have considered modelling mathematical
situations/models by representing algorithms by flow
charts or flow diagrams and assessing the purpose of the
flow diagrams.

o Interpolation and extrapolation that allows us to estimate
intermediate values and also values that are at the extreme
ends of a table data.

e Numerical integration which includes integrating data
directly and integrating functions. Classic examples of
integrals that cannot be integrated analytically include
[e**dx, Jo Y1+ cos? x dx, etc. Of course, the integrals
exist that is obviously the area under the curves described
by the functions but it is impossible using the analytical
methods you learn in calculus to determine the above
integrals.

Numerical methods generally give an approximation of the
true/exact solution and the method to be used depends on the
following questions.
e How good is our approximation? (Error analysis)
e How fast and efficient is our method? (Algorithm
design, Convergence rate)
e Does our method always work? (Convergence)

There are so many other numerical methods that are beyond
the scope of this book such as numerical differentiation,
solutions to ordinary differential equations, boundary value
problems, least squares method among others.

Numerical Analysis

This is the application of an appropriate numerical method
to a physical problem in a systematic manner to arrive at a
solution and to make interpretation of the said solution with
the help of the various fast and efficient computing tools.
Thus, an Applied mathematician needs to understand the
numerical methods very well such that he can be able to
apply the methods to solve problems and model systems.
He therefore needs to understand enough theory to
understand the techniques, know their strengths and
weaknesses, and how to implement them using MATLAB
and other programming software.
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ERRORS

No measurement made is ever exact. The accuracy
(correctness) and precision (number of significant figures)
of a measurement are always limited by a degree of
refinement of the apparatus used, by the skill of the observer,
and by the basing physics in the experiment.
In doing experiments, we are trying to establish the best
values for certain quantities, or trying to validate a theory.
We also give a range of possible true values based on our
limited number of measurements.
Also numerical solutions are an approximation and thus
need to be examined closely. One way of doing this is
establishing the error, that is how far an approximation is
from the true value.
Error in computation is the difference between the exact
value and the approximated value.
Error = Approximate value — Exact value

Since we are usually interested in the magnitude or absolute
of the error, we define

Absolute error = |Approximate value — Exact value|
The absolute error can sometimes be misleading. Even if the
absolute error is small in magnitude, the approximation may
be grossly inaccurate if the exact value is even smaller in
magnitude. For this reason, it is preferable to measure
accuracy in terms of the relative error.

. Absolute error
Relative error= —
Exact value

The relative error is usually expressed as a percentage

Absolute error

Percentage error = X 100%

Exact value

Types of errors
We shall discuss basically three types of errors i.e. random
errors, round-off errors and truncation errors

Random errors

Random errors arise from the fluctuations that are most
easily observed by making multiple trials of a given
measurement. For example, if you were to measure the
period of a pendulum many times with a stop watch, you
would find that your measurements were not always the
same.

The main source of these fluctuations would probably be
the difficulty of judging exactly when the pendulum came
to a given point in its motion, and in starting and stopping
the stop watch at the time that you judge.

Round-off errors

Round-off error is the difference between a rounded-off
numerical value and the actual value. A rounded quantity is
represented by a numeral with a fixed number of allowed
digits, with the last digit set to the value that produces the
smallest difference between the rounded quantity and the
actual quantity.

Rounding can produce a value that is easier to deal with than
the actual value, especially if the actual value contains a lot
of digits. Rounding can also be done to indicate the relative
precision of a value. For example, the irrational number pi
equals approximately 3.14, rounded to two decimal places
or three significant digits.

Truncation errors (Round by chop)
These errors occur when an infinite process is terminated at
a certain point or approximated by a finite one. Examples
include
e Taylor’s series where terms of higher derivatives
are ignored.
e  Approximate calculation of derivatives
The Taylor series expansion
x? x"
ef =14xtrd ot
If the formula is used to calculate %3 we get
0 0.3 03"
e?? = 1403+ 4+ —
Where do we stop? How many terms do we include?
Theoretically the calculation will never stop. There are
always more terms to add on. If we do stop after a finite
number of terms, we will not get the exact answer. For
example, if we do take the first four terms as the
approximation, we get

i " 32 0.33 s
r=e ~1+0.3+T+?—T
For this calculation, the truncation error is

Truncation error =r — 7

Note:

The truncation error is dependent on the specific numerical
method or algorithm used to solve a problem and it is
independent of the round-off error.

The following example illustrates the two rounding rules i.e.
truncation and round-off to 1 decimal place.

x Truncation | Error | Round-to nearest | Error
1.649 1.6 0.049 1.6 0.049
1.650 1.6 0.050 1.7 0.050
1.651 1.6 0.051 1.7 0.049
1.699 1.6 0.099 1.7 0.001
1.749 1.7 0.049 1.7 0.049
1.750 1.7 0.050 1.8 0.050

Limits of accuracy (Error bound)

A basic question associated with any approximation is “How
good is the approximation?”. Thus we introduce the term
“error bound” an upper bound on the size of the error.

It is important to realize that although the absolute value of
the error may be considerably smaller than the error bound,
it can never be larger. In general, the smaller the error bound,
the better the approximation.
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Tolerance, abbreviated as TOL, is often used as synonym
for error bound.

Sometimes the degree of accuracy needed in the
approximations is specified by saying that it must be
accurate to a given number of decimal places.

One says that x an approximation of a quantity X, is accurate
to n decimal places if

1
[x — X| <EX 107"
This means that the true value of X lies between X —
2(10—") and X + ; (10™)

Thus, the error bound can be obtained from the maximum
and minimum values of the function from the formula

1
Error bound = 7 (Maximum value — Minimum value)

Range of values within which the exact/true value lies
The range of values is obtained by adding and subtracting
the error bound to and from the true value respectively.
Maximum value = True value + Error bound

Minimum value = True value - Error bound

Example 1
Given x = 2.2255, y = 0.449 correct to the given number
of decimal places. State the maximum possible errors in the
value of x and y. Hence determine the
(@) absolute error
(b) limits within which the value of quotient g lies giving
your answers to 2 decimal places
Solution
Maximum possible error in the values x and y is given by
Error = % x 107"

For x = 2.2255, 4 d.p.
1
Ax = 3 x 10™* = 0.00005
Fory = 0.449, 3 d.p.

1
Ay = 5% 107 = 0.0005

. 2.22555
(a) Maximum value = Tmex —
Ymin 0.4485
= 496221
.. ; 2.22545
Minimum value = 22 =
Ymax  0.4495
= 4.95095

. 1 .
Absolute value in % =3 (max. value-min. value)

1
= 2(4.96221 —4.95095)

= 0.00563
(b) Limits within which the exact value of x/y lies
= Working value + Error

X
= — + Error
y

_ 2:2255 + 0.00563
T 0449 —

= 4.95657 + 0.00563

Hence the limits are 4.95 and 4.96 (2 d.p.)

Example 2
The radius of a sphere is measured as (2.1 + 0.5) cm.
Calculate the limits within which its surface area lies.
Solution
r = 2.1, Ar = 0.5, Let A = surface area
A = 4nr? = 4m(2.1)? = 55.418 cm?

Aoy = 4124 = 41(2.6)% = 84.949 cm?

Apin = 41T7‘mm = 41(1.6)? = 32.170 cm?
Absolute error in A = > (84.949 —32.170) = 26.2895

Limits within which the surface area lies are given by
55.418 + 26.2895 cm?
Or [29.1285 cm?,81.7075 cm?]

Example 3

Given that the values x = 4, y = 6 and z = 8 each has been
approximated to the nearest integer. Find the maximum and
minimum values of

y
@ =
Z—X
(b) Ty
€ (x+y)z
Solution
y Ymax __ E —
@ (;)max mex — 22 = 1.85714
(2) ~=Zmn—25_ 42922
X/ min xmax 4.5
zZ—Xx _ Zmax—*min _ 85-35 _
(b) ( - )max = e nin = 0.90909
(z ) _ Zmin—xmax — 7.5—4.5 = 046154
Y 7 min Ymax 6.5 '

© [(x+¥)zlmax = Cmax + Ymax) Zmax
= (4.5+6.5)8.5 =93.5

[(x + Y)Z]min = CXmin + Yimin) Zmin
= (3.5+4+5.5)7.5 = 67.5

Example 4

Given that A = 2.5, B = 1.710, C = 16.01, correct to the
given number of decimal places. State the maximum
possible errors in the values of 4, B and C. Hence determine
the limits within which the value of % lies giving your

answer to 3 decimal places.

Solution
AA = 0.05, AB = 0.0005, AC = 0.005
( AB ) — (AB)max — Amameax
C—-B max (C - B)min Cmin - Bmax
_ 2.55 x 1.7105 — 030514
©16.005 —1.7105
=0.305 (3 d.p)

( AB ) — (AB)min — Amianin
C—-B min (C - B)max Cmax - Bmin
_ 24517095 oo
©16.015—-1.7095

=0.293 (3 d.p)

~ The limits are [0.293, 0.305]
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Errors

Function, z Powers Az
z
x2%y m=2,n=1 2|Ax| |Ay|
x |y
xy? m=1,n=2 @+M
X y
x? m=2,n=-1 ZIAxI+IAyI
Yy x Yy
x m=1,n=-2 |Ax|  2|Ay|
y? x Ty

Do you notice the relationship in the maximum relative
errors in the table above?

It agrees with the fact that the maximum relative error of the
product or quotient of two variables is the sum of the relative
errors of the individual variables.

Example 9
Given that x = 4.52+ 0.02, A=2.0+ 0.2,y =3.0+ 0.6
and z = xy?/vA. Find the range of values within which
lies.
Solution
Ax =0.02,AA=0.2and Ay = 0.6
_xy?  4.52(3.02)°
VA V20
The maximum relative error in the product /quotient is the
sum of the relative errors of the individual numbers
Az Ax Ay 1AA
Z - x Py tea
The second relative error, (Ay/y) is multiplied by 2 because
the power of y is 2.

The third relative error, (AA/A) is multiplied by % since a

= 29.15

square root is power of one half.

Az 0.02 N 2(0.6) N 1 (0.2)
29.15  4.52 3.0  2\2.0
Az __ 0.4544
29.15
Az = 13.25

~z=29.15413.25

Example 10

VA
B2c3’
given that A = 2.8, B = 6.4 and C = 3.4, if all values are
rounded-off to the given number of decimal places.

Solution

Find the maximum absolute error in the expression

1
= AZB~2C"3
V2.8
2= 64)2(3.4)°
AA = 0.05, AB = 0.05, AC = 0.05
Az 1AA _AB _AC

Z 2at2E T3

Az _ 1 (0.05) 42 (0.05) +3 (0.05)
0.001 2\28 6.4 3.4

Letz =

A
B2(3

= 0.001

Az

0.001
Az = 0.0000687

The maximum absolute error in the expression is

= 0.0687

0.0000687
Example 11

. . . _ A%B3
A physical quantity X is given by X = 5

If the percentage errors of measurement in A, B, C and D are
4%, 2%, 3% and 1% respectively, the calculate the
percentage error in X.

Solution
A%B3  A%B3
VD ps
AX_ZAA+3AB+AC+1AD
X " A B C 2D

AX 1
~ = 2(0.04) +3(0.02) + 0.03 + - (0.01)

AX—0175
¥ -0

AX
5a x 100 =17.5%

-~ The percentage error in X is 17.5%

Example 12
If x = 5.94 and y = 3.012 are each rounded off to the given
number of decimal places, calculate the:

2
(a) percentage error in y?
2
(b) limits within which ny is expected to lie.

Give your answers correct to 3 decimal places.

Solution
Ax = 0.005, Ay = 0.0005
2
(d) Letz= y;
Az A A
- = 2 _y + _x
z y X
Az =7 0.0005 0.005 — 0.001174
z (3.012) 594

Az
~ X 100 = 0.1174

2
Percentage error in y; =0.117%
b) Letz =2
( ) etz = E
Az A Ay — Ax
— Z_y + ‘y—‘
VA y y — X
Az A A Ax
_ Y L
z y ly—x| ly—xl
Az (0.0005) N 0.0005 N 0.005
~ 7\ 3.012 2.928 2928

Az
— =0.0022
z

Az = 0.0022z

__se2
£=3012—-594

|Az| = 0.0022 x 3.0984 = 0.00682
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= |Ax|tanx

() z=tanx
Az = tan(x + Ax) —tanx
_sin(x +Ax)  sinx
" cos(x + Ax)  cosx
cos x sin(x + Ax) — sin x cos(x + Ax)

cos x cos(x + Ax)
cos x[sin x cos Ax+sin Ax cos x]—sin x[cos x cos Ax—sin x sin Ax]

Az =

Az =

cos x cos(x+Ax)
cos x sin x cos Ax+cos? x sin Ax—sin x cos x cos Ax+sin? x sin Ax

Az =

cos x cos(x+Ax)

cos? x sin Ax + sin? x sin Ax

zZ =
cos x cos(x + Ax)

(cos? x + sin? x) sin Ax

Z =
cos x cos(x + Ax)

sin Ax

~ cosx cos(x + Ax)
sin Ax
_ Ax ( Ax )
cos x cos(x + Ax)

A
Assuming Ax = 0, sndr _ =1, cos(x + Ax) = cosx
Ax
" cos?x
Ax
|Az] = | . |
cos? x
|Ax|
T cos?x
Az |Ax|
— = >— +tanx
z cos?x
Az |[Ax|] cosx
7z  cos?x  sinx
Az |Ax|

z sin x cos x

6. Other functions:
(a) Getting formulas using partial derivatives
The general method of generating formulas for
propagating errors involves the total differential of a
function. Suppose z = f(x, y, ... ) where the variables x,
y, etc. must be independent variables, the total
differential is then

dz = (g) dx + (%) dy + -

We treat dx = Ax as the error in x, and likewise for other
differentials dz, dy, etc.
The general result is
|af| At |af| Ayt
(b) Getting formula’s using Taylor’s series
Consider a polynomial function f (x) of any degree. If a
function z = f(x) is approximated as Z = f(X), then
Az=7—z
Az = f(X) — f(x)
Az = f(x + Ax) — f(x)

From Taylor’s series;

flx+ Ax) = f(x) + Axf'(x) + (Ax )Zf”( x)

Neglecting the terms involving (Ax)? and hlgher powers
of Ax

flx+Ax) = f(x) + Axf'(x)
Now
Az = f(x) + Axf'(x) — f(x)
Az = Ax f'(x)
|Az| = |Ax f'(x)|
| _ |Ax f1)
CfGo
Note:

1. If nis an exact number and z = x™, then
dz = nx™ dx
Equivalently; Az = nx™ Ax

Az nx" 1Ax
2T
Az |Ax|
Z| ==

This is easier to remember: The relative error gets multiplied
by |n| when you raise x to the nth power.
There is a very important case here when n = —1. In this
case the rule says, the relative error is unchanged if you take
the reciprocal of the quantity. (This, incidentally, is why
multiplication and division are treated exactly in the same
way.)
2. If z=x™y", then dz = mx™ 1y"dx + ny" x™dy

Ifdz = Az

Az = mx™ 1y Ax + ny™ tx™Ay

Example 14
The period of oscillation is measured to be T = 0.20 +
0.01 s. Find the range of values within which the frequency,
f lies if the frequency is the reciprocal of the period.
Solution
T =0.20, AT =0.01
1

_1_ _50 -1
f=7=020=°0s

Writing f = T, we can see from the power rule that
Af AT
f T
Af 0.01

5.0 0.20
Af =0.25s71
~f=50+0.25s7"

Example 15
The radius of a circle is x = (3.0 + 0.2) cm. Find the range
of values with in which the circumference lies.
Solution
Circumference, ¢ = 2mx = 27(3.0) = 18.85cm
Ac = 2nAx = 2m(0.2) = 1.26 cm
s~ ¢ =(18.85+ 1.26) cm
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1 1 1_v+u

f u v uv

_uv (50.1)(20.1)
f= u+v (50.14+20.1)
Af  Au 4 Av  Au+ Av

=14.3cm

f u v u+v
Af 05 02 05+0.2
f 501 20.1 50.1+20.1
& 0.0299
7 =0

Af =0.0299 x f = 0.0299 x 14.3 = 0.428 cm
~f=(143104)cm
or [13.9 cm, 14.7 cm]
Alternatively:
f o uw (50.1)(20.1)

= utv_ (01+201) ‘A3em

_ (uv)max _ UmaxVmax _ 50.6 x 20.3

Jmax = U+ V) min Umin + Vmin  49.6 + 19.9
= 14.78 cm

_ (uv)min _ UminVmin _ 49.6 X 19.9

Jmin = WU+ Dmax  Umax + Vmax  50.6 + 20.3

= 13.92 cm
Absolute error in f,

1 1
Af = 5 (max = fnin) = 5 (14.78 = 13.92) = 043

Range of values within which the exact value lies is given
by Working value + Absolute error

f=(0143+04)cm

or [13.9 cm, 14.7 cm]

Example 21

Find the maximum possible percentage error in the
measurement of force, F on an object of mass, m travelling
at a velocity, v in a circle of radius, r, if m = (4.0 £ 0.1)
kg, v=10+0.1ms™! and r = 8.0 + 0.2 m. It is further
given that the expression for the force F is given by

3 muv?
Ty
Solution
AF  Am Av  Ar
— =3 2— 4+ —
F m 1
AF _ 0.1 N (0.1) 4 0.2
F 40 10/ 8.0
AR = 0.07
7 =0

Maximum possible percentage error in measurement of
force is given by

AFX 100 = 7%
F - 0

Alternatively;

mv®  4.0x10%
r 80
(M) ax  MpaxVimax 41 x10.17

F =

Absolute error in F,
1 1
AF = E(Fmax — Foin) = 5 (53.6206 — 46.6145)

= 3.50305
Maximum possible percentage error in measurement of
force is given by

il X 100 = 350305 X 100 = 7.01%
F " 50 TR
Example 22

The density of a cylindrical rod was calculated by using the
formula
4m
P =Dz
The percentage errors in the measurements of m, D and [
are 1%, 1.5% and 0.5% respectively. Calculate the
maximum percentage error in the value of the density.
Solution
. 4m
Density, p= e
Ap Am AD Al
()5
m D l

p max

Am AD Al
But— = 0.01,— = 0.015 and — = 0.005
m D l

Maximum percentage error in calculated value of density

A
(—p) % 100 = 100[0.01 + 2(0.015) + 0.005]

max

=4.5%

Important rules of counting significant figures

e All the non-zero digits are significant

e All the zeros between two non-zero digits are
significant, no matter where the decimal point is, if
at all.

e If the number is less than 1, the zero(s) on the right
of the decimal point but to the left of the first non-
zero digit are not significant. In 0.002308, the
underlined zeros are not significant.

e The terminal or trailing zero (s) in a number
without a decimal point are not significant.

Thus 123 m = 12300 cm = 123000 mm has
three significant figures, the trailing zero(s) being
not significant.

e The trailing zero(s) in a number with a decimal
point are significant
Thus numbers 3.500 or 0.06900 have four
significant figures each.

e For a number greater than 1, without any decimal,
the trailing zero(s) are not significant.

F = = = 53.6206
max Tmin Tmin 7.8
mv?) i Mo Ve, 3.9 X 9.92
len — ( )mln - min*min — — 46_6145
rmax rmax 8'2
415
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Linear interpolation and extrapolation

LINEAR INTERPOLATION
Interpolation is the method of finding a point between two
points on a line or curve. More precisely,
e |fwe want to find coordinates of a point between two
given points, then we use the linear interpolation
e If we want to find coordinates of a point that is not
between two given points, then we use the linear
extrapolation.
In other words, the linear interpolation is used to fill the gaps
in a collection of points.

Linear interpolation between two known points

If two known points are given by the coordinates (x,, v,)
and (xq,y,), the linear interpolant is the straight line
between these points.

M=

y ____________

Yol-———

|

|

|

|
! |
! |
! |
! |
! |
! |
! |
: |
! |
X

Xo X 1

For a value x in the interval (x,, x;), the value y along the
straight line is given by from the equation of slopes which
can be derived geometrically from the figure above

Y—Yo — Yo

X—Xy X1—Xp
Solving this equation for y, which is the unknown value at
x gives

—Yo _ Vo(x; — x) + y1(x — x0)
— X0 X1 — Xp

y
Y=o+ (x — x0) =
X1

LINEAR EXTRAPOLATION

Extrapolation is a type of estimation, beyond the original
observation range, the value of a variable on the basis of its
relationship  with another variable. It is similar
to interpolation, which produces estimates between known
observations, but extrapolation is  subject to
greater uncertainty and a higher risk of producing
meaningless results.

Linear extrapolation means creating a tangent line at the end
of the known data and extending it beyond that limit.

(x,¥)

Vi ———————————

|
|
|
|
|
|
|
|
/] - !
|
|
|

Xp-1 Xk x

If the two data points nearest the point x, to be extrapolated
are (x,_1, Vi—1) and (xx, vx), equating the slopes gives

Y~ Vk-1 _ Yk~ V1

X = X1

And thus the linear extrapolation gives the function
e~ Yie-1

y
Y =Yr-1+ (X — Xp-1)
k-1 klxk_xk—l

X — Xk-1

Example 1

The table below shows temperatures of a patient recorded at

the given times:

Time X (a.m) 8.00 | m | 8.06|8.08|8.12

Temperature Y (°C) | 47 | 44 | 42 40 n

Use linear interpolation to find the values of m and n
Solution

To find m, extract

8.00 | m 8.06

47 44 42
8.06 —8.00 m —8.00

42 — 47 T 44 —47
0.036 = m — 8.00
m = 8.036

~m=38.00am
To find n, extract

8.06 8.08 8.12
42 40 n
8.12—-8.06 8.08—-8.06
n—42  40-42
0.06 _
—5 = ~0.01
0.06 = —-0.01n + 0.42
0.01n = 0.36
n =36
~n=36°C
Example 2
The table below shows x and f(x):
X 50.24 48.11 46.93 44.06
flx) | 4116 7.621 9.043 | 11.163

Use linear interpolation or extrapolation to estimate:
(@ xwhen f(x) =8.614
(b) £71(51.07)
Solution
(@) Extracting and using linear interpolation
48.11 | «x 46.93
7.621 | 8.641 | 9.043
4693 —4811  x—48.11
9.043 — 7.621 8.461 — 7.621

08298 = X~ 48.11
' T 084

x —48.11 = —0.697
x =47.413
(b) Extracting and using linear extrapolation
51.07 | 50.24 | 48.11
y 4116 | 7.621
48.11 — 51.07 _ 50.24 — 51.07
7621 —y 4116—y

417
Principles of Applied Mathematics by Kawuma Fahad



https://en.wikipedia.org/wiki/Estimation
https://en.wikipedia.org/wiki/Interpolation
https://en.wikipedia.org/wiki/Uncertainty

Location of roots

LOCATION OF ROOTS

Many equations cannot be solved exactly, but various
methods of finding approximate solutions exist. The most
commonly used methods have two main part:

(@) finding an initial approximate value

(b) improving this value by an iterative process

Initial values
The roots of f(x) =0 can be located approximately by
either a graphical or an algebraic method.

Algebraic method
Find two values a and b such that f(a) and f(b) have
different signs. At least one root must lie between a and b if
f(x) is continuous.
If more than one root is suspected between a and b, sketch

agraphof y = f(x).

Example 1
Show that the equation e* = 5 sin x has a root between x =
0and x = 1.5.
Solution
First rearrange the equation in the form f(x) = 0
e* —5sinx =0
f(x) =e*—5sinx
f(0) =e®—5sin0=1
f(1.5) = e'® - 5sin 1.5 = —0.506
£(0)- f(1.5) = —0.506 < 0
Since f(0) - f(1.5) < 0 or there is change of sign, there
exists a root between 0 and 1.5.

Example 2
Show that the equation x? — 3x + 1 = 0 has a root between
x=2andx = 3.
Solution

Let f(x) =x2—-3x+1

f(2)=22-32)+1=-1

f(3)=32-32)+1=4

fF)-f)=-4<0

Since f(1) - f(2) < 0 or there is a change of sign, there is a
root between 2 and 3

Graphical method

Either plot (or sketch) the graph y = f(x). The real roots
are at the points where the curve cuts the x-axis.

Or rewrite f(x) =0 in the form F(x) = G(x). Plot (or
sketch) y = F(x) and y = G(x). The real roots are at the
points where these graphs intersect.

Example 1
By drawing the graphs of y =Inx and y = 2 — x in the
interval 1 < x < 2, find the solution of the equation In x +
x — 2 = 0, correct to 1 decimal place.

Solution

y=Inx
x 1.0 1.2 1.4 1.6 1.8 2.0

Inx 0 0.182 | 0.336 | 0.470 | 0.588 | 0.693

y=2—-x
x 1 2
2—x 1
y
12 4

1 1.2 14 1.6 1.8 2 2.2

At the point of intersection of the graphs of y = Inx and
y = 2 — x, the approximate value of x is 1.6
Henceiflnx +x —2 = 0,thenx = 1.6

Example 2
Locate an approximate value for the root of
fX)=x+e*=0
Solution
Let us find a range within which the root of the equation lies.
flO)=0+e’=1
f(-1)=-14e1=-0.632
The root lies between —1 and 0.
e* =—x
We can thus plot the graphs y = e* and y = —x in the
range —2<x<1
y=e’

-1.5
0.22

-1.0
0.37

-05] 0 0.5 1.0
2.72

X -2
e* | 0.14

Y=

-~ The root is approximately —0.6
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Location of roots

Further linear interpolation

When it has been shown that an equation f(x) = 0 has a
root « in the interval a < x < b, then linear interpolation
can be used to estimate the value of a.

Let us suppose that A and B are the points on the curve y =
f(x) at which x = a and x = b respectively. If the straight
line joining A to B cuts the x-axis at (c, 0), then c is taken
as an approximate value of the root a.

By using similar triangles
a c b
f(@) 0 f)
By linear interpolation,
f)=fl@) _0-f(@
b—a c—a
gy T @—bf(@)
fb) = f(a)
+ af(a) — bf(a)
f) - f(a)

=~

Note:

A better approximation of the root can be obtained by using
linear interpolation more than once by calculating f () and
taking note of the change in the sign.

If there is change in sign between f(a) and f(a), then a
better approximation of the root lies between a and «,
otherwise if the change in sign is between f(a) and f(b),
then a better approximation of the root lies between a and
b.

Example 3
Show that the equation x® —7x—12=0 has a root
between 3 and 4. Use linear interpolation to estimate the
root correct to one decimal place.

Solution
Let f(x) =x3—7x —12

f3)=33-73)-12=-6
f(4)=43-7(4)—12 =24
Since f(3) <0 and f(4) >0, then f(3)-f(4) <0, the
equation has a root between 3 and 4.
Let the approximate root be a

3 a 4
-6 0 24

By linear interpolation;
4-3

Example 4
Given the equation
tanx = 4x%2 -1
(@) Show that the above equation has a root a, which lies
between 1.4 and 1.5
(b) Use linear interpolation twice, to find, correct to
3 decimal places two approximations of «
Solution
(@) Rewriting the equation as; tanx —4x%2 +1 =0
Let f(x) =tanx — 4x% + 1
f(14) =tan1.4 —4(1.4)2 +1 = -1.0421< 0
f(1.5) =tan 1.5 — 4(1.5)2 + 1 = 6.1014 > 0
Since f(1.4) - f(1.5) < 0, the root « lies between 1.4 and
1.5.
(b) Let the approximations of « be x; and x,

1.4 Xy 1.5
10421 0 | 61014
X —14 15-14

0+ 1.0421 61014 + 1.0421
1.0421(0.1)

N RVET:

x; =14+ 0.0146

x; = 1.415 (3 d.p)
Now f(1.415) = tan 1.415 — 4(1.415)? + 1 = —0.6423
Since f(1.415) < 0, the next approximation x, of the root
a lies between 1.415 and 1.5 such that £(1.415)f(1.5) <
0

1.415 X, 15
—0.06423| 0 |6.1014
x, — 1.415 15— 1415
0+ 06423 61014 + 0.6423
0.6423(0.085)
X = 1415 4 ——— "

x; = 1.415 + 0.0081
x; = 1.423 (3 d.p)
Note:
When the function involves usage of a trigonometric
function and the values are not stated as degrees, always
remember to change your calculator in radians when doing
the computation otherwise you will obtain wrong values.
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Example 9
It is required to find an approximate root of the equation In(x — 1) — 9 + x? = 0 by use of a graph in the range 0 < x < 3.5
and then use linear interpolation once to find a better approximation of the root correct to 3 decimal places.
Solution
Rearranging the equation in the form f(x) = g(x)
In(x — 1) =9 — x?
Lety, =In(x — 1) andy, =9 — x?

x 0] 05 [ 1.0 15 20 | 25 | 30 | 35
yy=In(x-1) | - | - — [ -0693| 0 [0.405][0.693] 0916
v, =9 — x2 9 [ 875 | 8 6.75 5 [ 275 0 |-325
y

root

-4

From the graph, the approximate root of the equation is 2.9
f(29) =1In(2.9 — 1) -9+ 2.92 = 0.0519
f(2.8) =In(2.8—-1) — 9+ 2.8%2 = —0.5722
The root lies lies between 2.8 and 2.9

2.8 a 2.9
—0.5772 0 0.0519
29-28 a—2.8

0.0519 + 0.5772 0+ 0.5772
a—2.8=0.0918

a = 2.8918
~ Therootis 2.892 (3 d.p)
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Iterative methods

Solution

Let f(x) =x%2—8x+ 10

fH)=(1)?*-8(1)+10=3

f@Q=02?%*-82)+10=-2

f)-f2)=-6<0
Since f(1) - f(2) < 0, then there is a root between 1 and 2.
Now, rearranging the equation x2 —8x + 10 =0 in the
form x = g(x) yields an iterative formula i.e.
x>—8x+10=0

x2=8x—-10
x? _8x 10
x_x X
10
X=0——
X
xn+1=g(xn)
8 10
X. =0——
n+1 X,
x0=2,
10
x1=8_7=3
10
X, = 8= — = 4.667
X3=8—m=5.857

Comment: The values x;, x, and x; do not yield
convergence to the root as |x,,,; — x,| keeps on increasing.

Example 4
The iterative formulae,
2x3 + 10 10
(@) xpyq = BET and (b) Xp4q = X

can be obtained by rearranging the equation x3 — 10 = 0.
Starting from x, = 2, find the values of x,, x, and x5, which
are produced by these iterative formulae.
Use the method that converges to find (10)/3, correct to
four significant figures.
Solution
X =2
Using formula (a):
2(2)3 + 10
SESS
2(2.1667)3 + 10
X2 = T3(2.1667)2
2(2.1545)3 + 10
3(2.1545)2

= 2.1667
= 2.1545

X3 = = 2.1544

Using formula (b):

10
22
Y2 =552

0
=—=3.90625
1.62

1
Fromx3 — 10 = 0, x = (10)3
From formula (a); 10'/3 = 2.154 (3 s.f))

X1 =25

1.6

X3

Example 5
Show that the equation x? — 5x + 1 = 0 can be arranged as

241 . 1
x = xT or alternatively, as x = 5 — —.

Hence write down two possible iterative formulae which
might be used or solving this quadratic, and starting from
xo = 0.2, find the values of x,, x, and x5 produced by each
of these iterative formulae.

Solution
x2=5x+1=0 x2=5x+1=0
x2=5x—-1 5x=x?+1
X2 _5x_ 1 5x _ x%41
x  x x 5 s
2
x = 5 _ l x = x“+1
x 5
1 x3+1
Xn+1—5_z S Xpy1 = n5
xO = 0.2
2
Using xp,, = 22, Using x4y = 5 — —
5 Xn
2
x, =2~ 0.208 x1=5—oiz=0
2
X, = &EH = 0.2087 X, =5— % = undefined
2
, =287 _ 02087
5
Example 6

The equation x2 — 3 = 0 (for the square root a = +/3) can
be written equivalently in the form x = g(x) in many
different ways, for example

| | i

1 3 3
g =3(x+3) e =1
Discuss the convergence (or nonconvergence) behaviour of
the iteration x,,.; = g(x,),n =0, 1, 2, ..., for each of these
three iteration functions.
Solution
To determine convergence, we need to find the value of
[g' (x)| near the root.
We shall choose the value near the root, x, = 1.5, as the root
lies between 1 and 2

2

3
g(x) = 2x —Z

x2
1 3 1
219 =3(1-13) =3
1
14 — 1
lg" ()| g <

Function I converges to the root
For function IlI:

3
g'(x) = 2
3 4
gd)=-1Tm="3
4
g(15)] =35> 1

Function Il does not converge to the root
For function IlI:

3
gx)=2+ =
, 3 10
g (15) =2 +—1.52 = ?
, 10
g0l = 5> 1

Function Il does not converge
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Newton-Raphson method

Newton’s method also called the Newton-Raphson method
usually converges much faster than the general iteration
method we saw above.

We can derive Newton’s method graphically, or by a Taylor
series. We again want to construct a sequence x,, xq, X5, ...
that converges to the root x = a.

Graphically

To find a root of f(x) = 0, an initial approximation x, is
given, and the tangent line to the function at x, is drawn.
The tangent line will approximately follow the function
down to the x-axis toward the root. The intersection point of
the line with the x-axis is an approximate root, but probably
not exact if f(x) curves. Therefore, this step is iterated.

N y = F(x)

(xo'f(xo))

Slope f*(xo)

(xli f(xl))

X3

//} X, \ X Xo
True solution  S1oPe f'(x1)

From the geometric picture, we can develop an algebraic
formula for Newton’s method. The tangent line at x, has
slope given by the derivative f'(x,). One point on the
tangent line is (xo, f (xo)).

The point-slope formula for the equation of a line is

y — f(xo) o
X — x, = f"(xo)
y = f(x0) = f'(x)(x — xo)

So that looking for the intersection point of the tangent line
with the x-axis is the same as substitution y = 0 in the line.

0 — f(xo) = f'(x0) (x — xo)

Y = — f(x0)
0 f'(xo)

— oy — f(x0)

0 f'(x0)

Taylor’s series
It given by the following formula
" hz " h3
Fae+h) = FGO + F1Oh+ 1 (zx,) ! Sf) +
If we expand f (x,.,) about the point f(x,,), we have
f(xn+1) = f(xn) + (xn+1 - xn)f,(x)
[
2!

+ Gng = 1) 4 o

where h = (%41 — X5)
If (%41 — x5,) is small, then the higher order terms will be
much smaller and can be dropped. Since we are interested in
finding f(x) = 0, we can assume f(x,4,) =0
0= f(xn) + (g1 — x)f' (%)
S
f'(xn)

Xn+1 = X

Note:

The Newton-Raphson method fails if f'(x;,) is near zero.
When the derivative is close to zero, the tangent line is
nearly horizontal and hence may overshoot the desired root
(numerical difficulties). We choose another starting point in
such a case.

Example 7
Find the Newton’s method formula for the equation x3 +
x—1=0.
Solution
f)=x3+x—1,f'(x) =3x%+1
Xn+1 = Xn — f )
f'(xn)
x3+x,—1
T 3x2+1
B+ D) = (g +x, = 1)
B 3x2+1
3x3 +x, —x3—x, +1
h 3x2+1
_ 2xp+1
S P

Example 8
Find the solution of x +e* =0 near x = —1 to three
decimal places

Solution
Since the solution is required to 3 d.p, then |x,, 1 — x,| <
0.5x 1073
fO)=x+e* f'(x)=1+¢€*

Solving for x gives an approximation for the root, which we f(x,)
call x;. Next, the entire process is repeated, beginning with X1 = Xn — ' (x,)
X4, to produce x,, and so on, yielding the following iterative x, + e*n
formula. Xnpy = Xn = —
Newton’s method X, (1 + e*n) — (x, + e*n)
X, = initial approximation Xn+1 = 1+ e*
f(xn) Xp + xpe*n —x, —e*n
Xn+1 = Xn = o Xn+1 =
f (xn) 1+e*n
forn=0,1,2,...... _em(x, —1)
Xny1 = 14 e*n
xO = —1
427
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0.9
0.8
0.7
0.6

V><

-15 -1 -0.5 ( 0.5 1 1.5 2 2.5

root Yy =—-C0SXx

From the graph, x = 0.45

1 1
f(x)=x—§cosx f’(x)=1+§sinx

fGen)
Xn41 = Xp — f’(x::)

[xn - %cos xn]

Xnt1 = Xp —
[1 + %sin xn]
_ [2x,, — cos x,]
Kt = Xn [2 + sinx,,]
_ 2xp + xp sinx, — 2x, + cOS Xy,

Yo+ = 2 + sinx,

_ Xpsinx, +cosx,
nt1 = 2 + sinx,

xo = 0.45,TOL = 0.5 x 107*
0.45sin 0.45 + cos 0.45
X, = = 0.45018

2 +sin0.45
|x; — x| =10.45018 — 0.45| = 1.84 x 10~* > TOL
_0.450185in0.45018 + c0s 0.45018 5018
Y2 = 2 +sin 0.45018 =04
[x, —x;] =10.45018 — 0.45018| = 0 < TOL
~ The root x = 0.4502 (4 d.p.)
Note: We can generate the original expression/equation from the Newton Raphson’s expression by writing the expression
in the form x = g(x) and replacing x,,,, and x,, by x i.e.
X, Sinx, + cosx,

X = -
nl 2 + sinx,
x sinx + cosx
X=—F"""
2+ sinx
2x + xsinx = xsinx + cosx
1
WX ==COSX
2
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Numerical integration

Solution
Using 5 ordinates in the interval from x = 0 to x = 2 gives

4 strips of width, h = ? =0.5

n | x v, (correctto 5 d.p)
0 0 1.00000
1 0.5 0.80000
2 1.0 0.50000
3 |15 0.30769
4 |20 0.20000

> 1.20000 1.60769

2 1 1
J(-) 1+ x2 dx ~ Eh{(yo +y4) + 201 + ¥, +y3)}

1
~ > (0.5)[1.20000 + 2(1.60769)]

~ 1.103845
~ 1.1038 (4 d.p)
Exact value:

This integral can be evaluated directly as follows:
2 1 -1 2
dx = [tan x] =tan"'2 = 1.1072 (4 d.
Error = Exact value - Approximate value

=1.1072 - 1.1038 = 0.0034

Reduction in the error

The error may be reduced by increasing the number of
strips or ordinates used.

For example, we can obtain a good approximation of the
integral from example 2 by using 11 ordinates i.e. 10 strips
of width h = 0.2.

n | x, vy, (correctto 5 d.p)
0 0 1.00000
1 ]0.2 0.96154
2 104 0.86207
3 106 0.73529
4 108 0.60976
5 1.0 0.50000
6 |12 0.40984
7 |14 0.33784
8 | 1.6 0.28090
9 |18 0.23585
10 | 2.0 | 0.20000

> 1.20000 4.93309

2 1 1
J:) 1+ x? dx ~ Eh{(YO + ¥10) +2(y1 + -+ o)}

1
~ 5 (0.2)[1.20000 + 2(4.93309)]

~ 1.106618
~ 1.1066 (4 d.p)
Error = Exact value - Approximate value
= 1.1072 — 1.1066
= 0.0006

Using 21 ordinates, the value 1.1070 is obtained. However,
rounding errors in the values of y, will limit further
improvements in accuracy.

Note: We cannot reduce the error by changing (b — a)
because this would require us to change the interval over
which we are integrating.

Example 4
Use the trapezium rule with 5 ordinates to estimate

4 — .
fo xe™ dx correct to four decimal places.

Calculate the percentage error in estimating the above
integral by the trapezium rule.

Solution
h = T =1

n | x, v, (correctto 5 d.p)
0 0 0.00000
1 1 0.36788
2 2 0.27067
3 3 0.14936
4 4 0.07326

> 0.07326 0.78791

2
1
f xe™ dx = Eh{(J’O +¥) + 201 +y2 +¥3)}
0
1
~ 5 (D[0.07326 +2(0.78791)]

1
= X 1.64908

~ 0.82454
~ 0.8245 (4 d.p)
The exact value of the integral can be obtained using
integration by parts

4 x 4 4
f xe ™ dx = [—xe ] —f —e *dx
0 0

0

4
= [_xe_x] +f e *dx
0

= 0.9084 (4 d.p)
Error = Exact value - Approximate value
= 0.9084 — 0.8245

= 0.0839
Percentage error = ——%— x 100 = 2222 x 100
exact value 0.9084
=9.24%

Example 5
(@) Use the trapezium rule with 6 equally spaced strips to
find an estimate, correct to 3 decimal places, for

12
f sin® x dx
0
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Flow charts

FLOW CHARTS

A flow chart is a diagram that sequentially represents an
algorithm or process.

An algorithm is just a detailed sequence of simple steps that
are needed to solve a problem.

The flow chart shows the steps as boxes of various kinds,
and their order by connecting the boxes with arrows. This
diagrammatic representation illustrates a solution model to
a given problem.

Flow charts are used in analyzing, designing, documenting
or managing a process or a program in various fields.

Common symbols
1. Flow line

— |

This shows the process’ order of operation. A line coming
from one symbol and pointing at another.

2. Terminal
Represented as an oval or rounded (fillet) rectangle.

T

Indicates the beginning and ending of a program or sub-
process.

They usually contain the word “Start” or “End/Stop” or

another phrase signaling the start or the end of a process.
Note: Only one flow line is used in conjunction with the
terminal symbol.

3. Process

'

It is represented as a rectangle. It represents the general
processing operation, usually an assignment statement or
data movement instructions.

Note: Only one flow line should come out from the process
symbol.

4. Decision

It is represented as a diamond(rhombus).

It shows a conditional operation that determines which one
of the two paths the program will take. The operation is
commonly a yes/no question or true/false test.

Note: Only one flow line should enter a decision symbol,
but two, one for each possible answer should leave the
decision symbol.

5. Input/output

[/

Represented as a parallelogram.
Indicates the process of inputting and outputting data as in
entering data or displaying results.

Rules for drawing a flow chart

o It should contain only one start and one end symbol

o Itshould be drawn clearly and neatly. This means crossing
of lines should be avoided and symbols should be drawn
having exact shape.

o It should be as simple as possible

¢ The branches of decision box must be labelled.

¢ Only standard symbols should be used

e The assignment statements are denoted with the left arrow
« indicating the passing of the specified values/variables
to the variable on the left i.e.
A « 20 would declare value 20 in variable A
X, < Xn4+1 Would declare value x,,., in variable x,,
n < n + 1 would declare value n + 1 in variable n
and so on.

Note:

It might be useful to test the validity of the flow chart by

passing through it with a simple test data.

Example 1
Draw a flow chart to convert temperature given in
Fahrenheit to Celsius.

Solution

F
C

8

I
oo

y
i Read: F ;
5
C = ;(F — 32)
y
f Print: C

N

A
Stop

i
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Example 2
A common request for user input is to enter a password.

t  Design  Pagelayout  References  Mailings  Review  View  Developer

Font 3 Paragraph B Styles il

Password o ==
Enter password to open file
C\..\Documents\My Work\Sample.docx
............ |

Here is a flow diagram to authenticate a user’s password.
When a user enters a password, it has to be confirmed that it
is the same as the one stored,; it has to be authenticated.

( Start )

Y

A

Input
password

[
»

Obviously, the password
must be checked and so
selection is needed

/

Is the Output
password message
B informing
user

If password is
incorrect, the user is
informed and asked to
enter it again

Allow entry to
program

Y

End

In this flow chart, there is iteration. If the password is
incorrect, then in this particular algorithm the user is asked
to enter it again, and again, and again, forever or until it is
correct.

Now assume that the user is given three attempts and then
the account is locked.

Password:

[ )

X You have been blocked for too many attempts.

Here is a flow chart to authenticate a password and lock the
account after three incorrect attempts.

The algorithm will have to keep account of the number of
attempts that have been made.

Attempts, A = 0

Y

A

Input
password

Output
message
asking user
to re-enter

Is the
password
correct?

A=A+1

Output
Allow entry to message
program informing user
that account is
locked
Y
Y
End
End

In this algorithm, we have used a container called ‘ Attempts’
to keep a count of the number of attempts that have been
made.

When incorrect attempts are made, the value of ‘Attempts’
changes. It doesn’t keep the same value throughout the
algorithm, it can change because it is a variable.

At first attempt, it is changed to 1, on the second attempt to
2 and to 3 on third attempt.

If three attempts are made, then the container ‘Attempts’
equals 3 and if there is still no correct password then the
account is locked.

Containers like ‘Attempts’ are used in algorithms to store
values that can change as the algorithm is running. As the
values they contain can change, they are called variables.
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Example 7
The flow chart can be used to find the roots of an equation
of the form ax? + bx + ¢ = 0.

Print: equal roots
are x

—b++/d 4
a

Letx; = ~%a
Y

Print: roots are x; and x,

A
A

Y

( STOP )

Iteration method algorithm

Iteration method is one of the most popular approaches to
find the real roots of non-linear functions. Both the
algorithm and flow chart require one initial guess and
modification approach to find the root of the function.

The general iteration method algorithm/flow chart work in
such a way that modifications alongside iteration are
progressively continued with newer and fresher
approximations of the initial approximation.

These algorithm and flow chart presented below and the
iteration method itself are used to determine the roots of
functions in the form of an infinite series such as geometric
series, arithmetic series, Taylor’s series, and others.

1. Start

2. Read the values of x, and e

Here x, is the initial is the initial approximation

e is the absolute error or the desired degree of accuracy
(tolerance), also the stopping criteria.

Calculate x; = g(xg)

If |x; — x| <e,gotostep 6

Else, assign x; = x, and go to step 3.

Display x, as the root.

7. Stop

Note: In some cases, the stopping criteria might be specified
by the number of iterations rather than the error/tolerance.

ook w

Iteration method flow chart

START

Setn =0

t

Read: x, and max. error, e

Y

Xns1 = f(xp)

PRINT: x4,

STOP

Testing and evaluating algorithms

One way to test short programs/flow charts is to perform
what is known as a dry run.

A dry run involves creating a trace table, containing all the
variables a flow chart contains. Whenever the value of a
variable changes, the change is indicated in the trace table.
By performing a dry run, it can formalize what exactly an
algorithm is designed to do or establish the purpose of the
flow chart.

Example 8
Starting with x = 1 and y = 3, use the flow chart to find the
values printed.

/ Input: x, y /
T = x? +y?
Y xe<x+1
yey+1

<

Yes
/ Print: x,y /
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(b) The purpose of the flow chart is to compute and print ~ Example 12
the sum of the cubes of the first 12 natural numbers. An algorithm is described by the flow chart below.

Example 11
Study the flow chart below and answer the questions that

follow.
START '
v

p | letc=a+bto2dp

A=0
A\ 4
4
A Let d =largest whole number < ¢
Y
A *
Letf=a—e
¥ Yes Leth =f
i NO
x=x+2
YES
Y / PRINT: b /
< y=2y PRINT: A Y

Y ( stop )
( STOP ) (@) Given that a = 645 and b = 255, complete the table

. below to show the results obtained at each step.
(@) Given that x = 54 and y = 63, perform a dry run for - b c d A 7 f=0?
the flow chart.

(b) State the purpose of the flow chart.

Solution
(@)
a X y even? x =07
5 22 3 Y (b) Explain how your solution to part (a) would be
different if you had been given a = 645 and b = 255
27 126 N (c) State the purpose of the flow chart.
126 26 N Solution
(@)
13 252 N a b c d e f | f=0?
378 12 N 645 | 255 | 2.53 2 510 | 135 No
G 04 Y 255 | 135 | 1.89 1 135 | 120 No
135 | 120 | 1.13 1 120 15 No
3 1008 N 120 | 15 8 8 120 0 Yes
1386 2 N The answer is 15
(b) The first row would be
1 2016 N 255, 645, 0.45, 0, 0, 255, No
3402 0 Y But the second row would be the same as the first row

above, and the solution thereafter would be the same
The flow chart finds the highest common factor (H.C.F)

b) Th  the flow chart is to obtain the product ~ ©
(b) The purpose of the flow chart is to obtain the produc of wand b

xy
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(b) Tax on US S$ 25000 is US $ 4450
(c) Tax free sumis US $ 8000

Example 15

The flow chart below shows the social security numbers
(SSN) and the monthly wage (W shillings) of an employee.
represents the net pay.

START

SSN, W

EXCESS I =W — 400

400 < W < 30007 EXCESS Il =0

EXCESS | = 2600
EXCESS Il = W —3000] | TAX = EXCESS x 0.125

Y

TAX = EXCESS I x 0.25 v
+ EXCESS Il x 0.25

Y
P =W —TAX
Y

WRITE
SSN,W,T,P

STOP

Copy and complete the following table.

SSN w T P
280 — 04 380 | o | e
180 — 34 840 | ... | e
179 — 93 4500 | ..o | el
80 — 66 5500 | ... | ..l
385 —-03 8000 | ...... | oee....

Solution
SSN w T P
280 — 04 380 0 380
180 — 34 840 55 785

179 — 93 4500 700 | 3800
80 — 66 5500 970 | 4610
385 -03 8000 1575 | 6425

Example 16

(@) Show that the iterative formula based on Newton
Raphson’s method for finding the natural logarithm of
a number N is given by

e*n(x,—1)+ N
Xnpy = = 0,1,2,.

(b) Draw a flow chart that:

(i) reads N and the initial approximation x, of the

root

(if) computes and prints the natural logarithm after
four iterations and gives the natural logarithm to

three decimal places.

(c) Taking, N = 10, x, = 2, perform a dry run for the flow

aces.

chart, give your root correct to three decimal pl
Solution
(@ Let x=InN=e*=N
e*—N=0
Letf(x) =e*—N, f'(x) = e*
Xny1 = Xp — f(xn)
f'(xn)
en — N
Xny1 = Xp — oXn
Xpe*n —e*n + N
e =7 xp
Xn —
Xpe1 = M,n =0123,..

eXn
(b) Let ¢ = counter for the number of iterations.

START

/ Read: N, x, /

)
<

e*n(x, —1)+N

The root is 2.303 (3 d.p)

Xn+1 = eXn
Xn < Xn41
A
nen+1
NO

n Xn Xn+1 ¢

0 2.0 2.3533 1

1 2.3533 2.3039 2

2 2.3039 2.3026 3

3 2.3026 2.3026 4
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() xo=2.0,N=239.0,c=4

n Xn Xn+1 ¢
0 2.0 2.71875 1
1 2.71875 | 2.524236 2
2 | 2.524236 | 2.499375 3
3 | 2499375 | 24989994 | 4

=39.0, x4, = 2.499 (3d.p.)

Conclusion: Why Algorithms/flow charts?

Algorithms run our world. In every area, algorithms are used
to decide what action should be taken in a particular
circumstance and as computers can consider all the
possibilities far more quickly than a human brain, they are
becoming more important to the running to the world. Here
are just a few examples. Computer programs are
implemented algorithms.

e  Algorithms are used in the programming of calculators
with a number of functions to solve various problems.

e In a game of chess, when each player has made 3
moves, there are over 9 million possible moves
available; after 4 moves there are over 288 billion
possible moves. Computers have the ability to
consider all these moves far more quickly than
humans. That is why no chess grandmaster has beaten
a top computer chess algorithm since 2005.

e Algorithms are used by financial organisations to trade
shares on the stock market. A computer following an
algorithm can decide which deal to make far more
quickly than a human and a split-second difference can
be worth of million dollars.

e Closely guarded algorithms are used for internet
searches to make them quicker and the results more
relevant to the user. They will even auto complete the
search terms based on previous searches.

e  Algorithms are used to control automatic-pilot systems
in airplanes. You have probably been piloted by an
algorithm!

e Algorithms are used in economics by revenue
authorities to calculate different taxes for different
products and by banks in Automatic Teller Machines
(ATMs).

Much as algorithms are useful in our daily lives, they must
be correct enough to perform tasks without error. Errors in
algorithms can be disastrous and can cost companies very
big losses. Algorithms should as well be efficient to use as
little time as possible.

Self-Evaluation exercise
1. Study the flow chart below and answer the questions
that follow.

( START )

Sum = Sum+N A

<

_~  PRINT: Sum

STOP

(a) Perform a dry run for the flow chart
(b) State the purpose of the flow chart
[Ans: (b) Prints the sum of numbers from 0 to 5]
2. Starting with N = 60, use the flow chart to find the
number printed.

( START )
\

f Input: N ;
\4

IsN
divisible
by 8?

N=N+1

YES A
IsN
divisible
by 6?

NO

YES

~ PRINT:N ~

[Ans: 72]

3. Draw a flow chart that computes and prints the sum of

the cubes of the first ten natural numbers.

4. Construct a flow chart that computes and prints the sum

of the squares of the first 10 natural numbers.
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Examination questions

EXAMINATION QUESTIONS

SECTION A
1. Use the trapezium rule with seven ordinates to estimate

3
j [(1.2)* — 1]1/2 dx  correct to 2 decimal places
0

[2019, No. 3: Ans: 1.58]
2. The table below shows the commuter bus fares from stage

Atostages B, C, D and E.

Stage A B C D E
Distance (km) | 0 | 12 16 19 23
Fare (Shs) 0 | 1300 | 1700 | 2200 | 2500

(a) Jane boarded from A and stopped at a place 2 km

after E. How much did she pay?

(b) Okello paid Shs 2000. How far from A did the bus

leave him?
[2019, No. 6: Ans: (a) shs 2650 (b) 17.8 km]
3. The table below shows how T varies with S
T —-2.9 —-0.1 2.9 3.1
S 30 20 12 9

Use linear interpolation/extrapolation to estimate the

value of

(@) TwhenS =26

(b) SwhenT = 3.4

[2018, No. 3: Ans: (a) —1.78 (b) 4.5]
4. Two numbers A and B have maximum possible errors e,
and e, respectively.

(&) Write an expression for the maximum possible error

in their sum

(b) If A=2.03 and B =1.547, find the maximum

possible error in A + B.
[2018, No. 6: Ans: () |e,| + |ep| (b) 0.0055]
5. The table below gives values of x and the corresponding

values of f(x)

x 0.1 0.2 0.3 0.4 0.5 0.7
f(x) |421]3.83]|325|285] 225/ 1.43
Use linear interpolation/extrapolation to find
(@ f(x)whenx =0.6
(b) the value of x when f(x) = 0.75

[2017, No. 3: Ans: (a) 1.84 (b) 0.9]

6.Given that y = i + x and x = 2.4 correct to one decimal

place, find the limits within which y lies.
[2017, No. 6: Ans: [2.7582, 2.8755]
7. The table below shows the values of f(x) for given values
of x.

x 0.4 0.6 0.8
f(x) | —0.9613 | —0.5108 | —0.2231
Use linear interpolation to determine f~1(—0.4308)
correct to 2 decimal places.

[2016, No. Ans: 0.66]
8. Use the trapezium rule with 4 sub-intervals to estimate

T

2
f cosx dx
0

correct to three decimal places.
[2016, No. 3: Ans: 0.987]
9. Use the trapezium rule with five subintervals to estimate

5
L GrD ™
Give your answer correct to 3 decimal places.
[2015, No. 2: Ans: 2.558]
10.The table below shows the values of a function f(x) for
given values of x.

X fx)
9 2.66
10 242
11 2.18
12 1.92

Use linear interpolation or extrapolation to find:
() f(10.4)
(b) the value of x, corresponding to f(x) = 1.46
[2015, No. 6: Ans: (a) 2.324 (b) 13.769]
11.Use the trapezium rule with four sub-intervals to
estimate

10 2x+1
f ( > ) dx, correct to two decimal places
02 \X°+x

[2014, No. 3: Ans: 2.20]
12.Given the table below;
X 0 10 20 30
y 6.6 2.9 -0.1 | —-29
Use linear interpolation to find;
(@ ywhenx =16
(b) xwheny = -1
[2014, No.6: Ans: (a) 1.1 (b) 23.2]
13.The table below shows the values of a function f(x).

X 1.8 2.0 2.2 2.4
f(x) | 0.532 | 0.484 | 0.436 | 0.384
Use linear interpolation to find the value of
() f(2.08)

(b) x corresponding to f(x) = 0.5
[2013, No. 2: Ans: (a) 0.465 (b) 1.9]

14.Find the approximate value of foz 1+1x2

trapezium rule with 6 ordinates. Give your answer to 3
decimal places.

dx using the

[2013, No. 5: Ans: 1.105]
15.Use the trapezium rule with four sub-intervals to

estimate:
T
z 1
———dx
o 1+sinx

Give your answer correct to three decimal places
[2012, No. 3: Ans: 1.013]
16.The table below the cost y in shillings for hiring a
motorcycle for a distance of x kilometres.

Distance (x km) 10 20 30 40

Cost (shs. y) 2800 | 3600 | 4400 | 5200

Use linear interpolation or extrapolation to calculate the:
() cost of hiring the motorcycle for a distance of 45 km
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Examination questions

SECTION B
1. (a) Show that the equation x — 3 sinx = 0 has a root
between 2 and 3.
(b) Show that the Newton-Raphson iterative formula for
estimating the root of the equation in (a) is given by
Xps1 = 3(Smle 3 C’Z;(;:ls x"),n =0,1,2,..
Hence find the root of the equation correct to 2

decimal places.

[2019, No. 11: Ans: (b) 2.28]

2.(@) Given that y =e* and x = 0.62 correct to two

decimal places, find the interval within which the exact
value of y lies.

(b) Show that the maximum possible relative error in
ysin? x is

|A7y| + 2 cotx |Ax|, where Ax and Ay are errors in x

and y respectively.
Hence find the percentage error in calculating
ysin?x ify =52+ 0.05and x = %i%.
[2019, No. 14: Ans: (a) (1.84966,1.86825) (b) 3.985%)]
3. (a) Use the trapezium rule with 6-ordinates to estimate the

T
value of fof(x + sin x) dx, correct to three decimal places

(b) (i) Evaluate f(?(x + sin x) dx, correct to three d.ps
(ii) Calculate the error in your estimation in (a) above
(iii) Suggest how the error may be reduced
[2018, No. 11: Ans: (a) 2.225 (b) (i) 2.234 (ii) 0.009]

4.(a) Draw on the same axes the graphs of the curves y =
2—e*andy =+xfor2 <x <5.

(b) Determine from your graphs the interval within which
the root of the equation e ++/x — 2 = 0 lies.
Hence, use Newton-Raphson’s method to find the root
of the equation correct to 3 decimal places.

[2018, No.14: Ans: (b) Between 3.9 and 4; 3.921]
5. A student used the trapezium rule with five sub-intervals
to estimate

3
X
J- o dx correct to three decimal places
. —

Determine;
(a) the value the student obtained
(b) the actual value of the integral
(c) (i) the error the student made in the estimate
(ii) how the student can reduce the error
[2017, No. 11: Ans: (a) 0.917 (b) 0.896 (c) (i) 0.021]
6. By plotting graphs of y — x and y = 4 sin x on the same
axes, show that the root of the equation x — 4sinx =0
lies between 2 and 3.
Hence use Newton’s Raphson’s method to find the root of
the equation correct to 3 decimal places.
[2017, No. 14: Ans: 2.475]
7.Given the equation x® — 6x? + 9x + 2 = 0;
(a) show that the equation has a root between —1 and 0
(b) (i) show that the Newton Raphson formula for
approximating the root of the equation is given by

2

Xn+1 = 5

x3—3x2-1
x2 — 4x, + 3]

(if)use the formula b(i) above, with an initial
approximation of x, = —0.5, to find the root of
the given equation correct to two decimal places.

[2016, No. 11: Ans: (b) (ii) —0.20]
8. The numbers x and y are approximated by X and Y with
errors Ax and Ay respectively.
(&) Show that the maximum relative error in xy is given
by
Ax Ay
5+ 7
(b) If x =4.95 and y = 2.013 are each rounded off to
the given number of decimal places, calculate the
(i) percentage error in xy,
(i) limits within which xy is expected to lie. Give
your answer to three decimal places.
[2016, No. 14: Ans: (b)(i) 0.126% (ii) (9.952,9.977]
9. The numbers A = 6.341 and B = 2.6 have been rounded
to the given number of decimal places.
(a) Find the maximum possible error in AB

2
(b) Determine the interval within which % can be

expected to lie. Give your answer correct to 3
decimal places.
[2015, No. 10: Ans: (a) 0.31835 (b) (15.171,15.770)]
10.(a) Show that the iterative formula based on Newton
Raphson’s method for approximating the root of the
equation 2Inx — x + 1 = 0 is given by
2Inx, —1
Xnt1 = xn< X —2 ),n =0,12...
(b) Draw a flow chart that:
(i) reads the initial approximation x, of the root
(if) computes and prints the root correct to two
decimal places, using the formula in (a).
(c) Taking x, = 3.4, perform a dry run to find the root of
the equation.
[2015, No. 14: Ans: (c) 3.51]
11.The numbers x and y are approximated with possible
errors of Ax and Ay respectively.
(@) Show that the maximum absolute error in the
quotient% is given by
yAx + xAy
y2
(b) Giventhatx = 2.68 and y = 0.9 are rounded to the
given number of decimal places, find the interval

within which the exact value ofg is expected to lie.
[2014, No. 11: Ans: (b) (2.8158,3.1588)]
12.(a) Show that the Newton-Raphson formula for finding
1
the root of the equation x = N5 is given by
4x5+ N

xn+1 = 5x4 n
n

(b) Construct a flow chart that
(i) reads N and the first approximation x,,

=01,2,..
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Examination questions

/ PRINT n,4 /

YES

NO

(i) Perform adry run for the flow chart,
(i) State the purpose of the flow chart,
(iif) Write down the relationship between n and A
(b) Draw a flow chart that reads and prints the mean of
the first twenty counting numbers and perform a dry
run of your chart.
[2006, No. 10: Ans: (a)(ii) compute and print the
factorial of whole numbers up to 7 (iii) A = n!]

30. (i) Use the trapezium rule to estimate the area of y = 3*
between the x-axis, x =1 and x = 2,using five sub-
intervals. Give your answer correct to 4 significant
figures.

(i) Find the exact value of flz 3% dx
(iii) Find the percentage error in calculations (i) and (ii)
above.
[2005, No. 10: Ans: (i) 5.4834 (ii) 5.4614 (iii)
0.4028%]

31. (a) Use the trapezium rule to estimate the area of y =
52% petween the x-axis, x = 0 and x = 1, using five
sub-intervals. Give your answer correct to 3 decimal
places.

(b) Find the exact value of:

1
f 52% dx
0

(c) Determine the percentage error in the two
calculations in (a) and (b) above.
[2004, No. 10: Ans: (a) 7.712 (b) 7.456 (c) 3.43%)]
32.(a) Use a graphical method to find a first approximation
to the real root of x3 —3x + 4 =0
(b) Use the Newton-Raphson method to find the root of
the equation correct to 2 decimal places.
[2004, No. 12: Ans: 2.20]
33.(i) Show that the equation x = In(8 — x) has a root
between 1 and 2
(if)Use the Newton’s Raphson method to find the
approximate root of x =In(8 —x) correct to 3
decimal places.
[2003, No. 9: Ans: (ii) 1.821]
34.(i) Determine the iterative formula for finding the fourth
root of a given number N
(i) Draw a flow chart that reads N and the initial
approximation, X,, computes and prints the fourth
root of N correct to 3 decimal places
(iii) Perform a dry run for N =150.10 and X, =
3.200

[2008, No. 12: Ans: (i) 2 (i, + ) (iii) 3.500]

35.Given below are parts of a flow chart not arranged in
order.

START

READ: A

B=A-5
C=B+2
STOP
A<A+1
is NO
B NO
DIVISIBLE
BY 2?
PRINT: C

YES

(a) Rearrange them and draw a complete logical flow
chart

(b) State the purpose of the flow chart

(c) Perform a dry run of your rearranged flow chart by
copying and completing the table below:

A B c

46

77

120

177
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Tables

BINOMIAL PROBABILITIES (DISTRIBUTION)

B(n,x), INDIVIDUAL TERMS Pr

x
n r | 001 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50
2 0 [0.5801 9025 8100 7225 6400 5625 4900 4225 3600 3025 2500
1 }0.0198 0950 1800 2550 3200 3750 4200 4550 4800 4950 5000
2 | 0.0001 0025 0100 0225 0400 0625 0500 1225 1600 2025 2500
3 0 |0.9703 B574 7290 6141 5120 4219 3430 2746 2160 1664 1250
i 10.0294 1354 2430 3251 3840 4219 4410 4436 4320 4084 3750
2 | 0.0003 0071 0270 G574 0960 1406 1890 2389 2880 3Nl 3750
3 0001 0010 0034 0080 0156 0270 0429 0640 0911 1250
4 0 | 0.9606 8145 6561 5220 4096 3164 2401 1785 1296 0915 0625
1 00388 1715 2916 3685 4056 4219 4116 3845 3456 2995 2500
2 | 0.0006 0135 0486 0975 1536 2108 2646 3105 3456 3675 3750
3 0005 0036 0115 0256 0469 0756 1115 1536 2005 2500
4 0001 0005 oote 0039 0081 0150 0256 0410 0625
5 0 ;09510 7738 5905 4437 3277 2373 1681 1160 0778 0503 0312
1 1 0.0480 2036 3280 3915 4096 3955 3602 3124 2592 2059 1562
2 10,0010 0214 0729 1382 2048 2637 3087 3364 3456 3369 3125 *
3 0011 0081 0244 0512 0879 1323 1811 2304 2757 3125
4 0004 0022 0064 0146 0284 0488 0768 1128 1562
5 0001 0003 0010 0024 0053 0102 0185 0312
6 0 05415 7351 5314 371 2621 . 1780 1176 0754 0467 0277 0156
1 {00571 2321 3543 3993 3932 3560 3025 2437 1866 1359 0938
2 | 0.0014 0305 0964 1762 2458 2966 3241 3280 1o 2780 2344
3 0021 0146 0415 0819 1318 1852 2355 2765 3032 3125
4 0001 0012 0055 0154 0330 0595 0951 0382 1861 2344
5 0001 0004 0015 0044 0102 0205 0369 o609 0538
6 0001 0002 0067 0018 0041 0083 0156
7 ¢ (0932 6983 4783 3206 2097 1335 0824 0450 0280 0152 0078
1 | 0.0659 2573 3720 3960 3620 3115 2471 1848 1306 0872 0547
2 ]0.0020 0406 1240 2087 2753 3115 3177 2985 2613 2140 1641
3 0036 (230 0617 1147 1730 2269 2679 2902 2918 2734
4 0002 0026 0109 0287 0577 0972 1442 1635 2368 2734
5 0002 go12 0043 0115 0250 04656 0774 1172 1641
6 0001 0004 0013 0036 0084 0172 0320 0547
7 0001 0002 0006 0016 0037 0078
8 0 | 09227 6634 4305 2725 1678 1001 0576 0319 0168 0084 0439
1 100746 2793 3826 3847 3355 2670 1977 1373 0896 0548 0312
2 ]0.0026 0515 1488 2376 2336 3115 2965 2587 2090 1569 1094
3 | 0.0001 0054 0331 0839 1468 2076 2541 2786 2787 2568 2188
4 0004 0046 0185 0459 0865 1361 1875 2322 2627 2734
S 0004 0026 0092 0231 0467 0808 1239 1719 2188
[ 0002 oo11 0038 0100 0217 0413 0703 1094
7 0001 0004 0012 0033 . 0079 0164 0312
8 0001 0002 - 0007 0017 0039
3 0 09135 6302 3874 2316 1342 0751 0404 0207 .~ 0101 0046 0020
1 ]0.0830 2985 3874 3679 3020 2253 1556 1004 0605 0339 0176
2 | 0.0034 0629 1722 2597 3020 3003 2668 2162 1612 1110 0703
3 | 0.0001 0077 0446 1069 1762 2336 2668 2716 2508 2119 1641
4 0006 0074 0283 0661 1168 1715 2194 2508 2600 2461
5 0008 0050 0165 6389 0735 1181 1672 2128 2461
6 0001 0006 0028 0087 0210 0424 0743 1160 1641
7 0003 0012 0039 0038 0212 0407 0703
8 0001 0004 0013 0035 0083 0176
9 0001 0003 0008 0020
10 ¢ | 09044 5987 3487 1969 1074 0563 0282 0135 0060 0025 0010
1 10.0914 3151 3874 3474 2684 1877 1211 0725 0403 0207 0098
2 | 0.0042 0746 1937 2759 3020 2816 2335 1757 1209 0763 043%
3 | 0.0001 0105 0574 1298 2013 2503 2668 2522 2150 1665 1172
4 0010 0112 0401 - 0881 1460 2001 2377 2508 2384 2051
5 0001 0015 0085 0264 0584 1029 1536 2007 2340 2461
6 0001 0012 0055 0162 0368 0689 1115 1596 2051
7 0001 0008 0031 009¢ 0212 0425 0746 1172

Where a space in the table is empty the probability is less than 0.00005.
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Tables

BINOMIAL PROBABILITIES (DISTRIBUTION) B(nx), INDIVIDUAL TERMS Pr

Xx
a__r 1001 0.05 0.10 0.15 0.20 ‘0,25 - 030 035 - 0.40 0.45 0.50
10 8 0001 0004 - <0014 | 0043 8106 Q229 0439
9 : 0001 | 000S . 0016 0042 0098
10 0001 0003 0010
11 0 | 0.8953 5688 3138 | 1673 0859 0422 0198 | 0088 0036 0014 0005
1 { 0.0995 3293 3835 | 3248 2362 1549 0932 | 0518 0266 0125 - 0054
© 2 1 0.0050 0867 2131 | 2866 2953 2581 1998 [ 1395 0887 0513 - 0269
-3 | 0.0002 0137 0710 | 1517 2215 2581 2568 | 2254 1774 1259 0806
4 0014 0158 | 0536 1107 1721 2201 | 2428 2365 2060 . 1611
5 0001 6025 | 0132 0388 0603 1321 | 1830 2207 2360 2256
6 0003 | 0023 0057 0268 0566 | 0985 1471 1831 2256
7 0003 0017 0064 0173 | 0379 0701 1128 1611
8 0002 0011 0037 | 0102 0234 0462 0806
9 0001 0005 | 0018 0052 0126 0269
10 0002 0007 0021 0054
11 0002 0005
12 0 | 0.884 5404 2824 | 1422 0687 0317 0138 | 0057 0022 0008 0002
1 { 0.1074 3413 3766 | 3012 2062 1267 0712 | 0368 0174 0075 0029
2 | 0.0660 0988 2301 | 2924 2835 2323 1678 | 1088 0639 0339 0161
3 | 0.0002 0173 0852 | 1720 2362 2581 2397 | 1954 1419 0523 0537
4 0021 0213 | 0683 1329 1936 2311 | 2367 2128 1700 1208
5 0002 0038 | 0193 053 1032 1585 | 203% 2270 2225 1934
6 0005 [ 0040 0155 0401 0792 | 1281 1766 2124 2256
7 0006 0033 0115 0291 § 0591 1009 1489 1934
8 {001 0005 0024 0078 | 0199 0420 0762 1208
9 0001 0004 0015 | 0048 0125 0277 0537
10 : 0002 | 0008 0025 0068 0161
1 0001 0003 0010 0029
12 0001 0002
15 ¢ | 0.8601 4633 2059 | 0874 0352 0134 0047 | 0016 Q005 0001
1 { 0.1303 3658 3432 | 2312 1319 0668 0305 | 0126 0047 0016 0005
2 | 0.0092 1348 2669 | 2856 2309 1359 0916 | 0476 0219 0090 0032
3 | 0.0004 0307 1285 | 2184 2501 2252 1700 | 1110 0634 0318 0139
4 0049 0428 | 1156 1876 2252 2186 § 1792 1268 0780 0417
5 0006 0105 | 0449 1032 1651 2061 | 2123 1859 1404 0916
6 0019 | 0132 0430 0917 1472 | 1906 2066 1914 1527
7 0003 | 0030 0138 0393 0811 | 1319 1771 2013 1964
8 005 0035 0i31 0348 | 0710 1181 1647 1964
9 0001 0007 0034 0116 | 0298 0612 1048 1527
10 0001 0007 0030 1 6096 0245 0515 0916
11 0001 0006 | 0024 0074 019 0417
12 0001 | 0004 0016 0052 Q13%
13 0001 - 0003 0010 0032
14 0001 0005
20 0 | 08179 3585 1216 | 0388 0115 0032 0008 | 0002
‘ 1 | 0.1652 3774 2702 | 1368 0576 0211 0068 | 0020 0005 0001
Z | 0.0159- 1887 2852 | 2293 1369 0669 0278 | 0100 0031 0008 0002
3 | 0.0010 0596 1901 | 2428 2054 1339 0716 | 0323 0123 0040 0011
4 0133 0898 | 1821 2182 1897 1304 | 0738 0350 0139 0046
5 - 0022 0319 | 1028 1746 2023 1789 | 1272 - 0746 0365 0148
6’ 0003 0089 | 0454 1091 1686 . 1916 | 1712 1244 0745 0370
7 0020 | 0160 0545 1124 1643 | 1844 1659 1221 0739
8 0004 | 0046 0222 0609 1144 | 1614 1797 1623 1201
9 G001 | 0011 0074 0271 0654 | 1158 1597 1771 1602
10 1 0002 0020 0099 0308 | 0686 1171 1593 1762
11 0005 0030 0120 | 0336 0710 1185 1602
12 0001 0008 0039 | 0136 0355 0727 1201
13 ' 0002 0010 | 0045 0146 0366 0739
14 0002 | 0012 0048 0150 0370
15 0003 0013 0049 0148
16 0003 0013 . 0046
17 0002 0011
18 0002 |

If the probability of success in a single trial is x the probabf]ity Pr of exactly r successes in n independent
trials is given by the binomial or Bemnoulli distribution B( », x ):

Pr=(")a" (1 -2y
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Tables

NORMAL DISTRIBUTION N(0,1) ¢ (Z) SUBTRACT
Zz 0 1 2 3 4 5 6 7 8 9 1 2 3|4 5 6|7 8B 9
0.0 | 0.3989 3989 3989 3988 | 3986
3984 3982 | 3980 3977 3973 |0 1 1 1 1 212 2 3
0.1 | 0.3970 3965 3961 3956 | 3951 0 1 1 2 2 313 4 4
) 3945 3939|3932 3925 3918 (1 1 2 (3 3 4[5 6 6
0.2 | 0.3910 3902 3894 3885 | 3876 i1 2 3[4 4 5|6 7 8
3867 3857|3847 3836 3825 |1 2 3|4 S5 7|8 9 10
0.3 | 0.3814 3802 3790 3778 | 3765 1 2 415 6 78 10 1
3752 3739 | 3725 3712 3697 |1 3 4 |6 7 8 |10 11 13
0.4 | 03683 3668 3653 3637 3621 3605 3589 | 3572 3555 3538 |2 3 5 |6 8 10|11 13 14
0.5 | 03521 3503 3485 3467 | 3448 3429 3410 | 3391 3372 3352 (2 4 6 |8 10 11|13 15 17
0.6 | 03332 3312 3292 3271 (3251 3230 3209 | 3187 3166 3144 (2 4 6 | 8 10 13 |15 17 19
0.7 | 03123 3101 3079 3056 | 3034 3011 2989 | 2966 2943 2920 (2 5 7 |9 11 14|16 18 21
0.8 | 0.2897 2874 2850 2827 | 2803 2780 2756 | 2732 2709 2685 |2 S5 7 (10 12 14|17 19 22
0.9 | 0.2661 2637 2613 2589 | 2565 2541 2516 | 2492 2468 2444 |2 S5 7 |10 12 14|17 19 22
1.0 | 0.2420 2396 2371 2347 | 2323 2299 2275 | 2251 2227 2203 (2 5 7 |10 12 14|17 19 22
11| 02179 2155 2131 2107 | 2083 2059 2036 | 2012 1989 195 |2 5 7 |10 12 14 (17 19 22
1.2 | 0.1942 1919 1895 1872 | 1849 1826 1804 | 1781 1758 1736 (2 5 7 | 9 12 14|16 18 21
1.3 | 0.1714 1691 1669 1647 | 1626 1604 1582 | 1561 1539 1518 |2 4 7 (9 11 13|15 18 20
1.4 | 0.1497 1476 1456 1435 | 1415 1394 1374 | 1354 1334 1315 |2 4 6 (8 10 12|14 16 18
15| 0.1295 1276 1257 1238 | 1219 1200 1182 | 1163 1145 1127 |2 4 6 (8 9 11|13 15 17
1.6 | 0.1109 1092 1074 1057 | 1040 1023 1006 | 0989 0973 0957 |2 3 5 (7 8 10|12 14 15
1.7 | 00940 0925 0309 0893 | 0878 0863 0848 | 0833 0818 0804 |2 3 5 (6 & 9 |'11 12 14
1.8 | 00790 0775 0761 0748 | 0734 i 3 4|6 7 8|10 11 13
0721 0707 | 0694 0681 0669 (1 3 4|5 7 8|9 10 12
1.9 | 0.0656 0644 0632 0620 | 0608 0596 0584 | 0573 0562 0551 |1 2 4 |5 6 7|8 10 '11
20| 0.0540 0529 0519 0508 | 0498 (0488 0478 | 0468 0459 0449 |1 2 3 |4 5 6|7 8 9
2.1 | 0.0440 0431 0422 0413 | 0404 039 0387 | 0379 0371 0363 |1 2 3 |4 4 5|6 7 8
2.2 | 0.0355 0347 0339 0332 | 0325 0317 0310|0303 0297 (0290 |1 1 2|3 4 4[5 6 6
23| 0.0283 0277 0270 0264 | 0258 0252 0246 | 0241 0235 0229 |1 1 2 (2 3 4 (4 5 5
24| 0.0224 0219 0231 0208 | 0203 0198 0194 | 0189 0184 0180 |0 1 1 (2 2 3 (3 4 4
25| 0.0175 0171 0167 0163 | 0158 0154 0151 | 0147 0143 0139 (O 1 1 |2 2 2|3 3 4
2.6 | 0.0136 0132 0129 0126 | 0122 0119 0116 | 0113 0110 0107 (O 1 1 1 2 2(2 2 3
2.7 | 0.0104 0101 0099 0096 | 0093 0091 0038 | 0086 0084 0081 |0 1 1 i1 212 2 3
2.8 | 0.0079 0077 0075 0073 | 0071 0069 0067 | 0065 0063 0061
29 | 0.0060 0058 0056 (0055 | 0053 0051 0050 | 0048 0047 0046
3. | 0.0044 0033 i 2 3|4 5 67 8 9
0024 0017 i1 212 3 414 5 5
0012 0009 0006 | 0004 0003 0002

The functions tabled are:

b (2)= ’(T!%) exp (" Y Z2), where ¢ (Z) is the probability density of the standardized normal distribution N(0,1)

CRITICAL POINTS OF THE NORMAL DISTRIBUTION Z,,

r g z F g z i 0 z
.00 .50 0.000 .460 .040 1.751 490 .010 2.326
.05 45 0.126 462 .038 1.774 491 .009 2.366
10 .40 0.253 464 036 1.799 492 .008 2.409
.15 35 0.385 466 034 1.825 493 .007 2.457
.20 .30 0.524 468 032 1.852 494 .006 2.512
.25 .25 0.674 470 .030 1.881 495 .005 2.576
30 .20 0.842 472 .028 1.911 496 .004 2.652
35 - .15 1.036 474 .026 1.943 497 .003 2.748
40 .10 1.282 A76 .024 1.977 498 002 2.878
45 .05 1.645 478 .022 2.014 499 ¢ 001 3.090
450 .050 1.645 480 .020 2.054 .4995 0005 3.291
452 .048 1.665 482 .018 2.097 4999 .0001 3.719
454 046 1.685 484 016 2.144 49995 .00005 3.891
456 044 1.706 486 014 2.197 49999 .00001 4,265
458 042 1.728 ~ 488 012 2.257 499995 .000005 4417
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Tables

CUMULATIVE NORMAL DISTRIBUTION P(z) ADD
£ 0 1_ 2 3 4 5 6 7 8 9 1 2 3/ 4 5 6|7 8 9
0.0 | 0.0000 0040 0080 0120 | 0160 0199 0239 | 0279 0319 0359 (4 B8 12 | 16 20 24|28 32 36
0.1 0.0398 0438 0478 (0517 | 0557 0596 0636 | 0675 0714 0753 |4 8 12|16 20 24|28 32 136
0.2 00793 D832 0871 0910 | 0948 0987 1026 1064 1103 1141 |4 8 12|15 19 22|27 31 35
03| 0.1179 1217 1255 1293 | 1331 1368 1406 | 1443 1480 1517 (4 8 11|15 19 22|26 30 34
04| 0.1554° 1591 1628 1664 | 1700 1736 1772 | 1808 1844 1879 (4 7 11|14 18 2|25 290 32
0.5 01915 1950 1985 2018 | 2054 2088 2123 | 2157 2190 2224 (3 7 10|14 17 21}{24 27 31
0.6 | 0.2257 2291 2324 2357 | 2389 2422 2454 | 24B6 2517 2549 (3 6 10 |13 16 19]23 26 29
0.7 | 0.2580 2611 2642 2673 J 6 9 |12 15 19}22 25 28
! 2704 2734 2764 | 2794 2823 2852 (3 6 9 |12 15 18|21 24 37
08| 02881 2910 2939 2967 | 2995 3023 ' 3 6 8 (11t 14 17420 22 25
3051 | 3078 3106 3133 (3 S5 B |11 13 16|19 22 24
09| 03159 3186 3212 3238 | 3264 3289 3 5 8|10 13 16|18 21 23
33153340 3365 338 (2 5 7 |10 12 1517 20 22
1.0 | 03413 3438 3461 3485 | 3508 2 5 7|10 12 14|17 19 22
3531 3554| 35/7 3599 3621 |2 4 7|9 11 13]1i5 18 20
1.1 | 03643 3665 3686 3708 2 4 6|8 11 13|15 i7 19
3728 3749 3770 | 3790 3810 3830 (2 4 6 (8 10 12|14 16 18
1.2] 03849 3869 3888 3907 | 3925 2 4 6|8 10 11|13 15 17
3944 3962 | 3980 3957 4015 (2 4 5 |7 9 11|13 14 16
13| 04032 4049 4066 4082 | 4099 4115 4131 | 4147 4162 4177 |2 3 5|6 8 10|11 13 14
1.4 | 04192 4207 4222 4236 | 4251 , 4265 4279 | 4292 4306 4319 (1 3 4 |6 7 8|10 11 13
1.5 04332 4345 4357 4370 | 4382 4394 4406 | 4418 4429 4441 {1 2 4 5 6 7 (8 10 11
1.6 { 04452 4463 4474 4484 [ 4495 4505 4515 | 4525 4535 4545 (1 2 3 |4 5 6|7 8 9
1.7 | 04554 4564 4573 4582 | 4591 4599 4608 | 4616 4625 4633 {1 2 3 |3 4 5|6 7 8
1.8 | 04641 4649 4656 4664 | 4671 4678 4686 | 4693 4699 4706 |1 1 2 |3 4 415 & 6
19 04713 4719 4726 4732 | 4738 4744 4750 1 475 4761 4767 |1 1 2|2 3 4|4 5 5
2.0 | 04772 4778 4783 4788 | 4793 4798 4803 | 4808 4812 4817 |0 1 1|2 2 3|3 4 4
2.1 | 04821 4826 4830 4834 | 4B3B 4B42 4846 | 4850 4854 4957 |0 1 1|2 2 213 3 4
2.2 | 04861 4864 4868 4871 | 4875 4878 4881 | 4884 4887 4890 |0 1 1|1 2 2|2 3 3
2.3 | 04893 4896 4858 4901 | 4904 4906 4909 4911 4913 4916 (0 O 1|1 1 2|2 2 2
24 | 04918 4920 4922 4925 | 4927 4929 4931|4932 4934 493 |0 ¢ 1|1 1 1|1 2 2
25 | 04938 4940 4941 4943 4945 4946 4948 | 4949 4951 4952
2.6 | 04953 4955 4956 4957 | 4850 4060 4961 | 4962 4963 4964
2.7 | 04965 4966 4967 4968 | 4969 4970 4971 | 4972 4973 4974
2.8 | 04974 4975 4976 4977 | 4977 4978 4979 | 4979 4980 498!
2.9 | 04981 4982 4982 4983 | 4984 4984 4985 | 4985 4986 4986
3.0 | 04987 4990 4993 4995 | 4997 4998 4898 | 4999 4999 5000
. I
The table gives P(z)= f Mz)dz
0
If the random variable Z is distributed as the standard normal distribution N(0,1) then:
1. P(o<Z<z,)=P(Shaded Area) &(z)
' 04 P
2. P(Z>Z)=Q="%-P
3. P(Z>|Z))=1-2P=2Q
L 1 [
3 2 -1 2 s Z
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